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Summary

Density functional theory (DFT) plays an important role in heterogeneous catalysis by

enabling �rst-principles study of large and periodic systems due to its accuracy and low

computational cost. It provides detailed insights into the catalyst activity and selectivity

at atomic scale. These calculations require an input for the exchange-correlation (xc)

functionals, which accounts for the multi-particle interactions in DFT but its universal form is

unknown. The most accurate xc functional typically depends on the type of chemical system,

making it challenging to choose a functional for systems that contain interfaces between

different phases of matter or where multiple types of chemical bonding are important.

Semilocal functionals are typically used to calculate chemisorption energies due to their

low cost, but they differ from experimental values by as much as 1 eV, which can lead to

quantitatively and qualitatively incorrect conclusions in the analysis of surface reaction

systems.

In this thesis, we �rst explore the typical model space of xc functionals: hybrid

and generalized gradient approximation (GGA) level functionals in DFT to investigate

the convergence of surface properties and electronic gap of rutile titania nanoparticles

with particle size. The geometric and electronic �nite-size effects in surface energy are

deconvoluted and the in�uence of defects on electronic gap are evaluated.

Further, we explore a novel approach for xc functional design using the multipole (MP)

descriptor family to describe the local electronic environments in chemical systems. MP

descriptors for electron density provide a set of complete, translationally, and 3D-rotationally

invariant convolutional descriptors. Utilizing the MP descriptors, we propose a data-driven

framework that uses energies from two different levels of theory to predict the gas-phase

corrections in heterogeneous catalytic systems.

Next, we introduce a new method to construct xc functionals using convolutions

xxi



of arbitrary kernels with electron density. We derive the variational derivative of these

functionals and provide equations for variational derivatives based on MP descriptors from

convolutional kernels. A proof-of-concept functional, PBEq which allows a single functional

to use different GGAs at different spatial points in a system is implemented. Testing of

PBEq functional on small molecules, bulk metals, and surface catalysts suggests that this

approach is a promising route to simultaneously optimize multiple properties of interest.

Finally, we propose a framework for developing surrogate hybrid functionals using MP

descriptors, at the cost of semilocal functionals. This framework highlights the challenges

related to satisfaction of physical constraints while linking exact exchange to semilocal

functionals. This approach, combined with the derivation of variational derivatives, has

the potential to pave the way for new strategies for functional design and integration of

self-consistent ML functionals within DFT.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

At the forefront of today's global challenges are the pressing needs for advanced materials

for energy storage and conversion, capture and removal of pollutants, conversion of CO2

into useful products, drug discovery and design, development of next-generation electronics

and ultrafast semiconductors [1, 2, 3, 4, 5, 6, 7]. The discovery of novel materials for such

processes is crucial for driving technological progress and paving the way for a sustainable

future. Currently, developing and commercializing these materials can take several decades.

Despite computational advances, the materials science community has been hesitant to adopt

these technologies because the usefulness of these tools has not been demonstrated yet,

particularly due to concerns about the accuracy of solid-state calculations. However, there

is a promising shift as more researchers are starting to use the computational approaches.

The challenge of accelerating scienti�c discovery has resulted in a demand for agility in

material discovery [8]. With the improvement in performance of modern supercomputers

and quantum mechanical methods, we can now calculate quantities that were once out

of the humanity's reach due to experimental constraints like length scale or uncontrolled

environmental variables in laboratories.

In recent decades, density functional theory (DFT) has emerged as the workhorse

of computational chemistry, solid-state physics, and material science [9]. It is due to

its balance in accuracy and computational cost compared to wavefunction theory (WFT)

methods that allow simulations for larger systems with periodic boundary conditions [10,

11]. Exchange-correlation (xc) functionals are central to DFT and determine the accuracy

of these calculations. Despite signi�cant advancements in the �eld of xc functional design,
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comparing it with quantities calculated using WFT methods, or experiments reveals that

there is still room for improving the accuracy of DFT by re�ning the approximations

for electron-electron interactions. Nevertheless, its ability to treat large-scale materials is

crucial for studies in �elds such as surface science of catalytic materials, development

of new materials for batteries, polymers, perovskites for solar cell applications, and

superconductors [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. In addition to DFT,

machine learning (ML) has also become an indispensable tool for atomistic simulations

in computational materials science due to improved accessibility and ability to generate

large amounts of data [23]. Supervised ML models such as neural networks have enabled

simulations for system sizes that are well beyond the scope of �rst-principle calculations [24,

25, 26, 27, 28, 29]. Despite some accuracy trade-offs, ML is being used to signi�cantly speed

up simulations compared to DFT methods, as well as to improve the accuracy of DFT by

training against highly accurate quantum chemistry data or experimental benchmarks [23].

The primary challenge in DFT is choosing an xc functional for a given system from a

diverse range of functionals that are optimized for different properties and materials [30,

31, 32, 33, 34, 35, 36]. The improvement in accuracy of these functionals is not systematic,

meaning that the accuracy does not universally improve across all systems and properties,

thereby creating a research gap. This work aims to address this gap by developing better

approximations to improve the accuracy of DFT for materials used in heterogeneous catalysis.

The goal of this work is to investigate various xc approximations in DFT applied to materials

and to utilize physics-based and ML techniques, along with available data, to establish

frameworks for improving existing functionals. Additionally, the work aims to explore

new techniques for constructing functionals that are dependent on descriptors obtained

from electron density. These functionals can be integrated into DFT codes to provide more

reliable energetics for catalytic systems, thus advancing research in computational catalysis.
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1.2 Quantum Mechanical Background

Quantum mechanics is foundational in material science, providing a mathematical

framework to understand materials at atomic scale. The predictive power of these methods

can be leveraged to guide development of new materials with tailored functionalities for

speci�c technological applications such as semiconductors, catalysis, metallurgy, and

photovoltaic cells [37, 38, 39, 40, 41, 42, 43, 44]. This �eld of research emerged in

the twentieth century by revolutionary discoveries that have since shaped our understanding

of matter at the atomic and subatomic scale. The pioneering contributions of scientists

such as Max Planck, Albert Einstein, Niels Bohr, Werner Heisenberg, Paul Dirac and many

others marked the advent of this �eld [45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]. In

1925, physicist Erwin Schrödinger postulated one of the most powerful equations of the

time, known to us as the Schrödinger's equation [57]. This equation eventually became the

cornerstone of quantum mechanics, providing the fundamental description of how quantum

states of a physical system evolve over time and laid the groundwork of modern quantum

physics and chemistry. The time-dependent Schrödinger's equation is given by:

i~
@ (r ; t)

@t
= Ĥ (r ; t) ; (1.1)

whereĤ is the Hamiltonian operator for a system of nuclei and electrons, and (r ) is the

many-electron wavefunction.̂H and are dependent on time,t, and spatial coordinates,

r . Eq. 1.1 captures the dynamic evolution of the wavefunction. The time-independent

Schr̈odinger's equation, which is typically used for calculating time-independent properties

in material systems, emerges from Eq. 1.1 for stationary states in systems and provides

a simpler way to solve for energy eigenstates. The non-relativistic time independent

Schr̈odinger's equation is given by:

Ĥ (r ) = E (r ) : (1.2)
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The Hamiltonian operator,̂H comprises of several components and can be decomposed in

atomic units as follows:

Ĥ = T̂e + T̂n + V̂nn + V̂ee + V̂en

= �
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r 2
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(1.3)

where,T̂e is the kinetic energy of interacting electrons, withr 2
i being the Laplacian operator

acting on thei -th electron,T̂n is the kinetic energy of the nuclei, withM I being the mass

of the I -th nucleus andr 2
I the Laplacian operator acting on theI -th nucleus,V̂nn is the

potential energy due to the interaction between nuclei, whereZ I andZJ are the charges of

nucleiI andJ respectively, andjR I � R J j is the distance between nucleiI andJ , V̂ee is the

potential energy due to the interaction between electrons, withjr i � r j j being the distance

between electronsi andj , andV̂en is the potential energy due to the interaction between

electrons and nuclei [58].

