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SUMMARY 

Magnetohydrodynamic flow in the entrance region of a Square Chan­

nel is considered. This flow Situation is shown to be of a type found in 

Tokamak fusion reactor blankets with circulating lithium coolant. The 

presence of secondary flow in the developing region forces three dimen-

sional modeling of the problem. The three momentum, three induction, 

pressure and energy equations that describe the system are cast in para-

bolic form and integrated numerically by the use of a marching procedure 

in the stream-wise direction. Mesh size limitations restrict the Solu­

tions to low Hartmann numbers. 

The results show that the MHD pressure drop is strongly dependent 

on the electrical conductivity of the duct walls perpendicular to the 

imposed transverse magnetic field and relatively insensitive to the con­

ductivity of the parallel walls. Velocity and ternperature profiles are 

flattened and heat transfer coefficients increased with the largest 

increase occurring when the duct corners are electrically insulated. 

Hydrodynamic entry lengths are shown to decrease signif icantly with Hart­

mann number increase, and minutely with wall electrical conductivity 

increase. 

The main conclusions are that, by judicious use of current breaks, 

insulated corners and walls, the MHD pumping losses should be reduceable 

to a tolerable level, and at the same time the benefits of blanket simp-

lification and heat transfer enhancement can be enjoyed. 
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GHAPTER I 

INTRODUCTION 

Objective 

Controlled thermonuclear fusion offers an essentially limitless 

energy source. Much complexity, unfortunately, is involved in harness-

ing this tremendous potential. Fusion reactions are well understood 

and have been amply deraonstrated by many types of destructive nuclear 

weapons. While fusion energy has been profusely used by the military, 

unlike fission it still awaits commercial use. Design of a power pro-

ducing fusion reactor is made very difficult by the need to provide 

Containment for a super-hot plasma. 

Of the various means for providing Containment for the fusion 

plasma, the magnetic confinement concept is currently in the most 

advanced stages of study. A number of designs utilizing magnetic confine­

ment have been proposed, and out of these the Tokamak type machine appears 

to be the most promising. In this design the plasma is confined in a 

toroidal geometry by a strong magnetic field. The only possible means of 

plasma leakage is by slow diffusion across the toroidal magnetic field 

lines. Since the ignition temperature for deuterium-tritium fusion is 

lower, the first generation of such reactors will probably operate on 

this fuei mixture. 

Deuterium is easily extracted from sea water, of which there is 

no shortage, while tritium, not being naturally occurring isotope, has 

to be produced. The only really feasible'means of tritium production 

is to breed it in a lithium bearing blanket in which Li6(n,T) and Li7 

(n,n'T) reactions will take place- The majority of the fusion reaction 
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energy appears in the 14 MeV neutrons, and thus the blanket has to 

serve the purposes of neutron moderation and heat removal as well. 

This blanket is placed between the plasma and the main magnetic wind-

ings and heat removed by a circulating coolant can be used for gener-

ating electricity by means of a conventional heat engine. Figure 1 

shows a typical conceptual design of such a system. 

This problem of heat removal from the controlled thermonuclear 

reactor is likely to be one of the key factors affecting the plant 

economics. Many important parameters such as capital costs, power plant 

efficiency, fuel breeding, induced activity, material and structural 

criteria and the reactor lifetime are affected by the choice of the 

coolant and the geometry of the blanket. Since the reactor size and 

capital costs are directly related, maximizing the first wall power 

loading is desirable. Even though it is clear that other factors such 

as radiation damage, and plasma stability may strongly affect this al-

lowable wall loading, the ability to cool the wall appears to be one of 

the major factors involved in establishing its limit. 

The most obvious and simple Solution to the problem is to use 

lithium not only as the breeding material, but also as the heat trans-

fer medium. Liquid lithium being metallic, has a high boiling point and 

excellent heat transfer characteristics. Conceptually, the blanket 

could be a very simple structure with the lithium in it serving all 

the functions of neutron moderation, tritium breeding and heat removal. 

However, the blanket, being inside the toroidal field coils, is subject 

to the intense toroidal magnetic field, generated by the coils for the 

purpose of plasma confinement, and also the relatively weaker, but still 
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Figure 1. Conceptual Design of Argonne Tokamak Experiraental Power Reactor 
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strong, poloidal field generated by the plasma current. Any circulating 

fluid in the blanket would then have to be pumped along and across mag-

netic field lines. If the fluid is electrically conducting, as lithium 

is, these magnetic fields affect the flow by the principles o£ magneto-

hydrodynamics and alter the velocity profiles in the Channels. The 

ultimate effect being to increase the pressure drop and alter the heat 

removal properties of the flow. 

