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ABSTRACT 
The purpose is to review and to abstract the literature concer­

ning diffusers. The study has been restricted to the flow of incompres­
sible fluid in staight wall diffusers, circular and two-dimensional. An 
attempt has been made to outline the effect of several variables on the 
performance of the diffuser and on the behavior of the flow. 

The energy efficiency of the diffuser and the kinetic energy 
coefficient at the exit are selected as parameters featuring the quality 
of a diffuser. The first of these parameters is a measure of the energy 
conservation and the second is a measure of the exit velocity distribu­
tion. The variables influencing these parameters are: the angle between 
the diverging walls, the area ratio of the diffuser in case of circular 
diffusers or the length ratio in case of two-dimensional diffusers, the 
Reynolds number at the entrance section, the kinetic energy coefficient 
of the entering flow, and the roughness of the walls. 

A review of the analytical studies of the flow evolution in an 
adverse pressure gradient is presented. The various methods of analysis 
are summarized and criticized. All of the analytical studies are based 
upon assumptions which lead to an expression for the velocity distribu­
tion as a function of a single dimensionless variable. The results of a 
recent experimental study indicate that a single parameter representation 
is improbable with the result that the value of these analytical studies 
is questionable. 



V I I 

A REVIEW OF THE EXPERIMENTAL WORKS IS THEN PRESENTED.AN ATTEMPT 

IS UNDERTAKEN TO CORRELATE THE DATA OF 1 0 SERIES OF EXPERIMENTS (5 ON 

CIRCULAR DIFFUSERS AND 5> ON TWO-DIMENSIONAL DIFFUSERS). THE INFLUENCE 

OF EACH VARIABLE UPON THE CHARACTERISTICS OF THE DIFFUSER I S PICTURED 

IN SEVERAL GRAPHS. 

THE AREA RATIO I S SHOWN TO HAVE A SMALL INFLUENCE ON THE ENERGY 

EFFICIENCY OF SMALL ANGLE, CIRCULAR DIFFUSERS AND OF WIDE ANGLE DIFFUSERS 

IN WHICH SEPARATION OCCURS AT THE ENTRANCE. I F THE VALUE OF THE ENTRANCE 

REYNOLDS NUMBER I S GREATER THAN ABOUT 1 X 10^ , THE EFFECT OF THIS VARIA­

BLE, PER SE, I S MINOR. HOWEVER THE ENTRANCE KINETIC ENERGY COEFFICIENT 

I S A MAJOR VARIABLE, THE ENERGY EFFICIENCY DIMINISHING RAPIDLY AS THE 

VELOCITY DISTRIBUTION BECOMES LESS AND LESS UNIFORM. 

THE VARIATION OF THE EXIT KINETIC ENERGY COEFFICIENT IS SHOWN AS 

BEING A CONTINUOUS INCREASING FUNCTION OF THE ANGLE, THE AREA RATIO, AND 

THE KINETIC ENERGY COEFFICIENT AT THE ENTRANCE. HIGH TURBULENCE, AS 

EVIDENCED BY HIGH REYNOLDS NUMBERS, DECREASES THIS COEFFICIENT. 

SIMILAR RESULTS, ALTHOUGH DIFFERENT IN MAGNITUDE ARE SHOWN FOR 

TWO-DIMENSIONAL DIFFUSERS. A BOUNDAICY CURVE BETWEEN THE NON SEPARATED 

FLOW ZONE AND THE SEPARATED FLOW ZONE I S PRESENTED AS A FUNCTION OF THE 

ANGLE AND THE LENGTH RATIO. 

THE REVIEW POINTS OUT THE LACK OF DATA AND THE POVERTY OF OUR 

KNOWLEDGE ON THE BEHAVIOR OF THE DIVERGING FLOW. 
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For a l o n g t ime an unders tand ing o f the f l o w c h a r a c t e r i s t i c s i n 

a d i f f u s e r has remained an unso lved prob lem* Some phenomena, such as the 

t r a n s f o r m a t i o n o f energy c o u l d be e a s i l y exp la i ned and even coir rvuted on 

the b a s i s o f t he mechanics o f a p e r f e c t f l u i d . However, t he r e s u l t s ob­

t a i n e d f rom exper iments do n o t conform t o t h i s t h e o r y . The presence o f 

a v i scous f l u i d f l o w i n g a long a d i v e r g i n g boundary exp la i ned t h i s d i s c r e ­

pancy . Th is i n v o l v e s the c o n s i d e r a t i o n o f t h e behav io r o f the boundary 

l a y e r i n a s i g n i f i c a n t adverse pressure g r a d i e n t . A mathemat ica l a n a l y s i s , 

d e r i v e d f rom P r a n d t l ' s mix ing- length 1 , t h e o r y , d i d n o t r e s u l t i n a s a t i s f a c ­

t o r y s o l u t i o n . Only a q u a l i t a t i v e e x p l a n a t i o n c o u l d be g i v e n . 

