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SUMMARY 

Finite element models* based on a complementary energy 

principle* for the analysis of finite deformation (large 

strain and rotation) problems of nonlinear compressible as 

well as incompressible elastic solids are developed. To this 

end, general ( Hu-Washlzu type ) variational principles* in 

the total Lagrangean formulation* based on various measures 

of stresses and their conjugate strains are first studied. 

With these general principles as the basis, various special 

forms of variational principles are derived. Especially* the 

possibility of constructing a stationary complementary energy 

principle for the finite deformation problem of elastic 

solids is examined. It is concluded, through this study, 

that only the general principle based on the Jaumann stress 

measure can lead to rational and practical complementary 

energy principle which involves, unlike in the linear theory, 

both the unsymraetric Piola-Lagrange stress and the rotation 

tensor as variables* In such a complementary energy 

principle* the rotational equilibrium condition is enforced 

as an a posteriori condition through the stationarity 

condition of the functional corresponding to variations in 

the rotation tensor. Considering the feasibility for the 

practical application* the incremental form of variational 

principles leading to plecewise linear incremental solutions 

is derived. Further, introducing the concept of hybrid 



xi 

finite element models* which allow for the a priori 

relaxations of the traction reciprocity condition and the 

displacement continuity condition at inter-element 

boundaries, incremental hybrid type variational principles 

are derived. Especially, the incremental hybrid 

complementary energy principles both in the total lagrangean 

and updated Lagrangean formulations are proposed. These 

proposed principles are employed in the context of the finite 

element method, and incremental hybrid stress finite element 

models are developed to solve plane-stress finite deformation 

problems of compressible elastic solids. On the other hand, 

for the case of incompressible materials, the hydrostatic 

pressure is introduced as a Lagrange multiplier, and 

Hu-Washizu principles in which the incompressibiIity 

condition is relaxed a priori, are constructed. Then, 

following the same procedure as for compressible materials, a 

modified (hybrid) incremental complementary energy principle 

is derived. Based on this variational principle, an 

incremental hybrid stress finite element model for 

plane-stress finite deformation analysis of incompressible 

elastic solids is developed. Using these newly developed 

finite element models, example problems of finite strain 

plane-stress deformations of compressible as well as 

incompressible nonlinear elastic solids are solved. The 

results obtained by the present methods agree excellently 

with those, in literature, which were obtained by the 

compatible displacement finite element model. Through the 
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results of the example problems* it is confirmed that the 

presently developed methods are powerful numerical tools to 

solve finite deformation problems of nonlinear elastic 

solids. Thoese methods are also more efficient than those in 

the literature based on ootentlal energy principles. 



x i i i 

L IST OF SYMBOLS 

b 
/V 

q 
/v 

r 

Position Vector in Undeformed State 

position Vector in Deformed "tat? 

Displacement Vector-

Gradient Operator 

Deformation Gradient 

Potation Tensor 

Symmetric Right hxtensional Striin Tensor 
or Engineer ini Strain Tensor 

Displacement Gradient 

Deformation Tensor 

Gr e e n - L ag r i n ge S t r a i n Tenso r 

T r u e o r Cauchy S t r e s s T e n s o r 

P i o I a - L a g r a n g e S t r e s s T e n s o r ( i n t h e P r e s e n t ) o r 
" U n s y m m e t r i c P i o l a S t r e s s T e n s o r " or " F i r s t P i o l a 
K i r c h h o f f S t r e s s T e n s o r " 

K i r c h h o f f - T r e f f t z S t r e s s T e n s o r ( i n t h e P r e s e n t * 
o r " S y m m e t r i c K i r c h h o f f S t r e s s " or " S e c o n d P i o l a -
K i r c h h o f f S t r e s s " 

Jaumann S t r e s s T e n s o r 

S t r a i n E n e r g y D e n s i t y 

Mass D e n s i t y 

Body f o r c e p e r U n i t Mass 

D e t e r m i n a n t o f D e f o r m a t i o n G r a d i e n t F 

(Unde r S y m b o l ) V e c t o r 

(Unde r S y m b o l ) S e c o n d O r d e r T e n s o r 



XIV 

p r o d u c t of Trto V e c t o r s ' i ! ' i2 = a i °i 
(aI and bj; i r e R e c t a n g u l a r C a r t e s i a n Comoonen t s ) 

M 1 
1 ^ >V 

A : 13 
rsl A / 

° r o 1 u c t of Two T e n s o r s 

T e n s o r I n n ^ r ° r o d u c t ? A : 3 ~ t r ^ c e ( A • 3) 

' ~ -- \\ ''n ~ 



1 

CHAPTER I 

INTROOJCTION 

In the last two decades, the finite element method has 

been recognized as a powerful numerical solution technique 

for linear elastic problems, and several different models 

have been developed. Host of these finite element models are 

based on the well Known minimum potential energy principle or 

minimum complementary energy principle. These two minimum 

principles, in the linear theory, provide upper and lower 

bounds for approximate numerical solutions. Also, mixed 

models based on He IIinger-Reissner principle ar^ sometimes 

used. These variational principles* are summarized in a 

comprehensive work by Washizu Cll» In his work, it is shown 

that the above three variational principles can be 

systematically derived from the general principle, which is 

referred to as the "Hu-Washizu Principle'*. 

Meanwhile, demands for solution techniques to analyze 

nonlinear behavior of structures ha\/e increased, and great 

efforts have been expended by many scientists and engineers 

to develop such numerical methods. The essential sources of 

nonlinearitles are categorized In two parts. One Is material 

*From the literal meaning? it may be proper to use 
'•variational theorem" instead of "variational principle". 
However, as often found in the literature, "principle" is 
used as an equivalent word to "theorem" in this thesis. 
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nonlinearlty and the other is geometrical nonlinearlty. The 

material nonlinearlty alone does not bring significant change 

to the framework of the finite element scheme developed for 

linear elastic problems* However* if large deformation Is 

considered* the geometrical nonlinearlty brings several 

features which do not appear in linear theory. First of all* 

because of the large deformation* deformed and undeformed 

configurations must be clearly distinguished. Also, in the 

study of solid mechanicsi in which we are interested in each 

material point in the solid body (Lagrangean Description) 

rather than a point in soace tEulerian Description)* we need 

to introduce a reference configuration which will serve as a 

material co-ordinate system. The choice of this reference 

configuration is rather arbitrary. It can be an undeformed 

configuration* or It can be any intermediate known 

configuratlon« The first choice of the reference frame Is 

often called Total or Stationary Lagrangean description. 

The second case is called Updated Lagrangean description* 

especially when it is used in incremental formulations. 

Another feature of finite deformation analyses is the 

fact that several different stresses and their conjugate 

strains can be defined for finite deformation problems* 

namely, the unsymmetric Piola-Lagrange (First 

Piola-Kirchhoff) stress* symmetric Kirchhoff-Trefftz (Second 

PioIa-Kirchhoff) stress* and the symmetric Jaumann stress* 

and their conjugate strains * displacement gradient* 

Green-Lagrange strain* and right extensional strain tensor, 
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respectively. These are discussed in chapter II. 

