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SUMMARY

The objective of this thesis is to integrate autonomous transportation with the current

transportation system, including introducing autonomous vehicles into ground transporta-

tion and utilizing urban airspace. We first study the ride-sharing networks with mixed

autonomy where both autonomous vehicles (AVs) and human driven vehicles (HVs) are

considered, and then focus on urban airspace mobility (UAM) management for urban air

vehicles (UAVs).

Existing research in ride-sharing has largely focused on two ends of the autonomy.

To fill this gap, this thesis explore the transition from traditional ride-sharing networks to

totally automated mobility-on-demand systems, where the platform sets prices for riders,

compensations for drivers of HVs, and operates AVs for a fixed price with the goal of

maximizing profits.

In UAM networks, takeoff and landing sites, called vertiports, typically have limited

landing capacity. For safety, it must be guaranteed that an air vehicle will be able to land

before it can be allowed to take off. We present a model for the UAM network that ac-

counts for uncertain travel times and limited landing capacity at vertiports. We explore

the problem of scheduling UAM flights, where we established theoretical bounds on the

achievable throughput of the network and developed a tractable algorithm for scheduling

trips to satisfy safety constraints and arrival deadlines. The algorithm allows for dynami-

cally updating the schedule to accommodate, e.g., new demands over time. Additionally,

we investigate the safety verification problem for given UAM schedules in the network with

disruption, where we consider the intermittent closures of the vertiports. We develop theo-

retical constraints and an efficient algorithm that, given a proposed UAM schedule, verifies

whether all UAVs are able to safely reach a back-up landing site in the event of a vertiport

closure without violating the limited landing capacity of each vertiport in the network.

xii



CHAPTER 1

INTRODUCTION

There is growing attention towards ground transportation congestion and transition effi-

ciency. Introducing autonomous vehicles into the ground transportation network and uti-

lizing urban airspace are both reasonable solutions. Autonomous mobility systems has

aroused the attention from researchers and companies, while the arrangement of both au-

tonomous vehicles (AVs) and urban air vehicle (UAVs) are being studied. In our proposed

research, we are exploring the urban air mobility (UAM) solutions and ride-sharing net-

work with both AVs and human-driven vehicles (HVs).

1.1 Ride-Sharing Network

In ground transportation systems, ride-sharing network with mixed autonomy where both

autonomous vehicles (AVs) and human-driven vehicles (HVs) are considered. Ride-sharing

platforms, also known as transportation network companies, match passengers or riders

with drivers using websites or mobile apps and have become ubiquitous in major cities

across the world [1, 2]. The rise of ride-sharing platforms coincides with a decline in

private car ownership due to high costs, lack of parking, and persistent traffic congestion

[3, 1, 4, 5]. Traditionally, rides are provided by drivers who use their own personal vehicle

to provide service.

However, ride-sharing platforms have indicated that they intend to incorporate au-

tonomous vehicles (AVs) into their fleet in the near future [6]. AVs managed by the ride-

sharing platform can be directed to specific locations as needed. However, owning and

managing an AV fleet can be costly for the ride-sharing platform, and significant techno-

logical hurdles remain before these platforms could transition to 100% autonomous fleets.

For these reasons, it is likely that ride-sharing platforms will, at least initially, adopt a
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hybrid or mixed framework in which AVs operate along-side conventional, human-driven

vehicles [7]. For example, the ride-sharing platform Lyft has partnered with Aptiv, a man-

ufacturer of autonomous cars, to serve some of its ride requests in Las Vegas, Nevada with

AVs [8]. In this setting, the AVs can be deployed to serve, for instance, locations with

abnormally high demand.

1.2 Urban Air Mobility Management

Besides introducing autonomous vehicles into ground transportation systems, there is grow-

ing interest in utilizing urban airspace for transportation of people and goods. Both com-

mercial mobility-on-demand operators [9] and government-sponsored research institutes

such as NASA [10] are exploring such urban air mobility solutions in cities and surround-

ing regions. Studies such as [11, 12, 13, 14, 15, 16] propose various approaches to allow

urban air vehicles (UAVs) to travel safely and efficiently through cities. These proposed

ideas cover a wide range of possibilities such as allowing UAVs to land at vertistops or

vertiports installed on roofs of existing buildings or within cloverleaf exchanges on free-

ways. Several simulation tools [17, 18, 19] have also been developed. At the same time,

unforeseen disruptions such as intermittent closure of landing sites due to, e.g., extreme

weather conditions must be considered for any UAM solution [11]. In particular, a key

safety constraint is to ensure that a back-up landing spot is available for all in-flight UAVs.

1.3 Preview of Thesis

In this thesis, we first study the transition from traditional ride-sharing networks to totally

automated mobility-on-demand systems in Chapter 3, where we introduce the problem for-

mulation of ride-sharing networks with mixed autonomy. In Chapter 4, we pose the prob-

lems of profit maximization as non-convex optimization problems for AV and HV priority

assignments and proposes an alternative convex optimization problem that provides the

same optimal profits and from which a solution to the original problem can be recovered.

2



Due to its asymmetry to the AV and HV priority assignments, weighted priority assignment

is introduced and studied separately in Chapter 5, where we also study the relation between

the AV, HV and weighted priority assignments and show that they achieve the same optimal

profits. We then turn our attention to the UAM management in Chapter 6, where we in-

troduce our UAM network model with limited landing capacity and uncertain travel times

and investigate the theoretical constraints on schedulability of given set of demands in both

static and dynamic cases. In Chapter 7, we develop a tractable algorithm for dynamically

scheduling trips to satisfy safety constraints and arrival deadlines. In Chapter 8, we study

the safety verification problem in the event of a landing site closure in the UAM network

with only one backup landing site assigned to each flight, and extend it into a more general

setting where multiple backup landing sites can be assigned in Chapter 9.

Mixed Autonomy in Ride-Sharing Networks

In Chapters 3–5, we study the ride-sharing networks with mixed autonomy. In partic-

ular, in Chapter 3 we extend the model proposed in [20], which did not consider AVs, to

the mixed autonomy setting under several assumptions on the vehicle-to-rider assignment

possibilities, and we analyze the resulting models. We consider a network consisting of

multiple locations, and potential riders arrive at these locations with desired destinations.

The ride-sharing platform sets prices for riders and compensation to drivers of HVs. In

addition, the platform has the option to deploy AVs for a fixed cost. Introducing AVs leads

to an important assignment choice that must be made: if both an AV and an HV are avail-

able to serve a rider, which receives preference? We consider three possible assignment

rules: AVs always receive priority (AV priority); HVs always receive priority (HV prior-

ity); and priority is determined in proportion to the number of available AVs and HVs at

each location (weighted priority).

We focus on the equilibrium conditions that arise in the resulting mixed autonomy

deployment when the platform seeks to maximize profits. In Chapter 4, we then study

the profit-maximizing optimization problem under equilibrium for AV and HV priority

3



assignments, respectively. However, it is a non-convex optimization problem, which is

difficult to analyze the performance. We therefore develop an alternative convex problem

for both assignments, which we demonstrate to have the same maximum profits as the

original non-convex problem, while an optimal solution to the original non-convex problem

can be recovered from the convex alternative problem.

Due to its asymmetry to the AV and HV priority assignments, we also introduce and

study weighted priority assignment in Chapter 5 under equilibrium. We also investigate the

relation between AV, HV and weighted priority assignments, where we find them always

achieve the same optimal profits. We then analyze the optimal solutions on a special class

of networks.

We summarize our main findings in the problem of ride-sharing network with mixed

autonomy as follows:

1. In all three priority assignments, the equilibrium conditions lead to a non-convex

optimization problem. Nonetheless, we develop an alternative convex problem from

which an optimal solution to the original non-convex problem can be recovered.

2. We find that, surprisingly, all three priority schemes result in the same maximum

profits for the platform. This is because, at an optimal equilibrium, we show that all

vehicles are assigned a ride and thus the priority assignment choice is immaterial at

the optimal equilibrium.

3. Lastly, we consider the ratio of AVs to HVs that will be deployed by the platform

in order to maximize profits for various operating costs of AVs. We show that, in

some cases, there is a regime for which the platform will choose to mix HVs and

AVs vehicles in order to maximize profits, while in other cases, the platform will use

only HVs or only AVs, depending on the relative cost of AVs. For a specific family

of networks, we fully characterize these thresholds analytically.

The main contributions are therefore two-fold. First, we develop a new model for study-
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ing the emergence of AVs in ride-sharing networks. This model contributes substantial

modifications to the foundational model developed in [20] in order to allow for the presence

of AVs. Second, we conduct a detailed theoretical study of the resulting model focusing

on the optimal profits obtainable by a ride-sharing platform that deploys AVs. While the

AV priority assignment case is first investigated in [21], the main findings with all three

assignments appear in [22].

Capacity-Constrained Urban Air Mobility Scheduling

We explore the scheduling problem of urban air mobility services with limited land-

ing capacity and uncertain travel times in Chapters 6–7 and study a dynamic scheduling

algorithm for UAM networks.

We model a UAM network as a graph with nodes that are finite capacity vertiports

and edges that are transportation links between vertiports. A key feature of our model

is the allowance of uncertain travel time between vertiports represented as an interval of

possible travel times. These two aspects have not been considered together in any other

UAM solutions. Flights depart from origin nodes at a scheduled departure time and visit

one more more vertiports along a route through the UAM graph. When a vehicle arrives at

a vertiport, it occupies one of a finite number of landing spots for a fixed ground service

time to, e.g, offload and load passengers. In this framework, the defining feature of safety

is that a landing spot must always be available when the UAV arrives at the vertiport. The

fact that travel times are uncertain adds to the complexity of the safety problem.

In Chapter 6 we present the above model for UAM networks that allows for a time-

varying set of trip demands, limited landing capacity at destinations, and uncertainty in

travel times that is modeled nondeterministically with lower and upper travel time bounds.

Trip demands, i.e., flights, must travel through designated routes and have arrival deadlines

at their destinations. We consider the problem of scheduling flight departures to ensure that

all flights arrive no later than their deadlines and that there is always an available landing

spot at the destination and intermediate nodes upon arrival. Because demands are time-
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varying, we refer to such networks as dynamic; in the case when all demands are available

at once, we call the network static and refer to a static scheduling problem.

Next, we present necessary conditions for the existence of a schedule for the dynamic

and static UAM network. In particular, for static scheduling problem, we focus on the

practically relevant class of star-branch networks consisting of a main destination node,

multiple leaf origin nodes, and possibly intermediate nodes between leaf nodes and the

destination node. This model captures, for example, travel from exurbs to a main city

with possible stops at additional suburbs along the way and is the configuration for all four

UAM networks (metro areas of Austin, Atlanta, Boston, and San Francisco) considered the

INRIX report [14]. We present necessary conditions for the existence of a feasible schedule

for the static UAM network. When there are no intermediate nodes, we also show that this

condition is sufficient for feasibility.

We propose to evaluate the cost of a schedule as the sum of the difference between

arrival and departure time for all trips. We then present a mixed integer program to compute

an optimal schedule for the static UAM network on star-branch network. We demonstrate

our approach on a case study in Atlanta, Georgia based on the example considered in [14].

The static scheduling results can be found in [23].

The method for obtaining an optimal schedule in Chapter 6 is limited to static net-

work for star-branch graph topology, and uses a mixed integer program. However, the

mixed integer program quickly becomes intractable as the number of flights increases. To

broaden the scope of UAM network under consideration for the scheduling problem, and

enhance the scheduling efficiency, in Chapter 7 we present a computationally efficient dy-

namic scheduling algorithm to compute a schedule satisfying safety constraints and arrival

deadlines, and we demonstrate our approach on several case studies.

The dynamic scheduling algorithm proposed in Chapter 7 uses a branch-and-bound

heuristic that does not rely on a mixed integer formulation and therefore may only create a

suboptimal schedule. However, we demonstrate through example that our algorithm is able
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to quickly obtain feasible schedules with reasonable cost, i.e., in under 1 second for 200

trips in two case study networks. Moreover, the algorithm computation can be continued in

search of a lower cost schedule and interrupted at any point. The dynamic network model

and scheduling algorithm appear in [24].

Schedule Verification for Urban Air Mobility

In Chapters 6–7, the schedules are obtained so that the trip demands, i.e., flights, must

travel through designated routes and meet their corresponding arrival deadlines at their des-

tinations, while satisfying the landing-spot restrictions at the destination and intermediate

nodes upon arrival. In Chapters 8–9, we further consider the problem of verifying the safety

of a given schedule upon the closure of a node in the network.

We assume given a schedule that is a priori nominally safe obtained via, e.g., the

methodology proposed in Chapters 7. Given such a schedule, the goal is to ensure that

it remains safe even if a vertiport closes and in-flight UAVs must be rerouted. In particular,

a key safety constraint is to ensure that a back-up landing spot is available for all in-flight

UAVs. We use the same UAM network model as in Chapter 6 while focusing on the static

case, as we are aiming to provide a safety verification for a given set of demands before

their departure. But this can be easily extended to dynamic model.

In Chapter 8 we add the disruption model, which considers the closure of a landing site,

to the existing UAM network model. For each flight under consideration, one link-related

backup node will be assigned. We then develop necessary and sufficient conditions for a

given UAM schedule to be guaranteed as safe in the disrupted scenario under worst-case

travel time realization, which leads to our proposed safety verification algorithm. We also

provide necessary conditions for guaranteed safety under best-case travel time realization.

Lastly, we develop a safety verifying algorithm based on the worst-case safety constraints

and demonstrate our verification algorithm and its computation efficiency on a UAM net-

work withup to 1,000 UAVs. The results in the chapter are presented in [25].

In Chapter 9, we extend the safety verification problem in Chapter 8 to a more general
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case, where we assume that each link in the UAM network poses a set of back-up nodes

such that any flight on that link that is inbound for a closed vertiport must be safely rerouted

to one of those nodes at the moment of closure such that landing capacity is not exceeded

for any node within the network.

Our main contributions are as follows. First, we present necessary and sufficient con-

ditions for ensuring safety in the event of a vertiport closure, i.e., for ensuring that all in-

flight UAVs are able to land at a back-up vertiport without exceeding landing spot capacity

constraints. These conditions ensure safety for any realization of the link travel times,

which are uncertain and only assumed to lie between known lower and upper bounds. We

therefore refer to these conditions as worst-case safety guarantees. Second, we present an

efficient algorithm for checking whether a schedule satisfies the theoretical necessary and

sufficient conditions for worst-case safety. This algorithm leverages the theory of totally

unimodular matrices to losslessly convert a mixed integer program into a linear program,

enabling scalability to schedules with large numbers of UAVs. In particular, the proposed

algorithm scales quadratically with the number of scheduled flights. Third, we present

necessary and sufficient conditions for safety under some realization of the travel times.

We refer to this as best-case safety, in contrast to worst-case safety which must be safe

for all travel time realizations. These conditions, for example, could help a UAM operator

determine if a schedule could be rendered safe by reducing travel time uncertainty. We

demonstrate our results on several examples. Extending to multiple backup nodes is a sig-

nificant generalization requiring the theory of totally unimodular matrices for an efficient

algorithm that allows for checking a much larger class of safe schedules.
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CHAPTER 2

LITERATURE SURVEY

2.1 Ride-Sharing with Autonomous Vehicles

Ride-sharing platforms, also known as transportation network companies, have become

commonplace due factors such as high costs of car ownership, lack of parking, and per-

sistent traffic congestion [1, 2, 3, 4, 5]. Traditionally, rides are provided by drivers who

use their personal vehicle to provide service. However, ride-sharing platforms are likely to

incorporate autonomous vehicles (AVs) into their fleets in the near future [6].

AVs managed by the ride-sharing platform can be directed to specific locations as

needed. However, owning and managing an AV fleet can be costly for the ride-sharing

platform, and significant technological hurdles remain before these platforms could transi-

tion to 100% autonomous fleets. For these reasons, it is likely that ride-sharing platforms

will, at least initially, adopt a hybrid or mixed framework in which AVs operate along-side

conventional, human-driven vehicles [7]. For example, the ride-sharing platform Lyft has

partnered with Aptiv, a manufacturer of autonomous cars, to serve some of its ride requests

in Las Vegas, Nevada with AVs [8]. In this setting, the AVs can be deployed to serve, for

instance, locations with abnormally high demand.

Existing research in ride-sharing has largely focused on two ends of the autonomy spec-

trum. On one end are futuristic mobility-on-demand systems consisting of only AVs [26,

27, 28, 29, 30]. These works focus on controlling the movement of AVs to achieve objec-

tives such as maximum throughput. On the other end, models of rider and driver behavior

in conventional ride-sharing markets with only HVs and no AVs have been considered in

[20, 31, 32, 33]. A common approach in these works is to conside ride-sharing as a two-

sided market with passengers willing to pay for rides and drivers willing to provide rides
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for compensation.

2.2 UAM Network Modeling and Constraints

The modeling of UAM networks, including the new constraints and challenges that people

need to take into account before UAVs can be widely used, is being studied. Commercial

mobility-on-demand operator Uber is exploring the UAM solutions for the future of on-

demand urban air transportation in [9] with the hope of radically improving the urban mo-

bility. In [9], several critical challenges we need to resolve before bringing the on-demand

urban air transportation to market are addressed, including battery technology, vehicle per-

formance and reliability, air traffic control, cost, safety, vertiport/vertistop infrastructure

in cities, etc. Among these challenges, the vertiport/vertistop infrastructure can be con-

sidered as the graph related to the network; the air traffic control involves scheduling the

departures, assigning routes, and reserving landing spots for the UAVs; safety can include

maintaining space separation for UAVs all the time, and reserving landing spots or backup

landing spots for them upon arrival. NASA also provides high-level conceptual descrip-

tions for the future UAM operations in [10]. The paper further discusses the scope that

the UAM community may perform different missions and potential hazards. The paper

suggests a few ideas of future work. In the proposed research, we are especially working

on the scheduling problem, with disruption management (capacity drop) and contingency

response management (backup parking-spot assignment).

Similarly, studies such as [11, 12, 13, 14, 15, 16] propose various approaches to al-

low urban air vehicles to travel safely and efficiently through cities. These proposed

ideas cover a wide range of possibilities such as allowing UAVs to land at vertistops or

vertiports installed on roofs of existing buildings or within cloverleaf exchanges on free-

ways. Implementing corridors can help to manage the traffic flow for airspace with high

demands [11]. Therefore, the vertistops or vertiports can be naturally considered as the

nodes of a directed graph, while the corridors can be regarded as the edges. However,
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since the vertistops/vertiports suggested have limited space, and at the same time, the space

separation of the UAVs needs to be maintained at all time to ensure safety, limited land-

ing capacity at each vertistop/vertiport has to be considered and will be one of the most

important constraints in the UAM network modeling.

A star graph with several leaf nodes, a central node and links directed from leaf nodes to

the central node may be served as a simple baseline of the model. Then, some intermediate

nodes can be added between leaf nodes and the destination node to serve as the interme-

diate stops for loading or unloading, and charging of the UAVs. This model captures, for

example, travel from exurbs to a main city with possible stops at additional suburbs along

the way and is the configuration for all four UAM networks (metro areas of Austin, Atlanta,

Boston, and San Francisco) considered the INRIX report [14].

Several simulation tools [17, 18, 19] have also been developed, many of them based

on how commercial airline traffic is managed today, while others focus on safe coordi-

nation of unmanned drones. The algorithm presented in [17] is an initial implementation

of UAM network management based on AutoResolver algorithm developed for traditional

aviation that schedules departure and arrival across the network, with continuous trajectory

management to ensure safe separation between UAVs. The Flexible engine for Fast-time

evaluation of Flight environments (Fe3) is another simulation tool introduced in [18]. It

is able to analyze high-density traffic system that involve a large volume of UAVs statisti-

cally. In [19], a software framework for mission-level autonomy with unmanned vehicles,

OpenUxAS, is presented.

2.3 Routing and Scheduling of Vehicles

In the transportation scheduling literature, prior works have considered uncertain travel

times or limitations on parking capacity separately. Particularly, [34] investigates how the

flow of UAVs depends on the congestion level and finds through simulations similarities

with ground highway traffic with high traffic density. However, different from today’s
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mobility-on-demand services on the ground, the availability of landing spots at vertistops

or vertiports will be limited for UAM networks. Since UAVs will have limited power

storage, safety concerns will dictate that each UAV is guaranteed an available landing spot

upon arrival. In addition, UAM travel is particularly vulnerable to uncertain travel times

caused by the relatively short travel distances and high variability of factors such as weather.

Moreover, for UAM solutions, it is likely that the UAV will only stay on the ground for a

short amount of time (e.g., several minutes) to unload and load passengers, emphasizing

the importance of timely operation of the whole system.

Uncertainty in routing problems has also been studied before for ground transportation.

The paper [35] provides a literature review of stochastic vehicle routing problems. Exam-

ples of more recent work are presented in [36], which studies computation of minimum-

cost paths through a time-varying network and considers several classes of waiting policies.

In [37], a theoretical basis for optimal routing in transportation networks with highly vary-

ing traffic conditions is provided, where the goal is to maximize the probability of arriving

on time at a destination given a departure time and a time budget. Besides the traditional

shortest-path routing method, Software-defined Networking (SDN) and Data Center Net-

work (DCN) are attracting increasing amount of researchers [38]. When traditional shortest

path routing protocol among multiple data centers is used, the links in the shortest path can

be congested easily, which may lead to low throughput and long delay, but using SDN can

help with this problem.

As mentioned earlier, the availability of landing spots upon arrival is critical for safe

operation of a UAM network. While the parking availability problem is not usual in ground

transportation, it can be critical for truck scheduling, where the drivers are usually required

by law to park and rest after a specified amount of driving time. This problem has been

addressed in [39], where the authors consider deterministic travel time between different

locations and the truck drivers only have access to parking spots during specific time win-

dows, but space limitations at the parking spots are not considered. In [40] the authors
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solve a similar problem with time-dependent travel times, but do not take the availability

of parking spots into account.

Scheduling problems have also been well-studied in the real-time systems community,

e.g., in [41, 42], where jobs often are assumed to arrive with a fixed periodicity and in some

models have an uncertainty in their processing time. Both of them study the feasibility

analysis that determines whether a specified collection of hard, real-time jobs executed on

a processing platform can meet all designated deadlines prior to execution. [41] presents

feasibility tests for uniprocessor real-time systems using preemptive earliest deadline first

(EDF) scheduling, where EDF scheduling is considered optimal in the sense of feasibility.

The paper [42] explores on the feasibility tests for multiprocessor.

Our proposed model is similar to non-preemptive scheduling with aperiodic tasks and

hard deadlines when we consider a simple star graph, but with different goals. For example,

for finite demands, we consider scheduling to achieve prescribed deadlines without exces-

sively early departure times. Also, as the graph considered for the UAM network becoming

more complicated, the studies of typical scheduling problems can not be directly applied

to our proposed research, but they can provide an insight into the fundamental limits in our

model. Moreover, as indicated in [43], when preemption is not allowed and tasks have arbi-

trary arrivals, even finding a feasible schedule will be NP-hard. Bratley’s algorithm [44] is

proposed to find a feasible schedule of a set of non-preemptive tasks with arbitrary arrival

times. Although in certain cases, the algorithm may still fall into the dilemma of exhaus-

tive search, it has a great chance of effectively reducing the search space with its pruning

techniques.

2.4 Disruptions to Transportation Systems

Safety of UAV scheduling is one of the most important concerns for the research of UAM

solutions, and has been explored in several papers. A risk assessment framework is devel-

oped in [16] that aims to provide real-time safety evaluation and tracking capability for the
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UAM management. In [16], the risk of off-nominal conditions in a UAV is assessed by

calculating the potential impact area and the effects of the impact to people on the ground.

In [17], the simulation tool AutoResolver is proposed that has the ability of continuously

ensuring safe separation between UAVs given both spatial and temporal constraints. How-

ever, AutoResolver assumes that UAVs are expected to arrive at the destination as early as

possible; in contrast, under the setting considered in this paper, we relax this assumption

and impose the separation constraint between UAVs from another aspect, i.e., the limited

landing capacities at the vertistops or vertiports along the routes.

In ground transportation settings, most of the disruptions in the network can be modeled

as capacity reductions, where totally disabled roads have zero capacity. The challenge is

then to reroute the vehicle flows to ensure resilient operation of the network, where the

flows are often assumed to be continuous quantities in the network [45, 46].

In this regard, our analysis is closer to classical airspace operation, where disruptions

have previously been modeled and investigated to enable efficient recovery plans after the

perturbations. Much of the existing literature focuses on generating a new recovery sched-

ule [47, 48, 49, 50, 51, 52, 53], rerouting aircrafts [54, 55, 56, 57, 58, 59], or are integrated

with recovering crew schedules [60, 61, 62, 63, 64, 65, 66] while minimizing a cost related

to deviation to original schedules, available resources, and other system constraints. Other

literature considers airport closures as disruptions [59, 53, 52]. However, these works do

not consider the capacity constraints of the airports, as needed here for the vertiports. More-

over, the present paper views the scheduling problem as a hard safety constraint rather than

from the perspective of efficient operation.

2.5 Resilience in Transportation Networks

Since the interruptions, e.g., adverse weather and emergency repair, can occur and affect

the transportation systems, it is importance of introducing resilience into transportation net-

works as emphasized in [67]. This paper also observes that increasing the adaptability of
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the transportation system while maintaining functions in the presence of a shock or disrup-

tion is one of the main themes within the concept of resilience. Analysis and evaluations

for resilience of transportation systems have also been explored in [68, 69, 70, 71, 72].

A comprehensive review of the concepts and methodologies for resilience in transporta-

tion systems is provided in [68]. In [69], a quantifiable resilience evaluation approach is

provided to analyze the ability to recover transportation function once partial network is

shut down and the reduction in network resilience caused by the removal of nodes or edges

of transportation networks. A model to optimize the structure of transportation networks

is proposed according to the evaluation. In this paper, the transportation network is rep-

resented by an undirected graph with the nodes as cities and edges as traffic roads. The

same model of transportation networks is also considered in [71]. This paper develops and

calibrates a model to evaluate traffic delays using link loads, which helps to estimate the

efficiency and resilience of the transportation network. A framework for evaluating trans-

portation risk with some strategies for resilience enhancement is provided in [72]. [73]

presents an emergency landing spot detection algorithm for UAVs. Unlike the model in

our work where the landing spots are fixed and the emergency landing sites can only be

chosen from the fixed spots, [73] focus on detection of any available landing spot in the

surrounding area once a UAV fails to arrive at the landing spot. However none of these

methods are directly applicable to the UAM network setting studied in this thesis.

15



CHAPTER 3

MIXED AUTONOMY IN RIDE-SHARING NETWORKS

For ride-sharing platforms, significant technological and regulatory hurdles remain before

ride-sharing platforms could transition to 100% autonomous fleets [74, 75]. Therefore,

it is likely that ride-sharing platforms will initially adopt a mixed framework in which

autonomous vehicles (AVs) operate alongside conventional, human-driven vehicles (HVs)

[7, 76, 8].

Existing research in ride-sharing has largely focused on two ends of the autonomy spec-

trum. On one end are futuristic mobility-on-demand systems consisting of only AVs. On

the other end, models of rider and driver behavior in conventional ride-sharing markets

with only HVs and no AVs have been considered.

In Chapter 3–5, we study the transition from traditional ride-sharing networks to totally

automated mobility-on-demand systems. In particular, we extend the model proposed in

[20], which did not consider AVs, to the mixed autonomy setting under several assumptions

on the vehicle-to-rider assignment possibilities, and we analyze the resulting models. We

consider a network with multiple equidistant locations, and potential riders arrive at these

locations with desired destinations. The network operator or platform determines prices

for rides and compensations to drivers within the network. The price of a ride may differ

among locations, but does not depend on the desired destination of each rider.

In this chapter, we study the formal ride-sharing model definition and the equilibrium

conditions.

3.1 Model Definition

We now formalize the mixed autonomous ride-sharing network described above.

Riders. Among a network of n equidistant locations, a mass of θi potential riders arrives
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at location i ∈ {1, 2, . . . , n} in each period of time. Throughout, when indices are omitted

from a summation expression, it is assumed the summation is over all locations 1 to n. A

fraction αij ∈ [0, 1] of riders at location i are traveling to location j so that
∑

j αij = 1

for all i. We assume αii = 0 for all i and construct the n-by-n adjacency matrix A as

[A]ij = αij where [A]ij denotes the ij-th entry of A.

Human-driven vehicles (HVs). After each time period, a driver exits the platform with

probability (1 − β) and serves another ride with probability β where β ∈ (0, 1). Thus, a

driver’s expected lifetime in the network is (1− β)−1. Each driver has an outside option of

earning ω over the same lifetime.

Autonomous vehicles (AVs). The platform can choose to operate an AV in the network

for a fixed cost of s each time-step. Thus, k = s(1 − β)−1/ω is the ratio of the cost of

operating an AV for the equivalent time of a driver’s expected lifetime to the outside option

earnings. Unlike HVs, it is assumed that AVs are in continual use and do not leave the

platform.

Platform. The platform sets a price pi for a ride from location i and correspondingly

compensates a driver with ci for providing a ride at location i. The continuous cumulative

distribution of the riders’ willingness to pay is denoted by F (·) with support [0, p̄]. That

is, when confronted with a price p for a ride, a fraction 1 − F (p) of riders will accept this

price, and the remaining F (p) fraction will balk and leave the network without requesting

a ride. Note that θi(1− F (pi)) is then the effective demand for rides at location i.

The description of the riders, HVs, and the platform is the same as that presented in

[20]. In this work, we also introduce AVs as described above. As developed below, this

addition substantially alters how the model behaves and is analyzed as compared to [20].

In addition, we make the following assumption throughout.

Assumption 1. The network’s demand pattern is stationary, i.e., A and θi are fixed for all

i. Moreover, the directed graph defined by adjacency matrix A is strongly connected and

θi > 0 for all i ∈ {1, . . . , n}, n ≥ 2.
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In summary, the system consists of a platform that sets prices, riders that request rides

among locations, HVs that seek to maximize their compensation, and AVs managed by the

platform alongside the drivers.

3.2 HV and AV Priority Assignments

The number of riders willing to pay the platform’s price may be less than, equal to, or

greater than the total number of HVs and AVs available at that location. When it is greater

than the total number of vehicles, some riders will not be served and will leave the network.

When it is less than the total number of vehicles, the platform must decide how to assign

riders to vehicles. Resolving this priority assignment problem is one of the main challenges

presented by the model defined above as compared to the model with no AVs as proposed

in [20]. When no AVs are present, it is assumed that riders are arbitrarily assigned to drivers

and any remaining HVs choose to reroute to the location of highest expected earnings. In

contrast, in this chapter, we consider several priority assignments.

The first priority assignment, called HV priority, assigns riders to HVs before AVs and

is appropriate if, e.g., the platform views HVs as customers that should be accommodated

and given preference over AVs. We also consider an AV priority assignment in which AVs

are assigned rides before HVs. This priority assignment is appropriate if, e.g., the platform

views HVs only as a supplement when insufficient AVs are available. In Section 5.2, we

consider a third, intermediate weighted priority assignment that assigns rides in proportion

to the availability of vehicles, but we defer its definition and analysis until later.

We sometimes refer to the above defined model under any of the three priority as-

signments as a mixed autonomy deployment. For comparison, the HV-only deployment is

obtained by assuming no AVs at any location. An HV-only deployment may arise by the

choice of a profit-maximizing platform if the platform decides not to use any AVs; alter-

natively, we may consider an HV-only deployment by enforcing the constraint of no AVs

at any locations, in which case it is referred to as a forced HV-only deployment. Similarly,
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the AV-only deployment is obtained from the mixed autonomy deployment when there are

no HVs at any locations, and a forced AV-only deployment arises when this condition is

enforced as a constraint on the system.

3.3 Equilibrium Definition for HV Priority Assignment

We now turn to the equilibrium conditions of the above model that are induced by the

stationary demand as characterized in Assumption 1 and by fixed prices and compensations

set by the platform. An equilibrium for the system is a time-invariant distribution of the

mass of riders, HVs, and AVs at each location satisfying certain equilibrium constraints,

as formalized next; all variables are understood to refer to an equilibrium and therefore no

time index is included.

We consider first HV priority assignment. Let xi denote the mass of HVs at location

i. Recall θi(1 − F (pi)) the mass of riders willing to pay for a ride at location i. If there

are fewer riders than HVs at a location, drivers can relocate to another location to provide

service in the next time period. For each i, j ∈ {1, . . . , n}, let yij denote such drivers at

location i who relocate to location j without providing a ride. It follows that

n∑
j=1

yij = max {xi − θi(1− F (pi)), 0} . (3.1)

Further, let δi denote the mass of new drivers who choose to enter the platform and

provide service at location i at each time step. At equilibrium, it must hold that

xi = β

[
n∑

j=1

αjimin {xj, θj(1− F (pj))}+
n∑

j=1

yji

]
+ δi. (3.2)

In (3.2), observe that min {xj, θj(1− F (pj))} is the total demand the platform serves with

HVs at location j, and therefore
∑

j αjimin {xj, θj(1− F (pj))} is the mass of HVs that

find themselves located at i after completing a ride.
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When the demand θi(1−F (pi)) at location i exceeds the mass of available HVs xi, the

platform can choose to use AVs to meet this extra demand. Let zi denote the mass of AVs

at location i, and for each i, j ∈ {1, . . . , n}, let rij denote the AVs which do not get a ride

at i and are relocated to location j. Then

zi =
n∑

j=1

αjimin {zj,max {θj(1− F (pj))− xj, 0}}+
n∑

j=1

rji. (3.3)

In (3.3), observe that min {zj,max {θj(1− F (pj))− xj, 0}} is the total demand that the

platform serves with AVs at location j. Moreover,
∑

j rji is the mass of AVs which do not

get a ride to any other location and are relocated to location i. It follows that

n∑
j=1

rij = max {zi −max {θi(1− F (pi))− xi, 0} , 0} . (3.4)

Note that, under HV priority assignment,
∑

j rij depends on xi.

For each location i, define the expected earnings Vi to be the average total compensation

earned by a driver arriving at location i. Recall that, for each ride served at location i,

drivers are compensated ci and travel to a new location according to the demand pattern A.

If a driver does not serve a ride due to insufficient demand, the driver earns no compensation

but is free to reroute to the location with highest expected earnings. It thus follows that the

expected earnings satisfy the relationship

Vi = min

{
θi(1− F (pi))

xi

, 1

}(
ci +

n∑
k=1

αikβVk

)

+

(
1−min

{
θi(1− F (pi))

xi

, 1

})
βmax

j
Vj (3.5)

for all locations i where we observe θi(1− F (pi))/xi is the fraction of drivers at location i

that serve rides, provided θi(1− F (pi)) ≤ xi.

Since drivers have an outside earnings option of ω, they will enter the network at lo-
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cation i if and only if Vi ≥ ω. Moreover, the platform is able to independently adjust

each compensation ci, so a profit maximizing platform seeking to minimize Vi is able to

achieve Vi = ω for all i, so called HVs’ incentive-compatibility constraints, leading to the

following definition.

Definition 1. For some prices and compensations {pi, ci}ni=1, the collection

{δi, xi, yij, zi, rij}ni,j=1 is an equilibrium under {pi, ci}ni=1 for HV priority assignment if

(3.1)–(3.4) is satisfied and Vi as defined in (3.5) satisfies Vi = ω for all i = 1, . . . , n such

that δi +
∑n

j=1 yji > 0.

