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� m � θ : R × B → B
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θ(t, ·) = θ(t) : B → B
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B
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θ(0) = idB , θ(t+ s) = θ(t) ◦ θ(s)
���>uDr&���

t, s ∈ R
�
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� m�m � ϕ : R≥0 × B × X → X
mon°r 1*& 1GD 13$KI� �m � s&�¤i}kbsz� r&��mo���

ϕ(t, b, ·) = ϕ(t, b) : X → X
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X
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ϕ(0, b) = idX , ϕ(t + s, b) = ϕ(t, θ(s)b) ◦ ϕ(s, b)
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t, s ≥ 0
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M ' {(b, x) :

b ∈ B, x ∈ M(b)} ⊂ B × X
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ϕ(t, b)M(b) ⊂ M(θtb)
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t ≥ 0
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b ∈ B
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ϕ(t, b)M(b) = M(θtb)

���>u
t ≥ 0
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x′ ∈ M(b)
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t ≥ 0
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b ∈ B
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K = K(b, x, x′) > 0
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ϕ(·, b)x  �ulsxnypts]~]ilm�¡&sx���>�

Ö



H�s]~_r&���ÁilkNr�iSm��
D
r&gb�

A
r&ulswgb�>gFsx��pFih�
~x���>nls]�©nls�i}nªm�g

X
 HilkbsE<Sr&�bny�b�>u0�,nysx��m��³��s]i}uymo~

d(D|A)mon��bs]¶bgbsx� {d�

d(D|A) := sup
x∈D

d(x,A) , d(x,A) := inf
y∈A

d(x, y) = inf
y∈A

‖x− y‖ .

GS�¨v v9s®v�r&gdi�i}�j�&sxgbs]u}r&��mo¢]s®i}kFs<r�ililu}r&~�i}�>uSgb�&ilmo�>g¹�&�¤�F��gNr&��m�~_r&��n|��nyi}s]��n$il�Zgb�>gbr&�Fi}�&gb�>���>�bn
�F��gNr&��mo~xr&��n|��n|i}s]��n]�3µ�gNr�il�bu}r&�B�>s]gbsxulr&�om�¢_r"i}m��>g �&�D~x�&g�¡&sxuy�>sxgb~]sji}�2r¹gF�>gNr&�Fil�>gb�>���>�Fn�nls�i

Anlsxs]��nSi}��{£s�i}kbs ��& .���)%. C=A#.M> ;U;UEO;T"R1*&=;UN?I3./" IG; 1TI��bs]¶NgFsx�¹{d�

d(ϕ(t, b)x,A(θtb)) → 0
���>u

t→ ∞ .

<S�¨v�s�¡>s]ux �i}kFmonS�b��s]nSgF�&iªs]gbnl�Fuls�~]�>gd¡>sxuy�>sxgF~xs�i}��r°nypts]~xm�¶N~�~x�&��p£�>gbs]gdi�nls�i
A(b)

���>u�r�¶F��sx�
b
�

FH�&uwilkNr�i��&gbs°gFsxsx�Fn®i}�©n|i�r&u|i��hpbul�&�>uls]nlnlm�¡>s]����s_r&uy�om�sxu��°r�i
θ−tb

mog��>ul�bs]u�il���h¶bgbmonyk���r�i
b
� � kbmon

�osxr&�bnDi}�<i}kbs$~]�>gb~xs]pFiS�&��S >2$ $�(*)21�� 1*&=;UN?I3./" IG; 1TI��Fs]¶Ngbs]�¹{d�

d(ϕ(t, θ−tb)x,A(b)) → 0
���>u

t→ ∞ .

WSnlm�gb��i}kbm�nqv�s$~_r�g
�bs�¶Ngbs�r�S >:$ $�(*)21�� )%,/,/.C)213, & .��
0z¼ ÎKÂfÈ¸\´È ¿ Â Ï�c�� 2�	�ÊfÍ Í YÁ`Na�
3X�\x\¨^´`Na&\´È Â
���tXZYK[ ¿ ^´YfÈÉÂ�����X�\x\¨^´`Na&\ ¿ ^ 8¨cKº�s�i

ϕ
{£sSr�g GSÕU�°r&gF�

A
{£s�r<gb�&gNr&�Fil�>gb�>���>�bnDnys]i_�

� m � A
m�n�~xr&���os]��� "	$'&%(*)%$ $ D�� S >2$ $�(*)21�� )%,-,/.0)213,'EO;T"zm��f���>uqs�¡>s]uy� {t�&�bgb�bs]�
nys]i

D ⊂ X
r&gF�

b ∈ B

lim
t→∞

d (ϕ(t, θ−tb)D|A(b)) = 0 .

� m�m � A
m�n<~_r&���os]��� "	$'&%(*)%$ $ D���S >:$ $�(*)21���) (GA & . ( EO;T"�m��

A
mon<{£�>�Fgb�bsx�7r&gF�¦���>u�s]¡&sxu|� {t�>�Fgb�bsx� nys]i

D ⊂ X
r&gb�

b ∈ B
ilkbsxuyswm�nSr

T > 0
vDm�i}k

ϕ(t, θ−tb)D ⊂ A(b)
���&uDr&�o�

t ≥ T .

� m�mom � A
m�n<~_r��o��sx��� "	$'&%(*)%$ � S >2$ $�(*)21�� )%,/,-.0)213, & .©�&�

ϕ
m��

A
mon�~x�&��pbr&~]ix 9m�gd¡&r�ulmor&gdi�r&gb� pb�b���o{br&~�«

r�ililu}r&~�i}m�gb�b�
� kbsq~x�>gF~xsxp�i¤�&�Hpb�b���o{br&~�«®~]�>gd¡>sxuy�>sxgF~xsqv�r�n¥mogdi}uy���F�b~xs]�<mog�ilkbs���mo� 5 7	7>Ô&nfmog�ilkbs�~x�&g�ils���i¤�&�Hulr&g��
�b�>� �F��gNr&��mo~xr&��n|��n|i}s]��n � nlsxswÓ�ulr&�bs]��r&gb�QFf��r&gF�b�>��mM5ëÓ�FM7&Ò%9É  FK�or&gb�F�>�omtr&gb�R��~�kb��r&�����Fnln�5@FM�Y7	O 9É 
r&gb����~�kb��r&�����bnln�5I��~�k 7dØP9 � r&gF�
kNr�n�{£sxs]g
�Fnlsx�
s&� �b�Nm�g¹g��b��sxuymo~xr&�Ë�F��gNr&��mo~]nx��GS�&ils$ilkNr�iSr<nlm���m����r&u�mo�bsxr<kNr&�zr&��ulsxr&�F�°{ts]sxgz�bnls]�zmogZilkbs 5 7	O>Ô�n�{d�z§¹r�ul« ��ulr&nlgb�&nlsx��nl«�m 5 ��u}r	O	A 9Pil�<sxnyi}r&{b��monykji}kbs
s���mon|i}s]gb~xs����Kny�>�o��i}m��>gbnqi}kNr"iDs���mon|i�r�gb�
uysx��r&m�g
{£�>�bgF�bsx� �>gzi}kbs$sxgdilmouys$ilmo��s$nls�i_�
GS�¨v�v9s$�bs]¶NgFs�r�kbr&gb�F�jgF�&i}m��>g � nysxswº��b�FvDm��°µSulgb�&�o� 5 µªulg 7	AF NÕªs�¶Ngbm�i}m��>g Òb� 5 � 5 � mom � 9 � s��F~]�o�F�bmogF�s���pt�&gbsxgdi}mor&�Ë�>uy�´vqilk
����r����bgb~�i}m��>g��
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0z¼ ÎKÂfÈ¸\´È ¿ Â+Ï�c�� 2�� ¼�Ç Ã ¼ ^ ¼ ÀÁÂ ¼ [_[,8_cSµ����bgb~�i}m��>g
R : B → ]0,∞[

m�n�~xr&���os]� ,JIG@ SUI3.TI C � . &=@
) (3&=N?Iwm��Á���>uqs]¡&sxu|�

b ∈ B

lim sup
t→±∞

1

|t| logR(θtb) = 0 .

GS�&ils$ilkNr�iqilkbs����>�o���¨vDmogF�°~�kNr�u}r&~�i}sxuymo¢xr�i}m��>g
kb�>���bnx�
� ¿ ^ ¿ ÍÉÍ�`b^ ½ Ï�c���c�� > S SB&HAHIR,  Y)%,

R : B → ]0,∞[
EKA ) ; &=; )?>:, &=; &=@ &=>BALN )%.ME/) (�$KI �
	  UIG; ,  UI

��& $ $'&�� EO;T"PA3, )%,JIG@ IG;B,OA )%. I�I�� > EON )%$KIG;B,�

� E �

R
EKAU,�IG@ SUI3. I C � . &=@ ) (3&=N?I �

� EOE ��� & .�IGN?I3.MD
ε > 0

)?; C
b ∈ B

,  UI3. I�I%$ EKA3, A )
T > 0

AG> 1� Q,  Y)%,
R(θtb) ≤ eε|t| ��& . |t| ≥ T .

0z¼ ÎKÂfÈ¸\´È ¿ Â¹Ï�c���254 ¿ ÂË`NÊË\ ¿ Â ¿£Ç�¿ Êf[ 	w^ ¿ Ì ¼ a&\ ¿ ^ 8¨cPº�s]i
ϕ
{ts¤r�g GSÕU�t�¨µ � r&��m����

π = (π(b))b∈B�&��pbuy�P�|sx~�i}�>uyn
π(b) ∈ L(X,X)

m�g
X
m�n�~xr&���os]� ; &=; )?>2,4&=; &=@ &=> ARS . &��HI*13, & .��

� m � π monD~xr&�o��sx� ,�IG@ SUI3. I C � . &=@ ) (3&=N?I�m��
b 7→ ‖π(b)‖ m�nqi}s]��p£sxuysx�z��ul�>��r&{t�¨¡&s&�

� m�m � π m�n�~_r&���os]� N � C?EO@ IG; AGE�&=; )%$����>uDr&g N ∈ N
m��

dim imπ(b) = N
���>uqs�¡>sxu|�

b ∈ B
�

���'� ��(+ ���U$-* "�� * ( $���� "�� .����R� �!� (+*#"$�%� (&� &'�("+.*),+ (+* &�$.- * "0/1+ .2�B & .

ºËs�i
π1

{tsªr&g
N
�³�bm���s]gbnlm��>gNr��tgb�&gNr&�Fil�>gb�>���>�bnBpbuy�P�|sx~�i}�>u9mog

X
� ��sS�bs�¶Ngbs�i}kbs 1*&=@ S $KIG@ IG;B, )%.MD

S .*&��HI*13, & .
π2(b) := idX − π1(b)

���>u
b ∈ B .

� kbsxg
X1(b) := π1(b)X

r&gF�
X2(b) := π2(b)X , b ∈ B�bs]¶NgFsSgb�&gNr&�Fil�>gb�>���>�bn¤nys]i}n

Xi

~x�>gFnlm�nyi}m�gb�w�&�t~x�>��pb��sx��sxgdi}r&uy����mogbsxr&u¥nl�F{bnlpNr�~xsxn
Xi(b)

�&�
X
 �mÉ� s&�

X1(b) ⊕ X2(b) = X
��FN�>u�i}kFmonD� r&~]iqv9s�r&�ony�<vDulm�i}s

X1 ⊕ X2 = B × X
�

��s�v�r&gdiSil��~]�>gbn|i}ul�F~]iªr�gF�>gNr&�Fil�>gb�>���>�Fn�m�gbs]uyi}mor&����r&gbm����>���
M = (M(b))b∈B~x�>gbnymon|i}m�gb�¬�&�®��r&gbm����>�o�Fn

M(b)
vDkFmo~�k@r�uls3i}ulm�¡�m�r��wm�g­i}kbs,nls]gbnls�ilkNr�i s_r�~�k��&��i}kbs]� ~_r&g�{ts

�bsxny~xulm�{£sx�©{d�zr�nlm�gb�>��s$~�kNr&uyix NmÉ� s&�
M(b) = graph(m(b, ·)) := {x1 +m(b, x1) : x1 ∈ X1(b)}vDm�ilk

m(b, ·) = m(b) : X1(b) → X2(b)
�

FH�&uDr�p£�>nym�ilm�¡&s�~]�>gbnyi}r&gdi
L
v9s$mogdi}uy���F�b~xs$i}kbs$gb�&gNr&�Fil�>gb�>���>�bnqnys]i

CL := {(b, x) ∈ B × X : ‖π2(b)x‖ ≤ L‖π1(b)x‖} .
��mogF~xs$i}kbs�¶N{£sxuyn

CL(b)
r&uls$~]�>gbsxn�m�iDmonD~_r��o��sx� � ; &=; )?>:, &=; &=@ &=>BA��81*&=; I��

Ú



0z¼ ÎKÂfÈ¸\´È ¿ ÂWÏ�c%1�Ð 2 � ¿ Â ¼ �]Â��F`b^"È `NÂÁa ¼ 8¨c � kbs6GªÕU�
ϕ
nlr�i}m�ny¶bsxn<i}kbs � gb�>gNr��Fi}�>gF�>���>�bn � 1*&=; I

EO;UN )%.GE/)?; 1TI S .*&TSUI3. ,%D°���>uDr<~]�>gbs
CL

m��fi}kbs]uls$m�nSr
T0 ≥ 0

nl�b~�k i}kNr"iq���>u
b ∈ B

r&gb�
x, y ∈ X

 

x− y ∈ CL(b)

mo��pb��mos]n
ϕ(t, b)x− ϕ(t, b)y ∈ CL(θtb)

���>u
t ≥ T0 .

GS�¨v v9sj�bs]¶bgbs r©pbul�>p£sxu|ih� �&�Sr©~x��~]��~]�os
ϕ
vDkbm�~�k �Fsxnl~]ulm�{ts]n�r3«�m�gb� �&��nl���bs]sx¢xm�gb���>�Fi}nymo�Fs
r

�>m�¡&sxg
~x�>gbs��
0z¼ ÎKÂfÈ¸\´È ¿ Â*Ï�c%1 1 2 6 � Ê ¼�¼�� ÈÉÂ�� 	�^ ¿ Ã ¼ ^¨\ ½ 8¨c � kbs GªÕN�

ϕ
n}r�ilmon|¶Nsxnzi}kFs � gb�>gNr��Fi}�>gF�>���>�bn �A�� > ITI ! EO;T" S . &TSUI3.3,%Dj���>uSr�~x�>gFs

CL

m��¥i}kbs]uls�s���mon|i$pt�&nlm�i}m�¡>s�~]�>gbnyi}r&gdi}n
K1

 
K2

r&gb�
η
nl�b~�k2i}kbr�i

���>uqs]¡&sxuy�
b ∈ B

 
x, y ∈ X

r&gb�
T > 0

i}kbs$m��bsxgdilm�ih�

π1(θT b)ϕ(T, b)x = π1(θT b)ϕ(T, b)y

mo��pb��mos]nS���>uDr��o�
x′ ∈ X

vDm�ilk
π1(b)x

′ = π1(b)x
r&gb�

x′ − y ∈ CL(b)
ilkbs$sxn|i}m��°r"i}sxn

‖πi(θtb)[ϕ(t, b)x− ϕ(t, b)y]‖ ≤ Kie
−ηt‖π2(b)[x− x′]‖ , i = 1, 2 ,

���>u
t ∈ [0, T ]

�
� IG@8)%.��2Ø�� 5 Ø�� ��sw~x�&gbnlm��bsxu�i}kbs�nlp£sx~]m�r&�Á~_r�nls$i}kNr�i

B = {b} m�n�r�nlm�gb�>��s]il�>g�� � kbsxg
i}kbs GªÕU�
ϕ�bs]¶NgFsxn�r<nlsx��m�²N�¨v

S
�>g

X
{d�

Stx = ϕ(t, b)x
���>u

(t, x) ∈ R≥0 ×X
r&gb�jv9s���r¨��uls]pb��r�~xs

πi(b){��
πi

�¤µªn�r<nlp£sx~xmor&�Ë~_r�nls$�&�Ái}kbs$~x�&gbs$mogd¡�r&ulmor&gb~]s�pFul�>p£sxu|ih�Zv�sw�>{Fi}r&m�gzilkbs
� >:, &=; &=@ &=> A��!&=; I��T;UN )%.ME/)?; 1TI�	!. &TSUI3. ,'D 
 � kbsxuysSs��Fm�nyiln

T0 ≥ 0
nl�F~�k°i}kbr�i

x, y ∈ XvDm�ilk
‖π2[x− y]‖ ≤ L‖π1[x− y]‖mo��pb��m�sxn

‖π2[S
tx− Sty]‖ ≤ L‖π1[S

tx− Sty]‖ ���>u
t ≥ T0 .

� kbs�ny���bsxs]¢xm�gb�Zpbuy�>pts]uyih�jm�gzi}kbswr&�Fil�>gb�>���>�Fnq~_r&nys�{£sx~]�>��sxnDi}kbs����>���o�¨vDm�gb�
� >:, &=; &=@ &=> A#� � > ITI ! EO;T"
	�. &TSUI3. ,%D 
 � kbs]ulsDs���m�nyi9pt�>nym�ilm�¡&sD~x�>gbn|i�r&gdiln

K1

 
K2

 
η
nl�b~�k

i}kNr"i����&uqs]¡>s]uy�
x, y ∈ X

r&gF�
T > 0

ilkbs$mo�bs]gdi}m�ih�

π1S
Tx = π1S

Ty

mo��pb��m�sxn����>u�r&���
x′ ∈ X

vDm�i}k
π1x

′ = π1x
r&gb� ‖π2[x

′ − y]‖ ≤ L‖π1[x
′ − y]‖ i}kbssxn|i}m��°r"i}sxn

‖πi[S
tx− Sty]‖ ≤ Kie

−ηt‖π2[x− x′]‖ , i = 1, 2 ,���>u
t ∈ [0, T ]

�
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µ ~]�>�®{bm�gNr�ilmo�&g¹�&�f~x�>gFs�m�gd¡&r�ulmor&gb~xs�r&gb� nl���bs]sx¢]mogb��pbul�>p£sxu|i}m�sxnD���>uDs]¡&�>�o��i}m��>g¹s]���br�i}m��>gbn] £ny�>��s��
i}m���s]nD~_r&���os]�jnyilul�>gb�<ny���bsxs]¢xm�gb��pbuy�>p£sxuyih�& Fv�r&n�¶Nuln|iqm�g�ilul���b�b~]sx�j���>u�ilkbs ���bu}r�����i}���4��m�¡�r&nykbm�gbnl«d�
sx���Nr�ilmo�>gFn�mog 5 FMGN� � AdÖ�  FMGN� � A%AP9á �r&g2r&{bn|i}ulr&~]i�¡&sxuynlm��>g3�&�¤m�iSv�r�n��bs]¡&sx���>pts]�3mog 5 FK� � A	7 9á Pr&g��
�&i}kbs]u®���>uy�®�b�or�i}m��>g �&�Dm�i<~xr&g {ts°���>�bgb�¦���>u�s��Fr&��pb��sjmog 5 � sx�8A	Ab MFM� � A	AF KÓ�FMG � A%7>rF MHD�>{B7&Ñ� 
� � 7	O%9á� � nlnysxgdi}mor&�����& Br
nyilul�>gF�©nl���bs]sx¢xm�gb�3pbuy�>pts]uyih�,nyi}r�i}s]n�ilkNr�i�m���ilkbs��bm��tsxuls]gb~xs��&��ihv9�©nl�>�����
i}m��>gbn��&�Pi}kbs�s�¡>�>���Filmo�>gjs]���Nr�i}m��>gj{£sx���>gb�>nBi}�<r�nlp£sx~xmor&�t~x�>gbs�i}kbs]gjm�i�uls]�°r�mogbn�mog�ilkbsª~]�>gbsª���&u�r&���
���buyilkbsxuwi}m���s]n � i}kNr�i�m�nwilkbs�~]�>gbs�mogd¡�r&ulmor&gb~]sZpbuy�>pts]uyih� � # ��i}kbs]uyvDm�nls°ilkbs��Fmon|i�r&gb~]s�{£s]ihv9sxs]g¦i}kbsnl�>���Fi}m��>gbn��bs]~_r_��nSs��Fp£�>gbs]gdi}mor&�o��� � ilkNr�iDm�nDilkbs$nl���bs]sx¢xm�gb�ZpFul�>p£sxu|ih� � �
���Fu�r&�Fil�>gb�>���>�FnK~x�&gbs�m�gd¡&r�ulmor&gb~xs9pbul�&pts]uyih�$vDm�ilk

