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CHAPTER I

INTRCDUCTION

The study and application of spline functions have undergone
rapid development in the last few years. There have lately appeared in
the literature applications of splines to nonlinear boundary value
problems, eigenvalue and eigenfunction problems, initlal value prcblems,
optimal guadrature formulae, approximaticn theory and stochastic proc-
esses. As another indication of the interest in spline theory, three
books [4], [16], [22] have been published in the last four years devoted
entirely to the study of spline functions and their applications.

While spline functions were used previously in a few isolated
instances, they were first explicitly identified and developed by
Schoenberg beginning in 1946 [20]. Their evocluticn since that time
has resulted not only in a sequence of generalizations of what might
be accepted as being a spline function, but also in a simplification of

thelir development, and a strengthening of their known properties.

Splines as Solutions to a System of Linear Equations

If a = Ry Sy <ea<xy = b is a partition of the interval [a,b],

one early characterization of a spline s of cdd order 2n - 1 was that
s must be equal to a polynomial of degree 2n - 1 in each interval

(xi,x ), 0<isN-1, and be in the overall continuity class C2n_2[a,b].

i+l

Then the problem of finding a spline of the above type which is required



to take on specified values at the node points {xi}?;l along with

1

assigned values of its first n-1 derivatives at the end points a and b,
has been shown to have a unigue solution for any such set of assigned
values.

In the early and mid-sixties a series of generalizaticns of these
plecewise polynomial splines appeared, based on the characterization of

a polynomial of odd degree 2n-1 as being a funcetion in the null space

of the differential operator Dzn, where D = é%—. One such generaliza-

tion, due to Ahlberg, Nilson and Walsh [2], defines the class of gener-
alized spline functions as follows:
n . .
Let L = z aj(x)DJ, where the aj(x)ecj[a,b] and an(x)2m>0, and
3=0

& n P
let L'f = ) (-l)]Dj(ajf) denote the formal adjoint of L. Let
3=0
a = x0<xl<...<xN = b be any partition of [a,b], and define the gener-

alized L-spline interpolate of any function feCn-l[a,b] to be the unique

sclution s of the problem

i. LLs(G)] = 0  if xe(x.,

<] <N-
i Xi+l)’ 0<1=N-1,

ii, D]s(xi) = DIf(x,), O0sjsp-1, l=isN-1,

2n—p—l[

iii, seC a,b]l, and

iv. DI[s(x)] = DI[f(x)], 0<i<n-1l, for x= a and x = b,

where l<ps=n.



This problem can be shown to have a unique solution s for all
n,2 i, 2 . .
feW *"la,b]l, where W ' [a,b] is the Scbolev space of functions f such
n-1, . . n 2
that D *f is absolutely continuous on la,b], and D"feL"la,b]. If
L = Dn, and p = 1, this problem reduces to the earlier cne.
In 1367 Schultz and Varga [24] generalized the above problem even
further by assocliating with each interior node point Xy @ number Z: s

lSZiSH, 1<i<N-1, and substituted for condition ii above, the condition
ii'. Djs(xi) = D]f(xi), 0<jsz -1, l<isN-1.

This also necessitated a generalization of the continuity condition 11l

to
U SIS et . .
iii'. D s(xi) =D s(xi), OSJS?D-zi-l, 1<i=N-1.

If z, =P for all i, 1<i<N-1, this new problem reduces to the second
problem. The interpolation used in ii' is referred to as being of
Hermite type. Denoting {Xi}§=0 and {zi}ﬁ;i by 7 and z, Schultz and

Varga define Sp(L,m,z) to be the space of all functions

sewzn’z[xi,xi+l], 0<i<N-1, such that s satisfies conditions 1 and 1ii'.
Any seSp(L,m,z) is alsc referred to as being an L-spline. For any
fewn’Q[a,b] a function seSp(L,m,z)} is said to be an Sp(L,m,z)~interpclate
of £ if s satisfies conditions ii' and iv. Then they have shown that

2 . . . . =
for every feW"*“[a,b] there is an s which is a unique Sp(L,m,z)-

interpclate of f. This generalizes the similar result obtained by



Ahlberg, Nilson and Walsh [2] referred to above.
In 1969 Lucas [17] generalized this result still further by
considering an arbitrary formally self-adjoint differential operator

of order 2n of the form
n . . .
LuGol = (-1, ODMux)], (1.0)
. i=0

1,2 . .
where aiswl’ [a,b], 0<i<n, and an(x)2m>0 for all xela,b], and replacing

condition 1 by

it, Lls(x)] = 0 if xe(x.,x

i i+l), 0=i<N-1.

Since the class of differential operators of the above form can be shown
[17} to include all differential operators of the form LiLl, and since it
is alsc considerably larger, the problem of finding a unique Sp(L,m,z)-
interpolate of any fewn’g[a,b] in the sense of conditions i', ii', iii'
and iv 1s another generalizaticn cf the classical notion of a spline.
If the partition points in 1 are sufficiently close together, this
problem has been shown to have a unique solution [17].

We remark that in all of the above formalizations of generalized

splines, if {ui}iz is a basis for the null space of LlLl (or L in

1

(1.0)) then condition 1 (i') implies that

2n

s{x) = .2 aijui(x) if xe(xj,x.

), 0<j<N-1
+1 ?
1=1 ]



which determines s as dependent on ?nN constants. For a given
fewn’z[a,b], +he conditions ii and iii or ii' and iii' place 2n
restrictions on s at each interior node point for a total of 2Zn(lN-1)
linear equations in {aij}. The condition iv places another 2n linear
constraints on {aij}’ and thus the problem of finding an Sp(L,7,z)-
interpolate of any wan,Q[a,b] can be reduced to sclving 2nN linear
equations, This fact helps one to understand the theory behind the
above explicit formalizations of generalized splines, and is used in
the above papers to help establish the unique existence of Sp(L,m,z)~
interpolates under various conditions.

We also remark that the above papers include other more com-
plicated formallizations which involve either replacing condition 1v
with other sets of ?n constraints at the end points a and b, including
constraints of a pericdic nature, or generalizing condition ii' still
further. If Ll = p", Schulté and Varga [24] replace the N-1 vector z
with an N-1 by n matrix E = (eij)’ 1<i<N-1, 0<jsn-1, consisting solely
of 0's and 1's, with at least one nonzero entry in each row. They then

replace conditions ii' and iii' by

iit. Djs(xi) = Djf(xi) for all (i,]) such that eij =1,

iiiv, Dzn'l'ls(xz) = DQH‘J‘lf(xi) for all (i,i) such that

eij =0,

and refer to Sp(Dn,n,B)—interpolates as g-splines, and the interpolatiocn



appearing in ii" as being of Hermite-Birkhoff type. This extended work
by Ahlberg and Nilson [1] and Schoenberg [?1].

It now begins to be clear that the above explicit characteriza-
tions of splines require a new development every time the second condi-
tion {or the fourth condition) is changed by considering a more general
class of interpolates. Thus it would be highly desirable to have a
develcpment of generalized splines which was not so highly dependent on

particular forms of interpolation.

Splines as Solutions to a Minimization Problem

One result that iIs valid for many of the developments of gener-
alized spline theory mentioned above is that if A is the family of
linear functicnals on the Sobelev space Wn’Q[a,b] generated by any of
the different forms of conditions ii and iv (in the sense that condi-
ticns ii and iv are equivalent to A{s) = A(f)} for all XxeA), then when-
ever there is a unique Sp(L,m,z) or Sp(Dn,E)—interpolate s for every

fewn’z[a,b], s is characterized by

(Lls,Lls) = min{(ng,ng) : gewn’Q[a,b], and A(g) = A(f) (1.1)

for all Aehl}l.

That is, s iz the unique element in Wn’z[a,b] which minimizes the
quadratic form (ng,ng) over all A-interpolates of f. Equation (1.1)
has been taken as a starting point for an abstract approach to interpo-
lation by splines in a Hilbert space setting as early as 1366 by de Boor

and Lynch [8] and Atteia [6].



A recent example of such a formulation has been developed by
Anselone and Laurent [5]. Suppose X and Y are Hilbert spaces, T is a
bounded linear operator mapping X onte Y, and N(T), the null space of
T, is finite dimensional. Let K = span{ki}?zl, where the ki are the
representors of linearly independent, continuous linear functionals on

X, and let k' denote the orthogonal complement of K in X. If

N(T)nl('L = {0}, for any xeX, the minimization problem

Min{"Tx“Y : XEK;}, where
(1.2)

1 .
Kr = {xeX : (x,ki) =T 1<i<k},
has a unique sclution s, characterized by
Tse(TKY)™.

In each of the formulations above, hypotheses sufficient to
guarantee uniqueness of spline interpolates have been assumed, and then
the existence of such interpolates has been deduced. The first
researcher to separate these two properties, and indeed to show that
existence can hold without uniqueness, was Golomb [117] in 1968. Golomb
considered the following situation:

Let ¥ and Y be two Hilbert spaces, let U be a flat (that is, a
translate of a subspace of X) in X, not necessarily of finite codimen-

sicn, and U0 the subspace parallel to U, say U = U0 + z, Let R be a



bounded linear transformation of X intc Y. Determine seU by the condi-

tion

|Rs]| = inf{|Rx| : xeU} (1.3)

and refer to such an element s as a generalized spline, or more spe-
cifically, say that s is an R-spline interpolate of the flat U.

Golomb then proceeded to show that if

RU is closed (1.4)

or the equivalent condition that RUO is closed, then there exists a
solution to (1.3}, and that each solution satisfies the orthogonality

condition

(Rs,Rx) = 0, for all xet”. (1.5)

If in addition to (1.4), it is required that

N(R)U? = {0} (1.6)

where N(R) is the null space of R, then he showed s will not only exist,
but & will be the unique solution to (1.3).

To develep some easily verifiable situations in which hypothesis
(1.4) holds, Golomb [11], with the help of Jerome, formulated the fol-

lowing lemma:



Lemma 1.1. Suppose X and Y are Hilbert spaces, R i1s a bounded linear
transformation with null space N(R) that maps X onto Y, and UO is a

subspace of X. If N(R) + v is closed, then ROV is closed.

If the additional hypothesis
0 .
U~ is closed (1.7)

is assumed (and this will always be the case when UO is the null space

of a family of continuous linear functionals A on ¥X), and N(R) is

finite dimensicnal, as it usually is in applications, then N(R) + o’

will be closed, and hence by Lemma 1.1, hypothesis (l.4) is satisfied

and the problem (1.3) will have a solution for all translates of UO, u.

Moreover that solution will be unique if and only if hypothesis (1.6)
holds.
Jerome and Schumaker [15] applied Golomb's results to the
Scbolev spaces X = Wn’2[a,b] and Y = Lz[a,b], where R[f] = L[f] =
§ aiDif, with a.eCi[a,b] and ap(x)20 on [a,b], 0sisn. If A = {A.}g_
120 1 171=1

is a collection of continuous linear functionals which are linearly

independent on Wn’Q[a,b] and r = (r_,r ..,rN)eEN, then they considered

12727

the following minimization problem:

lis| , = min_ |
L’ feu(y) LY
(1.8)

U(F) = {fei*%[ab] ¢ A (£) = x,, lsisN}.
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That is, they minimized “Lf” , over the set of all A-interpolates of £,
They showed through the use if Lemma 1.1 that there always exists a
solution s to the problem (1.8), and s is unique if and only if
N(R)nU(D0) = {0}. They called such solutions Lg-splines, since splines
associated with a general differential operator have been called L-
splines, and splines associated with Hermite-Birkhoff interpolaticn have
been called g-splines. Jerome and Schumaker then deduced as a theorom
that if all of the members of A are of the Hermite-Birkhoff type ii",
then s will satisfy both condition i, and condition iii". Alsc if A
is of the type 1i' then s will satisfy the continuity condition iii'.
This represents a great simplification over the explicit approaches to
generalized splines discussed in the previous section, such as the L-
splines of Schultz and Varga. However, neither this formulation nor
the results of Golomb include the generalized L-splines developed hy

Lucas [17].

Purpose and Preliminary Definitions

I+ is the purpose of this research te formulate, develop and
apply a theory of generalized splines which 1) includes as special
cases all of the results previcusly mentioned in this introduction,

2) has a foundation in Hilbert space theory, 2) includes many of the
advanced results of generalized spline theory in thils more general
setting, 4) gives new results when this general setting is specialized
to earlier studies, and 5) improves upon earlier results in some cases.

Basic to this approach is taking the orthogonality condition

(1.5) as the defining characteristic of generalized splines instead of
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the minimization condition (1.3). This leads to the following formali-
zation of the notion of an M-spline, where M is a continuous (not

necessarily symmetric) bilinear functional on a real Hilbert space:

Definition 1.1. Let X be a real Hilbert space, and A a family of con-

tinuous linear functionals over X. Associate with A the linear space
N(A)Y = {nex : A(n} = 0 for all AeAl, which we shall refer to as the
null space of A, Let M{(x,y) be a continuous bilinear functional on

X »x ¥ such that M{n,n) =z 0 for all neN(A). A function seX is said to
be an M-spline if M{(s,n} = 0 for all neN(A). The class of all M-splines

for a fixed A is denoted by Sp(M,A).