Fears that this pressure drop may be excessive, have prompted 

recent reevaluations of lithium circulating blankets. The magneto-

hydrodynamic pressure drop is a maximum when the applied field is 

transverse to the flow direction and zero when the field and flow are 

exactly parallel. Therefore, to reduce the MHD head loss it is obvious 

that the flow direction should be kept aligned with the toroidal field 

as much as possible. This constraint results in designs such as that 

shown in Figure 2. The balnket is segmented into a number of modules 

and each has an independent coolant circuit. The main flow is only 

perpendicular to the toroidal field when the coolant enters within the 

region of the coils. Then the flow direction immediately becomes 

toroidal and there is no longer a retarding body force due to the 

toroidal field. However, the weaker poloidal field is now normal to 

the flow and it exerts a retarding force. 

This particular Situation leads to two interesting magneto-

hydrodynamic (MHD) flow problems, neither of which had been solved. 

First of all there is the problem of flow around a right angled bend 

in the presence of one or two imposed field components. Solutions to 

this problem have not been attempted. However, if it is assumed that 



i 

Figure 2. Ducted Coolant Blanket Module 
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in crossing the intense toroidal field, before the corner is turned, 

the flow becomes essentially slug, which is consistent with the very 

high toroidal Hartmann number, the second problem presents itself. 

When this slug flow becomes parallel to the toroidal field, there is 

a tendency for it to relax towards the fully developed profile that 

corresponds to the now transverse poloidal magnetic field. However, 

the toroidal field retards this development, and the result is a flow 

that probably never reaches a fully developed State before it has to 

exit from the blanket. This problem, which is the object of interest 

in this research, can be thought of as a MHD entry problem. 

Flow in a duct develops by virtue of deceleration of the slug 

profile near the walls under the action of viscosity. This causes net 

transfer of fluid towards the center of the duct, and transverse secon-

dary flow is generated to accomplish this task. As the transverse 

magnetic field has differing effects on secondary velocities parallel 

and perpendicular to it, this entry problem is always three dimensional, 

even in a circular tube. To be more in keeping with conceptual blanket 

designs, the duct considered was a Square one. Since the problem in-

volves simultaneously developing velocities, temperatures and induced 

magnetic fields, and is non-linear, the method of Solution raust be 

numerical. 

Background 

The literature was examined for methods relavent to the Solution 

of the three-dimensional MHD entry problem in a Square duct. 

Pujrely Hydrodynamic Duct Flow 
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The momentum equation for fully developed laminar flow in a 

rectangular duct is linear, and an exact analytical Fourier series 

2 3 4 
Solution is available. Corresponding exact and approximate 

temperature Solutions are also available for both the cases of con­

stant wall temperature around the periphery, and constant imposed peri-

pheral heat flux. While the hydrodynamic entry problem in a circular 

tube can be treated as two-dimensional, the corresponding problem for 

a rectangular duct cannot. Because it is three-dimensional and non­

linear in nature, it was not until 1972, that a satisfactory Solution 

to this entry problem for a rectangular duct was obtained. 

Generally, the entrance flow in straight ducts of constant 

cross-section experiences no streamwise Separation, although cross 

flow recirculation may prevail. For these cases the Navier-Stokes 

equations can be parabolized with respect to the streamwise direction, 

and integrated numerically by a marching technique in the streamwise 

direction. Patankar and Spalding first introduced this assumption 

and successfully employed it to solve the entry problem in Square 

ducts with all stationary walls as well as with one laterally moving 

wall. Their results showed excellent agreement with the painstaking 

f\ 7 

experimental analyses of Goldstein et al., and Beavers et al. Soon 
8 9 

afterwards, Caretto et al. and Curr et al. developed alternate 

numerical Solution techniques for the parabolized equations in terms 

of primitive variables, or in terms of vorticity and velocity. All of 

these formulations yielded accurate Solutions for the stationary 

boundary and one moving wall cases. 
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10 
Briley modified the original technique of Patankar and 

Spalding by including some of the off diagonal elements in the 

coefficient matrices for the velocity and pressure corrections. 

