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CHAPTER I
INTRODUCTION

In 1906 A. Einstein [1] gave a mathematical model
for the process of Brownian movement. The mathematical
aspects of this model were developed further by M. von
Smoluchowski [2] in 1918. To indicate the nature of the
Einstein-Smoluchowski model, we shall ¢onfine attention
to the case of a one-dimensional Brownian movement.
Suppose that x(t) denotes the coordinate of a particle
at time t » O, and suppose that x(0)=0. Consider a finite
sequence {tk] of t values, with 0 = ty&t Lt ... (b,
and, corresponding to tk an interval (ak, bk)’ k=1,...n.

To the event
(L al(x(tl)<b1, a2<x(t2)<b2, cens angx(tn)<bn
is assigned probability measure

2
('Yi-yi—l )

b b2 b

n 1l n ti-ti-l n
2) S X S T ¢ TTev,

a a, a; i=l JTT(ti-ti-l) i=1

where to =Yg = O. It will be recognized that what is

involved here is a process in which the successive incre-



ments x(tl)—x(O), x(tz)-x(tl), cee, x(tn)-x(tn_l) are
independent random variables, each normally distributed
with mean O and variance dependent on the time-lag
involved. In the above formulation, units are so chosen
that the variance of x(tk) - x(tk_l) is %(tk-tk_l),
k=1, 2, «++«4 n. Indeed, such processes had been
discussed as early as 1900 by L. Bachelier [3], though
not on a rigorous basis.

The event specified by (1) delimits a set of
functions x in the space of real-valued functions on
(0,1, with x(0)=0. Such sets, each specified by a
finite seguence {tk} of t values with O <tl< t2< “tn’
and corresponding one-dimensional intervals {(ak, bk)},

will be called quasi-intervals, following the terminology

used by N. Wiener [4]. It is usual, now, to refer to (2)

as the Wiener measure of the quasi-interval (1). We shall

discuss Wiener's important work on Wiener measure and
the Wiener integral later. Since most work in stochastic
processes today is based on Kolmogorov's axiomatization [5],
it will perhaps be of interest to formulate the present
process in that setting.

To recall the Kolmogorov formulation, we note that
it concerns an abstract space (sample space) ., a ¢ -field
?of subsets of L1, where “F includes the empty set @ and
the space {1, and a set function p with domain F with the

properties



(1) p(#) = 0, p(Q2) =1
(31)  Ag, Ayy wees A, £ T, Aihs = B (i5)
OO0
=>» p((LJA.) = p(AL).
j=1 9 j=1 9
(1ii) Beca, AeF, p(4)=0 => B F, p(B)=0.

Returning to the Brownian movement process, let us
require that a2ll guasi-intervals belong to the possible
o-field JF. After verifying certain consistency condi-

tions, which follow from the identity

o G=x)* _(z=x)® | (g-z)®

e t me g s t-8
(3) E——-= ' dz
Ve oo Vs Vir(t-s)

valid for any s such that O <s < t, an important general
theorem due to Kolmogorov may be applied to show the
existence of a o -field JF, and probability measure p,

on the space (L of real-valued functions x (with x(0)=0),
satisfying the Kolmogorov axioms. The field :F.contains
all quasi-intervals, and for any quasi-interval (1) p
prescribes the measure (2). However, J. L. Doob has
proved that the set of all continuous functions belonging
to {1 , as well as many other kinds of sets, are then not
measurable [6]. Doob showed that if one restricts the

space L1 to that consisting of continuous functions x

(vanishing, as usual, at 0) while retaining the Wiener

measure (2) for qguasi-intervals (1), then there is a



meagsure p and ¢ ~field Eof.ﬂ. subsets (containing all
quasi-intervz1ls) such that the Kolmogorov axioms apply

and p yields measure (2) for the gquasi-interwval (1) and
the corresponding measure for any other quasi-interval.

In the language of measure theory, p measure is extended
from the class of guasi-intervals to the ¢-field generat-—
ed by the quasi-intervals. The measure p can be completed,
as usual, by adjoining to \3:, all subsets of measurable
sets of p-measure zero. For most purposes, Sl is defined

to be the set of continuous functions x, with x(0)=0.

In the years from 1923%3-19%0, N. Wiener introduced
Wiener measure in a less abstract manner and published
several versions of the coanstruction used, as well as
numerous fundamental applications of the resulting
Wiener integral (which is simply an abstract Lebesgue in-
tegral). Assuming the Wiener measure is available,
there is a measure space (.O.,S:,p). The notion of
measurable function is now avallable : f is a real-
valued measurable function on L1 in case {x: f(x) ¢ B}
is an Jset (i.e., belongs to the e -field 3') for
every linear Borel set B. Sometimes f is called a

measurable functional to emphasize the fact that the

argument x is a function.



