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SUMMARY

Several problems which relate to the propagation of
acoustic and acoustic-gravity waves in a medium whose proper-
ties vary with height only are considered with the intent
of refining existing schemes for the synthesis of waveforms.
The contribution from very low frequencies to a modal
synthesis of an acoustic-gravity waveform is clarified, and
a guide (with numerical examples) 1is ﬁrovided for adopting
a computer program to include such contributions in the
synthesis of waveforms. Also, for the purpose of improving
the selection of modes for synthesis, the asymptotic high-
frequency behavior of guided modes is explained by use of
the W.K.B.J. approximation. Finally, a geometric acoustical
scheme is outlined for the prediction of the amplitudes of
waves that propagate over long distances. A number of
FORTRAN subprograms are provided that exemplify the numerical
implementation of this scheme. Recommendations are given for
the refinement at low and high frequencies of schemes for

the synthesis of waveforms.



CHAPTER I
INTRODUCTION

It was the intent of this dissertation to investigate
theoretically the propagation of acoustic and acoustic-
gravity waves in fluids whose properties vary with height
only. The investigations were carried out for the purpose
of refining existing schemes for the synthesis of waveforms.
Such schemes have been developed by Harkrider,1 Pierce and
Posey,2 and others.3 The propagation of waves which correspond
to periods between approximately one and 20 minutes is
investigated by use of techniques associated with the synthesis
of both modal and geometric acoustical waveforms.

It was the intent of one investigation to clarify the
contributions of modes at very low frequencies to a synthesis
of waveforms associated with the propagation of acoustic-
gravity waves. The computer program INFRASONIC WAVEFORM82
had previously been devised to synthesize an infrasonic
pressure-time trace as might be generated at long horizontal
distances by a large-scale explosion in the atmosphere. 1In
the course of the investigation described here, this program
was modified to include contributions at low frequencies
from leaking modes of propagation.

In Chapter II, mathematical perturbation techniques



are described for the computation of the imaginary part of
the horizontal wave number (kI) for leaking modes. Numerical
studies are described in which kI is calculated for two
gravitational modes of interest and for a model atmosphere
which is stratified (winds excluded) and terminated by an
upper halfspace of constant sound speed. A description of
the transition of modes from non-leaking to leaking propaga-
tion is also given, and the contribution from branch line
integrals in the associated complete Fourier synthesisz’4 is
briefly mentioned.

In Chapter III a detailed description is given of the
modification and adaptation of the computer program INFRASONIC
WAVEFORMS to include contributions from leaking modes and to
improve the accuracy in predicting the early portions of
infrasonic arrivals. The numerical implementation of the
theory given in Chapter II on the inclusion of leaking modes
is also described, and some specific numerical examples which
demonstrate that inclusion are given. The complete and current
version of INFRASONIC WAVEFORMS is given in the Appendices
of reference 5. A hard copy of the program is available from
the Air Force Geophysics Laboratory, Hanscom AFB, Massachusetts
01731.

One of the difficulties with the modal approach to the
synthesis of waveforms that has arisen in the past has been
the presence of what might be called numerical '""noise" in

derived waveforms due to the fact that the integration over



angular frequency in the associated Fourier synthesi52 was
truncated at high frequency. It was felt that, to eliminate
this "noise,'" at least two approaches could be taken. First,
the modal synthesis might be extended to higher frequencies
by devising a scheme which would carefully select modes for
contribution at those frequencies. This selection is
difficult with the synthesis in its present state. Secondly,
for use at high frequencies where the modal approach is
inaccurate, a geometric acoustical scheme might be devised
to synthesize waveforms which would serve as the continuations
of modal waveforms calculated at lower frequencies.

In Chapter IV the first approach is investigated,
wherein the W.K.B.J. method of solution is used to explain
the asymptotic high-frequency behavior of guided modes. In
Chapter V the second approach is investigated in which a
geometric acoustical computational scheme is presented for
the description of propagation over long distances. While
schemes exist which calculate acoustic ray paths,6 there
appear to be no readily available schemes which are suffi-
ciently accurate to predict the amplitudes of waves that
propagate over very long distances.7

In the scheme summarized in Chapter V, cubic splines
are used to model profiles of sound speed versus height.8
In addition, techniques are outlined for defining ray paths
and for finding distances and times of propagation, turning

points for rays, and individual rays that connect source with



receiver. Of special significance in the scheme is a
parameter that characterizes the spreading of adjacent rays.
This parameter is used to determine the number of times that
any given ray touches a caustic. It has been shown that a
signal propagating along a ray undergoes a phase shift of

-m/2 at a caustic.9 Thus, the ultimate result of the scheme
is a method for computing acoustic amplitudes and waveforms

by superposing contributions from individual rays and
incorporating phase shifts that occur at caustics. A number
of FORTRAN subprograms which exemplify the numerical implemen-
tation of this method are given in the Appendix. In addition,
some simplified numerical examples are presented which
demonstrate the utility of these subprograms.

