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'SUMMARY

" The usual type of helinm-neon laser. utilizes an optical cavity with
mirrors separated by a distance in the order of magnitude of 1 meter.

The tube containing thq_é' g‘as mixture is usually' clo_sed_ at the ends by

windows ‘orieiﬂ:gd at the Brewster angle. This feature minimizes reflec~

_ tions from the windows and thereby results in a cavity of higher Q. It

also causes the output light to be polarized in the axial plane of the

Brewster window normal. This effect is also helpful, because otherwise

‘the polarization of the output light has beer found b}?'experiment to vary

randomly with time,

Bepending upon the conditions of goperation, the laser may'pro_dﬁce

“one or fna._ny discr ete optical frequencies, Thé. frequencies of these
oscillations are predictable from the spécing of the mirrors and their
radii of curvatu-fe. - ) |
In this research, a study of the beat frequencies betwe'en-. the

oscillating nﬂodes has béen made by ge_nerating. the beat freqﬁencies in a
photomult.iplier_tuﬁe and“e:ﬁamining thenﬁ with a radio freét_tency spectrum
‘analyzer, Bifferenc_és._ between the theoretical and observed valué_s of the
Be_at_ frequencies ha.{r_e B'een found. The magnitudes of. the differences

: depend.princip'ally, it appears, on wh_iéh modes of oscillation are present
- in the laser and on how each mode i.s' spatially oriented with respect to
.the Brewster windows. An attemnpt is made to show tha.t.the. Brewster
‘windows are fhe_ principéyl, if not the orily,. cause of the differences

observed.




vi

- Beat frequency studies have l.)eesn.us ed to determine the modes of
oscillat.ion_ present in the laser. In many caéea _fhe analysis is made
eaSief by the presence of the differences discussed above. |

Som¢ experimental techniques which are us ef_ul in beat -f.reqﬁencf
studies are described. Chief a':mdng the.se is the use of aniris exte_rnal
- to the .optic.al cavity to a;.llow only céﬂain s-m;a.ll portions of the oﬁtwt

light pattern to reach the photomultiplier tube.

e —




CHAPTER I -
INTROPUCTION.

A_g_ashlas er in its bé..si_c form is a.light-fréqﬁe;ncy oscillé,tor.- Like
_6ther oscillaters d:esi_.gn_.e.d to deliver a useful output, it is éomposed éf a '
resonant system and a gain mechanism fof restoring energy lost b:dt'h. in.- :
the i‘esbnant system and as output taken off. The gain mechanisrn/.is ti1e
stimulated emission of radiation from atoms in an excited state.-. The |
energy stored in the gas is s_u'ppliéd by electrical excitation. The gain
mechanism is spatial, -since'light signals paésing through differ_ehtf gaé.
' xa;olumes do not affect one another. It is a'lsé frequency depeﬂndgnt,. 1.:h'e.
avaiia-ble gain dependi‘ng.ull:on.t’.hé frequency to be Ia'm.plified. Th.e gain
versus fr equencir plot resembles a resonance curve. |

| The resonant.system is an opi:ica.l interferometer, cdrhpoged of

two rﬁirrors placed near the t_:-:nds'of the tube. These mirrors afe'made
reflective by-fnultipl-e coatings of dielectric material. The small fraction
of the light energjr which is not reflected is transmitted thro_ugh .the'
‘mirror as useful output. This optical resonator Eas dimensions many - '
orders of magnitude greater than the optical wa_velgngths being handled.
As is shown in Chapter II," it has many resonant frequencies, 'o;’ possible
modes of oscillation, Depending upon the mirror adjustment _and.
spacing, and the degree of-excitation. df'fhe gas, oﬁe or more of th‘esé

modes of oscillation may be in operation.




Since the width of the gas res onaﬁce. for helium-neon operating at
6328 A is about 1 GHz., and the optical frequencies involved are
approximately 475 THz., conventional optical spectrographs cannot

easily provide the resolution necessary to discern each mode. In order

to study the modes of oscillation, theﬁ, some other method must be used.

Radio frequency spectrum analyzers are supei-heterodyne receive.rs'w.ith
a visual display. If another laser having a single m'ode. of oécillation '
could be used as a lc.')cal.ocillator togethér with an optical mi.xér, an
optical spectrum analyzer .o:f' the éuperh'ete;'odyne type could .Be con- -

structed. This approach is quite possible. There is a somewhat

‘simpler and less expensive approach, however; this is to examine the

beat frequencies between the modes of oscillation of the laser. This

approach is less direct but, in some respects, more satisfactory; it

may be a.ccomplis':'hed,. by allowing the beam to fall on the photocathode of

a photomultiplier tube. Be_ca.lise the tube is a squa.re-law. device, 'the

" beat frequencies appear at the output and may be studied with a radio-

frequency spectrum analyzer. Much about the behavior of the laser may

be deduced from such studies,

It was the purpose of this research to study the beat frequencies

between modes of a helium-neon laser. The existence of beat frequencies

predicted by theory has been confirmed and their properties studied to

some degree. The usefulness of beat frequency investigations to identify .

the modes of oscillation present has been investigated and us eful experi-

mental procedures have been developed.




CHAPTER.II
REVIEW OF THE PERTINENT LITERATURE

Prior to, and in the early stages of development of lasers, several
papers appeared on the resonant modes of optical cavities of the type |
used in lasers. Papers were published on optiéal cavities uéing plane
mirrors and on cavities using spherical mirrors. Because the laser
used in this research used spherical mirrors, papers on this type are of
chief interest. Of principal interest are those by Boyd and Gordgjn'*, and

-Boyd and Kogelniks. Boyd and Gordon show results for the confo-cal
resonator, one in Which.the two spherical mirrors have equal radii of
curvature and a common focus. Boeyd and Kogelnik. show results _for a
general resonator having separation d and radii of curvature b; aﬁd bs.
The confocal case i.é thereby ipclll;.ded. Th.é case of plane, parallei

mirrors is not included. The Boyd and Kogelnik formulas are

u:(z%)l__q+_(l+'m+n)f] , ' (1)
f=% a:_:gcos IIl—b%) (l -b%):lﬁ . (2)

where c is the free space velocity of light, and q, m and n are integers
which define the various resonant modes of the cavity.
The splitting factor, f, can vary from 0 to 1. For the confocal

case, where b, =bg=d, f=%.




