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SUMMARY

Motivated by the convergence of physical systems and data-driven technologies under the in-
dustry 4.0 paradigm, the research addresses two central challenges: how to emulate nonlinear
dynamics governed by physical laws, and how to reduce the cost of sensing and inference in in-
verse problems. This dissertation investigates physics-aware statistical learning as a principled
and computationally ef cient framework for modeling complex engineering systems and support-
ing high-stakes decision-making. By integrating physical knowledge with statistical and machine
learning techniques, the proposed approaches enable interpretable, scalable, and uncertainty-aware
modeling for digital twin development, advanced manufacturing, and environmental monitoring.

Chapter 2 presents a physics-aware surrogate modeling framework for nonlinear dynamical
systems, with a focus on aircraft-UAV collisions. The full-order model derived from nite element
analysis (FEA) is computationally expensive, so the proposed method constructs a reduced-order
model using proper orthogonal decomposition (POD) and then builds a two-stage statistical model:
a multivariate Gaussian process (GP) captures the mapping from physical parameters to external
forces, and a function-to-function regression (based on functional principal component analysis)
learns the dynamic system response. The resulting surrogate achieves high prediction accuracy
while offering signi cant speed-up compared to direct FEA, making it a practical tool for assessing
collision severity under varying impact conditions. We show that the proposed physics-aware
statistical model can achieve a 12% out-of-sample mean relative error, and is mot&thiames
faster than Finite Element Analysis (FEA).

Chapter 3 addresses the inverse problem of ultrasonic weak bond detection in advanced man-
ufacturing. We propose a physics-aware statistical ML framework for ultrasound testing in ad-
vanced manufacturing: combining function-to-function Gaussian Process regression with Amor-
tized Variational Inference to estimate latent physical variables re ecting adhesive bond integrity

and strength. This approach integrates rich functional data with physical modeling for robust in-

Xvii



tegrity assessment. The method enables estimation of interfacial stiffness from high-dimensional
ultrasound data while mitigating the effects of ultrasonic couplants and measurement artifacts. By
incorporating frequency-domain information and enforcing smoothness in the inference network,
the model achieves physically interpretable and real-time estimations of bond quality. Validation
on both simulated and experimental data demonstrates the method's ability to perform scalable and
accurate inspections, providing a valuable tool for nondestructive evaluation and quality assurance
in adhesive-bonded structures.

Chapter 4 focuses on sparse sensor allocation for detecting leaking emission sources, such as
methane, over large spatial domains. The problem is formulated as a bilevel optimization where
the upper-level objective minimizes the integrated mean squared error (IMSE) of estimated emis-
sion rates, while the lower level solves a constrained inverse problem accounting for non-negativity,
sparsity, and physical uncertainties such as wind conditions. Two solution algorithms are proposed:
repeated sample average approximation (rSAA) and stochastic bilevel approximation (SBA), both
implemented with GPU acceleration. The framework signi cantly improves inference accuracy
and adapts sensor deployment based on underlying physics and uncertainty, demonstrating its util-
ity in environmental monitoring and smart sensing systems. Convergence analysis is performed to
obtain the performance guarantee, and numerical investigations show that the proposed approach
can allocate sensors according to the parameters and output of the forward model. Computationally
ef cient code with GPU acceleration is developed.

Finally, Chapter 5 summarizes the original contributions and outlines future research direc-
tions. This dissertation introduces a uni ed framework for physics-aware statistical learning that
enables interpretable and ef cient modeling of complex engineering phenomena. Both the method-
ologies and applications advance the state of the art in integrating physical knowledge with statis-
tical learning, laying a foundation for next-generation decision-making systems in engineering

applications.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

The accelerating convergence of physical systems and digital technologies is changing the way
modern engineering problems are approached. At the forefront of this transformation is the emer-
gence of digital twins, virtual dynamic counterparts of physical assets that integrate real-time sen-
sor data, computational modeling, and decision-making logic. These digital representations are
foundational to the vision of industry 4.0, which demands not only automation and connectivity

but also the ability to predict, adapt, and optimize system behavior under uncertainty.

Figure 1.1: Failure Mode Prediction and Quality Control of CFRP Composite Lap Joints.

Building intelligent digital twins, however, presents a fundamental challenge: the physical sys-
tems being modeled are often governed by complex, nonlinear dynamical equations that are com-
putationally expensive to solve, especially in real time. Conventional simulation techniques, such

as nite element methods, while accurate, are often too slow or data-hungry to support the inter-

1



active, adaptive, and scalable modeling required by modern engineering applications. As a result,
there is a pressing need for modeling frameworks that are simultaneously computationally ef -
cient, physically grounded, and statistically robust. Figure 1.1 shows an application in aerospace
that aims to predict the failure mode and control the quality of the carbon ber reinforced poly-
mer composite lap joints (CFRP) [1], which has been examined for the convergence of data-driven
and physical models using statistical approaches based on physics. It enables interpretable models
and actionable insights. Then we can realize process optimization and real-time quality control
of composite manufacturing. The physics model is cheaper, more interpretable and good for the
what-if analysis. But the (sensor) data-driven model is faster in computing, good at uncertainty
guanti cation and incorporating sensor data streams.

This dissertation is motivated by the opportunity to address this need through Physics-Aware
Statistical Learning (PASL), a paradigm that seeks to merge the interpretability and rigor of physics-
based modeling with the exibility and data-adaptivity of statistical and machine learning ap-
proaches. Rather than replacing traditional models, this framework aims to augment and accelerate
them, enabling fast, reliable predictions that respect physical laws and can be continuously re ned
using real-world data or sequential design of computer simulations. A key enabler in this direc-
tion is the use of surrogate models, such as reduced-order models (ROMs), which approximate
high-dimensional simulations in lower-dimensional latent spaces, signi cantly reducing computa-
tional cost while preserving essential system dynamics. When embedded within statistical learning
structures, such as Gaussian processes or variational inference schemes, these emulators are both
data-ef cient and uncertainty-aware. Furthermore, by incorporating physical constraints, bound-
ary conditions, and conservation principles into learning algorithms, the resulting models achieve
greater robustness and generalizability.

The impact of such frameworks spans diverse engineering domains. For instance, in aviation
safety of incorporating drones into national air space, modeling the structural response of an air-

craft to UAV collisions involves nonlinear dynamics that are prohibitively expensive to simulate



across many conditions. A physics-aware surrogate model can learn from a small set of simula-
tions to predict system behavior under new scenarios with orders-of-magnitude faster speed. In
advanced manufacturing and operation of engineering structures with adhesive bonding, physics-
aware learning frameworks can enable interpretable, quantitative, scalable and real-time ultrasonic
weak bond detection. Similarly, in environmental monitoring, detecting sparse emission sources,
such as methane leaks, requires smart sensor placement strategies that balance information gain
and deployment cost.

Ultimately, the motivation of this work lies in advancing scienti ¢ computing tools that are
not only fast and scalable, but also interpretable, trustworthy, and grounded in physical reality. In
doing so, physics-aware statistical learning offers a principled pathway to develop digital twins
and decision-support systems that meet the demands of next-generation engineering, where timely
insight, resilience to uncertainty, and alignment with rst principles are all paramount. This dis-
sertation contributes to this vision by developing methodologies that integrate domain knowledge

with data-driven modeling and inference.