Under the Born-Oppenheimer approximation, which is central to quantum mechanics, the

nuclei are considered much heavier than the electrons (> 1000 times) and are hence assumed

to be stationary [59, 58]. Therefore, the kinetic energy of nuclei (T̂n) is neglected and the

repulsion between the nuclei (V̂nn ) is treated as a constant. This simpli�es the Hamiltonian

to include only electronic terms. The electronic Hamiltonian,̂Helec is expressed as the

following:

Ĥelec = T̂e + V̂ee + V̂en

= �
NeX

i =1

1
2

r 2
i +

NeX

i =1

NeX

j>i

1
jr i � r j j

�
NeX

i =1

NnX

I =1

Z I

jr i � R I j
:

(1.4)
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The many-electron wave function, (r ), which is dependent on three spatial coordinates

of the electrons is used to describe the electron con�guration of the system and is a

3Ne dimensional function where Ne is the number of electrons in the system. This

high-dimensional function is challenging to solve for, due to its complexity. This fact

was highlighted by nobel laureate Walter Kohn in his lecture of 1999 where he stated that:

“There is an oral tradition that, shortly after Schrodinger's equation for the electronic

wavefunction had been put forward and spectacularly validated for simple systems like

He and H2, P.M. Dirac declared that chemistry has come to an end- its content was entirely

contained in that powerful equation. Too bad, he is said to have added, that in almost all

cases, this equation was far too complex to allow solution.”

Numerous wavefunction methods have emerged to approximate the solutions to

Schr̈odinger's equation, including Hartree-Fock (HF), con�guration interaction, and coupled

cluster theory. Collectively known as the wavefunction theories (WFTs), these methods

have become essential tools in computational quantum chemistry. However, they require

signi�cant computational resources, rendering them impractical for large systems relevant

to materials science applications.

1.3 Introduction to Density Functional Theory

DFT was introduced in the 1960s by Hohenberg, Kohn, and Sham, marking a signi�cant

advancement in quantum mechanics [60, 61]. It simpli�es the complex many-body problem

by using real-valued electron density as the fundamental variable. The density depends

only on three spatial coordinates as opposed to the 3Ne dimensional complex-valued

wavefunction, allowing ef�cient and accurate calculations of electronic structures in atoms,

molecules, and solids (Fig. 1.1 (a)) [62]. It aims to solve the Schrödinger's equation and

predict the structure and properties of chemical systems [63]. Since its introduction, it has

become an indispensable tool in materials science, chemistry, and physics, facilitating the

design and discovery of new materials. DFT is based on two fundamental mathematical
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Figure 1.1: (a) From many-body problem to DFT, (b) Schematic of Perdew's analogy to
“Jacob's ladder' Here, LDA refers to Local Density Approximation and� (r ), O� (r ), � (r )
and (r ) refer to electron density, gradient of electron density, kinetic-energy density and
wavefunctions of orbitals as a function of spatial coordinates.

theorems known as the “Hohenberg-Kohn” theorems:

• The ground state energy from Schrödinger's equation is a unique functional of the

electron density.

• The electron density that minimizes the energy of the overall functional is the true

electron density corresponding to the full solution of the Schrödinger equation.

The �rst theorem asserts the existence of a one-to-one mapping between the ground-state

wave function and ground-state electron density. The second theorem de�nes the property of

the unique functional of electron density. Hohenberg and Kohn identi�ed that a variational

principle could reduce the problem of �nding the ground state energy of an electron

gas in an external potential to that of minimization of a functional of the 3D density

function [60, 64]. In 1965, Kohn and Sham showed that the dif�culty in solving the problem

of many interacting electrons in an external potential can be solved by assuming a set

of non-interacting electrons in an effective external potential [61, 64]. This approach is

described by a set of self-consistent equations referred to as “Kohn-Sham (KS) equations”,
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given by Eqs. 1.5 and 1.6:

(
1
2

O2 + vef f (r ) � � j )� j (r ) = 0 ; (1.5)

vef f (r ) = v(r ) +
�

� (r
0
)

j r � r 0 j
dr

0
+ vxc(r ) ; (1.6)

wherev(r ) is the external potential andvxc(r ) is the xc potential, which depends on the

electron density. The density is required to de�ne the effective potential and solve Eq. 1.5.

The electron density is de�ned by Eq. 1.7:

� (r ) =
NX

i =1

j � i (r ) j2 ; (1.7)

where� i (r ) is thei th KS orbital of energy� i . The KS equations are solved in an iterative

manner to approximate the ground-state energy. The ground state energy,EDF T [� (r )]

is the sum of contributions of kinetic energy functional,T[� i (r )] for the non-interacting

system, classical Coulomb self-energy functional,J [� (r )], energy due to external potential,

Eext [� (r )] and exchange-correlation functional,Exc[� (r )].

EDF T [� i (r )] = T[� i (r )] + J [� (r )] + Eext [� (r )] + Exc[� (r )] : (1.8)

In Eq. 1.8,T[� i (r )], J [� (r )] and Eext [� (r )] are exactly known for the non-interacting

single-particle systems. In principle, the exact xc functional exists but its universal form is

not known.

1.4 Exchange-correlation (xc) functional in DFT

The xc functional,Exc[� (r )], in DFT is the primary approximation that accounts for the

multi-electron interactions within a system. It encompasses the differences between classical

and quantum mechanical repulsion between electrons, and the difference in kinetic energy
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between interacting and non-interacting set of electrons. The usefulness of DFT hinges on

the simplicity and accuracy of approximations forExc[� (r )] [65, 66, 67, 68, 69].

The “nearsightedness” theorem of electronic matter proposed by Walter Kohn asserts

that the local electronic properties of a system, such as� (r ), are signi�cantly in�uenced by

the external potential of nearby points up to a cut-off distance,R [70, 71]. Consequently,

Exc[� (r )], which depends on� (r ), can be formulated based on contributions from local

electronic environments. Numerous approximations have been formulated for the xc

functional based on the principle of nearsightedness, but the accuracy does not always

improve with increasing complexity. Research in xc functional design and development for

better approximations is central to the KS-DFT framework. Therefore, it is important to

understand the two main elements necessary for formulation of xc functionals: construction

of a model space that accurately represents the electronic environment of a chemical system,

and developing a functional to map this environment to the energy density.

The traditional model spaces of xc functionals with increasing complexity are captured

by the popular analogy of “Jacob's ladder” [72] as shown in Fig. 1.1. As one ascends this

ladder, progressively more nonlocal information is incorporated into the model space of the

xc functional. The �rst rung of the ladder is occupied by the local density approximation

(LDA), where Kohn and Sham approximatedExc as a function of the local (spin) electron

density of a uniform electron gas. This approximation is known to be relatively accurate for

delocalized systems, such as metals, but not for molecules [61]. The second rung is occupied

by the generalized gradient approximation (GGA) often referred to as semilocal functionals,

which include the gradient of the electron density as additional information in the model

space [73, 74, 75]. The inclusion of this information results in a large number of distinct

GGA functionals that include the widely used Perdew-Burke-Ernzerhof (PBE) [76] and

Perdew-Wang (PW91) functionals [64]. The next improvement over GGA functionals is the

class of meta-GGA (mGGA) functionals that include the kinetic energy density [77]. These

functionals include a range of empirical and physical approximations, but improvements are
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not always systematic [65]. The mGGA family includes the popular Strongly Constrained

and Appropriately Normed (SCAN) semilocal density functional and its revisions [78, 79,

80]. The next class of functionals are the “hybrid functionals” which incorporate both density

and a component of fully non-local “exact” exchange in the XC energy, based on the Fock

operator from HF theory which is a WFT. These are not purely density functionals since they

require orbital information as inputs. This class includes functionals such as B3LYP [81, 82]

,PBE0 [83], and HSE06 [84, 85]. These functionals typically offer improvement in accuracy

along with increased computational cost. The last rung is occupied by random-phase

approximation (RPA) and “double hybrids” methods. The accuracy improves with these

approaches due to enhanced treatment of electron-electron correlations. Each “rung” of

Jacob's ladder aims to improve the general accuracy of DFT calculations by including more

exact constraints and non-local information from orbital densities [86, 87, 88]. However,

the accuracy of xc functionals does not improve systematically for all systems, making it

dif�cult to establish ana priori estimate of the accuracy of DFT [89, 90, 32, 91, 65]. A

variety of xc functionals have been developed and evaluated for different applications [61,

73, 74, 75, 78, 81, 83, 82, 85] but the limited transferability of these functionals across

different systems poses a signi�cant challenge.