The problem o f d i f f u s e r f l o w i s i m p o r t a n t . D i f f u s e r s have l o n g 

been w i d e l y used i n v a r i o u s t e c h n i c a l f i e l d s . Water t u n n e l s , d r a f t t u b e s , 

a i r p l a n e d u c t s , w ind t u n n e l s and a v a r i e t y o f o t h e r s i m i l a r apparatus r e ­

q u i r e the des ign o f a c o n d u i t wh ich w i l l expand the f l o w most e f f i c i e n t l y . 

A number o f exper imenters have i n v e s t i g a t e d t h i s problem s ince the b e g i n ­

n i n g o f t h i s c e n t u r y . Severa l o f them have made sys temat ic t e s t s i n an 

at tempt t o f i n d the e f f e c t o f the d i f f e r e n t v a r i a b l e s i n v o l v e d on the 

c h a r a c t e r i s t i c s o f t he f l o w . Others have t r i e d t o improve those charac­

t e r i s t i c s b y adding s p e c i a l mechanical devices t o t he d i f f u s e r . A t h i r d 

ca tegory o f r esea rche rs , w i t h t he h e l p o f t e s t d a t a , proposed semi-empi­

r i c a l methods w i t h the v i ew o f p r e d i c t i n g the e v o l u t i o n o f f l o w th rough 

a d i f f u s e r . 



2 

The purpose o f the p resen t -work i s t o rev iew and t o a b s t r a c t the 

cor responding l i t e r a t u r e * The work has been r e s t r i c t e d t o the f l o w of 

incompress ib le f l u i d i n s t r a i g h t - w a l l d i f f u s e r s , c i r c u l a r and two-d imen­

s i o n a l * An a t tempt has been made t o summarize the a v a i l a b l e i n f o r m a t i o n 

concern ing the e f f e c t o f s e v e r a l c h a r a c t e r i s t i c s o f the d i f f u s e r and o f 

t he e n t e r i n g f l o w on the performance o f the d i f f u s e r . 
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CHAPTER I 

PHELBONARI ANALYSIS 

The o n l y t h i n g t h a t a c i r c u l a r and a tvTO-dimensional d i f f u s e r have 

i n common i s t h a t they b o t h p l a y t he same r o l e . A v a i l a b l e r e s u l t s show 

t h a t t he re i s no q u a n t i t a t i v e s i m i l a r i t y between these two k i nds o f d i f ­

f u s e r s . The problems i n v o l v e d i n each case w i l l be t r e a t e d s e p a r a t e l y . 

Role o f a D i f f u s e r 

The main purpose o f a d i f f u s e r i s t o t r a n s f o r m i n t o p i e z o m e t r i c 

energy the k i n e t i c energy o f the e n t e r i n g f l o w . This t r a n s f o r m a t i o n ap­

pears on the f o l l o w i n g ske tch where the k i n e t i c energy KE and the p i e z o ­

m e t r i c energy PE a t s e c t i o n 1 (en t rance) and s e c t i o n 2 ( e x i t ) are expres ­

sed by t h e same u n i t s . A l o s s o f energy r e s u l t s f r om t h i s t r a n s f o r m a t i o n . 
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Th is l o s s i s due t o t h e f a c t t h a t the problem o f d i f f u s e r s dea ls w i t h r e a l 

f l u i d . Th is f l u i d must ( l ) expand between t he d i v e r g i n g boundar fc and r e ­

q u i r e s a c e r t a i n amount o f energy t o overcome i t s own v iscous shear; (2) 

f l o w a long w a l l s whose f r i c t i o n r e t a r d s t he s t ra tum o f f l u i d ad jacen t t o 

the boundary . 

The p r o f i l e formed b y t he v e l o c i t y v e c t o r s across a s e c t i o n i s f l a t ­

tened a t the w a l l as i n d i c a t e d be low . The shape o f t h i s v e l o c i t y p r o f i l e 

depends on d i f f e r e n t v a r i a b l e s t h a t we w i l l s e l e c t l a t e r . I t may be p o i n ­

t e d ou t t h a t the knowledge o f t he e v o l u t i o n o f t h i s shape i s o f much i n ­

t e r e s t f o r v a r i o u s a p p l i c a t i o n s . For i n s t a n c e , the o v e r a l l e f f i c i e n c y o f 

a p r o p e l l e r p l aced a t the e x i t o f a d i f f u s e r i s d e f i n i t e l y a f f e c t e d b y 

t h e v e l o c i t y p r o f i l e i n which i t wo rks . I n t he same way, t h e e f f i c i e n c y 

o f a r a d i a t o r a t the e x i t o f an a i r p l a n e d i v e r g i n g duc t i s r e l a t e d t o t h i s 

p r o f i l e . The e f f e c t i v e n e s s o f a d i f f u s e r a t t he o u t l e t o f a highway c u l ­

v e r t o r s i m i l a r s t r u c t u r e i s a l s o r e l a t e d t o t he v e l o c i t y p r o f i l e a t t h e 

o u t l e t . Badly d i s t o r t e d v e l o c i t y p r o f i l e s may be conducive t o channel e r o ­

s i o n downstream f rom the d i f f u s e r ; whereas, the l i k e l y h o o d o f downstream 

channel e r o s i o n i s reduced w i t h more u n i f o r m v e l o c i t y p r o f i l e s . 

