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NOMENCLATURE

a constant; non-dimensionalized crack length a/4
crack length

coefficient of displacement function W

a constant; non-dimensionalized waist length b/,
waist length

a function of time

flexural rigidity of plate

width of plate

Young's modulus

error Tunction

acceleration of gravity

a function of time

thickness of plate

number of admissible functions for circular plate
half length of plate

bending moment

non-dimensionalized bending moment

a function of time

polar coofdinate

radius of circular plate

Rayleigh's quotient

kinetic energy of plate

time
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NOMENCLATURE (Continued)

u in plane displacement
v potential energy of plate

w(x,y,t) displacement of plate

vy displacement function

b'e cartesian coordinate

y cartesian coordinate

Y mass per unit area of plate

YiJ shear strain

€ small distance from crack tip
eiJ general Lerm of Lagrangian strain tensor
4] polar coordinate

A eigenval ue

v Poisson's ratio

] specific density

ol x,y) function of spatial coordinates
w frequency

w, natural frequency
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SUMMARY

The presently available procedures for analyzing the
vibration of cracked plates and the difficulties encountered in
developing analyses representing the behavior involved in an
acceptable manner are discussed. It is noted that present methods
are cumbersome and limited in scope.

An approximate plate theory analysis based on an assumed modes
approach is develcped and evaluated. The assumed modes are constructed
in such a manner as to satisfy geometric boundary conditions and to
incorporate the proper order of crack tip singularity. Optimization
of the composition of the modal compcnents is accomplished by the
use of Lagrange equations.

Both global and local aspects of the analytical results are
examined. Predicted global properties - eigenvalues and eigen-
functions - are evaluated by comparison with experimental results
obtained for a cracked sheet. The acceptability within the framework
of thin plate theory is checked by determining the error in satisfying
the moment free conditions on the crack faces. By applying the
method on a circular plate it is Investigated how convergence is

enhanced by an increase in the number of assumed mode functions.



CHAPTER T

INTRODUCTION

In his book History of Strength of Materials, Timoshenko

describes in an entertaining way the first attempts to develop a
satisfactory theory for the bending of plates. The French Academy
of Sciences proposed in 1809, as the subject for a prize essay, the
problem of deriving a mathematical theory of plate vibrations and of
comparing theoretical results with those obtained experimentally
(Reference [l-a]). In October 1811, the closing date of the competi-
tion, only one candidate, Mlle. Sophie Germain, appeared.
She assumed an integral expression based on principal
curvature for the strain energy of the plate. By minimizing this
energy through use of wvariational calculus, she derived a differential
equation for which the dependent variable was the transverse deflec-
tion w of the plate. One error which she made in her analysis was
found and later corrected by one of the judges, J. L. Lagrange. It
is amusing to read how the Academy, apparently anxious to award her
the prize, proposed the problem two more times to give her two more
chances, On a third attempt Sophie Germain obtained the correct
governing differential equation and was awarded the prize., She had
not, however, given a valid derivation of the strain energy expression.
In 1814 S. D, Poisson used a hypothesis based on atomic forces

and obtained a basically correct expression for the strain energy.



Since Sophie Germain'sc expression was found to be a special case of
Poisson's resull, she had been able to obtain the correct governing
differential equation.

In 1820 C. L. M. H. Navier extended Poisson's work by assuming
that the in-plane displacements during bending are parallel to the
middle plane of the plate and are proportional to the distance from
that plane. He found the correct differential equation for any

latleral loading:

iy b Iy
' W O'w o w
D + 2 - + =p , (I-1)
Laxh axcey” By )

where p 1s the intensity of the locad and D is the flexural rigidity
of the plate. Navier's value of D coincides with the value which is
now generally accepted wheh Poisson's ratio is taken as egqual to

one quarter.

G. R. Kirchhoff (1850) can be given credit for organizing the
theory of thin plates by stating all assumptions used clearly and
completely. The now generally accepted assumptions for the thin
plate bending theory are:

1. The thickness of the plate must be very small compared
with the other dimensions.

2. The transverse deflections w are small compared to the
thickness of the plate.

3. Each line initially perpendicular to the middle plane
(reference plane) of the plate is inextensional and remains straight

and normal to the middle surface of the deflected plate during bending.
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h. Elements of Lhe middle plane of the plate do not undergo
stretching during small deflections of plates under lateral load.

5. Small strains arc assumed so that the guadratic terms in
the Lagrangian strain tensor can be neglected and the strain dis-

placement relation can be expressed as

1
"1 = F Mg * 00 =
rather than as (Reference [2])
1 ;
sy =3 luy g Fuy gty gy ) (I-3)

6. Reactive forces are normal to the plate in the undeflected
position so that no membrane forces are taken into account.

It ie obvious that assumptions three and four mean that

p— —_— _— _l
€ = Yxz sz v (T-4)

By using these conditions Kirchhoff derived the correct expression for
the potential cnergy V of a bent plate. By the use of the principle
of virtuael work, he succeeded in finding the same governing differ-
ential equation as Navier (Reference [1-b]).