The second important element for xc functional design is mapping the model space to

energy density. There are two main approaches for the mapping: analytical and empirical.

The analytical techniques construct the functionals by rigorously satisfying exact constraints.

Examples of such functionals include PBE [76], RPBE [92], PBE0 [83], and SCAN [78,

79, 80]. The advantage of these functionals is their greater transferability between different

systems, although this may not always be true [93, 94]. In contrast, empirical methods

parameterize the functionals by �tting them to experimental data or WFT calculations which

include functionals such as B3LYP [81, 82] and BEEF-vdW [33, 34]. These functionals are

typically accurate for systems similar to the data it is �tted to but have lower accuracy for

other systems [34].
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1.5 Applications of DFT in heterogeneous catalysis

Heterogeneous catalysis forms the backbone of the chemical and energy industry, playing

a crucial role in the development of technologies for a sustainable future [95, 96, 97].

These processes involve reactions occurring at the interface of a solid catalyst and gaseous

or liquid reactants as shown in Fig. 1.2 (a)). Some examples of industrial applications

that rely on these catalysts include ammonia production from Haber-Bosch process [98],

nitric acid production from Ostwald process [99], and contact process for sulfuric acid

production [100, 101]. There is an ongoing need to synthesize new catalysts as many

of these industrial processes are not energy ef�cient. For instance, ammonia synthesis,

one of the most signi�cant processes developed in the 20th century, uses an iron-based

catalyst that has revolutionized the agricultural system by enabling nitrogen based fertilizers.

However, this process takes place at a high pressure and moderate temperature. This makes

it energy inef�cient, highlighting the need to develop more ef�cient catalysts for sustainable

ammonia production. Similar to this process, many other industrial processes using

catalysts are unsustainable. With a quarter of industrial energy use going towards chemical

processes, catalyst discovery and development are key to cleaner and energy-ef�cient

processes [102, 103, 104]. Understanding the mechanisms governing surface reactions

is essential for rational design of catalysts. However, studying these materials on an

atomic scale through traditional laboratory experiments and computationally demanding

WFTs is nearly impossible. Therefore, DFT is extensively used to model these large and

(semi)periodic systems [105]. These calculations provide insights into reaction pathways,

active site preference, ground state geometries, in�uence of surface defects, and catalyst

activity and selectivity.

Several xc functionals have been developed speci�cally for surface science applications,

including the PW91 functional [106], RPBE functional [92], the Bayesian error estimation

(BEEF) family of functionals [34, 33], and the Armiento and Mattsson (AM05)

10



Figure 1.2: (a) An example of adsorption system with carbon monoxide (CO) adsorbed on
Platinum (111) slab, (b) Compromise between noncovalent interactions (rCost[S22]) and
molecular reaction energies (rCost[G2/97]). This �gure is taken from Wellendorff et. al[34]

functional [107]. These approaches have been used to improve the performance of

functionals for surface systems. In the case of RPBE, Hammer and Nørskov elegantly

showed that a small modi�cation to the functional ansatz of PBE improves the performance

for adsorption systems while still obeying the physical constraints of PBE [92]. Another

approach, introduced by Kohn and co-workers, utilizes the concept of subsystem functionals

with the edge electron gas model. This model explains the shortcomings of existing

approaches such as LDA and GGA for regions where the nature of KS wave functions

transitions from propagating to evanescent [108]. Strategies have been proposed to formulate

functionals based on this model, such as correcting the surface energies of LDA and GGA

by describing the effective potential as an exponential [35], the Mathieu gas model that uses

the effective cosine potential [109], and the AM05 functional designed to include surface

effects [107]. The underlying idea is to divide a system into subsystems and employ different

functionals to approximate the electronic structure of each part accurately. More recently,

the BEEF family of functionals took a data-driven approach, �tting the best available

data across a range of molecular, bulk, and surface properties [34, 33]. The resulting

functionals utilize statistical techniques to provide an error estimate based on perturbations

to the �tted parameters. The design of these functionals also quanti�ed a Pareto optimal
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Figure 1.3: Error in calculated adsorption energies in N-containing species in metals. This
�gure is taken from Kim et al.[110].

between different properties, indicating that for a given model space, it is not possible to

simultaneously improve performance for all metrics of interest. This leads to a “model

compromise” within the GGA + vdW model space illustrated in Fig. 1.2 (b).

DFT provides reasonably accurate trends for catalysis screening studies [111, 112]. But

currently it is not accurate enough for quantitative predictions which can be problematic. For

example, standard GGA approximations struggle to accurately describe catalytic systems

with diverse electronic environments. Despite having tailored GGA xc functionals for

modeling heterogeneous catalytic interfaces, it has been shown in studies by Kepp [113]

and Wellendorff et al. [114] that adsorption energies can vary by up to 1 eV in some cases

depending on the functional used, which can lead to qualitatively incorrect conclusions in

the analysis of surface reactions. This behavior of xc functionals is also highlighted in Fig.

1.3, which compares the adsorption energies calculated using different functionals with the

ground truth obtained from optRPA (Random Phase Approximation) [110], obtained from

single-point calculations performed on PBE-optimized geometries. The �gure clearly shows

variations between different functionals, particularly for semilocal functionals, where the

error from the ground truth can be high as 1.5 eV. These discrepancies are likely due to

incorrect behavior of the functionals in predicting gas-phase energetics.

Additionally, incorporating long-range van der Waals interactions poses a challenge

with conventional DFT functionals, typically requiring empirical dispersion corrections
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or non-local vdW functionals [115, 116, 117]. Utilizing functionals from higher rungs of

Jacob's ladder like hybrid functionals is computationally expensive and does not always

improve the accuracy [118]. Therefore, reliable prediction of reaction barriers, transition

state energetics, and activation energies for catalytic processes remains a complicated task

with standard functionals. Many approaches have tried to develop a good compromise

with the existing model space for xc functionals for a long time but with limited success.

Therefore, exploring new model spaces may be a good strategy to avoid compromises that

are limiting accuracy. This motivates the need for improved xc functional approximations

for catalytic applications.

1.6 Machine Learning for xc functionals

ML methods have garnered considerable traction in the �eld of computational materials

science, accelerating atomistic simulations for materials discovery and improving the

accuracy of DFT simulations [119, 120, 121, 122]. Since xc functionals are crucial for

DFT accuracy, ML can be employed to improve these approximations. These methods

encompass training models on chemically accurate quantum chemistry and experimental

benchmark data to outperform traditional approaches. Additionally, ML can be utilized

to construct models that depend on atomic structure mapping or correcting Hamiltonians.

Another application of ML involves the� -ML approach, which can be applied post-DFT to

correct energy estimates [23].

