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PREFACE

Recent advances in numerical optimization have enabled efficient algorithms for solv-
ing complex models motivated by machine learning and image processing applica-
tions. This dissertation studies two new algorithms for solving composite saddle-point
problems, which are closely related to real-world data analysis applications such as
sparse principal component analysis, sparse inverse covariance estimation, truncated
collaborative filtering and image recovering. The two algorithms are based on the hy-
brid proximal extragradient framework and use Nesterov-type accelerated methods to
approximately solve the prox subproblems. Both methods achieve optimal iteration-
complexity on their associated classes of problems. Experiment results also show that
the new methods significantly outperform several state-of-the-art algorithms compu-
tationally on many relevant problem instances.

The main theoretical results in this dissertation have been published in two under-

review articles [16] and [17].
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SUMMARY

This dissertation considers the composite saddle-point (CSP) problem which is
motivated by real-world applications in the areas of machine learning and image pro-
cessing. Two new accelerated algorithms for solving composite saddle-point problems
are introduced.

Due to the two-block structure of the CSP problem, it can be solved by any algo-
rithm belonging to the block-decomposition hybrid proximal extragradient (BD-HPE)
framework. The framework consists of a family of inexact proximal point methods for
solving a general two-block structured monotone inclusion problem which, at every
iteration, solves two prox sub-inclusions according to a certain relative error crite-
rion. By exploiting the fact that the two prox sub-inclusions in the context of the
CSP problem are equivalent to two composite convex programs, the first part of this
dissertation proposes a new instance of the BD-HPE framework that approximately
solves them using an accelerated gradient method. It is shown that the new instance
is able to take significantly larger prox stepsizes than other instances from this frame-
work that perform single composite gradient steps for solving the sub-inclusions. As
a result, it is shown that the first instance has better iteration-complexity than the
latter ones.

The second part of this dissertation introduces a new algorithm for solving a
special class of CSP problems. The new algorithm is a special instance of the hybrid
proximal extragradient (HPE) framework in which a Nesterov’s accelerated variant
is used to approximately solve the prox subproblems. One of the advantages of the
this method is that it works for any constant choice of proximal stepsize. Moreover, a

suitable choice of the latter stepsize yields a method with the best known (accelerated

x1



inner) iteration complexity for the aforementioned class of saddle-point problems. In

contrast to the smoothing technique of Nesterov, this new accelerated method does

not assume that feasible set is bounded due to its proximal point nature.
Experiment results on both synthetic CSP problems and real-world problems show

that the two method significantly outperform several state-of-the-art algorithms.
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CHAPTER 1

INTRODUCTION

A broad class of optimization, saddle-point (SP), equilibrium and variational inequal-
ity problems can be posed as the monotone inclusion problem, namely: finding 2z such
that

0€eT(2), (1)

where T' is a maximal monotone point-to-set operator.
The proximal point method, proposed by Rockafellar [46], is a classical iterative
scheme for solving the monotone inclusion problem. The method generates a sequence

{zx} according to

o0

lze = T+ D7)l Sew D ex < oo
k=1

This method has been used as a generic framework for the design and analysis of
several implementable algorithms.

New inexact versions of the proximal point method which uses instead relative
error criteria were proposed by Solodov and Svaiter [52, 53, 54, 55]. One of these
variants, namely, the hybrid proximal extragradient (HPE) framework studied in
[52], was used to develop and analyze block decomposition algorithms (see [36]), and
we now briefly discuss this framework. The exact proximal point iteration from z

with stepsize A > 0 is given by z, = (AT + I)~!(z), which is equivalent to
re T (z), Ar+zp — 2z =0. (2)

In each step of the HPE, the above prozimal system is solved inexactly with (z, ) =

(2k_1, A\x) to obtain z;, = z, as follows. For a given constant o € [0,1], a triple



(2,7,¢) = (Zk, Tk, €x) is found such that
7 e T¢(2), |AF+ 2 — 2||> + 2Xe < 0?2 — 2|)?, (3)

where T denotes the e-enlargement [5] of T" (It has the property that 7¢(z) D T'(z) for
each z). Note that this construction relaxes both the inclusion and the equation in (2).
Finally, instead of choosing Z as the next iterate z, , the HPE framework computes the
next iterate z, by means of the extragradient step z, = z — Ar. Iteration complexity
results for the HPE framework were established in [35] and these results depend on
the distance of the initial iterate to the solution set instead of the diameter of the
feasible set.

Application of the HPE framework to the iteration-complexity analysis of several
zero-order (resp., first-order) methods for solving monotone variational inequalities
and monotone inclusions (resp., saddle-point problems) are discussed in [35] and in
the subsequent papers [36, 37]. More specifically, by viewing Korpelevich’s method as
well as Tseng’s modified forward-backward splitting (MF-BS) method [58] as special
cases of the HPE method, the authors have established in [35, 37] the pointwise and
ergodic iteration-complexities of these methods applied to either: monotone varia-
tional inequalities, monotone inclusions consisting of the sum of a Lipschitz contin-
uous monotone map and a maximal monotone operator with an easily computable
resolvent, and convex-concave saddle-point problems.

A framework of block-decomposition (BD) prox-type algorithms is introduced in
[36] for solving the monotone inclusion problem consisting of the sum of a continuous
monotone map and a point-to-set maximal monotone operator with a separable two-

block structure, namely:

0€T(x,y) = , (4)
Fy(z,y) + B(y)
and presents a general block-decomposition HPE (BD-HPE) framework in the con-

text of (4), which allows for each one of the single-block proximal subproblems to



be solved in an approximate sense. More specifically, given a pair ((z,y),\) =
((xk—1,Yr—1), M), an instance of the BD-HPE framework computes an approximate
solution ((Z,9), (T4, 7y),€) of (2) (in the sense of (3)) with 7" given by (4) by first
computing an approximate solution (Z, 7., €,) of (2) with 7" = Fy (-, yx—1) + A(+), then
computing an approximate solution (y,7,,¢,) of (2) with 7" = F5(Z,-) + B(-), and
finally setting € = ¢, +¢,. Moreover, by showing that any method in this framework
is also a special instance of the HPE method, convergence rate results are derived
in [36] for the BD-HPE framework based on the ones developed in [35] for the HPE
method.

The first part of this dissertation considers the composite saddle-point (CSP)

problem

gg} r;g;{ \I/(:L‘7 y) + 01 (l“) — 92(9) (5)

where W is a differentiable convex-concave function, g; and g, are proper closed con-
vex (possibly nonsmooth) functions, X := domg; and Y := dom go. Equivalently,
the above problem is equivalent to the special case of the inclusion problem (4) in
which (Fi(-,-), Fa(-,-) = (Vo¥(-, ), =V, ¥(-,-)) and (A, B) = (9g1,0g2) for some
differentiable convex-concave function ¥ and proper closed convex functions g; and
g2. The first main contribution of this dissertation is a new BD-HPE method which
exploits the fact that the two prox sub-inclusions are equivalent to composite convex
programs. By using a Nesterov-type accelerated method (e.g., [42]) to approximately
solve them, the method can choose \; (constant and) potentially larger than previous
BD-HPE methods. As a result, it is shown that the new method outperforms pre-
vious BD-HPE methods both theoretically and computationally in situations where
max{ Ly, Ly, } >> L, where L,,, denotes the uniform Lipschitz constant of V, ¥ (-, -)

with respect to w.



The second part of this dissertation considers the special class of composite saddle-

point problem

min max ¥ (z,y) = f(z) + (Az,y) + g1(z) — ga(y) (6)

zeX yeY

where A is a linear operator and f is a differentiable convex function whose gradient is
L ;-Lipschitz continuous on X. Since (6) is well-known to be equivalent to monotone

inclusion problem (1) with 7" given by

T(x,y) = 0(V(-,y) — V(z, ) (z,y), (7)

any instance of the HPE method, including the ones already discussed above, can
be used to solve it. This dissertation presents an accelerated instance of the HPE
framework which arbitrarily chooses the stepsize A and solves (3) with 7" given by (7)
by using a Nesterov’s accelerated variant for smooth composite saddle-point prob-
lems. Both the outer (i.e., HPE) iteration complexity and the inner (i.e., accelerated
variant) iteration complexity are derived for the method in terms of a general stepsize
A. Choosing A so as to minimize the overall number of inner iterations is the best
strategy towards minimizing the overall complexity of the accelerated HPE method.
An explicit formula in terms of | A||, L, the distance dy of the initial iterate to the set
of saddle-points of (6) and the specified tolerances is then derived for such a stepsize.
Clearly, since dj is not known a priori, the above stepsize can not be computed but an
alternative stepsize A depending only on ||A|| and Ly is provided which is optimal for
the most common saddle-point problems of the form (6). Moreover, when the feasible
set X xX Y is bounded, the expression for the above optimal stepsize with dy replaced
by the diameter of X x Y yields another stepsize which implies (if an appropriate
choice of inner product in the (x,y)-space is made) an overall complexity for the ac-
celerated HPE method that is similar to that of Nesterov’s smoothing technique (see

[40]) for finding an e-saddle-point of (6). It is worth emphasizing that, in contrast to



Nesterov’s smoothing technique of [40], the new accelerated method for solving (6)

does not assume that X x Y is bounded due to its proximal point nature.

1.1 Notation and basic definitions

We denote the sets of real numbers by R, nonnegative numbers by R, and positive
numbers by .. For a matrix W € R™*" we denote its Frobenius norm by ||W||F,
the sum of the absolute values of its entries by ||[W]|; and the sum of its singular
values by ||W]|.. Let 8" denote the space of n x n real symmetric matrices and S%
denote the cone of symmetric positive matrices. For a matrix W € 8™, we denote its
largest eigenvalue by ,.x(W). We use o to denote the element-wise multiplication
between two matrices. For any z > 0, define log™(z) := max(0,log(z)). Let [z]
denote the smallest integer not less than z € . The n-th unit simplex A, C R" is

defined as

An::{Zeg%n:zzizluzizovizla'”7n}' (8)

=1

Throughout this dissertation, we let Z denote a finite dimensional inner product
space with associated inner product denoted by (-, -) and the induced norm denoted

by || - ||. For a given set 2 C Z, the diameter Dg of € is defined as
Dgq = sup{||z — 2| : 2, Z € Q} (9)
and the indicator function Zg : Z — (—00, 00| of €2 is defined as

0, z€q,
ZQ(Z) =

oo, =z ¢S

Also, if € is nonempty and convex, the orthogonal projection Pq : Z — Z onto € is
defined as

Po(z) := argmin; ¢||Z2 — z|| Vze Z.



A relation T C Z x Z can be identified with a point-to-set operator T : Z = Z
in which
T(z)={veZ:(z,v)eT}, Vze2Z.
Note that the relation 7" is then the same as the graph of the point-to-set operator T’

defined as
Gr(T):={(z,v) e Zx Z:veT(z)}.

An operator T : Z = Z is monotone if
(r—r,z—2) >0, V(z,r),(2,7) € Gr(T).

Moreover, T is mazximal monotone if it is monotone and maximal in the family of
monotone operators with respect to the partial order of inclusion, ie., S : Z2 =
Z monotone and Gr(S) D Gr(T) implies that S = T. Given a scalar €, the e-
enlargement of a point-to-set operator T': Z = Z is the point-to-set operator T° :

Z = Z defined as
T°(2)={reZ|{z—2r—7)>—¢, VZ€Z VicT(3)}, VzeZ  (10)

The effective domain of a function f : Z — [—o00, 00] is defined as dom f := {z €
Z . f(2) < oo}. Moreover, if f is differentiable at point Z such that f(Z) € R, its

first-order (affine) approximation at Z is defined as
li(z,2) : = f(2) +(Vf(2),z—2) Vz e Z. (11)
The conjugate f* of f is the function f*: Z — [—00, 0] defined as
ff(v) = sgg(v,@ — f(2), YvelZ.

Given a scalar € > 0, the e-subdifferential of a function f : Z — [—o00, +00] is the

operator 0. f : Z = Z defined as

0.f(2) i={v | f(5) > flz) + (5 —z,0) —e, V€ 2}, Vze 2. (12)



When ¢ = 0, the operator 0.f is simply denoted by df and is referred to as the
subdifferential of f. The operator df is trivially monotone if f is proper. If f is a
proper closed convex function, then df is maximal monotone [45].

The following result lists some useful properties about the e-subdifferential of a

proper convex function.
Proposition 1.1.1. Let f : Z — [—00, +00] be a proper convex function. Then
(a) O-f(2) C (Of)(2) for anye >0 and z € Z;

(b) if v € 0f(z) and f(Z) < oo, then v € 0.f(2), where ¢ = f(2) — [f(2) +

(Z—2z,v)] >0;
(c) if, in addition, f is closed, then v € Of(z) is equivalent to z € Of*(v).

The domain of a point-to-point map F'is denoted by Dom F'. For a constant L > 0,

amap F': Dom F' C Z — Z is said to be L-Lipschitz continuous on €2 C Dom F' if
[F(z) = FE| < Lllz=2|| V2,z2€ (13)

moreover, if in addition 2 = Dom F', we will simply say that F' is L-Lipschitz contin-
uous.
The following result gives a characterization of a strongly convex function in terms

of its conjugate.

Proposition 1.1.2. For a scalar 8 > 0 and a proper closed convex function f : Z —

[—00, 0], the following two properties are equivalent:

(a) f is strongly conver with modulus B;

(b) f* is differentiable everywhere and ¥ f* is 1/3-Lipschitz continuous.

Proof. This proposition is equivalent to Proposition 12.60 of [47] in view of the well-

known fact that f = f**. m



CHAPTER 11

COMPOSITE SADDLE-POINT PROBLEMS

2.1 Saddle-point problems

This section presents some basic facts about the saddle-point problem and a notion
of an approximate saddle-point.

Let X and Y denote finite dimensional inner product spaces with associated inner
products both denoted by (-, ) and associated norms both denoted by ||-||. We endow

the product space X x ) with the canonical inner product defined as

((z,9),(2,9) = (&, 7) + (4, 9), V(z,9),(Z,9) € X x V.. (14)
The associated norm, also denoted by || - || for shortness, is then given by
Gz, 9l = Vil + llyll*, V(z,y) € X x Y.

We will now review the saddle-point problem and some of its basic properties.
Given two nonempty convex sets X C X and Y C ), we consider throughout this

section a function U : X x Y — [—00, +00] satisfying the following condition:

A.1) U(z, y) is finite-valued on X x Y and

0, x ¢ X,
U(z,y) = 7 (15)

-0, z€X,y¢Y.

The saddle-point problem determined by the triple (\TJ, X,Y), denoted by SP ((I}7 X,Y),

consists of finding a pair (z,y) € X x Y such that

U(z,§) < W(z,y) < V(i,y), V(E§) eXXY. (16)



Clearly, (z,y) is a saddle-point of SP(¥; X,Y) if and only if (z,y) € X x Y and
(0,0) € T(x,y) = [T (-,y) — U(z,)](z,y). (17)

Define the primal and dual functions p : X — (—o0,+oc0] and d : Y — [—o0, +00),

respectively, as

p(@) =sup U(7,5),  d(§) = inf U(Z,7), Y(z,y) € X x Y, (18)
jey zeX

and consider the pair of optimization problems associated with S P((I\l; X, Y):

, == inf p(Z) = inf sup (&, § 1
pe = inf p(7) = inf sup (7,9) (19)
and
d, :=supd(y) = sup inf \Tl(i,yj) (20)
gey gey TeX

Then, the weak duality inequality says that
p(Z) > d(g), V(Z,y) e X xY. (21)
and equivalently
gap(Z,9) == p(z) —d(y) 20, V(i,9)€ X xY. (22)

Moreover, it is well-known that (x,y) is a saddle-point if and only if (z,y) € X x Y
and gap(z,y) = 0. In view of (21), the latter condition is equivalent to x € X and
y € Y be optimal solutions of (19) and (20), respectively, and the optimal duality
gap p, — d, be equal to zero.

We now give a definition of an approximate saddle-point.

Definition 2.1.1. Given (p,e) € R xRy, 2z = (z,y) € X xY, r € X xY and
£ € Ry, the triple (z,1,€) is called a (p,e)-saddle-point of SP(\/I\/;X, Y) if ||r|| < p,
€ <eand

r € OV () = U(x, )z, y), (23)

Moreover, the pair (z,€) is a called an e-saddle-point if (2,0, €) is a (0, €)-saddle-point.



We now make some comments about the notion of a (p,)-saddle-point. First,
being weaker than the notion of an e-saddle-point in the sense that r can be nonzero,
it is suitable for analyzing many algorithms for solving saddle-point problems. In par-
ticular, it is a natural notion to consider in the context of HPE-type algorithms such
as the ones studied in this dissertation since they generate a sequence {(zx, rg,€x)}
such that (z,7,&) = (zk, r, k) satisfies (23) for every k. Second, although it is based
on two errors, namely r and £, instead of just one single scalar error, these errors
naturally arise in the sense that r usually expresses the infeasibility error while &
expresses some sort, of functional gap.