1.2 Research Objectives

In this dissertation, there are three components covered for physics-aware statistical approaches.
The rst part is statistical learning considering interpretability, high-dimensional data, and uncer-
tainty quanti cation. The second part is scienti c computing consisting of nite element analysis,
physics-informed Al/ML and high-performance computing. The intersection between them is the
reduced-order model. The third part is decision making for high-stakes applications, sensor data,
and new knowledge discovery, such as inverse problems. The trustworthy and computational ef -
cient model performs as surrogate models for decision making. The research focus is to incorpo-
rate physics information into these three parts with a focus on advanced manufacturing, advanced
sensing and digital twin modeling.

This dissertation introduces physics-aware statistical learning approaches to answer two major

3



Figure 1.2: The research topics in this dissertation.

guestions and following strategies in scienti c computing and decision making applications:

How to mimic dynamics and nonlinearity?

» Projection-Based Reduced Order Modeling. (Chapter 2)

* Function-to-Function Regression for Complex Engineering Systems. (Chapter 2 and 3)

« Statistical Learning for Emulation and Uncertainty Quanti cation. (Chapter 2 and 3)
How to reduce the cost of sensing and inference?

» Sensor Modeling and Calibration. (Chapter 3)

» Scalable and Real-Time Sensor Inference for Inverse Problems. (Chapter 3 and 4)

» Optimal Sensor Allocation for Monitoring System. (Chapter 4)

The aircraft-UAV collision process is governed by nonlinear structural dynamics equations.
Current collision severity assessment requires repeated high- delity Finite Element Analysis (FEA)
under different impact parameter settings, leading to unmanageable demands on computational re-

sources. Through the proposed physics-informed statistical model, we show how to learn and

4



predict aircraft metal skin deformation processes governed by nonlinear structural dynamics equa-
tions. This dissertation shows (i) how uncertainty propagates through each stage of this highly
interpretable process, i.e., from condition parameters, to external force, and to deformation; (ii)

how the model can in turn be used to predict the collision processes under new impact conditions.

Adhesive bonding is a superior technology, compared to welding, riveting, and mechanical fas-
teners, due to its inherent nature of providing more uniform stress transfer, high fatigue resistance,
and a reduction in structural weight. However, it remains a challenge to use the NDI (functional)
signal to detect poor adhesion between the adherend and the adhesive. This task requires solving
an inverse problem that maps the measured data back to the latent physical parameters of the bond
integrity. This dissertation proposes a physics-aware statistical ML framework for accurate and
scalable statistical inference for the interfacial characteristics of adhesive joints.

Source term estimation, an important class of inverse modeling, has been conducted among
many applications, such as the fugitive methane gas leak source detection [2], the air pollution
source identi cation [3], the nuclear source detection in an urban area [4], the heat source localiza-
tion [5], etc. We would like to study the optimal sensor placement for locating leaking sources and
determining their emission rates under an uncertain wind eld. Very often, the number of sensors
that can be placed is far less than the number of potential emission sources (meaning that it is not
possible to monitor all sources individually) . This naturally gives rise to an important question:
when the number of sensors is far less than the number of sources, how can sensors be optimally

allocated to obtain accurate estimation of the emission rates for multiple sources?

1.3 State-of-the-art

Nonlinear dynamical systems governed by rst-principle physics are widely used in scienti ¢ and
engineering applications. To model the data arising from these engineering systems,sting strate-
gies are available in the literature to incorporate knowledge. Some incorporate domain knowledge

such as Bayesian priors, regularizations, and hard and soft constraints. For example, [6] propose
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BdryGP to impose a boundary condition on the Gaussian process. Some use statistical/ML mod-
els as bias correction terms [7, 8]. Some approximate physical processes by data-driven models,
such as spatial convolution for the advection process [9, 10], statistical surrogate models [11, 12].
Some report a physics-informed neural network (PINN) by striking a balance between data-driven
learning and physics discovery by building novel objective functions [13, 14]. Some propose
physics-informed Kriging [15]. Some propose explainable machine learning [16, 17]. This disser-
tation aims to add more statistical machine learning tools to incorporate physics knowledge and
increase their visibility and broader impact on more engineering applications.

We introduce physics-informed statistical learning to reduced-order modeling of nonlinear dy-
namical systems representing aircraft-UAV collisions. Physics-informed statistical learning has
received much attention from the communities of statistics, engineering and applied mathemat-
ics. In the literature of statistics, for example, [18] established the explicit link between Gaussian
Markov random elds and advection-diffusion processes described by stochastic Partial Differ-
ential Equations (sPDE). [19] proposed a Gaussian spatial-temporal process by solving an sPDE
with spatially- and temporally-invariant advection-diffusion, and [20] extended the framework for
spatially-varying advection-diffusion. A summary of statistical spatio-temporal modeling with
sPDE is provided in [21] and [22]. In particular, statistical surrogate models play a critical role
in physics-informed statistical modeling [23, 24]. Surrogate models are typically constructed fol-
lowing two strategies: projection-based and data-driven-based. For projection-based approaches,
[11] proposed the statistical model of large eddy simulations for design evaluation and physics
extraction utilizing the idea of Proper Orthogonal Decomposition (POD). For data-driven ap-
proaches, Gaussian processes (GP) have been extensively used to construct statistical surrogate
models [25, 26, 27, 28, 29, 30, 31, 32, 33, 34]. Advances in physics-informed machine learning
are also rapidly emerging. The goals often involve data-driven discovery of governing physics,
or state/parameter/operator inference which are physically meaningful. Some recent results in-

clude (i) the Hidden Physics Model for learning PDE from noisy measurement data [35, 36, 37].



Such an approach is related to statistical GP models and leverages the underlying physics by as-
signing GP priors to the latent solutions of nonlinear PDE. (ii) PINN—another milestone of su-
pervised learning that integrates laws of physics given by nonlinear PDE [13]. PINN involves
simultaneously training two neural networks that respectively perform data-driven learning and
discovery of physics in the form of PDE, and has been quickly adopted to generate a variety of
new physics-informed machine learning approaches, such as the deep hidden physics models [38],
and stochastic/fractional/Levy process/nonlocal PINNS [39, 40, 41]. Recently, [42] proposed a
physics-informed Neural Process Aided Ordinary Differential Equation (NP-ODE) model to cap-
ture the input-output uncertainties of FEA simulations. (iii) Low-dimension projection-based mod-
els for large-scale nonlinear dynamical systems [43, 44]. High-dimensional physical processes or
data are projected onto the leading principal components through POD to preserve system physics.
Then, machine learning methods are employed to learn the mapping between physical parameters
and the POD expansion coef cients.

For ultrasound testing in advanced manufacturing, we address the ultrasound couplants effect
using function-to-function regression models. Although the function-to-function regression has
been widely applied in scienti ¢ and engineering elds [45, 46, 47, 48, 49, 50], the reduced-basis-
based methods, including functional principal components, may lack physical interpretability. In
a recent work of [51], the advantages of constructing function-to-function regression model in
the frequency domain have been well demonstrated. In particular, the spectral information of
functional inputs can be integrated into function-to-function regression as important source of the
physics of tissue-mimicking problems. Considering that both of the functional inputs and out-
puts in ultrasound testing are ultrasonic re ection waves, we integrate the spectral information of
both the functional inputs and outputs into our function-to-function model. As a result, both the
functional inputs and outputs possess the appealing propetgrsiation-invariancewhere two
functional inputs (e.g., the ultrasonic re ection waves) have the same shape except for a translation

shift [51]. In our function-to-function regression model, we compress ultrasonic re ection waves



