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SUMMARY

Like the free propeller in axial flight, a single-rotation ducted
fan of highest induced efficiency is characterized by an ultimate wake
vortex system shed from the blade trailing edges whose apparent motion
is that of rigid helical surfaces. In addition and concentric with this
inner sheet system there ig a cylindrical surface of helical wvortex
filaments shed from the duct trailing edge. For zerc hub diameter and
neglecting compressibility, viscosity, and tip clearance, a consistent
mathematical model of the constant-diameter vortex wake is developed
and the compatibility relationships to be satisfied are presented.

Using the Biot-Savart equation, the vortex strength distribution in

the ultimate wake is determined and then related to the blade bound
vortex strength distribution., In addition, expressions are developed
for the thrust, power, and induced efficiency which depend on rnumerical
integrations of velocity profiles in the ultimate wake. It is shown
that the wake vorticity and the velocity distribution in the wake, for
all loadings from the lightly loaded limit to the heavily loaded static
thrust condition may be extracted from the lightly loaded result through
the use of a simple algebraic scale factor. The performance parameters,
thrust, power and blade bound vortex strength, are thus expressed in
terms of a lightly loaded solution for a given freestream velocity,
blade tip speed, blade number and the loading parameter. The lightly

loaded case is compared to existing theoretical and experimental
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results. Some sample results for heavily loaded performance parameters
and design parameters are presented and compared to the exact results
for a heavily loaded ducted fan with an infinite number of blades.
Results for the heavily loaded system over a broad range of conditions

are presented.



CHAPTER T
INTRODUCTION

In recent years there has been an increasing interest in low
speed thrust and high-lift devices for application to aircraft with
short or vertical take-off and landing characteristics. One of the
devices under consideration for this role is the ducted fan or shrouded
propeller. Analytical and experimental work in this field have been
summarized in an excellent review of the state of the art through 1963
by Sacks and Burnelll. As pointed out in the review, there have existed
for some time adequate means of sizing and designing a duct for a given
choice of fan blade design but there has been no method available for
optimizing the blade design for the finite bladed system which operates
at any but the lightest loadings. PFor the lightly loaded case the
problem has been solved by Tachmindjig, Theodorsen3, and Grayh’5. In
more recent years Morgan6, Ordway, Sluyter, and SonnerupT, ChaplinS,
and others have published papers in the field of ducted fans, still
with primary emphasis on the shroud design. It is thes purpose of this
research to provide the information needed to size and design the
optimum heavily loaded ducted fan.

The basis for this work stems from the classical analysis of

9

the free propeller. It has been shown by Betz” that an isclated
propeller having the highest possible induced efficiency, that is,

an optimum free propeller, will generate an ultimate wake vortex



system which moves through the fluid medium as if the vortex sheets

of the wake [ormed a rigid helical structure of constant pitech.
Application of this constraint to the motion of the sheets provides

a straightforward means of determining the radial distribution of shed
vortex sheet strength distribution. This determination has been carried
out by Goldsteinlo and Theodorsenll.

It has been shown by G]:‘:sl.yl'I that, for the ducted fan having the
highest possible induced efficiency, the same arguments and
considerations arc valid concerning the geometry and motion of those
vortex sheets which are shed from the blade trailing edges. These
argumcents are reproduced in Appendix I for completeness.

In addition to this constraint, the system must satisfy the
Kutta condition at the duct trailing edge; that is, the {low at the
trailing edge must be tangent to the duct mean camber surface. As a
consequence of bthis condition a sheet of vorticity must be shed from
the trailing edge forming a boundary sheet enclosing the screw-like
sheets shed from the blade trailing edges. It 1s the determination of
the geometry, moftion, and strength distribution of this boundary sheet
and its mutual interaction with the inner sheets which constitute the
development of the ultimate wake vortex model for the ducted fan.

When the peometry and motion of the vortex sheets of the ultimate
wake have been defined, a straightforward application of the Biot-Savart
equation determines the strength distribution of the vortex sheets.

The blade bound circulation or vortex strength distribution is then
obtained by integration of the inner helical sheet strength. This

vound circulation is the basic information from which the fan blades



can be designed using any of the methods available in the literature
(e.g. Theodorsanll). In addition, the vortex sheet strength distribu-
tions enable a detailed calculation of bthe flow in the wake from which
the thrust and induced power may be calculated.

In the development and asnalysis which follows the effects of
hub diameter, blade tip clearance, compressibility and viscosity are
neglected. The results will therefore give an upper limit on the per-
formance of single-rotation fans without stator vanes for comparison

with other design methods.



CHAPTER TII

DEVELOPMENT OF THE WAKE VORTEX MODEL

Farlier analyses by Gray (see Appendix I) have shown that the
optimum condition is obtained for the ducted fan when the helical
vortex sheebs shed from the blades appear to move as rigid screw
surfaces in the ultimate wake. The principle difference between the
arguments used by Gray and those for the free propeller is that the
induced velocity in the wake, at the surface of a helical vortex sheet,
need not be normal to the sheet surface. Beyond the need for satisfying
the Kutta condition at the duct trailing edge no other information is
obtainerd and additional relationships must be developed in order to
assure a compatible vortex model.

Further information may be obtained through consideration of
the flow assoclated with the vortex systems. A blade trailing vortex
sheet has large radial wvelocity components associated with it and, with
respect to a coordinate system fixed in the duct, this flow is periodic.
Congequently, if the duct mean camber surface is to correspond to a
strecamline, a distribution of vorticity must be placed along this surface
to cancel all normal velocity components. Part of this distribution
must be periocdic in nature and must alsc be a function of the number of
bladws In the Tan and must rotate with the blades. A portion of this
periodic distribution is considered to be a continuation of each blade

bound vortex which passes directly from the blade tip onto the duct



contour where it spreads out over the duct mean camber surface. Then,
in accordance wifth the Helmholtz theorems, it moves aft along the mean
camber surface an! ig shed at the duct trailing edge as free vortex
{filaments of varying geometry and density wrapped on a cylindrical
surface. While these filaments are within the duct contour it is
assumed that th , maks all of the necessary adjustments in phase
relatlonship and lensity with the blade trailing vortex system so

that the motion of thls wake boundary system is along the tangent to
the mean camber zurface at the trailing edge of the duct as shown in
Fig. L. 1In addifbion to the blade bound vortex continuation, a portion
of the Auct trailing vortex sheet is considered to be shed from bound
vortices of varylng ctrength rotating in the duet with the blades.