CHAPTER II
WIENER INTEGRALS IN A SPACE CF CONTINUOQUS FUNCTIONS

In this chapter we will show that it is possible
to map the space £ of all continuous functions
vanishing at the origin into a line AB of unit length
in such a way that measure is preserved. This will be
done in three parts. First, we will define the concept
of quasi-intervals and show how they can be mapped into
the line AB. Second, we will show that the functions
which fail to obey a certain H8lder condition have
small measure. In the third part, we shall show how
this equi-continuity condition enables us to define the

mapping of functions in Ll into points in AB.

The quasi-intervals.——A partition P of [0,1] is a finte

set of points, say P = {fo,tl,...,tr}, such that O=to<tl<
t2<...<tr_l<tr=l. For our purposes, we restrict attention
to partitions P with r=2" (for some positive integer n)
and with th=h2—n, h=0,l,...,2n. Thus the partition points
are equally spaced on [0,1]. Associated with each num-

ber th we consgider a set of one-dimensional intervals



-T1 _ =1
[akh, bkél, where akh= tan(khﬂ2 ) and bkhn tan((kh+l)ﬂ2 ),
-2n_l£rkh£-2n'l—l. For k, = 2871 46 consider an interval
of the form (- eo, —cotJ%], and for k = 2n"l—l one of the

P

form [bot11,+-ma. For any fixed t, the union of the

oh
abutting one-dimensional intervals so constructed is
clearly (- oo, o0), the (one-dimensional) Euclidean space.
Consider a set {k(t)} of real-valued functions defined on
[0,1], and vanishing at 0. Now let I (kys kyy cony ken)
be the collection of functions x(t)f£.Q such that

akhéx(th)ébkh for h =1, 2, .., 2%. Then we call

In(kl""’kzn) a guasi-interval, and we call the corre-

sponding intervals [hk ’bk] h=l,...,2Il the components
h h

of In(kl,...,ken). Iet &, be the set of the (222"
quasi-intervals with 2B components.

Two quasi-intervals belonging to \Dn are said to
be disjoint in case one of their component intervals is
different, that is k # k for some h.

Each of the quasi-intervals in ‘Qn can be decom-
posed into a finite number of disjoint quasi«intervals
of & ;- In fact a quasi-interval in & can be decom-
posed into 2n-2n+l+2n-2 = 2n+l(2n+l) quasi-intervals since
we introduce 2P new t-points each with its associated
2n+l one-dimensional intervals and we have two possible

one-dimensional intervals at the 20 t-points assoclated

with In‘



Now let us assume that the functions {x(t)} that
we shall consider are continuous in [0,1]. ILet us note
this set by fL . Using the Einstein-Smoluchowski model
for Brownian motion discussed in Chapter I, we define the
measure Q(In(kl,...,kn)) of the quasi-interval In(kl""’kgn)

as follows:

m {I Gk, ,k2n)] =

(y -yl l)

bk bk n i
1 2R e
R — T,
a a i=1 Jn(t -t

k

o0

We notice that, if a fixed quasi-interval In(kl,...,k n)
2

is decomposed into its 2n4-l(2n+l) disjoint quasi-intervals
in ‘gn+l’ then
2n+l(2n+l)
( ( )
m[TpCepseenik o) - n[T,, (xf J),...,k 3.
J=1

This follows from the definition of the measure of

quasi-intervals and the property of disjointness of the

gquasi-intervals in n+1®

Now we consider a mapping which takes the 22

quasi-intervals in ”Ql into 22 disjoint intervals on

a unit segment of a straight line AB in such a way that



the length of the interval on which a quasi-interval

is mapped is equal to the measure of that quasi-inter-
val. In general, the mapping takes each quasi-interval
In+l(kl""’k2n+l) into an interval on AB of equal

measure in such a way that if In+l(kl,...,k ) is con=-

2n+l
tained in In(ll”"’l p) then their images stand in the

2
same¢ relation. It is clear that this is possible for all n.
We have thus defined a mapping of all of the quasi-inter-

vals intc intervals of AB.

The HEBlder copndition.—We shall now define a mapping of

the set of functions {?(t)} onto the line AB. In order to
define this mapping it will be shown that the set of func-~-
tions which fail to obey a certain H8lder condition can
be enclosed in a denumerable set of quasi-intervals of
small total measure.

Let C£ be the set of all functions inflwhich for fix-
ed h satisfy the inequality
) |x(tl)~x(t2)|>20h [tl-t2|
for some t; and t, in [0,I] . We will show that this set
Cg can be enclosed in a denumerable union Ch of quasi-
intervals such that, for any positive integer m, g(ch)=
o(h™) as h-se,

To do this, we shall first show that any function

satisfying (4) for some t, and t, also satisfies the

inequality.



(5 | @p)-x (2L > namt/

for some i and some mé% 2°-1,
Consider the binary representations of the numbers
tl and tez

t Qor 1

O.alaz... a.

1 i

O or 1.

