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SUMMARY 

An experimental study was performed in order to determine the mean 

flow charac te r i s t i cs i n a pipe during flew establishment* The smooth 

s t r a igh t c i rcu la r pipe was hor izontal ly aligned,, The upstream extremity 

of t h i s pipe was a -well-rounded i n l e t -which was located i n a large 

reservoir 0 The downstream extremity of t h i s pipe was unobstructed so 

tha t a l iquid j e t was formed in the atmosphere downstream from the pipe * 

The flow was establ ished by rapid (effect ively instantaneous) release 

of a disk valve placed against the square-edged downstream end of the 

pipe* Velocity-time data were obtained from a motion picture-record of 

the j e t d Pressure-time data were obtained a t selected points along the 

pipe* These data were recorded by sending the output s ignals of pressure 

transducers through an oscillograph* 

The experiments were performed with a systematic var ia t ion of the 

independent dimensionless variables, , These independent dimensionless 

variables were pipe length t o pipe diameter r a t i o L/D and an i n e r t i a l 

react ion t o viscous shear force r a t i o g h ^ - v L ^ » h i s the piezometric 

head i n the reservoir and -0 i s the kinematic v i scos i ty of the f l u i d . 

The value of L/D was established a t 9$9 1°05 285* 380 5 and hl$. The 

value of g h J P / L O 2 was established a t 6(10 6 ) , 12(106)-, I 8 ( l 0 6 ) , 2U(106)5 

and 30(106)« Thus the t o t a l number of runs was twenty-five,, The velocity-

time data are presented i n Part I and the pressure-time data are to be 

presented i n Part H I . 
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This port ion of the study (Part I I ) i s concerned with the t r a n s i t i o n 

from laminar to turbulent flow during flow establishment. Pr ior to re lease 

of the downstream valve, the f lu id i s a t r e s t i n the pipe*, For a short 

time in te rva l following the valve opening, the flow i s laminar throughout 

the p ipe . At a l a t e r t ime, the flow becomes unstable a t a point and a 

turbulent spot or region e x i s t s . This turbulent region continues t o en­

large u n t i l the en t i re pipe i s f i l l e d with turbulent ly flowing f l u i d . A 

study was made of the time of turbulence incept ion, of the ra te of growth 

of the turbulent region, and of the pos i t ion of turbulence incept ion . 

For a l l runs , the time of turbulence inception was found to be a 

function of the boundary-layer Reynolds number. Laminar i n s t a b i l i t y 

appeared when the magnitude of the boundary-layer Reynolds number was 

approximately 5>5>©0» ^he boundary-layer Reynolds number i s based upon 

the freestream veloc i ty and the nominal boundary-layer th ickness . The 

magnitude of the accelerat ion or the boundary-layer thickness £er ge 

appeared to be of no consequence in es tabl ishing the laminar i n s t a b i l i t y . 

The ra te of growth of the turbulent region was d i s t i n c t l y dif ferent 

i n the downstream di rec t ion than i n the upstream d i r ec t i on . The down­

stream growth of the turbulent region was approximately 1.3f> times the 

mean ve loc i ty of the f lu id in the p ipe . Upstream ra te of growth of the 

turbulent region was e r r a t i c . The turbulence i s carr ied downstream by 

the flowing f lu id and thus the downstream growth represents a t ranspor t 

of turbulence which was generated previously in a region fur ther upstream. 

The upstream growth of the turbulent region i s the r e s u l t of new laminar 

i n s t a b i l i t y . ' . 
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The position in the pipe at which the turbulent region was initiated 

appeared to be random• The position of the first turbulent spot was found 

to be between 30 and 270 pipe diameters from the inlet. 



UNSTEADY FLOW IN A SMOOTH PIPE AFTER INSTANTANEOUS 

OPENING OF A DOWNSTREAM VALVE 

Part H o TRANSITION FROM LAMINAR TO TURBULENT FLOW 

CHAPTER I 

INTRODUCTION 

Experimental Programo—~An exper imenta l s tudy to determine the mean flow 

c h a r a c t e r i s t i c s i n a p ipe dur ing flow e s t ab l i shmen t was performed i n t h e 

Hydraul ics Labora tory of t h e Georgia I n s t i t u t e of Technology„ Figure 1 

i s a schematic drawing of t he e s s e n t i a l f e a t u r e s of the equipment• 

b 

C 
C a d 

c 

Figo I* General Arrangement of the Equipment 

A smooth s t r a igh t c i rcu la r pipe, a Fig , 1, was horizontal ly aligned., 

The upstream extremity of t h i s pipe was a well-rounded i n l e t a t c i n a 

large reservoir b . The downstream extremity of t h i s pipe was unobstructed 



so tha t a l iquid j e t was formed in the atmosphere downstream from the 

pipe» The flow was established by rapid (effect ively instantaneous) 

release of a disk valve placed against the square-edged downstream end 

of the pipe a t d« Velocity-time data were obtained from a motion-picture 

record of the j e t* Pressure-time data were obtained a t selected points 

along the pipe a These data were recorded by sending the output s ignals 

of pressure transducers through an oscillograph« 

The experiments were performed with a systematic var ia t ion of the 

independent dimensionless va r i ab l e s . 

* V&l 

and 

-/2iH^ 

k-t 

t 
*© L 

L * D s 

gh
0 °

3 

1*1 

*K i ^f 

The l e t t e r symbols are defined as follows: 

D - inside diameter of the pipe ; 

g - accelerat ion of gravity ; 

h - piezometric head in the pipe % 

hQ - piezometric head in the reservoir ; 

L - length of pipe ; 

•Q - kinematic v iscos i ty of the f lu id ; 

t - time since valve opening ; and 

V - mean velocity i n the pipe* 
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The experimental r e su l t s are reported in other par t s of th i s same 

study,, ' 

Objective of Part I I , - o f t h i s Study,—The magnitude of the ve loc i ty in 

the pipe i s increased with time a f te r the in s t an t of valve opening. At 

the ins tan t of valve opening, the veloci ty magnitude i s ze ro . As a 

r e su l t of the unbalanced forces on the f luid a f te r the valve i s opened^ 

the f luid i s accelerated,, The veloci ty magnitude continues to increase 

u n t i l equilibrium i s establ ished between the pressure force on the f lu id 

and the shear force* 

HoweverP during the process of flow establishment^ the flow regime 

undergoes a rad ica l transformation* In the i n i t i a l stages or with small 

values of the velocity,, the flow i s laminar throughout - the pipe* As the 

veloci ty magnitude increases a point i s reached at which th i s laminar 

flow becomes unstable and the laminar flow i s replaced by turbulent flow* 

From the velocity=time and pressure-time records a deta i led examination 

of the laminar-turbulent flow t r ans i t ion i s possible* The objective of 

th i s thes is (Part I I* of the complete study) i s t o study the time and 

place of turbulence inception as well as the manner of turbulence growth 

during flow establishment in a pipe* 

Laminar-Turbulent Flow Transit ion Studies*~—There are two general con­

ceptions about the cause of the t r ans i t i on from laminar to turbulent 

flow* The f i r s t i s tha t the flow i s made turbulent by external d i s t u r ­

bances* These disturbances are usually visualized as being i n the free 

"4?he velocity-time data are contained in Part I 0 "Mean Flow 
Characteristics-Velocity*1 by B* G* Christopher* The pressure-time 
data are to be contained in Part m , "Mean Flow Charac te r i s t i cs -
Pressure and Boundary Shear" by J* E* Roller» 
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stream outside the boundary layer„ The laminar-turbulent flow transition 

studies of Reynolds, Schiller, and Taylor were based upon this concept» 