With the possible exception of the technique for the
inclusion of leaking modes, the analytical techniques
presented are by no means complete as far as the refinement
of existing schemes for synthesizing waveforms is concerned.
The main intent here was to investigate and understand
avenues of approach which could be useful for such a refine-

ment.



CHAPTER 11

PERTURBATION TECHNIQUES FOR THE COMPUTATION OF THE
IMAGINARY PART OF THE HORIZONTAL WAVE NUMBER

Introduction

In the formulation of the model on which the computer

2,10 an intermediate

program INFRASONIC WAVEFORMS is based,
result is derived which expresses the acoustic pressure as
a double Fourier integral over angular frequency w and

horizontal wave number k such that

=2}

B = S (1) Re{fm f(w)e tut fw [Q/D (w,k) ]e1¥T dkdw}. (2.1)
- )

Here S(r) is a geometrical spreading factor, which is 1//7
for horizontally stratified media and l/[aesin(r/ae)]1/2 if
the earth's curvature (ae = radius of earth) is approximately
taken into account. The quantity %(m) is a Fourier transform
of a time-dependent function that characterizes the source.

Q is a function of receiver and source heights Z, and Zgs
respectively, as well as of w and k, and possibly of the
horizontal direction of propagation if winds are included in
the formulation. In any case, given Z. and Zgs Q should have

no poles in the complex k-plane when w is real and positive.

The denominator D(w,k) (which is termed the eigenmode



dispersion function) may be zero for certain values kn(w)

of k.

The k integration contour for Eq. (2.1) is chosen to
lie along the real k-axis except where it skirts below or
above poles which lie on the real axis (see Fig. la, where
branch lines are identified by dash marks, poles are indicated
by dots, and the k integration contour is marked by arrow-
heads that show the direction of integration). Let it
suffice here to say that the placing of branch cuts and the
selection of the k integration contour must be such that the
expression for the acoustic pressure dies out at long
distance as long as a small amount of damping is included in
the formulation. The guided-mode description in the formula-
tion arises when the contour for the k integral is deformed
(permissible because of Cauchy's theorem and of Jordan's

1emmal1

) to one such as is sketched in Fig. 1b. The poles
indicated there above the initial contour are encircled in

the counterclockwise sense, and there are contour segments
which encircle (also in the counterclockwise sense) each
branch cut that lies above the real axis. The integrals
around each pole are evaluated by Cauchy's residue theorem

so that what remains is a sum of residue terms plus branch
line integrals. Each residue term is considered to correspond
to a particular guided mode of propagation.

One approximation that was previously made in the

guided-mode formulation was to neglect contributions from



(a)
— o L - "kR
(b) K,
181
2D
kg
Figure 1. Integration Contours in the Complex

k- (Horizontal Wave Number) Plane.
(a) Original Contour.
(b) Deformed Contour.



poles [i.e., the kn[w)] which were located above the real

2y 10 The thought behind this omission was that most

k-axis.
of the contributions in the synthesis of waveforms for long
propagation distances would come from poles which were on the
real k-axis. Another approximation was that, for long
distances, the contribution from branch line integrals could
be neglected as well., Given these two approximations, the

expression for the acoustic pressure in Eq. (2.1) can be

approximated as follows:

“un
p = Z:S(r) S An(w) cos[wt - kn(w]r + ¢n(w)] dw, (2.2)

where An(w) and ¢n[m) are defined in terms of the magnitude
and phase of the residues of the integrand in Eq. (2.1) and
the kn(m] are the real roots for D(w,k) (which are numbered
in some order with n = 1,2,3, etc.).2 It is understood that
in Eq. (2.2}, for any given n, kn(w) should be a continuous
function of w between the limits Wy (lower) and ¥ (upper).
With this understanding, it should be possible to evaluate
the resultant integral over w approximately by the method of
stationary phase or by some numerical method.

In spite of the seeming plausibility of the above two
approximations, there is a set of circumstances intrinsic to
low-frequency infrasonic propagation for which they are not

valid, even for distances of propagation of more than 10,000



km., It is these circumstances and their relation to the
analytic synthesis of guided-mode atmospheric infrasonic
waveforms that are of central interest in the investigation

described in this chapter.

Infrasonic Modes

An atmospheric model that is frequently adopted in
studies of infrasound2 is one in which the sound speed c(z)
varies continuously with height z in some reasonably realistic
manner up to some specified height Zp and is constant (value
cT) for all heights exceeding Zo (see Fig. 2a). Should
winds be included in the formulation, the wind velocities
are also assumed to be constant in the upper halfspace
zZ > Zgp. It would seem reasonable to say that one has some
choice in specifying the values for both Zp and Cps €ven
though the computations of such factors as Q and D(w,k) in
Eq. (1) become more lengthy with increasing Zope Whatever
the choice of Zps it would seem just as reasonable to choose
cp to be c(zT] so that the sound-speed profile would then be
continuous with height (this is the case for the profile shown
in Fig. 2a). Another seemingly plausible choice in modeling
the upper halfspace would be to have Crp approach infinity
(as illustrated in Fig. 2b). With this choice, the bottom
of the upper halfspace would be modeled as a free surface