Therefore* because of the choice of the reference 

configuration and the definition of stress and strain 

tensors* quite a few different types of variational 

formulations are possible. Based on these variational 

principles* numerous number of finite element models have 

been reported* Comprehensive surveys of various aspects of 

the finite element methods for finite deformation problems 

we^e presented by Washizu £1]* Nemat-Nasser and his 

co-workers [2* 31* Horrigmoe and Bergan [41* and Horrigmoe 

C51« Most of these finite element models are based on the 

stationary potential energy principle or HelIinger-Reissner 

type principle. But hardly any stress model* strictly based 

on the complementary energy principle* can be found in the 

literature* The reason for the lacK of stress models in 

literature is the controversy on the uniqueness of the 

inverse stress-strain relation* which is assumed in the 

complementary energy principle proposed by Levinson C61• 

The main objective of the present thesis is to develop 

practical "stress finite element models" for finite 

deformation problems based on rational complementary energy 

principles* and to demonstrate their validity through proper 

numerical examples. The study at the complementary energy 

principle can be traced back to the work by HelIinger C71* 

which is considered as a landmark. This topic has attracted 

attentions of many researchers^ Especially, in recent years* 

significant progress has been made* as seen from the recent 
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works of Zubov [8], Fraeijs de Veubeke t9], Koiter CIO, 113, 

Christoffersen £12], Dill C13J , and Atlurl and Hurakawa 

Ci^]. To begin with, these worns are reviewed and the 

possibility of constructing rational and practical 

complementary energy principles is discussed in chapter III. 

For this purpose* general variational principles (Hu-Washizu 

principles) based on alternate definitions of stress and 

strain measures in totaJ Lagrangean formulation are 

constructed. Then* by a priori satisfying some of the field 

eauations and boundary conditions, these general principles 

are shown to be reduced to stationary potential energy 

principles, He I Iinger-Relssner principles, or, if possible, 

complementary energy principles. However, as pointed out by 

Fraei]s de Veubeke C91, if the Kirchhoff-Trefftz stress is 

used in the variational formulations, the derived 

complementary energy principle involves both stress and 

displacement. And also, the a priori satisfaction of the 

translational equilibrium condition and the traction boundary 

condition, which are nonlinear in stress and displacement, is 

nearly Impossible, in general. Thus the complementary energy 

principle based on the Kirchhoff-Trefftz stress fails to be a 

practically useful principle. On the other hand, if the 

Piola-lagrange stress is used, the trans!atlonaI equilibrium 

condition and the traction boundary condition become linear 

equations involving stress alone. It is easy to satisfy 

these conditions a priori. Thus, if the complementary energy 

density in terms of the Pi ol a-Lagrange stress exists, a 
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complementary energy principle involving stress alone can be 

derived as shown by Levinson [&]* However, as pointed out by 

Truesdell and Noll £1E>] and recently by Dill C131» in 

general, the inverse of the stress-strain relation in terms 

of the Piola-Lagrange stress and the displacement gradient* 

which leads to the complementary energy density* is 

multi-valued. In the case of isotropic "semi-linear" 

materials, Zubov [8] attempts to establish unique inverse of 

the stress-strain relation* 3ut, his arguments are refuted 

by Dill [13] and others who show that the inverse relation 

can be multi-valued* Meanwhile, Koiter, [11], proving the 

existence of the multi-valued inverse relation, proceeds to 

establish certain sufficient conditions for the validity of 

the minimum complementary energy principle using the 

complementary energy involving the Piola-Lagrange stress 

alone. Although, it can be used to solve simple problems in 

an analytical way, such a complementary energy principle 

involving the multi-valued inverse stress-strain relation can 

not be applied to a numerical method such as the finite 

element method. Moreover, there is an ambiguity on the 

satisfaction of the rotational equilibrium condition, which 

is nonlinear in Piola-Lagrange stress and displacement. 

These difficulties and ambiguities pointed out in the 

complementary energy principle based on the Kirchhoff-Irefftz 

stress or Pio1a-Lagrange stress can be avoided if the Jaumann 

stress is used. First of all, the Inverse stress-strain 

relation in terms of the Jaumann stress and the right 
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extensional strain tensor (engineering strain) is unique, 

Thus the complementary energy density function in terms of 

the Jaumann stress alone can be achieved. The Jaumann stress 

can be decomposed into the Piola-Lagrange stress and the 

rotation tensor. Further, the transnational equilibrium 

condition and the traction boundary condition in terms of the 

Piola-Lagrange stress can be satisfied a priori. Thus, as 

discussed by Fraeijs de Veubeke (93 and Christoffersen £121, 

we can derive the most consistent and useful complementary 

energy principle involving both PioIa-Lagrange stress and 

rotation tensor. In this type of complementary energy 

principle, the rotational equilibrium condition can be 

retained as an a posteriori condition through the 

stationarity condition of the functional with respect to the 

rotation. These complementary energy principles as well as 

other special variational principles derivable from the 

Hu-Washizu principles based on alternate stress and strain 

measures in total Lagrangean formulation, are summarized in 

chapter III. 

The variational principles presented in chapter III 

can be applied to a finite element model. Such a model leads 

to a system of nonlinear algebraic equations in terms of 

unknown parameters, which are usually solved by 

Newton-Raphson method* However, depending on constitutive 

relations, the derived nonlinear equations, sometimes, become 

extremely complicated. To avoid this kind of algebraic 

complexity, incremental formulations, which lead to linear 
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equations, are considered. For this purpose, incremental 

variational principles based on alternate stress and its 

conjugate strain measure, both in total Lagrangean and 

updated Lagrangean formulations, are derived in chapter IV. 

In all these incremental variational principles 

including the incremental complementary energy principles, 

only functions, which satisfy required continuity conditions 

in the domain occupied by solid body, are allowed as 

admissible functions* For example, displacements must be 

continuous within the solid and the traction across any 

surface within the solid must be continuous (traction 

reciprocity). However, in the finite element formulations, 

the solid body is divided into a finite number of subdomalns, 

which are called elements, and field variables are assumed in 

each element. In this situation, the required continuity 

conditions in the element can be easily satisfied by simply 

choosing continuous functions tor these variables. But, in 

addition, these continuity conditions must be satisfied on 

interelement boundaries* In some cases, it is practically 

difficult to choose properly assumed functions which satisfy 

these interelement continuities* To deal with this difficult 

situation, the concept of "Hybrid Model" is introduced £161. 

The hybrid finite element model is defined as a finite 

element model based on a modified (or hybrid! variational 

principle in which the constraints of displacement continuity 

and/or traction reciprocity condition at the interelement 

boundaries are relaxed a priori by using Lagrange 
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multipliers. Thus* it leads to more versatility in choosing 

functions for displacement and/or stress in the element. 