It is also assumen thab the duct 1s designed so that there is no
contraction or expansion of the wake downstream of the fan. This is

a feagiblc design p:r:*o*'.;l.(-:m8 and guarantees tnat the duct is compatible
with the wake geonetiy of the analysis.

Continuing with the examination of the velocities associated with
the wake vortex sheets. consider a helical coordinate system r, £, (
defined in termz of the cylindrical coordinates r, ¥, 2z as shown in
Fig. 2. At a giv-n instant an inner helical vortex sheet in the

ultimate wake colncides with the £ = 0 surface. Then

o i O r=mo
E=r¥Ycosp+2cosp , -®<§ S
= (Vm + W) cos o (Vm + W) cos @

L =-1t¥ sinw + 2 cos @ 55 (ﬁf’&’lﬂ_ =C = 55 (Q/ETT)
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where £ is measured along the helical vortex filaments and ( is measured
along a helical line normal to the vortex filaments. It should be noted
at the outset that w, the apparent velocity parameter, is not an actual
disturbance velocity associlated with the vortex sheets of the wake.
Rather, it is the speed along the wake axis with which the inner helical
sheets appear to be moving relative to a coordinate system fixed in space.
Similarly (Vm + w) is the axial speed with which the inner sheets appear
to move relative to the ducted fan.
If the apparent rigid structure of the imner helical sheets in
the ultimate wake is to be maintained, an observer fixed to any point
on & sheet must see the same distribution of wvorticity in the wake
regardless of hie angular position on the sheet. He must further see
the same distribution above as he sees below. These constraints on
the distribution of vorticity preclude the possibility of radial dis-
tortion of the inner sheets and amount to a requirement of helical
symmetry of the wake vortex system. Subject to this helical symmetry
the disturbance velocity vector will be constant along the helical
lines r = constant and { = constant both inside and outside the wake,
Now, consider a line integral of the velocity along the path
ABCDA within the ultimate wake as shown in Fig. 3. The velocity diagram
with respect to the rotating blades is shown in Fig. 4. Along BC ug
is constant since r ani { are constant. AB end CD are radial lines
at two values of ¥ on the sheet surface and DA coincides with the wake
axig. ©Since no vorticity is enclosed by the path, the line integral

is zero so that



Fig. 3. Ultimate Wake System Showing Paths of Line Integrals.
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Figure L. Velocity Diagram at an Inner Helical Vortex Filament of the Ultimate
Wake.
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or

L (e - - =
e (°C gB) + Ugo (ZA zD) )

where ug is the value of u. on the axis (r = 0),

- g

Employing the helical coordinate relationships

V@ + W V +w

oo

o : ;
- dg (r 3 cos @ * Erﬁ7§;j sinp ) + ugo NV ¢

Then
(v + w)/Qr
U = U }
By §COSw+vm+wﬁ;n
i _‘_"""QR (SRR o

but tan op = (v =+ w)/QR and for the coordinate (

r tanw = R tannoF so that

S { tan o }
£ §, Lcos @ + tang sing

or

Consider next the line integral along the path EFGHE as shown
in Fig. 3. The portion EH is at r = R . Trom the requirement of
helical symmetry, the filaments of the boundary vortex gsheet must

cross the line of intersection with an inner helical sheet at every
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point on the intersection line at the same filament pitch angle
regardless of angular position. In particular, if the pitch angle

of the boundary sheet filaments is identical to that of the inner
sheet as the boundary is reached (r = R) then no vorticity is enclosed
by the path so that the line integral is zerc. (The equal pitch
constralnt is a lightly loaded condition which will be relaxed later).
Thus

e (B = 85 * ugo singgy (B, =Byl 20

jeal

or

outside the wake as well as inside.

rther, the path ABCDA may be shifted axially so that the helical
portion of the path lies along an arbitrary helical line at the pitch
angle o anywhere inside the wake. The restrictions of symmetry still

require u. to be constant along this path so that u. =u. sing
2

%0

g
throughout the wake.

These results are subject to the additional constraint that the
line integral of velocity taken along a path enclosing the wake must

be zero. The line integral may then be taken along the path ABCA in

Fig. 5 where u. along ABC is constant and known so that

g
A
u_ dz + 2R ul,;> tan.mR =0

f
J %
c o

The integral is then taken along ACDEA, Subject to helical symmetry



Fig. 5.

Ultimate Wake System Showing Paths of Line Integrals.
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the inducrd vele:ity is zerc along the radial lines CD and EA. If DE
ig allowed to apiroach infinity then u, along DE is zero. Since no

vortieib 1s enclosc ! by the path

A

j wu. dz = i)
Z

C

Thyn, roc ering o che previous integration and subject to the condition
of ldentical filement pitch angle along the intersection line, this

[

eewlt requires toat n. be zero. Thus, the 1nduced veloeclty must be
."'yo

normal te the inner helical sheets. These two coexlstent conditions

GO osgqund [llamenl plitch and normal induced veloeity characterize the

lightlyv loaded condit ions as discussed by Gray .