(or pressure release surface) such as is found in models

generally adopted in studies of underwater sound for the
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Figure 2. Idealizations of Model Atmospheres.
(a) Atmosphere Terminated by an Upper
Halfspace with Constant Sound Speed.
(b) Atmosphere Sound Speed Formally
Approaching Infinity at Some Finite
Altitude.
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water-air interface. Intuitively, it would seem that if the
source and receiver are both near the ground and if the
energy actually reaching the receiver travels via modes of
propagation channeled primarily in the lower atmosphere, then
the actual value of the integral in Eq. (2.1) would be some-
what insensitive to the choices of Zp and cr. Since this
idea, however, remains to be justified in any rigorous sense,
it would not seem reasonable to allow cp to approach infinity
at the outset. In typical calculations performed in the
past, Zp was taken as 225 km, and Cp was taken as the sound
speed (® 800 m/sec) at that altitude.?
The formulation leading to that version of Eq. (2.1)
which is appropriate to infrasound for frequencies at which
gravitational effects are important (corresponding to
periods greater than one to five minutes) is based on the
equations of fluid dynamics with the inclusion of gravita-
tional body forces, the associated nearly exponential
decrease of ambient density and pressure with height, and a
localized energy source (see in particular pages 17 and 19
of reference 2). When = is taken to be finite, the incorpora-
tion of gravitational effects in this formulation leads to a
dispersion relation for plane waves propagating in the upper

halfspace which is (winds neglected)z’10

2 2

- wi]/c% - [w®™ - wé]szwz, (2:3)
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where the solution of the linearized equations of fluid

dynamics for z > z, is of the form

T

p//Bg = (Constant) o Wt Jikx TT2® (2.4)
In these equations p is again the acoustic pressure, P is
ambient density, x is the horizontal space dimension, and k,
is the vertical wave number (alternatively written as iG for
inhomogeneous plane waves). wa and wp are two characteristic
frequencies (mA > wB) for wave propagation in an isothermal

atmosphere where wy = (y/Z)g/cT and wp = (y - 1)1/2

g/cyp

(g = 9.8 m/sec2 is the acceleration due to gravity and

y ~ 1.4 is the specific heat ratio for air). For given real
positive w and real k, kg can be positive or negative (G2
negative or positive, respectively). The values of k at
which Gz is zero turn out, as might be expected, to be the
branch points in the k integration in Eq. (2.1). Along the
real k-axis, G is either real and positive (so that elkzz or
e_GZ dies out with increasing z), or else G is of the form ia

where a can be positive or negative. From Eq. (2.3), the

two branch points are at

2 _ 2172

- w[wA
kpp (W) = ¢ R

; (2.5)
CT[wB -
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Note that for 0 < w < wg » and for k between the
branch points on the real axis, G is real and positive. The
branch lines extend upwards and downwards from the positive
and negative branch points, respectively (recall Fig. 1).

The eigenmode dispersion function D(w,k) in the case
of atmospheric infrasound can be written in the general

form (see page 47 of reference 2)

- A R “ Ripanla (2.6)

D(w,k) = A 11”12 12

12811

In this expression, R11 and R12 are the elements of a

. They depend on the atmospheric

transmission matrix [R].
properties only in the altitude range zero to Zrs and are
independent of what is assumed for the upper halfspace. In
general, their determination requires numerical integration
over height of two simultaneous ordinary differential

2,10,12

equations (termed the residual equations in previous

literature). They do depend on w and k (or, alternately,

on w and phase velocity v = w/k), but are free from branch
cuts. Also, they are real when w and k are real and are
finite for all finite values of w and k. The other parameters
A12 and All depend on the properties of the upper halfspace,

and on w and k. All and ﬁ12 are given (winds excluded) as

' 2
Ajq = gk"/w” - yg/l2er]; (2.7a)
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Ky @ 3 = C%kz/mz. (2.7b)

12

It may be noted further that, since every quantity in
Eq. (2.6) (with the possible exception of G) is real when w
and k are real, the poles that lie on the real k-axis (recall
that they are the real roots of D) must be in those regions
of the (w,k)-plane [or, alternatively, the (w,Vv)-plane]

2 the integrand of

T’
-Gz
Eq. (2.1) divided by /Eg should vary with z as e T, there

where G” > 0. Since at heights above z
is no leakage of energy into the upper halfspace for those
modes that correspond to the above poles. Such modes are

termed fully ducted modes. Modes for which there is leakage

of energy are termed leaking. If D is considered as a
function of w and phase velocity v, the locus of its real
roots v(w) (dispersion curves) has (as has been found by
numerical computation with the program INFRASONIC WAVEFORMS)
the general form sketched in Fig. 3. The nomenclature for
labeling the modes (GR for gravity, S for sound) is due to

L may be noted from Eq. (2.3) that

Press and Harkrider.
there are two "forbidden regions' (slashed in the figure) in
the (w,v)-plane. These regions correspond to