3.4 Equilibrium Definition for AV Priority Assignment

In this section, we parallel the development of the previous section for AV priority assign-

ment. The analogous equilibrium conditions are

xi = β

[∑
j

αjimin {xj,max {θj(1− F (pj))− zj, 0}}+
∑
j

yji

]
+ δi (3.6)

n∑
j=1

yij = max {xi −max {θi(1− F (pi))− zi, 0} , 0} (3.7)

zi =
n∑

j=1

αjimin {zj, θj(1− F (pj))}+
∑
j

rji (3.8)

n∑
j=1

rij = max {0, zi − θi(1− F (pi))} . (3.9)

In comparing (3.6)–(3.9) to (3.1)–(3.4), notice that AV priority assignment leads to
∑

j yij

dependent on zi in (3.7) whereas
∑n

j=1 rij does not depend on xi in (3.9).

The expected earning Vi for a driver at location i now has the form

Vi = min

{
Mi

xi

, 1

}(
ci +

n∑
k=1

αikβVk

)
+

(
1−min

{
Mi

xi

, 1

})
βmax

j
Vj, (3.10)

Mi = max {θi(1− F (pi))− zi, 0} . (3.11)
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Again, the platform chooses compensation such that Vi = ω.

Definition 2. For some prices and compensations {pi, ci}ni=1, the collection

{δi, xi, yij, zi, rij}ni,j=1 is an equilibrium under {pi, ci}ni=1 for AV priority assignment if

(3.6)–(3.9) is satisfied and Vi as defined in (3.10)–(3.11) satisfies Vi = ω for all i = 1, . . . , n

such that δi +
∑n

j=1 yji > 0.

We discuss restrictions of the present model which posits several simplifying assump-

tions such as equidistant locations. These simplifying assumptions allow for fundamental

insights such as in Theorem 3 and in Section 5.3 below that are not obscured or confounded

by additional degrees of freedom. Moreover, such assumptions might be reasonable in cer-

tain settings. For example, about 75% of taxi rides in New York City are less than three

miles1, suggesting that distance may not be a major distinguishing attribute of most rides

in that market, and, as a result, the equidistance assumption would be sufficient in many

situations. Equidistance is required here because we adopt a discrete time model and all

parameters are on a per-ride basis. Similar to [20], normalized distance between nodes

can be introduced as a new coefficient to extend the model when the equidistance assump-

tion is relaxed. This coefficient scales ride price and driver compensation, which are then

interpreted on a per-distance-unit basis.

1As determined from almost 7 million yellow taxi trips in June 2019 available at
https://www1.nyc.gov/site/tlc/about/tlc-trip-record-data.page
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CHAPTER 4

PROFIT-MAXIMIZATION WITH CONVEXIFICATION FOR HV AND AV

PRIORITY ASSIGNMENTS

We have already discussed the model for the ride-sharing network with mixed autonomy,

the three different priority assignments and the equilibrium. In this chapter, we mainly

focus on the HV and AV priority assignments. We first formulate the non-convex profit-

maximization problems for HV and AV priority assignments, followed by their convexifi-

cation.

4.1 Profit-Maximization for HV and AV Priority Assignment

We now consider the problem of maximizing profits at equilibrium. We focus on the equi-

librium under prices and compensations {pi, ci}ni=1. This analysis is reasonable when there

are large populations of HVs, AVs and riders during periods of stationary rider demand. In

this case, the equilibrium captures the flow constraints in (3.1)–(3.4) or (3.6)–(3.9) and the

drivers’ earnings constraints in (3.5) or (3.10)–(3.11). We first consider profit maximiza-

tion with HV priority assignment and then with AV priority assignment. Under HV priority

assignment, maximizing the aggregate profit across the n locations subject to the system’s

equilibrium constraints yields the following optimization problem:

max
{pi,ci}ni=1

n∑
i=1

[min {xi + zi, θi(1− F (pi))} · pi −min {xi, θi(1− F (pi))} · ci − zi · s]

s.t. {δi, xi, yij, zi, rij}ni,j=1 is an equilibrium under{pi, ci}ni=1 for HV priority assignment.

(4.1)

These equilibrium conditions capture the flow constraints of all vehicles while following

HVs’ incentive-compatibility constraints. However, the optimization problem (4.1) is diffi-
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cult to analyze directly. Instead, we propose an equivalent optimization problem, followed

by a lemma establishing the equivalence. To this end, consider as an alternative

max
{pi,δi,xi,yij ,zi,rij}

n∑
i=1

piθi(1− F (pi))− ω
n∑

i=1

δi − s

n∑
i=1

zi

s.t. di =θi(1− F (pi))

xi =β

[
n∑

j=1

αjimin {xj, dj}+
n∑

j=1

yji

]
+ δi

n∑
j=1

yij =max {xi − di, 0}

zi =
n∑

j=1

αjimax {dj − xj, 0}+
n∑

j=1

rji

n∑
j=1

rij =zi −max {di − xi, 0}

pi,δi, zi, xi, yij, rij ≥ 0 ∀i, j. (4.2)

In a certain sense formalized in the next lemma, (4.2) is equivalent to (4.1).

Lemma 1. Assume HV priority assignment and consider the optimization problems (4.1)

and (4.2). Under Assumption 1, an optimal solution to (4.2) provides an optimal solution

to (4.1). In particular, the following hold:

1. If (1 − β)ω < p̄ or s < p̄, then any optimal solution
{
p∗i , δ

∗
i , x

∗
i , y

∗
ij, z

∗
i , r

∗
ij

}n
i,j=1

for

(4.2) is such that d∗i > 0 for all i, i.e., some riders are served at all locations. In this

case, there exist compensations {c∗i }
n
i=1 such that

{
δ∗i , x

∗
i , y

∗
ij, z

∗
i , r

∗
ij

}n
i,j=1

constitutes

an equilibrium under {p∗i , c∗i }
n
i=1 for HV priority assignment. Moreover, {p∗i , c∗i }

n
i=1

is optimal for (4.1).

2. Conversely, if (1 − β)ω ≥ p̄ and s ≥ p̄, then any optimal solution for (4.2) and any

optimal equilibrium from (4.1) is such that δ∗i = d∗i = x∗
i = z∗i = 0 for all i, i.e., no

riders are served.

24



Proof. The proof of the lemma closely follows that of [20, Lemma 1], where we adjust the

claim and the proof so that it applies to the mixed autonomy setting here.

We first show that the optimal value of (4.2) upper bounds the optimal value of (4.1).

For this, we need to show that any solution for (4.1) satisfies di = θi(1 − F (pi)) ≤ xi +

zi. By contradiction, suppose di > xi + zi, so that increasing the price pi by a small

amount (and thus decreasing θi(1−F (pi))) will improve the value of the objective function.

Therefore, di ≤ xi + zi at optimum. Hence we can write the first summation of (4.1) as

n∑
i=1

min {xi + zi, θi(1− F (pi))} =
n∑

i=1

θi(1− F (pi)). (4.3)

The term ω
∑

i δi is the cost rate for drivers of the platform, which is a lower bound for the

platform’s cost on human-driven vehicles at equilibrium. Moreover, the constraints in (4.2)

correspond to the equilibrium constraints in (4.1). Therefore, the optimal value of (4.2) is

an upper bound for that of (4.1).

Next, we’ll see that the upper bound can be reached by the optimal solution supported

by some compensations {ci}ni=1 under equilibrium.

To prove the second part of the lemma, we construct a compensation {ci}ni=1 so that

Vi = ω for all i. To that end, let

ci =


xi

di
· ω(1− β) if di < xi

ω(1− β) if di ≥ xi.

(4.4)

Since we assumed that di > 0 for all i, then ci < ∞ for all i and thus the compensation

is well-defined. Moreover, the probability that any driver at location i is assigned to a ride

is di
xi

when di < xi and is 1 when di ≥ xi since the driver takes the priority when drivers and

AVs both exist in the platform. Therefore, the expected earnings for a single time period

for a driver at location i are equal to ω(1 − β). Thus, the expected lifetime earnings are

Vi =
∑∞

j βjω(1 − β) = ω. Hence, the solution {pi, δi, xi, yij, zi, rij}ni,j=1 is supported as
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an equilibrium using the compensations we constructed above.

Moreover, the cost incurred by the platform under these compensations per period is

n∑
i=1

min {xi, θi(1− F (pi))} · ci =
n∑

i=1

min {xi, di} · ci.

We construct a partition for the locations so that I1 = {i : di < xi} and I2 = {i : di ≥ xi}.

Therefore

∑
i

min {xi, di} · ci =
∑
i∈I1

dici +
∑
i∈I2

xici

=
∑
i∈I1

di ·
xi

di
ω(1− β) +

∑
i∈I2

xiω(1− β)

=
∑
i

xiω(1− β) =
n∑

i=1

δiω.

The last equality follows from the fact that
∑n

i=1 xi(1−β) =
∑n

i=1 δi since, at equilibrium,

the mass of drivers entering the platform is equal to the mass of drivers that are leaving.

The third part of the lemma follows directly from the second part of [20, Lemma 1]

since zi > 0 only if di > 0 in our scenario.

Turning now to the case of AV priority assignment, the analogous profit-maximization

problem is given by (4.5) below and as in the case of HV priority assignment, we introduce

(4.6) for AV priority assignment.

max
{pi,ci}ni=1

n∑
i=1

[min {xi + zi, θi(1− F (pi))} · pi

−min{xi,max{θi(1− F (pi))− zi, 0}} · ci − zi · s]

s.t.{δi, xi, yij, zi, rij}ni,j=1 is an equilibrium under{pi, ci}ni=1 for AV priority assignment.

(4.5)
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max
{pi,δi,xi,yij ,zi,rij}

n∑
i=1

piθi(1− F (pi))− ω

n∑
i=1

δi − s

n∑
i=1

zi

s.t. di =θi(1− F (pi))

xi =β

[∑
j

αjimax {dj − zj, 0}+
∑
j

yji

]
+ δi

n∑
j=1

yij =xi −max {di − zi, 0}

zi =
n∑

j=1

αjimin {dj, zj}+
n∑

j=1

rji

n∑
j=1

rij =max {zi − di, 0}

pi,δi, zi, xi, yij, rij ≥ 0 ∀i, j. (4.6)

Mirroring Lemma 1, optimization problems (4.5) and (4.6) are equivalent in a certain sense.

Lemma 2. Assume AV priority assignment and consider the optimization problems (4.5)

and (4.6). Under Assumption 1, an optimal solution to (4.6) provides an optimal solution

to (4.5). In particular, the following hold:

1. If (1 − β)ω < p̄ or s < p̄, then any optimal solution
{
p∗i , δ

∗
i , x

∗
i , y

∗
ij, z

∗
i , r

∗
ij

}n
i,j=1

for

(4.6) is such that d∗i > 0 for all i, i.e., some riders are served at all locations. In this

case, there exist compensations {c∗i }
n
i=1 such that

{
δ∗i , x

∗
i , y

∗
ij, z

∗
i , r

∗
ij

}n
i,j=1

constitutes

an equilibrium under {p∗i , c∗i }
n
i=1 for AV priority assignment. Moreover, {p∗i , c∗i }

n
i=1

is optimal for (4.5).

2. Conversely, if (1 − β)ω ≥ p̄ and s ≥ p̄, then any optimal solution for (4.6) and any

optimal equilibrium from (4.5) is such that δ∗i = d∗i = x∗
i = z∗i = 0 for all i, i.e., no

riders are served.
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Proof. The proof is similar to that of Lemma 1 by setting

ci =


xi

di−zi
· ω(1− β) if di > zi

ω(1− β) if di ≤ zi.

From Lemma 1 (resp., Lemma 2), we conclude that it is without loss of generality for

us to focus on the optimization problem (4.2) (resp., (4.6)) for the rest of the chapter when

considering HV (resp., AV) priority assignment.

Moreover, while the objective function of (4.2) (resp., (4.6)) is not concave in general,

it is concave for distributions for which the term p · (1− F (p)) is concave in the fractional

demand d = 1− F (p), which can be set by the platform by adjusting the price p (note that

p · d = d · F−1(1 − d)). For example, the uniform distribution, exponential distribution

and Pareto distribution all satisfy this concavity requirement. Throughout the rest of the

chapter, we focus on the case where the rider’s willingness to pay is such that the revenue

of the platform is concave in d.

Assumption 2. The cumulative distribution F (·) of the riders’ willingness to pay is such

that d · F−1(1− d) is concave in d.

Under HV (resp., AV) priority assignment, we have converted (4.1) (resp., (4.5)) to the

alternative optimization problem (4.2) (resp., (4.6)). Next, we will further convert (4.2)

(resp., (4.6), henceforth written as (4.2)/(4.6)) to an alternative optimization problem that

is also convex, allowing for efficient—and in some cases, closed form—solution computa-

tion.

4.2 Convexification of Profit Maximization

Even when (4.2)/(4.6) possesses a concave objective function, the constraints are non-

convex and cannot be simply convexified so that solving (4.2)/(4.6) remains computation-
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ally difficult, i.e., nonconvex. This section introduces alternative optimization problems of

the mixed autonomy deployment for which the optimal profits will be the same as that of

(4.2)/(4.6).

While the optimal profits are the same, the optimal solutions of the alternative opti-

mization problems are not exactly the same as those calculated in the original problems

(4.2)/(4.6). As a result, a main difference between the original problems and their al-

ternatives is that, while the original problems and their optimal solutions can always be

interpreted physically, the alternatives are purely mathematical problems. However, given

the optimal solution of the alternative problems, we show that it is possible to compute an

optimal solution for the original problems (4.2)/(4.6) with identical profit and vice versa.

Moreover, by eliminating pi using di = θi(1 − F (pi)) in substitution, the alternative op-

timization problems are seen to be convex optimization problems under Assumption 2.

But, for clarity, we leave pi in the alternative optimization problems to allow for compar-

ison to the original problems. Furthermore, the alternative optimization problems become

quadratic optimization problems with linear constraints when F (·) is a uniform distribu-

tion.

First, assume HV priority assignment, and consider the optimization problem given by

max
{pi,δi,xi,zi,rij}

n∑
i=1

piθi(1− F (pi))− ω
n∑

i=1

δi − s
n∑

i=1

zi

s.t. di = θi(1− F (pi))

xi = β

n∑
j=1

αjixj + δi

zi =
n∑

j=1

αji(dj − xj) +
n∑

j=1

rji

n∑
j=1

rij = zi − (di − xi)

pi,δi, xi, zi, rij ≥ 0 ∀i, j. (4.7)
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In the following, we regard (4.2) as the original optimization problem and (4.7) as the

alternative optimization problem for HV priority assignment.

Theorem 1 below states that (4.2) and (4.7) have the same optimal profits for any β, s,

ω and adjacency matrix A. Moreover, given one optimal solution for (4.2) or (4.7), it is

possible to compute an optimal solution for the other.

Theorem 1. Assume HV priority assignment, and consider the original optimization prob-

lem (4.2) and alternative optimization problem (4.7). Let

uori∗ =
{
pori∗i , δori∗i , zori∗i , xori∗

i , yori∗ij , rori∗ij

}n
i,j=1

(4.8)

be an optimal solution for (4.2) and

ualt∗ =
{
palt∗i , δalt∗i , zalt∗i , xalt∗

i , ralt∗ij

}n
i,j=1

(4.9)

be an optimal solution for (4.7). Then the following hold under Assumptions 1 and 2:

• The original optimization problem and the alternative problem obtain the same opti-

mal profits for all possible choices of β, s, ω and adjacency matrix A.

• The optimal solutions satisfy xori∗ = xalt∗, zori∗ = zalt∗, pori∗ = palt∗ and δori∗ =

δalt∗.

• If θi(1−F (pori∗i )) ≤ xori∗
i for all i in the original optimization problem, then zori∗i =

0 for all i and setting ralt∗ij = yori∗ij for all i, j constitutes an optimal solution for the

alternative problem.

• If θi(1 − F (palt∗i )) ≤ xalt∗
i for all i in the alternative optimization problem, then

zalt∗i = 0 for all i and setting yori∗ij = ralt∗ij , rori∗ij = 0 constitutes an optimal solution

for the original optimization problem.
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Proof. Let ϕori∗ and ϕalt∗ be the optimal profits of the two problems (4.2) and (4.7), re-

spectively, and let dori∗i = θi(1− F (pori∗i )) and dalt∗i = θi(1− F (palt∗i )).

To prove that the optimal profits of the two problems are equal, we first show that

ϕori∗ ≤ ϕalt∗ and then ϕori∗ ≥ ϕalt∗.

We first introduce Lagrange multiplies λi, µi, and γi and establish the following in-

equalities for all i, j derived from the KKT conditions that are necessary for any optimal

solution of (4.7):

(constraints on δi) − ω + λi ≤ 0 (4.10)

(constraints on xi)
∑
j

αij(βλj − µj)− λi + γi ≤ 0 (4.11)

(constraints on zi) − s+ γi − µi ≤ 0 (4.12)

(constraints on rij) µj − γi ≤ 0. (4.13)

We now consider three cases to prove ϕori∗ ≤ ϕalt∗.

Case 1: dori∗i ≥ xori∗
i for all i. Then uori∗ is feasible for the alternative problem because

both problems are in fact the same optimization problem in this case. Therefore ϕori∗ ≤

ϕalt∗.

Case 2: dori∗i ≤ xori∗
i for all i. Then the AVs are not needed in any location and zi =

0, rij = 0 ∀i, j. Then the original optimization problem becomes

max
{pi,δi,xi,yij ,zi,rij}

n∑
i=1

piθi(1− F (pi))− ω
n∑

i=1

δi

s.t. di = θi(1− F (pi))

xi = β

[
n∑

j=1

αjidj +
n∑

j=1

yji

]
+ δi

n∑
j=1

yij = xi − di

pi, δi, xi, yij ≥ 0 ∀i, j. (4.14)
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Let zalti = 0 and yaltij = 0 ∀i, j. Then the alternative problem becomes exactly the same

problem as (4.14) when we substitute rij with yij , which proves the claim.

Case 3: There exists some location i such that xori∗
i > dori∗i and some location j such

that xori∗
j < dori∗j . In this case, if there is no i such that xori∗

i = dori∗i , then let I1 = {i :

xori∗
i > dori∗i } and let I2 = {i : xori∗

i < dori∗i }. We can then consider an aggregated network

with locations 1 and 2 representing the combined locations in I1 and I2, respectively.

Hence, in this aggregated network, α11 ≥ 0 and α22 ≥ 0; α12 > 0 and α21 > 0 by our

assumption that the directed graph defined by adjacency matrix A is strongly connected.

Since dori∗1 < xori∗
1 , then zori∗1 = 0. Meanwhile, zori∗1 = max {dori∗1 − xori∗

1 , 0}α11 +

max {dori∗2 − xori∗
2 , 0}α21 +

∑2
j=1 r

ori∗
j1 = (dori∗2 − xori∗

2 )α21 +
∑2

j=1 r
ori∗
j1 since dori∗2 −

xori∗
2 > 0 and dori∗1 − xori∗

1 < 0. Hence zori∗1 > 0 which leads to a contradiction. Therefore,

if there is no i such that xori∗
i = dori∗i , then either xori∗

i > dori∗i for all i or xori∗
i < dori∗i

for all i.

If there exists i such that xori∗
i = dori∗i , define I1 and I2 as above and introduce I3 = {i :

xori∗
i = dori∗i }. Similar to the above argument, we can obtain that zori∗1 = zori∗3 = 0. Since

zori∗1 =
∑3

j=1 αj1max
{
dori∗j − xori∗

j , 0
}
+
∑3

j=1 r
ori∗
j1 while dori∗2 −xori∗

2 > 0, then α21 = 0.

Similarly, we must have α23 = 0. Therefore, we have α22 = 1 since
∑3

j=1 αij = 1.

However, α22 = 1 means that some components in the graph are not strongly connected

with the others, which contradicts our assumption. Hence this mixed situation cannot be

an optimal solution for the problem.

Thus, up to now, we have shown that ϕori∗ ≤ ϕalt∗. Next we show that ϕori∗ ≥ ϕalt∗.

Case 1: If dalt∗i ≥ xalt∗
i for all i, then uori∗ is feasible for the original problem because

both problems are in fact the same optimization problem in this case. Therefore ϕori∗ ≥

ϕalt∗.

Case 2: If dalt∗i ≤ xalt∗
i for all i, we want to show that in this case, zalt∗i = 0 for all i and

then ualt∗ will be feasible for the original optimization by setting yoriij = raltij with roriij = 0

for all i, j.

32



Fix dalt∗i ≤ xalt∗
i for all i, then if zi = 0 is a feasible solution for (4.7), then it will be

the optimal the solution since any increase in zi will increase the cost and reduce the profit.

We’ll show below that given dalt∗i ≤ xalt∗
i and setting zi = 0 for all i for (4.7), there

exists rij that satisfies the constraints for (4.7) and thus constitutes a feasible solution for

the alternative optimization problem.

n∑
j=1

rij = xi − di

n∑
j=1

rji =
n∑

j=1

αji(xj − dj)

rij, (xi − di) ≥ 0 ∀i, j. (4.15)

The new constraints can be described as in (4.15). We can reformulate (4.15) into

(4.16) below where R is an n by n matrix and [R]ij = rij; ∆ is an n by 1 vector and

[∆]i = xi − di; 1 is an n by 1 one’s vector.

R1 = ∆

RT1 = AT∆

∆ ≥ 0

Rij ≥ 0 (4.16)

We can then vectorize R to R̂ (in row) so that (4.16) will transform into (4.17).

MR̂ = b

R̂ij ≥ 0 (4.17)
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M =

M1

M2

 where M1 and M2 are both n by n2 matrices:

M1 = In×n ⊗ 1T =



1 . . . 1 0 . . . 0 . . . 0 . . . 0

0 . . . 0 1 . . . 1 . . . 0 . . . 0

...
...

...
...

0 . . . 0 0 . . . 0 . . . 1 . . . 1


and

M2 = 1T ⊗ In×n =

[
In×n In×n . . . In×n

]
.

R̂ = [R11,R12, . . . ,R1n, . . . ,Rn1,Rn2, . . . ,Rnn]
T is a n2 by 1 vector.

b =

 ∆

AT∆

 is a 2n by 1 vector.

By Farka’s Lemma, to prove that (4.17) has a feasible solution R̂: that is, ∃R̂ s.t.

MR̂ = b and R̂ ≥ 0, we only need to disprove the claim that ∃v ∈ R2n s.t. MTv ≥ 0 and

bTv < 0. Denote vi as the ith element of v.

Let v ∈ R2n s.t. MTv ≥ 0,

MTv =

[
MT

1 MT
2

]
v =


1 0 . . . 0 In×n

0 1 . . . 0 In×n

0 0 . . . 1 In×n

v.

Hence, vi + vj ≥ 0 for all i = 1, . . . , n and j = n+ 1, . . . , 2n.

Now consider bTv.

bTv =

[
∆T ∆TA

]
v = ∆T

[
In×n A

]
v

= ∆T


...

vi +
∑n

j=1 αijvj+n

...

 = ∆T


...∑n

j=1 αij(vi + vj+n)

...


The last equality comes from the fact that

∑n
j=1 αij = 1. Moreover, since vi + vj+n ≥ 0
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for all i, j = 1, . . . , n as previously mentioned, and ∆ ≥ 0, then bTv ≥ 0. Hence we

disproved the claim that ∃v ∈ R2n s.t. MTv ≥ 0 and bTv < 0.

Therefore (4.17) has a feasible solution R̂ and thus (4.15) has feasible solution rij for

all i, j. Hence zalt∗i = 0 for all i and then ualt∗ will be feasible for the original optimization

by setting yoriij = raltij with roriij = 0 for all i, j.

Case 3: There exist β and k such that the optimal solution ualt∗ does not satisfy the two

situations above, which means there exist locations such that dalt∗i > xalt∗
i for some i and

dalt∗j < xalt∗
j for some j. Let I1 = {i : xalt∗

i < dalt∗i } and let I2 = {i : xalt∗
i ≥ dalt∗i } and

we can consider an aggregated network with locations 1 and 2 representing the combined

locations in I1 and I2, respectively. Knowing xalt∗
1 < dalt∗1 , suppose xalt∗

2 > dalt∗2 (since

there exists at least an i such that dalt∗i < xalt∗
i ). Then we can rewrite the constraints of

(4.7) as below:

x1 =β(α11x1 + α21x2) + δ1

x2 =β(α12x1 + α22x2) + δ2

z1 =α11(d1 − x1) + α21(d2 − x2) + r11 + r21

z2 =α12(d1 − x1) + α22(d2 − x2) + r12 + r22

r11 + r12 =z1 − (d1 − x1)

r21 + r22 =z2 − (d2 − x2)

pi,δi, zi, xi, rij ≥ 0 ∀i, j. (4.18)

For convenience, denote ∆1 = dalt∗1 − xalt∗
1 and ∆2 = dalt∗2 − xalt∗

2 . Obviously, ∆1 > 0

and ∆2 < 0.

Since r11 + r12 ≥ 0, then zalt∗1 > ∆1 > 0 and this indicates that γ1 − µ1 = s. Hence

µ1 − γ1 = −s ̸= 0 and thus ralt∗11 = 0.

Since xalt∗
2 > dalt∗2 > 0, then xalt∗

1 > 0 since α21 > 0 for strong connectivity of the

network. Moreover, these indicates that δalt∗1 + δalt∗2 = (1− β)(xalt∗
1 + xalt∗

2 ) > 0
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As z2 ≥ 0, then ralt∗21 + ralt∗22 ≥ xalt∗
2 − dalt∗2 > 0. Suppose ralt∗21 = 0, then ralt∗22 > 0,

then µ2 − γ2 = 0 and hence zalt∗2 = 0. Then zalt∗1 = α11∆1 + α21∆2. Knowing zalt∗1 ≥ ∆1

requires α11 = 1, α21 = 0 (because ∆2 < 0) and this network is no longer strongly

connected which contradicts the assumption. Therefore ralt∗21 > 0 and thus µ1 − γ2 = 0.

We can get µ2 − γ1 = (µ2 − γ2)+ (γ2 −µ1)+ (µ1 − γ1) ≤ 0+ 0− s < 0 so that ralt∗12 = 0.

Therefore zalt∗1 = ∆1; ralt∗21 = zalt∗1 − α11∆1 − α21∆2 = α12∆1 − α21∆2.

With all the preliminary results above, we now divide the problem into two cases:

zalt∗2 = 0 or zalt∗2 > 0.

Suppose zalt∗2 = 0, ralt∗22 = ∆2 − ralt∗21 = −α12∆1 − α22∆2 > 0, which implies that

α12∆1 < −α22∆2 and µ2− γ2 = 0. Hence γ1−µ2 = (γ1−µ1)+ (µ1− γ2)+ (γ2−µ2) =

s+ 0 + 0 = s.

Then (4.11) yields that

β(α11λ1 + α12λ2)− λ1 + α11s+ α12s = 0 (4.19)

β(α21λ1 + α22λ2)− λ2 + α21 · 0 + α22 · 0 = 0 (4.20)

If λ2 = ω, then (4.20) shows that βα21λ1 = (1− βα22)λ2 > (β − βα22)λ2 = βα21λ2.

Hence λ1 > λ2 > ω which contradicts to (4.10). Therefore, λ2 < ω ⇒ δalt∗2 = 0. Since

δalt∗1 + δalt∗2 > 0, then δalt∗1 > 0 and λ1 = ω, λ2 =
βα21

1−βα22
· ω. Applying this result to (4.19)

gives s = (1−β)(1+βα12−βα22)
1−βα22

· ω > (1− β)ω.

Let porii = palt∗i , roriij = 0, yoriij = ralt∗ij for all i, j; δori1 = (1 − β)(dalt∗1 + xalt∗
2 ), δori2 =

0, zori1 = zori2 = 0, xori
1 = dalt∗1 and xori

2 = xalt∗
2 . Then we can see that

uori =
{
porii , δorii , zorii , xori

i , yoriij , roriij

}2
i,j=1

would be a feasible solution for (4.2). This

solution increases the cost by ω · (δori1 − δalt∗1 + δori2 − δalt∗2 ) = (1− β)ω∆1, decreases the

cost by s · (zalt∗1 − zori1 + zalt∗2 − zori2 ) = s · ∆1 > (1 − β)ω∆1. The net profit increases,

hence there always exists a solution for the original optimization problem that has a higher

profit and thus the solution is not optimal (since we’ve already proved that ϕori∗ ≤ ϕalt∗ ).
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Therefore zalt∗2 > 0, which indicates ralt∗22 = 0 and µ2 − γ2 = s. Hence γ1 − µ2 =

(γ1−µ1)+(µ1−γ2)+(γ2−µ2) = s+0+s = 2s. Moreover, zalt∗2 = α12∆1+α22∆2 > 0

implies α12∆1 > −α22∆2

Then (4.11) yields that

β(α11λ1 + α12λ2)− λ1 + α11s+ α12 · 2s = 0 (4.21)

β(α21λ1 + α22λ2)− λ2 + α21 · 0 + α22 · s = 0 (4.22)

Suppose λ1 = λ2 = ω, then (1+α12)s = (1−β)ω = α22s. But s > 0 and 1+α12 > 1 >

α22, thus (1 + α12)s < α22s. Therefore we cannot have δalt∗1 > 0 and δalt∗2 > 0. Suppose

λ2 = ω. Then solving the system of equations gives λ1 = 1+α12−βα22

β(2α21+α12−1)+α22
· ω > ω,

which contradicts the KKT condition (4.10). Hence λ2 < ω implies that δalt∗2 = 0 and thus

δalt∗1 > 0. Therefore, λ1 = ω, λ2 =
β(2α21+α12−1)+α22

1+α12−βα22
· ω and s = (1− β)− (1−β)2α12

1+α12−βα22
· ω.

Let porii = palt∗i , yoriij = 0 for all i, j; xori
1 = xori

2 = δori1 = δori2 = 0, zori1 = dalt∗1

and zori2 = α12d
alt∗
1 + α22d

alt∗
2 ; rori21 = α12d

alt∗
1 − α21d

alt∗
2 and rori11 = rori12 = rori22 = 0

(notice that rori21 > 0 since α12∆1 > −α22∆2 implies that α12d
alt∗
1 + α22d

alt∗
2 > α12x

alt∗
1 +

α22x
alt∗
2 =

xalt∗
2

β
> xalt∗

2 > dalt∗2 and thus α12d
alt∗
1 − α21d

alt∗
2 > 0). Then uori ={

porii , δorii , zorii , xori
i , yoriij , roriij

}2
i,j=1

would be a feasible solution for (4.2). This solution de-

creases the cost by ω ·(δalt∗1 −δori1 +δalt∗2 −δori2 ) = (1−β)ω(xalt∗
1 +xalt∗

2 ), increases the cost

by s·(zori1 −zalt∗1 +zori2 −zalt∗2 ) = s·(xalt∗
1 +α12x

alt∗
1 +α22x

alt∗
2 ) = (1−β)ω(xalt∗

1 +xalt∗
2 ). The

net profit is not changing, hence there always exists a solution for the original optimization

problem that has the same profit which proves the claim.

Turning our attention to AV priority assignment case, consider the optimization prob-

lem

max
{pi,δi,xi,yij ,zi,rij}

n∑
i=1

piθi(1− F (pi))− ω
n∑

i=1

δi − s
n∑

i=1

zi

s.t. di =θi(1− F (pi))
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xi =β

[∑
j

αji(dj − zj) +
∑
j

yji

]
+ δi

n∑
j=1

yij =xi − (di − zi)

zi =
n∑

j=1

αjizj

pi,δi, zi, xi, yij ≥ 0 ∀i, j. (4.23)

Similar to above, we regard (4.6) as the original optimization problem and (4.23) as the

alternative optimization problem for AV priority assignment. The next theorem mirrors

Theorem 1.

Theorem 2. Consider the original optimization problem (4.6) and alternative optimization

problem (4.23). Let

uori∗ =
{
pori∗i , δori∗i , zori∗i , xori∗

i , yori∗ij , rori∗ij

}n
i,j=1

(4.24)

be an optimal solution for (4.6) and

ualt∗ =
{
palt∗i , δalt∗i , zalt∗i , xalt∗

i , yalt∗ij

}n
i,j=1

(4.25)

be an optimal solution for (4.23). Then the following holds under Assumptions 1 and 2:

• The original optimization problem and the alternative problem obtain the same opti-

mal profits for all possible choices of β, s, ω and adjacency matrix A.

• The optimal solutions satisfy xori∗ = xalt∗, zori∗ = zalt∗, pori∗ = palt∗ and δori∗ =

δalt∗.

• If θi(1−F (pori∗i )) ≤ zori∗i for all i in the original optimization problem, then xori∗
i =

0 for all i and setting yalt∗ij = rori∗ij for all i, j constitutes an optimal solution for the

alternative problem.
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• If θi(1 − F (palt∗i )) ≤ zalt∗i for all i in the alternative optimization problem, then

xalt∗
i = 0 for all i and setting rori∗ij = yalt∗ij , yori∗ij = 0 constitutes an optimal solution

for the original optimization problem.

Proof. The proving strategy is the same as Theorem 1. Let ϕori∗ and ϕalt∗ represent the

optimal profits of the two problems (4.6) and (4.23), respectively, and let dori∗i = θi(1 −

F (pori∗i )) and dalt∗i = θi(1− F (palt∗i )).

The KKT conditions related to all of the decision variables (except for the variable pi

since F (pi) can be some general function of pi) are:

(constraints on δi) :− ω + λi ≤ 0 (4.26)

(constraints on xi) :− λi + γi ≤ 0 (4.27)

(constraints on zi) :− s−
∑
j

αij(βλj − µj) + γi − µi ≤ 0 (4.28)

(constraints on yij) :βλj − γi ≤ 0. (4.29)

Notice that for any of the inequalities, the equality holds if the corresponding variable is

greater than zero.

To prove that the optimal profits of the two problems are equal, we first show that

ϕori∗ ≤ ϕalt∗ and then ϕori∗ ≥ ϕalt∗. In both directions, the first two cases (di ≤ xi for all

i and di ≥ xi for all i) use exactly the same method as the proof in Theorem 1, hence we

omit those details, and only consider the third case to prove ϕori∗ ≤ ϕalt∗.

Case 3: There exists some location i such that zori∗i < dori∗i and some location j such

that zori∗j > dori∗j . We will prove that the optimal solution for the original optimization

problem (4.6) will not fall in this case.

Suppose there exist some location such that zori∗i < dori∗i , and let I1 = {i : zori∗i <

dori∗i } and I2 = {i : zori∗i ≥ dori∗i }. We will show that for all i ∈ I2, zori∗i = dori∗i . We can

consider an aggregated network with locations 1 and 2 representing the combined locations
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in I1 and I2, respectively. Knowing z1 < d1 and z2 ≥ d2, then for any d2, z2 = d2 will

constitute a feasible solution for (4.6). Moreover, any z2 such that z2 > d2 will increase the

cost and thus decrease the profit for (4.6). Hence z2 = d2 is optimal. Therefore case 3 will

not constitute an optimal solution for (4.6).

Next we consider the third case for proving ϕori∗ ≥ ϕalt∗.

