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SUMMARY

Finite element models, based on a complementary enerqgy
principle, for the analysis of flinite deformation (large
straln and rotation) problems of nonllnear compressible as
Wwell as Incompressible elastic sollds are developed. To this
end, general { Hu-Washizu type ) varlational prilncipless In
the total Lagrangean formulation, based on various measures
of stresses and their conjugate stralns are flrst studied.
With these general principles as the basls, varlous speclal
forms of varlational princlples are derlved, Especlally, the
possibillty of constructing a statlonary complementary energy
principlte for the flnite defermation problem of elastic
solids is examined. It is concluded, through this study,
that only the general princlple based on the Jaumann stress
measure can lead to rational and practical complementary
energy princlple which Involves, unilke In the |lnear theory,
both the unsymmetric Piola-Lagrange stress and the rotatlion
tensor as varlables. In such a compl ementary energy
principle, the rotational equll ibrlium condition is enforced
as an a posterjiorl conditlon through the stationarlty
condition of the functional corresponding to varlatlons In
the rotation tensor. Considerlng the feasibillty for the
practical application, the Incremental form of varliational
princlples jeading to plecewlse linear incremental solutlions

is derived, Further, Introducing the concept of hybrid



xi

finite element models, whlch aliow for the 3 priorl
refaxatlons of the tractlion recliproclty conditlon and the
displacement continulty condltlion at Inter-element
boundaries, Incremental hybrid type varliational principles
are derlved. Especlally, the Incremental hybrid
complementary energy principles both In the total Lagrangean
and updated Lagrangean formulations are proposed. These
proposed principles are employed In the context of the finite
element methody and Incremental hybrid stress finlte element
models are developed to solve plane-stress finlte defcocrmation
problems of compresslble elastlic sollds. On the other hand,
for the <case of Incompressible materials, the hydrostatic
pressure |s Introduced as a Lagrange multipller, and
Hu-Washlizu principles In wh lch the Incompressibility
condltlon Is relaxed a oprlorly, are conStructed. Then,
foliowing the same procedure as for compresslble materials, a
modi fied (hybrid) Lncremental complementary energy princliple
Is derived. Based on this varlational princliple, an
Incremental hybrid stress finite element model| for
plane-stress finite deformatlon analysls of Incompressible
elastic sollds |Is developed. Using these newly developed
finlte element modelsy example problems of finite straln
plane-stress deformations of compressiprle as well as
incompressible nonlinear elastlc sollds are solved. The
results obtalned by the present methods agree excellently
with those, In |lterature, whlch wWere obtained by the

compatlble displacement finite element model. Through the



x1ii

results of the example problems, it 1Is conflrmed that the
presently developed methods are powerful numericail tools to
solve finlte deformation problems of nonlinear etastlic
solids. Thoese methods are also more efficient than those In

the llterature based on potentlal energy principles.
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CHAPTER I

INTRODJCTION

In the last two decadesys the finlte etement method has
been recognized as a oowerful numerical solution techniqgue
tor linear elastlc probiems, and several different models
have been developed. Most of these finite element modelis are
nased on the well kKnown mlnimum potential energy princlple or
minimum complementary energy orinciple. These two minimum
princlpless, In the tinear theorys, provide upper and |ower
bounds for approximate numerical solutions. Alsos mlxed
models based on Helllnger-Reissner oprinciple are sometimes
used. These varlational princlples* are summarlzed 1In a
comprehensive work by Washizu (1]le. In hls works it IS sShown
that the above three variational principles can be
systematicalily derived from the general prlnciple, which |[s
refarred to as the "Hu=-Washizu Principle".

Meanwhile, demands for solution techniques fo analyze
nonl inear behavior of structures have increased, and great
efforts have been expended by many sclentists and englneers
to develop such numerical methods. The essential sources of

nonlinearitles are categorized In two parts. One ls material

*From the literal meanings It m3ay be proper to use
“varlatlonal theorem"™ Instead of *variatlonal principle".
Howevery, as often ftound I[In the literature, "principle" is

used as an equivaient word to "theorem™ In thils thesis.



nonlinearlty and the other Is geometrical nonilnearlty. The
material nonlinearity alone does not bring signlficant change
to the framework of the finite element scheme developed for
Ilinear elastlc problems. Howevery If large deformatlion 1Is
considered, the geometrical nontinearity brings several
features which do not appear in {lnear theory. First of all,
because of the tlarge deformationy deformed and undeformed
configurations must be clearly distinguished. Alsos In the
study of sotld mechanlcsy In which we are [nterested In each
material point in +the solld body (Lagrangean Descrilption)
rather than a point In Space (Eulerian Description), we need
to introduce a reference conflguration which will serve as a
materlal co=-ordinate system. The cholce of this reference
configuration Is ratner arbitrary. It can be an undeformed
configuration, or [t can be any intermediate Known
configuration. The first choice of the reference frame Is
often called Total or Stationary Lagrangean description.
The second <case [5 called Updated Lagrangean descriptlon,
especially when It Is used In Incremental formulations.
Another feature of flnlte deformatlon analyses is the
fact that several dlfferent stresses and thelr conjugate
strains can be deflned for finlte deformation problems,
namely, the unsymmetric Plola-Lagrange (First
Pilola-Kirchhoff) stresss symmatrlc Kirchhoff-Trefftz (Second
Plola-Kirchhoff) stress, and the symmetric Jaumann stress,
and thelr conjJugate strains ; displacement gradient,

Green-Lagrange straln, and right extenslonal straln tensor,



resnectlvely. These are dlscussed In chapter II,
Therafore, because of the choice of the reference
confliguration and the definifion of stress and straln
tensorss Quite a few different types of wvariational
formulations are posslble, Based on these variational
principless numerous numober of flnite element models hawve
been reported. Comprehensive surveys of wvarlious aspects of
the finlte element methods for finite deformation problems
we~e presented by Washlzu [11, Nemat-Nasser and his
co-workers [2s 31, Horrigmoe and Bergan [4]1, and Horrlgmoe
(51« Most of these flnlte element models are based on the
statlonary potential energy principle or Helllnger-Reissner
type princlples But hardly any stress model, strictly based
on the complementary energy principles can be found In the
literature, The reason for the lack of stress models In
literature |Is the controversy on the uniqueness of the
inverse stress=-strain relation, which Is assumed In the
complementary energy principle proposed by Levinson (61].