Tie more -chneral condition of load requires oaly that the

rilamente of the bhoundary sheet all cross the intersection line at

ame piteh angle so that a relative motion between the immer and

| ¢]

ouLvy cyvehoms ma;, exist. Thus, the path EFGHE in Fig. 3 will enclose
yori Teity and ne information will be obtained from the integral for
. hvovily loaded dueted fan. However, the requirements on ug still
appl, Ineide the walie, and for the apparent rigid mouvion of the inner
heeb1eal eneets e musl be proportional to cos ¢. That is, from the

previous results awl the veloeity diagram of Pig. U4

U = W COSE o



A geometry anl motion must now be established for rthe boundary
sheet which will maiitain helical symmetry of vortex strength distri-
bution ami which will permit the boundary chcet to have an axial motion
relabive to the inner sheets. Further, the disturbance velocities must
be zero outside the wake in order that the flow be irrotational there.
Ihic may bo shown by considering the line integral about ACDEA as shown
T G B S B TA and (D are radial lines along which ur must be zero by
nelical symmetry, ID lies at r = » so that u, is zero along this path.
fince the path r~nzlee~s no vorticity the intepral of'uz along AC must,
vy Zero. For this to ocour elther uz is identically zero or uZ is
pars positive an. part norative. From considerations of contimaity,
l'or vhe latter condition to occur the flow must form closed streamlines
wilitln Lhe area . fined Ly the pabh of integration. However, integralion
ol" vieloeitvy along th:so closen streamlincs would yileld finite values of
circulation. Thus, a contradiction is arrived at in terms of the
lrrotationality of the flow so that u, must be zero along AC. Another
line integral is taken along ABCDEA., For the helical portion of the
path the veloecity ué must be constant due to helical symmetry. Since
the veloeities along the other branches of the path are zero and no

net. vorticity is cunclosed, u. must be identically zero along ABC.

g
The path ABC may be shifted along the z-axis to any axial position
with no chanpge in the results. The path is closed by joining the

helical part to the radial parts along the z-path AC. Thuc with

U 5 uz and ur all identically zero on the cuter surface it may be
2
conrluded that all induced velocities are zero on the outer surface

T !

of Lhe wake boutdlary. Tiais resulbs may be extbteonded to lnclude the



entire region oulsgide the wake by allowing the paths of integration
to expand radially.

The strength o' a vortex sheet 1s equal to the discontinuily
in the velocity components as the sheet 1s crossed and the motion of

the sheet along the lLine of discoatimuity iz equal to the mean value

of Lhe wvelocity 1 R and R+. At v =R , the induced velocity at the

inner surface of the boundary sheclb is given by the components

U = U. 8in e,
e T % PR
o
., = W Cos

while the induced wvelocity =L R is zero. Thus at the line of
intersectbion with an lmuer helical sheet tbhie soundary vortex sheel
strength ls glvew |
3 ; 3 ; 1
; = e 2 e = ,
vi(6.,) -~ (uz sin @, + % cos” @, )° (L)
' L3 S ! R
oy
The velocity of the filamentes ¢!’ the boundary sheet as they cross the
intersection linc must Lo in the direction of the induced veloeity
att B and normal to the [ilament dircctiony taat is

S O o ) ) )

[ - & —
1 SH - alr + wWoocos o
e - 2l Pr W By

ke &

18]

(2)

The filaments of the bounoary vorLox sheeft must then all cross
the lines of intersecctlon between the inner screw surface and the

cylindrical boundary at a constant anglo.pB nol. egual to g This

angle may be determined Crom the [Light speed {Vm), the blade rotational
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speed (QR) and the total disturbance velocity of equation (1). The
two vortex systems are related through equations (1) and (2) but only
along their lincs of intersection. On the wake boundary between thesc
helical intersection lines, the filament density or sheet strength and
the filament pitch angle will vary with the helical coordinate (.

The boundary sheet serves several basic purposes. TFirst, it
must cancel the radial velocity field at the boundary associated with
the inner helical sheets. Second, it must accommodate the discontinuity
in velocity as the boundary sheet is crossed. Third, it must not induce
radial velogcities, and hence radial distortions, at the inner sheet
surfaces. Its remaining function is to preserve, in conjunction with
the flow fields associated with the inner sheets, the apparent rigid
axial motion of the inner sheets and to cancel the sum of vorticity
of the inner sheets. The first and second requirements, along with
the rigid axial motion constraint and the constraint c¢n net vortiecity,
are satisfied by the strength distribution and the f({ilament geometry
both as yet unknown. The third condition may be automatically satisfied
by a strength distribution and geometry that are symmetrical about the
lines of intersection. This i1s simply a restatement of the heliecal
symmetry requirements on the vortex systems.

Having to solve for both the strength distribution and the
filament pgeometry of the boundary vortex sheet presents considerable
difficulty and implies the need (lor some kind of iterative prorcedure
for locating the compatible strengths and positions of the boundary
sheet filaments. This difficulty mey be eliminated through a

consideration of the implications of the helical symmetry requirements.
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Tt has been estublislicd that the boundary sheet strength and filament
plteh angle are constant along an intersection line. At an arbitrary
distance Az below this line, the strength and filament pitch angle
will be different. However, at any other angular position at the
same Az below the intersection line the pitch angle and strength
mast differ from the values at the intersection line by the same
amounts due to the helical symmetry requirement. That is, at a
z-position between intersection lines it 1s possible to change the
sheet strength and Tilament pitch angle only through the addition of
an infinitesimal strength vortex filament at the piteh angle PR
Thus, it isg possible to replace the boundary sheet by two simpler
systems whose combined effects satisfy all of the conditions mentioned
abovea.

The first of these sheets 1s a uniform sheet of helical vortex
Tilaments having constant density y(gB) and constant pitch angle Py
as shown in Fig. 6a. This sheet satisfies the required compatibility
conditions as previously discussed. The second is a cylindrical sheet
of helical filaments of wvarying and unknown strength but having a

coustant and known pitch angle o, as shown in Fig. 6b. This sheet

R
mist have zero strength along the lines of intersection in order to
prcserve the compatibility established by the first sheet. It must
have a symmetrical strength distribution about these lines and the
lines midway between adjacent intersection lines and must cancel the
radial velocities at the eylindrical boundary associated with the

inner sheets. Superposition of the two sheets, as shown in Fig. 6c,

must maintain the appnarent rigid axial motion of the inner sheets in
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(a) Boundary Sheet of Uniform Strengbh.

=y

Sifhaealill

LN |
NP -

(¢) Result of Superpositicn.

"ig. 6. Concept of Ultimate Wake Vortex Systen.
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conjunction with the flow fields associated with those sheets, and
must satisfy the net vorticity constraint. These are the conditions
which will be placed on the solution.