T0 = 0
~]�>uluysxnypt�>gF�bnKi}��i}kbs]nls9~x�>gbs9mogd¡�r&uym�r&gF~xs

pbul�>p£sxu|i}m�sxn]�Z���buwr&�Fil�>gb�>���>�Fnwny���bsxs]¢xm�gb�©pbuy�>pts]uyih�2m�nwr �����bm�¶N~_r�ilmo�&g��&�Bi}kFs��Fnl�Nr&�¥ny���bsxs]¢xm�gb�
pbul�>p£sxu|i}m�sxn] Nkb�¨v�s�¡>sxu] Hr�iq��s_r&n|i����>u�nysx��m��om�gbs_r�uqpNr&u}r�{t�>��m�~�s]¡&�>�o��i}m��>gzsx���Nr�ilmo�>gFnx Nr�n|i}ul�&gb�<nl���bs]sx¢��
mogb��pbuy�>pts]uyih�zr�gb�¹r�g
r��b�bm�i}m��>gNr&��~]�>gbs$m�g�¡�r&uym�r�gb~xswpbul�&pts]uyih�jm���pb���Z�>�bu�r&�Fil�>gb�>���>�bnqny���bsxs]¢xm�gb�
pbul�>p£sxu|ih�>�
0z¼ ÎKÂfÈ¸\´È ¿ Â Ï�c%1 � 2�� ¿ ÊÁÂÁÀ ¼ ÀÁÂ ¼ [_[ 	w^ ¿ Ã ¼ ^¨\ ½ 8¨c � kbsUGSÕU�

ϕ
n}r"i}m�ny¶Ns]n�i}kbs � gb�>gNr��Fi}�>gF�>���>�bn �

(3&=> ; C I C?; ITATA S . &TSUI3. ,'D<m������>uBr&���
t ≥ 0

 
b ∈ B

r&gb�Zr��o�
M1 ≥ 0

i}kFsxulsSs���m�nyi}n�r
M2 ≥ 0

ny�b~�kZi}kbr�i
���>u

x ∈ X
vDm�i}k ‖π2(b)x‖ ≤M1

i}kbs$s]nyi}m���r�i}s
‖π2(θtb)ϕ(t, b)x‖ ≤M2kb�>���bnx�

0z¼ ÎKÂfÈ¸\´È ¿ Â�Ï�c%1 � 2 � ¿�¼ ^"adÈ �ËÈ¸\ ½ 	w^ ¿ Ã ¼ ^¨\ ½ 8¨c � kbs�GªÕU�
ϕ
n}r�ilmon|¶NsxnZilkbs � gb�>gNr��Fi}�>gF�>���>�bn �

1*&HI3.*1GEONHE ,%D�S .*&TSUI3. ,%DZm��K���>u�r&���
t ≥ 0

 
b ∈ B

r&gb�
r&�o�
M3 ≥ 0

ilkbsxuys�s��Fm�nyiln�r&g
M4 ≥ 0

ny�b~�k¹i}kbr�i
���>u

x ∈ X
vDm�i}k ‖π1(b)x‖ ≥M4

i}kbs$s]nyi}m���r�i}s
‖π1(θtb)ϕ(t, b)x‖ ≥M3kb�>���bnx�

� kbs<~x��sxuy~xm�¡�m�ih�©pFul�>p£sxu|ih�
vDm��o�fsxgbny�buls�ilkbs�s��Fm�nyilsxgb~]s��&�¤�>���>{Nr&�Ákb�>��sx�&���&ulpbkbm�nl��n$�bnysx�©���>u�i}kbs
�bs]¶NgFm�ilmo�>g,�&�¥ilkbs<�>u}r�pbk©i}ulr&gbny���&ul��r�i}m��>g2��r&pbpFmogb�F� �­m�i}k2ilkbs�{£�>�bgb�bs]�bgbs]nlnwpbul�>p£sxu|ih�¹v9s�vDmo���
sxgbny�buls�i}kbr�iqi}kbs��&u}r&pbkZilu}r&gFny���>uy�°r"i}m��>gj��r&pbpbm�gb����r&pbnq{£�>�bgb�bs]�
�&u}r&pbkFn��>gz{t�&�bgb�bs]� �&u}r&pbkFnx�
� IG@8)%.��­Ø�� 5 Ö��DµSn�v9s©vDmo����nlkF�´v��or�i}s]uZm�g ��sx~��qÑF� Òb q���>u�s�¡>�>���Fi}m��>g­sx���Nr"i}m��>gbnZi}kFs©~x��sxuy~xm�¡�m�ih�
r&gb��{£�>�bgF�bsx�bgFsxnln
pbul�&pts]uyih�­�&�

ϕ
���&�o���¨vDn ��uy�>� i}kFs,{£�>�bgF�bsx�bgFsxnln¹�&��ilkbs,gb�>gb��mogFs_r&uym�ih��r&gF�

s���pt�&gbsxgdi}mor&�Ë�bm�~�kb�&il�>���zpbuy�>p£sxuyilmos]nS���filkbs$�om�gbs_r�u�pbr&uyix�
��swn}r_�ZilkNr�i

ϕ
n}r�ilmon|¶NsxnSr&g EO;UN?I3. AHI �9E SUA 1� E ,"!�EO; I�� >Y)%$ E ,%DZm��Á���>uDr&���

t ≥ 0
 
b ∈ B

i}kFsxuls$s��Fm�nyiln�r
K > 0

nl�b~�k i}kNr�i
‖π1(b)x− π1(b)y‖ ≤ K‖π1(θtb)ϕ(t, b)x− π1(θtb)ϕ(t, b)y‖

kb�>���bn����>u
x, y ∈ X

�z��{d¡�m��>�bny���& Ki}kFs°m�gd¡>sxuynlsjº�m�pbnl~�kFm�il¢�pbuy�>pts]uyih�3�&�
ϕ
m���pb��mos]n�i}kFs°~]��s]ul~xm�¡�m�ih�

pbul�>p£sxu|ih�­�&�
ϕ
� FN�>ujs]¡&�>�o��i}m��>g�s]���Nr�i}m��>gbn] �i}kbs3m�gd¡>sxuynls�ºËm�pbny~�kbm�il¢�pbuy�>p£sxuyih�¯���>�o���¨vDnj��ul�>� r

�bgbm����>ul�(º�m�pbnl~�kFm�il¢¹pbuy�>pts]uyih� ���Silkbszgb�>gb��mogFs_r&uym�ih�7r&gF� s��Fp£�>gbs]gdi}mor&�q�bm�~�kb�&i}�&���7pbul�&pts]uyi}m�sxn��&�
i}kbs$��mogbsxr&uDpNr&u|i_�

7



�®Ä ¼�¿ ^ ¼�Ç Ï�c%1 � 2����ËÈ []\ ¼ ÂÁa ¼�¿�� �]Â ¼ ^¨\´È�`NÍ Æ `NÂÁÈ �³¿ ÍÉÀ 8¨c � I3,
ϕ

(GI )?;���� � &=;R)	��)?; )21� �AJSY)21TI
X

&=N?I3.E) C%.MEONHEO;T" AGD A3,JIG@
θ : R × B → B

&=; )7AHI3,
B

)?; C )=ATAG> @ I�,  Y)%,
ϕ
A�)%,%EKA � ITAE,  UI 1*&=; I

EO;UN )%.GE/)?; 1TI�
RA�� >UITI ! EO;T"�
N1*&HI3. 1GEONHE ,'D�)?; C?(3&=> ; C I C?; ITATA S . &TSUI3. ,'D � 	  UIG; ,  UI3. I�I%$ EKA3,OA )?; EO; I3. ,'E/)%$
@8)?;UE ��& $ C

M = (M(b))b∈B

&��
ϕ

� E ,  R,  UI ��& $ $'&�� EO;T"�S .*&TSUI3. ,%E)ITA�

� E �

M(b)
EKA�)�"	.0)GS� 
EO;

X1(b) ⊕ X2(b)



M(b) = {x1 +m(b, x1) : x1 ∈ X1(b)}
� E ,  �) @8)GS S EO;T"

m(b, ·) = m(b) : X1(b) → X2(b)
�  E�1� 
EKA "	$'&%(*)%$ $ D��9E SUA 1� E , !81*&=;B,'EO;U>B&=>BA

‖m(b, x1) −m(b, y1)‖ ≤ L‖x1 − y1‖ .

� EOE �
M

EKA I%$!SB&=; IG;B,%E/)%$ $ D )%,-,/.0)213,'EO;T"�
+@ & . IRS . I*1GEKAHI3$ D

‖πi(θtb)[ϕ(t, b)x− ϕ(t, b)x′]‖ ≤ Kie
−ηt‖π2(b)x−m(b, π1(b)x)‖

��& .
t ≥ 0



i = 1, 2


 � E ,  �)?; )=AGD=@ S , & ,'E�1 S� Y)=AHI
x′ = x′(b, x) ∈ M(b)

&��
x

)?; CQ,  UI 1*&=; A3, )?;B,OA
K1, K2 > 0

� . &=@ ,  UI�A�� >UITI ! EO;T" S . &TSUI3.3,%D �  E�1� )%. I�EO; C IJSUIG; C IG;B,�&��
b
)?; C

x
�

� EOEOE � �"� EO;R) C C?E ,%E�&=;
π1

EKA ,�IG@ SUI3. I C � . &=@ ) (3&=N?I�
+,  UIG;
M

EKA S >:$ $�(*)21���)%,-,/.0)213,'EO;T"�
 @ & . I S . I*1GEKAHI3$ D


,  UI3. I EKA�)

T ≥ 0
AG>B1� 6,  Y)%,���& .�IC)21� (3&=> ; C I C�AHI3,

D ⊂ X

d(ϕ(t, θ−tb)D|M(b)) ≤ e−ηt/2d(D|M(θ−tb))
��& .

t ≥ T .
� 5 �

	�. & &�� �SµSn9ilkbsªpbuy������mon�u}r�ilkbsxu9mogd¡>�&��¡&sx�jv�sªnlpb��m�i�m�i�mogdil�®���>�bu9pNr&uyilnx� FKm�uln|i9v9s��bs�¶Ngbsªilkbs��>ulr&pbk
i}u}r�gbny���>uy��r�i}m��>g���r&pFpbmogF�b�¥ehg�i}kFsSnysx~x�&gb�jnyilsxp�v9sªnykb�¨v·i}kNr�i9m�i�kNr�n�r��Fgbmo���bs�¶F��sx�jp£�>m�g�i

m(b)vDkbmo~�k2�&m�¡&sxnªuymonyswil�Zr�gb�>gNr��Fi}�>gF�>���>�bn�mogd¡�r&ulmor&gdiSnls]i
M
�&�¥º�m�pbnl~�kFm�il¢���r&gbm����>�o�Fn

M(b)
��ehg i}kbs

i}kbm�ul��nyilsxp�i}kbsqs��Fp£�>gbs]gdi}mor&�bi}ulr&~�«�mogb�wpbuy�>pts]uyih�<m�n¥pbuy�´¡&sx�°r&gb��m�g�ilkbs����>�bu|i}k�nyilsxp�v�sDm�g�¡&sxn|i}m��dr�i}s
i}kbs$pb�b����{Nr&~�« r�ililu}r&~�i}m�¡�m�ih�j���

M
�

6P\ ¼ Ã 1NÅ 0j¼ ÎKÂÁÈ�\´È ¿ Â ¿�� �£^´`bÃfÄ¯\¨^´`NÂÁ[ �³¿ ^ Ç `F\´È ¿ Â Ç `FÃfÃfÈÉÂ��
��s�~]�>gbn|i}ul�F~]i�ilkbsª��r&gbm����>���bn

M(b) = graph(m(b))
r&nBi}kbsª¶��Fs]�jpt�&mogdi�����i}kbsS~x��~]��~x��s

ϕ
r�~]i}m�gb�

�>g¹r<~]sxuyi}r&m�g
~]��r&nynS���f���bgF~]i}m��>gbn
g
vDm�i}k

g(b, ·) = g(b) : X1(b) → X2(b) , b ∈ B .

� kbs�nys]i
G
�&�f��r&pbpbm�gb�>nD�&�fi}kbs����&ul�

X1 3 (b, x1) 7→ (b, g(b, x1)) ∈ X2 ,

nl�b~�kZilkNr�i
g
m�n9{£�>�bgb�Fsx�jr&gF�

g(b, ·) m�n�~x�&g�ilmog��b�&�bn9���>uBs]¡&sxu|� b ∈ B
mon�r®Ù�r�gNr&~�kZnypNr&~xs�vDm�ilk�i}kFs

gb�>ul�
‖g‖G = sup

(b,x1)∈X1

‖g(b, x1)‖ .

5 Ô



X1(b
)

X2(b
)

grap
h (g(b

, ·))

b

X1(θT b)

X2(θT b)

θT b

B

ϕ(T, b)
ϕ(T, b)graph (g(b, ·))

=: graph
(

(GT g)(θT b, ·)
)

FKm��>�buls 5 �N×$ulr&pbkji}ulr&gbny���&ul��r�i}m��>g ��r&pbpbm�gb�
GT

§
�>uls]�¨¡>sxu��os�i
GL

�bsxgF�&i}s�i}kbs�ny�b{bnls�i®���
G
~]�>gdi�r&m�gbm�gb�
r&�o�¥��r&pFpbmogF�>n�vDkbmo~�k�n}r�ilmon|�¸�2i}kbs��>���>{Nr��

ºËm�pbny~�kbm�il¢®~]�>gb�bm�i}m��>g
‖g(b, x1) − g(b, y1)‖ ≤ L‖x1 − y1‖���>u

(b, x1), (b, y1) ∈ X1

vDm�i}k
L
��ul�&� i}kbs�~x�&gbs°m�gd¡�r&ulmor&gb~]s°pbuy�>p£sxuyih�&� G��&i}s�i}kNr"i�{£�&ilk

G
r�gb�

GL ⊂ G
r&uys$~x�>��pb��s]ils���s�i}ulm�~$nlpNr�~xsxn]�

ºËs�i
T > 0

{£s�r&ul{Fm�ilu}r&u|�> Ë{b�Fi$¶F��sx�P� ��s�vDm�nlk,i}�z�bs]¶bgbs°ilkbs8"	.C)GS� ?,-.0)?; A ��& .M@8)%,'E�&=; @8)GS S EO;T"
GT : GL → G

nl�F~�k
i}kbr�i

graph((GTg)(θT b, ·)) = ϕ(T, b)graph(g(b, ·))
� nls]s FKm��b�SØ��âØ � r&gb��i}kbm�n
��sxr&gbn
ilkNr�i x̃ ∈ graph((GTg)(θT b, ·))

s]���Nr&��n
ϕ(T, b)x

���>u
ny�>��s
x ∈ graph(g(b, ·)) �¥§
�&uls�pbuysx~xm�nls]���& b���>uqr&g x̃1 ∈ X1(θT b)

v9s�v�r&gdiqil���bs]¶bgbs
(GTg)(θT b, x̃1) =

x̃2 ∈ X2(θT b)
{��z�Fs]i}s]ul��m�gbmogF�Zr&g

x ∈ graph(g(b, ·)) nl�F~�k
i}kbr�i

π1(θT b)ϕ(T, b)x = x̃1

r�gb�
π2(θT b)ϕ(T, b)x =: (GTg)(θT b, x̃1) .

� �®ilkbm�n�sxgF��v�sSnlkb�¨v­i}kbr�i9���&u9sxr&~�k
T > 0

 
b ∈ B

 
x̃1 ∈ X1(θT b)

 
g ∈ GL

 �ilkbs�{t�>�Fgb�Nr&u|��¡�r&���bs
pbul�>{F�os]�

x ∈ graph(g(b, ·)) , π1(θT b)ϕ(T, b)x = x̃1

� Ø �
kNr&n�r��Fgbmo���bswnl�&�o�Filmo�&g

x = β(T, b, x̃1, g)
�

� ;UE � >UIG; ITATA��&��r<ny�>�o��i}m��>g
��� � Ø � �¥µSnlnl�F��s$i}kFsxulsws���m�nyi x r&gb� y vDm�ilk

x, y ∈ graph(g(b, ·)) , π1(θT b)ϕ(T, b)x = π1(θT b)ϕ(T, b)y = x̃1 .
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��s$�>s�i
x− y ∈ CL(b)

r&gb�zi}kbs$ny���Fsxsx¢]mogF��pbuy�>pts]uyih� � vDm�ilk
x′ = x � m���pF�om�sxnDi}kbs$m��bsxgdilm�ih�

ϕ(t, b)x = ϕ(t, b)y
���>u

t ∈ [0, T ] .

<SsxgF~xs
x = y

r&gb�ji}kFsxulswm�nSr"iD���&nyi��>gbs$nl�&�o�Filmo�&g
x = β(T, b, x̃1, g)

�&� � Ø � �
� $ EKA3,JIG; 1TI®�&�¤r�ny�>�o��i}m��>g©�&� � Ø � �Sº�s]i T > 0

 
b ∈ B

 
g ∈ GL

{£s�¶F��s]�3r&gb�©�bs�¶Ngbs
H : X1(b) →

X1(θT b)
{d�

H(x1) := π1(θT b)ϕ(T, b)(x1 + g(b, x1)) .

Ù9��ilkbsj~x�>gdilmog��bm�ih� �&�
ϕ(T, b)

r&gF�
g(b, ·)   H mon<~]�>gdi}m�g��F�>�bnx� FH�&u

x̃1 ∈ HX1(b) ⊂ X1(θT b)
 

r&gd�
x1

mog¦ilkbsjpbuysxm��°r��>s
H−1(x̃1) = {x1 ∈ X1(b) : H(x1) = x̃1}

�>m�¡&sxn�ulm�nls°i}�3r©nl�&�o�Filmo�&g
x = x1 + g(b, x1)

�&��ilkbsª{£�>�bgF�Nr&uy��¡�r&���bs�pbuy�>{b��sx� � Ø � �¥µªnBv�sªkNr_¡>s$r&��ulsxr&�F��nls]sxg� Filkbsxuys�s���m�nyilnr�i����&nyi��>gbswnl�>���Filmo�>g �bs]gb�&i}s]�¹{d�
β(T, b, x̃1, g)

r&gF� ilkbsxuys]���>uyswilkbs$mogd¡>s]ulnys
H−1 �&� H monD�>m�¡>s]g

{��
H−1(x̃1) = π1(b)β(T, b, x̃1, g)

�>g
HX1(θT b) .

GS�¨v�v9s�nykb�¨v�i}kbsw~x�&g�ilmog��bm�ih� �&�
H−1 : HX1(b) → X1(b)

�����Fpbpt�&nls& Hi}kFsxuls$m�nªr
ξ̃ ∈ HX1(b) ⊂

X1(θT b)
nl�b~�k�i}kbr�i

H−1 m�nBgF�&i¤~x�>gdilmog��b�>�Fn�r�i ξ̃ � � kbsxg�i}kbs]uls�r&uys ε > 0
r&gb��r$nlsx���bs]gb~xs

(ξ̃k)k∈Nmog
X1(θT b)

ny�b~�k
ilkNr�i
ξ̃k → ξ̃0

r&n
k → ∞ r�gb�

‖ξk − ξ0‖ ≥ ε
���>uDr��o�

k ∈ N
� Ñ �

vDkbsxuys
ξk := π1(b)β(T, b, ξ̃k, g)

���>u
k = 0, 1, . . .