Case 3: There exists some location i such that zalt∗i < dalt∗i and some location j such

that zalt∗j > dalt∗j . We will prove that the optimal solution for the alternative optimization

problem will not fall in this case.

Suppose there exists some location such that zalt∗i < dalt∗i , and let I1 = {i : zalt∗i <

dalt∗i } and I2 = {i : zalt∗i ≥ dalt∗i }. We will show that for all i ∈ I2, zori∗i = dori∗i .

As above, we can consider an aggregated network with locations 1 and 2 representing

the combined locations in I1 and I2, respectively. We know that zalt∗1 < dalt∗1 and denote

∆1 = dalt∗1 − zalt∗1 > 0. Moreover, suppose that zalt∗2 > dalt∗2 and ∆2 = dalt∗2 − zalt∗2 < 0.

We then rewrite the constraints in (4.30) as below:

xalt∗
1 =β[α11∆1 + α21∆2 + (yalt∗11 + yalt∗21 )] + δalt∗1

xalt∗
2 =β[α12∆1 + α22∆2 + (yalt∗12 + yalt∗22 )] + δalt∗2

yalt∗11 + yalt∗12 =xalt∗
1 −∆1

yalt∗21 + yalt∗22 =xalt∗
2 −∆2

zalt∗1 =α11z
alt∗
1 + α21z

alt∗
2

zalt∗2 =α12z
alt∗
1 + α22z

alt∗
2

pi,δi, zi, xi, yij ≥ 0 ∀i, j. (4.30)

First notice that x1 > 0 and y21 + y22 > 0 since ∆1 > 0 and ∆2 < 0; then x1 + x2 > 0

and thus δ1+ δ2 = (1−β)(x1+x2) > 0. Moreover, we will show below that δ1+ y21 > 0.

Suppose that δ1 = y21 = 0. Since y12 ≥ 0, then y11 ≤ x1 − ∆1. Then, from (4.30),

x1 = β[α11∆1+α21∆2+y11] ≤ β[α11∆1+α21∆2+x1−∆1] = β[−α12∆1+α21∆2+x1] <
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βx1 < x1. This is a contradiction and thus δ1 + y21 > 0.

We next show that when zalt∗1 < dalt∗1 and zalt∗2 > dalt∗2 , we are always able to obtain

a solution in the original optimization problem that achieves greater profit. Since we have

already proved that ϕori∗ ≤ ϕalt∗, then the solution that falls in this case will not be an

optimal solution for the alternative optimization problem.

Suppose s > (1 − β)ω. We are able to obtain a higher profit by increasing the mass

of HVs and decreasing the mass of AVs. In particular, this transformation to case 1 is

accomplished by setting dorii = dalti , roriij = 0, and yoriij = yaltij for all i, j; zori2 = dalt2 ,

zori1 = α21

α12
zori2 , xori

1 = xalt
1 − α21

α12
∆2, xori

2 = xalt
2 − ∆2, δori1 = δalt1 − (1 − β)α21

α12
∆2 and

δori2 = δalt2 − (1− β)∆2. Then, it is obvious that uori =
{
porii , δorii , zorii , xori

i , yoriij , roriij

}2
i,j=1

satisfies all the constraints of (4.6), and hence it is a feasible solution for (4.6).

This modified solution keeps the demand di and thus pi unchanged, decreases the cost

incurred by AVs by s ·(zalt∗1 −zori1 +zalt∗2 −zori2 ) = s ·(−α21

α12
∆2−∆2) = −s ·(1+ α21

α12
)∆2 <

ω(1−β)(1+ α21

α12
)∆2, and increases the cost incurred by HVs by ω·(δori1 −δalt1 +δori2 −δalt2 ) =

ω(1− β)(1 + α21

α12
)∆2. The net profit increases, hence there always exists a solution for the

original optimization problem that achieves a higher profit. Thus, the original solution is

not optimal.

Now consider when s ≤ (1−β)ω. Suppose xalt∗
2 = 0. Then yalt∗21 + yalt∗22 = −∆2; since

xalt∗
1 > 0 (and thus λ1 = γ1), it must hold that yalt∗11 = 0 by KKT conditions. Moreover, we

show that yalt∗12 = 0. Suppose yalt∗12 > 0 so that βλ2 − γ1 = 0. While γ1 = λ1 ∈ [βω, ω]

(this is true if there exist xalt∗
i > 0 for any i), we must have λ2 = ω and γ1 = λ1 = βω. If

δalt∗1 = 0, then yalt∗21 > 0, and thus βλ1 − γ2 = 0. Hence γ2 = β2ω. However, we require

βλ2 − γ2 ≤ 0 while βλ2 − γ2 = βω − β2ω > 0. Therefore δ∗1 > 0. But then we obtain

λ1 = ω by KKT conditions, which contradicts with the fact that λ1 = βω. Therefore,

yalt∗12 = 0.

Since yalt∗11 = yalt∗12 = 0, it holds that xalt∗
1 = ∆1. Since xalt∗

2 = 0, we can thus compute

yalt∗22 = −α12∆1 − α22∆2 − δalt∗2

β
≥ 0, yalt∗21 = α12∆1 − α21∆2 +

δalt∗2

β
> 0. Notice that

41



yalt∗21 > 0 because ∆1 > 0 and ∆2 < 0. Also, δalt∗1 + δalt∗2 = (1 − β)(xalt∗
1 + xalt∗

2 ) =

(1− β)∆1.

Now consider the solution for the original optimization problem by setting dorii = dalt∗i ,

xori
i = δorii = yoriij = 0 for all i, j. Then a feasible solution of (4.6) is obtained according

to zori1 = dalt∗1 , zori2 = zalt∗2 , rori11 = rori12 = 0, rori21 = α12∆1 − α21∆2 and rori22 = −α12∆1 −

α22∆2 = yalt∗22 +
δalt∗2

β
> 0. Then uori =

{
porii , δorii , zorii , xori

i , yoriij , roriij

}2
i,j=1

.

Considering the cost of this modified solution compared to the original solution, the

cost increases by s · (zori1 + zori2 )− s · (zalt∗1 + zalt∗2 ) = s ·∆1 and subsequently decreases

by ω(δalt∗1 + δalt∗2 )− ω(δori1 + δori2 ) = (1− β)ω∆1 > s ·∆1. Since we have already proved

that ϕori∗ ≤ ϕalt∗, this implies the original solution is not optimal, a contradiction.

Therefore, xalt∗
2 > 0, and by KKT conditions, yalt22 = yalt11 = yalt∗12 = δalt∗2 = 0 and

yalt∗21 > 0. Moreover, γ1 = λ1 = ω and γ2 = λ2 = βω. Hence xalt∗
2 = β(α12∆1+α22∆2) >

0 and xalt∗
1 = ∆1.

By (4.28), we have

−s− β(α11λ1 + α12λ2) + γ1 + (α11µ1 + α12µ2)− µ1 = 0 (4.31)

−s− β(α21λ1 + α22λ2) + γ2 + (α21µ1 + α22µ2)− µ2 = 0. (4.32)

Hence −s + (1 − α11β − α12β
2)ω + α12(µ2 − µ1) = 0 and −s + α22(1 − β)βω +

α21(µ1−µ2) = 0. By adding coefficients α21 and α12, we obtain −(α12+α21)s+(1−α11β−

α12β
2)α21ω+α12α22(1−β)βω = 0. By simplification, we then have s = (1+β)(α21−α12β)

α12+α21
·ω.

At the same time, the equation xi = β
[∑

j αji(dj − zj) +
∑

j yji

]
+ δi can be refor-

mulated into xi = β
[∑

j αjidj − zi +
∑

j yji

]
+ δi, and hence the KKT condition corre-

sponding to the reformulated optimization problem becomes

(constraints on δi) :− ω + λ1
i ≤ 0 (4.33)

(constraints on xi) :− λ1
i + γ1

i ≤ 0 (4.34)

42



(constraints on zi) :− s+
∑
j

αijµ
1
j − βλ1

i + γ1
i − µ1

i ≤ 0 (4.35)

(constraints on yij) :βλ1
j − γ1

i ≤ 0. (4.36)

By the same process as before, we obtain γ1
1 = λ1

1 = ω, γ1
2 = λ1

2 = βω, and

−s+ (1− β)λ1
1 + (α11µ

1
1 + α12µ

1
2)− µ1

1 = 0 (4.37)

−s+ (1− β)λ1
2 + (α21µ

1
1 + α22µ

1
2)− µ1

2 = 0. (4.38)

Therefore, s = (1−β)(α21+α12β)
α12+α21

· ω.

By establishing the equality s = (1−β)(α21+α12β)
α12+α21

· ω = (1+β)(α21−α12β)
α12+α21

· ω, we require

α21 = α12 and thus s = β(1−β)ω
2

.

Similar to the situation when xalt∗
2 = 0, we obtain a feasible solution

uori =
{
porii , δorii , zorii , xori

i , yoriij , roriij

}2
i,j=1

for the original optimization problem by setting

dorii = dalt∗i , xori
i = δorii = yoriij = 0 for all i, j; zori1 = dalt∗1 , zori2 = α12d

alt∗
1 + α22d

alt∗
2 ,

rori11 = rori12 = 0, rori21 = α12∆1 − α21∆2 and rori22 = 0. All constraints of (4.6) are satisfied.

The cost incurred by HVs is decreased by ω(δalt∗1 + δalt∗2 ) − ω(δori1 + δori2 ) = (1 −

β)ω(xalt∗
1 + xalt∗

2 ) = ω(1− β)(∆1 + β(α12∆1 + α22∆2)) and the cost incurred by AVs is

increased by s·(zori1 +zori2 −zalt∗1 −zalt∗2 ) = s·(∆1+α12∆1+α22∆2) =
β(1−β)ω

2
(∆1+α12∆1+

α22∆2) =
ω(1−β)

2
(β∆1+β(α12∆1+α22∆2)) < ω(1−β)(∆1+β(α12∆1+α22∆2)). Hence

the cost decreases and the profit is not optimal for the original solution, a contradicition.

Therefore the optimal solution does not fall in case 3.

Corollary 1 follows from Theorems 1 and 2.

Corollary 1. Under Assumptions 1 and 2, the optimal profit for the mixed autonomy de-

ployment under HV (resp., AV) priority assignment is no less than the optimal profit com-

puted from (4.2)/ (4.6) with the additional forced HV-only deployment constraint, i.e., the

constraint zi = 0 for all i.
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Proof. The mixed autonomy optimization problem can be transformed into (4.14) by set-

ting z = 0 and r = 0. Furthermore, (4.14) is exactly the optimization problem for the

system without any AVs. Therefore, by letting z = 0 and r = 0 and the other variables

equal to the optimal solution for the optimization problem for the system without AV, we

obtain a feasible solution for the mixed autonomy system. Therefore the optimal profit for

the mixed autonomy system will be no less than that of the system without autonomous

system.

Corollary 1 emphasizes that in our model, the AVs will be introduced into the platform

only if they increase the optimal profit for the platform.
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CHAPTER 5

THE RELATION BETWEEN HV PRIORITY, AV PRIORITY, AND WEIGHTED

PRIORITY ASSIGNMENTS AND SPECIAL NETWORKS

Now that we have introduced the alternative optimization problems for maximizing the

profits in both HV and AV priority assignments, we next compare the optimal profits for

these two priority assignments in this chapter. We are also exploring the weighted priority

assignment in detail in Section 5.2 and compare all three priority assignments. We then

study the problem on a special class of networks through the case study.

5.1 The Relation between HV Priority and AV Priority Assignments

The main result of this section is Theorem 3 which shows that the two priority assignments

actually lead to the same optimal profits.

Before presenting the main theorem, we first introduce some preliminary lemmas that

are interesting in their own right. In the remainder of the chapter, we denote an optimal

solution with superscript ∗, e.g., x∗
i .

The next lemma establishes that under HV priority assignment, if some location has

departing AVs without passengers, then that location also does not have incoming AVs

without passengers.

Lemma 3. Consider the alternative optimization problem (4.7) for HV priority assignment

under Assumptions 1 and 2. Suppose there exist some location i such that both x∗
i > 0 and

z∗i > 0. Then d∗i ≥ x∗
i for all i. Moreover, for any i0, if there exists some location j such

that r∗i0j > 0, then r∗ji0 = 0 for all j.

Proof. Step 1: We first show that d∗i ≥ x∗
i for all i. This part follows similar to the corre-

sponding part in Lemma 5 which will be proved later.
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Step 2: We complete the proof by contradiction. Assume i0, j0 are locations that r∗i0j0 >

0. By (4.13) we’ll have µj0 − γi0 = 0.

Since
∑n

j=1 rij = zi− (di−xi) by (4.7), then zi0 = di0 −xi0 +
∑n

j=1 ri0j = di0 −xi0 +∑n
j=1,j ̸=j0

ri0j + ri0j0 . Since ri0j ≥ 0 for all j, r∗i0j0 > 0 and from step 1 we have d∗i0 ≥ x∗
i0

,

then z∗i0 > 0. And (4.12) gives that γi0 − µi0 = s. Combining the two results yields that

µj0 − µi0 = s.

Suppose there exists a location j that r∗ji0 > 0, then µi0 − γj = 0. Hence µi0 = γj and

µj0 − γj = µj0 − µi0 = s > 0 which contradicts (4.13). Therefore, for any location j,

r∗ji0 = 0.

Next, we show that if it is optimal for the platform to use both HVs and AVs at some

location, then every vehicle in the network will be assigned to a ride.

Lemma 4. For optimization problem (4.7) under Assumption 1 and 2, if there exists a

location i0 such that x∗
i0
> 0 and z∗i0 > 0, then r∗ij = 0 for all i, j.

Proof. Since there exists a location i such that x∗
i > 0 and z∗i > 0, from Lemma 3 we know

that d∗i ≥ x∗
i for all i.

Suppose there exist a location i0 such that r∗i0j > 0. First, we partition the n locations

into two groups: I1 = {i : i ̸= i0}, I2 = {i0}. Then we aggregate those into a 2-location

system with locations 1 and 2 such that α22 = 0, α21 = 1.

Step 1: We show r∗11 = r∗12 = r∗22 = 0, r∗21 > 0.

Notice that since r∗i0j > 0, then r∗21 > 0. Hence by Lemma 3, r∗12 = r∗22 = 0. Moreover,

since z1 = α11(d1 − x1) + α21(d2 − x2) + r11 + r21 and d∗i ≥ x∗
i for i = 1, 2, then z∗1 > 0

and γ1 − µ1 = s by (4.12). From (4.13), µ1 − γ1 = −s < 0 implies that r∗11 = 0.

Step 2: We show that δ∗2 = 0 and δ∗1 > 0 using KKT conditions.

To reason about the 2-group problem, first rewrite the optimization constraints below

by combining with the conditions α22 = 0, α21 = 1.
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x1 = β(α11x1 + x2) + δ1

x2 = βα12x1 + δ2

z1 = α11(d1 − x1) + (d2 − x2) + r11 + r21

z2 = α12(d1 − x1) + r12 + r22

r11 + r12 = z1 + x1 − d1

r21 + r22 = z2 + x2 − d2

δi, xi, zi, rij ≥ 0 ∀i, j. (5.1)

Clearly, as x∗
i > 0 for i = 1 or 2, then x∗

1 > 0 and x∗
2 > 0 since α12 > 0 when the actual

ride-sharing network has no less then two locations and is strongly connected. Similarly,

since there exists a location i such that x∗
i > 0 and z∗i > 0, then d∗i −x∗

i > 0 and d∗1−x∗
1 > 0

or d∗2 − x∗
2 > 0. Hence z∗1 > 0 and z2 = r21 + r22 + d2 − x2 implies that z∗2 > 0.

We can therefore conclude the corresponding KKT conditions:

r21 > 0 ⇒ µ1 − γ2 = 0

z1 > 0 ⇒ γ1 − µ1 = s

z2 > 0 ⇒ γ2 − µ2 = s

x1 > 0 ⇒ α11(βλ1 − µ1) + α12(βλ2 − µ2)− λ1 + γ1 = 0

x2 > 0 ⇒ (βλ1 − µ1)− λ2 + γ2 = 0.

Notice that the first 3 equations above imply that γ1 − µ2 = 2s + µ1 − γ2 = 2s. By

recombination of the equations, we derive

β(α11λ1 + α12λ2)− λ1 + α11(γ1 − µ1) + α12(γ1 − µ2) = 0

β(α11λ1 + α12λ2)− λ1 + α11 · s+ α12 · 2s = 0
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β(α11λ1 + α12λ2)− λ1 + (1 + α12)s = 0 (5.2)

and

βλ1 − λ2 − (µ1 − γ2) = 0

βλ1 − λ2 = 0. (5.3)

Since δ1 + δ2 = (1 − β)(x1 + x2) and now x∗
1 + x∗

2 > 0, then δ∗1 + δ∗2 > 0. Suppose

δ∗2 > 0, then by (4.10), λ2 = ω, and hence λ1 =
λ2

β
= ω

β
> ω, which contradicts the KKT

condition. Hence δ∗2 = 0 and thus δ∗1 > 0.

Step 3: Determine the range of s that satisfies the given conditions.

Since δ∗1 > 0 then λ1 = ω and thus λ2 = βλ1 = βω. Substituting those into (5.2) yields

that

s = −α11βω + α12β
2ω − ω

1 + α12

(5.4)

=
(1− β)(1 + α12β)

1 + α12

· ω. (5.5)

Therefore, s = (1−β)(1+α12β)
1+α12

· ω is the only value that is feasible.

Step 4: We show that it is possible for the platform to realize the same profit using only

AVs (xi = 0, zi > 0 for all i). Now that

x∗
1 = β(α11x1 + x2) + δ∗1

x∗
2 = βα12x

∗
1

z∗1 = α11(d
∗
1 − x∗

1) + (d∗2 − x∗
2) + r∗21

z∗2 = α12(d
∗
1 − x∗

1)

0 = z∗1 + x∗
1 − d∗1

r∗21 = z∗2 + x∗
2 − d∗2,
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suppose d∗1 ≤ d∗2. Since x∗
2 = βα12x

∗
1 < x∗

1 and z∗1 = d∗1−x∗
1 = α11(d

∗
1−x∗

1)+(d∗2−x∗
2)+r∗21,

then d∗1 − x∗
1 ≥ d∗2 − x∗

2 = d∗2 − βα12x
∗
1 > d∗2 − x∗

1. This implies that d∗1 > d∗2, which

contradicts the assumption. Therefore d∗1 > d∗2.

Moreover, since z∗2 = r∗21 + d∗2 − x∗
2 > d∗2 − x∗

2, then z∗2 = α12(d
∗
1 − x∗

1) > d∗2 −

x∗
2 ⇒ α12d

∗
1 > d∗2 − x∗

2 + α12x
∗
1 = d∗2 + (1 − β)α12x

∗
1. We can also reformulate that

δ∗1 = (1− β)(x∗
1 + x∗

2) = (1− β)(1 + βα12)x
∗
1 and z∗1 + z∗2 = (1 + α12)(d

∗
1 − x∗

1).

It is straightforward to verify that

{
z1 = d∗1, z2 = α12d

∗
1, x1 = x2 = δ1 = δ2 = 0, rij = r∗ij

}
is also a feasible solution for the problem.

We now consider the modified costs under this alternative feasible solution. The in-

crease of the cost is

(z1 + z2) · s− (z∗1 + z∗2) · s

= [d∗1 + α12d
∗
1 − (1 + α12)(d

∗
1 − x∗

1)] · s

= (1 + α12)x
∗
1 ·

(1− β)(1 + α12β)

1 + α12

· ω

= (1− β)(1 + α12β)x
∗
1 · ω, (5.6)

and the cost is subsequently decreased by (δ∗1 + δ∗2) · ω − (δ1 + δ2) · ω = δ∗1ω = (1 −

β)(1 + βα12)x
∗
1ω. Thus the total cost does not change while the prices and demands are

also unchanged. Therefore the profit is not changed.

Hence, it is possible to achieve the same profit using only AVs.

Step 5: We next complete the proof by contradiction. Denote the solutions above as

ud∗
x>0,z>0 for the mixed case of both HVs and AVs and by ud∗

x=0,z>0 for the case with only

AVs. Denote the optimal profit obtained in these two scenarios as πm and πAV , respec-

tively, and from Step 4 we know πm = πAV . Consider the alternative form of AV priority
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assignment optimization problem (4.23).

Suppose with the same ω, s, β and αij for all i, j, the optimal solution for AV pri-

ority assignment falls into the mixed autonomy case with ua∗
x>0,z>0. Notice that since

ya∗ij,x>0,z>0 = 0 for all i, j, then the solution ua∗
x>0,z>0 is feasible for HV priority assignment

by substituting rdij with ya∗ij,x>0,z>0, and moreover the profit will be exactly the same. Addi-

tionally, the solution ud∗
x>0,z>0 is also feasible for AV priority assignment by substituting yaij

with rd∗ij,x>0,z>0 with the profit π̂m. However, since there exist i, j such that rd∗ij,x>0,z>0 > 0,

and from Lemma 6 (as we will prove later) we know that this is not optimal for AV priority

assignment, it follows that πm < π̂m. Hence πm is not an optimal profit for HV priority

assignment, which gives the contradiction.

Suppose the optimal solution ua∗
x=0,z>0 for AV priority assignment falls into the pure-

AV case, i.e., xi = 0 for all i. Again, ud∗
x>0,z>0 is feasible for AV priority assignment.

Moreover, under the case with only AVs, the two optimization problems are exactly the

same by substituting rdij with yaij . Therefore ud∗
x=0,z>0 and ua∗

x=0,z>0 yield the same profit,

denoted as πAV . However, since ud∗
x>0,z>0 cannot be optimal for AV priority assignment as

shown above, πm < πAV which contradicts the above result that πm = πAV .

Finally, if the optimal solution ua∗
x>0,z=0 for AV priority assignment falls into the pure-

HV case, i.e., zi = 0 for all i, then the optimal profit gained from this solution, denoted

as πHV , will be greater than πm (since πm is not the optimal profit). Moreover, since

the solution will also be feasible for HV priority optimization problem, then πHV is also

attainable for HV priority assignment. This contradicts the result that πm is the optimal

profit for HV priority assignment.

Therefore, ud∗
x>0,z>0 cannot be the optimal solution for (4.7) and our assumption that

there exist i, j such that r∗ij > 0 is false. Hence, in the situation under consideration,

r∗ij = 0 for all i, j.

Similar properties exist under AV priority assignment, as summarized in the following

lemmas.
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Lemma 5. Consider the alternative optimization problem (4.23) for AV priority assignment

under Assumptions 1 and 2. Suppose there exist some location i such that both x∗
i > 0 and

z∗i > 0. Then d∗i ≥ z∗i for all i. Moreover, for any i0, if there exist some location j such that

yi0j > 0, then yji0 = 0 for all j.

Proof. Step 1: We show that d∗i ≥ z∗i for all i. Assume location i>0 ∈ {1, . . . , n} is such

that x∗
i>0

> 0 and z∗i>0
> 0. From the construction of the model, we know that the platform

uses AVs only to meet the excess demand, hence d∗i>0
> z∗i>0

. Therefore, from Theorem 2,

we know that for the optimal problem (4.23), d∗i>0
> z∗i>0

. Moreover, in the proof of the

theorem, we have also shown that the mixed case where there exist some locations such

that di > zi and some locations such that di < zi will not be the optimal solution. Thus, it

follows that d∗i ≥ z∗i for all i under this circumstance.

Step 2: We complete the proof by contradiction. Assume i0, j0 are locations such that

y∗i0j0 > 0. By (4.29), we have βλj0 − γi0 = 0. Since
∑n

j=1 yij = xi − (di − zi) by (4.23),

then xi0 = di0 − zi0 +
∑n

j=1 yi0j = di0 − zi0 +
∑n

j=1,j ̸=j0
yi0j + yi0j0 . Since yi0j ≥ 0 for

all j, y∗i0j0 > 0, and from Step 1 above we have d∗i0 ≥ z∗i0 , then x∗
i0
> 0. Therefore, (4.27)

gives that γi0 = λi0 .

Notice also (4.26), (4.27) and (4.29) together indicate that λi ∈ [βω, ω] and γi ∈ [βω, ω]

for all i when there exists at least one location i
′ such that δi′ > 0 (or xi′ > 0). Therefore,

λj0 = ω, γi0 = βω is the only possible choice. Thus γi0 = λi0 = βω.

Suppose there exists a location j such that y∗ji0 > 0. Then βλi0 − γj = 0. This

indicates that λi0 = ω and γj = βω, which contradicts the result λi0 = βω obtained above.

Therefore, for any location j, y∗ji0 = 0.

Lemma 6. For optimization problem (4.23) under Assumptions 1 and 2, if there exists a

location i0 such that x∗
i0
> 0 and z∗i0 > 0, then y∗ij = 0 for all i, j.

Proof. We partition the locations into two groups: I1 =
{
i : y∗ij = 0 ∀j

}
and

I2 = {i : ∃j y∗ij > 0}. By aggregating these groups into two locations, we henceforth
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regard this as a two-location problem indexed by 1 and 2. By Lemma 5, we know that

y∗22 = 0, y∗21 > 0 and d∗i ≥ z∗i for i = 1, 2.

As z∗1 > 0 or z∗2 > 0 and zi =
∑2

j=1 αjizj , since the network is strongly connected,

then z∗1 > 0 and z∗2 > 0. Knowing d∗2 ≥ z∗2 , x2 = (d2 − z2) + y21 + y22 and y∗21 > 0 implies

that x∗
2 > 0; similarly, x∗

1 = β[α11(d
∗
1 − z∗1) + α21(d

∗
2 − z∗2) + y∗11 + y∗21] > 0. Moreover,

(4.27) implies that γ1 = λ1 and γ2 = λ2.

Also, since δ1 + δ2 = (1 − β)(x1 + x2), then there exists i ∈ {1, 2} such that δ∗i > 0

and hence λi = ω by (4.26). Combining with (4.27) and (4.29), we know that λi ∈ [βω, ω]

and γi ∈ [βω, ω]. Since y∗21 > 0, then βλ1 − γ2 = 0 which indicates that λ1 = ω = γ1 and

γ2 = βω = λ2. We further conclude that δ∗2 = 0 and thus δ∗1 > 0, y∗11 = y∗12 = 0. The KKT

variables are the same as the proof of Theorem 2 in the situation where s ≤ (1− β)ω and

xalt∗
2 > 0. Without loss of generality, we therefore conclude that

s =
(1 + β)(α21 − βα12)

α21 + α12

· ω (5.7)

=
(1− β)(α21 + βα12)

α21 + α12

· ω (5.8)

=
1

2
(1− β)βω (5.9)

and α11 = α22.

Now consider the possible optimal solutions

x∗
1 = β[α11(d

∗
1 − z∗1) + α21(d

∗
2 − z∗2) + y∗21] + δ∗1

x∗
2 = β[α12(d

∗
1 − z∗1) + α22(d

∗
2 − z∗2)]

x∗
1 = d∗1 − z∗1

y∗21 = z∗2 + x∗
2 − d∗2

z∗1 = z∗2 .

Suppose d∗1 ≥ d∗2. Then d∗1 − z∗1 ≥ d∗2 − z∗2 and x∗
2 = β[α12(d

∗
1 − z∗1) + α22(d

∗
2 − z∗2)] =
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β[α21(d
∗
1 − z∗1) + α22(d

∗
2 − z∗2)] ≥ β(d∗2 − z∗2). Now let z1 = z2 = d∗2 (increase both

by d∗2 − z∗2). Then decrease x2 by β(d∗2 − z∗2) and x1 by (d∗2 − z∗2), thus we decrease

δ1 by (1 − β)(1 + β)(d∗2 − z∗2) < (1 − β)(x∗
1 + x∗

2). Hence we increase the cost by

2(d∗2−z∗2) ·s = 2(d∗2−z∗2) · 12(1−β)βω = (1−β)β(d∗2−z∗2) ·ω and subsequently decrease

the cost by (1− β)(1 + β)(d∗2 − z∗2) · ω > (1− β)β(d∗2 − z∗2) · ω (by 4.6, x2 > 0 indicates

that d∗2 − z∗2 > 0). Hence the total profit increases, which contradicts the fact that this is a

profit-maximizing optimum.

Suppose d∗1 < d∗2. With the same process as before, we increase z1 and z2 by (d∗1 − z∗1),

decrease x2 by β(d∗1−z∗1) and x1 by d∗1−z∗1 , that is, we decrease δ1 by (1−β)(1+β)(d∗1−

z∗1) < (1−β)(x∗
1+x∗

2). Hence we increase the cost by 2(d∗1−z∗1) ·s = (1−β)β(d∗1−z∗1) ·ω

and subsequently decrease the cost by (1−β)(1+β)(d∗1− z∗1) ·ω > (1−β)β(d∗1− z∗1) ·ω,

with the net effect of increasing the profit, which again is a contradiction.

Therefore yij > 0 is not an optimal solution in this situation.

The main result of this section below uses the above lemmas to establish that a profit-

maximizing platform is able to realize the same optimal profits under either the HV priority

or AV priority assignments.

Theorem 3. Under Assumptions 1 and 2, for any choice of ω, s, β and A,

u∗ =
{
p∗i , δ

∗
i , z

∗
i , x

∗
i , y

∗
ij, r

∗
ij

}n
i,j=1

is an optimal solution of the optimization problem for HV

priority assignment (4.2) if and only if it is an optimal solution of the optimization problem

for AV priority assignment (4.6), and therefore the optimal profits of the two optimization

problems are the same.

Proof. First notice that in each priority assignment, an optimal solution falls into one of

three cases: HV-only (i.e., zi = 0 for all i), mixed autonomy (i.e., there exists some i, j

such that xi > 0 and zj > 0), and AV-only (i.e., xi = 0 for all i). In the case of HV-

only or AV-only, it is straightforward to observe that when a solution is feasible for either

HV priority assignment or AV priority assignment, it will also be feasible for the other
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AV assignment (consider the original optimization problems here). This is also true for

the mixed case, since from Lemmas 4 and 6, we know that rij = yij = 0 in both priority

assignments. Therefore, the solutions for the two optimization problems are convertible:

given β, ω, s and A, if a solution is optimal for one priority assignment, it is also optimal

for the other priority assignment.

Since the objective functions of the two optimization problems (4.2) and (4.6) are the

same, then the result above implies that they have the same optimal profits.

We can then derive a threshold on the cost of AVs above which the platform does not

find it optimal to deploy any AVs.

Proposition 1. Under Assumptions 1 and 2, if k > 1, then, under any priority assignment,

it is optimal for the platform to use an HV-only deployment, i.e., there is no benefit to

introducing AVs into the ride-sharing network.

Proof. Firstly we will develop another necessary condition.

Since we have proved that the two priority assignments achieve the same optimal solu-

tions, then the following are equivalent:

• the inequality/equality in (4.10)/(4.11)/(4.12)/(4.13) holds

• the inequality/equality in (4.26)/(4.27)/(4.28)/(4.29) holds

• the inequality/equality in (4.33)/(4.34)/(4.35)/(4.36) holds.

Moreover, consider the corresponding KKT condition for prices pi, and denote the

variables in (4.10)–(4.13) using superscript d. The KKT conditions require

∂(pidi)

∂pi
(p∗i ) +

∂di
∂pi

(p∗i )(
∑
j

αijµ
d
j − γd

i ) =
∂(pidi)

∂pi
(p∗i ) +

∂di
∂pi

(p∗i )(
∑
j

αijβλj − γi)

=
∂(pidi)

∂pi
(p∗i ) +

∂di
∂pi

(p∗i )(
∑
j

αijβλ
1
j − γ1

i ) = 0 .

54



The last equality holds because p∗i > 0 for all i obviously. Hence
∑

j αijµ
d
j − γd

i =∑
j αijβλj − γi =

∑
j αijβλ

1
j − γ1

i .

Therefore, satisfying the relation of (4.10)–(4.13) with (4.33)–(4.36) requires −ω +

λd
i = −ω + λ1

i ,
∑

j αij(βλ
d
j − µd

j )− λd
i + γd

i = −λ1
i + γ1

i , −s + γd
i − µd

i = −s− βλ1
i +∑

j αijµ
1
j + γ1

i − µ1
i and µd

j − γd
i = βλ1

j − γ1
i for all i, j.

These requirements yield that λd
i = λ1

i and γ1
i = γd

i + c where c = βλd
j − µd

j for any j.

In addition,

−s+ γd
i − µd

i = −s− βλ1
i +

∑
j

αijµ
1
j + γ1

i − µ1
i

γd
i − µd

i = −βλ1
i +

∑
j

αijµ
1
j + γ1

i − µ1
i

γd
i − µd

i = −βλ1
i +

∑
j

αijµ
1
j + (γd

i + βλd
i − µd

i )− µ1
i

0 =
∑
j

αijµ
1
j − µ1

i

and applying this to (4.35) gives a new necessary condition that must be satisfied for any

optimal solution for the optimization problem (4.23):

−s− βλ1
i + γ1

i ≤ 0 (5.10)

where the equality holds when zi > 0.

With the condition described in (5.10) held, we can construct the threshold for the cost

of AV above which the mixed-autonomy won’t be beneficial for the platform.

Assume the optimal profit of the mixed autonomy deployment is strictly greater than

that of the HV-only deployment. Then there exists a location i such that zi > 0. Hence by

(5.15), −s− βλ1
i + γ1

i = 0. Moreover, from (4.29), (4.33) and (4.36), βλ1
j ≤ γ1

i ≤ λ1
i ≤ ω

for any j. Therefore, s = γ1
i − βλ1

i ≤ λ1
i − βλ1

i ≤ (1 − β)ω. Hence k = s
ω
≤ (1−β)ω

ω
=

1− β.
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5.2 Weighted Priority Assignment

Besides assigning the rides to one type of vehicle—HVs or AVs—first, and then using the

other type to satisfy any remaining demand, it is also reasonable to consider that any vehicle

in the platform can be chosen randomly with equal probability. Therefore, in this section,

we introduce the weighted priority assignment in which the platform assigns the rides at

each location to HVs and AVs at that location with the same probability, i.e., in proportion

to the relative fraction of HVs and AVs to the total number of vehicles.

5.2.1 Equilibrium Definition for Weighted Priority Assignment

As described above, in weighted priority assignment, HVs and AVs are assigned to rid-

ers with equal possibility: Prob {rider assigned to HV} = Prob {rider assigned to AV} =

min{ θi(1−F (pi))
xi+zi

, 1} for all i. The resulting equilibrium constraints for the model are:

xi = β
[∑

j

αjimin

{
1,

θj(1− F (pj))

xj + zj

}
· xj +

∑
j

yji

]
+ δi (5.11)

∑
j

yij = max

{
1− θi(1− F (pi))

xi + zi
, 0

}
· xi (5.12)

zi =
∑
j

αjimin

{
1,

θj(1− F (pj))

xj + zj

}
· zj +

∑
j

rji (5.13)

∑
j

rij = max

{
0, 1− θi(1− F (pi))

xi + zi

}
· zi. (5.14)

The expected lifetime earnings Vi for a driver at location i takes the form

Vi = min

{
θi(1− F (pi))

xi + zi
, 1

}
(ci +

n∑
k=1

αikβVk)

+

(
1−min

{
θi(1− F (pi))

xi + zi
, 1

})
βmax

j
Vj. (5.15)

As before, the platform chooses compensation such that Vi = ω.