2

112
Vv < cT[w% - w ) /

/[wi s m2]l/2 (2.8a)

for w < Wy and to
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Versus Angular Frequency w for Infrasonic Modes.
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2 . 241/2 2 . .251/2
v > CT[m wB] / [w wy ] (2.8Db)
for w > w,. Within these regions there are no real roots of

A
the function D(w,v) because G is imaginary. The existence

of the high-frequency upper "forbidden region'" implies that
the phase velocities for propagating modes are always less
than the sound speed chosen for the upper halfspace. It
also implies that, in the high-frequency 1limit, the branch
points in the k-plane are at # m/cT. The low-frequency
lower-phase-velocity "forbidden region' appears to be due to
the incorporation of gravitational effects into the formula-
tion. However, if Cp is allowed to approach infinity, the
lower "forbidden region' disappears. Numerical studies were
performed with INFRASONIC WAVEFORMS to see just what effect
varying = had on the dispersion curves shown in Fig. 3.
Briefly, the result was that while the forms of the GRO and
GR1 modal curves changed little with increasing Cp the lower
"forbidden region'" shrank in frequency range, and as it did
so, the modal curves extended to successively lower frequen-
cies. Thus, it can be seen that the fully ducted GR, and
GR, modes both have a lower frequency cutoff [wL in Eq.
(2.2)] which depends on Cr s In fact, the larger Cp becomes,
the smaller this cutoff frequency becomes.

At this point, there should appear to be the following

paradoxes. Given that frequencies below wg may be important
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for the synthesis of the total waveform, an apparently
plausible computational scheme based on the reasoning

leading to Eq. (2.2) will omit much of the information
conveyed by such frequencies. Also, in spite of the plausible
premise that energy ducted primarily in the lower atmosphere
should be insensitive to the choice for Cps it can be seen
that this choice governs the cutoff frequencies for certain
modes and that certain important frequency ranges could
conceivably be omitted entirely by a seemingly logical choice
for c¢p. The resolution of these paradoxes seems to lie in
the nature of the approximations made in going from Eq. (2.1)
to Eq. (2.2). The latter equation may not be as nearly correct
as earlier presumed, and it may be necessary to include
contributions from poles off the real axis as well as from
the branch line integrals. Even for the case when the
propagation distance r is very long, it may be that the
imaginary parts of the complex horizontal wave numbers are

so small that the magnitude of eikr in Eq. (2.1) is still not
small compared to unity. In addition, a branch line integral
may be appreciable in magnitude at large r if there is a

pole relatively close to the associated branch cut. These

possibilities are investigated in the next section.

Roots of the Dispersion Function

In light of the paradoxes mentioned, it would be

desirable to modify the solution represented by Eq. (2.2) so
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as to remove the apparent artificial low-frequency cutoffs
of the GRO and GRl modes. As a first step, the nature of
the eigenmode dispersion function D in the vicinity of the
dispersion curve for a particular mode is examined. The
curve of values vn(m) of phase velocity v versus w for a
given (n-th) mode is known for frequencies greater than the
lower cutoff frequency Wy - Given this curve, analogous
curves va(w) and vb(w) can be found for values of the phase
velocity w/k at which the functions Rll(m,v) and Rlz(w,v) in
Eq. (2.6), respectively, vanish. One characteristic of the
curves vn(w), v, (w), and vb(m) which has been checked
numerically for w > wp with the use of the program INFRASONIC
WAVEFORMS (see Fig. 4) is that, for a given mode of interest,
these curves all lie substantially closer to one another than
to the corresponding curves for a different mode.

Given the definitions above of va(m) and vb(m], the
dispersion relation D = 0 for a single mode may be approxi-
mately expressed, through a simple expansion, as

D = {AIZJ(OL)(V m V) = [All + G](B) (v - VbJ =y (2.9)

a

where o = delfdv, and B = dezfdv, evaluated at v = ¥a and
Vy» respectively (for simplicity, D is considered here as
a function of w and v = w/k rather than of w and k). The

above equation may also be written in the form



19

03121
03119+
° GR,
-
s
E
=
b 07 0,002 0006 0.0i0 ooi4
S ANGULAR FREQUENCY (radian/sec)
- 0.28F
w
>
w
w
L
3
0.23
2 GR, |
' |
|
A A 1 J 1
ok 0002 0006 000 00i4

ANGULAR FREQUENCY (radian/sec)

Figure 4. Curves of Phase Velocity (vn,va,vb) Versus

Angular Frequency (w).
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v =v_+ (v, - vb]X/[l-X], (2.10a)

a

where

<
I

(B/a)[All + G)/Alz. (2.10b)

Eq. (2.10a) may be considered as a starting point for an
iterative solution which develops v in a power series in

Wi ¥ Vg With v = v, as the zeroth iteration, the right hand
side of Eq. (2.10a) can be evaluated for the value of v
required for the next iteration, etc. This iterative procedure
should converge provided that v, or vy is not near a point

at which G vanishes and provided that G in the vicinity of

vV, Or vy is not such that the variable X is close to unity.
Among other limitations, the iterative scheme is inappropriate
for those values of w in the immediate vicinity of Wy, - This
limitation is discussed further in the next section.