�
FKmouynyix Áv9s�ny�bpbp£�>nls�i}kNr�i$ilkbsxuys°m�n®rznl�F{bnls]���Fsxgb~]sj�&�

(ξk)k∈N

 f�bs]gb�&ilsx�����>u$nykb�>uyilgbsxnyn�r&�>r&mog,{d�
(ξk)k∈N

 bvDm�ilk ‖ξk‖ → ∞ r&n
k → ∞ � � kbsxg i}kbs$~x��sxuy~xm�¡�m�ih�zpbuy�>p£sxuyih�Z�&�

ϕ
m���pb�om�sxn

‖ξ̃k‖ = ‖H(ξk)‖ = ‖π1(θT b)ϕ(T, b)(ξk + g(b, ξk))‖ → ∞ r�n
k → ∞ ,

{b�FiDi}kbm�nD~x�>gdilu}r&�bm�~]iln
ξ̃k → ξ̃0

�
� kbsxuys]���>uys¹v�s¹kNr_¡>s2pbuy�´¡&sx�¬ilkNr�i

(ξk)k∈N

mon�{t�>�Fgb�bsx�P� ��m�gb~xs
X1(b)

mon�r�¶Ngbm�i}s��h�bm���sxgbnymo�&gNr&�
nlpNr&~]s& Ái}kbs]uls�mon�rj~x�>gd¡>s]ul�>s]gdi<nl�b{Fnlsx���bs]gb~xs� ¥�bsxgF�&i}s]�����>u�nykb�>uyilgbsxnyn�r&�>r&mog,{d�

(ξk)k∈N

 ËvDm�ilk¦r
�om���m�i

ξ∞ = lim
k→∞

ξk ∈ X1(b) .
� Ò �

Ù9��ilkbs�~x�&g�ilmog��bm�ih�j�&�
H
 �v9s�kNr_¡>s

H(ξk) → H(ξ∞)
� ��m�gb~xswr&��nl�

H(ξk) = ξ̃k → ξ̃0 = H(ξ0)
v9s

�>s]i
ξ0 = ξ∞

m�g ~x�>gdi}ulr&�bm�~]ilmo�>gzi}� � Ñ � r&gb� � Ò � � � kbsxuys]���>uys&  H r&gb�
H−1 r&uls�~]�>gdi}m�g��b�>�bn]�

GS�¨v�v9swnykb�¨v�i}kbr�i
H
monD�>gdil�b NmÉ� s&�Nnlr�i}m�ny¶bsxn

HX1(b) = X1(θT b) .
� Ö �

Ù9��i}kFsq~x��sxul~]m�¡�m�ih�<�&�
ϕ
 >v9sqkNr_¡>sqilkbsqgb�>uy� ~x��sxuy~xm�¡�m�ih� ‖H(ξ)‖ → ∞ ���>u ‖ξ‖ → ∞ �&�

H
�M��m�gb~xs

X1(b)
mon®¶bgbm�ils��³�bmo��s]gbnlm��>gNr&�  

H
m�n<r¹nysx���bs]g�ilm�r��o��� ~x�&��pbr&~]i<��r&pFpbmogF�b�©Ù9� 5 H�kbs�O	7F  � kFsx�>uysx�

ÑF� Ú 9á 
H
m�n�r�kF�>��sx�>���>uypbkbm�nl����ul�&�

X1(b)
�&g�il�

X1(θT b)
r&gb�zkbs]gb~xs$v9s�kNr_¡&s � Ö � �
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� k��Fnfv9sBkbr¨¡&s9�Fgbmo���bsBnl�&��¡�r&{bm���m�ih�$�&� � Ø �  "r&gb�$v�sB~_r�g��bs�¶Ngbs¥i}kFsB�&u}r&pbk$i}ulr&gbn|���>ul��r�ilmo�>g$��r&pbpFmogb�
GT {��

(GTg)(θT b, x̃1) = π2(θT b)ϕ(T, b)β(T, b, x̃1, g)���>u
T > 0

 
b ∈ B

 
x̃1 ∈ X1(θT b)

 Hr&gb�
g ∈ GL

��GS��i}s�i}kNr"iqv�s$kNr_¡>s

graph((GTg)(θT b, ·)) = ϕ(T, b)graph(g(b, ·)) .
��mogF~xs

H−1   g(b, ·) r&gb� x 7→ π1(b)ϕ(T, b)x
r&uysw~]�>gdi}m�g��b�>�bn] tr�gb�

β(T, b, x̃1, g) = H−1(x̃1) + g(b,H−1(x̃1))

kb�>���bnx Ni}kFsw��r&pFpbmogF�
(GTg)(θT b, ·)

m�n�r&��nl��~x�>gdilmog��b�>�Fnx�
e³iSuysx��r&m�gbnDi}��nlkb�¨v�ilkNr�i

‖GTg‖G <∞ .
��mogF~xs

g ∈ G
ilkbsxuys�m�n�r

M1

vDm�i}k ‖π2(b)x‖ ≤ M1

���>u�r&���
b ∈ B

r&gb� r&���
x ∈ graph(g(b, ·)) �Ù9�¬i}kFs©{t�&�bgb�bs]�bgbsxnyn
pFul�>p£sxu|ih�¬�&�

ϕ
i}kFsxuls2m�nzr

M2

vDm�ilk ‖π2(θT b)ϕ(t, b)x‖ ≤ M2

���>ujr&���
b ∈ B

r&gb�,r&���
x ∈ X

vDm�i}k ‖π2(b)x‖ ≤ M1

�®º�s]i
b ∈ B0

 
x̃1 ∈ X1(θT b)

{£s�r&ul{Fm�ilu}r&u|�>� � kbsxg
β(T, b, x̃1, g) ∈ graph(g(b, ·))  �kbsxgb~]s ‖π2(b)β(T, b, x̃1, g)‖ ≤M1

 Hr&gb�ji}kFsxuls����>uls

‖(GTg)(θT b, x̃1)‖ = ‖π2(θT b)ϕ(T, b)β(T, b, x̃1, g)‖ ≤M2

pbul�¨¡�mogF�°i}kbr�i ‖GTg‖G <∞  Nm �ës��
GTg ∈ G

�
6P\ ¼ Ã�Ï�Å��zÂfÈ � Ê ¼ Î � ¼ À��lÃ ¿ ÈÉÂt\ ¿�� �H^´`bÃfÄ¯\¨^´`NÂÁ[ �³¿ ^ Ç `F\´È ¿ Â Ç `bÃÁÃfÈÉÂ��£[
ºËs�i

T > 0
 
b ∈ B

 
x̃1, x̃2 ∈ X1(θT b)

 
g ∈ GL

{tsDr�ul{bm�i}ulr&uy�&� ��m�gb~xs
β(T, b, x̃1, g)

 
β(T, b, x̃2, g) ∈

graph(g(b, ·))  �v�s$�>s�i
β(T, b, x̃1, g) − β(T, b, x̃2, g) ∈ CL(b)r&gb�zi}kbs$~x�&gbs$mogd¡�r&ulmor&gb~]s�pFul�>p£sxu|ih�jmo��pb��m�sxnD���>u

T ≥ T0

r�º�mopFnl~�kbm�i}¢wsxn|i}m��°r"i}s$���>u
GTg

 

‖(GTg)(θT b, x̃1) − (GTg)(θT b, x̃2)‖
≤ L‖π1(θT b)(ϕ(T, b)β(T, b, x̃1, g) − ϕ(T, b)β(T, b, x̃2, g))‖
= L‖x̃1 − x̃2‖ ,

mÉ� s&�
GT

��r&pbn
GL

m�gdi}�
G
���>uqs]¡&sxu|�

T ≥ 0
 Nr&gb� m�iDmonDnls]��� �³��r&pbpbm�gb�����>u

T ≥ T0

�
GS�¨vW��s]i

T ≥ 0
 
b ∈ B

 
x̃1 ∈ X1(θT b)

 
g, h ∈ G

 Ër&gb�
x ∈ graph(g(b, ·))   y ∈ graph(h(b, ·))vDm�ilk

π1(θT b)ϕ(T, b)x = π1(θT b)ϕ(T, b)y = x̃1 .Õªs]¶NgFs
x′ := π1(b)x + h(b, π1(b)x) .
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� kbsxg
x′ − y ∈ CL

 br&gb�zi}kbs$nl���bs]sx¢]mogb��pbul�>p£sxu|ih�jm���pF�om�sxn

‖π2(θT b)[ϕ(T, b)x− ϕ(T, b)y]‖ ≤ K2e
−ηT‖g(b, π1(b)x) − h(b, π1(b)x)‖

���>u
T ≥ 0

� � k��bn

‖(GTg)(θT b, x̃1) − (GTh)(θT b, x̃1)‖
≤ K2e

−ηT‖g(b, π1(b)β(T, b, x̃1, g)) − h(b, π1(b)β(T, b, x̃1, g))‖ ,
r&gb� pNr&nlnymogF�°i}�<ilkbs

sup
�¨¡>s]uªr&���

(θT b, x̃1) ∈ X1

v�s$�>s�i

‖GTg −GTh‖G ≤ κ(T )‖g − h‖G

���>uDr&���
T > 0

 
g, h ∈ GL

 FvDkbsxuys
κ(T ) := K2e

−ηT .
��mogF~xs

η > 0
 fi}kFsxuls°mon®r¹p£�>nlm�i}m�¡>s

T1 ≥ T0

vDm�i}k
κ(T ) < 1

���>u
T ≥ T1

� � k��bn] ����>u
T ≥ T1

 
GT monDr�~]�>gdi}ulr&~]ilm�¡&swnysx��� �h��r&pbpFmogb���>gZilkbs�~x�&��pF�os�i}s$��s]i}uymo~�nypNr&~]s GL

� GS�¨v�~�kb���>nls$r&gF�z¶��zr&g
r&ul{bm�i}ulr&uy�

T̃ ≥ T1

r&gb�j��s]i
m
�bs]gb�&ilsªi}kbsª�bgbm����Fsª¶F��sx���³pt�&mogdiq�&�

GT̃
m�g

GL

� ��s�nykb�¨v­i}kNr�i
m
m�n

i}kbs$�bgbm����bs$¶F��sx���³pt�>m�gdiª���
GT

���&uqs]¡>s]uy�
T ≥ 0

�
FH�&uqs]¡>s]uy�

T ≥ 0
i}kFsw��r&pFpbmogF�

GTm ∈ G
m�n��Fgbmo���bs]��� �bs�i}s]ul��mogFsx�¹{d�Zilkbs$�>u}r�pbkbn

graph((GTm)(θT b, ·)) = ϕ(T, b)graph(m(b, ·)) , b ∈ B .

FH�&u
T ≥ 0

r�gb�
b ∈ B

v9swkNr_¡>s$i}kbs$m��bsxgdi}m�ih�

graph((GT+T̃m)(θT+T̃ b, ·)) = ϕ(T + T̃ , b)graph(m(b, ·))
= ϕ(T, θT̃ b)ϕ(T̃ , b)graph(m(b, ·))
= ϕ(T, θT̃ b)graph(m(θT̃ b, ·))
= graph((GTm)(θT+T̃ b, ·))

r&gb� i}kbs]uls]���&uls
GTm = GT+T̃m ∈ GL

�V<�sxgb~]s ilkbsz~x�>��p£�>nlm�i}m��>g
GTGT ′

m
��r&«�sxn�nlsxgFnls
���&u

T, T ′ ≥ 0
r&gb�jv9s��>s�i

graph((GTGT ′

m)(θT+T ′b, ·)) = ϕ(T, θT ′b)graph(GT ′

m(θT ′b, ·))
= ϕ(T, θT ′b)ϕ(T ′, b)graph(m(b, ·))
= ϕ(T + T ′, b)graph(m(b, ·))
= graph((GT+T ′

m)(θT+T ′b, ·))
r&gb�zi}kbs]uls]���&uls

GTGT ′

m = GT ′

GTm = GT+T ′

m
���>u

T, T ′ ≥ 0
� ��sw�&s]i

GT̃ (GTm) = GT (GT̃m) = GTm .
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� k��Fn
GTm

sx���Nr&��nDi}kbs$�bgbm����bs$¶F��sx���³pt�>m�gdi
m
�&�
GT̃ r&gF� v9s$kNr_¡>s

GTm = m
���>u

T ≥ 0 .

� �wpbul�¨¡&sDilkbsD�bgbm����bsxgbs]nln9�&�tilkbsq¶F��sx���³pt�&mogdi
m
�&�
GT  �r&nlny�b��s�ilkNr�i m∗ monBr&gb��i}kbs]u¤¶��Fs]���hp£�>m�gdi_�Ù��FiBi}kbs]g

m
r&gF�

m∗ r&uys�{£�&ilk�¶F��s]���hp£�>m�g�iln9��� GkT ���&u¥s]¡>s]uy� k ∈ N
�¥Ó�kb���&nlm�gb�

k
�or&uy�>sDsxgb�>�F�>k

nl�b~�k i}kNr�i
kT ≥ T1

v�s$«�gb�¨v�ilkNr�i
GkT kbr&n�r��Fgbmo���bs$¶F��sx���hp£�>mogdiªr&gb�ji}kFmonDm���pF�om�sxn m = m∗ �

� k��Fn
m
m�nqi}kbs$�bgbm����bsw�°r�pbpbm�gb�°m�g

GL

vDm�i}kzi}kbs$m�g�¡�r&uym�r�gb~xswpbul�&pts]uyih�

ϕ(t, b)graph(m(b, ·)) = graph(m(θtb, ·))
���>u

t ≥ 0
r&gb�

b ∈ B .

��s$�bs�¶Ngbs
M(b) := graph(m(b, ·)) ���>u b ∈ B

�
6P\ ¼ Ã ��Å ���ËÈ []\ ¼ ÂÁa ¼
¿�� `N[ ½ËÇ ÃË\ ¿ \´È ajÃKÄË`N[ ¼
ºËs�i

b ∈ B
r�gb�

x ∈ X
{ts�r&uy{bm�ilu}r&u|�
r&gb�¹��s]i

(tk)k∈N

{ts®r°���>gb�&il�>gb�>�Fnl���
m�gb~]uls_r�nlm�gb�jnls]���Fsxgb~]s
�&��p£�>nlm�i}m�¡>s�ulsxr&��g��b�®{£sxuyn

tk
vDm�ilk

tk → ∞ ���>u
k → ∞ �9Õªs]¶NgFs

y ′ := π1(b)x +m(b, π1(b)x) ∈
graph(m(b, ·)) r&gF�

xk := β(tk, b, π1(θtkb)ϕ(tk, b)x,m) ∈ graph(m(b, ·)) .
��s$�>s�i

y′ − xk ∈ CL(b)
r&gb�zi}kbs$nl���bs]sx¢]mogb�°pbul�&pts]uyih�zm���pF�om�sxnD���>u

i = 1, 2
 
t ∈ [0, tk]

‖πi(θtb)[ϕ(t, b)x− ϕ(t, b)xk]‖ ≤ Kie
−ηt‖π2(b)x−m(b, π1(b)x)‖ .

ehg
pNr�uyi}m�~x�F��r&u] bv�s$¶Ngb�z���>u
i = 1

r&gF�
t = 0

‖π1(b)xk‖ ≤ ‖π1(b)x‖ + ‖π1(b)[x− xk]‖
≤ ‖π1(b)x‖ +K1‖π2(b)x−m(b, π1(b)x)‖ .

� kbsxuys]���>uys�v9s°kbr¨¡&s°pFul�¨¡>s]��i}kbr�i
(π1(b)xk)k∈N ⊂ X1(b)

m�nw{t�>�Fgb�bsx�P� ��m�gb~]s
X1(b)

m�n®rZ¶NgFm�ils��
�bmo��s]gbnlm��>gNr&�FnlpNr&~]s& >ilkbsxuys�m�n¥rª~x�&g�¡&sxuy�>sxgdi¤nl�F{bnls]���Fsxgb~]s& ��bsxgb��i}sx��r��dr&m�g�{d�

(π1(b)xk)k∈N

�K��m�gb~xs

xk = π1(b)xk +m(b, π1(b)xk)

r&gb�
m(b, ·) m�nD~x�>gdi}m�g��b�>�bn] £r&�ony� (xk)k∈N

monD~x�&g�¡&sxuy�>mogF�°i}��ny�>��s

x′ ∈ graph(m(b, ·)) ,

� kbsxg v�sw�>s]iq���&u
i = 1, 2

‖πi(θtb)[ϕ(t, b)x− ϕ(t, b)x′]‖
≤ ‖πi(θtb)[ϕ(t, b)x− ϕ(t, b)xk]‖ + ‖πi(θtb)[ϕ(t, b)xk − ϕ(t, b)x′]‖
≤ Kie

−ηt‖π2(b)x−m(b, π1(b)x)‖ + ‖πi(θtb)[ϕ(t, b)xk − ϕ(t, b)x′]‖
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���>uwr&�o�
T > 0

 
t ∈ [0, T ]

r&gb��r&���
k ∈ N>0

vDm�i}k
tk ≥ T

�jÙ9�2ilkbs°~]�>gdi}m�g��bm�ih�,�&�
ϕ(t, b)

 Kr&gF�
{ts]~_r&�bnys��&�

xk → x′
 Nilkbs�nysx~]�>gb�¹ilsxul��~xr&g¹{£s���r&�Fs®r&uy{bm�i}u}r�uy�znl��r&�������>uDs_r&~�k
¶F��sx�

t ∈ [0, T ]~�kb���&nlm�gb�
k
�or&uy�>s$sxgb�>�F�>k�� � kbs]uls]���&uls& 

‖πi(θtb)[ϕ(t, b)x− ϕ(t, b)x′]‖ ≤ Kie
−ηt‖π2(b)x−m(b, π1(b)x)‖���>u

t ≥ 0
 bm �ës��

x′ ∈ M(b)
m�nSr�g¹r&n|����p�i}�&ilmo~wpbkNr&nys$�&�

x
�

6P\ ¼ Ã �ËÅ�	®ÊÁÍ Í YÁ`Na�
 `F\_\¨^´`Na&\´È �ËÈ¸\ ½
GS�&ilsZi}kNr�i<vDm�i}k

π1

r&��nl�2i}kbsj~]�>��pb��sx��sxgdi�r�uy� pbuy�P�|sx~�i}�>u
π2

mon<ilsx��pts]uls]�7��uy�>�Qr�{t�¨¡>s�� ��m�gb~xs
ϕ(t, b)x′ ∈ M(θtb)

���&uqs]¡>s]uy�
x ∈ X

 
t ≥ 0

 
b ∈ B

  ��ilsxp
Ñ�m���pb��mos]n
d(ϕ(t, b)x,M(θtb)) ≤ Ke−ηt‖π2(b)[x− x′]‖ ���>u

t ≥ 0
vDm�ilk

x′ = π1(b)x+m(b, π1(b)x)
��ºËs�i

z ∈ M(b)
{tsqr�ul{bm�i}ulr&uy�&� � kbs]g� d{ts]~_r&�Fnlsq�&�

z−x′ ∈ CL(b)r&gb�
π1(b)x = π1(b)x

′
 
‖π2(b)[x− x′]‖ ≤ ‖π2(b)[x− z]‖ + ‖π2(b)[z − x′]‖

= (‖π2(b)‖ + L‖π1(b)‖) ‖x− z‖ .
<SsxgF~xs

‖π2(b)[x− x′]‖ ≤ (‖π2(b)‖ + L‖π1(b)‖) d(x,M(b)) .
H�s]pb��r�~xm�gb�

b
{d�

θ−tb
 N~�kb���&nlm�gb��r

T > 0
nl�F~�k
i}kbr�i

K · (‖π2(θ−tb)‖ + L‖π1(θ−tb)‖) ≤ e
η

2
t ���>u

t ≥ T
� Ó��>uy�>�o�or&u|� Ø��@A �  Fv9sw�>{Fi�r�mog

d(ϕ(t, θ−tb)x,M(b)) ≤ e−
η
2
td(x,M(θ−tb)) ≤ e−

η
2
td(D,M(θ−tb))���>u

t ≥ T
pbul�¨¡�mogF��ilkbs$pb�b���o{Nr�~�«zr�ililu}r&~�i}m�¡�m�ih�j�&�

M
vDm�i}k

T
m�gb�bsxp£sxgF�bsxgdi����

D
�

� ¿ ^ ¿ ÍÉÍ�`b^ ½ Ï�c%1 �Pc�� �
B
EKA�)P@ I3,/.ME�1 AJSY)21TIU)?; CPE �

ϕ ∈ C(R≥0 ×B×X,X)
,  UIG;

m ∈ C(X1,X)� E ,  
X1 := {(b, x) ∈ B × X : x ∈ X1(b)}

�
	�. & &�� ��Ó��&gbnlm��bsxu�ilkbsZ�>ulr&pbk¦ilu}r&gbn|���>ul��r�ilmo�&g¦��r&pbpbm�gb�>n

GT : GL ⊂ G → G
�>g¦ilkbsjÙ�r�gNr&~�k

nlpNr&~]s
(G, ‖ · ‖G)

�&�Ái}kbs$~]�>gdi}m�g��F�>�bnª��r&pFpbmogF�>n
g ∈ C(X1,X)

 
g(b, ·) = g(b) : X1(b) → X2(b) , b ∈ B

vDm�ilk¹{£�>�bgb�bs]�
gF�>ul�
‖g‖G := sup

(b,x1)∈X1

‖g(b, x1)‖ ,
vDkbsxuys

GL

�Fsxgb�&ilsxnBi}kbsS~x���>nls]�jnl�b{bnys]iq���
G
�&�Ër&���N���bgb~�i}m��>gbn

g
n}r�ilmon|�¸��mogb��ilkbs�º�m�pbnl~�kFm�il¢�pbul�&pts]uyih�

‖g(b, x1) − g(b, y1)‖ ≤ L‖x1 − y1‖
���>u

(b, x1), (b, y1) ∈ X1 .

