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SUMMARY 

A theoretical and experimental study of steady flow 

through vascular stenosis models has been conducted. One 

motivation for this study is the possibility that hemodynamic 

factors may participate in the genesis and proliferation of 

atherosclerosis. In addition, it is believed that flow 

disturbances caused by the stenosis may be of value in the 

early diagnosis of the vascular disease. 

Axisymmetric, incompressible, steady flow was examined. 

The laminar flow field was computed for four stenosis models 

of moderate to severe constriction using the Navier-Stokes 

equations. Then, a two-equation (equations for turbulence 

kinetic energy and its dissipation rate) turbulence model was 

employed to predict the turbulent flow through the stenosis 

models. Finally, turbulent flow was studied experimentally 

for a single geometry with 75 percent area reduction. The 

turbulent entrance flow in a pipe was analyzed computationally 

as a test case. Results from laminar theory were compared 

with experimental data available in the literature, and the 

turbulent flow calculations were compared with the measure­

ments obtained in the present research. 

The results show that the critical Reynolds number at 

which the laminar flow separates is smaller for more severe 

stenoses. The length of the laminar recirculation region 
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increases with the Reynolds number. The pressure drop across 

stenosis and the maximum shear stress on the wall increase 

with an increase in the reduction of area and an increase 

in Reynolds number. Comparison with the available experi­

mental data is good. Those experiments indicate that flow 

becomes unstable for relatively low Reynolds numbers. The 

Reynolds number for which the computations were carried out 

covered the entire range for which the flow remains laminar. 

The turbulent computations were obtained for Reynolds 

numbers 10 x 103, 15 x 103, 30 x 103 and 3.88 x 105. The 

Reynolds number of major interest was 15,000 since the experi 

ments were executed at this value. A procedure to solve 

linear equations forming coupled tridiagonal- type matrices 

was devised to solve the difference equations originating 

from the equations for turbulence kinetic energy and its 

dissipation rate. This algorithm was useful in obtaining 

converged solutions. 

Ln vitro measurements in a water flow system were 

performed primarily for a Reynolds number of 15,000. They 

included mean velocity, axial and azimuthal velocity fluctu­

ations, and their energy spectra. A laser Doppler anemometer 

was used for this purpose. The location of the reattachment 

point and the pressure distribution on the wall were 

measured for several Reynolds numbers up to a maximum of 

approximately 16,000. 

The general features of the predicted turbulent flow 



were in agreement with the measurements. Theory and experi­

ment were in good agreement in the region upstream of the 

minimum area of constriction. The predicted recirculation 

region was thinner and shorter than that observed experi­

mentally. This is believed to be partially due to the 

weakness in the wall boundary conditions in the recirculating 

region. The underprediction of the size of the recirculating 

region had a strong influence on the mean velocity, turbulence 

kinetic energy, and the pressure distribution in the flow 

field immediately distal (downstream) to the stenosis. 

The length of the recirculating region and the 

distance travelled by a disturbance are less sensitive to 

the Reynolds number in the turbulent flow than in high 

Reynolds number laminar flows. The wall shear stress and 

the pressure distribution are similar to that in the laminar 

flow. The convergent section attenuates the longitudinal 

velocity fluctuations u' and amplifies the azimuthal velocity 

fluctuations w'. A high turbulence intensity is generated 

in the shear layer distal to the throat. A large fraction 

of the energy in the fluctuations in the recirculating region 

is at lower frequencies. The turbulence fluctuations reach 

their final asymptotic downstream values more slowly than 

the mean velocity does. 

Thus, the results of this research have led to an 

extensive description of stenotic flows which (i) points to 

a strong possibility that wall shear stress may initiate 
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emboli formation (this is a cause of the phenomena of 

transient ischemic episodes and sudden cerebro- and 

cardiovascular accidents), (ii) corroborates previous in 

vivo evidence that the poststenotic flow field may be 

extremely turbulent, and (iii) reinforces the hypothesis that 

a detection of turbulence may be a feasible method for the 

diagnosis of localized atherosclerotic plaques, provided 

noninvasive measurements can be employed. 