However, this improvement did not seem to have appreciable effects. 

Ghia et al. applied Briley's method to polar ducts, again with good 

results. The original method of Patankar and Spalding has been 

extended to include the magnetic induction equations and used to 

solve the postulated problem in the research. 

Magnetohydrodynamic Duct Flow 

12 
The classical work in the area, of course, was that of Hartmann 

who first solved for the effect of a transverse magnetic field on an 

electrically conducting fluid flowing between parallel plates. He 

obtained the well known Hartmann profile after having assumed steady, 

uniformly conducting, incompressible laminar flow with no variations in 

13 
the flow direction. Shercliff solved the sarae problem for rectangular 

ducts with non conducting walls. The case for rectangular ducts with 

14 
perfectly conducting walls was solved by Chang and Lundgren, and 

Gold obtained the Solution for circular pipes with non conducting 

walls. Shercliff postulated a boundary condition applicable to thin 

finitely conducting walls. Using this result and rather involved mathe-

17 18 
matics, Ihara et al. and Chu solved the arbitrary conductivity 

19 20 
problem for circular and rectangular ducts respectively. Hunt, ' 

after making the high Hartmann number approximation, used boundary layer 

analyses to solve for the mixed wall rectangular duct cases. This 

involved various combinations of non conducting, perfectly conducting, 

and finitely conducting walls. 
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The principal result stemming from all the above work is that 

for a transverse field and laminar flow, the effect of the field is to 

induce currents resulting from the Vxß induced emf. These currents 

flow in one direction in the core of the flow and return either through 

the walls (normal to the field) if the walls are conducting or along the 

slower moving boundary layers on these walls. The currents, in turn, 

give rise to a JxB Lorentz force, which acts parallel to the fluid 

motion, retarding the core and accelerating the boundary layers if the 

walls are non conducting or merely retarding the flow if the walls 

provide return paths for the currents. The result is a thinning of the 

boundary layers on walls normal to the field, a flattening of the veloc-

ity profile in the core, and, for conducting walls, a large net force 

opposing fluid motion. In the case of insulating walls, the currents 

lie entirely within the fluid and there is no net Lorentz force, but 

the velocity profile is flattened and viscous resistance is increased 

owing to steeper gradients near the walls. The boundary layers on walls 

parallel to the field are not affected to the same degree. 

The major conclusion is that if the ducts cannot be made insula­

ting the magnetic pressure drop is proportional to the Square of the 

Hartmann number. Since the electrical conductivity of most refractory 

metals is somewhat similar to liquid metals, these pressure drops could 

be minimized by insulating the inner and/or outer surfaces of coolant 

Channels by perhaps a ceramic coating covered, in turn with a material 

compatible with lithium. 

All of the MHD papers referenced above have been analytical and 

their Solutions are generally in awkward series form. Hoffman and 
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21 
Carlson have approximated these results by the following expression 

for the fully developed pressure gradient in circular and rectangular 

ducts, 

-D2 dP I Ha2 tanh Ha _ JD^ dP_ 
yU dx I Ha - tanh Ha " yU dx 
o \ o 

Ha2C 

* 1 + C 

B=o 

where all the Symbols are as defined in the nomenclature and K is a 

dimensionless parameter that equals 1.0 for rectangular and 1.3 for 

circular ducts. This expression simplifies further for the limiting 

cases of C equal zero and C equal infinity, and it has seen wide use 

in the calculation of pressure drops in fusion blanket Systems. 

Strangely enough there has not been much application of 

numerical analysis to the Solution of MHD problems. For fully devel-

22 
oped rectangular duct flow, Chu has reconfirmed his earlier Fourier 

series Solution by use of a finite difference net and a relaxation 

23 procedure. Wu has shown the applicability of the finite element 

method to one dimensional, unsteady, rectangular duct flow of low mag­

netic Reynolds number. The low magnetic Reynolds number assumption 

allowed him to neglect the induced field calculation. 

Shercliff, using various approximations, tried to manipulate 

the MHD entry problem in two dimensions for a circular pipe.. However, 

he was unable to arrive at the developing velocity profiles explicitly. 

