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guadrupole magnetic elds in both MOTs, are shut o during the
period of the protocol. The ambient magnetic eld at each Sé is
compensated by three pairs of Helmholtz coils (not shown). dre-
lated signal and idler elds are generated at Sité\. The signal eld
is transmitted via optical ber from Site A to Site B, where it is con-
verted to atomic excitation, stored for a durationTg, and subsequently
retrieved. A Hanbury Brown-Twiss setup consisting of a beasplit-
ter BS and two detectors D2 and D3, together with detector Dlof
the idler eld, are used to verify the single photon characteof the
retrieved eld. . . . .. . ..

6.2 Measured transmission spectra of a coherent probe eld &he func-
tion of probe detuning in the presence of, and absence of, ElData
are taken using 700 ns long coherent laser pulseB.is the intensity
transmittance, is the probe detuning and is the decay rate of level
jci. In the absence ottontrol eld (circles) the probe is strongly ab-
sorbed near resonance, whereas with tleentrol eld on (diamonds)
the medium becomes transparent. Each probe pulse contains aver-
age 03 photons. Each data point is an average of 210° experimental
trials. The optical thicknessd = 8 and the control eld Rabi frequency

= 3 are used to obtain the solid curves, based on the theoreical
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deviation and are based on the statistics of the photoeleatrcounting
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7.4 A schematic diagram illustrates our experimental setupA signal eld
from either a laser, or a DLCZ source of conditional single pkons
at Site A is carried by a single-mode ber to an atomic ensemble at
Site B, where it is resonant on thejbi $ j ci transition. The signal
eld is stored, for a duration T, and subsequently retrieved by time-
dependent variation of a control eld resonant between lelgjai and
jci. All the light elds responsible for trapping and cooling, & well
as the quadrupole magnetic eld in the MOT, are shut o during
the period of the storage and retrieval process. An externalapplied
magnetic eld created by three pairs of Helmholtz coils (noshown)
makes an angle with the signal eld wavevector. The inset shows the
structure and the initial populations of atomic levels invéved. The
signal eld is measured by detectors D2 and D3, while deteatd®1
is used in the conditional preparation of single photon stas of the
signal eldat Site A. . . . . . . . . . ... ...

7.5 Panels (a)-(e) show the ratio of the number of photoeleat detection
events for the retrieved and incident signal elds for varias orienta-
tions, =0; =8; =4,3=8; =2, of the applied magnetic eld, and as
a function of storage time. The incident signal eld is a weakoherent
laser pulse. In all cases the control pulse is switched o &t = 0.
We observe a series of collapses and revivals at multiplestioé half
Larmor period of 23 s. The observed damping over several Larmor
periods is likely caused by residual magnetic eld gradiest The inset
in Panel (e) demonstrates the observed substructure withithe rst
Larmor period. Panels (f) through (j) are corresponding theretical
plots of the dark-state polariton number calculated using & (7.17).

7.6 Diamonds show the measured collapse tinfg of the rst revival at
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ratio of squares to diamonds givegsi. Uncertainties are based on the
statistics of the photoelectric counting events. . . . . . .. ... ..

Xiii



8.1

8.2

8.3

A schematic diagram of our experimental setup. Two cold@mic en-
sembles of°Rb, an unpolarized sample at Sité\, and a spin-polarized
sample at SiteB, separated by 5.5 m, are connected by a single-mode
ber. The insets show the structure and the initial populatons of the
atomic levels for the two ensembles. An entangled state of allec-
tive atomic qubit and a signal eld is generated at SiteA by Raman
scattering of the write laser eld. The orthogonal helicity states of
the generated signal eld are transmitted via optical ber fom Site
A to Site B, where they are converted to orthogonal collective atomic
excitations, stored for a durationTs, and subsequently converted into
an idler eld by adiabatic variation of the control eld amplitude.
The atomic qubit at Site A is similarly converted into an idler eld
by a read laser pulse, counterpropagating with respect to ¢hwrite
pulse. For polarization analysis, each idler eld propagas through a
guarter-wave plate (not shown), a half-wave plate € 2) and a polariz-
ing beamsplitter (PBS). Polarization correlations of thedler elds are
recorded by photoelectric detection using the single phatadetectors

D1-D4. . . . e 140

Measured coincidence fring&3,3( a; g) as a function of ,, for g =
135, n = 1, diamonds, n = 2, squares. The curves are sinusoidal
ts to the data. Each point is acquired for 15 minutes. The e etive

repetition rate is 108 kHz, each trial takes 1.1s. . . . . ... .. .. 144

Measured correlation functiorE( A; g) as afunctionof . (@), g =
0, squares, and 9Q diamonds. (b), g = 45, squares, and 135

diamonds. The curves are sinusoidal tstothedata. . . .. . . .. 145
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SUMMARY

In this thesis, we explore the quantum dynamics of light intewctions with
optically thick collections of atoms. We provide a theoretial description of several
recent experiments in which some key operations necessany the implementation
of quantum communication networks are demonstrated. Coltdve Raman scattering
from an atomic ensemble is shown to produce probabilistic tamglement between
the polarization of a scattered photon and an associated t&dtive atomic excitation.
The predicted correlations agree with experimental obseations. We also propose a
method to use cascade transitions to produce entanglementtiveen a photon with
a frequency in the telecom range (ideal for transmission aveptical bers) and a
near infrared photon (ideal for storage in an atomic ensen#), and a description
of the experimental demonstration is provided. We also prase and describe the
implementation of a deterministic source of single photons

In addition, we generalize the theory of dark-state polardns in ensembles of three
level atoms to account for the nuclear spin degeneracy of kdli atoms. This gener-
alized theory provides a description of the rst demonstrabn of single photon storage
and retrieval from atomic ensembles. Additionally, in the pesence of a uniform mag-
netic eld, we predict the occurrence of collapses and rewls of the photon retrieval
e ciency as a function of storage time within the ensemble. These predictions are
in very good agreement with subsequent experimental obsations. We also exploit

the ability of photon storage to entangle remote atomic quks.

XV



CHAPTER 1

INTRODUCTION

The dynamical law of quantum mechanics has inspired a numbef potentially rev-
olutionary ideas in recent decades. Quantum computing (s&ef. [1], and references
therein), for example, holds the promise of solving severnatoblems much faster than
can be achieved classically. The prime factorization of ige numbers could be per-
formed exponentially faster [2]. The task of searching a Ige unsorted list scales with
the square root of the list's size, where classically the tascales linearly [3]. Quantum
cryptographic key distribution (QCKD) could ensure compléely secure communica-
tion between two remote parties [4, 5]. Where private crypgraphic keys distributed
classically may be intercepted, without the knowledge of thsender or receiver, by a
malicious (or simply overly curious) party, the security rsk can be nulli ed when the
ideas of QCKD are implemented. In addition to quantum compution and commu-
nication, non classical correlations between many partes can also help to improve
high precision measurements [6, 7, 8, 9, 10, 11, 12, 13, 14, 15

The essential feature of quantum mechanics that enables geepossibilities is the
notion of entanglement. An entangled state of two systems @ne which cannot be
characterized by identifying the state of either system inglidually, i.e. it cannot be
expressed as a product state. One of the most elementary exdes of an entangled
state is a Bell state consisting of two qubits (two level quanom systems), labeled
A and B, and is given by the state vector jOi, jlig | 1iAjOiB):p 2. In this two
qubit entangled state, a measurement of one particle, givasitomatic knowledge of
the state of the other. The nonclassical nature of the cormions of the Bell state

can be quanti ed by the violation of Bell's inequality (see Gapter 14 of Ref.[16] and



references therein). In this system of 2 qubits, the Hilbespace of state vectors has
four dimensions. More generally, for a system composedMftwo-level subsystems,
the state space has dimension"2 The vastness of this state space, along with the
potential for complex interparticle correlations which ae not possible classically, is
what permits the possibility of the technologies mentionedbove.

In practice, however, creating, manipulating, and distrilating, an entangled pair
of qubits, let alone the numbers of these required for a uséfguantum computer,
presents enormous technical hurdles. The reason for thistigat, in addition to the
interactions between qubits that we can conceivably conttothe system also inter-
acts with the surrounding environment. Spins may interact wh ambient magnetic
elds; qubits encoded in atomic or ionic states also interaowith the electromag-
netic vacuum eld. These uncontrolled interactions lead talissipation in the system,
and ultimately, a decay of useful interparticle correlatias; the system would behave
classically.

In this thesis, we provide a theoretical description of seka recent experiments in
which key building blocks of quantum networks for use in quanmm communication are
implemented [17, 18, 19, 20, 21, 22, 23]. In these experimgnnteractions between
the light eld and a cold atomic gas, or atomic ensemble, aresed to generate, store
and retrieve quantum information stored in nonclassical ates of the light eld. These
atomic ensembles serve as \quantum memories," which coul@ lised to implement
guantum repeaters. Realization of the latter would make it pssible to distribute
entangled particles over great distances (example: intenatinental).

The remainder of this Chapter is organized as follows. In Sen 1.1, we provide
an overview of gquantum communication and some of the diculies that arise in
implementing it over long distances. Section 1.2 introdusethe concepts of quantum
networks and quantum repeaters. Finally, in Section 1.3, werovide an outline for

the remainder of this thesis, in which we describe recent expments that lay the



foundation for the implementation of the ideas discussed e

1.1 Quantum Communication

Producing and maintaining entanglement between two remotgqubits, or two-level
guantum systems is an essential ingredient in quantum commigation schemes. We
rst consider the example of quantum teleportation[24]. Sppose a party, Alice, has
produced a qubit in an arbitrary statej i, and wishes to send it to her colleague,
Bob. This is accomplished producing a pair of qubits { one lated with Alice at Site
A and the other with Bob at site B { in a Bell state, a maximally entangled state

J Beiag = |e>1—§(jOiAj1iB j 1ijoig). (1.1)
Alice then performs a joint measurement on her original qubiand particle A, and
sends the results of her measurement over a classical chdrineBob. It is shown in
Ref. [24] that Bob can use these results to reconstruct theigmal qubit j i on his
particle at B. We emphasize that this reconstruction does not involve arknowledge
of the original particle, but rather, only depends on the clssical information sent to
Bob. In order to transmit arbitrary qubits between remote Ications, one therefore
only needs to reliably generate Bell states in entangled paiof qubits. Quantum
teleportation has been implemented experimentally usingnengled photons produced
by parametric down conversion [25, 26, 27], where photong\ge as the information
carriers.

In quantum cryptography, entangled particles are used to sarely transmit the
cryptographic key [4, 5]. The BB84 protocol involves eitheremote state prepara-
tion or teleportation of a qubit [24, 25, 26, 28]. The Ekert potocol, on the other
hand, directly uses the measurement on an pair of entangledlujts to generate the
cryptographic key [5].

A requirement of these quantum communication protocols ishe distribution of

entangled qubits. While parametric down conversion provies a robust mechanism



to produce entangled photons for use in quantum communicat [24, 25, 26, 28, 27],
distributing entangled photons over great distances is pbbematic. Due to absorption
in optical ber and the probabilistic nature of photon pair generation, the communi-
cation rate decreases exponentially with the distance.

This limitation can be overcome through the use of a quantumepeater archi-
tecture [29, 30], in which a quantum memory element (capablef storing a qubit)
is inserted into the quantum communication channel every &nuation length or so.
Long distance entanglement distribution is achieved by rsgenerating entanglement
between two neighboring quantum memory qubits. This can beotde e ciently since
light will not be appreciably absorbed within a short segmeriength. After entangle-
ment between each pair of memory qubits has been establishadoint measurement
on each neighboring pair of qubits is performed. The quanturstate of the interme-
diate qubits is destroyed by the measurement, thus achiegrentanglement swapping
such that two memory qubits at the ends are entangled. Afterhite entanglement
swapping, the number of entangled memory qubit pairs is redad by a half, while
the distance over which the entanglement is distributed ddales. One subsequently
performs entanglement puri cation and additional entangtment swapping until the
guantum states of all of the intermediate qubits are destrad, leaving the memory
elements at the two ends of the channel entangled. With the esof a quantum re-
peater architecture, the communication rate only scales pmomially with distance

[29, 30].

1.2 Quantum Networks and Atomic Ensembles

The quantum repeater architecture discussed above is an exale of the more general
concept of a quantum network. A quantum network consists ofugantum memory
nodes at which quantum information is generated, stored, dnmanipulated, and

guantum channels over which qubits are transmitted. Photamare ideal information



carriers over the quantum channels since they can propagajeickly over relatively

long distances (shorter than an attenuation length) withoti su ering from losses,

or appreciably interacting with the environment. Atoms, onthe other hand, make
favorable building blocks for guantum memory elements sia¢hey can be well isolated
from the environment, and their states may be manipulated biaser elds or applied

dc electric and magnetic elds. Here, we discuss some impant primitives of a

guantum network: the ability to entangle a node and a photonthe generation of
deterministic single photons, the ability to map the quantun state of a photon onto
a quantum memory element, and vice versa.

Proposed quantum network architectures implement quantunmemory nodes in
a number of dierent ways. In the microwave domain, single Ryberg atoms and
single photons have been entangled [31]. An entangled stétetween a photon and a
single ion has also been recently produced [32, 33]. A progld®r a quantum network
architecture for distributed quantum computing using tragped ions has recently been
made [34]. Another scheme involves the use of single atonesis within a high nesse
optical cavity [35]. Indeed, cavity QED shows promise for gerating entanglement
between neutral atoms and photons, with deterministic sirlg photon generation being
an important step in that direction [36, 37]. Entanglement letween a photon and a
single trapped neutral atom has also been achieved [38]. Aoposal also exists for
solid state based photon emitters [39].

Collective enhancement of atom-photon interactions in opally thick ensembles
of atoms provides a somewhat simpler route toward the consttion of quantum
networks [40, 41, 42, 43, 44, 45, 46]. The atom photon entaegient, however, is
often probabilistic in nature. Duan, Lukin, Cirac, and Zoler (DLCZ) [47] have de-
veloped a scheme for long distance quantum networking based atomic ensembles
and linear optics. The dynamics of this paradigm turn out to le remarkably similar

to parametric down conversion with the additional capabity of quantum memory.



In parametric down conversion, nonlinear interactions inmoptical medium produce
entangled pairs of photons. The DLCZ protocol, on the otherdnd, uses collective
Raman scattering from an atomic ensemble to create nonclasd correlations be-
tween a scattered photons and collective atomic excitatisn The equivalence of this
DLCZ write process and parametric down conversion is disaed in more detail in
Chapter 3. Heterogeneous quantum network schemes emplayiboth single-atom
and collective atomic qubits are also being actively pursdd48, 49, 50].

Non-classical radiation has been produced from the rst genation of atomic
ensemble experiments [51, 52, 53, 54, 55, 56]. The ability poepare a quantum
memory qubit based on two atomic ensembles and subsequentitgnsfer the infor-
mation onto a photonic qubit was then later demonstrated [§7 These experiments
[51, 52, 53, 54, 55, 56, 57] employed copropagatimgite and read laser elds and
on-axis Raman-scattered light was collected. In contrasbtthese works, Braje and
coworkers pioneered o -axis four-wave mixing [58] and e @nt photon-pair produc-
tion [59] in a cold atomic ensemble, using counter-propagag write and read elds
deep in the regime of electromagnetically-induced transpgancy. We exploited this
geometry in Chapter 3, in which we report probabilistic entaglement between a
photonic and collective atomic qubit [17].

The capability to generate nonclassical correlations beegn a scattered photon
and a collective atomic excitation combined with relativel long atomic memory co-
herence times allows one to produce another primitive opéi@n of a quantum net-
work, the production of deterministic single photons. In Chpter 5, we propose and
implement a source of deterministic single photons utiliag the conditional, or her-
alded, single photon sources involved in a DLCZ paradigm fan ensemble of atomic
emitters with a measurement based feedback protocol. In thpast, deterministic sin-
gle photon sources have been produced using single emittengch as quantum dots

[60, 61, 62], color centers [63, 64], neutral atoms [36, 3B],dons [66], and molecules



[67]. The measured e ciency to detect a single photon per tal with these single
emitter sources is typically less than 1%, with the highesteported measured value
of about 24% [36, 37], to the best of our knowledge. We report the implemtation
of our scheme for an ensemble of atomic emitters using a colidium vapor, with
a measured e ciency of 1 - 2% (see Chapter 5[23]). In commontvithe cavity QED
systems, our source is suitable for reversible quantum sgéatransfer between atoms
and light. Unlike cavity QED implementations [36, 37], howeer, our source is un-
a ected by intrinsically probabilistic single atom loading. Therefore it is stationary

and produces a photoelectric detection record with truly da+Poissonian statistics.
1.2.1 Atomic ensembles as quantum memories

Above, we discussed the use of atomic ensembles to generatargglement between
guantum memory and photonic qubits. One infers this entangment by mapping
the atomic qubit onto a photonic qubit, and performing appr@riate measurements
on the correlated two-photon system [17]. Another elememnta quantum network
operation involves storing a qubit state in an atomic quanttn memory node, and
then retrieving and transporting the information through asingle photon excitation
to a remote quantum memory node for further storage or analigs To accomplish this,
it is necessary to map the quantum state of the light eld ontathe remote quantum
memory node. The potential of atomic ensembles to serve asagtum memories has
recently attracted considerable attention [68, 41, 69, 44,3, 70].

Electromagnetically Induced Transparency (EIT) [71, 72] povides a route toward
the implementation of quantum memories within optically thck atomic ensembles.
In a collection of three level atoms, the application of a chssical control eld
resonant on one transition renders the medium transparentota signal, or probe,
eld resonant on the other. Whereas in the absence of the coot eld, the atoms

would absorb the signal, and the atomic medium would be opagu The detailed



theory of electromagnetically induced transparency in a denerate three level atomic
medium, such as rubidium or other alkali atoms, is presenteth Appendix C. The
transparency induced by the control eld is accompanied by eeduced group velocity.
This phenomenon was observed rst in the seminal \slow lightexperiments [73], and
coherent light pulses were later \stopped" and subsequewttetrieved [44, 45, 74].

The mechanism for \storing" light pulses can be understoodhtough a collective
excitation known as a dark-state polariton rst introducedby Fleischhauer and Lukin
[69, 75]. A dark-state polariton (DSP) excitation consistof a photonic component,
and a hyper ne spin wave (a collective matter excitation) cmponent. As a light
pulse enters an atomic medium, it transforms into a DSP ex@tion with a reduced
group velocity. By adiabatically extinguishing the contrd eld, the signal can be
stopped, converting the DSP entirely into a hyper ne spin wae. The quantum state
of the light eld has thus been mapped onto the quantum memoryThe signal can
then later be retrieved through reactivation of the control eld, allowing the DSP to
propagate out of the sample. Additionally, when EIT is opertve, retrieval of atomic
qubits created in a DLCZ style write process can be understddhrough the DSP
paradigm (see Chapter 3). In this way, optically thick atomt ensembles are excellent
candidates for implementation of quantum memories when EIiS operative.

In this thesis, we generalize the treatment of Fleischhauend Lukin [69, 75] to
treat atoms with nuclear spin degeneracy as used in the expaents we report. It
was found that the DSP's in degenerate atomic ensembles csh®f an electric eld
excitation with a particular linear combination of hyper ne spin wave excitations
(see Chapters 6 and 7 and Appendix C). Orthogonal spin wavemponents couple
to optical coherences and result in spontaneous emission.the presence of a uniform
magnetic eld, we predict and subsequently measure the oatance of collapses and
revivals in the quantum memory retrieval e ciency as a functon of storage time. In

a separate work, it is shown that additional magnetic eld gadients are responsible



for the current upper bound on the quantum memory lifetime [&].
When the atomic sample is spin polarized, the DSP mechanisriaavs the storage
of a qubit encoded in the polarization of a photon. We explo#d this in Chapter 8 to

produce entanglement between two remote atomic qubits [21]

1.3 Outline

In this thesis, we provide theoretical descriptions of reoe experiments that imple-
ment several primitive operations necessary for the conatition of quantum networks
using atomic ensembles. These descriptions were born frorol@se collaboration with
the individuals who performed the experiments, in which tharetical and experimen-
tal developments occurred in parallel. At several instansein the performance of
this work, theoretical predictions were made within days ofhe corresponding ex-
perimental observations (see, for example, Chapter 7 and Re [19, 20]). Much of
this work was published in joint theoretical and experimerdl articles. Experimental
details are, therefore, provided in this thesis to put the thoretical developments into
context. Note, however, that when the pronoun \we" is used irthe presentations
of the experimental details, it is used to refer to the indiduals who performed the
experiments, and not the author of this thesis.

The remainder of this thesis is organized as follows. In Chigp 2, we review the
theory of atomic ensemble interactions with the quantizedlectromagnetic eld be-
ginning with the standard Hamiltonian for quantum electrog/namics in the Coulomb
gauge. The formalism developed in that Chapter is used thrghout the remainder
of the thesis.

In Chapters 3 and 4, we describe experiments in which intertzmn of atomic en-
sembles with classical laser elds probabilistically praste entangled pairs of qubits.
Chapter 3 describes the experiment of Ref.[17], in which tdtive Raman scatter-

ing from a classicalwrite laser eld results in the emission of photons, imprinting



entangled collective excitations onto the atomic medium. ¥ show that the Ra-
man scattering dynamics reduces to that of a nondegeneratarpmetric ampli er
[16] involving a single mode of the collected signal eld anthe corresponding idler
atomic excitation. When the write pulse is su ciently weak, these dynamics re-
sult in the probabilistic entanglement of a photonic, and a allective atomic qubit.
Entanglement was veri ed experimentally through measureent of the violation of
Bell's inequality. In Chapter 4 [22], we propose and implemé a key feature of a
guantum repeater using atomic cascade transitions. Where#he photons produced
from ensembles of alkali atoms by collective Raman scatteg have frequencies in the
near infrared region, the proposal involving cascade emims provides the freedom to
choose particular atomic transitions such that one of the ¢éangled photons lies in the
telecom range of frequencies. Photons with telecom frequeéss propagate through
much greater distances in optical bers without attenuation than their near infrared
counterparts. The correlated idler photon, on the other hash is of a frequency ideal
for storage in atomic ensembles.