INTRODUCTION 

A leading cause of death in modern societies is 

atherosclerosis, a disease of the arteries. Although 

numerous theories have been proposed on the inception and 

progression of this disease, the actual causative mechanisms 

have yet to be established. Recent research has indicated 

that the initiation and proliferation of atherosclerosis are 

complex phenomena and that it is quite probable that several 

factors, operating simultaneously, are responsible for its 

development. A theory that explains all aspects should 

identify and account for every contributing factor, and 

this requires a thorough understanding of the activity and 

environment of the artery, both prior to onset of the 

disease and subsequent to its formation. The present study 

of laminar and turbulent flows through modelled, subtotal 

vascular stenoses or constrictions was initiated with the 

goal of contributing to the knowledge of the fluid dynamic 

environment of localized lesions. This knowledge may aid in 

developing insight into the problems of the genesis, 

progression, and early detection of atherosclerosis. 

Atherosclerosis is characterized by arterial lesions 

involving lipid accumulation in the tunica intina, the inner 



layer of the arterial wall. Fatty dots and streaks, consid­

ered by some to represent early lesions, are found even in 

infancy [1]. Not all the fatty streaks develop into 

plaques so that there is an apparent reversibility at some 

level of the process. In the next stage gelatinous, gray 

elevations are present and the more advanced stage consists 

of fibrous plaques with or without atheroma, which is a 

necrotic fatty substance (athere means porridge or gruel in 

Greek). Progressive development of the disease reduces the 

distensibility of the artery (hence the word sclerosis, 

meaning hardening) and decreases the lumen area as the 

plaque enlarges to encroach upon the vessel opening. 

There are metabolic, hemodynamic, and arterial tissue 

changes associated with atherosclerosis. The former two 

alterations are very difficult to observe and hence almost 

everything known about the disease is from the characteristic 

atherosclerotic plaques. This amounts to considering only 

one aspect of the disease, and this is usually at a later 

stage of development. Predilection of the atherosclerotic 

lesions to form at particular sites of the vascular tree, 

most notably regions of vascular branching and bifurcation 

and the aortic arch, brings some credibility to the suspicions 

that hemodynamic factors participate in the genesis and 

proliferation of atherosclerosis. Fry [2,3] has interpreted 

the disease development as an ensemble of processes that 

occur in the intimal tissue system in response to a variety 



of physical (local flow conditions) and chemical stimuli. 

He considers the importance of elevated local shear stress 

on the vessel wall, the damage caused on these linings in 

case of extremely high stresses, and the unstable flow 

patterns as factors contributing to increased lipid flux 

from plasma to the wall. He further explains that intimal 

regions chronically exposed to moderately elevated unidirec­

tional shear stresses develop intimal fibrosis characterized 

by a dense, highly oriented subendothelial collagenous sheet 

which seems to decrease permeability to proteins. Caro 

et al. [4], Caro [5], and Nerem et al. [6] have studied the 

role of wall shear stress in facilitating lipoprotein uptake 

and the preferential occurrence of atheromatous lesions in 

man in the regions of low shear stress and conclude that the 

development of early lesions is related to a locally reduced 

efflux of accumulating material from wall to blood. The 

arterial wall has its own metabolism and should not be 

considered as an inert tubing. Lipids can also enter the 

vessel wall from outside [7]. Sako [8] concluded from his 

in vivo experiments that turbulent and increased blood flow 

and hypertension are abetting factors in the production of 

experimental atherosclerosis in dogs. Gossner's paper [9] 

provides a review of hemodynamic theories of atherosclerosis. 

Regardless of the exact initiating factors, the 

development of localized arterial stenosis may lead to 

disordered blood flow within and downstram of the constricted 



regions. Thus, the ability to describe flow through a 

partial occlusion adds to the insight needed to solve the 

puzzle of the pathology of atherosclerosis. Beyond that, 

there is widespread interest in determining whether the 

disordered flow patterns can be used to detect localized 

arterial disease in its early stages, particularly before it 

becomes clinically significant. Poststenotic dilatation, 

(PSD), an excess of arterial dilatation, is commonly observed 

behind stenosed aortic or pulmonary valves or behind other 

arterial stenoses. Roach [10] reports several cases of 

artificially induced PSD using a band to create arterial 

stenoses in animals and notes the disappearance of these 

dilatations once the band is removed. Hemodynamics is likely 

to be a primary factor in the etiology of PSD. High shear 

stresses and turbulence in the stenosed flow are also of 

interest due to their association with thrombus formation 

and hemolysis. Smith et al. [11] and Stein and Sabbah [12] 