"

t2 = Ooblbeooo bi

Suppose, for definiteness, that tl<.t2. Let h be the first
position at which the binary representations of tl and t2

differ, i.e., a,=0 and bh=l. Then let

t = Ooa lOOOoc.o

10 = %20 1°"*%n-1
Let j be the number of positions in which t20 in the
above terminating form agrees with t2 and with tl in a
form terminating in ones. Clesarly, the, j=2h and
[te-tll>'2-j”l. Now we construct the number t,; by

considering

th = O'alaE' . cah_lOllllo )

and letting tll agree with tl and tlo up to the position
at which they first disagree and putting a one in this
position followed by zeros. In gemeral, we construct
tl(i+1) to agree with tli and t, as far as possible
(considering t,; as terminating in ones to make the
agreement as far as possible) and put a one in the

first position of disagreement. We construct t2(i+l)



10

between t2 and t2i in the same way.
For example, let tl=0.0lllOOlOOG... and

t2=0.1000100101oT6.... Then

t10=0¢100010- t20=0010000-0
t,,=0.01111000... t21=o.10001006...
t13=0.01110011005... t25=0.1000100101005...
t15=0.0111001001005... t25=0.10001001010101005...

Now by the above process we have decomposed the interval
(tl’t2) into a denumerable collection of sub-intervals
with at most two sub-intervals of length 273K gop any
positive integer k, and no intervals of length greater

than 2—3-1. Bach sub-interval is of the form
[ m| m+1
J+k ' LJ+k

2 2 il
Since ltl—t2[ > 279" we deduce from condition (4)

] for some k and some m.

that for some tl and t2

, - ﬂﬁi 2- Jﬁi

x(t,)-x(t,)] ® 20n2 >2h -

l 1 2 1o~k
i -

. 1 e =TT 2
since 10>-—=ygp. Since 22 = &——r , we have
1- 1-2
k=1
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o _ Jj+k
(6) 'x(tl)-x(tg)‘>2h2:2
k=1

Now we note that

[3x(ty )=x (650 € (x(ty  )=x (b, ) + [x(b )-x (6 M +[x(b,, )-x(85)]

for every n. But

[ (6, )-x (b, )= le(tl,g x<t1(1+l)>|+21x<t2 x5 (5,1l
i=0

Then on considering the limit as n~—» s, and taking into

account the continuity of x we note that

(7) 1x(t )-x(t,)] ¢

Z(lx(tli)_x(tl(i+l))l +lx(t2i )-x(t2(i+l)), ).
i=0

Recalling our analysis of the interval (tl, t2), and using
(6) and (7) we find that there must exist positive
integers m and k such that

- &=

«zbi> e T

for otherwise inequality (6) would not hold. Thus we
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have

(5) |x<§f>-x(%>[>he‘i/ “

for some m and some 1.

Now we calculate the measure of the functions
satisfying (5). let Cgi be the set of all functions
x which satisfy (5) for fixed m, i, and h. Then the
measure of the set Qﬁi of quasi-intervals in \Qn which

contain functions in Cﬁl is

7,2 2
o o (yg-yl) y
(8) n(efh) - f S ay, +
m2™ J (4

2
¥, (o-yq
b —[ +

S e dyg dyl

- o

)2

where a is the lower end-point of the interval &t t==9%;

. 2
-i/4 and b is the upper end-point of

the interval at t..E{l which contains yl—h2_l/4. This
2
follows from the basic assumption of independent incre-

which contains yl+h2

ments. Hence we have
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yl—hB'i/ 4

[~ I -

m(th)'zl [[ g(yl$Y2)dy2+( ﬂ(ylayE)dyg

—o0 ;srl+1:3,2":"/'L+

g, sn2 /4

b
S Q(yl$YE)dY2 +'S ﬂ(ylaye)d;Y% dyl
a yl-hE_i/q'

where #(yy,7,) is the integrand of equation (8).
Letting Zo=Yo=Y1s 27=7; in the first integral and

Zy =31y 2p=¥17Y2 in the second, we obtain

2 2
e e -
mi 1 2=t o-t
n(Q,") = ) g [2j e dZQ] 7 +T5+T,
— 00 hg—l/q'
2
2 fo -1
= e dz+I,+1, »
ptiztiy
Mo-1 h2-1/4
Z
On letting y= we obtain

y2T

1B
/-\

oo
2
—_ j e dy+I5+I4
ag hZ
Now by choosing n large enough we can make

I5+I4< 5621- for any given € > 0. Thus the total measure of



this set Qﬁl of quasi-intervals in "Qn is, for large

enough n, less than
o0
2
< I e™ ay+ _gi'
i/4 2

Now summing over all m from O to 21-—1, we find

e~

i+l 2
E m( 2 eV dy+—§1-
\]_ h21/4 2

and summing over all i>1 we find

o0 _i41 (~ 2
B0, X €+ D = f e az,
i Nt i

and, for h>1,

°° il A
(0 )€+ D S e~%az
Nt S

CE i 2i+l i/4
i=1 VYT

14

Now since, for any m, h can be chosen sufficiently

large that

i/4 .
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it follows that the total measure of the set Ch of
gquasi-intervals satisfies the inequality
b 2-(m-l)i«n-l

=4m
E(C )(E +h ’
. jgl V1T

for h>H . Hence @_(Ch) is clearly o(a™@) ags h—> oo
for any fixed positive integer m.