In this dissertation, we consider saddle-point problems with two additional as-

sumptions:
A.2) \TI(, y) and —\/I\/(:z:, -) are proper closed convex functions for every (x,y) € X XY/
A.3) the inclusion (17) has a solution, i.e., T~(0) # (.

A function U : X x Y — [—00, +00] satisfying conditions A.1 and A.2 for some
nonempty convex sets X and Y is called a closed convex-concave function on X X Y.
It is well-known that its associated map 7" defined in (17) is maximal monotone (see

for example Theorem 6.3.2 in [1]).

2.2 Composite saddle-point problems

This section describes the problems of interest, namely, the composite saddle-point
problem and a special class of composite saddle-point problem.

Let ¥ : domW¥ C X x )Y — R and two proper closed convex functions ¢g; : X —
(—o00,00] and gy : Y — (—00, 0] such that dom ¢g; x dom g, C dom ¥ be given. Also,
define

X :=domg;, Y :=dom g, (24)
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and the function ¥ : X x Y — (—o00, 00| as
(

U(z,y) + g1(7) — g2(y), (v,y) € X xY,

U(r,y) = { oo, vé X, (25)

—00, reX,y¢y.
The composite saddle-point (CSP) problem determined by the triple (U; g1, ¢g2), de-
noted by CSP(V; g1, ¢92), is the saddle-point problem SP(\TI; X,Y) where U , X and

Y are given by (25) and (24), and the following conditions hold:

B.1) V is differentiable on Q, x €, D dom g; x dom g2, where Q, C X and 2, C Y

are closed convex sets;

B.2) the function U(-,y) — ¥(z,-) : (X x Y) — R is convex for every (z,y) €
(X X Y);

B.3) there exists L,, > 0 such that

VoW (2, 7) = VaU(z, y)|| < Laylly — yll, Vo€ Qu, ¥y, € Q.

B.4) there exists L,, > 0 such that

V.U (Z,y) — Vo U(z,y)|| < Lya||Z — ||, VYz,Z € Qy, Yy € Qy;

B.5) there exists L,, > 0 such that

||quj($7g) - Vy\lf(x,y)H < Lyy”ﬂ - y||, Va € Qy, Yy, g € Q.

According to the discussion of the association between saddle-point problem and
min-max problem in Section 2.1, the notations of above CSP problem and problem
(5) are interchangeable throughout this dissertation.

The second part of this dissertation considers a special class of composite saddle-

point problem (6), namely, problem S P(\/I\f; X,Y') where U has the bilinear structure
U(z,y) = f(z) + (Az,y) + 91(2) = galy), V(w,y) € X x Y (26)
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g1: X — [—00,00] and g3 1 Y — [—00, 0] are proper closed convex functions such

that dom g; = X and dom g, = Y, and the following conditions hold:
C.1) A: X — ) is a linear operator;

C.2) fis convex on a closed convex set 2 O X;

C.3) f is differentiable on Q and V f is Lg-Lipschitz continuous on €.

Throughout this dissertation, it is assumed that ¢g; and gy are simple functions in

the sense that subproblems of the form

. 1 ~112 : 1 ~ 12
min oo — 2"+ Agi(z) and  min iy — gl° + Aga(y) (27)

are easy to solve for any z, y and A > 0.
We end this section with a note on the equivalence of the composite saddle-point

problem (6) and the following composite optimization problem

min f(z) + g1(x) + g5 (Az). (28)

zeX

Problems of in the form of (28) have recently found many applications in image pro-
cessing and machine learning. In many of these applications, f(z) is a convex data
fidelity term, while ¢;(x) and g;(Axz) are certain regularizations, e.g., total variation
[48], low rank tensor [57, 24], overlapped group lasso [21, 31], and graph regulariza-
tion [21, 56]. In the next section, we introduce several machine learning and image

processing applications that are formulated as problems (5), (6) and (28).

2.3 Related machine learning and tmage processing appli-
cations

In this section, we introduce several machine learning and image processing appli-
cations that can be formulated as the CSP problems introduced in Section 2.2 and

existing algorithms for solving them.
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2.3.1 Sparse principal component analysis

Principal Component Analysis (PCA) is a classical tool for performing data analysis
such as dimensionality reduction, data modeling, feature extraction and other learn-
ing tasks. It can be widely used in all kinds of data analysis areas like image feature
extraction, gene microarray analysis and document analysis. PCA consists of finding
a few orthogonal directions in the data space which preserve the most information in
the data. This is done by finding directions that would maximize the variance of the
projections of the data points along these directions. However, standard PCA gen-
erally produces dense directions (i.e., whose entries are mostly nonzero), and hence
are too complex to explain the data set. Instead, a standard approach in the learn-
ing community is to pursue sparse directions which in some sense approximate the
directions produced by standard PCA. Sparse PCA has a few advantages, namely: i)
it can be effectively stored and ii) it allows the simpler interpretation of the inherent
structure and important information associated with the data set. For these rea-
sons, sparse PCA is a subject which has received a lot of attention from the learning
community in the last decade.

Several formulations and algorithms have been proposed to perform sparse PCA.
Zou et al.[62] formulate sparse PCA as a LASSO-type optimization problem. Shen
and Huang [50] combine simple linear regression and thresholding to solve a reg-
ularized SVD problem, which achieves sparse PCA. D’Aspremont et al.’s DSPCA
algorithm [10] consists of solving a semidefinite programming relaxation of a certain
formulation of sparse PCA whose solution is then post-processed to yield a sparse
principal component (PC). Paper [11] by d’Aspremont et al. proposes a greedy algo-
rithm PathSPCA to solve a new semidefinite programming relaxation and provides
a sufficient condition for optimality. ESPCA algorithm in Moghaddam et al. [33]
obtains good numerical quality by using a combinatorial greedy method, although

their method can be slow on large data set. Their method consists of identifying
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an active index set (i.e., the indices corresponding to the nonzero entries of the PC)
and then using an algorithm such as power-iteration to obtain the final sparse PC.
Journée et al.’s GPower method [22] formulates sparse PCA as a nonconcave maxi-
mization problem with a penalty term to achieve sparsity, which is then reduced to an
equivalent problem of maximizing a convex function over a compact set. The latter
problem is then solved by an algorithm which is essentially a generalization of the
power-iteration method. Different deflation methods have been studied in [30], which
are used to find multiple sparse PCs sequentially. A different multiple sparse PCA
approach is proposed in [27] based on a formulation enforcing near orthogonality of
the PCs, which is then solved by an augmented Lagrangian approach. The authors in
[18] proposed a simple but effective algorithm for finding a single sparse PC. The al-
gorithm consists of two stages. In the first stage, it identifies an active index set with
a desired cardinality corresponding to the nonzero entries of the PC. In the second
one, it uses the power iteration method to find the best direction with respect to the
active index set. The complexity of this algorithm is proportional to the pre-specified
cardinality of the solution, but it can be accelerated by adding multiple indices to the
active set in every iteration and optimizing it for sparse matrix.

Given a sample covariance matrix A € S", sparse PCA problem aims to find a
vector z € R" such that " Ax/||z||? is maximized, while the number of nonzero entry
of x is limited. Among different formulations of sparse PCA problem, this dissertation
studies the reformulation introduced in [11] which uses a matrix X € S™ to denote

xz" and solves the following problem:

max(4, X) — pl|Xo (29)

st. XeS"tr(X)=1,X > 0,rank(X) = 1.

The above problem can be relaxed to the following semidefinite programming (SDP)
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problem:

max(4, X) —p[ X (30)

st. XeS"tr(X)=1,X>0.
which has the following equivalent saddle-point problem formulation:

min ml:%X(X, —A+pU) (31)

st. XeS"itr(X)=1,X >0,

U e Sn, ‘UZ]| < 1.
2.3.2 Sparse inverse covariance estimation

One of the classical problems in multivariate statistics is to estimate the covariance
matrix or its inverse. We are more and more often faced with the problem of high
dimensional covariance matrix estimation where the dimensionality is large when
compared with the sample size. The subsection describes the sparse inverse covariance
estimation (SICE) problem [14] which aims to deal with high dimensional covariance
matrix estimation. It also finds the conditional dependency among the variables of a
Gaussian random vector.

Given a sample covariance matrix A € S7, SICE problem is formulated as the

following optimization problem

min — log det(X) + (A4, X) + |[|[A o X||1, (32)

X>0

where A € R}*" is a given regularization parameter matrix and o denotes element-
wise matrix multiplication. Since zeros in the inverse of covariance matrix correspond
to conditional independence in the model, sparse inverse covariance estimation can
be used to determine a robust estimate of the covariance matrix, and simultaneously
discover the sparse structure in the underlying graphical model. In a recent work on

learning the dependency structure of latent factors [19], a SICE problem in the form
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of (32) has to be solved at every outer iteration to update the dependency structure
of the latent factors. Therefore, an efficient algorithm for solving SICE problem is
extremely important for this scenario. A few efficient algorithms have been proposed
to solve the problem (32), including a method [28] based on Nesterov’s smoothing
scheme [40], Alternating Linearization Method (ALM [49]) algorithm which is a vari-
ant of ADMM [4], and a method based on quadratic approximation [20)].

In this dissertation, we consider the following saddle-point reformulation of SICE

problem (32)

m)}nmtefnx (A+AoU,X) —logdet(X) (33)

st. X > O, U e Sn, ’UZ]’ < 1.
2.3.3 Truncated collaborative filtering

Recommender system is a specific type of information filtering technique that sup-
ports users in their decision-making by predicting the “rating” or “preference” that
they would give to an item. It is of great importance for the success of e-commerce
and online content providers, and gradually gains popularity in various applications
such as Amazon item recommendation, Netflix movie recommendation and Yahoo
news recommendation. One approach to design a recommendation system that has
been seen wide use is collaborative filtering, which are based on collecting and an-
alyzing a large amount of information on users’ behaviors, activities or preferences
and predicting what users will like based on their similarity to other users.

Collaborative filtering approach assumes that each a user v and an item i are
associated with latent factors represented by f,, g; € R* respectively and the “rating”
that user u would give to item i is 7,; = f,] g;. In matrix form, this assumption can
be written as

RZF(}—GD

where R € RU*! is the rating matrix, Fy = [f1,- -, fu] € RV and Gy = [g1, -+ , 91] €
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RE*I are the matrices of latent factors.

Let S € RY*! be the binary matrix encoding the missing ratings in matrix R
where 0 and 1 indicate “missing” and “observed” respectively. The technique of
collaborative filtering predicts the missing values in R by solving the optimization
problem

min [|S o (R — Fy G1)lli + Al FullE + MGl (34)

Fy,Gr
for latent factor matrices Fyy and G and then set r,,; = fuT g; for all (u,7) such that
Sui = 0. Note that in problem (34), regularizations on Fy; and G are introduced
to avoid overfitting problem. Even though problem (34) is not convex with respect
to Fy and Gy together, it has been shown in [32] that its solution can be found by

solving the following convex optimization problem:
1 9
min 5|5 o (B — X[l + AllX]. (35)

In many applications of collaborative filtering such as movie recommendation,
there is a prior range [l, u] for the ratings in matrix R which, for example, is [1, 5] in
the case of Netflix movie recommendation. In most runtime systems in the industry,
an ad-hoc method to comply this range is to project the predicted ratings into this
predefined range [l, u|, which is not the best option from the perspective of achieving
the least reconstruction error. Inspired by the work in [23], we consider in this

dissertation an extension of problem (35):
1
min 2| o (B = X)|[7 + M| X[l +Z( < X < w), (36)

which incorporates the prior knowledge of rating range in the objective function
and makes sure that the reconstruction error for R is minimized at the same time.
Note that this optimization problem can also be viewed as an instance of composite

optimization problem (28).
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2.3.4 Image recovering with sparsity and total-variance regularizations

Imaging processing plays a very important role today in medical diagnosis. In par-
ticular, the use of Magnetic Resonance Imaging (MRI) is an extremely important
approach for understanding soft tissue changes within the body in a non-invasive
manner. Its use of non-ionizing radio frequency emission for image acquisition is
considered safe for repeated use in a clinical setting. Many image processing applica-
tions including MRI require solving ill-posed inverse problems to recover high quality
images from low-dimensional and noisy observations. These challenging problems ne-
cessitate the use of regularization through prior knowledge to capture the geometry
of natural signals, images, or videos.

Consider the inverse problem proposed in [29] for recovering an image z, € ™"
from noisy and contaminated observation z = Rzg + w € R™*", where R : ®™*" —
R™*" is the composition of a convolution operator with a discrete Gaussian filter
and a masking operator and w € R™*" represents additive white Gaussian noise.
Let 2 = Wz € R™™ be the recovered image that we are looking for, where is W :
Rmxnxt s pmxn g the wavelet synthesis operator, redundant coefficients & € Rm*n!
and [ is the redundancy level of the wavelet frame. The coefficients & can be obtained

by solving the following instance of composite optimization problem (28):
min ||z — RWz|* + pllz]ly + v[[Wa]zv, (37)

where |lullzy = Y, ((Viui;)? + (Vau;)?)'/? is a discrete total variation semi-norm.
The first term in the above summand is the data fidelity term, and the second and
third terms are regularizations enforcing prior knowledge assumed to be satisfied by
the original image. Particularly, the first regularization term induces sparsity on
the solution of the problem z and the second regularization induces sparsity on the
gradient of the restored image such that the prior knowledge that MR images of

organs are expected to demonstrate piecewise continuous behavior is included in the
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objective function. Several algorithms based on splitting framework were proposed

in [29, 44] to solve problem (37).

2.4 Previous works on composite optimization and saddle-
point problems
Development and analysis of splitting and block-decomposition (BD) methods is by
now a well-developed area, although algorithms which allow a relative error toler-
ance in the solution of the proximal subproblems have been studied in just a few
papers. In particular, Ouorou [43] discusses an e-proximal decomposition using the
e-subdifferential and a relative error criterion on . Projection splitting methods
for the sum of arbitrary maximal monotone operators using a particular case of the
HPE error tolerance for solving the proximal subproblems were presented in [12, 13].
The use of the HPE method for studying BD methods was first presented in [51].
We observe however that none of these works deal with the derivation of iteration-
complexity bounds. More recently, Chambolle and Pock [6] have developed and es-
tablished iteration-complexity bounds for a BD method, which solves the proximal
subproblems exactly, in the context of saddle-point problems with a bilinear coupling.

In the context of variational inequalities, we should mention that prior to [35, 37],
Nemirovski [39] has established the ergodic iteration-complexity of Korpelevich’s
method under the assumption that the feasible set of the problem is bounded, and
Nesterov [41] has established the ergodic iteration-complexity of a new dual extrap-
olation algorithm whose termination depends on the guess of a ball centered at the
initial iterate. The algorithm was recently extended to solve problem (6) in [15].

In the context of variational inequalities, Nemirovski [39] has established the er-
godic iteration complexity of an extension of Korpelevich’s method [25], namely, the
Mirror-prox algorithm, under the assumption that the feasible set of the problem is
bounded.

Nesterov’s smoothing scheme [40] solves problem (6) under the assumption that
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X and Y are compact convex sets and ¢; is the indicator function of X. It consists of
first approximating the objective function of (6) by a convex differentiable function
with Lipschitz continuous gradient and then applying an accelerated gradient-type
method (see e.g. [40, 2, 60]) to the resulting approximation problem. It is shown

that, if the approximation is properly chosen, the above scheme obtains an ¢ solution

(@] (@DXDY +1/ %DX)

iterations where Dy and Dy are the diameters of X and Y. The latter bound is also

of (6) in at most

known to be optimal (see for example the discussion in paragraph (1) of Subsection
1.1 of [7]). The method was also discussed in a recent paper [3].

Chambolle and Pock [6] have developed and established the convergence rate for
a primal-dual method for solving problem (6) in the context of f(z) being simple and
g1 being the indicator function of the feasible set X. The recent works on primal-dual
algorithms [8, 9, 61] can cope with the same problem (6) (in even more generality,
since they treats the infinite dimensional case and more terms). In particular this is
made explicit in [9] which, by the way, generalizes the Chambolle and Pock algorithm
[6] exactly to the setting of (6). A recent paper [7] considers problem (6) with g; being
the indicator function of the feasible set X and proposed an accelerated primal-dual
algorithm that achieved optimal convergence rate for both cases that the feasible set
of the problem is bounded or unbounded. A generalized forward-backward splitting

algorithm [44] was recently proposed to solve problems relevant to (6).
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CHAPTER II1

PRELIMINARIES

This chapter contains three sections. The first section reviews a variant of Nesterov’s
accelerated method for composite convex optimization problem. The second section
describes the HPE framework for the monotone inclusion problem. The third section
reviews the BD-HPE framework for the two-block structured monotone inclusion

problem.