Several neural network and deep learning models have emerged, leveraging inputs

from the model space of Jacob's ladder, showing promise in the development of these

functionals. These models make use of inputs such as the electron density, density gradients,

kinetic energy density, Fock energy, etc. Notable contributions in this area include the

work by Burke et al. [123, 124, 125], in which ML is used to estimate the kinetic energy

of non-interacting electrons, bypassing the need to solve the KS equations. Recently,

DeepMind published their state-of-the-art deep learning models trained on molecules and
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other �ctitious systems that adhere to speci�c constraints related to fractional electrons

and spin [126]. Other researchers have used symbolic functional evolutionary searches,

physically constrained neural networks, and data augmentation to satisfy known physical

limits [127, 128, 129, 130]. Another notable work in this �eld is by Nagai, Akashi, and

Sugino, which uses a feed-forward neural network that takes inputs from LDA, GGA, and

meta-GGA model spaces, along with a new “near-region approximation” (NRA) input

to construct an xc functional trained on a few reference molecules that is applicable to

hundreds of molecules [131]. In another study, Dick and Fernandez-Serra introduced a novel

framework called NeuralXC, which uses supervised ML to construct density functionals that

explicitly depend on the electron density and implicitly incorporate atomic positions [132].

The authors adopt a� learning type approach and demonstrate how variational derivatives

can be computed, thereby creating ML density functionals that can be used in self-consistent

calculations. This functional signi�cantly improves the accuracy beyond the GGA level,

approaching that of coupled cluster theory, and is transferable across diverse systems but

relies on the use of localized atomic orbitals and has not been demonstrated on periodic

systems. These early successes indicate the promise of ML approaches for xc design, but

the reliability and transferability of ML-based functionals are in�uenced by the quality and

representations used for the training dataset. Therefore, careful selection of training data

and incorporation of physical principles into the ML framework are essential to ensure the

robustness of these functionals.

While these models are moving in the right direction, there are certain challenges

that come along the way. Similar to traditional approaches, ML models show lack of

transferrability as they are trained on speci�c datasets and struggle to generalize to materials

outside the training data [133]. Several machine-learned xc models have not incorporated

physical constraints and asymptomatic behaviors that exact xc functionals are required to

satisfy which can lead to nonphysical predictions. Other challenges include computational

cost of generating high-quality training data as well as the overhead of incorporating the
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ML models into DFT calculations for larger systems. Therefore, it is essential to come up

with new models that not only improve the accuracy of xc functionals but are also fast and

trained on high-quality data, which is not so expensive to obtain.

1.7 Dissertation Scope

In this dissertation, the previously outlined challenges motivate us to �rst investigate

and evaluate the performance of semilocal and hybrid rungs of Jacob's ladder in DFT

approximations for a commonly studied benchmark system, rutile titania (TiO2) utilized

in heterogeneous catalysis and photocatalytic applications. The latter part of this work

aims to establish data-driven approaches to predict corrections for existing functionals

and construct new functionals to improve the accuracy of energetics for catalytic systems.

These approaches leverage the multipole (MP) descriptor family, a descriptor scheme

speci�cally designed to construct features that characterize the local electronic environments

for chemical systems.

Chapter 2 introduces the general framework of the MP descriptor family and its usage

in constructing descriptors for electron density. These descriptors are calculated using

convolutions of multipole kernels with electron density, providing a route to move beyond

Jacob's ladder. These descriptors can be combined with physics-based or ML models

to accurately describe various electronic environments in a diverse range of chemical

systems such as molecules, metals, alloys and, metal oxides. To construct xc functionals

based on MP descriptors, the variational derivative of the xc functional is derived. This

enables the implementation of a self-consistent functional with MP descriptors within

�nite-difference (FD) DFT framework. Finally, a nearest-neighbor subsampling (NNS)

algorithm used extensively in this work to subsample large datasets is also outlined. The

practical applications of these methods are explored extensively in Chapters 4 through 6.

Chapter 3 investigates the nature of commonly used xc functionals in DFT: PBE

(semi-local) and PBE0 (hybrid) for �nite-size effects in surface and electronic properties of
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rutile TiO2, a model system used for many industrial applications such as photocatalysis

and heterogeneous catalysis. This case study presents a framework based on �rst-principle

calculations to deconvolute the geometric and electronic defects in properties such as surface

energy, electronic bandgap and density of states (DOS) of the material.

Chapter 4 introduces a data-driven framework that uses MP descriptors, the NNS

algorithm, and regression models to predict electronic environment based corrections for

gas-phase and adsorption energies from DFT. These corrections are applied post-DFT

calculations leveraging the MP descriptors to correct the gas-phase electronic environments

based on densities computed using DFT, making the framework non-self-consistent.

Chapter 5 introduces an approach to construct self-consistent xc functionals with MP

descriptors as inputs. The equations of variational derivative for these functionals are

provided in Chapter 2. The speci�c derivation for a proof-of-concept functional generalizing

the PBE� framework where� is a spatially-resolved functional of an MP descriptor is

presented and implemented here. It allows a single functional to use different GGAs at

different spatial points in a system, while obeying PBE constraints.

Chapter 6 aims to address the challenge of hybrid functionals being highly accurate but

computationally expensive to be used routinely on large heterogeneous interface systems.

ML models are trained on spatially resolved exact exchange energies obtained from hybrid

functionals from SPARC. Future work will focus on incorporating these surrogate hybrid

functionals into DFT codes. The framework established in Chapter 5 within SPARC can

be used to perform self-consistent calculations to yield reliable hybrid-level energetic

predictions for catalytic systems at a lower computational cost.
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CHAPTER 2

THEORY

2.1 Introduction

Construction of a model space that accurately represents the electronic environments is

an important aspect for xc functional design. This study moves beyond the Jacob's ladder

to adopt a “systematically improvable” model space based on MP features or descriptors.

These features are extracted from continuous 3D scalar �elds such as electron density (� (r )),

and are used to construct data-driven and analytical models for xc functionals. Theoretically,

this electron density can be derived from any quantum mechanical method. This chapter

outlines the general framework for calculating the features from multipole expansion of 3D

electron density for electronic structure �ngerprinting, known as the MP descriptor family.

To advance the development of xc functionals using this model space, a general derivation

for variational derivative of a functional dependent on MP features is provided. Chapter 5

demonstrates the utility of this method in development of self-consistent convolutional

density functional approximations and its application to systems with diverse environments

such as molecules, metals, and adsorption systems.

The use of MP descriptor family results in a spatially-resolved, high-dimensional

model space for chemical systems. A nearest-neighbor subsampling (NNS) algorithm

is adopted to obtain a roughly uniform subsampled dataset from the original dataset, which

is useful in identifying a representative subset of electronic environments from a large

dataset. Chapter 4 demonstrates the effectiveness of the NNS algorithm in identifying

representative environments from spatially-resolved descriptors for molecules and building

a correction framework to improve DFT approximations from semilocal functionals for

gas-phase species in catalytic systems. This algorithm can also be used to downsample large
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datasets to ease the training of simple machine-learned functionals to approximate hybrid

functionals using interpretable ML models such as kernel ridge regression and symbolic

regression as demonstrated in Chapter 6.

2.2 MP descriptor family for electronic environments1

A model space is analogous to a descriptor scheme which is required for quantifying the local

electronic environments of a chemical system. These descriptors offer several advantages

such as comparing local environments across different systems. They can also be used in

combination with analytical or data-driven model to link descriptors to a local property, such

as energy density, which can subsequently be used to determine system-level properties.

To be utilized as a model space for xc functionals, the descriptors should be theoretically

complete, systematically expandable, scalable, ef�cient to calculate, and invariant to global

and translation.

2.2.1 Theoreticalframework

The general framework for characterizing any 3D scalar �eld that represents the electronic

environment is de�ned as the inner product of the local environment with a set of “probe

functions”. Mathematically, it is expressed as:

� i (r ) = < � i (q); f (r ) > ; (2.1)

wheref (r ) is the 3D scalar �eld as a function of space, functions� i is the i-th function from

a set of probe functions forming a local basis set onto whichf (r ) is projected, and� i (r ) is

a vector containing result of inner product. In this study,f (r ) is the map of 3D electron

density,� (r ) which will be used from this point forward. The descriptors have some desired

properties that they are required to satisfy as outlined below:

1The theory in this section was initially introduced in the thesis of Dr. Xiangyun Lei [134] and is included
here convenience and completeness.
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1. Completeness: Theoretically, the �ngerprint should capture all variations of� (r )

withint the speci�ed range for probe functions. More broadly, it should encompass all

possible variations of continuous functions de�ned in a 3D space within the radius

speci�ed by the probe functions.