The collective Raman scattering paradigm in Chapter 3 is expted in Chapter 5
to produce a source of deterministic single photons [23]. &rexperimental advances
leading to increased quantum memory lifetimes allow us to plement a measurement-
based quantum feedback protocol to arm an atomic ensemblethwvia single atomic
excitation with high probability. This excitation can then be mapped to the state
of the electromagnetic eld at a predetermined time, yieldig a deterministic photon
source. Relevant aspects of the theory of photoelectric @etion are presented in
Appendix D.

In Chapters 6 through 8, we turn our attention to the task of sbring the quantum
state of an electromagnetic eld mode and subsequently rédving it. In Chapter 6,
we report the rst experimental demonstration of storage ad retrieval of a single

photon state from an atomic ensemble [18]. EIT for single pkans was concurrently
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reported by Eisamanet al [77].

In Ref. [18] (see Chapter 6) we hypothesized that the obsedvéimitation of the
guantum memory lifetime was due to a Larmor collapse of the dastate polariton
in our degenerate atomic gas. That is, the magnetic eld rotas the stored atomic
excitation away from the dark-state polariton mode. We prowe support this idea in
Chapter 7, in which we present the theory of EIT and dark-sta polariton storage for
an unpolarized degenerate atomic medium. We predicted theaurrence of collapses
and revivals or the retrieval e ciency as a function of storge time in the presence of
a uniform magnetic eld. In this chapter, we also present anxperimental veri cation
of this prediction.

In Chapter 8, we report the synthesis of the ideas of ChapteBsand 6 to produce
probabilistic entanglement between two remote quantum meonies. Entanglement
between the polarization of a photon and a collective atomiqubit is generated at
Site A. The photon is then transmitted to a polarized atomic ensené at Site B where
the photon's polarizations are mapped to orthogonal colléee spin wave excitations.
We follow with some concluding remarks in Chapter 9.

In the Appendices, we provide additional information on theheory of quantum
optics with atomic ensembles. The polarization conventi@used throughout the the-
sis are discussed in Appendix A. In Appendix B, we derive theeetive Hamiltonian
describing scattering of an o -resonant laser eld from an msemble of degenerate
three-level atoms. We provide the detailed theory of signgropagation through an
ensemble of degenerate three-level atoms in Appendix C. Ihig treatment, we ac-
count for the presence of the control eld and dc magnetic els. The conditions
under which our model is valid are also discussed. Finallypme relevant aspects of
the theory of photoelectric detection and photon countingtatistics are presented in

Appendix D.
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CHAPTER 2

REVIEW OF THE QUANTUM THEORY OF

LIGHT-ATOM INTERACTIONS

In this Chapter, we explore the basic physical mechanismsahfacilitate the manipu-
lation of quantum information and quantum states of light wthin atomic ensembles.
The material presented here, lays the foundation for the psentations we will give in
later chapters regarding photon storage and retrieval , el’Fomagnetically induced
transparency in a degenerate atomic ensemble, dark statelg@dton collapses and
revivals, and e ective qubit entanglement generated by Raan scattering from an
atomic ensemble. We begin in Section 2.1 by considering theamdiltonian which
describes the interaction of distinct atoms with the the quatized electromagnetic
eld. In Section 2.1.1, we describe the level structure of kdli atoms, using ®°Rb
as an example. Section 2.1.2 establishes the formalism armtation for the electric
dipole operator in a general multi-level atom. We describehe electromagnetic eld
and its decomposition into \system" elds and the reservoir eld in Section 2.1.4.
Finally, in Section 2.2, we brie y discuss the dynamics thaarises from the atom- eld

interactions.

2.1 Electric Dipole Hamiltonian

In Chapters 3 through 8 we consider a system &f atoms coupled to the quantized
electromagnetic eld. We assume that the atoms are at a su @ntly high temperature
that we may consider the position of the ™ atom+ ( =1:::N ) as a classical
variable. We assume, however, that the atomic velocities esu ciently low so that

we may neglect atomic motion over the time scales of the exjreents we will describe
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[17, 22, 23, 18, 20, 21]. In these experiments, ensemble¥Bb atoms are cooled in a
magneto-optical trap. The temperature of the ensemble isughly 100 K, which
corresponds to a thermal velocity of 10cm=s. Typical experimental trials, which
include storage time of a collective excitation are on the der of 10 s. In these time
scales, an atom would move about Im, much less than the wavelengths of the stored
spin waves (see Chapters 3, 5, 6, 7, and 8.). The stationaryoat approximation is,
therefore, su cient for our theoretical models.

We will describe the electromagnetic eld in terms of creatin and annihilation
operators for plane waves with wavevectoR and linear polarization * (K) (=
H; V), &'(K) and & (R) respectively. The possible linear polarization vectors* (Q)g
for a given propagation directionk &=k, are orthogonal to each other and the
direction of propagation k. The linear polarizations are labeled by the index 2
fH;V gand are de ned such thatf =~ ; %y ; Qg form a right handed coordinate system.
In this thesis, whenever it is convenient to choose a speciset of polarization vectors,
we adopt the convention presented in Appendix A. The operats & (K) and &' (k)
obey the Bosonic commutation relations

h i h i
a (R): 4 oK & (R);84(RY =0 (2.1a)
. .

|
a (R); & (K9

o (R RO (2.1b)

In the Coulomb gauge, the magnetic vector potential is expssed in terms of these

plane wave mode operators as
74 X
Am®=dk % (k)

2f H;V g

E (ck)

K efra (k) + e ®ra'(R) (2.2)

where E(!)  (~1= (2 (2 )3))*™. The Coulomb gauge scalar potentiaU(¥) is a
function only of the positions of the electrons and atomic ralei composing the atoms.

This potential can be expressed as

U(r) = 7

e &

=1
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where the particles that compose atom are labeled by the index , q. is the charge
of the th particle of atom , andrf. isthe position of this particle. The Hamiltonian

for the atom- eld system is given by
h

o
X p, o Ae) £ X
R = + &k & K a K
. 2m,
+g9. 8. B(. )+ Yeou (2.4)
wherem. is the mass of particle; , g. isthe Lande g factor of particle , ,$.

is the spin of this particle, g is the Bohr magnetonp . is the conjugate momentum
of the positionf. , and

1 )(\I )(\I X q qO-O
16 i

Veou = (2.5)

=1 01¢f; 0 g ogl - fo o
is the Coulomb interaction between particles.

When the atoms are well localized in comparison to the wavelgths of light
we consider, (e.g. classical laser elds, signal and idleuantum elds, etc.) it is
convenient to make the Power-Zienau-Woolley transformain [78] by applying the
unitary operator 7
T exp é &cr P AF (2.6)

where
X
PH= P ©® (2.7)
is the polarization density within the atomic sample, and
X Z1
P (r= dug,. (f; +) (r * u@®, ) (2.8)
0
is the polarization density associated with atom , where ¥ is the center of mass
position of atom . Recall that we are considering the atom's center of mass [itamn

to be a classical variable. In the long-wavelength approximtion, we perform a mul-

tipole expansion ofP (¥), keeping only the lowest order contribution. When this is
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done, the polarization density of atom may be approximated as
PM@® 4 (¢ +) (2.9)

where
X
a q . ) (2.10)

is the electric dipole operator for atom . An operator A in the Power-Zienau-Woolley

(PZW) picture is related to the corresponding Coulomb gaugeperator by
AP2ZW) = f L(Cou)fy. (2.11)

A detailed description of how various physical operators ansform is given in Refs.
[78, 79]

The displacement eld is de nedD (¥) = oE(¥)+ P(¥), where E(¥) is the electric
eld at position +. In Ref. [78], it is shown that because we are dealing exchasiy
with neutral atoms, the displacement eld is transverse, e.r D (¥) = 0. Therefore,
the electric displacement operator is given in the Schredger picture after the PZW
transformation by

B = o, EY m+ e (9 (2.12)

where 7

X
EY (9= d*k E(ck)* (R)a (R)exp i R + (2.13)

is the positive frequency component of the transverse eléct eld at position * in
the Coulomb representation, anct' ’(#) = EY(#) is the corresponding negative
frequency component. Similarly, the magnetic magnetic dl is described by the

Schredinger picture operator

Br)= 87 )+ 8 (¢) (2.14)
where
. X % B
BY ()= i k=R = Rya®exp i kK £ (2.15)
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and B8 '(x) = BY V(x).

Having applied the Power-Zienau-Wolley transformation te dynamics of the elec-

tromagnetic eld - atomic ensemble system by the electric dble Hamiltonian [78, 79]

B = Brag + * 7B ioa‘ " B ) (2.16)
=1
where « Z
M Rad = d®k ~ck&’ (R)a (R) (2.17)

is the energy of the free electromagnetic eld , anE’IT(() ) represents the atomic Hamil-
tonian for atom . The interaction of the " atom with the electric eld is accounted
for by the interaction of the displacement eld with the dipde, d D(+ )=q.

In the following subsections, we will discuss the element$ the electric dipole
Hamiltonian in greater detail. Section 2.1.1 provides an evwview of the structure of
alkali atoms. We discuss the electric dipole operator in S&mn 2.1.2. In Section 2.1.3,
we establish some notation within the interaction picture.Finally, in Section 2.1.4,
we decompose the electric eld into the system elds, whichntlude classical laser
elds and detected modes of the quantized eld, and the resewir, which consists of

the plethora of undetected eld modes.
2.1.1 The atomic Hamiltonian K’

In this section, we discuss the Hamiltonian for a single atorlﬁc(, ). The atom is com-
posed of a nucleus of chargg, surrounded by a cloud ofZ electrons. The electrons
interact with the nucleus, and with one and other via the couwlmb interaction. The

atomic Hamiltonian can be expressed as

,q(())zx p’

om + <>Coul + quamb + |qfs + lths; (218)

where, agairg . is the momentum of particle (electron or nucleus) within atom ,

1 X . Qoo
OCOUI - — % (219)
0. o g OgJ ; o 9
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is the Coulomb interaction between the particles.quamb accounts for the shift in
energy levels resulting from the interaction of the atom wit the electromagnetic
vacuum. The ne structure interaction, which accounts for elativistic corrections to
the classical Hamiltonian, is contained i, , and the hyper ne interaction, which
results from a coupling of nuclear and electronic angular meenta is described by
A,

We label the atomic energy level§f i, wheref denotes the set of quantum num-
bers that characterize the energy level. In a hydrogen atormhen one neglects ne
structure, radiation shifts of the energy levels, and hypare structure, the energy
of level jf i is determined entirely by the principal quantum numbern. In general,
multi-electron atoms are much more complicated, and the eigstates depend on the
con guration of all of the electrons in the atom. The alkali aoms that constitute our
ensemble consist of a closed shell with one valence electrdve can make the simpli-
fying assumption that only the valence electron, the eleadn occupying the outermost
energy level, will undergo transitions, and the con guratin of the inner electrons will
remain unchanged. Because of the spherical symmetry of thomic Hamiltonian,
the total electronic orbital angular momentum Cz, spin angular momentum$” are
conserved quantities. The levejf i will therefore depend on the orbital angular mo-
mentum L; and spin angular momentumS; quantum numbers respectively, so that

for a statejf;mi in level jf i
C2ifmi = Ly (Ly +1) jfmi (2.20)
&ifmi= S (S +1)jfmi. (2.21)
We note that the Z 1 electrons that compose the inner shell have a combined dabi
angular momentum and spin angular momentum of zero. The totarbital angular

momentumL;¢ and total spin S¢ of leveljf i in an alkali atom are, therefore, identical

to those of the valence electron.
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The ne structure splitting M., arises from relativistic corrections to the total
Hamiltonian. This correction results in a coupling betweerthe orbital and spin
angular momenta of the outer electronl,ilfs . &. This coupling lifts the degeneracy
of states with equal orbital angular momentum but with di erent total electronic
angular momentad = [ + 8. The square of the total electronic angular momentum
3% remains a conserved quantity, however, sin®® & = (1=2)(3> (* &°). For
the degenerate energy levét i, we introduce the quantum numberJ;s such that for a
state jf;mi in level jfi, ﬁzjf;mi = J;(Jf +1) jf;mi,andjLs S Ji L+ S.
Atomic states which share common principal a quantum numbaen, orbital angular
momentum L;, spin angular momentumS;, and total electronic angular momentum
J; are said to form a ne structure level. In this thesis, we lablene structure levels
using the Russel-Sanders notatiom?S** L ;, wheren is the principal quantum number
of the valence electronL is a letter representing the total electronic orbital angudr
momentum of the atoms 6§, L=0,P, L=1 D, L =2etc),andJ is
the total electronic angular momentum. A diagram of selectke ne structure levels is
shown in Figure 2.1

The smallest correction to the energy, and the last mechanisto remove de-
generacy in the absence of external elds is the hyper ne iataction, an e ective
interaction between thed and the nuclear spinf. In the presence of this interaction
states within energy leveljf i are eigenstates of the total atomic angular momentum
operator £ with eigenvalueF; (F; + 1), where £ = 3 + 1 is the total atomic angular
momentum. In the absence of external elds, Levgf i possessesk? + 1 degenerate
Zeeman states. We label the eigenstates of tzecomponent of the angular momen-
tum F, within level jfi asjf;mi wherem2fm; 2 Z:jm¢j F;g. The hyperne
interaction Hamiltonian may be written as [80][81]

X

Rus =  ESP, (2.22)
f
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Figure 2.1: A diagram illustrates a sample of ne structure levels fo®>Rb. The
ne structure levels are organized according to their orbél angular momentum and
total electronic angular momentum, as indicated by the lalde across the top of the
diagram. The levels are arranged vertically according to #ir energies. A sample
of allowed transitions between the levels is illustrated bgolor lines connecting the
various levels, where the resonance frequency of the tramsi is given by the color
coded text. The energy di erences between two adjacent ldsds given by 2 ~ times
the indicated frequency.
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Table 2.1: The magnetic dipole constantsA;ss and electric quadrapole constants
Bhis for the hyper ne interaction within 8Rb atoms. These quantities are given as a
function of ne structure level j for the ground state and rst two excited state ne
structure levels. The numerical values have been obtainesbin Ref. [82]. The values
of Byts are not given for the 5S;-, and 5P;-, manifolds since the electric quadrapole
interaction (the second term in Eq. (2.23)) is identically ero for these levels [81].

[ Fine Structure Level] [ Aws(j) Brs (1) |
5°Si- 1:011910 GHz
5P 12072 MHz
52P3-, 25009 MHz 2588 MHz
P

where P jf;mihf;mj is the projection operator onto leveljf i and the

m= Ff

hyper ne energy shift is given by [81]

Efs = ~Ans (i FT Q) K

3

K (K1) 2 (1 +1) 3 (35 + 1)
_ 2

+2 ~Bpis (J ff Q) 2021 1)2) (23¢ 1) ,

(2.23)

where A (j ff g) is the magnetic dipole constant andByss (jff g) is the electric
quadrapole constant for hyper ne manifoldjffg, jffg = fifd : njo = n¢;Lso =
Lt;Sfo= Sf;Jio = Jsg is the ne structure level to which jf i belongs,| is the nu-
clear angular momentum quantum number, an&¢  F; (Fs+1) (1 +1) J;(Jf+1).
Numerical values for these constants have been determinegerimentally for a num-
ber of atoms and hyper ne manifolds [82]. Table 2.1 shows veds ofAns and Biys
for the ground state and rst two excited state manifolds of®®Rb. The hyper ne
splittings for 8°Rb, as calculated from Eq. (2.23), are displayed in Figure 2.

To summarize, the atomic Hamiltonian of atom , H,, and the angular momentum

operatorsC 2, 8 %1 % 3 % £ *andP, are simultaneously diagonalizable, and the
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Figure 2.2: Shows a diagram of the energy levels &fRb that form the ground state
5%S,-,, and excited state 3P;-, and ¥Ps;-, ne structure levels. These levels are
involved in the D1 (5°S;-, $ 5°P;-,) and D2 (5°S;-, $ 5?Ps3-,) line transitions. The
energies di erence between two adjacent hyper ne levelshy 2 ~times the indicated
frequency.
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state jf;mi in level jf i has the following eigenvalues:

Hojfimi = ~¢jfimi (2.24a)
C2jfmi = Li(Ls +1) jfmi (2.24b)
&itmi = S(S +1)jf:mi (2.24c)
Pitmi = I (I +1)jf:mi (2.24d)
Pitmi = 1 (¢ +1) jfmi (2.24¢€)
B%itmi = F(F +1)jf:mi (2.24f)
Fjf;mi = mijf;mi, (2.2409)

where ~! ; is the energy of leveffi and the angular momentum quantum numbers

obey the following restrictions

iLe  Sj I Lt + S (2.25a)
ij |fj Fs Ji + | (225b)
F m Fr. (2.25¢)

The energies of selected levels are indicated in Figs. 2.1dah2. We may write the
Hamiltonian for atom resting in the absence of applied elds in terms of it's eneygy

Eigenstates as

X X
ﬁo = ~l¢

f m= Ff

(2.26)

fm;fm *

where 4. tomo ] Fimi K %mY is the Schredinger picture coherence operator be-

tween statesjf;mi andjf>m4 for atom

2.1.2 The atomic dipole operator @

In this section, we examine the atomic dipole operatdt in more detail, and establish
a notation which we will use for the remainder of the thesis. tlis convenient to

separate the dipole operator into positive and negative fqgency components. The
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dipole operator for atom is given by

a =4 +a" (2.27)
where the positive/negative frequency component is giveryb
X
() ()
" = Ao, (2.28)

fif O
and GEf;f)o), the operator that couples levelgf i and jf 4, is expressed in terms of the

atomic state_coherences as
P c D E
0 N o} ' .
() _ m= F; mo= Fio fOomOfm f 'm(]ajf’ m Do lpo> 1

0 S P ¢
dai) o =4
and e o = Uers o -
We simplify Eq. (2.29) by decomposing the vector operatcﬁgf;f)o) into its rank-1

spherical tensor components [83]

Xt
() ~
Qrr g = /\Ef;f)o) (2.30)
=1
where
- 1 .
1 = i(k iy, (2.31a)
o = 72, (2.31b)
and
~ ()
dii o Qs o) (2.32)

We may similarly decompose the positive frequency componer the dipole operator;
Xt

Q) ~
A1 o = it o - (2.33)
=1
where dfﬂ 0 = (’jY(f;f) o)y. Using the Wigner-Eckert theorem, we evaluate the dipole

matrix elementSS and arrive at the expression for dipole opatior

Pe Fi 1Fo0
4 ) _2 mf= Fi foa f Cmfmf+/\fo;m+ tm - tfo> g

9 ~ s h : (2.34)
: 0 o lo I¢
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where f° @ f is the reduced matrix element ofl between the levelgfi and jf 9
1 and C;f ;FL" are the Clebsch-Gordan coe cients.

Since the dipole operator only depends on the positions ofglatomic constituents
(Eqg. (2.10)), only the spatial electronic wavefunctions,ather than the particle spins,
play a role in electric dipole transitions. To a good apprornation, the spatial elec-
tronic/nuclear wavefunctions are una ected by hyper ne irteractions between the
nuclear spin and the electronic angular momentum [82]. It lows that the reduced
matrix element between hyper ne levelgfi and jf 4 may be expressed in terms of a
reduced matrix element between the ne structure levelg,ff g and jff %, in which

levelsjf i and jf 3 reside. One nds that the reduced matrix elementsf® d f are

related to the matrix elements between ne structure leveldy [84]

08 f = o DT PRI+ 1) (2F +1)]2

W (Js Fr JioFro; 15 1) jff% @ jffg (2.35)
whereW (J; J» J J3; J°3% are the Racah coe cients[84].

2.1.3 The Interaction Picture

In the work we present in this thesis, it is convenient to workin the interaction
picture. The interaction picture wavefunctionj ( t)i, is related to the Schrmedinger

picture wavefunctionj ( t)ig by the relation

j(vig=0@®j(vi, (2.36)

where0)(t) = exp(( Hrag + P N_| Ho)t=i~) is a unitary evolution operator. Similarly,
an interaction picture operator A, (t) is related to the Schredinger picture operator
A by

A (1) = OV AsO(t). (2.37)

1For reduced matrix elements, we use the conventions of Ros&3].
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In the remainder of this document, operators lacking an exjgit time argument cor-
respond to Schmdinger picture operators.