By using the linear stress-strain and strain-displacement
relations, and by considering the equilibrium of a very small plate

element, the governing differential equation can readily be derived as:

(-9

<
=
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The number of boundary conditions required to provide a unique

solution forms in itself a problem. The governing differential
equation is of fourth order so that two boundary conditions are required
at each point on the edge. These boundary conditions can be either
geometric or natural. For a simply supported or completely clamped

edge this causes no problem. For a free edge, however, difficulties
arise. It 1is natural to assume, as Poisson did, that the boundary

conditions are:

1. Zero bending moment.
2. Zero shear force,

3. Zero twisting moment.

However, it is generally impossible to adapt the solution of the
governing differential eguation to these three boundary conditions.
Kirchhoff obtained only two boundary conditions for a free edge and
this is consistent with the order of the differential equation of

the classical theory of plates. He showed that two boundary condi-
tions can be used for the determination of the deflection w satisfying
the governing differential equation; i.e., the three conditions baseﬁ
on physical reasoning can not all be used.

The boundary condition inconsistency can be traced to the
assumption ﬁhat the normals of the middle plane before bending are
deformed into the normals to the middle plane alter bending. Without
using such an assumption E. Reissner (Reference [3]) obtained a sixth-
order differential eguation for which all the three boundary conditions

can be satisfied. If the plate is thin, the higher order terms can be



neglected and the sixth-order equation reduces to the fourth-order
eguation.

In order to avoid the inconsistencies in the boundary condi-
tions, Kirchhoff pointed out that the two conditions prescribed by
the shear load and the twisting moment acting on an element of the
edge of the plate may be replaced by two statically equivalent vertical
foreces, which can then be combined with the vertical shearing forces.
Owing to such a replacement, the stress distribution in the immediate
neighborhood of the edge will naturally be incorrect, but the stress
distribution in the rest of the plate will be essentially correct.

His argument generally requires that lateral pointloads be introduced
at corners of a plate to react the edge shears. There are, as

Langhaar observes, puzzling inconsistencies arising from this procedure
(Reference [1-c], [L4-a]).

In the case of a simply supported rectangular plate under
sinusoidal load p(x,y) the deflection w can easily be determined in
closed form. This solution can be used for any kind of loading by
representing the load function p in the form of double trigonometric
series (Navier) and using orthogonality conditions to advantage. The
dellection function w may likewisze be expanded in double lrigonometric
series with unknown coefficients which can be evaluated from the
boundary conditions.

For problems of bending of rectangular plates which have two
opposite edges simply supported, M. Levy (Reference [5-a]) suggested

taking the solution in the form of the series
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W o= ZJ Y sin Egl (1-6)
m=1

where Y is a function of y only (the sides x = 0 and x = d are

assumed simply supported). Each term of this series satisfies.the

boundary conditions at the simply supported edges. It then remains

to determine Ym in such a form as to satisfy the boundary conditions

on the additional edges and the governing eguation for the deflection

surface, This may be reduced to solving an ordinary linear differ-

ential equation in Ym.

The problem of vibrations, as may be expected, is more
difficult than the corresponding static bending problem. It is a
practical consideration to suppose the entire mass of the plate to be
concentrated in the plane midway between the parallel plane faces of
the plate., The deflection w is now described by the function
w = w(x,y,t). For the dynamic plate problem the Hamiltonian or
action integral can be expressed as a surface integral. According
to Hamilton's principle the actual motion of a conservative system is
such as to render the Hamiltonian integral an extremum. The Euler
cguation of this integral, at derived by Sophie Germain and Lagrange,

forms the equation of motion of a vibraling thin plate:

—2 e (1-7)

Using d'Alembert's principle, the inertia forces in the case

of free vibration can be considered as external loads. Then the form



of the poverning diflcrential equation follows from that for static
loading.
By assuming solutions of the type wo = w(x,y) - g(t) the

following set of differential eguations resulis

l I

Vuw-Bw=0 (1-8)
and

" 2

g+ wg=0 (1-9)
) i b ; 2 L D
in which 8 is a non-negative constant and w =B ?' The general
solution of the second (time-dependent) eguation is

g = A-coswt + B-singt (1-10)

where A and B are arbitrary constants.

The problem of solving the fourth order partial differential
equation in conjunction with any combination of homogenecus boundary
conditions constitutes an eigenvalue - eigenfunction problem since for
some specific boundary conditions, solutions only exist for a definite
set of values 6;,6:,... of the parameter Bh, the eigenvalue of the
problem. The respective solutions form a set of eigenfunctions
wl(x,y), we(x,y),.... so that the deflection of the plate always can
be represented by a linear combination of the eigenfunctions. For
instance, in the case of a rectangular plate with simply supported
edges, a double sine series for w will satisfy the governing differen-
tial equation. However, the problem of the circular plate is the only
case in which a complete solution has been obtained for each of the

three types of boundary situations (clamped, simply supported, and



Trec). The lack of exact solutions Tor the rectangular plate (for
which only those combinations that contain two opposite sides simply
supported have been completely solved (Reference [6]) is associated
with the fact that the partial differential eguation is not separable
in rectangular coordinates.

In the absence of methods for obtaining precise analytical
solutions approximate methode of solution have, therefore, been used,
Ritz was the first to employ minimization of the potential energy
Iunelional as a method for obtaining approximate eigenvalues and
eigenfunctions of the free-edge-rectangular-plate problem (Reference
[(7])). In Reference [6] a summary is given of all known results in
the field of plate vibrations based on either exact sclutions or on
numerical methods. Furthermore this reference contains an extensive
bibliography up to 1969.