24 25 
Shohet et al. numerically solved the MHD entry problem for a 

parallel plate Channel and a cylinderical-annulus. Besides their analyses 

being twc dimensional, they also assumed a low magnetic Reynolds number 
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and thus avoided the induced field calculation. Thus, besides its 

possible application to the Tokamak blanket Situation, the three-

dimensional MHD entry problem, including induced field computation, 

stood out as one that had not even been attempted. It was the primary 

purpose of this research to solve this outstanding problem. 

For an aligned field there is no interaction with the velocity 

and the pressure drop is purely hydrodynamic and thus much less than a 

hydromagnetic pressure drop. It is this fact that forces blanket 

designers to orient the main flow in the toroidal direction so that it 

only crosses the relatively weak poloidal field. Another effect of 

the aligned magnetic field is to delay the füll flow development. This 

development requires lateral motion in the duct and such fluid motion 

is impeded by the field. 

Magnetohydrodynamic Effects on Duct Heat Transfer 

In the absence of a magnetic field the heat transfer to Single 

27 28 
phase liquid metals is relatively well established. ' To the extent 

that it steepens the velocity profile at the wall, a transverse magnetic 

field may be expected to increase the heat transfer in laminar flow. 

The problem in its various forms has been the subject of a number of 

analytical treatments involving flat ducts, circular pipes, constant 

wall heat flux, constant wall temperatures, insulating and conducting 

29 
walls. The most recent papers appear to be those of Gardner on the 

30 31 
circular pipe problem and of Michiyoshi and Matsumoto and Back on 

the flat duct problem. Most of the work is reviewed and referenced in 

32 
a paper by Regirer. For Hartmann numbers below about 5, the effect 

of the magnetic field is not very significant. Above Kartmann numbers 
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of 100, the Nusselt numbers approach asymptotic values. 

Research Overview 

The three-dimensional MHD entry problem required the simulta-

neous Solution of three momentum, three induction, one pressure cor-

rection and one energy equation. By exploiting certain similarities 

between this family of equations, it was possible to cast them into a 

parabolic form ameanable to the application of streamwise marching 

Integration. Since the finite difference mesh used was uniformly 

spaced throughout the transverse plane, the Solutions were limited to 

low Hartmann number. This is a direct consequence of the steepening 

of gradients near the walls, and the resulting need of finer grid in 

these regions to obtain proper resolution as the Hartmann number is 

increased. 

Due to the low Hartmann number of the Solutions, no claim is 

made as to having explicitly solved the Tokamak blanket problem. How-

ever, besides setting up a sound computational framework for many 

possible future problems, these Solutions provide much insight into the 

effects ofwall conductivity on developing and fully developed MHD duct 

flows. Various means of combating high MHD pumping requirements, such 

as insulating corners, inserting wall current breaks, having some walls 

conducting and some non conducting, have also been studied in this work. 

The effect of the magnetic field strength on heat transfer has also been 

observed, and some conclusions and recommendations directly applicable 

to Tokamak blankets, have been made in the last chapter. 

Mathematical formulation and derivation of the basic equations 

is presentsd in Chapter II, while the numerical methods used to obtain 



13 

their Solution are detailed in Chapter III. Extensive testing of the 

Computer program and its calibration against known Solutions and experi-

mental results was carried out, and some of these results are shown in 

Chapter IV. Chapter V presents the current results obtained for the 

three-dimensional MHD entry problem, and Chapter VI concludes this work 

and contains some suggestions and recommendations. 
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CHAPTER II 

MATHEMATICAL FORMULATION 

Geometrical Arrangement 

The problem of interest is to be solved in a Square duct. The 

orientation of the axes with respect to the duct is shown in Figure 3. 

The main flow is along the x direction which is also the toroidal direc-

tion. The poloidal direction is then labeled y. Velocity components 

along the x, y and z axes are u, v and w, respectively. Induced magne-

tic field components are Hx, Hy and Hz, respectively. The length of the 

duct, R, is assumed to be much greater than the width of a side, D. 

This duct could be part of the first wall, in which case one side would 

be exposed to the plasma. This would result in a heat flux being impos-

ed on that wall, and an internal heat generation term that would vary 

across the duct crossection. 

Basic Equations 

The equations that define the problem are the continuity equation, 

the Navier-Stokes equations, the energy equation, and Maxwell's equations. 

Steady, newtonian, laminar, incompressible and constant property flow is 

assumed. For strong magnetic fields, laminar flow has been shown to per-

sist even at Reynolds numbers much higher than those found in fusion 

33 blanket Channels, due to the turbulance damping effects of such fields. 