3.1 Accelerated method for composite convex optimization

This section reviews a variant of Nesterov’s accelerated first-order method [40, 60] for
solving the composite convex optimization problem. Let X denote a finite dimensional
inner product space with associated inner product and norm denoted by (-, )y and

|| - ||, respectively. Consider the following composite convex optimization problem

inf p(u) :=P(u) + g(u) (38)

where the functions ¢ : dom¢y — R and g : X — [—o0, 0] satisfy the following

conditions:

D.1) g is a proper closed convex function;

D.2) ¢ is convex and differentiable on a closed convex set 2 O X := dom g;
D.3) the gradient of the function ¢ is L-Lipschitz continuous on (2.

D.4) for some known constant p > 0, the function g is a p-strongly convex.

Note that we refer to convex functions as 0-strongly convex functions. This ter-

minology has the benefit of allowing us to treat both the convex and strongly convex
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case simultaneously. We note that the extra assumption that the strong convexity
of p is all in ¢ is not at all restrictive since it can be easily enforced by moving any
strong convexity of ¢ to the function g (e.g., by subtracting from and/or adding to
these functions a suitable positive multiple of the quadratic function || - [|3,). We now
explicitly state a variant of Nesterov’s accelerated method for solving problem (38),

which is due to Tseng (see Algorithm 2 in [60]).
[Algorithm 0] A variant of Nesterov’s accelerated algorithm of [60]:
0) Let ug € X be given and set 'y = 0, 4y = wy = Po(ug), k = 1;
1) let I'y > ['y_1 be such that
Dp(Troipp+1) = LT — Tp)? (39)

and compute (ug, wy, ;) € 2 x X x X as

| P Iy — T
= _ —_— —Wp_ 40
U, T, Up—1 + T W1, (40)
k
I, —T,_ 1
wy = argmin; F—k1l¢(u; w;) + g(u) + Q_FkHU — u0||§(, (41)
- | N 'y — Ty
U = F‘kluk_l %wk; (42)

2) set k + k+ 1 and go to step 1.
end

We now make a few remarks about the relationship between the above method
and Algorithm 2 of [60]. First, the latter method computes wy, as in (41) but with
the quadratic term ||u — ug||3 /2 replaced by a general strongly convex function h(u).
Second, Algorithm 2 of [60] assumes that X is closed, Q = X and uy € X so that
uy = g = wp. On the other hand, Algorithm 0 can start from any point in X and
can handle problems in which X is not necessarily closed. In fact, its ability to start

from any point in X will be exploited later on in Section 4.3 and Section 5.2.
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We now state the main technical result from which the convergence rate of the

above variant of Nesterov’s accelerated algorithm immediately follows.

Proposition 3.1.1. The sequences {I'y}, {ux}, {wx} and {uy} generated by Algo-

rithm 0 satisfy the following inequalities for any k > 1:

] 2 2(k—1)
szznmx{zg (L+Mi£) , (43)

and
Tppt+ 1 k 1
N k
Cupe)+ =5 il < ST T (o) gt} gl Ve X
. (44)
As a consequence, the sequence {ly i} of affine functions defined as
k
I, —Tie
Ly r(u) = ; F—kllw(u; u) YueX (45)
satisfies
- 1
by <, k) < lyglw) + g(u) + 5 flu = uwlly  Vu € X. (46)

Moreover, if the optimal solution set of (38) is non-empty, then, for any optimal

solution z, of (38), we have

pli) = p() < gp 2 ol (47)

The proof of this convergence result is similar to the proof of Corollary 3(a) of
[60]. For the sake of completeness, we provide its proof here. To prove Proposition

3.1.1, we first prove an intermediate result in Lemma 3.1.2.

Lemma 3.1.2. Define, for k > 0,

At = min {zm — D)l s w) + g0)] + 5l — UO\@} S @)

Then, for every k > 0,

Apy1 — N 2 Tiap(tigy1) — Tiep(te). (49)
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Proof. Since I'y = 0 and g(u) is p-strongly convex, the function in the minimization

problem (48) is strongly convex with modulus T'yu + 1. Therefore, we have

e

Fk,u—}-l
2

1
Ay + lwi = wiall3e <D (T = Timn) lp(wegrs ua) + g(wes)] + §||wk+1 —uoll%
=1

= Apy1 — (Fk+1 - Fk)[lw(wkﬂ; Uk+1) + 9(wk+1)]- (50)

Now, using the definition of 4y in (42), the definitions (11) and (38) and the convexity

of the function Iy (+; uk+1) + g(+), we have

Phally (@rg1; upsr) + 9(kr1)] < (Crgr = Di)lly (Wi 1 1) + g(wnsr)] + Delly (s wpga) + g(a)]
< (Pegr = Ti) by (wirss i) + g(wirn)] + Tip(an).
(51)
Using the relation (39) and the definitions of u; and 4y in (40) and (42), we have

Fpp+1
Ly L

(Cpgr — Ip)?

w1 — wl|*.
T

| tk1 — Uk+1H2 = w1 — wkH2 =

Therefore, the equality above and the inequalities (50) and (51) imply that

| R 5
g1 — || — Trpli).

Apy1 — N > T [l (g1 pgr) + 9(Tkg)] +

Since v is L-Lipschitz continuous on €2, we have

. L, . .
Ly (Tpt1; whgr) + §Huk+1 — U1 ||? > ¥ (Tgsr),

which, together with the above inequality and the definition (38), implies (49).
O

Proof of Proposition 3.1.1. It follows from (49) that the sequence { Ay —kp(ax)}
is nondecreasing, which, together with the definition of Ay in (48) and the fact I’y = 0,

implies that

5 N 1
Ay, — Tip(ag) > Ao — Top(to) = min 5”“ — g% > 0.
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Inequality (44) then follows from the facts that the function in the minimization
problem (48) is strongly convex with modulus T'yp + 1 and that wy is its solution.

Moreover, since the relation (39) implies

HlaX{Fk, Fka,LLL} < Fk(rk,1M + 1) = L(Fk — Fk,1)2

= L0/ =022 + 022 <4aLny(ny? —10/2)% (52)

2
1
r, > max{(F,lﬁ/_zl + \/E>27Fk,1 <1 + ”ﬁ) }

and hence we obtain inequality (43) by induction. The inequalities in (46) and (47)

we have

follow immediately from (44) and the definitions (45) and (11). O

3.2 HPEFE framework for the monotone inclusion problem

Let T : Z = Z be a maximal monotone operator. The monotone inclusion problem

for T' consists of finding z € Z such that
0eT(2). (53)

We also assume throughout this subsection that this problem has a solution, that is,
T-1(0) # 0.
We next review the HPE framework introduced in [52] for solving the above prob-

lem and state the iteration complexity results obtained for it in [35].

[HPE] Hybrid Proximal Extragradient Framework:
0) Let zp € Z and 0 < 0 < 1 be given and set k = 1;

1) choose Ay > 0 and find Z;, 7y € Z, 0y € [0,0] and & > 0 such that
fk € TEk(gk)7 H)\kfk -+ gk — Zk71H2 —+ 2>\k5k S O']%”,gk — Zk71H2 ) (54)
2) set zp = zp_1 — ATk, set k< k+ 1, and go to step 1.
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end

We now make several remarks about the HPE framework. First, the HPE frame-
work does not specify how to choose A\ and how to find 2, 7 and ¢; as in (54). The
particular choice of A, and the algorithm used to compute Z;, 7, and e, will depend
on the particular implementation of the method and the properties of the operator

T. Second, if Z := (A, T+ 1) 'z, is the exact proximal point iterate, or equivalently
reT(2), (55)
AT+ 2 — 251 =0, (56)
for some 7 € Z, then (2, 7;) = (2,7) and &, = 0 satisfies (54). Therefore, the error
criterion (54) relaxes the inclusion (55) to 7 € T%(Z) and relaxes equation (56) by

allowing a small error relative to ||Zx — zx—_1]|-

We define a sequence of ergodic means {Z{} associated with {Z;} as

k k
1
Zr = — )\Zgl, where Ay = )\i, 57
T T o
and define the sequences of ergodic residuals {7} and {e}} as
1 g 1 <
7o = Tk ; ATy, 0= ~ ; Nies + (2 — 20,7 — 7). (58)

The following result describes the pointwise and ergodic convergence rate proper-
ties of the HPE framework. Its proof can be found in Theorem 4.4, Lemma 4.5 and

Theorem 4.7 of [35].

Theorem 3.2.1. Let dy denote the distance of zo to T=1(0). Then, for every k € N,

the following statements hold:

(a) (pointwise convergence rate) 7y, € T (Zy) and there exists an index i < k such

that

1 1 2d2 )\
7]l < do 1”( : ) 6 < —— 0o,
—o \ Y A2 2(1—02)> 0 | A7

Jj=1""
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(b) (ergodic convergence rate) 7¢ € T (Z%) and

2d 2d2
7l < ogzs—O(H#).
k

3.3 BD-HPE framework for two-block structured monotone
inclusion problem

In this section, we review the general BD-HPE framework proposed in [36] for solving
the monotone inclusion problem consisting of the sum of a continuous monotone map
and a point-to-set maximal monotone operator with a separable two-block structure.
The method introduced in Section 4.1 for solving the composite saddle-point problem
will be a special instance of the BD-HPE framework.
The problem of interest in this section is the monotone inclusion problem of finding
(x,y) such that
(0,0) € [F 4+ (A® B)|(x,y), (59)

or equivalently,

0€ Fi(z,y) + A(x), 0¢€ Fy(z,y)+ B(y), (60)

where F(x,y) = (Fi(z,y), Fa(z,y)) € Xx)Y and the following conditions are assumed:
E.1) A: X = X and B : Y == ) are maximal monotone operators;

E.2) FF: DomF C & x )Y — X x ) is a continuous map such that Dom F' D

cl(Dom A) x Y;
E.3) F is monotone on Dom A x Dom B;
E.4) there exists L,, > 0 such that

|Fi(z,y') — Fi(z,y)|| < Lyylly' —yll, Vo € DomA, Vy,y' €. (61)

We now make a few remarks about the above assumptions. First, it can be easily

seen that E.1 implies that the operator A B : X x Y = X x ) defined as

(A® B)(z,y) = A(z) x Bly), V(r,y) € X x ),
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is maximal monotone. Moreover, in view of the proof of Proposition A.1 of [37], it
follows that F'+ (A® B) is maximal monotone. Second, without loss of generality, we
have assumed in E.2 that F' is defined in cl(dom A) x ) instead of a set of the form
cl(dom A) x Q for some closet convex set O dom B (e.g., Q = cl(dom B)). Indeed,
if I were defined on the latter set only, then it would be possible to extend it to the
whole set cl(dom A) x Y by considering the extension (z,y) € X x Y — F(z, Pa(y)),
which can be easily seen to satisfy E.2-E.4. Note that evaluation of this extension
requires computation of a projection onto 2. Third, assumption E.4 is needed in
order to estimate how much an iterate found by the block decomposition scheme
below violates the proximal point equation for (59).

We now present the BD-HPE framework of [36] for solving (59) in which the

parameter 7, in the BD-HPE framework of [36] is chosen to be equal to o,.
[BD-HPE] Block-decomposition HPE framework:
0) Let (zo,y0) € X x Y, 0 € (0,1] and 0,,0, € [0,0) be given and set k = 1;
1) choose Ay > 0 such that

2
o MO Ly

emax < 0'2; (62)
/\kamey 0-33 + /\iLiy

2) compute a triple (Zy, a, cf) € X x X x R, such that

ar € A%(3),  IMe(FL Tk, yeor) + an) + T — 21 ||® + 2er < 0217 — 2]

(63)
3) compute a triple (§x, by, %) € Y x ¥ x R, such that
b € BF(G1), | Me(FoFr, ) +bi) + 8 —yioa |2 +20e8 < o2l|dk—yir|®; (64)
4) let (7%, 7)) = F(&x, k) + (ax, by.), and set
(h, Uk) = (Tr—1, Yr1) — M7, 71), (65)
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k < k41, and go to step 1.

end

We now make a few remarks about the BD-HPE framework. First, it has been
shown in Proposition 3.1 of [36] that any instance of the BD-HPE framework is also
an instance of the HPE method applied to the monotone inclusion (59). Second, it
is easy to see that condition (62) on A is equivalent to

V(0 = a2)(0* — o)

0 Lgy

A <

Hence, in view of the assumption that max{o,,o,} < o, it follows that is always
possible to choose a stepsize A, > 0 satisfying the above inequality. Third, the above
framework does not specify how the triples (i, ax, ) and (Jx, by, €) are actually
computed in steps 2 and 3, respectively. This degree of freedom is what actually
enables it to include many specific instances, which depend on the different ways
these two triples are computed.

It follows from the definition of (7, 7}) in step 4 of the BD-HPE framework that
(72, 7)) € [F + (A ® B)5T=k] (3, i) C (F + A® B)F 5k (2, i) (66)

In view of (59), we can use the sizes of the residuals (77, 7}) and €} + €} to measure
the quality of the iterate (T, Jx) as an approximate solution of (59). The next result
(also see Theorem 3.3 of [36]) gives convergence rate bounds for the above residuals

and their corresponding ergodic version.

Theorem 3.3.1. Consider the sequences {(Zx, Ux)}, {(7F, 7))} and {(e},€})} gener-
ated by the BD-HPE framework and define the sequences {(Z§,y%)}, {r¢} and {e{}

as

50 ~a _1 5 ~a._1 ST
(%, Ur) == AL ZN(%&%)» Ty = A_kz)‘zO”Z J77), (67)
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and
Lk
e} = — Z N (@ = 25, 7 — ), (77, 7)) +f + €]} (68)
A =1

where Ay = Zle Ai. Let dy denote the distance of the initial point (xg,yo) € X X Y

to the solution set of (59). Then, the following statements hold for every k € N;:

a) (pointwise convergence rate) (7, 7#Y) € (F+ A® Btk (iy, §x), and there exists
ko Tk

an index 1 < k such that

1 1 22\
1 A < doy| ol [ ], e TN
2. 2(1 —02) Yk A2

Jj=17""

(b) (ergodic convergence rate) 7¢ € [F + (A ® B)]% (2%, 9%), and

2y L 22,
75 < IV < A—;(l +17),

where

~ 1 -max(o,,0, 1—o,
In the next chapter, we will use the above result to the specific case where F' is
a saddle-point operator (see (70)), and A and B are subdifferentials dg; and g,
respectively. Moreover, we will instead work with a functional optimality measure

naturally associated saddle-point problem defined in terms of the e-subdifferential

(see Definition 2.1.1).
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CHAPTER IV

ACCELERATED BLOCK-DECOMPOSITION
ALGORITHM FOR COMPOSITE SADDLE-POINT
PROBLEMS

This chapter contains four sections. The first section describes a specialization of
the BD-HPE framework [36] to the CSP context. It also establishes the iteration-
complexity for the latter framework to find a (p,)-saddle-point. Moreover, it con-
siders the generic problem underlying steps 1 and 2 of the latter framework. The
second section states a specific instance of the CSP-BD-HPE framework in which
the aforementioned generic problem is solved by performing a single composite gra-
dient step. The main goal of the third section is to derive the iteration-complexity
of solving the aforementioned generic problem using the variant of the Nesterov’s
accelerated method introduced in Section 3.1. The fourth section considers a special
instance of the CSP-BD-HPE framework for solving the CSP problem C'SP(V; g1, g2)
in which steps 1 and 2 of the CSP-BD-HPE framework are solved with the aid of the

accelerated method applied to the generic problem.

4.1 Block-decomposition framework for composite saddle-
point problems (CSP-BD-HPE)

This section describes a specialization of the BD-HPE framework [36] to the CSP

context, which we refer to as the CSP-BD-HPE framework. It also establishes the

iteration-complexity for the latter framework to find a (p, €)-saddle-point. Moreover,

it considers the generic problem underlying steps 1 and 2 of the CSP-BD-HPE frame-

work.
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Under the assumptions B.1-B.3, it is well-known that C'SP(¥; g1, g2) is equivalent
to (59) with the map F': Q, x Q, — & x ) and the two maximal monotone operators

A: X =3 X and B:)Y =% ) given by

F(z,y) = (Vo¥(z,y), -V, ¥(z,y), V(z,y) € Dy Xy, (70)

A= 891, B .= 892 (71)

Note that the above map F' is not defined on (clX) x ) and hence does not satisfy
condition E.2 and E.4 of the previous subsection. However, as mentioned in the
paragraph following conditions E.1-E.4, we can extend the domain of F' from €2, x 2,
to €2, x ) by considering instead the map (z,y) € Q, x Y — F(z, Po,(y)), which
now satisfies E.2-E 4.

As a consequence of the above observation, it is now possible to state a BD-HPE
framework for solving C'SP(¥; g1, g2). Below, for the sake of concreteness, we consider
the special case of the BD-HPE framework applied to (59) where F'; A and B are as

discussed above and the sequence of stepsizes {\} is assumed to be constant.

[CSP-BD-HPE] BD-HPE framework for soving CSP(W¥:g;,g»):

0) Let (xo,y0) € X x Y, 0 € (0,1] and 0,0, € [0,0) be given, choose A > 0 such

that

V(02 =020 —a?)