Definition 1.2. Let X, A and M be as above, and let xeX. Then any

seX is said to be a A-interpolate of x if s - xeN(A). If s is also in

Sp(M,A), then s is sald to be an Sp(M,A)-interpolate of x.

Note that s is a A-interpolate of x if and only if A(s) = x(x)
for all xeA. Also observe that Sp(M,A) is a closed linear space.

In the next chapter we shall give conditions which insure the
existence of an Sp(M,A)-interpolate of any element in X. If for a given
¥, A and M, with M(n,n)20 for all neN(A), as in Definition 1.1, we
define Nl by Nl = {nleN(A) : M(nl,nl) = 0}, then it may easily be seen
that N, is a closed linear subspace of X:

1

N, is clearly homogeneous. If x,yeNl, let a = M{x,y) + M(y,x).
Then M{x-oy, x~ay) = -a[M(x,y) + M(y,x}] = —u220 since x - ayeN(A).
Therefore o = M(x,y) + M(y,x) = 0 for all x,yeNl. Thus M{x+y, x+ty) = 0

for any x,yeNl, and Nl is additive. By the continuity of M, Nl is closed.
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Definition 1.3, Let ¥ be a real Hilbert space, A a family of continu-

ous linear functionals on X, and M a continuous bilinear functional on

X x ¥ such that
M(n,n)=0 for all neN(A).
If there is an m>0 such that
M(n,n)Zm"n“2 for all neN(A),

then we shall say that the system {X,A,M,N(A)} 18 well-posed.

by N, the closed linear subspace of N{A),

Nl = {nleN(A) : M(nl,nl) = 0}.
If
M(X,nl) = 0 for all xeX, n

leNl,

if there exists a closed linear subspace of N(A), N2,

N(A) = N, & N
and an m>*0 such that

2
M(ng,nQ)Zm“ngﬂ for all neN,,

such that

(1.9)

(1.10)

Denote

(1.11)

(1.12)

(1.13)

(1.14)
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then we shall say that the system {X,A,M,N(A),NI,Ng} ig Ni-posed.

Note that if Nl = {0}, {X,A,M,N(A)} is well-posed if and only if

{X,A,M,N(A),Nl,NQ} is {0}-posed.

Example 1.1. Let X and Y be real Hilbert spaces, A a family of con-
tinuous linear functionals on X, and T a continuous linear transforma-
tion of X onto Y, such that the dimension of the null space of T,N(T)},

is finite, Define the continucus bilinear functiocnal M by

M(xl,xz) = (Tx TXQ)Y for all X s X eX.

1? 2

Then M(x,x)20 for all xeX, and Nl = N(A)IN(T). If neNl,

_ . . . s _ 1
(Tx,Tn)Y = 0 since neN(T), so (1.12) is satisfied., Let N2 = (Nl)N(A)’

M(x,n)} =

the orthogonal complement of Nl in N{A). Since N2 is closed and N(T)

is finite dimensional, N, + N(T) is closed [12,Prob. 8], and by Lemma

2
1.1, T(NQ) is closed. Thus T maps N2 one to one and onto the closed

subspace T(NQ), and therefore by the open mapping theorem, T restricted

to N2 has a econtinuous inverse. Thus there is an m>0 such that

[Ta =m0, for all n,eN,. But then M(n,,n,) = |Tn | s2n’|n ||? for a1l

n €N2 giving (1.14), and thus the system {X,A,M,N(A),Nl,NQ} is N,-posed.

1
and the system {X,A,M,N(A)}

2

If N, = N(A)AN(T) = {0} then N(A) = N

1 2°

is well-posed.
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CHAPTER II

M-SPLINES IN HILBERT SPACE

Cxistence and Uniqueness of M-Splines

The following theorem gives conditions which insure the existence
and uniqueness of M-splines. Note that there is no symmetry requirement

placed on M.

Theorem 2.1. Let X be a real Hilbert space, A a family of continuous
linear functionals on X, and M a continucus bilinear functional on
X x ¥X. If the system {X,A,M,N(A)} is well-posed then for any yeX there

is a unique Sp(M,A)-interpolate s of y, which depends continuously on y.

Proof. Sinece M is continuous, there is a K»0 such that

K| %[[[n] 2 M(x,n) for all xeX, neN(A). (2.1)

Thus for any fixed xeX, M(x,*) is a bounded linear functional on N(A).
Therefore there is a zeN(A)} such that M(x,n) =(z,n) for all neN(A). Let

Tx=z. Then T is a continuous linear mapping of X into N(A), such that

K"n"2 2 M(n,n) = (Tn,n) 2 m||n||2 for all neN(A). (2.2)

Denote by T, the restriction of T to N(A). Clearly Ty is 1-1. It will

now be shown that the range of T R(TN), is actually equal to N{A).

NS
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Suppose {ni}:_o is a sequence of elements nieR(TN) such that n, - neN{A).

Then there exist xieN(A) such that Txi = ;. From (2.2),
ITa| = ml|n|| for all neN(a). (2.3)

Since {ni} is a Cauchy segquence, so 1is {Txi}. But by (2.3}, {xi} must
then be Cauchy also. Let X, > xeN(A). Then since T is continuous,
Txi + Tx, s0o Tx = n. This establishes that R(TN) is closed. Let ny

be in the orthogonal complement of R(TN) in N{(A). Then

<
1

2
(Tn ,n ) 2 m”nl” .

Therefore ”nﬂ‘ =0, son 0, and R(TN) = N(A). Since T, is a 1-1

1 N

mapping of N(A) onto N(A), by the open mapping theorem TN has a con-
tinuous inverse Tgl.

Now let veX. Suppose seSp(M,A) and s = y + n with neN(A). Then
M(y+n,n) = 0 for all neN(A). Therefore T(y+n) = 0, implying that

n o= -r ).

Thus
-1
s = (I-TN T)yey + N(A). (2.4)
So if there is an Sp(M,A)-interpeolate of y, s, then s is unique, and is

given as a continuous function of y by (2.4). But for any neN(4{),

M(s,n) = (Ts,n) = (Ty-Ty,n) = 0, so (2.4) actually gives an
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Sp(M,A)-interpclate of y, establishing the theocrem, []

Corullary 2.1. Under the conditions of Theorem 2.1,

X = N(A) & Sp(M,A).

Proof. If yeX, y = (y-s8) + s, where s is the unigue Sp(M,A)-interpoclate

cf vy.

Corcllary 2.2. Under the conditions of Thecrem 2.1, if span (A) has a

basis of dimension n, then dim(Sp{M,A)) = n.

Corollary 2.3. (Anselone and Laurent [5].) In Example 1.1, if

N{TInN(A) = {0}, then for every xeX, there is a unique Sp(M,A)-

interpolate s which depends continuously on x.

The following example generalizes the self-adjoint L-splines

developed by Lucas [17].

Example 2.1. Let X be the Sobolev space Wn’z[a,b] of all functions f
in Cn_l[a,b] whose n-lst derivative is absolutely continuous and

n 2 . .

D" fel"[a,b], with inner product

n b . .
(f,g) = Y [ [D (€)D" g(t)1dt.
i=0 a

Define a continuous bilinear functional M on X x X by



17

M(f,g) = _§ jb a, (£)[D £(£) D () Tat,
1=0 a
where aiewn’z[a,b], 0<i<n, and an(t)2m>0 for all tela,b]. Suppose A is
g family of continuous linear functionals over X which includes func-
tionals of the type A(f) = f(x), xela,b]l, for all feX. Denote the set
of xe¢[a,b] for which there is such a A by A. Let & be the greatest
distance between the points into which [a,b] is thus partitioned.
Theorem 1, parts 1 and iii, of [17] then assures us that there is an €>0
such that if A<e, m"u“i < M(u,u) for all ueN{(A), where m>0. Thus the
system {Wn’Q[a,b],A,M,N(A)} is well-posed for any such A, and by the
previous theorem, for any function feWn’Q[a,b] there 1s a unique

Sp(M,A)-interpolate which depends continucusly on f.

The next theorem separates the questions of existence and unique-

ness of M-splines, generalizing Theorem 2.1.

Theorem 2.2, Let X be a vreal Hilbert space, A a family of continuous
linear functionals on X, and M a continuous bilinear functional on
X x X. Suppose there is a clesed subspace of N{A), N,s such that the

system {X,A,M,N(A),Nl,Nz} is Nl—posed, where N, is defined by (1.11).

1
Then for any ye¢X there is a unique Sp(M,A)-interpolate s of ¥y in y + N2,

which depends continuously on y. Moreover, any other Interpolate of y,

s, is an Sp(M,A)-interpolate of y if and only if s - seNl.

Proof. By hypothesis there is a clased subspace N, of N(A) such that

(1.13) and (1.1k) are valid. Let A, be the orthogonal complement of X,
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in X. Then A2 can be considered as a family of continuous linear func-

ticnals on X whose null space, N(AQ), is N Thus, by (l.14) the system

o
{X,AQ,M,N(AQ)} is well-posed (where N(AQ) = NQ), so by Theorem 2.1, for

every yeX there is a unique Sp(M,AQ)-intevpolate s of y, which depends

~

continuously on y. This gives a unique ﬁQEN2 such that s = y + n, and
M(s,n2) = 0 for all n2€N2. By (1.12) M(s,nl) = 0 for all nleNl, and by
(1.13) any neN(A) is of the form n = ny + n, Wwith nleNl, n2€N2. There-
fore s is a unique Sp(M,A)-interpolate of vy In y + N2.
Next it will be established that
M(nl,n) = 0 for all nleNl, nel(A). (2.5)

n, + n,.eN(A) with n,eN eN,. Then by (1.12), M(nl,n)=

Let njeN,, n =n) +n, 1510 ety

2'1'@{’11 ,n2

aM(nl,EQ) > 0 by (1.12), (1.11) and (1.9). Then M(nl,ag) must be zero,

M(nl,BQ). Consider for any real a, M{(n +unl) = M(52,52) +

or the above ineguality could not hold for all a, establishing (2.5).
Now if s is the unique Sp(M,A)-interpolate of y in y + N,, and s

is any other Sp(M,A)-interpolate of y, then s - seN(A), and M(s-s,n) = ©

for all neN(A). Lettingn = s - s, we see by (1.11) that s = seN,. On

the other hand if s is as above and s - seN,, then s = s + n, for some

1

ﬁleNl and M(s,n) = M(s,n) + M(ﬁl,n) = 0 for all neN(A) by (2.5) and

Definition 1.1, so s is an Sp(M,A)-interpclate of y. (]

Corollary 2.4. Under the conditions of Theorem 2.2,

X = N, & Sp(M,h).
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Corollary 2.5. Under the conditions of Theorem 2.2, if span{A) has a

basis of dimension r, and dim(Nl) = r_, then dim{(Sp(M,A)) =1 + r

1’ 1’
The following corollary shows that if M is symmetric and non-
negative over sll of X, the orthogonality condition (1.12) is always

satisfied, giving again the conclusions of Theorem 2.2.

Corcllary 2.6. Let X be a real Hilbert space, A a family of continuous

linear functionals on X, and M a continuous symmetric bilinear func-

tional on X * X such that M(x,x) 2 0 for all xeX. Let Nl =

{nleN(A) : M(nl,nl) = 0} and suppose that there is some closed subspace

of N{A), N2, such that N(A) = Nl & N2 and M is positive definite on N

5
Then for any veX, there is a unique Sp(M,A)-interpolate s of y in y+N2,
which depends continucusly on y. Mereover, any other interpeolate of y,

s, is an Sp(M,A)-interpolate of y if and only if s - seNl.

Proof.. Except for the orthogonality condition (1.12), the system
{X,A,M,N(A),Nl,Nz} is Nl—posed. But (1.12) does hold, since for any

xeX, nleN M(x+anl,x+anl) = M(x,x) + QaM(x,nl) 2 ¢ for all real o,

lb

implying that M(x,nl) = 0. [

Corollary 2.7. (Golomb [11], Jerome and Schumaker [157].) In Example

1.1, for any xeX there exists an Sp{M,A}-interpolate s, and any other
interpolate of x, s, is an Sp(M,A)-interpolate of x if and cnly if

s - seN{A)INN(T).
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Sufficient Conditions for Well-Posed and N.-~Posed Systems
The next result gives a very useful condition which insures the

existence of the space N2 of Definition 1.3 and Theorem 2.2.

Theorem 2.3, Let X, A, ¥ and Nl be given as in Definition 1.3 with M
and N, satisfying (1.9), (1.11) and (1.12). Suppose there is a closed
subspace of N(A), N3, such that Nl + N3 is of finite codimension in
N(A), and an m, > 0 such that

1

M{n,,ng) = ml”n3||2 for all n eN (2.6)

3"

Then there exists a closed subspace of N(A), NQ, containing N3 such that

the system {X,A,M,N(A),Nl,Nz} is Nl-posed.