demonstrated that thrombus formation was enhanced by the 

presence of turbulence in the flow. Mustard et al. [13] 

arrive at similar conclusions for abruptly changing flows in 

bifurcations and branchings. Leverett et al. [14] explored 

various mechanical factors causing hemolysis. Using a 

rotational viscometer they proved that shear stress beyond a 

2 
threshold value of 1,500 dynes/cm damages red blood cells 

significantly and that this damage is due to the action of 

shear acting directly on the cells, 
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An interesting application of flow through stenoses 

in a different biomedical situation is reported by Ritter 

et al. [15] and Aiello et al. [16]. They were able to 

diagnose an obstruction in the urinary tract using a urinary 

drop spectrometer to measure time-interval histograms of 

drops from urine jet breakup. The breakup of a liquid jet 

depends upon the initial flow conditions which are influenced 

in this case by a constriction and its position. 

Arterial flow is pulsatile. In the present study, 

however, it will be treated as steady to simplify the 

mathematics. The information obtained is valuable as it 

gives an insight into the fluid dynamics of stenotic flow, 

and measures the influence of factors such as geometry and 

Reynolds number. Also, for severe constrictions, the 

pulsatility of the flow decreases until, for very severe 

stenoses, the flow becomes quasi-steady. The next important 

question to be settled concerns the nature of the flow, i.e. 

if flow should be treated as laminar, turbulent, or transi­

tional. Lighthill [17] quotes the flow in the circulatory 

system to remain laminar when R (Reynolds number based on 
J max v ; 

peak velocity and vessel diameter) is less than 4000 and 

turbulent when R is greater than 8000. Reynolds numbers 
max 6 ; 

in the human aorta span this range. The figures quoted above 

should be taken with great caution. In the case of complex 

geometries in the normal case, i.e. heart valves and vessel 

branching, or in the abnormal case of a stenosis, flow can 



become transitional at surprisingly low Reynolds numbers. 

Young and Tsai [18] report the presence of transition and 

turbulence in their steady flow model studies at Reynolds 

numbers Re as low as 140 and 200, respectively. Existence 

of turbulence in the blood stream of experimental animals 

has been directly confirmed in the work of Seed and Wood 

[20], Nerem and Seed [21] and Giddens et al. [22]. Stein 

and Sabbah [23] studied the presence of turbulence in the 

human ascending aorta using hot film anemometer probe. In 

all the eight subjects having aortic valvular disease or a 

prosthetic aortic valve, turbulent flow occurred during the 

period of ejection. These investigators state that out of 

the seven normal subjects, one with high cardiac output 

showed turbulent flow while in the other six flow was highly 

disturbed during ejection. Stein et al. [24] have also 

shown that the turbulence intensity measured behind an 

orifice in a tube is sensitive to the hematocrit. For a 

given Reynolds number it was 2 to 3 times higher for 20 

percent hematocrit compared to turbulence intensity in the 

plasma. At 40 percent hematocrit, however, this increase 

in turbulence intensity was negligible. A physiologic case 

is likely to include laminar, turbulent, transitional, and 

possibly a reverse transitional situation. The transitional 

region is an important case. Unfortunately, it is very 

difficult to treat since required fluid mechanical models 

and appropriate in vivo information are not available. 
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Hence, this study is restricted to the cases where flow 

remains completely laminar or completely turbulent. 

There are many examples of studies of poststenotic 

flows. Young and Tsai [18,19] have examined certain flow 

characteristics in models of arterial stenosis under steady 

and pulsatile flow conditions. These experiments yielded, 

in the case of steady flow, a description of the extent of 

separated flow regions and a measure of pressure losses 

across the constriction. The nature of flow distal (down­

stream) to the partial occlusions, i.e. laminar, transitiona 

or turbulent, was also discussed. Golia and Evans [25] 

obtained experimental data for the onset of separation and 

the length of the recirculation zone for annular constricted 

tubes. 