Modes which have the same m and n but different values of q are
gsaid to be longitudinal medes. It cla.n be seen that with m and n constant
that Iongitq'd_inal modes are separated by integer multiples of the quantity
c/2d4., This sepgration-is referred to as the longitudinal frequency, or
when observed as a beat frequency, as the lengitudinal beat frequency.

It is

Yy = <. (3)

It is the same for all values of m and n.

A group of longitudinal modes having the same m and n constitute
a transverse mode set. Beat frequencies arising between lengitudinal
modes belonging to different ‘trans;verse mode sets are called transverse
beat frequencies. This 1ﬁaea.t frequency is zero if the two longitudinal |
modes have the same q and if (m+n) is the same for both. Otherwise the

transverse beat freqﬁeﬁcy is
v, = Amin)fvp . “)

Because the modes of the resonator contain essentially no axial
companénts of field, a mode is usually called a TEMrn_nq mode. In this
paper a particular transverse mode set is identified as an mn mode set,
as for example the 10 mode set.

The actual freguencies of the modes in a helium-neon laser do not
occur '-'exa_(-:tly at the resonant frequencies of the optical cavity. For one
thing, the frequency characteristic of the gas causes the actual modes to

shift from the cavity resonant frequencies toward the center frequency of




the gas resonance., As pointed out by Bennett!, the "pulling" increases
with increasing excitation of the gas and varies with the distance of the
cavity resonance from the center frequency of the gas resonance. The

pulling is greater for modes farther from the center. It would be

- expected then that the longitudinal beat frequency, Vp, would be split into
‘two or more different frequencies. Bennett also shows that depletion of

‘energy states by an oscillating mode alters the shape of the gas

resonance curve So as to cause adjacent modes to move apart. The

various modes, in effect, adjust their frequencies so as to arrive at the

peaks of the curve that is the result of the optical cavity resonanc es and
the altered gas resonance cﬁr've. The degree to which one mede repels
another depends on the amount of gas velume shared in common by the
two r_nodes,

The pulling of modes toward the center of the gas resonance can be

expressé_d approximately. Lengyel” and Bennett' show that the corrected _

frequency of oscillation is

av, . -
V= vc+-(vm.—.vc)- T‘{n , {5)

where v, and v, are the cavity resonance and the gas reseonance center .

frequencies, respectively. The A v, and Ay terms are the widths of the

resonances. Bennett? gives the gas resonance width as about 1500 MHz.

* 'For the TEMQ@-O mode, Boyd and Gordon give the resonator Q as

_ 2md
Q.= ax (6)




where @& is the fractional power loss per'reﬂection. fr-om a mifror sur-
face, The mirror separation is d. Fc;r_ a loss per reflection of
5 percent, which is typical when Brewster \N;iﬁdow- losses are taken into
account, and a d=150 cm., Qwn 3x10° at 6328 2&. For a mode sepa-
rated from :vm by 100 MHz., the pulling is about 100 KHz., This
increases proportionately as the separation Vo Ve increases. |

| The question as to whether or not the longitudinal beat frequency,
v will be split can be answered to a first approximation by the deriva-
tion below, where three modes are considered to be c;scilla.ting. The |

derivation can be extended to as many modes as desired.

1

. .- > v
LY Y Va. Va

Figure 1. Pulling of Cavity Resonances Toward Line Center

‘The nomenclature used in the derivation is defined in Figure 1, Unprimed

terms are used for _fi‘equencies found from cavity dimensions and primed
-terms are used for frequencies found when mode pulling is taken into-

account. The pulling toward the line center, v, is K(Vn - vm.) where v,

is the cavity resonance ¥, t5, 4.




Va'-":'i_“é ‘é_"’fa:‘i'a .f1=f3=.%
¥ =Y + Ky = Av) | fi=y-u
Y =y - Kv) | f,=y -y
y=y - Kl + Ay)

fi =¥ - K(Av) = Y ~-K({y - Av) :'Lé - Ky,

fy = Vg~ Ky + Av) - ¥, + K(AV) = = KU,

Therefore, to # first approximation, the longitudinal beat frequency
should not be s-plit;

The mode repulsion effect cannot be expressed in a mathematical
form that lends itself to direct application except for one or two special
cases, A few things may be said qualitatively however. When a mode
oscillates af a pa-rt.icula.:;' frequency, a hole of the order of the natural
line width is burned in the Doppler broadened line. Thus the shape of
the gas resonance curve is modified, and nearby modes are repelled
from the hole, The bottom of the hole is the threshold level for the par-
ticular systém, so that the smaller the available gain above threshold,
the less the distortion of the resonance curve and the smaller is the
repulsion effect. The repulsion is greater for modes close together in
frequency. The width and depth of the hole increase as the gain above
~ threshold increases, Bennett ochserved repulsions of the order of 30 KHz.
At the 6328 E. transition, gain above threshold is smaller and repulsion:

should be less. It should be possible, by using the laser with spherical

e
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-reflectors, to move modes much closer together than the 160 MHz. used
by Bennett, and to therefore observe much larger repulsion effects if
the modes used occupy considerable common mode volume.