Proof. Since the codimension of Nl + N3 in #(A) is finite, and NlnN3 =

{0} by (1.11) and (2.8),

N{A) = Nl & N. & N4 (2.7

3

for some finite dimensional subspace of N(A), N, . It will now be shown

that N2 = N3 @ Nq satisfies (1.14) as well as (1.13), demonstrating that
the system (X,A,M,N(A),Nl,NQ} is Nl~posed. It will suffice to show this
for the case where Nu is one dimensional.

Suppose N, consists of the span of some nuEN(A) - (Nl & NS)' Let

AS be the orthogonal complement of NS in X. Then AB can be considered

to be a family of continuous linear functicnals on X, with null space
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N(AS) = N3. Now let us define a continucus bllinear functional on

X x X, MS, by
Ms(x,y) = %—[M(x,y) + M{y,x)] for all x, yeX. (2.8)
By (2.6) and {(2.8),

_ 2 _
MS(DB’DB) = M(na,nS) > ml”n3” for all HBEN(AB) = NS' (2.9)

By (2.9) the system {X,A MS’N(AB)} is well-posed, so by Thecrem 2.1,

3'.!

there is & unique Sp(MS,AS)—interpolate cf n, sen, + NB’ satisfying

n

QMS(S,DB) = M(s,n3) + M(ng,s) = (0 for all n EN3. (2.10)

3

Let m = = min{M(5,5)/]5|%,m 3. Then

- - - - -
M(as+n3,as+n3) = g M{s,s) + a[M(s,na) + M(n3,sI]+ M(DS’HS)

\'%

21=)2 2
on(a?I312 + [n}?)

%

m“ag + nSHQ, (2,11)

by use of (2.10) and the parallelogram inequality. But span {nu+N3} =
span{§+N3}, so (2.11) establishes that M is positive definite on

N, ®N,. If dim(N4)>l the above argument may be repeataed. [J
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The follewing application of Theorems 2.1, 2.2 and 2.3 general-
izes results of Anselone and Laurent [5], Golomb [11], Jerome and

Schumaker [15], and Jercme and Varga [16].

Example 2.2. Let X and {Yi}?=l be real Hilbert spaces; Ti:X+Yi be a
continuous linear transformation from X onto Yi, such that the dimen-
sion of N(Ti), the null space of Ti’ is finite, 1<isn; and A be a family
of continuous linear functionals on X with null space N(A). Let M be

the continuous bilinear functional defined on X x X by

n
M(xl,x2) = _E (Tixl,Tix2)Y for all x. ,x.€X.

. 172
i
For any 1, lsi<n, let Nil) = N(A)nN(Ti) = {nEN(A):(Tin,Tin) = 0}, and
let N(l) be the orthogonal complement of N(l) in N(A). Then it was
shown in Example 1,1 that Ti restricted to Nél) had a continuous inverse
on T. (N(l)). Thus for scme m, >0, ”Tin" 2 mi"n" for all neNél). Cer-
n
tainly N, = {neN(A):M(n,n) = 0} is equal to ( n N(Ti))nN(A). Since
i=1
codim(N(l)) in N(A) = dlm(N(l)) < dim(N(T, ))<=,
. . _on (i), ) .. .
the codimension of N3 = n N2 in N(A) is finite, and so Nl + N3 is of
i=1
finite codimension in N(A). Note that if nSENB’
n n
2 2 2
Mng,n,) = 12 I, n3" lzlmi"nan = m”n3"
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n

2 _ . _
where m = lflmi, and if nleNl, Tinl = 0, 1£i€n, so for all xeX M(x,nl) =

E (T,x,T,n )y = 0, showing that M, N, and N, satisfy (1.12) and (2.6).
i=1 i

Therefore by Theorem 2.3, there exists a closed subspace N, of N(A) such

2
that the system {X,A,M,N(A),NI,NQ} is Nl—posed. By Theorem 2.2, for any

xeX there is a unique Sp(M,A)-interpolate s of x in % + N2 which depends

continuously on x, Moreover, any other interpolate of x, s, is an

sp(M,A)~interpolate of x if and only if s - sel Finally, s will be

e
- - n
unique if N, = ( n N(T,))nN(A) = {07].
1 . i
1=1

Theorem 2.4. Let X be a real Hilbert space, A a family of continuous
linear functionals on X, and M a continuous bilinear functicnal cn

¥ x X. Suppose there is a closed subspace of N(A), N2, such that the

system {X,A,M,N(A),Nl,NZ} is Nl-posed. If AlDA is another family of

continuous linear functiocnals on X, and if the codimension (codim) of

(1)

N(Al) in N{A) is finite, then there exists a closed subspace N2 such
that the system {X,A oM N(A Y, N(l) (l)} i )—posed.

Proof. Let N- = N.oN(A.) and N, = N.aN(A.). Then with N'¥) =

el 1 1 1 3 2 17 1

il) = N]. Since codin(N(A)) in N(A) is finite

(1)

{neN(Al):M(n,n) = 0}, N

it fellows that codlm(N Y in N, is finite and codim(Na) in N2 is

1
(l) N, <N N(l) + N, must

finite. Thus since N(A) = N ] NQ, and N l’ 3N, Ny 3

be of finite codimensicn in N(Al), and M is positive definite on N3.
. 1
Therefore by Theorem 2.3, there exists a closed subspace of N(A ), N; ),
RS RMERE

such that the system {X,A WM, N(A ), Ny Ny

containing N3

posed. [
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Corollary 2.8. Let ¥ be a real Hilbert space, {Ai}::o be a nested

sequence of families of continuous linear functicnals such that

. . . - .
Ai+lDAi and cod1m(N(Ai+l)) in N(Ai) is finite for i20, and let M be a

continuous bilinear functional on X x X such that there is a closed

subspace of N(AD), NEO) iO)’N;O)}

is Nio)—posed. Then for all iz0 there is a closed subspace of N(Ai),

, such that the system {X,AO,M,N(AO),N

N;l), such that the system {X,Ai,M,N(Ai),Nil),Nél)} is Nil)—posed, where
. (1.)
Nil) = {nEN(Ai):M(n,n) = 0}. Moreover, if for any iOZO, Nl 0 = {0},

then for all izi the system {X,Ai,M,N(Ai)} is well-posed, and no

O’
restriction need be placed on codim(N(Ai+l)) in N(Ai ).
o

An important application of this corocllary is the situation

(0) (0}, . (0) .
1 ,N } is N -posed and Ai+ is

where the system {X,AO,M,N(AO),N ) N 1

formed from Ai by augmenting Ai with one continucus linear functiocnal

not in the span of Ai, i»0. Then the system {X,Ai,M,N(Ai),Nil),N;l)}
is Nil)-posed for all iz0. Note that in this application it dces not

natter whether or not the dimension of the span of A is finite, and if
(io)
N = {0}, then A

set of continuous linear functionals, for all i=i

0

141 May be formed from Ai by augmenting Ai with any
0

Extremal Results

For a given real Hilbert space X, and continucus bilinear func-
tional on X x X, M, it will be useful to asscciate another continuocus

bilinear functicnal on X x X, Ms’ defined by

Ms(x,y) = %—[M(x,y) + M(y,x)] for all x, vyeX. (2.12)
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Then Ms(x,x) = M(x,x) for all xcX, and if M is symmetric, then Ms(x,y) =
M(x,y) for all x, yeX. The following lemma generalizes a result scome-
times referred to in the literature as the "first integral relation”

(cf. [24, Th.u]J).

Lemma 2,1. Let X be a real Hilbert space, A a family of continuous
linear functionals on X, and M a continuous bilinear functicnal on
X x X such that M(n,n)z0 for all neN(A). Then for any xeX if s is an

Sp(MS,A)—interpolate of x,

M{x,x) = M(x-s,%x-5) + M(s,s5). (2.13)

Proof, Since s is an Sp(MS,A)—interpolate of x, Ms(s,x-s) =0, S0

M(x,x)

3]

M(x-s,%x-8) + QMS(s,x—s) + M(s,s)

M(x-s,x-s) + M{(s,s). O

|

The next thecrem gives an extremal result for nonsymmetric

bilinear functionals, generalizing [17, Th.7].

Theorem 2.5. Let X be a real Hilbert space, A a family of continuous
linear functionals on X, and M a continuous bilinezr functional on
X % X, Suppose M(n,n)20 for all neN(A), and that there is a closed

subspace N, of N(A) such that the system {X,A,MS,N(A),Nl,NQ} is N, -posed

2
where Nl = {nleN(A):MS(nl,nl) = 0}. Then for any yeX:
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i, there is at least one Sp(Ms,A)—interpolate s of vy,
ii. M(s,s) = Min{M(x,x):x is a A-interpclate of y}, (2.14)
xeX
iii. if x is a A-interpolate of y, and M(x,x) = M(s,s),
then x - seNl and x is alsc an Sp(MS,A)-interpolate of vy.

Proof. Property i fellows immediately from Theorem 2.2. Suppose X is
any A-interpolate of y. Then s is also an Sp(MS,A)-interpolate of x,
and since x - seN(A), M(x-s,x-8) 2 0 and (2.13) of the lemma implies
that M{x,x) 2 M(s,s) giving property ii. If in addition M(x,x) = M(s,s),

then (2.13) of the lemma implies that Ms(x—s,x—s) = 0, so x - seN_, and

l)
by Theorem 2.2, xeSp(MS,A). O

Corollary 2.9. Under the hypothesis of Theorem 2.5, if N, = {0} then
the Sp(MS,A)—interpolate, s, of y gives the unique solution to the

extremal problem (2.14}.

Corollary 2.10. Let X be a real Hilbert space, A a family of continu-

ous linear functiocnals on X, and M a continuous bilinear functional on
X x X such that M(x,x) 2 0 for all x ¢ X. Suppose there are closed

subspaces of N{(A), N. and NQ, such that N(A) = Nl ® N M(nl,nl) =0

1 2°

2
for all nleNl, and M(nQ,ng) z m“nQH for all ngeNQ. Then for any yeX,
there is at least one Sp(MS,A)—interpolate s of y, and the extremal

problem (2.14) is sclved by s. Morecver, if x i1s any other A-interpolate

of v which minimizes M as in (2.14), then xeSp(MS,A) and x - seNl.
Proof. Equations (1.9), (1.11}, (1.13) and (1.14)} are explicitly satis-

fied by Ms, Nl and NQ. Just as in the preoof of Corollary 2.6,
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M{x,x) = Ms(x,x) > 0 for all xeX implies that Ms(x,nl) = 0

for all xeX, nlENl. Therefore the orthogonality condition (1.12) also
holds and the system {X,A,MS,N(A),Nl,Nz} is N -posed. Thus Theorem 2.5

applies. [

Now consider applying Theorem 2.5 and Corollary 2.9 to Example
2.1, where Ms = M, M(f,f) = 0 for all fewn’Q[a,b], and the system
{Wn’z[a,b],A,M,N(A)} is well-posed. We see from Theorem 7 of [17]1, that
if s is the unique Sp(M,A)-interpolate of fewn’Q[a,b], where A consists
solely of the Hermite type functionals considered in [17], then s must
also be an L-spline, since s uniquely minimizes M over A-interpolates of
f. Theorem 2.5 also can be applied to Example 1.1, where Ms = M, to
demonstrate that the R-splines of Golomb [11] and the Lg-splines of
Jerome and Schumaker [15] are special cases of M-splines.

The next result generalizes Theorem 6 of [17], and also implicitly

offers a generalization of the property P used in that paper.

Theorem 2.6, Let X be a real Hilbert space and {Ai:izo} be a nested

sequence of families of continuous linear functionals on X, such that

A. oA, and the codimension of N(A. .) in N(A.) is finite, for all i=z0.
i+l 1 i+l i

Suppose M i1s a continuous bilinear functional on X x X such that

(0)

M{x,x) 2 0 for all xeN(AO), and the system {X,AO,MS,N(AO),Nl ,Néo)} is
Nio)—posed. Then for any xeX, and all 1z0:

. (1) (i), (i)
i, the system {X,Ai,MS,N(Ai),Nl N, }is N " '-posed,

ii. there is at least one Sp(MS,Ai)—interpolate s of x,
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iii. M(x—si,x-si) = min{M(x-s,x-8): geSp(MS,Ai)nU},

where U = {y:y is a A_-interpolate of x}.

0
If M(y,y) = 0 for all yeX, then

iv. M(x—si,x—si) = min{M{(x-s,x-5): SeSp(MS,Ai)}.

Proof., Property i follows immediately from Corollary 2.8, and property
ii follows from property i and Theorem 2.2. Suppose geSp(MS,Ai). Then
s; - s is an Sp(Ms,Ai)—interpolate of x - s, so substituting x - s for

x and s, - s for s in (2.13) of Lemma 2.1 gives

M{x-s5,%x-5) = M(x—si,x-si) + M(si—s,si-s). (2.15)

If s is also in U, then 5. - geN(AO) s M(si—g,si—g) 2 0, and from
(2.15), M{(x-s,x-5) 2 M(x—si,x—si) establishing property 1ii. Similarly
if M(y,y) 2 0 for all yeX, then again M(si—g,si-E) > 0 giving property

iv from (2.15).