Lee and Fung [26] obtained numerical solutions of 

the Navier-Stokes equations using finite difference tech­

niques and a conformal transformation of the flow domain. 

Steady flow was considered through a rigid tube with 50 

percent area reduction at the stenosis. Separation occurred 

at Reynolds number 9.9. For values larger than this a 

region of recirculation existed downstream of the minimum 

area of constriction. Numerical instabilities limited the 

calculations to Reynolds numbers below 25. 

Morgan and Young [27] have employed momentum and 

energy integral equations to find approximate solutions to 

the axial velocity component of flow in the region of 



stenoses. Agreement with experimental data on the results 

for separation and reattachment points and for pressure drop 

across stenoses was reasonably good. However, the method 

did not give the radial velocity component and treated the 

axial momentum equation as a parabolic partial differential 

equation by neglecting the second derivative of velocity in 

the axial direction. 

Cheng et al. [28,29] have reported on numerical 

computations of an oscillating flow past square wall obstacles 

in plane conduits. Daly [30] obtained a numerical solution 

for pulsatile flow through stenosed canine femoral arteries. 

He used the volume flow rate reported by McDonald [31] as an 

input. Flow separation was observed in the wake of the 

stenoses during systole and during the diastolic flow 

reversal. The phase difference between velocity and pressure 

gradient was found to decrease with an increase in the severity 

of stenosis. Computations were not extended for the entire 

flow cycle in case of stenosis with 61 percent area reduction 

due to numerical instabilities. Schneck [32] used a 

successive approximation iteration scheme to obtain solutions 

for pulsatile flow in a diverging circular tube. Davis [33] 

applied an extended Pohlhausen method for an oscillating 

flow in a mildly constricted tube. A finite element method 

was employed by Cheng [34] for solving low Reynolds number 

flow through a constricted two-dimensional channel. Chow and 

Soda studied a slightly different problem of laminar flow and 
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blood oxygenation in two-dimensional [35] and axisymmetric 

[36] channels with boundary irregularities which were mild 

and varied sinusoidally. They utilized an asymptotic series 

solution procedure. 

Numerical solutions for a number of closely related 

problems have been reported. Macagno and Hung studied 

laminar flow through a sudden expansion in a two-dimensional 

channel [37] and axisymmetric tube [38] . Vrentas and Duda 

[39], on the other hand, studied the flow through an 

axisymmetric contraction. Mills [40] and Zampaglione and 

Greppi [41] examined the flow through a pipe orifice. 

Goldstein [42] conducted experiments for flow over 

a downstream facing step. Seeley and Young [43] carried out 

in vitro steady flow studies to understand the influence of 

the geometry of stenoses on pressure drop. They concluded 

that the pressure drop over multiple stenoses cannot be 

obtained by adding the pressure drops over isolated stenoses. 

Clark [44,45] studied steady and unsteady flow through 

stenosed valves to obtain pressure flow relations. 

The research efforts referenced above were for 

laminar case. At the beginning of this study there was no 

report of a detailed description of the flow through a 

smoothly contoured stenoses and there was no direct comparison 

of theoretical results with experimental data. Such a 

comparison should heighten the confidence in a given 

numerical approach and the experimental data, and should 
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point out the limitations of the theoretical model. 

The corresponding efforts for turbulent flow case 

are fewer in number. This is due to two reasons: (i) It 

was taken for granted that flow in the circulatory system 

remains laminar. (ii) Detailed turbulent flow computations 

have become popular only in the past decade and are still in 

their infancy. They are also more difficult to execute. 

Tsai and Young [46] measured the centerline turbulence 

intensities for several Reynolds numbers from 350 to 1000 

for a stenosis with 89 percent area reduction. Spectral 

measurements were made by Kim and Corcoran [47] behind 

square shaped plugs of varying orifice diameter. The Reynolds 

number range was from 800 to 2,000. A hot film probe was 

used to measure turbulence velocities and energy spectra 

were obtained by digital techniques. There was an increase 

in turbulence intensity as the Reynolds number increased 

and as the orifice diameter decreased. High frequency 

content was also seen to be increased for a more severe 

constriction. 