The main objective of fthe present thesis Is to develop
practical “stress finite el ement models”™ for flinlte
deformation probiems based on raticnal complementary energy
principles, and to demonstrafe thelr validlty through proper
numerical examples. The study of the complementary energy
princliple can be traced back to the work by Helllnger (71,
which is considered as a landmark. This fopic has attracted
attentions of many researcherss Especlallys In recent years,

significant progress has pbeen madey 35 seen from fthe recent



works of Zubov (8], Fraeljs de Veubeke [91, Kolter (10, 111,
Christoffersen [121, O111 (131 , and Atlurl and Murakawa
{itl. To begln withs TtThese works are reviewed and the
possibifity of constructing rational and practical
complementary energy principles ls discussed In chaoter I1II.
For thlis purpose, general variatlonal principles (Hu-dashizu
principles) based on alternate definltlons of stress and
straln measures in total Lagrangean formulation are
constructeds, Then, by 3 prlori satisfylng some of the fleld
eaquations and boundary condif lons, these general princlpfes
are shown to be reduced to statlonary potentlal eneragy
principlesy, Heltlinger-Reissner principlesy, or, If possible,
complementary energy principles. However, as polnted out by
Fracijs de Veubeke [91, If the Kirchhoff-Trefftz stress Is
used in the variatlonal formulations, the derlved
complementary energy oprinclipte Involves both stress and
disolacements, And alsos the a priori satisfaction of the
transtational egquifibrjium condition and the traction boundary
conditions which are nonlinear In stress and displacement, Is
nearly Ilmpossibles In general. Thus the complementary energy
principle based on the Kirchhoff-Trefftz stress falls to be a
practically useful princinle. On the other hand, 1f the
Plola-Lagrange stress ls used,y, the translational equifiibrium
condition and the ftraction boundary condlitlon become |linear
equatlions lInvolving stress alones It Is easy to satisfy
these conditions a priori« Thusy If the complementary energy

density In terms of the Plola-Lagrange stress exists,y A



complementary energy princlple Invciving stress alone can be
derived as Shown by Levinson [5]e« Howevery as polnted out by
Truesdell and Noll {153 and recentiy by ODlii!l [131y In
general, the inverse of the stress-strain relatlon In terms
of the Plola-Lagranje stress and the displacement gradient,
which Jleads to the complementary energy density, s
multi-vaiued, In the case of isotroplc ™“semi-iinear™

materlalss Zubov [8] attempts to establish unlque Inverse of

the stress-strain relation. Buty his arguments are refuted
by DIttt [13] and others who show that the Inverse relation
can be multi-valued, Meanwhl ley, Kolter, {111, proving the

existence of the multi-valued iInverse relation, proceeds *to
establish certain sufficlent conditions for the validlty of
the minimum complementary 2anergy principle using the
compliementary energy Involving the Plola-Lagrange stress
alone. Atlthoujhe it can be used to solve simple problems In
an analytlcal wWays such a complementary energy princlole
Involving the multi-valuad Inverse stress-stralin relation can
not be applied to a3 numerlical method such as the finlte
2lement method. Moreovers, there 1Is an ambligulty on the
satisfaction of the rotational equillbrlium condition, which
s nonllnear 1In Plola-Lagrange stra2ss and dlisplacement.
These difficulties and ambigulties pointed out In the
complementary energy principle based on the Kirchhoff-Trefftz
stress or Piola-Lagrange stress can be avolded if the Jaumann
stress is Jsed. First of alls, the Inverse stress-strain

relation in terms of the Jaumann stress and the right



extensional straln tensor (engineering straln) (s unlque.
Thus the complementary energy density function In terms of
the Jaumann stress alone can be achleved. The Jaumann stress
can be decomposed into fthe Pilola-Lagrange stress and the
rotation ftensore. Furthery, the ftranslational eqgullibrlum
condition and the traction boundary condition In terms of the
Plola-Lagrange stress can be satlsfled a priorl« Thuss as
discussed by Frael]s de Veubeke {9] and Christoffersen 1[121,
we can derive the most consistent and useful complementary
energy principle involving both Piola-Lagrange stress and
rotation tensor. In this type of complementary energy
princioley, the rotational equllibrium conditlon can be
retained as an a posteriori conditlon through the
stationarity condltion of the functional wWith respect to the
rotation. These complementary energy prilnclples as well as
other special wvariational orinciples derlivable from the
Hu-Washlzu principles based on alternate sfress and strain
measures In total Lagrangean formulation, are summarlzed In
chanter III.

The wvarlational principles presented In chapter III
can be applied to a finlte element model« Such a model l|eads
to 3 system of nonlinear algebraic equations In terms of
unknown parameters, whlch are usually solved by
Newton-Raphson method., However, dependlng on constitutlive
reflationsy the derived nonlinear equatlons, sometimess, become
extremely complicated. To avoid thls kind of algebraic

complexityy, Incrementail formulatlonss which lead to ||lnear



equatlons, are considered, For this ourposey Incremental
variational principies based on alternate stress and Iits
conjugate straln measures both In total Lagrangean and
updated Lagrangean formulationss are derived In chapter IV.
In all +these incremental variational prilnciples
Including the Incremental complementary energy princlples,
only functlons, which satisfy required continuity condltions
In the domain occupled by solld bodys are allowed as
admissible functionss For examples, displacements must be
continuous wlithin the solid and the ftractlon across any
surface within the solid must be continuous (tractlion
reciprocity). Howevery, In the finite element formulations,
the solld body ls divided into a finite number of subdomalns,
which are called elementsy, and fleld variables are assumed In
cach elements, In this sltuation, the required continulty
conditlions In the element can be easliy satisfled by simply
choosing continuous functions for these variables, But, in
additions these continulty condltlions must be satisfied on
intarelement boundarliese.s In some cases,y It is opracticaity
difficult to choose properly assumed functions whlch satisty
these interelement continuitiess To deal with this difficult
situatlion, the concept of "Hybrld Model" is introduced ({1i6l.
The hybrid flnite element model is deflned as a finite
element model based on 3 modiflied (or hybrld)l varlational
principle In which the constraints ot displacement contlnuity

and/or traction reclprocity condltion at the Interelement

boundaries are relaxed 3 priori by uslng Lagrange



multiplierse Thus, it leads to more versatillty In choosing
functions for displacement and/or stress In the element,