It should be noted that to an observer fixed on an inner helical
sheet the boundary vortex sheet (consisting of the superposition of the
uniform boundary sheet and the non-uniform boundary sheet) appears in
terms of the local strength distribution and geometry to be fixed
relative to the inner sheet. Although the boundary sheet is actually
slipping forward relative to the inner sheeté, the observer sees the
same local vortex sheebt strength at a given point on the boundary at
any instant while the identity of the filaments at the point is
constantly changing.

Now consider the geometry and moticn of the uniform boundary
sheet relative to the last outboard filament of an adjacent inner
helical vortex sheet. The velocity diagram of Fig. 7 illustrates
the relationship between the velocities associated with the two
systems according to the compatibility condition expressed in

equations (1) and (2). From Fig. 7

Vw + w
= t& r e Ty R
& = 088 g R
(3)
' ot IR
tg = Y = TOR
whero
vy, B o 1B 2 2 2
iy, = é(ug sin” g, + W cos wR)d SEC Py (1)



Figure 7. Velocity Diagram with respect to the Rotating Blades of
the Outermost Filament of the Inner Vortex Sheet and at
the Adjacent Point of the Boundary Sheet.
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From the same figure

ug sin.¢R
o
W Cos @p - tan,(@E - ”B) (5)

Combining equation (4) and (5) to eliminate u. and substituting for

o
the functions of «quations (3) yields
1 12
. +
: ]
& " 1 B
by =k =R e TR J

where W = wﬂlR, ¢ € w< A, This result shows that, ror any cheoice
of X and w, KB can be uniquely determined. It should be noted that

for vanishingly small values of w, A, approachics A which is in agreement

B
with the lightly loarded case. PFurther, there would geem to be no simple
redefinition of A which would reduce the solullons to a single case for
all values of w. This Is in agreement with Ll carlier analyses of
Gray

Solving the last expression for the pitch of the uniform

boundary sheet yi . lda

2 S : 3 1
B 1 + A L _ | IS lJ= i
S Tl u -l U] Ll wen- A (6)

. -1
Glnece m., = tan A

©p the value of V(QB) is known accordinge to

R’

V(QB) = W cos o sec (gﬁ - mB) . (7)

The uwitimate wake vortex system of the heavily loaded ducted fan

¢ thus Jdefined in terms of the irmer helical cheets of Fig. 5 (one for
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each blade) having unknown strength but known geometry, a vortex sheet
of uniform strength V(QB) and constant filament pitch angle Py lying
on the cylindrical wake boundary as shown in Fig. 6a, and a sheet of
varying strength but constant filament pitch angle P also lying on
the cylindrical wake boundary as shown in Fig. 6b. For a given blade
number b, pitch A, and loading parameter w, the motion and geometry
of the system are determined along with the strength of the uniform
boundary sheet. The solution of this model for the unknown strength
distributions of the inner sheets and the non-uniform boundary sheet

Proceeds directly through the application of the Biot-Sawvart equation.
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CHAPTER ITIT

ANALYSIS AND SOLUTION OF THE WAKE MODEL

From the :iiscussion of the preceding chapter, the geometry and
motion of the ultimate wake vortex system of infinite length are
known. The problem is now to find the distribution of vorticity in
the wake which will satisfy the velocity boundary conditions implied
by this geometry and motion. In this analysis, the Biot-Savart equation
supplies the required relationship between the geometry, motion, and
vortex sheet strengths. For an elemental length of an arbitrary vortex

filament

!
_ cos B ds
(i\.ri = 1{; 5 (8)
P
The integral relations for the velocity components in Cartesian
. 2 .
coordinates are given by Lambl and are repeated here for a single

finite strength vortex filament.

Au

1

oy I (dy' z -z dz’ y - y’) ds’
x  Lm ds” P as” P =2

v J (dzJr X - X ax’ z - z’) ds
e ds’ 3 T ds’ 0P =2

' /

_ [ fax' y - ¥ dy’ x - X’) ds’
au = iL'J (ds’ P :

A
ty

o
d
s}
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A vortex sheet of the wake system is divided into a number of
egual width strips. These strips are replaced by vortex filaments of
finite but unknown strengths lying on the centerlines of the strips.
The strength of the filament must be equal to the integral of the sheet
strength across the strip width. For purposes of numerical calculation,
arn adeqguate representation of the vortex sheet is achieved by placing
a filament along the centerline of its corresponding strip, provided
the strip width is sufficiently small compared to &a characteristic
sheet width.

The integrals for the velocity components asscciated with the
finite strength helical vortex filaments introduced in this manner
are more convenioently expressed in polar coordinates so that the

following transformation is made. (See Fig. 2.)

! '
x° = r" cogs ¥

¥ = r eds Y

! . .
y' =r sin¥

¥y =1r sin ¥

Fmploying the transformation yields
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o= - %J Lr’ tan o’ (r sin ¥ - »’ gin v

ay’
-r'cos ¥ (z -2’ -r¥ tano’)| =
o B3
u, = -ET{EJ' Lr’ tan o’ (r cos ¥ - ' cos ¥')
/ / T iy ay’
+r° sin¥® (z -2° -r¥’ tano )J —
) B3
" IF B . ‘ 7oy
Uy = ﬁﬁ-J L - rr’ cos (¥’ - Y)J §3
whero
=,
P- = r2 + 2" < ! cos (¥ - ¥) + (z - Z; - r¥’ tan w,)2

The boundary ronditions are more vonveniently expressed in
terms of the veloclty components along the vortex sheets and

perpendicular to the sheets. Thus

u, =u cos ¥ +u siny

v
i
o

Ly = (u1r cos ¥ - u sin ¥) cos w + u, sin o

(5

A

u, =u cosgp - (u cos ¥ -u, sin ¥) sin o
Z ¥ .