Convergence of M-Splines

The next theorem generalizes a result of Golomb [11, Corollary

7.11.

Theorem 2.7. Let X be a real Hilbert space, {Ai}:: a nested sequence

4]

oA, i=0,

of families of continuous linear functionals on X with Ai+l i

and M a continuous symmetric bilinear functional on X x X. Suppose the

Rl

system {X,AO,M,N(AO)} is well-posed, and let A_ = U Ai. Then for all
i=0
i20 and every xeX, there is a unique Sp(M,Ai)—interpolate 85 of x, and

a unique Sp(M,A )-interpolate of x, s_, where {si} and s_ depend
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continuously on x. Moreover, lim s. = s_ and }1m M(si,si) = M(s_,s_)-
i-)-OO 1R

Proof. The system {X,AO,M,N(AO)} is well-posed, so there exists an

m>0 such that
M{(n,n) 2 m||n||2 for all néN(AO). (2.16)

Hence (2.,16) also holds for all neN(Am) and all neN(Ai), and thus the
systems {X,A_,M,N(A )} and {X,Ai,M,N(Ai)} for all iz0 are well-posed,
and the first part of the theorem follows from Theorem 2.1. Since s_
is a Aj—interpolate of sjeSp(M,Aj) for all j=0, and if j=2iz0, Sj is a

Ai—interpolate of sieSp(M,Ai), property ii of Theorem 2.5 gives

A

M(s_,s_}) =2 M(sj,sj) > M(Si’si) for all jzizQ. (2.17)

Lemma 2.1 then gives,

M(Sj-si,sj—si) M(sj,sj) - M(si,si), {2.18)

since s: is an Sp(M,Ai)—interpolate af sj. From (2.17} and (2.18) it

follows that 1lim M(s.-s,,s.-s.) = 0, and by (2.16), {s.}?_ is a Cauchy
s s 173 1 1°1=0
1,)7% o
sequence. Let s¥ = 1lim 85 Then it may easily be seen that s_=7s ,
i -0

and the result follows. 0

As an applicaticn of this thecrem, consider a variation of

Example 2.1 with {Ai}:_ being a nested sequence of families of

0
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. . . n,?2 T
continucus linear functionals on W *>"[a,b], nzl, and {Ai}i=0 the asso-

ciated partition norms. Suppose Ei+0. Then there is an iozo such that
the system {Wn’Q[a,b],Ai SMLN (AL )} is well-posed, and for every

0 0
fewn’z[a,b] there is a unigue Sp(M,Ai)-interpolate S for all izio.

[eo]
Let s_ be the Sp(M, u Ai)—interpolate of £, and let =ela,b]. Since
i=0
A.»0, there is a sequence {x.} with x.¢A, such that x,»x. But f(x.) =
i i i—7i i i

si(xi) sm(xi), se f(x) = s_{(x) by the continuity of f and s_. There-

fore £ = s_, and by Theorem 2.7,

lim|f-s.| = o. (2.19)
. i'n

1>

The convergence in the Sobolev norm given by (2.19) may be shown by a
Rolle's theorem argument [cf. 17, Th. 1] to imply uniform convergence of

Djsi to DJf on [2,b] for 0<i<n-1, and L2 convergence when j = n.
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CHAPTER III
LOWER ORDER CONVERGENCE RESULTS IN Wn’2[a,b]

In this chapter we shall develop existence, uniqueness and lower
order convergence results for M-splines in the Sobolev space Wn’Q[a,b]

of all functions feCn'l[a,b] such that Dn—lf is absolutely continuous

and aneLQEa,b], with

n b . .
(£f.8) = 1 [ [D £(x) 1D g(x)1dx, (3.1)
i=0 a

and where M is of the following form.

Definition 3.1. Let M denote the continucus bilinear functional defined

on Wn’Q[a,b] x Wn’z[a,b] by

n b , .
M(f,g) = J  f b..GOIDTE(x)IDIg(x)1dx,
i,j=0 a *J

where bnn(x)zw, asxs<b for some w>0, and where the bij are bounded, real-

valued measurable functicns on [a,b].

Definition 3.1 defines a continucus bilinear functiocnal, since

if K, = max |b,.(0]
L pe<i,i<n 1D

o E]

L [a,b]

n . .
M£,e)| <k, 1 o' gl
i 15,50 L2 L2
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n i n j
K O ot ) Iv'g) )
i=0 L° j=0 L

I

K] lel_, for a1l £,ee™’la,], (3.2)

1/2

n . 2 _1/2 n .
where K = (n+1)K,, since |8 = ( } [p£|“.)7"° 2 (n+1) Yot .
n . 2 .2 2
i=0 L i=0 L

The notation in the following definition is due to Jerome and Varga [16].

Definition 3.2 Let A be a family of continuous linear functicnals over

wn’g[a,b], and let A denote the closure of the span of A. Associate
with A the subset A of [a,b] consisting of all xe[a,b] such that there
exists a Aeh satisfying A(f) = f{x) for all fewn’z[a,b]. Refer to 4

as the partition of [a,b] induced by A, If A is not empty, denote by

A the maximum length of the subintervals into which [a,b] is decomposed
by the points of A. Also if A is not empty, then for every xed, let
i(x) be the maximum positive integer such that there exists a A eA for

k
which

M (£) = DXE(x), feW'*2[a,b], O<ksi(x)-1.
Finally, let
y(a) = § i(x)
Reh

if &4 is not empty. Otherwise, let y(A4) = 0.



33

Notice that i{x) is simply the number of consecutive derivative
point functionals associated with the point xed., Thus Definition 3.2
associates with every family of continuous linear functionals A with non-
empty A, a system {A,A,y(A),A}, and for every xeA, a number i(x). Note
also that N(A) = N(A).

The argument used in the following lemma is an extension of that

used in Theorem 1 of the author's paper [17].

Lemma 3.1. Let A be a family of continuous linear functicnals over
M>21a,b], such that v(4) 2 n. Let geN(A) = {£eW®*“[a,b1:A(f) = 0 for

all reh}. Then the follewing inequalities hold:

[
=

o el , , 0<j<n (3.3)
L [a »b]

i. llegll
L [a =y

Mz,j(A n ]—1’: n ”

IA

ii. ungN " D , 0<jsn-1 (3.4)

.°[a,b] 2

L°[a,b]

where {Ml j} and {M2 j} are independent of f and A.
> ]

IA

N.

i . .
Proof. Let A = {xg,x . ,xN} Then D g(xk) = Q, 0$1£l(xk)—l, 0=k

By repeated applications of Rolle's theorem, there exist polints

(¢ (k)} = N and for n-1=k=1,N, = N, _-1+n(k), n(k)

0<k<n-1, where NO zk= K k-1

2=0"

being the number of times i(x)=k for =xeA and

A. D g(g(k)) szst, 0<k<n-1,
B. a=< €ék) < Eik) < srr < Sék) < b, 0<ksn-1,

k
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Ek+l) < Eék) < gEk+1) . géii < E(k+1)

C. ¢
-1 & A+1

for some ﬁ,Qsﬁ < n(k+l)+2, OSRSNk—l, 0<k<n-2. Define also EEE) = a and

(k)

EN 41 © b, 0<ksn-1. By a Wirtinger-type inequality [13, p. 18u4],
k

E(k) g(k)

2+1 -2 i+1
(Dkg(x))zdx < {zikillé- (Dk+lg(x))2dx
(k) (k)
2 %
for —lsiSNk, 0<k<n-1, since Eéii - gik) < (k+1)A4.
Summing both sides above from & = -1 to Nk’ gives
b 32 b

[ (0Xgx))%ax < [Zifﬁliﬁq [ a0 %ax. (3.5)
a a

Letting k range from j to n-1, and using (3.5) repeatedly, vields

b n-] 2 b
i N
[ Igxn?ax s |2t 5203 gty 2ax.
. n-j
a 1(r) a
Now let M. . = (2/w)n—]n!/j!, 0<jsn, giving (3.3).

1,] .
For any j, 0<j<n-1, there is a yje[a,b] such that "D]g" o =
L

\ng(yj)|. Then
Y3
1Wel = 1] 27eoal < a2 M2y,
L g(j) L
2
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(3) .
by the Schwarz inequality, where &  is the closest of {Eéj): OSRSNj}
'3

(9] < (35133, 0<j<n-1. 3But by (i), [[D " gl 5 <
) L
/2

M1,j+l’

to yj, and hence|yj - £

- n-j-1

(4) |0 g| ,» SO letting M, . = G+t 0<j<n-1, (3.4)
L 2

Ml,j+l

follows. (]

Theorem 3.1. Let M be given by Definition 3.1, let A be a family of
continuous linear functionals on Wn’z[a,b], and suppose there is a

positive constant m such that
2
Mg,g) = mlg[” for all geN(a). (3.6)
Then for every wan,Q[a’b] there is a unique Sp(M,A)-interpolate s,

which depends continuously on f. If y(A)2zn, then the following error

bounds exist for f-s:

i oo <u, (D" Touces,e-0)37,
L°[a,b] >
< Mu,j(ﬂ)n"jnf“n, 0si<n, (3.7)
ii. HDj(f—s)H . < M5,j(ﬁ)n-j—%{M(f—s,f—s)}l/2
L [a,b]
~ n-j-% .
< MG’j(A)n e, osiso-1, (3.8)

where the constants {M_, .}, {M .}, {M

3,3 j} and {M6 j} are independent of

E

A and £, but dependent on m.
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Proof. Since the system {Wn’zfa,b],A,M,N(A)} is well-posed by (3.6),
the unique existence of an Sp(M,A)-interpolate s for any fewn’Q[a,b]

follows from Thecrem 2.1. From (3.1) and (3.8),

D" (£-s)] < ||£-5]| . = m—%{M(f-s,f—s)}%, (3.9)
L%[a,b] "

since f-seN(A), so the first half of (3.7} and (3.8) follows from
~

Lemma 3.1 by letting MB,j = Ml,j’ 0<j<n, and M5,j =m M2,j’ 0<j<n-1.
From (3.2) and the fact that seSp{M,A),
M(f-s,f-5) = M(£,f-s) s K| £] [[£-s] - (3.10)
Combining (3.9} and (3.10), gives
(M(f-s5,-8)}" < Kmu%”f”n. (3.11)

Thus the second half of (3.7) and (3.8) comes from the first half by

letting M ., = Km *M_ ,, 0<9<n, and M_ . = Km M_ ,, 0<isn-1. [
& P, 3,37 0 6] 5,90 9

Note that in Theorem 3.1, if Al is a family of continuous linear

functionals on Wn’Q[a,b], such that AlDA, then since N(Al)CN(A),
M(g,g) 2 m”g”i for all geN(4,)

20 there will be a unique Sp(M,Al)-interpolate 5. of £, and the error

1
bounds (3.7) and (3.8) will apply to f—sl with El < A. A similar
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a0
statement holds for any nested sequence of such families, {Ai}i—l’

Ai+l > Ai, izl. The next thecrem gives a simple set of conditions for
which the hypotheses of Theorem 3.1 are satisfied.

Theorem 3.2. Let M Le the continuous bilinear functional of Definition
3.1. Then there exist positive constants € and m, depending only on M,

such that if A is any family of continuous linear functionals on

Wn’z[a,b] with A<e, and y(A)=n, then
2
M(g,g) 2 m”g"n for all gelN(A). (3.12)

Proof. Let I be the index set {(i,j): 0<i, j<n and (i,j) = {(n,n)},

and consider the following identity:

b b .
[b_(0"g)%ax = M(g,e) - | b..0%gplgax.
a 0 {(i,j)el a ot
Then
) . .
e, < vteer + T vl otel olel . (sas)
L (i,§)el L L L

Since y(A)zn, (3.3) of Lemma 3.1 may be applied to (3.13), giving for

all geN(A),

n g2 —.n-i-jy.n 512
wfpgl ) < Mlg,ed v T bl M M (B) 1o “,.  (s.14)
L2 ? (1,5)e1 i3 1,171,7 L2
Let n(t) = w - 7 b, li,iMl,j(t)Qn“i'j Since 2n-i-jz1 for all

(i,9)el 1y
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(i,9)eI, n(t)»w as t»0, and there exists an £>0 such that nit)zw/2 for

all t<e. Therefore if A<e, by (3.14)

w/QHDng”22 < n(E)HD“gH22 < M(g,g) for all geN(A). (3.15)
L L
Applying (3.15) to (3.3) gives
n . n .
2 _ SV 2 ,=y2(n-3) 2
lell = Y lp7el®, < 1M (& = u(g,g)

pol 520 LQ 520 1,] w

< 1/m M(g,g) for all geN(A) (3.16)

n .
where 1/m = = y M .(E)Q(n_j). d
w2 1,7

Theorem 3.3. Let M be the continuocus bilinear functional of Definition

3.1, and let {Ai}:—o be a nested seguence of continuous linear func-

tionals on Wn’Q[a,b], with Ai+ > Ai, iz0, such that Ei+0. Then there

1

exists an iOZO such that for all izio, and any feWn’z[a,b], there is a

unigue Sp(M,Ai)-interpolate =N of £ which depends continuously on f,

and the following error bounds apply to f—si:

. j - -7 1/2
i ples) M, (B I (Es L 5ms )] /2,

L°[a,b]

A

Mu,j(ﬁi)n_jnf"n, 0<i<n, (3.17)
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1A

- \h-j-% 1/2
M .(Ai) {M(f-si,f-si)}

ii. |picE-s,)| .
Y ey 0

N
=

6,j(ﬁi)n-]-%nfnn’ 0<i<n-1, (3.18)

where the constants {M_. .}, {M

3,7 bs (M

j} and {M6 j} are independent

th 3, s

of {Ai}::D and £, but dependent on M. Moreover, M(f—si,f—si)+0 as

idee,

Proof. Let € and m be the positive constants determined by M in
Theorem 3.2. Then choose iO so that Ei < g and Y(Ai } > n, and apply
0 0

Theorems 3.2 and 3.1. Finally, si+f by Theorem 2.7 and the discussion

in the applicatiocn which fcllowed Theorem 2.7, so M(f-si,f#si)*ﬂ. a

Theorem 3.4. Let M be the continuous bilinear functional of Definition
3.1. If A is any family of continuous linear functionals on Wn’z[a,b]
such that M(g,g)z0 for all geN(A) and Nl = {geN(A}: M(g,g) = 0}, then

Nl is finite dimensional. If in addition M{f,g) = 0 for &ll fewn’Q[a,b],

and geNl, then there exists a closed subspace of N(A), NQ, such that the

system {wn’g[a,b],A,M,N(A),Nl,NQ} is Nl—posed.