The second concept about the cause of the transition is that the trans­

ition is the result of an internal instability of the flow. According 

to this concept, the initial instability would be within the laminar 

boundary layer« Tollmein was the first to theoretically determine the 

conditions for which the flow would be internally unstable * Later 

Schlichting and Ian refined and extended the theoretical analysis for 

this type of trans iti on <> 

The following summary of the laminar=>turbulent flow transition 

studies is taken from Prandtl and Tietjens [ij, Dryden [2JS and Schlich­

ting [3] » All of these references include an extensive bibliography,, 

Hagan, in his ;first famous iwbrk with laminar motion in cylindrical 

tubes, observed that laminar motion ceases to exist when the velocity is 

increased beyond a certain limit0 In a second article, published in lQ$k$ 

Hagan proved that the laminar-turbulent flow transition not only depends 

upon the velocity, but also upon the fluid viscosity,, Still later, he 

observed that the transition condition is also function of the diameter 

of the tube „ 

In 18839 Osborne Reynolds deduced from dimensional considerations 

that the transition is a function of the Reynolds number (R s W/z) )» 

Reynolds' theory was that there existed a certain critical value of the 

Reynolds number R_ at which turbulence always started„ For values of R 

above the critical value^ the flow would always be turbulent^, and for 

values below, the flow would always be laminar« From experiments con­

ducted on two tubes9 Reynolds found a complete verification of his ideas 

and determined the critical value in a pipe to be around 2510G<> 
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However, the simplicity of Reynolds* investigation ignored the 

possibility of the critical value varying with the experimental apparatus• 

With a different experimental setup, Reynolds repeated his experiments 

and determined the critical value to be 12,000-lU,000» In the first 

investigation, Reynolds had merely connected his circular tube to the 

water faucet* But in his second, the water flowing from the faucet was 

first allowed to come to rest in a large reservoir and entered the pipe 

through a well rounded entrance© The difference seemed obviously to be 

in the degree of initial turbulence present© The expectation was that 

the critical Reynolds number could be made much higher by minimizing the 

initial disturbances* This has been shown to be true by subsequent in­

vestigators* Barnes and Coker^ reported a value of 20,000„ Ekman con­

ducted experiments with the purpose of obtaining as high a value for Rc 

as possible* He reported critical Reynolds numbers up to £0,000«. 

Reynolds * original value for R was determined under conditions 

with extreme initial turbulenceo A more recent interpretation of 

Reynolds* earlier work is that for values of R less than 2^100, the flow 

is always laminar„ Utilizing this interpretation, the lower critical 

Reynolds number in a pipe is accepted as 2,100* The existence of a 

definite upper critical Reynolds number, one above which the flow will 

always be turbulent, is disputed* 

In 1°38, Taylor presented a theory in which the free-stream tur­

bulence was the principal factor causing the transition* He assumed 

that the transition was the result of separation in regions of adverse 

pressure gradients * This assumption led to the conclusi on that the 

critical Reynolds number was a function of the intensity of free-stream 

turbulence* 
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In contrast to Taylor's theory,, was the alternative view that the 

transition was the result of instability of the laminar boundary layer 

in which minute disturbances grew exponentially. About 1929* Tollmien 

attempted to determine theoretically the necessary conditions in order 

for disturbances, in the form of velocity variations, to increase with 

timeB For this investigation, he assumed a boundary layer of constant 

thickness near a flat plate without pressure gradient* The velocity 

distribution within the boundary layer was taken to be that computed 

by Blasius0 Tollmien8s calculations indicated that only disturbances in 

a certain range of frequencies would increase with time, and then, only 

if the boundary-layer Reynolds number was greater than a certain critical 

value o 

Almost immediately, groups began searching for experimental con­

firmation of Tollmien*s theory„ However, experiments at the National 

Bureau of Standards, California Institute of Technology, Massachusetts 

Institute of Technology, and Cambridge University, all failed to show 

any signs of the amplified disturbanceso 

In 19i;0, Schubauer and Skramstad of the National Bureau of Stan­

dards ̂  were engaged in the study of transition with a flat plate and 

with extremely low turbulence levels» They obtained records of the 

velocity fluctuations in the boundary layer by means of a hot wire 

anemometer* The unexpected result was that the frequency of the os­

cillations agreed with that predicted by Tollmien* 

Dryden explained the reason this phenomena had not been previously 

observed« In all previous investigations, the stream turbulence had been 

much greater than in the Schubauer and Skramstad experiments« The 
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i n t e rna l boundary-layer osc i l la t ions were impossible to ident i fy because 

of the superimposed i r regu la r f luctuat ions of the free-stream turbulence« 

Under these conditions^ the t r ans i t i on was controlled by the free-stream 

turbulence in accordance with Taylor 's theory„ 

Schlichting, i n 19359 extended Tollrnien1s calculat ions to include 

boundary-layer flows with pressure increase and pressure decrease» His 

r e su l t s predicted a lower c r i t i c a l boundary-layer Reynolds number for 

decelerated flow than tha t for p la te flow^ and a higher c r i t i c a l boundary-

layer Reynolds number for accelerated flow* 

The l a t e s t theore t i ca l contr ibut ion t o Tollrnien9s theory was made 

by Lin« He undertook a revision of the mathematical theory of the 

s t a b i l i t y of p a r a l l e l laminar flow and c la r i f i ed some features of Tollrnien 

and Schl icht ing 's calculat ions which had been cr i t ic ized, , Lin 's r e su l t s 

varied only s l i g h t l y with those of Schl icht ing 's* 

Thus the present ideas of laminar-turbulent flow t r a n s i t i o n may 

be s ta ted as follows s If the free-stream or external disturbances are 

less than a l imit ing magnitude^ the t r a n s i t i o n i s the r e s u l t of in te rna l 

i n s t a b i l i t y of the laminar boundary layer„ Conversely i f the free stream 

or external disturbances are greater than t h i s l imi t ing magnitudes then 

the t r a n s i t i o n i s the r e su l t of these external disturbances» No quant i­

t a t i ve information i s available concerning the l imit ing magnitude of the 

external disturbances0 
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CHAPTER IT 

TIME SEQUENCE OF EVENTS IN FLOW ESTABLISHMENT 

The time sequence of events which occur dur ing flow e s t a b l i s h ­

ment can be r econs t ruc t ed by r e f e r e n c e to the p r e s s u r e - t i m e and v e l o c i t y -

t ime r e c o r d s • For purposes of i l l u s t r a t i o n the da t a of Run No* 2° has 

been se lec ted , , 

On Fig* 2 i s shown t h e va lue of t he d imens ion less p iezomet r ie 

head h /h , a t e q u a l l y spaced s t a t i o n s along the p i p e , as a func t i on 

of the dimensionless time t -y/gh^/L* The va lues of the c o n t r o l l e d 

exper imenta l parameters f o r Run No* 29 were g h 0 D 3 / L i ) 2 = 30 x 10 6 and 