#

[438

The integrals for thes: velocities due to a single finite strength

filament become
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i_ IE ’ " ’
U:%Jm |r" ftan o’ sin (¥' -v¢)

1

Au

-
+r’ [z - z; - 'Y tan '] cos (¥’ - ‘E’)J G:‘ii_
B
{= = IS
Au. = TY—I L{r" tan o’ [r - r’ cos (" = Y]
g Tmd
+r’ [z - z; - 'Y’ tanw’] sin (¥’ - ‘i’)} cos o

i) - !
+ {r’d - rr’ cos (¥’ - ‘E)}sin rg} ﬂ}“
2

a5]

i\,ug = %I I:{r'?' - rr’ cos (¥ - ‘i’)} cos

=0

- {r' taneg’ [r - r’ cos (¥ - ¥)]

: . . 1y

+7" [z - z:) - B wEw e ] n it - ‘i')} sin cpJ Lt::-

where the limits on the integrals refer to the infinite extent of the
ultimate wake.

low, non-dimensionalizing these eguations with w and R, and

employing the helical relation

r tan ¢ = p' tanrp’ = R tangpp 5

the elemental velocitiecs associated with one [ilament become



Au 0

s L gt 0 i ! g
'-;“ —IF\%;J. Ll" tan J)R s1n (Y T)

!

— — — i aif i‘P
! - _ W - e S
+ 7'[Z E, - ¥ tan_@R] cos (¥ W)] =3 (9)
Au\: Y COS % ' r 7 ’
L ngmn [ [ ey (b B o 07 1) »
i
+[Z -2’ -¥" tang_] sin (¥’ - Y)] égr
o) R 53
P
ﬂ.u(; Yy COS @ A R ’
ol j | - TF' cos (e" - ¥) (1%)
. -
& [l s = - ¥
tan 0 L = cos (‘1’ ¥ n
— 7 ’
14 / 3 ) = o dy
- = sin (" - ¥) tan 0 [Z2 -2 -¥" t R] E;;
where
B° =¥ + 7 - 2 FF cos (¥' - ¥) + [Z-E -¥' tanggl”

o g2 "'l.];+ J
i = tan [f tan o,

e — —_ . . . 4
and ¥, T, Z, Zo are non-dimensionalized by R.

The boundary conditions may be written by summing the contribu-

tions of every filament of the system. They are,
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on the inner shect:

Au
T () - o 2
&ur
L(55) =0 (13)
and on the cylindrical boundary:
= AU
(=) =0 S

The uniform boundary sheet induces no radial velocities anywhere
in the wultimate wake and the non-uniform boundary sheelb induces no
radial velocities on an inner sheet due to its symmetry above and below
a line of intersection. Examination of the integrand of eguation (9)
reveals that no radial velocities are induced at an inner helical sheet
by the evenly spaced inner sheets themselves. Thus, equation (13) is
gsatisfied identically. The condition on the cylindrical boundary,
equation (14) involves only the inner sheets and the non-uniform
boundary sheet. The condition of equation (12) involves all three
systems. The remaining constraint requires that the sum of the
strengths of all of the vortex filaments comprising the wake be zero.
The boundary conditions may now be written on the inner sheet (from
equation (12))

3,050 - ()L () s 09

on the cylindrical boundary (from equation (1L4))



&11\'1
Aol I ) 3 =
) deii] KJL— * T:L— =0 L
2, kbnnw 22 (’WRw) L (4”Rw) (47)
i 3
where ; refers Lo the lnner sheets, Z relers Lo the uniform boundary
= \'\H . L B
sheet, ﬁ; refers Lo the non-uniform boundary sheet anl
)
A = cos ({p - ) 3
1 r
B
A, = sin -
& (o Ty )
B
1 . 1
G o == tan o and tan g = = Lan <
20 B r R
B
For a fixed choice of A aud w, the couvributions of the uniform
boundary sheet to equutions (L5) and (17) arc fixed in tersns of the

shoet str agth y(QB) and the piteh angle Op Thues the system of

enn be writlben more conveniently as

N RN RN (ORI C N S D

couatiuig

. W L.1 W
\1 ('—&;1) ¥ W.Z (wa) =0 (9)
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and

;1

(o) + L, (o) = - I, () o

Equation (13) can be evaluated at a number of control points
on an imer sheet. These polints are placed between the fillaments
comprising Lhe sheci and are equal in number Lo the number of filaments
ot the sheet (Lhe final point being placed at r = R). Equation (19)
can be evaluated at control points on the cylindrical boundary between
wn interscetion line nnd the point midway betwaen intersection lines.
Tho poilnts are aaln placed between filaments with one less polnt than
Milaments. Eguation (20) includes the filaments on one inner sheet,
the i laments on Lhe pon-unilorm boundary shert lying between an
intersection line and —he adjacent interscetion line, and those
filaments of the .niform boundary sheet passing through a line
connectbing two adjacent. intersection lines. These filaments comprise
o characteristie portion of the vortex wake, although the velocitbies
musl be ealeulated using all of the filaments of the wake system.

Now, the intograls of equations (9) and (11) may be .defined
regpoactively as

Auv

1 = (S ek) (21)

Au

IQ = ( wg)/(ﬂg%; cos @) (22)

and the srystem of equations may be written as [ollows:
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for the control points on an inner sheet

— Au A
(05 L % () = - T, {0 - Do s e

\_|
7. &
L, %

for the control points on the cylindrical boundary

Ei Ir (Eé%ﬁ) +_§; Ir (Eé%ﬁ) =0 (24)

and
5 Y G Y R ( Y )
Yy (lﬁRw> N 23 (1HRW) - T 4, \lnRw (45)
.E.C - '_c
whore
\-| - T 1 -
Zj_ Le over the filaments of one inner sheet,
i
< : ; s B =
13 is over the filaments of a characteristic
~ portion of the non-uniform boundary sheet,
and
24 is ovar the filaments of a characteristic
2

portion of the uniform boundary sheet.

With the cguations in this form, the influence of W is confined
Lo the right hand sides of the equations through the velocity field of
Lhe unilorm boundary sheet, and the coefficients Ir and Ig depend only

on the clivice for A (the pitch of the inner sheets) and b (the number

of blades).
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Owing to vthe simplicity of the uniform boundary sheet, tho
veloclty (ield inginc the wake associated winh thig sheet has becn

ovaluated explicity ir terms of A and W in Appendix II. The result

s}

=0 .