� kbsxg�i}kbsq¶F��sx���hp£�>mogdiln9�&�£i}kFs��&u}r&pbk�i}ulr&gbn|���>ul��r�ilmo�>g���r&pbpFmogb�&n9r�ulsD~x�>gdilmog��b�>�FnB���bgF~]i}m��>gbn¤��ul�&�
X1

mogdil�
X
vDkbm�~�k©r&uys$º�mopbny~�kbm�i}¢wmogzi}kbs$nysx~x�&gb�©r&uy�>�b��sxgdix�
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����� � " "%"�� * -���� � �U� * - �%�R� . ���R� � � (+* "$�%� (&� &'� " . ),+R(+* &�$.- * "0/ +/. �B #& .

� kbsª���>���o�¨vDm�gb�®ilkbsx�>uysx�+nlkF�´vDn�ilkNr�iBv�sª~_r&gZsxr&nlm����°~]�>gbn|i}ul�F~]iDrw�>�o�&{Nr&�£pb�b���o{Nr�~�«�r�iyi}ulr&~]il�>u9�&gb~xs
v�swkNr_¡>s�r<~x�>��pNr&~�i_ b���>u|v�r�ul� mogd¡�r&ulmor&gdi_ N�&�o�>{br&�o���jpb�F�o��{Nr&~�«zr&{Fnl�>uy{bmogF�°nys]i_�
�®Ä ¼�¿ ^ ¼�Ç Ï�c'12��c���� 1� 
	���
 � �
	�� 
 �$��	�� 
 � 1� 
	�	�� � > S SB&HAHI ,  Y)%,

Â
EKA ) 1*&=@ SY)213, 
 ��& .���)%. C�EO; �N )%.GE/)?;B, 
L"	$'&%(*)%$ $ D S >:$ $�(*)21��8) (GA & .�( EO;T"�AHI3, ��	  UIG;

A



A(b) :=
⋂

t≥0

ϕ(t, θ−tb)Â(θ−tb)
��& .

b ∈ B ,

EKA�)E"	$'&%(*)%$ S >:$ $�(*)21��8)%,-,/.0)213,4& . �
	�. & &�� �N��mogb~]s

Â
m�n®���>uyv�r&uy�¦mogd¡�r&uym�r&gdix 

A(b)
m�n�i}kFsZmogdilsxulnysx~�i}m��>g �&��r¹�bs]~xulsxr&nlm�gb�2nysx���bsxgF~xsz�&�

~x�>��pNr&~�iªnys]iln�~]�>gdi�r&m�gbs]�¹m�g
Â
 NkFsxgb~]s�m�nDgb�>g��á¡>�>m��¹r�gb�
~]�>��pNr&~�i_ N���>uls]�¨¡>sxu

lim
t→∞

d(ϕ(t, θ−tb)Â(θ−tb)|A(b)) = 0 .
� O �

WSnlm�gb�,i}kbs sx��sx��sxgdi}r&uy� � r&~�i<i}kNr�i�m��
(Dn)

mon�r3�bsx~]uls_r�nlm�gb�¦nls]���bsxgb~]s¹�&�ª~x�>��pNr�~]i�nls�i}nZr�gb�
fmonw~x�>gdilmog��b�>�Fn�i}kFsxg ⋂

n f(Dn) = f(
⋂

n Dn)
 Ëi}kFs�~]��~���~x��s�pbuy�>pts]uyih�3r�gb�,ilkbs����&gb�&i}�&gbmo~]m�ih�3���

(ϕ(t, θ−tb)Â(θ−tb))
v�sw�>{Fi}r&m�gz���&uDr&gd�

T ∈ R

ϕ(T, b)A(b) =
⋂

t≥0

ϕ(T, b)ϕ(t, θ−tb)Â(θ−tb)

=
⋂

t≥0

ϕ(T + t, θ−t−T (θT b))Â(θ−t−T (θT b))

=
⋂

t≥T

ϕ(T, θ−t(θT b))Â(θ−t(θT b))

=
⋂

t≥0

ϕ(T, θ−t(θT b))Â(θ−t(θT b)) = A(θT b) ,

pbul�¨¡�mogF�°i}kFswm�gd¡�r&ulmor&gb~]sw���
A
�

� �Znysxs®ilkNr�i
A
m�nª�>���>{Nr&�����
pF�b�o��{Nr&~�«
r�iyi}u}r�~]i}m�gb�°~�kb���&nls�r�{t�&�bgb�bs]�©nls�i

D ⊂ X
 
b ∈ B

r&gb�2r&g
ε > 0

�BÕª�Fs$il��ºËs]���°r8O<i}kbs]uls$s���m�nyi}nSr
T0 = T0(ε,D, b) ≥ 0

nl�b~�k i}kNr"i

d(ϕ(T0, θ−T0
b)Â(θ−T0

b)|A(b)) < ε ,

r&gb� nlm�gb~xs
Â
m�n�r&{bny�>ul{bm�gb�b bilkbsxuys�s���mon|i}nSr

T1 = T1(θ−T0
b,D) ≥ 0

vDm�i}k

ϕ(t− T0, θ−(t−T0)(θ−T0
b))D ⊂ Â(θ−T0

b)
m��
t− T0 ≥ T1 .

µªpbpb����mogF�
ϕ(T0, θ−T0

b)
i}��i}kbm�nDmogF~x���bnlm��>g� Ni}kFsw~]��~���~x��s�pbuy�>p£sxuyih�Zmo��pb��mos]n

ϕ(t, θ−tb)D ⊂ ϕ(T0, θ−T0
b)Â(θ−T0

b) .
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WSnlm�gb��i}kbs�� r&~�iqi}kNr�iDm��
D1 ⊂ D2

i}kbs]g
d(D1|A) ≤ d(D2|A)

 Fv9sw�>{Fi�r�mog

d(ϕ(t, θ−tb)D|A(b)) < ε
���>u

t ≥ T0 + T1 ,

pbul�¨¡�mogF�°i}kbr�i
A
m�nD�>���>{Nr&�����Zpb�b���o{Nr�~�«zr�ililu}r&~�i}m�gb�b�

� kbs�gbs���i��os]���°r�nlkb�¨vDn�ilkNr�i�v9sª�&gb����gbs]sx��ilkbsªs���mon|i}sxgF~xs��&�Ër�gZr&{bny�>ul{Fmogb�®nls]i
Ã
 �m���v9sªkNr_¡>s�r

nl�bm�i�r&{F�osqny�����&ilkbmogF�wpFul�>p£sxu|ih�®�&�
ϕ
� � kbm�n¥nl�����&i}kbm�gb��pbuy�>p£sxuyih�®monKs���pbuls]nlnysx��{d��i}kbsqr�nlnl�F��p�i}m��>g

i}kNr�iKi}kbs�nys]i
Âc

m�n¥~x�>��pNr&~�i����>ufnl�Y;�~xm�sxgdil���<�or&uy�>s
c ≥ 0

�fµ¯nlm���mo�or&u¥pbuy�>p£sxuyih��m�n��bnls]��mog65 � s]�87dÚ 9
���>uqnls]��m�²N�¨vDnx tr&gb� m�iSm�nD~_r&����sx�zi}kbs]uls$�bgbm����>ul� ~x�>��pNr&~�i}gbs]nlnSpbul�>p£sxu|ih�>�

�B¼�Ç¦Ç `�Ï�c%1 ��c#� > S SB&HAHIU,  Y)%,
Ã
EKA�)�"	$'&%(*)%$ $ D�S >:$ $�(*)21�� ) (GA & . ( EO;T"�AHI3, ��	  UIG;

Ã0




Â0(b) :=
⋃

s≥0

ϕ(s, θ.sb)Ã(θ.sb)
��& .

b ∈ B ,

EKA�"	$'&%(*)%$ $ D�S >2$ $�(*)21�� ) (GA & . ( EO;T"Q)?; C ��& .���)%. C�EO;UN )%.ME/)?;B, � �"�U,  UI3. I EKA�)
c ≥ 0

AG>B1� 6,  Y)%,
Âc




Âc(b) := cl
(

ϕ(c, θ−cb)Ã0(b)
) ��& .

b ∈ B ,

EKAJ1*&=@ SY)213, 
K,  UIG;
Âc

EKA�)61*&=@ SY)213, 
���& .���)%. CPEO;UN )%.GE/)?;B, 
+"	$'&%(*)%$ $ D S >2$ $�(*)21�� ) (GA & . ( EO;T"PAHI3, �
	�. & &�� � FN�>u

τ ≥ 0
��s]i

Ãτ (b) :=
⋃

s≥τ

ϕ(s, θ.sb)Ã(θ.sb)
���>u

b ∈ B .

ºËs�i
b ∈ B

 
t ≥ 0

� � kFsxg

ϕ(t, b)Ãτ (b) =
⋃

s≥τ

ϕ(t+ s, θ−sb)Ã(θ−sb)

=
⋃

r≥τ+t

ϕ(r, θ−rθtb)Ã(θ−rθtb)

⊆
⋃

r≥τ

ϕ(r, θ−rθtb)Ã(θ−rθtb)

= Ãτ (θtb) .

� k��Fn
Ãτ

monq���>u|v�r&uy�
m�gd¡�r&ulmor&gdiD���>uqs_r&~�k
τ ≥ 0

�
��mogF~xs

Ã
m�n��>���>{Nr&�����©pb�b����{Nr&~�«3r�iyi}u}r�~]i}m�gb�b t���>u$r&gd�

b ∈ B
r&gF��r�g��¹{t�&�bgb�bs]��nys]i

D
ilkbsxuys<monwr

T (b,D)
vDm�i}k

ϕ(t, θ−tb)D ⊆ Ã(b)
���&u

t ≥ T (b,D)
����mogb~]s

ϕ(τ, θ−τb)Ã(θ−τb) ⊆ Ãτ (b)
r�gb�

ϕ(t, θ−tθ−τ b)D ⊆ Ã(θ−τb)
���>u

t ≥ T (θ−τ b,D)

5 A



v�swkNr_¡>s
ϕ(t, θ−tb)D ⊆ Ãτ (b)

���>u
t ≥ τ + T (θ−τb,D) .

� k��Fn
Ãτ

monDpb�b����pNr&~�«zr�iyi}u}r�~]i}m�gb�<���>uqsxr&~�k
τ ≥ 0

� FH�&u
τ = 0

v�sw�>{Fi}r&mogjilkbs�¶Nuln|iS~]��r�mo�z�
GS�¨v­r&nynl�b��sqi}kNr"iBilkbsxuysDs���mon|i}n9r

c ≥ 0
ny�b~�k°ilkNr�i

Ãc

m�n¤~x�>��pNr�~]i_����mogb~]s
ϕ(c, θ−cb)Ã0 = Ãc(b)

 
i}kbsZnys]i

Âc

m�n�ilkbs�~]�o�>ny�buls��&�qi}kbs����>uyv�r&uy�¦mogd¡�r&uym�r&gdix ��>���>{Nr&�����,pb�F�o��{Nr&~�«�r�ililu}r&~�i}m�gb�¹nys]i
Ãc(b)r&gb� kbsxgb~]s�m�i�monq���>u|v�r�ul�zmogd¡�r&uym�r&gdix N�>�o�&{Nr&�����jpF�b�o��{Nr&~�«zr"ili}ulr&~]ilmogF�b Fi}���b�

��{d¡�m��>�bnl���> Ám��
Ã
m�n�~x�>��pNr&~�i_ �p£�>nlm�i}m�¡>s]���3m�gd¡�r&ulmor&gdiwr&gb�3�>���>{Nr&�����©pb�b����{Nr&~�«2r�iyi}ulr&~]ilmogb�Zilkbsxg2v9s

�°r_�z~�kb���>nys
c = 0

r&gb�zkbs]gb~xs
Â0 = Ã

�
ehg � kFsx�>uysx�(Ø�� 5 O v�sjpbuy�¨¡>sx� i}kFsZs���m�nyi}s]gb~xs �&��r&g m�gbs]uyi}mor&�9�°r�gbm����&�o� vDkbm�~�k mon<s��Fp£�>gbs]gdi}mor&�o���
r�ililu}r&~�i}m�gb��m�g ilkbs¹nysxgbnys©�&�ª���&uyv�r&ul�¬~]�>gd¡>s]ul�>s]gb~xs� �m � s&�

ϕ(t, b)x
m�n°~]�>gd¡>sxuy�>m�gb�¦i}�,m�ilnZr&n|����p��

i}�&ilmo~�pbkNr&nys
ϕ(t, b)x′

�j§
�>uls]�¨¡>sxu�v�s�pbul�¨¡&sx�¦i}kbr�i$i}kbs�mogFsxuyilm�r��9��r&gbm����>����m�n��&�o�>{br&�o���3pb�b����{Nr&~�«
r�ililu}r&~�i}m�gb�°m��Ái}kbs$pbuy�P�|sx~�i}�>u

π1

monqi}s]��pts]ulsx� ��ul�>� r&{£�´¡&s&�
Ó��>�®{bm�gbm�gb��ilkbs � kbsx�>uysx��n�Ø�� 5 O�r&gb�¹Ø�� 5 AF bv9s��&m�¡&s®r�nl�Y;�~]mos]g�iª~x�>gF�bm�ilmo�&g
���>uqi}kFsws���mon|i}sxgF~xs��&�
r��>���>{Nr���pb�b���o{br&~�«zr�ililu}r&~�i}�>u�vDkFmo~�k
monD~x�&g�i}r&m�gbsx�
mogji}kFswm�gbs]uyi}mor&����r&gbm����>�����
� ¿ ^ ¿ ÍÉÍ�`b^ ½ Ï�coÏHÐ�c � I3, ,  UI�)=ATAG> @ S ,%E�&=; A�&��0	  UI*& . IG@WØ�� 5 OJ(GI A�)%,%EKA � I C � E ,  J)#S . &��HI*13, & .

π1

�  E�1� 
EKA ,�IG@ SUI3. I C � . &=@ ) (3&=N?I ��� & . I*&=N?I3. 
 AG>HS SB&HAHIX,  Y)%,

Â
EKA�)81*&=@ SY)213, 
 ��& .���)%. C�EO;UN )%.ME/)?;B, 
 "	$'&%(*)%$ $ D

S >:$ $�(*)21�� ) (GA & . ( EO;T"LAHI3, �  E�1� �EKA8,JIG@ SUI3. I C � . &=@ ) (3&=N?I�
 E �%I � $KI3, ,  UI �M> ; 13,%E�&=;
b 7→ |Â(b))| (GI

,�IG@ SUI3. I C � . &=@ ) (3&=N?I�
 �  UI3. I |D| := sup{‖x‖ : x ∈ D} � 	  UIG;Q,  UI�"	$'&%(*)%$ S >2$ $�(*)21���)%,-,/.0)213,4& .
A



A(b) =
⋂

t≥0

ϕ(t, θ−tb)Â(θ−tb) b ∈ B ,

EKAJ1*&=;B, )?EO; I C�EO;�,  UI EO; I3. ,%E/)%$ @8)?;UE ��& $ C
M

�
	�. & &�� �ªÙB� � kbsx�&ulsx��Ø�� 5 O<v9s�kNr_¡&swilkbs$s���mon|i}s]gb~xs��&�Kilkbs$�>�o�&{Nr&�����jpF�b�o��{Nr&~�« r�iyi}ulr&~]ilmogb��m�gbsxu|i}mor&�
�°r�gbm����&�o�

M
nlr�i}m�ny�¸��m�gb� � 5 � ��Ù9�®~x�>gbn|i}uy�b~]ilmo�>g�i}kFsxulsqm�n¤r K > 0

vDm�i}k |M(b)| ≤ K
���&u¥r&���

b ∈ B
�

ºËs�i
Â
{£s�r<~x�&��pbr&~]ix F���>uyv�r&uy� m�gd¡�r&ulmor&gdi_ b�&�o�>{br&�o���ZpF�b�o��{Nr&~�«Zr&{bnl�&ul{bm�gb��nls�iqvDkbmo~�k m�n�i}sx��p£sxuysx�

��ul�>��r&{£�¨¡>s�� � kbs]�>uls]�*Ø�� 5 A°m���pF�om�sxn�i}kbs�s���mon|i}s]gb~xs<�&�fi}kbs��>���>{Nr&�Ëpb�b����{Nr&~�«
r�ililu}r&~�i}�>u
A
vDkbm�~�k

mon°r&��nl�3i}sx��p£sxuysx� ��uy�>� r�{t�¨¡>s��·Ó�kb���>nymogb��r
T ′ > T

ny�b~�k ilkNr�i |A(θ−tb)| ≤ e
η

4
t ���>u t ≥ T ′� Ó��>uy�>�o�or&u|� Ø��@A � r&gb� �bnlm�gb��i}kbs$m�gd¡&r�ulmor&gb~xsw�&� A

 F��ul�&� � 5 � v�sw�>s]iD���>u t ≥ T ′

d(A(b)|M(b)) = d(ϕ(t, θ−tb)A(θ−tb)|M(b)) ≤ e−
η

2
t(e

η

4
t +K) .

��mogF~xs�i}kbm�nqs���pbuysxnynlm��>g
ilsxgb�bn�il�
0
���>u

t→ ∞ v�s��&{Fi�r&m�g
d(A(b)|M(b)) = 0

r&gb�z~]�>gb~x���b�bs�ilkNr�i
A(b) ⊂ M(b)

���>uDr��o�
b ∈ B

�
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� � �?���6���L�?�E��� �?��� ����� �*��������� ���
�������������

����� ���,�
	 � * �!* &  �B � /  &�$�	
� ".���

ºËs�i
(X, ‖ · ‖X)

{£s<rZÙ�r�gNr&~�k3nlpNr�~xs&� � kbs®nl�>���Fi}m��>gbn����BrZgb�>gNr&��i}�>gb�&���&�bn�s]¡&�>���Fi}m��>g3sx���Nr�ilmo�&g
vDmo���Ëgb�&iD�>s]gbsxulr�i}swr<nls]��m±�³²b�´v�{b�FiSr�ihv����³pNr&ulr&��s]i}s]uSnysx��m±�³²N�¨v$�
0z¼ ÎKÂfÈ¸\´È ¿ Â ��c'1 2�� ¾�¿ �lÃf`F^"` Ç�¼ \ ¼ ^L6 ¼�Ç È ���qÍ ¿�¾ 8¨c¤µ , ��& � SY)%.0)?@ I3,�I3. AHIG@�E � 	X&��

µ
�&g

X
m�nªr

~x�>gdi}m�g��b�>�bnS��r&pbpbm�gb�

{(t, s, x) ∈ R × R × X : t ≥ s} 3 (t, s, x) 7→ µ(t, s, x) ∈ X

vDkbmo~�k¹n}r�ilmon|¶Nsxn
� m � µ(s, s, ·) = idX

���>u
s ∈ R #

� m�m � i}kFs$ihv9���³pNr&u}r���s�i}s]u�nysx��m±�³²N�¨v@pbuy�>p£sxuyih�����>u t ≥ τ ≥ s
 
x ∈ X

 Nm � s&�

µ(t, τ, µ(τ, s, x)) = µ(t, s, x) .

� kbs�gFs���i��os]����r�s���pb�or&mogFnSkb�¨v�r<ihv9���³pNr&u}r���s�i}s]u�nysx��m±�³²N�¨v@�bs�¶Ngbs]nªr&g GªÕN�t�
�B¼�Ç¦Ç ` ��coÏ 2�� ¾®¿ �}ÃÁ`b^´` Ç�¼ \ ¼ ^ 6 ¼�Ç È ���qÍ ¿�¾ À ¼ ÎKÂ ¼ [ 4 0 698¨c0� > S SB&HAHI6,  Y)%,

µ
EKA�)
, ��& �SY)%.C)?@ I3,JI3. AHIG@�E � 	 &�� � 	  UIG;

ϕ : R≥0 × B × X → X



ϕ(t, b)x = µ(t+ b, b, x)
� Ú �

EKA�)?; � � � � E ,  �(*)=AHI
B = R

)?; C7C%.MEONHEO;T"PAGDHA3,JIG@
θ : R × B → B




θ(t)b = t+ b .

� & . I*&=N?I3. 
���& .
t ≥ s

)?; C
x ∈ X

,  UI�. I3$�)%,%E�&=;
µ(t, s, x) = ϕ(t− s, s)x

 B& $ C=A �
	�. & &�� �

θ
mon�r<�F��gNr&��m�~_r&�Ëny��n|i}sx�z� ��s$kNr_¡&s

ϕ(0, b) = µ(b, b, ·) = idX .