The required continuity conditions are enforced a posteriori* 

at least in a weighted residual sense* through the 

stationarity condition of the modified functional with 

respect to Lagrange multipliers. Thus* functionals 

associated with various types of variational principles are 

further modified* and modified (hybrid) incremental 

functionals are constructed. Especially* incremental hybrid 

complementary energy principles which involve incremental 

Piola-Lagrange stress and rotation tensors * both in total 

Lagrangean and updated Lagrangean formulations* are proposed. 

Based on the proposed variational principle* an incremental 

hybrid stress finite element model in total Lagrangean 

formulation is developed. The detailed discussion of the 

finite element formulation for the analysis of finite 

deformation elastic problem is presented in chapter V. 

Using the newly developed method, an example problem of 

biaxial stretching of a thin sheet made of 8latz-Ko type 117] 

nonlinear elastic material is solved, and the numerical 

results are discussed. 

It is Known that* among the engineering materials 

which can deform in a large scale* many of them* such as 

rubbers* polymers* and so I id-propel I ant rocket grains, are 

considered to be nearly or precisely incompressible. In the 

closed-form analysis* the incompressioiIity condition makes 

it easier to obtain solutions for certain simple problems 
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[*•&]. However, this is not the case for numerical methods 

based on energy type variational principles. An essential 

difference between compressible and incompressible materials 

is the fact that the stress can be determined by strain in 

the former case, whereas, in the latter case* the stress can 

not be fully determined by strain alone, and the hydrostatic 

pressure remains as an unknown. This implies that the 

complete stress-strain relation of the incompressible 

material can nor be characterized by the usual strain energy 

density, as that for compressible materials, which is a 

function of strain alone. Moreover, in the case of 

incompressible materials the strain field must satisfy the 

incompressibiIity condition, which is, in general, nonlinear, 

The a priori satisfaction of this condition for the general 

case is practically impossible. Therefore, the variational 

principles derived for compressible materials are not valid 

for the incompressible case, 

Some alternative approaches are suggested by Herrmann 

C19] and Key t20] , for linear elastic small deformation 

proolems, and also by Oden £'181 for the finite deformation 

problems. They introduce the hydrostatic pressure as a 

variable, and construct potential energy type or 

Hellinger-Reissner tyoe variational principles, which are 

valid for nearly or precisely incompressible materials. In 

the present work, a complementary energy principle is used to 

solve finite elasticity problems of incompressible materials. 

First, by introducing the hydrostatic pressure as a Lagrange 
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multiplier, functionals associated with Hu-Washizu principles 

in which the incompressibi1ity condition is relaxed a priori 

through the Lagrange multiplier are constructed using 

alternate stress and strain measures. Then, from the 

Hu-Washizu principle based on the Jaumann stress, an 

incremental complementary energy principle and also its 

modified (hybrid) version are derived. Specifically, an 

incremental hybrid complementary energy principle is applied 

to the finite element method and a incremental hybrid stress 

model is developed. This proposed method is applied to solve 

finite strain plane stress problems for a nonlinear 

incompressible material of Mooney-RivI in type E213. 

Numerical results for oiaxial stretching of a plane square 

sheat and a square sheet with centrally located circular hole 

are presented. The validity of the proposed method is 

demonstrated through comoarison with the numerical results 

obtained by the displacement finite element model (Oden 

C181 ) . 

The conclusions drawn from this study and 

recommendations for furtner study are given in chapter VII. 
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CHAPTER II 

9ASIC FORMULATIONS 

Introduc tion 

In the study of solid mechanics, we are interested in 

the state variables at material points of deformed solids, 

such as stress and strain. Thjs, Lagrangean description is 

adoDted to describe the behavior of solids. In this 

description, all the state variables are described as 

functions of material co-ordinates. In the case of linear 

theory, in which there is no distinction between deformed and 

undeforraed configurations, usually, undeformed (equivalent to 

deformed) configuration is taken as a reference. The 

components of the position vector of the material point in 

the reference configuration are used as material co-ordinates 

to identify each material point. However, in the case of 

finite deformation problem, the undeformed and deformed 

configurations must be distinguished. Consequently, our 

choice of the reference becomes arbitrary. It can be the 

undaformed configuration, also it can be any intermediate 

Known deformed configuration. If the undeformed 

configuration is chosen as a reference, it is called total or 

stationary Lagrangean description. If an intermediate 

deformed configuration is used, it is called updated 

Lagrangean description, especially when it is used in an 
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incremental formulation* On the other hand* for the finite 

deformation problems* we can define stress and its conjugate 

strain in several different ways* so that the governing 

equations written in terms of these can be reduced to 

convenient mathematical forms. 

As it is noticed* there are several different aspects 

involved in finite deformation problems. Also* notations are 

quite different from one author to another* Therefore* to 

avoid confusions due to notations* and to make the 

definitions consistent throughout the thesis* the definitions 

of alternate stress and strain measures are presented in this 

chapter* In connection with the definitions of these field 

variables* constitutive relations and the governing equations 

for finite deformation oroblems in terms of alternate stress 

and strain measures are also presented for both total and 

updated Lagrangean descriptions* Direct tensor notation* 

which is considered to be the most general way to describe 

the problem of solid mechanics is used for this purpose. 

The details of the direct tensor notation used in this thesis 

are given in the appendix A. 

Total Lagrangean Description 

Geometry of Deformed Solid 

Consider a solid body in three-dimensional Euclidean 

space * as shown by Flg.l* The initial (stress free) 

configuration is denoted by C0 and its volume and surface are 

denoted by V0 and S0 . Similarly* the deformed (current) 



13 

configuration is denoted by C » and V and S are its volume 

and surface. Since the initial configuration is taken as a 

reference , the material point P, which has a position P0 in 

the initial configuration is identified by its position 

vector xm The same material point moves to P in the deformed 

configuration through deformation of the body. Its position 

vector is denoted by vector y. Thust the displacement vector 

u is defined by, 

u_ = _y - _x = (yL - xt- > e_£ (2.1) 

where ŷ  and x̂  are rectangular Cartesian components, and e_-

are unit base vectors. If .yf_x* is assumed to be 

differentiabIe with respect to x , the deformation gradient F 

is defined by, 

F = iyy) (2.2) 

or i n r e c t a n g u l a r C a r t e s i a n components , 

r- _ 1A (2*3) 

where the symbol V denotes the gradient in the metric in C0 

; and in the present notation, vectors and second order 

tensors are denoted by _. and ^ under symbols, respectively. 