In the case of vibration of a cracked plate (central crack or
edge crack) the difficulties increase considerably. Not only are
stress-free boundary conditions encountered along the crack face, but
a singularity of the bending moment (or stress) at the crack tip
will occur. The singularity does not immediately result from any of
the regular expansions but must be especially provided for. In
Reference [8] the problem is posed of the free vibration of a cracked
rectangular plate, simply supported at all sides. The crack, either
starting from the edge or central, is in the middle of the plate

parallel to one of the edges. The Levy-Nadai approach

¥, sin(mx) (1-11)

=l
1
[~ 8

m=



is used, with y measured perpendicular to the crack line. This leads
to an ordinary differential equation for Ym which has as a solution a

linear combination of four hyperbolic functions:
1 : i A
Ym(y) =7 [Am-Slnh(rly) + Bm-Coah(Ily) + Cm Slnn(rgy)
+ Dm-Cosh(rzy)} {1=12)

where

/2 L 1/2 /e
and r2 = [- w(%) + ngl

Boundary conditions along the (simply supported) outer edges express

; A=t
By = [wk%) +a |

the fact that deflection and bending moment are zero along those
edges. This leads to relations for Am’ Bm and Dﬁ as functions of the
f'ourth unknown Cm. The problem is therefore reduced to the determination
of the constants Cm for which the remaining boundary conditions are
used. These remaining boundary conditions along the crack line are
mixed i.e. the crack faces are stress-free and on the prolongation of
the crack the slope with respect to y is zero., These mixed boundary
conditions can be written as dual series eguations representing
respectively the bending moment and the slope along the crack line.
The stress singularity at the crack tip is introduced by selecting

a suitable type of weight function for the egquation that represents
the bending moment; it can then be shown that in the vicinity of the

0

crack tip the bending moment is proportional to e in which € is
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the distance from the point under consideration to the crack tip,
These dual series equations can be reduced to a single (Abel's)
integral equation by applying a Hankel-transform. The kernel of the
integral equation contains the unknown parameter being sought: e.g.
the frequency of free vibration. Because of the complexity of the
kernel the integral equation has been numerically evaluated by using
Simpson's rule to obtain a system of homogeneous algebraic equations.
This results in an equation in matrix form representing an eigenvalue
problem from which the frequency is found by a trial and error process.
It is found for instance that for an edge crack propagated halfway
through the plate the freguency factor (which is proportional to the
natural frequency wn) amounts to about 82 percent of the frequency
factor of an undamaged plate. This is for a plate with a-width to
length (y-direction) ratio of two.

The same type of plate is analyzed in Reference [9] based on a
Levy-Nadai expansion.. A Green's function approsch is used to obtain
a Fredholm integral equation of Lhe first kind. The subdomain method
is employed to satisfy the boundary conditions. No attempt is made to
account for the singularity. A comparison of the numerical results
is made in Reference [8]. Considering that the method of Reference [9]
does not contain a stress singularity the agreement between the two
methods with regard to the global guantities such as frequency is found
to be quite good. It should be stressed however that only theoretical
results have been compared, none of which has been supported by experi-
ment. Bending momenis are also compared and as éxpected the moment

distributions near the crack tip differ quite drastically although good
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asgreement seems to exlst away from the crack tip.

It should be realized that the latter methods are based on a
Levy-Nadai expansion which is valid when at least two opposite sides
are simply supported. An extension of any of these methods for other
boundary conditions (e.g. a combination free and fixed) would be
extremely difficult and perhaps not possible.

Furthermore it has been considered as a shortcoming of classi-
cal plate theory, especially for cracked plates, that only the bending
and the effective shear stress are required to be zero on the crack
face. The requirement for zero twisting moment has not, for example,
been satisfied. In Reference [10] this shortcoming has been overcome
by employing the sixth-order theory of Relssner where the singular
character of the bending stresses is obtained in a plate whose thick-
ness is vanishingly small. In Reference [11] the work was extended to
examine the effect of plate thickness on the local stress field. It
should be noted, however, that even an analysis based on the sixth-
order theory must be viewed with reservations because it incorporates
the assumption that the stresses vary linearly through the plate thick-
ness, Since the error introduced by this constraint can only be evalu-
ated by a detailed elasticity solution, even the improved analysis must
be considered tentative. In Reference [127] the difference between
these two theories is discussed in some detail though for the static
case only.

Obviously a rigorous solution leads to serious mathematical
complications. The purpose of this thesis therefore is to Investigate

the development of a simple approach based on elementary plate bending



theory employing the assumed modcs method (Referemce [13, 1h-a]).
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CHAPTER IT
ANATYTICAL APPROACH TO THE PROBLEM

Approximate Methods

As pointed out before, exact solutions are not known for
vibration of rectangular plates unless at least two opposite sides
are simply supported.