All functions not in C, satisfy the HYlder

condition
(9) |x(ty)=x(t,)f & 20n ltl-tgl}{*
for all t, and t, in [0,I].

The mapping of functions to points.—With each point

on AB, except for the end-points of the image intervals,
is associated, by the Cantor Theorem on Nested Sets,*
a unique sequence of decreasing image intervals. The
end-points, however, have zero measure. This seqguence,
in turn, corresponds to a monotonic sequence of quasi-

intervals:

(10) 11‘312:3...:>In:>In+1-_>

" ‘
Cantor's Theorem. In a complete metric space,
every decreasing sequence of closed nonempty sets Sn such

that the sequence of their diameters d(Sn) has limit zero

as n-y» oo has a nonempty intersection consisting of exactly
one point.
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Either In’ for large enough n, is c¢ontained in Ch,
or else, for all n, each quasi-interval In contains functions
which satisfy (9) for every t, and t, that are

terminating binaries. In the latter case, the lengths

b, — a_—>» 0 at every terminating binary t,. If a, —-» —oe
kh kh h kh

or bkh-a»ma the sequence would be one for which In is
contained in Ch for large enough n. Again using the
nested interval theorem, the sequence (10) selects exactly
one point at each terminating binary th and we shall call
this number x(th). The function x so defined satisfies
condition (9) on the terminating binaries. Now the
continuous extension of x to the closure of the set of
terminating binaries will satisfy the HBlder condition
(9), and is unique [7]. Since the closure of the
terminating binaries on [0,1] is {0,1], we have a mapping
of points on AB to a set of functions defined on [0,1].

Thus we have a mapping of points on the line AB
into functions in L) . This mapping is not defined on the
end-points of the intervals in AB, nor is it defined on
the set of points which correspond to the guasi-intervals
in Ch. The set of end~points has Lebesgue measure zero.
The set corresponding to C, has measure o(r™™). The
other points on AE map into a set of equi-continuous
functions in Q).

Now it is clear that to any function satisfying (9)

for all tl and t2 in [O,l], there corresponds a decreasing
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sequence of quasi-intervals which determines exactly one
point on AB or a countable set of end-points. But this
latter set clearly has measure zero.

Hence, for any fixed integer m, except for a set
of functions of measure o(h_m) we have a one-to-one
mapping of the space N (of continuous functions vanishing
at the origin) onto the real line interval AB. But since
this is true for arbilitrary h>-Hm, we consider a sequence
hJ.—:»ae and note that the corresponding mappings extend
to more functions and points. Hence in the 1limit the
mapping is one~to-one except on a set of measure zero.

This then enables us to define the Wiener integral
of a functional @#(x(.)). This functional, through the
mapping, determines a function on the line AB. A
functional is Wiener measurable if its corresponding
function is Iebesgue measurable. If @ is Wiener

measurable on L we write

f B(x(+))a,x
N

as the Wiener integral or expected value of @ over the
space L) of all continuous functions on [O,l] vanishing

at the origin.
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CHAPTER TIT

BXAVPLES OF VWIENER I[NTEGRALS

Expected value of a product x(tl)'x(te).——Suppose we wish
to find the average or expected value of the product
x(tl)-x(ta) for t,< t, over the whole space L) of
continuous functions. From the definition of the measure

on the space, we have

2
yl (ya"yl

o oo T

1 ety
Ix(t Jx(t,5)d XEJ S‘y "o = dy-dy
N ‘1 2 /% 1°72 TV (E,-t) 2%

)2

<~ oo - 00

Letting y, =¢E‘l‘ z, and y,=¥&, z;+ V&5~ 1 Zo» We obtain

o0 o
1 2
S\x(tl)x(t2)dwx=ﬁ_—-f j(tlzl +\F:lit2-fls zlz2)-
iy R ~oo oo
le2_222
e dzedzl
o0 2/ 2
1 2 "% B!
= ?-r- tlzl e Je dz2dzl+
-0 - oo
o e =» 2
L VRS o L, 6772 454z
m 1v2 1 2 271"
- O

~ 00

2

[ 4]
Since (xe'x dx = O, the second term is clearly zero.
- 0o
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0 2 s
-2 -2 e
Since {e 2 d22 =y and Yzl2 e 1 dzl== -%, we obtain
—_ O -

oo
t
S‘x(tl)x(te)dwx= =
de N
2
-, B
ﬂtl
A2 . - 0o
Thus
£
(11) &(tl)x(tejdwx -2 ror t 4,

Expected value of [x(t)] U —Now consider the expected

value of [x(t)] n

2
A
b 27 e dz.

~-L[:a:(t)_] - d x =% v e dy

g2
N

oo
n

- -

Clearly, for n odd we obtain zero. For n even we

integrate by parts to obtain

0
n
f[x(t)] 2n a,x= v T2n—1gz2n-2 e”? az
ln ‘B3
-0o

Repeating the process we obtain



2l

(12) f[x(t)] ng yx - to(20-1)(@n-3)...(3)(1)
w
e}

2n
tn£2n2!