Definition of Strain Measures 

The deformation gradient F is not singular. It can be 

uniquely decomposed into right po I ar-decomposition, 

F = a .(I 4- h) 
'V SV *w «v» 

(Z.k) 
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where ( I «• h) i s a s y m m e t r i c , o o s i t i v e d e f i n i t e t e n s o r ; I i s 
*\/ AT >*v 

the identity tensor; and a is an orthogonal tensor, such 
"v/ 

that, 

T T a >a = i (2.5) 

Physically, the above decomposition means the separation of 

the deformation gradient into rigid body rotation and 

stretching. Thus, tensor (I+h) is called stretch tensor, and 

tensor h is called riqht extensions! strain tensor which 

prDv/ides one definition of strain. And a is called rotation 
-%• 

tensor. Another strain measure is given by displacement 

gradient e, which is defined by, 

je = (jm) (2.6) 

A deformation tensor G is defined by, 

G = F V = (h + I)2 
,•>/ /V />» A/ /v 

(2.7) 

Using d e f o r m a t i o n t e n s o r G, the Green-Lagrange s t r a i n t e n s o r 
'V 

g i s d e f i n e d a s , 

g = 1 / 2 (G - I) = 1/2 C Pu * ~ u T + Pu - 7 U
T } 

^ >v ^ _ _ _ _ _ 
( 2 . 8 ) 

Thus, we d e f i n e d t h r e e s t r a i n measures , namely , r i g h t 

e x t e n s i o n a l s t r a i n t e n s o r , d i s p l a c e m e n t g r a d i e n t , and 

Green-Lag range s t r a i n t e n s o r * These s t r a i n t e n s o r s a re 

r e l a t e d b y , 

g = 1/2 ( e * eT + eT- e ) 
A/ •%/ A * /V 

( 2 . 9 ) 
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g = 1/2 ( 2h * h-h ) (2.10) 

Definition of Stress Measures 

Following TruesdelI ani Noli C15J, and Fraeijs de 

Veubeke 193, unsymmetric Piola -Lagrange stress tensor t, and 
/V 

symmetric Kirchhoff-Trefftz stress tensor s are defined in 

terms of Cauchy or true stress T in the deformed body, 

through the following relations, 

f = (1/J) F- t = <i/J> F . s • FT 

or inverse!y, 

t = J F*1- r 

s = j F'1.r. <F"1)T 

and, 

t = s-F 

(2.11) 

(2*12) 

(2.13) 

(2.1^) 

where J is the determinant of F. Further, symmetric Jaumann 
'%/ 

stress tensor r is defined by, 
/v 

r = 1/2 ( t.a «- aT- tT) (2.15) 
/%/ "* "• *• ** 

= 1/2 ts« (I+h) * (I + h) • s> 

It is worth noting here that tensors s, g» and h become 

coaxial for isotropic material. Thus, Eq.(2.15) is 

simplified and reduced to, 

r = t-a = s • (I + h) (2.16) 

It is noted that the Piola-Lagrange stress t defined by 

Eq.(2.11) corresponds to the transpose of that defined by 
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TruesdeM £151. Physical meanings of stress and strain 

measures defined in the above are presented in appendix B. 

Constitutive Relations 

Only an elastic material is considered in this 

section* If material is elastic* strain energy density 

function W, per unit undeformedvo lumctcan be expressed as a 

function of Green-Lagrange strain g alone. Further, it is 
• * * 

assumed to be a symmetric function of g, so that the 

rotational equilibrium condition is embedded, 

w<a» = W<9T> , - f i T
= - f (2-17' 

A l s o , u s i n g Eq .<2«9>, H can be exp ressed as a f u n c t i o n of e 
/v 

W(g) = W i g ( e ) ] ( 2 . 1 8 ) 

Now, c o n s i d e r t h e v a r i a t i o n o f s t r a i n energy ( v i r t u a l work) 

per u n i t undeformed vo lume , 5W, wh ich i s g i v e n as , 

* T 

5W = J Z'-SF ( 2 , 1 9 ) 

dm -1 . T QlO/i T 
w h e r e , 5F* = i^r e. e . = ( p5_y > • </y~1 ) 

Us ing t h e d e f i n i t i o n s of s t r e s s e s , E q n s . < 2 . 1 2 ) and ( 2 . 1 3 ) , i t 

i s r e d u c e d t o , 

SW = J<!7y~1>T-£ : (75V) = t : S e T = s ; 59 ( 2 . 2 0 ) 

On the other hand, from Eqns*(2.17> and (2.18), 



17 

SW = f[:S$ - M -i-e 
•v 

( 2 , 2 1 ) 

8y c o m p a r i n g E q n s . ( 2 . 2 0 > a n d ( 2 . 2 1 ) , t h e f o l l o w i n g r e l a t i o n s 

a r e o b t a i n e d , 

( 2 , 2 2 ) 

( 2 . 2 3 ) 

9W = Q 
35 -

dw = t 

F u r t h e r , u s i n g the r e l a t i o n , 

*g = 1/2 C (I + h).§h * 5h-(I + h) ] 
L ^ jy ,v n, /V /V /v-

Eq.(2.21) is rewritten as, 

Sw 'Us-iith) + ( l + 4 ) -£}^ i j 

(2,2**) 

(2.25) 

Thus, the Jaumann stress r is related to the strain energy 

density W by, 

dW 
dh = r 

(2.26) 

In fact, Fraeijs de Veubeke £93 defined Jaumann stress 

through the strain energy function as shown in the above. 

For later use, we consider the inverse of the 

constitutive relations. As discussed by Fraeijs de Veubeke 

[93, the stress-strain relations given by Eqns.(2.22) and 

(2.26) are, in general, invertible, and the following contact 

transformations are achieved. 

S(s) = s.g(s) - Wtg(s) I 

R(r) = r: h(r) - WCh(r) 3 

(2.27) 

(2.28) 
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such that, 

dS _ 
as 
-V 

= S 
2R_ 
dr = h 

(2.29) 

(2.30) 

However, as noted by TruesdeM and Noll (15] and more 

recently by Dill £13], unique inverse for Eq.(2.23) does not 

exist for general cases. In the case of semi-linear 

materials, Zubov E8] attempts to establish such an inverse 

relation. However, his arguments are refuted by Dill £13] 

and others who show that the inverse can be muIti-vaIued. 