In the basic differential equation for transverse simple

harmonic motion of plates
L
Yy - v =0, (11-1)

solutions wi(x,y) and corresponding natural freguencies w, are sought.
The lowest natural freguency is called the fundamental frequency.
The problem of determining the values of the parameter wie for which
the homogeneous linear differential eguation of this type has & non-
triviel solution, wj(x,y), is called the characteristic or eigenvalue
problem. Values of w; corresponding to non-trivial solutions are
called characteristic values or eigenvalues and the associated non-
trivial solutions wi(x,y) are called characteristic functions or
eigenfunctions. ©Since the differential equation is homogeneous its
solu“ion cannot be determined uniquely except for the shape. The
amplitude is arbitrary.

Since exact solutions of eigenvalue-eigenfunction problems for

some boundary conditions are not possible, approximate methods of
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solution often have to be used. Based on the elementary plate theory
as developed by Kirchhoff, the potential energy of a plate in bending

can be easily expressed as a function of the deflection w:

2

£) Jpoar (@

2 2 v 3%
RUES(e SR L e e B

Likewise the kinetic energy can be written:
Y P
T=5 I & dxdy (I1-3)

in which Yy is the mass per unit area of the plate. A method for using
the energy formulation of the plate is a formal one, in which the
Hamiltonien approach is used to obtain the appropriate governing
differential equation for plate vibration. Though the derived equa-
tion can serve as a basis for a solution of plate vibration problems,
it is, as already mentioned, often toc difficult to obtain an exact
solution. Many types of procedure for finding approximate soclutions
are available based on a number of different principles. A group of
approaches, of which one will be used in this thesis, based on an
energy formulation is briefly discussed below.

1. Rayleigh Method

This method is based on Rayleigh's principle, which may be
worded as follows:

"The freguency of vibration of a conservative system vibrating
about an equilibrium position has a stationary walue in the neighbor-

hood of a natural mode." (Reference [1L-b]).
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This stationary value is actually an absolute minimum in the
neighborhood of the correct fundamental mode. The method is based on
the fact that natural modes execute harmonic motion.

The deflected surface is represented by an assumed form, chosen
to conform as closely as possible to the expected mode shape.

Let

g = w(x,y) - o0t (II-4)

where w must be chosen to satisfy as many of the boundary conditions
as possible but at least all the geometric conditions. Substituting
this in the expressions for V and T, and by equating vmax to Tmax the

vibration frequency can be solved for:

eI‘O

v
max
T (11-5)
% jngdxdy

which is often described as Rayleigh's quotient in the eigenvalue
problem. This quotient will take the minimum value when w(x,y)
represents the fundamental mode. In general the function chosen
for w will deviate from the normal mode resulting in a higher
frequency. It is clear that a frequency associated with any w may
be determined. Whether these correspond to real natural frequencies
of plate vibration is another guestion. They will to the extent
that the following requirements hold:

1. The function w(x,y) accurately represents one of the

normal modes.
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2. The function w(x,y) satisfies all the boundary conditions
of the problem.

Such functions are called comparison functions. Functions
satisfying only the geometric boundary conditions are called admissible
functions.

Both requirements are difficult to achieve in some plate
problems, but are usually considerably easier to satisfy for the
fundamental mode than for the higher modes. For this reason use of
the Rayleigh method is mostly limited to estimating the fundamental
frequency of vibration without solving the eigenvalue problem. Rather
accurate estimates of fundamental frequency may be made even though
the estimated mode functions are in error. The success of the method
lies in the stationary behavior of u? in the wvicinity of a natural
mode because variations in u? with changes in the mode function are
of second order in this vicinity.

In the Rayleigh method it 1s clear that Rayleigh's quotient

provides an upperbound for the first eigenvalue
£
R(w) = w) (II-6)

where the equality sign holds true if and only if the chosen functhion
for w is aztually the first eigenfunction of the system. The true
fundamental frequency is always smaller than the estimated ome.

2. Rayleigh-Ritz Method

A powerful variation of the Rayleigh method based on a minimi-

zation of Rayleigh's quotient (II-5) is obtained by using a somewhat

different assumption for the displacements of the plate. Assuming
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harmonic motlion like in the Rayleigh method the spatial distribution

of displacements is now taken in the Torm

W o= al * wl(x,’y) + 8.2 . wg(x‘}y) i v e (II"T)

where the w, are functions satisfying at least the geometric boundary
conditions at the edges of the plate.

If an infinite series of functions a v, is chosen and the
functions wi(x,y) form a complete set, a correct value for the eigen-
function can theoretically be obtained. Belecting a finite number of
functions means that constraints an+l = an+2 = +++ =0 are imposed on
the system. Constraints raise the stiffness of the system leading to
an estimated frequency higher than the true fundamental freguency.
This is a result of being unable to find functions that satisfy both
geometric and natural boundary conditions of the problem as well as
the equations of motion. An increase in number n of properly chosen
functions will result in an estimate lower than the previous one,

The functions selected must be at least geometrically admissible
in the sense that displacements vanish at restrained edges. If the
natural boundary conditions are not satisfied the functions wi(x,y)
will imply the presence of boundary forces in terms of shears and/or
moments at the free or hinged edges. It is not always practical to
choose the functions Wy which satisfy both geometric and natural
boundary conditions., Therefore the necessary geometric boundary
conditions are always satisfied and the functions vy are chosen in

such a way that they approximate the actual natural boundary
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conditions of the problem as closely as possible.
The best frequency available is the one in which the minimum
frequency is obtained from (II-S) by variation of the unknown coeffi-

cients a, of (II-7). Minimizing(II-5) with respect to the a, gives

a vmax (
=0 . T1-8)
L
aaj —g ﬂ" w o dxdy

This will lead to a set of n homogeneous linear algebraic
equations in the unknown constants aj; if the determinant formed by
the coefficients of the aj is set to zero a characteristic set of
equations containing the unknown frequency'uF is obtained which will

approximate certain natural freguencies of' the system.