The iterative solutions obtained by the above scheme
follow some interesting general trends. In relation to these
trends, there are two general theorems of note, the proofs
of which follow along lines previously used by Piercel4 in

deriving an integral expression for group velocity. These

are that, for @ and v positive and real,

R aRll/av - R

12 8R12/3V > 0, (2.11a)

11
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R12 BRllfam - Rll aRlz/Bw > 0. (2.11b)
Alternately, for Rll = () (v - va) and R12 = (B)(v - vb),
it follows that
aB(va - vb) > 0, (2.12a)

(v - vp) (v - v )(Ba” - B7a) * Balvy (v - v,) - v,” (v - v)]> 0,

(2.12b)

where the primes represent derivatives with respect to w.
Eq. (2.12b) should hold for arbitrary v in the vicinity of

v_ and vy and lead, upon setting v = v

a’
v = (vavb’ = va'vb)(vb‘ - va’), along with the use of

Eq. (2.12a), to

vy," < 0, (2.13a)
v,” <0, (2.13b)
(e/B)” > 0. (2.13c)

Eq. (2.12a) implies that so long as q8 # 0 the two curves

va(m) and Vb[w) do not intersect. If a and B have the same

sign, then the v, curve lies above the v, curve. If o and B

differ in sign, then the vy, curve lies above the v, curve.
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To illustrate the general utility of the perturbation
approach taken here, values of w, Vas Vi O B, v(l), and
v, are listed in Table 1 for the GR0 and GR1 modes, where
v(l) is the result of the first iteration for the phase
velocity. The values given there are appropriate to the
case of a U, S. Standard Atmosphere2 without winds which is
. terminated at a height of 125 km by an upper halfspace possess-
ing a sound speed of 478 m/sec. Note that, for those frequen-
(1)

cies at which Vi is computed, the agreement between v and

Vi is excellent.

For further illustration of the perturbation technique,
detailed plots versus angular frequency are given in Fig. 5
of w/kR which is the reciprocal of the real part of l/v(l),
and of kI which is the imaginary part of w/vtl) (kR and kI
are the real and imaginary parts of k, respectively). Note

that kI is zero above the corresponding cutoff frequencies.

Transition of Modes from Non-Leaking to Leaking

The iterative process described by Eqs. (2.10) in the
preceding section provides little insight into the behavior
of a modal dispersion curve in the immediate vicinity of
cutoff (i.e., for values of w near wL). In addition, the
process may fail to converge when G is near zero. To explore
this transition region, it is sufficient to approximate G in

Eq. (2.9) by
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Table 1. Frequency-Dependent Parameters Corresponding to the
GR and GR; Modes .

(1)
Vv \" (o 6 Vv Vv
w a b n
seeT km/sec kn/sec sec/km sec km/sec km/sec
0.31202121
0.0052 0.31203 0.31207 917.4 -2783.7 ~3.184 x 10-61
0.31189059
1 -—
0.0113 0.311%0 0.31194 767.9 3254.2 -1.721 % 10-.61
G R o 0,0155 0.31176 0.31181 621.9 -3644.3 0.31173763 0.31172882
0.0165 0.31172 0.31177 581.5 -3738.2 0.31167504 0.31167509
0.0186 0.31162 0.31168 497 .5 -3910.1 0.3115336% 0.31153394
= U, 23267
¢.0052 0.24229 0.24816 87.8 ~3633.0 ~2.715 x 10,3!-
0.24218
0.0103 0.23433 0.23844 94,7 -3990.0 ~1.337 x 10-—]1
GR 1 0.0144 0.21842 0.22037 150.7 -5307.0 0.21431 0.22178
0.0165 0.20252 0.20345 265.0 -7767.3 0.20016 0.20463
0.0175 0.19058 0.19111 418.9 =10,858.0 0.19226 0.19212
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G = [(a)(w - w) *+ (a,) (v - v1YZ, (2.14)

where aq and q, are readily identifiable positive numbers which
are independent of w and v [see Eq. (2.9)] and vy is the limit
of the phase velocity on the dispersion curve as w approaches
w; from above. The bracketed quantity in Eq. (2.14) may be
regarded as a double Taylor series expansion (truncated at
first order) of GZ about the point (mL,VL) at which Gz
vanishes (hence there is no zeroth-order term). That aq and
q, are positive quantities follows from the fact that G2 is
positive outside of the lower '"forbidden region'" in the
(wyv)-plane (i.e., to the upper right of the line G2 = 0)
and also from the fact that the boundary of the lower
"forbidden region'" slopes obliquely downwards (see Fig. 3).
With the above approximation for G, a further approxi-

mation to the eigenmode dispersion function D(w,v) [of

Eq. (2.9)] in the vicinity of the point (mL,vL) would be
" 1/2
D = (Alza - AllBJ {(Av + pAw) + € (AV + vAw) ¥y (2.15)

where Av = v - Vi, Aw = w - wp, VoS ql/q2 and where the
quantity p is either —dvaldw or —dvb/dm (the two being close
in value). The use of the minus sign in the expressions for

u assumes that p is positive. The quantity e 1is
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CRBIOIERS 6
g = . .
BAll = aAlz