2. Symmetry: The �ngerprint should possess translation and 3D rotation invariance and

equivariance. This stems from the fact that properties of interests such as energy and

forces are invariant or equivariant under these transformations.

3. Convergence: It is advantageous to have a systematic approach for selecting probe

functions for the basis set to describe the local environment at desired accuracy. Ideally,

the set should converge quickly, allowing for a minimal number of descriptors.

4. Scalability: The computational complexity of calculating features should scale with

O(N ) whereN is the number of basis functions.

The probe function is decomposed into angular and radial components to capture the

variations of 3D function,� (r ).

� j;k (r ) = < � Ang;j (q) � � Rad;k (q); � (r ) > : (2.2)

where� Ang;j and� Rad,k represent the angular and radial probe functions, respectively.

This framework is analogous to the various featurization methods for atomistic

representations, as reviewed by Musil et al., who noted that these methods arise from

a common framework of projecting the atomic neighbor density onto a set of basis

functions [135]. These representations should be effectively able to distinguish between

different distinct atoms and their neighboring environments [136].

In this work, the set of angular probe functions proposed is Maxwell-Cartesian spherical

harmonics (MCSH) as described in Section 2.2.2. Several choices of radial probe functions

are detailed in Section 2.2.3.
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2.2.2 Maxwell-Cartesiansphericalharmonicsasangularprobefunctions

MCSH functions form a set of real spherical harmonics inspired by 2D rotationally

equivariant features using circular harmonics developed by Worrall et al. [137]. This concept

has been generalized to 3D by Thomas et al. [138], and contributions from Applequist on

MCSHs [139]. The set of MCSH functions are de�ned as:

S(n)
��
 (x; y; z) =

�= 2X

m1=0

�= 2X

m2=0


= 2X

m3=0

(� 1)m (2n � 2m � 1)!!
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wherem = m1 + m2 + m3, and
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b

3

7
5 =

a!
2bb!(a � 2b)!

: (2.4)

The MCSH functions for �rst four orders are shown in Fig. 2.1 and given in Tab 2.1.

The MCSHs are utilized as a basis set for the descriptors because spherical harmonics are

known to form a complete basis for functions de�ned on 3D unit sphere (C(S2)). However,

the MCSHs form an over-complete basis.

Tab. 2.1 shows that all orders of MCSH functions except the zero-th order have multiple

groups. Therefore, to ensure rotational invariance, �rst the inner product of� (r ) is calculated

with each MCSH function for every group, followed by computing the norm across all

groups for each order. Therefore, the descriptors are de�ned as:

= n;l (r ) =
s X

j

! j � � 2
l;n;j ; (2.5)
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Figure 2.1: Graphical illustrations of the �rst 4 orders of MCSH probe functions denoted
by S(n)

P (��
 ) . n is the order andP(��
 ) denotes the permutation group of the index
��
 . The Euclidean norm of MCSH stencils for each order of MCSH provides the 3D
rotation-invariant descriptors.

where� l;n;j is expressed as:

� l;n;j (r ) = < R l (q) � S(n)
j (q); � (r ) > ; (2.6)

wherej is used for index��
 for simplicity, indexing the different possible groups of a

given rotational order,l indexes the radial probe,n refers to the order of multipole,! j is

a weight for each term,Rl is the radial probe function, andS(n)
j is a function based on

spherical harmonics. For simplicity, the radial and angular indicesl andn can be combined

into an indexi that covers all combinations ofl andn. Thus, the radial and angular functions

Rl andS(n)
j can also be combined into a set of functions, wherei refers to thei th MP feature

andj corresponds to a set of functions that arise from the different rotational symmetry
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Table 2.1: Analytical expressions of �rst four orders of solid harmonics (MCSH) denoted
by S(n)

��


n f ��
 g S(n)
��
 n f ��
 g S(n)

��


0 000 1 4 400 105x4 � 90x2 + 9
1 100 x 040 105y4 � 90y2 + 9

010 y 004 105z4 � 90z2 + 9
001 z 310 105x3y � 45xy

2 200 3x2 � 1 301 105x3z � 45xz
020 3y2 � 1 031 105y3z � 45yz
002 3z2 � 1 130 105xy3 � 45xy
110 3xy 103 105xz3 � 45xz
101 3xz 013 105yz3 � 45yz
011 3yz 220 105x2y2 � 15x2 � 15y2 + 3

3 300 15x3 � 9x 202 105x2z2 � 15x2 � 15z2 + 3
030 15y3 � 9y 022 105y2z2 � 15y2 � 15z2 + 3
003 15z3 � 9z 211 105x2yz � 3yz
210 15x2y � 3y 121 105xy2z � 3xz
201 15x2z � 3z 112 105xyz2 � 3xy
021 15y2z � 3z
120 15xy2 � 3x
102 15xz2 � 3x
012 15yz2 � 3y
111 15xyz

groups and must be normed. Thus, the MP descriptors can be written as:

� i;� (r ) := = i;� (r ) =
s X

j

! j � (< Z i;j (q); � (r ) > )2

=
s X

j

! j � 2
i;j :

(2.7)

2.2.3 Radialprobefunctions

For choosing radial basis functions, the following desired properties must be considered:

1. Orthogonality: it is desirable for compactness of representation, but not critical.

2. Convergibility: a converging series is preferred to reduce the required number of

radial probe functions.
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3. Ef�ciency: the probe functions should be chosen to enable ef�cient calculation of the

inner product de�ned in Eq. 2.2.

There are several choices for the radial probe functions such as Heaviside step functions,

Legendre polynomials, Fourier series, and Gaussian functions based on the properties

de�ned above and have been used by other �ngerprinting schemes in the literature. The

Heaviside step function is used as the main radial probe functions in this thesis. These

functions are not orthogonal but highly correlated. However, they are intuitive to understand

as they have a clearly de�ned length scale. The Heaviside step function is de�ned as the

following:

f RHSMP
l g = f H (r ; r k)g =

8
><

>:

1 if r � r k

0 if r > r k

j k 2 N

9
>=

>;
; (2.8)

where H (r ; r k) is the Heaviside step function that changes value atr k and N =

f 1; 2; 3; 4; :::g is the set for indices. In practice, the calculation of descriptors using the inner

product is done over the domain of probe functions making the computation ef�cient as the

focus is only on the region of� nearr within a prede�ned radial cutoff ofR.

2.3 Exchange correlation (xc) functionals based on MP descriptors

When developing density functionals with MP features, the variational derivative is a critical

quantity that enables self-consistent calculation in DFT. In this section, the derivation of

the potential of an xc functional based on MP descriptors is outlined. Integrating this

functional into DFT requires establishing the corresponding xc potential, which is given by

the functional derivative of the energy functional. It should be noted that for FD-DFT, the

inner product used to calculate the descriptors is a convolutional operator, denoted by the

~ symbol and the probe functions are will be referred to as convolutional kernels. First,

we derive the potential for general descriptors calculated from convolutions of� (r ) and

arbitrary convolutional kernels and then extend this derivation to the MP descriptors.