The interaction picture Hamiltonian now contains only the éectric dipole inter-

action.
X
V() = 1%y t) D(x;t), (2.38)
0
where
X X .
A (t) = g i(tio ’fﬁdg’;)f o, T+ he (2.39)
ff0 = 1
and
S p
> Ff_ foa f CFlefO ~ o>
dto =, R X1
: 0 T

where <. romo  €XPA(!ro 1)) 0 romo(t) is the slowly varying atomic coherence
operator. Note that in the interaction picture, the slowly \arying atomic operators
are time independent, i.e. oy tm = “foms fm -

The time dependent displacement eld is given in the interaon picture by
D)= o Y En+ B ) (2.41)

where 7

B (g1 = T E(ck)* (R)a (R)e ©(t Kr=c) (2.42)

and & )(1°; t) = g y(1=; t). In the next section, we will discuss the the decomposition
of the electromagnetic eld into system elds, which consisof classical laser elds
and modes detected by photon counters in the experiments, dthe reservoir, which

contains the plethora of undetected modes.
2.1.4 Decomposition of the electromagnetic eld
When dealing with light interactions with atomic ensembledor the purposes of stor-

ing and generating quantum information, one often considerthe interaction of the
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atoms with several narrow band-width elds. We identify these elds assystem elds.
The system elds may consist of thewrite, read, signal and idler elds that we discuss
in the context of entanglement and single photon generation Chapters 3, 4, 5, and
8. They may also include the classicalontrol and quantum signal elds that partic-
ipate in electromagnetically induced transparency and phon storage, as discussed
in Chapters 6 through 8.

We decompose the displacement el (+;t) into the system elds plus a contri-

bution from the reservoir.
X
D(xt) = Dr(xt)+ D (x1) (2.43)

where is the index indicating the system eld, andDg(¥;t) D (;t) P D (xt)is
the contribution to the eld of the reservoir modes. The sysgm eld is described by a
set of plane wave modes centered on the waveveckor Speci cally, eld is described
by the set of annihilation and creation operator§a (K);&'(K): 2fH;Vg, andk 2
D g, where D = R : jk!) kj k=2; andjk!’j k#=28 2fH;Vggis the
set of wavevectors for the modes belonging to eld k  k is the range of wave
numbers in D, kf,) % (k) Ris the component of the wavevectok along the linear
polarization vector * (K ) for the plane wave propagating in the directiork = R =k,
and # 1 is the maximum variation of the solid angle for system eld. For an
arbitrary vector v, we label the component parallel tk as V|(<) v K and the the
transverse portion asvs) v VK.

Like the total displacement eld, we decompose the narrow loa eld into positive

and negative frequency components.
B )= o Y @t+ he | (2.44)

where 7

(+) . - X 31, n ick (t Q ‘F‘:C)
ED (et) = i Pt (R)E(ck)e a (k). (2.45)
D
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We decompose the Reservoir operator in a similar fashion:
BrEt)= o EY (1)+ he: | (2.46)

where

X
B )= &Y (&1 EY (1), (2.47)

Because the the variation of wavenumbers k  k is small, we may make the
narrow-bandwidth approximation, replacingE(ck) with E(ck) for all K 2 D . This

approximation allows us to reexpress the system elé(+) in the simpli ed form
r
k

g ;_ke ick (t r():c)A()(f_;t) (2.48)
0

where we have de ned the slowly varying photon ux density oprator

r Z
X .
~O ) i (ZC)3 d*k= (R)g(® FIr ek g (k) (2.49)
r— ZD
= i — d®k = (K
ey o, 0
gk rg ok Kt r)=0g ek Kty (g (2.50)

As we shall see from the following argument, the last exporteal appearing in

Eq. (2.50) accounts for di raction. We may approximate the derence appearing in

q
the last exponential of Eq. (2.50) ak k!’ = (k\))2+ j®Dj2 k1) j ®)j2=(2k),

so that the slowly varying eld becomes

Z
k2 (K)
D

r

c

INOPF _
(Ft) = i W

g rg B0 0 P9 a0 () 251)

By di erentiating Eq. (2.51), we may nd the following equation of motion for the
slowly varying envelope operator in the interaction pictue,

()2
. r
@+cQ NN SENY
ot 2k

(2.52)
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It is convenient to further decompose the slowly varying emope into its helic-
P _
ity components; " (£,t) = 1. e (R)"O(x1t), wheree (R) (1:p 2)(% (R)
iy (K)) and &(k) K are the helicity vectors for a eld propagating in thek direc-

tion as described in Appendix A, and"O(x:t) = e (R) "

(¥;1) is the component
of the slowly varying photon ux density operator with heliadty . In the problems
we consider, the distribution of propagation direction& within a particular system
eld is assumed su ciently narrow so that we may make the paraial approxima-
tion. That is, we may approximate the slowly varying eld Al )(1°; t) by replacing the
polarization vector * (K) appearing in Egs. (2.49), (2.50), and (2.51) with the linea
polarizations associated with the carrier wave vectot (K ). With this approxima-
tion, the component of the slowly varying eld alongk is negligible, and therefore
Ag) 0. It can be shown, that in the paraxial approximation, the dd operators for

system elds and °obey the commutation relations,

h i h |
“OEt); "0ty = "OY(En); "%ty =0 (2.53a)
i Z «
| _k
AO@e): MOV 19 = c ? dg e et © (ry) 9=
R )y
z k42 ()
Pk e e (2.53b)
5 .
k . k
= .o, C2 sinc C2 ¢ 9 P D% =
Z ()2
1 ko 0
ke CE( O 2.53c
2)p 7 ( )
These commutation relations are simpli ed somewhat when #y are taken at equal
times, t = t°
[
K . k
NOED: MY = e S lsine © rO r% =¢
2 2
k# 2 Y . k#
— sinc. —- rg) rg)o (2.54)
2fH;V g
c.o, (+ ), (2.55)

where we have used the approximationké )sinc(k(x  x9) (x  x9 when we are
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concerned only with variations ofx much larger than Ek. Interestingly, one also nds

the slowly varying elds are delta correlated in time for eqal propagation distances
() - OO0

e =TIy
h, ). O py. A9 (°>0(°)oi c k. cKk k# °
O 50, M PE70r,7% = Lo 5—sinc = t t9 5
Y sinc kT# rg) rg)o (2.56)
2fHV g
o (619 (#) )9, (2.57)

These equal space commutation relations will be helpful irhé description of photo
detection, where the detector is xed in space, and we are ertested in how a state
is conditioned on the photon arrival times, as discussed inppendix D.

The system elds as we have de ned them allow us account for ¢hlongitudinal
and transverse character of the evolution of the quantum el. Such a general treat-
ment is useful when one studies the propagation and stabyliproperties of quantum
electromagnetic elds in a nonlinear medium [85]. In the pidems we treat here,
however, the dynamics in the transverse dimension of the $g81 elds are unimpor-
tant. When quantum elds are detected by photon counters in or experiments, only
a single transverse spatial mode { a Gaussian mode, more spedly { is collected
by an optical ber. Further, the classical laser elds in theexperimental setups have
a controlled transverse spatial structure. For this reasqrwe will now de ne e ective
one dimensional system elds, where the transverse spat@dynamics are frozen out.

To formally accomplish this task, we identify a complete sebf mode functions

ff; :D? ! Cg, where
n (0}
D’ R, 2R?:k$) <k# 2fH;Vgi=0::1 . (2.58)

These functions are orthonormal on the set D, and therefore satisfy the normal-

ization condition, 7

Pk, f (RO (RS) = (2.59)

D
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Having identi ed this set of functions, we dde ne the transwerse mode annihilation

Operators
Z .Rg).z

]
a) k\;t d’k, e ©F . (R, )A (R) (2.60)

where k|(<) is the component ofk parallel to K, and t functions as a parameter with

units of time. The relationship in Eq. (2.60) can be invertedy

X NN
a®= &)= 2kl (2.61)

i
By inserting the modal expansion o’(K) of Eq. (2.61) into Eqg. (2.51), and again

making the paraxial approximation,we nd

X
“en= o 2R D, (2.62)
where
1 z C O 0)
e pee e ) i rd=e (263a)
ya
_ 1 Pk Kk
2)°
w32
ij?J r() ct
€ " Ytk a (k) (2.63b)

is the one dimensional photon ux operator, and
i z - -jkg)jz 0
V@)= 5 ke re TaT ot kY (2.64)

is the transverse spatial pro le associated WitHi(k(?)). One can show that for equal
longitudinal positions rf(), the spatial mode functions satisfy the normalization con-
dition
Z
) O 0 0 00 2 (2.65)

The operators' ) (r’;t) and ") (r’; t) obey the equal time commutation relations

|

./\i() rg_)k;t ;'/\j() ré)k;t =0 (2668.)
i

OOt ;.,\j()y et = e g (2.66b)
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Furthermore, in the interaction picture the operator ’(;i)(rl(();t) satis es the equation

of motion

@ %+ m0=0. (267)

@t
The transverse spatial pro les, on the other hand, are timendependent, and solve
the di erential equation
()2

R i(’(f):irzf( O (¢) (2.68)

Having expressed the system eld in terms of an expansion afihsverse spatial
modes, we may easily make the simpli cation that only one otiese transverse modes
is populated and/or detected for a given system eld. When w&eep only the popu-
lated/detected transverse mode, the positive frequency egonent of the electric eld

for system eld becomes

: X
(+) - (s , )
EY () =2 )*PEck)e™ " O@ e k mO it (2.69)
= 1
where '/ )(rl(();t) is the photon ux annihilation operator for the eld of helicity ,
and is given by
) X O O
OO = e K+ k nO (D (2.70)
2fH;V g

In the remainder of this thesis, we will assume our system @$ are well described

by Eq. (2.69).

2.2 Ensemble Interactions with Narrow Bandwidth
Fields

In this section, we consider the general case in which an atanensemble interacts
with one or more narrow band-width elds. To explore the inteaction of the atomic
ensemble with the system elds, we begin with the electric dole Hamiltonian for

the interaction of the ensemble with the full quantized elémomagnetic eld in the
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interaction picture ( Eq. (2.38) ). We take advantage of the atation developed in
the last section.

We will rst examine the dynamics of a system eld labeled by he index which
propagates in the directionk and has a carrier frequencyk . The contribution to
the electric eld from system eld is given by Eqg. (2.69). To gain insight into the
generalized eld propagation dynamics, we write the Heisberg equation of motion
for the slowly varying photon ux operator Al )(rl((); t) for photons of helicity = 1.

This equation of motion is given by

- X h i
gﬁ Kk ro O Oy =_~'—0 AO O B E A1) (271

The commutation relation appearing in the Heisenberg equiain of motion ( Eq. (2.71) )
is evaluated by using the decomposition of the displacemerld of Eq. (2.43) and

applying the commutation relations of Eq. (2.66). We then rd that,

h i
O it B (e

r
_ ~C; 0 ck t 1= () *) R (+ #) e R (2.72)

We then have the propagation equation for the Heisenberg @loperators
r—

_@ in() (). _ ck ick tri(()=c @i).
of Kk r it =i e e K P 't (2.73)
where
() X
P r’t aw Ow) kK & *), (2.74)

and d (t) is the Heisenberg picture dipole operator for atom, and is given by

X .
8 (t)=" et o+ he | (2.75)
f:f O

- P
dg)f o(t)= . T}, isthe positive frequency component of the dipole opera-

tor coupling levelsjf i and jf 9, ~ are the spherical basis vectors with respect to the
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2 axis as de ned in Eq. (2.31), and the spherical component oh¢ dipole operator

dﬁ)f 0 is given in the Heisenberg picture by
Sp
AT L I N () @ tyo>!
= + . . 3 . H fO . f
Qo =5 nmn e . (270)
. 0 NI

where <. ¢omo(t) exp('?  !)t) m romo(t) is the slowly varying coherence
operator for atom
Let us now briey examine the atomic dynamics. The behavior fothe atoms
within the ensemble can be completely characterized by theow/ly varying coherences
~m :fomo(t) between atomic stategf;mi and jf; mY4 . These coherence satisfy the
Heisenberg equation of motion
A~ s fomo
dt i
i~ Ttm omo(); ¥ (1)

- h | X
Dm0 EQ i+ BV (i e (277)

The equations of motion we have derived in this Section degloe the interaction
of the electromagnetic elds with an ensemble atoms in an aitbary con guration.
We have now laid the base from which we can explore the dynamimvolved in gen-
erating entanglement, and storing and retrieving quantumnformation within atomic

ensembles.
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CHAPTER 3

ENTANGLING A PHOTON WITH A

COLLECTIVE ATOMIC EXCITATION

In this Chapter, we describe a new experimental approach torgbabilistic atom-
photon (signal) entanglement. Two qubit states are encodesk orthogonal collective
spin excitations of an unpolarized atomic ensemble. After programmable delay,
the atomic excitation is converted into a photon (idler). Pdarization states of both
the signal and the idler are recorded and are found to be in Vation of the Bell
inequality. Atomic coherence times exceeding several noseconds are achieved by
switching o all the trapping elds - including the quadrupole magnetic eld of the
magneto-optical trap - and zeroing out the residual ambienmnagnetic eld.?

We will also provide a detailed theoretical model for sponteeous Raman scatter-
ing from an atomic ensemble. It is shown how one arrives at areetive two-mode
description for the collective scattering dynamics when utetected modes of the elec-
tromagnetic eld are traced over. This, in turn, serves as te mechanism that gen-
erates the observed probabilistic atom-photon entangleme The dynamics of the

conversion of the atomic excitation to a photon are also digssed.

3.1 Introduction

Long-distance quantum cryptographic key distribution (Q®&D) is an important goal
of quantum information science. Extending the reach of qu&mm cryptography ide-

ally involves the ability to entangle two distant qubits (two level quantum systems)

1This chapter contains excerpts from Ref. [17].
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[1, 29], using the Bell inequality violation to verify the seurity of the quantum com-
munication channel. Parametric down conversion is an estlidhed technology pro-
ducing entangled photon pairs. Unfortunately, it is not diectly applicable to long-
distance QCKD, as the rate scales exponentially with the disnce due to probabilistic
nature of entangled photon pairs generation. It is necesgato provide a controllable
delay between the two photons, that is, to have a means of plmt storage.

The latter requirement is problematic as photons are di cut to store for an appre-
ciable period of time. By contrast atomic qubits are long ligd and easily manipulated
by laser elds; they are well suited for long term quantum indrmation storage. Pho-
tonic qubits, however, can propagate for relatively long dtances in bers without
absorption, making them excellent carriers of quantum infonation. Entangled sys-
tems of a single photon and a long-lived atomic qubit therefe o er an excellent
building block for a quantum network.

A quantum repeater architecture can overcome the limitatios of photons by in-
serting a quantum memory qubit into the quantum channel evarattenuation length
or so [29]. The idea is to generate entanglement between tweighboring atomic
qubits, which can be done e ciently since light will not be appreciably absorbed
within the segment length. After entanglement between eacpair of atomic qubits
has been established, a joint measurement on each neighhgrpair of qubits is per-
formed. The quantum states of all the intermediate qubits a destroyed by the mea-
surement, achieving entanglement swapping such that onhhe two atomic qubits
at the two ends are entangled. These two qubits can be used fQCKD, either
with the Ekert protocol, that directly uses the entangled p& of qubits, or the BB84
protocol that performs either remote state preparation or éleportation of a qubit
[5, 4, 24, 25, 26, 28]. The rate of QCKD using a quantum repeaterotocol can scale
polynomially with distance [29].

In the microwave domain, single Rydberg atoms and single ploms have been
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OD1

(b)

write stage read stage

Figure 3.1: (a) Schematic of experimental setupP; and P,, polarizers; D1 and D2,
detectors; = 4, quarter-waveplate. (b) The structure of atomic transitons leading to
generation of atom-photon entanglement and of the subsequeead-out of atomic

qubit.
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entangled [86]. An entangled state of an ion and a photon hassa been recently
reported [32, 33]. Cavity QED holds promise for generationf aleterministic neutral
atom-photon entanglement, with single photon generationding an important step
in that direction [36, 37]. Collective enhancement of atorphoton interactions in
optically thick atomic ensembles o ers a somewhat simpleroute towards this goal
[40, 41, 42, 43, 44, 45, 46]. However, the atom-photon enté&mgent is often of a
probabilistic character.

Duan, Lukin, Cirac, and Zoller (DLCZ) have developed a progim of long-distance
guantum networking based on atomic ensembles [47]. This jpaigm turns out to be
remarkably similar to parametric down conversion, with theadditional capability of
atomic quantum memory. Non-classical radiation has beengduced from an atomic
ensemble [51, 52, 53, 54, 55, 56], as well as the preparatiéra @uantum memory
qubit based on two atomic ensembles with subsequent quantustate transfer onto a
photonic qubit [57]. These experiments [51, 52, 53, 54, 5%, 7] employed copropa-
gating write and read laser elds and on-axis Raman-scattered light was colleate In
contrast to these works, Braje and coworkers pioneered oxe four-wave mixing [58]
and e cient photon-pair production [87] in a cold atomic engmble, using counter-
propagating write and read elds deep in the regime of electromagnetically-induced
transparency.

In this Chapter we report probabilistic entanglement of a ctective atomic excita-
tion and a photon (signal), achieved using the o -axis, couer-propagating geometry
of Braje et al.[58, 87]. We propose and experimentally implement here anoatic
gubit consisting of two distinct mixed states of collectiveground-state hyper ne co-
herence which contain one spin excitation. The entanglemeaf the signal photon
and the collective spin excitation is inferred by performig quantum state transfer
of the atomic qubit onto a photonic qubit (idler) [57], with one of the atomic states

being converted into a right-hand polarized photon and thetber into a left-hand
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polarized one. Polarization correlations of the signal antthe idler photons are subse-
guently recorded and found to be in violation of the Bell inegality. The atom-photon

entanglement is probabilistic, with the fundamental quarnim state consisting mostly
of vacuum. The entangled component of the state is post-sefed by coincidence
counting. This type of entanglement is similar to two-phota entanglement in spon-
taneous parametric down-conversion (see [88, 89, 90] anéerences therein), and to

the ion-photon entanglement of Blinovet al. [32, 33].

3.2 Theory

As illustrated in Figure 3.1(a), the right circularly polarized write pulse generates
Raman scattering. We collect a Gaussian mode centered arauthe momentum Kg
that forms a 2 angle with the write beam. Figure 3.1(b) indicates schematically
the structure of the three atomic levels involvedjai ;jb and jci. The experimental

sequence starts with all of the atoms prepared in the unpolaed leveljai. The

Fa
m= Fa

initial density operator of atom is given by 4 = Pm ja; mi ha; mj, where
pm = 1=(2F, + 1) is the probability of an atom is prepared in the stateja;mi. A
write pulse tuned to thejai ! j ¢ transition is directed into a sample of cold®®Rb
atoms. The classicalvrite pulse is so weak that less than one photon is scattered in
this manner on thejci!'j b transition into the collected mode for each pulse.

Using perturbation theory, we show in Section 3.2.1 that theensemble-photon

density operator may be written as
A=+ () N 1 ) (3.1)
where I

N = "o ] vadhvag (3.2)
=1

is the initial density matrix of the ensemble-signal systeirjvaad is the signal photon
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vacuum state, 1 is an interaction parameter given by Eq. (3.53), and

" y=cos 8Wa +sin 8§1al), (3.3)
where
a ) )fa X )
cod = pmX 2.1 pmX 32 1; (3.4)
m= Fa m= Fa = 1
Xm = Clatfe. Ciotfe . . is the product of the relevant Clebsch-Gordan

coe cients for the transitions, and , = 1 is the helicity of the write eld. The
collective atomic spin excitation operatorsé(i) are given by Eq. (3.55). For weak
states of excitation the collective spin operators satisfiposonic commutation rela-
tions correct to O(lzp N): [87;8WY] = . . Evaluating the coe cient cos for
the experimental conditionsF, = F;, =3, Fp, =2, we nd =0:81 =4. ltis
important to realize that the vacuum component in density m&ix ~ ( Eq. (3.1) )
has no in uence on the delity of DLCZ's quantum communicatbn protocols due to
built-in puri cation, even though 1 [47].

Detection of a photon by D1 produced by thgci !'j h transition results in the
sample of atoms containing, in the ideal case, exactly onecgation in the related
collective atomic mode. After a variable delay time t (bounded by the lifetime of
the ground-state atomic coherences) we convert the atomigaitation into a single
photon by illuminating the atomic ensemble with a pulse of ght near-resonant with
the jb ! j ¢ transition and counter-propagating with respect to thewrite beam
(Figure 3.1). For an optically thick atomic sample, the idle photon will be emitted
with high probability into the mode determined by the phasematching conditionk; =
Rw+ K, Ksg, with the atomic qubit state mapped onto a photonic one as disissed in
Section 3.2.2. Under the condition of collective enhancentethe atomic excitations
generated byﬁ(”ly map to orthogonal idler photon states up to a phase. Assuming
equal mapping e ciency, the number of correlated signal-igr counts registered by the

detectors can be predicted on the basis of Eq. (3.1). We nd,ybcarefully analyzing
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the measurement procedure,

C(s i)/ (cos +sin )cos(s )+

(cos sin )cos(s+ ) 2; (3.5)

where ¢ and ; are the orientations of polarizerd?; and P,. Following Clauser-Horne-

Shimony-Holt (CHSH) [91, 16], we calculate the correlatiofunction E ( s; i), given

by
C(s)+C 2;7 +C(Z;D+C ¢ 7

where ” = + =2. The CHSH version of the Bell inequality is thejSj 2 where
S=E(s )+E(SD+E(s ) E(SD: (3.7)

The maximum violation of the Bell inequality is achieved fora maximally entangled
state with the canonical set of angless = 225, =0, 2=22:5 and %= 45:
S= 2p 2 =2:83. Based on the value =0:81 =4 we nd, ideally, S = 2:77 which
signi cantly violates the Bell inequality.