Procf. Let e and my be the positive constants depending only on M given
by Theorem 3.2, and let AO consist of a finite number of continuous
linear functionals of the point evaluation type: A(f) = f(x) for all
fewn’z[a,b], with =xe[a,bl; and suppose that AO is such that for AS =

Au AO’ Aa < g and Y(AB) 2 n. Let N, = N(AS)' Then N3 is of finite

codimension in N(A), and by Theorem 3.2,
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2
M(g,g) 2 ml“g”n for all geNa.

Hence N3 n Nl = {0}, and Nl is finite dimensional. Since N3 + Nl is of
finite codimension in N(A), the remainder of the theorem follows

directly from Theorem 2.3. [

Corcllary 3.1. Let M be the continucus bilinear functional of Defini-

tion 3.1, and suppose M(g,g) = 0 for all gewn’g[a,b]. Then the linear

¢
subspace Nl = {gewn’g[a,b]: M{g,g) = 0} is finite dimensicnal.

Corecllary 3.2. Let M be the continuous bilinear functional of Defini-

tion 3.1, and suppose M(g,g) 2 0 for all gewn’z[a,b], and bij(x) =

bji(x), 0<i, J<n, for all xe[a,b]. Then for any family A of continuous

linear functionals on Wn’2[a,b], there exist closed subspaces Nl and N2

such that the system {X,A,M,N(A),Nl,NQ} is Nl—posed.

Proof. Let Nl = {geN(A): M(g,g) = 0}. Then for all real numbers o and

any fewn’Q[a,b], gel_, M{ftag, frag) = M(f,f) + 2aM(f,g) =2 0, so M{f,g)

l!

must equal zero. Hence Theorem (3.4) applies. [

If {Ai}:’o is a sequence of families of continuous linear func-

tionals such that Ai+ o Ai for all iz0, and Ei+0, then it was seen in

1
Thecrem 3.3 that there exists an iOEO such that the system {Wn’Q[a,b],
Ai’M’N(Ai)} is well-posed for all izio, and the error bounds (3.17) and
(3.18) apply to f-si where =N is the unique Sp(M,Ai)—interpolate of £,
iziO. It would be of interest to have error bounds which hold for a

sequence of Sp(M,Ai)-interpolates of fewn’z[a,b] even when the systems
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{Wn’z[a,b],hi,M,N(Ai)} are not well-posed for any i. Of course for

this to be the case Ei > ¢ for all i, where ¢ is given by Theorem 3.2.

Theorem 3.5. Let M be the centinuous bilinear functional of Definition
3.1, and let {Ai}:_o be a nested sequence of families of continuous

linear functionals on wn’z[a,b] such that Ai+ = Ai for all i20. Suppose

1

there exists an 1,20 such that M(g,g)20 for all geN(h, ), and M(f,g) = 0

(i) . o
for all fewn’z[a,b] and all geNl , where Nil) = {geN(Ai): M(g,g) = 0},
izio. Then there exists an m>0 such that for all iBiO, there exists a

(1)
2
i. the system {wn’z[a,b],Ai,M,N(Ai),N

closed subspace of N(Ai), N.” ", and

(1)
1

(1)

(1), .
,N2 1 is Nl -posed,

ii. for every feWn’z[a,b] there is a unique Sp(M,Ai)-interpolate

S of £ in T + N;l), which depends continuously on T,

iii. any other Ai-interpolate of £, §i, is an Sp(M,Ai)—interpolate
(i)

l 3

(1)

2 3

of £ if and only if s—éieN
iv. M(g,g) 2 m”g"ﬁ for all geN

v. 1if for some 1_2i y(Ai ) =2 n, then the errcr bounds (3.17)

1770° 1
and (3.18) apply to f-si, for all izil, and
i
vi. 1if for any iQZiO, ng = {0}, then for zll i2i2 the system

{Wn’Q[a,b],Ai,M,N(Ai)} is well-posed and S: is the unique
Sp(M,Ai)—interpolate of f.

. (i)
(1) c N 0 for all izio, properties 1, ii and iii follow

Proof. Since Nl 1

from Theorem 3.4 and Theorem 2.2. Also by Thecrem 3.4, the subspace

(io) (4) (i) (io)
Nl is finite dimensicnal, and since Nl] = Nl < Nl if jzizio,
® 2 (D) (ig)
N, = n Nl is a finite dimensional subspace of Nl , and hence
i=1

)
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there exists an i32i0 such that N: = Nil) for all izia. Assocciate with

each i, iosisia, a positive constant m such that M(g,g) = mi"gﬂi for

all geNél). Then if the subspaces N;l), for i>i3, are chosen properly,
we claim that m = min (mi) satisfies property iv.
i <i<i .
L (13)
Denote by Nl the orthogonal complement of Nl in N(J\i ). Then
3
(i) (i.) (i)
_ 3 37 3 1
N(Ai ) = Nl ] N2 = Nl ® Nl'
3
(13) (13)

1.
Any geNl is of the form gy + g, where gleNl and gzeN » and hence

2

2
M(g.g) = Mlg,e,) > m g l’ = m. [g-g |2,
3

13

. 2 2 2 2
and since [g-g |2 = lellZ + llg,l2> M(g.e) = m, llgl? for 211 gy Now
3

for all i>i3, choose N;l) to be the orthogonal complement of Nil) = N?
in N(A,). Then N'1) ¢ N, and thus M(g,g) = m. |g|? for all gen'l’,
1 2 1 1 n 2

i>i3, giving property iv. If i is restricted by izi_, property iv may

3:

be sharpened by letting m = m.
3

Suppose for some 1.21

1Zigs Y(Ai ) 2 n. Then for any izi,, Y(Ai)ZIL

1 .

Denote by Ki the orthogonal complement of Ngl) in wn’z[a,b]. Then Ai
may be considered to be a family of continuous linear functionals on
Wn’2[a,b], and since N(Ki) = Nél)
2

and M(g,g) 2 m”g“i for all geN;, the
system {whe [a,b],ﬁi,M,Nél)} is well-posed. Thus by Thecrem 2.1, for
any fewn’z[a,b] there is a unique Sp(M,Ei)-interpolate éi of £, and

Y(Ei) > y(A) = n, so by Theorem 3.1, the error bounds (3.17) and (3.18)
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apply to f—éi, for all izi_. But since ss is an Sp(M,Ai)—interpolate

1
of £ in f + Nél), and Sp(M,Ai) c Sp(M,Ki), s; is also an Sp(M,Ki)_

interpolate of f, and hence §i = s, giving property iv. If for any
(i)

N = {0}, then N

. (i) _
0* 1 1

iz

5 {0} for all izi,, and property vi

follows from properties i and 1ii. 0

Corollary 3.3. Let M be given by Definition 3.1 and let {Ai}:zo be a

nested sequence of families of continuous linear functionals on

wn’z[a,b] such that A, . = A, for all 120. Suppose M(g,g}>C for all

1
NONZero geN(AO). Then there is a positive constant m such that for all
120,
i. M(g,g) = m”g"i for all geN(Ai),
ii. the system {Wn’g[a,b],ﬂi,M,N(Ai)} is well-posed,
iii, for every fewn’g[a,b] there is a unique Sp(M,Ai)—interpolate
s of £ which depends continuocusly on T,
iv. if for some ilEO, Y(Ail)Zn, then the error bounds (3.17)
and (3.18) apply to f-s, for ail izil.
As an application of this corollary, let the bij in Definition

3.1 be given by bij(x) = ai(x)aj(x) for all xe[a,b], where aiec[a,b],

0<i<n, and an(x)¢0 for any xe¢[a,b]. Then

n b . .
Mg, £) = 3 aia.(Dlg)(D]f)dx
1,320 a ]
b

It

£ L, Lgll, [ fldx
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n .
where Ll[g] = E aiDlg. Thus
i=0

b
Mg,g) = | (Ll[g(X)])de >0 all geW’[a,p].
a

A= {x:x = (D])c, 0<j<n-1} for some fixed cela,b]. If

A
Let 0 c

M(g,g) = 0 for geN(AO), Ll[g] = ¢, and ng(c) = 0, 0<j<n-1, so g equals
zero. Hence M(g,g)>0 for all nonzero geN(AO), and there is a positive
constant m such that for all families of continucus linear functionals
Ao AO, Mlg,g) = m"g|§ for all geN(A), and for any feWn’Q[a,b] there is
a unique Sp(M,A)-interpolate s of f, and f-s satisfies the error bounds
(3.7) and (3.8) by Thecrem 3.1 {or Corollary 3.3). Compare this result
with Thecrem 6 [24] or Theorem 2 [18] in which convergence 1s either

deduced only when & is sufficiently small, or by the use of Gardings

inequality [25, p. 175] when AO = A Ab.
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CHAPTER 1V
HIGHER ORDER CONVERGENCE RESULTS IN Wn’z[a,b]

If M is the continucus bilinear functiecnal defined on Wn’g[a,b]
Wn’z[a,b] by Definition 3.1, it was shown in Chapter III that for any
fewn’z[a,b] the Sp(M,A)-interpolate of f,s, exists and f-s satisfies
the error bounds (3.7) and (3.8) for a variety of families of continu-
ous linear functionals A on Wn’z[a,b]. The principle requirement on
A was that it must Znclude certain functionals of a specified type,
the remainder being arbitrary. If f is also in Wgn’g[a,b] and A con-
tains only functicnals of Hermite type, then the author has shown in
[17] that if it is required that Dj(f—s) = 0 at the endpoints a and b
for 0<j<n-1, then the second integral relationship holds [17, Th.4&],
and “Dj(f—s)H . < C(A)

[a,b]
[16] have developed convergence results of this order for functionals

for 0 £j<n-1. Jerome and Varga

of Hermite-Birkhoff type. In both of these papers, higher order con-
vergence results are obtained only for A consisting strictly of func-
ticnals of Hermite, Hermite-Birkhoff or Extended-~Hermite-Birkhoff

[16, p. 125] type. Jerome and Varga have remarked [16, p.125] that
their Iower order convergence results hold when all but certain func-
tionals are agrbitrary, as is the case in Chapter III. In this chapter,
new and improved higher order convergence results will be derived for
fewp’z[a,b], nt+tl<p=2n. Moreover these results, like the results for

lower order convergence, will hold when A contains certain functionals
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of a specified type, the remainder being arbitrary. Finally, an
improvement and generalization of the second integral relatlion will

be developed.

Two Lemmas
n+r,? . .
Lemma 4.1. Let feW [a,b] where r is an integer, O<r<n, and
n,?2 r . r .
seW La,b] be any A -interpolate of f, where A = haUAb with

AX = {x: A = (D])x, n-r<j<n-1} for xela,bl]. (4.1)

If M is given by Definition (3.1), with bijeCR[a,b] where % =

max{0,3j+r-n), then

n-r b .
M(f,f-s) = ) [ G_P(f;x)D](f—s)dx, (4.2)
j=0 a J
where
( n .
¥ b, . (x)DTE(x) if 0<j<n-r-1
LB T
i=0
G, (fix) = < (4.3)
1 n It
+r-n_ R+r- i e s
0TI L Ty GODTE()] if v,
2=n-r 1=0

Proof. Since fewn+r’2[a,b], repeated integration by parts gives

n

n b . .
M(£,8-s) = § 1 [ b..GOID E(x) DT (£(x)-s(x))dx
i=0 §=0 a
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n-r-1 b n . .
Y [ [ )b, .D'EID) (£-5)dx
j=0 a i=o0

n b . . n .
+ 1 DI L T bt eI (s Ydx
j=n-r a i=g *
n J n b
+ ) ¥ (-1y3"*pi~t ¥ bi.Djf]DQ—l(f—s) . (4.4)
j=n-r+l &=n-v+l i=o a

If the last term in (4.4) can be shown *to be zero, the theorem will be

established. Since s is a Ar—interpolate of £, (4.1) gives
Dlf(a) = DIs(a), DIE(B) = DIs(b), n-r<ij<n-1,

and hence the last term in (4.4) s equal to zero. [

. . .
Let Cé[a,b] denote the subspace {feC [a,b]: DIf(a) = DIf(b),

0<j<%}. Then a similar result holds for the periodic case.