L/D = k7$° The values of the piezometrie head were determined from 

pressure transducer records at the stations which were 9h9 189$ 28U5 

and 379 pipe diameters from the pipe inlet* The pressure is atmospheric 

at the outlet, x/TJ s hl5s after the valve is opened, hence the piezo­

metrie head Is zero for t ^ 0. The piezometrie head at the inlet . x/D a 

0 , has been computed from v e l o c i t y - t i m e d a t a from t h e r e l a t i o n s h i p • 

*L i V2 D dV (-jj 
h o " " " 2 g h o ~ V F g h 0 . d t 

For Run No* 29 the minimum value of the third term of the right side of 

Eq* (l) is 0*00073* Since this is small in relation to unity ̂  the term 

1 '' 
A complete description of the equipment and technique of deter­

mining pressure is contained in Part I . "Mean Flow Characteristics-
Velocity1', by B* G„ Christopher which is a part of this study* The 
complete presentation of pressure-time data is to be contained in Part III, 
"Mean Flow Characteristics-Pressure and Boundary Shear", by J , E* Roller, 

2The derivation of this relationship is presented in APPENDIX A. 



Figure 2 . P re s su re - t ime Curves of Run No. 29. 
to 
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may be neglected * Therefore, the slope of the h/hQ curve at x/D = 0 on 

Fig. 2 is proportional to -V dV/dt. A negative slope of this h/h0 curve 

is associated with a positive value of dV/dtj a zero slope is associated 

with a zero value of either V or dV/dt; and, a positive slope is associated 

with a negative value of dV/dt. Thus the fluid -was accelerated in the 

time interval 0 < t -y^P/L < 0,9 and was decelerated in the time in­

terval 0.9 < t -v/gh^A < lolu 

Figure 3 has been constructed from the data shown on Fig„ 2, 

Figure 3 is simply a plot of the dimensionless hydraulic grade line ©r 

piezometric head line at successive equal time increments,, Since there 

were four pressure transducer readings, the computed inlet piezometric 

head, and the outlet piezometric of zero at all times, the piezometric 

head lines of Fig. 3 are based upon six values» 

The following analysis is based upon the one-dimensional equation 

of motion as presented in APPENDIX B in addition to the data presented 

on Figs* 2 and 3* 

Prior to the valve opening the fluid is at rest throughout the pipe 

as well as in the reservoir. Therefore at t < 0 the dimensionless piezo­

metric head h/hQ has the constant value of unity at all measuring stations0 

At the instant the downstream valve is opened the piezometric head 

is changed to a zero value at the outlet* At this instant the velocity 

is zero throughout the pipe* Also the velocity distribution is constant 

throughout the pipe* Therefore, the piezometric head line will be a 

straight line varying from hQ at the inlet to zero at the outlet. Since 

the velocity is zero, the shear force is zero. Thus the motivating force, 

the piezometric head gradient, is utilized entirely to accelerate the 
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fluid. Therefore> at the instant of valve opening the acceleration is 

a maximum (approximately 1.0 g for Run No. 29) o 

Figure 3(a) represents conditions a short time after valve opening 

•when the velocity magnitude is small and the flow is laminar throughout 

the pipe. Since the velocity is small, the shear force will also be 

small valued at this time. Only about 7 percent of the motivating force 

(piezometric head gradient) is utilized in overcoming shear. Therefore 

the acceleration is only slightly less than the maximum at this instant. 

Figure 3(b) represents conditions when the flow is still laminar 

throughout the pipe but when an appreciable fraction of the motivating 

force (piezometric head gradient) is utilized to overcome the shear force« 

Approximately 16 percent of the piezometric head gradient is utilized to 

overcome the shear force in the region where this gradient is straight. 

Hence approximately 8i|! percent of the piezometric head gradient is 

utilized to accelerate the fluid. The acceleration dV/dt is somewhat 

less than 8i| per cent of the maximum because the gradient is also decreas­

ing with time as the value of h/hQ at x/D s 0 decreases. This effect can 

be clearly seen by drawing a straight line from the point (05 l) to the 

point {hlS3 0) and observing that the plotted gradient is slightly less. 

Thus the acceleration dV/dt is approximately 79 percent of the initial 

value. 

On Fig. 3(c) is shown the piezometric head line shortly after a 

turbulent flash or spot has appeared at about 210 pipe diameters from 

the inlet. The presence of this turbulent flow region is not yet apparent 

from the pressure transducer records (Fig. 2 ) 0 The flow is still laminar 

both upstream and downstream from this turbulent region. The method of 
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determining the time and position of turbulence inception is discussed 

in Chapter III. 

The laminar flow region downstream from the turbulence (225 < x/D 

< kl5) is isolated from the inlet with the result that the velocity 

distribution is independent of distance from the inlet. Thus the piezo­

metric head line is straight in this downstream laminar region. About 

2l+ percent of the piezometric head gradient is utilized to overcome the 

shear force in this region and about 75 percent is available to accelerate 

the fluid. However, since the value of the gradient is considerably less 

than the initial value, the acceleration dV/dt is only 36 percent of the 

initial value. 

The laminar flow region upstream from the turbulence (0 < x/D<200) 

is a region of spatially developing velocity profile. Since the piezo­

metric head gradient is steeper in the upstream laminar flow region than 

in the downstream laminar region, this region must be a region in which 

K^ is increasing with distance. Also the shear force is likely to be a 

function of distance from the inlet. The numerical separation of the 

portion of the local piezometric head gradient to overcome the shear 

force is not possible from the data in this region* 

The turbulent flow region of Fig. 3(c) which is between 200 and 

225 pipe diameters from the inlet is another region in which velocity 

distribution and shear force are independent of position. In other words, 

the local turbulent diffusion is the same at x/D - 205 as at x/D s 220. 

Thus the piezometric head gradient is straight. However, the piezometric 

head gradient is steeper than in the downstream laminar region because 

the shear force is greater in the turbulent flow. 
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In the intermediate time between Figs , 3(c) and 3(d)9 a p iezo-

metric head discont inui ty or "pip" i s regis tered at the measuring s t a t ion 

x/D & 9k and a t the measuring s t a t ion x/D s 189. These "pips" are 

c l ea r ly shown on F ig . 2 . A "pip" i s in te rpre ta ted as a manifestation of 

the passage of the laminar-turbulent flow interface past the piezometer. 

The reason for the rapid change i n piezometric head across t h i s i n t e r ­

face i s tha t the kinet ic energy i s greater i n the laminar flow than i n 

the turbulent flow even though the mean ve loc i ty V i s i den t i ca l both 

sides of the in te r face . Figure k i s a sketch portraying th i s idea . 

* 
KeL l 

V2/2g 

N Tota 

I . 
A h 
f 

KeL l 
V2/2g 

I . 
A h 
f Piez 

\ Turbulent Laminar X 

Piezometric Head l ine 

F ig . U. Piezometric Head Change at the 
Laminar-Turbulent Flow In t e r f ace . 