In the following sections, we will provide a more detailed afysis of the interaction
of the write beam with the atomic ensemble. We will show, that due to coliéive
enhancement, the spin waves imprinted on the ensemble by thignal photon emission
are independent of those left behind by photons scatteredttnundetected modes. We
will then describe the dynamics of the read process, in whithe read beam is resonant
onthejbi $j c transition. We take advantage of the Heisenberg Langevin eations

that describe joint photon and spin wave propagation in the gesence of a control

eld that are developed in Appendix C.
3.2.1 The Write Process: Raman Scattering from a Collection of Atoms

In this section, we describe the dynamics of the classioatite eld interacting with
an ensemble ofN atoms. We describe thewrite and the detected signal elds as

distinct narrow bandwidth elds with carrier wave vectors K,, and Ks respectively.
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We follow the conventions introduced in Chapter 2 Section 2.4. The write beam
is detuned from resonance on thgi $ j ¢ transition by a frequency ., so that
cky ='¢ 'a+ , where~!; is the energy of leveff i as described in Chapter 2.
The carrier frequency of the signalcks=!. !',+ , diers from the write beam
frequency by the hyper ne splitting between levelgai and jb. We assume that the
propagation direction of the write eld K, is nearly parallel to the laboratory xed
angular momentum quantizationz-axis, and that the detected signal eld propagates
along the z-axis; Ks = 2. In this limit, we make the paraxial approximation so that
the helicities of the elds correspond to the spherical basivectors (Eq. (2.31)). That
is,

e Kk, e R =". (3.8)
We note that the write and signal elds are not necessarily dlinear so that we may
allow for the o -axis geometry introduced by Brajeet al [58]. The positive frequency

electric eld operators for the write and signal elds are gien by

+ _ . _ X
EY (gt)= (2 )PE(cky) &F fe et W (T e Ry MW (W (30)
= 1

and

X
E (1) =2 )PE(ck) e st O e R "I (zit)  (3.10)
1

respectively, where O)(¥) ( 2 f w; sg) is the transverse mode function (as discussed
in Chapter 2), andr{’ Kk + We assume the collected signal eld has a transverse
spatial pro le much narrower than that of the write beam so ttat the envelope of the
write eld is essentially constant over the width of the cokected signal mode. The
write eld will be treated classically and is assumed to have a xetielicity ,. The

expression for thewrite eld, therefore, simpli es to

E( (k)= ~, M e eiE, (£1) (3.11)
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where
Eu () 2)72PME(Ck) ™ @ 1t (312)
is the slowly varying electric eld amplitude,

Z,

Nw c "V (zo;t)" ,(Zo;1) dt (3.13)
1

is the average number of photons in the write pulsey is the position at which the
pulse enters the atomic sample, and(zo; t) is the temporal envelope of the write pulse

R
that satis es the normalization condition ¢ -

L 4t (20;19j% = 1. We will typically

work in the undepleted pump approximation, in which the wrie beam experiences
negligible losses during propagation, i.e.(z;t) = ' (0;t z=9.

The atoms are assumed to have xed positions for the duratioof the experiment.
We treat the atomic positionsf+ : =1:::Ng as a set of independent identically
distributed random variables which are distributed accorithg to the probability den-
sity n(¥)=N, wheren(¥) is the number density of the atomic sample. We assume the
atomic density within the sample does not vary over the width of either the write
or signal transverse spatial modes. The atomic density ishdrefore, taken to be a
function only of the propagation distancen(+) = n rl(f) n rf(w) n(z).

The dynamics of the system are described by the electric digointeraction dis-
cussed in Chapter 2. Because therite and signal elds are o resonant on the
jai$j c andjb $j ci transitions respectively, we may adiabatically eliminate¢he
excited leveljci when , is much larger than the bandwidth of the write laser pulse

kyw. We also assume ,, is small enough so that thewrite beam is much closer to
resonance on thgai $j c transition than on any other electric dipole transition in

8Rb. We show in Appendix B that adiabatic elimination of the exited level yields

the e ective interaction picture Hamiltonian

\7 (t) = OStark (t) + ORaerigh (t) + ORaman (t) (3-14)
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where Vs (t) accounts for the ac Stark shift,Orayieign (t) accounts for Rayleigh scat-
tering of the photon in which an excited atom returns to the iitial hyper ne level
jai, and Vraman (t) accounts for the dynamics of Raman scattering. It is the Raan
scattering that results in the creation of the hyper ne spinwave in which the atomic
qubit is encoded.

The Stark shift interaction is given by

()

(asc)

X
Qs 0= = 800 (0 B (ki) 8L ) EQ (k5 . (3.15)

(asc)
woo_q

Substituting the de nitions of the dipole operators ( Eq. (240) ) and electric elds

( Egs. (3.10) and (3.11) ), the Stark shift interaction simgles to

X o) (02 Xe
Ogue = A wEOE 0 crar 2y, (3.16)

=1 w m= Fa
where

w(®t) ¢ 8 a Ey,(xt) (3.17)

is the write eld Rabi frequency. The Stark shift results in @ch Zeeman state within
ground leveljai being shifted by an energy proportional the square of a coggonding
Clebsch-Gordan coe cient. In the nondegenerate three lel/atomic system treated by
Duan, Cirac, and Zoller [92], the ac Stark shift is handled ttough a trivial unitary

transformation. In our degenerate system, however, each efean state is shifted
by a dierent amount. This tends to complicate the dynamics,and its e ects on
the entanglement generation scheme presented here will beetsubject of future
investigations. In this work, we will assume that either thedetuning is su ciently

large, or the Rabi frequency is su ciently small so that the & Stark shift may be
neglected. Expressed formally, we assumg(+;t) 1 for times after the write pulse
interaction, for all m 2 f m : jmj < F ,g and positions ¥, where the angle ., (¥;t) is

given by
5 2Z ¢
m(#t) — ClalFe

m wm+
w 1

dt®j o (% 19j%: (3.18)
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The Rayleigh scattering interaction results in the absorpbn of photons from the
write beam accompanied by emission of photons of the same freqyenthe atom
that scatters the photon either returns to its initial state, or possibly a dierent

Zeeman state within the same hyper ne level. The Rayleigh faraction is given by

2 + +
Orayieign () = —— By (1) Br (50 By EQ (£31) +he, (3.19)
w

where

+ + X +
O (&t= &Y (&1 EY (#1) (3.20)
2f s;wg
is the contribution to the electric eld from the reservoir d undetected modes.

It is useful to expand the reservoir eld into its constituert plane wave modes as
Z X
EC ()= i Pk = R E(ckeFre T a Rifit (3.21)

where & (K;¥;t) is the contribution of the plane wave annihilation operato a (K)

to the reservoir eld. This operator is given by

X
A K+t = A K ( k=27jk kj)

2f s;wg
LY
f()(kg))elc U= a40) kl(();t rl(()=c ' (3.22)

where (k) is the Heaviside function,c Ky, is the maximum bandwidth of thewrite

[signal] eld as discussed in Chapter 2,
. 'kg )2 Z

FORD) = Zi—e'JTJfﬁ) ?rl) e ik F Ogp (3.23)

is the Fourier transform of the transverse mode spatial modef eld , and is the

inverse of Eq. (2.64), and the operator
z e
al kUit d?k, e ©= ', R a ko, (3.24)

wherek = kl(()ﬁ + R(?). We note that the time argument of the operator & K;+;t

appears as a parameter in the de nition ( Eqg. (3.22) ) becausee are working in

44



the interaction picture, and we have included the e ects of id-action of the signal
and write elds. If one were to neglect diraction, the operator & (K) would be
independent of both positionr and time t.

Expanding the electric eld and dipole operators in terms ofeld mode operators
and atomic coherences yields the Rayleigh scattering Hatoihian

X X Z X

= 1m= F,

X
ok W) Ry it e!(RR)r

1

~ams o am€E Y Rt + hie (3.25)

whereY,,.  Cratre .  CratFe |

. cd a 2E(ck)r .
{(cK = 5.

(3.26)

is an interaction parameter with units of frequency times Jome, ~.. . ;om0

exp(tro  'e)t) . romo(t) are the slowly varying atomic coherences for atom

between stategf;mi andjf >m4 . We make the further simplifying assumption
that the write electric eld sptatio-temporal envelope’ (QW + ;t) does not vary over
the length of the ensemble so that it can be taken as indepemief the propagation
distance, i.e.' (z;t) = ' (0;t). The Rayleigh scattering Hamiltonian then simpli es
to

Xt Xa Z X
Urayieign (t) = 2~ (0;1) Yo kT2 K

= 1m= Fa

X
{_O(Ck) (w) (1" )e i(k RW) *

1

~ams o am€E WU Rt o+ hie (3.27)

The Raman scattering interaction involves the absorption foa photon from the

write laser coupled to the emission of a photon with a frequency meaks. This
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interaction is given as

Onaman(t) = —=— g By © B (F10) By® EQ (r50) . (3.28)
W
It is convenient to expand this interaction in terms of the phne wave creation and
annihilation operators and coherence operators for the inddual atoms.
Recalling that we have assumed the write beam does not varyesvthe length of
the ensemble,” (z;t) ' (0;t), we nd that the Raman scattering interaction can

be expressed in terms of products of plane wave operataqK) and hyper ne spin

wavesS (R Ry), where

¥a p_me-
S (9 = P - éa;m; bm+ w (8 (3.29)

m= Fa mpmjxm; j2

are hyper ne spin waves with wave vectorgthat are created by emission of a photon

with polarization =~ during the write process,
s

Alw) X .
éa:m; b:mo (€) N M) (¢ )edr “am; b;m® (3.30)
PN _
where . . ~
AW N dr™ n r® (3.31)

is an e ective area of the write beam, ando, is the probability that an atom in
the ensemble is initially in the stateja;mi. When the total number of scattered
photons is much less than the number of atoms, we may neglectyachanges in the
atomic populations during thewrite process to order N, and Zeeman coherences
can be neglected to orderfﬁ. With this approximation, we nd that the spin

wave operators obey the following commutation relations:

h [
éa;m; bimy (8 ; éa;mo; b;mQ (ﬁﬂ 0 (3.32)

h | p__
Sam: bimy, (8} é;;mo; bim? () = mmo mb;mg%ff g+ O(1= N), (3.33)
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and

é GRS (q‘) =0 (3.34)
é CE éy(ff) = %wed €+ O 1=pN , (3.35)

where "
%) A W) (£)%giar (3.36)

N

=1
is the phase matching function. Because the positions of tleoms are random and

identically distributed, we take advantage of the centralimit theorem and nd that

Z

% ¢ = AW Py (w)( %) 2 n(-|°)

ERaE 0(1=IO N) (3.37)

is the Fourier transform of an e ective atomic density pro le interacting with the
write beam. The phase matching function takes on its maximumsalue of one when

g= 0. The Raman scattering potential in terms of these spin wass is given by

o S
N X TXT
\I)Raman () = 2i~ W Prm ] X m; Jz
= 1 m
Z X |
' (0;t) ok (ck) ~or g otk ket
& kK kit & R +hc (3.38)
whereX,, ~ CFatFe ~ cratfe . and

cda cdb E(k' ckone

{(ck) — > (3.39)

is an interaction parameter with units of frequency times vame. Physically, one
interprets the Raman interaction to mean that when a photon bwave vectork is
scattered, a hyper ne spin wave with of wave vectok K, is imprinted on the
ensemble.

Let us examine the properties of the phase matching functiaas it applies to our

experimental set up. Thewrite beam has a Gaussian pro le whose full transverse

a7



width at half its maximum (FWHM) is about W =400 m. For simplicity, we assume
the atomic density has a spherically symmetric Gaussian pte with a FWHM length
ofL=3mm  W. We also assume that thewvrite beam and collected signal mode
pass through the center of the ensemble. In this case, we nthé phase matching

function is given by

1
%6 = exp 83 L’ + W? o+ . (3.40)

With this example, let us consider the commutation relatios between the spin wave
operators that correspond to scattered photons with collEar wave vectorsS kK

R, and$& kK Kk, . These two operators obey the commutation relation
h [ p_
S kk ®, ;& kK RKw =% (K KK +O 1= N (3.41)

but % (k° k)K 1ifjk kY 1=L. This means that if two photons are emitted
with collinear wave vectors, the spin waves they leave belirare virtually identical
if their frequency di erence is much less thac2 L ) 169 GHz. This frequency is
about ve times greater than the hyper ne splitting betweenlevelsjai and jbi, while
the bandwidth of the scattered photons is on the order of thepentaneous emission
rate, which is nearly three orders of magnitude less than theyper ne splitting. We
may therefore assume that collinearly scattered photons rwespond to identical spin
waves, and we make the approximatios (kk K,) S (ksk Ky). On the other
hand, if two photons are emitted in di erent directionsk, and k% one can show that
the associated spin waves are independent. This is done byplesating the commutator
between the annihilation operatolS (ksk K,) and the creation operatorY (ksk® )

and showing that it is zero. We have
h [ p_
S kk Ry ;& kK Ry =%ks KO K +0 1= N . (3.42)

The phase matching function evaluated at the di erence of thse two wave vectors,

%ks(K® K)) Owhenjk® Kj max(l=L;1=W)=1=(ksW) (=180) 0:018.
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Two spin waves are therefore, independent if the angle betretheir corresponding
photon emission directions is greater than a fraction of a deee. For our experiment,

we will therefore make the approximation on the phase matamg function
kR R %k Kk K° (3.43)

where 7

kK PR ks KO OR (3.44)
is a di erential solid angle over which two spin waves canndbe di erentiated, and
R KO is the delta function with respect to the solid angle measureJp to a nor-
malization factor, this gives us quasi-bosonic commutatiorelations for the imprinted
spin waves
h [
Samibm, ksK Ky ;8% o - ksk® Ry = R mmomymo K R° . (3.45)
Having made the approximationS (kk  ®,) 8 (kk Ku), we may further
simplify the Raman scattering interaction

r s
2k (ck) 2N X ° X

\I)Raman (t) = AW) pmjxm; j2
c = 1 m
Z
PR E kK Ryt
X
-« g Pg ©:t) ™ Rt +he (3.46)
where ; 7
— L kot ke=2 _
Nt < dk e ©k ktga KR (3.47)
2 ke ke=2

is a eld annihilation operator for a photon created at the pgition + = 0 at time t

propagating the directionk, and ¢ ks is the maximum bandwidth of the signal eld.

This frequency is chosen to be much larger than the bandwidibf the emitted signal
photons, yet much smaller than the detuning ,. The inverse relationship is given
by " 7

1
a (kK) dt® R0 getk k)t (3.48)

1 c
k 2 ,
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These eld operators obey the commutation relations

h i
Rt YRR = L0 ROR Czkssinc Czks(t t9

o RORY Ot 19 (3.49)

We note that the Raman scattering interaction ( Eq. (3.46) ) esults in the emission
of photons in all directions. This is in contrast to the resubk obtained by Duan et
al [92] for the limit of a \hot" atomic ensemble. In this limit, t hermal uctuations
in the atomic positions occur on time scales much faster thatme write process,
resulting in photons being scattered preferentially in thdorward direction. In our
cold system, however, the atomic positions may be taken aswstant for the duration
of the experiment, and the e ects of the thermal atomic velaty distribution are
negligible.

3.2.1.1 The Nondegenerate Parametric Amplier Model of Cdective sponta-
neous Raman Scattering

In this section, we demonstrate that, when one traces over ocollected modes, the
scattering dynamics of thewrite process reduces to those of a single mode nondegen-
erate parametric ampli er for the signal eld and an idler spn wave. This model is
used in Chapters 5 and 6 to calculate photo-detection probdities and correlations

for the eld-ensemble system, which is essentially a herad source of nonclassical
light [47, 18, 23]. Given the interaction picture Hamiltonan in Eq. (3.14) and its Ra-
man scattering component ( Eq. (3.46) ), we seperate the Haltoinian into that part

that interacts with the signal eld Hs (t), and that which interacts with the reservoir

modesV Res) (t) as follows:

V(1) = He(t) + VR (1), (3.50)
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The signal Hamiltonian is given by

A i~ cos P ™1 (1) &Y
rsin DT OO Y& he (3.51)
where O =2 and
Fa 2
cog¢ = p—"pk P X ;11 (3.52)
=1 me R, PmXE
The interaction parameter is given by
v
2c@b c8aPrgaywdx X
Kl B ¢ X3 . (353)
w "'oA(s) = 1m= Fa '
where
1
A® = g—n (3.54)

r‘ - .
L7dr® | W (2)i?n(2)

is an e ective area of the signal interaction with the ensenib. The spin wave oper-

ators are given by

_ ¥a p_X . _
m=Fa m Pm [ X m; ]
and,
. A X .
Simome 1P Camume , O BT O@) @) (@350
m

We call 8" the idler spin wave. The eld operator “®(t) is given by
") (1) = P en (o), (3.57)

where'” (0;t) is the linear photon density annihilation operator withinthe ensemble.
One interprets eld operator A(S)(t) as the annihilation operator for a signal photon
created within the ensemble at timé. These eld operators obey the standard bosonic

eld commutation relations

h i
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The Interaction Hamiltonian responsible for scattering ito the reservoir is given by

\7 (Res) (t)

V() Hs)

ORaerigh (t) + ORaman (t) Iqs(t) . (3-59)

We now show that the signal Hamiltonian commutes with? Res) (t) to order
O(1:p N). Once we show this, we will be able to easily determine the dieced
signal-idler density matrix that results from the write process. One may express the
idler spin wave operators in terms of the constituent diregdnal spin wave operators
as

Z
éa;m;b;m0 p% dZQf(S) kSQ Rs éa;m; b;m0 st Ry (3.60)

S

where we have made the following approximationsi?k!®  k2d?R, &k ks K K |

and
Z
2R, = d?R°% ke R° K

(2 )?AW
W. (3.61)
One may also express the directional spin wave operator inrtes of the idler spin
wave

h [ _

808 kk ®, SV+ § kK K,

q_—_—_
ke 2Ksf kik R SV+ § kK R, , (3.62

S kk &,

where
S kk Ry 8 kik Ry 8M: & kK k, 8O (3.63)
The operator § kK K, is dened such that
h i p_
80: & kK ®, =0+ O(l= N). (3.64)

Eq. (3.62) is the decomposition of the directional spin waviato a portion \ parallel"

to the idler spin wave and a portion orthogonal to the idler sim wave. We may
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similarly decompose the directional photon eld annihilaion operators.

eld operator is given in terms of the directional eld operdors by

Z
" ()= ke dPRf kik ke T Kt

The directional photon eld operator can be decomposed as
"Rt =k kk R "W+ Rt

where

"kt T Rt ke kR Re O (1)

is de ned such that

h i
"y YRt =0

The signal

(3.65)

(3.66)

(3.67)

(3.68)

Using the decompositions of elds and spin waves presentedave, we may write

the portion of the interaction Hamiltonian responsible forscattering into the eld

reservoir as

\/}(Res) (t) = ORaerigh (t) + \/}(Res) (t)1

Raman

where

r— S

Res) y _ i 2k{(ck) 2N X T XTIl
\V/

Raman (t) = | c AW) pijm; J

Z =1 m
PR & kK Kt

X

In this form, it is relatively straight forward to show that
h [ p__
Re(t); 08 1y =0+ & 1= N

One may also show that

h | .
Iqs (1) ;\I)Rayleigh (t) =0+ O 1= N
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(3.69)

(3.70)
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For a su ciently large number of atoms within the ensemble, he signal Hamil-
tonian commutes with the remainder of the scattering Hamittnian ¥ (t). Therefore,
after the interaction of the write pulse with the ensemble, one may trace the den-
sity matrix for the system over the undetected eld modes andrrive at the density

matrix for the signal and associated atomic excitation

A= 06 ()00 () (3.73)

Ry

whereO® () T exp (1=i~) ,

dt Hs (t) , is the unitary evolution operator, T is
some time after the write beam has interacted with the ensertdy and T is the time
ordering operator. Taking advantage of the algebra of the Id operators ( Eq. (3.58)),

one nds the evolution operator may be expressed as

0O ()= Y 0 (), (3.74)
= 1
where
0P ()=exp cos &S &y (3.75)
and
0®()=exp sin aPSY A&80 (3.76)

The signal operatora(‘s) represents a single mode of the electromagnetic eld, and is

given by 7 ,
4 dt = ¢ ™ ;1) "® (t). (3.77)

The unitary operator O, ( ) is nothing more than an evolution operator for a two-
mode nondegenerate parametric ampli er discussed in Chagrts of Walls and Milburn
[16]. This is a drastic simpli cation of the scattering dynamics. With this parametric

ampli cation model, we can easily calculate statistics focorrelations between the

signal and idler spin wave. We take advantage of this model @@hapters 5 and 6.
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3.2.1.2 Entanglement of Photonic and Atomic Qubits

In order probabilistically generate entanglement betweephotonic and atomic qubits,
we assume the interaction parameter 1. Expanding the evolution operatorQs ( )

to rst order in , we nd that reduced signal-atomic density matrix
M=ol () N1+ ) (3.78)

where

U Y=cos 8Wa +sin 8§04 (3.79)
This matches the density matrix predicted by direct perturlation theory in Ref. [17].
3.2.2 The Read Process: Transferring the Spin Wave to the Idl er Field

Now that we have demonstrated how the scattering dynamics pduces entanglement
between a photon emitted into the detected signal mode and &hspin wave imprinted
onto the atomic ensemble by this emission, we now wish to egpté the dynamics of
how the spin wave is transfered to the idler electric eld sohat it can be subse-
guently detected. We will rst present Heisenberg Langeviequations for a detected
idler mode. These Heisenberg equations of motion relate thetected idler eld op-
erators to its associated collective atomic excitation. Weill then choose an optimal
transverse spatial pro le for the idler mode. Having chosethis transverse pro le, we
can express the spin wave excitation created by the write press entirely in terms
of the collective excitations coupled to the idler eld. We Wl then solve the Heisen-
berg Langevin equations in the adiabatic limit for the speal case of an initially spin
polarized ensemble.