A<
0Ly,

(72)
and set k = 1;
1) compute a triple (Z,a,e”) € X x X x R, such that
Q@ € 0g1(Z), MVU(Z, 4jmy) +0) + T -4 || +20e" < o3[ — a4 ||, (73)
where vy, = Po, (yk—1), and set (Ty, ax, f) = (Z,a,€");
2) compute a triple (7, b, e¥) € Y x Y x Ry such that

b€ 0uga()s IN=Vy0(Th, §) +0) + 7=y [P +20e¥ < opl|§ —ypa|*, (74)
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and set (yjk,i)k,ez) = (gj,i), ev);

3) let (7%, 75) = (VoW (g, G) + ax, —Vy U (Tk, Tr) + b), set
(xkv yk) = (Q}k717 yk71> - /\<flf7 f}g% (75)
k <+ k41, and go to step 1.

end

Specific instances of the CSP-BD-HPE framework will be discussed in Subsection
4.2 and Section 4.4.

Our goal now will be to establish the iteration-complexity of the above framework
to obtain a (p, €)-solution of the SP problem (16) (see Definition 2.1.1). We first state

the following technical result.

Lemma 4.1.1. Consider the sequences {(xr, yx)}, {(Zx, )}, {(7, 7))} and {(},€7) }

generated by the CSP-BD-HPE framework and define
E£x 1= € + €4, (76)
Then the triple ((Tr, Ux), (7, T4, k) s a (|| (7L, 7|, ex) -saddle-point of CSP(V; g1, g2),
or equivalently,
(7, 7)€ O [T (-, G0) — (k)] (s )
Proof. In view of step 3) of the CSP-BD-HPE framework, we have
%€ VoW (@, i) + O 01 (1) C Oer [V, 510)] (s i)
€ =V, W (@, ) + Ouyga(ii) € Ouy [V (@, )] (@, i),
from which we conclude that
(75 7)€ |0 00, Gl )] % |0 (=B (@, N(0)| € O [0, G) = )] (E, ),
where the last inclusion follows from (76) and definition of subgradient. O
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The above result shows that the triple ((Zx,yx), (7§, 7%),€x) is an approximate
solution of C'SP(V; g1, ¢g2). The result below shows how to construct an approximate

solution of C'SP(V; g1, g2) from the average of the iterates (Z1,91), - .., (Tk, Uk)-

Lemma 4.1.2. (Proposition 5.1 of [37]) Let X C X and Y C Y be given convex
sets and let T' : X XY — R be a function such that, for each pair (x,y) € X XY,
the function I'(-,y) — I'(z,-) : X XY — R is convex. Suppose that, fori=1,... k,

(i) € X XY and (ry;,7y:) € X X Y satisfies

(Tx,ivry,i) € 0., <I‘(-, yi) — I, )) (5, i) (77)

Let aq,...,a, > 0 be such that Zle a; = 1 and define

k k
(xav ya) = Z 67 (xia yz)v (’f’x, Ty) - Z 6% (Txﬂ'? ry,i)v (78)
i=1 =1

Then, €* > 0 and

() € 0 (T) = 1)) (). (81)

The following iteration-complexity result now follows almost immediately from

Lemmas 4.1.1 and 4.1.2 and Theorem 3.3.1.

Theorem 4.1.3. Consider the sequences {(zk, yr) }, {(Zk, Ue) }.{(7L, 1) } and {(c},€})}
generated by the BD-HPE framework for CSP(V;g1,q2). Let {ex} be defined in

Lemma 4.1.1 and, for every k € N, define

k
= E ). = 3 (52)

?rl»—*

xlmyk :
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and

R Y R N B NG R (53)

Then, for every k € N, the pair (7¢,&%) is a SP-residual for (%, g3) with respect to

CSP(V; g1,92), or equivalently
fl(; € aé‘,z [\IJ(’ 3713) - \Ij(fé%? )](j%>gg)a

and

o 2d L2,
7l <22 e s 2+, (34

where 7 is defined in (69) and dy is the distance of (xo,yo) to the set of saddle-points
of CSP(¥; g1, 92).

Proof. 1t follows from Lemma 4.1.1 and Lemma 4.1.2 with I = ‘i’|X><y, and (z;,y;) =

(%3, 9;) and (ry,1y:) = (77, 7)) for i = 1,..., k, that

7€ Du [U(, 50) — U(FE, )](FL, 50

Moreover, (84) follows directly from Theorem 3.3.1 and the fact that the CSP-BD-
HPE framework is a special case of the BD-HPE framework in which A\, = A for all
k. O

We end this section by describing a generic problem underlying the computation
of the triples as in steps 1 and 2 of the CSP-BD-HPE framework. Let Z be an inner

product space and f : Domf — Rand §: Z — (—o0, 00| be functions such that:
F.1 g is a proper closed convex function;
F.2 f is differentiable and convex on a nonempty closed convex set 2 D dom g.

F3V f is L j-Lipschitz continuous on {;

35



The generic problem mentioned above is as follows.

(P1) Given ug € Z, scalars A > 0 and o, > 0, find a triple (@, 3,£) such that

§€0:g(w), |[INVF(@)+3)+a—ul? + 20 < o2 ||a — uol| (85)

We now make a few remarks about (P1). First, steps 1 and 2 of the CSP-BD-HPE
framework are clearly special cases of the above generic problem. Indeed, step 1 is a
special case of (P1) in which f is equal to the function z € Q, — ¥(z, Y 1)s § =01
and = Q,, while step 2 is a special case of (P1) in which f is equal to the function
y € Qy — VU(T,y), § = g2 and Q = . Second, the above problem is related to
the problem of finding an approximate solution of the (strongly) convex optimization

problem

min { = wol? + L7 + 0] | (50

uez
Clearly, an exact solution @ of problem (86) satisfies 0 € @ — ug + A(V (@) 4 0§(@)),
which implies that the triple (4, §, &) where
Ug — U

T —Vf@), £=0 (87)

S =

satisfies (85) with o, = 0 (and hence, with any ¢, > 0). Hence, the situation in which
(86) can be solved exactly immediately yields a solution of problem (P1).

In the rest of this chapter, we describe two instances of CSP-BD-HPE framework
which differ in the way they solve the generic problem (P1). Section 4.2 states a
specific instance of the CSP-BD-HPE framework in which A is chosen sufficiently
small, and steps 1 and 2, when viewed as problem (P1), are solved by performing a
single composite gradient step on (86). Section 4.3 derives the iteration-complexity
of solving problem (P1) by means of a Nesterov’s accelerated variant. Section 4.4

describes an instance of the CSP-BD-HPE framework in which )\ is chosen as the
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maximum value allowed by the framework, i.e., the right hand side of (72), and the
two triples in steps 1 and 2 of the CSP-BD-HPE framework are computed by means

of the Nesterov’s accelerated variant described in Section 4.3.

4.2 A special instance of the CSP-BD-HPFE framework

This section states a specific instance of the CSP-BD-HPE framework in which steps
1 and 2 of the CSP-BD-HPE framework, when viewed as problem (P1), can be solved
by performing a single composite gradient step on (86). The instance can be viewed as
a block-decomposition version of Tseng’s modified forward-backward splitting algo-
rithm in [59] (see also [37, 35]). Except for our slightly more general way of choosing
the stepsize, this instance is the same as the method stated in Subsection 5.2 of [36]
when the latter one is specialized to the context of (70)-(71). Despite this similar-
ity, we include a detailed discussion of the aforementioned instance in this section in
order to motivate the accelerated instance and its corresponding complexity bounds
presented in Section 4.4.

The following result, whose proof can be found in Proposition 4.3 of [36], shows
that a single composite gradient step from wuy with respect to (86) yields a solution of
(P1) when V f is Lipschitz continuous on Q, \ is sufficiently small and the resolvent
of g, i.e., a vector of the form (I + A\3g)~!(w) for some A > 0, can be computed at

any point w € Z. Clearly,

N ) . 1
(I+X09) (w) = argmin, ¢ z {g(u) + 5||u — w||2} )

Also, when § is the indicator of a nonempty closed convex set Q2 C Z, (I+\g)~!(+) =
Pqo(+) for any A > 0.

Proposition 4.2.1. For some L > 0, assume that V f is L-Lipschitz continuous on

Q. Then, for any ug € Z, 0, > 0 and X > 0 such that \L < o, the triple (7,8,8)
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given by
i = (I+29§)" (uo - /\Vf(PQ(uo))) . 5= —(ug—a)—VF(Palup)), Z:=0 (88)
solves problem (P1).

It is worth noting that when L=0,1ie., f is an affine function on €2, the point « in
(88) is the exact solution of problem (86) and the triple (1, 5, €) given by (88) solves
problem (P1) for any o, > 0. Hence, when L = 0, the recipe of Proposition 4.2.1 is
equivalent to obtaining @ by simply solving problem (86) exactly and obtaining (8§, €)
as in (87).

In the remaining part of this section, we will explicitly state a special case of the
CSP-BD-HPE framework in which the triples in both steps 1 and 2 are computed by
means of the recipe described in Proposition 4.2.1.

We now state a special case of the CSP-BD-HPE framework in which the two triple
finding problems in steps 1 and 2 are implicitly solved using the recipe of Proposition

4.2.1.

[T-BD] Tseng’s based BD-HPE algorithm for CSP(W¥:;g;,g5):

0) Let (xo,40) € X x Y and o € (0,1] be given, choose o,,0, € [0,0), and set

k=1 and

T VA i i) o)

Y Y

A = No,,0,) == min
(with the convention that 0/0 = co);
1) compute x}_, := Po,(Tx-1), ¥}, := Po,(yx—1) and the pair (T4, 3x) € X' x ) as

Ty, = [T4+X0g1) (21 = AV ()1, Ye1))s Uk i= [L+AIga] " (yke1 AV, U (Z, ys 1))
(90)
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2) compute (z, yx) as

Ty = Tp—=A VoW (T, k) = Vo ¥ (201 Yo )]s Uk = Gt AV (T, Ur) =V U (T, vy,
(91)

set k < k+ 1, and go to step 1.

end

Note that an iteration of the T-BD algorithm requires two evaluations of each of
the partial derivatives V,U(-,-) and V,¥(-, -), one evaluation of each of the resolvents
of g1 and Jg, and one projection evaluation onto each one of the sets €2, and €,.
Hence, an iteration-complexity bound derived for the above algorithm is also a bound
on the number of each of the above operations performed throughout the algorithm.

The following result, which follows as a consequence of Theorem 4.1.3, establishes
the iteration-complexity of the T-BD algorithm. Even though we could prove it for a
more specific choice of stepsize A using Theorem 5.4 of [36], we have decided for the
sake of completeness to include a self-contained but short proof here. This decision
was also based on the fact that the complexity bounds obtained here uses the notion

of approximate solution given in Definition 2.1.1 rather than the one used in [36].

Theorem 4.2.2. Consider the sequences {(xg,yx)} and {(Zx,r)} generated by the

T-BD algorithm, and define the sequences {(75,77)} and {(e},€})} as

~T 1 ~ 1 T
T = X(xk—l - xk)a Tz = X(yk—l - yk)a € = Oa Ez = 07

{(@L, 90} and {79} as in (82), and {E¢} as in (83), and set
M = max{L,,, Ly, Ly,}. (92)

Then, for every pair of positive scalars (p, ), there exists an index

ho = O (M max [dé %D (93)
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such that the average point (¢, G¢) is a (p, €)-saddle-point of CSP(V; g1, g2) for every
k> k.

Proof. We first show that the T-BD algorithm is a special case of the CSP-BD-
HPE framework. Indeed, assumptions B.4 and B.5 together with Proposition 4.2.1
used twice, namely, first with (f,g,uo,az) = (Y(, Y1), 91, Tk—1,0,) and then with
(f,9,u0,0.) = (=W(Zx, ), g2, Ys_1, 7)), imply that the triples (y, dx, eF) and (f, by, €V
where 7) and g are given by (90), e} = ¢} := 0 and

_ 1 ~ 1

ay = X(xk:—l — 1) = VoW (21, Ypor)s  br = X(?/k—l = ) + Vy¥( Tk, Y1),

satisfy (73) and (74). Now, using the above formulae for &, and by, we easily see that
step 3 of CSP-BD-HPE reduces to the update formula (91). We have thus shown
the above claim which, as a consequence, implies that the pair (7¢,£}) satisfies the
conclusions of Theorem 4.1.3(b). The conclusion of theorem then follows immediately

from bound (84) and formula (89) for the stepsize A. O

Given a fixed o € (0,1], it can be shown that choosing o, = AL,, and o, = AL,

where
~1/2

T Lix szLzy
LyyLyy, LZy + Liy
maximizes (o, o) under the condition that o, o, € [0, ), in which case A(0,, 0,) =

A. As a consequence, this choice of o, and o, minimizes the convergence rate bounds
established in Theorem 4.1.3 for the CSP-BD-HPE framework, and hence the T-BD
algorithm. We observe that the above choice of stepsize is the exactly the one used
by the BD algorithm of Subsection 5.2 of [36].

It is worth emphasizing that the T-BD algorithm uses the recipe described in
Proposition 4.2.1 in order to compute the triples in steps 1 and 2 of the CSP-BD-
HPE framework. Hence, it is necessary to choose a stepsize A > 0 which satisfies, in

addition to (72), the first two inequalities in (89). As a result, the largest A that can be
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chosen in this manner, namely as in (89), is 1/O(M). On the other hand, the largest
stepsize A that can be chosen in the context of the CSP-BD-HPE framework, i.e., as
the right hand side of (72), is 1/O(L,,). Clearly, when M >> L,,, or equivalently
max{ Ly, Ly, } >> L, the latter stepsize is considerably larger than the first one.
As a consequence, the number of iterations performed by an arbitrary CSP-BD-HPE
instance with A equal to the right hand side of (72) can be considerably smaller than
the number of iterations performed by the T-BD algorithm with A chosen according
to (89). Needless to say, instances of the CSP-BD-HPE framework with A equal to the
right hand side of (72) can not be implemented with the aid of the recipe described

in Proposition 4.2.1 and requires instead a different approach.

4.3 An accelerated method for problem (P1)

The main goal of this section is to derive the iteration-complexity of solving problem
(P1) using the variant of the Nesterov’s accelerated method introduced in Section
3.1.

We start this section by describing a technical result.

Lemma 4.3.1. Assume that f and h are functions such that h is a proper closed
convex function, f is differentiable on a closed convex set {2 O dom h, and that there
exists L > 0 such that V[ is L-Lipschitz continuous on 2. Then, if (z,r,e) €
Z x Z x Ry satisfy

r € 0:(f + h)(2), (94)

for any positive scalar ¢ > L/2, the vector
5. = 6z e fh) = ez — (I +¢7Oh) (2 — 'V f(z) + )] (95)

satisfies
2e

< .
r+9d.€ (Vf+0:h)(2), | <e -

41



Proof. First note that it is well-known that conditions on f implies that
/ / L !/ 2 /
0< fu) = flu) = (Vf(u), v —u) < Sflu' —ul]” Vu,u" €. (97)

Note also that inclusion (94) implies that z € domh C Q. It is easy to see that

(95) implies that
z—c 5. €domh, 7r+6.—Vf(2)€Oh(z—c6,).
The above inclusion implies
h(u) —h(z—c'0,) > (r+ 8. —Vf(2),u—z+c ') VueZ. (98)
On the other hand, it follows from (94) that
fw)+h(u) > f(z)+h(z)+ (r,u—2)—ec YueZ.

This inequality with u = 2z — ¢4, and (97) with «/ = 2z and v = 2z — ¢™§ then imply

that

(= = 5) — h(2) 2 ~[f(z = €)= F(2) — (VS (), 6] + {r = VS (), —6) — <
> 2 B+ {r = V() —e ) <. (99)

Adding up (98) and (99), we conclude that

h(u) — h(z) > (r +6, — Vf(z),u—2)+c? (c— g) 661> —e. Yue€ Z,

which clearly implies the inclusion in (96) when ¢ > L/2. Moreover, this same

inequality with u = z implies the inequality in (96) when ¢ > L/2. O

Note that the above lemma described a procedure which finds a triple satisfying
the inclusion in (96) based on a triple satisfying the weaker inclusion in (94). There-
fore, the lemma is useful in the construction of the following algorithm which aims

at finding the solution of problem (P1).

42



We now state a variant of Nesterov’s accelerated algorithm for solving problem
(P1) which is based on the version of Algorithm 0 in Section 3.1 with 1 (u) = Af(u)

and g(u) = A\g(u) + 1|ju — uol|* and the procedure described in Lemma 4.3.1.