Definition 3. For some prices and compensations {pi, ci}ni=1, the collection
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{δi, xi, yij, zi, rij}ni,j=1 is an equilibrium under {pi, ci}ni=1 for weighted priority assign-

ment if (5.11)–(5.14) is satisfied and Vi as defined in (5.15) satisfies Vi = ω for all

i = 1, . . . , n such that δi +
∑n

j=1 yji > 0.

To further study weighted priority assignment, we now introduce the following assump-

tion which ensures that the platform can make some profit by offering rides at an appropri-

ate price.

Assumption 3. The parameters β, ω and s are such that (1− β)ω < p̄ or s < p̄.

5.2.2 Profit-Maximization Optimization Problem for Weighted Priority Assignment

We now establish the following profit-maximization problem for weighted priority assign-

ment:

max
{pi,ci}ni=1

n∑
i=1

[min {xi + zi, θi(1− F (pi))} · pi

−min

{
xi, θi(1− F (pi))

xi

xi + zi

}
· ci − zi · s

]
s.t. {δi, xi, yij, zi, rij}ni,j=1 is an equilibrium under

{pi, ci}ni=1 for weighted priority assignment. (5.16)

As in Section 4.1, we establish an equivalent optimization problem

max
{pi,δi,xi,yij ,zi,rij}

n∑
i=1

piθi(1− F (pi))− ω
n∑

i=1

δi − s
n∑

i=1

zi

s.t. di =θi(1− F (pi))

xi =β

[∑
j

αjidj
xj

xj + zj
+
∑
j

yji

]
+ δi

n∑
j=1

yij =xi − di
xi

xi + zi

zi =
n∑

j=1

αjidj
zj

xj + zj
+

n∑
j=1

rji
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n∑
j=1

rij =zi − di
zi

xi + zi

pi,δi, zi, xi, yij, rij ≥ 0 ∀i, j, (5.17)

followed by a lemma showing the equivalence.

Lemma 7. Assume weighted priority assignment and consider the optimization problems

(5.16) and (5.17). Under Assumptions 1, 2 and 3, an optimal solution to (5.17) provides an

optimal solution to (5.16). In particular, any optimal solution
{
p∗i , δ

∗
i , x

∗
i , y

∗
ij, z

∗
i , r

∗
ij

}
for

(5.17) is such that d∗i > 0 for all i, i.e., some riders are served at all locations, and there

exist compensations {c∗i }
n
i=1 such that

{
δ∗i , x

∗
i , y

∗
ij, z

∗
i , r

∗
ij

}n
i,j=1

constitutes an equilibrium

under {p∗i , c∗i }
n
i=1 for weighted priority assignment. Moreover, {p∗i , c∗i }

n
i=1 is optimal for

(5.16).

Proof. The proof for the first two points are similar to that of the HV and AV priority

assignments. Obviously, d∗i ≤ x∗
i + z∗i for (5.16). Hence we can turn the equilibrium

constraints into the constraints in (5.17). By setting the compensation ci = ω(1−β) · xi+zi
di

for all i, we obtain the equivalent optimization (5.17).

Consider the optimization problem (5.17) of weighted priority assignment and com-

pare it with that of HV priority assignment (4.2). By observation, if for any optimal

solution of HV priority assignment, we can obtain that min {x∗
i , d

∗
i } = d∗i · x∗

i

x∗
i+z∗i

and

max {d∗i − x∗
i , 0} = d∗i ·

z∗i
x∗
i+z∗i

(notice that max {x∗
i − d∗i , 0} = xi −min {x∗

i , d
∗
i }), then it

follows that any optimal solution for HV priority assignment will be feasible for weighted

priority assignment.

By Assumption 3, we have that (1 − β)ω < p̄ or s < p̄. Hence Lemma 1 establishes

that x∗
i + z∗i ≥ d∗i > 0 for all i. We then consider the optimal solution in the three cases.

If it falls in the HV-only case, i.e., x∗
i > 0, z∗i = 0 for all i, then this implies d∗i ≤ x∗

i
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for all i. Therefore, we have


d∗i ·

x∗
i

x∗
i+z∗i

= d∗i = min {x∗
i , d

∗
i }

d∗i ·
z∗i

x∗
i+z∗i

= 0 = max {d∗i − x∗
i , 0} .

Similarly, if the optimal solution is in the AV-only case, i.e., x∗
i = 0, z∗i > 0, then

d∗i ≥ x∗
i for all i. Hence


d∗i ·

x∗
i

x∗
i+z∗i

= 0 = min {x∗
i , d

∗
i }

d∗i ·
z∗i

x∗
i+z∗i

= d∗i = max {d∗i − x∗
i , 0} .

Lastly, when the optimal solution is in the mixed autonomy case, i.e., x∗
i > 0, z∗i > 0

for some i, then d∗i ≥ x∗
i for all i. Also, Proposition 4 implies that y∗ij = r∗ij = 0 here for

all i, j, and then d∗i = x∗
i + z∗i for all i. Therefore, we observe that


d∗i ·

x∗
i

x∗
i+z∗i

= x∗
i = min {x∗

i , d
∗
i }

d∗i ·
z∗i

x∗
i+z∗i

= d∗i − x∗
i = max {d∗i − x∗

i , 0} .

Thus, the optimal solutions for the HV and AV priority assignments are always feasi-

ble for weighted priority assignment. Hence, under Assumption 3, any optimal solution{
p∗i , δ

∗
i , x

∗
i , y

∗
ij, z

∗
i , r

∗
ij

}
for (5.17) is such that d∗i > 0 for all i.

The following theorem establishes that weighted priority assignment obtains the same

optimal profits as the HV and AV priority assignments, which were already shown to obtain

the same optimal profits in Theorem 3.

Theorem 4. Under Assumptions 1, 2 and 3, for any choice of ω, s, β and A, a feasible

solution u for (4.2) or (4.6) is optimal for (4.2) or (4.6) if and only if u is an optimal

solution for (5.17).
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Proof. By recombining the constraints in (5.17), we can obtain another optimization prob-

lem given by

max
{pi,δi,xi,yij ,zi,rij}

n∑
i=1

piθi(1− F (pi))− ω

n∑
i=1

δi − s

n∑
i=1

zi

s.t. di =θi(1− F (pi))

xi + βzi =β

[∑
j

αjidj +
∑
j

yji +
∑
j

rji

]
+ δi

n∑
j=1

yij +
n∑

j=1

rij =xi + zi − di

zi −
n∑

j=1

αjizj =
n∑

j=1

rji −
n∑

j=1

αji

n∑
k=1

rjk

δi,zi, xi, yij, rij ≥ 0 ∀i, j. (5.18)

By construction, any optimal solution for (5.17) will be feasible for (5.18) and thus the

optimal profit of (5.18) will be no less than that of (5.17).

As we have already proved in Lemma 7, the optimal solution of the optimization prob-

lem in priority assignment is always a feasible solution for (5.17).

Consider the optimization problem (5.18), and rewrite it by considering di as the vari-

able instead of pi. Notice that since di = θi(1 − F (pi)) is monotonically decreasing, we

are able to write pi as a function di because the inverse mapping exists. Moreover, we can

relax the constraint pi ≥ 0 for all i since di is always positive and thus a negative price

cannot be optimal.

Below lists the KKT conditions related to (5.18) while regarding di as a variable instead

of pi:

(constraints on di) :
∂pidi
∂di

+ β
∑
j

αijλj − γi = 0 (5.19)
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(constraints on δi) :− ω + λi ≤ 0 (5.20)

(constraints on xi) :− λi + γi ≤ 0 (5.21)

(constraints on zi) :− s−
∑
j

αij(βλj − µj) + γi − µi ≤ 0 (5.22)

(constraints on yij) :βλj − γi ≤ 0 (5.23)

(constraints on rij) :βλj − γi − µj +
∑
j

αijµj ≤ 0. (5.24)

By Assumption 2 and 3, (5.18) is a convex optimization problem with affine constraints,

and thus the KKT conditions are not only necessary, but also sufficient for optimality.

Hence in order to show a solution to be optimal for (5.18), it is enough to show that it

satisfies all the KKT conditions (5.19)–(5.24):

Given the optimal solution and the KKT variables λ1
i and γ1

i resolved from the optimal

solution of AV priority assignment with the conditions (4.33)–(4.36), let µi = µj for all i, j.

Then the conditions (5.19)–(5.24) and the constraints for weighted priority assignment can

all be satisfied. Therefore, any optimal solution for AV priority assignment is also optimal

(and feasible) for (5.18).

At the same time, since the optimal profits for (5.18) are higher than or equal to that

of (5.17), and since any optimal solution for AV priority assignment is feasible for (5.17),

then we can conclude that any optimal solution for AV priority assignment is also optimal

(and feasible) for (5.17).

Theorems 3 and 4 show that, even though the three priority assignments prescribe dif-

ferent models for incorporating AVs into a ride-sharing platform, the resulting profits at an

optimal equilibrium are the same in all three cases under Assumptions 1, 2 and 3. This is

because no location will have both AVs and HVs present at an optimal equilibrium. In-

tuitively, on the one hand, the platform is able set compensation for drivers and to deploy

AVs as desired, so that there is considerable freedom in dictating system operation. On the

other hand, locations are coupled through the rider demand pattern and cannot be managed

61



independently by the platform, highlighting the surprising nature of this result.

5.3 Closed-Form Characterization for Star-to-Complete Networks

In this section, we consider the family of star-to-complete networks introduced in [20].

For this large class of networks, we derive closed form expressions for the thresholds of

relative cost between HVs and AVs for which the platform finds it optimal to use an HV-

only deployment, AV-only deployment, or a mixed autonomy deployment.

Definition 4. The class of demand patterns (Aξ,1) with n ≥ 3, ξ ∈ [0, 1], and

Aξ =



0 1
n−1

1
n−1

. . . 1
n−1

c1 0 c2 . . . c2

c1 c2 0 . . . c2
...

...
... . . . ...

c1 c2 . . . c2 0


, (5.25)

c1 =
ξ

n− 1
+ (1− ξ), c2 =

ξ

n− 1
(5.26)

is the family of star-to-complete networks. It is a star network when ξ = 0 for which we

write AS = A0 and a complete network when ξ = 1 for which we write AC = A1.

Therefore the general adjacency matrix of a star-to-complete network can be written as Aξ

= ξAC + (1− ξ)AS .

In addition, we make the following assumption throughout this section.

Assumption 4. All locations have the same mass of potential riders, which we normalize

to one, i.e., θ = 1. Also, the riders’ willingness to pay is uniformly distributed in [0, 1] so

that F (p) = p for p ∈ [0, 1].

Consider fixed outside option earnings ω, and recall the parameter k determining the

cost of operating AVs for the same lifetime of an HV relative to ω. In this section, we
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confirm the intuition that, for large k, i.e. high relative cost of AVs, the profit maximizing

strategy for the platform is an HV-only deployment, and for small k, i.e. low relative cost

of AVs, the profit maximizing strategy for the platform is an AV-only deployment. We also

show that in some cases, but not all, for some values of k, the platform finds it optimal to

use both HVs and AVs at equilibrium, i.e., a true mixed autonomy deployment.

Recall that Proposition 1 provides a sufficient condition for when a platform will not

find it optimal to use AVs. In the next Theorem, we sharpen this result for the class of star-

to-complete networks and fully characterize the regions in which the profit-maximizing

platform will deploy an HV-only deployment, an AV-only deployment, and a truly mixed

autonomous network.

Theorem 5. Consider a star-to-complete network under Assumption 4. Define

k1 =
1 + βc1
c1 + 1

,

k2 =


1 if ξ ∈ [β(n−1)−1

β(n−2)
, 1]

c1(1+β)+(n−1)β2c31+1

(c1+1)((n−1)β2c21+1)
if ξ ∈ [βlim,

β(n−1)−1
β(n−2)

)

1+βc1
c1+1

if ξ ∈ [0, βlim),

k3 =
(n− 1)c1 − 1

(1− β)(n− 1)(1 + c1)c1
,

k4 =
(1 + β)c1 + (n− 1)βc31 + 1

(c1 + 1)(β(n− 1)c21 + 1)
,

where

βlim = max

{
n− 1

2(1− β)β(n− 2)

[
β(1− 2β) +

√
β2(n− 1) + 4β − 4

n− 1

]
, 0

}
.

Suppose k3 ≥ k1, equivalently, βc1(n − 1)(1 − c1 + βc1) ≥ 1. When k ∈ [0, k1], it

is always optimal for the platform to deploy an AV-only deployment, i.e., optimal profits

are obtained with xi = 0 for all i. If k1 < k2, then: when k ∈ (k1, k2), it is optimal for
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the platform to deploy a mixed autonomous network, i.e., optimal profits are obtained with

xi > 0 and zj > 0 for some i, j; when k ≥ k2, it is optimal for the platform to deploy an

HV-only deployment, i.e., optimal profits are obtained with zi = 0 for all i. If k1 ≥ k2,

then: when k > k1, it is optimal for the platform to deploy an HV-only deployment.

Now suppose k3 < k1, equivalently, βc1(n − 1)(1 − c1 + βc1) ≥ 1. When k ∈ [0, k4],

it is optimal for the platform to deploy an AV-only deployment; when k ∈ (k4, k2), it is

optimal to deploy a mixed autonomy deployment; when k ≥ k2, it is optimal to deploy an

HV-only deployment.

The proof of Theorem 5 can be found in Appendix A.

To demonstrate Theorem 5 and provide intuition for the fundamental theoretical results

of this chapter, we study a star-to-complete network with n = 3, ξ = 0.2. We consider

two cases: β = 0.8 and β = 0.95, and we compute optimal equilibria and profits using the

optimization problems formulated above. In both cases, applying Theorem 5, we can verify

that k3 ≥ k1. For the first case with β = 0.8, we obtain k1 = 0.9053 and k2 = 0.9181

so that k1 < k2. Figure 5.1 (Left) confirms that for k ≤ k1, it is optimal for the platform

to deploy only AVs, for k1 < k < k2, it is optimal for the platform to use both AVs and

HVs, and for k ≥ k2, it is optimal for the platform to use only HVs. In constrast, when

β = 0.95 so that the expected lifetime of HVs in the network is longer, then k1 = 0.9763

and k1 ≥ k2. Figure 5.1 (Right) confirms that for k ≤ k1, the platform finds it optimal to

deploy only AVs, and for k > k1, the platform finds it optimal to use only HVs; there is no

regime in which the platform finds it optimal to use both AVs and HVs. The plots in Figure

5.1 are generated by solving the optimization problem (4.7) in MATLAB using CVX, a

package for specifying and solving convex programs[77, 78]. Theorem 5 guarantees that

the basic qualitative results demonstrated here apply to arbitrarily large star-to-complete

networks.

It is interesting to note from the above thresholds that even if AVs are cheaper than HVs,

when the price difference is small, the platform may still choose to deploy only HVs or to
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Figure 5.1: Optimal profits for a star-to-complete network with n = 3, ξ = 0.2 under a
mixed autonomy deployment, a forced HV-only deployment, and a forced AV-only deploy-
ment. (Left) When β = 0.8, it is optimal for the platform to use only AVs when k, the ratio
of the cost of AVs to HVs, satisfies k ≤ k1 = 0.9053, only HVs when k ≥ k2 = 0.9181,
and a mix of AVs and HVs when k1 < k < k2. (Right) When β = 0.95, it is optimal for
the platform to use only AVs when k ≤ k1 = 0.9763 and only HVs when k > k1, and it is
never optimal for the platform to use a mix of HVs and AVs.

deploy a mix of AVs and HVs. An explanation for this observation is as follows. Recall that

with probability 1−β, a driver leaves the network and does not seek to be matched to a new

rider after finishing a ride and thus essentially provides one-way service. In contrast, AVs

are assumed to remain in the network and must be recirculated to a new location. When

the demand is uneven so that some destinations are more popular than others, the platform

can exploit this one-way service to obtain a higher profit with HVs, even if AVs are less

expensive on a per ride basis.

5.4 Concluding Remarks

We proposed three models for ride-sharing systems with mixed autonomy under different

ride-assigning schemes and showed that under equilibrium conditions, the optimal profits

can be computed efficiently by converting the original problems into alternative convex

programs. In addition, we proved that the optimal profits of the three models are the same.

We found that the optimal profits for the ride-sharing platform with AVs in the fleet will

be the same as that of the human-only network when k is large, i.e., the cost for operating
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an AV is relatively high compared to the outside option earnings for drivers’ lifetime. In

particular, in Proposition 1, we showed that if the cost of operating an AV exceeds the

expected compensation to a driver in the system, the platform will find it optimal to not use

AVs, an intuitive result.

The case study illustrates that the platform may not necessarily find it optimal to use

AVs even when the cost of operating an AV is less than the expected compensation to a

driver in the system. Moreover, there are some situations when it is optimal to have both

drivers and AVs in the platform. For star-to-complete networks, we quantified the condi-

tions for which the mixed autonomy deployment allows for higher profits than a forced

AV-only or forced HV-only deployment.

The model proposed and studied here includes a several simplifying assumptions that

can be relaxed in future work. For example, destinations are often not equidistant and

ride costs might then depend on destination. Nonetheless, these simplifying assumptions

are important for illuminating fundamental properties of ride-sharing in a mixed autonomy

setting.
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CHAPTER 6

CAPACITY-CONSTRAINED URBAN AIR MOBILITY SCHEDULING

We study a UAM network model that accounts for uncertainty in travel time and limited

landing capacity in this chapter. We consider the problem of scheduling flight departures

to ensure that all flights arrive no later than designated deadlines and that there is always

an available landing spot at the destination and intermediate nodes upon arrival, which can

be regarded as safety constraints. We are taking both static and dynamic scheduling into

account in this chapter. The model we are exploring can be suitable for both dynamic

and static scheduling, and we gain some theoretical insights in both cases in Section 6.2.

We also develop an algorithm for static scheduling that minimizes the summation of time

difference between the arrival of the flights and their deadlines, while each flight has to

arrive on time at the destination with no two flight can take the same parking space at the

same time in Section 6.3, followed by its illustration through a case study.

We let N denote the natural numbers without zero while N0 the natural numbers with

zero, and R the reals while R+ the positive reals. For a finite set A, we let RA, denote the

set of vectors indexed by the elements in A.

6.1 Problem Formulation

We model an urban air mobility (UAM) network with an acyclic1 directed graph G =

(V , E), where V is the set of nodes and E is the set of links for the network. Nodes are

physical landing sites for the UAVs, sometimes called vertistops or vertiports. Links are

corridors of airspace connecting nodes. Each node v ∈ V has capacity Cv ∈ N0, that is,

there are Cv parking spots at node v where each parking spot allows at most one UAV to

1In practice, a directed graph can often be naturally decomposed into two or more acyclic graphs, e.g.,
flights inbound versus outbound of a city center.
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stay at any time. We denote the vector of capacities C = {Cv}v∈V .

We define τ : E → V and σ : E → V so that for all e = (v1, v2) ∈ E where v1, v2 ∈ V ,

τ(e) = v1 is the tail of edge e and σ(e) = v2 is the head of edge e. Let S ⊆ V (resp.,

T ⊆ V) be the set of nodes that are not the head (resp., tail) of any edge, S = {v ∈ V |

σ(e) ̸= v ∀e ∈ E} and T = {v ∈ V | τ(e) ̸= v ∀e ∈ E}. We assume S ∩ T = ∅.

A route R is a sequence of connected links. Denote the number of links in route R

by kR and enumerate the links in the route 1R, 2R, . . . , kR
R and the nodes in the route

0R, 1R, . . . , kR
R . To avoid cumbersome notation, we use ℓR to denote both a link and its

head node along a route, i.e., ℓR = σ(ℓR) for all ℓ ∈ {1, . . . , kR}; the intended meaning

will always be clear from context. Thus the route links and nodes are enumerated so that

0R = τ(1R) is the origin node, kR
R is the destination node, and σ(ℓR) = τ((ℓ + 1)R) for

all ℓ ∈ {1, . . . , kR} ensures the sequence is connected. Further, when the route R is clear

from context, we drop the superscript-R notation. We denote the set of nodes that R travels

through as V (R). We assume that, due to operational reasons, the UAVs are only allowed

to travel along a set of routes R.

Since, in reality, the travel time depends on external factors such as weather conditions,

we assume that the travel time for each link is not exact, but rather bounded by a time

interval. For each link i ∈ E , let xi and xi with xi ≥ xi > 0 denote the maximum

travel time and minimum travel time, respectively, for the link, and let x ∈ RE
+ and x ∈

RE
+ be the corresponding aggregated vectors. Once a UAV has landed at any node, it is

assumed to block a landing spot for a fixed ground service time w ∈ R+. For ease of

notation, we assume the ground service time is uniform at all nodes, but this assumption is

straightforward to relax.

Definition 5 (UAM Network). A UAM network N is a tuple N = (G, C,R, x, x, w) where

G, C,R, x, x, w are the network graph, node capacities, routes, and minimum and maxi-

mum link travel times as defined above.

To model the demand of UAV flights in a UAM network N = (G, C,R, x, x, w), we
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assume that every flight is associated to a route R ∈ R and stops at intermediate nodes

along the route. Therefore, a demand is a pair (R, f) where R ∈ R and f ∈ R+ is the

latest time the UAV must arrive (i.e., land) at the destination kR
R ∈ V , i.e., its deadline.

A demand profile for a UAM network is a time-varying set D(t) = {(Rj, fj)}j∈J (t)

where J (t) is a time-varying index set. Then J (t), and, hence, D(t), is monotonically

increasing and is assumed finite for all finite t, but may become infinite in the limit. To

coordinate the operation of the UAVs, a centralized scheduler aims to schedule all available

demands D(t) at each time t. For example, new demands may become available in batches

at certain times, requiring action from the scheduler, and other demands will reach their

final destination, requiring no further consideration from the scheduler, although without

loss of generality completed demands remain within the set D(t). Let D := ∪tD(t) =

limt→∞ D(t) denote all demands that will ever be considered by the scheduler, and likewise

let J := ∪tJ (t) = limt→∞ J (t).

The scheduler associates to each demand a journey consisting of an assigned departure

time and the set of realized arrival times along edges in the route. Therefore, a journey is

updated over time as the UAV arrives at intermediate notes. Formally, for each j ∈ J (t),

a journey for demand (Rj, fj) ∈ D(t) is a tuple (Aj(t), δj), where δj ∈ R is the departure

time and is a decision variable of the scheduler, and Aj(t) is the realized set of arrival times

of the UAV at nodes along Rj that have occurred by time t. Here, δj is a decision variable

of the scheduler and Aj is a result of realized travel times. In particular, when Rj = {ℓ}
kRj

ℓ=1,

Aj(t) = {Aj,ℓ(t)}
kRj

ℓ=1 where Aj,ℓ(t) is the arrival time at node ℓ if the arrival has occurred

by time t, and Aj,ℓ(t) = ∞ if demand j has not arrived at node ℓ by time t. Therefore,

the departure time of the UAV from node ℓ is δj,ℓ = Aj,ℓ + w where we drop the explicit

dependence on time since the equation is understood to hold only for times t such that

Aj,ℓ(t) < ∞ and we let δj,0 = δj .

For safety reasons, it is assumed that a UAV must be able to land immediately upon

arrival at any node along its route. Whenever a UAV arrives at a node along the route of
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a journey, the journey will be updated accordingly, so that the uncertainty of the rest of

the journey decreases. In particular, suppose the UAV departs some node ℓ1 − 1 along its

route. The latest arrival time at some other node ℓ2 ≥ ℓ1 along the route is denoted ajℓ1,ℓ2

and given by

ajℓ1,ℓ2 = δj,ℓ1−1 +

ℓ2∑
ℓ=ℓ1

xℓ + (ℓ2 − ℓ1)w , (6.1)

i.e., ajℓ1,ℓ2 is the departure time from node ℓ1 − 1 plus the upper bound of the time interval

it takes to travel through the links {ℓ}ℓ2ℓ=ℓ1
with the time spent at each node. Note that it

is time-dependent because δj,ℓ1−1 is updated over time. Further, the time interval that the

UAV will potentially block a landing spot at node ℓ2 when departing from ℓ1 is given by

Mj
ℓ1,ℓ2

=

[
δj,ℓ1−1 +

ℓ2∑
ℓ=ℓ1

xℓ + (ℓ2 − ℓ1)w, a
j
ℓ1,ℓ2

+ w

]
. (6.2)

We also define m
Rj

ℓ1,ℓ2
as the length of the time interval above, so that

m
Rj

ℓ1,ℓ2
=

ℓ2∑
ℓ=ℓ1

xℓ −
ℓ2∑

ℓ=ℓ1

xℓ + w . (6.3)

Note that the superscript of m is Rj because it depends only on the route of demand j and

not its particular arrival and departure times. We let Mj
v1,v2

= Mj
ℓ1,ℓ2

if v1, v2 are two

nodes along the route Rj ∈ R, v1 = ℓ
Rj

1 , v2 = ℓ
Rj

2 and ℓ1 ≤ ℓ2. For all ℓ ∈ {1, . . . , kR},

we let ajℓ = aj1,ℓ, M
j
ℓ = Mj

1,ℓ and m
Rj

ℓ = m
Rj

1,ℓ. In the same manner, we let ajv = ajℓ ,

Mj
v = Mj

ℓ and m
Rj
v = m

Rj

ℓ if v = ℓRj .

The task, then, is to assign to each demand a journey such that capacity constraints and

arrival times are satisfied.

Definition 6 (Schedules and Journeys). Given a set of demands D(t) = {(Rj, fj)}j∈J (t)

at time t, a corresponding set of departure times S(t) = {δj}j∈Ĵ (t) with Ĵ (t) ⊆ J (t) and

each δj ∈ R is a schedule for D(t) if:
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1. The latest arrival time is not later than the deadline for all demands j ∈ Ĵ (t),

that is, ajkRj
≤ fj where we recall that kRj

is the final destination node for demand

j along route Rj and ajkRj
is computed as in (6.1) which depends on any realized

arrival/departure times at intermediate nodes;

2. the number of vehicles at a node never exceeds capacity, i.e., for all v ∈ V and all

t′ ≥ 0, ∑
j:v∈V (Rj)

1
(
t′;Mj

v(t)
)
≤ Cv

where the notation 1(·; ·) is an indicator such that 1(t; [a, b]) = 1 if t ∈ [a, b] and

1(t; [a, b]) = 0 otherwise; and

3. In any finite time interval, only a finite number of UAVs depart.

A schedule is a complete schedule if Ĵ (t) = J (t); otherwise it is a partial schedule. For

any scheduled demand j ∈ Ĵ (t0), the pair (Aj(t), δj) is the journey of demand j where

Aj(t) is the set of realized arrival times as defined above.

In the above definition, items 1 and 2 are the main features of a schedule, while item 3 is

a mild technical requirement that is always satisfied in practice. In this paper, we consider

the following problem.

Scheduling Problem. Given a set of demands D(t) and a sequence of scheduling times

T = {t0, t1, t2, . . .} that may be finite or infinite satisfying ti < ti+1 for all i, at each

scheduling time ti, for the set of available demands D(ti), determine Ĵ (ti) ⊆ J (ti) the

subset of flights to be scheduled and compute a schedule S(ti) = {δj}j∈Ĵ (ti)
satisfying the

properties

1. Ĵ (ti) ⊇ Ĵ (ti−1) and S(ti) = S(ti−1) ∪ {δj}j∈Ĵ (ti)\Ĵ (ti−1)
, and

2. For all j ∈ Ĵ (ti)\Ĵ (ti−1), δj ≥ ti

with J (t−1) := ∅ and S(t−1) := ∅.
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Property 1 of the above problem statement implies that once a demand is scheduled

for departure, its departure time does not change at future scheduling times. Property 2

captures a causality requirement and implies that newly scheduled demands cannot have

departure times in the past.

If D is time-invariant and only a single scheduling time t0 = 0 is considered, the

scheduling problem is called static. Otherwise, it is called a dynamic scheduling problem.

Dynamic scheduling allows the schedule to be updated dynamically at certain schedul-

ing times. Schedule updates may be needed to accommodate new demands or because

it may not be possible to schedule all known demands at some time, i.e., only a partial

schedule can be obtained. Then, at future scheduling times after some flights arrive at

intermediate nodes and reduce uncertainty in the remaining travel time, these previously

unscheduled demands can be scheduled. Note that scheduling times need not be fixed in

advance and can, for example, be triggered when a flight lands at an intermediate node.

We demonstrate how, even with a fixed and known set of demands, dynamic scheduling

may be beneficial.

v1 v2 v3
[1, 4]

e1

[2, 3]

e2

Figure 6.1: A two-link network that is used to demonstrate the benefits of dynamic schedul-
ing in Example 1.

Example 1. Consider a network with 3 nodes and 2 links as shown in Fig. 6.1. This network

has a single route R = {e1, e2}. Suppose the travel time interval of link e1 is [1, 4] and of

link e2 is [2, 3], the wait time at nodes v2 and v3 is w = 1, and the capacity of nodes v2 and

v3 are C2 = C3 = 1. Consider the time-invariant set of demands D = {(R, 8), (R, 11)},

i.e., there are two demands J = {1, 2} with deadlines f1 = 8 and f2 = 11 that each take

the only route R. A partial schedule at time t = 0 is S(0) = {δ1} with δ1 = 0, the departure

time for demand j = 1. It is not possible to include a departure time for demand j = 2 in

schedule S(0) because of the uncertain travel time. Suppose, however, that demand j = 1
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arrives at node v2 at time t = 2. Then a new complete schedule at time t = 2 is given by

S(2) = {δ1, δ2} with δ1 = 0 and now δ2 = 3.

Even when the set of demands is time-invariant and finite, the static scheduling problem

is computationally challenging because of the combinatorial decision in determining arrival

order at nodes. In static scheduling, we propose an integer program which exactly solves

this static scheduling problem, but this approach is not suitable for large networks or when

schedules are updated dynamically.

In the dynamic scheduling case, we propose an algorithm based on branch-and-bound

heuristics that considers at any time only the K0 ∈ N most urgent demands that must

be scheduled, where K0 is a design parameter. Journeys are scheduled for these demands

which determine the time intervals that the UAVs are potentially blocking any landing spot.

To avoid conflict, the blocking intervals cannot overlap, and hence these intervals are used

for scheduling remaining demands. As the indeterminacy of traveling aggregates along the

route and reduces whenever an intermediate node is reached, the schedule is dynamically

updated over time to improve the efficiency of the UAM network. The detailed scheduling

and updating method will be explained in Chapter 7. In the next section, we first derive

fundamental theoretical limits for the scheduling problem.

6.2 Theoretical Results for Scheduling

In this section, we present fundamental theoretical results on when complete schedules are

available for a set of demands. We first consider the dynamic scheduling case and obtain

necessary conditions for feasibility in the case of dynamic scheduling with finite number

of demands at each scheduling time. Then, we turn to the static scheduling problem and

focus on the class of star networks representative of the case when several links lead to a

central, main destination. In this case, we obtain sufficient and necessary conditions for

scheduling an infinite set of demands representing, e.g., regular periodic flights. For more

general network topologies, by considering a star sub-network consisting of a node and its
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neighbors, this result immediately leads to necessary conditions for feasibility.

6.2.1 Necessary Condition for Dynamic Scheduling of Additional Demands

Consider the general network setting defined in Section 6.1. Given a set of demands D(t)

and a sequence of increasing scheduling times t0 < t1 < t2 < . . . , we consider the set of

available demands D(ti) = {(Rj, fj)}j∈J (ti) and a schedule S(ti) = {δj}j∈Ĵ (ti)
, for any

i = 0, 1, . . . , where Ĵ (ti) ⊆ J (ti) and let J (t−1) = ∅ .

We introduce a cumulative departure function in time interval [t1, t2] as ∆R
v (t1, t2,J ) :

R2 → N for all v ∈ V\T , where we recall the set of tail nodes T , so that ∆R
v (t1, t2,J )

is the number of UAVs departing from node v in the time interval [t1, t2], while traveling

through route R ∈ R, i.e.,

∆R
v (t1, t2,J ) = |{j ∈ J | Rj = R and δj,v ∈ [t1, t2]}| . (6.4)

We then introduce a cumulative arrival function, ΓR
v (t1, t2,J ) : R2 → N as the cu-

mulative number of UAVs that travel through route R ∈ R and must arrive at the node

v ∈ V (R)\{0R} in the time interval [t1, t2], i.e.,

ΓR
v (t1, t2,J ) = |{j ∈ J | Rj = R and Mj

v ⊆ [t1, t2]}|. (6.5)

We then define the flow rate at node v through route R in a finite interval [t1, t2] as

rRv (t1, t2,J ) =
∆R

v (t1, t2,J )

t2 − t1
, (6.6)

where v ∈ V\T and R ∈ R.

Before exploring the necessary conditions of the schedules and demands, we need to

define the bottleneck of a network, which is a basis of the necessary conditions and the

algorithms.
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Definition 7 (Flow and Maximizing Flow). A set {r̃Rv }v∈V,R∈R with each r̃Rv ∈ R+ is a

flow if the following are satisfied:

r̃Rv ≥ 0 ∀R ∈ R, v ∈ V (6.7)

r̃Rv = 0 ∀R ∈ R, v ∈ V \ V (R) (6.8)

r̃Rv ≤ rRv ∀R ∈ R, v ∈ V (6.9)

r̃Rv = r̃Rv+1 ∀R ∈ R, v ∈ V\T (6.10)∑
R∈R

r̃Rv−1m
R
v−1 ≤ Cv ∀v ∈ V\S (6.11)

where rRℓ1,ℓ2 = Cℓ2/m
R
ℓ1,ℓ2

with mR
ℓ1,ℓ2

as defined in (6.3) and we let rRℓ2 = rR1,ℓ2 . Then rRℓ1,ℓ2

is the maximum flow rate through the node v along the route R.

A flow is a maximizing flow if it maximizes
∑

R∈R r̃RkR over all flows.

Definition 8 (Bottleneck). The bottleneck of a UAM network N = (G, C,R, x, x, w) is a

set of nodes V̄ such that for all R ∈ R, there exists a node v ∈ V̄ and a maximizing flow

{r̃Rv }v∈V,R∈R such that r̃Rv = rRv and that in the reduced graph Greduced = (V , E\(E1∪E2)),

for any v1 ∈ S and v2 ∈ T , v1 and v2 are not connected, where E1 = {e ∈ E | τ(e) ∈ V̄ }

and E2 = {e ∈ E | σ(e) ∈ V̄ }.

The lemma below provides an upper bound on the number of UAVs traveling through

a node v ∈ V\S that may be newly assigned in a schedule at any scheduling time.

Lemma 8. Consider a network N = (G, C,R, x, x, w) where G = (V , E) and a sequence

of increasing scheduling times t0 < t1 < t2 < . . . . Given the set of demands D(t) and

R ∈ R, let S(ti) = {δj}j∈Ĵ (ti)
be a schedule for the set of available demands D(ti) at

the scheduling time ti for all i > 0 where Ĵ (ti) ⊆ J (ti) and let J (t−1) = ∅. Then

Cv(tb − ta) ≥
∑

R∈Rv
ΓR
v (ta, tb, Ĵ ∆

i )mR
v for any time interval [ta, tb] and for all v ∈ V\S,

where Rv = {R ∈ R | v ∈ V (R)} for all v ∈ V , Ĵ ∆
i = Ĵ (ti)\Ĵ (ti−1), t0 ≤ ta < tb and

ta, tb ∈ R.
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The proof of Lemma 8 follows from the Definition 6 and is omitted. We then deduce

a necessary condition on nodes for given set of demands to have a complete schedule.