in spectral representation which incorporates the important source of physics (i.e., the spectral in-
formation) and construct GP regression models. Limited work mentioned the C-Scan in terms of
strength-related physical variables. In ultrasound, a C-scan, which maps ultrasonic data onto a plan
view, offers bene ts over A-scan (amplitude-based) for visualizing defects, corrosion, or thickness
changes in a component, providing a clear, 2D representation of the area under inspection. As
most work have centered on studying A-scan signals, very limited work mentioned the C-Scan in
terms of strength-related physical variables. On the other hand, the advanced form of ultrasonic
testing technique such as phased array ultrasonic testing (PAUT) can collect full volumetric data in
a signi cantly faster way than traditional ultrasonic testing. For practical problems ([52]), the C-
Scan or PAUT requires an approach to enable ef cient (e.g., real-time) and scalable inference of a
large number of physical latent variables with a large number of measurements. The computational
burden and scalability for determining the interfacial stiffness has not yet been well addressed [53,
54, 52, 55]). For large-scale ultrasonic inspections, the forward physics-based simulation is time
consuming, and the inverse mapping from the NDI data requires ef cient estimation of a large
number of global and local physical parameters. To enable scalable large-volume weak-bond de-
tection, this dissertation proposes a smoothed Amortized Variational Inference (AVI) model for its
scalability and ef ciency. AVI is a technique in Bayesian inference that employs a parameterized
function, often a neural network, to approximate posterior distributions across a range of datasets
[56]. As AVI promotes computational ef ciency, it may suffer from issues such as amortization gap
that the inferred posterior deviates from the true posterior. There are existing work in improving
the smoothness and generalization capabilities of the inference network. [57] explored the concept
of Meta-Amortized Variational Inference to improve the transferability of learned representations
across distributions and thereby enhance the generalization capability. [58] gave further theoretical
insights into AVI and investigated conditions where AVI can achieve optimal solutions comparable
to traditional variational inference methods. Some have proposed to impose a notion of smoothness

as an effective regularizer, which requires that similar inputs yields similar latent representations.



[59] introduced an approach, amortized inference regularization (AIR), for controlling the smooth-
ness of the inference model by preventing it from becoming overly expressive, which can lead to
over tting. The other related idea of smoothness were imposed as Weight-Normalized Inference
([60]) and Importance-Weighted Autoencoder ([61]) to reduce the inference gap and improve the
log-likelihood. In this dissertation, we proposed a smoothed AVI model incorporating a novel
smoothness term to reduce the inference gap and improve the convergence performance of the
deep neural network of AVI, as discussed later.

One of the things that is so exciting about the digital twin concept is that it is not just data
feeding a model, but there are two-way interactions so that the models can drive the sensing strate-
gies. Motivated by methane emission monitoring systems in the oil and gas industry, we propose
sparse sensor allocation for sparse emission source detection through bilevel optimization. Consid-
ering discrete spatial domains, [62] formulated the optimal sensor allocation as a sensor selection
problem for which the best subset of sensor locations is chosen from a discrete set of potential
candidates. This approach is closely related tadkeptimal design [63]; for example, [64] max-
imized the mutual information between the chosen and unselected locations, [65] used a greedy
algorithm to minimize @ -optimal proxy of the mean squared error, and [66] proposed a swapping
greedy algorithm to minimize the expected information gain. Due to the combinatorial nature of
the sensor selection problem, convex optimization [63] and heuristics [67] have also been utilized.
[68] used thd.  regularization while casting the sensor placement for a Bayesian inverse problem
as anA-optimal design problem. [69] used two separate optimal experimental design formulations
to rst determine the number of sensors with sparsity that promote regularization, and then to nd
the optimal sensor locations using a relaxed interior point method. Considering continuous spa-
tial domains, [70] augmented the grid-based sensor allocation with continuous variables to allow
off-grid sensor placement. [71, 72] developed gradient-based stochastic optimization methods to
maximize the expected information gain while approximating forward models with polynomial

chaos expansion. [73] presented a two-timescale continuous-time stochastic gradient descent al-



gorithm to minimize the MSE of hidden state estimates. Note that the continuous-domain design
problem can sometimes be converted to a discrete-domain design problem by discretizing the con-
tinuous domain and leveraging the existing open-source tools for discrete problems, such as the
"Chama’ software for sensor placement optimization using impact metrics [74], the "Polire' soft-
ware for spatial interpolation and sensor placement [75], the "PySensors' software for selecting

and placing a sparse set of sensors for classi cation and signal reconstruction [76, 77, 78].

1.4 Organization of the Dissertation

This dissertation is organized with multiple chapters. Chapters 2, 3, and 4 are prepared as research
papers, while all have been accepted or submitted for journal publications.

In Chapter 2, we propose a physics-informed statistical approach capable of (i) learning non-
linear system dynamics by utilizing data generated from a nonlinear system as well as the un-
derlying governing physics, and (ii) predicting system dynamics with reasonable accuracy and a
computational speed much faster than numerical methods. The proposed approach obtains the
reduced-order model from the full-order governing equations. A function-to-function regression,
based on multivariate Functional Principal Component Analysis, establishes the mapping between
external forcing and system dynamics, while a multivariate Gaussian Process is used to capture the
relationship between parameters and external forcing. In the application, the proposed approach is
applied to predict aircraft nose skin deformation after UAV (Unmanned Aerial Vehicle) collisions
at different impact attitudes (i.e., pitch, yaw and roll degrees). We show that the proposed physics-
informed statistical model can achieve a 12% out-of-sample mean relative error, and is more than
10° times faster than Finite Element Analysis (FEA).

In Chapter 3, we propose a physics-aware Machine Learning framework for integrating (i)
function-to-function Gaussian Process (GP) regression and (ii) Amortized Variational Inference
(AVI) to estimate the posterior physical latent variables (that re ect the strength of adhesive bonds)

using functional NDI measurements. In particular, theoretical smoothness-preserving property is

10



established for our multi-output GP function-to-function model (for the frequency components of
the functional measurement data), and a novel amortized variational regularization is introduced
to enhance the smoothness of the neural network approximations. Case studies are presented to
demonstrate the performance of the proposed approach. Real experimental data is used to validate
the elimination of the couplants effect in ultrasound testing, while simulation data from multi-
physics Finite Element Analysis (FEA) is used to demonstrate the inference of interfacial stiffness.
The proposed physics-aware statistical machine learning model enables physically interpretable,
accurate, real-time and scalable ultrasonic inspections.

In Chapter 4, we consider the sparse optimal allocation of a limited number of sensors to detect
sparse leakage emission sources. Due to the non-negativity of emission rates, uncertainty associ-
ated with parameters in the forward model, and sparsity of leaking emission sources, the classical
linear Gaussian Bayesian inversion setup is limited, and no closed-form solutions are available. By
relaxing the Gaussian distributional assumption on emission rates, incorporating non-negativity
constraints on emission rates as well as parameter uncertainties associated with the forward model,
this dissertation provides comprehensive investigations, technical details, in-depth discussions and
implementation of the optimal sensor allocation problem leveraging a bilevel optimization frame-
work. The upper level problem determines the optimal sensor locations by minimizing the inte-
grated mean square error (IMSE) of the estimated emission rates under uncertain wind conditions,
while the lower-level problem solves an inverse problem that estimates the emission rates. Two
algorithms, including the repeated Sample Average Approximation (rSAA) and the stochastic gra-
dient descent-based bilevel approximation (SBA), are investigated in solving the sensor allocation
problem. Computationally ef cient code with GPU acceleration is developed.