There fore t he f u n c t i o n o f a d i f f u s e r i s t o t r a n s f e r t he k i n e t i c 

energy i n an expanding s e c t i o n i n t o p iezomet r i c energy . This f u n c t i o n 
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is best accomplished by both an efficient transformation and the produc­
tion of a velocity distribution at the exit of the diffuser as uniform as 
possible. 

Quantitative Characteristics 
Various coefficients can be defined to measure the effectiveness 

of a diffuser. 
Energy Efficiency 

Transformation of energy leads to the definition of the energy ef­
ficiency. Ordinarily, the efficiency is expressed as the ratio of the 
quantity of energy received from a machine to the quantity of energy fur­
nished to this machine. In the case of a diffuser, such definition would 
give: 

(KE)2 + (PE)2 
= "(KÊ  + (PE)1 ( 1 ) 

But the purpose of a diffuser is more tq/transform as much as possible of 
the kinetic energy into piezometric energy than to perform this transfor­
mation with the least loss. The energy efficiency is commonly written: 

(PE)2 - (PÊ  
(KÊ  - (KE)2 

(2) 

If we call f>, p# and u, the density, the piezometric pressure and the ve­
locity of the fluid at a point respectively, this expression becomes: 
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/ P*UDA - / P*UDA 

7 £ s - 2 2 , (3) 

AND AG BEING THE AREA OF THE CROSS SECTIONS RESPECTIVELY AT THE ENTRANCE 

AND AT THE EXIT* 

KINETIC ENERGY COEFFICIENT 

THERE ARE SEVERAL QUANTITIES WHICH HAVE BEEN USED TO DEFINE A VELO­

CITY DISTRIBUTION ACROSS A SECTION; SUCH LENGTHS AS THE THICKNESS OF THE 

BOUNDARY LAYER <J, THE DISPLACEMENT THICKNESS J T H E MOMENTUM THICKNESS 

J * * , OR SUCH DIMENSIONLESS QUANTITIES, AS THE SHAPE FACTOR H OR THE KINE­

TIC ENERGY COEFFICIENT , MAY BE USED TO GET AN IDEA OF THE EVOLUTION OF 

VELOCITY DISTRIBUTION IN AN EXPANDING CONDUIT, UNFORTUNATELY, IT I S STILL 

IMPOSSIBLE TO DIFFERENTIATE THE VELOCITY DISTRIBUTION FROM THE NUMERICAL 

VALUE OF ANY OF THESE QUANTITIES. HOWEVER, IN VIEW OF COMPARING DATA, 

THE KINETIC ENERGY COEFFICIENT, HAS BEEN CHOSEN AND USED IN THE PRESENT 

WORK TO GIVE AN APPROXIMATE IDEA OF 1&E VELOCITY DISTRIBUTION. 

THE DIMENSIONLESS QUANTITY «X IS DEFINED BY THE EXPRESSION: 

3 
DA , (20 

A 

IN WHICH V I S THE MEAN VELOCITY OF THE FLOW ACROSS THE SECTION A. IT IS 

OBVIOUS THAT WITH A PERFECTLY UNIFORM VELOCITY DISTRIBUTION « IS UNITY. 

AS THE VELOCITY DISTRIBUTION BECOMES MORE AND MORE NONUNIFORM <* INCREASES. 

OF COURSE, IT STILL REMAINS IMPOSSIBLE TO DRAW THE PROFILE OF THE VELOCITY 
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d i s t r i b u t i o n which corresponds t o a given value of * , but for the d i f f erent 

cases encountered i n the experiments reviewed there -a feer , t h i s c o e f f i c i e n t 

appears t o be a good instrument of comparison. 

In the fo l lowing work, s p e c i a l a t t ent ion has been given t o the va­

r i a t i o n of the energy e f f i c i e n c y r)E and of the k i n e t i c energy c o e f f i c i e n t 

<*2 a t the e x i t , because these two are considered c h a r a c t e r i s t i c c o e f f i c i e n t s 

of a d i f f u s e r . 

Dimensional Analysis 

The dimensional ana lys i s al lows us t o f ind the quant i t i e s in f luen­

c ing the v a r i a t i o n of the two c h a r a c t e r i s t i c c o e f f i c i e n t s . The var iables 

involved are: 

(1) for the d i f fuser , 0 , the t o t a l angle between the diverging 

w a l l s , A j , the area of the entrance s ec t ion , A/>, the area 

of the e x i t s e c t i o n and £ , the roughness he ight; 

(2) f o r the flow, V^, the entering mean v e l o c i t y and the 

k i n e t i c energy c o e f f i c i e n t a t the entrance; and 

(3) f or the f l u i d , p , the dens i ty and the dynamic v i s c o s i t y . 