.. 40
W

u
8
W

Li
Haing equation (). Tf- ran be written as

w
= = gog o, s8¢ (o, ~ o0,) Cos o
W I) ( R J'.J) B
ot
@]
il i
W 1+ Ak

E

Then, bhe right hand side of equation (23) becomes
_ L Au
\I g g) L} “ = - l r.J‘
1 - Ly {( 2 )A}. - ( Arfeos ¢ =1 - T (26)

Further, -h. right hand side of equation (25) becomes

-1, () = - “Tomw (7% A w08 oy/b)
L4

Sinee MR kr/b is the longth of the line defining the characteristic
¥

portion of the uniform voundary sheet and y(gB) is the sheet strength



per unit length. Thw

1
R

from oquation (5)

ar

wo Lhat, defining

G:].,_...E
w

equations (28) ana (29) may vLe rewritten as

A

&)
. .
Lo+ A

1= L/(1 + AAB) G

(1)

(n8)



Thus, the system of cquations can be written

a4t the inner sheet control points
2

7. % (k) + 3, el -0 2

1+ ld

ab the cylindrical boundary control points

and

1 sk ) (=)
)L+ = = G =—
Llc FTTRwr ZBC TRW 2b l~+h2

Since the right hand side of every equation is multiplied by G (or is

zero) a new vortex filament strength can be defined as

73 (w)

and the system written
at the inner sheet control points
2
A

L ¥ +) I.§=~—2r

]



al. the cylindrieal boundary control points

\Z_‘ T \7+Z I,§=0 (3=)

i d

The system of equations io this form does .ol conlain the w parsmeter,
2o that a colution may Le obtained whiech may be scaled diveel ly for
any value of W. 'thal is, the equations arve solved for G = 1 (¥ = )
dret Bhe wake vortoelly disbribution for any «ulue of w is obtainel by
mulbiply s the rosull. by Che appropriate values of G.

Tiher blade bound vortex strength iz founo at any radial station
by summing the Tilam~nis of an inner sheet lyilng inboard of the radinal
station in the ultimatbe wake. The remainityg - lements o the solul ton,
thre strengths of the rilameubs of the non-uniiorm boundary sheet, are
required in the rcalewlabion of' Che power and thrust. The cvaluation

ol the coellficionis Ir and [ of the unknown ['llament strengths, the
=

-

posiflivning of the filaments and control points on the sheets, and bhe

simultancous solution of the system of linear =aquations tror the unknown

alrencths ar~ all concidered in some detall in Chaptoxr V.,

——
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CHAPTER IV

CALCULATION OF [HRUST, TOWER, AlNo TLoCED EFFICIENCY

o

e soluiien ‘ar Lhe slistribution i’ vearticily Lo the ulbimats
wain atlews 2 oetaill o calevlabion of the indveed velocitics within

the wake. A knowl.oolpr of these veloritics, sl hener of the momenbin
und anergy in the wake, leans bto a stralshtfurward calculavion of Ehw

thrust, power and efficienecy.

Thrustl
o g . 5 - sl :
Following the sualysis of Theoiorson ‘onsider a cantrol volume
cneloging bhe duected lan an 1te Jtiman s wak a5 shows oohematically
in FPige 0. Usiar bioe moncntum theorem the Lluush of th ducved Man may
ter Tound by considerir - the average pres.ar - t'orees acting on the conorgl
surface and the averaps Jlux of momentun -hrough the surface. Thesge

averages are talkeon over o time AL - 'Jf/lQ and the intepralticn is with

respect to time, L - -lz.,.f’(V. + w)e Thue, fron Pig. o
L T i L, i i
T+ = 3. A it = e—= v+ At £ w g
atd  F B =gl @ 1 = ugd b (% - )
S.J. iy h"..l
l Ll
o \ 3 g
At J P Jcr. 1 \rn b2

which can be wribtlen as


momenti.ua

Figure 8. Control Volume Used in Determining the Thrust.
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T+ ) J (e, - p) dZdS_-QI'TVm'fw JO,u, +u) azas  (34)

In order to integrate equation (34) the pressure term must first be
eliminated by employing the equation of motion for an unsteady,

incompressible, potential flow.

o6 p 1 _ :
—t~+-p—+-2-v2—f(l))

Since there can be no induced velocities at an infinite radial distance

lfrom the wake axis

g—? +pfo + VP/2 = D, /0 (35)

The unsteady term may be eliminated by considering the potential

fleld 1n a steady coordinate system such that

g(r, ¥, z) = &(r, Yo+ Qrt, z)

Then
o ob oY
E-ﬁgg—uwﬂr—}',u‘tﬂf’k
Now Uy may be written as
Uy = Ug sin o cos o - W, sin o

s ¢

and
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i
U = u. Ssin o + u

z g g

o

cos @

Thus

o

uc sin mp uz tan o - 1 sin” o tan o

g

9]

Il

u? becomes

u, = tang w(l - G) - u, tan o
VA

w
and., since tan o = A/x = <_fﬁ§—_>/x 4 %% inside the wake becomes

2% T &
= == (v, + x)uz +w(V_+w) (1 -G)

Tnen inside the wake equation (35) is

p/o + V2/2 = (Qw + w)uz + W(Vm +w) (L -~@) = pOB /p (36)

The pressure must also be constrained by a static pressure

balance at the wake boundary. Since all disturbances vanish outside

the wake, the constraint becomes pR =p, or
1
p_ = poR - g Vﬁ +0(V_ + w) qu -p(v, +w) w(l - @)

Then using equation (36) to eliminate p,  yields
R
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o a )

v (V, +u )™ +u 4y

2 2 o

Ve = (V. +u_ )7+

R_ ZR_ WR_

Cwbstitution ot equation (37) inte equition (3h) yields

j 290 f { Z L (- ~2
" = = .t o - = : AL
F, i o * = T v gl
A Vol ume
Ingide
Wale
= + + 1 ! - 1
L ; yr
@ ZR_ ro Yy R