The veloci ty d i s t r ibu t ion of turbulent flow i s nearly uniform with the 

r e s u l t tha t the k ine t ic energy correct ion coeff ic ient KeT i s only 

s l i gh t l y greater than un i ty . The velocity d i s t r ibu t ion of laminar flow; 

i s not uniform with the r e s u l t tha t KeL i s considerably in excess of 

uni ty . Xn fac t , for fu l ly developed laminar flow in a pipe K i s 
e i j 

equal to two. Therefore the rapid change i n piezometric head i s 

"X = (KeL "" ^ 2 i^ 
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If the flow is laminar by a piezometer^ the piezometric head will rapidly 

increase as the laminar-turbulent flow interface passes this piezometer. 

Therefore,. the "pip" is a manifestation of the interface but is not 

indicative as to whether the interface is moving upstream or downstream. 

Figure 3(&) represents conditions a short time after the laminar-

turbulent interface has passed both the piezometer at x/D S 9b and at 

x/D = 189o The flow condition is visualized as being turbulent in the 

regions 0 < x/D < 255 and laminar in the region 255 < x/D < U75» The 

laminar-turbulent flow interface is moving downstream being at x/D = 255 

at the time of Fig, 3(d)« It is apparent from this interpretation that 

the rate of growth of the turbulent region is vastly different in the 

upstream direction than in the downstream direction,, The laminar-tur­

bulent interface of the downstream end of the turbulent region is 

perceived as moving downstream at essentially the mean velocity V„ This 

velocity of movement of the interface may be slightly greater than V as 

new fluid is entrained from the preceding laminar flow by the turbulent 

eddieso This concept of turbulence growth is untenable at the upstream 

end of a turbulent region^ since it would follow that turbulence would 

never spread upstream,, The explanation of the turbulence spreading up­

stream is that new regions of instability occur upstream from the point 

of initial laminar flow instability,, Since the upstream spreading of 

turbulence is the result of a new phenonemon, the upstream spreading may 

be erratic <» 

Figure 3(d) thus represents two well-defined regions of flow5 that 

is, laminar for values of x/D greater than 255 and turbulent for values 

of x/D less than 255* Since the laminar region has been isolated from 
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the inlet by the turbulence, the result is that the velocity distribution 

is independent of the distance from the inlet. Thus the piezometric head 

line is straight, About U8 percent of the piezometric head gradient is 

utilized to overcome the shear force in this region and about 5>2 percent 

is available to accelerate the fluid. However$ since the value of the 

piezometric head gradient is small in relation to the initial value$ the 

acceleration dV/dt is only 18 percent of the initial value. The turbu­

lent flow region (x/D <2££) is likewise a region of straight piezometric 

head gradient since the velocity distribution is independent of the 

distance from the inlet. However9 in this region approximately 86 percent 

of the piezometric head gradient is utilized to overcome the shear force, 

Thus, with the same mean velocity' V and acceleration dV/dt,.86 percent 

of the available piezometric head is utilized to overcome the shear force 

in turbulent flow as opposed to U8 percent in laminar flow. The disparity 

between the shear force per unit length in turbulent flow and laminar flow 

is even greater because of the differences in value of the piezometric 

head gradient. With the same mean velocity v" and acceleration dV/dts the 

turbulent shear force per unit length is about 6,7 times the corresponding 

value for laminar flow* 

Figure 3(e) is very similar to Fig, 3(d) in physical interpretation, 

The laminar-turbulent interface is now about 325 pipe diameters from the 

inlet. The acceleration dV/dt is negligible. Thus all the available 

piezometric head gradient is utilized to overcome the shear force in 

both the laminar and turbulent flow regions, The turbulent shear force 

per unit length is about 10 times the corresponding value for laminar 

flow, 
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Figures 3(f) and 3(g) are similar in physical interpretation to 

Figso 3(c) and 3(d), The progressive downstream movement of the laminar-

turbulent interface is apparent. The significant difference between the 

flow conditions at these times and the flow conditions at the earlier 

times is that the fluid is being decelerated. The inertial reaction is 

similar to a motivating force in the case of deceleration. Thus the 

shear force is greater than the piezonetrie head gradient by the amount 

of the inertial reaction. This effect is particularly noticeable at 

the extreme right of Fig. 3(g) where the piezometric head gradient is 

actually positive in the laminar flow region* 

In the intermediate time between Figs. 3(g) and 3(h)s turbulent 

flow reaches the end of the pipe at x/D s hl5« The exact time that tur­

bulence reaches the end of the pipe is the time that the abrupt piezo­

metric head decreases are shown on Fig* 2. This time for Run No* 29 is 

when the value of t -\/gno/^ is 1»39« The explanation of the abrupt 

piezometric head decrease at intermediate measuring stations is as 

follows. The laminar-turbulent interface is moving toward the outlet. 

Turbulent flow is on the upstream side of the interface and laminar flow 

is on the downstream side of the interface. Due to the differences in 

kinetic energy^ the piezometric head is greater in the turbulent flow 

than in the laminar flow. However,, the outlet is a station of fixed 

piezometric head, that is, h/hQ s 0 at x/D a hl$ at all times. Thus 

as the laminar-turbulent interface reaches the end of the pipe, the 

piezometric head just behind the interface suddenly decreases by the 

amount 

A h v? 
hQ

 s (*eL-KeT) 2gKT 
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With th i s sudden drop in the piezometric head a t the ou t l e t s the piezo­

metric head gradient i s also suddenly increased since the value of h/hQ 

at the i n l e t , x/D s 09 remains e s sen t i a l ly constant . This sudden p ivot ­

ing of the piezometric head l ine about the i n l e t piezometric head value 

r e su l t s i n a piezometric head drop a t each measuring s t a t i o n . The 

magnitude of the piezometric head drop i s d i r e c t l y proportional to the 

distance from the i n l e t . Therefore5 the piezometric head decrease a t 

x/D a 379 i s (U/£)(A10io) , at x/D . 28H i s (3/£( A h / h ^ a t x/D . 189 

i s (2/5)(Ah/hG)5 a t x/D • 9k i s ( l / 5 ) ( Ah/hQ) 5 and at x/D a 0 i s zero, 

This p r o g r e s s i v e e f f e c t can be c l e a r l y d i sce rned on Fig* 2 . 