[Algorithm 1] A variant of Nesterov’s accelerated algorithm for (P1):
0) Let up € X be given and set I'g = 0, ug = wy = Po(ug), k = 1;
1) let I'y > I'y_1 be such that
Tr(Thoy + 1) = LD — Tiy)? (100)

and compute (ug, wy, ) € Q x dom g x dom g as

| VR Iy — T
U = Ilikluk—l b Fkk 1wk—1a (101)
k
i — i1 ~ Ty +1 2
- 1, : D+ A —wl?, (102
e = argmin )2 0 29000 + Tl (109
- | PR 'y — Ty
iy, = Ilikluk—l + = T —w; (103)
2) compute
= (g ), G t= 0 Ly LA F o] ol g). (104
Tk = AL, Up — W), Ok = O\Up, Tk, Ly ) o\ Uoll - 9),
< L 2 L 2
_ Cwll? — _ 105
Up — U ~
S =1L+ 0 — Q - Vf(ftk), (106)
where (-, -, -, -, -) is defined in (95);

3) set k + k+ 1 and go to step 1.

end

We now derive the iteration-complexity of Algorithm 2 for solving problem (P1).
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Proposition 4.3.2. Consider the sequences {tuy}, {rr} and {&x} generated by Algo-

rithm 1. Then, for any ug € Z and 7 > 0, there exists an index
ko= O ([min {/ALs 717, 14 (14 /aLy) 10g* (AL [7)}])  (07)
such that, for every k > ko, the triple (a,r,€) = (tx, 7, Ex) Satisfies
1 9\ /-
r € 0: f+g+—|! —uol|” ) (@), (108)
IAr|[ 4+ 20 < 7ji — uol|*. (109)
Proof. We first claim that for every k > 1 such that
[y > max{2,277 '}, (110)

the triple (a,r, &) = (ug, rx, &x) satisfies (108) and (109). Indeed, it follows from (44)

with p := Af + Ag + 3|| - —uo? that for any u € Z and k > 1,

B 1
p(u) — p(ix) > — (HU — wy||* = [Ju — Uon)
20N,
1 . 1 2 s 2
= F_k<u° — Wi, U — Up) — oT, ([l — uo||” — [|tr — w]]%).

The above inequality together with definitions of ry and £ in (104) and (105) and
the definition of e-subdifferential in (12) then imply that Ary € Oz p(ty) and hence
the triple (a,r, &) = (U, g, £) satisfies inclusion (108) for every k£ > 1. Moreover, by

(104) and the inequality |la + b||* < 2(||a||* + ||0]|?), we have

Il = gl = ol < e = wll + e = el
and hence that
Il + 236 < (g 1 ) =l + (F = ) I —wil®. ()
Since condition (110) is easily seen to imply that
2 1 2 1
RN VR
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we conclude from (111) that the triple (a,r, &) = (u, r, £x) satisfies (109) for every
k > 1 satisfying (110). We have thus shown that the above claim holds.

Now, define

1+ ,/1/(2AL;
ko := |minq 24/AL; [771], 1+ YU f)log+(ALf(Tﬂ) (112)

24/1/(2ALy)
and note that kg clearly satisfies (107) and ko > 1. To end the proof, it suffices to

show in view of the above claim that £ > k¢ implies (110). Indeed, in view of the

inequality ¢/(1 +t) < log(1l +t) for t > —1, we have

1+ ,/1/(2AL;) 1
>
1/(2ALg)  log(1+,/1/(2ALj))

Y

Thus, k > ko implies that either

log (AL [77!
k221/)\LJZ[T_1—‘ or k>1+ og( f[T 1)

2log(1 +4/1/(2ALj))

and hence that

2 ) ; 2(k—1)
T, > — 14/ >2 [ > 2,277},
& > max 2)\ij )\Lf( + 2)\Lf> > (T W_max{ 2177}

where the first inequality is due to (43) and the fact that ) = Af and g = \j + K

—uy||* satisfy conditions D.3 and D.4 with L = AL; and pu = 1. O

We are now ready to establish the iteration-complexity of Algorithm 2 for solving

(P1), which is a consequence of Proposition 4.3.2 and Lemma 4.3.1.

Corollary 4.3.3. For a giwen triple (up,\,0,) € Z x Ry x (0,1], consider the

sequences {ug}, {5k} and {&x} generated by Algorithm 1. Then, there exists an index

ko = O (1 +JAL;+1log (AL; + 1)/02)) (113)

such that the triple (u,3,€) = (g, Sk, k) is a solution of problem (P1) for every

k> k.
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Proof. Let 7 = 0?/[2(AL; + 2)]. In view of Proposition 4.3.2, there exists an index
such that (107) holds and for every the triple (@, r, €) = (@, rx, &x) satisfies (108) and
(109) for any k > ko. Now use the fact that [77"] < 2(AL; + 1)[07?], it is easy to

see that (107) implies

ko= O <min {(ALJz +2)07", 14 /(ALj +2) log (ALj + 2)0;1)}) L (114)

which implies (113) in view of the assumption that o, € (0,1] and the inequality
2t > \/ﬂogt for t > 0.

In view of Lemma 4.3.1 with f = f + —ug*, h =g and ¢ = L;+1/), and

1
ol
the fact (u,r,€) = (ty, ry, k) satisfies (108) for any k > ko, we have

T + (Sk € V]F(ﬂk) -+ M

T O 9(ax), 161> < 2(Lj + 1/X)éy.

It is easy to see the above inclusion and the definition of 5 in (106) imply (a, 5, €) =
(g, Sk, €x) satisfies the inclusion in (85). Moreover, the above inequality, together
with the definition of 5; in (106), 7 = 02 /[2(AL 7+2)] and the fact (a,7, &) = (U, 7%, &)
satisfies (109), implies that

NV f (i) + 3k) + @i — uol|> + 206 = || Arp + A0k ||? + 27&,

<2(ALj + 2)([[ A ||* + 2A&x) < o2 ||t — uol|?.
O

Note that, when o, € (0,1] is such that o, ! = O(1), the iteration-complexity of

solving problem (P1) by means of Algorithm 1 reduces to

O (1+ AL+ 11og (\L; +1)).
4.4 Accelerated BD Algorithm for CSP Problem

This section considers a special instance of the CSP-BD-HPE framework for solving

the CSP problem CSP(V;g;,g,) in which the triples (i, dx, ef) and (Jk, by, €¥) in
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steps 1 and 2 are obtained with the aid of Algorithm 1 applied to specific instances
of problem (P1). It also establishes the complexity of the resulting accelerated in-
stance in terms of gradient, projection and resolvent evaluations, and shows that
it is substantially better than that of the Tseng’s based BD-HPE algorithm when
max{ Ly, Ly, } >> Ly,

We now state the special instance of the CSP-BD-HPE framework for solving
CSP(¥; 1, g2)-
[Acc-BD] an accelerated BD-HPE algorithm for CSP(V; gy, ¢2):

0) Let (z9,%0) € X x Y, o € (0,1], and 0,,0, € (0,0) be given. Set k =1 and

\(0? = 02)(0* - o3)
oL !

Ty

A= (115)

1) invoke Algorithm 1 with ug = x3_1, Z2 = X,
0=, g() :gl(')’ f() = \Ij("y;c—l)v

where y;,_; = Pq,(yk—1), to obtain a triple (%,5,8) € X x X x §, as in (103),
(106) and (105) and set (T, ax,cy) = (U, 5, €);

2) invoke Algorithm 1 with wy = yx_1, Z2 =D,
Q=0Q, §()=g(), f()=-U(,)

to obtain a triple (@, 5,6) € Y x Y x R4 as in (103), (106) and (105) and set

(gka Ek:egZ) = (ﬂ, 578);
3) set (7, 7) = (VoW (Zk, Jr) + ar, —Vy O (Zx, Gr) + br),
(xkvyk) = (37k—17yk—1> — /\<f]:§7 f}g% (116>

and k < k + 1, and go to step 1).
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end

The following result establishes the iteration-complexity result of Acc-BD algo-
rithm. The bounds derived on it are obtained under the assumption that the param-

eters o, o, and g, are chosen so that the inverses of o,, 0, 0> — 02 and 0* — o}, are

all O(1).

Theorem 4.4.1. Algorithm Acc-BD is a special instance of the CSP-BD-HPE frame-
work for solving CSP(V; g1, g2). Moreover, consider the sequences {(xg, yr)}, {(Zr, Uk)},
{(ef,€0)} and {(7F, 7))} generated by Acc-BD algorithm and define {(z¢,98)}, {7¢},

{&%}, do and 7 as in Theorem 4.1.3. Then, the following statements hold:

(a) for every k € N, ((7¢,7%), et + €}) is a SP-residual for (&, yy) with respect to

CSP(V;g1,92), or equivalently,

(7, ) € Ocprcy[W (s ) + W (T, )] (T, Ti)

and there exists 1 < k such that

57 7)) < — e
V@2 —aR)e> —op) VKL =)
el +e! < Luyo'dg

2k(1 — 02)\/(02 —02)(0? — 05)

(b) for every k € N, the pair (7¢,%) is a SP-residual of (Z¢,4%) for CSP(V; g1, g2),

or equivalently,
flCcL € aé‘,z [\11(7 gg) + \Il(jz7 )](5{727 gg)
and

2Lzy0d0 2L$y0'd8

k\/(<72 —02)(0? — 02), : k\/(02 —02)(0? — 05)

Proof. Acc-BD algorithm is clearly a special case of the CSP-BD-HPE framework in

7l <

L)

(1+7);

which (72) holds as equality and the triples of steps 1 and 2 are found by means of
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Algorithm 1. (a) This statement follows immediately from Theorem 4.1.3(a) with A
as in (115). (b) This statement follows immediately from Theorem 4.1.3(b) with \ as

in (115). 0

The following corollary follows immediately from (5.3.1), Corollary 4.3.3 and the
fact that each iteration of Algorithm 1 performs at most two gradient evaluations,

two resolvent evaluations of 0h and one projection onto (2.

Corollary 4.4.2. At each iteration of Acc-BD algorithm, the number of evaluations

of VU (-, -) and the number of resolvent evaluations of gy and 0L, are both bounded

@ (1 + \/ sz/La:y +1 log(Lxx/ny + 1)) ;

and the number of evaluations of V,¥(-,-) and the number of resolvent evaluations

by

of 0gz and 0Lq, are bounded by

@ (1 + 1/ Lyy/Lzy + 1 10g(Lyy/Lyy + 1)> .

As a consequence, for every pair of positive scalars (p,€), Acc-BD algorithm finds a

(p, €)-saddle-point of CSP(V¥; g1, g2) by performing no more than

Lo,d2 L
O ({1 +\/Lus/Lay + 1 10g(Lys /Loy + 1)} max {%do , ﬂ}) (117)
P

evaluations of V,V(-,-) and resolvent evaluations of 0g; and 0L, , and no more than

Loy Lyyd
0 ({1 +\/Lyy/Luy + 1 108(Lyy/ Lay + 1)} max {%0 | LO}) (118)
P

evaluations of V,W(-,-) and resolvent evaluations of Ogy and 9Zq,.

It is worthwhile to compare the iteration-complexity bound (93) obtained for the
T-BD-HPE algorithm in Theorem 4.2.2 with the bounds (117) and (118) obtained

for Acc-BD algorithm in Corollary 4.4.2. Indeed, when max{L,;, L,,} ~ L,,, the

Ty

two bounds in (117) and (118) are of the same order of magnitude as the one in (93).
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Consider now the relevant case in which max{L,,, L,,} >> L., and for the sake of
concreteness that L,, = max{L,,, Ly, }. Then, bound (93) is larger than (117) by a

factor of
O(v/&/ log(&,))

where &, := L,,/Ly, >> 1. Also, the bound (93) is significantly larger than (118),

i.e., by a factor 7 such that

0(&,), when Ly, = O(L,,)
O(&,/log(&y)v/&y]), when Ly, >> Ly,

where &, := Ly, /L,,.

In Subsection 6.1, we describe a relevant class of convex optimization problems
corresponding to saddle-point problems with L,, = 0 and the ratio chosen §, :=
L,,/L,, arbitrarily large. Moreover, the resolvent evaluations of g, are much more
expensive than the ones for dg;. Note that this class of problems is particularly
suitable for Acc-BD in view of the fact that the bound (118) on the number of
expensive resolvent evaluations of dgs is significantly smaller than the bound (117)

on the number of cheap resolvent evaluations of dg; .
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CHAPTER V

ACCELERATED HPE METHOD FOR A SPECIAL CLASS
OF COMPOSITE SADDLE-POINT PROBLEMS

5.1 HPE framework for saddle-point problem

The section specializes the HPE framework to the context of the saddle-point problem
and states its convergence properties.
We now state a special case of the HPE framework for solving the monotone

inclusion problem (17), and hence the saddle-point problem S P((I\l; X, Y).

[SP-HPE] Hybrid proximal extragradient framework for solving SP(\/I\/; X, Y):

0) Let (zg,y0) € X x Y, A >0 and 0 < o < 1 be given and set k = 1;

1) find (Zg, %) € X x Y, 7, = (7F,7]) € X x Y and g > 0 such that
(fliaflz) € aek [\I/(vgk) - \I}(j:ka )](‘%kvgk)v (119)
I + @ = @ |3+ I+ G — g3 + 226 (120)
< o (12 — wea % + 19k — v ll3) 5

2) set xp = Tp_1 — AL, Yp = Yp—1 — My and k < k + 1, and go to step 1.

end

We now make several remarks about the SP-HPE framework. First, due to Lemma
5.1.1 below, the SP-HPE framework is a special case of the HPE framework in which
Ar = A. In fact, the SP-HPE framework could be stated in terms of a sequence of
variable stepsizes { A}, but we assume for simplicity Ay = A. Second, similar to the

HPE framework, the SP-HPE framework does not specify how to find (Zx, 9x), 7
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and ¢y, satisfying the HPE error condition in (119) and (120). Section 5.3 describes a
special instance of the SP-HPE framework in which (Zy, g ), 7x and &; are obtained by
a variant of Nesterov’s accelerated method. Third, using the fact that the inclusion
(119) is stronger than the inclusion in (54), we derive in Theorem 5.1.2 a finer version
of Theorem 3.2.1 with A\, = X specialized to the context of the saddle-point problem
(16).

Before stating the pointwise and ergodic convergence rate results for the SP-HPE

framework, we give two preliminary technical results.
Lemma 5.1.1. For each (z,y) € X XY and e > 0, we have
O () = U, ))(w,y) C T*(x,y),
where T' is defined in (17).
Proof. Let r € 85(@(-, y) — CI\f(x, ))(x,y) be given. This clearly implies that
U(E,y) — Wz, §) > (G —x,§—y),r)—c  Y(Ej) exx.

On the other hand, it follows from the definition of 7" in (17) that any 7 € T'(z,7)

satisfies

Summing up the above two inequalities, we then conclude that
<([L’—Q~f,y—g),’r‘—f>2—5 v<j7g)€XXya erT(:i'vg>a

and hence that r € T¢(z,y) in view of the the definition of 7%(+) in (10). O

The following result describes the pointwise and ergodic convergence rate proper-

ties of the SP-HPE framework.

Theorem 5.1.2. Consider the sequences {(Zg, Ur)},{(7,71)} and {ex} generated by

the SP-HPE framework and define (%, g3), 7t and €} for every k € N as in (82) and
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(83). Let dy denote the distance of (zo,yo) to the solution set of SP(\TJ; X,Y). Then,

for every k € N, the following statements hold:

(a) (pointwise convergence rate) the triple ((Tp,dx), Tk, €x) 15 a (||Tkl], ex)-saddle-
point of \Tf, or equivalently (119) holds, and there exists an index i < k such

that
l+o o?d?

Fl—o) S a1 = o?) (121)

_ do
il < &

(b) (ergodic convergence rate) the triple ((Z¢,95), 7¢, %) is a (|7, €%)-saddle-point

of \/I\f, or equivalently

7€ D (T(, ) — U(EL, ) (@8, 1), (122)
and
- 2d0 ng g
< — << =114+ —. 12
Il < 57 0<ei< k(+ (1_02)> (123)

Proof. The first claim in (a) is obvious. Since, by (119) and Lemma 5.1.1, we have
T € T (T, Jx) where T is defined in (17), we conclude that the SP-HPE framework
is a special instance of the HPE framework applied to (17) where Z := X x ) is
endowed with the inner product defined in (14). The second claim in (a) then follows
Theorem 3.2.1(a). Moreover, inclusion (122) follows from (119) and Lemma 4.1.2,

and the bounds in (123) follow from Theorem 3.2.1(b) with Ay = A. O

5.2 Solving the HPE error condition

This section presents a scheme, together with its iteration-complexity analysis, for
finding a solution of the HPE error condition (119)-(120) with ¥ given by (6) (and
w.lo.g. A = 1). The scheme is based on the Nesterov’s accelerated variant of Sub-
section 3.1 applied to an associated composite saddle-point problem.

This section considers the following problem corresponding to the special case of

step 1 of the SP-HPE framework in which A = 1.