The variational derivative (also known as the functional derivative or Gateaux derivative)
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of an arbitrary functionalE[� ] is given by �E
�� [140]:

�
�E
��

(r )y(r )dr =
@
@�

E[� + �y ]

�
�
�
�
� =0

; (2.9)

wherey is an arbitrary “trial” function and"y is the variation with respect to the electron

density,� . Consider a generic energy functional given byE[� ], where:

E[� ] =
�

f (� [� ](r ))dr ; (2.10)

where � (r ) is the spin-paired electron density,f is an arbitrary function, and� =

f � 0; � 1:::; � ng are descriptors computed from the electron density. We note that vector

quantities are represented by bold symbols and their components by indices, e.g.,� or � i ,

respectively. We consider descriptors calculated from convolutions of� (r ) and arbitrary

convolutional kernels:

� i;j [� ](r ) = ( Z i;j ~ � ) (r ) =
�

Z i;j (q)� (r � q)dq

=
�

� (q)Z i;j (r � q)dq ;
(2.11)

whereZ i;j corresponds to thej th 3-dimensional convolutional kernel used to construct the

i th descriptor,� i;j represents the result of the convolution between the kernel and the electron

density. The domain of the convolutional integral in this case must only span the domain of

the associated kernel,Z i;j , and thus will be less computationally expensive than an integral

over all space (assuming the kernels are semilocal). For generality, we consider descriptors

computed from transformations of multiple convolutional outputs, where thei th descriptor

can be computed as:

� i = gi (� i; 0; � i; 1; :::� i;M ) ; (2.12)

wheregi is an arbitrary function corresponding to thei th descriptor. We note that this

intermediate function is introduced because it is common to need non-linear transforms (e.g.
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L2-norm) of individual convolutions to ensure that descriptors are rotationally invariant.

Applying the de�nition of the variational derivative (Eq. 2.9) to the generic form of the

convolutional functional (Eq. 2.10) yields:

@
@"

E[� + "y ]

�
�
�
�
"=0

=
@
@"

�
f (� ([� + "y ](r ))dr

�
�
�
�
"=0

=
� X

i

@f
@�i

(r )
X

j

@�i
@�i;j

(r )
@�i;j [� + "y ](r )

@"
dr

�
�
�
�
�
"=0

:
(2.13)

It is straightforward from the de�nition of� i;j (Eq. 2.11) that it is a linear functional, i.e.,

� i;j [c1f 1 + c2f 2] = c1� i;j [f 1] + c2� i;j [f 2]. Thus we have:

@�i;j [� + "y ](r )
@"

= � i;j [y](r ) : (2.14)

Substituting into Eq. 2.13 yields:
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� X
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@�i
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y(q)Z i;j (r � q)dqdr

=
� � X

i

@f
@�i

(q)
X

j

@�i
@�i;j

(q)Z i;j (q � r )dq y(r )dr :

(2.15)

where we have made use of the fact thatr andq are dummy variables and can be swapped.

Comparing with Eq. 2.9 reveals the variational derivative (or, equivalently, the potential

V(r )):
�E
��

(r ) := V(r ) =
� X

i

@f
@�i

(q)
X

j

@�i
@�i;j

(q)Z i;j (q � r )dq ; (2.16)

De�ning � i;j (q) � @f
@�i;j

(q), Z 0
i;j (r ) � Z i;j (� r ), rearranging the summations, and grouping
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the partial derivatives, Eq. 2.16 can be expressed as:

V(r ) =
X

i

X

j

�
� i;j (q)Z 0

i;j (r � q)dq : (2.17)

The integral in Eq. 2.17 follows the de�nition of a convolution which yields the following

expression forV(r ):

V(r ) =
X

i

X

j

�
� i;j ~ Z 0

i;j

�
(r ) =

X

i

X

j

�
Z 0

i;j ~ � i;j
�

(r ) ; (2.18)

where the last equality re�ects the fact that the convolution operator commutes. This form

reveals that the variational derivative of a convolutional kernel can be decomposed into

a term that only requires standard derivatives (� i;j ), but requires an additional number of

convolutions equal to the total number of convolutional kernels used to calculate all the

descriptors.

The prior derivation is applicable to spin-paired functionals where a single electron

density,� (r ) is present. However, for spin-polarized functionals there exist two independent

electron densities for spin-up and spin-down electrons, denoted as� " (r ) and � #(r ),

respectively, or as� � (r ) where� is a spin index� 2 [" ; #]. In this case, each convolutional

feature� i;j and corresponding descriptor� i will have an additional index denoting the spin

channel, resulting in� i;j;� and� i;� . In addition, there will be two resulting potentials,V� ,

which will be coupled together, sincef will generally be a function of both spin-up and

spin-down descriptors:

E[� ] =
�

f (� " [� " ](r ); � #[� #](r ))dr ; (2.19)
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following the derivation above to Eq. 2.18 yields:

V� (r ) =
X

i

X

j

�
@f

@�i;j;�
~ Z 0

i;j

�
(r )

=
X

i

X

j

�
Z 0

i;j ~ � i;j;�
�

(r ) ;
(2.20)

or, explicitly:

V" (r ) =
X

i

X

j

�
Z 0

i;j ~ � i;j; "
�

(r ) ;

V#(r ) =
X

i

X

j

�
Z 0

i;j ~ � i;j; #
�

(r ) :
(2.21)

We note that the standard GGA can be expressed as a special convolutional functional if the

gradient is computed using �nite-difference stencils, and show that the standard expression

for the GGA potential is recovered in this case (see Section A3.4 in Appendix 7.2.4).

2.3.1 Potentialfor a functionalbasedonMP descriptors

The MP descriptors developed in Eq. 2.7 can take the following form when the inner product

is de�ned as convolutions:

� i;� (r ) := = i;� (r ) =
s X

j

! j � ((Z i;j ~ � � ) (r ))2

=
s X

j

! j � 2
i;j;� :

(2.22)

This form is general to any feature constructed by taking theL2-norm of a vector obtained

from a linear combination of multiple convolutional kernels. The partial derivative of= i;�
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with respect to� i;k;� is:
@= i;�

@�i;k;�
=

@
@�i;k;�
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= i;�
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(2.23)

substituting into Eq. 2.16 and simplifying yields:

V� (r ) =
X

i

X

j

! j

�
Z 0

i;j ~
@f

@= i;�

� i;j;�

= i;�

�
(r ) ; (2.24)

comparing to Eq. 2.18 reveals that for the case of MP features:

� i;j;� (r ) = ! j
@f(r )
@= i;�

� i;j;� (r )
= i;�

; (2.25)

where the intermediate quantities required,= i;� and� i;j;� , must already be calculated in the

calculation of the descriptors, and the derivative@f
@= i;�

can be calculated analytically or by

automatic differentiation depending on the functional form and implementation off .

2.4 Nearest-Neighbor Subsampling (NNS) Algorithm2

We adopt the NNS algorithm introduced by Lei and Medford for identifying a near-uniform

subset of high dimensional (� 10-100 dimension) datasets obtained from the MP descriptor

framework [141]. For each iteration of the sampling algorithm, the data is normalized using

a standard scaler with a zero mean and standard deviation of one. The dataset is used to

construct a kd-tree representation which is then queried to search for the nearest neighbor

for each data point and determine the distance between them. The neighbor is removed with

some probability if the distance is below a given cutoff. The process is repeated until no

2The theory in this section was initially introduced in the thesis of Dr. Xiangyun Lei [134] and is included
here convenience and completeness.
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(a) Before NNS (1000000) (b) After NNS (1231)

Figure 2.2: Demonstration of NNS algorithm applied to the multipole features of CO2

molecule which results in a nearly uniform distribution and helps remove duplicate data.
The features are scaled using MinMaxScaler and visualized on a 2D plot using PCA.

more points can be deleted. This algorithm is analogous to a clustering algorithm, where

the number of clusters is implicitly de�ned by two parameters: the cutoff distance and the

deletion rate. The sparsity of the resulting dataset is determined by the cutoff distance,

and the deletion rate controls the robustness of the algorithm. Fig. 2.2 demonstrates an

example of NNS algorithm applied to dimensionally reduced multipole descriptors of a CO2

molecule. The resulting set of points are the identi�ed representative unique environments

for the dataset.
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CHAPTER 3

INVESTIGATING PROPERTIES OF RUTILE TITANIA USING SEMILOCAL

AND HYBRID FUNCTIONALS IN DFT

3.1 Introduction

Metal oxide nanoparticles have wide range of commercial and technological applications

ranging from biomedical engineering to chemical catalysis [142, 143, 144, 145, 146,

147, 148]. Oxide nanoparticles have a number of favorable properties including a high

surface-area to volume ratio, tunable optical properties, and a range of surface reactivities.