Final ly Fig* 3(h) represents the steady s t a t e condit ion. The 

accelerat ion dV/dt i s zero» The flow i s turbulent throughout the pipe* 

The piezometric head gradient i s e n t i r e l y u t i l i zed to overcome the shear 

force* In concluding the discussion of the time sequence of events 

during flow establishment, i t i s in te res t ing to note tha t the t o t a l 

elapsed time from the time of valve opening t o the time of F ig . 3(h) i s 

only 1.31 seconds. 
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CHAPTER r r i 

RESULTS AND ANALYSIS OF RESULTS 

C r i t i c a l Boundary-Layer Reynolds Numbere—-Tollmien^s theory of boundary-

l a y e r i n s t a b i l i t y has rece ived no tab le suppor t s ince Schubauer and Skrara-

s t ad succeeded i n ob ta in ing r eco rds of spontaneous ly occur r ing v e l o c i t y 

f l u c t u a t i o n s i n the boundary- layer which confirmed T o l l m e n T s i d e a s 0 

According t o Dryden,, i t s v a l i d i t y and a p p l i c a b i l i t y are beyond ques t ion* 

Small d i s t u r b a n c e s i n t he laminar boundary l a y e r of a c e r t a i n range of 

f requenc ies a r e ampl i f ied u n t i l they b u r s t i n t o turbulence, , provided 

t h a t the boundary l a y e r Reynolds number Rr i s g r e a t e r t h a n the minimum 

c r i t i c a l boundary l a y e r Reynolds number R c • The fo l lowing a n a l y s i s 
o c 

of the l a m i n a r - t u r b u l e n t t r a n s i t i o n i s based on the suppos i t i on t h a t a 

R c e x i s t s * be 

I t should be noted t h a t according t o T o l l m e n ' s theory^ R r i s 

a func t ion of the f requenc ies of the d i s tu rbance» I f R ^ i s t o be of a 

c o n s t a n t value* the f r equenc ies of the d i s t u r b a n c e s must be of a c o n s t a n t 

va lue a Therefore 5 i n o rde r t o e s t a b l i s h a c o n s i s t e n t b a s i s for the 

a p p l i c a t i o n of T o l l m e n ' s theory P i t seems necessa ry t o c o n t r o l t h e 

d i s t u r b a n c e s which may e f f e c t t h e boundary l aye r s t a b i l i t y , , I f t he 

d i s tu rbances were l e f t t o chance a lone $ t he l i k e l i h o o d of the t r a n s i t i o n 

occurr ing at a cons t an t value of R r would a l s o be a chance occur rence e 

For t h i s reason^ a l /8 -dnch band of sand g r a i n s were p laced i n s i d e the 

rounded i n l e t j u s t upstream from the p o i n t of tangency w i t h the p ipe w a l l , 

The sand g ra ins were of such s i z e t h a t they passed the Noe 100 se ive and 
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were retained on the No0 200 serve* The presumption was that the sand 

grains would consistently produce disturbances in the boundary layer of 

a sufficiently wide range of frequencies to allow the boundary layer to 

become turbulent at the earliest possible timee Thus disturbances arising 

from sources other than the sand grains, should not effect the transition,, 

Two preliminary investigations were made to determine the effective­

ness of the sand grains* The reservoir was filled, calmed, and then dis­

charged through the pipe* Turbulent flow was established soon after^ 

opening the valve* As the head decreased, the flow changed intermititly 

and then permanently to laminar* Approximately four hours were taken for 

the head to fall four feet so the deceleration had little effect on the 

transition. In the first investigation, the inlet contained only the 

sand grains, but in the second, two wires 0*01 inch in diameter were 

crossed in front of the inlet* The behavior of the flow was almost 

identical in the second investigation with that in the first, and in 

each case, laminar flow first developed at a R of about 16,000* The 

conclusion was that outside disturbances, at least to the degree of that 

afforded by the cross wires, would not effect the transition as long as 

the inlet contained the sand grains • Therefore, the sand grain distur­

bances should initiate the transition in every case, and hence the 

boundary layer Reynolds number should be a consistent criterion for 

determining the transition* 

Xf the assumption is made that the frequencies of the disturbances 

are no longer a variable affecting R e * there seems to be only two other 

possible variables. Schlichting^s computations indicate that R r is 

dependent on the acceleration, and it seems likely that the boundary 
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layer thickness £ s or £ /rQ may also effect the transition0 Thus, 

idy e /dt S 
R 

£c -0 v, 

The desirable approach to determining the va l i d i t y of the above 

re la t ionship i s to evaluate each term at the time turbulence originated« 

However t h i s i s impossible since the time of turbulence inception i s not 

known* I t was therefore necessary t o evaluate the terms at the time tha t 

turbulence was f i r s t pos i t ive ly detected s which in each case was the f i r s t 

appearance of a pressure wpipw on the pressure time-curves«, 

The computed Rg i s based on Schi l ler "s veloci ty profi le shown in 

Fig* 5« The veloci ty d i s t r ibu t ion in the boundary layer J i s parabolic 

and the velocity d i s t r ibu t ion in the core i s constant,. The boundary 

o 

Figo So Sch i l l e r 8 s Velocity Prof i le 

layer Reynolds number i s R g ~ vc S /t) * Values of i 9 the boundary layer 

thickness9 were determined by several methods using experimental data« 

In Figs* 6 and 7 are shown R^ versus % ( dv c / d t ) / v c
2 and Re versus 

S / r 0 respectively* The re su l t s show the accelerat ion parameter t o be of 

-'-See Part I of t h i s study "Mean Flow Characteris t ics-Velocity" by 
B0 G. Christopher,, 
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a wide range of values and of no apparent relationship. Values of h /r 

are concentrated between 0«2 and 0,5 but seem to vary with the head para­

meter* The transition occurs at the lower values of h/rQ for higher 

head parameter runs and at the higher values of S /rQ for lower head 

parameter runs. Since the boundary layer thickness S is primarily a 

function of timê , and since the velocity V is a function of time and the 

head parameter^ the product of V and & will reach a certain value at an 

earlier time5 and hence at a lower value of £ 9 in the higher head para­

meter runs* This trend is indicative of the transition occurring at a 

constant value of R e , Evidently the values of & A*o a"̂  ̂ e "̂ -me or" 

turbulence inception could be made to extend over a greater range of 

values by merely extending the range of the head parameter, 

It should be emphasized that the boundary layer Reynolds number 

shown in Figs, 6 and 7 is not R r , The variation in R r shown may be 

explained at least partially, by reconsidering the manner (time) in which 

Rr is computed. If the point of turbulence inception is at or near a 

piezometer.p the Re shown may be expected to be nearly the same as R r s 

for there will be only a short interval of time before the turbulence is 

detectedo But if the point of turbulence inception is some distance from 

a piezometer^ there will be a considerable time lag before the turbulence 

is detected5 and hence the computed Re will be greater« A variation in 

the distance from the points of inception to a piezometer would therefore 

produce a variation in the computed Rr , Probably9 the distances from 

the points of turbulence inception to a piezometer vary widely, and hence 

the minimum Rr shown should be nearly equal to R^ . Thus R r seems to 

be fairly well defined as about S>*3>000 
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This value of R r i s considerably higher than the minimum value o c 

of 1725 obtained by TolLmien [ 3 ] for flow past a f l a t p la te and verif ied 

by Schubauer and Skramstad \_h\* On the other hand, Goldstein [ 5 J s t a t e s 

tha t values of Hr have been measured i n the range between 1,650 and 

5,7^0 for flow past a f l a t p l a t e . This discrepancy as to the numerical 

magnitude has not been s a t i s f a c t o r i l y explained* In any event, the 

value of R r of 5><,5>00 does not seem unreasonable even though the value 

i s close t o the upper value quoted by Goldstein* The value of R r for 

pipe flow would be expected to be somewhat higher than for a f l a t p la te 

because of t h e s t a b i l i z i n g e f f e c t of confining t h e f low, A l so , i t should 

be noted tha t the unsteadiness of the flow may account for a high observed 

value of R r , That i s , i f when Re reaches a cer ta in c r i t i c a l value the 

disturbances are assumed to be increased with time un t i l turbulence appears, 

R £ w i l l be of a greater value at the time of turbulence inception tha t 

a t the time that the disturbances f i r s t began to be amplified*. Therefore, 

the value of Rg a t the time the disturbances f i r s t began to be amplified 

w i l l be less than 5>,f>00. 