It should be noted that & depends on v, although, for the
purposes of the analytical investigation given here, v may

be set equal to v In fact 915 99> B, a, All’ AlZ’ u, and

L
v may be considered to be evaluated at w = Wy and v = vy -

Note again that p and v are both positive quantities. Further-
more, note that v > u as is evidenced by the fact that the
curve g* = 0 in the (w,v)-plane slopes downward more rapidly

than the lines R = 0 and R = 0 (see Fig. 4).

il 12
From Eq. (2.15) the zeros of D are readily found to

be
&Y = il * (L/2YES E e - 0 g » o1, (2.17)

where
o = /140 - W] (2.18)

For |Aw| << o, Av may be further approximated by use of the

binomial theorem as
_ 2w 2 2
AV = -vAw + [(v - u)"/e”] (Aw) (2.19a)

or
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Av = EZ - (2 - v) Aw - [(v - u)z/ez](Aw)z (2.19b)

for the upper and lower signs of Eq. (2.17), respectively.
Eq. (2.19a) (since Av = 0 when Aw = 0) is a description of
the dispersion curve in the vicinity of the point (mL,vL).
Examination of Eq. (2.19a) shows that as Aw approaches
zero, the dispersion curve becomes tangential to the line
G2 = 0. In other words, the two curves do not intersect
(refer to Fig. 6). At point A [i.e., at the point (wL,VL)]
in the sketch, the two curves are tangent. Between the points
A and B, there is a finite gap in the frequency range in
which there are no poles in the k- (or v-) plane corresponding
to a given n-th mode. The magnitude of the parameter ¢
(rad/sec) gives an indication of the width of this frequency
gap.
In Table 2 the values of Wps Vs dys dps Hs V, €, and
o are given for the GRO and GRl modes for the model atmosphere
corresponding to Fig. 2a. The extremely small values of ¢
should be noted. Also, a plot of Av versus Aw which shows
both branches of Eq. (2.17) and which is appropriate for the
GR, mode is given in Fig. 7. For simplicity, this plot is

0
in normalized form with

v = Sp/l2v = wlie ¥ Lo« a]lf2, (2.20)
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Table 2. Parameters Characterizing the Eigenmode Dispersion
Function Near the Transition from Leaking to
Non-Leaking for the GR0 and GRl Modes .

GRO GRl
wr, (rad/s) 0.0118 0.0125
vy, (km/s) 0.31188 0.2323
ql(s/lcmz) 0.14 0.35
qz(s/kmB) 1.84 x 107> 1.86 x 107>
u (km) 2.94 x 1072 4.15
v (km) 76 190
e (/2751 9.6 x 10°° 1.02 x 107
o (rads/s) 3.04 x 1033 Lok 5 10T
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where V = Av/[2(v - u)o] and Q@ = Aw/o. Both the real and
imaginary parts of V and ? are shown in the plot. The
corresponding plots for the GR1 mode differ only slightly

from those given for the GR, mode in Fig. 7. As may be seen

0
from Table 2, p << v so that, for both modes, the quotient

uw/[2(v - w)] is small compared to unity.

Concluding Remarks

Since there is a gap in the range of frequencies for
which a pole (corresponding to a mode) may exist, it 1is
evident that evaluation of the integral over k in Eq. (2.1)
by merely including residues may be insufficient for certain
frequencies. Thus it would seem appropriate to include a
contribution from branch line integrals. However, there is
a line of reasoning which demonstrates that all contributions
from branch line integrals are insignificant. Further details
on this matter are provided in reference 4.

The investigation described here led to a relatively
straightforward perturbation technique for the inclusion of
contributions from leaking modes in the synthesis of infrasonic

waveforms. It was demonstrated that the imaginary parts of

complex horizontal wave numbers can be less than 3 x 10-4 km_l.
Consequently, it would be expected that the contributions

from leaking modes are significant for realistic propagation
distances (i.e., between 1000 and 15,000 km).

In this chapter, a theory of leaking modes has been
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Figure 7. Graph of Normalized Phase Velocity Versus
Normalized Frequency in the Vicinity of
the Point [vL,wL) for the GRO Mode .
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presented, The details of the modification of the computer
program INFRASONIC WAVEFORMS to incorporate this theory are

given in Chapter III.
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CHAPTER III

NUMERICAL SYNTHESIS OF WAVEFORMS
WHICH INCLUDE LEAKING MODES

Introduction

The computer program INFRASONIC WAVEFORMS®’® has been

modified to include contributions at low frequencies from
leaking modes (specifically the GR0 and GRl modes) to
numerically synthesized infrasonic waveforms. The procedure
incorporated in this modification involves among other things
the calculation (as discussed in Chapter II) of the imaginary
and real parts of horizontal wave numbers and phase velocities.
The entire procedure for including leaking modes is outlined
in detail here. Numbers presented for illustration are
appropriate to the case of infrasonic signals observed at
15,000 km distance from a 50-megaton explosion, where the
explosion is at three km altitude and the atmosphere [shown

in Figs. 8 and 2(a)] is assumed to contain no winds.