The requlired contlnuity condltions are enforced a posterlorl,

at least in 3 welghted residual sense, through the
statlonarity condition of the modified functional wlth
respect to Lagrange multiol lers. Thus, functionals

associated wlth varlious types of wvarliational oprinclples are
further modiflied, and modif ied (hybrid) Incremental
functlonals are constructed. Especlallys incremental hybrld
comoiementary energy principles which involve Incremental
Pliola-Lagrange stress and rotatlon tensors , both In total
Lagrangean and updated Lagrangean formulations, are proposed.

Based on the proposed varlatlonal principley, an Incremental

hybrid stress finite element model in total Lagrangean
formulation 1Ils developed. The detalled discusslion of the
finite element formulation for the analysis of finlte

deformatlon elastic probiem 1Is presented In chapter V.
Using the newly developed methody, an example problem of
blaxial stretching of a thin sheet made of Blatz-Ko type (171
nonl inear elastlc material 1s solvedy, and the numerical
results are dilscussed.

It 1s known thats among the engineerlng materials
which can deform In a large scaley, many of them, such as
rubbers, polymers, and solid-propelfant rocket grains, are
consldered to be nearly or preclsely Incompressible. In the
ciosed-form analysisys the incompressibllity conditlon makes

it easler to obtaln solutions for certain simple problems



[461. However, thils Is not the case for numerical methods
based dn eneray fype wvarlatlonal principles. An essentlal
dltference between compressible and Incompressible materlals
is the fact that the stress can be determlned by strain In
the former case, whereas, in the l1atter case, the stress can
not be fully determlned by straln atoney, and the hydrostatic
pressure remalns as an UNknNOWn. This Impliles that the
complete stress-strain relatlion of the Incompressible
material can not be characterized by the usual straln energy
densitys as that for compressible materlalss which Is a
function of strain alone.  Moreover, in the case of
Incompressible materials the strain field must satisfy the
incompressibillity conditlons which iss In general, nonlinear,
The 3 priorl satisfaction of this condition for the general
case Is practlcally impossibles Therefore, the varlatlional
principles derlved for compressible materlals are not wvallid
for the Incompressibie case.

Some aiternative approaches are suggested by Herrmann
(191 and Key (201 s for Iinear elastic small deformation
proolemss, and also by Oden [181 for the flnite deformatlion
oroblems. They Introduce the hydrostatic pressure as a
varlabl e, and construct potentlal eneragy type or
Hell inger-Relssner type wvariatlional oprinciples, which are
vaild for neartly or preclsely LIncompressible materlals. In
the present work, a complementary energy orinciplie Is used to
solve finlte elasticity problems of Incompressible materlals.

Firsty by Introducing the hydrostatlc pressure as a Lagrange
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multipliery functionals assoclated wlth Hu-Washizu princliples
in which the incompressibility condition is relaxed a priori
through the Lagrange multipller are constructed using
alternate stress and straln measures. Then, from the
Hu-Washizu principle based on the Jaumann stress, an
incremental complementary energy principle 3and alsc |Its
modifled (hybrid) version are derived, Speclficaliy, an
incremental hybrid complementary enerqy principfe is applled
to the finite element method and a Incremental hybrid stress
modal Is developed. This proposed method is applied to solve
finite straln plane stress problems for a nonlinear
incompressible material of Mooney-R1vI in type [211.
Numerlcal resuits for pilaxlal stretching of a plane square
sheat and a sguare sheet with centrally {ocated circular hole
are presented. The wvalidity of the oproposed method 1Is
demonstrated through comoarison wlth the numerical results
obtalined by the displacement finlite element model {Oden
{181) .

The concluslons drawn from this study and

recommendatlions for furtner study are glven In chapter VII,
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CHAPTER II

BASIC FORMULATIONS

Introduc tion

In the study of solid mechanlcss we are interested In
the state wvariables at material points of deformed soilds,

such as stress and straln. Thuss Lagrangean description 1is

adooted to describe the behavior of sollds. In this
descriptiony atl the state varliables are describad as
functions of material co-ordinatese. In the case of tinear

theorysy In which there IS no distinctlon between deformed and
undeformed configurations, usually, undeformed (equivalent to
deformed) conflguration |s taken as a reference. The
components of the position vector of the material point in
the refterence conflguration 3are used as materlal co-ordlnates
to identify each materlal point. Howaver, 1In +the case of
finite deformatlion problemy the wundeformed and deformed
configurations must be distingulished. Consequentiy, our
choice of the reference becomes arbltrary. It can be the
undaformed conflguration, also it <can be any IiIntermediate
Known deformed conflguration. If the undeformed
configuration Is chosen as a reference, it [Is called total or
statlonary Lagrangean description. If an intermediate
detormed confliguration is useds, It Is called wupdated

Lagrangean descriptions especlally when it ls wused 1In an
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incremental formulations On the other hand, for the finite
deformatlon problems, we can deflne stress and Its conlugate
straln iIin severai different waysy, so that the governing
equations wrltten in terms of these can be reduced to
convenient mathematical formse.