Coolant temperature rises of about 200°C are expected in fusion blankets, 

and this temperature difference results in lithium properties such ?.s 

the density, specific heat, thermal conductivity changing by a few 
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Figure 3. Geometrical Arrangement of the Duct 
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percent. The viscosity is the most temperature sensitive, and over 

28 
this ränge (300°C - 500°C) shows a Variation of about 10%. Thus, the 

laminar flow assumption is good, and the constant property assumption 

reasonable. The MKS System of units is used wherever units are required 

in the following formulations. 

Based on these assumptions the continuity equation becomes, 

V'V = 0 (1) 

The Navier-Stokes equations are, 

pV-VV = -VP + yV2V + J X B (2) 

where the J X B term is simply the Lorentz body force. 

Maxwell's equations and the appropriate constitutive equations 

for the steady State are, 

V X E = 0 (3) 

V X B = ueJ (4) 

V-B = 0 (5) 

J = ö(E + V X B) (6) 

ß" = B" +U H (7) 
o e 

Hall current has been neglected in equation (6) which is Ohm's 

law. Assuming an isotropic medium allowed the writing of equation (7). 

Now that the basic equations have been stated, the magnetic induc-

tion equations need to be derived. Taking the curl of Ohm's law (eq. 6) 

and using equation (3) gives, 
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V X J = a(V X E) + aV X (V X B) 

= aÖB-VV) - a(V-VB) . (8) 

The curl of equation (4) yields, 

V X J = — V X (V X B) . (9) 
^e 

Use of equations (5), (7) and (9), and the fact that the imposed 

magnetic field B is uniform, results in, 

V X J = V(V-H) - V2H = -V2H . (10) 

Combining equations (8) and (10) leads to, 

G(B"-VV) - a(V-v¥) + V2H = 0 . (11) 

Use of equation (7) and the uniform field assumption gives, 

(V-V)¥ - (H-V) V = -^- V2H + — (B" •?) V" (12) 
au u o 
e e 

which is the general form for the magnetic induction equation. 

It is illuminating to consider the similarities between the induc­

tion equation (12) and the momentum equation (2). The first set of terms 

on the left hand side of the induction equation is similar in form and 

character to the convection terms in the momentum equation. These terms 

correspond to a convection of the induced magnetic field. The first set 

of terms on the right hand side of the induction equation corresponds to 

the viscous terms in the momentum equation. Finally, the second set of 

terms on the right hand side of equation (12) , being source terms whose 

magnitudes are dependent on the imposed magnetic field, directly 
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correspond to body force terms in the momentum equation. It shall be 

seen later that it is because of these similarities that the same gen-

eralized numerical procedure can be used to solve the momentum, induction 

and energy equations. 

The only equation remaining is the energy equation, 

pC (V-VT) = k(V2T) + J2/a + QMT (13) 
P n 

where J2/a is the contribution due to Ohmic heating, Q"1 the nuclear 
n 

heating term, and the Viscous dissipation function has been neglected. 

Again, the diffusion and convection terms correspond to the similar terms 

in the momentum and induction equations. 

It is obvious that equations (2), (12) and (13) are elliptic in 

their füll forms. The cause of this, of course, is the diffusive terms 

V ¥, where V can be velocity, temperature or induced magnetic field. 

Parabolizing these equations in the axial coordinate involves negletion 

of the axial diffusive terms. The elipticity in the other two coordi­

nate directions is retained. It must be mentioned that this approxima-
i ; 

tion is possible only when:"' (a) there exists a predominant direction 

of flow (i.e. there is no reverse flow in that direction), (b) the dif­

fusion of momentum, heat and induced field is negligible in that direc­

tion, and (c) the downstream pressure field has little or no influence 

on the upstream flow conditions. 

When these conditions are satisfied, the coordinate in the main 

flow direction becomes a one-way coordinate, i.e. the upstream conditions 

can detemiine the downstream flow properties, but not vice-versa. As 
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shall be more fully explained in the next chapter, it is this convenient 

behavior that enables the employment of marching Integration from an up-

stream Station to a downstream one. Since the flow is strongly convec-

tive, the above stipulations are almost identically satisfied for the 

momentum equations. Only at very low Reynolds numbers is axial viscous 

diffusion of any significance. The importance of axial conduction in 

the energy equation is measured by the magnitude of the Peclet number. 