3. Galerkin's Method

This method uses a different approach than the other two con-
cepts yet in some cases will result in the same equations. It operates

on the governing differential equation
L(w) =0 (11-9)

in which L is the differential operator of the form of (I-8). A set of
comparison functions wi(x,y) is chosen to approximate w, each of which
satisfying all the boundary conditions of the problem.

The sum function

n

W) = ) ey wy(oy) (11-10)
i=1
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will not in general satisfy the differential equation so that

substitution of (II-10) in (II-9) will lead to

a, Lw,) = e(xy) (11-11)

I [~ 5

where e(x,y) represents an error function caused by the fact that the
solution (II-10) is only an approximate one.

The solution can be optimized by choosing the coefficients a,
in such a manner as to minimize the error function e(x,y) in some
fashion. Galerkin proposed a convenient and rational way be requiring
that e(x,y) and each wi(x,y) be orthogonal in the region, A, of the
independent variables, i.e.

J‘" w (x,y) « e(x,y) + dA =0 k =1,2,...n (11-12)
A

Substitution of (II-11) into the definite integral of (II-12) results in
'n
Z a, | [wlxy) - olw,) aA] =0 k= 1l b (11-13)
o A
SE
This represents again a set of homogeneous linear algebraic
equations in the unknown coefficients ai, the determinant of which
must vanish. This gives a characteristic eguation in the frequencies
2
w of order n.
If in the Rayleigh-Ritz method comparison functions satisfying

all boundary conditions are used then the final set of eguatlons will

be identical with that of the Galerkin's method.
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L. Assumed Modes Method

This method is different in approach but gives the same results
as the Raleigh-Ritz method. Preference for its use is only a matter
of convenience. Since this method is used for the thesis problem it
will be discussed here only briefly.

A solution for w is assumed again in the form of a series com-

posed of admissible functions like in the Rayleigh-Ritz method:

woo= a9 (67)9,(8) + ayp,(x,¥)ay(t) +--+ 2 ¢ (x,¥)g () (II-1k)

This series can be substituted in the expression for V (II-2) and in

the one for T (II-3). Applying the Lagrange equations

d /T T |, 3V
= (=) - + =0 : (11-15)
dt (qu) aqm aqm

will lead to a set of n homogeneous linear algebraic equations in
al, ag, i i an from which the approximate natural frequencies can be

solved as an eigenvalue problem,

Rectangular Plate With Edge Crack

For a plate as shown in Figure 1 an experimental program has
been carried out at the Georgia Institute of Technology Aerospace
Laboratory. A model of the same configuration has therefore been
chosen for analysis.

For the laboratory model the following dimensions were chosen:

&5
I

variahle

L. 4 inen
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Polynomial Functions.
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h = .025 inch

a varying from .9125 inch to 3.2 inch
Material 202L-T3 with E = 10.6 x .1o6 psi and Poisson ratio v = .33
Provisions were made to conduct the experiment for various
values of the length £ though the size of available test equipment
must exclude small values for 4.
The objective of this thesis is to investigate the modes
symmetrical with respect to the x-axis. The following functions have

been chosen for the interval -m <86 = mM8
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-
wo=ng) - lj * By

o

It

3/2
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@) o s @) 4 g

=
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These are admissible since they satisfy all geometric boundary condi-
tions. Clearly none of them will satisfy all natural boundary
conditions.

It is advantageous to normalize the functions by setting:

&' = y.»f,} E‘ - I‘-of,,' Tl‘o-\? = W-hj B =b. (II—]_T)

8o that the functions can be written as:
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W, = bl . (y2 - 1)2
2 2
wy = by -+ (y° - 1) 23
Wy = b3 ’ (y2 - 1)2 T 92 ( 11-18)

in which w, y and r are dimensionless guantities, By completing the
transformation into polar coordinates the displacement function w

can be brought in the form

p;(r,8) « a,(%) (11-19)

=
]
4“_; ~w

i.e. & linear combination of functions of the spatial coordinates P
multiplied by time dependent generalized coordinates qi.

Assuming harmonic motion again 9 can be written as

g, =a, - e | ( 11-20)
which will result in
Py = (rg-singe—l)2 39y = bl = al'eimt
Py = (rg-singe—l)e-rB/2 3 Gy = by = a, elwh
9y = (2 st g1)2e3 2,68 | 95 = by = aB-eiwt (11-21)

The functions have been chosen such that for r approaching zero
the second derivative goes to infinity which means that the bending

moment and therefore the bending stress goes to infinity. This
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provides o system containing the appropriate stress singularity.

This is at least radially analogous to the first term of the Williams

series, the standard tool in present day two-dimensional fracture

mechanics (Reference [15,16]).