Lemma 8 implies that, given a set of demands D(ti) at the scheduling time ti, i > 0, if

there exists a node v ∈ V\S such that

Cv ·
(
max
j∈Jv

fj − ti

)
<
∑
j∈Jv

mRj
v , (6.12)

where Jv = {j ∈ J ∆
i | v ∈ V (Rj)} and J ∆

i = J (ti)\Ĵ (ti−1), then there does not exist a

complete a schedule for D(ti). We can further narrow this necessary condition by denoting

Mj
ℓ1,ℓ2

(resp., Mj

ℓ1,ℓ2
) as the shortest time (resp., longest time) it takes to travel from node

ℓ1 − 1 to ℓ2, so that Mj
ℓ1,ℓ2

=
∑ℓ2

ℓ=ℓ1
xℓ + (ℓ2 − ℓ1)w and Mj

ℓ1,ℓ2
=
∑ℓ2

ℓ=ℓ1
xℓ + (ℓ2 − ℓ1)w.

We denote Mj
ℓ2
= Mj

1,ℓ2
and Mj

ℓ2
= Mj

1,ℓ2
. We let

fj,v = fj −Mj

v,kRj
(6.13)

for all j ∈ J and v ∈ V (Rj) so that fj,v is the latest arrival (resp., departure) time for

demand j at node v when v ̸= 0 (resp., v = 0) such that the deadline at the destination kRj

is not violated. Therefore, for all v ∈ V\S,

Cv ·
(
max
j∈Jv

fj,v −min
j∈Jv

Mj
v − ti

)
≥
∑
j∈Jv

mRj
v (6.14)

is a necessary condition for the set of demands D(ti) to have a complete schedule.

Theorem 6 below can help to come up with another necessary condition for the exis-

tence of a complete schedule for a set of demands at any scheduling time.

Theorem 6. Consider a network N = (G, C,R, x, x, w) where G = (V , E) and a sequence

of increasing scheduling times t0 < t1 < t2 < . . . . Given the set of demands D(t) and

R ∈ R, let S(ti) = {δj}j∈Ĵ (ti)
be a schedule for the set of available demands D(ti)

at the scheduling time ti, for any i > 0 and let J (t−1) = ∅. If there exists a schedule
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S(ti) = {δj}j∈Ĵ (ti)
, then it must satisfies:

∑
R∈R

∆R
0 (ta, tb, Ĵ ∆

i ) ≤ (tb − ta)
∑
v∈V̄

∑
R∈Rv

rRv (6.15)

for any ta, tb such that t0 ≤ ta < tb, where V̄ is the bottleneck, Ĵ ∆
i = Ĵ (ti)\Ĵ (ti−1), and

Rv = {R ∈ R | v ∈ V (R)} for all v ∈ V , i.e., the number of new departures assigned in

the interval [ta, tb] must be less than the product of the length of the time interval and the

sum of maximum possible flow through the bottleneck of the network.

Proof. We first rewrite (6.15) as
∑

R∈R rR0 (t1, t2, Ĵ ∆
i ) ≤

∑
v∈V̄

∑
R∈Rv

rRv . To complete

the proof, we only need to show that flow rate rRv (t1, t2, Ĵ ∆
i ) at node v through route R

is actually limited by the constraints (6.7)–(6.11). Noticeably, we can consider it as a

static scheduling because the previous schedule will only reduce the number of UAVs be

scheduled to depart in a time interval. Therefore, we assume there are no other assigned

demands.

First of all, consider R ∈ R, then by definition it holds that rRv (t1, t2, Ĵ ∆
i ) ≥ 0 for all

v ∈ V , and rRv (t1, t2, Ĵ ∆
i ) = 0 for all v /∈ V (R). By utilizing Lemma 8 it follows that

rRv (t1, t2, Ĵ ∆
i ) ≤ rRv for all R ∈ R and v ∈ V , and

∑
R∈R rRv−1(t1, t2, Ĵ ∆

i )mR
v−1 ≤ Cv for

all v ∈ V\T . In the static scheduling scenario we can consider rRv (t1, t2, Ĵ ∆
i ) to be the

static along the route, as a result, (6.10) becomes trivial. Therefore, the flow rate rRv (t1, t2)

is actually limited by the constraints (6.7)–(6.11) and by Definition 8 of the bottleneck of a

network, it follows that
∑

R∈R rR0 (t1, t2, Ĵ ∆
i ) ≤

∑
v∈V̄

∑
R∈Rv

rRv .

Similar to the necessary condition of each node, we can conclude from Theorem 6 that,

for any scheduling time ti, where i > 0, there exists a complete schedule for the set of

demands D(ti) only if

|J ∆
i | ≤

(
max
j∈J∆

i

(fj,0)− ti

)
·
∑
v∈V̄

∑
R∈Rv

rRv . (6.16)
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Figure 6.2: A star-branch graph for a UAM network of Atlanta (ATL) with three exurbs:
Alpharetta (ALP), Kennesaw (KEN) and Buford (BUF). We consider Atlanta as the central
node, and there are 0, 1, 2 intermediate nodes between Atlanta node and the three leaf nodes
“ALP”, “KEN” and “BUF”, respectively. The time interval need for traveling through each
link is labeled beside the corresponding link.

6.2.2 Fundamental Limits for Static Scheduling

We investigate fundamental limits for static scheduling on a special class of directed graph

G∗ = (V∗, E∗), where the set of nodes V∗ consists of: a central node v0; L leaf nodes vl for

l = 1, 2, . . . , L; and, for each leaf node vl, a set of intermediate nodes between vl and the

central node v0 denoted vl,k for k = 1, 2, . . . , Kl for Kl ∈ N0. If Kl = 0, then there are

no intermediate nodes between vl and v0. Then E∗ = {(vl,k, vl,k−1) | 1 ≤ l ≤ L and 1 ≤

k ≤ Kl + 1} is the set of links for the network, where we let vl,0 = v0 and vl,Kl+1 = vl for

all l. We define any graph that satisfies the conditions above as a star-branch graph. An

example star-branch graph is shown in Fig. 6.2 and serves as the case study below, where

the central node is labeled ATL, the leaf nodes are labeled BUF, KEN, and ALP, and the

intermediate notes are labeled a, b, and c.

In a star-branch graph, for each leaf node vl, there exists a unique set of connected

links {el,k}Kl+1
k=1 along the path to the central node v0, where we let el,k = (vl,k, vl,k−1). We

define branch l as the pair ({el,k}Kl+1
k=1 , {vl,k}Kl+1

k=0 ). We consider there to be L routes in R

and each route Rl ∈ R consists of the edges of a branch, i.e., Rl = {el,k}Kl+1
k=1 .

In this section, we first consider a star-branch network with no intermediate nodes, i.e.,

a star network. In this case, the set of nodes V∗ consists of a central node v0 and L leaf
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nodes vl for l = 1, 2, . . . , L. Then E∗ = {(vl, v0) | 1 ≤ l ≤ L} is the set of links for the

network. We label edge (vi, v0) simply as edge i. We call such a network a local network

because it can be interpreted as a local portion of a larger network where we study only

incoming flights to a particular node. Consider the static set of demands D = (Rj, fj)j∈J .

We then define the collection of demands D as feasible if there exists a schedule for D.

If D is a finite collection of demands, then there always exists a schedule since departure

times may be scheduled as early as needed to satisfy capacity constraints and desired arrival

times. When D is an infinite collection of demands, then D may or may not be feasible.

We assume that the number of deadlines within the time interval [τ, τ + T ] is finite for all

T < ∞ and the limiting average number of deadlines in [τ, τ + T ] as T → ∞ exists and

is constant for varying τ ∈ R, e.g., D is a periodic set of demands. We next explore the

fundamental limitations on the feasibility of the infinite set of demands D in the remainder

of this section.

We introduce a cumulative departure function in time interval [t1, t2] as ∆v(t1, t2) :

R2 → N for all v ∈ V\{v0} so that ∆v(t1, t2) is the number of UAVs departing from node

v in the time interval [t1, t2], i.e.,

∆v(t1, t2) = |{j ∈ J | oj = v and δj ∈ [t1, t2]}| .

Given the cumulative departure function, we define the long-term average departure

rate rv at node v ∈ V\{v0} as

rv := lim
T→+∞

1

T
∆v(τ, τ + T ) , ∀τ ∈ R. (6.17)

In the same manner, we introduce a cumulative arrival function Γv(t1, t2) : R2 → N as

the cumulative number of UAVs that depart from origin v and arrive at the destination in

the time interval [t1, t2], i.e., Γv(t1, t2) = |{j ∈ J | oj = v and vehicle arrives in [t1, t2]}|.

For any schedule, the average departure and the arrival rates must be equal, as stated
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next.

Lemma 9. Consider a local UAM network N with a set of demands D. For any schedule

S and for all nodes v ∈ V \{v0}, it holds that the average arrival rate from the node equals

the average departure rate from the node, i.e.,

rv = lim
T→+∞

1

T
Γv(τ, τ + T ) , ∀v ∈ V \ {v0} ,∀τ ∈ R . (6.18)

The proof of Lemma 9 is straightforward follows directly from the conservation of the

total number of UAVs in the network.

Proof. Let t0 be any time in R and T > 0 be a duration of time. Any UAV departed

from origin vi ∈ V\{v0} will arrive at the destination in the interval [t0, t0 + T ] only if it

departs in the interval [t0 − xi, t0 + T − xi]. Hence it must hold that Γvi(t0, t0 + T ) ≤

∆vi(t0 − xi, t0 + T − xi). In a similar manner, if a UAV departs from the origin vi in

the interval [t0 − xi, t0 + T − xi], then it must arrive at the destination within the interval

[t0, t0+T ] and hence Γvi(t0, t0+T ) ≥ ∆vi(t0−xi, t0+T −xi). Let t1 = t0−xi, we have

∆vi(t0 − xi, t0 + T − xi) ≤Γvi(t0, t0 + T )

∆vi(t1, t1 + T − (xi − xi)) ≤Γvi(t0, t0 + T ) .

By writing [t1, t1 + T − (xi − xi)] as [t1, t1 + T ]\[t1 + T − (xi − xi), t1 + T ], while

[t1 + T − (xi − xi), t1 + T ] ⊆ [t1, t1 + T ], we can then derive from above that

∆vi(t1, t1 + T )−∆vi(t1 + T − (xi − xi), t1 + T ) ≤ Γvi(t0, t0 + T ) . (6.19)

Since limT→+∞
1
T
∆vi(τ, τ + T ) = rvi for any τ , then there exist T0 > 0 such that for

any T ≥ T0, (rvi−rvi) ≤ 1
T
∆vi(τ, τ+T ) ≤ (rvi+rvi). It follows that, 0 ≤ ∆vi(τ, τ+T ) ≤

2rviT for any T ≥ T0, hence we can conclude ∆vi(τ, τ + T ) ≤ 2rviT0 for any T < T0
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because ∆vi(τ, τ + t) is monotonically increasing with t. Without loss of generality, we

can assume that T0 > xi − xi. Thus we have ∆vi(t1 + T − (xi − xi), t1 + T ) ≤ 2rviT0.

Then we can obtain

∆vi(t1, t1 + T )−∆vi(t1 + T − (xi − xi), t1 + T ) ≥ ∆vi(t1, t1 + T )− 2rviT0 . (6.20)

By combining (6.19) and (6.20), we get

∆vi(t1, t1 + T )− 2rviT0 ≤ Γvi(t0, t0 + T ) .

Dividing both sides with T , and taking the limit yields

rvi ≤ lim
T→+∞

1

T
Γvi(t0, t0 + T ) . (6.21)

Without loss of generality, the fact that Γvi(t0, t0+T ) ≤ ∆vi(t0−xi, t0+T −xi) gives

that

lim
T→+∞

1

T
Γvi(t0, t0 + T ) ≤ rvi . (6.22)

By (6.21) and (6.22) while substituting vi by v, we can therefore conclude that

lim
T→+∞

1

T
Γv(t0, t0 + T ) = rv

for all t0 ∈ R and v ∈ V\{v0}.

In the same manner, it follows that for any schedule, the arrival rate must satisfy

rv = lim
T→+∞

1

T

∑
j∈J |oj=v

1 (fj; [τ, τ + T ])∀v ∈ V \ {v0} ,∀τ ∈ R . (6.23)
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6.2.3 Necessary and Sufficient Condition for a Schedule in a Local Network

In the following theorem, we obtain a necessary and sufficient condition for the existence

of a schedule for a local network when the set of demands D is infinitely large, so that

we can say immediately if there exists any schedule. This will hence provide fundamental

limits for how large demands a local network can handle.

Theorem 7. Consider a local UAM network N . An infinite set of demands D is feasible if

and only if ∑
1≤i≤L

rvi · (xi − xi + w) ≤ Cv0 , (6.24)

where rvi is as given in (6.17) for all vi ∈ V\{v0} and we recall Cv0 is the capacity of the

destination node v0.

The proof of Theorem 7 is based on the two lemmas below, which focus on the special

case when Cv0 = 1. We can then extend this special case to prove Theorem 7.

Lemma 10. Consider a local UAM network N with Cv0 = 1. If an infinite set of demands

D is feasible, then ∑
1≤i≤L

rvi · (xi − xi + w) ≤ 1 , (6.25)

where rvi is as given in (6.17) for all vi ∈ V\{v0}.

Proof. Recall that, in a local network, a UAV departing from node vi travels along link i

for a non-deterministic amount of time within the interval [xi, xi] and occupies a landing

spot at the central node v0 for time w. No other UAVs are allowed to depart if it is possible

that it will arrive at the central node v0 at a time when there is no landing capacity. We first

define

g(t0, t1) =
∑

1≤i≤L

Γvi(t0, t1)(xi − xi + w) . (6.26)

We claim that g(t0, t1) is the total time needed to be reserved at the destination node v0

for all journeys arriving in the time interval [t0, t1].
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Consider three consecutive scheduled arrival times at the destination, tn−1, tn and tn+1,

where tn−1 ≤ tn ≤ tn+1. We know that the corresponding UAVs travel through links

i1, i2 and i3 where i1, i2, i3 ∈ E . Therefore the departure time of the three UAVs should

be tn−1 − xi1 , tn − xi2 and tn+1 − xi3 . Since the latest time of the UAV staying at the

destination has to be earlier than the earliest time that the next UAV arrives, we conclude

tn−1+w ≤ tn−xi2 +xi2
, and tn+w ≤ tn+1−xi3 +xi3

. We can then obtain (tn+1−xi3 +

xi3
)− (tn−1+w) ≥ xi2 −xi2

+w. That is, upon scheduling, the earliest time that the third

UAV may arrive at the destination needs to be at least (xi2 − xi2
+ w) later then the first

one’s latest leaving time in order to fit the schedule of the second UAV at destination. Since

i2 can be any link, we substitute it with i. Hence the time reserved at destination for each

UAV traveling through i is at least (xi − xi +w). Then g(t0, t1) defined in (6.26) sums the

product of time reserved for a UAV traveling through link i and the corresponding number

of arrivals through that link, which is the total time to be reserved at the destination node

v0 for all journeys arriving in the time interval [t0, t1].

Assume the infinite set of demands D is feasible. Then for any T > 0, we must have

g(t0, t0 + T ) − (xiT − xiT
+ w) ≤ T , where iT is the link of the last journey scheduled

to arrive at the destination in the interval [t0, t0 + T ]. We denote mi = xi − xi + w, since

xiT −xiT
+w ≤ maxℓ{xℓ−xℓ+w} = m̄, and then T ≥ g(t0, t0+T )− (xiT −xiT

+w) ≥

g(t0, t0 + T )− m̄. We thus obtain

T ≥ g(t0, t0 + T )− m̄ =
∑

1≤i≤L

Γvi(t0, t0 + T ) ·mi − m̄

T

T
≥ 1

T

[ ∑
1≤i≤L

Γvi(t0, t0 + T ) ·mi − m̄
]

1 ≥ lim
T→+∞

1

T

[ ∑
1≤i≤L

Γvi(t0, t0 + T ) ·mi − m̄
]

1 ≥
∑

1≤i≤L

[
lim

T→+∞

1

T
Γvi(t0, t0 + T ) ·mi − 0

]
1 ≥

∑
1≤i≤L

rvi ·mi.
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Therefore, we conclude that a feasible solution is possible only if (6.25) is satisfied.

Lemma 11. Consider a local UAM network N with Cv0 = 1 and a countably infinite set of

demands D = {(oj, fj)}j∈J with fj > t0 for all j ∈ J = N. If
∑

1≤i≤L rvi ·(xi−xi+w) ≤

1, then there always exists M ∈ R such that

∑
1≤i≤L

Γvi(t0, t0 + T ) · (xi − xi + w)− fT ≤ M (6.27)

for any T > 0, where fT = max{j∈J |fj≤T}{fj} is the last deadline that needs to be

achieved before T . In particular, this implies that the set of demands D is feasible.

Proof. We will prove the lemma by contradiction. We let mi = xi−xi+w. Suppose no M

exists such that (6.27) holds. That is, for any D, there exists T such that
∑

1≤i≤L Γvi(t0, t0+

T ) ·mi − fT > D. Let r̂ =
∑

1≤i≤L rvi . Since limT→+∞
1
T
Γvi(t0, t0 + T ) =

∑
1≤i≤L rvi =

r̂ > 0 , for any ϵ > 0, there exists T0 > 0 such that for any T ≥ T0, (r̂ − ϵ)T <∑
1≤i≤L Γvi(t0, t0+T ) < (r̂+ ϵ)T . With the choice ϵ = r̂, we conclude there exists T1 > 0

such that

T ≥ T1 implies 0 <
∑

1≤i≤L

Γvi(t0, t0 + T ) < 2r̂T . (6.28)

Without loss of generality, assume demands are numbered in increasing order according to

deadline, i.e., such that t0 < fk ≤ fk+1 for all k ∈ N. Let m̄ = maxi mi. Choose D0 >

2r̂T m̄. We claim that if
∑

1≤i≤L[Γvi(t0, fk) ·mi

]
≥ D0 for some k ∈ N, then fk ≥ T1+ t0.

To prove the claim by contraposition, suppose k is such that fk < T1 + t0. Then, using

(6.28),
∑

1≤i≤L

[
Γvi(t0, fk) · mi

]
≤
∑

1≤i≤L Γvi(t0, T1 + t0) · mi ≤
∑

1≤i≤L Γvi(t0, T1 +

t0) · m̄ < 2r̂T1 · m̄ < D0, and the claim is proved.

Let Λk = max{
∑

1≤i≤L Γvi(t0, fk) ·mi − fk, 0} for all k = 1, 2, . . .. Since 0 ≤ fk−1 ≤

fk, then Λk ≤ Λk−1 + m̄.

Let Dn = nD0 for n = 1, 2, . . .. We then construct a sub-sequence {fkn}∞n=1 such that

kn = argminkn>k(n−1)
{
∑

1≤i≤L Γvi(t0, fkn) ·mi − fkn > Dn} = argminkn>k(n−1)
{Λkn >
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Dn}. We are able to construct such a sequence since we assumed that for any D, exist T

such that
∑

1≤i≤L Γvi(t0, T + t0) ·mi − fT > D. Notice that this is equivalent to that for

any D, there exists n such that
∑

1≤i≤L Γvi(t0, fkn) ·mi − fk > D.

Therefore, suppose there exists kn0 such that we cannot find the next element, that is,

Λkn < D(n0+1) for all kn > kn0 . Let D̄ = max{maxk=1,2,...,kn0
Λk, D(n0+1)}, then Λk ≤ D̄

for all k which is a contradiction.

We claim that {fkn}∞n=1 is an unbounded, monotonically increasing sequence. By

construction, kn > k(n−1), and since the sequence {fk}∞k=1 is monotonically increasing,

then fkn > fk(n−1)
for all n. Therefore, {fkn}∞n=1 is monotonically increasing. More-

over, suppose it is bounded by F̂ (i.e., fkn ≤ F̂ for all n). There are at most ⌈ F̂−t0
T1

⌉

number of time periods with length T1, each can have less than 2r̂T1 incidences. There-

fore,
∑

1≤i≤L Γvi(t0, fkn) · mi ≤
∑

1≤i≤L Γvi(t0, fkn) · m̄ ≤
∑

1≤i≤L Γvi(t0, F̂ ) · m̄ <

⌈ F̂−t0
T1

⌉·2r̂T1·m̄ < ⌈ F̂−t0
T1

⌉·D0 for all vi. However, since
∑

1≤i≤L Γvi(t0, fkn)·mi−fkn > Dn

for all n, then n ·D0 = Dn < fkn +Dn <
∑

1≤i≤L Γvi(t0, fkn) ·mi < ⌈ F̂−t0
T1

⌉ ·D0, which

contradicts with the fact that n can become infinitely large. Therefore {fkn}∞n=1 is an un-

bounded, monotonically increasing sequence and thus limn→∞ fkn → ∞.

Then we have

∑
1≤i≤L

Γvi(t0, fkn) ·mi − fkn > Dn

∑
1≤i≤L

Γvi(t0, fkn) ·mi > Dn + fkn

1

fkn

∑
1≤i≤L

Γvi(t0, fkn) ·mi >
Dn + fkn

fkn∑
1≤i≤L

[
lim
n→∞

1

fkn
Γvi(t0, fkn) ·mi

]
> lim

n→∞

Dn + fkn
fkn∑

1≤i≤L

[
lim

fjn→∞

1

fkn
Γvi(t0, fkn) ·mi

]
> lim

fkn→∞

Dn + fkn
fkn

1 ≥
∑

1≤i≤L

rvi ·mi > lim
fkn→∞

Dn

fkn
+ 1 ≥ 1
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1 > 1, (6.29)

a contradiction.

Therefore, there exist a positive real number M̄ , so that
∑

1≤i≤L Γτ(i)(t0, T + t0) ·mi−

fT ≤ M̄ for any T > 0. As a result, the departure time of the journeys is bounded below

by minj fj − M̄ −max1≤i≤L{xi} and thus the set of demands D is feasible.

6.2.4 Extension to General Star-Branch Network

We now show that the necessary condition of Theorem 7 extends to general star-branch

networks with intermediate nodes between origins and the destination in the following

corollary.

Corollary 2. Consider a UAM network N = (G∗, C, x, x) where G∗ is a star-branch graph

with L leaf nodes and thus L branches, ({el,k}Kl+1
k=1 , {vl,k}Kl+1

k=0 ), for all l = 1, . . . , L. If a

countably infinite set of demands D is feasible, then

rvl ≤ r̂vl = min
1≤kI≤Kl+1

r̂l,kI , ∀1 ≤ l ≤ L (6.30)

where r̂l,kI is obtained by the equation below:

Cvl,kI
=
( kI∑

k=1

xel,k −
kI∑
k=1

xel,k
+ wl,kI

)
· r̂l,kI . (6.31)

Proof. Consider branch l of the graph, ({el,k}Kl+1
k=1 , {vl,k}Kl+1

k=0 ). The leaf node on the

branch is vl = vl,Kl+1. The time interval to reach any other node vl,kI on the branch from

the leaf node will be

[ kI∑
k=1

xel,k
+ (kI − 1)wI ,

kI∑
k=1

xel,k + (kI − 1)wI + wl,kI

]
. (6.32)

We can then consider the pair of nodes vl and vl,kI as a simple star graph with a link
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(vl, vl,kI ) with travel time through the link falling in the interval computed in (6.32). More-

over, the UAV will stay at the node vl,kI for time wl,kI , hence we can apply Theorem 7 to

this two-node network and conclude that the long-term average departure rate rvl from vl

needs to satisfy

rvl ·
( kI∑

k=1

xel,kI
−

kI∑
k=1

xel,kI
+ wl,kI

)
≤ Cvl,kI

. (6.33)

As a result, the maximum value of rvl can be obtained in this two-node local network

is r̂vl,kI and thus rvl ≤ r̂vl,kI where r̂vl,kI is defined in (6.31). Meanwhile, (6.33) needs to

be satisfied for all kI , hence rvl ≤ r̂vl,kI for all kI = 1, . . . , Kl + 1, which is equivalent to

(6.30).

The observation that the above theoretical guarantees extend to the class of star-branch

networks significantly expands the practical usefulness of these results. This is because, in

many practical scenarios, a UAM network is reasonably decomposed as several indepen-

dent star-branch networks. For example, during the morning commute, flights will travel to

a central city from regional exurbs with possible stops at intermediate suburbs. This is the

situation studied in the case study below. During the evening commute, reverse travel from

the city to the exurbs is modeled as independent star-branch networks, each with a single

branch.

6.3 Optimization Problem for Static Scheduling

When the set of demands D is finite, it is always possible to find a schedule as we can set

the flights to depart early. However, some schedules are less desirable if, e.g., they require

the UAVs to depart too early so that the UAVs arrive too far ahead of the corresponding

deadlines. Therefore, we propose an optimization program that seeks to minimize the

gaps between the arrival times and the corresponding deadlines while remaining feasible

in this section. We denote the order that journeys land at the destination v0 as z, ordered

according to arrival aj , using the index γ ∈ {1, . . . , |J |}. For each j ∈ J , zjγ is an
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indicator for whether the journey j is scheduled as the γ-th arrival or not: zjγ = 1 means

that the assigned UAV is the γ-th flight entering v0 while zjγ = 0 if not. In particular,

consider a star-branch network N∗ = (G∗, C, x, x) and the optimization program

min
δj ,aj ,z

j
γ

∑
j∈J

(fj − δj)

aj ≤ fj ∀j ∈ J (6.34)

aj = δj +

Kl+1∑
k=1|vl=oj

xel,k +KlwI ∀j ∈ J (6.35)

|J |∑
γ=1

zjγ = 1 ∀j ∈ J (6.36)

∑
j∈J

zjγ = 1 ∀1 ≤ γ ≤ |J | (6.37)

∑
j∈J

zjγ · aj + w ≤
∑
j∈J

zjγ+Cv0
·
[
δj +

Kl+1∑
k=1|vl=oj

xel,k
+KlwI

]
∀1 ≤ γ ≤ |J | (6.38)

∑
j|oj=vl

zjγ · aj ≤
∑

j|oj=vl

zjγ+1 · (aj −
1

r̂vl
) ∀1 ≤ γ ≤ |J |, ∀1 ≤ l ≤ L (6.39)

δj, aj ∈ R, zjγ ∈{0, 1}, ∀j ∈ J , ∀1 ≤ γ ≤ |J | . (6.40)

In the optimization problem above, the objective function minimizes the sum of the differ-

ence between the deadline and the departure time of each trip. Constraint (6.34) requires

each UAV to arrive by the deadline of the corresponding trip. The constraint (6.35) defines

the latest arrival time for the journey j as the departure time δj plus the longest time it may

need to travel along the journey. As depicted in (6.36), each journey is assigned exactly

one order index to enter the destination and (6.37) shows that each order index must be

occupied by one journey. Since all journeys stay at destination v0 for a fixed time w, we

implicitly assign the parking slots to the journeys by their order index γ cyclically. The

constraint (6.38) says for each parking slot, the earliest time that the flight (γ + Cv0) can

enter the parking slot must be later than the latest time that flight γ leaves the slot (the latest

88



time that a flight leaves the slot is the latest time that the flight will arrive at the slot plus

the time it will stay at the node). Similarly, the constraint (6.39) guarantees the rate that the

flights entering each branch l will not exceed its maximal allowed average departure rate

r̂vl . Lastly, (6.40) provides the range for all the variables. Notice that time 0 is arbitrarily

fixed so that, in particular, δj < 0 and aj < 0 are possible.

Even though the constraints (6.38) and (6.39) contain the multiplication of two decision

variables, we can reformulate them into a set of affine constraints because zjγ is binary and

aj is bounded for any 1 ≤ γ ≤ J and j ∈ J . Hence, the problem can be transformed into

a mixed-integer linear program (MILP). Although the optimization problem after transfor-

mation is still non-convex, it can be efficiently solved using solvers such as Gurobi[79] or

Cplex[80].

6.4 Numerical Case Studies for Static Scheduling Algorithm

A recent report by INRIX suggests that a UAM local network traveling to the city of Atlanta

from three exurbs, Alpharetta, Kennesaw and Buford, has the potential to offer significant

time savings compared to ground transportation during peak travel times [14], and we

construct our case study from data reported in [14]. Table 6.1 reports plausible travel time

intervals for flights to travel from the three exurbs to Atlanta and the corresponding time

savings versus peak hours. The fourth column of Table 6.1 is taken from [14], and the

third column is inferred from the fourth column and free flow travel times obtained via

Google Maps. We further assume there is an intermediate vertistop a at a suburb between

Kennesaw and Atlanta, and intermediate vertistops b and c at suburbs between Buford and

Atlanta, as shown in Fig. 6.2. The corresponding travel time intervals are labeled beside

the links. Conforming to the local network model in Section 6.2.2, we take Atlanta as node

number 0 and the exurbs as numbered in Table 6.1. This is therefore a star-branch network

with 3 branches, where v2,1 = a, v3,1 = b and v3,2 = c.

We now present the case study with demand sets D = {(oj, fj)}j∈J defined subse-
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Table 6.1: Time Needed for UAVs and Cars to Travel to Atlanta from Different Origins in
Rush Hours

Node Origin UAV Travel Time (min) UAV Savings Versus
Car Travel Time (min)

1 Alpharetta [x1, x1] = [20, 29] −41
2 Kennesaw [x2, x2] = [25, 32] −19
3 Buford [x3, x3] = [31, 41] −32

quently. Note that the destination for all demands is Atlanta, node v0. We consider a time

horizon of three hours (T = 180 minutes) and assume there are two landing spots in At-

lanta, but only one landing spot at vertistops a, b and c, i.e., Cv0 = 2, Ca = Cb = Cc = 1.

Each UAV stays at the intermediate vertistops along its path for wI = 1 minute and

at the Atlanta vertiport for w = 5 minutes after landing. The optimization problem

(6.40) is solved in MATLAB using Gurobi with YALMIP toolbox to obtain a schedule

S = {({el,k)}Kl+1
k=1 , δj)}j∈J where l ∈ {1, 2, 3} and Kl = l − 1. By solving the optimiza-

tion problem (6.40), we minimize
∑

j∈J (fj − δj), the sum of the difference between the

deadline and the departure time of each trip.

In the case study, we assume the number of UAVs that need to arrive at Atlanta during

the three hour horizon varies across the three origins and is denoted h1, h2, h3. Deadlines

are set at regularly intervals, i.e., if origin vi is tasked with sending hi flights to Atlanta,

the deadlines are
⌊

180
1+hi

· k + 0.5
⌋

, k = 1, 2, . . . , hi. We set the deadlines as integers for

a shorter convergence time when running the algorithm. We limit the total number of

flights under consideration, since the complexity of the non-convex optimization problem

in Section 6.3 will lead to a long computational time when there are too many flights.

The example we present below takes around two hours for scheduling. In addition to

considering a fixed three hour time window, we also consider the case when the demands

are repeated indefinitely, providing a countably infinite set of demands.

Fig. 6.3 shows the optimal schedule computed as in Section 6.3 for [h1, h2, h3] =

[4, 4, 19]. The “ATL 1” and “ATL 2” nodes represents the two parking slots at Atlanta
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with [h1, h2, h3] = [4, 4, 19]

Figure 6.3: The detailed optimal schedule of the second case study with [h1, h2, h3] =
[4, 4, 19]. The red, green and orange bars represent the reserved time slots for flights from
v1, v2 and v3, respectively. We label an “ID” above each bar to track the flights. The
diamond represents the arrival deadline of a journey; the solid-color bar represents the time
interval that the flight is scheduled to arrive. The flight will then stay at the node for time
wI (at intermediate node) or w (at v0) after arrival (represented by the lightly shaded bar).
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Figure 6.4: The detailed optimal schedule along branch 3. UAVs traveling along branch 3
stop at intermediate nodes b, c and v0. The dotted lines are showing that connected bars are
the schedules of the same journey at different intermediate nodes and destination.

node (v0). The red bars indicate UAVs from v1, green for v2 and orange for v3. For illus-

trative purposes, we denote each UAV with a unique ID index, which is labeled above the

91



bar of the corresponding schedule. In this case,
∑3

l=1
hl

180
· (xbrl − xbrl

+ w) > 2 so that,

if we consider an infinitely repeating demand, Theorem 7 implies that this infinite set of

demands is not feasible. As we can verify from the figure, no matter how we adjust the

schedule while satisfying all the constraints (6.34)–(6.40), we require more parking slots

or more than 180 minutes to fit in all schedules for all the journeys. As a result, when we

repeat the demand in [0, T ] periodically, there does not exist any schedule for the infinitely

repeating demand. Fig. 6.4 shows the schedules of the UAVs along branch 3.

On the other hand, with the same total number of UAVs, if the number of departing

UAVs is instead [h1, h2, h3] = [4, 19, 4], then
∑3

l=1
hl

180
· (xbrl − xbrl

+ w) < 2, satisfying

the necessary condition for feasibility, and it can be verified that a schedule (not shown) is

obtained from our proposed scheduling algorithm in this case.

6.5 Concluding Remarks

In this chapter, we studied the problem of scheduling in UAM networks with uncertain

travel time. One main challenge is that nodes in a UAM network, unlike in a ground

transportation network, have limited parking spaces. As a result, a schedule for each UAV

in the network has to be made before it takes off to ensure that a parking space is available

upon arrival. We incorporated these challenges as constraints in a UAM network scheduling

model and presented theoretical results establishing necessary conditions for a schedule to

exist. We further showed that these conditions become also sufficient conditions in certain

cases. Further, for static scheduling with general star-branch networks, we presented a

mixed integer program to obtain an optimal schedule. We demonstrate these theoretical and

computational results for static scheduling on a numerical case study for a UAM network

in the city of Atlanta.
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CHAPTER 7

EFFICIENT ALGORITHMS FOR DYNAMIC SCHEDULING

In Chapter 6, we showed how to obtain the optimal schedule for a finite set of static de-

mands through a mixed integer program, which can be time-consuming, and thus not suit-

able for general dynamic scheduling problems. In this chapter, we are investigating how

dynamic scheduling can be incorporated in the model. We are first explaining the dynamic

scheduling algorithm in detail in Section 7.1. We then demonstrate the performance of the

dynamic scheduling algorithm in the numerical study in Section 7.2. In the same section,

we also compare the performance between the dynamic scheduling method with the static

scheduling method in last chapter over the same network and demands.