258

Expected value of cos [x(t )l .—Now consider the expected

value of cos[x(t)],

k 2
fcos[x(t)] 4. X = ‘g lim Z(_l);}?gtﬂ . d x.

‘a k-voo n=0

Since the sums are bounded for k large enough, we use

Lebesgue's dominated convergence theorem to obtain

k
g;os [x(t)] d, X = lléimaef Z el X=
o
k
= l. ao.d
k.lf;z{n_ wr
= ;gng (23%1) dyx

= nio %ﬁgx(t)]n d,x

and by (12) we have
S f. ‘7)——'( i
=1)"t
cos|x(t){d x= .
o ) W n=0 2P

But this sum is simply the MacLaurin expansion for e“}/at
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Therefore
(1%) j-cos['x(t)] d x= e-:"‘Ft
n
1
Expected value of (x(t)dt.—Now consider finding the
O 1

expected value of the functional gx(t)dt. The functional
0
F(x(.),t) = x(t) is defined on the spacefQlx [0,I]. F is

integrable on the product space since

1 1n
g gx(t)dtdwx=flim > x(f)zd x

Note that the partial sums are bounded by M_ = max x(t)
p'e
t€00,1]

which is integrable in £} . The Iebesgue dominated
convergence theorem then guarantees existence of the
finite integral. Therefore Fubini's theorem applies
and we can interchange order of integration and

obtain

f x(t)d,_xdt = 0
el

Oy

_[ ix(t)dtdwx=
{10

The inner integral is zero.

1
Expected value of £§xgt2dt]2.-—Now consider
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1
j [gx(t)dt]2dwx.
o
If we write the integrand as
1 11l
fxcepdany - (xcepdae, = { (xce e, 28 e,
0 0 00

This may be written as

1 Y2 1 %
{ § x(o e 00,00, ¢ g § xcop (e, )at,a8,
00 0

1 %2
2{ { x5 dx(e;)a8 s,
00

Using Fubini's theorem as before we write
to

1 1
f [gx(t)dt]2dwx= 2'{ ggx(tl)x(t2)dwxdtldt2.
0

00"

And since in the region of integration tlé b5, we

have by (11)

1 1%,
g [ gx(t)dt_'ledwx= 2S S -21 dt,dt,
n 0 00

t 2

2
—— dt;

Oty
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Thus
1
(1%) Y[Sx(t)dtjzd x =i,
W (=]
g RN
1
- (V(x(s))ds
Expected value of e 0 .—Now let us consider a

more difficult problem. Consider the problem of evaluating
t

wSV(x(s))ds

e O d x

0 W
where O¢ t£€ 1 ard V(x) is continuocus. This problem is
considered by M. Kac in [8]. We will show how this
problem is related to certain problems in theoretical
physics. In particular, we will show that the above
integral can be evaluated by solving a differential equa-
tion of the SchrBddinger type. we will also evaluate

the integral for V(x) = x°, Assume further that
(13) 0eV(x)LM

Note that

—fV(x(s))ds
o O ZE:L:EJ-[SV(X(S))ds]



Since

t
oy SV(x(s })ds < M
0

we can, &8s in obtaining formula (13), write

t
—SV(X(S ))ds

= _1yE( X
(16) fe 0 d, X = Zgi—!LSEEV(x(s))ds] d_x.
n k=0 ;]

The problem then becomes to calculate

t
= [{vCx(s))asy® ax.
20
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For k=, since V(x)¢ M, we have by Fubini's theorem

t t
f SV(x(s))dsdwx = 5 S{;I(x(s))dwxds

n 0 0
2
t o - %?-
= S S-V(y) g ayas.
0 oo ylll's

For k=2 we have, as in obtaining (14),
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t
j[gV(x(s))dsja dyX =
n o

t 52
2‘[[§l S V(x(sl))v(x(82))dsldsejdwx
QL 00

2 2
_Z(yi"yi_l)
t 5200 0o 3 %itt%ia
- 2S g‘(fv(yl)v(yg) e dy,dy,ds,ds,.
0 Q~w=® ﬂzsl(sz-sl)
In general we have
2
< < _ (yi-yi—l)
t "k 2 oo o0 K 8;-8, 3
(17) uk=k!s j I TTves ¢ .
. JIrs,-s.
00 O e 5 i=l LU Rl W |

K k
-’Tdyi TI' dsi .
i=1 i=1

We now introduce the functions Qn defined as

follows:

crl Mo

(18) Qo (%st) = 2

3



S_Ll_

o0
(19) g, (s:t) = §je s YOG
s

= O,l,coo-

By changing orders of integration in (17), we see that

(20) u = k!j‘Qk(x,t)
o0

From (18) and (19) we have

(21) o€ (x,0) e P o (x,0).