Calculation of Complex Wave Numbers

and Phase Velocities

The first step in the calculation of complex wave
numbers and phase velocities for the GR0 and GR1 modes is to
obtain values for the phase velocities vn(m}, va(m), and

Vb(m], and the elements Rll(m,v) and Rlz(m,v) of the
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transmission matrix [R]. These calculations are done for
frequencies below the cutoff frequencies of the two modes.

As mentioned in Chapter II, R11 and R12 depend on atmospheric
properties only in the altitude range zero to Zp (the bottom
of the upper halfspace) and are independent of what is
assumed for the upper halfspace. vn(m) is the phase velocity
for a given (n-th) mode for values of w greater than the
lower cutoff frequency Wy and Va(w) and vb(w) are values

of the phase velocity w/k at which the functions R11 and

R respectively, vanish. For a given mode, the values of

12?

¥ and Vi, chosen are those from the curves va(w) and vb[m)

which for ¢ > wp lie closest of all such curves to the curve
Vn(m) .

With an alternate version of the subroutine TABLE,
INFRASONIC WAVEFORMS may be used to obtain Rll and R12' A
deck listing of subroutine TABLE with appropriate modifi-
cations incorporated is given in Appendix A of reference 5.
A deck listing of the input data that is required to calculate
Ry and R, for the example is given in Fig. 9. Note that
only phase velocities between 0.143 and 0.3318 km/sec and
frequencies between 0.001 rad/sec and 0.031 rad/sec are
used in this calculation. A sample portion of a printout
of Rll and R12 versus phase velocity is given in Fig. 10.

Values of va(w) and vb(w) for the GRO and GRl modes
are obtained by two successive runs of INFRASONIC WAVEFORMS

in which two modified versions of the subroutine NMDEN are
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$NAM1 NSTART=1, NPRNT=1, NPNCH=-1, NCMPL=-1 $END

$NAM2 IMAX=24,

z1=1.,2.,4.,6.,8.,10.,12.,14.,16.,18.,20.,25.,30.,35.,40.,45.,55.,
65.,75.,85.,95.,105.,115,,125.,

T=292.,288. ,270. ,260..,249. ,236.,225.,215.,205:,198. ,205; ,215. ,227:,
237.,249.,265.,260.,240.,205.,185.,184,,200.,250.,400.,570.,

LANGLE=1,

WINDY=25%0,0,

WANGLE=25%0.0

$END

$NAMA

THETKD =35.,

V1 = 0.143, V2 = 0.3318,

@1 = 0.001, @M2 = 0.031,

N@MI = 30, NVPI = 80,

MAXMZD = 10

$END

$NAM1 NSTART=6, NPRNT=1, NPNCH=-1, NCMPL=-1 $END

Figure 9. Listing of Input Data Required to Generate

Tabulations of Rll and R12 Versus Phase

Velocity and Angular Frequency.
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R R

n 11 12

OMEGA= .30928-02

. 14300+00 . 21671401 .65152+02
.14539+00 -.72963-01 .22523402
.14778+00 -.19992+01 .16898+02
.15017+00 ~-.34415+01 .49336+02
.15256+00 -.43200+01 .72532+02
.15495+00 -.46324+01 .85619+02
.15734+00 -.44356+01 .88883+02
.15973+00 ~-.38270+01 .83475+02
.16212+00 -,28260+01 L71114+02
.16451+00 -.18579+01 .53814+02
.16690+00 -.74204+00 .336574+02
.16929+00 .31761+00 .12611+02
.17168+00 .12376401 ~.75995+01
.17407+00 .19579+01 -.25568+02
.17646+00 . 24418401 -.40247402
.17885+00 . 26746+01 ~.50952+02
.18124+00 .26605+01 -.57340+02
.18363+00 .24195+401 =.59371+02
.18602+00 .19834401 -.57261+02
.18841+00 .13917+01 -.51424+02
.19080+00 .68860+00 -.42421402
.19319+00 -.80574-01 -.30906+02
.19558+00 -.87185+00 -.17582+02
.19797+00 -.16447+01 -.31561+01
.20036+00 -.23637+01 .11690+02
.20275+00 ~-.29996+01 .26326+02
. 20514400 -.352954+01 .40198+02
.20753400 -.39379+01 .52832402
.20992+00 -.42158+01 .63849+02

Figure 10. Sample Printout of Rll and Rlz Versus

Phase Velocity for a Fixed Value of
Angular Frequency.
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used in sequence. These modifications are so minor that
they are described here. To obtain va(m], the third-from-
end executable FORTRAN statement of subroutine NMDFN need

only be changed from

FPP = RPP{1,1)*A(1;2) - RPP(1;2)%(GU + A(1,1)) (3:1]

to

FPP = RPP(1,1). (3.2)