Following Dill £13J» we closely investigate the inverse 

stress-strain relation in terms of t and e. We assume that 

the material is isotropic and the Pi ol a-Lagr ange stress t is 

given. Since material is isotropic, stress t can be 

decomposed into the Jaumann stress r and the rotation a as 

shown by Eq.(2.16)• 

t = r (2.16)* 

whe^e r i s symmet r i c and a i s o r t h o g o n a l . Us ing E q . ( 2 . 3 Q ) , 

the Jaumann s t r e s s r i s u n i q u e l y r e l a t e d to t h e s t r a i n t e n s o r 

h. Thus t h e s t r a i n h i s c a l c u f l a t e d and we can o b t a i n the 

d i s o l a c e m e n t g r a d i e n t by , 

e = a < I «• h ) - I 
/•v *s 

( 2 . 3 1 ) 

However, unlike in Eq.(2.(+)i the decomposition in Eq.(2.16)* 

is not unique because the tensor r is only required to be 
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s y m m e t r i c . T h i s can be seen from a s i m p l e example* We 

c o n s i d e r a s e m i - l i n e a r m a t e r i a l , the s t r a i n energy d e n s i t y 

f o r wh ich i s g i v e n b y , 

W(h) 
/v 

such t h a t , 

VW 
dh 

= 1/2 A (h : I )2 + / i (h : hi : I*2 

<V A* 

= r = X(k:i)i + 2uh 

( 2 . 3 2 ) 

( 2 , 3 3 ) 

For s i m p l i c i t y ! X i s assumed to be z e r o . Then t q . ( 2 » 3 3 ) i s 

reduced t o , 

r = 2 ii h ( 2 . 3 M 

Suppose stress t is given as 

(2.35) 
' a 0 0 

t = 0 a 0 

v 0 0 a , 

For the g i v e n t , t he f o l l o w i n g d e c o m p o s i t i o n s a r e c o n s i d e r e d , 
rv 

< 2 . 3 6 ) 
r a 0 0 " 

t = r, • a? = 0 a 0 

0 0 a 

1 0 ° l 
0 1 0 

0 0 1J 

t = r 2 -a 2 = 

a 0 0 

0 -a 0 

0 0 -a 

1 0 0] 

0 - 1 0 

0 0 -1J 

( 2 « 3 7 ) 
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The strain tensors corresponding to the above 

stresses are calculated to be* 

b ~ 2M 

a 0 0) 

0 a 0 

10 0 aj 

h„ = 
2V 

a 0 0 * 

0 -a 0 

0 0 -a 

Jaumann 

(2.381 

(2.39) 

Thus, it is seen that the inverse of Eq.(2.23) is 

nnu I t i-va I ued. Further, it is Interesting to notice that the 

two strain fields obtained above satisfy the rotational 

equilibrium condition, which requires the symmetry of ? 

i? = | - F . t ) ; 
~ j ~ ~ 

F, • t = 0 , . ^ + I ) , t - a 

f S + I ° 
a 

Jjl+I 0 

0 -5+JJ 

(2 .<*0 I 

= symmetric 

F > ' E = ^ + p - 5 = 

^ M o 

o -4-1 
2fi 

a 
2H ' 

symmetric 

Th is example sugges ts t h a t the r o t a t i o n a l e q u i l i b r i u m 

c o n d i t i o n a l o n e i s no t enough t o i d e n t i f y t he s t r a i n f i e l d 

f o r t he g i v e n s t r e s s t . As men t i oned by K o i t e r [ 1 1 ] , by 
/v 

considering the global deformation, it may be possible to 

select proper value among the multi values. However, it is 

practically impossible to select the correct inverse in the 
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numerical solution process. 

Field Equations and Boundary Conditions 

Full mathematical description of the finite 

deformation problem of solid can be given by a complete set 

of field equations and proper boundary conditions* namely* 

(3) translationaI equilibrium condition 

(linear momentum balance) 

(b) rotational equilibrium condition 

(angular momentum balance) 

(c) strain-displacement relation (Kinematic relations) 

(d) stress-strain relations (constitutive relations) 

(e) displacement boundary conditions and/or traction 

boundary conditions and/or mixed boundary conditions. 

The equilibrium conditions are essentially described in the 

deformed configuration in terms of true stress *£ • The 

trans I ational equilibrium condition is expressed by, 

(2.^1) 

V'? + /° I = ° 

where V' represents divergence with respect to the metric in 

the deformed configuration? ft is the mass density in the 

deformed configuration? and g is body force per unit mass. 

The rotational equilibrium condition is given as a symmetric 

prooerty of tensor ^ „ 
"V/ 

f = T T <2.^2) 

By using the geometrical relations and definitions of 
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s t r e s s e s , E q n s ( 2 « t l ) and (2.<+2) a r e r e w r i t t e n i n t e r m s o f 

s t a t e v a r i a b l e s d e f i n e d i n t h e u n d e f o r m e d c o n f i g u r a t i o n , 

t r a n s ! a t i o n a l e q u i l i b r i u m c o n d i t i o n s 

V-( s - F T ) + p a = 0 <2.<f3) 

o r F - t + p g = 0 ( 2 . * * ^ ) 

where P0 is the mass density measured in the undeformed 

con f i gurat i on • 

rotational equilibrium conditions 

sT= s (2,k5) 

F • t = tT- FT (2.^6) 

( h + I > - t £ = symmetric (2.^7) 
~ *S <w 

Kinematic relations in terms of alternate strain measure are 

given by the following equations, 

Kinematic relations 

g = i/2 ( FTF - I ) (2.<f8) 

e = ( J7u)T <2,£*9) 

F = a-( I + h > (2.501 
/v *v *v *>S 

Assuming the existence of the strain energy density function 

W in terms of g, constitutive relations are expressed as, 

constitutive relations 

c = 3H (2.5i) 
- " dg 
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3W gW (2.52) 
t' ̂  

^ ~ ^h (2.53) 

Further, the inverse relations of Eqns.(2.5i) and (2.53) can 

be obtained through the complementary energy density 

functions defined by Eqns.C2.21T) and «2«28) as, 

tZ.Sk) 

~ as S a r (2.55) 

However, un ique i n v e r s e of Eq»<2.52) does no t e x i s t f o r 

g e n e r a \ c a s e s • 

boundary c o n d i t i o n s 

S t r e s s boundary c o n d i t i o n s and d i s o l a c e m e n t boundary 

c o n d i t i o n s are g i v e n by t he f o l l o w i n g e q u a t i o n s , 

(a) t = n t = n - ( s - F T ) a t S f f ( 2 . 5 6 ) 

where n i s an u n i t normal t o t h e s u r f a c e Sn- where 
— uo 

tractions are prescribed to be Jf. 

(b) u = u at SUo (2.57) 

where Su is the undeformed surface where displacements 

are prescribed to be u. 

Updated Lagrangean Description 

The updated Lagrangean description seems somewhat 

unusual compared to the total Lagrangean description. 

However, it is widely employed in incremental formulations 

because of the fact that the formulations are greatly 

Eqns.C2.21T
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simplified by their use. In fact, sometimes, depending on 

the nature of problems and the stress or strain measures 

used, it is possible to use siaple finite element computer 

programs developed for linear problem with minor 

modifications. Therefore, the updated Laglangean formulation 

will be discussed in the framework of the incremental 

formuI at i on. 

In the incremental formulation the external load, in 

general sense, is divided Into a finite number of incremental 

loads. For given load increment, incremental equations are 

solved to obtain the next equilibrated state. With this 

equilibrated state as a current state, a new load increment 

is applied and the same procedure is repeated until the total 

load reaches the desired value* Now, we consider deformed 

configurations C^ and CN+J, prior to and after the addition of 

the (N-t-i)th load increment as shown in Fig»2. The 

configuration CN is considered to be an equilibrated Known 

con f igu lat ion, and CN+, is an unknown state to be found. 