Thus we may define

[« ]
(22) Q) = D (<X g (x,8).
k=0

From (21) we have

(23) QG el ¢ M g (x,0).

Now we note that

ey

@ ;R £y
.{ V(y)a(y,s)dyds =

Jnit-si

27



t oo - Lﬁ:lli
- i(-l)k SI e T8 v(y)Q,(¥,s)dyds
k=0 5% Y (E-5) 8

]

ZO<--1>k Qe (K8) = =Q(x,8) + (X, 8).

Therefore Q satisfies the integral equation

o S_.'LJ_
(24)  QGx,6)+ Sf __nrr_t—y"_ V(3)Q(y,8 )dyds = @ (x,t)-
-5

Now it follows from (16) and (20) that

t

- Sv(x(s))ds o oo

fe 0 qx= Z(-l)kIQk(x,t)dx.
0N k=0 J
Thus by (22) we have
t

- {vatedas o

(25) Se Y dwx= SQ(x,t)dx.
£

We interchanged summation and integration by (23).

Now in the above we have been dealing with the

expected value of t

- SV(X(S))ds

e ©

28



over the whole spacefd . If we restrict ourselves to

the subset S, of £L, where St={x:aéx(t)éb}, then by

t
minor modification of the above development we have

t
- SV(x(s))ds . Lt
4(6 O d X = Zg:%?- [gv(x(s))ds]k d X.
St k=0 St 0

We find as before that

% S
(rfveecsast™ age= 1 (... { { TTvexcsyaxTTas;-
O 0 i i

StO O

But

Svaec(s )a,x- g

'b - =y i=1
2 2
_ (x-yk) _ (yi-yi—l)
E—sk k (si-si_l) k

.- g dy. dx.
LASEN) E viris;=s; ;) II; '

From this we see that

t
- {vatenas

(26) j e © a %= [Q(x,t)dx.
St a

29



It is clear from (2¢) that Q(x,t) 2 0.
Now let us remove the condition that V(x)< M.

We do this by setting

V(x), if V(x) = M

V() = {M, if V(x) = M

Denote the corresponding { functions by Q(M). Since
the integrand is dominated by one, we use the Lebesgue

dominated convergence theorem to obtain

t t
- (v (x(s))as - {vexts))as
. 0 0
1 d X= d_X.
e [T
Now since
t t
- (vueteras - (vex(s)as
e © se © R

we see from (26) that the functions {Q(M)} form a
decreasing seguence in M for each point (x,t). Since

Q(M)(x,t)éo, we have

1im ¢ (x,8) = Q(x,t)
My o0

exists and satisfies (24). This follows since we can

30
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pass to the limit under the integral.

Thus we have shown that the problem of calculating

t
- SV(x(s))ds
8]

e dwx

S

is related to the problem of solving the integral equation

(24)., Now we shall show that (24) implies the differential

equation
2 _ 12
(27) 3t =k 3~§ - V(x)4q.
X

We first make a change of variable in the inner integral.

Let z = £=X or y =Vt-5 2+x. We obtain
V-8

t
(28) Q(x,t)—+SSe al V(vt=5 z+x)Q(VE=s z+x,s)dzds
e

= Qo(x,t)O

Now taking the partial with respect to t of both

sides of (28), we obtain



2
o~

N

(29) g—% +f V(x)q(x,t)dz +
~ 0

2

O Syt

VT 2yt=s

V(vt=s z+x)Q(l)(VE:§ z+X,s))dzds

S la

where prime indicates derivative with respect to the
argument and subscript (1) indicates partial with
respect to the first variable. Making the change of

variable y=vt-s z + x in (29), we obtain

(30) &9 4 v(x)alx,t) +

2t
2
S‘( r——— z%ij D (V(yla(y,s))dyds
t=-s y ’
O_w\]rﬂt—si
2
- X
T e o

Now we take the partial of both sides of (24)

with respect to x. For the first partial we have

f.e z - (f(¢€:§ z+x)Q(¥E-s z+x,s8) +

32



o0 Q_CZZL _x
¥ g( Dy ,_(_j—s V(y)q(y,s)dyds = £ (=2x
[ =
-w m t
And for the second we have
o t o gx:.sfz
1) s\ {2 e v(y)a(y,s)ayas
53 % s
2
- X
g U (4}(2_%)
J7t S F

Now if we consider the inner integral in (31) and

integrate by parts once, we obtain

g 22
2 boee - §:s
(32) e (BE=D ) y(y)aly,sayds
g;go e 15 0,V (7)aly,s)ay
-e0
2
- X
e ¥ (4::2_2)'
e 2 T
Thus adding =} of (32) to (30), we obtain
39 | y(x)g - X 9 . o
bt + X Q Il: bx

which of course is (27). By (25) and (26) we have the

conditions

33
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€
(33) 1im  Q(x,t) = O and lim fQ(x,t)ds - 1 for €»O.

In the above, we differentiated under the
integral since the continuity of the partials under the
integral is guaranteed by the integral equation itself.
Likewise we can use integration by parts since V(y)-Q(y,s)
is absolutly continuous in y. [9].