For example, oxide nanoparticles can be used as inert support materials in catalysis [149],

or provide reactive surfaces that interact with supported catalysts [150], or act directly as

catalysts [149, 151]. In particular, oxide nanoparticles are commonly used for photocatalysis

since it requires high surface areas, electronic gaps that are aligned with the redox potentials

of products and reactants, and surface chemistry that facilitates chemisorption and reaction

of intermediates [152, 153]. Both the electronic gap and chemical reactivity of nanoparticles

are controlled by their atomic structure and size, as well as the surrounding environment

such as solvents, capping agents and supports. However, atomic-scale simulations of

nanoparticles are challenging due to the number of atoms and electrons present, especially if

their environment is considered. Therefore, it is a natural starting point to study the structure

and reactivity of isolated nanoparticles to establish an understanding of the key factors

governing the electronic gap and reactivity to help design nanoparticles with speci�c optical

and catalytic properties [154].

In particular, TiO2 is of paramount technological importance. The applications of TiO2

include hydrogen production, photo-voltaic cells, degradation of harmful organic compounds

in the environment, medical applications such as bone implants, and supports for other
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catalytic materials [142, 155, 156, 157, 158, 159]. For this reason, TiO2 is widely studied

in the scienti�c literature and is often referred to as a “model oxide” [160, 161, 162]. A

large number of ab-initio studies focus on models of bulk polymorphs [163, 164, 165, 166],

extended surfaces[167, 168, 169] and small nanoparticles but relatively few studies have

been done on investigation of �nite size effects arising in small TiO2 nanoparticles [170,

171, 172], especially for the rutile polymorph of TiO2. These �nite size effects can be

classi�ed into geometric effects which arise due to unique atomic con�gurations in the

nanoparticle, electronic effects, which arise due to features in the electronic structure of the

nanoparticle system, and quantum effects, which arise due to quantization of energy levels

in small particles [173]. Since rutile TiO2 has a large number of applications in the �eld of

heterogeneous catalysis and photocatalysis [174, 175, 176], it represents a natural starting

point for evaluating the �nite size effects on surface and electronic properties. In this work,

we study the �nite size effects in surface energy which is an important property that dictates

the surface structure and stability. The electronic property in consideration is the electronic

gap, which is crucial in applications of photocatalysis because nanoparticles of TiO2 are

often used, but the interplay between nanoparticle structure and photon absorption is not

well understood.

Previous works in the literature have investigated the intrinsic particle size effect

with increasing size of metallic nanoparticles using adsorption energy to characterize

surface catalytic properties. Kleis et al. performed a DFT study using the revised

Perdew-Burke-Ernzerhof (RPBE) functional [92] on gold metal nanoparticles ranging

from 13 to 1,415 atoms to show how surface properties varied with system size at two local

geometries that resemble surfaces of (111) and (211) slabs [177]. They show that surface

properties converge to the slab limit at a characteristic length of 27	A (560 atoms). The

generality of �ndings for other transition metals were con�rmed with a similar study on

freestanding cuboctahedral platinum metal nanoparticles which show analogous convergence

with size but at a smaller characteristic length of 16	A (147 atoms) [173]. The main limitation
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of the prior work described above is that they focus on metallic systems and are limited

to semilocal GGA exchange-correlation functionals. Exceptions include several studies

focused on �nite size effects in anatase [170, 178] and rutile [179] nanoparticles at the

hybrid level of theory with light-tier-1 numerical atom-centered orbitals basis. However,

the convergence of surface properties toward the slab limit was not investigated, and the

particles were constructed to minimize the presence of geometric defects which may play a

signi�cant role in catalytic systems.

Jinnouchi and Asahi have also shown that metal alloy nanoparticles can contain

heterogeneous atomic con�gurations such as atomic-scale defects that cannot be explained

by the single-crystal surface models, and that these defects dominate the catalytic

activity of nanoparticles [180]. They propose a machine-learning scheme which adopts a

descriptor-based approach to map slab-based surface models to the nanoparticle surfaces

and defects. The machine-learning model is trained on single crystal slabs with various

defects and compositions. The model is then able to accurately predict energetics of complex

nanoparticles, which indicates that the geometric defects dominate the nanoparticle behavior.

However, it is unclear if a similar strategy will work for (mixed) metal oxide particles,

particularly for photocatalysts where the electronic structure is important.

Evaluating �nite size effects on electronic structure properties is complicated by the need

for hybrid-level functionals. Exchange-correlation functionals based on the local-density

approximation (LDA) and GGA signi�cantly underestimate the electronic gap because

of a derivative discontinuity in the exchange-correlation potential [181]. However, the

hybrid functionals that are implemented within the generalized Kohn-Sham (KS) formalism

instead of standard KS formalism incorporate part of the discontinuity which leads to a

electronic gap that is in good agreement with experimental values [182]. Despite the fact

that planewave codes are the most widely used method for solving the KS equations, it

becomes impractical to perform planewave hybrid calculations on systems with> 100 atoms

due to the early onset of the cubic scaling bottleneck and the large associated prefactor.
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In particular, the limited scalability on parallel computing platforms restricts the time to

solution that can be achieved. Another disadvantage of planewave codes is the nature of

the Fourier basis that restricts the method to periodic boundary conditions, hence making

it necessary to add arti�cial periodicity using vacuum and dipole corrections, which limits

accuracy in the study of systems with dipole moments as well as charged systems [183, 184,

185]. The use of a �nite difference basis set can overcome these challenges by enabling

ideal parallelization and application of non-periodic boundary conditions.

In this work, we investigate �nite size effects in rutile TiO2, which is the most stable

polymorph of titania [186]. We utilize a collection of model systems including bulk, surface

slabs, and nanoparticles to deconvolute effects arising from various types of defects. We

use these model systems to elucidate �nite size effects on the surface energy and electronic

gap, and we explore the in�uence of the exchange correlation functional on these effects by

performing calculations with both semilocal (PBE) and hybrid (PBE0) functionals. The study

utilizes the new �nite-difference Simulation Package for Ab-initio Real-space Calculations

(SPARC) [183] code to enable hybrid-level calculations on nanoparticle systems. We also

utilize a numerical convergence technique to assess the length scale of electronic interactions,

and apply a geometric �ngerprinting scheme based on machine-learning [24] to deconvolute

geometrical and electronic �nite size effects in surface energy [173]. The results indicate

that the surface energy converges quickly for both functionals, approaching the in�nite

particle limit at particle sizes of� 10 	A. However, we �nd that the electronic gap and DOS

are highly sensitive to functional choice, particle size, and particle shape, indicating that

hybrid-level calculations are required to assess the electronic structure of nanoparticles well

beyond the sizes investigated here.
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3.2 Methods

3.2.1 Kohn-ShamDFT simulations

We perform Kohn-Sham DFT calculations using the state-of-the-art “Simulation Package for

Ab-Initio Real-space Calculations” (SPARC) software [183, 187, 188, 189] — a real-space

DFT code that has comparable accuracy to established planewave codes, while requiring

walltimes that are more than an order of magnitude lower. In all calculations, we neglect

spin and choose optimized norm-conserving Vanderbilt (ONCV) pseudopotentials [190]

from the SG15 [191] collection. In addition, we employ the Perdew-Burke-Ernzerhof (PBE)

[76] and PBE0 [192, 83] exchange-correlation functionals for performing GGA and hybrid

level calculations, respectively.

