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SUMMARY

This thesis investigates the intersection of machine learning-based generative models
with physics-based methods to address imaging problems, with an emphasis on accelerat-
ing computations while incorporating uncertainty quanti cation. Throughout the chapters,

a key conclusion emerges: machine learning methods, though powerful, are insuf cient

when used in isolation. They must be combined with the trusted domain knowledge con-

tained in numerical physics simulations to achieve robust results. The methods presented
bridge two of the most impactful areas in modern computer science: numerical simula-

tions methods rooted in linear algebra and the transformative potential of deep learning,

particularly as exempli ed by recent advancements in generative modeling.

The focus of this work is on scenarios where the underlying physics is computation-
ally expensive, requiring frugal use of simulations. This is particularly relevant in high-
dimensional, ill-posed inverse problems, such as those encountered in the applications
shown in this thesis: medical imaging and seismic exploration, where the forward oper-
ator is governed by complex partial differential equations (PDES).

To address these challenges, this thesis introduces techniques that blend practical ma-
chine learning approaches with theoretical insights, particularly through the use of physics-
based summary statistics. These statistics enable ef cient extraction of meaningful in-
formation from physics simulations, reducing computational overhead while preserving
the critical elements of the physical model. Theoretical foundations underpin the design
choices, ensuring that the methods are both ef cient and ameliorate the potential bias that
would arise from using physics-based summary statistics instead of raw observations.

As an engineering-focused work, the thesis places a strong emphasis on practicality
and robustness. The proposed methods are stress-tested through validation experiments, on
increasingly complex scenarios with a clear pathway toward deployment in the real-world.

This applied perspective re ects the ultimate goal of leveraging these methods to create

XXii



tangible, impactful changes in domains such as healthcare and geophysics. By bridging
the gap between advanced machine learning and trusted physics-based methods, this work
contributes to the development of innovative tools that balance computational ef ciency,

uncertainty quanti cation, and practical applicability.
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CHAPTER 1
INTRODUCTION

The goal of this thesis is to develop and analyze scalable algorithms for solving high-
dimensional, ill-posed inverse problems, particularly in the context of imaging. These
problems are ubiquitous in elds such as medical imaging and seismic exploration, where
the unknown parameters of interest cannot be directly observed but must instead be inferred
from indirect measurements. The connection between the unknowns and observations is
established through a forward operator, which, in the applications studied in this thesis,
involves solving a partial differential equation (PDE). This forward operator simulates how
the observed data would be generated from the underlying parameters. However, solving
PDEs is computationally intensive, often requiring signi cant time and resources.

Given the high cost associated with these PDE-based forward models, any algorithm
designed to solve the corresponding inverse problems must use these computations spar-
ingly. This is further compounded by the fact that many inverse problem-solving methods
also rely on the adjoint of the forward operator, which itself requires solving another PDE.
In large-scale applications, such as reconstructing a high-resolution medical image or build-
ing a detailed subsurface seismic model, these computational demands can quickly become
a bottleneck, making traditional approaches infeasible.

In addition to the computational challenges, the inverse problems addressed in this
thesis are fundamentally ill-posed. This means that the solutions to these problems are
not unique; there are often many different parameter sets that could explain the observed
data equally well. This ambiguity arises from the inherent limitations of the measurement
process, such as noise, incomplete data, or the smoothing effects of the forward operator.
As a result, simply seeking a single "best” solution is insuf cient. Instead, it becomes

necessary to consider a range of possible solutions, each consistent with the observed data



to varying degrees.

To address this, we adopt a probabilistic framework that allows us to capture and quan-
tify the inherent uncertainty in the solutions. Speci cally, we use a Bayesian approach,
which provides a systematic way to incorporate prior knowledge about the unknown pa-
rameters (expressed as a prior distribution) and to update this knowledge in light of the
observed data (via the likelihood function). The result is a posterior distribution, which
represents the family of solutions that are both consistent with the prior information and
supported by the observed data. Each sample from this posterior distribution corresponds
to a plausible solution to the inverse problem, and collectively, these samples provide a
comprehensive characterization of the uncertainty. This is crucial in practical applications,
where decision-making often relies not only on the most likely solution but also on an un-
derstanding of the con dence or uncertainty associated with that solution such as medical
imaging where a practitioner must take uncertainty into consideration when making pre-
scriptive decisions based on images of patient or risk-aware business when making choices
based on imaged subsurface data.

However, a signi cant challenge in applying Bayesian methods to large-scale inverse
problems is the computational cost of sampling from the posterior distribution. Traditional
sampling methods, such as Markov Chain Monte Carlo (MCMC), require a large number
of forward and adjoint evaluations, making them impractical for problems involving ex-
pensive PDE solvers. To overcome this, we focus on developing scalable algorithms that
reduce the reliance on repeated forward and adjoint computations. By leveraging advanced
generative models, we aim to make Bayesian uncertainty quanti cation feasible for large-
scale imaging applications.

| will summarize this work into a single thesis statement:

Generative models are a scalable tool to perform uncertainty quanti cation of

high-dimensional seismic and medical imaging.