Lemma 4.2. Let r and q be integers with 0<r<n, and n-r<g<n, and let

n+r,2

Few 2n-q-1

[a,b]nCp [a,b]. Suppose sewn’z[a,b] is a Ar’q-interpolate

of £, where AT°9 = A UA UA with
aq  bg
A= {a: A= (Dj)b - (D])a, q<jsn-1}, and
(4.5)

qu = {xs X = (Dj)x, n-r<j<q-l1}, for xela,b].
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Let M be given by Definition 3.1, and suppose the coefficients of M

satisfy the conditions

b

[Dzbij(x)] = 0 for 0<R2j-q-1, g+l<i<n, 0<i<n, and

a

(4.6)
2 . .
bijEC [a,b], & = max(0,j+tr-n), 0si<n.
Then again
n-r b .
M(f,f-s) = } | Gjr(f;x)D](f-s)dx, (4.7)

i=0 a
where Gjr is defined by (4.3).

Proof. As in Lemma 4.1, (4.4) is valid, and (4.7) holds if the last

r,q

term in (4.4) is equal to zero. Since s is a A" **-interpolate of f,

if n-r<q<n,

0¥ e(a), DM ts(o) = D¥Tle(h), n-rtisisq,

Dz_ls(a)

and if not, n-r+l qtl. Thus in either case it suffices to show that

n J . . n . b
) R CED R i i) bi.le]DE—l(f-s) NP
j=q+l £=q+1 i=o ™7

But this follows immediately from the hypothesis on the periodicity of
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f and the cecefficients {bij(x)}, q+l<j<n, 0<i<n, and that s is a

Aq—interpolate of f. il

The Second Integral Relationship

The next theorem generalizes and improves the second integral
relationship of [2], £16]1, [17] and [24]. The improvement is that in
the special cases considered in the above papers, the family of con-
tinuous linear functionals A is restricted tc be exclusively of
Extended Hermite-Birkhoff [15] type, while in the theorem below no

such restriction is made.

Theorem 4.1. Let M be given by Definition 3.1 with bijecj[a,b],
0<i, j<n, and let A be any family of centinucous linear functionals on

W%[a,b] such that AoAT = h_UA_, where

Ax = {x: ) = (D])x’ 0<j=n-1}, =e[a,bl].

Then for all feWQn’Q[a,b], if s 1s any Sp(M,A)-interpolate cof f,

b
M(f-5,f-5) = [ LLECGOTE(x)~s(x))dx,
a
where
2 L Lo i
L[£1 = ) (L)L § b, Df. (4.8)
£=0 i=0
Proof. Since s is an Sp{M,A)-interpolate of f, M(f-s,f-s} =

M(f,f-s). Now apply Lemma 4.1 with r = n, getting
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b
M(f,f-s) = [ Gy (£3%)(£(x)-s(x))dx.
a

The result now follows since L[f(x)] = GO n(f-,x). 0
2

In a similar fashion, Lemma 4.2 may be used to generalize and
improve the second integral relationship for periodic functions [17,

Th. 47.

Theorem 4.2. Let g be any integer, 0sq<n and let M be given by Defi-
nition 3.1, with its coefficients {bij} satisfying the periodicity

conditions (4.68), and with bijecj[a,b]. Let A be any family of con-
tinuous linear functionals on Wn’Q[a,b] such that Aop™9 = AaquAbqqu

2n_q-l[a,b], if s

as in (4.5) with r = n. Then for all fewgn’zfa,b]ncp

is any Sp{(M,A)-interpolate of f,

b
M(f-s,f-5) = [ LIF(x)J(F(x)-s(x))dx,
a
where

n ) n .
L[f) = § (-1)'D°[ ) biEle].
L =0 i=0

Higher Order Convergence Results

The results in this section improve and generalize results con-
tained in [31, (91, [16], [17], [18] and [24]. They alsc generalize

considerably the rather complete set of convergence results in [7].
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Theorem 4,3. Let r be any integer, 0<r=n, let M be given by Definition
. 2 . . .
3.1, with bijec [a,b]l, where & = max(0,j+r-n), 0<i, j<n, and let

(2]
{Ai}iho be a nested sequence of families of continuous linear func-

tionals on Wn’Q[a,b] such that Ai+ = Ai for all i20. Suppose there

1
exists an i.»0 such that A, A" = A_UA_ where A_ is defined by (4.1},
0 i, a’'b X
Y(Ai ) =2 n and there exists an m>0 such that
0
M(g,g) = m"g“i for all geN(Ai ). (4.9)

0

ntr,?2

Then for every feW [a,b] and izi_, there exists a unique Sp(M,Ai)—

O’

interpolate S and the following error bounds exist for f-si

i pIce-sp M, (B )" Ik [£], 0sjsn, (4.10)

a,b] 3,1

1A

1A

if. ol¢s-s )l M .(Ei)n+r-]-%HO[f], 0<i<n-1, (14.11)
L [a,b] )

with
n-r

H,[£] = jgo ”Gjr(f;x)” ) My (&

)n-j-r

1’[a,b] 227 1o

Proof. For any izi. the hypctheses of both Theorem 3.1 and Lemma 4.1

0

s s +
are satisfied. Hence for any FeW' r,2

(a,b] there is a unique Sp(M,Ai)-
interpolate S; of £ for which the error bound (3.7) applies, and by

(4.2)

n-r b .
_ _ o]
0 < M(f-s;,f-8,) = M(f,f-s,) = .ZO £ Gjr(f,x)D (f-s)dx. (4.12)
]:
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By inspection of (4.3), and the condition on the {bij}’ Gjr(f;x)eLz[a,b],

and applying the Schwarz inequality to (4.12) and then using (3.7},

n-r .
s - . Jee
M(f-s.,f-s.) < jgo "Gjr(f,x)nLQHD (£ si)IIL2
nsr - \n-] 3
< Y |le. (£3x) M, (B I(M(£-s, ,F-s. 17
[ Jjr 23,71 1 i i
3=0 L
Since A, < Ei .
)
{(M(f-s,,f-5,)}" = (3,)7H _[£] (4.13)
i’ i T TiT o > ’

and (4.10) and (4.11) follow from (3.7), (3.8) and (4.13). [

A similar result for the periodic case follows by the same argu-

ment using Lemma 4.2.

Theorem 4.4, Let r and q be integers with 0O<r<n and n-rs<q<n, and let M
be given by Definition 3.1 with its coefficients satisfying the periocd-
icity cendition (4.6), with bijecg[a,b], where £ = max(0,jtr-n),

0<i, jsn. Let {Ai}:=0 be a nested sequence of families of continuous

linear functionals on Wn’2[a,b] such that Ai > Ai for all iz0. Sup-

+1
>0 such that A, oA"*% = A UA_ UA_ where A
10 agq bqg q xq
and Aq are defined by (4%.5), Y(Ai )2n, and there exists an m>0 such
Q

pose there exists an i0

that

M(g,g) = mlg"i for all geN(Ai ).
0
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Then for every fewn+r’2[a,b]nC§n_q_l

fa,b] and every izio, there is a
unique Sp(M,Ai)—interpolate of f, S5 and the error bounds (4.10) and

(4.11) apply to f-s..

Corollary 4.1. If r=n (if r=n, and g is such that O<g<n), and the

hypotheses of Theorem 4.3 (Theorem 4.4) are satisfied by {Ai}: M and

:D’

2n-q-1

iO’ then for every feWQn’z[a,b] (feWQn’Q[a,b]nCp ) and every izi

0

there is a unique Sp(M,Ai)—interpolate of f, S: o and the following error

bounds exist for f—si

(3.)?" )Ly

M .
3,5 3,071 2 ’

i. Joice-s))| <M
102 L°Ca,b]

L [a,b]_

‘s Jre
ii. |pd¢f si)u - <M

GO IFel|, , osisn-l,
L [a,b]

M .
5,7 3,01 12[ab]

{(4.15)

where L[f] is defined by (4.8).

Theorem 4.5. Let r be any integer, O<r<n, let M be given by Definition
. L . P

3.1 with bijeC [a,b] where 2 = max(0,j+r-n), 0<i, j<n, let e be deter-

mined by Thecrem 3.2, and let {Ai}::o be a nested sequence of families

. . . 2
of continuous linear functionals on W'°® [a,b] such that Ai+ o Ai for

1

n+r,2

all iz0. Let feW [a,b]. If there exists an i,.20 such that

0
A. 5aF = UAb where A is defined by (4.1), v(A., )2zn and either
i, a b3 i,
Ei <g or M(g,g)>»0 for all non-zero geN(Ai }, then for all izio there
0 0]
is a unique Sp(M,Ai)—interpolate S5 of £, which depends continuously

cn £, and f—si satisfies the error bounds (4.10) and (4.11).
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Proof. The result follows by Theorem 4.3 since if either Ai <e or
0
M(g,g)>0 for all non-zero geN(Ai }, Theorem 3,2 or Corollary 3.3,
0
respectively, give that M(g,g) = m“g”i for zall geN(Ai . 1
0

The next result follows by a similar argument using Theorem L4..4.

Thecrem 4.6. Let r and q be integers with 0O<rs<n and n-rsq<n, let M be

given by Definition 3.1 with its coefficients satisfying (4.6), and with
2 . .. .

bijEC (a,b], where & = max(0,j+r-n), 0<i,jsn, let & be determined by

Theorem 3.2, and let {Ai}i- be a nested sequence of families of con-

0

tinucus linear functionals on Wn’Q[a,b} such that Ai+ > Ai for all i=z=o0.

1

Let fewn+r’2[a,b] n C;n—q—l[a,b]. If there exists an iOEO such that

A, > A% = A UA UM where A and A are defined by (4.5),
15 aq  bg g Xq 9

y(A, ) 2 n and either A, < e or M(g,g) > 0 for all non-zero geN(A, ),
o o 0

then for all iZi0 there i1s a unique Sp(M,Ai)—interpolate sS4 of £, which

depends continuously on f, and f*si satisfies the error bounds (4.10)

and (4,11},
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CHAPTER V

AN APPLICATION TO NONLINEAR BOUNDARY VALUE PROBLEMS

In this chapter we shall apply the thecry of M-splines to study
the approximate solution of a class of nonselfadjoint, nonlinear two-
peint boundary value problems. These results will generalize and
improve results by Rose [19], Ciarlet, Schultz and Varga [9], Hulme
[14], Jerome and Varga [16], Perrin, Price and Varga [168], and Schultz
[23].

Consider the nonselfadjoint, nonlinear two-pcint bcundary value

problem [cf. [16]]:

Llu(x)] = £(x,u(x)) a<x<b (5.1)
where
Llu(x)] = OSiEjsm(-l)ij(cij(x)Diu(x)), (5.2)
wl, 0=,

subject to the homogenecus boundary conditions

Dku(a) = Dku(b) = Q O<k<m-1. (5.3)

We require the following additiongl conditions on L and f:
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iii,

iv.

V.
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the coefficient functions Gij(x), 0<i, j<m, are bounded,
real-valued and measurable on [a,b],

f(x,u) is a real-valued function on [a,b]l x R such that
f(x,u(x))eLQ[a,b] for any uéwg’z[a,b], where WE’Q[a,b] is
the subspace of Wm’2[a,b] of functions satisfying (5.3),

there exists a positive constant ¢ such that
M_(u,u) = c"u"2 (5.4)
L7 m
m,?
for all uewo La,b], where
ML(u,v) = )
L]

f Gij(X)Diu(x)Djv(x)dx, (5.5)
ad

there exists a real constant vy such that

flx,u) - £(x,v) v < c.c (5.6)
u - v 1

for almost all xela,b] and all -=<y, v<x with u=v, where

(u,)

. m m,2
= _ W ?® - .
c, inf (u,u)o ue [a,bl, wu=®0 1, (5.7)

for each pesitive real number ¢, there exists a positive

constant M(c) such that
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Flxyu) - GGV L ey (5.8)
u - v |

for almost all xe[a,b], and all uzv with jul,|v] £ c.