Many investigators have used beat frequency studiés to learn of
some particular characteristic of the gas laser. Bennett! utilized beat
frequency studies in his work on mode pulling. Goldsboroughe uses
obsérvation of the beat frequencies to identify the transverse mode sets .
present in complex output patterné. He deals only with the simplest
cases, however, He also observes that the longitudinal beat frequency
for different traﬁsverse mode sets is not the sé,me. He concludes that
this can be explained By Bennett's mode-repulsion theory. The splits he
observes are of smaller magnitude than those observed by Bennett, but
since the degree of repulsion is dependent upén the gain of the gas
resonance, and. the gain at 6328 E& is much smaller than at the wave-

length used by Bennett, Goldsborough concludes that his results are
reasonable, |

Goldsborough's experimental technique has at least one fault. He
shows that beat frequencies between modes of different transverse mode
sets cannot be observed when the entire beam falls on the Iphotocathode
of the photomultiplier tube used to generate the beats. This phenomenon
is due to the fact that the eigenfunctions describing each mode form an
orthogonal set. Although the same beat frequency may arise out of the
superposition of two modes at various points on the photomultiplier
photocathode, the relative phases of the beat frequencies will be such that

they will cancel out and no beat frequency will be observed, To avoid




this cancelling effect, he merely blocks off large areas of the light

pattern before it reaches the photomultiplier tube in the hope of des-

!
troying the symmetry of the pattern so that beat frequencies will be

observed. This masking technique which he uses leaves a number of

things to be desired. First, there is no assurance that the coarse

maskin-g technique as he uses it will yield the desired beat frequencies.

- Secondly, the methoed does not reveal from wlﬁch areas of the light output

pattern the beat frequencies originate. Also, if all the possible beat
frequencies are displayed, the sensitivity of the photomultiplier tube is
greatly reduced.

Subsequent to this research a paper was published by Uchida*®

~ which contains another point of interest. It is shown that spatially inde-

pendent modes of the same transvezise order, that is, ones having the
same (m+1), do not oscillate at the frequencies predicted by'th'eory.

Splits of the order of 0 to 1.5 MHz, occurred,
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CHAPTER I
INSTRUMENTATION AND EQUIPMENT

- The laser tube used for these studies was a commercial helium-

neon unit of standard design. Figure 2 shows in schematic form how the

tube was arranged in relation to the other optical equipment employed
and to the detection apparatus. Inside diameter of the quartz tube was
5 mm. The end bells and Brewster windows were 7056 glass. The tube

was supported above an oi;tical bench, on which rested the two spherical

mirrors forming the resonant cavity. The mirrors each had a radius of .

curvature of one meter. The positio.ﬁ of the mirrors was adjustable
along the bench. A variable iris was available for use within.the optical-
cavity for suppression of undesired modes. The laser was radio |
frequency excited. The excitation frequency was 28 MHz.

Essential to this research was the ability to use an external
adjustable iris so as to allow only certain portions of the emerging light
pattern to pass on to the beat frequency detecting apparatus. Two sys-
tems were tried. The detection appara_.tﬁs was about ten feet from one.
end of the laser. At first the beam was enlarged with a diverging lens
and the iris was placed at a point where the beam had become large
enough that portions of the light pattern could be fairly easily discerned
. ﬁnd.masked with tile iris. A converging lens systermn was then used to

restore parallelism to the beam so that it would not diverge in travelling
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Photomultiplier
tube and video
amplifier

External
Adjustable Iris
Internal
- Adjustable Iris

Laser tube

Mirror

Figure 2. Physical Arrangement of Laser and Detection Apparatus
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the remaining distance to the detection apparatus, Due to the‘poor
quality of the lenses used, it became apparent that the experimental

results were being rendered useless by distortion in the lenses, This

system was abandoned. Instead, the iris was placed close to the detec-~

tion equipment where the beam had enlarged sufficiently for déta.ils to be
discernible in the pattern. The photomultiplier was operated..inéide-_. a
tubular light shield, with a 3/8" hole for entrance of the laser bearﬁ at
one end. A red filter was placed over the hole to aid in excluding room
light. A system which allowed the remaining light to be conceﬁtrat'e_d' at
a smé.ll_ spot near the center of the photomultiﬁlie’r tube photocathode
would be the most desirable. The frequency response of | photoﬁultipliér
tubes is much bette-rlunder such conditions.

The detection apparatus consisted of a photomultiplier tub—e
coupled to a wideband video a.mplifier. The output of the video a.mplifiei

was examined on a spectrum analyzer. Figure 3 is a block diagram of

the detection apparatus. The photomultiplier wés_an RCA type 7102, A

variable voltage power supply was used to supply high voltage to the
photomultiplier voltage divider string. An external vacuum tube volt-
meter was used to monitor the photomultiplier anode current. The am-
plifier had a gain of 30 db. which was fairly uniform from 2 MHz. t§
300 MHz., A detailed description of the amplifier may be found in-the.
appendix., The output of the video amplifier was fed through 50 ohm
coaxial .cable to the spectrum analyzer. The spectrum analyzer was a
Tektronix Model L20 plug%in unit for the Tektronix Model 545B oscillo-
scope. An accurate signal generator was available for frequency

measurements by substitution,




| Tube

Opti'cal +|_ ; .

 Video
Amplifier

- Radio
Frequency
Spectrum
Analyzer

Shielding A |

Enclosure

Figure 3. Block Diagram of Detection Apparatus
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'Because radio freqﬁeﬁéy excitation’wa% used for the'laler, ihter-
ference from the source was a problem. .:I‘h_tis was eliminated as a
problem 'by. bonding the chassis of each pi.ece of equipment to a large
copper ground screen placed on the workbench. The photomultiplier

tube. circuits and "che. videc amplifier were all built in a shielded

 ‘aluminum chassis.