The idler spin wave is retrieved from the ensemble by shiniragclassicakead pulse
resonant on thejbi $j ci transition on the ensemble with a carrier wave vectok,.
We assume the read pulse is traveling anti-parallel to the \te pulse;k, = K. The

read eld has the same helicity as the write eld, so that the read eld polarization
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=€, R ~ ., Where we have used the polarization conventions introdwte

in Appendix A. The positive frequency component of theead eld is given by
E® (gt)y= ~ ,€Ffe KE (1) (3.80)

whereE, (t) is a time dependent electric eld envelope. We assume theldenvelope
does not vary over the length of the ensemble or over the widthf the collected idler,
and we have therefore suppressed the position dependenc& dft).

We detect the retrieved idler eld, resonant on thejai $ j c¢i transition, with
a transverse spatial envelope (+) and a carrier wave vectork; = [(! . ! ,)=dK;
propagating nearly anitparallel to the z-axis, so that the helicity vectorse K

. The positive frequency component of the idler eld is giveiy

X .
Y (et =@ )PE(Ck) N e Tt O e R om0 O (381)
1

where' ) (z;t) is the linear density annihilation operator for idler phobns at position
z and helicity . These photon density operators obey the bosonic commutatti
relations

h i
in(i) (z:1); -/\(i)Y(ZO; ty = . (z Z(b : (3.82)

Their de nitions in terms of plane wave operators is given Capter 2. The read and
write elds interact with the atoms via the electric dipole interaction.
The interaction Hamiltonian written in the rotating wave approximation is given
by
Vreaa(t) = V(1) + V(1) + Y (1) (3.83)
_ P Ao +) L - o
where ¥, (t) = ﬁ(a;c) (1) Ei (¥ ) + h:c: gives the atomic interaction with the
P + . . : : .
idler eld, ¥, (t) = ng;g (t) B (* ;t)+ h:c:is the interaction with the classical
I N * . . . .
read eld, and Vr(t) = a ' (t) ER (£;t)+ hcis the interaction with the

reservoir, where the reservoir eld operator is given by

X
O )= &Y (&1 B (£1): (3.84)

2frig
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Following the treatment Appendix C, we assume that the numbeof idler photons
in a slice of the ensemble of lengtdz is always much less than the number of atoms
with which it interacts. In this weak idler approximation [69, 75], we arrive at the
following Heisenberg Langevin equations describing theqgpagation and interaction

or the idler eld with matter excitations within the ensembile:
r

o : Xe .
@@t+ kioro O e = on 0 py Chatfe & m it
m= Fy
(3.85)
. r—
(). — ; () alFc (i ().
gi&mim rst = i on o) paClathe O Pt
(9 L O S R
A 1

+amiem Tt 5 Enim r:t ., (3.86)

and

giomime rt = 0 ekt e rit, (3.87)

where ;= ¢ @ a [~ck=(2 o)]**2is the idler coupling constant, . (t) cd b E(t)

is the Rabi frequency of theread eld, . is the spontaneous emission rate of level

jci,
Cn mo 5t M S R
n rl((i) Pm =1
~m:emo) (F £) K (3.88)

(

is a collective optical coherence at positionki) =

R+ between atoms in statga; mi

and those injc; m%, and

i 1 X e
Smimo Tt —_ O (¢ )k ®)r
nr? p, =

()

~am; bmo () Ty rl(<i) (3.89)
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is a collective hyper ne coherence (spin wave) at positionl((i). We show in Ap-

pendix C, that these collective operators obey the commutain relations

heml; my st S8 e K +°,t|

= meme memg K (2 ) + 0 1=pN_Z (3.90a)
h | i

Smimg TGt 8 e K5t

= memems R ) 40 12N (3.90b)

where N, is the number of atoms within the idler transverse spatial prle in a slice
of the ensemble of thicknessiz at position r{’ = z. We assumeN, 1 for all
positions within the ensemble.

The Heisenberg Langevin equations state how a collected neottom the read
process is related to a set of collective atomic excitation¥Ve now choose an optimal
carrier wave numberk; and transverse spatial prole () (¥) for the idler mode. We
accomplish this by revisiting the expression for the idlerpsn wave operator, and

re-expressing it as

¥a P .
. Pm X m:
Y = = _m _zég;zn; bim+ (3.91)
m= Fq m Pm JXm; ]
and,
v —
7 O |
§g;2n;b;mo = jA® drs) X e [((Ru Rerke ki) &) (w) r|(<i)
1 X - ,
r: ~a;m; b:m+ w (t)el(k' kl)f—
nr p, =
e i(kw Rs+ Ky Ri)f’gi) (s) (1:.) Qi ('f'- 1‘-) . (392)

We choose the idler direction and the associated transverpeo le pair (ki; @ (¥))

to be the member of the set )
()2

Ri ) ko @=in (3.93)
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such that

R D0 (R Rk R) D9 (g i (3.94)
is minimized. In this way, the overlap between the excitatio associated with the
detected idler mode and the spin wave imprinted by the deteicn of the signal is
maximized. This overlap is maximized when the phase matctgncondition K, =

Rw Ks+ K is satis ed and the transverse mode function is given by

D= O . (3.95)
With this choice, we express the imprinted spin wave as
Vv
Z | ﬁ nory |
SO =i dnlA® Mk e, ) (3.96)

Recall that we have chosen to detect the signal whose propéiga direction ks = 7.
According to the phase matching condition, we will conseqoty choose the idler
propagation directionk; = 2 anti-parallel to the z-axis.

We see by inspection of the Heisenberg Langevin equationisat under conditions
of phase matching, the imprinted idler spin wavs | is coupled to the idler eld with
helicity by the dipole interaction with the read eld. In this way, the polarization
information of the idler spin wave can be retrieved and detezd. In the absence of
decoherence during the storage of the spin wave, the idlernche retrieved after an
arbitrary delay simply by activating the read eld.

The idler retrieval Heisenberg Langevin equations may belsed in the adiabatic
limit using the adiabatic dark-state polariton mechanism 9, 75] in the special case
of an initially polarized atomic sample. Let us assume the ains are prepared in the
state ja; 0i, so that pn, = m:o. Using an argument analogous to the one presented in
Appendix C, we arrive at the annihilation operator of the dak-state polariton with
helicity , *®, which is given by
0@y RO ERR (W, @

0P+ @i PR P |

A0 (2:1) (3.97)
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where
Cga 1Fc

R (w= CRiF (3.98)

w

is a ratio of Clebsch-Gordan coe cients. This collective mter- eld excitation obeys

the propagation equation

@ ) @ N B AN .
ot Vv (Z’t)@z D(z:ty= " (z;0)

1@V (z;t)

where

¢ . O
V 1) = 3.100
0= 07+ Prn@iR (P (3100

is the position dependent group velocity for a dark-state pariton (DSP) of helicity
. Notice that where the atomic density goes to zero, the growelocity approaches
the speed of lightc, and the polariton consists entirely of the electric eld egitation.

One can show that, for constant Rabi frequency, the solutioaf Eq. (3.99) is
S

Z
V (20) A 2ot + zZ dz°
VvV (2) L V(@)

wherez, is some initial position. If, we are given an initial value othe DSP operator

" (z1) = (3.101)

at all of space at a xed time,t = tg, then the solution to the Heisenberg equations

is given by S
N Dy \Y (Zo (Z; t)) N LN
(z;1) = Vo (z0(t;2) ;0), (3.102)
where z, (t; ) is the solution to the integral equation
Z 2 dz°

vt (3.103)

We therefore see that when the atomic sample is polarized atik read eld is turned
on adiabatically, the idler spin wave would be completely a&nsfered to the detected
idler eld. We note, however, that because the polarizatiortomponents propagate
at di erent group velocities, the temporal pro les of the rerieved photons would be
di erent for each helicity. Therefore, if one were to turn onthe read eld for only a

short time, one helicity component would be retrieved with digher e ciency than
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the other. These unequal retrieval e ciencies are manifestl when one estimates the
read process dynamics using time dependent perturbation theof®3]. When one
then traces over the atomic degrees of freedom, the two phat@omponent of the

signal-idler density matrix would be given in the interacton picture by
N = "Mvadhvag ", (3.104)

where
"9= cos APal +sin w&al) (3.105)

and the di erent retrieval frequencies are manifested in té di erence between the
mixing angle °and that of the signal-idler spin wave density matrix of Eq. 8.1), .

When the atoms are unpolarized, the retrieval dynamics areane complex. With
the level con guration of this experiment [17], a DSP cannogxist for either helicity of
the idler excitation [19, 18] (See Appendix C for more deta)l The retrieval dynamics
in this scenario are the subject of further theoretical inv&igation. The Heisenberg
Langevin equations do tell us, however, that the stored atoimspin waveS" couples
to the detected idler eld of Helicity . We will therefore model the retrieval process
as an e ective beam splitter, where an idler eld moda® with some spatio-temporal

envelope' V(t + z=9 is related to 8 by

a = P—a&0 P (3.106a)

Nout)  — P 1 80 + P _A(i”), (3.106Db)

where ") and ™ are input and output noise operators respectively, and is
the retrieval e ciency of the idler spin wave of helicity . We will assume that
the input noise modes are in the vacuum state, and do not in uee the photon
counting statistics. In this chapter, we assume the retri@l e ciencies for the two

idler helicities are equal ; = ;.
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3.3 Experiment

A magneto-optical trap (MOT) of 8°Rb is used to provide an optically thick atomic
cloud for our experiment (Figure 3.1). The ground level§ ai; jbig correspond to the
5S1-0; Fap = f3;2g levels, while the excited levejci represents thef 5P;-,; F. = 39
level of the D, line at 795 nm. The experimental sequence starts with all ohé
atoms prepared in leveljai. The \dark" period lasts 640 ns, with the whole cycle
taking 1.5 s. All the light responsible for trapping and cooling is shub during the
dark period, with the trapping light shut o about 200 ns befae the repumping light
to empty the F = 2 hyper ne level. The quadrupole magnetic eld of the MOT is
switched o for the duration of the measurement sequence. Ehambient magnetic
eld is compensated by three pairs of Helmholtz coils.

A 130 ns longwrite pulse tuned to thejai!j ¢ transition is focused into the
MOT with a Gaussian waist of about 400 m. The light induces spontaneous Raman
scattering via thejci!j b transition. The scattered light goes through the quarter-
wave plate to map circular polarizations into linear onesien passes through polarizer
P, (set at angle ) and impinges onto a single photon detector D1.

After a user-programmable delay t, a 120 ns longread pulse, with circular
polarization opposite to that of the write pulse, tuned to thejbi!j c transition
illuminates the atomic ensemble. This accomplishes a traies of the memory state
onto the single photon (idler) emitted by thejci!j ai transition. After passing
through the quarter-wave plate and polarizeP, set at angle , the idler photon is
directed onto a single-photon detector D2.

Both write/read and signal/idler pairs of elds are counter-propagating. he waist
of the signal-idler mode in the MOT is about 150m. The four-wave mixing signal
is used to align the single mode bers collecting signal andiler photons, and to
optimize the overlap between the pump and probe modes [58].hd value of delay

t between the application of thewrite and read pulses is 200 ns. The electronic
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Figure 3.2: Measured coincidence fringe for; = 67:5. The curve is a t based
on EQ.(3.5), augmented by a background contribution, with = 0:81 =4, with
visibility and amplitude being adjustable parameters. Thevisibility of the tis 90%.

Uncertainties are based on the statistics of the photon coting events.

Table 3.1: Measured correlation functionE( s; i) and S for t = 200 ns delay
betweenwrite and read pulses; all the errors are based on the statistics of the plowt

counting events.

S i

E( s i)

-225 0| 0641 0:.024
-22.5 -45| 0471 0:029
225 0| 0587 0:027
225 -45] 0595 0:027
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Figure 3.3: Normalized signal-idler intensity correlation functiongs; as a function of
storage time. Uncertainties are based on the statistics dfi¢ photon counting events.
The full curve is the best exponential t with time constant = 3:7 s.
pulses from the detectors are gated with 140 ns and 130 ns wamés centered on the
time determined by the write and read light pulses, respectively. Afterwards, the
electronic pulses are fed into a time-interval analyzer (¥ 2 ns time resolution). In
order to measure the correlation between the photons prodedt by the write and read
pulses, the output of D1 is fed into the \Start" input of a time-interval analyzer, and
the output of D2 is fed into the \Stop" input.

A typical interference fringe in the signal-idler coincidece detection is displayed
in Figure 3.2. In order to infer probabilistic atom-photon @tanglement, we calculate

the degree of Bell inequality violationjSj 2 [91, 16]. Table 3.1 presents measured
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values for the correlation functionE ( s; ;) using the canonical set of angless; ;.
We nd S=2:29 0:.05 2 - a clear violation of the Bell inequality. The value ofS
is smaller than the ideal value of Z7 due to experimental imperfections, particularly
non-zero counts in the minima of interference curves that e as the result of the
nite value of the normalized signal-idler intensity corrdation function g [90, 51, 54]
shown in Figure 3.3. To our knowledge, this is the rst obseed violation of the Bell
inequality involving a collective excitation.

The e ective detection e ciencies as determined by the ratbs of the coincidence
signal-idler count rateRg; to singles count rateRs andR; are ¢ = Rs=Ris ' 0:02.
In all cold atomic ensemble experiments within the DLCZ pragm reported to date,
the quadrupole magnetic eld of the MOT has been the main soae of the atomic
memory decoherence (limiting storage times on the order @ ns [51, 54, 56, 57]). In
this work, we have switched o the quadrupole eld for the duation of our protocol,
and the coherence time has increased to severa, as is evident from the measured
normalized intensity correlation functiongs; displayed in Figure 3.3 (the length of the
dark period was increased up to 7 s for this measurement at the expense of lower
count rate).

The robustness and relative simplicity of probabilistic abm-photon entanglement
hold promise for the realization of a distributed quantum nsvork involving the in-
terconnection of several similar elements. We are curreptinvestigating connecting

two such quantum nodes.
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CHAPTER 4

QUANTUM TELECOMMUNICATION BASED

ON ATOMIC CASCADE TRANSITIONS

A quantum repeater at telecommunications wavelengths witltong-lived atomic mem-
ory is proposed, and its critical elements are experimentaldemonstrated using a cold
atomic ensemble. Via atomic cascade emission, an entangpedr of 1.53 m and 780
nm photons is generated. The former is ideal for long-distae quantum communica-
tion, and the latter is naturally suited for mapping to a longlived atomic memory.
Together with our demonstration of photonic-to-atomic quii conversion presented
in Chapter 8, both of the essential elements for the proposadlecommunications

guantum repeater have now been realized.

4.1 Introduction

A quantum network would use the resources of distributed gqméum mechanical en-
tanglement, thus far largely untapped, for the communicatin and processing of in-
formation via qubits [29, 30, 47]. Signi cant advances in th generation, distribution,
and storage of qubit entanglement have been made using las&nipulation of atomic
ensembles, including atom-photon entanglement and mattéight qubit conversion
[57], Bell inequality violation between a collective atonu qubit and a photon [17],
and light-matter qubit conversion and entanglement of rente atomic qubits [21]. In
each of these works photonic qubits were generated in the na&afrared spectral re-
gion. In related developments, entanglement of an ultraviet photon with a trapped
ion [32, 33] and of a near-infrared photon with a single trapgm atom [38] have been

demonstrated. Heterogeneous quantum network schemes th@aimbine single-atom
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and collective atomic qubits are being actively pursued [489, 50]. However, pho-
tons in the ultraviolet to the near-infrared range are not sited for long-distance
transmission over optical bers due to high losses.

In this Chapter, we propose a telecommunications wavelerigtjuantum repeater
based on cascade atomic transitions in either (1) a singleca or (2) an atomic
ensemble. We will rst discuss the latter case, with particlar reference to alkali
metals. Such ensembles, with long lived ground level coheces can be prepared
in either solid [94] or gas [17] phase. For concreteness, vemsider a cold atomic
vapor con ned in high-vacuum. The cascade transitions mayedchosen so that the
photon (signal) emitted on the upper arm has telecommunicetn range wavelength,
while the second photon (idler), emitted to the atomic groud state, is naturally
suited for mapping into atomic memory. Experimentally, we dmonstrate phase-
matched cascade emission in an ensemble of cold rubidiumragusing two di erent
cascades: (a) at the signal wavelengthg = 776 nm, via the 55, ! 5Ds-, two-
photon excitation, (b) at s=1:53 m, viathe 55,, ! 4Ds5-, two-photon excitation.
We observe polarization entanglement of the emitted photopairs and superradiant

temporal pro les of the idler eld in both cases.

4.2 Proposal

We now outline our approach in detail and at the end we will sumarize an alternative
protocol for single atoms.

Step (A) - As illustrated in Figure 4.1(a), the atomic sample is prepad in level
jai, e.g., by means of optical pumping. It is important to note that, in the case of
an atomic ensemble qubit, an incoherent mixture of Zeemanades is su cient for
our realization. The upper leveljdi, which may be of eithers- or d-type, can be
excited either by one- or two-photon transitions, the latte through an intermediate

level jci. The advantage of two photon excitation is that it allows fornon-collinear
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phase matching of signal and idler photons; single photon @tation is forbidden in
electric dipole approximation and phase-matched emissias restricted to a collinear
geometry (this argument implicitly assumes that the refrative index of the vapor is
approximately unity). Ideally the excitation is two-photon detuned from the upper
level jdi, creating a virtual excitation.

Step (B) - Scattering via the upper leveljdi to ground level jai through the
intermediate leveljei (wherejei may coincide withjci) results in the cascaded emission
of signal and idler elds. The signal eld, which is emitted @ the upper arm, has
a temporal pro le identical to that of the laser excitation as a consequence of the
large two photon detuning. As noted earlier, the wavelengtlof this eld lies in the
1.1-1.6 m range, depending on the alkali metal transition used. Theignal eld
can be coupled to an optical ber (which may have losses as lag 0.2 dB/km) and
transmitted to a remote location.

The temporal pro le of the idler eld can be much shorter thanthe single-atom
spontaneous decay timeg of the intermediate level. Under the conditions of a large
Fresnel number of the exciting laser elds, the decay time isf order ts=d;,, charac-
teristic of superradiance [95][96][90]. Hemy, 3n 2I=(8 ) is the optical thickness,
where is the wavelength,n is the number density andl is the length of the sample.

The direction of the idler eld is determined by the phase mathing condition
K1+ K, = Rs+ K, wherek,; and K, are the wavevectors of the laser elds | and
I, respectively. Under conditions of phase matching, celttive enhancement causes
emission of the the idler photon correlated with a return oftie atom into the Zee-
man state from which it originated [17]. The fact that the aton begins and ends the
absorption-emission cycle in the same state is essentiat &trong signal-idler polar-
ization correlations. The reduced density operator for theeld, taking into account

collective enhancement, will be shown to be:
M) 1+ PRI Aee 14D A (4.1)
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Figure 4.1: (a) The atomic structure for the proposed cascade emissiooheme in-
volving excitation by pumps | and Il. Pump Il and the signal ptotons lie in the
telecommunication wavelength range when a suitable level arbital angular momen-
tum L =0or L =2is used as leveljdi. For atomic rubidium, the signal wave-
length is 1.32 m (6S;-, ! 5P;-, transition), 1.37 m (6S;, ! 5Ps-, transition),
1.48 m (4D3—5=) ! 5Pi- transition), 1.53 m (4D3pps=2 ! 5P3= transition).
For atomic cesium, the signal wavelength is 1.36m (7S, ! 6P,-, transition), 1.47
m (7S, ! 6Ps3-, transition). For Na and K the corresponding wavelengths are
the 1.1-1.4 m range. (b) Schematic of experimental setup based on ultald 8°Rb
atomic gas. For s =776 nm, phase matching results in the angle® " 1, while
for ¢=1:53 m,"® 2" 2. P;andP, are polarizers; D1 and D2 are detectors.
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where 4. is the vacuum state of the eld, Ag(t) is a time dependent two photon
creation operator for the signal and idler elds, and 1. For linearly polarized

pumps with parallel (vertical) polarizations, we nd
Ay =cos a\f, +sin &R, (4.2)

where is determined by Clebsch-Gordan coupling coe cients ( Sen 4.3 ), a{.(v)
and t\f_‘(v) are creation operators for a horizontally (vertically) pahrized signal and
idler photon, respectively. For the hyper ne level con guation F, =3 ! F.=4=
Fe! F4 =5, and for an unpolarized atomic sample, we nd sin =2cos = 2:p 5.
Step (C) - The photonic qubit is encoded in the idler eld polarization. Photonic to
atomic qubit conversion was achieved in Ref.[21]. Such cemsion can be performed
either within the same ensemble or in a suitably prepared amfent ensemble/pair
of ensembles. In either case, a strong laser control beam éguired to couple the
other ground hyper ne leveljb to the intermediate leveljei. Collective excitations

involving two orthogonal hyper ne coherences serve as thedical states of the atomic

qubit [57, 17, 21].

4.3 Theory

In this section, we go into more theoretical detail regardiop the outline of our pro-
posal. We consider an ensemble &f atoms with the level con guration shown in
Figure 4.1(a). The atomic hyper ne levelsjai, jh, jci, jdi, and jei have energies
~la 0, ~y ~, ~1g, and ~! ¢ respectively. The total angular momentum of a
hyper ne level jf i is denoted byF;. We assume the atoms are prepared in an inco-
herent mixture of the Zeeman states of levghi. We express the initial atom- eld

density matrix %y as

0 1
o Xa
R T Pn ja;mi ha;m jA; (4.3)

=lm = Fa
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wherepy, is the probability of nding an atom in state ja; Mi.