��s$�bnyswilkbs�ihv����³pNr&ulr&��s]i}s]uDnlsx��m±�³²N�¨v@pFul�>p£sxu|ih�j�&�
µ
i}���>{Fi}r&mogj���>u

t, s ≥ 0
 
b ∈ B

ϕ(t+ s, b) = µ(t+ s+ b, b, ·)
= µ(t+ s+ b, s + b, µ(s+ b, b, ·))
= ϕ(t, θsb) ◦ ϕ(s, b) ,

pbul�¨¡�mogF�zilkbs�~]��~���~]�os<pFul�>p£sxu|ih�¹�&�
ϕ
� � kbs�~]�>gdi}m�g��Fm�ih�2���

µ
m���pb�om�sxn�ilkbs�~]�>gdi}m�g��Fm�ih�2���

(t, x) 7→
ϕ(t, b)x

� GS�¨v·ny�b{bn|i}m�i}�Fils
t
{d�

t− s r&gF� b {�� s m�g � Ú � i}��nls]s�ilkNr�i µ(t, s, x) = ϕ(t− s, s)x �

Ø&Ô



�®Ä ¼�¿ ^ ¼�Ç ��c
� 2��]Â ¼ ^¨\´È�`NÍ Æ `bÂfÈ �³¿ ÍÉÀ �³¿ ^!� ¾�¿ �lÃf`F^"` Ç�¼ \ ¼ ^ 6 ¼�Ç È ���qÍ ¿�¾ 8_c1� >HS SB&HAHIJ,  Y)%,
µEKA ) , ��& � SY)%.C)?@ I3,JI3.�AHIG@�E � 	 &�� &=;

X
)?; C $KI3,

(πi(τ))τ∈R ⊂ L(X)


i = 1, 2


�(GI , ��& � )?@�E $ E)ITAJ&��
1*&=@ S $KIG@ IG;B, )%.MD S . &��HI*13,4& . A

π1(τ)
)?; C

π2(τ)
� � I3,

µ
A�)%,'EKA �MD8,  UI

• ~x�>gFs
m�gd¡&r�ulmor&gb~xs pbuy�>pts]uyih� 
 E �%I � ,  UI3. I�)%. I
L > 0

)?; C
T0 ≥ 0

AG>B1� V,  Y)%, ��& .
τ ∈ R

)?; C
x, y ∈ X




x− y ∈ CL(τ) := {ξ : ‖π2(τ)ξ‖X ≤ L‖π1(τ)ξ‖X}EO@ S $ E)ITA
µ(t, τ, x) − µ(t, τ, y) ∈ CL(t)

��& .
t ≥ τ + T0 ;

• ny���bsxs]¢xm�gb�
pFul�>p£sxu|ih� 
 E �%I � ,  UI3. I�I%$ EKA3, SB&HAGE ,'EON?I81*&=; A3,�)?;B, A
K1



K2

)?; C
η
AG> 1� �,  Y)%, ��& .�IGN?I3.MD

τ ∈ R


x, y ∈ X

)?; C
T > 0

,  UI�E%C IG;B,%E ,'D
π1(τ + T )µ(τ + T, τ, x) = π1(τ + T )µ(τ + T, τ, y)

EO@ S $ E)ITA ��& . )%$ $
x′ ∈ X

� E ,  
π1(τ)x

′ = π1(τ)x
)?; C

x′ − y ∈ CL(τ)
,  UI�ITA3,%EO@8)%,�ITA

‖πi(t) [µ(t, τ, x) − µ(t, τ, y)] ‖X ≤ Kie
−η(t−τ)‖π2(τ) [x− x′] ‖X , i = 1, 2,��& .

t ∈ [τ, τ + T ] �

• {£�>�bgb�Fsx�bgbs]nln�pbul�&pts]uyih� 
�E �%I � ��& . )%$ $
t, τ ∈ R

� E ,  
t ≥ τ

)?; C )%$ $
M1 ≥ 0

,  UI3. I I%$ EKA3,OAR)
M2 ≥ 0

AG>B1� 6,  Y)%,���& .
x ∈ X

� E ,  ‖π2(τ)x‖X ≤M1

,  UI�ITA3,%EO@8)%,�I

‖π2(t)µ(t, τ, x)‖X ≤M2 B& $ C=A �
• ~x��sxuy~xm�¡�m�ih�jpFul�>p£sxu|ih� 
+E �%I � ��& .�)%$ $

t, τ ∈ R
� E ,  

t ≥ τ
)?; C )%$ $

M3 ≥ 0
,  UI3. I I%$ EKA3,OA )

M4 ≥ 0AG> 1� R,  Y)%, ��& .
x ∈ X

� E ,  ‖π1(τ)x‖X ≥M4

,  UI ITA3,%EO@8)%,JI

‖π1(t)µ(t, τ, x)‖X ≥M3 B& $ C=A �
	  UIG; ,  UI3. I�I%$ EKA3,OA�)?;�EO; I3. ,'E/)%$ @8)?;UE ��& $ C

M = (M(τ))τ∈R

&��
µ

� E ,  R,  UI ��& $ $'&�� EO;T"�S . &TSUI3. ,'E)ITA�

� E �

M(τ)
EKA�) "	.C)GS� �EO;

π1(τ)X ⊕ π2(τ)X



M(τ) = {x1 +m(τ, x1) : x1 ∈ π2(τ)X}� E ,  �) @8)GS S EO;T"
m(τ, ·) = m(τ) : π1(τ)X → π2(τ)X

�  E�1� 
EKA�"	$'&%(*)%$ $ D��9E SUA 1� E , ! 1*&=;B,'EO;U>B&=> A

‖m(τ, x1) −m(τ, y1)‖X ≤ L‖x1 − y1‖X .

� EOE �
M

EKA I%$!SB&=; IG;B,%E/)%$ $ D )%,-,/.0)213,'EO;T"�
+@ & . IRS . I*1GEKAHI3$ D

‖πi(t)[µ(t, τ, x) − µ(t, τ, x′)]‖X ≤ Kie
−η(t−τ)‖π2(τ)x−m(τ, π1(τ)x)‖X��& .

t ≥ τ


i = 1, 2


 � E ,  )?;
)=AGD,@ S , & ,%E�1 S� Y)=AHI
x′ = x′(τ, x) ∈ M(τ)

&��
x

)?; C ,  UI81*&=; A3,�)?;B, A
K1, K2 > 0

� . &=@ ,  UI�A�� >UITI ! EO;T" S . &TSUI3.3,%D �  E�1� )%. I�EO; C IJSUIG; C IG;B,�&��
τ

)?; C
x
�

	�. & &�� �ªÙB�jº�sx����r°Ñ�� Ø� �i}kbs�ihv9���hpbr&u}r&��s�i}sxuDnysx��m��á²N�¨v
µ
�Fs]¶Ngbs]nªr�g GSÕU�

ϕ
vDm�ilk
{Nr�nls

B = Rr&gb�¦�buym�¡�m�gb�2ny��n|i}sx�
θ : R × B → B

vDm�ilk
θ(t)τ = t + τ

 
τ = b ∈ B

��G��¨v � kFsx�>uysx� ÑF�âÑ
���>�o���¨vDn���uy�>� � kFsx�>uysx��Ø�� 5 OF�
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���'� �!� ( *#"$�%� (&� &'�("+.���� � "�"$�U$�� (���� "+*$�U$.� ( .

ºËs�i
X ⊆ Y

{tsqÙ�r&gNr&~�k�nlpbr&~xs]nBs]���bmopFpts]��vDm�i}k�gb�>uy��n ‖·‖X

  ‖·‖Y

 �r&gb�<��s]i
(A(t))t∈R

{ts�rª� r&��mo���
�&�q�bs]gbnls]���,�bs�¶Ngbsx���om�gbs_r�u��>p£sxulr�i}�&uln

A(t)
�>g

Y
vDm�i}k��F�>��r&mog

D(A(t))
mog

Y
� ��s�~x�&gbnlm��bsxu®r

gb�>gNr&��i}�>gb�&���&�bnDs]¡>�&�o�Filmo�&g¹sx���Nr"i}m��>g

ẋ + A(t)x = f(t, x)
� A �

vDkbmo~�k¹n}r�ilmon|¶NsxnDi}kbs����>�����´vDm�gb�°r&nlny�b��pFi}m��>gbn �
� µ 5 � �9EO; IC)%.ME ,%D

A(t)



• � ��mon|i}s]gb~xs��&�Ks�¡>�>���Filmo�>g �>p£sxulr�i}�>uq���filkbs$�om�gbs_r�u�n|��nyi}s]�6��W�gb�bsxu�nl�Fm�i}r&{b��s�r��b�bm�i}m��>gNr&�Ër&nynl�b��p��
i}m��>gbn��>g

X
 
Y
 
A
r�gb�

f
� nysxsj���>u�s��Fr&��pb��s
5 <Ss]gBA 5  ¥Õ��w§�7dØ� ¤º��bgB7>Ö 9 �  9v9sz�°r_� �bs�¶Ngbszi}kbss]¡>�&�o�Filmo�&g¹�>p£sxulr�i}�>u

Φ : {(t, s) ∈ R
2 : t ≥ s} → L(Y,Y)

�&�Ái}kbs$��mogFs_r&uDsx���Nr"i}m��>g

ẋ + A(t)x = 0
� 7 �

mog
Y
r&nqi}kFswny�>���Fi}m��>g �&�

d

dt
Φ(t, s) + A(t)Φ(t, s) = 0

���>u
t > s, s ∈ R

r&gb�
Φ(τ, τ) = idY

���>u
τ ∈ R .

• � kbsxuys3r&uls
~x�>gbn|i�r&gdiln
k0, . . . , k4 ≥ 1

 
β2 > β1

 
α ∈ [0, 1[

 Dr¦���&gb�&i}�&gb�>�bny��� �bsx~]ulsxr&nlm�gb�
���bgb~]ilmo�&g

ψ ∈ C(R>0,R>0)
vDm�ilk

ψ(t) ≤ k0t
−α  �r&gb�­r�� r���m���� π1 = (π1(t))t∈R

���$�om�gbs_r�ux 
mogd¡�r&ulmor&gdiSpbul�P�|s]~]il�>uln

π1(t) : Y → Y
 NmÉ� s&�

π1(t)Φ(t, s) = Φ(t, s)π1(s)
���>u

t ≥ s,

nl�b~�k i}kNr�i
Φ(t, s)π1(s)

~_r&g {ts$s���ilsxgb�Fsx�
il��r���mogFs_r&u] N{t�>�Fgb�bsx� �>p£sxulr�i}�>u����&u
t ∈ R

vDm�ilk

d

dt
Φ(t, s)π1(s) + A(t)Φ(t, s)π1(s) = 0

���>u
t, s ∈ R

r&gb�
‖Φ(t, s)π1(s)‖L(X,X) ≤ k1e

−β1(t−s) ���>u
t ≤ s ,

‖Φ(t, s)π2(s)‖L(X,X) ≤ k2e
−β2(t−s) ���>u

t ≥ s ,

‖Φ(t, s)π1(s)‖L(Y,X) ≤ k3e
−β1(t−s)

���>u
t ≤ s ,

‖Φ(t, s)π2(s)‖L(Y,X) ≤ k4ψ(t− s)e−β2(t−s) ���>u
t > s

� 5 Ô �

vDm�ilk
π2

 
π2(t) = idY − π1(t)

 br&nqi}kbs$~x�&��pF�os]��s]gdi�r&u|�
pFul�P�|s]~]i}�&uDil�
π1

m�g
Y
�

Ø>Ø



� µ�Ø � ��&=;B$ EO; IC)%.ME ,'D
f(t, x)


 � kbs9gF�>gb��mogbsxr&uË���bgb~]ilmo�&g
f ∈ C(R×X,Y)

monfr&nynl�b��sx��i}��{ts¤�>���>{Nr&�����
{t�>�Fgb�bsx�¹r&gb�ji}��n}r"i}m�ny�¸�ZilkbswºËm�pbny~�kbm�il¢�m�gbs]���br&�om�ih�

‖πi(t)[f(t, x) − f(t, y)]‖Y ≤ γi(‖π1(t)[x− y]‖X, ‖π2(t)[x− y]‖X)
� 5 5 �

���>uDr&���
t ∈ R

 
x, y ∈ X

 bvDkbs]uls
γi

r&uls�ny�bm�i}r&{b��s�gF�>ul��nD�>g
R

2 �
� µ�Ñ � � $ EKA3,JIG; 1TIJ&���@�E $ CPA & $ >2,%E�&=; A�
���swkNr_¡>s�ilkbsws���mon|i}s]gb~xs<r�gb�¹�bgFmo���bs]gbsxnyn��&�Kilkbs���m��o�
nl�>�����
i}m��>gbn

µ(·, τ, ξ) ∈ C([τ,∞[,X)�&� � A � vDm�ilk m�gbm�i}mor&�q~x�&gb�bm�i}m��>g x(τ) = ξ ∈ X
 �m �ës��B��s]i

µ
{£sji}kbsz~]�>gdi}m�g��F�>�bn�ny�>���Fi}m��>g7�&�Silkbs

mogdi}s]�>u}r���sx���Nr�ilmo�>g

x(t) = Φ(t, τ)ξ +

∫ t

τ

Φ(t, r)f(τ, x(r)) dr
���>u

t ≥ τ .

� kbsxnys�v9sxuls$i}kFs�r�nlnl�F��p�i}m��>gbnx�
� IG@8)%.��©ÑF� Ò��9Ó��&gb�bm�i}m��>gbnª��m�«&s��>�Fuªr&nynl�b��pFilmo�&gbn�~_r�g¹{£s����>�bgF�¹m�g¹i}kbsw��m�ilsxu}r"i}�buys�r&gb� i}kbs��
r&uls
nyi�r�gb�Nr&uy�w���>u��&ul�bm�gNr&u|���bm��Ps]ulsxgdilm�r&�ds]���Nr�i}m��>gbnfr&gb�����>u�ilmo��s��hm�gb�bsxp£sxgF�bsxgdifs]¡>�&�o�Filmo�&g®sx���Nr"i}m��>gbnËmog
i}kbsSgb�>g��³nlsx��� r&�P�|�&mogdi�~xr&nls� FnysxsS���&u9s��br���pF�osJ5 � sx�87dÚ 9É� FN�>u¤~x�>gb~]uls�i}sªs��Fr&��pb�os]nq�&��ilkbsSuys_r&��m�¢_r�ilmo�>g
�&�9ilkbsxnys�r&nlny�b��pFi}m��>gbn�v9s�uys]��s]u�i}� ��sx~���Òb PvDkbs]uls<v9s�vDm����¤r&pbpb���©�>�Fu����>�o���¨vDmogF� � kFsx�>uysx��ÑF� 5 Ô
�>g ilkbs$s���m�nyi}s]gb~xs��&�fmogbs]uyilm�r&����r&gFm����>���bnDm�g ilkbsxnys�nypts]~xmor&��nlm�i}�Nr"i}m��>gbnx�

����� � � &��#*+�=$K. � ( ���+ �R�  #& .

ehg¯�>uy�bsxu<i}��r&pbpF��� � kbs]�>uls]� ÑF�ëÑF 9v9s
kbr¨¡&s il��nykb�¨v�i}kFs
~]�>gbs mogd¡�r&ulmor&gb~]s
pFul�>p£sxu|ih�7r&gb� i}kbs
nl���bsxs]¢xm�gb�Zpbuy�>p£sxuyih�����>u�i}kbs�ihv9���hpbr&u}r&��s�i}sxu�nls]��m��á²N�¨v

µ
vDm�i}k ulsxnypts]~]i�i}�<i}kFswpFul�P�|s]~]i}�&u

π1

�
FH�&u�¶F��sx�

r1, r2 ≥ 0
r&gF�

T ≥ 0
 Fv�sw�bs�¶Ngbs

(Λ1w)(t) := k3

∫ T

t

e
−β1(t−r)
1 γ1(w(r)) dr ,

(Λ2w)(t) := k4

∫ t

0

ψ(t− r)e−β2(t−r)γ2(w(r)) dr + k2e
−β2tLw1(0)

r&gb�
q(t) :=

(

k1e
−β1(t−T )r1, k2e

−β2tr2
)

���>u
t ∈ [0, T ]

r&gb�
w ∈ C([0, T ],R2)

� � kbsxg
q ∈ C([0, T ],R2

≥0)
�
Ù�sx~xr&�bnysj�&�

ψ(t) ≤ k0t
−αvDm�ilk

α ∈ [0, 1[
 
Λ
mon®r¹r&g¦���>n|i®v9s_r&«�����nymogF�>�b�or&u®m�gdi}sx�&u}r&�B�>p£sxu}r"i}�>u$��ul�>�

C([0, T ],R2)
mogdil�

C([0, T ],R2)
�B§
�>uls]�¨¡>sxu] 

Λ
monD~]�>��pb�os�i}s]���z~]�>gdi}m�g��F�>�bnx�

Ø&Ñ



�B¼�Ç¦Ç ` ��c ��c � ATAG> @ I ,  UI3.TIU)%. I
L > 0

)?; C
T0 ≥ 0

AG>B1� ,  Y)%, ��& .�IC)21� 
T ≥ T0

,  UI EO; I�� > )%$ E ,%D

v2(T ) ≤ Lr1
� 5 Ø �

 B& $ C=A ��& .�IC)21� 7A & $ >:,%E�&=;
v ∈ C([0, T ],R2

≥0)
&��

vi(t) ≤ (Λv)i (t) + qi(t)
��& .

i = 1, 2, t ∈ [0, T ]
� 5 Ñ �

� E ,  
r1 ≥ 0



r2 = 1

� 	  UIG;
µ
SB&HATAHITATAHITAU,  UI 1*&=; I EO;UN )%.ME/)?; 1TIRS . &TSUI3. ,'D � E ,  . ITAJSUI*13,!, &

π
� E ,  

,  UI SY)%.0)?@ I3,JI3.TA
L > 0

)?; C
T0 ≥ 0

�
	�. & &�� � � kFsw~]�>gbs$m�g�¡�r&uym�r�gb~xswpbul�&pts]uyih�jm�nDnlkb�¨vDg¹m��

‖π2(t)[µ(t, τ, x) − µ(t, τ, y)]‖X ≤ L‖π1(t)[µ(t, τ, x) − µ(t, τ, y)]‖X

� 5 Ò �
���>uqs_r&~�k

τ ∈ R
 
t ≥ τ + T0

r&gF�
x, y ∈ X

vDm�i}k

‖π2(τ)[x− y]‖X ≤ L‖π1(τ)[x− y]‖X .
� 5 Ö �

ºËs�i
τ ∈ R

 
T > 0

r�gb�
x, y ∈ X

vDm�i}k � 5 Ö � {ts�¶F��s]�¹r&gF�
��s]i

λ(t) := µ(t, τ, x) − µ(t, τ, y) , f∆(t) := f(t, µ(t, τ, x)) − f(t, µ(t, τ, y))

�>g
[τ, τ + T ]

� � kbsxgzv�swkNr_¡>s

π1(t)λ(t) = Φ(t, τ + T )π1(τ + T )λ(τ + T ) +

∫ t

τ+T

Φ(t, r)π1(r)f∆(r) dr

r&gb�
π2(t)λ(t) = Φ(t, τ)π2(τ)[x− y] +

∫ t

τ

Φ(t, r)π2(r)f∆(r) dr

�>g
[τ, τ + T ]

�BºËs�i
v : [0, T ] → R

2
≥0

{£s$�bs]¶bgbsx� {d�

v(t) = (‖π1(τ + t)λ(τ + t)‖X, ‖π2(τ + t)λ(τ + t)]‖X) .
� 5 O �

� kbsxg

v1(t) ≤ ‖Φ(τ + t, τ + T )π1(τ + T )λ(τ + T )‖X

+

∫ T

t

‖Φ(τ + t, τ + r)π1(τ + r)∆f(τ + r)‖X dr

≤ ‖Φ(τ + t, τ + T )π1(τ + T )‖L(X,X)‖π1(τ + T )λ(τ + T )‖X

+

∫ T

t

‖Φ(τ + t, τ + r)π1(τ + r)‖L(Y,X)‖π1(τ + r)∆f(τ + r)‖Y dr

Ø�Ò



r&gb�

v2(t) ≤ ‖Φ(τ + t, τ)π2(τ)λ(τ)‖X

+

∫ t

0

‖Φ(τ + t, τ + r)π2(τ + r)∆f(τ + r)‖X dr

≤ ‖Φ(τ + t, τ)π2(τ)‖L(X,X)‖π2(τ)λ(τ)‖X

+

∫ t

0

‖Φ(τ + t, τ + r)π2(τ + r)‖L(Y,X)‖π2(τ + r)∆f(τ + r)‖Y dr .