In Chapter 5, we summarized and concluded the original contributions of this dissertation. In

addition, we discussed future topics associated with the dissertation.
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CHAPTER 2
STATISTICAL LEARNING FOR NONLINEAR DYNAMICAL SYSTEMS WITH
APPLICATIONS TO AIRCRAFT-UAV COLLISIONS

This dissertation investigates a physics-informed statistical approach capable of (i) learning non-
linear system dynamics by utilizing data generated from a nonlinear system as well as the un-
derlying governing physics, and (ii) predicting system dynamics with reasonable accuracy and a
computational speed much faster than numerical methods. The proposed approach obtains the
reduced-order model from the full-order governing equations. A function-to-function regression,
based on multivariate Functional Principal Component Analysis, establishes the mapping between
external forcing and system dynamics, while a multivariate Gaussian Process is used to capture the
relationship between parameters and external forcing. In the application, the proposed approach
is applied to predict aircraft nose skin deformation after UAV (Unmanned Aerial Vehicle) colli-
sions at different impact attitudes (i.e., pitch, yaw and roll degrees). We show that the proposed
physics-informed statistical model can achieve a 12% out-of-sample mean relative error, and is
more thanl0® times faster than Finite Element Analysis (FEA). Computer code and sample data
are available on GitHubhttps://github.com/Xinchao1995/Physics-Informed-Statistical-Learning-

for-Nonlinear-Structural-Dynamics-of-Aircraft-UAV-Collisions

2.1 Introduction

Nonlinear dynamical systems are widely found in scientic and engineering applications. A
nonlinear system is often described by Partial Differential Equations (PDE), but solving a high-
dimensional nonlinear PDE can be computationally expensive using numerical methods such as

the Finite Element Analysis (FEA). An important question thus arises: given experimental or
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observational data generated from a nonlinear system under certain parameter settings, can a sta-
tistical model be constructed to learn and predict system dynamics under new parameter settings?
Such a statistical approach needs to be interpretable following governing physics, reasonably accu-
rate, signi cantly faster than direct numerical solutions, and systematically quantify the uncertainty

associated with the predicted system dynamics. This is the main goal of this dissertation.

2.1.1 Motivating ApplicationandObjectives

The rapid growth of Unmanned Aerial Vehicle (UAV) within the National Airspace System has
been identi ed as an emerging threat to manned aircraft by the Federal Aviation Administration
(FAA) with more than 1.8M registered drones [79, 80]. To ensure aviation safety of commercial
ights, airborne aircraft-UAV collisions need be understood, assessed and mitigated during air-
craft design and by new aviation regulations [81, 82, 83]. It is prescribed in the Code of Federal
Regulations 25.631 (bird strike) that an aircraft must continue safe ight and landing after impact
with an 8Ib bird at the design cruising speed [84]. Considering the harder materials used for UAV,
UAV-strike can cause potentially severer damage than bird-strike, posing a greater threat to the safe
operation of commercial aircratft.

For aviation administration to design new UAV regulations and make new recommendations
for airborne hazard severity thresholds to aircraft/UAV manufacturers, the current practice involves
developing high- delity computer models, e.g., Finite Element Analysis (FEA), to simulate colli-
sion processes under various impact conditions; for example, collisions at different impact attitudes
(i.e., pitch degree, yaw degree and roll degree). Figure 2.1 shows the FEA-simulated deformation
process of aircraft nose structure due to UAV collisions. In this gure, the UAV leaves permanent
deformation on the aircraft nose structure. In our FEA experiment, it takes approximately 28 hours
to generate such a collision process that lasts for only 8 milliseconds. Considering a potentially
large number of collision scenarios and high computational cost, FEA can only be performed for

a limited number of scenarios. Moreover, FEA-based approach requires repeatedly performing
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Figure 2.1: A motivating application—aircraft nose surface deformation due to the collision with
a UAV (this nonlinear collision process lasts for only 8 milliseconds and is simulated by FEA that
consumes 28 hours in our experiment)

simulation runs to identify severe collision scenarios, and a massive amount of simulation data
generated from this time-consuming process are not fully utilized and eventually discarded.
Motivated by the application above, this dissertation investigates a physics-informed statistical
learning approach capable of (i) learning nonlinear system dynamics by utilizing the fundamental
physics laws and data generated from computer models at a limited number of experimental con-
ditions, and (ii) predicting aircraft surface deformation for new collision scenarios (out-of-sample
predictions) in a computationally-ef cient manner signi cantly faster than directly solving govern-
ing equations using numerical methods. The proposed statistical approach provides a viable com-
plement to existing engineering practice for modeling nonlinear dynamical systems represented by
aircraft-UAV collision, accelerating the penetration of statistics into domain-knowledge-intensive

engineering applications.
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2.1.2 LiteratureReview

Physics-informed statistical learning has received much attention from the communities of statis-
tics, engineering and applied mathematics. In the literature of statistics, for example, [18] estab-
lished the explicit link between Gaussian Markov random elds and advection-diffusion processes
described by stochastic Partial Differential Equations (SPDE). [19] proposed a Gaussian spatial-
temporal process by solving an sPDE with spatially- and temporally-invariant advection-diffusion,
and [20] extended the framework for spatially-varying advection-diffusion. A summary of statis-
tical spatio-temporal modeling with sPDE is provided in [21] and [22]. In particular, statistical
surrogate models play a critical role in physics-informed statistical modeling [23, 24]. Surrogate
models are typically constructed following two strategies: projection-based and data-driven-based.
For projection-based approaches, [11] proposed the statistical model of large eddy simulations for
design evaluation and physics extraction utilizing the idea of Proper Orthogonal Decomposition
(POD). For data-driven-based approaches, Gaussian Processes (GP) have been extensively used
for constructing statistical surrogate models [25, 26, 27, 28, 29, 30, 31, 32, 33, 34].

Advances in physics-informed machine learning are also rapidly emerging. The goals often
involve data-driven discovery of governing physics, or state/parameter/operator inference which
are physically meaningful. Some recent results include (i) the Hidden Physics Model for learn-
ing PDE from noisy measurement data [35, 36, 37]. Such an approach is related to statistical
GP models and leverages the underlying physics by assigning GP priors to the latent solutions of
nonlinear PDE. (ii) Physics-Informed Neural Networks (PINN) that is another milestone of su-
pervised learning that integrates laws of physics given by nonlinear PDE [13]. PINN involves
simultaneously training two neural networks that respectively perform data-driven learning and
discovery of physics in the form of PDE, and has been quickly adopted to generate a variety of
new physics-informed machine learning approaches, such as the deep hidden physics models [38],

and stochastic/fractional/Levy process/nonlocal PINNS [39, 40, 41]. Recently, [42] proposed a
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physics-informed Neural Process Aided Ordinary Differential Equation (NP-ODE) model to cap-
ture the input-output uncertainties of FEA simulations. (iii) Low-dimension projection-based mod-
els for large-scale nonlinear dynamical systems [43, 44]. High-dimensional physical processes or
data are projected onto the leading principal components through POD to preserve system physics.
Then, machine learning methods are employed to learn the mapping between physical parameters
and the POD expansion coef cients.

In subsection 3.3.1, we rst provide a high-level overview of the proposed statistical modeling
framework. section 2.3 presents how the proposed framework is applied to learn and predict air-
craft metal skin deformation processes governed by nonlinear structural dynamics equations. sec-
tion 2.4 presents comprehensive numerical investigations, comparison, validation and discussions
on the proposed approach for aircraft-UAV collision severity assessment. section 2.5 concludes

the chapter and highlights some future research directions.