As it Is noticed, there are several dlfferent aspects
involved In finlte deformation problems. Also, notations are
quite different from one author to another. Therefore, to
avoid confusions due to notationsy, and to make the
definitlions consistent throughout the thesliss, the definlitions
of alternate stress and strain measures are presented In this
chapters In connection wlth the deflnitlions of these field
variables, constltutive relations and the governing equations
for flnite deformation oroblems In terms of alternate stress
and strain measures are also presented for both total and
updated Lagrangean descriptionse. Olrect tensor notatlon,
which is considered to be the most general way to describe
the problem of solld mechanics [Is used for thls purpose.
The detalls of the direct tensor notatlon used Iin this thesls

are given in the appendix A,

Total Lagrangean Description

Geometry of Deformed Solld

Conslider a solid body in three-dimensional Fuclidean
space » as Shown by Flgele The Inltlai (stress free)
conflguration is denoted by Co and its volume and surface are

denoted by Vo and Sje Similtarlyy the deformed (current)
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configuration 1is denoted by O, and V and S are its volume
and surface. Slnce the iniflal configuration ls taken as 3
reference , the material point P, which has a position B In
the inltlal conflguration 1is ldentifled by 1Ifts posltlon
vector x. The same materia! polnt moves to P In the deformed
configuration through deformation of the body. Its positlon
vector Is denoted by vector y. Thus, the dispiacement vector

u Is defined by,

U=y - x =y

|.— KL)EL (2.1)

where y; and x; are rectangular Carteslan components, and )
are unlt base vectors. If y{x) Is assumed to be
differentlable wlth respect to x s the deformation gradient f

is deflned by,

F o= (py) (2.2)
or In rectangular Carteslan components,
) (243

Ft'} B x;
where the symbol V denotes the gradient In the metric In C,

3 and iIn the present notatliony, vectors and second order

tensors are denoted by _. and ., under symbols, resvectlively.

Definltion of Straln Measures

The deformation gradient F Is not singular. It can be

uniquely decomposed Into right polar-decomposltlon,

E = a-(L +n) (244)
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wherea (£ + Q) Is a symmetric, positive definite tensor: L is
the identlty tensor; and a ls an orthogonal tensor, such

that,
T _ I _
2.2 = (245)

Physicallyy the above decomposition means the separation of
the deformation gradient into rigld body rotatlon and
streftching. Thus, tensor (£+Q) is called stretch tensor, and
tensor h Is called right extensional strain tensor which
provides one definition of strain. And ¢ is called rotation
tensor, Another strailn measure 1[5 glven by dlisplacement

gradient e which Is defined by,
T
Ag'=(rg) (2.6)
A deformation ftensor 5 Is defined by,
T

G = F+f = (h + I) (2.7)

Using deformatlon tensor E, the Green-Lagrange straln tensor

g Is deflped as,

g =172 (G = I) = 172 € Py + 74 + pu-pu’ 3 (2.8)
ThuSs we defined three straln measuresy namely, right
extensional strain tensor, 1lspl acement gradlient, and
Grean-Lagrange straln tensors These sftraln tensors are

related by,

g = 172 ( e + ET + gT-g ) (2.9)
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g = 1/2 t 2h + h.h) (2.10)

Definltlon of Stress Measures

Followlng Truesdell and Noll 151, and Fraell]s de
Vveubeke (9], unsymmetric Piola-Lagrange stress fensor 1, and
symmetric Xirchhoff-Trefftz stress tensor S are defined in
terms of Cauchy or true stress Z in the deformed body,

through the following relatlons,

T= (/9 F-t = (/D) F. s F (231D

-~
~

or Inversely,

£ =g FLE (2.12)
s = JF LT (2.13)
and,
:
t = S'f (2.14)

where J Is the determinant of ﬁ. Further, symmetric Jaumann

stress tensor r ls defined by,

il

r=1/2 ( tia +a"t") (2415)

i+

]

i/2 {Eo(£+gl ¥+ (I+h)-s)
It is worth noting here that tensors S 9 and h become
coaxlial for lIsotroplc materlale. Thus, EQ.(2.15) is

simpiified and reduced to,

r = t.a = s.(I+h) (2.16)

S d

It is noted that the Plola-Lagrange stress l defined by

EQel(2411) corresponds to the transpose of that defined by
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Truesdetl [1%51. Physical meanings of stress and strain

measures deflined in the above are presented In appendix B.

Constitutlve Relations

Only an elastic material Is considered in this
sections If material Is elasticy stralin energy denslty
function Wy per unit undeformedvolumcscan be expressed as a

function of Green-Lagrange straln g alone. Further, It is

~

assumed to be a symmeftric Ffunctlon of g, S0 that the

ot

rotational equlllibrium conditlon ls embedded,

W(g) = W(gT) ; —g—ﬂfg—w (2.17)

o)
LR

Also, uUsing Eg.(2.9)s W can be expressed as a function of e:

W(g) = Wlg(e)] (2.18)

At ™~

Nowsy conslder the varlation of straln energy (virtual work)

per unit undeformed volume, B5W, which is glven as.

sw=JZ:5F% (2.19)

-
x = == - . =1
where, 5‘5 95 gl 'gj { VS_!) (V)_‘ )

Using the deflinltlons of sftressesy Egqnse.(2.12) and (2.13), It

is reduced to,

SW = Jtpy™ T : (pey) = tise’ (2.20)

4/
il
L%
&

4

On the other hand, from Eadns«(2.17) and (2.18),
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SW = %"1353 = W .ce (2421)

By comparing Eans.(2.20) and (2.21)y the following relations

are obtralred.

oW o tT (2422)
_— = S — —
94 ~ > 2% ~ (2.23)
Further, using the relation,
§9 = 172 L (I + h).8h + Sh.{I + h) ] (24204)
~ bl A g ~F ~ ~F
Eqel(2+21) Is rewritten as,
(2.25)

SW =3{S (I+h)+(L+h) S}:8h

Thusy the Jaumann stress e is related to the strain energy

density W by,

aw (2.26)
am =L
In fact, Fraeljs de Veubeke (9] defined Jaumann stress
through the straln energy function as shown In the above.