- The characteristics of the photomultiplier tube are quite ifnportanf

: o
‘to this research. In choosing a suitable tube, good sensitivity at 6328 A

was desired, along with good frequency response. The type 7102 seemed

to have a satisfactory combination of these characteristics.
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CHAPTER 1V

PROCEDURE -

.To obtain a desired mode or modes in the laser, the mirrors were

adjusted in their mounts . An iris placed in the cavity made it possible

to discriminate against higher order modes by limiting the radial extent

of the beam. Visual ins_péction was usually sufﬁcient to determine what

modes were present in simple cases.

To set the laser to a desired longitudinal beat frequency, the

spectrum analyzer was set to the desired frequency by observing 3 sig=~" |

nal of the desired frequency from an accurate gsignal generator. The

mirrors were then moved until the longitudinal beat frequency appear ed
at the same point as the marker signal on the spectrum analyzer,
Accuracy was better than 50 KHz.

In order to measure a beat fr equency, most tuning of the spectrum

analyzer was done with a dispersion of #5300 KHz. After locating a beat

frequency, the signal generator was substituted as a signal source and

tuned to the same frequency as chserved on the spectrum analyzer. The

' signal generator was then calibrated with its internal standard at the

nearest 1 MHz. point and then tuned back to the beat frequency for
measurement. A'ccu:acy was 100 KHz. or better.
Measurement of the length of the cavity was accomplished with a

steel tape.
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‘The determination of modes pres eiit.-.in a pattern was dgpepdeﬁf
~upon the ifisl external to fhe laser cavity. When examin’ing'.a patterﬂ' for
‘heat frequenciéa, the iris was first used to examine the c-entér .of .the. |
pa.tt'ez_;n only, then the outermost bright spots, to dete:l'mine if they were
' pa:rts of single modes or contained parts. dt_’lmore than one zﬁO'd'e. Then,
from the evidence gﬁ._ined in this .ma.nne'r, a rea.s;)nable assumption Qaé_ -
. made as to the modes present. Examination of other prominent portions

of the pattern aided in confirming or modifying the original assumption.
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CHAPTER V
- DISCUSSION OF RESULTS

Beat F'r équency Measurement

The first observations of interest pertained to beat frequencies

: .WhiCH should exist for given transverse mode sets. The spacing of the
mirrors was adJusted 50 that the longltudmal beat frequency, Y.
:at a desired frequency. The distance between the mirrors was measured
and compared to the value obtained from equation (3). The data are
summarized in Table 1.

'_'Table 1. Measured and Calculated Values of Mirror
: -‘Separation For Various Values of 1.

A d (measured) d (calculated) difference .
115 MHz. - 129.7 cm. 130.4 cmn, 0.7 cm.
112 133.2 : 134, 0 0.8
110 - 135.7 136.3 - 0.6
104 : 143, 4 144 .1 0,7

98 152.3 153.0 0.7

The average difference is 7 mm. Part of the error is due to the

- Brewster windows with their greater index of refraction as shown in the .

fdllowing derivation. Referring to Figure 4 and using Snell's law, it can

be seen that

sin 56.6° _ 0.8348

sinf = 1 48 = —1.48 = 0.563 ,

exi sted .
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o 56.6" 4 - : Brewster '\'vindbiv
incident ray ) OEI / | & ) .48
_ emerging ray

Figure 4. Apparent Incr ease in Path Length Through Brewster W'in_d‘ow

B = 34.25°

The distance through the window is then

0.63 _ _0.63
cosf ~ 0.8265 ~

0« 762 cm'

In order to find L, the angle & must be known.

@ = 56.6° - 34.25° = 22.35°

Therefore

fo = 7.62 c0822,35° = 0.704 cm.,

The apparent increase in d is

A2 = 2[(0.762)(1.48) - 0.704] = 8.5 mm.
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i

";3'136 to be considered is the fact that l{, will be somewhat lower than the

expected value by the factor Kiyj,. With a i, of 115 MHz., Ky= 115-KHz.'
Therefore, to establish a gi\?en Y, the cavity must be made sgmewhat

- shorter than the value predicted by equation (3). The amount may he
found from

Y7l c 3 x 108 _. .
ﬁ-z _2_d5=-21-304) = —BBKI'IZ-,mmO

The amount by which the spacing must be decreased is

-1-1-85- = 1.3 mam.
Therefore the total difference between calculated and measured d should
be 9.8 mm. but the observed value is 7 mm. The discrepancy has not
been expléined but is quitehlikely due i:o er.ror in r.neasuremen't.' of the |
distance between the mi:frors . o
The appearance of the longitudinal beat frequency on the spectrum
analyzer depended on the adjustment of the laser. With only one mode

set present, the beat frequency was sharp and clearly defihed, but with

mpre.than one mode set available the beat frequency was not so sharp '

and was quite noisy in appearance. The presence of splittings between .

longitudinal beat frequencies of different mode sets and within"mod.é sets
is the probable cause, Uchida® has studied these in detail. Unfortu-
nately, attempts to study the longitudinal heat frequency using greater
ifééojlution in the spectrumn analyzer only yielded hints of splitting. The

instability of the laser used tended to mask these effects.
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- A'large amount of data was taken coﬁéerning-beaf frequencies -

between modes of different transverse order. The procedure again was -

to set Y at a desired value a_nd.f_hen to adjest the laser to produce

ce'rtain desired modes. Visual i'nspection was used for mode deterrn-ina--

t1on, since only Iow order medes were used. This procedure entailed .