2.2 An Overview of the Proposed Framework

We consider a generic form of governing equations that characterize a wide spectrum of dynamical
systems or processes, such as advection-diffusion, heat transfer, Navier-Stokes, Smoluchowski,
Nernst-Planck, conservation laws, equation of motion, etc. L& RY and[0; T] respectively

be the physical and time domains, and #x;t) = (si(x;t); ;sg(X;t))T denote theds-
dimensional vector state eld whes : [0;T]!'S ;  RI[43]. Then, a dynamical system

can be de ned by a PDE:

@&;t)

@t " ws(x;t)) = (1), (2.1)
whereg(s;t) = (qu(s;1);  ;0u.(S;1)T is a nonlinear function that maps the state eld to its time
derivative, and™(t) = (fi(t); ;fq ()7 is a time-dependent function that does not depend on

the state of the system, e.g., external forcing.
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Consider a nite difference discretization of the spatial doméin, 2 gl,, and lets(t) 2
RNdx pe the state vector that collects tthestate variables from thN discretized locations, the

PDE Equation 2.1 leads to a systenNl, ordinary differential equations:

s(t) + g(s(t);t;p) = f(t;p); (2.2)

whereg andf respectively discretizg andf™. Note that, we include the parameter vegtonto

Equation 2.2 so as to make the dependence between system dynamics and parameters explicit. Also
note that, becausgis nonlinear and the state vectgt) often has a high dimension, high- delity
numerical solutions of the PDE Equation 2.2 can be expensive to obtain.

Problem Statement.The statistical model proposed in this dissertation is focused on data aris-
ing from governing equations in the form of Equation 2.2. Given either experimental, simulation
or observational data generated from Equation 2.2 under a set of parameter settings from the set
P=1fpyp2; PN, 0 We are interested in constructing a statistical model that captures the sys-
tem dynamics while maintaining the interpretability of the statistical model based on Equation 2.2.
Using the statistical model constructed, one is able to ef ciently and accurately predict the sys-
tem dynamics (i.e., the evolution of system state vectors over time) under new parameter settings
pZP.

To achieve the objective above, this dissertation proposes a physics-informed statistical learn-
ing framework sketched in Figure 2.2. The framework consists of three connected steps.

(Step 1) Generating training data from the governing equation such as Equation 2.2. In the
numerical example presented in section 2.4, the aircraft-UAV collision processes are simulated by
FEA at selected impact conditions (i.e., a set of parameter settings).

(Step 2) Building the Reduced-Order Model (ROM) utilizing the training data generated from
Step 1. Very often, the dimension of the full-order physics is too high to be directly utilized to

construct statistical models, and a ROM is thus needed to provide a low-rank representation of the
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Figure 2.2: An overview of the proposed physics-informed statistical learning framework for learn-
ing and prediction of nonlinear dynamical systems.

full-order physics. In this dissertation, we obtain a nonlinear ROM by projecting the full-order
governing equation to a low-dimensional space spanned by POD bases obtained from the training

data generated in Step 1. étbe the matrix basis, the ROM takes the following form:

s (1) + VTg(Vs (t);t;p) = VTf(t;p); (2.3)

wheres, (t) = V Ts(t) is the low-dimensional reduced-order state of the system.

(Step 3) Constructing the statistical model that captures the relationship between parameters
and the dynamics of system states. The proposed framework addresses two challenges. The rst
challenge is that the ROM Equation 2.3 contains a nonlinear comp&hegtVs, (t);t; p) that
cannot be further reduced, meaning that the nonlinear term cannot be evaluated without solving
the original high-dimensional model. The existence of the nonlinear component in the ROM mo-
tivates us to consider a function-to-function regression that directly learns the mapping between
the external forcey Tf in Equation 2.3, and the reduced-order states of the sysienThis is
achieved by multivariate Functional Principal Component Analysis (mFPCA) that projects both
the reduced-order state and external force into low-dimensional spaces spanned by orthonormal

eigenbases. Then, the mapping between the coef cients within the two low-dimensional spaces
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can be established by regression. The second challenge is to establish the relationship between pa-
rameters and external force (which is needed for prediction). The proposed framework addresses
this challenging by a multivariate Gaussian Process Regression (mMGPR) model that captures the
relationship between parameters and external force, completing the construction of the statistical
model.

Once the statistical model has been established, one is able to predict the system dynamics at
new parameter settings (e.g., the prediction of aircraft surface deformation processes at new colli-
sion conditions not included in the training data). In particular, the mGPR model rstly predicts
the external force for a given parameter setting, and the mFPCA then predicts the system state
dynamics given the predicted external force. Uncertainty propagation can also be well quanti ed

during this two-stage statistical prediction procedure.

2.3 Statistical Modeling of Aircraft-UAV Collision Processes

This section focuses on the physics-informed statistical modeling of aircraft-UAV collision pro-
cesses using data generated from FEA, and presents how the model can in turn be used to predict

the collision processes under new impact conditions.

2.3.1 TheNonlinearStructuralDynamicsbehindAircraft-UAV Collisions

Airborne collisions present signi cant challenges in solid mechanics, including geometrical non-
linearity (e.g., deformation and rotation) and material nonlinearity (e.g., plasticity). Motivated by
the conservation in mass, momentum and energy, the equation of motion governing the nonlinear
structural dynamics behind aircraft-UAV collision is given by [85]

oi(t) div( ()= fi(t) in (2.4)

where is the mass density;, ; andf; are the displacement, stress and force along direction
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(i=1;23),div()and representdivergence and the space domainugi®, u;(0) ande;(0)

are the initial conditions. Note that, the stresdt) is a vector with three components,j gj-1 .23,

respectively along the-th direction. Hence, the divergence oft), i.e., di( i(t)), contains the

derivatives along the three directions [85]. The boundary conditions are giverithy U, (t) on
vand ; n= g(t) on s, whereU;(t) andg (t) are respectively the prescribed displacement and

traction on boundaries, and s, andn is the outward normal vector.

Let v; be a test function that satis es the homogeneous displacement boundary conditions
(i.e., the prescribed = 0 on ). By multiplying v; to Equation 2.4 and the boundary condi-
tions, and then respectively integrating the products in the space donsid on 5, we obtain

(& div( j)) vidx +RS( i nNvidx = R fividx +ngividx . Following the Gauss-Green
formula, i.e.,Rs( i nvidx = R div( j)vidx + R i Ovidx , we have

Z Z Z
(evi+ § Ov)dx = fividx + gVvidx : (2.5)

S

The differential governing equation Equation 2.5 can be numerically solved by the Finite El-
ement Method (FEM). In particular, the FEM generates the mesh grid, and computes the dis-
placement at each mesh entities known as “elements”; see Figure 2.8l hetthe total num-
ber of nodes (depending on the number of elements of the discretized structure), the displace-
ment along direction at a given spatial locatiom and timet is interpolated byu;(x;t) =

Ezl u'(t) n(x), whereu!(t) is the computed displacement at th#h node and ,(x) is the in-
terpolation kernel function over the spatial domain. Similarly, the test fungfioan be expressed
by vi(x;t) = P Ezl Vi'(t) n(x). Substituting they;(x;t) andv;(x;t) into Equation 2.5, and for
anym 2f1;2; ;Ngandany directiom 2 f 1; 2; 3g, we have

X .
Mmn ®i (X t) + £ = 25 (2.6)
n=1

R _ R R
whereM ., = n(X) m(x)dx , flnt = i O m(x)dx andf@d = f; n(x)dx +

m;i
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Figure 2.3: An example of the Finite Element mesh grid

Letu(t) be a3N 1 vector that collects the displacement along all three directions at spatial

locationx; X»; XN,

u(t) = (us(xg;t); ua(Xe;t); us(X;t); s us(Xn;t); ua(X s t); us(Xnst) s (2.7)

we obtain the dynamical system that captures the temporal dynanmsgs)of

Me(t) + fine(u(t); u(t);t) = fex(t); (2.8)

whereM 2 R3N 3N js the mass matrix,

2 3 2 3

Ml;l IVIl;Z I\/Il;N 1
@)
M =§ : : : % g 1 %

I\/IN;l |VIN;Z |\/lN;N 1

andfi; 2 RN tandfe 2 RN ! are respectively the internal and external forces:

fie = (FIM (X 1) F20 X 1) F 00X qs 1) s F A (s ) Ptk 1) F A (ks ) T

foxt = (F (X0 t); F 8 X0 1) F 805 t)s 520 1) F 2% 1) F &%k 1)) T
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wheref "(x; t) andf &(x; t) are the internal and external force components at locatiand time
t along direction fori =1;2;3.