Along the crackline (i.e, x-axis) the bending moment can be

expressed as (Reference [5-b]):

- - = 2L
M==Be SH ¥y )
T ar r a8 ar
with
- E 1o
D& —="
12(1-v7)

Non-dimensionalizing this expression and setting D

the following normalized expression is obtained:

D 1 aw 1l ow
M=-2 (=28 p o 0¥, ,O¥

h \r ar r2 36 ar2)

or with w, = g, -a,e 9"
3. 1 1
2 2

D1 1 9% o9 gt

M=-3r3r "2 2tV 2 M
r a6 ar '

(11-22)

(11-24)

(11-25)

Along the crackline the following bending moments will

therefore result from the displacement funections Wt
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| iwt

Ml = I €

aal ~1je
M, =—— - € we {hrS/g - % r 1/ (2+v)}

a.D

Hdwt [2],.3/2 -1/2 -1/2

M, = _% . lw [:e {ur /2 % Y (2—{-\))} - or J (£1-26)

It is convenient here to introduce the non-dimensional partial

bending moments

(11-27)

In this form the moments have been plotted in Figure 2 for
v = 1/3 and a/4 = b/4 = 1 i.e. a 50 percent crack in a square plate,

Examining these partial moments the following facts can be observed.

Ml is constant over the width of the plate and is also independent

of the size of the crack. ﬂz shows a singularity at the erackiip though
the total integrated moment over the plate width is finite. It is
symmetrical over the x-axis with respect to the crack tip. Obviously

neither Ml nor EE by itself satisfies the natural boundary conditions

along the crackface being M, = 0. A linear combination of ﬂl and ﬂ2
may result in a total bending moment over the crack equal to zero but

the moment will still vary along the crack face. M. also shows a

3
singularity at the crack tip and is unsymmetrical with respect to the

crack tip. A suitable linear combination of ﬁl, ﬁé and M, could improve

3

the satisfaction of the moment free condition on the crack faces,
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Since

Efi agi_ cos © (T1-28)

5 = 3, * sin @ + gz;’ T

|ty
o

the slopes of the plate with respect to the y-direction masy be deter-

mined along the x-axis. These will result in

op

A

oy

3

-

oy .
o .

%ay = 261‘1/8005 8 (11-29)

showing that the third function will csuse a discontinuity in the sclope

of the crack faces (6 = + m) and factually removes a constraint there

by not requiring in a symmetric mode that %% = 0 along the c¢rack. Removal
of a constraint should lead to a lower freguency so that this choice of
admissible functions has created the possibility of minimization of the

o,
natural frequencies. Note also that et o ] on 8 =0 for all i as

3y
required. The Lagrange equations constitute a specialized form of the
principle of virtual work and will therefore produce that combination
of the assumed modes that will lead to a minimization of energy within
the system of admissible functions and thus to a minimization of the
vibration frequency within that system.

By a simple transformation it is possible to express the poten-

tial energy (II-2) in polar coordinates (Reference [3-c])



28

- - 8L, &
(@150
P -8 P " :

which, using the dimensionless quantities w, y and r, will lead to

2 2l
D o) 1 ow 1l ow
V= Ffﬁ{\j+;?+r—e‘¥)
s LY SR 2 B oy ()
orab r2 36 - 2\r Jr r2 892

Likewise the kinetic energy can be written as
i LB
T = I (w)"rdrde : (I1-32)
A

which with setting vy = Q-(h-&)g can be normalized to the form

T = %I (#) raras (11-33)
A
3
Substituting w = Z} mi(x,y).qi(t) with g, = ai-elwt in the equations
el

for V and T and subsequently substituting V and T in the Lagrange
equations (II-15) will result in the following set of homogeneous

linear algebraic equations.
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cpm,rr
-T2 (51¢1,ea t e 0o t EL3‘P3,ee)

2 (al@l,rr + a2@2,1'1:' + a3w3,rr)

2
m,re
+ 2 (al¢1,re tEP gt a3‘93,::6)

+

2¢
m, 0
B (a1%) g + 89 g + 8¢5 g)

2
_ m,r8
5 (219,07 %%, * 23%3,0)

2q
m, 6
- r3 (&1@1,r9 + 8% rg * a3$3,r9)] } ’

rdrd8

m = 1,2,3 (II-34)

In matrix form these equations can be written as:

(Can] - 55 [sM])fa;] = 0 1= 14253 (11-35)
Yw
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in which [AM] and [SM] are three by three symmetrical matrices so

that the eigenvalues —95 are auntomatically real, Each element of

Yw
these matrices is a linear combination of integrals of the type:

[fe@, £(r)arae (II-36)

of which a relative large number (72) have to be evaluated over the
plate area, A complete direct integration is impractical so that
recourse has to be taken to some kind of computer program. Surface
integration leads to bad convergence mainly due to the presence of a
cusp near the crack tip for a number of integrands. Therefore integra-
tion must be done first with respect to r per section (Figure 3)
between liﬁits r =0 and r = B/cos O, 1/sin © and A/cos 6 for sections
I, IT and IIT respectively, Integration with respect to € can then
egsily be performed by applying Simpson's rule, Only the symmetric
modes are investigated here and integration is limited to the upper
half of the plate.