We say that uewg’g[a,b] is a generalized solution of (5.1) -
(5.2) if and only if
b

alu,v) = M (u,v) - [ flx,u(x))v(x)dx = 0 (5.9)
d

for all vewg’Q[a,b]. If Sk is any subspace of Wg’Q[a,b], we say that

seS, 1s a Galerkin approximation in S, of the solution u of (5.1) -

(5.2) if

a(s,v) = 0 for all veSk. (5.10)

We shall now show that the hypotheses i-v above are sufficient
to insure that the boundary value problem {(5.1)-(5.2) has a unique
generalized solution u, and for any finite dimensional subspace of

WE’Q[a,b], 8, , there is a unique Galerkin approximation w of u. We

k’
shall then consider new M-spline subspaces of Wg’zfa,b], and deduce high

order error bounds on u-u, when u and the coefficients Gij are suffi-

ciently smcoth,

Lemma 5.1. Under the hypotheses i, ii, iii, iv and v above, the quasi-

bilinear form a(u,v) defined by (5.9) is such that
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i, there exists a continuous {(nonlinear) operator T from

Wg’z[a,b] into Wg’Q[a,b] such that
(Tu,v)m = alu,v} for all u, vewg’g[a,b], (5.11)
ii. T is strongly monotone, i.e., there is an >0 such that

|(Tu—TV,u—v)m| 2 a”u-v”2 for all u,vewlg’2 (5.12)

and
iii. T is Lipschitz continuous for bounded arguments, i.e.,
given K,>0, there exists a constant C(Kl)’ depending only

on Kl, such that
ITu-Tv] < e u-v] (5.13)
2 .
for all u,vewg’ [a,b] with “u”m, “v”m < Kl.

Proof. It follows from the definition of afu,v) (cf.{5.9)}) that for a

. m,2 . - . . wm,Q
fixed uewo [a,b] a(u,v) is a bounded linear functional of v in A [a,b]l,
m,2

and hence there exists a (nonlinear) operator T from WO

Wg’z[a,b] such that (5.11) is valid. Let K be the bound on ML given by

[a,b] into

(3.2). To show that T is continucus, it suffices to note that for any

u,ul,vewrg’zfa,b], with "“"Lmﬁ”u]L"Lon s ¢



l(Tu—Tul,v)m|

1A

1A

Ia(u,v)—a(ul,v)[

b
M) Cu-ug v+ [ DE(x,u)-F(x,uy ) Jvdx|

a

P oS e

implying that T is Lipschitz continuous, and hence continuous.

T is strongly monotone since

(Tu-Tv,u-v)m = alu,u-v) - al{v,u-v)

b

= ML(u—v,u—v) - f [f(x,u) - f{x,v}](u-v}dx

W

v

d

2 2
lu-vl 2 - vlu-v’

e - vl
1

2
- aflunv]?

\Y%
o

-1
where a = (clc—y)cl

We now state a result from the theory of monctone cperators

which can be found in Ciarlet, Schultz and Varga [10].

Lemma 5.2. Let X be a real Hilbert space, and T be a (nonlinear)

operator mapping X into X.

If T is strongly monotcne and Lipschitz

59
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continucus for bounded arguments, then the problem of determining

a ueX such that
(Tu,v)X = 0 for all veX (5.14%)

and for any finite dimensional subspace of X, S the problem of deter-

k!
mining a uk€Sk such that

(Tuk,v)X = 0 for all veS (5.15)

k‘]
each have a unique solution. Moreover, there exists a constant K' such

that the following error bound is valid:
”uk—u"m < K‘inf{"w—u":weSk}. (5.16)

Using Lemma 5.1 and Lemma 5.2 we can now state the following

result {cf. [16]):

Thecrem 5.1. With the assumptions i, ii, iii, iv and v, the two-point
nonselfadjeint, nonlinear boundary value prcblem (5.1)-(5.3) has a
unique generalized solution (cf. (5.9)) uewg’g[a,b]. Morecver, if Sk
is any finite dimensional subspace of Wg’Q[a,b], then there exists a

unique Galerkin approximation (cf. (5.10)) u , and there exist positive

censtants Kl, K2 and KS’ independent of Sk’ such that
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It -l = K
uk 1"la,b] 1 uk m
< Kzinf{”w-u“m: weSk}, (5.17a)
for all 0<i<m-1, and
”Dl(uk—un ) < flw -ull < K inf(ffw-ul : weS },  Osism. (5.17b)
L°[a,b]

Procf. By Lemma 5.2 it remains only to verify the first inequality of

(5.17a). For any i, 0sism-1, let x.,e[a,b] be such that |Dl(uk(xi) -

u(xi))| = ”Di(uk—u)” - . Then if ¢ is the closer of the endpoints
L [a,b]
a, b to Xs 5 ’
. X3
i _ Lo i+l
Ip (uk—u)|le[a . = |£ D (uk—u)dx|
< b ; a ”Dl+l(u.k"U)” )

1A
=l
F
£
3

where Kl = (b-a)/2. O

We now apply the L2-interpolation results of Chapters IIL and
IV to get high order error bounds for Galerkin approximates over sub-

spaces of M-splines generalizing and improving [9] and [16].
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Theorem 5,2. With the assumptions i, ii, iii, iv and v, let

n,?2

W
ueH,

[a,b] be the unique generalized solution to the two-point non-
selfadjoint, nonlinear boundary value problem (5.1)-(5.3) and let M be
the continucus bilinear functicnal of Definition 3.1 with bijecj[a,b],

0<i,j<n, for some nzm. Let {Ai}?_ be a nested sequence of families of

0

. . . 2
continuous linear functionals over W'’ [a,b] such that Ai =) Ai, and

+1

dim(span(Ai)) < o for all iz{. Suppose also that AO =) AC = {x: A(f) =

Djf(c), 0<j<n-1} for ¢ = a and ¢ = b, and Ei -+ 0. Then there exists an

i0 = ¢ such that for all i =z iO’ there is a unique Galerkin approxima-

tion of u, u; in Sp(M,Ai). Moreover, if uewg’z[a,b], with n<t<2n,

there exist constants Kl, K2 and KS’ independent of i, such that

A

"Dj(ui-u)” - < K. |u,

K (A.)t_m, for 0<j=m-1, (5.18a)
1" 71 2771
L [a,b

~l,

and

!
=
I
£
1A

Ka(Ai)t_m, for 0<ism. (5.18b)

Proof. By Theorem 3.3, there is an iOZO such that for all iZiO there

is a unique Sp(M,Ai)-interpolate of every fewn’g[a,b]. By Corollary 2.2,

dim(Sp(M,Ai)) = dim(span(Ai)), and the subspaces Sp(M,Ai) exist for

izi

o Applying Theorem 3.3 or Thecrem 4.5 to (5.17a) and (5.17b) with w
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set equal to the Sp(M,Ai)-interpolate of u, gives (5.18a) and (5.18b). [

Actually, the conditions in Theorem 5.2 could be weakened some-

what. If uewg+r’2

[a,b], with 0<r<n, the bij need only be measurable
and beunded if r = 0, and cotherwise the requirement need only be
bijecg[a,b], 2 = max(0,j+r-n), 0<i, j<n. Also the requirement on AO
could be weakened to AO > AC = {x: MF) = Djf(c), 0<j<m-1, n-r<j<n-1},
for ¢ = a and ¢ = b. Then again equations (5.18a) and (5.18b) follow
by the same argument.

We will now improve the convergence results of Theorem 5.2 for
the case where the sclution to the boundary value problem (5.1)-(5.3)
is in Wg’z[a,b] for m<t<2m, and for a specially chosen subspace of

M-splines, generalizing and improving results in [9]1, [10], [16], [18]

and [23].

Theorem 5.3. Under the assumptions of Theorem 5.2 if the coefficients
of L in {(5.2) are such that cijecl[a,b], 0<i, j=m, and M is chosen to be
m b

[ o, 000 (0 1p g (%) 1dx
i,j=C a +

M(f,g) =

I
. ")

ML(g,f) (5.19)

where ML ig given by (5.5), and the generalized solution u of (5.1)-
(5.3) is such that uewg’Q[a,b] for m<t<2m, then for all iz0, there is

a unique Galerkin approximation of u, U » in Sp(M,Ai) and there exist

constants Kl and KQ, independent of i, such that
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103 om0, <k (BT [0l o<jsm1, (5.20)
L [a,b]

and

7ol s ) T, osen, (5.21)
L [a,b

where Ho[u] is defined in Theorem 4.3 with r = t - m.

Procf. By Lemma 5.1 there exists a (nonlinear) operator T from

Wg’2£a,b1 into Wg’z[a,b] such that (Tu,v)m = a{u,v) for all

m,?2

A [a,b] and T is both strongly monotone and Lipschitz continucus

u,veW
tor bounded arguments. This implies that corresponding conditions hold

on the quasi-bilinear form a(u,v), namely
2 m,2
|a(u,u—v) - a(v,u—v)| = a“u—v”m for all U,VEWO [a,b], (5.22)

and for any K>0 there is a positive constant C(K), depending only on K,

such that
\a(ul,v) - a(uz,v)| < C(K)”ul—uQHm"V"m (5.23)

for all u,,u ewg’z[a,b] such that [u | .Ju| < K.

1°72

By (5.4) and Thecrem 2.1 the i_. of Theorem 5.2 is 0, so that for

0

any iz0, there i1s a unique Galerkin approximaticn of u in Sp(M,Ai),ui.

Let s, be the unique Sp(M,Ai)—interpolate of u. Then
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a(u,v) = 0 for all vewg’z[a,b], (5.24)

a(ui,v) 0 for all veSp(M,Ai), and (5.25)

ML(n,s) = M(s,n) = 0 for all neN(Ai), SESp(M,Ai). (5.28)

We shall now derive a bound for ui - Si'

First we need an a priori bound for u, us and 5. By (5.22),

1A

alu;12 < JaCuyu)) - ato,u)]

a0, = 17 oyl

S0 “ui“m < a_l”T(O)“m. By the same argument ”u”m < a_lHT(O)“m, and

since HuiH b <D ; 2 “ui”m and ||ul o1 <L ; a "u"m, it follows
a L [a,b
that 2a_l(b—a):l"T(0)"m is a bound for both’”u" . and Huiu .+ By (5.4),
L
and Theorem 3.1, [u-s.| - < MG O(b-a)m-%"u” >, so |[s.|| . 18 also
Y 1"a,b] ’ " L

bounded independently of i. Let C denote the maximum of these various
tounds for "u." R "u" and “s.“ .
1 Lm Lm 1 o«

It then follows from (5.22), (5.24), (5.25), (5.9), (5.26) and

(5.8) that

IA

2
ol s, ~u.|

lals, ,5,-u,) - alu,,s.-u. )|
i i'm i*7i i i*7i i

4a . U, - L=,
| (s;,8;-u;) -~ alu,s; u )|
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b
= M (s.-u,s,-u,) + £ [£(x,u(x)) - £(x,s, (x)) s, (%) - u; (x)]ax]

b
|{ [f(x,ulx)) - £(x,8; (x))1ls; (x) - ui(x)]dx|
a

< M(C)"u—si”LQHSi—ui”LQ. (5.27)
Therefore by Theorem 4.3,
los-ull, s o M) ums |
i i'm 7 it 2
L
-1 - Lt
< o M(C)MS,O(Ai) Ho[u]
_ = LT
= Ks(Ai) Ho[u], {(5.28)
where K, = o TM(COM, .
3 3,0
Then using Theorem 4.3 and (5.28),
HDj(u—ui)” W ”D](u—si)“ o 1 ”D](Si-ui)“ -
L L L
= t-i-k b-a , (7 |t
< MB,j(A ) Holul + 5 Ka(Ai) Ho[u]
< K (257 ful (5.29)
141 0

for 0<j=m-1, for some Kl>0. Also there exists a constant K2 so that
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“Dj(u—ui)”L2 < HDJ(u—Si)"L2 + ”DJ(Si—ui)”L2

A

= t-] -t
My 5B TR TU] + Ky (B ) H Tu]

1A

-t
KQ(Ai) Ho[u].

This establishes Theorem 5.3. [l

Corollary 5.1. With the assumptions of Theorem 5.3, if ueWSm’Q[a,b],

then the Galerkin approximation u, to the problem (5.1)-(5.3) in

Sp(M,Ai) satisfies

D awll s g @TTI ], osianed,
1"[a,b] L[a,b]

and,

DY a-w] , < K GO s 0<jsm,

LCa,k] L [a,t]
for constants KS and Ku, where L* is the formal adjoint of L.

Corcllary 5.2. With the assumptions of Theorem 5.3, suppose also that

the function f in (5.1) is independent of u. Then in addition to the

error bounds (5.20) and (5.21),

A(ui) = Alu) for all AeAi, iz0,
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that is, the Galerkin approximate u. to the generalized solution u of

{5.1)-(5.3) over Sp(M,Ai) is a Ai—interpolate of u.

Proof. From the next to last line of (5.27), if f is independent of
U, |Si—ui"m = 0, so the Galerkin approximate to u is also the Sp(M,Ai)-
interpolate of u. [

Corollary 5.2 generalizes a result of Rose [19] for the case
where m = 1 and L is formally selfadjoint.