7.1 A Detailed Explanation of the Dynamic Scheduling Algorithm

In this section, we present an algorithm for dynamic scheduling and, as a special case,

static scheduling with finite demands. At its core, the algorithm creates a schedule at

each scheduling time using branch-and-bound heuristics to efficiently determine candi-

date orderings for departure times and then a linear program to determine optimal depar-

ture times from the set of fixed orderings. We divide the algorithm into four algorithm

blocks. The outermost block, Algorithm 1, creates schedules S(ti) at scheduling times

T = {t0, t1, t2, . . .} given a UAM network N , time-varying demands D(t), and flight ar-

rival times A(t) that are updated according to the description in Section 6.1. We introduce

Cj = {cjℓ}
kRj

ℓ=1 as the set of parking spots occupied by the flight of the j’th journey along its

route, where cjℓ ∈ {1, . . . , CℓRj } is the parking spot at node ℓ that the flight occupies upon

its arrival. Therefore C(t) = {Cj}j∈J (t) is updated while scheduling. The scheduling times

T correspond to when new demands become available to the scheduler or when a UAV

lands at a node along its journey, and these times are generally not known in advance. In
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Algorithm 1 Event-triggered Scheduling Algorithm

Require: UAM network N = (G, C,R, x, x, w), maximum schedule size K0

1: Ĵ (t−1) := ∅, S(t−1) := ∅, i := 0 , t0 = NOW

2: D(t0) := {(Rj, fj)}j∈J (t0), A(t0) := ∅, C(t0) := ∅ ▷ Initialize demands, flight arrival
times and flight parking spots

3: for scheduling time ti do
4: J ∆

i := J (ti)\Ĵ (ti−1) ▷ indices of demands eligible to be scheduled
5: K := max{K0,

∣∣J ∆
i

∣∣}
6: while K > 0 do
7: (D†,J †) := subset of K demands and indices with earliest deadlines from set

{(Rj, fj)}j∈J∆
i

8: A := A(ti), C := C(ti)
9: OptSche := INSERTION(D†,S(ti−1), ti, A, C,N )

10: if OptSche ̸= S(ti−1) then
11: S(ti) := OptSche ▷ feasible schedule found
12: Ĵ (ti) := Ĵ (ti−1) ∪ J †

13: BREAK

14: else
15: K := K − 1
16: end if
17: end while
18: Update C(ti)
19: WAITFOREVENT ▷ wait for next event
20: i := i+ 1
21: ti = NOW

22: Update D(ti) and A(ti)
23: end for

this way, Algorithm 1 acts as an event-triggered algorithm that creates a new schedule each

time a vehicle lands or a new demand is introduced. For computational considerations,

Algorithm 1 also allows for considering only the first K0 UAV flights with the earliest

deadline, and other available demands are scheduled at later scheduling times. In practice,

we found that including such a ceiling significantly increases computational speed with

negligible effect on the final schedules for all demands.

It is possible that a complete schedule accommodating worst case travel times may not

be possible at each scheduling event. In this case, Algorithm 1 creates a partial schedule.

The unassigned demands are then considered at the next scheduling time, and any demand

that cannot be fulfilled anymore is ultimately dropped.
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Algorithm 2 Schedule-Computing Algorithm
1: function INSERTION(D,Sold, t, A, C,N )
2: Inputs: demands D = {Dj}j∈J , existing schedule {δj}j∈Jold

:= Sold, time t,
arrival times A, parking-spot assignments {{cjv}v∈V (Rj)}j∈J (t) = C, UAM network
((V , E), C,R, x, x, w) := N

3: ℓj := argminℓ∈V (Rj)
ajℓ,kRj

(t) ∀j ∈ Jold

4: M̃v,c := ∪j∈Jold|v=ℓRj ,ℓ≥ℓj ,cjv=cM
j
ℓj ,v

∀v ∈ V , c = 1, . . . , Cv

5: M̃ := {M̃v,c}v∈V,c=1,...,Cv

6: M̃max := maxv∈V,c=1,...,Cv(sup M̃v,c)

7: D1 := {(Rj, fj) ∈ D | fj −m
Rj

kRj
+ w ≤ M̃max}, sort descending wrt deadline fj

8: D2 := D\D1, sort ascending wrt fj
9: while D2 ̸= ∅ do

10: S := Sold ▷ initialization
11: for Dj ∈ D1 do
12: go through M̃ and find the latest feasible departure time for Dj which satisfies

scheduling constraints at each node along Rj and assign the available spot as cjv for all
v ∈ V (Rj)

13: if a feasible departure time δj is found then
14: S = Sold ∪ {δj}; update M̃
15: else
16: return Sold ▷ No feasible schedule found
17: end if
18: end for
19: S2 := PREPARE SCHEDULE(D2)
20: if S2 ̸= ∅ then
21: Ja := index set of D2

22: fnode
v,c := maxj∈J fj + w,∀v ∈ V , 1 ≤ c ≤ Cv

23: for Ja ̸= ∅ do
24: j := argmaxj′∈Ja

supMj′

kRj′

25: cjv := argmaxc=1,...,Cv
fnode
v,c ∀v ∈ V (Rj)

26: fnode
v,cjv

:= infMj
v ∀v ∈ V (Rj)

27: Ja := Ja\{j}
28: end for
29: S = S ∪ S2

30: return S
31: else
32: remove the first journey Dj ∈ D2 and append to the head of D1

33: end if
34: end while
35: return Sold ▷ no feasible schedule found
36: end function
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Algorithm 1 seeks a feasible partial or complete schedule minimizing the Sum of Dif-

ference (SoD) cost

SoD =
∑
j∈Ĵ

(fj − δj) (7.1)

where Ĵ is the index set for the schedule. We refer to this cost as the SoD cost since it

is the sum of the difference between arrival time and departure time for the flights. This

cost corresponds to the typical preferences of customers to leave no earlier than necessary

while still guaranteeing arrival by a desired deadline. An immediate lower bound for the

SoD cost is obtained by considering worst case travel times along the routes for all demands

Ĵ , ignoring capacity constraints at nodes.

With relatively few demands and a simple network topology, e.g., a star network as

considered in Section 6.2.2, the exact optimal schedule minimizing (7.1) can be obtained

from a mixed-integer program. However, for general acyclic directed graphs and/or a large

set of demands, obtaining a schedule from a mixed-integer program is not computationally

tractable. We next propose an efficient but possibly suboptimal approach for these cases in

Algorithm 2 – 4.

Algorithm 2 considers a set of demands that need to be scheduled and partitions them

into two sets according to their deadlines and existing schedule. To achieve this, the algo-

rithm first computes the time intervals that flights will potentially occupy each parking spot

of each node according to (6.2) and the parking spot assignment C(t). This is time-varying

since it depends on time-varying arrivals Aj(t), and we let M̃(t) collect all of the blocked

time intervals computed by (6.2) for all journeys at all parking spots of all nodes at time t.

When a flight lands at a node along its route, the time interval that the flight will potentially

occupy any node along the rest of its route reduces since the uncertainty of traveling is

reduced, so that we can update A(t) and M̃(t) accordingly. When journeys are assigned

to new demands at time t, M̃(t) is used to avoid parking spot conflicts. Using M̃(t), Al-

gorithm 2 divides demands into those with earlier deadlines, D1, which are inserted into
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the current schedule if possible while the demands with later deadlines, D2, are scheduled

using Algorithm 3 beyond the latest time of the existing schedule. If a feasible complete

schedule for D2 cannot be found, the demand with the earliest deadline is moved from D2

to D1 and the process repeats.

Algorithm 3 prepares the variables for Algorithm 4, picks the best solution returned

from Algorithm 4, and transforms that into a schedule. Algorithm 4 is a branch-and-bound

algorithm that finds a list of possible schedules for the given demands. While the algorithm

is inspired by the classical Bratley’s algorithm for task scheduling [44], several adoptions

have been made for the problem we are addressing. For instance, Bratley’s algorithm gen-

erally seeks a single schedule with the earliest possible departure times, while Algorithm 4

returns a set of possible departure times aiming to minimize the SoD cost (7.1).

Algorithm 4 also employs a pruning technique different than Bratley’s algorithm. Con-

sider the set of candidate schedules as a rooted tree. The algorithm starts from scheduling

the last journey for the unassigned demands by visiting the demands in descending order

according to their deadlines, picking a demand, recording the latest possible departure time

and removing the demand from the unassigned list. The process is repeated until all de-

mands are assigned or the branch is stopped by the pruning mechanism. If all demands are

assigned, the current branch will be stored as a possible schedule and the algorithm will

continue with another branch until all branches are considered (visited or pruned). The

algorithm then returns all stored schedules.

We suggest several pruning mechanisms to avoid an exhaustive search, with the first

two inspired by Bratley’s Algorithm:

1. If an unassigned demand cannot be scheduled according to the assigned schedules

without considering other unassigned demands, the current branch will be discarded.

2. If any node cannot afford the unassigned demands according to Lemma 8 with the

assigned schedules, the current branch will be pruned.
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3. If the demand with latest deadline can be scheduled without interfering with any

other demand, then it is scheduled as the last journey to arrive at the destination.

4. If two demands choose the same route, their order follows the order of their deadline,

i.e., if Dj1 , Dj2 ∈ Din and Rj1 = Rj2 , while fj1 < fj2 , then only the branches with

Dj1 arriving earlier then Dj2 will be preserved.

5. When searching along a branch, the current scheduled demands are compared with

stored schedules. If the SoD cost along the current branch must exceed that of any of

the stored schedules, the current branch will be abandoned.

Even with the above pruning techniques, Algorithm 4 may still produce a large set of

feasible schedules. Although there can be several branches to explore, it is possible to stop

the search at any point, given that at least one branch has been found, to get a timely but

sub-optimal solution.

We then explain Algorithm 3 and 4 in details. While Algorithm 4 is the main schedule-

finding algorithm that provides a set of possible schedules, Algorithm 3 prepares the vari-

ables for Algorithm 4, picks the best solution returned from Algorithm 4, and transforms

that into a schedule.

Algorithm 3 first computes fj,v by (6.13) for all j ∈ J and v ∈ V (Rj), based on

the set of unassigned demands D0 = {Dj}j∈J . Recall that fj,v is the latest time for the

flight to arrive at node v if v ̸= 0Rj and is the latest departure time if v = 0Rj without

passing its deadline fj . We initialize DDL, PT and RT as zero matrices of dimension

|J | × |V|. We let DDL(j, v) = fj,v, PT (j, v) = m
Rj
v and RT (j, v) = Mj

v for all j and

v ∈ V (Rj)\{0Rj}, and let DDL(j, 0Rj) = fj,0Rj , so that DDL, PT ,and RT represent the

deadline for arrival/departure, possible time for occupying the nodes, and the shortest time

for the flight to travel from origin to node v along its route, respectively. It then calls the

function schedule in Algorithm 4 and picks the schedule that achieves the smallest SoD

cost.
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Algorithm 3 Prepare Schedule

1: function PREPARE SCHEDULE(D0 = {Dj}j∈J )
2: Let DDL, PT , RT be three N0 by |V| zero matrices.
3: for j ∈ J do
4: for v ∈ Rj do
5: DDL(j, v) := fj,v ▷ fj,v from (6.13)
6: PT (j, v) := m

Rj
v ▷ m

Rj
v from (6.3)

7: RT (j, v) := Mj
v ▷Mj

v from (6.2)
8: end for
9: end for

10: RID := zeros(N0, 1), RdpT := zeros(N0, 1), SID := ∅, SdpT := ∅ ▷ Initialize
11: (SID, SdpT ) := SCHEDULE(D0, SID, SdpT,RID,RdpT, |D0|, DDL, PT,RT )
12: Snew := ∅
13: if SdpT ̸= ∅ then
14: i∗ := argmaxi

∑
j SdpT (j, i) ▷ i∗ index of the optimal schedule

15: Let Snew be the new schedule, with departure times SdpT (:, i∗) ordered as SID(:
, i∗)

16: end if
17: return Snew

18: end function

Algorithm 4 is a branch-and-bound algorithm that considers the set of candidate sched-

ules as a rooted tree. Given the unassigned demands with ascending deadlines D0 = {Dj =

(Rj, fj)}j∈J0 , the algorithm visits the unassigned demands in descending order according

to fj to pick the last journey in the schedule. RdpT records the departure time while RID

records the index of the picked demand as in line 18.

We then remove the demand from the unassigned list and delete the row of the corre-

sponding demand from DDL, PT and RT before continuing with the current branch. If

the set of demands D1 = {Dj}j∈J1 , where J1 ⊆ J0, is already scheduled along the current

branch, then for each node v, we can then compute fnode
v,c as in Algorithm 2 line 21–28 for all

v ∈ V and c = 1, . . . , Cv by substituting Ja = J1 with line 21. We implicitly assume that

we will assign the journey to a parking spot where the earliest arrival time of the next jour-

ney at the same spot will be the latest among the Cv parking spots for all assigned demands.

We let fnode
v = max1≤c≤Cv f

node
v,c for all v ∈ V\S and let f ′

j,v = min(DDL(j, v), fnode
v ) for
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all j ∈ J0\J1 and all v ∈ V (Rj). We then update DDL so that

DDL(j, 0Rj) = min
v∈V (Rj)\{0}

(f ′
j,v −Mj

v) (7.2)

and

DDL(j, v) = DDL(j, 0Rj) +Mj

v . (7.3)

The search-and-assign process is repeated until all demands are assigned or the branch

is stopped by the pruning mechanism, which will be described later. If all demands are

assigned, then the current branch, RID and RdpT , will be stored into SID and SdpT

as in line 13. The algorithm will then continue with another branch until all branches are

considered (visited or pruned). The algorithm then returns SID and SdpT . As mentioned

previously, we have five main pruning conditions, while the first, second and the fourth

conditions are easy to be realized by line 6, 8 and 31, respectively. We next explain the

third and the fifth conditions in detail.

The third condition indicates that if the demand with latest deadline can be sched-

uled without interfering with any other demand, then we schedule it as the last jour-

ney to arrive at the destination. The following explains line 16 in Algorithm 4. Let

j0 = argmaxj∈J0\J1
fj . For each v ∈ V (Rj0), the number of unassigned demands that

need to be considered is

num = min
(
Cv,
∣∣{Dj}j∈J0\J1|v∈V (Rj0

)

∣∣− 1
)
. (7.4)

By our parking-spot assigning assumption, if assigning Dj0 as the last journey among all

the unassigned demands will not interfere with any other demand, then

maxk([fnode
v,1 , . . . , fnode

v,Cv
]) ≥ maxk+1(DDL(:, v)) (7.5)

for all v ∈ V (Rj0) and k = 1, . . . , num, where we let maxk(·) represents the k’th largest
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Algorithm 4 Schedule

1: function SCHEDULE({Din,j}j∈J , SID, SdpT,RID,RdpT,N0, DDL, PT,RT )
2: Din = {Din,j = (Rin,j, fin,j)}j∈J , N := |Din|
3: D = {Dj = (Rj, fj)}Nj=1 := the sorted sequence of Din, so that D = Din and

fj1 ≤ fj2 if j1 ≤ j2
4: K := zeros(N, 1)
5: K(j) := j′ if and only if Dj = Din,j′

6: if ∃j, v that DDL(j, v) < 0 then
7: return SID, SdpT
8: else if ∃v that

∑
j PT (j, v) < (maxj DDL(j, v)−minj RT (j, v)) then

9: return SID, SdpT
10: else if N == 1 then
11: dpT := DDL(N, 0Rj)
12: RID(1) := K(1), RdpT (1) := dpT
13: SID := [SID,RID], SdpT := [SdpT,RdpT ]
14: return SID, SdpT
15: else
16: if DN can arrive at the each node at last without requiring any other flight to depart

earlier then ▷ (7.5)
17: i := N
18: RID(N) := K(i), RdpT (N) := DDL(i, 0Ri)
19: D2 := {Dj}j ̸=i, DDL2 := DDL, DDL2(i, :) := [ ]
20: PT2 := PT , PT2(i, :) := [ ], RT2 := RT , RT2(i, :) := [ ]
21: update DDL2 according to (7.2) and (7.3)
22: compare SID, SdpT with D2

23: if condition in (7.6) is satisfied then
24: RID(1 : N − 1) := SID2, RdpT (1 : N − 1) := SdpT2

25: SID := [SID,RID], SdpT := [SdpT,RdpT ]
26: else
27: [SID, SdpT ] := SCHEDULE(D2, SID,

SdpT,RID,RdpT,N0, DDL2, PT2, RT2)
28: end if
29: else
30: for i ∈ {N, . . . , 1} do
31: if ∀j such that Rj = Ri, fj ≤ fi then
32: same as line 18 – 28
33: end if
34: end for
35: end if
36: end if
37: return SID, SdpT
38: end function

number in the vector (·).
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We now demonstrate how we can realize the last pruning condition with lines 22 and

23. When searching along a branch, we will compare the current scheduled demands with

stored assignments in SID and SdpT . If the expected SoD cost along the current branch

already exceeds any of the stored branches, the current branch will be abandoned. Consider

the current unassigned demands {Dj}j∈J0\J1 . If SID(1 : |J0\J1|, col) = J0\J1 for some

col ∈ N, we then compute fnode
v,c for all v ∈ V (Rj) and c = 1, . . . , Cv. Similarly, we can

use SID(:, col) and SdpT (:, col) to obtain {δj}j∈J1 and compute fnode,S
v,c for all v ∈ V (Rj)

and c = 1, . . . , Cv. If

maxk([fnode
v,1 , . . . , fnode

v,Cv
]) = maxk([fnode,S

v,1 , . . . , fnode,S
v,Cv

]) (7.6)

for all v ∈ V (Rj) and k = 1, . . . , num, where num can be computed as in (7.4), is

satisfied, then we can stop searching the current branch and instead use the stored schedule,

as initiated on line 23.

If more than one col schedule satisfies (7.6), we pick the one with the least SoD cost,

colmin. We let SID2 = SID(1 : |J0\J1|, colmin) and SdpT2 = SdpT (1 : |J0\J1|, colmin).

We then merge SID2/SdpT2 with RID/RdpT as in line 24–25 and stop searching this

branch.

7.2 Numerical Study for Dynamic Scheduling Algorithm

In this section, we demonstrate our algorithm on two case studies with up to 200 flights

each. We first demonstrate the algorithm on an eight-node network with dynamic schedul-

ing updates. In the second case study, we consider a static scheduling example for a net-

work of the Atlanta region in Chapter 6. For this case, we show that the proposed algorithm

generates a schedule with a nearly optimal cost in considerably less computational time

than the exact integer program proposed in Section 6.3. In both case studies, the proposed

algorithm obtained reasonable schedules within 1 second.
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7.2.1 Case Study 1: Dynamic Scheduling

v1 v2 v4 v7

v5 v8

v3 v6

[4, 5] [3, 5] [7, 12]

[2, 6] [5, 8]

[4, 6]

[8, 9]
[2, 4]

Figure 7.1: An 8-node, 8-link network used to illustrate the case study in 7.2.1.

The first case study considers the network in Fig. 7.1. The set of all possible origins

(resp., destinations) is S = {v1, v3} (resp., T = {v7, v8}). We assume the origins v1, v3 do

not have capacity constraints, while Cv2 = 1, Cv4 = 2, Cv5 = 3, Cv6 = 1, Cv7 = 3 and

Cv8 = 5. The links are indicated in the figure and the corresponding travel time intervals

are labeled beside the links. We consider four routes R = {R1, R2, R3, R4} with R1 =

{(v1, v2), (v2, v4), (v4, v7)}, R2 = {(v1, v2), (v2, v5), (v5, v8)}, R3 = {(v3, v5), (v5, v8)}

and R4 = {(v3, v6), (v6, v8)}. Each flight remains at the vertistops along its path for w = 1

minute after landing (all times are given in minutes). Algorithms 1 – 4 are implemented in

MATLAB to obtain a schedule S = {(δj)}j∈J .

In simulation, realized travel times are uniformly randomly drawn from the travel time

intervals. We first consider 43 randomly generated demands. Subsets of demands become

available for scheduling across scheduling times T = {0, 15, 30, 45, 50, 60, 80, 85, 100, 120}.

Fig. 7.2 demonstrates the resulting schedule. The figure compares the scheduled and

actual arrivals at node 8 in the time interval [100, 160] minutes as observed at time t = 100

minutes (left) and t = 120 minutes (right). The green, orange and blue bars represent the

reserved time slots for flights traveling through R2, R3 and R4, respectively. Flights on

route R1 are not shown because R1 does not go through node 8. We label an ID number

above each bar to identify the flights. The diamond represents the arrival deadline of a

demand; the solid-color bar represents the time interval that the flight could possibly arrive

given the schedule and uncertain travel times. The flight will then stay at the node for time
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Figure 7.2: Scheduled/realized occupation of the five parking spots at Node 8 for the case
study in Section 7.2.1 in the time interval [100, 160] determined at time 100 (left) and time
120 (right). The green, orange and blue bars represent the reserved time slots for flights
traveling through R2, R3 and R4, respectively. An ID number above each bar identifies
the flights. The diamond represents the arrival deadline of a journey; the solid-color bar
represents the time interval that the flight is scheduled to arrive. The flight stays at the node
for time w = 1 after arrival (represented by the lightly shaded bar). Therefore, the entire
bar represents the time interval the flight may or did appear at node 8. Comparing the top
and the bottom figures, we can observe several representative changes: the journey 30 has
not yet arrived at the destination in the top plot computed at time 100 but is completed in
the bottom plot computed at time 120; the time slot reserved for journey 25 has shrunk
because the flight arrived at an intermediate node in the time interval [100, 120] so that the
uncertainty of its arrival at node 8 reduced; journeys 37-43 are newly scheduled.

w after arrival, which is represented by the lightly shaded bars in the figure. Therefore, the

entire bar represents the time interval the flight may appear at node 8 under best and worst

case travel times. Comparing the left and the right figures, we observe several representa-

tive changes: the journey 30 has not yet arrived at destination by time 100 in the top plot

but is completed by time 120 in the right plot; the time slot reserved for journey 25 has

shrunk because the flight arrived at an intermediate node along its route in the time interval

[100, 120] minute so that the uncertainty of its arrival at node 8 reduces; and journeys 37–43

are newly scheduled in the right plot.

A schedule for the 43 flights described above is obtained in 0.8 seconds with a SoD cost

of 759.3 minutes. By considering worst case travel times for all demands but not capacity

constraints, the lower bound for the SoD cost is 746 minutes. Thus, the algorithm produces
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a schedule that is at least within 2% of optimal, and since an exact optimal schedule is

not computationally tractable, it is unknown exactly how far from optimal the obtained

schedule is, or even if it is, in fact, optimal itself.

Next, we consider a larger set of demands with size 200. The routes are chosen

randomly among the four routes and the deadlines are picked randomly in the interval

[40, 1540] minutes. The algorithm finds its first feasible schedule at 0.2801 seconds with

SoD cost equal to 3759.9 minutes, which is again within 2% of the lower bound of 3693

minutes.

7.2.2 Case Study 2: Atlanta Network

We next recall the Atlanta star-branch network shown in Fig. 6.2 that was presented in

Section 6.2.4. As a reminder, we take Atlanta as node number 0 and the exurbs Al-

pharetta, Kennesaw and Buford 1, 2 and 3, respectively. We let R = {R1, R2, R3}, where

R1 = {(v1, v0)}, R2 = {(v2, a), (a, v0)}, and R3 = {(v3, c), (c, b), (b, v0)}. We consider

demands D = {(Rj, fj)}j∈J defined subsequently, where Rj ∈ {R1, R2, R3}. Note that

the destination for all demands is Atlanta, node v0. We consider a time horizon of three

hours (T = 180 minutes) and assume there are two landing spots in Atlanta, but only one

landing spot at vertistops a, b and c, i.e., Cv0 = 2, Ca = Cb = Cc = 1. Each flight stays at

the intermediate vertistops along its path for wI = 1 minute and at the Atlanta vertiport for

w = 5 minutes after landing.

We use the same set of demands where the number of UAM demands across the three

origins is [h1, h2, h3] = [4, 4, 19] and that arrival deadlines are set at regular intervals, i.e.,

if origin vi is tasked with sending hi flights to Atlanta, the deadlines are
⌊

180
1+hi

· k + 0.5
⌋

,

k = 1, 2, . . . , hi.

For comparison, the mixed-integer optimization problem in Section 6.3 is solved in

MATLAB using Gurobi with YALMIP toolbox to obtain a schedule that exactly minimizes

the SoD cost (7.1). Using the exact mixed-integer program from Section 6.3 takes around
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Figure 7.3: The computation time versus minimal SoD cost among all stored schedules
obtained within the corresponding computation time for Case Study 2. The dashed line
represents the optimal SoD computed from the optimal schedule obtained by the mixed-
integer program.

150 minutes of computation time on a standard laptop, and the optimal SoD cost as in

(7.1) is 1587 minutes. Note that the lower bound computed using worst cast travel time but

ignoring capacity constraints is 1173 minutes. Thus, the capacity constraints at the nodes

play a significant role in overall network SoD cost.

In contrast, the algorithm proposed in this chapter obtains a feasible schedule in 0.05

seconds. The SoD cost of this sub-optimal schedule is 1669 minutes. The SoD cost reduces

to 1605 minutes when the algorithm finds an alternative schedule after 5.8 seconds of com-

putation time. Fig. 7.3 demonstrates how the minimal SoD cost of all stored schedules

decreases with computation time.

The exact mixed-integer program cannot practically compute a solution if the number

of demands exceeds about 50. On the other hand, the scheduling algorithm in this paper

provides a sub-optimal schedule quickly for even a large demand set. To demonstrate

this, we now consider 200 demands assigned randomly to the three routes with random

deadlines in the interval [40, 1540] minutes. The algorithm finds the first feasible schedule

at 0.2 seconds with Sum of Difference equal to 12662 minutes and, after 10.1 seconds,

obtains a schedule with Sum of Difference equal to 12637 minutes. The lower bound for

this set of demands is 7786 minutes. We note, however, that this is only a lower bound and
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it is likely that the optimal schedule has SoD cost significantly greater than this bound as

was the case in the prior example with 27 flights.

7.3 Concluding Remarks

In this chapter, we studied a dynamic scheduling algorithm. We’ve come up with a mixed

integer program for static scheduling in Section 6.3, which is too time-expensive when the

complexity of network and the size of demands increase. An exact schedule can some-

times be obtained from a mixed integer program, but this is not computationally tractable

for larger networks and/or large sets of demands. Instead, we present a dynamic schedul-

ing algorithm that is able to consider new demands over time and uses branch-and-bound

heuristics to identify feasible but possibly sub-optimal schedules in this chapter.
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CHAPTER 8

SAFETY VERIFICATION FOR UAM SCHEDULING: SIMPLEST CASE

For any UAM solution, unforeseen disruptions such as intermittent closure of landing sites

needs to be considered for the sake of safety. It must be ensured that, once the network

is disrupted, there will be enough landing spots available for all UAVs conforming to the

emergency rerouting rules. In this chapter, we consider schedule disruptions within the

model proposed in Chapter 6, which accounts for uncertain travel time and limited landing

capacity, and we develop a safety verification algorithm for a given UAM schedule. In

Chapter 6, the schedules are obtained so that the flights must travel through designated

routes and meet their corresponding arrival deadlines at their destinations, while satisfying

the landing-spot restrictions at the destination and intermediate nodes upon arrival. In this

chapter, we consider the static UAM model, where the schedules are not updated over time,

and we further consider the problem of verifying the safety of a given schedule upon the

closure of a node in the network while only one backup landing site will be assigned to

each flight in Section 8.1. We provide necessary and sufficient conditions for a given UAM

schedule to be guaranteed as safe in the disrupted scenario, which leads to our proposed

safety verification algorithm. We also provide necessary conditions for guaranteed safety

under best-case travel time realization and demonstrate our verification algorithm and its

computation efficiency on a UAM network with up to 1,000 UAVs.

The remainder of this chapter is organized as follows: In Section 8.1, we first recall the

UAM network model in Chapter 6 with static settings, and then introduce the disruption

model that reduces capacity of the network. In Section 8.2, we establish safety criteria and

develop necessary and sufficient conditions for the schedule to be safe under disruptions.

We then demonstrate our safety verification algorithm on a UAM network in Section 8.3

and compare the verification time for different sizes of schedules.
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8.1 Problem Formulation

8.1.1 Network Model and Nominal Scheduling

In Definition 5, the UAM network are defined with network graph, limited node capacities,

routes, and minimum and maximum link travel times. We again assume that every flight is

associated to a route R ∈ R and stops at intermediate nodes along the route. In the context

of safety verification problem, we assume that each schedule assigned to a given demand

satisfying the constraint of the deadline. Therefore, for each flight, we will only concern

about the route of the corresponding demand, and the departure time. Therefore, we define

assured schedule as a pair (R, δ) where R ∈ R and δ ∈ R+ is the appointed departure

time from the first node along the route. A schedule profile for a UAM network is a set

Sp = {(Rj, δj)}j∈J . In this chapter, we assume that J is a finite index set of flights, and

hence, Sp, is assumed finite. To be succinct, when we mention “schedule” in the context of

verification for schedules in the rest of the thesis, it represents the assured schedule.

We recall that the latest arrival time at the node σ(ℓ) along the route is ajℓ , and the time

interval that the flight will potentially block a landing spot at node ℓ is Mj
ℓ , where ajℓ , M

j
ℓ

can be computed through (6.1) and (6.2) in the static case starting from origin. Therefore,

ajℓ = δj +
ℓ∑

ℓ1=1

xℓ1 + (ℓ− 1)w , (8.1)

and

Mj
ℓ =

[
δj +

ℓ∑
ℓ1=1

xℓ1
+ (ℓ− 1)w, ajℓ + w

]
. (8.2)

We let Mj
v = Mj

ℓ and ajv = ajℓ if v ∈ V (Rj) and v = ℓRj .

Definition 9 (Realization). A realization of an assured schedule (R, δ) refers to a set of

realizations for the travel times on each link along route R that obeys the minimum and

maximum travel time limits. We do not assume any probability distribution on realizations,

but we will consider certain conditions that hold in the worst-case, i.e., for all realizations,
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or in the best-case, i.e., there exists some realization satisfying the condition.

The feasible schedule profile we are defining below is mirroring the schedule in Defi-

nition 6.

Definition 10 (Feasible Schedule Profile). A schedule profile Sp = {(Rj, δj)}j∈J where

δj ∈ R+ for all j ∈ J is a feasible schedule profile if, for all realizations (that is, in

worst-case), the number of vehicles at a node never exceeds capacity, i.e., for all v ∈ V

and all t ≥ 0, ∑
j:v∈V (Rj)

1
(
t;Mj

v

)
≤ Cv (8.3)

where the notation 1(·; ·) is the indicator function.

While every feasible schedule profile will by definition ensure proper operation of the

UAM network under normal circumstances, our objective is to ensure the schedule is re-

silient to interruptions in the network.

8.1.2 Disruption Model

In actual operation, it is expected that unforeseen disruptions that disable one or more

nodes, such as adverse weather conditions, will be common. The arrangement for the

flights affected by the disabled nodes needs to be considered in advance to ensure safety,

that is, when a node is disabled, each flight passing through the disabled node must have

a rerouting plan that ensures availability of a landing spot. In this thesis, we postulate

the existence of a set of backup nodes for the network so that when any node is disabled,

the flights can be redirected to the backup nodes depending on the link they are traveling

through.

In this subsection, we introduce the assignment of the backup nodes and the operating

mechanism once a node is disabled. We assume that only one node may be disabled in

the rest of the thesis. In order to guarantee that each disrupted flight will be able to be

assigned to a node after the disruption, we assign a backup node to each link in the network.
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Naturally, we let the backup node of the link be its head if the head node is not disabled,

and let the backup node be the tail if the head node is disabled. Under this assignment of

backup node, a flight whose route is potentially being blocked and is traveling on a link e

will continue to the head node σ(e) on its route if it is functioning, or return to the previous

node τ(e) if the head node is disabled.

We say the j’th flight is affected by some disabled node vc ∈ V at time tc if vc ∈ V (Rj),

i.e., the route of the flight travels through node vc, and the flight has not yet reached vc by

time tc. The flight is not affected when the node vc is disabled at time tc otherwise.

Below is a set of rules that all flights need to follow once a node vc is disabled at time

tc:

1. flights not affected will continue normal operation;

2. any affected flight that has not yet departed (δj > tc) will be canceled (no longer

depart);

3. an affected flight j with δj ≤ tc traveling on a link e ∈ E with σ(e) ̸= vc will continue

to the head node σ(e) and stop there indefinitely (block a landing spot indefinitely);

4. an affected flight j with δj ≤ tc that is landed at a node at time tc will remain there

indefinitely;

5. an affected flight j with δj ≤ tc traveling on a link e ∈ E with σ(e) = vc will return

to the tail of the link τ(e) and stop there indefinitely.

Note that we do not consider the problem of recovering a new schedule after a disabled node

becomes operational again, as our focus is on safety. Further, we postulate the above rules

to provide a well-defined problem formulation; alternative rules might be also plausible.
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Figure 8.1: (Bold partial graph) The sub-graph consisted of the bold lined 4 nodes and 3
links is used to illustrate the simple network in Example 2.
(Entire graph) The entire graph is used to illustrate the network with 7 nodes and 7 links in
the case study.

8.2 Necessary and Sufficient Conditions for Safe Schedule

In this section, we formally define safety and present necessary and sufficient conditions for

safety. Given a network N = (G, C,R, x, x, w) where G = (V , E) and a feasible schedule

profile Sp = {(Rj, δj)}j∈J , we regard the j’th flight as possibly affected by disabling node

vc at time tc if vc ∈ V (Rj) and tc < supMj
vc , i.e., the flight may have to travel through the

disabled node later than tc, depending on realized travel times. The closure of a node can

affect the set of schedules in different ways. In particular, the set of schedules is:

1. worst-case (resp., best-case) time-node conditionally safe for node vc and time tc

if, supposing that vc is disabled at time tc, then all possibly affected flights are able

to land at their designated backup nodes while not interfering with any unaffected

flights, for all (resp., for some) realization of link travel times.

2. worst-case (resp. best-case) node conditionally safe for node vc if it is worst-case

(resp. best-case) time-node conditionally safe for node vc for all time tc ≥ 0.

3. worst-case (resp. best-case) 1-closure safe if it is worst-case (resp. best-case) node

conditionally safe for any node vc ∈ V .

Note that worst-case safety implies best-case safety.

Example 2. We illustrate the model and the safe criteria through the simple network shown

in Fig. 8.1 with 4 nodes and 3 links (the bold lined sub-graph). For this example, the set of
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nodes V = {v1, v2, v3, v4} and E = {(v1, v2), (v2, v3), (v2, v4)}. We assume that the origin

v1 does not have a capacity constraint, while Cv2 = 2, Cv3 = 1 and Cv4 = 1. The links are

indicated in the figure and the corresponding travel time intervals are labeled beside the

links, e.g., the interval [8, 10] above the link (v1, v2) means that the shortest (resp., longest)

possible time for traveling through the link is 8 (resp., 10) time units. We consider two

possible routes R1 = {(v1, v2), (v2, v3)} and R2 = {(v1, v2), (v2, v4)}. Each flight remains

at the intermediate nodes or destination along its path for w = 1 time unit after landing.