� kbsDs���pt�&gbsxgdi}mor&�H�bm�~�kb�&il�>����r�gb��ºËm�pbny~�kbm�il¢ªr�nlnl�F��p�i}m��>gbn � 5 Ô �   � 5
5 � r&gb��m�gbsx���Nr��om�ih� � 5 Ö � mo��pb���i}kNr�iDilkbs����bgb~]ilmo�&g
v
�Fs]¶Ngbs]�¹{d� � 5 O � n}r"i}m�ny¶Ns]n � 5 Ñ � vDm�i}k

r1 := ‖π1(τ)[µ(τ + T, τ, x) − µ(τ + T, τ, y)]‖X , r2 := 0 .

Ù9�ji}kbswr&nynl�b��pFilmo�&gbn�v9s$kNr_¡>s � 5 Ö �  bm �ës�� � 5 Ò � kb�>���bnx�
�B¼�Ç¦Ç ` ��c ��c � ATAG> @ I�,  UI3. I�)%.TI SB&HAGE ,'EON?I ;U> @8(GI3. A

L


η


K1



K2

AG>B1� 6,  Y)%,

vi(t) ≤ Kie
−ηtr2

��& .
t ∈ [0, T ]

� 5 Ú �
 B& $ C=A ��& .�IC)21� 

T > 0
)?; C IC)21� �A & $ >2,'E�&=;

v ∈ C([0, T ],R2
≥0)

&�� � 5 Ñ � � E ,  
r1 = 0



r2 ≥ 0

�
	  UIG;

µ
SB&HATAHITATAHITAJ,  UI�A�� >UITI ! EO;T"PS . &TSUI3. ,'D � E ,  ?.TITAJSUI*13, , &

π
� E ,  ,  UI�SY)%.C)?@ I3,JI3. A

L


η


K1




K2

�
	�. & &�� � � kFs�ny���bsxs]¢xm�gb�¹pbuy�>p£sxuyih�©mon$nlkF�´vDg�m��Bv9s�¶bgb�

η > 0
r&gb�3~x�&gbnyi}r&gdi}n

K1, K2 > 0
nl�b~�k

i}kNr�iD���>uDr��o�
τ ∈ R

 
x, y ∈ X

r�gb�
T > 0

ilkbs$mo�bs]gdi}m�ih�

π1(τ + T )µ(τ + T, τ, x) = π1(τ + T )µ(τ + T, τ, y)
� 5 A �

mo��pb��mos]nS���>uDr��o�
x′ ∈ X

vDm�ilk

π1(τ)x
′ = π1(τ)x

r&gb� ‖π2(τ)[x
′ − y]‖X ≤ L‖π1(τ)[x

′ − y]‖X

� 5 7 �
i}kbs$sxn|i}m���r�i}s]n

‖πi(t)[µ(t, τ, x) − µ(t, τ, y)]‖X ≤ Kie
−η(t−τ)‖π2(τ)[x− x′]‖X

� Ø&Ô �
���>u

i = 1, 2
r&gb�

t ∈ [τ, τ + T ]
�

µªn$mog2ilkbs<pbul���&�B�&�9º�sx����rzÑF� ÖZ��s]i
τ ∈ R

 
T > 0

r�gb�
x, y, x′ ∈ X

vDm�ilk � 5 A �   � 5 7 � {ts�¶��Fs]�r&gb� �os�i

λ(t) := µ(t, τ, x) − µ(t, τ, y) , f∆(t) := f(t, µ(t, τ, x)) − f(t, µ(t, τ, y))

Ø>Ö



�>g
[τ, τ + T ]

� � kbsxgzv�swkNr_¡>s

π1(t)λ(t) = Φ(t, τ + T )π1(τ + T )λ(τ + T ) +

∫ t

τ+T

Φ(t, r)π1(r)f∆(r) dr

=

∫ t

τ+T

Φ(t, r)π1(r)f∆(r) dr

r&gb�
π2(t)λ(t) = Φ(t, τ)π2(τ)[x

′ − y] + Φ(t, τ)π2(τ)[x− x′]

+

∫ t

τ

Φ(t, r)π2(r)f∆(r) dr

�>g
[τ, τ + T ]

� ��m���m��or&u�i}��ilkbs�pbuy�����Ë�&�Áº�sx����r<ÑF� Ö� �i}kFs�s���p£�>gbsxgdilm�r&�P�bmo~�kF�&i}�>�w�jr&gF�zºËm�pbny~�kbm�il¢
r&nlny�b��pFi}m��>gbn � 5 Ô �   � 5
5 � r&gb��m�gbsx���Nr&��m�ih� � 5 7 � mo��pb����i}kbr�i¥i}kbsq���bgF~]i}m��>g v : [0, T ] → R

2
≥0

�bs�¶Ngbs]�
{�� � 5 O � nlr�i}m�ny¶Ns]n � 5 Ñ � vDm�i}k

r1 := 0 , r2 := ‖π2(τ)[x
′ − x]‖X .

Ù9� r&nlny�b��pFi}m��>gzv�swkNr_¡>s � 5 Ú �  bm � s&� � Ø�Ô � kb�>���bnx�

� �Ssxnyilmo��r�ilsBilkbsBnl�>���Fi}m��>gbn
v
�&� � 5 Ñ �  "v9sB�°r�«&s9r&g®s��F~]�bulnys9il��ilkbsBilkbsx�&uy�$�&�F���&gb�&i}�&gbs¤m�ilsxu}r"i}m��>gbnmog �>ul�Fsxuls]�¹Ù�r&gNr&~�k
nlpNr&~]sxn] £nysxs����>uqs��br���pF�os 5 �$ºL�YA	7 9á�

ºËs�i
B
{£s�rzÙ�r&gNr�~�k,nypNr&~]s°r�gb����s]i

C
{ts�r�g,�&ul�bs]u�~x�>gbs�m�g

B
� � kbs��>uy�bsxu�~]�>gbs

C
m�gb�b�b~]sxn�r

nlsx��m±�h�>uy�bsxu ≤C

m�g
B
{d�

u ≤C w :⇐⇒ w − u ∈ C .
� kbsqgb�>uy� m�g

B
mon¥~xr&���os]� AHIG@�E � @ &=; & ,4&=; I�m��Nilkbsxuysqmon�r�~x�>gbn|i�r&gdi

c
vDm�ilk ‖x‖B ≤ c‖y‖B

���&u�s_r&~�k
x, y ∈ B

vDm�ilk
0 ≤C x ≤C y

� � kbs�~x�>gbs
C
m�n�~_r&���os]�¹gb�&ul��r&��m��Ki}kFs�gb�&ul��m�g¹m�nSnysx��m±�h���>gb�&il�>gbs� 

r&gb�
C
monD~xr&�o��sx� nl�&�om��
m��

C
~x�>gdi}r&mogFnªr&gz�>p£sxg {Nr&���PvDm�i}k
pt�>nym�ilm�¡&s$u}r&�bm��bn]�

GS�&ils$ilkNr�i
C([0, T ],RN

≥0)
mon�r�gb�>uy�°r��É bny�>��mo� ~x�>gFswm�g

C([0, T ],RN)
�

ehg¹r�Ù�r&gNr�~�k
nypNr&~xs
B
vDm�ilk
gF�>ul��r&�Ër&gF� ny�>��mo� ~x�>gFs

C
 bv9s�n|i}�b���Zi}kbs�¶F��s]���hp£�>m�g�iSpbuy�>{b��sx�

u = Pu+ p
� Ø 5 �

vDm�ilk
p ∈ B

r&gF�
P : B → B

� ��swr&nlny�b��swilkNr�i
P
monD~x�&��pF�os�i}sx��� ~x�>gdilmog��b�>�Fnx HmogF~xulsxr&nlm�gb�b 

Pu ≤C Pv
m��
u ≤C v ,

nl�b{Nr��b�bm�i}m�¡>s& 
P (u+ v) ≤C Pu+ Pv , u, v ∈ C ,r&gb� kb�>���>�>s]gbsx�>�Fn�vDm�i}k uls]nlp£sx~]i�i}��gb�&gbgbsx�>r�i}m�¡>s$� r&~]il�>uln] 
P (λu) = λPu λ ∈ R≥0 , u ∈ C .

Ø%O



0z¼ ÎKÂfÈ¸\´È ¿ Â ��c��tc¤µ����bgF~]i}m��>g
w ∈ B

mon�~_r&���os]��>HS SUI3. � $'&�� I3. � A & $ >2,%E�&=;
�&� � Ø 5 � m�� Pw+ p ≤C w�
w ≤C Pw + p � �
���FuB�&�dr&�Fm�n¥i}�$sxgFnl�buys�ilkbsqs���m�nyi}s]gb~xsS�&�Pr$�Fgbmo���bsDny�>�o��i}m��>g

w ∈ C
�&� � Ø 5 � r&gb�<i}�$sxn|i}m���r�i}sD���´v9sxunl�>���Fi}m��>gbn

v ∈ C
�&� � Ø 5 � {d�jnl�>���Filmo�>gFnS�>uq�Fpbpts]uDnl�>���Fi}m��>gbn��&� � Ø 5 � �

FH�&u
x, y ∈ B

vDm�i}k
x ≤C y

 Fv9s$�bsxgF�&i}sw{d�

[x, y]C := {z ∈ B : x ≤C z ≤C≤ y}
i}kbs$�>uy�bsxuDm�g�ilsxu|¡&r����>m�¡&sxg
{��

x
r&gb�

y
�

�B¼�Ç¦Ç ` ��c���c � I3,
x0 ∈ C

)?; C
x0 ∈ C

(GI�)�$'&�� I3. )?; CJ)?;�>HS SUI3. A & $ >:,%E�&=;�&�� � Ø 5 � � E ,  
x0 ≤C≤

x0

� 	  UIG; ,  UI�AHI�� > IG; 1TITA
(xn)n∈N

)?; C
(xn)n∈N

� E ,  
xn+1 = Pxn + p

)?; C
xn+1 = Pxn + p1*&=;UN?I3.-" ITAU,4&�A & $ >2,'E�&=; A

x∗
)?; C

x∗
&�� � ��� � )?; C

x0 ≤C x∗ ≤C x∗ ≤C x0 .
� Ø>Ø �

	�. & &�� � ��s����>���o�¨v�ilkbs�pbuy���&�f�&� � kbsx�&ulsx��Ñ�� 5 m�g
5 � ºfÚ&Ö 9á�
Ù9��ilkbs�gF�>ul��r&��m�ih���&�qilkbs�~]�>gbs& �ilkbsxuys�m�n<r
~]�>gbn|i�r&gdi

c > 0
ny�b~�k i}kNr"i ‖w1‖B ≤ c‖w2‖B

���>u
r&�o�

w1, w2 ∈ C
n}r�ilmon|�¸��mogb�

w1 ≤C w2

��<SsxgF~xs& ti}kbs�nys]iln
[x0, x0]C ⊆ [0, x0]C

r&uys®gb�>uy��{t�>�Fgb�bsx�
{��

c‖x0‖B

r�gb�¯~]�o�>nysx����Ù�s]~_r&�Fnls©�&�Si}kbs
~x�>��pb��s]ils¹~]�>gdi}m�g��Fm�ih� �&�
P
 9ilkbsxuys¹m�nZr3~x�>gd¡&sxul�&sxgdi

nl�b{bnysx���bs]gb~xs (
xnk

)

k∈N

�&�
(xn)n∈N

m�g
[x0, x0]C

vDm�ilk ��mo��m�i
x∗ ∈ [x0, x0]C

�V���bpFpt�>nys
(xn)n∈Nmon�gb�&i�~]�>gd¡>s]ul�>s]g�i�i}�

x∗
� � kbsxg i}kFsxuls r&uys

δ > 0
r&gF� r2ny�b{bnls]���bsxgb~]s (

xmk

)

k∈N

�&�
(xn)n∈Nn}r�ilmon|�¸��m�gb�

‖xmk
− x∗‖B > δ , xmk

≤C x∗ , xnk
≤C xmk

���&u
k ∈ N .Ù9�ji}kbs$gb�&ul��r&��m�ih�j���filkbs$~x�>gbs� bv�swkNr_¡>s

‖x∗ − xmk
‖B ≤C c‖x∗ − xnk

‖B → 0

���>u
k → ∞ r&gb� r�~]�>gdi}ulr&�bm�~]i}m��>g monDuys_r&~�kbs]��� � k��Fnx 

(xn)n∈N

m�n�~]�>gd¡>s]ul�>s]g�i�i}�
x∗
�

µªgNr&���>�>�&�bnl���> H�>gbs�~xr&g nlkb�¨v�ilkbs$~x�>gd¡>s]ul�>s]nª�&�
(xn)n∈N

�
Ù9�z~x�>gFnyi}uy�b~]ilmo�&g v9s�kbr¨¡&s

x0 ≤C x1 ≤C x2 ≤C · · · ≤C x∗ ≤C x∗ ≤C · · · ≤C x2 ≤C x1 ≤C x0 .

� kbsªm�gbsx���Nr��om�i}m�sxn
xn ≤C xn+1 = Pxn +p ≤C x∗

 di}kbs�~x�&g�¡&sxuy�>sxgb~]s
xn → x∗

r&gb��i}kbsD~]�>gdi}m�g��Fm�ih�
�&�
P
mo��pb���

x∗ ≤C Px∗ + p ≤C x∗ ,mÉ� s&�
x∗
mon�r<nl�>���Filmo�>g �&� � Ø 5 � �

��mo��m���r�ul���j���>�o���¨vDnqi}kNr�i
x∗
mon�r<nl�&�o�Filmo�&g
�&� � Ø 5 �  Fil���F�¤Ù9�j~x�&gbnyilul�b~�i}m��>g
v9s$kNr_¡>s � Ø>Ø � �

Ø>Ú



�B¼�Ç¦Ç ` ��c���c � ATAG> @ I�,  Y)%,!,  UI3. I�)%. I
y ∈ intC

)?; C
δ ∈ [0, 1[

� E ,  

Py ≤C δy .

	  UIG; ,  UI3. I EKA�) > ;UE � > I A & $ >:,%E�&=;
x∗

&�� � Ø 5 � EO; C
)?; C

x ≤C x∗ ≤C x
� Ø&Ñ �

 B& $ C=A ��& .�IC)21� 6$'&�� I3. A & $ >:,%E�&=;
x ∈ C

)?; C
IC)21� 
>HS SUI3.�A & $ >2,%E�&=;
x ∈ C

&�� � Ø 5 � �
	�. & &�� � FfmouynyiDv�s�gb�&ils$ilkNr�i�{d�zi}kbswgb�>uy�°r��om�ih� r&gb� nl�>��m��bm�ih� �&�

C
 b���>uDs_r&~�k

x ∈ C
i}kbs]ulswmon ‖x‖y�bs]¶NgFsx�¹{d�

‖x‖y := inf{µ ≥ 0 : −µy ≤C x ≤C µy} .
GS�¨v�v9swnykb�¨v�i}kbr�i

0
m�n�ilkbs��bgbm����bs�ny�>���Fi}m��>g �&�

x = Px
� Ø�Ò �

m�g
C
� ��mogb~]s

P
m�n$nl�b{Nr��b�bm�i}m�¡>s& Áv�s�kNr_¡&s

P0 = P (0 + 0) ≤C P0 + P0
r�gb�3kbsxgb~]s

0 ≤C P0
�

FHuy�>�
0 ≤C y

���>���o�¨vDn
0 ≤ P0 ≤C Py ≤C δy

 HmÉ� s&�
0 ≤C P0 ≤C δy

� � k��bn
0 ≤C P0 ≤C δ

ny
���&u

r&�o�
n ∈ N

�E<SsxgF~xs
0 = P0

��º�s]i
x ∈ C

{£s�rzny�>���Fi}m��>g3�&� � Ø�Ò � � � kbs]g
0 ≤C x ≤C µ(x)y

��ÙB�
i}kbs����&gb�&i}�&g�� r�gb�
kF�>���>�>sxgFsxm�ih�
���

P
v9s®kNr_¡&s

0 ≤C x ≤C ‖x‖yδ
ny
���>u�r&���

n ∈ N
r�gb�¹kbs]gb~xs

x = 0
� � kFsxuls����>uls� 

0
monqilkbs$�bgbm����Fs�ny�>�o��i}m��>g
��� � Ø�Ò � m�g C

�
Ù9�©i}kFs�ny�b{Nr&�F�bm�ilm�¡�m�ih�,�&�

P
r&gb�3{£sx~xr&�bnls��&�

p ∈ C
 
0
m�n�rj���¨v�s]uwny�>���Fi}m��>g,�&� � Ø 5 � ��§
�>uysx�¨¡>s]u

λy
vDm�ilk

λ ≥ ‖q‖y

1−δ

m�nDr&gZ�Fpbpts]u�nl�&�o�Filmo�&gj�&� � Ø 5 � �¤Ù9��º�sx����r<ÑF�IA� �i}kFs�s���m�nyi}s]gb~xs$�&�Ár"i���s_r&n|iq�>gbsnl�>���Fi}m��>g
x1 ∈ C

�&� � Ø 5 � ���>���o�¨vDnx�
µªnlny�b��s�i}kbs]uls�m�nqr&gb��i}kbs]u�nl�>���Filmo�>g

x2 ∈ C
��� � Ø 5 � �¥Ù9��ºËs]���°r<Ñ��IAF �v�sS¶Ngb�zr�nl�&�o�Filmo�&g x3 ∈ C�&� � Ø 5 � vDm�i}k 0 ≤C xi ≤C≤ x3 ≤C λy

���&u
i = 1, 2

vDm�i}k
λ ≥ max{‖x1‖y, ‖x2‖y,

‖q‖y

1−δ
} � <SsxgF~xs& vDm�ilkb�>�FiS�o�&nlnD�&�f�>sxgbs]u}r&��m�ih�jv�s$��r_�zr&nlny�b��swilkNr�i

0 ≤C x1 ≤C≤ x2

r&gF�
x1 6= x2

�
ºËs�i

w := x2 − x1

� � kbs]g
0 ≤C w

 
w 6= 0

 Nr�gb�� N{d�Zi}kFswny�b{Nr&�F�bm�ilm�¡�m�ih� �&�
P
 

w = Px2 − Px1 = P (x1 + w) − Px1 ≤C Px1 + Pw − Px1 = Pw .

� k��Fnx 
w
m�n®r �o�¨v9sxu�nl�>���Fi}m��>g��&� � Ø�Ò � �Q��mogF~xs

µ(w)y
mon�r&g��bpbp£sxu®ny�>���Fi}m��>g���� � Ø"Ò � r&gb� w ≤C

‖w‖yy
 �º�sx����rzÑF�@AjvDm�i}k

p = 0
mo��pb��mos]n�i}kbs<s��Fm�nyilsxgb~]s��&�9rZny�>�o��i}m��>g

v ∈ [w, y]C
�&� � Ø�Ò � ��µªnr&{t�¨¡&s°nykb�¨vDg� 

v = 0
mon�i}kFs��Fgbmo���bs�nl�&�o�Filmo�&g��&� � Ø�Ò � mog C

�8<SsxgF~xs
w = 0

m�g�~]�>gdi}u}r�nyi$i}�ji}kFs
r&nlny�b��pFi}m��>g

x1 6= x2

� � k��bn � Ø 5 � p£�>nynlsxnynls]n�r<�bgbm����bs�ny�>���Fi}m��>g x∗ ∈ C
�

GS�¨v���s]i
x ∈ C

 
x ∈ C

{ts r&uy{bm�i}u}r�uy�¦���¨v�s]u�r�gb� �Fpbpts]u�nl�>���Fi}m��>gbn��&� � Ø 5 � � Ù9�7º�sx����r,ÑF�IAr&gb�­{d�¬i}kbs2�Fgbmo���bs]gbsxnyn¹�&�$ilkbs2nl�>���Filmo�>g
x∗

�&� � Ø 5 �  Dv�s2kNr_¡&s x ≤C x∗ ≤C λy
vDm�ilk

λ ≥
max{‖x‖y, ‖x∗‖y,

‖q‖y

1−δ
} � ��g7ilkbsz�&i}kbs]u�kNr&gb�� BvDm�ilk7ilkbs �o�¨v9sxu�nl�>���Fi}m��>g 0

�&� � Ø 5 �  Bv9s kNr_¡>s
0 ≤C x∗ ≤C x

� � k��bn � Ø&Ñ � kb�>���bnx�

Ø%A



ehg��&ul�bs]u�i}� r�pbpb���·º�sx����r ÑF�@7�i}�¦�>�FuZnlm�i}�Nr"i}m��>g� Dv�s2~�kb���>nys
B = C([0, T ],R2)

r&gb�
C =

C([0, T ],R2
≥0)
� � kbs]g

C
mon�r©gF�>ul��r&� � � kbsj�&pts]u}r�il�>u

P = Λ
m�n<mogF~xulsxr&nlm�gb��r&gb� ~x�&��pF�os�i}sx���

~x�>gdi}m�g��b�>�bn] �r&gF�
p = q

{£sx���>gb�>nDi}�
C
�X���°v9s®�&gb���zkbr¨¡&s�il��¶NgF�2r����Fgb~]ilmo�>g

w∗ mog i}kbswmogdilsxulm��>u�&�
C
vDm�ilk

Λw∗ ≤C εw
∗ vDm�ilk
ny�>��s

ε ∈ [0, 1[ .
� Ø&Ö �

FH�Fuyi}kFsxuqv�sw~_r�g s]nyilmo��r�ilswilkbs$nl�>���Fi}m��>gbn
v
�&� � 5 Ñ � {d�jnl�>���Filmo�>gFn w̄ ∈ C

�&�

Λw̄ + q ≤C w̄ .
� ØPO �

����� ��(+ ���U$-* "�� * ( $���� "�� � �  �R�  #& ���R� � � (+* "$�%� (&� &'� " . ��� � " "$�U$.� (
� � " *$�U$�� (+.