If the solution to (5.1)-(5.3) is sufficiently smooth, it will
sometimes be possible to improve even further on Theorem 5.2, Tor any

integer g=1, let

M (f.g) = ML(qug,quf) for all £,geW 23204 b7, (5.30)
Assuming (5.4) is wvalid,
M (uyu) = ML(quu,DQqu) > anQquui (5.31)

for all ueKm’q[a,b] = {uewm+2q’2[a,b]: D]u(a) = Dju(b) = ¢ for all j,

0<j<g-1, 2qsjsm+2g-1}. Let

5 2
T I
¢, = inf —: uek ’q[a,b] . (5.32)
o 12,

Then by (5.31) and (5.32),
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2 m,q
Mq(u,u) = ccl"u"m+2q for all ueK **[a,bl. (5.33)

Applying Corollary 3.3-i to the bilinear functional M{u,v) =

m+2q ,

(quu,Dqu)m over Wm+2q’2[a,b] x W 2[a,b], with AO being a family

+2q,2

of continuous linear functionals on W' [a,b] with N(AO) = Km’q[a,b],

it follows that cl>0 since for any ueKm’q[a,b], M(u,u) = 0 implies that
u =0,
Now define Ag to be the family of continuous linear functionals

m+2q,

nW 2[a,b], Ag = AaUAb, where AC = {x: A = (Dj) , 0<jsm+2q-1}.

c
Then N(Ag)cKm’q[a,b], so for any family of continuous linear function-

als A on wm+2q’2

[a,b] such that ADAS and dim(span{A)) < =, it follows
that (5.33) holds for all uEN(A)CKm’q[a,b], and hence the system
{Wm+2q’2[a,b],A,Mq,N(A)} is well-posed. Also Sp(Mq,A) will be finite
dimensional. Let SpO(Mq,A) denote the subspace of all seSp(Mq,A) such
that seKm’q[a,b], and let Hg[ﬁ] denote the subspace of Wg’z[a,b] such

that

Hg[A] = {hewm’Q[a,b]: h = D2qs, for some seSpO(Mq,A)}. {5.34)

Then there clearly exists a one to one correspondence between elements
q
of HO[A] and SpO(Mq,A).
If dim(span(A)) = d = dim(span(Ag)) = 2m + 4q, then by Corollary
2.2, dim(sp(¥ _,A)) = d, and so dim{Hg[A]) = dim(Spy(M_,4)) = d-2m-2q22q.

We are now in a position to state:

Theorem 5.4, Suppose the boundary value problem (5.1)-(5.3) satisfies

all of the assumptions of Theorem 5.2, and in addition the generalized
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2n

solution u is such that ueW ’2[a,b] where n = mtq, g=1, and the coef-

ficients of ML’ Uij’ are such that oijecl+2q[a,b], 0<i, jsm. If

{Ai}. is a nested sequence of finite dimensional families of con-

m+2q,2 q _
[a,b] such that AODAO = Aa U Ab,

where Ac = {x: X = (DJ)C, 0<j<m+2q-1}, then for all iz0, there is a

tinuous linear functionals on W

unique Galerkin approximate to u, uieHg[Ai], which satisfies the error

bounds
HDJ(ui-u)u - < Kl(ﬂi)Qn'j'anDQqL*[u]H ) s 0<jsm-1, (5.35)
L fa,b] L [a,b]
and
Iod u-w) < K (B2 0% u]| , 0<5<m. (5.36)
L°[a,b] L°[a,b]

Proof. The existence of u and ug follows directly from Thecrem 5.2.

2n+2q,2

To establish the error bounds (5.35) and (5.36), let yeW [a,b]
be the unique solution to the boundary value problem
2q, . 3 - pJ - :
D™y = u, where D-y(a) = D'y(b) = 0, 0=j=q-1, 5.37)

Then since uewg’2[a,b], and | satisfies (5.37), weKm’q[a,b]. in a
similar fashion let wieKm’q[a,b] be the unique solution to the boundary

value problem

D2qw. = U, Djwi(a) = Djwi(b)

i 0, 0=j=q-1, i=z0. (5.38)
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Finally, let =H be the unique Sp(Mq,Ai)—interpolate of Y. Then
» q m,q - 124 ‘s
sieSpo(Mq,Ai) since AiDAO and veK **fa,b]. Let hi D 554 all i=z0.
Then hieHg[Ai]. Proceeding as in Theorem 5.3, we shall now determine
an errcr bound on |h.-u.l| .
i "i'm

It was shown in Theorem 5.3 that there exist a priori bounds for

. 2
u and u, in both o and |-MLw. By Theorem 3.1, "hi_u"ﬂw: () q(si—w)”ﬁn

% -.5
: M6,2q(b_a)m “¢"m+2q’ and by (5.32), [y < Iu”m. Therefore

m+2q

there exists an a priori bound C for "ui" w? "un - and "hi“ "
: L L L
Again, inequalities (5.22) and (5.23) are valid for the gquasi-

bilinear fcrm alu,v), and also

alu,v) = 0D for all Vewg’z[a,b], (5.39)
a(u,,v) = 0  for all veHg[Ai], and (5.40)
2 2q _ _
My (D 4,0 = M (s,m) = 0 for all neN(A;), seSp(M A, ). (5.41)

It now follows from (5.22), (5.39), (5.40), (5.9), (5.41) and

(5.8) that

1A

2
a"hi-ui”m la(hi,hi—ui) - a(ui,hi—ui)l

]a(hi,hi—ui) - a(u,hi-ui)|

b
M (b, -u,h -u.) + £ [£(x,u(x)) - £{x,h; (x))[h, (%) - u, (x)ldx|
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29, _ Qg _
M (D2 (s;-4),D (s, -4, )

b
+ ] [EGouGa)) = £0,h, (1)) 10h; () = u, (x)1dx|
a

< M(C)“u—hin 2Ihi-uill 5" (5.u42)
L L
Therefore by Corollary 4.1 (on Wm+2q[a,b] with r = m+2qJ,
Ih.-u. ] < o”Mu(e)|u-n,]
i "i'm i L2
| 2q
= o MOD -5 DIl
L
-1 = y2(m+2q)-2q; 29,
< o M(C)M3,2qM3,0(Ai) [D°5L [u]"Lz[a,b]
= K, (B )% rul] , (5.43)
L [a,b]
"l 1. - - .
where K3 = g M(C)M3,2qM3,O’ and L* is the formal adjoint of L ({(cf.
(5.2)).

Since “D](u.—h.)“ < b-a) "u.—h.” for 0<jsm-1, the error
i1 Lm 2 1 1'm
bounds (5.35) and (5.36) now follow directly from (5.43) and Corollary

4.1, by use of the triangle inegquality:

A

Il gnpl , + o0l

157 ol
L L L

in

b-a - it2q. _
253 luyngl,, + 1017250 ol
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b-a = +2n = 2(m+2q)-J-2q-% 2q.*
< [—-—2 ]Ka(ai) + M My (B)) [? [u]||L2
__yJt1.5 T y2n-J-%) .29,
s [% Ky(b-a) + Mg My 08D |pHL [u]HLQ,
. . . . _ j+1.5
for 0O<j<m-1, and hence (5.35) is valid with K, = max [%K3(b-a) +

0£j€m-1
M5 jMS O]' The error bound (5.36) follows in a similar fashion using
L] >

(4.14) of Corollary u4.1. 0

Corollary 5.3. In addition to the assumptions of Theorem 5.4, suppose

the function f in (5.1) is independent of u. Then the error bounds
(5.35) and (5.36) will hold, and also if any Aespan(ﬂi) is of the form

A= (Dp+2q)c, with ce[a,b] and p an integer, O0sps<m-1, then
Dpui(c) = pPule),

that is, the pth derivative of the Galerkin approximate u, to the

generalized solution u of (5.1)-(5.3) is equal to DPu at c.

Proocf. From the next to last line in (5.42), if f is independent of
u, |h.-u.| = 0. Therefore h, = u, all i20, and thus ¢, = s,, iz0.
i "i'm i i i i
Hence Vs is the Sp(Mq,Ai)—interpolate of ¢ and if X = (Dp+2q)cespan(Ai)
for some iz0, then Dp+2qwi(c) = Dp+2qw(c), and Dpui(c) = pPu(e). O
We remark that higher order convergence results such as are

given by (5.35) and (5.36) were first found by Hulme [14] in the linear

case for L = ng and by Perrin, Price and Varga [18] for the nonlinear
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e m .
case when L = LlLl’ with Ll = Z aiDl. The method of relating
i=1
Hg[A] to SpO(Mq,A) used above is a generalizaticn of a similar apprecach
used by Perrin, Price and Varga [18]. The next result generalizes and

improves Theorem 5 of [18].

Thecrem 5.5, With the assumptions 1, ii, iii, iv and v, let
uewg’z[a,b] be the unique generalized soluticn to the two-point non-
selfadjoint, nenlinear boundary value problem (5.1)-(5.3), and suppose

the bhilinear from M, of (5.5) can be expressed as

b . .
M (u,v) = M(u,v) + Yo [ e, JxDTu()Dv(x)dx,  (5.ub)
. i,j
(i,3)eI. a
k
where
b . . 5
M(u,v) = z f bij(x)Dlu(x)DJv(x)dx, for any u,Vsz’ [a,b],

0<i,j<m a

where Ik is an index set consisting of pairs (i,j) with 0<i,j<m, and
i+jsk. Assume there is a positive constant c, such that M(u,u) =
c2”u”i for all uewg’g[a,b]. Assume alsc for some nzm, ueWQn’Q[a,b],
bijeci+2q[a,b], 0<i, j<m, with q = n-m, cijeCi[a,b], for all (i,j)el,
and {Ai}:zo satisfies the hypotheses of Thecrem S.4. Let Hg[Ai] be
defined from elements ssSpO(Mq,Ai) by (5.34), where

m+2q,2

M (u,v) = M(D?%,0°%) For u,veW [a,bl.

Let U, be the unique Galerkin approximate of u over the subspaces

H%[Ai]. Then there exist constants K., and K2 such that for all i=Q,

1
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2n-max{§,j+%)

[DICu, -] < K (3;) , 0<i<m-1, (5.45)

L. [a,b]

where & = max{(0,k-m), and

|03 (u.-w)| < K, (5, )2nmax(s, 1)
i 2

, 0<j<m. (5.46)
L[a,b] 21

Proof., The system {wm+2q’2[a,b],Ai,Mq,N(Ai)} is well-posed for all i=0

since N(Ai) = Km’q[a,b] and

_ 2q 2q . 2q 12
Mq(ugu) M(D"*u,D"*u) 2 CQHD u“m
2 m,q
> c.%, ulm+2q for a1l ueK ’*[a,b],

where ¢y is given by (5.32). As in the proof of Theorem 5.4%, let ¢ and
wi for i20 be given as the solutions to (5.37) and (5.38), and let ss
be the unique Sp(Mq,Ai)—lnterpolate of §. Then sieSpO(Mq,Ai) and

- n2d q
hi =D sieHo[Ai].

Arguing as in earlier theorems

1A

2
a”hi—ui"m |a(hi,hi—ui) - a(ui,hi-ui)|

|a(hi,hi—ui) - a(u,hi-ui)|

|ML(hi-u,hi-ui)
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b
+ ] [EGGux)) - £6ah, (1)) 1R, (x)-u; GO Tdx]|
a
b . ;
< |Mq(si-wi,si-w) + '[ J egsD (h, WD (h;-u, )dx
(R,])eIk a
b
+ [ [FGux)) - Flxh GONIh () - ug(x)1dx|.  (5.47)
a

Since czjecg[a,b], we can perform the following integration by parts:

b, :
J e, D"(h,-u)bI(h,-u, )dx
3 2] 1 i1

b .
= (-1)P | Dg-p(hi—u)Dp(cng](hi-ui))dx (5.48)
=}

where ps<i and j+psm. Thus p can be chosen to be min(2,m-j) and we see
b .

that if (l,j)elk, | chDR(hi—u)D](hi—ui)dx( can be bounded by a sum
a

of terms J of the form

o)

Y *h;-u, x|, (5.43)

b o g
J= 1) @ e chj
a

where 050l = g-min{&,m-j) = max{(0,&+j-m) < &, 050252 and 0<g,<m.

Applying Schwartz's inequality to (5.48), and using (4.14) of Corollary

4.1, we find that

(o} aJ J
2 1 3
< “D nguLm “D (hi_u)”LQHD (hi"ui)”

[
!

+
1

A

0.+2q
K3"D (Si—w)"LQ Hhi-uium
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for constants KB and Kq. Applying inequalities of the above type tc

(5.47), and using (5.8),

50

Hhi—u." < K (Ei) , (5.50)

for constants Ke, KB and K7 which are independent of i, where C is an

a priori bound for |ul and HhiH .- The error bounds (5.45) and
L
(5.46) now follow by use of the triangle inequality, (5.50) and Corol-

lary 4.1. [

" Theorem 5.5 not only gives results of very high order accuracy,
but when k<m, gives accuracy comparable to that of Theorem 5.4, losing
only the interpolation properties of Corollary 5.3 for the linear case.
Thecrem 5.2 may be regarded in part as a special case of Theorem 5.5
with k = 2m, t = 2n and 6§ = m. Theorem 5.5 can give subspaces with
simple bases when M contains only a few terms, such as M(u,v} =

b
[ p™up"vax.
a
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