Rather than the magnitude of R r 9 the surpris ing r e su l t i s tha t 

the value of R £Q appeared to be independent of the accelerat ion (Fig, 6)„ 

Schlichting [ 3 ] has theore t i ca l ly analyzed the affect of convective accelera= 

t ion and he found that the value of R rQ i s s trongly influenced by the mag­

nitude of the convective acceleratione While i t i s t rue tha t the accelera-

t ion of t h i s experiment was local accelera t ion, an analogous effect was 

anticipated* 

Xn Fig e 8 are shown the times of turbulence incept ion. These times 

were computed by computing the times tha t R r reaches a value of 5,500,, 
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Rate of Growth of Turbulence »~~From the explanation of the pressure-time 

data and the hydraulic grade l ines given in Chapter I I , one may conclude 

tha t the t r a n s i t i o n from laminar to turbulent flow throughout the pipe 

Is not an instantaneous occurrence but ra ther occurs during a f i n i t e 

in te rva l of time* The f i r s t appearance of turbulence i s credited i n the 

preceding section to boundary layer instabi l i ty*, Once laminar flow has 

become unstable^ new eddies are continually formed upstream as the eddies 

f i r s t formed are swept away downstream* The eddies f i r s t formed create 

disturbances which in turn create new eddies* Thus the downstream i n t e r ­

face moves downstream with a veloci ty equal t o the mean veloci ty of the 

f luid plus the r e l a t i ve veloci ty of the interface to the f l u i d , 

The upstream laminar<»turbulent interface could conceivably also 

move upstream due to similar generation of new eddies at the upstream 

in t e r f ace . I f the velocity of the interface r e l a t ive to the f luid were 

the resu l t of new eddy generation a t the in te r face s the r e l a t i v e veloci ty 

of both interfaces would be iden t i ca l in magnitude, Since the f luid i s 

moved downstream with the mean veloci ty Vs the absolute veloci ty of the 

downstream interface would be twice the re la t ive veloci ty greater than 

the upstream interface ve loc i ty , However, the upstream interface i s seen 

in F igs , k(o) and i;(d) to move upstream much f a s t e r than the downstream 

interface moves downstream* Thus i t i s concluded tha t the upstream move-

ment of the turbulence i s the r e s u l t of di f ferent physical action than 

the downstream movement* 

A reasonable explanation i s that turbulence does not move upstream 

but that new turbulence i s created upstream from the e a r l i e r regions of 

i n s t a b i l i t y . If th i s hypothesis i s cor rec t , the upstream expansion of 
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the turbulent region i s dependent only upon the s t a b i l i t y of the laminar 

boundary layer^ whereas the downstream expansion of the turbulent region 

i s primarily dependent upon the mean ve loc i ty V which carr ies the p re ­

viously generated turbulence i n a downstream direct ion„ Since the s t a b i l i t y 

of the laminar boundary layer i s dependent upon viscous forces9 boundary 

layer dimensions9 boundary layer ve loc i ty d is t r ibut ion^ as well as free 

stream velocity^ the expectation i s t ha t the upstream expansion i s d i f f i ­

cu l t to determine and even more d i f f i cu l t t o generalize„ Also^ the or igin 

of turbulence i s generally so f a r upstream that i t i s not possible to ob­

serve the upstream turbulent growth except at one piezometer*, For these 

reasonsp. the ra te of growth of turbulence upstream i s not considered*, 

The time that turbulence reaches each of the piezometers and the 

out le t i s r ead i ly obtainable from the pressure-time curves (Fig„ 2)y as 

i s explained in Chap* II« By u t i l i z i ng these times and the distances 

between observation points $ the average downstream rate of growth of 

turbulence 7 between points may be calculated,. Thus 

V #
s A i / A t (2) • 

i n which A-i i s the distance between points of observation and A. t i s the 

difference i n times a t the times turbulence reaches the points of obser­

vation o In the table of APPEHDIX G are shown the values of the time 

parameter t s\/gki0/L and the ve loc i ty parameter V/y\/2ghQ a t the time 

turbulence reaches each point of observation,, 

The above concept of v per ta ins only to one interface and may not 

be used i f turbulence originates between the two points of observation* 

However9 a t t h i s time5 one does not know exactly where turbulence o r ig ­

ina tes 9. nor i s i t possible to know pos i t ive ly i f the turbulence 
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approaches the piezometers from the upstream or downstream side* If one 

assumes that turbulence progresses from its point of origin in a continuous 

fashion^ one may deduce from the pressure-time curves among which three 

piezometers turbulence originated* For instance9 in Fig* 2 the sequence 

of occurrence of pressure ,fpips" is piezometers Nos „ 2S 1, 3$ and lu 

Probably^ turbulence originated in Run No« 29 between piezometers Nos* 1 

and 3o This sequence of pressure "pips" could occur whether turbulence 

originated above or below piezometer No* 2 since the absolute velocity 

of the upstream interface is greater than that of the downstream interface© 

Another indication of the origin of turbulence may be obtained by 

plotting the hydraulic grade line at successive time intervals* The 

appearance of a discontinuity in the grade line may be attributed to a 

turbulent formation© For Run N©« 29<, this discontinuity seems to appear 

between piezometers No* 2 and 3 as may be seen in Fig, 3« Therefore the 

application of Eq« (2) upstream from piezometer Noc 3 would yield unreli­

able resultss but it may be safely applied between piezometers Nos <> 3 and 

h$ and k and the outlet«, 

«&• 

The velocity of the downstream interface ¥ could conceivably be 

a function of the mean velocity Y$ the pipe radius r 9 the distance from 

where turbulence started x5 the laminar boundary layer thickness & 9 and 

the kinematic viscosity j) o 

V* s (j) (V, r6, £ , x, x) ) 

Xn dimensionless form5 the functional relationship may be expressed as. 