'many hours. of trial and error. An addmonal though not serious diff;- |
: culty, is the tendency for modes of lower transverse order to extmgl.ush_ _
~ on the appearance of a 'hi:gher order mede. .Rigrodw has observed and
. discussed this phenomenon o | | | |
_ When the desu:-ed modes were obtamed the entire frequeﬁcy range.
: below l‘b was covered and the observed beat frequencies recorded In |
' some cases, one or two modes more ths,n the ones listed may have been '

- present. The modes recorded are thqse between which the g1ven=-bea__t- '

frequencies were obse'rved._  The error is the difference between the

frequencies observed and those comppted_'frorn equations (2) and (3) end ..

listed in Table 2. Blanks appear where data were not taken. The data

: a'p_pear in Table 3.

Table 2. 'I’heoretieal'velues' of d_and’ 11: and for Various Values of

¥ d o
83 MHz, 180.8 cm. - . 66.2 MHz
94 159.6 " 66.1
98 = 153,0 | . 66.4
104 144,1 67,1
110 | 136.3 68.0
112 - 134,00 - 68.3

115 - - 130.4 ' - 68.8
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' Table 3. Observed Transverse Beat Fr-équéncies EECIRE

MHz. Obs erved beat frequencies MHz. Error MHz. Modes us ed_

y— -y

00

83 65,1 17.8 1.1 & 01
| |  47.9 35,1 1.7 00 & 11
94 64.9 29.1 1.2 00 & 01
36.5 57.5 1.7 00 & -11
104 . 66.8 37.2 0.3 00 & 10
o - 29.5 74.5 0.7 00 & 20
104 66,0 e 1.1 00 &.01
w——— 75.6 2.2 00 & 02
115 67.5 47.5 1.3 - 00 & .0l
. 2.5 00 & 02

20.1 94.9

The consistency of these errors led to m'd'-re experiments in ﬁrhich
. the pﬁrpose was to _d_etermihe if the errors would change if the resonator
axis were shifted with respect to the tuﬁe axis or if éne of the zﬁifforé _
were rc_:t'a.ted about its axig. The data in Table 4 is the result. |

For each set of modes, the sum of the obs erved. beat freéuencies .
.is ¥, as would be expected. The beat freqiieﬁcies corresponding to fy
lénd 2{Yy, are slightly 1dwér than the theoretiéal value. The erfor is -
' 'g-re_ater for modes dis‘tri_buted in the vertical d_ire.ct\.im_'; than for 'fnodeé
di'sfﬁbuted in the horizontal direction. Mpdés distributed vertically are
called m0 modes. It should be noted that the axial plane of_thé Bréwster .
window normal was also vei’tical. Since rotation of one.mirror produces '
no change in these general -ob'sg'rvat:io'na, they are not the re'sult_ .o'f
_abérration of the mirror surface itself. Since there are no aignifica,ﬁt_ :
changes in the errors for different values of I, frequenéy p'ushin,g or -

pulling effects are probably not the cause,.
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Table 4. Additional Transverse Beat Frequency Data

. _ Observed beat | L.
MHz. frequencies MHz . Error MH=z. | Conditions

115 68.3  46.7

D.5 mO modes
21.8 93.2 D,8
115 67.6  47.4 L2 On modes
20.5 94,5 2.1 |
115  67.4  47.6 1.4 left mirror lowered
_ ——-- ——— o ' slightly; On modes.
115 ———— - ' left mirror still
21.9 93.1 - 0,7 lowered; m0 modes.
115 68.3 46.7 0.5 right mirror rotated
) 21.6 . 93.4 1.0 l_/4 turn; mO modes.
115 67.7 47.3 1.1 right mirror still
21.5% 94 .5 2.1 rotated; On modes.

Rigrbd®: et al; ;- bb!aferved.'.-ti-ans_verég beét frequencies but observed
no differences with their ejﬁperin;;ental error. They did not give their
experimental error, but it easily could have been large enough to mask
the small differences observed here.

The Brewster windows are sqspected as the cause of these errors ..
References 2, 6, 7, and 8 refer to the effects of Brewster windows on
mode patterns. These reférences point toward the fact that the
Brewster windows create some. astigmatism, thé.t is, the mirrors do not
appealr spherical and are not axially symmetric. Uchida® refers
diréctly to the effect of this astigmat_ism.on the.frequéncy of modes of
f:he same order but having different spatial distributions.-

In order to study these errors, two cases must be considered.

"The first is the error between the observed and theoretical values of fl)eJ

for m0 modes. The second is the error for On modes.
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A spherical mirror, excited by a plane wave reflects a spherical
wave of radius half that of the mirror. What the mirror looks like, in a
senée, through the Brewster window, may be evaluated by finding the
shape of the wave front after it emerges from the window.

Only a small portion of the aperture of the mirror is involved.
Boyd and Koegelnik show.that for a nonconfocal resonator with mirrors
of curvature b' and separation d that the confocal system which will
.generate the same phase fronts _haé separation and mirror radius of

curvature b given by

b ="\2db' -~ 4% .

In order to limit the calculations to be done, only the case of
b' = 1l meter and d = 130.4 cmn. will be considered, for which

¥ = 115 MHz. For this caseb = 0,95 meter. For this equivalent con-

(o] -
. focal resonator the function desctribing the electric field in the horizontal

direction for the 10 mode or in the vertica'l for the 61 mode is

) g(x) =-VBZ; TXE —-BT—

This is the description for the pattern at the mirrors of the resonator,
The point of greatest intensity of the light pattern can be found by differ-

entiating g(x) and setting it equal to zero..

2mwx?

0=1-=5

Therefore the distance from the axis of the resonator at which the pattern
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is of greatest intensity is-

S — b_A-
¥ 27
Therefore, using another Boyd and K.ogelnik relation, the distance from.

the axis to the brightest point at any distance d/2 from the center is for

the equivalent cenfocal or nencoenfocal resonator

- l-\'-/b.?a &
$=72 2m 1+ b2

At the resonator center

bA
11'

1]
) =

and for b = 6.95 meter

§ = 0.23 mm.