93



(P2) Given convex sets X C X and Y C ), a closed convex-concave function
UonXxY,a pair (ug,vg) € X x Y and a scalar ¢ > 0, the problem is to find
(a,0) € X x Y, (7, 7) € X x Y and € > 0 such that

(7, 7)€ 0 [ W (-, 0) = ¥(@, )] (5, 7) (124)

|17 + @ — uol% + |7 + 7 — voll3 + 26 < 0® ([|@ — woll} + 17— wol3) . (125)

This section presents a scheme based on the Nesterov’s accelerated variant of

Section 3.1 for solving problem (P2) where U has the bilinear structure
W(u,v) = f(u) + (Au,v) + g1 (1) — o(v), V(u,v) € X x Y (126)

and conditions introduced in Section 2.2 hold.
We now make two remarks about problem (P2). First, finding the solution of the
exact version of problem (P2), i.e., the one in which ¢ = 0, is equivalent to finding

the unique saddle-point of

_ =~ 1 1
minmax B, ) + 5 Ju — wol]* = 5 o~ vl (127)

where U is given by (126). More specifically, if (u,?) is the exact saddle-point of the
above problem, then (u,?) and the quantities (7*,7") := (ug — @,v9 — 0) and € := 0
satisfy (124) and (125) with ¢ = 0. Second, although the above saddle-point problem
has essentially the same structure as the one we are interested in solving, namely (6),
its primal function (see (18)) has the key property that it is the composite sum of
the easy convex nonsmooth function g; and a smooth convex function with Lipschitz
continuous gradient. Hence, approximate solutions of (127) can be obtained by using
a Nesterov’s accelerated variant for composite convex optimization problems (e.g.,
the one in Subsection 3.1).

In view of the two observations above, it is reasonable to expect that approximate

solutions of (127) yield solutions of problem (P2) (with ¢ > 0). Rather than tackling
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the latter issue in an abstract setting, we instead propose a scheme based on the
Nesterov’s accelerated variant of Subsection 3.1 applied to (127) to obtain a solution
of problem (P2) and derive its corresponding iteration complexity.

We next discuss how the composite saddle-point problem (127) can be viewed as
a composite convex optimization problem (38) satisfying conditions A.1-A.3. Clearly,

(127) is a special case of (38) in which

V) = F)+0w),  gw) = ga(u) + 5 u— woll (128)

and

(%

o(u) := max {gb(u, v) = (Au,v) — g2(v) — %Hv — U0||§,} ) (129)

It is apparent that the above function g satisfies condition A.1. The following result
implies that the above 1 satisfies conditions A.2 and A.3. Its proof for the case in
which Y is compact is well-known (see for example [40]). Since we are not assuming
that the latter condition, we include for sake of completeness a simple proof for the
more general version given below. Its statement uses the following notion of the

induced norm of a linear operator A : X — ) defined as
[A]] = max{[|Azly : [[z]lx <1}
Proposition 5.2.1. The following statements hold:

(a) for every uw € X, the mazimization problem in (129) has a unique optimal

solution v(u), i.e.,

1
o(u) 1= argmax (Au,0) — g5(v) = llv = vl (130)

(b) ¢ is convex, differentiable everywhere on X, Vé is ||A|?-Lipschitz continuous

on X and

Vo(u) = A*v(u) Yu € X; (131)
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(c) for every u,u € X,

ld;(u; w) = ¢(u,v(u)). (132)

Proof. (a) This statement follows immediately from the fact that the negative of the
objective function of the max problem in (130) is proper, closed and strongly convex.

(b) Letting §o(v) := ga(v) + ||v — vo]|?/2 and using the definition of ¢ in (129), we
easily see that

o(u) = g3(Au) Yu e X. (133)

Moreover, noting that g, is a proper closed strongly convex with modulus one, we
conclude from Proposition 1.1.2 with f = g» that g; is differentiable everywhere on
Y and Vg; is 1-Lipschitz continuous. The above two observations then easily imply
that ¢ is convex, differentiable everywhere on X and V¢ is || A||?-Lipschitz continuous
on X. Moreover, the optimality condition for (130) implies that Au € 9g2(v(u)), and
hence that v(u) = V§;(Au) in view of Proposition 1.1.1(c). Now, (131) follows by
differentiating (133) and using the latter conclusion.

(c) Using (131), and the definitions of [5(,-), ¢(-,-) and v(u) in (11), (129) and

(130), respectively, we easily see that

In view of the above result, we conclude that the function 1 defined in (128)
satisfies conditions A.2 and A.3 of Subsection 3.1 with L = Ly + || A]|>. We can then
use Algorithm 1 to approximately solve (127), and hence (P2) as will be shown later
in this section.

We now state our accelerated scheme for solving problem (P2). It is essentially
Algorithm 1 applied to (38) with ¥ and g given by (128) and (129), respectively,

endowed with two important refinements. The first one due to Nesterov (see (4.2) of
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[40] or Corollary 3(c) of [60]) computes a dual iterate 0y as in (134), which together
with the primal iterate wy, provides the first candidate pair (u,0) = (g, 0x) for (P2).
The second one (see step 2 below) gives a recipe for computing the second candidate
pair (7%, 7Y) € X x ) and scalar £ > 0 which, together with the above pair (@, ),

yield a candidate solution for (P2).

[Algorithm 2] Accelerated method for problem (P2):

Input: f, Ly, A, g1 and g2, (ug,v9) € X x Y and o € (0,1).
0) set L=L;+ ||A||>, pn=1,To =0, 4y = wy = Po(ug), 9o =0 and k = 1;

1) compute I'y, uy and v(ug) as in (39), (40) and (130), respectively, (O, wy) €

Y x X as
- | P Iy — T
’Uk = ]f:klkal —'— —k Fk i IU(Uk), (134)
. %~ C
wy = argmin, Lps(u) + (A0 u) + g1 (u) + o Ju—wl%, (135)
and 4y as in (42), where
1 T, T
Pp— Pp— ’L_ Z_l . LY.
o= 1+ Lpg(u) = Zl . HORE (136)
2) set
= 1 ~ 2 ~U ~v ~
Er = g_pkHuk — o, T = cnluo —wy), TR = v — v(i); (137)

3) if |7+ g — uol|3 + |7 + Ok — vol|3 4+ 28 < o[k — uol|% + 2|0k — vo|[3), then

terminate and go to Output; otherwise, set k <— k + 1 and go to step 1.

Output: ouput (@,?) = (U, 0x), (F*,7") = (7}, 71) and € = &y.

The following simple result shows that step 1 of Algorithm 2 corresponds to an
iteration of Algorithm 1 applied to (41) with ¢ and ¢ defined according to (128) and
(129).
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Lemma 5.2.2. Let ¢ and g be defined according to (128) and (129). Then, the

following statements hold for every k > 1:
(a) the function ly(u) — (Ifr(uw) + (A 0k, u)) is constant;
(b) (135) is equivalent to (41).

Proof. (a) Relation (134) and the fact that I'y = 0 imply that

k

I
U = —v(Uy). 138
= 3= ol (135)

Using the first identity in (128) and Proposition 5.2.1(b), we have that Vi (u) =

V f(u) + A*v(u), which together with definition (11) then imply that

Ly (ws us) = Lp(wywy) + [o(u;) + (A% 0(u;), u —w;)] Vi > 1.

Statement (a) now follows from the previous identity and relations (45), (136) and
(138). (b) This statement immediately follows from (a), the definition of g in (128)

and the definition of ¢ in (136). O

Ignoring steps 2 and 3 of Algorithm 2 which are essentially computing (7, 7") =
(73, 7r) and € = &, satisfying (124) and checking whether these entities, together with
the primal-dual iterate (g, ), satisfy (125), Lemma 5.2.2 immediately implies that
Algorithm 2 is nothing more than Algorithm 0 applied to problem (38) with ¢ and ¢
given by (128).

The following technical result follows as a consequence of the latter observation

and Proposition 3.1.1.

Lemma 5.2.3. Consider the sequences {(ux, Ux) } generated by Algorithm 2 and define

1

eh = gy 1Tk — wolly + Lpp (@) — f (@), (139)
k
Uy, v) = Li(u) + (Au,v) + g1(u) — g2(v), (140)
c 1
an(,0) = = ol + 5o = woll3, (141)
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where ¢, and lyy, are defined in (136). Then,

~

0 € 0z [W(-, k) — Upin, ) + il )| (@, ), (142)

Proof. Consider the functions 1, g and ¢ defined in (128) and (129). It follows from
(128), (129) and Proposition 3.1.1 that

F (i) + Bk, ) + 0a(ie) + 5l — woll3 < (6 + ) ()
< L) + g1(u) + Su— oy V(u,v) € X x Y

where 1, () is defined in (45). Using the definitions of ¢ and ¢ in (128) and (129),

relation (11), definitions of [, ,(u) and s, (u) in (45) and (136), identities (132) and

(138), and the fact ¢(u, -) is concave for any u € X, we conclude that
: k o

Ly ge(u Z = (L (s ) + Lp(us w3)) = () +ZFZ—F—

i=1 i=1 k

¢ (u, v(ui))

k
< lyn(u) + ¢ (% Z FZ_F—ZZ_IUW@)) =lrp(u) + o(u, o) Yue X.
i=1

Combining the above two relations and using the definition of ¢, U, and g} in (129),

(140) and (139), respectively, we then conclude that

~

B 1 Clk i~ -
B (g, v) g o — wolly + e — ol — &
~ ~ - Ck || ~ ~
= Lp(tx) + @ik, v) + g1 () + §k||uk —uollx — &
5 c

< () + 6 (u, B) + g1 () + 7 flu — wol%

_3 ~ L 2 Ck 2

= Wy (u, ) — §||vk —volly + 5||u —upl|3x VY(u,v) € X xY. (143)
Now, using the definition of the e-differential in (12) and the definition of gx(-,-) in

(141), the above inequality can be easily seen to be equivalent to (142).
O

The following result quantifies the quality of the entities (i, 0%), £ and (7, 7})

generated at the k-th iteration of Algorithm 2 as a candidate solution for problem

(P2).
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Lemma 5.2.4. Consider the sequences {(Uy,vx)}, {éx} and {(7x,7})} generated by

Algorithm 2. Then, for every k > 1,

(7. 7)€ Oz [DC, 1) = W(iig, )] (. 50, (144)

Y L i 3 4\,
172+ = woll + 72+ 0= ol + 25 < (4 g5 ) = wlle, (149
k

where \/I\f() is defined in (126).

Proof. Equations (130) and (135) and the definitions of W), and g, in (140) and (141)
imply that

(wg, v(i)) = argmin Wy (u, &) — W (i, v) + g (u, v).

(u,v
In view of the optimality condition of the above minimization problem, the definitions

of 7} and 7} in (137), and the definition of ¢(+,-) in (141), we then conclude that
(7, 73) = = Vau(w, v(@n) € OWa(, ) — Wi, )] (w, (7)),

Hence, by Proposition 1.1.1(b) we have

~

(7, 7) = —Vai(wi, v(@r)) € O, [Uy(-, ) — Uy (aik, )] (@, ). (146)

where

-~

5k = — [‘:[\/k(wk,ﬁk) — \I/k(ﬂk,v(ﬁk)) - <—qu(wk,v(ﬂk)), (ak;@k) — (wk,v(ﬂk)» Z O

On the other hand, in view of Lemma 5.2.3, inclusion (142) holds, or equivalently
inequality (143) holds. The latter inequality with (u,v) = (wg, v(ig)), together with

the definitions of & and &) in (137) and (139), then implies that

~

Ep > & > —‘T’k(wk, Or) + Wiy, v(t)) + g, O) — qr(wk, v(Ty))

Cr . _ 1, -
:5k+§’“||uk—wk|]§(+§||vk—v(uk)||§,, (147)

where the last equality comes from the definition of §; and the fact that the second

order Taylor expansion of the quadratic function ¢, at an arbitrary point agrees with
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qi itself. In view of (146) and (147), we then conclude that

~

(7 7)€ Oz [V, B) — Wi, )] (G, B)-

Using the definition of e-subdifferential in (12) and the definitions of &, £}, U and U,
in (137), (139), (126) and (140), respectively, and the fact that W (-, ¥;) is majorized
by \/I}(, Ux), it is now easy to see that the above inclusion implies (144).

Moreover, inequality (147), the definitions of 7}, 7y and & in (137), and the fact

¢y =1+ 1/ imply that

|78 + g — ol + 17 + T — o3 + 28,

(o — i) /T, + ex i — wie) |3 + |0 — v(@n) |3 + 28

2. N N . N
Sﬁ”“k — g% + 2 llak — will3% + |06 — v(@) |5 + 28k
k
2 B 3 4 B
Sr—illuk — ul|} + (deg + 2)), = (F_k + F_i) |t — wol|3-

]

As an immediate consequence of Lemma 5.2.4, we can now derive the iteration-

complexity for Algorithm 2 to solve problem (P2).

Proposition 5.2.5. Algorithm 2 terminates in at most

o([y/@s+ame]) (143)

iterations with an output which solves problem (P2).

Proof. The inclusion (144) and the termination criterion in step 3 of Algorithm 2
show that the output of Algorithm 2 solves problem (P2). To show the corollary, it

suffices to show that Algorithm 2 finishes in at most

foi= [1y/(Ly 4 1A = [aV/E ). (149)

iterations, where the second equality is due to the definition of L in step 0 of Algorithm

2. Indeed, assume for contradiction that Algorithm 2 has not terminated at an
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iteration k > k. The latter condition on k together with (44) and (149) can be easily
seen to imply that

[}, > 4max{1,0 %}

Moreover, since Algorithm 2 has not terminated at the k-th iteration of Algorithm 2,

it follows from the termination criterion on its step 3 and relation (145) that

. N . N - - 3 4 .
o2 ||ty — uol|3 < |7+ @ — uol|3 + |7} + Op — voHi, + 26, < (_F + _FQ) |t — wol|%-
k k

Hence, it follows from the above two conclusions that

o’ < 3+4 <4<o—2
I, I2)°T, 7

]

5.3 Accelerated algorithm Acc-SP-HPE for solving a spe-
ctal class of composite saddle-point problem

This section presents a special instance of the SP-HPE framework introduced in Sec-
tion 5.1, which we refer to as the Acc-SP-HPE method, for solving the class of compos-
ite saddle-point problem (6), or equivalently, the saddle-point problem S P(\ff; X,Y)
with W defined in (126). Each (outer) iteration of the Acc-SP-HPE method, which
is essentially a special iteration of the SP-HPE framework, invokes Algorithm 2 to
obtain a solution of the inexact prox subproblem (119)-(120). A complexity bound on
the total number of iterations performed by Algorithm 2 (called the inner iterations)
performed by the Acc-SP-HPE method to find a (p, €)-saddle-point is derived in sec-
tion. Moreover, an inner-iteration complexity for the Acc-SP-HPE method to find an
e-saddle-point is also derived for the case when the feasible set X x Y is bounded.
We assume in this section that the solution set of the composite saddle-point
problem (6) is nonempty, and assumptions C.1-C.3 are satisfied. Initially, we do not
assume boundedness of the feasible set X x Y. The case where X x Y is assumed to

be bounded will be discussed in Subsection 5.3.1.
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Recall that in Section 5.2 we have motivated the introduction of problem (P2) as a
special case of the inexact prox subproblem (119)-(120) in which A = 1. The following
result shows in fact that problem (P2) is as general as subproblem (119)-(120) for

any value of A > 0.

Proposition 5.3.1. Let A > 0 and U be a closed convez-concave function and con-
sider the k-th iteration of the SP-HPE framework. If (4,0) € X x Y, (7*,7Y) € X X Y
and € > 0 solve problem (P2) with input U = )\\TJ, (uo,v0) = (Tg—1,Yx—1) and o > 0,
then

T 1

N o . 1 i
() 1= (@,9), (7)== S0 ), e =

satisfy the conditions (119) and (120) of step 1 of the SP-HPE framework.
Proof. The conclusion follows immediately from the identity
0. [\Tf(-, 5) — (@, )| (@,7) = O [A@(ﬁ) (4, )] (@,9)
which holds for every ¢ > 0, A > 0 and (a,0) € X x Y. O

In view of the above result, we can use Algorithm 2 to solve the inexact prox
subproblem (119)-(120). This is the key idea behind the following special case of the
SP-HPE framework, referred to as the Acc-SP-HPE method, for solving the saddle-

point problem (6).
[Acc-SP-HPE] Accelerated SP-HPE Method for solving problem (6):

0) Let (zg,y0) € X x Y, A >0 and 0 < o < 1 be given and set k = 1;

1) invoke Algorithm 2 with input

=M, A=A, g1 = Agi, G2 = Aga, (UOaUO) = (xk—layk—l)a Lf = )\Lf»

and set

o | 1.
(Try ) = (0, D), T = (T, 7Tp) = X(T NG £y 1= —€

A

where (@, ), (7*,7") and & are the output generated by Algorithm 2;
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2) set o = Tp_1 — AFY,  Yp = Yk—1 — ATy, set k <k + 1, and go to step 1.

end

Proposition 5.3.2. Acc-SP-HPFE method is a special case of the SP-HPE framework

for solving the composite saddle-point problem (6).