Fromtimet= T totime t =0, the pump laser elds are activated. Pump | is
tuned to the jai $j c transition with detuning | = ck; !, and pump Il drives
the jci $ ) di transition with detuning | = ck, (‘4 !.), wherek; andk, are

the wavevectors of pumps | and Il, respectively. The pump al&gic elds are given
by

E\(r:t)

€ efife ClE (f:1) (4.4a)

Eu(r;t) = & €%2%e ®'E (£;1), (4.4Db)

whereE, ;1 )(¥;t) is the slowly varying electric eld amplitude of pump| (I1), and
€ (1) Is the polarization of pumpl (Il). Since the spatial intensity pro les of the
pump lasers are not uniform throughout the atomic sample, weake the Rabi fre-
quencies |(£)= E,(#;t) ¢ @ a and ; (¥)= E; (#;t) d @ c to be spatially
dependent. For simplicity, the eld and state phases are clsen such that the Rabi
frequencies are real; we further assume the elds | and Il hapolarizationse, = ~ |

ande, = = | respectively, where~ are the laboratory xed spherical basis vectors

|
(EQ. (2.31) ). When the pump elds are o single photon and twophoton resonance,
and the duration of the pump elds T is much less than the decay times in the prob-
lem, this process creates the signal photon, as illustratad Figure 4.1, and leaves
behind a collective atomic excitation with one atom in the esited state jel.

In order to estimate the density matrix created by the pump pocess, we consider

the electric dipole interaction picture Hamiltonian ( Eq. 2.38) ),

V()= W)+ U () + V() + (1) + Vr(), (4.5)
where V), = P "LJEM (k1) aﬁafc, (t) + h:c: is the interaction of the atoms with
pump |, O = P NLEW (Rt GEC;Z,) (t) + h:c: is the interaction of pump Il with
the atoms, Vs = P N EY (et 'dge:z,) + h:c: is the interaction of the atoms with

P .
the eld on the signal (jei $j di) transition, ¥ = N EY (k1) ’dEa;L) (t) +
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ng;)e) (t) + h:c:is the interaction of the atoms with the eld on the idler transitions,
and Vx(t) is the coupling of the electric eld to all other allowed transitions within
the atomic sample. We apply third order perturbation theoryto the initial system
density matrix . When the phases | T; ,T;( + )T 1, and when one
neglects the e ects of the ac Stark shift (which becomes rebnt in second order
perturbation theory), we nd that to rst order in the intera ction time T the only
resonant terms of the perturbative expansion ( i.e. those ims that do not oscillate
with frequencies on the order of the detunings ) are those theorrespond to emission
of a photon with frequencyck = + !4 ! with an atom being transfered from
leveljai to jf i, wherejf i is some hyper ne level with energy 1 <! 4. In the limit of
a dilute atomic gas, where the optical thickness is low, we rka the approximation
that each atom interacts independently with the quantized lectromagnetic eld. In
this limit, one can determine the state of the system by corgering the evolution of a
single atom interacting with the eld in the Weisskopf-Wigrer model of spontaneous

emission. For timest > 0 this yields the density matrix
Nt = 1+ Os(t) + Ox(0) (L + OY(t) + OX(); (4.6)

where the rst order contribution to the evolution operator leading to emission of a

signal photon on thejdi $ ei transition Os is given by

X z X X
o = - L) g T T e e -

=1 ! . o= 1
) 1 el( s(ks)T)
I(R1+R2 RS)F
€ s (ks) s(k S)

X AC)y
ZM; s M; S(t)7 (47)
M= Fa
where | + 1 is the detuning from the two-photon resonance of the pump

elds, < = [~(+ 'qg '=(20(2)3]*2 d d e is a measure of the signal

eld coupling strength, K4 is the signal wavevector,+ is the position of atom
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s(ks) cks (g e+t ) is the signal photon detuning, BS(R s) Is the annihi-
lation operator for a signal photon of wavevectok s and polarization* Ks , and

Zw: Ch . Cwi  mCyw e\ is the appropriate product of Clebsch-

I M+ M+ s

S

Gordan coe cients. The operator '\ﬁ,l;)ys(t) contains the dynamics of atom inter-

acting with the idler eld, and is given by

AI(VI;)yS(t) = € TetAé;l\)/l s;a;M
Z X ox
+ d3ki elkiff i:i;M(ki;t)
ioi= 1
ayi (ki)AfE\;l\)/l s saM
Z X ox
+ dgki e r gi;i;M(ki;t)

ioi= 1

& (Ri) (4.8)

s M

where . is the excited state spontaneous emission ratef(,’m)‘;f omo J ;i HOmYis
a " atom atomic coherencek; is the idler photon wavevector,a* (K;) is the idler
eld annihilation operator for a photon of wavevectork; and polarization * i(Qi),

and the time dependence of the amplitudes and g is given by

fom®it) = i (k) ~)Ck oy,
i(cki (Ye i e=2)t
L e , 4.9)
ck (le 1 &72)
gi;i;M(Ri;t) = i° Li Qi T Cl\ljlhl':sC i iMoo
1 dlck (e 1y i e=2)t
- , 4.10
ck (e !'p 1 &=2) ( )
where (= e @ a [~c(le !a)=(2 o(2 )?)]*2 is the coupling strength of the eld

to the jai $] e transition, °= e @ a [~c(!le !a)=(2 o(2 )?)]*2is the coupling
strength of the eld to the jbi $] e transition. The operator Og(t) accounts for the
scattering of photons on transitions other than the signagldi $j e transition.

Once the idler photon has been emitted, for 1= ., we can determine the two-

photon density matrix by tracing over the atomic componentf \t) in Eq. (4.6).
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When this is done, we nd a collective enhancement e ect, in hich the contributions
of density matrix components corresponding to the atom sc&tring back to its original
state dominate. This can be seen by expanding the density miat ( Eg. (4.6) ) in
terms of the photon creation/annihilation operators and inlividual atomic coherences
between a ground statga;mi and an arbitrary atomic state jf;m9% for atom
When tracing over the atomic degrees of freedom, one only dseto consider the

following partial traces and their Hermitian conjugates:
Tr atoms ~f,m 0; am AO = f;a m;m OAvaC (4113)

and

N
Tr ~ .0. . ~ . f_ .m0
atoms  fym% amy 0 amp;faim)
= 1 fia mem? Pmi mimo m&mg fiif,

+Pmy f1a f2ia mimg mymg[Pm, (1 )+ mume ] Nace  (4.11b)

One sees by inspection that the partial trace in Eqg. (4.11a)survives only when
the atom scatters back to it's original state. Furthermore,the trace in Eq. (4.11b)
survives only when the atom scatters back to it's original stte ( second term of
Eq. (4.11b) ) or when the two atomic coherence operators inved correspond to
the same atom ( rst term of Eq. (4.11b) ). Because the two-phon portion of the
reduced density operator involves a summation over two atamindices and , the
terms in which an atom returns to its original state dominateand the others provide a
correction of order EN. As a result, the photon pairs scattered in the phase matched
directions are polarization entangled. The full two photordensity matrix is given in

this approximation by

Az(t) = 1+ p _A¥ Avac 1+ p _AZ

+Tr Or(1)%0%(t) Aac + O(1=N), (4.12)
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whereﬁfg(t) is time dependent two photon creation operator, and,2. is the vacuum

density matrix. The operatorA\g is given by
Z Z

Pgy = N e Pk . %R+ Re Ry Ry

1 e i(Cks (1g tet) T
cks ('a let)

1
ckk (e 1 ¢=2)

X 8 &b (Re) (4.13)

s= 1
where il Rd3r L(F) 1 (f)% is the e ective two photon Rabi frequency,
and n(+) is the atomic density at position+. The phase matching function%q) is
determined by the Fourier transform of the e ective single tom density interacting
with the pump elds, which is given by

X
%) Ni —1(1:) fzf(* Je iar

Z
_ T g al®) a(e)n
| eff

I(\T)e ar +o@= N). (4.14)

The weight associated with each pair of polarizations for thsignal and idler is given

by the product of Clebsch-Gordan coe cients
X
X 1 Pwm Clxljla1|':l\c/|+ ,Cl\'jlc+1',:d | M
M= Fq
Courthd wCirthenm . (4.15)

S

The annihilation operators for polarization™ are de ned as
X
& K L kT oA K (4.16)

X

B ®s =

ke ~ b ®ks : (4.17)

Note, that unlessk is oriented along thez-axis, the & ; K and & q K do not

obey strict bosonic commutation relations, but, instead gasfy

h |
) K &, kK = kK R . ToR kT (4.18)
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with the signal creation and annihilation operators obeyig similar commutation re-
lations. We note that this model does not account for propagd@n e ects or for the
enhanced idler emission rates associated with superradianwhich occur in optically
thick media. Since the collective enhancement that produsehe desired polarization
entanglement does not depend on the atomic decay rate, howevthis entanglement
should still result when superradiance and propagation eats are signi cant.
In our experiment both pumps are linearly polarized along th xed z-axis, i.e.
, =0, and are counterpropagating along they-axis. For a eld propagating along
the direction K, we assume the horizontal polarizatiore,, (K) and vertical polarization
vectorsey (K) are de ned such thatneH (R); ey (K); k\o form a right handed coordinate
system. We choose the horizontal and vertical polarizatiovectors to be consistent
with the conventions presented in Appendix A. Signal and iér detectors are placed
so as to detect the phase-matched nearly forward scattereiysal, ks ¢ and the
nearly backward scattered idlerk; ¥, as illustrated in Figure 4.1(b). By tracing

~, over the reservoir of undetected modes, we nd the e ectivewto-photon state

j eri=(cos &.B sin &f)jvad, (4.19)
where
Yo + Y
cos = p i L (4.20a)
4Y02+(Y+1 +Y 1)2
. 2Y,
sin = p 0 , (4.20b)
AYZ + (Y1 + Y 1)2
and
X
Y = PuCiion Cuom’Ch " Cu' ' (4.21)
M= Fgq

For our level con guration and an unpolarized samplegy = 1=(2F, + 1)), we nd
tan =2 (4.22)
or

. . 1 2 o
joerri = p—E_SayHBL p—ga{’,ﬁi/ jvad . (4.23)
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We could alternatively assume pumps | and Il to have oppositeircular polariza-
tions (equal helicities) counterpropagating along the-axis. Let Y be the creation
operator for the forward scattered signal photon with helity , and &  be the cre-
ation operator for the phase-matched backward scatteredla photon with helicity

i. In this case, we nd the two photon operator

j eri=(cos &0, +sin & f,)jvad. (4.24)
where
X
COS = P (4.25)
x+1 + X 1
and
X
X = PuCitime Gt o Cn’ T Gt (4.26)
M= Fq

From symmetry relations for the Clebsch-Gordan coe cientswe nd that, for the
set of atomic levels used in our experiments,= =4, and the thus two-photon state

would be a completely symmetric Bell state.

4.4 Experiment

We observe phase-matched cascade emission of entangledgrhpairs, using samples
of cold &®Rb atoms, for two di erent atomic cascades: (a) at s = 776 nm, via the
551, ! 5ds-, two-photon excitation, (b) at s=1:53 m, via the 55, ! 4ds-, two-
photon excitation. The investigations are carried out in tv di erent laboratories
using similar setups, Figure 4.1(b). A magneto-optical ta (MOT) of 8°Rb provides
an optically thick cold atomic cloud. The atoms are prepareth an incoherent mixture
of the level jai, which corresponds to the §,-,;F, = 3 ground level, by means of
optical pumping. The intermediate leveljci = jei corresponds to the ps-p;F. = 4
level of the D, line at 780 nm, and the excited levefdi represents (a) the 8s-,

level with ¢ = 776 nm, or (b) the 4ds-, level with ¢ = 1:53 m. Atomic level
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jb corresponds to §;-,; Fy, = 2, and could be used to implement the light-to-matter
qubit conversion [21].

The trapping and cooling light as well as the quadrupole magtic eld of the MOT
are switched o for the 2 ms duration of the measurement. Themabient magnetic
eld is compensated by three pairs of Helmholtz coils. Couatpropagating pumps |
(at 780 nm) and Il (at 776 nm or 1.53 m), tuned to two-photon resonance for the
jail'j di transition are focused into the MOT using the o -axis, counér-propagating
geometry of Harris and coworkers [59]. This two-photon exation induces phase-
matched signal and idler emission.

With quasi-cw pump elds, we perform photoelectric coincidnce detection of the
signal and idler elds. The latter are directed onto single poton detectors D1 and
D2. For s =1:53 m, the signal eld is coupled into 100 m of single-mode ber,
and detector D1 (cooled InGaAs photon counting module) is ¢ged using the output
pulse of silicon detector D2. The electronic pulses from thaetectors are fed into a
time-interval analyzer with 1 ns time resolution.

We measure the stationary signal-idler intensity correlan function Gg( ) =
hT : s()(i(t + ) :i; where the notationT :: denotes time and normal ordering of
operators, and(s and I} are the signal and idler intensity operators, respectivelf@0].
Results for (a) s =776 nm and (b) ¢ =1:53 m are presented in Figure 4.2 and
Figure 4.3, respectively. In particular, the measured coefation functions are shown
in Figure 4.2(a,b) and Figure 4.3(a). The correlation fungbn shown in Figure 4.2(a)
exhibits quantum beats due to the two di erent hyper ne components of the the Hs-,
level [97]. The correlation times are consistent with supexdiant scaling ts=dj,
Figure 4.2(c), wherets 27 ns for the Ps-, level [95].

In order to investigate polarization correlations of the ginal and idler elds, they
are passed through polarizerB; (set at angle ) and P, (set at angle ;), respectively,

as shown in Figure 4.1(b). We integrate the time-resolved gating rate over a window
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Figure 4.2: (a) Count rate proportional to the signal-idler intensity correlation func-
tion G4 as a function of signal-idler delay , jdi = j5ds—;F = 4i. The quantum
beats are associated with 120 MHz hyper ne splittingk = 3 and 4, of the Hos-;, level
[97]. The solid curve is a t of the form + Aexp( t= )sin’( t), where = 63,
A =2972, =11lnsand =117 MHz are adjustable parameters. (b) Same as {a
but for jdi = j5ds-,; F = 5i. Since this state can only decay though thE =4 compo-
nent of the Hos-, level, there are no quantum beats. The solid curve is an expantial
t with decay time of 3:2 ns. (c) The measured decay time vs the inverse measured
optical thickness. (d) Measured coincidence fringes fog = 45 (red diamonds) and
s = 135 ID(k_)lue circles). The solid curves are ts based on Egs. (4.1)@2), with
cos =1= b.
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Figure 4.3: (a) Same as Figure 4.2(a,b), but foydi = j4ds-,; F = 5i. The solid curve
is an exponential t with decay time of 67 ns. (b) Measured coincidence fringes for
i =45 (red diamonds) and ; = ]p3§ (blue circles). The solid curves are ts based
on Egs. (4.1)(4.2), with cos =1= 5.

T centered at the maximum of the signal-idler intensity cordation function Ggi( ),
with (@) T =6nsfor ¢ =776 nm,and (b) T =1 ns for ¢ = 1:53 m.
The resulting signal-idler coincidence rat€ ( s; ;) exhibits sinusoidal variation as a
function of the polarizers' orientations, as shown in Figst.2(d) and 4.3(b). In order
to verify the predicted polarization entanglement, we chécfor violation of Bell's
inequality S 2 [91, 90, 16]. We rst calculate the correlation functionE ( s; i),

given by
C(s;)+C 2,7 C ;i C o7
C(s )+C 2;7 +C(2;D+C & 7

where 7= + =2, andS=JE (¢ )+ E(s% )j+iE(s ) E(% 9j.

(4.27)

Measured values oE ( s; i), using the set of angless; i, chosen to maximize the
violation of Bell's inequality, are presented in Table 4.1We nd (a) S =2:185 0:025
for =776 nm, and (b) S =2:132 0:036 for s =1:53 m, consistent with polariza-
tion entanglement of signal and idler elds in both cases. Tdentangled two-photon

state of Eqgs. (4.1)(4.2), for sin = 2:p 5, has a substantial degree of asymmetry. If
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Table 4.1: Measured correlation functionE( s; ;) and S for
s=1:53 m.
S s i E( S» i)
0 675 0:670 0:011
45 225 0:503 0:.013
776 nm| O 225 0:577 0:.012
45 675 0:434 0:.014
S=2:185 0:.025
225 45 0:554 0:.027
67:5 0 0:682 0:027
1.53 m| 225 0 0:473 0:024
67:5 45 0:423 0:029
S=2:132 0:036
025 ——
0.2 |
> L
5 L
5]
5 0.15
=
(0]
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Figure 4.4: E ciency of storage and subsequent retrieval of a coherentdier eld
with decay time of 6 ns in an auxiliary atomic ensemble, obtaed by numerical
integration of the Maxwell-Bloch equations [18, 19] as digssed in the text. The
atomic coherence time is assumed to be much longer than thestge time.
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oppositely, circularly, polarized pumps | and Il were usedthe corresponding two-
photon state would be symmetric with sin =cos = 1:p 2.

The quantum repeater protocol involves sequential entarghent swapping via
Hong-Ou-Mandel (HOM) interference followed by coincidemcdetection [90, 47]. High-
visibility HOM interference requires that the signal and ider photon wave-packets
have no entanglement in the time or frequency domains [98, ,9800]. This may be
achieved with excitation pulses that are far detuned from ta-photon resonance and
with pulse lengths much shorter than the superradiant emigs time ts=d, of level
jei.

The idler eld qubit is naturally suited for conversion into an atomic qubit en-
coded into the collective hyper ne coherence of levejgi = 5%2S,,;F =3 and
jo = 5°S,,;F =2 . To perform such conversion, either the same or another siani
ensemble/pair of ensembles could be employed [21]. A timepéndent control laser
eld resonant on the jbi = j5°S;;;F = 2i $| e = j5°Pa,; F = 3i transition could
selectively convert one of the two frequency components dfet idler eld, shown in
Figure 4.2(a), into a collective atomic qubit. Pulsed excétion should be used in order
to enable the synchronization of the idler qubit and the combl laser. Numerical sim-
ulations show that qubit conversion and subsequent retrial can be done with good
e ciency for moderate optical thicknesses, even though thiller eld temporal pro le
is shorter than those employed in Chapter 8 [21] (compare wit-igure 6.3 in Chap-
ter 6 [18]). To demonstrate this, we consider the followingcenario in which the idler
is stored in an auxiliary ensemble initially polarized in tle atomic stateja;0i. The
time dependence of the idler eld envelope is given by!)(t)  ( t)exp( t=(2ts=dp))
where ( t) is the Heaviside function. A control eld of positive heligty (resonant on
the jbi $] e transition) propagates parallel to the collected idler mod. The control
eld has an initial Rabi frequency . e d b E.=3 ., whereE, is the control

electric eld amplitude. The control eld is smoothly turned o over a period of 20 ns
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centered at timet = 20 ns, thus storing the idler qubit. We then reactivate the ontrol
eld at a later time t = 520ns. We numerically calculate the storage and retrieval
dynamics using the procedure for solving the Maxwell-Blochquations outlined in
Appendix C. In Figure 4.4, we show the calculated e ciency oktorage and subse-
guent retrieval of a negative helicity idler eld with a time constantts=d, = 6 ns as
a function of optical thickness of the auxiliary ensemble. Aese results indicate that
gubit conversion can, indeed, be achieved with reasonableiency even though the
bandwidth of the idler eld is much larger than the spontaneas emission rate of the
atoms within the sample.

The basic protocols we have outlined can also be applied tongie alkali atom
emitters. Similar cascade decays in single atoms were use&dearly experiments
demonstrating violation of local realism [101] and singlehpton generation [102]. For
alkali metal atoms, it is necessary to optically pump the atm into a single Zeeman
state, e.g.,m = 0, of level jai. A virtual excitation of a single Zeeman state of level
jdi is created with short laser pulses. Coherent Raman scatteg to level jei results
in atom-photon polarization entanglement. In order to pregnt spontaneous decay of
the level jei, a control eld -pulse is applied immediately after the application of
the two-photon excitation, transferring the atomic qubit into the ground state where
it could live for a long time. It is important that the -pulse duration is shorter
than the spontaneous lifetime of levelei. Two-photon interference and photoelectric
detection of signal photons produced by two remote single@h nodes would result in
entanglement of these remote atomic qubits [103]. Qubit dettion for single atoms
can be achieved with nearly unit e ciency and in a time as shdras 50 s [32,
33]. Such high e ciency and speed lead to the possibility of &ophole-free test of
Bell's inequality, for atoms separated by about 30 kilomets. Cascaded entanglement
swapping between successive pairs of remote entangled atoqubits may be achieved

via local coupling of one of the atoms from the rst pair and it neighboring partner
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from the the following pair [34].

We also point out that the cascade level scheme employed hean be used to
convert a telecommunications photon into a near-infrared hpton using four-wave
mixing. This could potentially be useful because single-pton detectors for the
visible and near-infrared currently have much higher quanim e ciency, and much
lower dark count probability, than practically viable (e.g, InGaAs) detectors used at
telecommunication wavelengths.

In summary, we have proposed a practical telecommunicatiaquantum repeater
scheme based on cascade transitions in alkali metal atoms.eWave generated en-
tanglement of a pair of 1.53 m and 780 nm photons using an ensemble of ultra-cold
rubidium atoms. Combined with our recent demonstration ofigjht-to-matter qubit

conversion [21], the key steps of our proposal have now beakén.
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CHAPTER 5

DETERMINISTIC SINGLE PHOTONS VIA

CONDITIONAL QUANTUM EVOLUTION

A source of deterministic single photons is proposed and denstrated by the appli-
cation of a measurement-based feedback protocol to a herddsingle photon source
consisting of an ensemble of cold rubidium atoms. Our sourdg stationary and

produces a photoelectric detection record with sub-Poissian statistics'.