A poss ib le dimensionless grouping i s as f o l l o w s : 

% ;; 0 ( 6 , Ay , ^ , oC± , V * ) (5) 

and: * t , 0 ( e , Ay , ^ , « 1 , 7 * ) . (6) 

Ay i s the area r a t i o wr i t t en as A-, . R, i s the Reynolds number a t the 

entrance wri t ten as R, = l j > where i s a c h a r a c t e r i s t i c dimension 

v 
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of the entrance s e c t i o n , (diameter % for a c i r c u l a r d i f f u s e r , width 181̂  

for a two-dimensional d i f f u s e r ) . 

I t i s reasonable t o think that the roughness of the w a l l s has some 

inf luence on the behavior of the flow, but the l i t e r a t u r e concerning d i f -

fUsers shows a complete lack of data on t h i s subjec t . This i s quite unfor­

tunate because some ind ica t ion of the boundary roughness would probably 

explain discrepancies i n r e s u l t s of s imi lar experiments. 

In f a c t , other var iab les should a l so be taken into consideration 

because a l l the condit ions of an experiment on adi f fuser are not f u l l y 

defined by equations (£) and ( 6 ) . Since i t i s impossible t o compare data 

between d i f f eren t t e s t s , great a t t e n t i o n must be paid t o the way p e r f e c t l y 

s imi lar t e s t s have been run. For ins tance , experiments show t h a t part of 

a complete pressure recovery i s performed i n the e x i t length of a d i f f u s e r . 

The pressure recovery computed between the entrance and a s t a t i o n i n the 

e x i t length i s higher than tha t computed between the entrance and the e x i t 

of a d i f f u s e r . A quant i tat ive i l l u s t r a t i o n i n F i g . 1 for two two-dimensio­

nal d i f fusers with and without e x i t l e n g t h . On F i g . 2 i s shown the d i s t a n ­

ce l a required t o get complete pressure recovery for d i f f erent angles 0 

and d i f f erent entrance k i n e t i c energy c o e f f i c i e n t s . 

I t i s i n t e r e s t i n g t o note that a l l the fo l lowing experiments were 

run a t Reynolds numbers above 10^. In t h i s range the v i scous e f f e c t s of 

the f l u i d are n e g l i g i b l e . I t i s then p o s s i b l e t o compare without error data 

of t e s t s run with a i r and water, the only f l u i d s used. For a i r the only 

l i m i t a t i o n i s the Mach number which must be l e s s than O.lu Below t h i s 

l i m i t a i r can be considered as an incompressible f l u i d . Some experimenters 
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ins tead of blowing the a i r throu^i the d i f fuser , drained i t by means of a 

vacuum chamber or by means of a prope l l er placed a t the e x i t or i n an e x i t 

l e n g t h . In the l a t t e r case the r e s u l t s are d i f f e r e n t s ince the f low i s l e s s 

turbulent and since a backflow a f t e r separation imposs ible . 

The same dimensional a n a l y s i s express ions , (5) and (6), are v a l i d 

for the two-dimensional d i f f u s e r s . However the experiments i n two-dimen­

s iona l d i f f u s e r s , general ly run wi th a i r , used two diverging p l a t e s of 

constant length including a var iable angle for the same s e r i e s of t e s t s . 

I t appeared more p r a c t i c a l to use as var iab les for the d i f fuser: 6 , the 

t o t a l angle between the diverging p l a t e s , L, the length of these p l a t e s 

and W ,̂ the width of the entrance s e c t i o n . Thus equations (5>) and (6) 

read: 

? £ e , L/WĴ  , Si > " i > e /" i ) (7) 

«i * f*( 8 , V*L * &L > « ! J £ A X ) (8) 

L/W 1 i s the length r a t i o of the d i f f u s e r . The di f ference between expres­

s ions (5) , (6) and (7)* (8) does not matter s ince c i rcu lar d i f fusers and 

two-dimensional d i f fusers are unrelated as far as quant i ta t ives r e s u l t s 

are concerned. 

I t may be pointed out t h a t the term two-dimensional d i f fuser p i c t u ­

res a t h e o r e t i c a l d i f f u s e r . In the experiments reviewed, i t seems t h a t 

general ly the dimensions of such d i f fusers are approximately two-dimensional 

at the entrance, but a t the e x i t one can expect inf luences of the p a r a l l e l 

s ide w a l l s as the d is tance between them becomes smaller than that between 

the diverging ones . 



11 

Theoretical Analysis 

To predict the v a r i a t i o n of 1;he energy e f f i c i e n c y and of the k i n e ­

t i c energy c o e f f i c i e n t one may show by a t h e o r e t i c a l analys is the in f luen­

ce of each v a r i a b l e . 