At the mirrors s = 0.39 mm. The cbserved value was roughly 0.5 mm.
For m0 modes, a prediction of the errors may be made by con-
Sidering a spherical wave front of radius 0.5 meter impinging on the

Brewster window in the horizontal plane as shown in Figure 5. The

approximation is made in Figure 5 that if @ is very small, the distance

T' is 7.62 mm., the distance through the window shown in Figure 4.
From Figure 6

1, = T' tan®

and

1, + 13 = T'tang




n= 1,48

0.5m | \ & r x
spherical _ o o

wave front

e— 11—

Figﬁre 5.  Spherical Wave Front Impinging On Brewster
Window in Horizontal Plane

An enlarged view of Figure 5 is Figure 6.

e—— T ———

Figure 6. Detail of Figure 5

25
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and

A= l;cosa = T'(tana — tan®)cosa

Now from Figure 5

A

sing

r‘=1r+

Tt{tan® — tan )
tang

=T

) - tan 0
- 4 o qm =2l
=r+ T -T tan

But &' is very small, being governed by the spot size s and the mirror

focal length. Itis about 0,001 radian, so

, 2] 1
1 - 1 = ' -— = t -—
r’~r+T T r + T'(1 Y=r + TH1 )

Q@

= 0.5 + (0.00762)(0.325) = 0.5025 m.

Therefore the apparent mirror b = 1.005 meters. Insertion of this value

E into equations (1) and (2) yields fy, = 68.5 MHz. The theoretical value

without Brewster windows is $8.8 MHz. and the observed value is

68.3 MHz. Neglected in this calculation is the slight differences in dis~

~ tance traveled by rays through the window at different values of &. The

result of such effects would be to modify the shape of the emerging wave
front slightly. This effect is probably negligible as can be shown approxi-
mately by referring again to Figure 6. The distance (t ~ t5) is the

increase in path length. Again

6y &
n

Nl i




and therefore

. . .62
1T Cos©

and
t, = t, cos{e -9)

Now

- 7.62

e e

or, since € is very small,
. o
ty~ 7.62 [1 +.—2~]

Similarly

2
- 7.62 E_(Ez_ef = 7.62 1+_9__ 1—%34-&9—9_3]

© cos O 2

_ o 8@ 0 (a6f a0 o
fo=7.62|1-%+a0 -5 +5 -T-+ 5 -7

m7.62 —%2+&EI

With expressions for t; and &,
hh=to= 762|145 - 14+5 - El

[e2 e
7.62 T+ --aEI

27
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\\ 56 . 6 o _ o
0.5m. | .

spherical n=1.48
wave front

Figure 7. Spherical Wave Front Impinging On
Brewster Window In Vertical Plane

Using:ana=0.001 "7 =
tp—tp =2.14x 10°mm. =21.4 A
This small difference in path length would cause a negligibly small fre-
quency shift.
Figure 7 illustrates the geometry involved for the On modes. The

point at which the apparent focus of the spherical wave lies is

Bo

sino + tang

r'=1r -

which for small & is
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Snell's refractive law gives

sin(56.6° - @)

BT

gin® = T8
and
. sin56.,6°
sinfo.= —Tag

And to complete the analysis

A= _I_G gin{56.6° - o ~ @)

cos

and

A, = CO'IS' 5, sin(56.6°~ )

Numerical computation from these formulas for several values of &

gives the results in Table 5,

Table 5. Effective Radius of Curvature for Various Values of &

o

0.0007 radian

0.0008
0.0009
0.0010
0.0011
0.0012

b

100.98 cm.
100, 90
100,96
100,91
100. 96
100,91

29

For a small range of @ there is little change in b, much of the variation

shown arising in computation.

A value for b of 101 cm. vields
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fi, = 68.3 MHz. The value without windows is again 68.8 MHz. and the
observed value is 67.6 MHz. Again the right orders of magnitude are:
obtained but the exact experimental values are not obtained.

. Although the computations given do not yield results that check
exactly with experimental results, they seem to indicate that the
Brewster windows are a contributing factor if not the primary cause of

the errors observed.

Mode Analysis From Beat Frequency Studies -

Early in this research, it was recognized that a better method fer.
observing transverse beats was evident beyond Goldsborough's method.

It is necessary, in order to obtain beat frequencies, that the two
light signals fall on the same area of the photomultiplier tube photo-~
cathode. Use of an iris to block off everything but a portion of the
pattern where two modes overlap should be a better technique than mere
"blecking of large areas in Goldborough's manner. Since such a proce-
dure also more precisely defines from what areas of the light pattern
the beats originate, identification of the modes present in the laser is
f'a'cilitated; Also, the sensitivity limitation impesed by the photomulti-
plier tube's maxinﬁim anode current rating is largely lifted. All these
" techniques have proved us eful in the foeregoing experiments and the ones
following. Following are some experiments in which observations of the
beat frequencies, using the iris, were used to aid in determining the
transverse mode sets present in the las er under various conditions of

adjustment. No effort was made to determine the number of longitudinal
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modes present in each transverse mode set because of equipment

limitations and the great difficulty of the probler_n; The difficulty arises

because in order to determine the number of longitudinal modes present.

in a single transverse mode set, the equipment must be capable of

d'etecting.the beat -_f'requency % i(n - 1); where n is the number'. of longi -
tudinal modes pres ent-. The equipment used did not have the necessary
bandwidth.. Beat frequencies as.high as 2y, w_ére observed quité often,
however. |