For later usey wWe conslider the Inverse ot the
constitutive relations. As discussed by Frael]s de Veupeke
{4l, +the stress-straln relatlions glven by Egns.(2.22) and
(2.20) arey In generals lnvertible, and the followlng contact

transformatlons are achleved,

Sts) = E;g(gl - Wlg(s)1] (2.27)
R(E) = S:hlgl - w[hlsil (2.28)
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such that,

«29)

& _ 3 2R _ /7 (2.29

23 ~ 5 ar ~ (2.30)
However, as noted by Truesdell and Noll {151 and more
recently by OlIl {13}y unique Inverse for £Q.{2.23) does not
exlst for general cases, In the case of sami-llnear

matarlalss Zubov [8]1 attempts to establish such an inverse
relations However, his arguments are refuted by DIlII (131
and others who show that the Inverse can be multi-valued.
Following DI I [13]1y we closely investigate the Inverse
stress~-strain relation In fterms of L and e. We assume that
the material Is lsotropic and the Piola-Lagrange stress t |Is
given. Since materlal Is Isotropic, stress t can be
decomposed into the Jaumann stress r and the rotation a as

shoWwn by EQe(2.16).
L =}:-GT {(2.10) %

wher e r is symmetric and a ls orthogonals Using E3.(2.30),
the Jaumann stress & is unlquely related to the straln tensor
he Thus the strain S is calculated and we <can obtaln the

disofacement gradlent by,
8 = a:t I «+h) -1 (2. 31)

Howaver, unl lke In Eqe(2.4)s The decomposition In £3.12.16)*%

is not unlque because the tensor ¥ ls only requlred to be
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symmetric. Thls can be seen from a simple examples. HWe

conslder a seml-{inear material, the straln energy denslty

for which Is glven by,

Win) = 1/2 Aln :I¥  + pth: h) {(2e32)

“ L s

such that,

OW _r _ A(h:1)I + 2uh (2.33)

For simplicity, A Ls assumed to be zero. Then £EQe«{2+33) is

reduced 10,
r o= 2;13 (2.34)

Suppose stress i is given as,

{2.,25)
a 0 0
5 = 0 a 0
0 0 a

For the glven ty the following decomposltions are considered,

(2.36)
ra 0 0]f1 o0 o
t=x:aq’'=|0 a 0||0 1 O
0 0 ajl|l0o 0 1
[ a 0 0 1 0 0

t=1r,8 =|0 =a 0|0 -1 0 (2.37)
0 Q0 =z 0 0o -1
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The strain tensors corresponding to the above Jaumann

stresses are calculated to be,

(2.38)
; (2.39)
a 0 0 i ; 0 0
h .__1._ i
T o2 0 a 0 122 =W 0 -a 0
0 0 a s 0 0 -aJ
Thus, it is seen that +the Inverse of Eg.(2.223) is

multi~valued., Further, it [s Interesting to notice that the

two strain flelds obtalned above satlisfy the rotatlional

eqdiliprium condltions which requires the symmetry of Ef
1
(T==—F-t )
A J ~ ~
5 (2.40)
2—P._'+l 0]
ct=ae+I)t= al 0 3+ 0 = symmetric
0 &
0 2#+1
a
2“*-1 0 0
%'5:?,9'(§2+I°5= a 0 2—%—? 0 = symmetric
Qa
4 0 2z-1!

This example suggests that the rotational equlilibrium
condition alone is not enough to identify the straln field
for the 9glven stress T As mentioned by Kolter (111, by
conslidering the giopbal deformation, It may be possible fto
select proper wvalue among the multli values. However, it Is

practically Imposslble to select the correct inverse In the
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numerical solution process.

Field Equatlons and Boundary Condltlons

Futi mathematical daescrilption of the tfinite
deformation problem of Solld can be glven by a complete set
of field equatlons and proper boundary conditionss namely,

(3) transiational equillbrium condition

(1 lnear momentum balance)
{b) rotatlional equllibrium conditlon

(angular momentum balance)
(c) strain-displacement relation (kinematlc relatlons)
(d) stress-straln relations (constltutlve relations)
(e) dlisplacement boundary conditlons and/or tractlon

boundary conditlons and/or mixed boundary conditions,

The equillbrium conditions are essentlally described In the
deformed configuration in terms of +true stress 27. The
translational equllibrium condition iIs expressed by,

4 J (2e41)
et o+ 03 = o

d
where V< represents divergence with respect to the metric In
d
the deformed conflguration; A 1s the mass denslity in the
deformed conflgurationy and g Is body force per unlt mass.

The rotatlona!l equlllbrium condition ls glven as a symmetric

prooerty of tensor T,

2.: = :Z,-‘T {2.42)

Cad

By using the geometrical relations and definitlons of
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stresses, Egqns(2.t1i) and (2.4Z2) are rewritten In terms of

state varlables defined In the undeformed configuration.

translational equllibrium condltlions

7 ( §.§T) +pg =0 (2.43)

or V-t + Rg =0 (2a44)

where P, iS the mass density measured in the undeformed

configuration.

rotational equillbrium condlitlons

s'= s (2.45)
F.t = LT-ET (2.46)
(h+1)-t-@ = symmetric (2.47)

Kinematic retltations in terms of alternate straln measure are

given by the following equatlions,

kKin2matic relations

g = 172 ¢ f‘f - 1 (2.48)
T

e = (Pu) (2,49)

F=a-(I+h) (2.50)

Assuming the existence of the straln energy denslty functlion

W in terms of g, constitutive retltations are expressed as,

constitutive retfations

w g 2D (2.51)
o a% 2
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tr,-iﬂ- . oW (2.52)
=" 8e ~ ah (2.53)
Further,y, the [Inverse retations of Egns.{(2.51) and (2.53) can

be obtained through the complementary energy density
functions defined by Eqns. (2.27) and {2.28) as»
(2.54)

(2.55)

Howaver,y, unique lnverse of EQs(2+52) does not exist for

general cases,

boundary conditions

Stress boundary conditions and disnlacement boundary

condltions are given by the followlng 2quatlions,

ta) t =n.t =nAsF) ar Sy (2.56)

where n ls an unlt normal to the surface Sg where

tractions are prescribed to be E.