M* <t> H JL E M 
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The values of V*/V determined from experimental data were nearly constant 

at about 1.35. Therefore, the downstream interface moves some-what .faster 

than the mean velocity V* The constancy of V*/V is indicative that the 

movement is independent of the laminar flow preceding the interface and 

thus V*/V is independent of the variables on the right side of Eq„ (3)» 

The dimensionless relative velocitys (V"-V)/7 « 0.35 is indicative of the 

rate at which the laminar flowing fluid is entrained by the turbulent 

eddies at the interface* The values of V /V are shown on Figo ° as a 

function of the experimental dimensionless parameters, 

Point of Turbulence Inception.—-The point of inception of turbulence may 

be estimated by reference to the pressure-time curves or by plotting the 

hydraulic grade line at sufficiently close successive intervals of time 

as is explained in the preceeding section,, However ,> by utilizing the 

calculated time of turbulence inception and the calculated rate of growth 

of turbulence in the downstream direction,, one may arrive at an exact 

point for the origin of turbulence,, The accuracy of this method is 

obviously dependent upon the accuracy of the calculated time of turbulence 

inception and the calculated rate of growth of turbulence in the down­

stream direction*, 

The conclusion of the preceeding section is that turbulence pro-

greses downstream at a rate of about 1„35 V<> If one obtains the time that 

it takes the laminar--turbulent interface to progress downstream from its 

unknown point of origin to a point of known location (a piezometer)9 the 

distance from the origin to the point of known location may be calculated. 

Thus 

i * * V*(At) s 1.35V (At) (k) 
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•where Jc is the distance from the origin of turbulence to the piezometer 

chosen^ and A t is the difference in the time of turbulence inception and 

the time that turbulence reaches the piezometer chosen* The distance 

from the inlet to the point of turbulence inception jp, is equal to the 

distance from the inlet to the piezometer chosen minus JL . 

Any piezometer downstream from the point of inception may be 

utilized in this computation,. However, it is desirable to use the first 

piezometer below the point of inception. In this way^ because of the 

smaller interval of time from the time of inception to the time the inter­

face reaches the piezometer^ greater accuracy may be obtained in selecting 

the average v*. But since the point of inception is not yet determined^ 

one can not be sure which piezometer should be used* Therefore«, one 

should initially utilize a piezometer that is located sufficiently far 

downstream for there to be no possibility of turbulence originating below 

it„ If the resulting jt*/D is greater than 95 (the distance to the next 

upstream piezometer)s the next upstream piezometer may be utilized, 

The point of turbulence inception as determined in this manner 

agrees with that predicted by the sequence of occurrence of pressure 

"pips" in the pressure-time curves» It is also in agreement with that 

predicted by the appearance of a discontinuity in the hydraulic grade 

linen For instance^ in the preceeding section the point of turbulence 

inception in Run No„ 29 is deduced to be between 9h and 281}. pipe diameters 

from the inlet from the pressure-time curves9 and between 189 and 28U pipe 

diameters from the inlet from the hydraulic grade lines* Equation (i;) 

yields for Run Io« 29 a point of turbulence inception 210 pipe diameters 

from the inlet* 
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It seems logical that the point at which turbulence originates 

depends upon the conditions existing at that time and only indirectly 

upon the history of the motion0 That is,, the history is significant 

only in respect to establishing the existing conditions*, Thus, 

X" =.^(V, D, -0, J ) 

?'To_ 
These functions were evaluated at the time of turbulence inception and 

plotted* The resulting figures indicated that X*/D is independent of 

both R and S/r_<, Apparently 5 the point at which turbulence appears is 

a random point*. Sehubauer and Klebanoff [6J came to this conclusion 

after studying flow past a flat plate. However$ it is of interest to 

note that the points of turbulence inception for duplicate runs were 

very nearly the same (± 20) as those for the original runs* Values of 

Hn/D for the original runs are shown in Fig„ 10„ 

i w 

D <t> 
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Figure 10. Dimensionless Distance from the Inlet to the Point of 
Turbulence Inception. 
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CHAPTER IV 

CONCLUSIONS 

The fo l lowing conc lus ions may be drawn from t h i s s tudy of the 

l a m i n a r - t u r b u l e n t t r a n s i t i o n s 

(1) The t r ans i t i on from laminar to turbulent flow i s the r e s u l t 

of boundary layer i n s t a b i l i t y» When Rr reaches a value of 

about 555>003 disturbances in the boundary layer are no longer 

dampened but ra ther are amplified u n t i l they become of such 

magnitude tha t laminar motion ceases to exis t* 

(2) The t r a n s i t i o n from laminar t o turbulent flow does not occur 

instantaneously throughout the pipe* Turbulence originates 

a t a point and progresses upstream and downstream« 

(.3) The upstream progression of turbulence i s the r e su l t of new 

regions of i n s t ab i l i t y„ 

(k) The downstream progression of turbulence i s the r e s u l t of 

t ransport by the mean veloci ty of the f lu id plus the en t ra in -

ment of laminar flowing f lu id by the turbulent at the laminar-

turbulent i n t e r f ace . This entrainment i s approximately a t a 

ra te equal to 0.35 V» 

(5) The point a t which turbulence or iginates i s not predictable^ 

but for suf f ic ien t ly long lengths of pipe5 turbulence originates 

i n the upstream region (30 to 2?0 pipe diameters from the i n l e t ) 9 
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APPENDIX A 

EVALUATION OF THE PIEZQMETRIC HEAD 
AT THE INIET SECTION 

The effect of flow unsteadiness upon the value of the piezometrie 

head in the inlet section of a pipe attached to a large reservior is to 

be evaluatedo The flow into a streamlined inlet of a pipe is presumed 

to approach this inlet in a manner similar to the three-dimensional hydro-

dynamic sink (Figo 1A) 

D 

Figo lAo Flow into a Streamlined Inlet of a Pipe 

The velocity is entirely in the radial direction^, the velocity-potential 

surfaces are hemispherical^ and the velocity magnitude is constant on 

each potential surface,, With an incompressible fluid, the volume rate 

of flow Q past every normal section is a function only of time. Thus the 

equation of continuity can be written in the following forms, 

Q s VA • V %JL (^ 
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and 

-v- 2rrr' (2A) 

i n which v* i s t h e mean v e l o c i t y i n t h e pipe^ D i s t h e p ipe d iamete r , r i s 

r a d i a l coord ina te of the s i n k , and v r i s the v e l o c i t y i n t h e f i e l d of t he 

s ink* Thus, 

»2 -2! 
8rS 

V (3A) 

and 

III 
3 t 

D2 dV 

8r' ,2 d t (U) 

Since t h e shea r i s n e g l i g i b l e i n t h e s i n k f i e l d ^ t h e equa t ion of motion i s 

ap 
• • 89 O V , 

B r [ 2 

av 

3 r 

r BV. 