On the bas i s of the theory of i r r o t a t i o n a l flow of a per fec t f l u i d , 

a d i f fuser behaves as an i d e a l d i f f u s e r . The k i n e t i c energy c o e f f i c i e n t 

remains constant through the d i f fuser and i s equal to ! • The energy e f f i ­

c iency i s 1 s ince the change i n k i n e t i c energy i s then exact ly equal t o 

the change i n piezometric energy. This i d e a l p ic ture i s far from the rea l 

one. 

I t i s be l i eved that a b e t t e r approach t o the problem would be found 

i n the so lu t ion of the boundary layer equations i n an adverse pressure 

gradient , unfortunately, up to date , such a problem has def ied mathemati­

ca l ana lys i s and no purely t h e o r e t i c a l s o l u t i o n e x i s t s . 

The flow of a v iscous f l u i d , according t o P r a n d t l f s theory, forms 

through the d i f f u s e r , a t each s e c t i o n , a central core of constant maximum 

v e l o c i t y U between two boundary layers of thickness . 

F i r s t , i n the centra l core, as long as the boundary layers do not 

j o i n on the a x i s of the d i f fuser , there i s no shear s t r e s s and therefore 

no l o s s of energy. Thus B e r n o u l l i ! s equation i s : 

P if^g . r v"2 .P| (9) 

between the entrance and the e x i t of the d i f fuser , whereas the piezome­

t r i c pressure p* a t any given s e c t i o n i s constant acrossthe core . 
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Second, i n t he boundary l a y e r , t he v e l o c i t y d i s t r i b u t i o n i s g i ven 

by the s o l u t i o n o f the Nav ier -Stokes equa t i ons . The d imens iona l ana l ys i s 

o f these d i f f e r e n t i a l equa t i ons shows t h a t the p i ezome t r i c pressure across 

the boundary l a y e r i s cons tan t and equa l t o the p iezome t r i c pressure i n 

the c e n t r a l c o r e . Using t h i s n o t i o n , o f t e n checked b y exper iments , and 

f u r t h e r m o r e , u s i n g exp ress ion (U) o f t h e k i n e t i c energy c o e f f i c i e n t s a t 

the entrance and a t t h e e x i t o f the d i f f u s e r , express ion (3) o f the d i f f u ­

se r e f f i c i e n c y , i n the case o f an incompress ib le f l u i d , becomes: 

tj , 2 1 ( 1 0 ) 

v 2 2 

2~ 2 

The numerator can be expressed i n terms o f maximum v e l o c i t i e s , us ing 

equa t ion (9) and f i n a l l y the exp ress ion o f t he energy e f f i c i e n c y becomes: 

M i l 2 1 " ( ? ) 

This means t h a t , once t h e e v o l u t i o n o f the v e l o c i t y d i s t r i b u t i o n i s known 

i n a d i f f u s e r , t he e f f i c i e n c y can be conputed as l ong as sepa ra t i on does 

no t occur and as l o n g as the boundary l a y e r s do no t reach the a x i s . There­

f o r e our knowledge o f t he v e l o c i t y d i s t r i b u t i o n s i n these d i f f u s e r s a l l o w s 

us t o so lve t he v a r i o u s problems i n v o l v e d b y d i f f u s e r s . 

Th is demands the s o l u t i o n o f t h e boundary l a y e r equat ions^ a l though 

approximate approaches have been presented by s e v e r a l exper imen te rs , no 
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no s a t i s f a c t o r y s o l u t i o n e x i s t s . Some o f these approx imat ions are d e r i ­

ved f r o m t h e o r e t i c a l boundary l a y e r e q u a t i o n s . I t i s p o s s i b l e t o i n t e ­

gra te these equat ions when t h e y are s i m p l i f i e d . Others i n v e s t i g a t o r s d e r i ­

ve e m p i r i c a l methods based on exper imenta l d a t a . These va r ious methods 

p r e d i c t the v e l o c i t y d i s t r i b u t i o n a t any s t a t i o n a long the boundary as 

l o n g as sepa ra t i on does no t o c c u r . TRIhen s e p a r a t i o n occu rs , t he j e t o f 

f l u i d f l o w s between f l u i d boundar ies and consequent ly t he f l o w i s ve r y 

uns teady . V e l o c i t y d i s t r i b u t i o n s become hazardous f u n c t i o n s o f t he t i m e . 

•Several a n a l y t i c a l methods are summarized i n the f o l l o w i n g c h a p t e r . 
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CHAPTER I I 

ANALYTICAL RESEARCH 

Severa l researchers have t r i e d t o f i n d approximate s o l u t i o n s by-

d e r i v i n g s i m p l i f i e d equa t i ons . Most o f them based t h e i r c a l c u l a t i o n s on 

the von Karman momentum e q u a t i o n : 

dJ*» dp/dx ' s 

^ o d J * * dp/dx . , . 
O R ! = ~ & E ( H + 2 ) t T « * , (13) 

The adverse pressure g r a d i e n t occurs i n many phenomena. The a n a l y t i c a l 

researchers mentionaed t h e r e a f t e r were most concerned w i t h f l o w a long wings 

and the methods are o f t e n v a l i d f o r b o t h p o s i t i v e and nega t i ve p ressure 

g r a d i e n t s . They were o f t e n checked o n l y by a e r o n a u t i c a l exper iments on 

a i r f o i l s b u t they are s t i l l v a l i d i n t h e case o f f l o w i n a d i f f u s e r . 