It has been shown that eliminating axial conduction for Peclet numbers 

of about 10 causes errors in the heat transfer coefficients of a few per-

cent, while the errors associated with Peclet numbers of around 100 or 

27 
more are essentially negligible. Most practical applications corres-

pond to Peclet numbers of about 100 or higher. Except for very near the 

entrance, the induced field variations are expected to be small in the 

axial direction, and especially since there is essentially no axial 

current flow, setting all axial second derivatives to zero in the induc-

tion equations seems a reasonable assumption. Here the magnetic Reynolds 

number determines the relative strength of the diffusive and convective 

terms. 

Boundary Conditions 

Figure 4 shows a crossection of the duct of interest. Region 1 

is the interior which is occupied by the fluid. Region 2 is the wall 

itself, with finite thickness t, where t is much less than the side D. 

Region 3 is vacuum extending up to infinity where a constant, uniform 

magnetic field Bpy acts in the y-direction. 
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The momentum and energy equations have to be satisfied only in 

region 1, whereas Maxwell's equations (3) to (7) have to be satisfied in 

all space. Zero velocities at the duct walls are specified as boundary 

conditions on the momentum equations. Boundary conditions for the walls 

being at a constant temperature or subject to a constant heat flux are 

imposed on the energy equation. These are of a Standard form and will 

be stated in more detail later. The description of the System is com-

pleted by imposing continuity of tangential components of electric poten-

tial E, and of normal and tangential components of magnetic field B, at 

interfaces, plus boundary conditions on B and E at infinity. It should 

be mentioned that continuity of tangential components of B implies no 

surface currents. This is appropriate, since in non-magnetic materials, 

surface currents occur only in the presence of unsteady magnetic fields. 

Hx, the axial induced field component, will be much larger than 

Hz or Hy since it is generated by the primary motion, while they are 

generated by the secondary flow. In region 3, 0- is equal to zero, thus 

the current is zero and equation (4) forces the curl of H to be zero. 

Since Hy and Hz are virtually negligible, this means that Hx is essen-

tially a constant here. However, since Hx must go to zero at infinity, 

Hx must be zero in region 3. 

In the wall all velocities are identically zero, and so Ohm's law 

states the continuity of tangential electric field at the interface C as, 

Etl " Et2 " S 

or, 



22 

^ 1 = ^ 1 . (14) 
öl °2 

Also, zero velocities in the wall result in the induction equa­

tion (12) becoming, 

V2H2 = 0 (15) 

in region 2. Expanding equation (14) results in the following expres-

sions for the currents, 

J --ür-f* <"> 
x 9y 9z 

T dHx — dnZ . . . . 

y " T T 8x U / ; 

8Hy_.9Hx 
z 9x 9y * K } 

Since the induction equation of most importance is that for the 

Hx component, explicit boundary conditions for this equation are derived 

first. From equations (17) and (18), if Hy and Hz are much smaller than 

Hx, it is possible to write, 

*y • m- <»> 

J = - - ^ . (20) 
z 5y J 

Under the assumption of no axial currents, it is possible to 

write, 
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t 9n 

and from equation (14), 

X ÜÜl. . A. ÜÜ2. (22) 
a. 8n a„ 3n 
1 2 

where t is the tangential direction and n the normal. Equation (22) 

holds at the interface 1. 

So far it is possible to State the boundary conditions on Hx as 

follows: Hx = 0 on C the boundary between regions 2 and 3; Hx = Hx , 
2 z 1 2 

3Hx, 3Hx „ . , . , _ „,, . 
er 1_ = a 2_ on C the boundary between regions 1 and 2. This xs a 

3n 3n 

rather difficult problem since it involves two domains and two sets of 

boundary conditions. The two domains being, of course, the duct interior 

where equation (12) applies, and the duct wall where equation (15) holds. 