+ e Bt 
(5A) 

i n which p i s t h e f l u i d d e n s i t y and p i s the p iezomet r i c p re s su re» Sub­

s t i t u t i n g Eq„ (kk) i n Eq» (£A) and t a k i n g the do t product w i t h d r , the 

d i f f e r e n t i a l work-energy equa t ion i s d e r i v e d , 

B 
Br 

2 

tli + 
d r D dV 1 

f W dt Z2" a i - t . dr (6A) 

the i n d i c a t e d i n t e g r a t i o n i s performed wi th the fol lowing l i m i t s ; as r -*-oo, 

v r —+- 0 , p —>•» p Q i n which p Q i s t he p iezomet r i c p r e s s u r e i n the l a r g e 

reservoir*, The lower l i m i t of r i s or the p o s i t i o n a t which 

V The r e s u l t i s 

V£ 

Pi-- Po - f T " £ 
dV 

VF ^ 
(7A) 
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Dividing by the specific weight *"/ and the constant reservoir piezometric 

head h, 
*o> 

!!l = 1 _ VL - _ D § (8A) 
h0 2g»0 V ? g h , d t 

o 

The en t i re effect of unsteadiness of the motion is expressed in the t h i r d 
j.. 

term on the right side of the equation,, 
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APPEM)IX B 

OM-DIMENSIOML EQUATION OF PIPE FLOAT 

Unsteady flow in a smooth pipe i s a flow s i tua t ion to which the 

method of one-dimensional analysis can be advantageously u t i l i z e d . The 

advantage of t h i s method i s tha t the equation of motion i s for the t o t a l 

f lu id cross section*, 

The two fundamental concepts of one-dimensional analysis are as 

follows s ( l ) the piezometric pressure or piezometric head i s constant i n 

a cross sect ion which i s normal to the d i rec t ion of flew; and (2) the 

various point ve loc i t i es can be replaced by the mean ve loc i ty Y of the 

cross seetiono The f i r s t concept i s s a t i s f i ed i n the s t r a i g h t pipe except 

i n a very short region following the i n l e t where the flow i s de f in i t e ly 

non-uniform* Slight nonuniformity of the flow as in the s p a t i a l l y growing 

boundary layer i s of l i t t l e effect on the piezometric head constancy across 

the pipe* The second concept concerning the use of the mean ve loc i ty i s 

d i r ec t l y applicable in the equation of continuity for the t o t a l cross 

seetiono However9 i n order to u t i l i z e the mean veloci ty in the momentum 

equation^, the l inear momentum flux must be multiplied by the momentum 

correct ion coefficient K^ in order t o obtain the t rue l inear momentum 

flux* 

The f lu id element used in the der ivat ion i s an element dx i n length 

with a cross sec t ional area equal t© the pipe as shown on Fig« U30 
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T« Dtrdix 

dx 

T~£ 

(rifdx)(^- D 

Fig* IB* Fluid Element within the Pipe 

The external forces on the fluid element in the x direction are the 

resultant pressure force on the end areas and the boundary shear force* 

The momentum equation for this element is 

i £ d x 2 ? I - T -DTTdx . -^ -
dx h ° 3x 

•A 

p v d Q dx -i 2L 
Zt J?-v dV (IB) 

in which " ^ i s the boundary shear s t r ess and V" i s the volume of the f lu id 

element* The f i r s t term on r igh t side of Eq* (IB) i s the difference of 

momentum flux through the end areas of the f lu id element* Uti l iz ing the 

one-dimensional method of wr i t ing momentum flux 

-A 

fvdQ^^QV^^Sif (2B) 

in which K^ is the linear momentum correction coefficient* The second term 

on the right side of Eqe (IB) is the time rate of change of linear momentum 

of the particles on the interior of the element* The incremental volume 

d V is 

dV" s dA dx 
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The end areas of the element are chosen such tha t dx i s a constant for 

every dA„ Thus, 

Since 

V 

•A f r d V - 3t 5' f v dA dx eft- (3B) 

Q m VA 

and since Q i s a function of time alone 

9Q _ D27T dV 
9ii U dt 

(14B) 

Introducing Eqs„ (2B), (3B), and (1$) in to Eq0 (IB) and expressing the 

r e s u l t on a unit volume bas i s , the one-dimensional equation of motion i s 

12. UT„ 
ev' 

2 9 K m 
+ P :nr « B ) 3x D . ~ T 3x ' P dt 

In order t o obtain a c learer in te rp re ta t ion of Figo (U) i n re la t ionship 

to the equation of motion, Eq<» ($B) i s transformed in to dimensionless 

form by dividing by hQ and *y , and multiplying by D0 

a(h/h0) ur o Y2 a K D dV ^ ' o V- m , _£_ d v 
-Yh0

 s ghQ ^IIx^T ghQ ^ 
(6B) 

The physical interpretation of the various terms of Eq„ (SB) are 

as followso The first term on the left side is the dimensionless motivating 

force of the motion* This motivating force is the slope of the dimension­

less curves, h/hQ versus x/D9 shown on Fig„ lu The second term on the 

left is the dimensionless shear force which always acts so as to oppose 

the motiona For purposes of qualitative analysis this shear force can 
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be considered to be proportional t o V in laminar flow and to be proport ional 

to V2 i n turbulent flow. The f i r s t term on the r igh t is the change of 

momentum flux with respect t o d i s t ance . Since the value of the momentum 

correction coefficient K^ i s dependent only upon veloci ty d is t r ibut ion^ 

"BK^/9(x/D) w i l l be zero i n the region suf f ic ien t ly d i s tan t from the i n ­

let© The region in which 3K m /3(x/D) i s not zero i s known as the i n l e t 

length* The second term on the r igh t side of Eq* (6B) i s the change of 

l inear momentum with respect to time alone and thus i s the same value 

throughout the pipe a t a given ins tant* 

For flow establishment in a s t r a i g h t pipe with a well-rounded i n ­

l e t 9 ce r ta in facts can be deduced from Eq, (6B)„ In the region downstream 

from the i n l e t length or where 3K m /3(x /D) s 09 these deductions are as 

followsi 

a . The effect of a posi t ive value of accelerat ion dV/dt on the 

piezometric head gradient i s the same as t h a t of shear . In 

other words, the piezometric head gradient i s g rea te r than 

that due to shear alone• 

b . The effect of a negative value of accelerat ion dV/dt on the 

piezometric head gradient i s opposite to tha t of shear* In 

other words,, the piezometric head gradient i s l e ss than tha t 

due to shear with negative acceleration* In fae t 5 i f the 

decelerat ion i s su f f ic ien t ly great the piezometric head can 

increase in the d i rec t ion of flow even though the effect of 

shear i s always t o cause a decreasing piezometric head i n the 

d i rec t ion of flow. 
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Co The piezometric head l ine is a s t r a i g h t l i ne at a given ins tan to 

In the region downstream from the i n l e t region the ve loc i ty 

d i s t r ibu t ion i s not changing with respect to distance^ there~ 

fore the shear force would be independent of distance as i s 

dV/dt8 Therefore the piezometric head gradient i s a constant 

with respect t© distance in t h i s region,, 

Xn the region of the i n l e t length or where 3K r j l/3(x /^)) f 0S these de­

ductions are as followss 

do ^\J 3(x/D) i s always posi t ive i n th i s region with the r e su l t 

t he p i ezomet r i c head g r ad i en t i s g r e a t e r than t h a t due t o shear 

alone* 9K / 3 ( x / D ) must be posi t ive in t h i s region as K has 

a minimum value of unity a t the i n l e t and increases as the 

veloci ty prof i le i s developed with distanceo Consequently,, 

the piezometric head gradient i s steeper in the i n l e t length 

than in a region further downstreamo 

e„ The piezometrie head l ine i s a curved l ine a t a given ins tan t o 

KJJJ i s a minimum a t the i n l e t and increases with di stance 0 How<=> 

ever5 the grea tes t change i n the value ©f K occurs near the 

in l e to Therefore the piezometric head l i n e i s a curved l ine 

which i s concave upward i n the i n l e t length« 
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