Thus, CN is used as a reference instead of the initial 

configuration, to describe CN-M state. If the CN+I state is 

obtained, the reference will be updated and C^-H will be a new 

reference. The name of updated Lagrangean description is 

given from this fact. 

Since, our present reference is CN state, all the 

state variables both in CN and CN+r states are referred to C/y 

configuration. The distinction between state variable in Cw 

and CN+/ are made by using superscripts N and N+i, 
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respectively. Consider a material point P which has 

positions PN and PN in the (N) th and <N + i)th configurations, 

Position vectors of these points are denoted by _yN and v*1*1
 m 

Since, in the Lagrangean description* material points are 

identified by their position vectors in the reference 

configuration* the components of vector y" are taken as 

material coordinates for the present case. Thus, all the 

state variables in CN and CN+J states are considered as 

functions of yN. Symbolically, this statement is written as, 

CN =CN <y
N I (2.58) 

Cw+«=cw+;(y
A/ J 

where C represents state variables in general. The 

displacement of a material point through the deformation from 

CN to CH+I is denoted by ju_. It is written in terms of 

position vectors as, 

Au = yN+,(y*> - y* (2.59) 

[j+i fj 
I f _y (y I i s d i f f e r e n t l a b le w i t h r e s p e c t t o t h e r e f e r e n c e 

c o - o r d i n a t e y,- , d e f o r m a t i o n g r a d i e n t F* i n C^+/ w i t h r e s o e c t 
I 

N to y" is defined by the following relation, 

F* f = (vv" ) , 
**>_ dy±Ml 

XJ By}" 
* 

where P represents the gradient in the metric of CN. 

(2.60) 

Definition of Strain Measures 
ti+i 

The deformation gradient F* is non-singular as is F in 
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the total Lagrangean description* It can be decomposed into 

polar-decomposition* 

N-H «N+' N+I 
F* = a • (I + n* ) (2.61) 
•V 'V /v *V 

Mtl 
where (I + h* ) is a symmetric, positive definite tensor and 
^.N+J 

a i s an o r t h o g o n a l t e n s o r * such t h a t * 
SV 

4 f j f i T . . . . ( 2 • 6 2 ) 

( 2 ) - ( 2 ) = 1 

and the superposed star implies state variables referred to 

CN configuration. The physical interpretation of Eq.(2*611 

is given in the analogous way as in the total Lagrangean 

description* The tensorsa and (I+h* ) represent the rigid 

body rotation and the pure stretch of the infinitesimal 

material element through the deformation from CN to C^+/. 

H+l 

Thus. h* gives one strain measure. The displacement 
v̂ 

N+l 

gradient e* is defined by, 

e* = (7 V - I ) -(VA\* ) (2.63) 

N+1 

Similarly, the deformation tensor G* and the Green-

Lagrange strain tensor g* referred to the C^ configuration 

can be defined by the following equations, 
N + / M+|T N f l 

G* r F+ - F * ( 2 . 6 i f ) 
/ v /v /vi 

H+i N+J 

g* = 1/2 ( G* - I > ( 2 . 6 5 ) 

N+» |J+| W-M 

Thus, three strain measures h*, e*, and g* are defined. 

These strain tensors are related to those defined in the 
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t o t a l L a g r a n g e a n f o r m u l a t i o n t h r o u g h t h e f o l l o w i n g e q u a t i o n s , 

N-H jt*1
 _N N 

e = e * • F t e ( 2 . 6 6 ! 

g = F • g * • F + g N ( 2 . 6 7 ) 

w h e r e e » g » e » a n d g a r e s t r a i n m e a s u r e s I n CN+/ and 0N, 
~ / V ~ ~ 

but these are referred to the Initial configuration ; and 

FN = IWH)T * Further, the strains e**,+', g**1"", and h**+l are 
/ v *\r s^t 

/V 

r e l a t e d by t h e f o l l o w i n g e q u a t i o n s . 

N-H H*t n+i T * + l T tt+i 

g* = 1/2 C ( e * > + ( e * I «• ( e* ) - ( e * )> ( 2 , 6 3 ) 

rf-n H+l »+l Wtl 
g * = 1/2 C 2 h * * h * • h * > ( 2 . 6 9 ) 

• V "-V 

D e f i n i t i o n o f S t r e s s H e a s u r e s 

I n t h e u p d a t e d L a g r a n g e a n f o r m u l a t i o n s t r e s s t e n s o r s 

are a l s o r e f e r r e d t o CN c o n f i g u r a t i o n * I n s t e a d o f t h e i n i t i a l 

c o n f i g u r a t i o n . A n a l o g o u s t o t h e c a s e o f t h e t o t a l L a g r a n g e a n 

N-H 
d e s c r i p t i o n , P l o I a - L a g r a n g e s t r e s s t * * K l r c h h o f f - T r e f f t z 

s t r e s s s * , and Jaumann s t r e s s r * I n t h e C ^ j s t a t e a r e 

d e f i n e d t h r o u g h t h e f o l l o w i n g r e l a t i o n s , 

M+i T * *u N+ ' * H 
£ = J / J F* *t* 

o r i n v e r s e l y , 

M j . , fJ + l *l+l H + l T 
= J / j " + ' F* • s * ( F * ) ( 2 . 7 0 ) 

N-H 

t * 
»J+I - « *y+H-H 

S * 
'V 

N-H 

= J / j " ( F * > * £ 

J / J I F * ) • 2" ( F * ) 

( 2 . 7 1 ) 

( 2 . 7 2 ) 

and t * 
>%/ 

N-H 
S * ( F * ) ( 2 . 7 3 1 
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Nt/ 
where £^ i s the t r u e s t r e s s i n t h e C w + / s ta te and J and J 

are J a c o b i a n s wh ich a r e d e f i n e d b y , 

j " = d e t < r y ' J ) and J * + l = det (py " * ' I ( 2 . 7 i f ) 

These s t r e s s tensors a r e r e l a t e d to t hose d e f i n e d i n the 

t o t a l Lagrangean d e s c r i p t i o n oy the f o l l o w i n g e q u a t i o n s * 

N+l 
S* = i / J " ( F • s " T - F^ ) * . ^N+l r M ( 2 . 7 5 ) 

t*N_H= 1 / J * ( FN . t N + l ) ( 2 . 7 6 ) 

where s H-H and N+l are Ki r chho f f - T r e f f t z s t r e s s and 

P i o l a - L a g r a n g e s t r e s s r e f e r r e d t o the i n i t i a l c o n f i g u r a t i o n . 