Given a feasible schedule profile Sp = {S1, S2, S3}, where S1 = (R2, 1), S2 = (R2, 8) and

S3 = (R1, δ3), where we consider several δ3. Assume v4 is disabled at time tc = 15. Under

worst-case travel time realizations, flight S1 will be traveling on (v2, v4) at tc = 15 and

needs to be rerouted to v2; Flight S2 will be traveling on (v1, v2) and needs to stay at v2

upon arrival. If δ3 = 0, flight S3 is not affected, and should continue its journey; however,

if δ3 = 10, then v2 will be short of landing spots upon the arrival of S3. Therefore, S

is worst-case time-node conditionally safe for node v4 at time 15 if δ3 ≤ 4 and is not if

δ3 > 4. In contrast, it is always best-case time-node conditionally safe for node v4 at time

15 regardless of the choice of δ3. Meanwhile, suppose Cv2 = 3, and we let δ3 = 10, then

obviously, the network will be able to handle the flights after closure no matter when the

node v4 is closed. Therefore, we see that S is worst-case node conditionally safe for node

v4 in this case. We further check that this is true for all nodes in the network, and thus S is

also worst-case 1-closure safe.

To obtain conditions for 1-closure safety, we start by observing that a feasible schedule

is trivially node conditionally safe for node v ∈ S, where we recall S the set of source

nodes that are not the head of any link.

We next explore safety of a disabled node not in S. Before we study the sufficient and

necessary conditions for 1-closure safety when disabling a node vc ∈ V\S, we first define

several special sets. If vc = ℓRj , we let ℓvc,Rj
= ℓ, and ℓvc,Rj

= 0 if vc /∈ V (Rj).
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We let the set of links with head v ∈ V be

Ev := {e ∈ E | σ(e) = v} , (8.4)

and let be,vc be the node that any flight traveling on link e will proceed to if vc is disabled:

be,vc =


σ(e) if σ(e) ̸= vc ,

τ(e) if σ(e) = vc .

(8.5)

We denote the set of links on which flights will be rerouted to node v when vc is disabled

as

Bv,vc := {e ∈ E | be,vc = v} . (8.6)

We define the set Jv as the index set of the flights with routes passing through the node

v,

Jv := {j ∈ J | v ∈ V (Rj)} , (8.7)

and we further define the index set of the flights that might possibly be landed at v after

time t as

J ∗
v (t) := {j ∈ Jv | ajv + w > t} . (8.8)

Therefore, the index set of the possibly affected flights when node vc is closed at time tc is

J ∗
vc(tc), while the index set for the flights passing through the node v that are not possibly

affected when the node vc is closed at tc is Jp(v, tc, vc) = Jv\J ∗
vc(tc).

We use Jc,vc(tc) to represent the set of indices for canceled flights with departure time

greater than the closing time tc:

Jc,vc(tc) := {j ∈ Jvc | δj > tc} . (8.9)
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We then define the index set of rerouting flights J ∗\c
vc (tc) as the possibly affected flights

whose not canceled when node vc is disabled at time tc, i.e.,

J ∗\c
vc (tc) = J ∗

vc(tc)\Jc,vc(tc) . (8.10)

We let NR(v, tc, vc) be the maximum number of flights that might possibly be landed at

node v at the same time once the node vc is closed at time tc, which can be computed as

NR(v, tc, vc) = sup
t≥tc

∑
j∈Jp(v,tc,vc)

1(t;Mj
v) . (8.11)

In the rest of the thesis, we sometimes drop the notations in the parentheses, t, tc, v, vc,

when they are clear from the context.

Theorem 8. Consider a network N = (G, C,R, x, x, w), where G = (V , E). Assume given

a feasible schedule profile Sp = {(Rj, δj)}j∈J . Define Ne(tc, vc) as the number of flights

on link e that stay at be,vc if node vc is disabled at time tc for all e ∈ E , i.e.,

Ne(tc, vc) =


∑

j∈J ∗\c
vc (tc)

1(tc; [L
j
e, U

j
e ]) if e /∈ Evc∑

j∈J ∗\c
vc (tc)

1(tc; [L
j
e, U

j
e ]\[L

j

(ℓvc,Rj
−1)Rj

, U j

(ℓvc,Rj
−1)Rj

])) if e ∈ Evc

(8.12)

where we define the lower and upper bounds of the time interval as

Lj
e =


inf{Mj

τ(e)}+ w if τ(e) ̸= 0Rj

δj if τ(e) = 0Rj

(8.13)

115



and

U j
e =


sup{Mj

σ(e)} if σ(e) ̸= vc

sup{Mj
σ(e)} − w if σ(e) = vc.

(8.14)

Further define Nv(tc, vc) as the number of possibly affected flights that may block the node

v indefinitely, i.e., Nv(tc, vc) =
∑

e∈Bv,vc
Ne(tc, vc).

Then Sp is worst-case time-node conditionally safe for node vc and time tc if and only

if, for all v ∈ V ,

Cv −Nv(tc, vc) ≥ NR(v, tc, vc) . (8.15)

Further, Sp is worst-case node conditionally safe for node vc if and only if (8.15) holds

for the finite number of times tc where the values of Nv(tc, vc) and NR(v, tc, vc) possibly

change, i.e., at both endpoints of the interval Mj
v for all v ∈ V and at times Lj

e, U
j
e for all

e ∈ Bv,vc .

Proof. To guarantee the schedule profile is time-node conditionally safe for node vc and

time tc, for any possibly affected flight that is not canceled and may be rerouted to some

node v ∈ V at time tc, a landing spot needs to be reserved. Then the problem becomes

to ensure the flights surely not affected will have no capacity conflict with any possibly

rerouted flights. We then consider the maximum (worst-case) occupation of the node v.

The interval defined as [Lj
e, U

j
e ] is the time interval during which flight j might possibly

be rerouted to be,vc if vc is closed since the lower bound Lj
e is the earliest time that the flight

may leave the previous node τ(e), and, if σ(e) is not disabled, the upper bound U j
e is the

latest time that the flight may leave the head node while, in the case that σ(e) is disabled,

the upper bound U j
e for the time interval that the flight may be rerouted to the backup node

τ(e) will be the latest time that the corresponding flight may arrive at the node vc, since

otherwise it will continue its journey without rerouting.

Therefore, Ne(tc, vc) in (8.12) is the number of possibly affected flights that may be
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rerouted to be,vc and will not be canceled. Nv(tc, vc) is the number of landing spots needed

to be reserved for the rerouted flights. Finally, NR(v, tc, vc) is the maximum number of

flights not possibly affected that may park at the node v at any time once vc is closed at tc.

Therefore (8.15) is a necessary and sufficient condition to avoid the landing-spot conflict

between the rerouted flights and those not possibly affected for all realization of link travel

times.

Theorem 8 provides a finite number of conditions to verify a schedule profile is worst-

case node conditionally safe for node vc. Furthermore, by checking that a schedule profile

is node conditionally safe for all vc ∈ V , we can conclude the worst-case 1-closure safety.

The same checking technique will be applied to the necessary condition below for best-

case safety in Theorem 9, which is obtained by observing the best scenario case where we

assume that all flights possible to have arrived at or passed the closed node vc has already

arrived or left by the time of failure. We denote the index set of the possibly affected flights

that may have arrived at or passed the node vc disabled at tc as J ′′
vc , and

J ′′
vc(tc) = {j ∈ J ∗

vc | inf{M
j
vc} ≤ tc} . (8.16)

Theorem 9. Consider a network N = (G, C,R, x, x, w), where G = (V , E). A feasible

schedule profile Sp = {(Rj, δj)}j∈J is best-case time-node conditionally safe for node vc

and time tc only if there exists a set of non-negative integers {Nv}v∈V that satisfies

∑
v∈V

Nv = |J ∗
vc(tc)\{Jc(tc) ∪ J ′′

vc(tc)}| (8.17)

Cv −Nv ≥ sup
t≥tc

∑
j∈Jv\J ∗

vc (tc)

1
(
t;Mj

v

)
∀v ∈ V . (8.18)

Further, Sp is best-case node conditionally safe for node vc only if, for the finite number of

times tc where the time-varying index sets J ∗
vc(tc), Jc,vc(tc) and J ′′

vc(tc), and the endpoints

of the interval Mj
v for all v ∈ V and j ∈ J possibly change, there exists a set of non-
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negative integers {Nv}v∈V that satisfies the constraints (8.17)–(8.18).

Proof. The proof of Theorem 9 applies the similar logic as in Theorem 8 to the best-case

scenario. First of all, the set of all rerouted flights has to be the same as the possibly

affected flights J ∗
vc except for the canceled flights, Jc(tc), or the flights that are possibly

not affected, J ′′
vc , as depicted in (8.17). If we are not able to find a sequence of non-negative

integers {Nv}v∈V that satisfies (8.17)–(8.18), then there must exist a conflict of occupation

at one or more nodes once vc is closed at time tc, and hence (8.17) and (8.18) are necessary

conditions for the set of schedules to be best-case time-node conditionally safe for node vc

and time tc.

Theorem 8 is both sufficient and necessary for worst-case 1-closure safety, while Theo-

rem 9 is necessary for best-case 1-closure safety. Since worst-case safety implies best-case

safety, satisfaction of the conditions in Theorem 8 implies satisfaction of the conditions in

Theorem 9.

8.3 Case Study

In the case study, we first demonstrate the verification algorithm based on Theorem 8 on

a UAM network with 7 nodes and 7 links as shown in Fig. 8.1 with a feasible schedule

profile of size 20. We then show the relation between the verification time and the size of

the schedules being examined through various sets of schedules with different sizes.

To ensure the safety for all realizations of link travel time, we check whether the con-

dition of worst-case time-node conditional safety for node vc and tc is satisfied or not over

the time interval tc ∈ [0,+∞). As stated in Theorem 8, we only need to verify (8.15) at

each point of time that any value may change, i.e., Lj
e, U

j
e and both ends of Mj

v for any

counted flight j ∈ J and link e ∈ E for some fixed node v, since the inequality (8.15) will

not change between these points.

In the network in Fig. 8.1 (the entire graph), the set of all possible origins (resp., desti-

118



nations) is S = {v1} (resp., T = {v6, v7}). We assume the origin v1 does not have capacity

constraint, while Cv2 = 8, Cv3 = 4, Cv4 = 2, Cv5 = 4, Cv6 = 3 and Cv7 = 5. The links

are indicated in the figure and the corresponding travel time intervals are labeled beside the

links. We consider three routes R = {R1, R2, R3} with R1 = {(v1, v2), (v2, v3), (v3, v6)},

R2 = {(v1, v2), (v2, v3), (v3, v5), (v5, v7)} and R3 = {(v1, v2), (v2, v4), (v4, v5), (v5, v7)}.

Each flight remains at the verti-stops along its path for w = 1 time unit after landing. We

randomly generate a particular feasible schedule profile with 20 flights and consider the in-

equality (8.15) in Theorem 8 for worst-case time-node conditionally safe for node vc = v5

and any time tc > 0. The verification is implemented in MATLAB1.

In Fig. 8.2, the lower white rectangles show the flights being rerouted to the node v2

if the node v5 is closed at time tc, which is Nv2(tc, v5) in (8.15); the upper blue rectangles

represent the number of flights not affected and continue to v2 if the node v5 is closed at

time tc, which is NR(v2, tc, v5) in (8.15). As a reference, the capacity Cv2 = 8 is shown as

the dotted, horizontal line so that if the height of the entire bar (the sum of both rectangles)

exceeds the capacity, then Theorem 8 is not satisfied at time tc. For example, the schedule

in this case study is not worst-case node conditionally safe for node v5, as the node v2 is

not able to accommodate to the failure of v5 in certain time intervals, e.g., tc ∈ [30, 35].

Similarly, we can check if the other nodes are able to accommodate the failure of node v5

for any tc with the same technique. If for time tc > 0, all the nodes are able to accommodate

the failure of v5, then we would conclude that the schedule profile is worst-case time-node

conditionally safe for node v5 and time tc. We can also observe the performance of the

network and the schedules with the failure of any other node at any time.

The computation for NR(v, tc, vc) in (8.15) implies O(n2) computational complexity of

this verification process. Therefore, we are also able to efficiently verify worst-case safety

large schedule profiles. As an example, consider increasing the capacity for each node of

the network in Fig. 8.1 by 10 (this does not change the verification time). We generate 10

1The related MATLAB code can be found in https://github.com/gtfactslab/Wei NecSys22.
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Figure 8.2: The number of flights rerouted to v2, Nv2(tc, v5) (simplified as Nv2), represented
by the upper blue rectangles and the maximum unaffected occupation at v2 when the node
v5 is disabled at time tc, NR(v2, tc, v5) (simplified as NR), represented by the lower white
rectangles. The dotted line corresponds to the capacity at node v2.

more sets of random feasible schedules with sizes 100, 200, 300, . . . , 1000 and verify their

safety using the same algorithm. Fig. 8.3 confirms the quadratic relation between the size

of the set of schedules and the time it takes to check the safety and shows that we are able to

verify safety or provide a counterexample for a schedule profile with 1,000 flights in under

30 seconds.

8.4 Concluding Remarks

In this chapter, we explored the safety verification problem for a UAM schedule in a dis-

ruption scenario in which a node must close and inbound flights are immediately rerouted.

We provided a reasonable link-related backup-node assignment for the UAM network and

rules for the flights after a node is disabled. The main impediment to safety is that each

flight needs to be provided an available landing spot upon arrival of any intermediate, des-

tination, or backup node. We therefore derived sufficient and necessary conditions for

worst-case and best-case safety of a given schedule. These theoretical results provided an

efficient safety verification algorithm. We demonstrated through case study that the com-
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Figure 8.3: The computation time for verifying the worst-case safety of schedules with
different sizes. We test on 11 different sets of schedules with sizes from 20 to 1000. The
data points constitute a parabola, which demonstrates the O(n2) computational complexity.

putational time for the algorithm grows quadratically with schedule size. As a result, the

safety verification algorithm is applicable to large-scale UAM scheduling problems.

We focused on the case where only one backup node is assigned to each flight in this

chapter, while in the next chapter we are going to explore the more general case where

multiple backup nodes are considered.
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CHAPTER 9

SAFETY VERIFICATION FOR UAM SCHEDULING: GENERAL CASE

In Chapter 8 we studied the safety verification problem for a UAM schedule in a disruption

scenario in which a node is disabled and inbound flights are immediately rerouted. We

provide a reasonable link-related backup-node assignment for the UAM network where

each link is assigned a backup node. In this chapter, we are considering the more general

case where multiple backup nodes can be assigned to a link.

9.1 Model Extension with Multiple Backup Nodes

In this section, we revise the assignment of the backup nodes and the operating mechanism

once a node is disabled. Similar to Chapter 8, we consider that only one node may be

disabled at a time. In order to guarantee that each disrupted flight will be able to be assigned

to a node after the disruption, in this chapter, we assign a set of backup nodes Be to each

link e in the network. We make a natural assumption that the set of backup nodes for any

link includes its head node and tail node, i.e., τ(e), σ(e) ∈ Be for any e ∈ E . Then, a

flight traveling on some link e whose route is potentially blocked by a node closure will

continue to the head node σ(e) on its route if that node is functioning, or reroute to one of

its backup nodes if the head node is disabled. We can regard the single-backup assignment

in Chapter 8 as a special case of this generalized assignment.

Example 3. We recall graph for the example network from last chapter in Fig. 9.1 with

seven nodes and seven links, V = {v1, v2, . . . , v7} and E = {e1 = (v1, v2), e2 = (v2, v3), e3 =

(v2, v4), e4 = (v3, v6), e5 = (v3, v5), e6 = (v4, v5), e7 = (v5, v7)}. The set of all possible

origins (resp., destinations) is S = {v1} (resp., T = {v6, v7}). We assume the origin v1

does not have a capacity constraint, while Cv2 = 8, Cv3 = 6, Cv4 = 4, Cv5 = 5, Cv6 = 3
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Figure 9.1: A network with 7 nodes and 7 links. This is the same network that appeared in
Fig. 7.1.

and Cv7 = 5. The links are indicated in the figure and the corresponding travel time in-

tervals are labeled beside the links, e.g., the interval [8, 10] above the link e1 means that

the shortest (resp., longest) possible time for traveling through the link is 8 (resp., 10) time

units. We consider three routes R = {R1, R2, R3} with R1 = {(v1, v2), (v2, v3), (v3, v6)},

R2 = {(v1, v2), (v2, v3), (v3, v5), (v5, v7)} and R3 = {(v1, v2), (v2, v4), (v4, v5), (v5, v7)}.

Each UAV remains at the verti-stops along its path for w = 1 time unit after landing.

Table 9.1 shows a possible assignment of backup-nodes for the network. The first col-

umn represents the link e ∈ E , the second column is the set of backup nodes assigned to

the corresponding link, while the third column shows the node (or nodes) that the UAV on

the link can be rerouted to if node v5 is disabled. We can notice that the UAVs traveling on

the link (v3, v6) and (v5, v7) will not be affected if v5 fails, hence the corresponding rows in

the third column of table is empty. It should be noted that although the link (v1, v2) is not

directly affected by the closure of node v5, other vehicles scheduled through v5 will have

to perform an emergency landing at earlier nodes, something that may also affect journeys

not scheduled through via node v5.

Again, a realization of the j’th flight is affected by some disabled node vc ∈ V at time

tc if vc ∈ V (Rj), i.e., the route of the flight travels through node vc, and the flight has not

yet reached vc by time tc. The flight is not affected when node vc is disabled at time tc
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Table 9.1: Backup nodes for each link in Example 3

Link (e ∈ E) Be Possible backup nodes
when v5 is disabled

e1 = (v1, v2) {v1, v2} v2
e2 = (v2, v3) {v2, v3, v4} v3
e3 = (v2, v4) {v2, v3, v4} v4
e4 = (v3, v6) {v3, v5, v6} Not affected
e5 = (v3, v5) {v3, v4, v5} v3, v4
e6 = (v4, v5) {v3, v4, v5, v7} v3, v4, v7
e7 = (v5, v7) {v4, v5, v7} Not affected

otherwise. The j’th flight is possibly affected by disabling node vc at time tc if vc ∈ V (Rj)

and tc < supMj
vc , i.e., the flight may have to travel through the disabled node later than tc

and hence is affected for some realization of travel times.

The rules that all flights are assumed to follow once a node vc is disabled at time tc are

slightly revised compared to the previous chapter, where we include the indeterminisicity

of rerouting to the backup nodes:

1. flights not affected will continue normal operation;

2. any affected flight that has not yet departed (δj > tc) will be canceled (no longer

depart);

3. an affected flight j with δj ≤ tc traveling on a link e ∈ E with σ(e) ̸= vc will continue

to the head node σ(e) and stop there indefinitely (block the node indefinitely);

4. an affected flight j with δj ≤ tc that is landing at a node at time tc will remain there

indefinitely;

5. an affected flight j with δj ≤ tc traveling on a link e ∈ E with σ(e) = vc will be

rerouted to one of the backup nodes of the current link in Be and stop there indefi-

nitely.
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Figure 9.2: The sub-graph consisted of the 4 nodes and 3 links is used to illustrate the
simple network in Example 2

9.2 Necessary and Sufficient Conditions for Safe Schedules

We have already defined the worst-case and best-case safety criteria in 8.2. We then illus-

trate them with an example in the same network as in Example 2 to show how assigning

multiple backup nodes may change the safety verification of the network.

Example 4. We illustrate the model and the safety criteria through the simple network

shown in Fig. 9.2 with 4 nodes and 3 links, which can be regarded as a sub-network of

the UAM network in Fig. 9.1. For this example, the set of nodes V = {v1, v2, v3, v4} and

the set of links E = {(v1, v2), (v2, v3), (v2, v4)}. We assume that the origin v1 does not

have a capacity constraint, while Cv2 = 2, Cv3 = 1 and Cv4 = 1. The links are indicated

in the figure and the corresponding travel time intervals are labeled beside the links. We

consider two possible routes R1 = {(v1, v2), (v2, v3)} and R2 = {(v1, v2), (v2, v4)}. Each

flight remains at the intermediate nodes or destination along its path for w = 1 time

unit after landing. The backup nodes for each link are the same as in Example 3, where

B(v1,v2) = {v1, v2}, B(v2,v3) = {v2, v3, v4} and B(v2,v4) = {v2, v3, v4}. Consider a feasible

schedule profile Sp = {S1, S2, S3}, where S1 = (R2, 1), S2 = (R2, 8) and S3 = (R1, δ3)

where we consider several possibilities for δ3. Assume v4 is disabled at time tc = 15. Based

on the rerouting rules for the flights, then at time tc, a flight traveling on the link (v1, v2)

(resp., (v2, v3)) will be rerouted to node v2 (resp., v3), while a flight traveling on the link

(v2, v4) can be rerouted to either v2 or v3. Though it is possible that flight S1 has already

complete its journey by time tc = 15, in the worst case where we count any link that it
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may be traveling on, it is possible for flight S1 to be traveling on (v2, v4) and needs to be

rerouted to v2 or v3, so that we have to reserve a landing spot at node v2 or v3 for S1; flight

S2 must be traveling on (v1, v2) and needs to stay at v2 upon arrival. If δ3 = 0, then flight

S3 is not affected, and should continue its journey; however, if δ3 = 10, then either v2 or

v3 will have insufficient landing spots, since the flight S1 must have been rerouted to either

v2 or v3 upon the arrival of S3. Therefore, Sp is worst-case time-node conditionally safe

for node v4 at time 15 if and only if δ3 ≤ 4. In contrast, it is always best-case time-node

conditionally safe for node v4 at time 15 regardless of the choice of δ3.

Now, suppose δ3 = 10 and Cv2 = 3. Then obviously, the network will be able to

accommodate all rerouted flights after closure no matter when node v4 is closed. Therefore,

we see that Sp is worst-case node conditionally safe for node v4 in this case. We further

check that this is true for all nodes in the network, and thus Sp is also worst-case 1-closure

safe. In contrast, suppose Cv3 = 2 while Cv2 = 2, then Sp will always be worst-case

time-node conditionally safe for node v4 and tc = 15 with any choice of δ3. Moreover, we

can observe that the schedule is worst-case node-conditionally safe for v4 if and only if

δ3 ≥ 4.

We’ve shown in Section 8.2 of last chapter that a feasible schedule profile is trivially

node conditionally safe for node v ∈ S. We next explore safety of a disabled node that

is not a source node. Notice some of the special sets we defined in Section 8.2 needs to

be redefined here for the general case. If vc = ℓRj , we let ℓvc,Rj
= ℓ, and ℓvc,Rj

= 0 if

vc /∈ V (Rj).

The set of links with head v ∈ V be Ev is define in (8.4). Be,vc is the set of nodes that

any flight traveling on the link e can be rerouted to if vc is disabled:

Be,vc =


{σ(e)} if σ(e) ̸= vc ,

Be\vc if σ(e) = vc .

(9.1)
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Be,vc is the set of possible backup nodes for link e when vc is disabled. We then denote be,vc

as the node that a flight traveling on the link e will be rerouted to if vc is disabled, so that

be,vc ∈ Be,vc .

We denote the set of links on which flights will possibly be rerouted to node v when vc

is disabled as Bv,vc , which includes the links with head node as v when v ̸= vc and the links

with head node as vc whose backup nodes include v, i.e.,

Bv,vc := {e ∈ E | σ(e) = v, σ(e) ̸= vc} ∪ {e ∈ E | v ∈ Be\vc, σ(e) = vc} . (9.2)

We then define the set E j
vc as the links along the route of flight j whose head node is

one of the backup nodes of link ℓ
Rj

vc,Rj
, i.e.,

E j
vc = {σ(ℓRj) ∈ Be,vc | ℓ < ℓvc,Rj

} . (9.3)

Jv, J ∗
v (t), Jp(v, tc, vc), Jc,vc(tc), J

∗\c
vc (tc), and NR(v, tc, vc) are the same as defined

previously in Section 8.2. We sometimes drop the notations in the parentheses, t, tc, v, vc,

when they are clear from the context.

9.2.1 Necessary and Sufficient Condition for Worst-Case Safe Schedules

Theorem 10. Consider a network N = (G, C,R, x, x, w), where G = (V , E) and given

backup nodes assignment Be for all e ∈ E . Assume given a feasible schedule profile Sp =

{(Rj, δj)}j∈J .

The schedule profile Sp is worst-case time-node conditionally safe for node vc and time

tc if and only if there exists an integer set {Ne,v(tc, vc)}e∈E,v∈V that satisfies the following

constraints for all v ∈ V and e ∈ E:

Cv −
∑

e∈Bv,vc

Ne,v(tc, vc) ≥ NR(v, tc, vc) , ∀v ∈ V , (9.4)
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∑
v∈Be,vc

Ne,v(tc, vc) =
∑

j∈J ∗\c
vc (tc)

1
(
tc; [L

j
e, U

j
e ]\{∪ℓ∈Ej

vc
[Lj

ℓRj
, U j

ℓRj
]}
)
,∀e ∈ Evc ,

(9.5)

Ne,σ(e)(tc, vc) =
∑

j∈J ∗\c
vc (tc)

1(tc; [L
j
e, U

j
e ]) , ∀e /∈ Evc , (9.6)

Ne,v(tc, vc) = 0 , ∀e ∈ E , v /∈ Be,vc , (9.7)

Ne,v(tc, vc) ≥ 0 , ∀e ∈ Evc , v ∈ Be,vc , (9.8)

where for all j ∈ J , the lower and upper bounds of the time interval are defined as

Lj
e =


inf{Mj

τ(e)}+ w if τ(e) ̸= 0Rj

δj if τ(e) = 0Rj ,

(9.9)

and

U j
e =


sup{Mj

σ(e)} if σ(e) ̸= vc

sup{Mj
σ(e)} − w if σ(e) = vc .

(9.10)

Further, Sp is worst-case node-conditionally safe for node vc if and only if the set

{Ne,v(tc, vc)}e∈E,v∈V that satisfies (9.4)–(9.8) exists and the conditions holds for the finite

number of times tc where the values of NR(v, tc, vc) and the time-varying index sets J ∗
vc(tc),

Jc,vc(tc) possibly change, i.e., at both endpoints of the interval Mj
v for all v ∈ V , at times

δj for all j ∈ J , and at times Lj
e, U

j
e for all j ∈ J and e ∈ E .

Proof. The schedule profile is worst-case time-node conditionally safe for node vc and time

tc if and only if, for any possibly affected flight that is not canceled and may be rerouted

to some node in V at time tc, an available landing spot needs to be reserved. Hence the

problem becomes to ensure the flights surely not affected will have no capacity conflict

with any possibly rerouted flights. We then consider the maximum (worst-case) occupation
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of the node in V .

We let the set {Ne,v(tc, vc)}e∈E,v∈V be the set of variables that denote the number of

possibly affected flights that may proceed to node v ∈ V when traveling on the link e ∈

E . Hence, for all v ∈ V , e ∈ E , Ne,v(tc, vc) is required to be a non-negative integer.

The interval defined as [Lj
e, U

j
e ] is the time interval during which flight j will possibly be

rerouted to be,vc if vc is closed, where the lower bound Lj
e is the earliest time that the flight

may leave the previous node τ(e), and, if σ(e) is not disabled, the upper bound U j
e is the

latest time that the flight may leave the head node while, in the case that σ(e) is disabled, the

upper bound U j
e for the time interval that the flight may be rerouted to the backup node τ(e)

will be the latest time that the corresponding flight may arrive at node vc, since otherwise

it will continue its normal operation without rerouting. For any e ∈ E , if σ(e) ̸= vc, then

the possibly affected flights traveling on the link will land at its head node σ(e), and thus

the number of possibly affected flights rerouting to node σ(e) from link e, Ne,σ(e)(tc, vc) is

deterministic, which can be simply counted as in (9.6). The constraint (9.7) is preventing

flights from proceeding to any node v not in the set of possible backup nodes for link e

when node vc is disabled, Be,vc .

As a safety requirement, when vc is disabled at time tc, any possibly affected flight

needs to be rerouted to a node. Consider a fixed e ∈ Evc , a flight whose possibly traveling

on this link at time tc is obviously possibly affected flight when node vc is disabled at time

tc and needs to be rerouted to one of its backup nodes. Therefore, (9.5) is the link safety

constraint depicting that all flights possibly traveling on e at tc needs to be rerouted to

one of the possible backup nodes for link e when vc is disabled. Notice that, suppose the

backup nodes of the link e include a node v′ ≤ vc that is along the route of the flight, and

the flight is also possibly traveling on a link whose head node is v′ at tc, then this means a

parking spot at node v′ has to be reserved, and we don’t need to prepare another one. This

situation is reflected through {∪ℓ(vc,Rj)−1
ℓ=1 [Lj

ℓRj
, U j

ℓRj
]} in (9.5). Finally, NR(v, tc, vc) is the

maximum number of flights not possibly affected that may park at node v at any time once
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vc is disabled at tc, and the summation
∑

e∈Bv,vc
Ne,v(tc, vc) is the total number of possibly

affected flights rerouting to node v. Therefore (9.4) is a necessary and sufficient condition

to avoid the capacity conflict between the rerouted flights and those surely not affected for

all realization of link travel times.

Theorem 10 provides a finite number of conditions to verify a schedule is worst-case

node conditionally safe for node vc. Furthermore, by checking that a schedule profile is

worst-case node conditionally safe for all vc ∈ V , we can conclude the 1-closure safety.

However, we notice that looking for the existence of a integer sequence satisfying the con-

straints (9.4)–(9.8) in Theorem 10 can be regarded as a Mixed Integer Linear Programming

(MILP) problem, which is sensitive to scale and can be time-consuming once the size of

the schedule under verification grows. We will recast the MILP as a linear program in Sec-

tion 9.3, leading to an efficient safety-verification algorithm. In the following subsection,

we explores the safety constraints for given UAM schedule profile in the best-case scenario.

9.2.2 Necessary and Sufficient Condition for Best-Case Safe Schedules

Theorem 10 provides a set of constraints that can be served as a necessary and sufficient

condition for a feasible schedule profile to be worst-case time-node conditionally, node

conditionally or 1-closure safe. In this subsection, we are exploring the constraints for a

feasible schedule profile to be best-case safe. In the best-case scenario, we are considering

the realization with the least number of rerouting flights and most flexible rerouting plan

needed among all possible realizations. Therefore, we assume that all flights possible to

have arrived at or passed the closed node vc has already arrived or left by the time of node

failure.

We denote the index set of the definitely affected flights as

Jm
vc (tc) = {j ∈ J ∗

vc\Jc,vc(tc) | inf{Mj
vc} ≥ tc} . (9.11)
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The definitely affected flights are the flights that must be rerouted under any possible real-

ization.

Theorem 11. Consider a network N = (G, C,R, x, x, w), where G = (V , E) and given

backup nodes assignment Be for all e ∈ E . A given feasible schedule profile Sp =

{(Rj, δj)}j∈J is best-case time-node conditionally safe for node vc and time tc if and only

if there exists a integer set {Nj,v(tc, vc)}j∈Jm
vc (tc),v∈V that satisfies the following constraints

for all j ∈ Jm
vc (tc) and v ∈ V:

Cv −
∑
j∈Jm

vc

(tc)Nj,v(tc, vc) ≥ NR(v, tc, vc) ∀v ∈ V (9.12)

∑
v∈V

Nj,v(tc, vc) = 1 ∀j ∈ Jm
vc (tc) (9.13)

0 ≤ Nj,v(tc, vc) ≤ max
e∈Rj

1(tc; [L
j
e, Û

j
e ]) · 1(v;Be,vc) ∀v ∈ V , j ∈ Jm

vc (tc)

(9.14)

where Lj
e is defined in (9.9) and

Û j
e =


sup{Mj

σ(e)} if σ(e) ̸= vc

inf{Mj
σ(e)} if σ(e) = vc .

(9.15)

Further, Sp is best-case node-conditionally safe for node vc if and only if the set

{Nj,v(tc, vc)}j∈J ,v∈V that satisfies (9.12)–(9.14) exists and the conditions holds for the fi-

nite number of times tc where the values of NR(v, tc, vc) and the time-varying index sets

Jm
vc (tc), Jc,vc(tc) possibly change, i.e., at both endpoints of the interval Mj

v for all v ∈ V ,

δj for all j ∈ J and at times Lj
e, Û

j
e for all j ∈ J and e ∈ E .

Proof. The proof of Theorem 11 applies the similar logic as in Theorem 10 to the best-

case scenario, while from the perspective of flights instead of the links. First of all, we can

focus only on the definitely affected flights, since the flights that are possibly affected but
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not definitely affected is either canceled or has at least a realization of travel time such that

the flight has already passed through or land at node vc, and does not need to be rerouted.

We regard Nj,v(tc, vc) as the indicator of j’th flight to be rerouted to node v if node

vc is disabled at time tc, for all j ∈ J and v ∈ V . As a result, the non-negative vari-

able Nj,v(tc, vc) is actually binary. We enforce this binary condition in (9.14), where

Nj,v(tc, vc) ≤ 1 if there exists e ∈ Rj such that v is one of its possibly backup nodes

when vc is closed and the flight is definitely affected and possibly traveling on the link e

at time tc and Nj,v(tc, vc) = 0 otherwise. Notice that the upper-bound for the time interval

that the flight is possibly aiming at σ(e) and will be rerouted to one of its possible backup

nodes, Û j
e is trimmed comparing to U j

e defined in (9.10) to include only the definitely af-

fected flights.

Once node vc is disabled at time tc, a flight will actually be reroute to exactly one

node, which is depicted in (9.13). Moreover, (9.12) is the capacity constraint, where∑
j∈Jm

vc
Nj,v(tc, vc) is the number of definitely affected flights rerouted to node v.

If we are not able to find a sequence of non-negative integers {Nv}v∈V that satisfies

(9.12))–(9.14), then there must exist a conflict of occupation at one or more nodes once vc

is closed at time tc, and hence (9.12))–(9.14) are sufficient and necessary conditions for the

set of schedules to be best-case time-node conditionally safe for node vc and time tc.

Theorem 10 is both sufficient and necessary for worst-case 1-closure safety, while The-

orem 11 is sufficient and necessary for best-case 1-closure safety. Since worst-case safety

implies best-case safety, satisfaction of the conditions in Theorem 10 implies satisfaction

of the conditions in Theorem 11.

9.3 Simplification for Verification

The necessary and sufficient conditions for safety derived in Section 9.2 involve integer

constraints and therefore are inefficient for use in a direct numerical implementation. In this

section, we show that these conditions can in fact be translated to efficient LP constraints.

132



We first establish a lemma explaining the mathematical foundation for our simplification

of Theorem 10, followed by a theorem that turns the MILP problem in Theorem 10 into a

linear programming (LP) problem.

The proof of 12 makes use of properties of Totally Unimodular Matrices (TUMs).

Definition 11. (Totally Unimodular Matrix) A matrix is totally unimodular if every square

submatrix has determinant 0,+1, or −1.

TUMs are widely used in the context of optimization problems. In particular, it can

be shown that for a large class of linear programs defined via TUMs, the resulting optimal

solution takes on integer values [81]. We use this property in the proof of Lemma 12 next.

In particular, the following lemma shows that, for a special set of constraints on a set

of variables, the existence of a solution over the real numbers induce the existence of a

solution over the integers.