One of the mor.e novel modes investigated is the annular pattern

shown in Figure 8, This mode was studied by Goldsborough, who

Figure 8, Annular Mode Pattern Resulting From
Combination of 10 and 01 Mcdes

concludes that it is the combination of a 10 and a 01 mode. The lager
was set into opefation in this mode by careful adjustment. Using
Goldsborough's technique of blocking large areas of the beam his obser-
vations and results were duplicated immediately. Briefly he observed
that beat frequencies appeared at 700 KHz. above and below the longi-._ :
tudinal bea.t'frequency'apd that these beat frequenéies were weaker than

the longitudinal one. Then an investigation was made using the iris.
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. With the beam unblecked, only the longitudinal beat fr'equeﬁcy was seen.
'As explained by Goldsborough, beats between transverse modes can . .
 never be observed with an unblocked beam. This phenomenon is due 1_:0.
'thefa.ct'tﬁat.the-'_gigenfuncti'o'nsl describing each mode form an
orthogonal set. Therefore the same beat frequency ma'y.arise out of the
superposition of two modes at various points on the photomultipliei-
'photb(':athod.e. The r_elat'i_ve.ph'a.s es of the beat frequencies will be .s:uch
that they will'- cancel out and no beat frequency will be obs.erved. With
‘only thé upper or lower or side edge exposéd,' the longitudinal 'be;at fre-
quency was observed with vefy weak beat frequencies 700 KHz. above
and below.'the lon_gitudinal beat frequency. 'i‘his was due'tq' imperfect
C'oferage of the iris. Reference to Figure 9 aids in understanding t.hese

observations. When an area such as the upper right hand portion of the

- 10 mode

N ~—— 01 mode

F1gure 9. Superp091t1on of 01 and 10 Modes
To Form Annular Mode

pattern was observed the longitudinal beat frequency appeared and the
weak sidebeats mentioned rose to an amplitude equal to that of the longi-
tudinal beat frequency. The reason for this result is explained b)i

Goldsborough as shown in Figure 1¢0. The 700 KHz. split has previously
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01 mode

700 KHz. —) .« 700 KHz.

: .3. v 10 mode

Figure 10. Spectral Diagram Explaining Presence
of Sidebeats With Longitudinal Beat Frequency-

been explained as due to the effects of the Breﬁster windows on the.
resonant frequencies of the ca.vitf. It should be noted that use of _the. iris
results in the sidebeats observed on either side of the lonéitudinal beat
fretiuency being equal in a.mplitﬁde to the Iongitudinal beat frequené}.
This would be expected with only one lobe of each mode _expo'sed. Use of
the blocking technique leaves p'ortiéns ﬁf both lobes of each mode
exposed and eance_llation at the photomultiplier occurs as prévibﬁsly |

discussed, In this condition of laser adjustment there is usually a

weak 00 mode present, This was evidenced in the last instance above by.

very weak beat frequéncies at 37 and 67 MHz., véhich in this case were
“the tra.hs_verse beat frequencies expected between the 00 mode set and |
either the 10 or 01 mode sets. Adjustment: of the iris so as to a._lloﬁv
more of the common area containing 10, 01, and 00 modes to fa.ll on tﬁe
photocathode of the photomultiplier tube increased the stréngth of these
beat frequencies enormously. The beat frequencies occurred in plai'rs

700 KHz. apart at 37 and 67 MHz. Movement of the iris vai'ied their

. relative amplitudes as would be expected. Thes e observations are quite
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in agreement with those of Goldsborough, but use of the iris enhances
the observations.

-Figure 11 is a sketch of another pattern investigated. The shaded

Figure 11, Mode Pattern Investigated

areas indicate fuzziness of the basic 23 mode pattern that indiéates the
prés’e‘nce of another mode, Visual inspection was not enough to deter-
“mine what other mode or modes were present. Using the iris, the
num_bere.d areas shown were examined. In each case, the longitﬁdinal

| beat ffequency and a sil}gle strong clean beat f:requa'ancyF at 64 MHz,
appeared. The lo'ngitudin.al beat frequency waa; 94 MHz., and the
transverse beat ff__eguency at 64 MHz. indigated A(m+n) equal to 1.

. Therefore, the modes possible are those where (m+n) is equal to 6 or 4.

The possible modes are:

m++n==6 m+n=4
C33x 22 x !
24 x ' 13 x |
42 -3l x |
15 % : 04 x }
51 x 40 !
.06 x . i
60 x ‘
|
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Those modes marked with an "x'" are not compatiblle with the observed

pattern because the unknown mode definitely appears to have m = 4. But
since the unknown pattern extends up into the areas marked 4 and 3, the
40 mode is ruled out. Therefore 42 is the other transverse mode set
présent. It can be seen that much more complicated mode patterns
would be difficulf: to identify.

Sketched in Figure 12 is another pattern investigated. In this case,

Figure 12. Another Mode Pattern Investigated.

the well defined brightness of the four spots surrounding the middle give
definite indication of the 11 mode set. Thg actual pattern was nowhere so
well defined as shown. The mode sets 04 and 30 are suspected however,
The very center of the pattern yielded the longitudinal beat frequency.
There were very weak signals at frequencies indicating A(m 4 n) = 1 and 2
but these were probably due to incomplete blocking by the iris so that
light from unwanted areas of the pattern reached the photomultiplier
tube. These were ignored.
Checking the four outermost lobes of the pattern revealed only the
longitudinal beat frequency. It appeared, therefore, that each area inves-

tigated contained only one mode.
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Checking the area marked 1 revealed the longitudinal beat fre-
quency and a strong beat indicating A(m+n) =1, Such a beat frequency
would occur with the sﬁsPected. 04 and 30 modes present.