In all simulations, we choose the twelfth-order �nite-difference approximation. For

bulk calculations, where periodic boundary conditions are prescribed in all three coordinate

directions, we employ a mesh-size of 0.25 bohr and 4� 4 � 4 Monkhorst-Pack grid

[193] for Brillouin zone integration. These and other parameters have been chosen to

provide an accuracy of 0.01 bohr in the computed equilibrium lattice constants. For slab

calculations, where periodic and Dirichlet boundary conditions are prescribed in the plane

and perpendicular to the plane of the slab, respectively, we employ a mesh-size of 0.25 bohr,

a 4� 4 Monkhorst-Pack grid for Brillouin zone integration, and a vacuum of 8 bohr. These

and other parameters have been chosen to provide an accuracy of 0.001 Ha/atom in the

energy. For the nanoparticle calculations, where Dirichlet boundary conditions are employed

in all three coordinate directions, we employ a mesh-size of 0.3 bohr and vacuum of 8 bohr

in each coordinate direction. These and other parameters have been chosen to provide

an accuracy of 0.001 Ha/atom in the energy. Note that we perform structural relaxation

for only the bulk system, while the atoms in the slab systems and nanoparticles are held

�xed, i.e., only the electronic ground state is computed for the given atomic positions. All

atomic positions and structures are de�ned using the Atomic Simulations Environment
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(ASE) package [194].

3.2.2 Linearregressionmodelfor nanoparticleenergetics

We adopt the following decomposition for the nanoparticle energy:

Enanoparticle= Ebulknbulk +
facetsX

i

E facet;i nfacet;i +
defect typesX

j

Edefect;j ndefect;j (3.1)

whereEbulk is the energy per TiO2 unit for the crystal,nbulk is the number of bulk-like TiO2

units in the nanoparticle,E facet;i is the average facet energy per TiO2 unit for thei th slab

type,nfacet;i is the number ofi th slab-like surface TiO2 units in the nanoparticle,Edefect;j

is the defect energy per TiO2 unit of thej th defect type, andndefect;j is the number ofj th

defect-like TiO2 units in the nanoparticle. We have separated surface-like defects from

other defects, since the energy of surface defects can be obtained from slab calculations. In

the current work, we consider 3 slab types, i.e., (100)-symmetric, (010)-asymmetric, and

(001)-symmetric, and 3 defect types, i.e., edge, corner, and sub-edge. The values forEdefect;j

are determined via least-squares regression, with the values for the remaining quantities

computed using the methodology outlined below.

The energiesEnanoparticleandEbulk are immediately available from DFT calculations for

the nanoparticle and bulk, respectively. To calculateEsurface;i , we adopt the extrapolation

scheme of Adhikari et al. [195]. In particular, for each of the slab types, we �rst calculate the

energy of the slab as a function of the number of layersN , which we denote byEslab;i (N ).

Next, we determine the average surface energy by �tting the data to the relation:

Eslab;i (N ) = 2 Esurface;i + N ~Ebulk;i (3.2)

where ~Ebulk;i is the extrapolated bulk energy. In the current work, we have usedN = 12

layers, which results inEsurface;i values converged to within0:0002Ha/atom. Note that

for the (010)-asymmetric slab, though the computedEsurface;i is the average over the two
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different surfaces on either side of the slab, it can be used in our formulation since all

nanoparticles considered in this work have both surfaces of the (010)-asymmetric slab, if

present at all.

To be able to systematically determinenbulk, nslab;i , andndefect;i , we develop a machine

learning scheme that determines the classi�cation of each TiO2 unit in the nanoparticles

based on the local atomic environment. Speci�cally, we use the atomic descriptors proposed

by Behler and Parrinello [24], details of which can be found in the Appendix. We

generate the atomic descriptors for �ngerprinting the model space by using the Atomistic

Machine-learning Package (AMP) [196] and select the hyperparameters of the featurization

scheme such that there is maximum separation between different geometrical con�gurations

in the model space. We apply dimensionality reduction using kernel principal component

analysis (kPCA) [197] on the scaled descriptors to generate linearly independent features

and use MeanShift clustering [198], a density-based clustering algorithm to form clusters

of atomic con�gurations for different types of titanium atoms in nanoparticles. The

dimensionally reduced features facilitate visualization in a lower-dimensional space by

using the interactive visualization tool ElectroLens [199]. The scikit-learn software package

[200] is used for all machine-learning models. We train the clustering algorithm with the

model space and use ElectroLens to assign clusters to class labels for the categories of

interest.

3.2.3 Nearsightednessanalysisfor electronicinteractions

We perform the nearsightedness analysis for electronic interactions using the real-space

Spectral Quadrature (SQ) method [201, 202, 203], a technique developed for performing

large-scale linear-scaling Kohn-Sham DFT calculations. In particular, for the electronic

ground state computed using standard diagonalization-based schemes in SPARC [183, 189,

188], we determine the convergence in electron density with size of interaction region —

quadrature order to be large enough to make associated errors signi�cantly smaller than
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those considered in this work — analogous to previous such results obtained for the energy

and atomic forces in bulk aluminum at various temperatures [204]. Speci�cally, for a

given interaction length scale, we express the electron density at any point in space as a

bilinear form in terms of the Hamiltonian, which is then approximated by a Gauss quadrature

rule that remains spatially localized to the interaction region by exploiting the locality of

electronic interactions in real-space [205], i.e, the exponential decay of the density matrix

in real-space for insulators as well as metals at �nite temperature. Indeed, in the limit of

in�nite size for the interaction region, the ground state electron density computed using

diagonalization is exactly recovered.

3.3 Results and Discussion

To study the �nite size effects in surface properties and electronic structure of nanoparticles,

we construct the “TiO2 model space” which is the collection of all model systems using

the equilibrium structural parameters. This is illustrated in Fig. 3.1. For the bulk rutile

system, we �nd equilibrium lattice constants ofa = 4:636 	A and c = 2:967 	A. These

lattice constants are in good agreement with the literature values and are summarized in

Table A3.1 in the Appendix. The slab models include a mix of symmetric and asymmetric

slabs, and the facet energy of asymmetric slabs is calculated using the average between the

two different facets. The cuboidal nanoparticles are non-periodic slabs, with vacuum in all

directions instead of periodic boundary conditions. These cuboidal isolated nanoparticles

are stoichiometric, and the faces of these cuboidal nanoparticles have an atomic structure

consistent with the low-index facets of TiO2 slabs. The faces of cuboidal particles will also

have defect sites arising due to edges, corners and sub-edge atoms at edges (sub-edges) that

are not present in the facets of slab models. These nanoparticles are a convenient way of

studying the trends of surface properties and comparing with the extended slab models since

their geometries are most similar to the slab models, making it easier to isolate electronic

�nite size effects. However, the unphysical nature of the cuboidal geometries may cause
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artifacts when studying system-level properties such as the electronic gap and DOS. Hence,

non-stoichiometric nanoparticles that are closer to realistic systems are also created using the

Wulff-construction algorithm [206]. To facilitate comparison between the particle models,

we restrict the Wulff-constructed particles to only contain the same low-index facets that

appear on the cuboidal particles (100, 010, and 001 facets).

Figure 3.1: All TiO2 systems studied including the rutile bulk crystal, slab model, cuboidal
nanoparticles ranging from 24 to 384 atoms and Wulff nanoparticles constituting of 136 and
282 atoms.

3.3.1 Finitesizeeffectsonsurfaceenergy

Finite size effects can be categorized as geometric effects, electronic effects, and quantum

effects [173]. In the case of energetic properties such as surface or adsorption energies,

the geometric �nite size effects are expected to be local due to the nearsightedness of

electrons [205]. Therefore, it is possible to deconvolute the geometric and electronic �nite

size effects by partitioning the energy to speci�c types of geometric defects. Any deviation
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