Cassanova [48] made a detailed experimental investi­

gation of steady and pulsatile flow through partial occlu­

sions. A conical hot film probe was used to measure 

velocity and a Fourier analyzer to obtain energy spectra. 

Both contoured and sharp-edged occlusions were tested. Steady 

flow experiments covered a Reynolds number range of 635 to 

2540 and velocity profiles and energy spectra were recorded. 



They showed the presence of vortex rings immediately down­

stream of the constriction, with velocity fluctuations in 

a narrow band. These vortex rings break up into more randomly 

distributed fluctuations farther downstream. In the case 

of pulsatile flow, velocity wave forms and energy spectra 

were obtained for different frequency parameters and 

Reynolds numbers. 

Krall and Sparrow [49] made experimental studies of 

heat transfer in the separated region behind orifice plates 

of various diameters. They found out that heat transfer in 

the separated and redeveloping region was several times 

higher than the fully developed value, more so for narrower 

orifice diameter and lower Reynolds number. Heat transfer 

was not very sensitive to Prandtl number changes. They 

assumed the position where Nusselt number peaked to coincide 

with the reattachment point, which occurred between 1.25 and 

2.5 pipe diameters. Back and Roschke [50,51] obtained the 

reattachment lengths experimentally in an abrupt expansion 

in a pipe for a Reynolds number (based on the narrower tube 

diameter and bulk velocity) range between 20 and 4,200. This 

length peaked for Reynolds number of 250; after a sudden 

drop it again increased gradually for Reynolds numbers larger 

than 1,000. Runchal and Spalding [52] used a mixing length 

model to simulate the experiments of Krall and Sparrow [49]. 

The mixing length was adjusted to secure the proper length 

of recirculation region. The same problem was solved using 



a two-equation turbulence model by Gosman et al. and reported 

as part of the lecture series [53]. 

Chin et al. [54] and Chin [55] studied flow in a 

rectangular cavity experimentally and computationally using 

a mixing length model. Mixing length was chosen in different 

regions to correspond to different well known flow cases. 

Prediction of velocity in the cavity was good. Prediction of 

heat transfer and pressure coefficient was less satisfactory. 

Their numerical procedure also required some approximation 

of the vorticity transport equation and still numerical 

instabilities arose for shallow cutouts. 

Thus, a literature survey revealed no attempts to 

predict turbulent flow in a stenosed tube. There are also 

no detailed measurements of turbulence intensity. In our 

attempt to predict this flow we face another difficulty. The 

turbulence models available are good for very large Reynolds 

numbers and attempts to improve them for intermediate 

Reynolds numbers, which are of interest to us, are not 

always successful. However, this should not preclude one 

from using them in such a situation. The results can be 

compared with the experimental data to check their validity. 

Further, the application of turbulence models to different 

flow situations helps in testing these models and may lead 

to methods of improving them. 

Considering all these factors, the aims of the present 

investigation are as follows. 
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(1) To compute the steady, laminar flow through 

axisymmetric subtotal stenosis models with smooth contours an 

compare the results with available experimental data. Severe 

degrees of stenoses and physiologically realistic large 

Reynolds numbers are to be included. 

(2) To extend the computations to a turbulent flow 

case using a two-equation (k-e model where k is turbulence 

kinetic energy and e its dissipation rate) turbulence model 

which is superior to mixing length models and permits 

computation of turbulence kinetic energy. Again, elliptic 

partial differential equations are to be solved to account 

for the strongly elliptic nature of the problem evidenced 

by the existence of a recirculation region. 

(3) To conduct detailed experiments for a single 

case of geometry and Reynolds number where time-averaged 

velocity and certain components of turbulence intensity are 

to be measured using a laser Doppler anemometer (LDA) and 

pressure distribution is to be determined using water 

manometers. These data will be used to compare with the 

theoretical results and thus point out any shortcomings of 

the model in predicting the flow. 

(4) To combine the results obtained as above and 

obtain a comprehensive flow picture, subject to the assump­

tions made. This picture can be of assistance in examining 

relations between atherosclerosis and fluid mechanics. 