Area 2 revealed the longitudinal beat frequency and beat fre-
quencies indicating A(m+n) = 1 were also present but were double, the
two beat frequencies being separated about 3 MHz. One of the beat
frequencies in each pair was somewhat weaker and l.ess stable in
amplitude,

The evidence compiled does not lead to a clear cut solution.
However, assumption of the presence of 11, 04, and 30 modes

explains the results and is compatible with the observed pattern if the

double beat frequencies in area 2 can be explained. The mode frequency

diagram in Figure 13 is helpful. As shown in the diagram, the beat

04

.-&-ﬂé
30

<1}, o
‘ o ‘ —>v 11

Figure 13, Mode Frequency Diagram Explaining Split
In Transverse Beat Frequency

frequency indicating A(m+n) = 1, may arise in two ways, first as a beat

frequency between the 30 and 11 mode sets, and as a beat frequency
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béfwe'en the 30 and 04 mode sets. The 04 and 11 m.l;deg s.ets, however,
are very different in spatial distribution. As haé already Ilzaeen shown,
the resonant fr equeﬁcies c_;f modes of different é.pat'ial'diétribution are
affected markedly by'the Bre.wst'er windows. This explanation seems to
be the most likely_.__. |

More complicated patterns become more a matter of guess~-work
unless other methods are used to supplement the information gained by
observation of beat frequencies. For example, the Ipattern shown in

Figure 14 was studied.

Figure 14, Another Mode Pattern Studied

This pattern appears to consist of 20, 02 and 10 modes and perhaps
some other modes., With the iris adjusted to expose only the very center
of the pattern, the longitudinal beat frequency was observed clearly,
with beat frequencies of approximately the same amplitude as the longi-
tudinal beat frequency 1.2 MHz. above and below. This result could be
explained by the pr és ence of 20 and 02 modes since they have a common
area in the middle. The 1.2 MHz. split is a.léo probably about the right
magnitude for the split which will certainly exist between the two modes

due to the Brewster windows. No beat frequencies indicating
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A{(m+n)= lor 2 were found which means the 00 mode is evidently not
present. As. a check on these results, a knife edge was used inside the
optical cavity to suppress some of the modes. This procedure is des -
cribed by Goldsborough and is useful, Caution must be exercised in
interpreting the results, however, for the suppression of some modes
tends to cause the appearance of others not present before. Using this
technique revealed fhe presence of the 02 mode set, a..wea..ker 20 and the
10 mode set. The ozl'igina.l conclusions seem justified.

Examination of the regions 5 and 3 revealed a beat frequency
indicating A{m+n)= 1 with a weaker beat frequency 1.2 MHz. lower,
and a longitudinal beat frequency with beat frequencies 1.2 MHz. abeve
and below and much small.er than before. Examination of areas 2 and
4 revealed only the longitudinal beat frequency with beat frequencies on
either side as. in regions 5 and 3. In each case the beat frequencies on
each side of the longitudinal beat frequency probably result from overlap
of the 02 and 20 modes. The A(m+n)= 1 :b__e__af frequency most likely is
indicative of the presence of the 10 mode previously discovered.

. Examination of the areas between 5 and 1, and 3 and 1 reveal a
longitudinal beat frequency with beat frequencies 1.2 MHz. above and
below as large as the longitudinal beat frequency. This again is just the
result of 02 and 20 modes beating together. A single clean beat fre-
quency indicating A(m+n)= 2 appears. Beat frequencies appear
indicating A(m+n)= 1 as shown iﬁ Figure 15. |

The results seem to indicate that the rﬁodes present are 20, 02,
10, and 30. The strange appearance of the beat frequencies shown in

Figure 15 can be explained by the mode diagram of Figure 16.
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192
< MHz. =

rr" MHZ—>'I
->| < 60 KHz .

Figure 15. Beat Frequencies Appéa.ring on Spectrum Analyzer

o

P A N

Figure l6. Mode Spectrum Explaining Beat Frequencies in Figure 15.

The 60 KHz. split shown in the beat frequencies could be explained
as the result of a difference in the transverse beat frequency b_etween_
mode sets differing by the same A{m+n).

It is seen that the 60 KHz. split is explained as.the result of a
phenomena which was also advanced as the cause of a 3. MHz. split in
the case previous to this one. This can be explained because in the

- previous case one of the modes, 04, was at right angles to the 30 mode.
It has previously-'beeﬁ shown that vertically distributed rhodes, that is
ones of Orr type, suffer marked frequency shifts as compared to m0

modes.
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CHAPTER VI
CONCLUSIONS

The equations giving the beat freq}ien'cies in terms of the optical
cavity dimensions do no‘t include the effects of perturbati_ons. by the
Brewster winciows commonly used to terminate the gas tube. The
Brewster windows have considerable effect on the frequenci.es of
observed beat ..frequenc'ies . The longitudinal beat frequency is lower
than the Valﬁe'fer given dimensions because of the greater path created

_.by' the Brewster windows. Modes of the same transverse order but
having different spatial distributions oscillate #t noticeably different .
frequencies chiefly as a result of Brewster window perturbing effects.
The perturbation becomes greater as the mode order increases.

Splitting of the longitudinal beat fr equenéy is small for the laser
cousidered but the Iongitudinal beat frequency is lower than thé pre-
dicted value also because of pulling effects which move each mode closer
to the l-i;le center.

Beat frequencies occurring between pairs of modes where each
pair differs by the same A(m+ n) are not quite the same. The reason
-is the same as that in the first paragraph, the perturbing effect of the
Brewster windows. | |

| ‘The technique of investigating oenly small areas of complex mode

patterns for beats is more efficient than Geldsberough's method.
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The video a.mplifier used in this research may not have been useful.
Noise from the photomultiplier tube could not be seen above that of the |
amplifier. A better signal to noise ratic might be had without the
video amplifier.

A more ac.curate'investigaﬁon of beat fréquen-ciés will require that
the laser Be much more stable than at pr es.ent.

An invgstigation of this type might make better use of some of the
culrrently available photodiodes in place of the phatomultiplie'r. These
diodes have superior frequency respdnse and require little space or

auxiliary equipment.
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