5.1 Introduction

Quantum state transfer between photonic- and matter-basequantum systems is a
key element of quantum information science, particularlyfaquantum communication
networks. Its importance is rooted in the ability of atomic gstems to provide excellent
long-term quantum information storage, whereas the longistance transmission of
guantum information is nowadays accomplished using lightinspired by the work
of Duan et al. [47], emission of non-classical radiation has been obsernm rst-
generation atomic ensemble experiments [51, 52, 54].

In 2004 the rst realization of coherent quantum state tranfer from a matter qubit
onto a photonic qubit was achieved [57]. This breakthroughaid the groundwork
for several further advances towards the realization of ang-distance, distributed
network of atomic qubits, linear optical elements and singtphoton detectors [17, 18,
20, 19, 21, 22]. A seminal proposal for universal quantum cepuotation with a similar

set of physical resources has also been made [104].

1This chapter is based on Ref. [23]
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Figure 5.1: Schematic of experimental setup, with the inset showing th&tomic level
scheme (see text).

An important additional tool for quantum information science is a deterministic
source of single photons. Previous implementations of suehsource usedsingle
emitters, such as quantum dots [60, 61, 62], color centers [63, 64]utmal atoms
[36, 37, 65], ions [66], and molecules [67]. The measured iermcy p to detect a
single photon per trial with these sources is typically leshan 1%, with the highest
reported measured value of about 2.4% [36, 37], to our knoage.

We propose a deterministic single photon source based on emsemble of atomic
emitters, measurement, and conditional quantum evolution. We repbithe imple-

mentation of this scheme using a cold rubidium vapor, with a easured e ciency
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o 1 2%. In common with the cavity QED system, our source is suitd for re-
versible quantum state transfer between atoms and light, arerequisite for a quantum
network. However, unlike cavity QED implementations [36, 3], it is una ected by in-
trinsically probabilistic single atom loading. Thereforeit is stationary and produces
a photoelectric detection record with truly sub-Poissonia statistics

The key idea of our protocol is that a single photon can be geiaged at a predeter-
mined time if we know that the medium contains an atomic excittion. The presence
of the latter is heralded by the measurement of a scattered pton in a write process,
such as the collective stimulated Raman scattering procedgscribed in Chapter 3.
Since this is intrinsically probabilistic, it is necessaryo perform independent, sequen-
tial write trials before the excitation is heralded. After this point me simply waits
and reads out the excitation at the predetermined time. The @rformance of repeated
trials and heralding measurements represents a conditidrfeaedback process and the
duration of the protocol is limited by the coherence time oftte atomic excitation.
Our system has therefore two crucial elements: (a) a high-glity probabilistic source
of heralded photons, and (b) long atomic coherence times. Wmte that related
schemes using parametric down-conversion have been diseds[105, 106].

Heralded single photon sources are characterized by mearmof@n numberti 1,
as the unconditioned state consists mostly of vacuum [107Q2]. More importantly, in
the absence of the heralding information the reduced dengibperator of the atomic
excitation is thermal [16]. In contrast, its evolution condioned on the recorded
measurement history of the signal eld in our protocol, idelsy results in a single
atomic excitation. However, without exception all prior eperiments with atomic
ensembles did not have su ciently long coherence times to iplement such a feedback
protocol [51, 52, 54, 57, 17, 18, 20, 19, 21, 55, 77, 59, 108]earlier work quantum
feedback protocols have demonstrated control of non-clas states of light [109] and

motion of a single atom [110] in cavity QED.
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5.2 Heralded Single Photon Source

We rst outline the procedure for heralded single photon gesration. A schematic
of our experiment is shown in Figure 5.1. An atomic cloud of d¢igal thickness 7
is provided by a magneto-optical trap (MOT) of®Rb. The ground levelsfj ai ;jbig
correspond to the 5,-,;F,, = f3;29 hyper ne levels, while the excited leveljci
represents thef 5P,-,; F. = 3g level of the D; line at 795 nm. The experimental
sequence starts with all of the atoms prepared in levgi. An amplitude modulator
generates a linearly polarized 70 ns longrite pulse tuned to thejai ! j ¢ transition,
and focused into the MOT with a Gaussian waist of about 430m. We showed in
Chapter 3 Section 3.2.1.1 that thevrite process can be described using a simple model
based on nondegenerate parametric ampli cation. The lighinduces spontaneous
Raman scattering via thejci!j b transition. The annihilation of a write photon
creates a pair of excitations: namely a signal photon and a gsi-bosonic collective
atomic excitation [47]. The scattered light with polarizaton orthogonal to the write
pulse is collected by a single mode ber and directed onto angile photon detector
D1, with overall propagation and detection e ciency . When the write pulse is
su ciently far detuned from the jai $ ci transition, the signal photon has a temporal
envelope (t rff)=c), where rl((s) = Rs * andKs is the signal propagation direction,
identical to that of the write pulse. The signal envelope satis es the normalization

R,

condition .

Tloj ((19j2dt° = 1, where t is the time at which the write process trial
begins, andt, is the duration of this trial. By adapting the nondegeneratgparametric
ampli cation model of Chapter 3 to the case where only one palization of the signal
is captured, the correlated signal atomic excitation dergi matrix may be written as
[16]

Ms = YOI ), (5.1)
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where

_1 X A
U= cosh tanh™ = (5.2)

"o is the signal and atomic vacuum density matrix as given in Eq(3.2), & is the
annihilation operator for the detected signal photon, and is the atomic excitation
annihilation operator.

Starting with the correlated state of signal eld and atomicexcitation ( Eq. (5.1) ),
we project out the vacuum from the state produced by thevrite pulse using the

P ., and "y is a bosonic

projection operator :4 e ®¢: whered= P <A +
operator accounting for degrees of freedom other than thodetected. Tracing over
the signal and all other undetected modes, we nd that the desity matrix for the
atomic excitation A conditioned on having at least one photoelectric detectioavent
is given by?

1 X tanh®

— n l n n
Ajl — anﬂ W(l (1 s) )m'&y /b/& ) (5-3)

where p; 1 is the probability of a signal photoelectric detection evé per write

pulse, and the interaction parameter is given in terms ofp; and ¢ by
sint? = pi[ s(1 po)l, (5.4)

We note that in Eq. (5.3) there is zero probability to nd the atomic vacuum %.
After a storage time , a read pulse of length 80 ns containing around 3 10’
photons, and with polarization orthogonal to that of thewrite pulse, tuned to the
jb!j c transition, illuminates the atomic ensemble (Figure 5.1).1deally, the read
pulse converts atomic spin excitations into the idler eld eitted on the jci!j ai
transition. The elastically scattered light from theread beam is Itered out, while
the idler eld polarization orthogonal to that of the read beam is directed into a 50:50

single-mode ber beamsplitter. Bothwrite/read and signal/idler pairs of elds are

2We show in Appendix D that this result can also be derived usimg arguments based on elementary
photon counting probabilities [111].

89



counter-propagating [59]. The waist of the signal-idler nae in the MOT is about
180 m. The two outputs of the ber beamsplitter are connected to dtectors D2 and
D3. Electronic pulses from the detectors are gated with 12G6r{D1) and 100 ns (D2
and D3) windows centered on times determined by therite and read light pulses,
respectively. Subsequently, the electronic pulses from P02, and D3 are fed into a
time-interval analyzer which records photoelectric detéion events with a 2 ns time
resolution.

The transfer of atomic excitation to the detected idler eldat either Dk (k=2,3)
is given by a linear optics relationa = P HNOEZ%: P 1 ()=2"k( ), where &
depends parametrically on and corresponds to a mode with an associated temporal
envelope (t), normalized so that R;l dtj (t)j2 =1, and “k( ) is a bosonic operator
which accounts for coupling to degrees of freedom other thémose detected. The e -
ciency i( )=2 is the probability that a single atomic excitation stored ér results in
a photoelectric event atDk, and includes the e ects of idler retrieval and propagation
losses, symmetric beamsplitter (factor of 1/2) and non-ubidetector e ciency. We
start from the elementary probability density Qyji1(tc) for a count at time t. and no
other counts in the interval [Q tc), Qkji(te) = j (te)jh &a exp( Rg° dtj (t)j%aay) i
[111]. Using Eq. (5.3), we then calculate probabilityy;; Rol dtQy;1(t) that detec-
tor DKk registers at least one photoelectric detection event. Wensiarly calculate
the probability p,3; of at least one photoelectric event occurring at both deteots.

These probabilities are given by

P22( ) Pyin( )= ( i()=2;p1 ) (5.9)
Pagiai( ) = Pa( )+ p3n( ) i )P ), (5.6)

where we show the explicit dependence on Here 1 ( ;p1; s) is given by

i 1 1
pp 1+ sink? 1+( s+ (1 g)sinh?

(5.7)

These calculations are carried out in more detail in AppenxiD.
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Our conditional quantum evolution protocol transforms a helded single photon
source into a deterministic one. The critical requirementfor this transformation are
higher e ciency and longer memory time of the heralded souecthan those previ-
ously reported [17, 18]. In Figure 5.2 we show the results afirocharacterization of
an improved source of heralded single photons. Panel (a) afjbre 5.2 shows the mea-
sured intensity cross-correlation functiorgs;  [pzj1+ Psj1]=[P2+ ps] as a function ofp;.
Large values ofy;; under conditions of weak excitation - i.e., smalb, - indicate strong
pairwise correlations between signal and idler photons. €he ciency of the signal
photon generation and detection is given bys ! gip:, in the limit sinh? 1.
We have measureds 0:08, which includes the e ects of passive propagation and
detection losses. It is important to distinguish the measurede ciency from the
intrinsic e ciency which is sometimes employed. The intrinsic e ciercy of having a
signal photon in a single spatial mode at the input of the sing-mode optical ber

9 (s=s) 0:24. We measure g L L4 03 independently using coherent
laser light, where the ber coupling eciency £  0:7, optical elements transmis-

sion L 0:85, and the detection eciency ¢ 0:55. The measured e ciency of
the idler photon detection is ; ! gs(p2+ ps) 0:075. Herep, and p; are de ned
by expressions analogous to Eq. (5.4). Similarly, the intusic e ciency for the idler

eld ° (;=;) 034, where we measure Frd 022 with ! 0:75,
' 059,and ¢ 0:55. The reported values of s  0:08 and ;  0:075 represent

slight improvements on the previous highest measured e cieies in atomic ensemble
experiments of 004 0:07 [18, 21].

The quality of the heralded single photons produced by our scce is assessed using
the procedure of Grangieet al., which involves a beamsplitter followed by two single
photon counters, as shown in Figure 5.1 [102]. An ideal siegbhoton input to the

beamsplitter results in photoelectric detection at eitheD2 or D3, but not both. An

imperfect single photon input will result in strong anticorelation of the coincidence
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Figure 5.2: Correlation functions gs; (panel (a)) and — (panel (b)) as a function of
p:, taken at = 80 ns. The solid lines are based on Eqg. (5.5,5.6), with addbn
of a nearly-negligible background contribution, as in Ref.[18]. The inset shows
normalized signal-idler intensity correlation functiongs; as a function of the storage
time . The full curve is a t of the form 1+ B exp( 2= 2) with B = 16 and the
collapse time . = 31:5 s as adjustable parameters.

counts. Quantitatively, this is determined by the anticorelation parameter— given
by the ratio of various photoelectric detection probabilies measured by the set of
detectors D1,D2 and D3:™ = pog1=(P2j1Ps1). Classical elds must satisfy a criterion
— 1 based on the Cauchy-Schwarz inequality [102]. For an idsaprepared single
photon state = ! 0. Panel (b) shows the measured values of as a function of
p1, with minf —g = 0:012 0:007 representing a ten-fold improvement on the lowest
previously reported value in atomic ensembles [18].

In order to evaluate the atomic memory coherence time,, we measuregs; as a
function of the storage time , inset of Figure 5.2(a). To maximize , the quadrupole
coils of the MOT are switched o, with the ambient magnetic dd compensated by
three pairs of Helmholtz coils [17]. The measured value of 315 s, a three-fold
improvement over the previously reported value, is limitedy dephasing of di erent

Zeeman components in the residual magnetic eld [18, 20, 18] discussed in Chapters

6 and 7.
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5.3 Protocol for Generation of Deterministic Sin-
gle Photons

The long coherence time enables us to implement a conditidrguantum evolution
protocol. In order to generate a single photon at a predeteiimed time t,, we initiate
the rst of a series of trials at a timet, t, where t is on the order of the atomic
coherence time .. Each trial begins with a write pulse. If D1 registers a signal
photoelectric event, the protocol is halted. The atomic meory is nhow armed with
an excitation and is left undisturbed until the time t, when aread pulse converts it
into the idler eld. If D1 does not register an event, the atonc memory is reset to
its initial state with a cleaning pulse, and the trial is repated. The duration of a
single trial to = 300 ns. If D1 does not register a heralding photoelectric emt after
N trials, the protocol is halted 1.5 s prior to t,, and any background counts in the
idler channel are detected and included in the measuremergaord.

Armed with Egs. (5.5) and (5.6), we can calculate the unconiibned detection and
coincidence probabilities for the complete protocol. Therpbability that the atomic
excitation is produced on thg ™ trial is p; (1 pl)j !, This excitation is stored for a
time (N j)to before itis retrieved and detectedN = t=ty is the maximum number
of trials that can be performed in the protocol (we ignore thd.5 s halting period
before the read-out).

One can express the probability of a photoelectric event &k (k = 2; 3), Py, and
the coincidence probabilitiedP,3 in terms of the conditional probabilities of Egs. (5.5)

and (5.6),
X .
P=p (@ p) 'ppu(t jto), (5.8)

j=1

=2, 3, 23. In the limit of in nite atomic coherence time andN !'1 , P ! p ;.
Hence, if the memory time is su ciently long for an adequate omber of trials, the

protocol ideally results in deterministic preparation of asingle atomic excitation,

93



200
0.07

150 0.06

0.05

= 100 0.04

0.03
50 0.02

0.01

0 0.005 0.01 0.015 0.02 0.025

Figure 5.3: Predicted e ciency to generate and detect a single photonp as a
function of N and p;. These predictions are based on Eq. (5.8) with the values of
e ciencies and coherence times given in the text.

which can be converted into a single photon at a desired timeConsistent with
Figure 5.2(a) inset, we assume a combined retrieval-detemt e ciency that decays
as a Gaussian function of storage time,( ) = (0)e (= 9 where . is the atomic
spin-wave coherence time.

In Figure 5.4 we present the predicted degree of second ora@eherence for zero
time delay gg) (0)  P23=(P,P3) [112] as a function ofN and p;. The corresponding
predicted values of e ciency p P>+ P3 Py3 are shown in Figure 5.3. Figure 5.5
shows the measured degree of 2nd order coherence for zereiﬁielayg,()z) (0) [112] and
the measured e ciency p as a function ofN (panels (a) and (b)), and as a function
of p; (panels (c) and (d)). The solid curves are based on Eq. (5.8Jhe dashed lines
in panels (a) and (c) show the expected value cg‘DZ) (0) = 1 for a weak coherent
state (as we have conrmed in separate measurements). Therpeular value of p;
used in the measurements of Figure 5.5 panels (a) and (b) wdsosen with the aid

of Figures 5.3 and 5.4 to optimizegg) (0) and p. The value of t used in panels
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Figure 5.4: Predicted values of p as a function ofN and p;. These predictions are
based on Eq. (5.8) with the values of e ciencies and cohereadimes given in the
text.

(c) and (d) was similarly chosen to optimizeg?’ (0) and . The minimum value

of g§> (0) = 0:41 0:04 indicates substantial suppression of two-photon evengd

under the same conditions, = 0:0123. As shown in Figure 5.5(a), wherN is small,
the protocol does not result in deterministic single photan Instead, the cleaning
pulse-induced vacuum component of the idler eld leads to @itional classical noise.
Large N, and hence long coherence times, are crucial to reduce thisise below
the coherent state level and to approach a single photon sa@er Note, that in the
limit of in nite atomic memory and N ! 1 gg)(O) I minfTg 0012 0:007
and p! ; 0075, substantially exceeding the performance of any demtnased

deterministic single photon source.

Moreover, p can be further increased by employing atomic sample with lger

optical thickness and by optimizing the spatial focusing pgéerns of the signal and

3The corresponding value of the measured Mandel parameteQp p(1 glgz) (0)) is
0:007 10% and is largely determined by p [112].
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Figure 5.5: gg) (0) as a function of maximum number of trialsN (panel (a)) and
p: (panel (c)); measured e ciency to generate and detect a sitg photon p as a
function of N (panel (b)) and p; (panel (d)). For panels (a) and (b)p, = 0:003
(about 6 10° photons perwrite pulse were used), whereas for for panels (c) and
(d) N =150. The full curves are based on Eq. (5.8) with the values @& ciencies
and coherence times given in the text, with howeverp multiplied by an empirical
factor of 2=3. We believe this reduced e ciency is due to imperfect switing of the
read light in the feedback-based protocol (we note that there areo other adjustable
parameters in the simple theory presented). Evident deviains from the theory in
panels (c) and (d), beyond the statistical uncertainties aociated with photoelectric
counting events, could be explained either by inadequacies$ the theory, or slow
systematic drifts in the residual magnetic eld and theread light leakage.
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idler elds “. In principle, the spatial signal-idler correlations froman atomic ensemble
(and, therefore ?) can also be improved by use of an optical cavity. However, in
the absence of special precautions the use of a cavity wilkéf introduce additional
losses associated, e.g., with the mirror coatings or the dgocking optics [36, 37, 66,
108]. The measured e ciency p would involve a trade-o between improved spatial
correlations due to the cavity and the concomitant losses #t it introduces.

Long atomic coherence time enables a large number of tridds which is necessary
to eliminate the classical uctuations of the heralded sinlg photon source, and results
in sub-Poissonian photon statistics. This can be explaineghost simply in the limit
of in nite atomic memory in which the probability Py that a detection event at Dk
(Figure 5.7) is made afterN trials is given by the product of the probability 1  pyac
that an atomic excitation has been created py4c is the probability that the ensemble
is in the vacuum state ) andpyj; the conditional probability that a photoelectric
detection is registered on Dk given that a heralding event garecorded. Likewise,
the probability of a coincidence detection at D2 and D3P,z is given in terms of the
conditional joint probability p,3; for coincidence given a heralding event has been

recorded, i.e.,

I::'k (1 pvac) pkjl (5.98)

P23 (1 pvac)Pogit; (5.9b)

wherepyac = (1 p)N for N trials and p; 1 is, as de ned above, the probability of
a signal photoelectric detection in a single write pulse &i. The correlation function

gg) (0), is given by

@) P23
% P,P3
= . 5.10
1 P (5.10)

4In separate sets of measurements, we have observeg 0:2, for the intrinsic signal e ciency
9 0.

S
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Figure 5.6: gg) as a function ofN and p; in the limit of in nite atomic memory.

The values for the e ciencies 5 and ; are given in the text.
When the probability pyac is large, as is the case for a small maximum number of
trials, N, and since the anti-correlation parameter is by de nition psitive = 0, the
presence of multiple atomic excitations combined with theakrge vacuum component of
the detected eld gives super-Poissonian statistics. N is su ciently large pyac! O,
however, and we recover a value @ﬁ) (0) identical to the anti-correlation parameter
—, which is less than one for a heralded single photon source.s A consequence
the statistics become sub-Poissonian in this limit, and thguality of the protocol is
limited by the quality of the single photons produced by the aralded single photon
source (Figure 5.6).

We should emphasize thagg) does not tend to— in the limit of small N, so the
feedback protocol is essential. In the limit of smalN one might expect instead that

gg) I 2, consistent with a thermal distribution of atomic excitaions. However, this

expectation is correct only in the limit of perfect signal popagation and detection
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Figure 5.7: p as a function ofN and p; in the limit of in nite atomic memory. The
values for the e ciencies 5 and ; are given in the text.
eciency ¢! 1. This can be readily demonstrated using the atomic densityperator
given in Eq. (5.3). However, for ¢ 1 one nds gg) 2, as conrmed in our
experiments.

In conclusion, we have proposed and demonstrated a statiogasource of deter-

ministic photons based on an ensemble of cold rubidium atoms
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CHAPTER 6

STORAGE AND RETRIEVAL OF SINGLE
PHOTONS TRANSMITTED BETWEEN

REMOTE QUANTUM MEMORIES

In the previous chapters, we have explored the use of atominsembles interacting
with classical laser elds to produce non-classical states light. We reported the
probabilistic generation of entangled qubits in Chapters &nd 4. While in Chapter
5, we showed how the heralded (probabilistic) single photsource used to generate
entangled qubits in Chapter 3 could be exploited in the genation of deterministic
single photons. Here, we demonstrate how the light-enseralihterface and the idea
of Electromagnetically Induced Transparency (EIT) [71, 7Ris used to implement
another essential primitive of a quantum network: a quantummemory element, in
which the nonclassical states of light discussed in the earl chapters can be stored

and later retrieved-.