(b)

Icl

=u at Sy, (2.57)
where Sy IS the undeformed surface where dlsplacements

are prescribed to be u.

Updated Laarangean Description

The wupdated Lagrangean descriptlion Sseems somewhat
unusual compared to the ftotal Lagrangean description.
Howevery it Is wlidely employed In Incremental formulaticns

because of the fact that fthe formutations are greatly


Eqns.C2.21T
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simolifled by thelr use. In fact, sometimes, dependlng on
the nature of problems and the stress or straln measures
usedy It IS posslible to use simple finlte element computer
projrams devel oped for | Inear probiem Wwith minor
modiflicatlons. Therefore, the updated Laglangean formulatlon
will be discussed In the framevork of the Incrementai
formuiatione

In the incremental formuliation the external loady In
general sense, ls divided into a finlte number of Incremental
foadse For glven |lcad Incrementy, Incremental equatlions are
solved to obtain Tthe next equilibrated state. With this
equllibrated state as a current state, a new load increment
Is applied and the same procedure Is repeated until the total
load reaches the deslired value. Now, we consider deformed
confligurations Cy and Cy, s prlor to and after the addition of
the (N+1)th (oad Increment as shown in FiIgele The
configuration Cy IS consldered to be an equlllbrated known
configutation, and Cyy IS an unknown state to be found.
Thussy Cy Is wused as a reference Instead ot the Inltlal
conflguratlons to describe Cn+ states If the Cn+1 sState s
obtalned, the reference wli{ be updated and Cy4 Will be a new
references The name of wupdated Lagrangean descriptlion ls
glven from thls facte.

Sincey our present reference Is Cy statey, all the
state varlables both In Cy and Cys states are referred to Cy
configuration., The distinctlion between state variable In Cy

and Cn+i are made by usling superscripts N and N+i,
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respectively, Conslder a materlal point P which has
positions P, and P, In the (N)th and (N+1)th conflgurationsSe.
Posltion vectors of these points are denoted by yN and yN*.
Slncey, In the Lagrangean descriptlions materlal polints are
identitied by their posltion vectors Iin the reterence
configuratliony the components of vector .1” are taken as
material coordinates for the present case. Thus, all the

state varlables In Cy and Cuy states are consldered as

functions ot yN. Symbolicaily, this statement is written as,
Ca =Cx ¥" 1 (2.58)
Cn+l=cu+:(zd )

whera C represents state variables In general. The
displacement of a materlal point through the deformation from
Cny to Cy+; Is denoted by 4u. It is written In terms of

position vectors as,

au = y"MyMy - N (2.59)

If y (y iIs differentlable with respect to the reterence

co-ordlnate ny. deformation gradlent E‘N+ in CN+,ulth respect

to yM Is defined by the following relation,

N+|
N e e T Nt gVi
E“ -(Vl ) 2 Fij B ayjﬂ'

*
where V¥V represents the gradlent Iin the metric of Cy.

(2.60)

Deflnition of Straln Measures

N+I
The detftormation gradient F* is non-singular as is F in
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the total Lagrangean descriptione. It can be decomposed into

polar-decompositions,
F¥ =a . (I + h* ) (2.61)

where (I + Q ) Is a symmetric, positive deflnlte tensor and

N+i

Ef is an orthogonal tensory, such that,

(2.62)

( g‘ N'H)T.( E# N'H) - I
and the superposed star Implies state variables referred to
Cy conflguration. The physical Interpretatlon of £qQ.(2.61})
is 3iven In the analogous way as In fthe total Lagrangean
N+ N+

description. The tensorse® and (£+Q* ) represent the rigid
body rotation and the pure stretch of the Iinfinltesimal
materlal element through the deformation from Cy to Cyuye

I
Thus, h‘”+ glves one strain measures, The dlsplacement

[
gradient gf”+ ls deflined by,

N+l » T
ex = (Fy"™- 1) =@au) (2.63)
N+I
Similarly, the deformation tensor Q* ? and the Green-
N+

Lagrange strailn tensor g* raferred to the Cy conflguration

can be deflned by the following equations,

N+ 7l

914 - Ejt”“.p;”” (2.64)
N+ N+

g* = 1/2 ( G* = I ) (2.65)

Nt N+i N+
Thusy, three straln measures h*, e*, and g* are deflned.
v A~ o~

These strain tensors are related to those defined in the
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total Lagrangean formulation through the followlng equations,

N+ N+ N .
e = e* --F ¢+ e (2.66)
N+ T Nt N

=f”'g‘ -E + gN (2.6?)

i

Nt
where e", "', e, and 9" are strain measures in Cu,, and C,,

AL

but these are referred to the Initial confliguration ; and

|
5" = 1171"fr. Further, fthe strains gf”*, g‘””, and h*"' are
~r L

related by the following equations.

T

1T ‘NH N+t

+1 N+l N+

q* = 172 ((e*® y+{e¥ ) *(E )'(3* )} (2.68)
N+! Nt N+i N+l

g* = 1/2 € 2h* + h* 'Qf } {(2.69)

~

Definition of Stress Measures

In the updated Lagrangean formulation stress tensors
are also referred fto Cy configurationy, Instead of the iniftial
conflguration. Analogous to the case of the total Lagrangean
descriptions, Plola-Lagrange stress L*N“ s+ Kilirchhoff=-Trefftz

N+

N+l
stress s* , and Jaumann sfress r* In the Cy,, state are

defined through the following relations,

Nty LTy N N+l N+ N+ T
S = rgMEr = Y T T e (2.70)
or inversely,
N+l N+i N¥l =1 N+
tx = gV (e . 7 (2.71)
N N+l - Nt N+l =T
s¥" = M0 e )T e (2.72)
N+i N#1 T
and t* = S!"”.(Fl .4 (2.73)
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N+i

where ¢ Is the true stress in the C,, state and JY and g™
are Jacoblans which are defined by,
o = detwy™ and "' = det (pyM) (2.74)