While developing the computer program to predict the 
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turbulent flow through stenosis models, turbulent entrance 

flow in a pipe was solved to gain experience and to test the 

model and numerical approach employed. 
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CHAPTER II 

LAMINAR FLOW COMPUTATIONS 

The theoretical investigation presented in this 

chapter was the first part undertaken in the study. The 

analysis is restricted to steady, laminar flow of an 

incompressible, Newtonian fluid through a rigid tube which 

has a localized axisymmetric constriction. No swirling 

flows have been considered. Clearly, such restrictions 

prevent a direct application of the results to the in vivo 

situation. The primary effort here is to provide a compre­

hensive steady flow treatment of a realistically shaped 

occlusion contour by obtaining flow field solutions at 

Reynolds numbers sufficiently large to insure that the full 

range of laminar flow is covered. The experiments of Young 

and Tsai [18] are kept in mind in selecting the stenosis 

geometry so that the predicted results can be directly compared 

with the measured data. 

2.1. Governing Equations and Boundary Conditions 

The continuity and Navier-Stokes equations in 

cylindrical polar coordinates subject to the assumptions 

mentioned above are taken as the governing relations for the 

problem [56]. They are 
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dv v 8v 
— I + ^JL + — z = o Clal 
3r r Bz ^ J 

? 2 

V r 3 T + T z 3 T = - p 3 t + u trT- ^ F - l * -T-3 ( l b ) 

a r r d z 
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" + v . T ^ - = - 7 " ^ T + v f — 7 - + ~ ^r- + — - H , (1c) r 3r z 3z p 3z L_ 2 r 3r ^ 2 

d r d z 

where r and z are the radial and axial coordinates with the 

z-axis located along the axis of symmetry and the origin 

being at the minimum area of constriction. A sketch of the 

geometry and coordinate system is shown in Figure 1. The 

radial and axial components of velocity, v and v , define 

the total velocity. The pressure, density, and kinematic 

viscosity are denoted by p, p, and v. 

The boundary conditions on velocity at the wall are 

the usual no slip requirements 

v = v = 0 at r = r (z) , (2) 
r z o ' v J 

where r (z) describes the local wall radius as a function o ̂  J 

of z. Hagen-Poiseuille flow (parabolic velocity profile) 

is assumed at z = ±°°; 
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Figure 1. Geometry of Model Stenoses 



vz = Xl(l-r
2/a0

2) 

vr = 0 

Z + ±o° (3) 

Here, U is the maximum velocity and a is the radius of the 
* o 

tube in the unoccluded portion. 

Nondimensional variables are defined as 

R = ~ ; Z = ^-; R (Z) = 
r (z/al 

a ' a ' o" ' a 0 0 o 

v v pa 
V = —- V = — • P = — 
R U ' Z U ' PVU 

Re = Ua /v (Reynolds number) 

The stream function \\) and vorticity w are introduced by 

Z R 9R' R R 8Z l^J 

and 

U 3Z 3R 
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Vorticity and stream function can now be related by 

2 2 

K 3R^ 3ZZ R^ 9R 

(6) 

The total head H is defined as 

H - P • |£ [VR
2
+VZ

2] = ^ [p + § (vr
2
+vz

2)] 

Equations (lb and lc) can next be written as 

9H . 3ô  Re co 9T̂  
3R " 3Z R 3R 

8H 9co co Re to 9i/j 
3Z 3R R R 3Z 

Cross differentiation eliminates H and leads to 

R^ rL_ f— ^̂ K 9 /W 9iK -I 1 3_ rR3 9_ /W-x-i K L9Z lR 3RJ 3R lR 3ZJJ Re 3Z LK 8Z lR; J 

iek^m^^-0 ^ 

Equations (5 and 7) now provide the governing equations for 

the problem. 
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Application of the boundary conditions at Z = ±« 

causes some difficulty. It is somewhat unsatisfactory to 

simply impose these at large finite values of |Z| since, with 

increasing Reynolds number, the disturbances created by the 

stenoses are sizable even far downstream. A suitable 

transformation may be introduced to map the infinite region 

of interest into a finite one. This allows a precise 

application of the boundary conditions. Further, it enables 

one to space numerical grid points uniformly (in the 

transformed variable) and yet economically. 