The partial differential equation (27) can be
handled by the method of separation of variables. We

obtain the two equations

(34) 26"(x) + M-Tx)e(x) = 0

(35) @ (t) + A¢ L) = O.

Equation (%5) has the solution

(36) w(t) = ce” 0,

Before going further here, let us consider the

case V(x) = xz. Now (34) becomes

1 ." 2
(37) e (x)+ (hv=x")e(x) = 0.
Iet y=2 x. Then we obtain

(38) g"(3) + (@r=y2)B(3) =0
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2

Let us assume a solution of the form #(y)=e uy).

Then from (38) we find
(39) u'(3) - 2yu'(y) + (@-1)uly) = o.

Now we assume that u is a power series in y. Then we have

o) u(y) = a_ + 815 + a2y2 + ees + anyn + cees

O

Differentiating (40) term by term we find

(41) u“ (y)= 2a, + 3'2a3y + 4'5a4y2 + eee+ 1:1(J*.1--1)anyn"2 + oeas

2

L)

(#3)  (@x-1)u(y) = (2A-1)a + (2A=1)a;y + «. ..

Since (41) plus (42) plus (43) is zero, the coefficient of

yn must be zZero. Hence

(n+2)(1'_1+l)an_|_2 - 2nan + (2A-1 )an = 0.

Thus

&2 on-2A+ 1

a = (@2)(@+I)’

(44)

By (33) we see that the series (40) must terminate.

Hence
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2n~2x+1=0,
and

2
(45) A= S5
Relation (44 ) and (45) implies that u=cH is the
solution to (%9), where Hn is the Hermite polyncomial of
degree n.

Thus the solution to (37) is

2
=X _ 2n+l
u6) o(x)=ce Hn(J? x) for A= ===,
Therefore, (27) has the solution
s _2'+1t 2
= . =X R
(#7)  Qlx,8) = ) cge e ™ H,(VZ x).
Jj=0
Condition (3%) can now be applied,
o0 2
lim ‘I‘Q(x,t)-e-x H. (/2 x)dx = H.(0)
£t =0 d dJ
= a0

and

«aD oo 2 .
E;%ciJ»e"2x Hi(¢§ x)HJ(J§ x )dx =Qé; 2d j!JTF-cj.

-0

Therefore
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nf ot

2 -%(21:2) -t 4]
J?'F Ze (e7*)%H (Y2 x)84(0).

(48)  Qx,t)=6 —
T 271!

Using a well known formula [10], we find

t - =X
ax,t) =0 °JE e,

We thus have

%
i, =8
(49)  Q(x,t)=o ZJ% 1, 1T

Using (25) we find

Returning now to the general case, we have from (26),

since by (24) Q is continuous,

t
- gv(x(s ))ds

Se o a x
3 w
(51) 1lim -% = Q(a,t)
€->0 €




where S, = {x:a&x(t)< a+¢€} .
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Suppose now that V(x)-» e as x-» +ae . Under this

assumption the differential equation

n
(52) 70 (x)=V(x)6(x) = - A0&)
is known t¢ have discrete eigenvalues

Nl 1] A2 L] * a0
with corresponding eigenfunctions

Ol ’ 92 ’ * e e

For discussion of this problem see Titchmarsh [ll].
It also follows from (3%) and (36) that we can
write
(53) Qa8 = Zle 0;(a)e,(0),
J..—.

if the eigenfunctions are normalized.

Now it is clear that we could consider a space

of functions x such that x(C)=§ . In fact this space

of functions is equivalent to L) since we can write

x(t)=x(t)+E . Thus we would have



£
. SV(E+x(s))ds
S e 0 %x
_ St -"jt
(54) :euf; o - = ;e 0 (a)e (%)

where

Sy = {x:acx(t)eare} = {x:a-§ex(t)éa-¢ +e} .

Now we will show that some of the properties of

the classical expression

®© At
PIRICHCOTNC S
j=1

can: be deduced from the Wiener integral. If, in (54),

we let §=a and note that as t=» 0

t
- SV(§+x(s))ds
fe 0 dx ~on(S ) =n{x:0£x(t) <€}
S
t

then we see that

m{x:0¢ x(t)£¢} -

ol
(55) lim ~ Ze
5=1

E-=> 0 €

But

.t
J Gg(f) as t~» O.