Note that, the surface displacement process governed by Equation 2.8 depends on the impact
conditions. To make this parameterization explicit,ddte a set of parameters characterizing the

impact condition, we re-write Equation 2.8 such that it falls into the generic form of Equation 2.2:

Mei(t; p) + fine(u(t); u(t);t; p) = feu(t; p): (2.9)

2.3.2 Projection-Base®Reduced-OrdeModel usingDatafrom FEA

At any collision condition characterized by paramgtewe obtain the displacement vecta(t; p)

and the force vectdi.(t; p) at timet for all N spatial locations along all three directions using
FEA. LetP = fpi;p2;  ;pn, 9 be a set of collision parameters (based on which the FEA is
performed), and leT = ft;;t,; ;ty, g be a set of simulation time steps, we obtain the surface

displacement snapshot data from FEA:

Dy = (u(ty; po);u(tz;pa);  sultngPa); Ut pa,)iu(tzipa,)s  sU(tng Png));
(2.10)

as well as the external force snapshot data:

Dt = (fex(t;P1); i fex(tngP1); fedltnpPng)r o fed(tng P )): (2.11)

Here,D, andD; are3N NN, matrices. The force vectdg.(t; p) is the calculated nodal
forces on the aircraft structure parts. Because the high- delity FEA only provides the joint forces
(the superposition of contact forces and the reaction forces by surrounding rivets), we treat these
nodal forces as the boundary force manifold; see Appendix A.

In addition, FEA also returns the mass matvix(needed in the statistical model). Because the
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computation of the inverse of the mass matrix is extremely time-consuming at each FEA simulation
step, we adopt the Jacobi iterative method that replaces the mass khatrith a diagonal matrix
NI whosei-th entry on the diagonal line is given by = P UMy, i=1;2, ;3N [86].

Next, the two snapshot matricd3, andDs, and the mass matrilt are used to obtain the
reduced-order model. Because the full-order governing physics Equation 2.9 often has a high
dimension, we reduce the dimension of the full-order model Equation 2.9 by projecting the high-

dimensional vectou(t; p) to a low-dimensional space with a dimensikén 3N as follows:

u(t;p)  Va(t;p); (2.12)

whereV = [vijv,j jvk] 2 RN X contains the orthogonal POD bases, aft p) 2 RX is
a vector of the reduced-order states. In the example presented in section 2.4, the dimension of
q(t; p) is chosen as 30, while the dimensiornudt; p) is 40,086 The POD bases are found by the

Singular Value Decomposition (SVD) of the transformed snapBhot M ?Dy:

D=Uz T; (2.13)
whereU 2 R3N NtNo gndz 2 RNtNe NeNo gre poth orthogonal matrices) (U = 13y and
Z'Z = Inng ), and = diadf 1; 2, , NN, g contains the singular valueg 2

NN, 0[87]. Closely related to the Karhunen-&ee expansion in stochastic process modeling,
POD was introduced for turbulent ows by [88] and has been successfully used to compute the
reduced bases in different application domains [21, 89, 11, 43].

Following the Eckart—Young—Mirsky theorem, the reduced-order bases consist of tHe rst
left singular vectors o>, denoted byJ , and minimizes the projection error of the snapshots

D onto all possibleK -dimensional orthogonal basesR#, i.e., the best approximation of the

23



column space dD among alK -dimensional subspace with  rankD):

N¢Np N¢Np N¢Np
kd; U (U )Tdiks = (5n2i9 kdi QQTdiks= 2, (2.14)

1
i=1 i=1 i=K+1

whered; is thei-th column ofD andYx = fQ 2 R3N» X : QTQ = Ixg. The dimensiorK
can be chosen by controlling the least squares ¢rrdt, ?)( ;" A ' 1 2for some
pre-speci ed 2 [0; 1][90].

Finally, letvV = M 2U and substitute the projection (Equation 2.12) into the full-order gov-
erning equation Equation 2.9, we obtain tianlinearreduced-order model (note that] MV =

| 2 RK X):

g (t;p)+ V fin(Va (1); VAt);t; p) = V T feult; p): (2.15)

2.3.3 StatisticalLearningbasedn the Reduced-OrdeModel

As discussed in subsection 3.3.1, the reduced-order model Equation 2.15 is nonlinear and cannot
be explicitly computed without solving the original expensive FEA. This is because the evaluation
of fix requires computing the original high-dimensional stat® using FEA (i.e., the computa-
tion scales with the original dimensi@N rather thanK). In some cases whefiy,; does have
a special structure, it is possible to perform further reductioh,of For example, the nonlinear
Burgers' equation can be linearized by the Cole-Hopf transformation, and Euler equations can be
transformed into a quadratic structure which is fully preserved by the reduced-order model [43]. In
Equation 2.15, howeveti,; does not fall into that category and can only be evaluated by expensive
FEA.

Hence, one seemingly straightforward way is to trigatas a black box and use statistical
learning approaches to learn the mapgipg so as to avoid the expensive FEA. This is known as

the hyper-reduction and often involves evaluatipgat a subset of the original state vectd)
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and computing all state variablesui(t) through interpolation. However, hyper-reduction dones

work well in our application. To elaborate, in Equation 2.15, both the reduced-ordeqétae,

its derivatives(t; p) andg (t; p), and the external forc¥ "f.(t; p) can be obtained from FEA.
Hence, the outputs df:(Vq (t); V g(t); t; p) at each time step can be calculated, enabling the
statistical learning that approximates the functignwhich takesq(t; p) and (t; p) as its inputs

(e.g., neural networks, multivariate tree-based methods, etc.). Once the input-output mapping of
fint IS learned, the (discretized) temporal evolution of the reduced-ordeiggtatean be iteratively

computed as follows:

q(t);a(t) T et+1) 1 gt+1) ! qt+1)! (2.16)

Here, the initial conditions arg(0) = g(0) = 0, f; is learned using the hyper-reduction approach
described abovde, is determined by the impact conditions, and the central difference method can
be used to computg(t) from q(t) ande(t).

However, our investigation shows that the approach Equation 2.16 is unlikely to perform well.
The main reason lies in the nonlinearity of the functign The errors associated with the predicted
g(t) and qt), at each time step, are quickly accumulated and magni ed (the errors are inevitable
and are mainly from the statistical modeling/approximatiorf;@f. As a result, the predicted
trajectory ofq(t), after a few iterations in Equation 2.16, quickly deviates from its actual path
obtained from FEA even if we are able to quantify the uncertainty associated with the output of the
statistical model. It is also worth noting that, the approach outlined in Equation 2.16 works well
whenfi, is linear. To provide more insights, we present additional results on a classical example—
the Thomas Young's double slit experiment—where the governing equation is a linear ODE; see
Appendix B in the supplemental material.