For certain special cases this problem can be simplified. If the duct 

wall is a perfect insulator (a equal zero) then" Hx = 0 so that it is 

only necessary to solve equation (12) with Hx = 0 on C . If the duct 

wall is a perfect conductor (a =°°) the boundary conditions on equation 

(12) become 9Hx L = 0 on C . There is another limiting case first 
l/dn 1 

1 f> 

derived by Shercliff for which the problem reduces to solving equa­

tion (12) in region 1 with boundary conditions given on C . Using the 

fact that the thickness of the duct wall is much less than the duct 

width allows the x component of equation (15) to be approximated by, 

92Hx 

-irr- = ° • W 
9n^ 
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For a thin wall, the Solution to equation (23) is locally linear 

and can be represented as, 

Hx = cc(n-t) (on C , n=0) 
2 1 

(24) 

and thus, 

givmg 

3Hx 

3n 
= a 

1 (Hx 
a = - - 2 

dEx, 

9n 
1 (Hx 1 (Hx 

and with equation (22), results finally in, 

9Hx. + Z±_ (Hx 
C o t ! 

1 2 

= 0 (25) 

This is Shercliff's thin wall boundary condition and can be used 

for walls of finite conductivity. The limiting cases for a equal zero 
2 

and a equal infinity are included in this Statement. 
2 

For the other field components, Hy and Hz, boundary conditions 

are difficult to specify explicitly. Except for very near the entrance, 

these fields, which are generated by the secondary flow,- are expected to 

be very small. Thus, a reasonable approximation seems to be to allow 
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these fields to vary linearly within the wall as in equation (25) for 

tangential walls, and let the fields go to zero at all normal walls. 

Conponents of the Lorentz Force 

The Lorentz force conponents can easily be shown to take on 

the following forms. 

x-Conponent 

y-Carrponent 

z-Carponent 

-Bpy f^Mz _
 3Hx 

3x 3y 
(26) 

B t x f ^ - 1 ^ 
3x 

9Hx 
3y 

/J 
(27) 

Bpym - m - Btx l^ - ®A 9Hz 
3x 

(28) 

I] 
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The expanded forms of t h e momentum, i n d u c t i o n and e n e r g y e q u a t i o n s 

t h e n become t h e f o l l o w i n g . 

Momentum, 

3 (u«u ) _,_ 3 (u*v) 3 (u»v) 1 
3x 3y 3z 

3P 
3x~ + y 

3 z u 3 z u 
dy1' Ite? 

I 3Hy 3Hxl 

" Bpy [ IT " IT] 
(29) 

f3(vu) 3(vv) 3(vw) 1 = 3P 
3x 3y 3z ] 3y 

1*2 3 z v 3^v 
3y^~ 3z2 

+ Btx 
3Hy __ 3Hx 
3x 3y (30) 

|

3(wu) 3(wv) 3(ww) 
—^ 1—y —i '— -i ^ c 

3x 3y 3z 
. 32w^ _ iZ + J9 2 -

3z 3y^ 3zz 

+ Bey 3Hz 
3y 

3Ü3 
3z 

- Btx 3Hx _ 3Hz 
3z 3x 

(31) 

With t h e n o - s l i p b o u n d a r y c o n d i t i o n on a l l r i g i d w a l l s 

I n d u c t i o n , 

3(v*Hx) 3 ( w H x ) 
3y 3z 

1 32Hx 32Hx ^ 1 / 3u , n 3u 
T T + ^ ? + — Btx — + Bpy -r— 

au 3y z 3 z z u I 3x 3y 

+ 3(u-Hy) , 9 ( u ' H z ) 
3y 3z (32) 
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a(u-Hy) ,3(wHy) 
3x 3z a\i 

32Hy 32Hy 
9y2 3z2 

Btx |2 + Bpy |X 
3x Hy 3y, 

3(vHx) 3(vHz) ( . 
3x 3z ^JJ; 

3(u-Hz) + 3(vHz) = _L_ 
3x 3y a\i 

32Hz 32Hz 
3y2 3z2 

Btx 1- Bpy —— 
3x VJ 3y 

3(w-Hx) 3(wHy) , ,. 
3x 3y K^J 

with the boundary conditions described by equation (25) and its limiting 

cases. 

Energy, 

3(u-T) 3(vT) 3(wT) 
P p 3x 3y 3z " 3y2 3z2 

t 

J ° 
1 

l 

3Hz _ J3HJ 
3y 3z 

3Hx 3Hz 
3z 3x 

+ 
^3Hy 3Hx 
3x 3y 

+ Q"1 
n 

(35) 

with either a fixed temperature boundary condition, T = T .-, er a 

specified heat flux boundary condition such as, 

1, d T n " 

"k dn" ~ qw 
(36) 

where q " can be zero for thermal insulation 
w 