39
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2
(04 x(+)¢ § Ser“ d"’r
mf{x:0€x(t)€¢€ nt
lim = 1im &
€->0 € € >0 €
= 1
Vvt
Hence we have (56)
-ALt
2 1
(56) e 9 5 (8)~ =— as t-» 0.
J 7t

31

Now we use a classical tauberian theorem for Dirichlet
series originally stated by Hardy and Littlewood in [12].
This theorem is given in a slightly extended form by

D. Widder in [13]. This theorem states that if o((s)

is non-decreasing and such that the integral

L -]
(57) £(v) = { e 2aa(e)
O

converges for t»0, and if for some non-negative number

¥ and some A

(58) £(t) A — as t-=» 0 +

then
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(59) (5) ~ ST as s >
5 ol(s f\‘fq?zij S 8 -»od .
Now letting «&(s) = ZE: og(g), (57) reduces to
AJ-‘S
=A.t
- 7 g2
(60) () =y o 9 &5(E).
J=1
Then (56) becomes (58) with r=}é,.A=J%:.
T
Hence we have from (59), since [(3/2) =ig;
(61) | 2 i) ~28,
Ay¢s

Thus we have shown that the eigenfunctions of (34) obey
(6l) for all continuous functions V(x). The
probabilistic expression has allowed us to draw a purely

classical conclusion.
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CHAPTER IV
THE KOLMOGOROV~DOOB FORMULATION OF THE WIENER PROCESS

In this chapter, the intention is to indicate
without details some of the important aspects of an
alternative formulation of the Wiener process. This
alternative formulation follows the general program pro-
posed by Kolmogorov [5] in 193%. Many special aspects
of this program have been studied by Doob, Loéve, Lévy,
and others, in the succeeding years.

A stochastic process {xt} is an indexed set of
random variables which we shall here assume to be real-
valued. We take the interval [0,1] as the indexing set
and may think of it as the time interval on which the
process is considered. In order to speak of random
variables, there must be a non-empty set L) (the sample
space) on which the random variables are defined, a
o-—field,Ebe subsets of N1, and a probability measure
p with domain J?: For each valus of the index t, X, is
a real-finite-valued function with domain £l . The
function X is also assumed to be measurable with respect
to ;37. That is, if B is any Borel set of real numbers,
the w set {u:xt(w)i B} belongs to the ¢ -field .3.

Now if we think of fixing a point w , we can consider
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xt(uﬂ as the value of a function of t at the point t.

This function of t then is a "realization" of the
stochastic process. That is, the function of t, xt(aﬁ,
gives the outcome of the stochastic process for a
particular wefr, at each t£[{0,1] or at each instant of
time. Letting w range over some set in {2, we have the
notion of an ensemble or collection of realizations of the
process,

This rather general formulation can be applied to
many specific problems in which we can generally choose
the space (1, and the ¢ -field ;;: in various ways. For
a Brownian motion process, one such choice follows one of
the methods proposed by Kolmogorov [5].

Suppose that f1 is the set of all real-valued
functions vanishing at the origin and with domain [0,1].
Then each point w is a function on [0,1] whose value at
£ we will denote by w(E). Now we let the random variables
x, be such that xt(uo = w(t).

Now to construct a o -field :F} we first consider
a finite set {fl, tsy +e. £ } of values of t. Then we
will specify that the w set {w:x, (@) By, i=1, ..., m}
shall Dbe in.J;: Now let us noticelthat these sets form a
field éf. The union of two sets in ;z-is again a set in
:_}Tand the complement of a set in _\_Eis also in j
The whole space {2 is in.ngand so is the empty set @.

The minimal Borel extension of the field ﬁz?will be the



o-field \}-in this case.

Now it is required to define a countably additive
measure p of the sets F in J. This definition would
have to be consistent in the sense that the measure assigned
to any F in _&.is independent of the representation of F.

For example, F has representations of the forms

{w:xti(w) £ Bi} and [w :xbp (w)g Bpi} y Where Pyseeey Py
i
is some permutation of the integers from 1 to m. Also,

we have a representation of the form F = {w Xy (w)g Bi’
i

xtm+l(w)£ Ry, xtm+2(¢v)£ Rl}, where R, is the real line.
The Einstein-Smoluchowski model has these consistency
properties for the sets F in _‘3_: The specification of
the measure of a set F eErequires that we arrange the
t points in ascending order, guaranteeing the first
consistency condition. The second consistency condition
is stated by the formula (3) given in the Introduction.
Now Carathéodory's extension theorem enables us to
extend the measure p on the field _Euniquely to the
o-field 3— This follows from the fundamental theorem
of Kolmogorov in [5]. Thig then gives us a probability
measure p on the ¢ -field Ein the space L) of functions
vanishing at the origin. This measure agrees with the
Wiener measure discussed in Chapter II in accordance with

the uniqueness assertion of the Carathéodory extension,

Doob has shown [6] that the use of the space
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of all functions does not lead to a very satisfactory
e-field Jr. The set of continucus functions contained
in SL for instance, turns out to be non-measurable. The
set {w:x (w)ec, for all t in [0,tJ} is not measurable,
whereas the set {w :xt(w)!-'c, for all rational t in
[O,tlﬁ} is measurable. This state of affairs is highly
undesirable in the study of a mathematical model of the
Brownian movement.

One way of correcting this difficulty is to restrict

the space L to the set of all continuous functions on

[0,1] which vanish at the origin. This is, of course,
what we have done in Chapter II.

Having obtained a countably additive probability
measure, the Wiener integral of a measurable function is
simply the abstract Lebesgue integral as studied in the

general theory of probability.
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