+ (V. + w) (u - u }J todr dz d¥

Tho limite of integravion are taken over a churacteristic volume cf
Lhe wake guch that

O < z< 20R\/b

I

r <R

0<sY =S ar

Then defining non-dimensional lengths as

(37)
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Z=z2f(emBA/b) 5 05 E=1]
r=r/R , 0£F=<1

the thrust can b written as

P e BB B iy s fl fg“' B 2 Liw +u )
STV + w) ( / J LV By BBy = 5 (Vn Yy
3 O 0 0

D]
- (V. +u )"+ o u? s gt 1+ (W +wu -u )Jf dF dZ a¥/em
o ZR r ZR w Z VA R

Now, non-dimensionalizing the velocities according to U = u/w and

W o= w/QR yields

Lol 27 -y V JOR
o o i 2{‘[ M1 ‘e _ - I _ 2
re2 @) [ || ST -3l 05
6 0 0
_(V“’{QR+ﬁ ¥+ T - T, ]
W ZR_ r ;H_
V_/QR -
P (=t 1) (uz-aZR ) [F oF az a¥ /2

Noting that (V_/QR) = (A - %) and defining a thrust coefficient as

op = /Lo (@R)E] (38)

the result may be reduced to



Some of the terms

Congider a line integral

o+ Ee - = [E0 + 00+ 5] + 2[00
Z 2 2"z i Yy 2 Ze

u ]T ar dZ d?fﬁn
?"_!

.|.|. __)

may be integrated immediately as [ollows.

within the wake ag ghown in Fig. 9.

The

integral about the path ABCDA encloses thoge filaments shed by a tlad:s

bound vortex between =0 =
ahria I(s) and

v

Cand x =x (% - ¥) so that the line integra.

Al ,1{.-
’J u e e u dz I w_ dr +J u dz = ['{x)
A It ¢ T
Bub  from the repironcent on veloecity discontimiity across the sheef

(for which u of the il

a0 Lhat

amcnbs is zero)



WAKE

AXTIS

CYLINDRICAL
*— BOUNDARY

INNER
HELTICAL

SHEET

——

LY

O
.

INNER
HELICAL
SHEET

A Path of Line Integration in the Ultimate Wake.



Imploying the definition of Theodorsen for the non-dimensional blade

bound vortex strength as

b I'(x
K) = g )
7lelds
Al
I u, dz = K(x) + L1g
0 o
so0 that

Ui

O

; ; = EL satn g
But the integral term s defined as X, the propeller mass coefficicut,

L
H'—Qj K(x) x dx . (&

O

—
o

Thusg

ﬁz T 4% dZ 4¥/em % LK + 1

[(f 7 is taken as T = x = 1 then L, becames Ez so thatbt the integration
R

of the last term of equation (39) becomes
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3, &1

J

2r 1

J a T d7 4z a¥/em = = [K(1) + T, ] (43)
z 2 e

0 R o

J;

The remaining terms of the integral of equation (39), which

must be evaluated numerically, may be defined as

ol oL p2m
e, =] | f U, T dr dz ay/en
0 0 0O
1al e 4
By = f J j o, T dr dz ay/en
0 0 ©
ol oL o2
= f J o 7 OF % ay /em
le,—‘J UYI"I‘ C
0 0 ©

1 oLk 2T o 5
I — I I f [ﬁ + 8y ]f ar a4z dy/em
R Zn R
-0 0 0 - =
and ¢ = €, i By * €y - Employing these definitions and equations (42)

and (43), equation (39) becomes

S ETE TR CHR TN I

(o]

It has been established that the flow field of the uniform
boundary sheet is known and that the vortex sheet strength distributions,

and hence the flow fields, of the sheets of varying strength need only
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be solved Tor the lightly loaded condition. It is possible, then, to
caleulate the thrust coefficient in terms of the w = O wake solution

and the scale factor G. Referring to equation (39) the integral terms
can be modified as Tollows. The velocities are separated into those
associated with the inner helical and non-uniform boundary sheets
(variable strength, subscript vsﬁ) and those assoclated with the uniform

boundary sheet. The VS velocities can be scaled acceording to

Further K(x) =G K(X)ﬁzo =@ KO(X) and ¥ = G Eo . From

cquation (28) the velocity associated with the uniform boundary sheet

L}

is simply‘ﬁz = 1 = = &-—3 for all ¥, Por simplicity in the following
l -+ rl._
AL Wl L2
development jd(vol) will be taken to represent j J I ¥ dF 4z a¥ /2.
o o 0

The integrals in cquation (39) can then be written as

2 £
Iﬁi d(vol) = j[G ﬁz + (1 - —Q—L—-)}“ d(vol)

Vs 1.+7\2
. 2 A
i T — -
;G“PT fﬂwﬂ)+2G(l--£i—ﬂju d(vol)
sz 1+ hg zvs
(]
1 G A~ 2
“"é“(l" 2) 5
1L+ A

I
o
o
[ S—
|
s
p_.
P
-
o
'_l
po—
.

fﬁi d(vol)
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6 A% ) [a,  a(ver)

Iu d(vol) = G2 Jﬁz d(vol) + 26 (1 - =
R VSR_ 1+ VSR-
2
1 G A 2
ex —2-- (l - 2) ’
1 + X
:1__,, N B P 5
=" d(vol) = @ | d(vol)
R g
- R_
From equation (42)
jaz 3(vol) =%{.}c .- 5]
Vs 1+ X
and from equation (43)
5, alvel) = 5 [k (1) - ——]
VE 1+ X