GS�¨v�v9s�r�uls$mog
r<pt�&nlm�i}m��>gji}��pbul�¨¡>s�ilkbs����>�o���¨vDmogF��ilkbsx�>uysx�z�
�®Ä ¼�¿ ^ ¼�Ç ��c'1�Ð 2��]Â ¼ ^¨\´È�`NÍ Æ `bÂfÈ �³¿ ÍÉÀÁ[ �³¿ ^ 4 ¿ ÂÁ`bÊË\ ¿ Â Ç�¿ Êf[ � � ¿ Í ÊË\¨È ¿ Â � � ÊË`F\´È ¿ Âf[,8_c

� ; C I3.#,  UI�" IG; I3.C)%$=)=ATAG> @ S ,%E�&=; A�EO; � I*1 ��� � � 
K$KI3,
t∗ ≥ 0

(GI � $ I C � E ,  
ψ∗ := lim

t→t∗
ψ(t) <∞ , ψ(t) > ψ∗

��& .
t < t∗ .

� Ø>Ú �
� >2. ,  UI3.#$KI3,

k5 ≥ δ

∫ t∗

0

ψ(r)e−δr dr + ψ∗ lim
t→t∗

e−δt ��& .�)%$ $
δ ∈ ]0, β2 − β1[ .

� Ø%A �
� ATAG> @ I�,  Y)%,�,  UI3.TI�)%. I SB&HAGE ,%EON?I�;U> @8(GI3.TA

ρ1 < ρ2

� E ,  
G(ρ1) = G(ρ2) = 0 , G

∣

∣

[ρ1,ρ2]
6= 0

� Ø%7 �
)?; C

k1k2ρ1 < k−1
5 ψ∗ρ2

� Ñ>Ô �
�  UI3.TI

G : R>0 → R
EKA�C I � ; I C ( D

G(ρ) := β2 − β1 − k3γ1(1, ρ) − k4k5ρ
−1γ2(1, ρ) .

	  UIG; ,  UI3. I�)%. I SB&HAGE ,%EON?I�;U> @8(GI3. A
η1 < η2

� E ,  
ηi = β1 + k3γ1(1, ρi) = β2 − k4k5ρ

−1
i γ2(1, ρi) ,

)?; C�,  UI 13$�)?EO@ &��,	  UI*& . IG@�� � �  B& $ C=A ��& . ,  UI , ��& � SY)%.0)?@ I3,JI3.�AHIG@�E � 	X&��
µ

" IG; I3.0)%,JI C ( D � A �� E ,  
η := η2 , L ∈ ]k1ρ1, k

−1
2 k−1

5 ψ∗ρ2[ ,
� Ñ 5 �

)?; C
K1 :=

k2k5

ρ2ψ∗ − k2k5L
, K2 := ρ2K1 .

� ÑdØ �

Ø%7



� IG@8)%.��
ÑF� 5 5 �¥Ù�s]~_r&�Fnlsw�&�
limρ→0G(ρ) = limρ→∞G(ρ) = −∞  bi}kFsws���mon|i}sxgF~xs®���

ρ∗ > 0
vDm�i}k

G(ρ∗) > 0
m���pb��mos]nwilkbs<s���m�nyi}s]gb~xs°�&�Bpt�&nlm�i}m�¡>s�g��F�®{£sxuln

ρ1 < ρ2

vDm�ilk � Ø%7 � � ��m�gb~xs
G(ρ1) = 0r&gb�

ρ1 < ρ∗
m���pF���

ρ1 <
k4k5ρ

−1
∗ γ2(1, ρ∗)

β2 − β1 − k3γ1(1, ρ∗)
,

i}kbs$m�gbsx���Nr&��m�ih� � Ñ>Ô � kb�&�o�bnDm��

β2 − β1 > k3γ1(1, ρ∗) +
k1k2k4k

2
5

ψ∗ρ∗
γ2(1, ρ∗) .

� Ñ>Ñ �
��mogF~xs � Ñ>Ñ � mo��pb��mos]n G(ρ∗) > 0

 �i}kbs�~]�>gb�bm�i}m��>gbn � ØP7 �   � Ñ>Ô � ~xr&g,{ts<uysxpb�or&~xs]��{d� � Ñ>Ñ � ���&u�nl�>��s
ρ∗ > 0

�
	�. & &�� � � �&� � kbs]�>uls]�QÑ�� 5 Ô � ��s�nykb�¨v ilkNr�i�i}kbs�ihv����³pNr&ulr&��s]i}s]u�nls]��m�²N�¨v

µ
�>sxgbs]u}r�ilsx�¦{d� � A �n}r�ilmon|¶NsxnZilkbs©r&nynl�b��pFilmo�&gbnZ�&� � kFsx�>uysx� ÑF� Ø�� ��s¹nypb��m�iZilkbs¹pFul���&��m�gdi}��¶b¡&s©pNr&u|i}n ��FKmouynyi�v�s

nlkb�¨v�ilkNr�i � Ø%7 � mo��pb��mos]n�i}kbsªs���mon|i}s]gb~xsw�&�Ënl�&�o�Filmo�&gbnq�&� � Ø>Ö � r&gb� � Ø%O � � � kbsxgjv9s�¡>s]ulm��¸��i}kFs����>�buulsx���bm�uls]�¹pbuy�>p£sxuyilmos]n����&u�i}kbs�ihv9���hpNr�u}r&��s]ilsxuDnls]��m�²N�¨v
µ
�

6P\ ¼ Ã 1NÅ 0j¼ \ ¼ ^ Ç È ÂÁÈÉÂ�� ¿ � 6 ¿ Í Ê�\´È ¿ ÂÁ[ ¿�� 2|Ï � 8w`NÂÁÀ 2yÏ � 8
ehg
�>uy�bsxuqil��¶bgb�¹r�nl�&�o�Filmo�&g

w∗ ��� � Ø>Ö �  �¶Nuln|i�v9sw�o���>«°���&u w ∈ C
m�gzilkbs����>ul�

w(t) = e−ηt(1, ρ)
� Ñ&Ò �

vDm�ilk
ρ > 0

r&gb� n}r�ilmon|�¸��mogb�

w1(t) ≥ (Λw)1 (t) + c1e
−β1(t−T )

� ÑdÖ �
r&gb�

w2(t) ≥ (Λw)2 (t) + (c2ρ− k2L)e−β2t
� Ñ	O �

���>u
t ∈ [0, T ]

vDm�i}k¹ny�bm�i�r&{b��s$pt�&nlm�i}m�¡>s
c1
r&gF�

c2
�

e³�Kv9s®r&nynl�b��s
η > β1

r&gb�
η ≥ β1 + k3γ1(1, ρ)

� ÑdÚ �
i}kbs]g� H{ts]~_r&�bnys����

eηt (Λw)1 (t) = k3γ1(1, ρ)

∫ T

t

e(η−β1)(t−r) dr

=
k3γ1(1, ρ)

η − β1

(

1 − e(η−β1)(t−T )
)

,

v�sw��r¨�Z~�kb���&nls
c1 = c1(ρ, η) :=

k3γ1(1, ρ)

η − β1

e−ηT
� Ñ	A �

Ñ>Ô



mog �>ul�Fsxuqi}��n}r"i}m�ny�¸� � Ñ>Ö � �KHDsx��r&m�gbnDi}��n}r"i}m�ny�¸� � Ñ%O � �
ehgbnls]uyi}m�gb� � Ñ&Ò � m�g � Ñ	O � r�gb�z�bm�¡�m��bm�gb��{d� ρe−ηt  bv9swkbr¨¡&swil�°nlr�i}m�ny�¸�

1 ≥ H(t, ρ, η)
� Ñ%7 �

���>u
t ∈ [0, T ]

vDkbs]uls
H : [0,∞[ ×R × R → R

m�n��Fs]¶Ngbs]�¹{d�

H(t, ρ, η) :=
γ2(1, ρ)

ρ
k4

∫ t

0

ψ(r)e−(β2−η)r dr + c2e
−(β2−η)t .

��s$~�kb���>nls
c2 = c2(ρ, η) :=

γ2(1, ρ)

(β2 − η)ρ
k4ψ∗ .

Ù�sx~xr&�bnls��&�
D1H(t, ρ, η) =

(

−(β2 − η)c2 +
γ2(1, ρ)

ρ
k4ψ(t)

)

e−(β2−η)t

r&gb�Z{£sx~xr&�bnlsS�&�Pilkbsª���>gF�&i}�>gFmo~]m�ih���&�
ψ
 �ilkbsD���bgb~]ilmo�&g

H(·, ρ, η) m�n���r"��m���mo¢]sx�zr�i t∗ �K<Ss]gb~xs�v�skNr_¡>s

H(t, ρ, η) ≤ H(t∗, ρ, η)

=
γ2(1, ρ)

ρ
k4

(
∫ t∗

0

ψ(r)e−(β2−η)rdr + (β2 − η)−1ψ∗e
−(β2−η)t∗

)

���>uDr&���
t ≥ 0

�¤Ù�sx~xr&�bnys��&� � ØPA �  bm�gbs]���br&�om�ih� � Ñ	7 � monDn}r"i}m�ny¶Ns]�¹m��

γ2(1, ρ)

ρ
k4k5 ≤ β2 − η .

� ÒdÔ �
Ó��>�®{bm�gbm�gb� � ÑdÚ � vDm�i}k � ÒdÔ �  Fv9sw¶bgb�

β1 + k3γ1(1, ρ) ≤ η ≤ β2 − k4k5ρ
−1γ2(1, ρ)

� Ò 5 �
r&n�r�ny�Y;�~xm�sxgdiª~]�>gb�bm�i}m��>gz���>u � Ñ>Ö � r&gb� � Ñ	O � �
Ù9� r&nlny�b��pFi}m��>gzi}kbs]uls�r&uls�p£�>nym�ilm�¡&s�g��b��{ts]uln

ρ1 < ρ2

vDm�ilk � Ø%7 � r&gF� � Ñ>Ô � �¤ºËs�i

ηi := β1 + k3γ1(1, ρi) = β2 − k4k5ρ
−1γ2(1, ρi) .

� kbsxg
(η1, ρ1)

r&gb�
(η2, ρ2)

nl�&��¡&s � Ò 5 � �
§
�>uls]�¨¡>sxu] 

η2 > η1

� � �ªnlkF�´v ilkbm�nx &v9s�gb��i}s9ilkNr�i
η2 ≥ η1

{d�$i}kFs9���>gb��i}�>gbm�~xm�ih���&�
γ1

�fµªnlny�b��mogF�
η1 = η2

v9s<¶Ngb�
γ1(1, ρ1) = γ1(1, ρ2)

r&gb�
γ2(ρ

−1
1 , 1) = γ2(ρ

−1
2 , 1)

�wÙ9�©i}kFs�~x�>gd¡&s���m�ih�,�&�¤ilkbs
γ1

�fr�gb�
γ2

�³{Nr&���on¥v9sSkbr&�
γ1(1, ρ) = γ1(1, ρ1)

r�gb�
γ2(ρ

−1, 1) = γ2(ρ
−1
1 , 1)

���>u
ρ ∈ [ρ1, ρ2]

� � kbmon
v��>�F�o�
mo��pb���ji}kbs$~]�>gbnyi}r&gb~]sw���

G
�&g

[ρ1, ρ2]
m�g
~]�>gdi}ulr&�bm�~]i}m��>gzi}� � Ø%7 � �

Ñ 5



Ù�sx~xr&�bnls��&� � Ñ>Ô � v�sw~_r&g ~�kb���>nls

L ∈ ]k1ρ1, k
−1
2 k−1

5 ψ∗ρ2[ .
� Ò�Ø �

GS�¨v�v9sw�Fs]¶Ngbs
wi ∈ C

 
i = 1, 2

 b{d�

wi(t) := e−ηit(1, ρi) .
� ÒdÑ �

� kbsxg
w1

i (t) ≥ (Λwi)
1 (t) +

k3γ1(1, ρ)

η − β1
e−ηT e−β1(t−T )

r&gb�
w2

i (t) ≥ (Λwi)
2 (t) +

(

ρik
−1
5 ψ∗ − k2L

)

e−β2t

�>g
[0, T ]

{ts]~_r&�bnys����

c1(ρi, ηi) =
k3γ1(1, ρi)

ηi − β1

= 1 , c2(ρi, ηi) =
γ2(1, ρi)k4ψ∗

(β2 − ηi)ρi

= k−1
5 ψ∗ .

Ù�sx~xr&�bnls��&� � Ò�Ø � v�swkNr_¡>s
ρ2k

−1
5 ψ∗ > k2L

� Ò>Ò �
r&gb� mogbs]���Nr&��m�ih� � Ø&Ö � kb�>���bnD���>u w∗ := w2

�
ºËs�i�gb�¨v

C1 ∈ [0, 1]
 
C2 > 0

n}r"i}m�ny�¸�

C2

(

C1e
−η1T + (1 − C1)e

−η2T
)

≥ k1r1 ,

C2

(

C1ρ1k
−1
5 ψ∗ + (1 − C1)ρ2k

−1
5 ψ∗ − k2L

)

≥ k2r2 .
� Ò�Ö �

� kbsxg
w̄ := C2 (C1w1 + (1 − C1)w2)nl�>��¡>s]n

Λw̄ + q ≤C w̄ ,r&gb�
ºËs]���°r�ÑF�@7<mo��pb��mos]n
v ≤C w̄���>uqs_r&~�k
nl�>���Filmo�>g

v ∈ C
�&� � 5 Ñ � �

6P\ ¼ Ã�Ï�Å�� ¼ ^"È¸Î�a>`�\´È ¿ Â ¿�� \´Ä ¼ � ¿ Â ¼ �xÂ �b`b^"È�`NÂfa ¼ 	�^ ¿ Ã ¼ ^¨\ ½
Ù�sx~xr&�bnls��&� � Ò>Ò � v�sw~_r&gz¶F�

ρ̃ ∈ ] max{ρ1, k2k5ψ
−1
∗ L}, ρ2[ .

ÑdØ



ºËs�i
r2 = 0

r&gb�
r1 ≥ 0

� � kbs]g � Ò�Ö � m�n�nlr�i}m�ny¶bsx�
vDm�i}k

C1 :=
ρ2 − ρ̃

ρ2 − ρ1
, C2 :=

k1r1

C1e−η1T + (1 − C1)e−η2T
.

� k��FnSv9s$¶bgb�

v2(t) ≤ w̄2(t) = C2

(

C1w
2
1(t) + (1 − C1)w

2
2(t)
)

= L̄(ρ̃, t)r1

���>u
t ∈ [0, T ]

vDm�i}k
L̄(ρ̃, t) = k1

(ρ2 − ρ̃)ρ1e
−η1t + (ρ̃− ρ1)ρ2e

−η2t

(ρ2 − ρ̃)e−η1T + (ρ̃− ρ1)e−η2T
.

� nypts]~xmor&�����zv9s�kNr_¡&s
v2(T ) ≤ L̄(ρ̃, T )r1 .

� kbs�m�gbs]���br&�om�i}m�sxn
η2 > η1 > β1

m���pF���

L̄(ρ̃, T ) → k1ρ1

r&n
T → ∞ .

<SsxgF~xs$i}kbs]uls�r&uls
T0 ≥ 0

r&gb�
L ≥ 0

vDm�i}k � 5 Ø �  bm��filkbswr&�b�bm�i}m��>gNr���mogbs]���Nr&��m�ih�

k1ρ1 < L

kb�>���bnx NvDkbm�~�k
ilulm�¡�mor&���������>�o���¨vDnq��ul�>� � Ò�Ø � �
Ù9� º�sx����r°ÑF�âÖ� Filkbs$~x�>gFswm�gd¡�r&ulmor&gb~]s�pbuy�>p£sxuyih�Z�&�

µ
r&nDulsx���bm�uls]�¹m�g � kFsx�>uysx��ÑF�ëÑ<monD¡>s]ulm�¶Nsx�P�

6P\ ¼ Ã ��Å�� ¼ ^"È¸Î�a>`�\´È ¿ Â ¿�� \´Ä ¼ 6 � Ê ¼�¼ � È Â�� 	�^ ¿ Ã ¼ ^¨\ ½
GS�¨v@��s]i

r1 = 0
r�gb�

r2 ≥ 0
� � kbsxg v�sw��r¨�Z~�kb���&nls

C1 := 0 , C2 :=
k2k5r2

ρ2ψ∗ − k2k5L

mog �>ul�Fsxuqi}��n}r"i}m�ny�¸� � ÒdÖ � � � k��bn�v�s�¶NgF�

v(t) ≤ k2r2

ρ2ψ∗ − k2k5L
e−η2t(1, ρ2)

���>u
t ∈ [0, T ] .

<SsxgF~xs � 5 Ú � kF�>�o�FnDvDm�i}k

η := η2 , K1 :=
k2k5

ρ2ψ∗ − k2k5L
, K2 := ρ2K1

r&gb�
L
nlr�i}m�ny�¸��m�gb� � Ò�Ø � �¥Ù9��º�sx����r<ÑF�IO� �i}kFs�nl���bs]sx¢xm�gb��pbul�&pts]uyih�°�&� µ r�n�uls]���Fmouysx�zmog � kFsx�>uysx�

ÑF�âÑ�m�nD¡&sxuym�¶Ns]���

Ñ>Ñ



6P\ ¼ Ã �ËÅ�� ¼ ^"È¸Î�a>`�\´È ¿ Â ¿�� \´Ä ¼ � ¿ ÊÁÂfÀ ¼ ÀfÂ ¼ [_[ 	w^ ¿ Ã ¼ ^¨\ ½
Ù9�ji}kbs${£�>�bgb�Fsx�bgbs]nln��&�

f
ilkbsxuyswm�n�r<g��F�®{£sxu

F ≥ 0
vDm�i}k

‖f(x)‖Y ≤ F
���>u

x ∈ X .

� k��Fnx H���>u
τ ∈ R

 
t ≥ τ

 
x ∈ X

 

π2(t)µ(t, τ, x) = Φ(t, τ)π2(τ)x +

∫ t

τ

Φ(t, r)π2(r)f(r, µ(r, τ, x)) dr

r&gb�� N{d�ji}kFsws���pt�>gFsxgdi}mor&���bm�~�kb�&il�>��� ~x�&gb�bm�i}m��>gbn � 5 Ô �  

‖π2(t)µ(t, τ, x)‖X ≤ ‖Φ(t, τ)π2(τ)‖L(X,X)‖π2(τ)x‖X

+

∫ t

τ

‖Φ(t, r)π2(r)‖L(Y,X)‖f(r, µ(r, τ, x))‖X dr

≤ k2e
−β2(t−τ)‖π2(τ)x‖X + Fk4

∫ t

τ

ψ(t− r)e−β2(t−r) dr

= k2e
−β2(t−τ)‖π2(τ)x‖X + Fk4

∫ t−τ

0

ψ(r)e−β2(r) dr

≤ k2e
−β2(t−τ)‖π2(τ)x‖X + Fk4

∫ ∞

0

ψ(r)e−β2(r) dr .