One o f the featureB o f the v a r i o u s analyses i s the parameter used 

t o c h a r a c t e r i z e the fo rm o f the v e l o c i t y p r o f i l e . One o f the assumptions 

made by each i n v e s t i g a t o r s i s t h a t t he v e l o c i t y p r o f i l e s f o rm a s i n g l e -

parameter f a m i l y o f cu rves . 

Here t h i r t e e n methods are summarized: 

Gruschwitz Method ( r e f e r e n c e 1) 

One o f t he f i r s t and a l s o one o f the most impo r tan t papers i n 

a n a l y t i c a l r esea rch was p resen ted by Gruschwi tz i n 1 9 3 1 . The parameter 
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was the v e l o c i t y u^ measured a t a distance from the w a l l equal t o the mo­

mentum thickness <T ** . P l o t t i n g t e s t data, Gruschwitz found that h i s para­

meter: n = 1 - ( u ^ / U ) 2 was a s i n g l e funct ion of the form parameter H. Fur­

thermore, he found that the dimensionless quantity JT*ft ^ 1 was a s i n g l e 
q dx 

l i n e a r function of n ( q: k i n e t i c energy: , and F , : t o t a l energy = 
" I T " 

k i n e t i c +• piezometric pressure a t a distance J"** from the wall) .Thus 

Gruschwitz writes a d i f f e r e n t i a l equation which, combined with the von 

Karman momentum equation and solved by t r i a l and error , g ives J * * and H. 

Separation would occur for n ~ 0.8 which corresponds t o H = 1 . 8 6 . 

This method has long been the only one used and has general ly given 

good r e s u l t s , except t o pred ic t the separation point* But i t requires 

lengthy computations s i n c e i t i s not only a t r i a l and error method but 

a l s o a s tep-by-s tep method. 

Nikuradse Method (reference 2) 

Just two years before Gruschwitz, Nikuradse s tudied the two-dimen­

s i o n a l f low between diverging boundaries and worked out a method based on 

the use of two parameters T and L, r e l a t e d one t o the other by a s i n g l e 

curve, according t o h i s experiments. T was a parameter of f r i c t i o n and L 

a parameter of f r i c t i o n and pressure . The l a t t e r i s a funct ion only of 

the product <r**K^« Assuming tha t the r a t i o s J*/iSr and U/V are constant, 

T can be computed from L and g ives 2rQ. 

The s i m p l i c i t y of t h i s method makes i t very a t t r a c t i v e but i t i s 

obvious that the assumptions concerning J*/w and tJ/V do not check further 
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experiments (see F i g . 1 9 ) . 

B u r i , s Method ( re fe rence 3) 

B u r i based h i s c a l c u l a t i o n s on the r e s u l t s ob ta ined f rom t he f l o w 

on a f l a t p l a t e w i t h o u t p ressure g r a d i e n t . Assuming t h a t the v e l o c i t y d i s -

1/7 

t r i b u t i o n f o l l o w s a power- law o f the fo rm u/U = ( y / j ) , wh ich g i ves a 

r a t i o <T**/<J* c o n s t a n t , he ob ta ined t he e x p r e s s i o n : 

- ° i — ) . ™ 

where C s 12.55> x 10 • I n t he case o f a p ressure g r a d i e n t , B u r i assumed 

t h a t t h i s express ion i s s t i l l v a l i d b u t a f f e c t e d b y a c o e f f i c i e n t 

S - \o / J ) wh ich i s no l o n g e r c o n s t a n t . Th is c o e f f i c i e n t v a r i e s w i t h 

the shape o f the v e l o c i t y p r o f i l e , Accord ing t o B u r i , t h e i n t e r n a l shear 

s t r e s s i s t he main f a c t o r which a f f e c t s t h e v e l o c i t y d i s t r i b u t i o n . The 

d i s t r i b u t i o n o f t h i s i n t e r n a l shear may be w r i t t e n : 

Vfc 0 = 1 - B y / j - . . . ( I S ) 

From the c o e f f i c i e n t B, B u r i d e r i v e d a fo rm parameter F, 

tf J** dtr / u j * * \ 
F = T T dx v ~ y * ( l 6 ) 

and he shows t h a t H and are s i n g l e f u n c t i o n s o f F . F i n a l l y B u r i ob ta ined 

t h e exp ress ion : 



1 7 

WHERE Z = <T** 2 ( j * * ) - F 5 A = LL*.7!>' X 1 0 " J $ B = 3.9U5. 