For the remainder of this document | will de ne what | mean be each of the terms and
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design experiments that will defend it. We begin by laying out the imaging problem setup
and introduce the notation and methods that will be used throughout the thesis. | tackle

inverse problems that are solutions of the forward problem:

y=GF(x)") " p("): (1.1)

The goal of an inverse problem is to recover the unknown paramebgrindirectly
observing them through a forward operatofhere considered to be nonlinear but can also
be linear) and noise operat@r parameterized by the noise instaricel'he noise can take

various forms, including additive or multiplicative.

1.1 Imaging problems

Inverse problems present signi cant challenges, since the unknown paramistéigh-
dimensional. This is often the case in imaging applications, where the unknown represents
an image or volumetric data. Such data naturally resides in either 2D sp&&k" ",

or 3D spacex 2 R" " " wheren can range fron128to 1024 0r even higher in some

of the target applications discussed in this thesis. For instance, in medical imaging, the
unknown might be a high-resolution MRI scan, while in seismic imaging, it could be a
detailed model of subsurface structures.

The high dimensionality ok introduces two critical challenges. First, it necessitates
the development of ef cient software capable of handling such large-scale data. Algorithms
that work well on smaller problems often fail to scale effectively when faced with high-
dimensional data, leading to prohibitive computational costs and memory requirements.
This is especially true in inverse problems involving PDE-based forward models, where
each evaluation of the forward operator or its adjoint is computationally expensive.

Second, the high dimensionality strongly in uences the choice of machine learning ar-

chitectures used in solving these problems. Certain architectures and layers are better suited



for high-dimensional data, promoting desirable characteristics such as sparsity, locality, and
hierarchical feature extraction. For example, convolutional layers are particularly effective

in image processing tasks because they exploit spatial hierarchies and reduce the number
of parameters while preserving the ability to capture local features [1]. Similarly, invertible
architectures such as normalizing ows offer a promising avenue for probabilistic model-
ing in high dimensions by enabling posterior sampling while maintaining computational

ef ciency of the GPU training phase.

1.1.1 Seismicimaging

The goal of seismic imaging is to invert for subsurface properties described by the acoustic
wave equation. Speci cally, in this case the forward oper&om Equation 2.1 is the
solution to the wave equation PDE:

1 @

. . 1
(X Y)C(x; )2 @y T (xy)

rulx;y;t) = gt x;y): (1.2)

In (Equation 1.1.1), (X;y) represents density as a function of spade;y) is the
acoustic velocity which when expressed as a gridded function will be the target unknown
imagex and example of which is shown in Figure 1.14§x; y; t) is the acoustic pressure as
a function of space and time, denotes the spatial derivative, ag; X; y) is the acoustic
source term.

This equation governs wave propagation in the subsurface, and seismic imaging aims
to recover the subsurface velocity modéx; y) from recorded wave elds. An example
of the observed wwave elds is shown in Figure 1.1a where it has been organized such that
each row of the data matrix corresponds to the pressure amplitude observed by one receiver
and the vertical axis is time. The practical need for seismic imaging arises in several ap-
plications such as: hydrocarbon exploration [2], monitoring of, G@rage projects [3],

geothermal energy projects [4] and various other applications [5]. The inverse problem is
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inherently ill-posed: many velocity models can produce similar observations. This is exac-
erbated by the limitations of seismic acquisition, such as sparse sampling, limited aperture,

and noise in the data.

(a) Seismic observation (b) Image of subsurface

Figure 1.1: Wave-based imaging of the subsurface.

Traditional methods like Full-Waveform Inversion (FWI) tackle this problem by mini-
mizing a data mis t function, often expressed as th&@orm between observed and simu-
lated shot gathers. However, due to the ill-posedness, such methods often converge to local
minima, resulting in suboptimal solutions. Moreover, they provide only a single determin-
istic estimate without quantifying uncertainty.

Our attempts to solve the FWI problem for seismic imaging culminate in Chapter 5
with the use of the ASPIRE algorithm towards synthetic datasets representing complex
salt plays in the Gulf of Mexico in and towards eld data where the outputs was posterior

sampling on images of si812 7024)

1.1.2 Medicallmaging

In this thesis, | will explore a variety of medical imaging modalities, including Magnetic
Resonanse Imaging, (MRI), Computed Tomography (CT), Photoacoustic Imaging, and Ul-
trasound Computed Tomography. These techniques represent a broad spectrum of imaging
methods, each with unique characteristics and challenges. The range of these modalities in-
clude, linear and non-linear inversions, Forward operators that require: solving wave equa-

tion PDEs, Radon transforms, and the Fourier transform. Also different noise assumptions
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