Mapping between External Force and Reduced-Order StatesThe chaotic nature of this non-

linear problem motivates us to directly establish the mapping between the reduced-ordit state
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and the (cumulative) external forég(t) I:\ZROSVTfext(u; p)duds. Foranyk =1; ;K, let
the k-th component ofj(t), g(t), be a random function of time ih,(T). In our application,

o (t) is square integrable and has a continuous mean fungti@h. Hence, the reduced-order
stateq(t) = (u(t); p(t); ;o ()T is a vector in the&K -dimensional vectors space of functions
in Lo(T). Letg?(t) = qg(t) q(t), and we represerg?(t) using the multivariate Functional

Principal Component Analysis (mFPCA) approach:

VS
q“(t) (I QIR (9) R (2.17)
1=1
where 9= ( §; ; OT, 91 =( Yq); ; 3)T, {(t)is an orthonormal eigenbasis
such thath [(t); 9(t)i = | with | being the Kronecker delta, and = hg?(t); [(t)i =

R
g% (t) [(t)dt. The FPCA is based on the Karhunenelve decomposition af (t).
Similarly, letF#(t) = F(t) F(t), the mFPCA representation Bf (t) is given by

X
FZ(t) RO I GRN(9) B (2.18)
m=1
where F()=( I(t); ; uy)Tand F=( 15 ;5 {)"

Hence, for given bases9(t) and F(t), the reduced-order statgt) and the external force
F(t) are completely determined by a set of coef cienfsand F. To establish the mapping from

Fto 9 (i.e., from “force” to “deformation”), we consider a model:

(H'=(HB+ T (2.19)

where =( y; ; L)7 is a zero-mean noise with covariance andB = fby Om=1: wmi=1: L
isaM L matrix. The matriXB in Equation 2.19 can be estimated from the data generated by FEA
from all N, impact conditions. In particular, we explicitly let!(p;) be the coef cient obtained

from q(t; pi) under the impact conditiop; fori =1;2;  ;N,, and let F(p;) be the coef cient
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obtained from (t; p;) under the impact conditiop;. Then, it follows from Equation 2.19 that:

9= FB+ E; (2.20)
where 9= ( 9(p); Up2); 5 YN )T T =( F(pa)s F(P2)i 5 F(pw,))T, andE =
( (p); (p,\,p))T with (p;) being a zero-mean column vector with covariancefor i =

1;2;  ;Np. Note that,

There are two reasons why we model the relationship between cumulative force and deforma-
tion: (i) from the law of motion, instantaneous force corresponds to acceleration while cumulative
force is associated with deformation; (ii) from the statistical learning and computation perspec-
tives, cumulative force pro les are much smoother than that of instantaneous force and thus easier
to be captured by a smaller number of mFPCA bases. In Appendix C of the Supplemental Ma-
terials, we show that the instantaneous force pro les require more mFPCA bases, increasing the
dimension of the problem and computational time.

It is important to see that the estimation®fdoes not depend dn andM , but onN, and
M. Note that, F isanN, M matrix Equation 2.20. IN, M, F has a full column rank
of M, and the left inverse of", i.e., (( F)T F) ( F)T, always exists such th& is uniquely
determined by8 = (( F)T F) X( F)T 9. If N, < M, the system is under-determined. In our
numerical example, we haw, = 35 impact conditions ant¥ is chosen to be 12, which satis es
the conditiorN, M.

The model Equation 2.19 is in fact equivalent to a popular function-to-function regression:

Z T
9Q“( = (F*(s)' (s;hds  + (b); (2.21)
where the bivariate coef cient function(s;t) and noise (t) are respectively represented by
(s;t) = P b F(S)( ()T and (1) = P L, 1 (t). Note that, [91] proposed a novel

function-on-function kriging model, and the key novelty is to use the spectral-distance (SpeD) to
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capture the correlation among input pro les. In our paper, the multivariate function-to-function
regression is used to capture the relationship between impact force and system states in the spec-
tral domain. Under each collision condition, the input pro les consist of the temporal evolution
of multiple (reduced-order) force coordinates in the space spanned by orthogonal POD bases, and
these pro les are thus independent of each other. Also note that, in [92], input and output pro les
are represented by the coordinates in the low-dimensional space spanned by POD bases, and the
relationship between these coordinates are established through a linear regression model. In this
dissertation, we also represent the input force and system states by the coordinates in the low-
dimensional space spanned by POD bases, but the coordinates of the force and system state evolve
over time. Hence, functional PCA is required so that the time-varying coordinates of force and
system states are represented by their PCA scores which do not change over time.

When making prediction of the reduced-order stajely at a new collision condition, one
needs to rstly predict © determined by that collision condition. Hence, a model is needed to
capture the relationship betweeh and the impact conditiop. Letf (p;; F(pi))giN:"l, pi 2 RP

and F(p;) 2 RM, we consider a multivariate Gaussian Process Regression (nGPR):

g MGP (0;kS ); "(pi) = 9(pi); (2.22)

where is a semi-de nite diagonal covariance mati®= k(p;; p;)+ j 2with j and 2being
the Kronecker delta and the variance of the additive Gaussian noise. Here, we use Exponential
kernel fork(pi; pj), i.e., k(pi;p;) = aexpl (Pi Pj)°A Y(pi  pj)=2), whereA is a diagonal
matrix with unknown entries and the variancgis an unknown scalar.
Based on the mGPR moddy(p:)";9(p2)";  ;9(pn,)']" MN  (0;K° ) with K?°
being aN, N, column covariance matrix whog€ j )-th element is given bx%p;; p;). At a

new collision conditiorp , it follows from the well-established results that
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"= (K e KA p) M Fp: Fr2)r s PN, )T
(2.23)

"F=co™)=(Kp;p) KA p)T(Kp:p) KApip) "

and we can obtain¥ from Equation 2.19(")T = ("F)™B and "9 = BT"FB + . The

hyper-parameters ik °and " can be obtained by minimizing the (negative) log-likelihood

L o0t k® )= "M in2 )+ ik g+ Sinj |
(2.24)

+ %tr K9 ' F(p); 5 Flen,)) ' F(pa); 5 Flow,)'

Once”™ has been obtained, it follows from the mFPCA Equation 2.17 that

X
g ()= qt)+ 6*®) = qm)+ " A);
=1 (2.25)

coM@®); () = ) 5 )" 1y 5 YT

Finally, based on the POD Equation 2.12, the predicted original high-dimensional state vector,

i.e., the surface deformatian (t), is obtained:

0 ()=Va();  cova(t);a(t)) = Veorq(t); atNV " (2.26)

Equation 2.23 Equation 2.26 not only map the collision paramgteto the surface deforma-
tiona (t), but also show how uncertainty propagates through each stage of this highly interpretable

process, i.e., from condition parameters, to external force, and to deformation.
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2.4 Numerical Experiments, Results and Discussions

This section provides numerical investigations and discussions about the proposed physics-informed

statistical learning for aircraft-UAV collision severity assessment.

2.4.1 FEA Set-Up,ExperimentaDesignandDataGeneration

FEA Set-Up. Essential details of the FEA simulations are rstly provided. We use FEA to generate
the training and testing data so that the statistical model can be established and validated (through

cross-validation).

@) (b)

Figure 2.4: (a) Aircraft (nose)-UAV collision and the coordinate system for UAV's ight attitude
(pitch, yaw and roll degrees). The length of each simulation time step is 0.02 millisecond, and the
impact velocity is set to 151ms ! along the impact direction; (b) The xed boundary condition

of the aircraft nose in our FEA experiment.

As shown in Figure 2.4(a), we consider the aircraft nose metal skin deformation process due
to UAV collisions at different impact attitudes (i.e., pitch degree, yaw degree and roll degree). The
length of each simulation time step ig = 0:02 millisecond in our FEA, and the impact velocity
is xed to 151m s ! along the impact direction as shown in Figure 2.4.