THE ERROR OF THIS METHOD IS TO ASSUME THAT S Q IS ONLY A FUNCTION 

OF B ( J * * ) « THIS I S NOT TRUE WHEN SEPARATION I S APPROACHED. ON THE OTHER 

HAND, THE VALUES OF A AND B COMPUTED FROM VARIOUS EXPERIMENTS ARE NOT 

PERFECTLY EQUAL. 

METHOD OF SQUIRE AND YOUNG (REFERENCE h) 

In ORDER TO SOLVE THE MOMENTUM EQUATION, SQUIRE AND YOUNG USED TWO 

OTHER EQUATIONS, THE KARMAN-SCHOENHERR EQUATION GIVING THE DRAG COEFFICIENT 

ON A FLAT PLATE WITH ZERO PRESSURE GRADIENT AND THE MOMENTUM EQUATION FOR 

THIS PLATE • THUS THEY OBTAINED TWO RELATIONS BETWEEN J* ** , U AND * Q AND 

CONSEQUENTLY A DIFFERENTIAL EQUATION IN TERMS OF 2?C ONLY, WHICH CAN BE 

INTEGRATED I F THE FORM PARAMETER H I S ASSUMED CONSTANT WITH X. 

CHECKING THIS METHOD AGAINST TEST DATA, IT SEEMS THAT, USING H = 1 . U , 

THE RESULTS ARE IN GOOD AGREEMENT WITH THE EXPERIMENTATION AS FAR AS AIR­

FOILS ARE CONCERNED* 

FEDIAEVSLQR'S METHOD (REFERENCE 5) 

TO COMPUTE THE DEVELOPMENT OF A TURBULENT BOUNDARY LAYER, FEDIAEVSKY 

ATTEMPTED TO COMPUTE FIRST THE SHEAR DISTRIBUTION ACROSS THIS BOUNDARY LAYER. 

HE MADE THE FUNDAMENTAL ASSUMPTION THAT THE SHEAR DISTRIBUTION I S A 

POWER SERIES OF Y / r • THUS ALL THE SHEAR PROFILES, FOR LAMINAR AS WELL AS 

FOR TURBULENT FLOW ARE A SINGLE-PARAMETER FAMILY OF CURVES, THE PARAMETER 

BEING THE SLOPE AT THE SURFACE OF THE SHEAR DISTRIBUTION CURVE. THEN THE 

VELOCITY DISTRIBUTION CAN BE COMPUTED FROM THE RELATION: 
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£ = £ , (18) 
dx dy 

applied along a stream l i n e and s t a r t i n g from a known upstream d i s t r i ­

but ion . 

This method invo lves ted ious computations of severa l points along 

several stream l i n e s , but , i n s p i t e of good agreement with several t e s t 

data, Fediaevsky's ana lys i s i s i n c o r r e c t . I t has been shown by other e x ­

perimenters that there i s no d i r e c t connection between the v e l o c i t y d i s ­

tr ibut ion and the l o c a l shear d i s t r i b u t i o n . 

Lee's Method (reference 6) 

As i t i s p o s s i b l e for a f l a t p l a t e with zero pressure gradient to 

express the r a t i o 3*Vx as a function of the length Reynolds number by 

means of the express ion: 

Lee w r i t e s a s imi lar expression for a f l a t p l a t e with a pressure gradient: 

J**/x * B / £ , (20) 

B and m being functions of x . He shows t h a t , according t o h i s experiments, 

B and m are s i n g l e funct ions of the parameter: 

In the same way, H i s a l i n e a r function of G(x) . Thus Lee obtained an 

expression for the drag c o e f f i c i e n t as a funct ion of G(x) and dJ**/dx 

and he der ives d3**/dx assuming that G(x), and consequently B and m, 
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remain constant . Then the drag c o e f f i c i e n t i s a funct ion only of G(x)« 

This method i s doubtful far severa l reasons . F i r s t , the sca t ter 

of Lee f s data does not j u s t i f y a l i n e a r express ion for H. Second, i t i s 

not l o g i c a l t o maintain G(x) constant to derive d«T**/dx because G(x) 

i s an unknown function of x . Third, the curves g iv ing B and m as a func­

t i o n of G(x) have been p l o t t e d by Lee for p o s i t i v e and negative pressure 

gradients . When G(x) = 0 (zero pressure gradient) , r e s u l t s should be s imi ­

l a r t o those general ly found for a ;flat p l a t e with zero pressure gradient , 

but L e e ! s r e s u l t s are d i f f e r e n t . 