To obtain Vb(w), the same statement need only be changed to

FPP = RPP(1,;2)]. (5.3)

The same limits for phase velocity and angular frequency as

are used for the calculation of R and R are used in the

1.1 12

calculations for s ¥ and Vy, - In the example, when these

a2
limits are used, the GRl mode corresponds to mode number
three and the GRO mode corresponds to mode number four for
the case when Vn(w) is calculated. For the cases when Va(wj
and vb(m) are calculated, the GR4 mode corresponds to mode
number four and the GRO mode corresponds to mode number

six. A sample listing of vn(w), va(wj, and vb[wj for the

two modes is given in Fig. 11. An additional listing of

these phase velocities for the two modes is given in Table 3.
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.012~75 .31185608
.013407- .31181806
.014430 .31177597
.01546Q .31172682
.016*01 31167509
.017*32 .31161209
.018*63 .31153394
.019070 .3l1148b1l0
.019079 .31148516
.019*95 .31142505
.019853 .31138841
.020111 .31134515
.020*26 .31122480
.02165* .31029529
.02165° .31029116
. 022005 .30790129
.02213° .30551142
. 022173 .30475278
. 022240 .30312155
.02232° .30073168
. 022412 .29834181
. 022490 .29595194
.022*66 .29356207
.02263° .29117220
.02268° .28948366

0 VvV _

n
. 013407 -22781499
.013*24 , 226b<+568
.014040 .22425580
. 014424 , 22186593
.014438 -22177526
. 014778 -21947606
.015107 , 21708619
. 015413 . 21469631
.015469 .21423833
. 01569° .21230644
,015°66 - 20991657
.016217 .20752670
016453 -20513682
. 016*01 - 20463309
.016*75 .20274695
. 016886 -20035708
.017085 -19796721
. 017274 .19557733
,017' »54 .19318746
.017*32 -19211887
. 017626 -19079759
.017790 .18840772
,017°46 -18601784
.018(196 . 18362797
. 018240 .18123810

Figure 11.

for

' GRo MCDE
Va
.001030 .31205939
. 002761 .31205552
. 003093 .31204906
.004124 31204001
.005156 .31202834
. 006187 .31201405
.00721* .31199710
. 008250 .31197748
.009281 .31195515
.010712 .31193006
.011344 .31190215
.012375 .31167139
.013' »07 .31183768
.01443R .31180093
,0i5' »6° .31176104
.016*01 .31171786
.017*32 .31167120
.018*63 .31162087
.019*95 . 31156653
.020%26 .31150781
. 021658 .31144415
.02268° .31137478
. 023720 .31129855
. 024752 .31121368
. 025783 . 31111721
H MDE
o] v,
a
. 001030 . 24434330
.002(161 . 24409612
. 003093 . 24367787
. 003655 . 24337478
. 004124 24307887
. 005156 . 24228453
. 006187 . 24127431
. 006745 . 24098491
. 007218 . 24001984
. 008181 . 23859504
. 008250 . 23848240
. 009281 | 23660913
. 009479 | 23620517
. 010312 .23432748
.010*18 . 23381529
.011344 23153728
«f111*81 . 23142542
. 012115 . 22903555
.012375 . 22809942
.012752 .22664568
. 013311 | 22425580
. 013407 22301942
.013*0° . 22186593
. 014255 . 21947606
. 014438 21842295

the GRy and GR, Mbdes.

n

u

. 001030
. 002061
, 003093
. 004124
. 005156
,00618" /
. 007218
. 008250
. 0C9281
,010312
, 011344
,01237b
. 013407
, 014436
. 015469
. 016501
. 017532
, 018563
, 019595
. 020036
.021658
.0226B9
, 023720
, 021752
, 025783

aJ

, 001030
. 001738
, 002061
, 003093
. 004124
, 005157
, 005160
, 006187
, 006963
, 007210
, 008250
, 008293
, 009281
, 009362
. 010260

Vp

31209836

. 312Q9H7

1

3120(*799

.31207-3P3
. 31«J0677_7
. 31205- 303
. 31203620
.312Q1679
31199476
31197016

31l ot 4. 291

. 3119l 302
.3l 1 e«0ci 5
. 311 8451 8
. 311f >n7i 4

31176630
31172258

. 31167591

31162620

.3115733*+
. 31151721
. 311«45763
. 31139444
. 31132738
. 31125619

V.
D

. 25C73465
. 25054440

t

2bu42454
?-499C029

. 2491507, 7
. 24UJ590G
. 240i 5453
. 246QQ257
. 24576466
. 24535036
. 24346182
. 24337478
.2.4118333
. 24098491

,010312 .
.011034 .
. 23514077
. 23381529
. 23142542

.011344
.011712
.012314

. 012375 .
. 22903555
. 22b6' +568
. 22632580
. 22425580

,01285b
, 01334b
, 013407
. 013790

A Sanple Listing of vy (w , v (03),

a

23b59504
23644396
23620517

23116086

and V¢ O)
D
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