In our experiment, the 3D FEA model is pre-processed in the CATIA and HyperMesh environ-

ments to extract the geometry information [93, 94]. The extracted geometries are used as the inputs
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to the simulation platform, PAM-CRASH, which generates the mesh, constructs the connections

(rivets) between parts, sets boundary conditions, de nes material properties, and prepares other
computational settings including contact parameters, length of time steps, integration points, etc.

In particular,

In the aircraft nose nite element model, all structural parts are modeled with shell elements.
The average size of mesh is 14mm and the overall number of elements is 691,221. In particular,
13,033 elements are used for the aircraft nose metal skin and the dimensigt) ah Equa-
tion 2.9 is 40,086. Aluminium alloy 2524, 2024, 7075, 7050, 6061 are de ned in the nose model
and Johnson-Cook constitutive model is adopted to describe the elastic-plastic behavior of metal
materials. A total number of 8,226 rivets that connect different structural parts is simulated in
PAM-CRASH by the Plink model [93, 94]. The xed boundary condition of the aircraft nose is
shown in Figure 2.4(b).

In the UAV nite element model, 5,044 solid and 8,900 shell elements are both incorporated
because some UAV parts like motors and battery cannot be modeled by shell elements. Compu-
tational material models are chosen to describe the behavior of different UAV parts; for example,
the Li-Po battery cells are modeled by the type-1l crushable foam model.

Experimental Design and Data Generationln this numerical investigation, we consider 35 com-
binations of collision pitch, yaw and roll degrees for the UAV's ight attitude. The 35 experimental
conditions are generated from the MaxPro space- lling design [95], and the ranges for the three
attitude degrees are all fromd5 to 45 . The design is shown in Figure 2.5. Hence, a total number
35 high- delity FEA runs are performed to generate the data (for training and testing purposes).
Each FEA run is performed on a computer con gured with 16 GB RAM and Intel Xeon E-2124G
CPU @3.41 GHz, and it takes 1680mins to simulate a collision process that lasts for only 8
milliseconds (strongly demonstrating the need for faster and interpretable statistical models).

For the 35 collision conditions, Figure 2.6 shows the deformation of the aircraft nose metal skin

8 milliseconds after collisions. It is clearly seen that different UAV impact attitudes cause different
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Figure 2.5: A total number of 35 impact conditions generated by space- lling design from the
design space of UAV's ight attitudes (pitch, yaw and roll). The triangle indicates the impact
condition which is used to demonstrate the proposed approach in subsubsection 2.4.2.

Figure 2.6: Deformation (in mm) of the aircraft nose metal skin for the 35 collision conditions
at time step 400 (i.eQ:02 400 = 8 milliseconds after collisions), and different UAV impact
attitudes cause different deformation on the nose metal skin with different severity levels.

deformation on the aircraft nose metal skin with different severity levels. The shape, depth and
size of the dents on the aircraft nose metal skin change as the impact attitudes vary, justifying why

severity predictions are needed within the design space of impact conditions.
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2.4.2 NumericalResults

Using the data generated from our FEA experiments, subsubsection 2.4.2 demonstrates the appli-
cation of the proposed approach at one selected impact condition; subsubsection 2.4.2 performs
Leave-One-Out Cross-Validation (LOOCYV) using the data generated from all 35 impact condi-

tions, and provides further discussions on the proposal approach.

Investigation-I: aircraft nose deformation at a given impact condition

In Investigation-I, the FEA simulation data from 34 impact conditions are used to train the statis-
tical model. After that, the statistical model is used to predict the aircraft nose skin deformation at
the remaining impact condition (indicated by a triangle in Figure 2.5), and the predicted result is

compared with the actual deformation simulated from FEA.

Figure 2.7: The change of singular values (top) and relative cumulative energy (bottom) against
the number of POD modes used for constructing the reduced-order model.
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The reduced-order modeling Equation 2.12 requires the rank of RO, be determined. We
perform the SVD of the transformed snapshot data from 34 impact conditions (see Equation 2.13),
and Figure 2.7 shows the fast decay of the (log) singular values in POD modes, and a low-rank
POD truncation can already provide low least-squares errors. For example, keeping 5, 10, 20 and
30 POD modes can respectively retain 964288.2%%0, 99.10%6 and 99.4% of the total variation
in data. The 1st to the 10th POD bases are shown in Figure 2.8. Note that, we obtained the POD
basesV = [Vijvo] Vo] 2 RN 30 where the columiv; 2 RN contains the displacements
(either positive or negative) along the X, Y and Z directions. For a better visualization, we plot
in Figure 2.8 the total displacement of tNenodes, i.e., squared root of the sum of the squared
displacements along all three directions. We see that the ten POD modes successfully capture the
prominent deformation patterns, including the major deformation areas directly impacted by the
UAV, and other major deformation areas (away from the collision center) due to the propagated
stress waves.

Based on the selected POD bases, the reduced-ordeqgétatnd external forc&(t) in the
reduced-order model Equation 2.15 are obtained for the 34 collision conditions. At each im-
pact conditionq(t; p) areF(t) are respectively vectors in the ten-dimensional vectors space of
(time-dependent) functions ib,(T). As shown in Figure 2.9, for each POD basis, there exist
34 time-dependent curves representing the componenit)nandF(t) corresponding to the 34
collision conditions. The function-to-function regression Equation 2.19 is used to establish the
functional relationship between the pro les @ft) andF(t). The ranksL. andM of the mFPCA,
Equation 2.17 and Equation 2.18 are choseh &s20 andM = 12 which explain97:80%and
97:43% of the variation, respectively (In Investigation-Il, the effects of the chosen ranksd
M, are further investigated). Finally, an mGPR model Equation A.8 is constructed to predict the

external force-(t) at the 35th collision condition which is not used for model training.
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Figure 2.8: Prominent total displacement captured by the rst 10 POD modes (the left column
shows mode¢ 1, 3, 5, 7, 9; and the right column shows mode3 4, 6, 8, 10).

Figure 2.10 rstly shows the (out-of-sample) predicted temporal trajectories of the nose skin
deformation and their 95% con dence band at three selected nodes under the 35th collision condi-

tion. The three nodes are particularly selected such that

35



	Title Page
	Acknowledgments
	Table of Contents
	List of Tables
	List of Figures
	Summary
	1 | Introduction
	Motivation
	Research Objectives
	State-of-the-art
	Organization of the Dissertation

	2 | Statistical Learning for Nonlinear Dynamical Systems with Applications to Aircraft-UAV Collisions
	Introduction
	An Overview of the Proposed Framework
	Statistical Modeling of Aircraft-UAV Collision Processes
	Numerical Experiments, Results and Discussions
	Conclusions

	3 | Physics-Aware Statistical Machine Learning for Ultrasonic Weak Bond Detection
	Introduction
	Governing Physics
	Statistical Modeling of Weak Bond Detection
	Case Study
	Conclusions

	4 | Sparse Sensor Allocation for Inverse Problems of Detecting Sparse Leaking Emission Sources
	INTRODUCTION
	Problem Setup: Optimal Sensor Allocation
	Algorithms and Performance Analysis
	Numerical Examples
	Conclusions

	5 | Summary and Future Research
	Summary of Original Contribution
	Future Research

	Appendices
	A | Statistical Learning for Nonlinear Dynamical Systems with Applications to Aircraft-UAV Collisions
	B | Physics-Aware Statistical Machine Learning for Ultrasonic Weak Bond Detection
	C | Sparse Sensor Allocation for Inverse Problems of Detecting Sparse Leaking Emission Sources

	References