Proof. In view of Proposition 5.3.1, the sequences {(Zx, )}, {(7f,71)} and {ex}
generated by the Acc-SP-HPE method satisfy the conditions (119) and (120) of step
1 of the SP-HPE framework. Therefore, Acc-SP-HPE method is clearly a special case
of the SP-HPE framework. O

It follows as a consequence of Proposition 5.3.2 that the pointwise and ergodic
(outer) convergence rate bounds for the Acc-SP-HPE method are as described in

statements (a) and (b) of Theorem 5.1.2, respectively.

Theorem 5.3.3. Assume that conditions C.1-C.3 hold, max{c~!, (1 —o)7'} = O(1)
and the (convex) set of saddle-points of (6) is non-empty, and let dy denote the
distance of the initial iterate (xo,v0) of the Acc-SP-HPE method with respect to this
set. Consider the sequences {(Zy, Jx)}, {(7¢,71)} and {er} generated by the Acc-SP-
HPE method and the ergodic sequences {(Z¢,9¢)}, {T¢} and {€{} defined in Theorem

5.1.2. Then, the following statements hold:
(a) for every pair of positive scalars (p,€), there exists

dy d?
ko =0 1, —,2
=0 (mefr 55 52)
such that for every k > ky, the triple ((2¢,9%),7¢,€%) is a (p, €)-saddle-point of
(6);
(b) each iteration of the Acc-SP-HPE method performs at most

o (| rLs +xlae] )

inner iterations (and hence resolvent evaluations of gy and 0gs ).
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As a consequence, the Acc-SP-HPE method finds a (p,€)-saddle-point of (6) by per-

forming no more than

O ([\/(/\Ler)@HAHQ)-‘ maX{Lf—;,f—i}) (150)

inner iterations (and hence resolvent evaluations of dgy and 0gs ).

Proof. Since by Proposition 5.3.2 the Acc-SP-HPE method is a special instance of the
SP-HPE framework, (a) follows immediately from Theorem 5.1.2(b). Statement (b)
follows immediately from Proposition 5.2.5 with Ly = ALy and A = AA, and the fact
that each iteration of Algorithm 2 performs one resolvent evaluation of dg; and two

resolvent evaluations of dgy,. The last assertion of the theorem follows immediately

from (a) and (b). O

We now make some remarks about possible values of A which minimize the com-
plexity bound (150) (up to an additive and multiplicative O(1) constant). Noting

that (150) is equivalent to

)

then it is straightforward to see that the following claims hold depending on whether

the condition

Ly 1 dy &2
A = — A< — =y =\ 151
1 maX{HAn?’ ||A||} —max{ P ek (151)

holds (case 1) or not (case 2):

1) if (151) holds then any A € [A1, A3] minimizes (150) with minimum value equal

2
(||Ar|max{d°, o })
p’ e

2) otherwise, if A\; > Ay, then A = Ay minimizes (150) with minimum value equal

65

to

to



Ideally, one should choose A according to the above discussion in order to minimize
the total number of resolvent evaluations of dg; and d¢gs. But, since dj is usually not
known a priori, we can not compute Ay, and as a result choose A = Ay as proposed
in case 2 above. Note however that we can always choose A = \A; since the latter is
easily computable. Clearly, this choice is optimal when case 1 holds and, even though
is not optimal when case 2 holds, we believe it might be a good practical choice in

both cases due to the fact that case 2 is quite unlikely.

5.3.1 Scaling of Acc-SP-HPE method for bounded composite saddle-
point problem

In this subsection, we consider the special case of problem (6) where the feasible set
X x Y is bounded and derive a complexity bound on the number of inner iterations

performed by the Acc-SP-HPE method to find an e-saddle-point.

Corollary 5.3.4. Suppose that the assumptions of Theorem 5.3.3 hold, (xo,1y0) €
X XY and the diameter D of the set X x Y defined in (9) is finite. Then, for any
e > 0, Acc-SP-HPE method finds an e-saddle-point of (6) by performing no more

than

O (W(ALJ@ + AZ‘HAM max{l, %}) <0 (W(ALf + )\QHAH?)-‘ max{l, f—j})

(152)

resolvent evaluations of Og, and 0gs.

Proof. Under the assumption that D is finite, it is straightforward to see from Def-
inition 2.1.1 and the definition of subdifferential that an (¢/2D,e/2)-saddle-point is
always an e-saddle-point. The first bound in (152) now follows immediately from the
fact that dy < D in view of the assumption that (zg,yy) € X XY, and from the bound
(150) in Theorem 5.3.3 with (p,e) = (¢/(2D),e/2). Clearly, dy < D also implies the
second bound in (152). O
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We now make a few comments about choosing A so as to minimize the right hand
side of (152) (up to an additive and multiplicative O(1) constant). Similar to the

discussion in the previous subsection, if

~ Ly 1 D>~
A o= — A — =)\ 153
! maX{HAn?’ HAH} = T (153)

holds, then any A\ € [Xl,Xz] minimizes the right hand side of (152) with minimum
value equal to O(1 + D?||A||/e). Otherwise, if A1 > Ao, then A = A» minimizes the
right hand side of (152) with minimum value equal to O(1+D+/Ly/¢). Observe that

regardless of which case holds, the right hand side of (152) assume its minimum value

) (1 + D? 14 + D ﬂ) (154)

€ €

when A\ = min {/):1,/):2}.

Clearly, letting Dy and Dy denote the diameter of X and Y, we have D =
(D% +D32/)1/2. Hence, we have Dx < D and Dx Dy < D?/2, and it is clearly possible
that Dy << D and/or DxDy << D?/2. The rest of this subsection shows that the
Acc-SP-HPE method applied to problem (6) with X and ) endowed with suitable
scaled inner products has a resolvent complexity similar to (154) but with D? in the
first term replaced by Dx Dy and D in the second term replaced by Dyx.

To achieve the above goal, we endow X and ) with new inner products

<"'>X,9 = 0<'>'>> <'7'>y,9 = 971("'% (155)

respectively, and the associated norms then become

I o = 020 - Nl 11+ Iy = 607211 Iy
and problem (6) becomes
min max ¥(z,y) = f(z) + (Agz, Wyo+ g(x) — g2(y), (156)

zeX yey
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where Ay := A. Moreover, ||Ag|ly = ||A|| where |Cllp := max,{||Cz|lyo : [|[z|lxo <
1} and the gradient of f with respect to (-,-)x¢ is Lyg-Lipschitz continuous on €2
where L;p = 67'L;. Also, the diameter of the feasible set X x Y with the product

space X x ) endowed with the Cartesian inner product (-,-)x g + (-, )y is
D; :=0D% +607'D3}.

Using the above observations, we immediately see that the Acc-SP-HPE method

applied to problem (6) where 6§ and A are chosen as

oDy { { LiDx 1 } 2DXDY}
= -, = Imin max ; 9 9
Dx [A[2Dy " || All €

and X and ) are endowed with the inner products (155), computes an e-saddle-point

of (6) by performing no more than

A L
0, (1 + “S—HDXDY + \/?fDX) (157)

resolvent evaluations of dg; and 0gs.
It is worth noting that the above complexity is the same as the complexity of

Nesterov’s smoothing method (see (4.4) in [40]).
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CHAPTER VI

NUMERICAL EXPERIMENTS

In this chapter, we conduct experiments to evaluate the performance of Acc-BD and
Acc-SP-HPE algorithms on a collection of saddle-point and/or convex optimization
problems.

The numerical performance of the two new methods is compared with several
previous methods including T-BD (see Section 4.2) and Korpelevich’s extragradient
method (Korp) [25]. Since the latter two methods, as well as the two methods studied
in this paper, are special cases of the HPE framework first proposed in [52], we have
used in their implementation an adaptive stepsize strategy (see [34]) which takes the
largest extragradient stepsize satisfying the HPE relative error criteria. It is worth
noting that this stepsize can be obtained by solving an easy quadratic equation.
All of these four methods can be further accelerated by using a dynamic scaling
technique discussed in [38, 34] to properly balance the magnitude of the primal and
dual residuals. However, we have not included this technique in our implementation
of these four methods (except in Section 6.1) since its implementation is complex and
time-consuming. The true values of the Lipschitz constants L., L,, and Lg,, all
computed with respect to Euclidean norm, are used for these four methods. We also
note our implementation of Acc-BD incorporates the safeguard that the subproblems
(73) and/or (74) are solved (exactly) using the recipe of Proposition 4.2.1 whenever
L,, < Ly, and/or Ly, < L,,, respectively.

We have also compared the four methods above with two other well-known meth-
ods, namely: Nemirovski’s prox-method (referred to Nemi-prox) [39, 60] and Nes-

terov’s smooth approximation scheme [40] (referred to Nest-app) where the smooth
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approximation is solved by a variant of Nesterov’s optimal method due to Tseng,
namely Algorithm 3 of [60] based on the update formula (18) there. We observe that
Nemi-prox is an extension of Korpelevich’s extragradient method which is based on a
general distance generating function (e.g., the entropy function ), z;log ;) instead
of the standard one, namely || - ||*/2, used by Korpelevich’s method. Our implemen-
tation of Nemi-prox uses the Li;-norm on X x ) and the entropy distance-generating
function (see pages 15-16 of [39]). Nest-app approximates the non-smooth max com-
ponent of the objective function by adding a small positive multiple of the entropy
function to the max objective function and then applies the aforementioned Tseng’s
variant based on the entropy function to solve the resulting smooth approximation.
The latter method endows both X and ) with the L;-norm (see pages 149-150 of [40]).
To improve the performance of these two methods, their implementation follows the
recipe given in [60], i.e., the initial value of the Lipschitz constant is set to a fraction
(1/8 was used in [60] and also in our experiments) of its true value and is increased
by a factor of 2 whenever a certain convergence criterion (see equations (23) and (45)
of [60]) is not satisfied.

We now make some observations about the way our computational results are
presented. First, for problems with bounded feasible sets X x Y such as the ones
considered in Sections 6.1 and 6.2, we have used the duality gap criterion of finding
(x,y) € X x Y such that gap(x,y) < ¢ (see (22)) to terminate all methods due to
the fact that Nest-app and/or Nemi-prox have been originally designed for the latter
termination criterion. Second, we have excluded Nest-app from the comparison in
Section 6.2 due to the fact it has to solve the perturbed max subproblem exactly in
order to compute the gradient of the smooth approximation of the original objective
function and the fact that this subproblem is expensive for the saddle-point problem
considered in this section. Third, we have excluded both Nest-app and Nemi-prox

from the comparison in Section 6.3 since the methods considered there are terminated
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based on the notion of approximate saddle-point of Definition 2.1.1. The reason for
changing the termination criterion on this section is due to the fact that its saddle-
point problem has unbounded feasible set and the fact that none of the six methods
compared in this paper have been shown to converge based on the (stronger) duality
gap criterion in this situation.

Finally, all the computational results were obtained in MATLAB R2013a on a

quad-core Linux machine with 8GB memory.

6.1 Vector-matrix saddle-point problem

This subsection compares Acc-BD with T-BD, Korp, Nemi-prox and Nest-app for

solving a collection of instances of the minimization problem
in 110z — b2 + Oae(A(a) 158
2200 5107 = U+ fran(A(2)) .

where C' € ™™, b e R, Ay,--- A, € 8" and A(z) = Y " 2,4, € SV It
is easy to verify that the above problem is equivalent to the following vector-matrix

saddle-point problem:

1
min max Uy(z,y) = §HC$ —b|]* + (A(x),y) (159)

TEA, yeN
where Q = {y € S" : tr(y) = 1,y = 0}.

Hence, we can apply the above methods on the saddle-point problem (159). In the
numerical experiment, the matrices Ay,--- , A,, and C' are randomly generated such
that each entry is generated independently and uniformly in the interval [—1,1] and
Ay, -+ A, are then symmetrized. All methods are terminated whenever the duality

gap at a candidate solution (Z,7) is less than a given tolerance ¢, i.e.,

L0 — b+ 0, (A@) — min {%Hw Y <A<x>,g>} <e  (160)

TEA M,

Both the current pointwise iterate (Zj,9x) and the current ergodic iterate (Z¢,y¢)

defined in (82) are used to check the stopping criterion (160) for the methods Acc-BD,
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T-BD, Korp and Nemi-prox. As described in Theorem 3 of [40] (see also Corollary 3 of
[60]), the usual dual sequence generated by Nest-app is obtained by taking a weighted
average of a sequence of dual maximizers for the perturbed max subproblems. In our
experiment, we evaluate the max term of (160) at the current (usual) primal iterate
and the min term of (160) at both the current weighted average dual iterate and the
current dual maximizer, and choose the largest of the two values in order to obtain
the smallest value for (160).

Table 1 reports the CPU time and the number of eigen-decompositions (in order
to evaluate the resolvent of 0Zg) for each method. The CPU times reported in this
table do not include the time spent to evaluate the left hand side of stopping criterion
(160), which is checked every 5 iterations. Due to space limitation, Table 1 does not
specify the number of iterations performed by each method. We note however that
the number of iterations performed by T-BD, Korp, Nemi-prox and Nest-app can be
obtained by dividing the corresponding number of eigen-decompositions by 1, 2,2 and
2, respectively. Also, the number of outer (HPE) iterations performed by Acc-BD
is equal to the number of eigen-decompositions due to the fact that L,, = 0 for the
saddle-point considered in this subsection and the fact that the safeguard used in our
implementation ensures that the proximal subproblem in the y-variable is solved by
means of a single resolvent evaluation of 0Z.

Observe from the results reported on Table 1 that the four HPE methods per-
formed better than both Nemi-prox and Nest-app on this collection of saddle-point
problems. We believe that this might be due to the fact that the implementation
of these methods incorporate both the adaptive stepsize and scaling strategies men-
tioned above (see [38] and [34] for details on these strategies). Also, Acc-BD was by

far the fastest among the six methods on this collection of saddle-point instances.
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Table 1: Computational results for the methods Acc-BD, T-BD, Korp, Nemi-prox
and Nest-app on vector-matrix saddle-point problems (159) with different sizes. All
methods are terminated using criterion (160) with e = 107* and 107°. CPU time in
seconds and the number of eigen-decompositions are reported for each method.

Tol. Problem Acc-BD T-BD Korp Nemi-prox Nest-app
€ m/n/ ﬁzz time /#eigen time /#eigen time /#eigen time /#eigen time /#eigen
100/50/4.73 0.34/ 50 0.62 / 200 0.74 / 400 4.09 / 2730 68.04 / 33310
100/100/2.66 2.25 / 185 3.66 / 360 5.83 / 910 42.74 /6720 270.63 / 34650
100/200/1.55 9.12 / 210 18.48 / 530 11.88 / 520 77.06 / 3220 924.61 / 31200
200/50/9.30 0.83 /150 1.66 / 350 2.45 / 860 5.05 / 2060 101.02 / 29030
10~4 200/100/5.32 2.12 / 105 6.16 / 410 9.98 / 1080 25.88 / 3080 388.10 / 30520
200/200/2.72 10.85 / 160 19.60 /360 28.22 / 830 216.60 / 6620 1877.7 / 32150
500/50/19.88 1.38 /80 2.94 / 315 3.21 / 600 16.78 / 3600 147.75 / 19680
500/100/12.16 5.31 / 130 22.49 / 790 17.06 / 1090 199.88 / 12870 675.36 / 20970
500/200/6.98 35.81 / 265 141.43 / 1315 113.68 / 1890 489.88 / 8230 3346.9 / 21500
100/50/4.73 0.50/ 150 0.78 / 230 1.01 / 540 11.77 / 7240 N/A / >200000
100/100/2.66 4.51 / 345 5.14 / 515 8.40 / 1340 89.70 / 14520 N/A / >200000
100/200/1.55 19.38 / 420 31.11 /915 18.06 / 730 142.10 / 6570 N/A / >200000
200/50/9.30 1.51 / 305 2.15 / 500 4.37 / 1530 9.75 / 3760 N/A / >200000
10-° 200/100/5.32 4.28 / 225 8.73 / 605 14.35 / 1550 56.70 / 6290 N/A / >200000
200/200/2.72 15.87 / 220 27.19 / 500 45.64 / 1310 489.90 / 15090 N/A/ >200000
500/50/19.88 1.93 /130 4.16 / 440 4.47 /840 28.52/ 5870 N/A / >200000
500/100/12.16 6.06 / 150 26.47 / 925 22.41/ 1420 331.80 / 21430 N/A / >200000
500/200/6.98 66.12 / 445 185.11 / 1650 147.85 / 2500 1294.2 / 21260 N/A / >200000

6.2 Quadratic game problem

This subsection compares Acc-BD with T-BD, Korp and Nemi-prox for solving a

collection of instances of the quadratic game problem

1 1
in max ¥z, y) = 5| Bae* + 2" Ay — SlICy|?

(161)

where A € R™*" B € R™*™ and C' € R™*".