The transformation used in this study is 

n = Tanh (KZ) , (8) 

where K is a constant which can be chosen to group the grid 

points in an efficient manner. It was taken between 0.04 

and 0.3 depending upon stenosis geometry and Reynolds number. 

Equations (5) and (7) are written in the new coordinate system 

as 

R2 { K ( 1. n2 } §_(<-§£ . ̂  ^ K C l V ) §*]> 

2 

—^ __ [R K[1 n ) ̂ - (pOJ 

Re 3R [K 9R lRjJ u Lyj 



3n [ R 3n] 3R [
K ( 1 . n 2 ) R 3RJ K ( l V ) ( 

The boundary conditions in terms of ty and co become 

i|; = R2/2 - R4/4 and co/R = 2 at n = ±1 (11) 

I/J = 0.25 and -H = ^ - 0 at R = R (Z). (12) r 3R 8n o K 

Using symmetry, boundary conditions employed at the axis are 

\p = oo = 0 at R = 0. (13) 

The value of co/R on the axis is not zero and is obtained by 

the method described by Gosman et al. [57]. In this method 

ij; near the axis is expressed as an even powered series in 

R (ty ~ a-,R + a~R ) at each value of Z, and a. and a~ are 

evaluated by known values ofty from the previous iteration. 

Now equation (5) can be utilized to obtain the relation 

(co/R) = -8a?, on the axis. The boundary condition on co/R 

along the wall is to be found from the no slip conditions 

(equations 12). Methods are available for straight walls 

using a Taylor series expansion of \p and co about their 

boundary values and in the normal direction to the boundary 

[58]. The method is extended here to curved walls using 

Taylor series expansion in both R and Z directions. The 
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details of the method are given in Appendix Al. 

2.2. Numerical Solution 

Equations (9 and 10) may be recast into the general 

form 

*lfn c*Hr> - IR ( * > - k{biRk (c*)] -

IR
 [b2R

 IR (C^] + Rd = °' (14) 

The first term is due to the convection of the quantity (j) 

which may be \\> or w/R, while the second and third terms arise 

as a consequence of diffusion. The last term may be regarded 

as a source contribution. 

The numerical scheme employed follows that of Gosman 

et al. [57] with modifications being required to treat the 

curved boundaries in the region of stenoses. Difference 

equations are generated by integrating over a control volume 

surrounding a point P (shown by dotted lines in Figure 2). 

The difference form which results expresses values at P in 

terms of the neighboring nodes (N, E, S, etc.). Upwind 

differencing is used in approximating the convection terms. 

Details of deriving the difference equations are given in 

Appendix A2. The newly calculated values at P are employed 

in computations at the next point as the solution proceeds, 

and iterations over the entire field are required to obtain 
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Figure 2. Control Volume for Numerical Scheme 

Figure 3. Control Volume Modification Near Curved Boundary 
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convergence. 

The grid nodes are spaced uniformly in the radial 

direction, and nodes are made to coincide with the wall 

boundary to avoid interpolation schemes in locating surfaces. 

This, however, puts some additional restriction in the 

choice of grid spacing where the boundary is curved since the 

selection of points in the radial direction then dictates 

those in the axial coordinate. 

The iterations proceed in the following manner. An 

initial guess is made for the flow field, and boundary 

conditions on ty are imposed. The procedure discussed in 

Appendix Al is employed to obtain boundary conditions on 

u)/R at the wall. Then the difference equations are solved 

for the entire flow to give new values for ty and w/R. This 

process continues until the difference between successive 

iterations are less than some small number. Initially this 

was placed at 2 x 10 for \p and 5 x 10 for LO . These 

constraints were later relaxed as experience was gained in 

the program. Equations (4) are used at this stage to calcu­

late velocity from the stream function and then equations 

(6) to calculate the pressure distribution. 

The numerical procedure was checked for the case of 

Poiseuille flow with a rather coarse grid spacing consisting 

of nine points along the radius and 30 points between Z * -Q» 

and Z = +°°. Initially, guessed values for velocity were 

taken as zero. After 40 iterations the numerical results 
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differed from the theoretical parabolic profile in the 

fourth significant digit. There was no difficulty in 

starting with zero field values and obtaining solutions for 

Reynolds numbers as large as 10 . 