These stress tensors are related to those deflned In the

total Lagrangean descriptlion by the following equations,

N+l T
s* = 174" ( ﬁ"-s"*'-f” ) (2.75)
N+1
pr = st e Y. ity (2.76)
where 3”*' and f"*' are Klrchhoff-Trefftz stress and

Plola=-Lagrange sfress referred to the inltial conflgurations

N+I
Further, the Jaumann stress 5* Is defined by,

Nt AN =N+ T AN+ T
r* = asact - d @ )(ETT) (2.77)
N+i N N+! I
= (172)C s* AT + Ay & (1 + h¥ .M

Constitutlve Relatlions

We consider an elastlic materlal discussed in the
previous sectlon. The existence of the straln energy denslty
function We which Is measured Iin the undeformed configuratjon
ls assumed. We introduce straln energy density per unlt
volume in Cy configuratlon and denote It by W¥, It Is seen

that W¥ is related to W by,

N
Weeg® ) = (174%) Wigh"t' ) (2.783)

-~

with the additlonal conditionss thats
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a*
oW
Wx(0) = (173") Wig") =" (2.78bs <)

’ iﬁiiﬂ
s 0

The stress strain relations are shown to be derived through
W¥ In the followings. Firsty, we conslder the varlation of
the strain eneragy (virtual wWork expended by virtual

displacement) per unlt volume in Cy .
SWw* = (174" §w (2.79)

The substitutlion of eqgns.(2.21), (2.22), and (2.23) into

EQe(2a79) glves,

: T
g = (erat) s G = dasa¥y $™g( pa¥) (2.80)

Using the relations Eans.(2.866y 67y 75y and 76)y it Is

: N+l N+ N+l
rewritten In terms of s* , t* , g**', and e*

N+! N N+l T
gH* = 5% :gg¥ = gx i(5ex™) (2.81)

N+l
On the other hand, W¥ [Is considered as a function of g* or

N :
e, Theretore s OW* can also be written In the followling

~

formss,

A el _ D" Nt (2.82)

kS
OW = : : Se
g N 68 BE*N+I =

-~

By comparlison between Eqns. (2.81) and (2.82): the stress and

the straln are showWwn to be related by,

" (2.83)
‘Qﬂ%u o N aWE T
aerht ™ 2 * dexMH T L

(2.84)
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N+
Simltarly, consldering W* as a functlon of h* the
foltowing relation is derived,
(2.85)
W % N+
an*M T 2

—

Furthery we consider the Inverse of the above constitutive
relations. As dliscussed earller, the Inverse stress=-strailn

relation In terms of s and g Is uniquely defined, and g can

~

be expressed as a functlon of s. Also 3" and s"" are
| inearliy related to g‘NH and ;*"“ through £ans.(2.67) and
N+i N+I!
(2¢75) s Therefore, g¥ can be expressed in terms of g* .
N+I
Thussy the contact ftransformation of W*¥ In terms of a¥ ls
achleved,
N+I I N I N
s¥(s® ) = sa g s ™) o prgga™ sy (2.86)
such that,
(2.87)
38* _ _*H-H
as*u+z“ 5
N+1

Slmitarlyy the contact transformation of W* In terms of r*

which Is defined by the following equation, exlsts.

N+i N+l N+I N+i N+ N+l
R‘tz‘ ) = r* n* (r* ) = W*(h* (S* )1 {2.88)
such that,
JR* l*~+l (2.89)
) *NH o~
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Howavery, as already showns there [Is no wunligue I1lnverse

N+!
stress-straln relation in terms of t and s"”, whlch are

i

{inearly related to T‘~+ and gf”” through Eans.(2.66) and

(2,76)y respectively, Thereforey, there IS no unique Iinverse

of Zgq.(2.84). Thusse the contact transformatlon In terms of

4x NHI

Cad

can not be achleved.

Field Equatlons and Boundary Conditions

The field equations and the boundary conditions for
the ftinlite deformation elastic problems can be written In
terms of alternate stress and thelir conjugate straln measures
which are referred to Cy configuration. These equations are

summarized In the followings,

translatlonal equillbrium condi tlions

N+ T
pr.c s* <(F¥')y 2 e p "= 0 (2.90)

e

x

N+
peete’ v p gt = g (2491)
where Py Is the mass density per unit volume In Cye

rotatiornal equlllbrium conditlions

N+i
s¥'t o sT (2.92)
N+i N +1
or F* .t o= £¥~ sttt ¥ (2.933)
N+ N+
or (h* + I )-1xMa" = symmetric (2.94)

Kinematlic relations
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N+l * * T #* *
g* Y= rare Vau + Pau + (F4u)- (Faw)’ 1 (2.95)
~
*" = (vay VT (2.96)

> Nti N¥1
IV‘z“”IT = @ “(I+h* ) (2.97)

constitutive relatlons

s Nt aw* t*n+if_ AL (2.98)

;s = ’ = % N+
B L - % (2.99)
% (2.100)

*H'H _ aw

3 - ah-kﬂ'!-l'

-~

Further, through the complementary energy density functlions
defined by Eans.(2.86) and (2,88), the inverse relatlions of

Eans«. (2.98) and (2.100) are glven by,

(2.101)

* %
Ny _ 98T wN4l  _OR
E - asz’cN‘H E - ar-kN-H (2.102)

However, uUnlque inverse of Eq.{2.99) does not exist for

general cases.

bodndary conditlons

— N+I N+l N+1 ‘Nﬂ ""'

(a) o = n¥: T* = n*-( 2' (F } at S% (2.103)

where n* Is the unit normal to the boundary S% In Cy where

— N+l
the traction Is prescribed to be t* .