� k��Fnx b���>uqr�g��
t, τ

vDm�ilk
t ≥ τ

r&gb�zr&gd�
M1 ≥ 0

i}kFsxulsªmonDr&g
M2 ≥ 0

ny�b~�kji}kNr�i����>u
x ∈ X

vDm�i}k
‖π2(τ)x‖X ≤ M1

v�sjkNr_¡&s ‖π2(t)µ(t, τ, x)‖X ≤ M2

 ¥m � s&�filkbs�ihv9���hpbr&u}r&��s�i}sxu�²N�¨v p£�>nynlsxnynls]n
i}kbs${£�>�bgb�bs]�bgbs]nlnªpFul�>p£sxu|ih�j�&�

µ
r&nquls]���Fmouysx�¹m�g � kbsx�>uysx��ÑF�âØ��

6P\ ¼ Ã ��Å�� ¼ ^"È¸Î�a>`�\´È ¿ Â ¿�� \´Ä ¼ � ¿�¼ ^"adÈ �ËÈ�\ ½ 	w^ ¿ Ã ¼ ^¨\ ½
FH�&u

τ ∈ R
 
t ∈ [τ, τ + T ]

 
x ∈ X

 bv�swkNr_¡>s

π1(t)µ(t, τ, x) = Φ(t, τ + T )π1(τ + T )µ(τ + T, τ, x)

+

∫ t

τ+T

Φ(t, r)π1(r)f(r, µ(r, τ, x)) dr

r&gb� kbsxgb~]s

π1(τ)x = Φ(τ, τ + T )π1(τ + T )µ(τ + T, τ, x)

+

∫ τ

τ+T

Φ(τ, r)π1(r)f(r, µ(r, τ, x)) dr .

Ñ&Ò



� kbs�s���pt�>gFsxgdi}mor&�Ë�bm�~�kb�&i}�&���z~x�&gb�bm�i}m��>gbn � 5 Ô � mo��pb���

‖π1(τ)x‖X ≤ ‖Φ(τ, τ + T )π1(τ + T )‖L(X,X)‖π1(τ + T )µ(τ + T, τ, x)‖X

+ F

∫ τ+T

τ

‖Φ(τ, r)π1(r)‖L(Y,X) dr

≤ k1e
β1T‖π1(τ + T )µ(τ + T, τ, x)‖X + Fk3

∫ τ+T

τ

e−β1(τ−r) dr

= k1e
β1T‖π1(τ + T )µ(τ + T, τ, x)‖X +

Fk3

β1
(eβ1T − 1) .

<SsxgF~xs
‖π1(τ + T )µ(τ + T, τ, x)‖X ≥ 1

k1
‖π1(τ)x‖X − Fk3

β1k1
(1 − e−β1T )

���>u
T ≥ 0

 
τ ∈ R

 
x ∈ X

vDkbmo~�k¹nlkb�¨vDnDi}kbsw~x��sxuy~xm�¡�m�ih� pbul�&pts]uyih�z�&�fi}kbs�ihv9���hpNr�u}r&��s]ilsxuD²N�¨v
µr&nDulsx���bm�uls]�¹m�g � kFsx�>uysx��ÑF�âØ��

� k��Fnªr&����r&nynl�b��pFilmo�&g
�&� � kbs]�>uls]��ÑF�âØ�r&uls�¡&sxulm�¶Ns]�©r&gb� � kbs]�>uls]��ÑF�âØ�mo��pb��mos]nqi}kbs$s���m�nyilsxgb~]s��&�
r&g
m�gbs]uyi}mor&����r&gbm����>��� vDm�i}kzi}kFswn|i�r�ilsx� pbul�&pts]uyi}m�sxn]�

����� � " "%"�� * -���� � �U� * - �%�R� . ���R� � � (+* "$�%� (&� &'� " . ��� � " "$�U$.� (�� � " *$�U$�� (+.

ehg¹r&�F�bm�ilmo�&g il��ilkbswr&nlny�b��pFi}m��>gbnS�&�M���b{bnysx~]ilmo�&g©ÑF�âØ®v�s$nl�Fpbpt�&nls%�
• � kbs]ulswmon�r�Ù�r&gbr&~�k
nypNr&~]s

Z
vDkbm�~�k¹m�nD~x�>��pNr�~]i}���js]�®{£sx�b�bs]�©m�g

X
�

• � kbsxuys$r&uls
k7

 
γ ∈ ]0, 1[

r�gb�
β0 > 0

nl�b~�kZilkNr�i9i}kbs�s�¡>�>���Filmo�>gj�&pts]u}r�il�>u
Φ
�&� � A � ��r&pbn Y

m�gdi}�
Z
r&gb� n}r�ilmon|¶Nsxn

‖Φ(t, s)‖L(X,X) ≤ k7e
−β0(t−s) ,

‖Φ(t, s)‖L(Y,X) ≤ k7(t− s)αe−β0(t−s) ,

‖Φ(t, s)‖L(Y,Z) ≤ k7(t− s)γe−β0(t−s) ���>u
t > s .

• � kbs]ulswmon�r&g
`0 ≥ 0

vDm�ilk

‖f(t, x)‖Y ≤ `0
���&u

(t, x) ∈ R × X .

�®Ä ¼�¿ ^ ¼�Ç ��c'1�Ï�c � ; C I3.6,  UI ) (3&=N?I )=ATAG> @ S ,'E�&=; AR,  UI3. ILEKA ) "	$'&%(*)%$/S >:$ $�(*)21�� )%,/,/.C)213, & .
A =

(A(τ))τ∈R

��& .�2 A 8 � � �
π1

EKA�,JIG@ SUI3. I C � . &=@ ) (3&=N?I�,  UIG;
A
EKA 1*&=;B,�)?EO; I C�EO; ,  UI EO; I3. ,'E/)%$ @8)?;UE ��& $ C

M
�

� IG@8)%.�� Ñ�� 5 Ñ�� � kbs$r&nynl�b��pFilmo�>g �&� � kbs]�>uls]��ÑF� 5 Ø��&gZi}kbs���mogFs_r&u�pbr&uyi
A(t)

��� � A � r�uls�sxr&nlm����°i}�n}r�ilmon|�¸�zm��
A
m�nSr<ilmo��s��hm�gb�bsxp£sxgF�bsxgdi_ £nls]��� r��P�|�>m�g�i�p£�>nlm�i}m�¡>sw�>p£sxulr�i}�>uq�&g ilkbs�<Sm��o{£sxu|iSnypNr&~]s

Y
�¤ehg

�bsxp£sxgb�Fsxgb~]s��>g<i}kbs�gb�>gF�om�gbs_r�ulm�ih�
f
 >i}kbs <�mo��{ts]uyi9nlpNr�~xs

X
~xr&g�{tsD~�kb�>nysxg�r&n¥i}kbsD�b�>��r&m�g

D(Aα)

ÑdÖ



�&�£rªp£�´v9sxu
Aα �&� A vDm�ilk α ∈ [0, 1[

� FH�Fuyi}kFsxux �v�s���r_�w~�kb���>nls
Z = D(Aγ)

vDm�ilk�nl�>��s
γ ∈]α, 1[

�
��mogF~xs

A
m�nwilmo��s��³mogF�bsxp£sxgb�Fsxgdi_ Kilkbs�pbul�P�|s]~]il�>u

π1

��ul�&�
Y
�>gdi}�zi}kFs°ny�b{bnlpbr&~xs°nlpNr&gFgbsx�¦{d�2ilkbs

¶Nuln|i
N
s]mo�>s]gd¡>sx~�i}�>uyn

e1, . . . , eN

�&�
A
{ts]�o�&gb�>m�gb�®i}�wi}kbs

N
ny��r&�o��sxn|iqsxm��>s]g�¡�r&���bs]n

λ1 ≤ · · · ≤ λN�&�
A
m�nSr��ony��ilmo��s��³mogF�bsxp£sxgb�Fsxgdi�r&gF� kFsxgb~]swilulm�¡�mor&�����jilsx��p£sxuls]� ��uy�>��r&{£�¨¡>s��

	�. & &�� � � �&� � kbsx�&ulsx�WÑF� 5 Ø � º�s]i µ �bsxgb��i}sqi}kbs�ihv9���³pNr&u}r���s�i}s]u¥nlsx��m�²N�¨v·�>s]gbsxulr�i}s]��{d� � A � � � k��bn
ϕ(t, τ)x = µ(t+ τ, τ, x)

r&gb�

ϕ(t, τ)x = Φ(t+ τ, τ)ξ +

∫ t

0

Φ(t + τ, s+ τ)f(τ + s, ϕ(s, τ)x) ds .

Ù9�
ºËs]���°rZØ�� 5 7�m�iªm�nªny�Y;�~xm�sxgdi�il��~x�&gbnyilul�b~�i�r��>�o�&{Nr&����� pb�b����{Nr&~�« r&{bny�>ul{bm�gb�Znys]i
Ã
nl�F~�k©i}kNr�i

Â1

 

Â1(τ) := cl

(

ϕ(1, τ − 1)
⋃

s≥0

ϕ(s, τ − s)Ã(τ − s)

) ���>u
τ ∈ R ,

mon�~x�>��pNr�~]i_�
FH�&u

t ≥ 0
 
τ ∈ R

r�gb�
x ∈ X

 bv9swsxnyilmo��r�ils

‖ϕ(t, τ)x‖X ≤ ‖Φ(t + τ, τ)‖L(X,X)‖x‖X

+

∫ t

0

‖Φ(t+ τ, s+ τ)‖L(Y,X)‖f(τ + s, ϕ(s, τ)x)‖Y ds

≤ k7e
−β0t‖x‖X + `0k7

∫ t

0

t−αe−β0t dr

≤ k7e
−β0t‖x‖X + `0k7k8

vDm�ilk
k8 :=

∫ ∞

0

t−αe−β0t dr .

ºËs�i
r0 > `0k7k8

r&gb�

Ã(τ) := {x ∈ X : ‖x‖X ≤ r0}
���&u

τ ∈ R .

� kbsxg
Ã
m�nD�>�o�&{Nr&�����jpF�b�o��{Nr&~�«zr"ili}ulr&~]ilmogF�b 

ϕ(t, τ − t)D ⊆ Ã(τ))
���>uDr&���

t ≥ T (|D|) ,
vDm�ilk

|D|Y := sup
x∈D

‖x‖Y , T (r) := β−1
0 ln

(

k7r

r0 − `0k7k8

)

.
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ºËs�i
τ ∈ R

� ��s3nlkb�¨v
ilkNr�i
Â1(τ)

r&uys2~x�>��pNr�~]i nl�b{Fnls]iln¹�&�
X
� Ffmouynyizv�s3gb��i}s2i}kNr"i_ S���&u

s ≥ 0
 
ϕ(s, τ − s)Ã(τ − s)

m�nj{£�>�bgb�bs]��m�g
X
{d�

r1 := k7r0 + `0k7k8

� � k��bn
Ã0(τ) :=

⋃

s≥0 ϕ(s, τ − s)Ã(τ − s)
monD{£�>�bgb�bs]�
m�g

X
{d�

r1
�¤º�s]i

x ∈ X
vDm�ilk ‖x‖X ≤ r1

� � kbsxg

‖ϕ(1, τ − 1)x)‖Z

≤ ‖Φ(τ, τ − 1)‖L(Y,Z)‖x‖Y

+

∫ 1

0

‖Φ(τ, s+ τ − 1)‖L(Y,Z)‖f(s+ τ − 1, ϕ(s, τ − 1)x)‖Y ds

≤ k7e
−β0r1 + `0k7

∫ 1

0

(1 − s)−γe−β0(1−s) ds

= k7e
−β0r1 + `0k7

∫ 1

0

se−β0s ds =: r2 .

<SsxgF~xs
ϕ(1, τ − 1)Ã0(τ)

m�nª{£�>�bgb�bs]�©m�g
Z
{d�

r2
� ��m�gb~xs

Z
m�nª~x�&��pbr&~]il���
sx��{ts]�b�bsx�3m�g

X
 £i}kbs

~x���>nl�buys
Â1(τ)

�&�
ϕ(1, τ − 1)Ã0(τ)

mog
X
mon�r�~x�>��pNr�~]i�nl�b{Fnls]iS�&�

X
���>uDr&���

τ ∈ R
�

H�s]�°r�mogbn9i}�®nykb�¨v·i}kNr"i
Â1

m�n9i}s]��pts]ulsx�°��ul�>�+r&{£�¨¡>s�����mogF~xs
ϕ(1, τ − 1)Ã0(τ) ⊆ Ã0(τ)

 �ilkbsªnys]i
Â1(τ)

m�n�{£�>�bgb�bs]�jmog
X
{��

r1
���>u�r&���

τ ∈ R
�K<�sxgb~]s

Â1

m�n�i}uym�¡�mor&������i}s]��p£sxuysx�j��ul�&� r�{t�¨¡>s��

� � �?���P�*���X�����

� ��p£�>gbs]g�ilm�r����bm�~�kb�&il�>���­~]�>gb�bm�i}m��>gbnz�&��i}kbs2���>uy� � 5 Ô � r&uys,�Fnlsx�P ����>ujs��Fr&��pb��s& �m�g 5 <Ss]gBA 5 9É 
5 � sx�87dÚP9É  5ëÙ��N§©Ó�H�7%A%9á  5 ºÁº+7	7 9á  5ëÓ �FÔ 5 9É� � kbs]uls

k3 = βα
1 k1

 
k4 = βα

2

vDm�ilk nl�>��s
α ∈ [0, 1[�bsxp£sxgb�Fmogb�,�>g�ilkbsjnlpbr&~xs]n

X
r&gb�

Y
 ¤r&gb�

ψ(t) = β−α
2 max{t−α, 1}   ψ(t) = β−α

2 t−α + 1
 ¥�&u

ψ(t) = max{ααβ−α
2 t−α, 1} vDkbs]uls 00 := 1

�je³�
A
m�n�r i}m���s��³mogb�Fsxp£sxgb�bs]gdi<nls]~]i}�&ulmor&�9�&pts]u}r�il�>ux 

i}kbs]g¬�bnl�br&�o���
X
m�n�i}kbs �b�>��r&m�g

D((A + a)α)
�&�Si}kbs pt�¨v9sxu

(A + a)α �&�
A + a

vDm�i}k¯nl�>��s
α ∈ [0, 1[

r�gb�
ny�>��s
a ∈ R

�¥e³�
X = Y

i}kFsxgzv�sw��r¨�Z~�kb���&nls
α = 0

r&gF�
ψ = 1

�
ehg©i}kbs�nlp£sx~xmor&�f~_r&nys�i}kbr�i

A
m�n�r�i}m���s��hm�gb�bs]pts]gb�bs]g�ix �nls]��� r&� �|�>mogdi�p£�>nym�ilm�¡&s��om�gbsxr&uª�>p£sxulr�i}�&u�vDm�i}k

~x�>��pNr&~�i�uls]nl�>��¡>s]gdi®r�gb�©�bs]gbnls<�b�&�°r�mog
D(A)

�>g¹ilkbsE<�mo��{ts]uyi�nypNr&~]s
Y
 t�bnl�br&�o���
�>gbs��bnysxn

X =
D(Aα)

vDm�i}k�nl�>��s
α ∈ [0, 1[

�
º�s�i
π1

{ts�i}kFs��>u|i}kb�>�&�>gNr&�¤pbuy�P�|sx~�i}�>uw��ul�>�
Y
�>gdi}� i}kbs°�om�gbsxr&u

nl�b{bnypNr&~]s©nlpNr�gbgbsx�¯{�� ilkbs
N
sxm��>sxgd¡&sx~]il�>uln��&�

A
~x�>uyuls]nlp£�>gb�bm�gb��il�,ilkbsz¶Nuln|i

N
s]mo�&sxgd¡�r&�o�Fsxn

λ1 ≤ · · · ≤ λN

� ~]�>�bgdi}s]��vDm�ilk�ilkbsxm�u����b��ilmopF�om�~xm�ih� � � � kbs]g�v9s���r_��~�kb���>nys β1 = λN

 
β2 = λN+1

 
k1 = k2 = 1

 
k3 = βα

1

 
k4 = βα

2

 
ψ(t) := max{ααβ−α

2 t−α, 1}  ´nlsxs¥���>u�s��Fr&��pb�os�5 FK� � A	A� &º�sx����r
ÑF� 5 9á�
ehg
5 ºËºL7%7P9 � r�gb� vDm�i}k

X = Y �  Hr�º�m�pbnl~�kbm�i}¢wm�gbsx���Nr&��m�ih�
���filkbs����>ul�

‖πi(t)[f(t, x) − f(t, y)]‖X ≤ `i max{‖π1(t)[x− y]‖X, ‖π2(t)[x− y]‖X}
mon¤�Filmo��mo¢]sx��� � kbmon¤nypts]~xmor&�F���>uy� �&�tr�º�mopFnl~�kbm�i}¢Dm�gbsx���Nr&��m�ih��mon¥~]�>gdi�r&m�gbsx��m�g��>�bu¥º�m�pbnl~�kbm�i}¢Sr&nynl�b��p��
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β2 − β1 >
k3`1 + k4k5`2
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√
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+
k1k2k3k4k
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X1

r&gb�
X2

r�gb�¹��s]i
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ψ(t) = β−α

2 t−α + 1r&nDmog 5 � sx�87dÚP9É� � kbs]g
t∗ = ∞  

ψ∗ = 1
r&gb�zv�s$��r_�z~�kb���&nls

k6 := Γ(1 − α) , k5 := 1 + k6

i}��n}r�ilmon|�¸� � Ø%A � �¥ehgzi}kbs$nlp£sx~]m�r��Á~xr&nls `1 = `2 = `
 
k3 = k1β

α
1

 
k4 = k2β

α
2

 N~x�>gF�bm�ilmo�&g � Ö&Ô � ulsxr&�bngb�¨v
β2 − β1 >

(

k1β
α
1 + (1 + k1k2(1 + k6))

√

βα
1 β

α
2 + k2(1 + k6)β

α
2

)

` .
� Ö>Ö �

FH�&u<r©Ù�r&gbr&~�k nlpNr&~]s
Y
 Br
i}m���s��hm�gb�bs]pts]gb�bs]g�ix �nysx~]il�>ulmor&�9�om�gbs_r�u��>p£sxu}r"i}�>u

A
�>g

Y
vDm�i}k �Fsxgbnys

�b�>��r&m�g
D(A)

 ¤r&gb� r¹ilmo��s��hm�gb�bsxp£sxgF�bsxgdi_ 9~x�>gdilmog��b�>�Fn<�°r�pbpbm�gb�
f
��ul�>�

X = D(Aα)
mogdil�

Y

ÒdÔ



n}r�ilmon|�¸��m�gb��rw�>�o�&{Nr&�£º�mopbny~�kbm�i}¢�~]�>gb�bm�i}m��>g ‖f(x)− f(y)‖Y ≤ `‖x− y‖X
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∫ ∞
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2 )e−δτ dτ

= ααδαβ−α
2 Γ(1 − α) + 1 ,

���>u
δ > 0

 Fv�sw��r_�j~�kb���>nls

k6 := ααΓ(1 − α) , k5 := 1 +
(β2 − β1)

α

βα
2

k6

� Ö>Ú �
mog¦�&ul�bs]u�i}�
n}r�ilmon|�¸� � Ø%A � ���>u δ ∈ ]0, β2 − β1[

� ehg�i}kFs�nlp£sx~]m�r���~_r�nls
`1 = `2 = `

 
k3 = k1β

α
1

 
k4 = k2β

α
2
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Y
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A
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�>g
Y
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f
monwrZ~x�&g�ilmog��b�&�bn$�°r�pbpbm�gb�j��ul�>�

R × X
 

X = D(Aα)
 Fm�gdi}�

Y
n}r�ilmon|�¸��mogb��r®�&�o�>{br&�Pº�m�pbnl~�kFm�il¢�~x�>gb�Fm�ilmo�>g ‖f(t, x)− f(t, y)‖Y ≤ `‖x− y‖X

�
ºËs�i

λ1 ≤ λ2 ≤ · · · �bs]gb�&i}s�i}kbs�s]mo�&sxgd¡�r&�o�Fsxn��&� A ~]�>�bgdi}s]�2vDm�ilk¹i}kbs]mouª�®�b��i}m�pb��mo~]m�ih�3r�gb�©��s]i
π1{ts�ilkbs$�>uyilkb�>�>�>gbr&�Ppbuy�P�|sx~�i}�>u���uy�>�

Y
�>gdi}�<ilkbs

N
�³�bmo��s]gbnlm��>gNr&��ny�b{bnypNr&~xswnlpbr&gbgbs]�
{d�Zilkbs�¶Nuln|i

N
sxm��>s]g�¡&sx~�i}�>uynª�&�

A
�BÓ�k��bs]nlkb�¨¡
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λN+1 − λN > 2
(

λα
N + λα

N+1 + ααΓ(1 − α)(λN+1 − λN)α
)

` ,
� Ö%A �

r&gb�
Ù��>�Fils]i��bs�§
�>gd¡>s]�É tÓ�k��bs]nlkb�¨¡
r&gb� H�s]¢x�>�Fgbsxgb«��°���>�Fgb�
λN+1 − λN ≥ 4

(

λα
N + λα

N+1 + ααΓ(1 − α)(λN+1 − λN)α
)
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β1 = λN

 
β2 = λN+1

 
k3 = λα

N

 
k4 = λα

N+1
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