After all of the matrix elements are determined the approximate

frequencies are generated from the ejgenvalues-—25
Yo

Alternate Choice of Admissible Functions

An alternative to the approach with polynomial type admissible
functions has also been carried oul by using functions of trigonometric
type. The general procedure is analogous to the one in the preceding
section. The following admissible functions were chosen for that

purpose using the model of Figure 4 for the interval O = & < 2m.
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The selection of the first trigonometric term was guided by the
presence of a corresponding term in the Williams series. After

normalization and again assuming harmonic motion one obtains: i

-— 2 2 . — . iwt
P = (y~-1) E 9, = ay°e
= (vPo1)2..3/2 8 . _ L Leiwt
Py = (y=1) "+ “.sin 5 5 Gy = 8yce
2] (o] M
(P3 = (yg_l)c-.rr_.cOSEB ; q3 = a3.elwt (II‘38)

Partial bending moments about the x-axis in nondimensional form

are determined analogous to (II-26) and (II-27):

5o, -iwt _
M =gpe oM =1k

MQ :-agﬁ : e'iwt-M2 = {Frs/g - Eﬂ_ (5+3V)} sin g

M o= ik o R {br® + 2(1-v)} . (11-39)
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Plots for these bending moments are shown in Figure 5 for
v = 1/3 and a/4 = b/4 = 1 i.e. a 50 percent crack in a square plate
again.

Determining then the slopes of the plate with respect.to the

y-direction along the x-axis results in

o
.

oy

o i
75? = % re cos g cos 8

o
. .

y 0 (II-39)

Equations (II-39) show that ¢, causes a discontinuity in the slope of
the crack faces (8§ = 0,2m). By a reasoning similar to the one in the
preceding section it can be concluded again that the Lagrange equations
will lead to a minimization of the vibration frequency within the
system. Approximate frequencies can then be obtained in the same way

as with the set of polynomial type functions.
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CHAPTER III
RESULTS AND DISCUSSION

The numerical treatment of the problem, though cumbersome, has
been done quite simply with a Fortran IV program leading to solutions
in the form of eigenvalues ~9§ and eigenvectors. Computations have

Yw
been performed on various cracklengths:

a = .9125", 1.3125", 2.2", 2.7" and 3.2"
for the following range of halflengths {4 of the plate:
{’ = ll”, 8.8", 6", l{-.h“, 2.2" and 1.1m

The width d is 4.4" and the thickness h is 0.025" for all cases.
Results have been plotted in Figures 6 and 7 as eigenvalues versus
cracklength for both sets of admissible functions. The first (see
Equations II-10 and II-16) is of polynomial type and the second (see
Equstions II-19 and II-37) is of trigonometric type.

The eigenvalues are in the form of

k= *2§ = Péié (w in radians/sec) (111-1)
Yw 4 w
E.hS _ 10.6 x 106 X .0253

in which D = = 15.49 1b/inch

12(1-.33%) 12(1-.33%)

_ph _ .1x .025 _ -6 =
and Vo= e S PR 6.47 x 107~ lb.sec /inch

3



38

. 0l450
r:a]“‘gl_
1 Y
— { =2.,2
. 0400 1
— 4L =4 b
—— 4 =6.0
- 03501 — f e BB
— 4= 11,0
.0300 — g inch
5 2 3 4

Figure 6, —D—2 Versus Crack Length; Polynomial Functions.

Yw



— & = 1.1"
. 0350 __D__
2
Yw
.03h0
— g =2.2"
.03304
T — = b
. 'L - 6!!
4, =8,8"
.0320 —=a inch
0 1 2 3 i

Figure 7. % Versus Crack Length; Trigonometric Functions.
Yw

39



40

_ 5/ _ 2u6.25
omdy/2 212

50 w cycles/sec = Hz (Hertz)

The fundamental freguency for an uncracked plate may be
determined by use of the results given in Reference 6, p. 75. In this
reference a is the distance between the clamped edges and b is the
distance between the free edges. For a ratio of b/a equal to 0.2,
which is equivalent with a plate of £ = 11" and @ = 4.4", the first
mode frequency is equal to:

@ 8T 1107

2naVy/D
corresponding with an eigenvalue of:

L
y =dAA) . oasgs

no g7

In Figures 8, 9 and 10 results obtained here are plotted as
vibration frequencies versus crack length for both sets of functions.
From these plots the following observations can be made:

1. For the plates with the larger lengths, i.e., 4 = 6"
and greater the presence of the crack seems to have no éffect on the
freguency.

2. For the £ = 11" plate both computed vibration frequencies
are slightly greater than the fundamental frequency of the uncracked
plate derived from Reference 6 (11.07 Hz.).

3. Results obtained with the polynomial type functions show
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a distinct decrease in frequency with increasing crack length for
all plate lengths. A decrease in frequency is eguivalent to an
increase in the eigenvalues. ©Since the eigenvalues increase with
the square of the decrease in frequencies the differences are more
pronounced in the diagrams where the eigenvalues are plotted versus
{he cracklength (see Figures 6 and T).

4, For the trigonometric type functions the behavior for
the larger values of { is contrary to the expected behavior since
the eigenvalues *25 show a decrease for larger values of the crack
length a rather I;;n an increase. Note that in Figure 10 this trend
is hardly discernible.