In the case of tube geometries containing constrictions, 

calculations were first done for Re = 0, beginning with 

parabolic velocity profiles at each station. The converged 

results were then used as the initial profiles for the next 

higher Reynolds number. This proved to be a convenient and 

economical procedure rather than a necessity. If results 

are required for a single large Reynolds number, they can be 

obtained directly. 

For the computations reported here, 31 grid points 

were taken in the radial direction (0 < R - 1) ; and the 

number of axial stations varied from 91 to 111, with a 

greater number of points being placed downstream of the 

occlusion. The number of iterations required was usually 

from 300 to 400. This required four to six minutes of computer 

time on the UNIVAC 1108. Various numerical experiments were 

performed using different numbers and spacings of grid nodes 

to assure that accuracy was consistently maintained. Flow 

field regions which do not change considerably with Reynolds 

number need not have to be computed in every iteration. This 

saves a considerable amount of computer time. 
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2.5. Geometry of Stenoses 

The numerical scheme can be applied to axisymmetric 

contours of arbitrary profile. The form of the stenoses 

chosen for the present studies was 

R (Z) = 1 - £ [1 + cos (—)]; -Z < 1 < Z (15) ov J i L KZ J J o o 
o 

with 

R (Z) = 1; |ZP Z 
O ̂  J ' I I 0 

where a, Z are constants which may be adjusted to allow 

different lengths and degrees of occlusion (see Figure 1). 

Table 1 lists the four models studied. The first, 

Model MO, closely approximates the contour used by Lee and 

Fung [26] while the others duplicate the axisymmetric shapes 

investigated experimentally by Young and Tsai [18]. The table 

also includes the Reynolds number ranges over which solutions 

were obtained during the study. It should be emphasized that 

for all models convergent solutions can be obtained throughout 

the laminar flow regime so that it is the naturally occurring 

flow instabilities in the experiments rather than instabilities 

in the numerical analysis that prevent realistic comparison 

at large Reynolds numbers. 



Table 1. Geometries of Model Stenoses and Reynolds Number Range 
for Laminar Flow Study 

Model a Z Area Reduction Reynolds Number Computed Separation 
o Range for Calculations Reynolds Number 

MO 0.500 1 75% 0 - 300 10.1 

Ml 0.333 4 561 0 - 2000 195 

M2 0.667 4 891 0 - 200 17.0 

M3 0.667 2 89% 0 - 100 8.75 

M4 0.500 2 75 

0 -• 300 

0 -• 2000 

0 -• 200 

0 -• 100 

* 

Not included in Laminar Flow study 



2.4. Results 

As noted previously, calculations were performed for 

the various models over a wide range of Reynolds numbers. 

The following section presents representative results of 

these computations. 

2.4.1. Streamlines and Vorticity Distribution 

A good visual description of the flow is rendered by 

the display of stream function and vorticity contours. 

Representative cases are shown in Figures 4-6 with stream­

lines in the top half and vorticity contours in the bottom 

half of each plot. Contours shown in Figure 4a for a relatively 

mild constriction Ml and at Reynolds number (0) are symmetrical 

about the Z = 0 plane. Asymmetry is not clearly noticeable 

in the streamline patterns at Reynolds number (100) in Figure 

4b, but it is readily apparent in the vorticity contours. No 

recirculation region is present and the flow is but mildly 

perturbed as it passes through the narrowing. 

Figures 5a and 5b illustrate flow behavior in the 

region of a more severe stenosis (Model MO) at Reynolds 

numbers (50 and 200) sufficiently large to yield separated 

flow, being initiated distal to the minimum area. At the 

lower Reynolds number the circulation region is confined to 

the downstream neighborhood of the constriction, while it is 

predicted to extend for a considerable distance downstream 

for the higher Reynolds number. Figures 6a and 6b are 

similar displays for a very severe stenosis (Model M2). 
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Figure 4. Stream Function and Vorticity Contours for Model Ml 
(a) Re = 0, (b) Re = 100 
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