Substituting these results and the results of ecquations (42) and (43)

into equation (39) yields

a w2 Lk .
c, = 2w Le_ﬁ(mcoa-l-c)
- ) p—) 2 l
+ 3 [G2 J-E; d(vol) + G(1 - &R 2) (HO - 2)
Ve 1+ X 1+ A
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~ ~y s e rn
F % (L - —E—&—*)ﬁj - % Ga [Jﬁe d(vol) +—Jﬁ$ d(vol)]
- Y = l2 Tys Vs
¥ ol BB G 22 1
+ = [ JT, d(vol) + G(1 - —-—-——-—2) (Ko(l) = =)
( Vs L+ Lwa
R
1 Gr° .2
t= (l = o)
5 oy
c & o a(vel)l- 3 (6K () + 1 - G)]
ve
R

Mhe remaining integrals, which must be evaluated mumerically, may be

vepronped and delined as

el inl .|u(_' ; ) ~ -~ P
e. =/ | J' LUZ - aj - aq‘f . ﬁ; ]? d¥ dZ J¥/om (L5)
. S va Tvs Vs Vs

R

2 2 s

v w2 Tk G A ¢~ A" Ll e
GrPlafrlatigi s g ii-Fy, 18
A 2 A 6 A" 2
s G- Sy s
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where, for a given b and A, HO, Ko(l) and ¢  are calculated from the
w = 0 solution. Since G is calculated algebraically for a given A
and W, equation (46) provides an entire family of values for Cp whereas

equation (44) provides only a single value.

Power

The ideal power required by the heavily loaded ducted fan may
be determined through a consideration of the induced energy loss in
the ultimate wake. Following Theodorsenll the energy loss, E, is

given by the methods of classical mechanics as

5 b0 frl 2 1 2 4
ﬂ=@£1*TVm=2ﬁ—(?;‘m'J[§DVmV +(§DV +p-1p.)u,] d (vol) (47)

where @ 1s the toraue of the fan and v2 is the magnitude of the total

2 2 ; ; ;
induced veloecity, v? = ui + uf +1u,. Substituting from equation (37)

for (v - Rm)’ the energy loss becomes

S oQp L 2 2 2 ]
E = mj [2 Vm v ot w U.z + U.Z ( VR_ W ‘U.ZR ) d(VOl)

rol =

Then, defining a non-rdimensional energy loss as
o T j 2 }
e = E/[p (OR)” mR"] (18)
and non-dimensionalizing velocities and lengths as was done for the
thrust coefficient, e becomes

1 L .27
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Again, dividing the lnduced velocities into those associated with the
uniform boundary sheet and those associated with the variable strength
sheets, the expression for e can be calculated in terms of G and the

w = 0 solution. All manipulations and integrations are similar to those

performed in the thrust analysis. The result is given as

2 2
2T 1 G 5 G ] L
8 = w'j LG (% + E‘ 1_1, s "“'—‘L‘E]) (_4_ -~ —Lg) (HO . 2) (}4.9)
1+ A 1 +A 1. # &
2 .2 e
G X G A 1
- ) (l = 2) (Ko(l) s 2)
1+ A L+ A 1+ X
2 2
I 3 G A 2 L. i G A
e -0 - 5) +5 (- )
) ke R 1+ X
B 2 s
+ G (=2 + 1) IE d(vol)
Vs
g oy 2
+ G (ﬁ - 1) [Jw + 85 ] d(vol)
Vs s
2 G KE 2 2
G2 (L - E)J"[az +5 ] a(vol)
1+ VSR~ VSR-
.8 5
-2 (’}‘OJ"{ T d(vol)
145 ¥ R B
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My juz fw, +71 14 (vol)]
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Of the remaining integral terms the first three are evaluated in the
calculation of eo for the thrust coefficient. The last two must be
numerically integrated for the W = 0 case in a similar manner.

From equation (L47) the power can be written as
sz:wm'}'E

so that defining a power coefficient as

52

¢, = /o (ar)3 =) (50)

vields

The power requirement for a constant diameter wake can also be
calculated directly by the Kutta-Joukowski theorem. An increment of

torque is given by dQ = bp V

axial [' rdr where Vax is given by

tial

11

i v o+ sin g + u. cos
axial LS UE © C @

ZVOO+W(.1——§-—~—§)

Then
2 2
dQ = p (2nRwA) K(x) [Wm +w (1 - —Eg—&—é)] R x dx
b G B |
and

Q=p (wR)E RwA [(Vw + W) 2J K(x) x dx - 2 G j_K(x) ——E—ﬁ——é- d}c:’
0 0 X + A

o= -W) ¢, +e . (51)
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From equation (L1)

L J“l k] =B
x2 + }2
O |8

the power can be written as
il B B e -
P=a0 =p(mR™) QR)” WA~ [K - GA% p]
Then, since K = GHO and u = Q¢0, the power coefficient is given by

- o g - O
Cp = G [xo T\ “o] ’ (52)
Efficiency

The induced efficiency 1s defined ag T, = TVm/P. Thus from

equation (50)
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Efficiency may also be written as

ni = (k- ﬁ)cT/cP
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CHAPTER V
NUMERICAL PROCEDURES

In the preceding chapters the model and its mathematical solution
have been outlined in terms of the basic procedures and developments
required, To obtain such a solution it is necessary to evaluate the
velocity contributions of a filament of unknown strength at an arbitrary
Location in the flow field of that filament. This evaluation will be
carried out by numerically calculating the integrals of equations (9),
(10) and (11). Using these results a system of linear equations will
be developed in terms of the unknown filament strengths of the system
by equating the sums of velocities at control points in the ultimate
wake to the required normal velocities at these points. In order to
specify the parameters of these equaticns, decisions will be made about
the manner of subdividing the vortex sheets into finite strength fila-
ments and the placement of control points on the sheets.

After the system of equations is determined and solved, the
integrals of equations (45) and (46) will be evaluated in order to
calculate the thrust and power of the ducted fan. In addition the

values of Ko(x), K and p_ will be evaluated.

Evaluation of Velocity Components

The evaluation of the velocity components asscciated with a
single finite strength helical vortex filament at an arbitrary location

in the flow field of the filament depends (in this analysis) on a



nunerical integration of an integrand which is solely a function of the
geonetry of the filanent and the point at which the velocity is to be
cal cul ated. The expressions for the conponents, equations (9)? (iOQ?

and (l1), are repeated here for conveni ence.
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