Lemma 12. Given a set L = {(l1, l2) ∈ N2
>0 | l1 ≤ N1, l2 ≤ N2} for some positive integers

N1, N2, and let Lvar be a subset of L. Let αl1 (resp., βl2) be non-negative integers for all

l1 = 1, . . . , N1 (resp., l2 = 1, . . . , N2), and γl1,l2 be integers for all (l1, l2) ∈ Lvar. If there

exists a set of real numbers {nl1,l2}
l1=N1,l2=N2

l1=1,l2=1 that satisfies

N2∑
l2=1

nl1,l2 = αl1 ∀l1 = 1, . . . , N1 (9.16)

N1∑
l1=1

nl1,l2 ≤ βl2 ∀l2 = 1, . . . , N2 (9.17)

nl1,l2 = γl1,l2 ∀(l1, l2) ∈ Lvar (9.18)

nl1,l2 ≥ 0 ∀(l1, l2) ∈ L (9.19)

then there exists a set of integers {n′
l1,l2

}l1=N1,l2=N2

l1=1,l2=1 also satisfying (9.16) – (9.19).
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Proof. We first let the vector n⃗ be the vectorized sequence {nl1,l2}
l1=N1,l2=N2

l1=1,l2=1 , so that

n⃗ = [n1,1, n1,2, . . . , n1,N2 , n2,1, . . . , nN1,1, . . . , nN1,N2 ]
T . (9.20)

We can then simplify the constraint (9.16)–(9.17) as

A1n⃗ = α⃗ (9.21)

A2n⃗ ≤ β⃗ , (9.22)

where α⃗ = [α1, . . . , αN1 ]
T and β⃗ = [β1, . . . , βN2 ]

T , and A1 (resp., A2) is a N1 × N1N2

(resp., N2 × N1N2) matrix that reflects the matrix form of the multiplication of the con-

straints. In particular, the row-i-column-j element of A1 is A1(i, j) = 1 if (i−1)N2 < j ≤

iN2 and A1(i, j) = 0 otherwise, and A2(i, j) = 1 if j = m ·N2+i for m = 0, 1, . . . , N1−1

and A2(i, j) = 0 otherwise.

Since for (l1, l2) ∈ Lvar, nl1,l2 = γl1,l2 , we can then subtract the corresponding entries

from the left sides of (9.21) and (9.22), and subtract the values from their right sides. We

let A3 (resp., A4) be the resulting matrices, so that A3 (resp., A4) is a N2 × N1N2 (resp.,

N1 ×N1N2) and the row-i-column-j element of A3 is A3(i, j) = 0 if (i, j − (i− 1)N2) ∈

Lvar and A3(i, j) = A1(i, j) otherwise, and A4(i, j) = 0 if (i, (j − i)/N2 + 1) ∈ Lvar and

A4(i, j) = A2(i, j) otherwise. Let

α′
l1
= αl1 −

∑
l2:(l1,l2)∈Lvar

γl1,l2 for all l1, (9.23)

β′
l2
= βl2 −

∑
l1:(l1,l2)∈Lvar

γl1,l2 for all l2, (9.24)

α⃗′ = [α′
1, . . . , α

′
N1
]T , (9.25)

β⃗′ = [β′
1, . . . , β

′
N2
]T . (9.26)

We can then reformulate (9.21) and (9.22) together with the constraints (9.18)–(9.19) as
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

A3

−A3

A4

−IN1N2


︸ ︷︷ ︸

=:A

n⃗ ≤



α⃗′

−α⃗′

β⃗′

0⃗N1N2


︸ ︷︷ ︸

=:⃗b

, (9.27)

where IN1N2 is the identity matrix with N1N2 rows and 0⃗N1N2 is the zero vector of length

N1N2.

The first part of the lemma is then turned into the standard linear programming problem,

which is finding the existence of n⃗ that satisfies An⃗ ≤ b⃗. The next step is to prove that A is

a totally unimodular matrix (TUM) as defined in Definition 11.

We first consider the matrix

A3

A4

. Notice that for each column of A3 and A4, there

exists at most one nonzero entry, 1, therefore, for each column of the matrix

A3

A4

, there

exists at most two nonzero entries, and for any column with two non-zero entries, both of

them will be 1, and the row of one is in A3 while the other in A4. According to Hoffman’s

sufficient conditions [82],

A3

A4

 is a TUM. By the general rule of TUM, −

A3

A4

 is a

TUM and thus



A3

A4

−A3

−A4


is also a TUM. According to the definition of TUM, it is obvious

that deleting some rows from a TUM will produce a TUM, as any square non-singular

submatrix of the new matrix will still be unimodular. As a result,


A3

A4

−A3

 and −


A3

A4

−A3


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are TUM. By the general rule of TUM,



−A3

−A4

A3

IN1N2


is TUM and



A3

A4

−A3

−IN1N2


is also a TUM.

As switching rows doesn’t affect the abstract value of the determinant of a matrix, then we

conclude from above that A is a TUM.

Therefore, [81] implies that if there exists a solution for the LP in (9.27), then there

exists a integral solution for the same LP problem, which concludes the lemma.

Further, the remark below can be shown with some trivial revisions to the proof.

Remark 1. Lemma 12 holds if nl1,l2 is bounded from above by integer, i.e., (9.19) is

changed to 0 ≤ nl1,l2 ≤ Ul1,l2 for all (l1, l2) ∈ L for some integer number Ul1,l2 > 0.

The simplified corollary below makes use of Lemma 12 above and provides an LP

alternative to the MILP problem in Theorem 10.

Corollary 3. Consider a network N = (G, C,R, x, x, w), where G = (V , E). Assume

given a feasible schedule profile Sp = {(Rj, δj)}j∈J . There exists a set of real numbers

{Ne,v(tc, vc)}e∈E,v∈V that satisfies the constraints (9.4) – (9.8) if and only if there exists a

set of integers {N ′
e,v(tc, vc)}e∈E,v∈V that satisfies the constraints.

Proof. We first show that the conditions (9.4) and (9.5) conforms to the form in Lemma

12. For the sake of convenience, we fix tc and vc and drop the notation from Ne,v(tc, vc)

and NR(v, tc, vc), i.e., we write them as Ne,v and NR(v) in this proof.

We can observe that, by the definition of Bv,vc in (9.2), assume e /∈ Bv,vc , if σ(e) = vc,

then v /∈ Be\vc, otherwise σ(e) ̸= vc. We can therefore conclude from (9.6) and (9.7) that

Ne,v is a definite number if e /∈ Bv,vc .

By adding the definite terms of Ne,v for e /∈ Bv,vc to both sides of (9.4) we can then
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obtain that, for all v ∈ V ,

∑
e∈Bv,vc

Ne,v ≤ Cv −NR(v)

∑
e∈E

Ne,v ≤ Cv −NR(v) +
∑

e/∈Bv,vc

Ne,v . (9.28)

Similarly, if v /∈ Be,vc , then Ne,v is a fixed number. By adding
∑

v/∈Be,vc
Ne,v to both

sides of (9.5), we have

∑
v∈V

Ne,v =
∑

j∈J ∗
vc

(tc)

1(tc, [L
j
e, U

j
e ]) +

∑
v/∈Be,vc

Ne,v . (9.29)

We then let L = {(e, v) | e ∈ E , v ∈ V}, and Lvar = L\{(e, v) | σ(e) = vc, v ∈ Be,vc}.

Then we can combine and rewrite (9.6) – (9.8) as

Ne,v = γe,v ∀(e, v) ∈ Lvar (9.30)

Ne,v ≥ 0 ∀(e, v) ∈ L , (9.31)

where γe,v =
∑

j∈J ∗
vc

(tc)\Jc(tc)
1(tc, [L

j
e, U

j
e ]) if σ(e) = vc and γe,v = 0 if σ(e) ̸= vc and

v /∈ Be,vc .

As E and V are both finite sets, while the right sides of the inequalities (9.28) and (9.29)

are integers, then the conditions (9.28)–(9.31) exactly follows the conditions (9.16)–(9.19)

in Lemma 12. Therefore, by Lemma 12, there exists a integral sequence {Ne,v}e∈E,v∈V .

As a result, given the schedule profile Sp for the demands D, if there exists a set of real

numbers {Ne,v(tc, vc)}e∈E,v∈V that satisfies the constraints (9.4) – (9.8), then there exist a

set of integers {N ′
e,v(tc, vc)}e∈E,v∈V that satisfies the constraints. The other direction of the

corollary is obvious because of the inclusive relation between real number and integer.

Combining Theorem 10 and Corollary 3, we are then able to verify 1-closure safety of

given feasible schedules by solving a linear program. Similarly, we develop a corollary for
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simplification of best-case safety mirroring Corollary 3 given Remark 1.

Corollary 4. Consider a network N = (G, C,R, x, x, w), where G = (V , E). Assume

given a feasible schedule profile Sp = {(Rj, δj)}j∈J . There exists a set of real numbers

{Nj,v(tc, vc)}j∈Jm
vc ,v∈V that satisfies the constraints (9.12) – (9.14) if and only if there exists

a set of integers {N ′
j,v(tc, vc)}j∈Jm

vc
,v∈V that satisfies the constraints.

The proof for Corollary 4 is immediate from Lemma 12 as we can easily convert the

constraints (9.12)–(9.14) to the same form as in Lemma 12 and Remark 1.

9.4 Case Study

In the case study, we demonstrate the verification algorithm based on Theorem 10 and

Corollary 3 on the UAM network in the Example 3 with a feasible schedule profile of size

20. We also demonstrate the efficient scaling of the algorithm on examples up to 1000

UAVs.

To ensure the worst-case node conditional safety when vc is closed, we check whether

there exists a set of real numbers {Ne,v(tc, vc)}e∈E,v∈V that satisfies the constraints (9.4)–

(9.8) over the time interval tc ∈ [0,+∞) so that the worst-case safety is guaranteed. As

stated in Theorem 10, we only need to solve the LP feasibility problem at each point of

time that any value may change, i.e., Lj
e, U

j
e , both ends of Mj

v and δj for any counted flight

j ∈ J and link e ∈ E for some fixed node v, since the system of linear inequalities (9.4)–

(9.8) will not change between these points. We randomly generate a particular feasible

schedule profile with 20 flights and consider the constraints (9.4)–(9.8) in Theorem 10 for

time-node conditionally safe for node vc = v5 and any time tc > 0. The verification is

implemented in MATLAB1.

In Fig. 9.3, we observe the worst-case landing-spot occupation at node v3 (top) and the

redistribution of flights on link e5 and e6 (middle and bottom) when node v5 is disabled

1The related MATLAB code can be found in https://github.com/gtfactslab/Wei TCNS
ScheduleVerification.git.
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at any time tc. For convenience, we simplify the notation NR(·, tc, v5) and N·,·(tc, v5) as

NR(·) and N·,· in the figure. The top graph of Fig. 9.3 shows the distribution of UAVs

that might possibly land at node v3. The blue rectangles correspond to flights not affected

and continue to v3 if node v5 is disabled at time tc, which is NR(v3, tc, v5) in (9.4); the

pink rectangles correspond to flights rerouted to node v3 from link e2 = (v2, v3) if v5 is

disabled at time tc, which is Ne2,v3(tc, v5); the orange (resp., green) rectangles correspond

to the number of flights rerouted to node v3 from link e5 = (v3, v5) (resp., e6 = (v4, v5))

if node v5 is disabled at time tc, which is Ne5,v3(tc, v5) (resp., Ne6,v3(tc, v5)). Notice that

Ne2,v3(tc, v5) is fixed and can be computed by (9.6), since any flight traveling on e2 at time

tc has to land at v3 if v5 is disabled at that time; meanwhile, Ne5,v3(tc,v5) (resp., Ne6,v3(tc, v5))

is an optimization variable computed through the LP problem (9.4)–(9.8). However, it is

possible that there does not exist a solution to the LP problem at certain time instances

tc, that is, the schedule is not worst-case time-node conditionally safe when node v5 is

disabled at time tc. If that is the case, only the definite parts NR(tc, v5) and Ne2,v3(tc, v5)

(represented by blue and pink rectangles) are shown in the corresponding time interval,

while the remaining parts are shown as a grey rectangle to demonstrate the failure. As a

reference, the capacity Cv3 = 6 is shown as the dotted, horizontal line so that the height of

the entire bar (the sum of all rectangles) must not exceed the capacity for safety.

The redistribution of flights on link e5 (resp., e6) shown in the middle (resp., bottom)

graph of Fig. 9.3 when node v5 is disabled at any time tc provide us a detailed partition

of flights onto the nodes to which they are rerouted. Since the head of the link e5 (resp.,

e6), v5, is disabled, the flights traveling on the link needs to be rerouted to one of the

possible backup nodes, v3 or v4 (resp., v3, v4 or v7). We use orange and purple (resp., green,

red and blue) rectangles to represent Ne5,v3(tc, v5) and Ne5,v4(tc, v5) (resp., Ne6,v3(tc, v5),

Ne6,v4(tc, v5), and Ne6,v7(tc, v5)), i.e., the number of affected flights traveling on link e5

(resp., e6) rerouted to the backup nodes v3 and v5 (resp., v3, v4 and v7). Similar to the top

graph of Fig. 9.3, we use grey rectangles to indicate the failure of obtaining the solution to
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the LP problem (9.4)–(9.8). The height of the grey rectangles represents the total number of

flights that need to be rerouted from link e5 (resp., e6) when node v5 is disabled at time tc,

i.e.,
∑

v∈Be5,v5
Ne5,v(tc, v5). Notice that the solution to the LP problem (N·,·(tc, v5)) for tc >

0, if it exists, is not unique, and hence Fig. 9.3 is only one possible rerouting arrangement.

Thus, as an example, the schedule in this case study is not time-node conditionally safe

for node v5 at tc = 40, as the grey rectangle indicates there does not exist a solution to

the problem (9.4)–(9.8) at time tc. Therefore, the network is not able to accommodate the

failure of v5 at time tc = 40.

For the sake of comparison, we increase the capacity of v4 to Cv4 = 8 while the other

parts of the network remain the same. We then verify the safety of the same schedule

with the algorithm, and these results are shown as in Fig. 9.4. As shown in the plots, after

increasing the capacity of v4, which is a backup node for both e5 and e6, the solution to

the problem (9.4)–(9.8) exists all the time. To conclude if the schedule profile is node

conditionally safe when v5 is disabled, we would need to observe all affected nodes and

links in the network in the same way.

The computation time for NR(v, tc, vc) in (9.4) increases quadratically with the size

of the schedule, and as indicated in [83], solving the LP problem (9.4)–(9.8) with a fixed

number of variables can be computed within linear time with respect to the number of con-

straints, while the number of constraints in the LP problem and the number of times the

LP needs to be solved are both linearly growing with the size of schedule profile. We thus

conclude that the verification process is completed in O(n2) time. This efficient scaling

implies that we are able to verify worst-case safety with large schedule profiles. As an

example, consider increasing the capacity for each node of the network in Fig. 9.1 by 10

to produce feasible schedule profiles more easily. We generate 10 more sets of random

schedules with sizes 100, 200, 300, . . . , 1000 and verify their safety using the same algo-

rithm. Fig. 9.5 demonstrates the O(n2) computation complexity and shows that we are able

to verify safety or demonstrate the safety failure for a schedule profile with 1,000 flights
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Figure 9.3: Observation of the network when node v5 is disabled at any time tc > 0. (Top)
Expected landing-spot occupation at node v3. (Middle) Redistribution of flights on link e5
to its backup nodes. (Bottom) Redistribution of flights on link e6 to its backup nodes. We
simplify the notation NR(·, tc, v5) and N·,·(tc, v5) as NR(·) and N·,· in the figure.

in under 50 seconds. As a baseline comparison, we also implement the verification algo-

rithm with the naive MILP implied by Theorem 10 without the efficient simplification to

a LP derived in Section 9.3. This implementation is solved using the Gurobi [79] solver

through with the YALMIP MATLAB toolbox [84]. We test the same 20-flight schedule
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Figure 9.4: Observation of the network when node v5 is disabled at any time tc > 0 when
we adjust the capacity of node v4 to Cv4 = 8. (Top) Expected landing-spot occupation at
node v3. (Middle) Redistribution of flights on link e5 to its backup nodes. (Bottom) Re-
distribution of flights on link e6 to its backup nodes. We simplify the notation NR(·, tc, v5)
and N·,·(tc, v5) as NR(·) and N·,· in the figure.

on this MILP algorithm, which takes 7.3442 seconds to verify, while the algorithm we use

with simplification to LP takes only 1.4348 seconds. A 100-flight schedule takes around 40

seconds to verify with the naive MILP formulation, and 8 seconds with the LP algorithm.
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Figure 9.5: The computation time for verifying the worst-case safety of schedules with
different sizes. We test on 11 different sets of schedules with sizes from 20 to 1000. The
data points demonstrates the O(n2) computational complexity.

9.5 Concluding Remarks

We studied the safety verification problem for UAM schedules in the face of vertiport clo-

sures. We adopted a UAM network model that considers a set of finite-capacity vertiports

and links between vertiports with uncertain travel time. If a vertiport is closed at some

time, then flights destined for the closed vertiport must be rerouted to one of a set of link-

dependent backup nodes. A safety violation occurs if the finite landing capacity at any

node is exceeded due to the rerouting.

We considered the travel time uncertainty as a nondeterministic uncertainty, and there-

fore, we defined appropriate notions of worst-case and best-case safety. We gave necessary

and sufficient conditions in both cases. If a given schedule satisfies the conditions for

worst-case safety, then it is guaranteed that the schedule will not violate the safety con-

straints under any possibility of the travel times. On the other hand, if a schedule does

not satisfy the conditions for best-case safety, then even if the uncertainty were favorably

eliminated from the travel times via, e.g., aggressive low-level motion planning and control

schemes, safety violation would still occur, implying the need for a new schedule.

As formulated, these conditions take the form of mixed integer linear programming

(MILP) constraints. We then showed that these numerically inefficient MILP constraints
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are able to be converted into efficient linear programming (LP) constraints using the the-

ory of totally unimodular matrices (TUMs), resulting in an efficient algorithm for safety

verification. We demonstrated our approach through several examples and case studies.

Our modeling approach could further allow other generalizations. For example, we

regard a disrupted node as completely malfunctioning, but a partial malfunctioning disrup-

tion model, where not all landing spots of the disrupted node are disabled, could also be

investigated.
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CHAPTER 10

CONCLUSION

Introducing autonomous agents into the existing transportation networks can greatly relieve

the congestion problem of ground transportation and enhance the transition efficiency. In

this thesis, we focused on two aspects that reasonably integrate autonomy with the existing

traffic systems: on one hand, we studied the ride-sharing networks with mixed autonomy

where both AVs and HVs are considered; on the other hand, we explored the management

of UAVs for UAM networks.

In Chapters 3–5, we considered ride-sharing networks served by HVs and AVs. We

proposed a model in Chapter 3 for ride-sharing in this mixed autonomy setting for a multi-

location equidistant network under three different ride-assigning schemes: AV, HV and

weighted priority assignment. Chapter 4 showed that under equilibrium conditions, for AV

and HV priority assignments, the nonconvex profit-maximization problem can be computed

efficiently by converting the original problems into alternative convex programs. We were

then able to show that all three priority possibilities result in the same maximum profits

for the ride-sharing platform in Chapter 5. We also demonstrated that, in certain scenarios,

there exist a regime that the maximal profit may only be attained by mixing HVs and AVs,

while in other scenarios, HV-only or AV-only operation will be more profitable, depending

on the relative cost of AVs. Further, we quantified the conditions for which the mixed

autonomy deployment allows for higher profits than a forced AV-only or forced HV-only

deployment on star-to-complete networks and demonstrated our results on an example. We

observed that the optimal profits for the ride-sharing platform with AV option in the fleet

will be the same as that of the human-only network when the cost for operating an AV is

relatively high compared to the outside option earnings for drivers’ lifetime. Intuitively,

we proved theoretically that incorporating the AVs into the fleet would not be optimal for
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maximizing the profits for the platform if the cost of operating an AV exceeds the expected

compensation to a driver in the system, which was also demonstrated in the case study.

The case study also illustrated that even when the cost of operating an AV is less than the

expected compensation to a driver in the network, it is not necessarily optimal to use AVs.

We then focused on UAM network in the rest of the thesis. We studied a dynamic

model of UAM network with uncertain travel times and limited capacities in Chapter 6,

which can be easily turned into a static model. One main challenge for UAM network

that makes it substantially different from the general ground transportation network is the

limited parking spaces at the nodes in a UAM network. Therefore, a schedule for each

flight in the network has to be decided before it takes off to ensure that a parking space

is available upon arrival. The key safety constraint in the thesis is to avoid the conflict of

parking spaces. For both dynamic network and static network, we presented theoretical

results establishing necessary conditions for a schedule to be feasible.

Specifically, in the case of static scheduling, we then demonstrated that the necessary

condition is also sufficient for the existence of feasible schedule in star networks, and pre-

sented a mixed integer program obtaining an optimal schedule for star-branch networks

while satisfying the deadline and safety constraints. However, this static scheduling method

could be time-consuming with large demands, and was not suitable for general dynamic

scheduling problems. In Chapter 7, we then investigated the dynamic scheduling algorithm

for scheduling trips to satisfy safety constraints and arrival deadlines, which is able to up-

date the demands over time and, at the same time, reduce the computation time at each

scheduling time.

We then took the intermittent closures of nodes in the UAM networks into account, as

similar accidents is likely and it is important to guarantee the safety of the flights under this

kind of emergencies. Specifically, we considered the event of vertiport closure. For safety,

all in-transit UAVs in the network are required to have backup landing nodes with sufficient

landing capacity when a vertiport is disabled. We assigned the link-related backup nodes
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for each flight and studied the problem of safety verification of UAM schedules in the face

of vertiport closures. Chapter 8 explored the simplest case where only one backup node

was assigned to each flight, while Chapter 9 investigated the general case where multiple

backup node could be assigned to each flight. In both cases, we established safety crite-

ria for best-case and worst-case safety. In the simplest case, we provided sufficient and

necessary conditions for a given UAM schedule to be worst-case safe and only necessary

conditions for best-case safety. In the meanwhile, we presented sufficient and necessary

conditions for both worst-case and best-case safety in the general case. We then developed

safety verification algorithm based on the worst-case safety constraints. In the case where

multiple backup nodes were allowed for each flight, the indeterminisity were introduced

and hence the verification process would include the time-consuming MILP solving pro-

cess. Fortunately, we were able to simplify this MILP problem as a LP problem, which

significantly reduce the computation complexity. In both simplest and general cases, the

safe verifying algorithm had a computational complexity O(n2) and hence, allowed for

efficient verification even with a large size of UAM schedules. We demonstrated our algo-

rithms and their efficiency on a UAM network with up to 1,000 UAVs.

There are several future directions we are able to explore based on the research meth-

ods and results presented in this thesis. First, the UAM network we are currently exploring

is taking the interval of uncertain travel time where lower bounds and upper bounds are

considered, while the extreme cases are taken into account, which is a key factor that the

scheduling problem turns into MILP problems. Solving MILP problem is computationally

hard and time consuming, which greatly degrade the performance of the scheduling algo-

rithm. In the contrast, we can consider stochastic travel times, where the travel times falls

in a designated distribution. In this stochastic model, the scheduling process may be able

to get rid of the MILP problem and instead, can take into account the possibility of safe

arrival for each flight. Secondly, for safety verification, we currently consider only one clo-

sure of vertiport, while multiple closure can be an interesting expansion in this direction.
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Whether the disabled vertiports are connected, strongly connected or not will certainly af-

fect the complexity of the problem. Also, the closure may not happen all at once, hence the

order of closure and the exact closing time is another factor that will influence the safety

of the given schedule. Another direction, though may be broad, is to explore the regulation

of mixed autonomy taking both the ground transportation and the urban airspace into ac-

count. As we aim to relieve the congestion of ground transportation and enhance the transit

efficiency, it will be useful if we are able to investigate that in which scenario introducing

the UAVs or AVs into the transportation system will help.
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APPENDIX A

PROOF OF THEOREM 5

To prove the theorem, we only need to find the optimal solutions of the optimization prob-

lems (4.1), (4.5) or (5.16), divide k values into different regions according to the optimal

solutions and find the intersection of k values between different regions.

For convenience, we can first divide the optimal solutions into four possible regions:

1. HV only: xi > 0, zj = 0 for some i and all j,

2. Mixed-autonomy: xi > 0, zi > 0 for some i.

3. AV only without transition: x = 0, z > 0, r = 0.

4. AV only with transition: x = 0, z > 0, rij > 0 for some i, j.

Region 1:

Notice that in this region, since zj = 0 for all j, then dj ≤ xj for all j. As we’ve shown

in the proof of Theorem 1, the optimal solutions for the first region with only HVs can thus

be derived from [20] by setting zi = rij = 0 for all i, j.

Let

β′
lim =

n− 1

2(1− β)β(n− 2)

[
β(1− 2β) +

√
β2(n− 1) + 4β − 4

n− 1

]
.

Obviously, β′
lim > 0 when (n− 1)−

1
3 < β < 1.

1. When ξ ∈ [β(n−1)−1
β(n−2)

, 1], pi = 1 − β
2
, xi = 1 − pi =

β
2
, yij = 0 for all i, j; δ1 =

β−(n−1)β2

2
, δi =

(n−1)β−β2

4
for i > 1,
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2. When ξ ∈ [max {β′
lim, 0} ,

β(n−1)−1
β(n−2)

), let Z = −(n− 1)c1. Then

pi =
1

2
+

βZ(1 + βZ + β) + (n− 1)[1− βc2(n− 2)]

2(n− 1) + 2β2Z2

for all i > 1, and p1 = 1 − βc1(n − 1)(1 − p2). xi = 1 − pi, yij = 0 for all i, j;

δ1 = 0, δi = (1− βc2 − β2c1)(1− pi) for i > 1.

3. When ξ ∈
[
0,max {β′

lim, 0}
)
, p1 = 1

2
and pi = 1

2
+ 1−β2c1−β(n−2)c2

2
for i > 1.

xi =
∑

j yij + (1− pi) for all i. y1j = βc1(1− p2)− 1
2(n−1)

for all j > 1 and yij = 0

for all i > 1 and all j. δ1 = 0, δi = (1− p2)(1− βc2 − β2c1) for all i > 1.

If β ≤ 1
n−1

, then only the first case exists; if 1
n−1

< β ≤ (n− 1)−
1
3 , then only first two

cases exist; if (n− 1)−
1
3 < β < 1, then all three cases exist.

For the rest of regions, zi > 0 for some i and given Lemma 4, we can ensure that

yij = 0 for all i, j. By Theorem 1, it is without loss of generality for us to compute only the

optimal solutions for (4.7) knowing yij = 0 for all i, j. Moreover, under Assumption 4, the

optimization problem (4.7) become a quadratic problem with linear constraints. As a result,

the KKT conditions are both necessary and sufficient for optimal solutions. Therefore, we

first rewrite the simplified optimization problem of (4.7) under Assumption 4 as below

max
{pi,δi,xi,zi,rij}

n∑
i=1

pi(1− pi)− ω
n∑

i=1

δi − s
n∑

i=1

zi

s.t. xi = β

n∑
j=1

αjixj + δi

zi =
n∑

j=1

αji(1− pj − xj) +
n∑

j=1

rji

n∑
j=1

rij = zi − (1− pi − xi)

δi, xi, zi, rij ≥ 0 ∀i, j. (A.1)
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We denote the dual variables for the three equality constraints as λi, µi and γi, for all

i = 1, · · · , n; ai, bi, ci and dij for all i, j = 1, · · · , n are used to denote the four inequal-

ity constraints −δi,−xi,−zi,−rij ≤ 0. Therefore, the KKT conditions for (A.1) can be

written as:

1− 2pi −
n∑

j=1

αijµj − γi = 0 (A.2)

−ω + λi + bi = 0 (A.3)
n∑

j=1

(βλj − µj)− λi + ci = 0 (A.4)

−s− µi − γi + ai = 0 (A.5)

µj + γi + dij = 0 (A.6)

λi(β
n∑

j=1

αjixj + δi − xi) = 0 (A.7)

µi

( n∑
j=1

αji(1− pj − xj) +
n∑

j=1

rji − zi

)
= 0 (A.8)

γi

( n∑
j=1

rij − zi + (1− pi − xi)
)
= 0 (A.9)

aizi = biδi = cixi = dijrij = 0 (A.10)

ai, bi, ci, dij ≥ 0 ∀i, j. (A.11)

Solving equations (A.2)–(A.11) provides us an optimal solution for (A.1) and thus for

(4.2).

Region 2:

p1 =
k(c1 + 1) + (1− β)c1 − 1

2c1
,

pi = 1− βk(c1 + 1) + βc1
2

∀i > 1.
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xi =
(n−1)c1(1−p2)−(1−p1)

(n−1)(1−β)c1
for all i > 1, x1 = c1(n− 1)βx2.

rij = 0, zi = 1− pi − xi for all i, j.

δ1 = 0, δi = (1− β(1− c1))x2 − βx1

n−1
for i > 1.

Region 3:

pi =
2(n− 1)c21 + c1(k(1− β)− 1) + k(1− β) + 1

2[(n− 1)c21 + 1]
∀i > 1,

p1 = 1− (n− 1)c1(1− p2),

and zi = 1− pi, rij = 0, xi = δi = 0 for all i, j.

Region 4:

p1 = 1/2,

pi =
1 + (c1 + 1)k(1− β)

2
∀i > 1,

and r1j = c1(1 − p2) − 1
2(n−1)

= c1−c1(c1+1)k(1−β)
2

− 1
2(n−1)

for all j > 1 while rij = 0 for

all i > 1 and j. z1 = (n− 1)c1(1− p2) =
1−(c1+1)k(1−β)

2
c1(n− 1), zi =

1−(c1+1)k(1−β)
2

for

all i > 1; δi = 0 for all i.

Knowing all the optimal solutions of (A.1), we can therefore compute the optimal prof-

its by the objective function. We can then compare the profits of different regions to obtain

the boundary values of k that divide different regions. We denote the optimal profits of

different regions as πl and the critical value of k as kl1→l2 , where l, l1, l2 ∈ 1, 2, 3, 4 and

l1 > l2. Hence kl1→l2 represents the lowest value of k that πl2 > πl1 or optimal solution in

region l1 becomes infeasible. To justify Theorem 5, we need to find out the k values each

region will take part in.

k4→3: transition from r > 0 to r = 0 while z > 0.

k4→3 =
(n− 1)c1 − 1

(1− β)(n− 1)(1 + c1)c1
. (A.12)
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There can be profit jump in this transition (since k4→3 is not obtained by profit equality

π3 = π4 but instead, is the k value when r = 0 from region 4).

k3→2, transition of x = 0 to x > 0 while z > 0.

k3→2 =
(1 + β)c1 + (n− 1)βc31 + 1

(c1 + 1)(β(n− 1)c21 + 1)
. (A.13)

k2→1, transition of z > 0 to z = 0 while x > 0.

k2→1 =


1 if ξ ∈ [β(n−1)−1

β(n−2)
, 1]

c1(1+β)+(n−1)β2c31+1

(c1+1)((n−1)β2c21+1)
if ξ ∈ [βlim,

β(n−1)−1
β(n−2)

)

1+βc1
c1+1

if ξ ∈ [0, βlim).

k4→2: transition from region 4 to region 2 directly.

k4→2 =
1 + βc1
1 + c1

. (A.14)

k4→1: transition from region 4 to region 1 directly.

k4→1 =
1 + βc1
1 + c1

. (A.15)

Since the k4→3, k4→2 and k4→1 are always real number in [0, 1], then there always exist

some values of k such that the optimal solution falls in region 4. Hence region 4 exists

for any n, β and ξ. Moreover, when k grows infinitely large so that operating AV is much

more expensive then HVs, then obviously the optimal solution will use HVs only for any

possible n, β and ξ. Therefore, region 1 also exist for all n, β and ξ. However, as we will

show later, there are values of n, β and ξ that the optimal solution of (4.1) will never fall in

region 2 or 3 for any k.

Region 3 exists means that region 4’s solution transits to region 3 before reaching region
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2 or 1. Also, k4→2 = k4→1. Thus region 3 exists only if k4→3 < k4→2. That is,

(n− 1)c1 − 1

(1− β)(n− 1)(1 + c1)c1
<

1 + βc1
1 + c1

(n− 1)c1 − 1 < (1− β)(n− 1)c1(1 + βc1)

βc1(n− 1)(1− c1 + βc1) < 1. (A.16)

Therefore, if the values of n, β and ξ do not satisfy (A.16), then region 3 does not exist and

the optimal solution of (4.1) will transit from region 4 directly to region 2 or 1. With this

condition held, region 2 exists only if k4→2 < k2→1 for similar reason as above.

If region 3 exists, then we claim that region 2 must exist because k3→2 ≤ k2→1 always.

To demonstrate that, we need to show that (1+β)c1+(n−1)βc31+1

(c1+1)(β(n−1)c21+1)
≤ 1, (1+β)c1+(n−1)βc31+1

(c1+1)(β(n−1)c21+1)
≤

c1(1+β)+(n−1)β2c31+1

(c1+1)((n−1)β2c21+1)
and that ξ /∈ [0, βlim) in this case.

We will show the inequalities through contradiction. Suppose first that

(1 + β)c1 + (n− 1)βc31 + 1

(c1 + 1)(β(n− 1)c21 + 1)
> 1

(1 + β)c1 + (n− 1)βc31 + 1 > (c1 + 1)(β(n− 1)c21 + 1)

βc1 > β(n− 1)c21

1 > (n− 1)c1. (A.17)

But (n− 1)c1 = (n− 1) + (2− n)ξ ∈ [0, 1], hence (1+β)c1+(n−1)βc31+1

(c1+1)(β(n−1)c21+1)
≤ 1.

Similarly, suppose

(1 + β)c1 + (n− 1)βc31 + 1

(c1 + 1)(β(n− 1)c21 + 1)
>

c1(1 + β) + (n− 1)β2c31 + 1

(c1 + 1)((n− 1)β2c21 + 1)

β(βc1 + 1) > βc1 + 1

β > 1.

Hence (1+β)c1+(n−1)βc31+1

(c1+1)(β(n−1)c21+1)
≤ c1(1+β)+(n−1)β2c31+1

(c1+1)((n−1)β2c21+1)
.
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When region 3 exists, then (A.16) is satisfied. Solving (A.16) gives that

ξ >max

{
n− 1

2(1− β)β(n− 2)

[
β(1− 2β) +

√
β2(n− 1) + β(4β − 4)

n− 1

]
, 0

}
>βlim

since β ∈ (0, 1). As a result, ξ /∈ [0, βlim) in this case.

As a result, k3→2 ≤ k2→1 when (A.16) is satisfied and thus region 2 always exists if

region 3 exists.

To summarize, if (A.16) is satisfied, then all four regions exists, while the transition k

values are defined above. We then assume that (A.16) is not satisfied, if k4→2 < k2→1, then

region 1, 2 and 4 exist while separated by k2→1 and k4→2; if k4→2 ≥ k2→1, then only region

1 and 4 exist while separated by k4→1.

Define k1 = k4→2, k2 = k2→1, k3 = k4→3 and k4 = k3→2.

We can therefore conclude that for the case that k3 ≥ k1, suppose k1 < k2, if k ∈ [0, k1],

it is optimal for the platform to use only AVs; if k ∈ (k1, k2), it is optimal to deploy a

mixed-autonomy network; if k ≥ k2, it is optimal to use HVs only. Suppose k1 ≥ k2, if

k ∈ [0, k1], it is optimal to use AVs only and if k > k1, it is optimal to use HVs only.

For the case that k3 < k1, if k ∈ [0, k4], it is optimal for the platform to have only AVs;

if k ∈ (k4, k2), it is optimal to deploy a mixed-autonomy network; if k ≥ k2, it is optimal

to use HVs only.
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