In order to investigate the somewhat puzzling behavior indi-
cated under the fourth observation, especially for 4 = 11", eigen-

values were computed for different combinations of the trigonometric

W, and w,. The results were plotted in Figure 11,

type functions Wos Wy 3

For w = a, + W, the eigenvalue is constant equal to .031Th4, lower

than any other combination. For w = 8, W, tay W, the eigenvalue

is basically increasing corresponding to a decreasing frequency for

an increasing crack length, For w = al © Wq + a3 . w3 the eigenvalue

increases very slightly and is basically constant; the whole range
of eigenvalues is considerably higher than for the first two com-
binations. For the combination of the three functions

WAy oWy t+a, v, ¥ a3 . w3 the eigenvalue starts at the highest

value decreasing to the level of w = a_, . w, + 33 . w No definite

J. 1 3°

conclusion can be drawn from these considerations. However, the

results suggest that the error in the eigenvalue estimate increases
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as the crack length increases. Though the estimate of w for a given
crack length decreascs as the number of wi functions used increases,
it would appear that for a given number of approximation functions,
the estimate becomes poorer as the crack length increases, Since

a comparison of Figure 8 and Figure 10 reveals that the polynomial
type functions yield consistent results and lower w values over the
range of crack lengths, it appears that for the number of functions
used, the polynomial approximation is more effective than the one
using trigonometric functions.

Available experiment results make it possible to compare the
experiment measurements for half lengths of 4 = 6" and 4" with the
approximate method results. Where necessary the vibration freguencies
for the polynomial type functions were obtained by graphical inter-
polation. Frequencies for the trigonometric type functions are
practically constant in the considered range and are about equal to
the average values of those for the other set of functions. The data
have been plotted in Figure 12. They show that, as expected, the
approximate method values are larger than the experimentally measured
values.

Although the objective of this thesis is the development of a
simple approximate method for determining the naturai frequencies of
a cracked plate, the distribution of the bending moment along the
crack line is also of interest. This subject will be discussed more
extensively in the next chapter so here it will be considered only
for one configuration for which is taken 4 = 2.2 inch (i.e. a square

plate) with a crack extended to 50 percent of the plate width. The
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elgenvectors for this case, normalized with respect to the first

component are as follows:

Polynomial functions Trigonometric functions
1. 0000000 1.0000000
- . 5004004 -. 1630055
. 1547039 .1353418

The bending moment is obtained by a simple matrix multiplication

the details of which are discussed in Chapter IV. The results for
both types of functions have been plotted in Figure 13. This figure
shows that the bending moments in the waist contain an appropriate
singularity near the crack tip. It is, however, stronger for the
polynomial functions than for the trigonometric functions. Further-
more, the total bending moment in the waist is clearly larger than

the one along the crack or traction free faces, in particular for the
polynomial functions. It is interesting to observe that in that case,
the crack side also shows a stress singularity, probably implying that.

the number of used functions is too small.
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CHAPTER IV
ANALYSIS OF A CIRCULAR CRACKED PLATE

Though the procedure used to approximate eigenvalues did lead
to results, there are still two major questions left to be answered:

1. How much improvement for convergence in attaining natural
freguencies can be obtained by increasing the number of ﬁddmissible
functions?

2. Do additional functions improve the bending moment dis-
tribution situation along the crack line axis?

To investigate these guestions with fhe rectangular plate model
leads to & huge amount of numerical work and at best will still give a
doubtful answer since the natural boundary conditions along the free
edges have not been taken care of yet. A simple and direct way to
investigate these i1ssues 1is to consider the snalysis of a circular
cracked plate as modeled in Figure 14. Due to the simple boundary
conditions the complete analysis is a relatively easy and straight
forward procedure. The only natural boundary conditions remaining in
this model are the ones along the crack faces.

A rather general form of admissible functions of the polynomial

type can be used:

LTI
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Figure 14, Model of Circular Cracked Plate,
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By normalizing with

w=uwh; r=r-R; §=6m; b =Db +h; (1v-2)

the general displacement function is brought in the form:
S 7 n/2 n-
we=[r -1] [boo + 2. L Py & J (1v-3)
m n

The exponents m and n fit in the scheme of Figure 15-a which has been
cut off here for values of m = 9 and n = 6 but can be extended ad
libitum. It is reasonably expected that the exponents form a pattern
in this scheme that will show a certain regularity. For introducing
the correct stress singularity near the crack tip, analogous to the
Williams series, the exponent of r in the expression for the bending
moment about the crack line has to be -1/2. Higher powers of r are
allowed but will not result in stress singularity. Exponents for
m=0withn =2, 4, 6, .., leads to infinite integrals in the Lagrange
equations and therefore a regular pattern as shown in Figure 15-b has
to be discarded. A possible pattern is the one of Figure 15-c though
missing the desirable regularity. A more regular pattern is formed
by Figure 15-d. The last two patterns will both be used in this
chapter.

Using the exponents of the scheme of Figure 15-c¢ the following

admissible functions are obtained:

(rg—l)e-b

=
1]

00
= (rg-l)e-r3f2-b

nd
l
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