Method of von Doenhoff and Tetervin (reference 7) 

By p l o t t i n g u/U as a function of the form parameter H f o r constant 

values of y/<T**, von Doenhoff and Tetervin found that the c o l l e c t e d data 

showed the v e l o c i t y d i s t r i b u t i o n s as a function of H alone f o r a given va­

lue of y/cT**. Then the assumption was made that the rate of change of H 

i s r e la t ed t o the external forces ^ / q and dq. In dimensionless form, 
q dx 

t h i s not ion i s expressed by the equation: 

T * * dfi (aH - b ) f j * * dq 2q , i 

J m ~- E [ " T O 5 ^ - c ( H - H o ) J > (22) 

where HQ i s the i n i t i a l value of the form parameter and 2^ a sk in f r i c t i o n 
*o 

c o e f f i c i e n t computed by the Squire and Young formula and making t h i s equa­

t i o n (22) independent of R(j**) . However the expression found by von Doen­

hoff and Tetervin f o r r # * dH has been empir ica l ly obtained from 
AX 
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exper imen ta l da ta -which were l a r g e l y s c a t t e r e d . Th is express ion i s complex 

and d i f f i c u l t t o handle* 

Th is method shows good agreement w i t h t h e expe r imen ta t i on b u t 

c o n s i s t e n t d i f f e r e n c e s appear as the sepa ra t i on p o i n t i s approached. One 

o f the reasons i s t h a t the term <J do, 2c] shows sma l l va lues when sepa-
q ' dx * 0 

r a t i o n occurs whereas ? 0 be i ng zero t h i s te rm shou ld be i n f i n i t e . Th is 

method i s b e t t e r t han t h a t o f Gruschwi tz who neg lec ted the i n f l u e n c e o f 

The va lue o f t he form parameter H has o f t e n been used as a c r i t e r i o n 

o f s e p a r a t i o n . Accord ing t o t h e f o r e g o i n g i n v e s t i g a t i o n , i t i s p o s s i b l e 

t h a t sepa ra t i on occurs when H i s about l.>6 and may be cons idered t o have 

c e r t a i n l y occured when H i s 2 * 6 . Schubauer and KLebanoff ( r e fe rence 8 ) , 

i n v e s t i g a t i n g an a i r f o i l , f ound sepa ra t i on t o occur when H = 2 . 7 . 

K e h l ' s Method ( re fe rence 9) 

I n 19l i3. Keh l analysed the f l o w between converg ing and d i v e r g i n g 

boundar ies and f o u n d , as Gruschwi tz i n 1 9 3 1 . t h a t the v e l o c i t y p r o f i l e s 

were a s i n g l e f u n c t i o n o f G ruscw i t z ' s parameter n . Kehl d e r i v e d an equa­

t i o n f o r n which t ook care o f the Reynolds number R ( j * * ) by adding a new 

term t o an equa t i on found by Gruschwi tz . 

Th is method checked K e h l ' s exper iments b u t d i d n o t app l y t o o t h e r 

da ta a t h i g h e r Reynolds numbers. 

Garne r f s Method ( re fe rence 10) 

Garner 's method uses r e s u l t s f rom B u r i ' s and T e t e r v i n ' s methods 

w i t h some s l i g h t d i f f e r e n c e s . Separa t ion was found t o occur when H= 2 . 0 . 
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B i n d e r ' s Method ( re fe rence 1 1 ) 

This method i s sued f rom s t u d i e s made on two-d imens iona l d i v e r g i n g 

channels* B inder d e f i n e d two d imensionless c o e f f i c i e n t s ; 

and showed t h a t exper imen ta l da ta checked the re la t i on t i* + b T # This 

r e l a t i o n can be p a r t i a l l y i n t e g r a t e d and then can be ob ta ined by a g r a ­

p h i c a l i n t e g r a t i o n . A l l t h e c h a r a c t e r i s t i c s o f a two-d imens iona l d i f f u s e r 

can be computed s t e p - b y - s t e p , b u t t he computat ions are t ed ious as a t r i a l -

a n d - e r r o r c a l c u l a t i o n i s necessary i n each s t e p . 

Th is method g i ves good r e s u l t s b u t i s l o n g and l i m i t e d t o t w o - d i ­

mensional d i v e r g i n g f l o w w i t h o u t s e p a r a t i o n . "When P >0.08, t he re i s a 

p o s s i b i l i t y o f s e p a r a t i o n . B inder r e p o r t e d t h i s method i n l$hl and aga in 

i n 1953 ( re fe rence 35) and i n these two papers d i d n o t g i ve e x a c t l y the 

same numer i ca l va lues f o r a and b . 

Method o f Hubert and Persh ( re fe rence 1 2 ) 

These two researchers t r i e d t o c o r r e l a t e a l l t h e methods a t tempted 

up t o t h a t t i m e . They checked the accuracy o f t h e v a r i o u s methods and 

worked ou t an e m p i r i c a l method f o r two cases: c o n i c a l d i f f u s e r s and t w o -

d imens iona l d i f f u s e r s . For each case, an equa t i on i s o f f e r e d , g i v i n g the 

r a t e o f change o f t he momentum t h i c k n e s s , J * * , w i t h x b y a s t ep -by - s t ep me­

t h o d . The equa t ion i s complex and expressed i n terms o f t h e non-d imens iona l 

p ressure g r a d i e n t dq , the form, parameter H and the Reynolds number 
q dx 