F u r t h e r , t h e Jaumann s t r e s s r* i s d e f i n e d b y , 
-A* 

*i*-H xN+l 
r* = ( 1 / 2 ) C ^ *<£ • r^W, ( 2 . 7 7 ) 

H+» * + / H-M fj+l 
= ( 1 / 2 J C s * ( I + h * > *• ( I + h * ) . s * } 

*V / v <V A / *V^ / \ / 

Const i tut iv/e Relations 

We consider an elastic material discussed in the 

previous section* The existence of the strain energy density 

function W, which is measured in the undeformed configuration 

is assumed. We introduce strain energy density per unit 

volume in C^ configuration and denote it by W*. It is seen 

that W* is related to W by, 

W*(g» ) = (1/JN) W(gN+ (2.78a) 

with the additional conditions* that, 
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WM01 - (1/J ) W(g") ; 
dW 

*K-H 
?~N 

(2,78b, c) 

The stress strain relations are shown to be derived through 

W* in the followings. First, we consider the variation of 

the strain energy (virtual work expended by virtual 

displacement) per unit volume In G$ , 

5W* = (1/JN) SW (2.79) 

The substitution of eqns.(2.21), (2.22), and (2.23) into 

Eq.(2.79) gives, 

5W* = ( i / j " > s N + ' ;s9Ntl = ( l / J w ) t N + ' : ( 5 tt+t .1 o^N+l ) T 
( 2 , 8 0 ) 

Using the relations Eqns.(2.66, 67, 75, and 76), it is 

rewritten in terms of s* * t*N+l , g**+' , and e* *, 

§W* = s * : §g* = t * : (ge* J ( 2 . 8 1 ) 

H + l 
On t h e o t h e r h a n d , W* i s c o n s i d e r e d as a f u n c t i o n o f g * o r 

e * • T h e r e f o r e , <5W* c a n a l s o be w r i t t e n i n t h e f o l l o w i n g 

f o r m s , 

±ti+l ( 2 . 8 2 ) . * aw"V * N t l _9_W 
5 W = ~ ^ * N + I ; 5S 

£76 ~ 

By comparison between Eqns.(2.8l> and (2*82)t the stress and 

the strain are shown to be related by, 

( 2 . 8 3 ) 
.* 

-2jfcL *A/+I -£W* fc*W+|T 

= t ' d e * " + / ~ 

( 2 . 8 t f ) 
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M+l 

Similarly, considering W* as a function of h* , the 

following relation is derived, 

.*H+I " £ 

(2«85l 

ah-

F u r t h e r , we c o n s i d e r the i n v e r s e of the above c o n s t i t u t i v e 

r e l a t i o n s . As d i s c u s s e d e a r l i e r , the i n v e r s e s t r e s s - s t r a i n 

r e l a t i o n i n terms of s ana g i s u n i q u e l y d e f i n e d , and g can 

be exp ressed as a f u n c t i o n of s . A l so g and s are 

l i n e a r l y r e l a t e d t o g*^"*"' and s * N + l t h r o u g h E q n s . ( 2 . 6 7 ) and 

M + ' N+l 
(2.75). Therefore, g* can be expressed in terms of s* . 

/v ^ 

M+l 

Thus, the contact transformation of W* in terms of s* is 
A/ 

ach ieved. 

ri+f N+l H + U+\ M+l */+( 
S * ( s * ) = s* : g * <s* ) - W*£g* ( s * M ( 2 . 8 6 ) 

such t h a t , 

I s l **H 
( 2 . 8 7 ) 

N+i 
S i m i l a r l y , t h e c o n t a c t t r a n s f o r m a t i o n of W* i n te rms of r* , 

/ v 

which is defined by the following equation, exists. 

N+i n+i H+i " + i JH-J d+i 
R * ( r * ) = r* : h* ( r * ) - W*Ch* ( r * ) ] ( 2 . 8 8 ) 

• V /V / V / V *V ^ 

such t h a t , 

<?R* ,**/+! ( 2 . 8 9 ) 
= h 5r*A/+l 
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However* as a l r e a d y shown* t h e r e i s no un ique i n v e r s e 
ttti N + i 

s t r e s s - s t r a i n r e l a t i o n i n terms of t and e * which are 

l i n e a r l y r e l a t e d to t * ahd e* t h r o u g h E q n s . ( 2 . 6 6 ) and 

( 2 . 7 6 ) * r e s p e c t i v e l y * T h e r e f o r e * t h e r e i s no u n i q u e i n v e r s e 

of E q . ( 2 . 9 < t ) . Thus* the c o n t a c t t r a n s f o r m a t i o n i n te rms of 
fjfi 

t * can n o t be a c h i e v e d . 
•V 

Field Equations and Boundary Conditions 

The field equations and the boundary conditions for 

the finite deformation elastic problems can be written in 

terms of alternate stress and their conjugate strain measures 

which are referred to C^ configuration. These equations are 

summarized in the following* 

trans!ational equilibrium conditions 

V*-C s* • if* ) > • P, g = 0 

J7*.f*N*' • p g»+' = fl 
/̂ H — 

where PH is the mass density per unit volume in C^• 

rotational equilibrium conditions 

N + l >i + * T 

S* = ( S* ) 

or F* • t* = ( p* . f*N ' ) 

or (h* + I )-t» '.a = symmetric 

Kinematic relations 

(2.90) 

(2.91) 

(2.92) 

(2.93) 

<2.9<*) 
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g * N t ' = ( 1 / 2 ) C VAU * V*AU* ( F j u ) • <J7Ju)T > ( 2 , 9 5 ) 

e* = ( 7 ^ u ) 
/ v 

*• Ki+. T * A , t ' H + l 

(J7 y* + l ) = a •( I + h* ) 
— ^ * y v •«* 

( 2 , 9 6 ) 

( 2 . 9 7 ) 

c o n s t i t u t i v e r e l a t i o n s 

, d+i aw* 
o * = . 

- J g * ^ 

*d+l _dK 

dh' *Al+l 

* i J + l T * * * * 
-» * tf+l de' 

( 2 . 9 8 ) 

( 2 . 9 9 ) 

( 2 . 1 0 0 ) 

F u r t h e r * t h r o u g h t h e complementa ry energy d e n s i t y f u n c t i o n s 

d e f i n e d by E q n s . ( 2 * 3 6 ) and ( 2 * 8 8 ) , the i n v e r s e r e l a t i o n s of 

E q n s . ( 2 . 9 8 ) and (2 .100 ) are g i v e n b y , 

( 2 . 1 0 1 ) 

JcH+l _ -I**- ^ + 1 - l ^ L ( 2 . 1 0 2 ) 
3 *M+I 
C7S 

^ r ' * H+l 

However, unique inverse of Eq.(2.99) does not exist for 

general cases. 

boJndary conditions 

(a) 
_ N + l 
t* 

N-H tf+| ti-H T 

= n*. t* = n » . c s* « (F» ) > at S (2.103) 

where n* is the unit normal to the boundary S^ in CN where 
- N-H 

the traction is prescribed to be t* 

(b) 
— N+l 
U 

H+l at Su„ (2.10**) 
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where SuhIs the boundary where disoJacements are prescribed 

- M + i 
to be u» 
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CHAPTER III 

VARIATIONAL PRINCIPLES FOR FINITE DEFORMATION PROBLEMS 

(TOTAL LAGRANGEAN DESCRIPTION! 