— Nti
(b) u = uW at Su, (2.104)
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where Su,is the boundary where displacements are prescribed

— N+1
to be u.
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CHAPTER III

VARIATIONAL PRINCIPLES FOR FINITE DEFORMATION PROBLEMS

(TOTAL LAGRANGEAN DESCRIPTION)

Introduction

As discussed in the preceding chapter the behavlor of
the deformed solld can be fully described by transliatlonal
equlliborium equatlionss rotatlional equilibrium equations,
klnematic relations, constitutlive relations, and proper
podndary condltions. In generals these equatlons are wrltten
In terms of displacement, straln, and stress. B8y eliminating
some of these fleld varlables, they are reduced to a set of
partlal differential equatlons and boundary conditions In
terms of displtacement ory If possible, stress alone,
Usually the derlved differentlial egquations are nonillinear.
Analytical solutlons of these nonllinear equatlons for
practically meaningful boundary conditions are very limited.
Even for the small deformatlon probiem In whilch governing
equations are llinear, an analytical solution Is avallable
only for ldeal boundary conditlons. Therefore, most of the
practical works In solld mechanlics are largely dependent on
approxlmate numerical solution technliques. Among such
numerical methos, filnite element method has been wldely used
as a versatile tool,

The signiflcant feature of fimite element methods Iis
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the fact that, in general, they have thelr strong theoretical
bases on varliatlonal principles, such as stationary potentlal
enerqgy principlie, stationary complementary energy princlple,
Hell lnger-Relssner princlipley eftce As It Is seen from the
Works by Washizu [1], Nemat-Nasser and his co-workers [2, 31,
Hor~ilgmoe and Bergan ([&4], and Horrlgmoe (5], varlational
principles have been polaying an important role In the
devalopment of flnite element models not only for smalt
deformation problems but also for tinite deformatlon
oroblems. This Implies that the development 0of 3 new finite
element model can be made posslbley, If the correspondling
variational formulation Is derived. Sincey the oprimary
objective of this thesls is to develop assumed stress finlte
element models for finlte deformation problemsy rational
complementary energy princlples which lead to such models are
sought. For thls puroosey baslc variliational princliptes iIn
total Lagrangean descriptlon are reviewed. Followlng Washlzu
[11, the general ( Hu=-Washlzu) orincipies In terms of
alternate stress and stralin measures are constructed. With
these general princlples as basesy, stationary potentlal
energy princlplesy, Hellinger-Relssner principless and, if
vpossiblesy stationary complementary energy principles are
showWwn to be obtalned as special cases. In this process the
posslipility of constructing a ratlonal complementary energy
principle is dlscussed in detall.

Hu-Washlzu Variatlional Principles

A general varlatlonal princliple was derived by Washlzu
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[1] and Hu [22) for I1lnear elastic problems. In this
prilncipley, the functional ls not sublected to any subsidlary
(a priori) condltionse Its stationarity condition leads to
all the field equations and boundary conditions, which fully
describe the deformation of elastic bodys. Analogous general
principles are constructed for the flinite deformation
problems In the following.

Based on S and 3

The Hu-Washizu functlonal In ferms of displacement u,
Kirchhoff- Trefftz stress S and Green-Lagrange straln D for
the finlte-deformation case 15 derived, irn 3 manner an3alogous
to the orlginal developments In [1], as,

(@ s 8, 8) =f{w(g) - pg-u (3.1)

-~ o -
e

+3s 1 [ru+ 00" + Gu) . gw"- 2] jadv

'fi"_l da: = fE-(t_l-ﬁ)ds
IS S e

% Uys

where 1 is the traction on the boundary per unit undeformed

areas which Is defined by,

t =n.s-(py)

and WI(g3) Is the straln energy density functlon (per unilt
initial volume) which is a symmetric function of g as defined
by £Eq.(2.17)3% s, and s, denote the porftlons of fthe boundary

surtace S , in the undeformed statey, where the tractlon and
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the displacement are prescribed to be E and E, respectively.
The tirst varlation of the above functlonal due to arpltrary

variatlons 54Uy §9» and 5S Is obtained as,

(3.2)
My ~ Lj[%g - s] 158+ s ET:(5pu) - £ & 8u

H{re e + w ow"f -] : s jav

- [Eeuds - [{or - @ + ey Jas

A Bilq

If the stress s and the displacement U are assumed to be
differentlabie wilth respect +fo x, by using Integratlion by

partsy My ls rewritten In the following form,

3.3)
sy = ({1 L - 2):es - [GeED +og]-du (

W v, 3%
] :5s }dv

) ds

]
109

+H—{Pg +put + o). W)

(J=y]

- [E-op-Byde - [orlu-

- S S
LA Ue

Thuss it Is readily seen that the statlonarity condltlon
leads to translatlonal equlilbrium condlition £Qq.(2.43),
kinematic relatlion Eqe (2o 8) ’ constltutive relation
£Ea(2.51)s and boundary conditions Eans.(2.56) and (2.57) as a
posteriori conditlons. In additlon to these, from the
symmetrlc oroperty of W(g), the rotational equliibr lum

~

condltlion £ge.{2.45) Is manl fested as the conditlon of
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synmetry of s# Therefore, it is shown that the stationary

/v
condition of EQ.(3.1) is redjced to the full description of
the finite deformation problem*

Based on t and e

An analogous functional is derived in terms of
displacement W » Piola-Lagrange stress t, and displacement

gradient e.

(3.<+)

W > > ) T WAyt gTART L £) -/Jg-u }dv

" f EHY ~ f te(u-u)ds

where Wis considered as a function of e through g, as

defined by Eq.(2«i8), |Its first variation is shown to be*

(3,5)

" faxgt Po8] By fay

" (E~5£)<$9 - [*5£ (u-u)ds

S o ..

Thus, the statior,3rity condition of Eg#(3#i+) leads to
Eqns. (2. 44), (2.76), (2791, (2,52), (2.56), and (2.57).
Again it is noticed that the rotational equilibrium condition
is enforced through the symmetric structure of Wfrom the

following argunents, 3y t he definition of w t he