For this comparison, the matrices A, B and C' are randomly generated such that
each entry is nonzero with probability p and each nonzero entry is generated inde-
pendently and uniformly in the interval [0, 1]. The above five methods are terminated
whenever the duality gap at the candidate solution (7, 7) is less than a given tolerance

€, 1.e.,

g {SUB3I +37Ay = 3lCu1? | — o {G1Bal? + T A7 - FlCaP} < e
(162)
Both the iterate sequence {(Zx, Jx)} and the ergodic sequence {(Z¢,yf)} are used to
check the stopping criterion (162) for the five methods considered in this section.
Table 2 reports the CPU time and the number of gradient evaluations (i.e., evalua-

tions of V,¥(-,-) and V,¥(-,-), each counted separately) for each method. This table
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also reports the number of outer (HPE) iterations for the Acc-BD method. The CPU
times reported in this table do not include the time spent to evaluate the left hand
side of stopping criterion (162), which is checked every outer iteration for Acc-BD
and every five iterations for the other four methods. Due to space limitation, Table
2 does not specify the number of iterations performed by the methods T-BD, Korp
and Nemi-prox . We note however that the number of iterations performed by these
three methods can be obtained by dividing the corresponding number of gradient
evaluations by 4.

Table 2 shows that T-BD had almost the same numerical performance as Korp on
this collection of quadratic game instances and they are outperformed by Nemi-prox
on several instances of this collection. Acc-BD was by far the fastest among the four
methods on all instances of this collection. The results also confirm our conclusion
in the paragraph following Corollary 4.4.2 that the performance of Acc-BD improves

as the ratio max{ L, Ly, }/L,, increases.

Table 2: Computational results for the methods Acc-BD, A-SP-HPE, T-BD and Korp
on two-player quadratic games with different sizes and sparsities. All methods are
terminated using criterion (162) with e = 1073 and 107%. CPU time in seconds and
number of gradient evaluations are reported for each method.

Tol. Problem size Lip. ratio Acc-BD T-BD Korp Nemi-prox
e m/n/p % iiz time #grad. /iter. time #grad. time #grad. time #grad.
1000/1000/0.1 48.11 48.03 0.37 276/7 0.86 700 0.94 720 1.68 1220
1000/1000/0.2 91.11 91.46 0.74 378/8 2.92 1520 3.05 1540 1.72 780
1000/2000/0.1 34.37 135.67 0.85 347/7 4.85 2080 4.98 2080 4.76 1880
10-3 1000/2000/0.2 64.61 257.13 2.22 569/9 20.22 5120 20.53 5120 5.93 1420
2000/1000/0.1 135.28 34.18 0.77 307/7 4.93 2160 5.20 2180 4.78 1920
2000/1000/0.2 256.76 64.77 2.00 508/8 19.23 4900 19.55 4900 5.80 1440
2000/2000/0.1 95.65 96.04 0.93 286/6 4.49 1220 4.57 1240 4.64 1220
2000/2000/0.2 181.91 181.75 2.25 406/6 15.12 2480 15.64 2500 4.98 780
1000/1000/0.1 48.11 48.03 0.91 802/32 2.47 2120 2.69 2140 14.24 10840
1000/1000/0.2 91.11 91.46 2.07 1058/28 7.64 4000 8.15 4020 12.49 6060
1000/2000/0.1 34.37 135.67 2.86 1188/38 17.87 7780 18.67 7780 36.25 14740
10-6 1000/2000/0.2 64.61 257.13 5.52 1400/30 56.91 14540 58.89 14540 42.69 10100
2000/1000/0.1 135.28 34.18 2.07 844 /24 17.07 7480 17.90 3740 37.28 15120
2000/1000/0.2 256.76 64.77 5.10 1256/26 49.00 15300 60.81 15300 39.65 9700
2000/2000/0.1 95.65 96.04 2.80 790/20 13.34 3700 14.11 3720 42.72 11020
2000/2000/0.2 181.91 181.75 5.85 1029/19 41.73 6760 42.57 6800 37.56 5880

6.3 A regularized least-square problem

This subsection examines the performance of methods Acc-BD, A-SP-HPE, T-BD

and Korp for solving a collection of instances of the following regularized least-square

74



problem

1
min —

AX — B 2 X X N 1

where the matrices A € R™*k, B € R#™*" and the regularization parameters 3 > 0
and vy > 0 are given. Note that the purpose of the regularization term 5| X ||; +~/|| X ||~
in (163) is to simultaneously induce sparsity and low-rankness on X. Clearly, problem
(163) is a special instance of the class of optimization problem (28) where ¢;(X) =
Bl X||l1 and g3(X) = || X||«. Hence we can apply the above four methods to solve
problem (163).

In the numerical experiment, the matrices A and B are generated as sparse matri-
ces with 1% nonzero entries that are independently and uniformly distributed in the
interval [—1,1]. The regularization parameters § and ~ are set to 0.0005n. In view
of Theorem 4.2.2, Theorem 4.4.1 and Theorem 5.3.3, T-BD, Acc-BD and A-SP-HPE
generate an easily computable SP-residual ((7f,7}),ef + ¢}) at each iteration. We
have also implemented a version of Korp (see for example [35]) that generates the
above easily computable SP-residuals. The above four methods are then terminated

whenever

Gl y}
max — ——., &, +epp <e (164)
{maX{L IZell, Ngwlly "7

Table 3 reports the CPU time and the number of singular value decomposition (in
order to evaluate the resolvent of dgy) for the above four methods. Due to space lim-
itation, Table 2 does not specify the number of iterations performed by each method.
We note however that the number of iterations performed by T-BD and Korp can
be obtained by dividing the corresponding number of SVD computations by 1 and
2, respectively. Also, the number of outer (HPE) iterations performed by Acc-BD
is equal to the number of SVD computations due to the fact that L,, = 0 for the

saddle-point considered in this subsection and the fact that the safeguard used in our
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implementation ensures that the proximal subproblem in the y-variable is solved by
means of a single resolvent evaluation of Ohj.

Table 3 shows that Korp and A-SP-HPE was the slowest among the four methods
on 8 out of 9 instances. The computational results also show that Acc-BD was the
fastest on this collection, and it performed especially well when the computational

cost of computing a SVD is much larger than that of a matrix-vector multiplication.

Table 3: Computational results for the methods Acc-BD, A-SP-HPE, T-BD and Korp
on the regularized least-square problems (163) with different problem sizes. The four
methods are terminated using criterion (164) with ¢ = 1073. CPU time in seconds
and the number of singular value decomposition are reported for each method.

Problem Acc-BD T-BD A-SP-HPE Korp
m k n é—z time #svd time #svd time Fsvd time  Fsvd
100 100 100 2.40| 0.31 35 0.35 72 1.40 442 1.23 276
100 200 200 4.14 | 1.70 36 1.88 93 5.42 340 5.96 356
100 500 500 4.92 | 62.71 99 | 191.43 465 | 225.18 594 | 265.85 752
200 100 100 3.79 | 0.61 50 0.87 165 3.85 706 3.62 636
200 200 200 5.44 | 1.60 39 2.65 106 5.81 258 8.64 398
200 500 500 7.14 | 44.63 100 | 175.11 682 | 189.01 872 | 376.03 1350
500 100 100 5.70 | 0.28 26 0.61 91 1.59 284 2.48 350
500 200 200 6.61 1.72 38 3.23 108 8.67 362 | 10.85 414
500 500 500 9.49 | 57.06 126 | 169.56 681 | 211.79 1300 | 577.10 2558

6.4 Real-world Applications

In the section, we evaluate the performance of the two proposed methods Acc-BD,

A-SP-HPE for solving the real-world applications introduced in Section 2.3.
6.4.1 Sparse PCA

This subsection compares the performance of Acc-BD and A-SP-HPE to Korpelevich’s
extragradient method (Korp) for solving sparse PCA problem (31) on five real-world
data sets which were collected and studied in [26]. Table 4 reports the name of each
data set and their corresponding dimension of the matrix A in problem (31). In
our numerical experiment, the given covariance matrix A is scaled as that its largest

eigenvalue is 1 and the parameter p in (31)is set as 0.001.
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The three methods compared in this subsection are terminated whenever the du-
ality gap (22) at the candidate solution (Z,7) is less than a given tolerance e. Both
the iterate sequence {(Zg, Jx)} and the ergodic sequence {(Z¢,7¢)} are used to check
the duality gap (22) for the three methods considered in this section. Table 4 reports

the CPU time and the number of (outer) iterations for each method.

Table 4: Computational results for the methods Acc-BD, A-SP-HPE and Korp on
sparse PCA problems with different problem sizes. The three methods are terminated
whenever the duality gap (22) is less than ¢ = 1072. CPU time and the number of
(outer) iterations are reported for each method.

Data set problem size Acc-BD A-SP-HPE Korp
#variables time / iter. time / iter. time / iter.
Arabidopsis thaliana 834 527.07 / 1490 | 1407.3 / 2870 | 1173.8 / 1860
Estrogen receptor 692 163.30/ 715 | 426.57 / 1375 | 283.07 /700
Leukemia 1255 1033.9/990 2728.5/1910 | 2440.7 / 1290
Lymph node status 587 87.6 / 550 226.97 / 1055 | 152.51 / 535
Hereditary breast cancer 1869 6242.9 / 1925 | 16813.2/3750 | 21407.3 /3485

6.4.2 Sparse inverse covariance estimation

This subsection compares the performance of Acc-BD and A-SP-HPE to Korpelevich’s
extragradient method (Korp) for solving a collection of instances of SICE problem
(33) on the same five real-world data sets used in Subsection 6.4.1. In our numerical
experiment, the given covariance matrix A is scaled as that its largest eigenvalue is 1
and the matrix A in (33) is set as 0.005 for off-diagonal elements and 0 for diagonal
elements.

The three methods compared in this subsection are terminated whenever the du-
ality gap (22) at the candidate solution (Z,7) is less than a given tolerance e. Both
the iterate sequence {(Zy,Jx)} and the ergodic sequence {(Z¢, yf)} are used to check
the duality gap (22) for the three methods considered in this section. Table 5 reports

the CPU time and the number of (outer) iterations for each method.
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Table 5: Computational results for the methods Acc-BD, A-SP-HPE and Korp on
SICE problems with different problem sizes. The three methods are terminated when-
ever the duality gap (22) is less than € = 107!, CPU time and the number of (outer)
iterations are reported for each method.

Data set problem size Acc-BD A-SP-HPE Korp
#variables time / iter. time / iter. time / iter.
Arabidopsis thaliana 834 89.22/235 255.98/ 335 | 716.65 / 1110
Estrogen receptor 692 50.31/ 205 154.46/ 305 | 440.64 / 1015
Leukemia 1255 652.80/595 1998.2/890 4741.3/ 1985
Lymph node status 587 25.77/ 150 78.29 /220 233.35/ 795
Hereditary breast cancer 1869 1578.9 / 1510 | 5030.8/ 2325 | 4263.9/3115

6.4.3 Truncated collaborative filtering for recommender system

This subsection compares the performance of Acc-BD and A-SP-HPE to Nesterov’s
method and Korpelevich’s extragradient method (Korp) for solving four instances of
the truncated collaborative filtering problem (36) where the matrix R are provided by
three synthetic data sets and the real-world movielens data set !. The dimensions of
matrix R in these four instances are 200 x 200, 500 x 500, 1000 x 1000 and 2000 x 3000
respectively. In the synthetic data sets, R was generated as the sum of a low-rank
matrix (rank=>50) and random noise, which are then truncated to the range [1,5]
and S is generated as binary matrix with 5% nonzero elements. The parameters in
problem (36) are set as u=0.05,l=1and u=5.

Instead of terminating the four methods using termination criteria, we fix the
number of outer iterations as 100 and plot the objective function v.s. time to compare
the four methods. As shown in Figure 1, while Ac-BD and Korp are the fastest two
methods, Acc-BD is slighted better than Korp on this set of problems and A-SP-HPE

is substantially better than Nesterov’ method.

Thttp://movielens.org
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Figure 1: Computational results for the methods Acc-BD, A-SP-HPE, Nesterov’s
method and Korp for solving truncated collaborative filtering problem (36). The

plots report objective function value v.s.time comparison on four data sets of size
200 x 200, 500 x 500, 1000 x 1000 and 2000 x 3000 respectively.

6.4.4 MR image recovering

This subsection compares the performance of Acc-BD and A-SP-HPE to Nesterov’s
method and Korpelevich’s extragradient method (Korp) for solving the MR image
recovering problem (37) on the four real-world images. For all four cases, we create the
noisy observation using a partial Fourier convolution and a masking operator to hide
40% pixels. The additive white Gaussian noise has standard deviation o = 0.025.
The reconstruction operator W uses separable bidimensional Daubechies wavelets
with two vanishing moments which generate a dictionary with redundancy [ = 13.
The parameters in problem (36) are set as u = 0.0005 and v = 0.005 .

Instead of terminating the four methods using termination criteria, we fix the
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number of outer iterations as 100 and plot the objective function v.s. time to compare

the four methods. As shown in Figure 2 — 5, while Ac-BD and Korp are the fastest two

methods, Acc-BD is slighted better than Korp on this set of problems and A-SP-HPE

is substantially better than Nesterov’ method.
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Figure 2: Recovering chest MR image: [Upper left] Computational results for the
methods Acc-BD, A-SP-HPE, Nesterov’s method and Korp for solving MR image
recovering problem (37); [upper right] original Image; [bottom left] observed image;
[bottom right] image recovered by Acc-BD.

80



2000

Acc-SP-HPE
——-Acc-BD
—+— Nesterov
Korp

1500

1000

objective function

500

0 100 200 300 400
seconds

My 5.09—04;VTVZ 5.0e-03;
it. #100; SNR: 14.36dB

g, 0.025; Py 0.4, 0, 2; SNR: 3.68dB

50 100 150 200 250 50 100 150 200 250]

Figure 3: Recovering Renal Arteries MR image: [Upper left] Computational results
for the methods Acc-BD, A-SP-HPE, Nesterov’s method and Korp for solving MR
image recovering problem (37); [upper right] original Image; [bottom left] observed
image; [bottom right| image recovered by Acc-BD.
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Figure 4: Recovering coronal brain MR image: [Upper left] Computational results
for the methods Acc-BD, A-SP-HPE, Nesterov’s method and Korp for solving MR
image recovering problem (37); [upper right| original Image; [bottom left] observed
image; [bottom right| image recovered by Acc-BD.
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Figure 5: Recovering brain MR image: [Upper left] Computational results for the
methods Acc-BD, A-SP-HPE, Nesterov’s method and Korp for solving MR image
recovering problem (37); [upper right] original Image; [bottom left] observed image;
[bottom right] image recovered by Acc-BD.
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CHAPTER VII

CONCLUDING REMARKS

7.1 Summary of contributions

In this dissertation, two new methods are introduced for solving composite saddle-
point problems. The first method, Acc-BD, is a special instance of the BD-HPE
framework for solving CSP problem (5). It exploits the fact that the two prox sub-
inclusions are equivalent to composite convex programs. By using a Nesterov-type
accelerated method to approximately solve them. It is shown that the new method
outperforms previous BD-HPE methods both theoretically and computationally in
situations where max{ L, Ly, } >> L,,. Moreover, The experiment results on seven
problem sets have shown that the new method significantly outperforms several state-
of-the-art algorithms.

The second new algorithm, A-SP-HPE, is proposed for solving a special class
of CSP problems (6). This method is a special instance of the hybrid proximal
extragradient (HPE) framework in which a Nesterov’s accelerated variant is used
to approximately solve the prox subproblems. One of the advantages of the this
method is that it works for any constant choice of proximal stepsize. Moreover, a
suitable choice of the latter stepsize yields a method with the best known (accelerated
inner) iteration complexity for the aforementioned class of saddle-point problems. In
contrast to the smoothing technique of Nesterov, this new accelerated method does
not assume that feasible set is bounded due to its proximal point nature.

Last but not least, this dissertation demonstrates a few examples of real-world
applications in the area of machine learning and image processing which can be for-

mulated as composite saddle-point problems and then can take advantage of the
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recent development in the area of numerical optimization for saddle-point problems.

7.2 Future work and challenges

First, it is worth noting that both the mirror-prox method by Nemirovskii [39] and
Nesterov’s smooth approximation scheme [40] can be implemented using the entropy
distance-generating function and with X and ) endowed with the Li-norm. In the
future, we plan to design variants of Acc-BD and Acc-SP-HPE that can take advan-
tage of entropy distance-generating function and compare it with the corresponding
variants of mirror-prox method and Nesterov’s method.

Second, it is still an open problem that if HPE and BD-HPE framework can be ex-
tended for for solving stochastic saddle-point problems. The challenge of this direction
is due to that the formulation of both frameworks uses error criteria (3) which must
be satisfied at every iteration. Since the stochastic setting of composite saddle-point
problem is extremely important for real-world applications, especially large-scale ma-
chine learning problems, we would like to continue to explore this direction in the

future.
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