Introduction 

As discussed in the preceding chapter the behavior of 

the deformed solid can be fully described by trans I ationa1 

equilibrium equations* rotational equilibrium equations, 

Kinematic relations, constitutive relations, and proper 

Doundary conditions. In general, these equations are written 

in terms of displacement, strain, and stress. By eliminating 

some of these field variables, they are reduced to a set of 

partial ditferential equations and boundary conditions in 

terms of displacement or<, if possible, stress alone* 

Usually the derived differential equations are nonlinear, 

Analytical solutions of these nonlinear equations for 

practically meaningful boundary conditions are very limited, 

Even for the small deformation problem in which governing 

equations are linear, an analytical solution is available 

only for ideal boundary conditions. Therefore, most of the 

practical works in solid mechanics are largely dependent on 

approximate numerical solution techniques. Among such 

numerical methos, finite element method has been widely used 

as a versatile tool. 

The significant feature of fimite element methods is 
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the fact that* in general, they have their strong theoretical 

bases on variational principles, such as stationary potential 

energy principle, stationary complementary energy principle, 

He I Iinger-Reissner principle, etc. As it is seen from the 

works by Washizu [11, Neroat-Nasser and his co-workers C2, 33, 

Hor~igmoe and Bergan C**J, and Horrigmoe (5], variational 

principles have t^een playing an important role in the 

development of finite element models not only for small 

deformation problems but also for finite deformation 

problems. This implies that the development of a new finite 

element model can be made possible, if the corresponding 

variational formulation is derived. Since, the primary 

objective of this thesis is to develop assumed stress finite 

element models for finite deformation problems, rational 

complementary energy principles which lead to such models are 

sought. For this purpose, basic variational principles in 

total Lagrangean description are reviewed. Following Washizu 

[13, the general ( Hu-Washizu) principles in terms of 

alternate stress and strain measures are constructed. With 

these general principles as bases, stationary potential 

energy principles, He IIinger-Reissner principles, and, if 

possible, stationary complementary energy principles are 

shown to be obtained as special cases. In this process the 

possibility of constructing a rational complementary energy 

principle is discussed in detail. 

Hu-Washizu Variational Principles 

A general variational principle was derived by Washizu 
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[ 1 ] and Hu C223 f o r l i n e a r e l a s t i c p rob lems* In t h i s 

p r i n c i p l e * t h e f u n c t i o n a l i s n o t s u b j e c t e d t o any s u b s i d i a r y 

(a p r i o r i ) c o n d i t i o n s * I t s s t a t i o n a r i t y c o n d i t i o n leads to 

a l l the f i e l d e q u a t i o n s and boundary c o n d i t i o n s , which f u l l y 

d e s c r i b e the d e f o r m a t i o n of e l a s t i c body» Ana logous g e n e r a l 

p r i n c i p l e s a re c o n s t r u c t e d f o r the f i n i t e d e f o r m a t i o n 

p rob lems i n the f o l l o w i n g . 

Based on s and g 

The Hu-Washizu f u n c t i o n a l i n te rms o f d i s p l a c e m e n t u_, 

K i r c h h o f f - T r e f f t z s t r e s s s , and Green-Lagrange s t r a i n g f f o r 

the f i n i t e - d e f o r m a t i o n case i s d e r i v e d , i n a manner ana logous 

to the o r i g i n a l deve lopments if* C I ] , a s , 

"HW(^ > S> s) = f { w ( g ) - />g .u 

+ T~ : [ > u + (Pu)T + ( ru) . (Fu) T - 2gJ Jdv 

- / t -u ds - f t . ( u - u)ds 

( 3 . 1 ) 

where t is the traction on the boundary oer unit undeformed 

area, which is defined by, 

t = n . s • ( y y ) 

and W(g) is the strain energy density function (per unit 
/N/ 

initial volume) which is a symmetric function of g as defined 
/N/ 

by Eq.(2.17M s_ and su denote the portions of the boundary 

surface So, in the undeformed state, where the traction and 
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the displacement are prescribed to be Jh and u» respectively. 

The first variation of the above functional due to arbitrary 

variations §u, §g, and §s is obtained as* 

5TTm = fjt^g " ~J : 8g + a-2T!(«rs?) - /u-su 

+ [ - f f 7u + FuT + (7u) . ( F u) T / - g j : 5 s }dv 

- J t-5u ds - y ° {5c-(u - u) + t-5u |ds 

(3.2) 

If the stress s and the displacement u are assumed to be 
/ v 

d i f f e r e n t i a b I e w i t h r e s p e c t to x_» by u s i n g i n t e g r a t i o n by 

p a r t s , TT/zi^is r e w r i t t e n i n the f o l l o w i n g f o r m , 

6 n 
HW [{[jr " t) : §g - 1>'(£-EX) + P.g]'*i 

0 ~ 

+ [ - [ r u + FuT + (ri?)-(7u)T j - . g j :5s Jdv 

f (t - n-t)*£u ds - f § t . ( u - u ) ds 
»• c v R 

( 3 . 3 ) 

Thus, it is readily seen that the stationarity condition 

leads to trans I atlonal equilibrium condition Eq«(2.**3), 

kinematic relation Eq«(2«i+3) , constitutive relation 

Eq(2.51), and boundary conditions Eqns.(2.56) and (2.57) as a 

posteriori conditions. In addition to these, from the 

symmetric property of W(g), the rotational equilibrium 

condition Eq. (2.*5) Is manifested as the condition of 
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symmetry of s# Therefore, it is shown that the stationary 
/v 

c o n d i t i o n of E q . ( 3 . 1 ) i s r e d j c e d t o the f u l l d e s c r i p t i o n of 

the f i n i t e d e f o r m a t i o n prob lem* 

Based on t and e 

An ana logous f u n c t i o n a l i s d e r i v e d i n te rms of 

d i s p l a c e m e n t û  » P i o l a - L a g r a n g e s t r e s s t , and d i s p l a c e m e n t 

g r a d i e n t e . 

* H W ( -> ~> $> ) = f{ W(^) + £ T : ^H T - £ ) -/Jg-u }dv 

" f £"H d s ~ f t •( u- u ) ds 

(3 .<+) 

where W is considered as a function of e through g, as 

defined by Eq.(2«i8), Its first variation is shown to be* 

(3,5) 

" f^*£ + Po§]'5u fdv 

"/ ( £ ~ 5'£ )•<$" ds - /* 5£.( u - u ) 
S _ ./o .. 

ds 

Thus, the statior,3rity condition of Eq#(3#i+) leads to 

Eqns.(2.44), (2.^6), (2^91, (2,52), (2.56), and (2.57). 

Again it is noticed that the rotational equilibrium condition 

is enforced through the symmetric structure of W from the 

following arguments, 3y the definition of W, the 