6.1 Introduction

An elementary quantum network operation involves storing gubit state in an atomic
guantum memory node, and then retrieving and transportingtte information through
a single photon excitation to a remote quantum memory node ffdurther storage
or analysis. Implementations of quantum network operatia are thus conditioned
on the ability to realize such matter-to-light and/or light-to-matter quantum state

mappings. Here, we report generation, transmission, sta@e and retrieval of single

1This chapter is based on Ref. [18] and the associated supplemtary online information
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guanta using two remote atomic ensembles. A single photon generated from a
cold atomic ensemble at SiteA via the protocol of Duan, Lukin, Cirac, and Zoller
(DLCZ) [47] and is directed to SiteB through a 100 meter long optical ber. The
photon is converted into a single collective excitation vidhe dark-state polariton

approach of Fleischhauer and Lukin [69]. This mechanism igsktribed in detail in
Appendix C. After a programmable storage time the atomic exation is converted

back into a single photon. This is demonstrated experimentyg, for a storage time of
500 nanoseconds, by measurement of an anticorrelation paxeter —. Storage times
exceeding ten microseconds are observed by intensity crassrelation measurements.
The length of the storage period is two orders of magnitudenger than the time to

achieve conversion between photonic and atomic quanta. The®ntrolled transfer

of single quanta between remote quantum memories constiag an important step
towards distributed quantum networks.

A quantum network, consisting of quantum nodes and intercarecting channels,
is an outstanding goal of quantum information science. Suehnetwork could be used
for distributed computing or for the secure sharing of infanation between spatially
remote parties [5, 25, 26, 29, 104, 47]. While it is natural #t the network's xed
nodes (quantum memory elements) could be implemented by ngimatter in the form
of individual atoms or atomic ensembles, it is equally natad that light elds be used
as carriers of quantum information (ying qubits) using opical ber interconnects.
The matter-light interface seems inevitable since the lotatorage capability of ground
state atomic matter cannot be easily recreated with light &ds. Interfacing material
guanta and single photons is therefore a basic primitive of guantum network.

The potential of atomic ensembles to serve as quantum menmesihas recently
attracted considerable attention [68, 41, 69, 47, 13, 70hawvning two distinct lines of
research. In one, using the physics of \slow light" propagain in an optically thick

atomic ensemble, weak coherent laser pulses have been semppnd retrieved in a
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controlled fashion [69, 73, 44, 45]. In the other, motivately the seminal proposal of
Duan, Lukin, Cirac, and Zoller (DLCZ) [47], correlated pais of photons and single
photons have been produced from an atomic ensemble [51, 52, 54, 55, 59]. Col-
lective atomic qubits, atom-photon entanglement, and qudaom state transfer from

atomic to photonic qubits have also been demonstrated [57These initial experimen-

tal demonstrations within the DLCZ paradigm were beset by gbrt atomic coherence
times, of the order of the laser pulse length. In contrast, cent advances in atomic
ensemble research [17, 23] allow for long quantum memory &) in excess of ten mi-
croseconds in the present work, more than two orders of magrde longer than the

duration of the laser pulses involved in the protocols. Lomg quantum memory times

have subsequently been produced and reported in Ref.[23,discussed in Chapter 5.

6.2 Experiment

Here we report the synthesis of these two lines of researchdgmonstrating the gen-
eration, transmission, storage and retrieval of single phans using remote atomic
ensembles as quantum memories. The essential ingredientichhenables the com-
pletion of this synthesis, and which we report here, is the dlly to convert single
photons into single collective atomic excitations. In ourx@eriment the remote quan-
tum memories are based on cold atomic clouds $Rb con ned in magneto-optical
traps (MOTSs) at Sites A and B, as shown in Figure 6.1. Site®\ and B are physi-
cally located in adjacent laboratories, with a 100 meter lansingle-mode optical ber
serving as the quantum information channel.

Our protocol begins with the generation of single photons &bite A, using an
improved version of the DLCZ approach in the o -axis, countepropagating geometry
[59, 17] (discussed in Chapter 3). The ber channel directshé signal eld to Site
B where an optically thick atomic ensemble is prepared in lelvgd (right inset in

Figure 6.1). The signal eld propagation in the atomic medim is controlled by
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Figure 6.1: A schematic diagram of our experimental setup demonstratingenera-
tion, transmission, storage and retrieval of single photoexcitations of the electromag-
netic eld. Two atomic ensembles at SitesA and B are connected by a single-mode
ber. The insets show the structure and the initial populatons of atomic levels for
the two ensembles. All the light elds responsible for trapmg and cooling, as well as
the quadrupole magnetic elds in both MOTSs, are shut o during the period of the
protocol. The ambient magnetic eld at each Site is compensad by three pairs of
Helmholtz coils (not shown). Correlated signal and idler &s are generated at Site
A. The signal eld is transmitted via optical ber from Site A to Site B, where it is
converted to atomic excitation, stored for a durationTs, and subsequently retrieved.
A Hanbury Brown-Twiss setup consisting of a beamsplitter B&nd two detectors D2
and D3, together with detector D1 for the idler eld, are usedto verify the single
photon character of the retrieved eld.
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Figure 6.2: Measured transmission spectra of a coherent probe eld asetliunction
of probe detuning in the presence of, and absence of, EIT. Radre taken using 700 ns
long coherent laser pulsesT is the intensity transmittance, is the probe detuning
and is the decay rate of leveljci. In the absence otontrol eld (circles) the probe
is strongly absorbed near resonance, whereas with teentrol eld on (diamonds)
the medium becomes transparent. Each probe pulse contains average @ photons.
Each data point is an average of 2 10 experimental trials. The optical thickness
d = 8 and the control eld Rabi frequency =3 are used to obtain the solid curves,
based on the theoretical model discussed in Appendix C.

an additional laser eld (control) through the process of electromagnetically-induced
transparency (EIT) [71, 72]. As we deal with an unpolarizedtamic ensemble, we
must take into account the Zeeman degeneracy of the atomicvéds. Choosing the
same circular polarizations for both the probe and theontrol elds allows us to retain
transparency, as discussed in more detail in Appendix C. Inigure 6.2 we show the
EIT transmission spectrum recorded for a coherent laser grve eld instead of the
signal eld. Evidently, in the absence of thecontrol light the probe eld is absorbed
by the optically thick sample. With the addition of the cw control eld, the medium

is rendered transparent around thghi $j ci transition resonance =0.

The control eld strongly modi es the group velocity of the signal eld. For a
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time-dependentcontrol eld, a strong reduction of the group velocity of the propaga
ing signal eld can be understood in terms of a coupled mattdight eld excitation
known as a \dark-state polariton." By adiabatically switching o the control eld,
the coupled excitation can be converted into a pure atomic eiation, i.e., the sig-
nal eld is \stopped" [69, 44, 45]. An important condition to achieve storage is a
su ciently large optical thickness of the atomic sample, witch enables strong spatial
compression of the incident signal eld [41]. In our experient the measured optical
thicknessd ' 8, whered is de ned such that exp( d) is the on-resonance intensity
transmittance in the absence of a control eld. Figure 6.3 gapares our observations
with the predictions of a theoretical model of Appendix C. Rjure 6.3a compares the
propagation of the signal pulse in vacuum and in the atomic nd@&im under conditions
of EIT with a cw control eld. The observed pulse delay under conditions of EIT
is about 20 ns, corresponding to more than three orders of nmatyde reduction in
group velocity. Figure 6.3b shows the e ect of turning o thecontrol-storage eld
when the signal pulse is approximately centered in the mediy and the subsequent
retrieval of the signal eld when the control-retrieval eld is switched back on after a
500 ns storage time. Figure 6.3c shows retrieval after a shgie time of 15 s. Quali-
tative agreement of the pulse shapes has been obtained in dloeoretical analysis of
the protocol using the full Zeeman structure of the atoms and classical description
of the signal eld (Figure 6.3d-f).

In order to verify the single-photon character of the signakeld (a) without stor-
age, and (b) with storage and retrieval, we use a Hanbury BrowTwiss detection
scheme, employing a beamsplitter followed by two single ptom counters, as shown
in Figure 6.1 [102]. To provide such characterization, we t®that classical elds must
satisfy a criterion— 1 based on the Cauchy-Schwarz inequality [102, 113]. For an
ideally prepared single photon state”! 0. Here the anticorrelation parameter— is

a function of the storage timeTs, and is given by the ratio of various photoelectric
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Figure 6.3: Experimental and theoretical pulse shapes as a function afrte, showing
EIT, storage and retrieval. The color code iscontrol eld - black, pulse in vacuum -
blue, delayed, stored and retrieved eld - red. Panel (a) wit a cwcontrol eld shows
EIT pulse delay. In panel (b) thecontrol eld is switched o and then on again after
500 ns, shows light storage and retrieval. Panel (c) is simailto (b) but with a 15 s
storage. Panels (d), (e), and (f) are corresponding theoreél plots.
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detection probabilities which are measured by the set of dattors D1, D2 and D3

(described in Section 6.3):
P1P123,
P12P13

As an auxiliary measure of signal-idler eld correlationsand as a way to quantify

(Ty) = (6.1)

the quantum memory storage time, we also evaluate the norniedd intensity cross-
correlation functiongsi (P12 + pPw3)=pPu(p2 + pPs)] [114, 90]. In particular, it serves to
estimate the total e ciency and background levels in the expriment, sincegs; is, by
de nition, independent of e ciencies whereasp; is proportional to the overall idler
channel e ciency.

First we measuregs; and — without storage at SiteB (i.e., with no atomic sample
in place), and the results are displayed in Figure 6.4, a and bespectively. Next we
add an optically thick atomic sample at SiteB, and perform storage of durationls =
500 ns and subsequent retrieval of the signal eld, with retts shown in Figure 6.4,
c and d, respectively. No correction for background or darkoants were made to
any of the experimental counting rates. The curve ts ofgs; are based on a simple
theoretical model, and allow us to obtain the e ciency in theidler channel and the
background contributions top, and ps; for the stored signal eld. These same values
are used to produce the corresponding theoretical curveshigure 6.4, b and d. The
measured values of< 1, displayed in Figure 6.4, b and d, con rm the single-photon
character of both the source and retrieved signal elds (wht the minimum values of
—=0:14 011 and™ =0:36 0:11, respectively). Overall, we estimate that the
probability ps for successful generation, transmission, storage, retré, and detection
of a signal photon is approximatelyps ' 10 ° for each trial. The e ciency of photon
storage and retrievalE can be estimated as the ratio of the values @b + ps with and
without storage. We nd E ' 0:06, in agreement with the theoretical result shown
in Figure 6.3e.

To investigate the storage capability of our quantum memorgt Site B, we measure
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Figure 6.4: Measured intensity cross-correlation functiogs; and anticorrelation func-

tion — as a function of the idler photoelectric detection probakity p;. Panels (a) and

(b) are for the source (propagation in vacuum). Panels (c) ah(d) are for stopped,

stored for 500 ns, and retrieved signal eld. The solid lineare based on a theoretical
model that includes losses and background. Error bars regent one standard

deviation and are based on the statistics of the photoeleatrcounting events.
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Figure 6.5: Normalized signal-idler intensity correlation functiongs; as a function of
the storage timeT; at Site B. Data (diamonds) are taken forp; = 0:0047, but with a
smaller background contribution than that of Figure 6.4, ¢ ad d. The full curve is
a t of the form 1+ B exp( t?= 2) with B = 7 and the collapse time =11 s as
adjustable parameters. Error bars represent one standard deviation and are based
on the statistics of the photoelectric counting events.

Osi as a function of the storage time of the signal eldls (Figure 6.5). A Gaussian t
provides a time constant =11 s, which is an estimate of our quantum memory time.
The collapse is consistent with the Larmor precession of arlastate polariton in an
unpolarized atomic ensemble in a residual magnetic eld [557]. Experimentally we
attempt to null the uniform, dc component of the magnetic etl. A de nitive way
to distinguish whether the collapse is due to uniform or nonniform and ac elds is
to measure the damping time of the periodic revivals of the tigeved signal eld at
longer storage times. In a uniform magnetic eld, undampedevivals of the dark-
state polariton should occur at times equal ton T, , whereT, is the Larmor period for
leveljai or jb and n can be either integer or half-integer, depending on the drgon

of the magnetic eld relative to the light beam geometry (a sgopsis of these ideas

is given in the Appendix C, with the full theory presented in Rf.[19]). We have
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conducted separate experiments with an externally appliedagnetic eld [20], which
suggest that the collapse in the present experiment is likeldue to magnetic eld
gradients and/or ac elds at the level of a few tens of mG. Hower, more extensive
investigations to quantitatively determine the temporal ad spatial structure of the

residual magnetic eld, and the various contributions to it are ongoing.

6.3 Measurement Procedure

To generate single photons at Sité\, we use the DLCZ approach in the o -axis,
counter-propagating geometry introduced by Harris and cawkers [59]. The insets
in Figure 6.1 indicate schematically the structure of the thee atomic levels involved,
jai;jbi andjci, wherefj ai; jbig correspond to the 5,-,; F = f 3; 2g levels of**Rb, and
jci represents thef 5P;-,; F = 3g level associated with theD; line at 795 nm. The
experimental sequence begins with an unpolarized sampleaddms prepared in level
jai (left inset of Figure 6.1). A 160 ns longwrite laser pulse tuned to thejai!'j ci
transition is focused into the MOT with a Gaussian waist of abut 400 m. The
write pulse generates a Raman-scattered signal eld via thei $ bi transition. We
collect a Gaussian mode centered around the momentukny that forms an angle of
about 2 with the write beam. Thewrite pulse is so weak that on average less than
one photon is scattered into the collected mode for each pels The signal eld is
coupled into the 100 meter long ber connecting Siteé and B.

For each signal photon emission event, a correlated collegt atomic excitation is
created in the atomic ensemble. After a delay t = 200 ns, a 140 ns long counter-
propagating read laser pulse resonant with thghi ! j ¢ transition illuminates the
atomic ensemble and converts the atomic excitation into theller eld. Under the
conditions of collective enhancement, the idler eld is erntted with high probability
into the mode determined by the phase-matching conditioR; = K, + K, Kg, where

Ki, Ky and K, are the wave vectors of the idlerwrite and read elds, respectively.
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The waist of the signal-idler mode in the MOT is about 150 m. The idler eld is
directed onto a single photon counter D1. Ideally, photoettric detection of the idler
eld projects the quantum state of the signal eld into a sinde photon state. The
repetition rate of the experiment is 210° s 1. Each data point in Figure 6.4 involves
an average over a time period that varied from several minweup to 1.5 hours for
the data point with the lowest value ofp; in d.

To measure the photoelectric detection probabilitie®;, p,, ps, P13, P12, P23, and
p123, the outputs of the detectors are fed to three \Stop" inputs bthe time-interval
analyzer which records the arrival times with a 2 ns time resation. The electronic
pulses from the detectors D1,D2,D3 are gated for periods;ft, + T,l, with T; =
140 ns, T, = T; = 240 ns, respectively, centered on the times determined byé
write and read (for no storage) orcontrol-retrieval (for storage) laser pulses. Counts
recorded outside the gating periods are therefore removearh the analysis. The
list of recorded events allows us to determine the singlearmel photoelectric event
probabilities p; = N;j=M, whereN; is the total number of counts in thei-th channel
and M is the number of experimental trials, (for D, i = 1;2;3). If photoelectric
detections in di erent channelsi; k; m happen within the same gating period, they
contribute to the corresponding joint probabilitiesp; = Nj =M, whereNj is the total
number of coincidences betweeniland Dj, i;j =1;2;3. The joint probability of all

three detectors registering a count is given b,z = Ni3=M.

6.4 Photoelectric counting statistics

In order to take into account the possibility of the creationof multiple signal-idler
photon pairs created in thewrite-read processes at sité\, we use a theoretical model

based on parametric down-conversion derived in Chapter 3e&ion 3.2.1.1. The

111



annihilation operators for the idler and signal eld are transformed as [90]:

ai(out) — COSh( )ai(i”)+sinh( )aé/(in);

ale) = cosh( )al™ +sinh( )aY(": (6.2)

Here is the Raman gain at SiteA. We also wish to assess the overall e ciencies
and the background levels in our experiment. Modeling the lolaground to the signal
in terms of a coherent eld with average photon numbeBg, we nd that in the low
intensity limit discussed in Appendix D

D t t t t E
ai(ou )yagou )yagou )ai(ou )
D ED

E
agout)yagout) ai(out)yai(out)

Osi (63)

_ (1+2sinh?( ))+ Bs (6.4)
- sink®( )+ Bs '

We also determine the anticorrelation parameter of Grangieret al. (in the weak
intensity limit of Appendix D ) [102]:

D , , ED E
agout)y a.i(out)yai(out)a:(sout) ai(out)yai(out)
B E (6.5)

- (out)y 4 (out)y 4 (out) (out)E2
R

sinh?( )(4 + 6sinh?( )) +4Bg(1 + 2sinh?( )
(1+2sinh?( )+ By)? '

(6.6)

Using the treatment of Appendix D, we nd that in the low intensity limit, the
singles count rates at detectors D1, D2, and D3 are given Bg; = ;sink?( ),
R, = jTj? »sinh?( ) and R; = jRj? 3sink?( ) (assuming thatR; W, where W
is the repetition rate of the experiment);T and R are the transmission and re ection
coe cients of the beamsplitter BS, shown in Figure 6.6.

In the absence of the medium we empirically nd negligible kground Bs. The
solid curve in Figure 6.4A is based on this model, settinBs = 0. We nd that the
best tto the data in Figure 6.4A is given by ; 0:039. The solid line in Figure 6.4B

is based on Eg. (6.6) with this value of;.
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Figure 6.6: Normalized intensity autocorrelation functionsg; (triangles) and gss
(circles for the source, squares for the stored and retrigleeld). Uncertainties are
based on the statistics of the photon counting events.

For the stored light, we have to account for the fact that a sigi cant fraction of
detected signal photons are due to background associatedhwihe control-retrieval
pulse. By tting the data of Figure 6.4C to Eq. (6.4), we nd Bs  0:08. Substituting
this value into Eq. (6.6), we obtain the solid curve in Figures.4D. In order to reduce
this background, we have performed initial investigationsising an optically pumped
Rb cell to Iter out light at the frequency of the control eld . In this case we found
increased non-classical correlations between the idlercathe stored and retrieved
signal photon, e.g., forTg = 500 ns g increased from 8 0:2 to 156 1:4.

In addition, we measure the intensity autocorrelation furiions gss = pPo3=P2ps]
and g;. These are shown in Figure 6.1. In order to evaluate the lattewe insert a
beamsplitter and additional detectorD, into the path of the idler photon, so that
Oi = Ppa=lp1pal- Using these together with the measured values @f; shown in
Figure 6.4 of Ref.[18], one can evaluate Clauser's parantef®@ = g2=[gssgi]. For
classical eldsR 1, whereas we observe strong violation of this inequality.

The total measured transmission and detection e cienciesof the idler and signal
elds respectively arew; = 0:25 0:03 andwg = 0:15 0:02, consisting of the quantum

e ciencies of the detectors 055 0:05 and the passive transmission losses accounting
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for the rest. The ratio of h i=w = 0:16 indicates the strength of the spatial
signal-idler correlations in our source of conditional sgie photons at SiteA, with

h! 1 for the ideal case.

6.5 Conclusion

We have demonstrated generation, storage and retrieval ahgle quanta transmitted
between two remote atomic ensembles serving as quantum meynelements. The
control of the matter- eld interface at the level of single ganta, and at remote sites,
is encouraging for further developments and applicationg iquantum information
science. In particular, the storage of a photonic qubit, wit two logical states, would
represent a crucial advance. In order to achieve this, the gatum memory at Site B
would likewise need a second logical state, so as to realizeadlective atomic qubit.
Two di erent approaches for such qubits have already been dwnstrated [57, 17].
If a second logical state were added to both quantum memorie$ Sites A and B,

generation of remote entanglement of two atomic qubits wadilbe possible.
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CHAPTER 7

DARK-STATE POLARITON COLLAPSES AND

REVIVALS

In this chapter!, we investigate the dynamics of dark-state polaritons in aatomic

ensemble with ground-state degeneracy. A signal light pelsmay be stored and
retrieved from the atomic sample by adiabatic variation ofthie amplitude of a control
eld. This procedure was used to obtain the results of the pxgous chapter in which

single photons were stored and retrieved from an atomic medna. During the storage
process, a magnetic eld causes rotation of the atomic hypae coherences, leading to
collapses and revivals of the dark-state polariton numbeidn Section 7.2, we predict
that these collapses and revivals are observable in measusnts of the retrieved
signal eld, as a function of storage time and magnetic eld oentation.

We test this prediction in the experiments reported in Seabin 7.3. Both coherent
and single photon states of light are stored in, and retriedefrom a cold atomic gas
by time dependent variation of a control eld. The observed eries of collapses and
revivals of measured retrieval e ciency as a function of st@age time agrees very well
with our theoretical predictions.

This strong agreement lends credence to the proposition théne quantum mem-
ory coherence times in the previous chapters are limited byé presence of ambient

magnetic elds.

1This chapter is based on Refs. [19, 20]
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7.1 Introduction

A quantum memory element consisting of an ensemble of atomeith e cient cou-
pling to a signal light eld, represents a node in several quium network architectures
[69, 47, 41, 48, 49]. A dark-state polariton (DSP) is a collgee excitation, with light
eld and atomic spin wave parts, in which the relative size ofhe light and matter
contributions can be varied by changing the amplitude of a crol laser eld [69].
In connection with atomic memaories, DSPs o er the possibtly for e cient transfer
of information between a light carrier and an atomic mediumwith programmable
storage of the excitation in the atomic spin coherence. Thdéosage and subsequent
retrieval of the signal eld component of the DSP can be achved by the extinction
and subsequent reactivation of the control eld after a give storage time. Experi-
mental demonstrations of \stopped-light" can be understod in terms of the concept
of DSP in just this way [44, 45, 74].

In Chapter 6 the storage and retrieval of single photons usygnan atomic ensemble
based quantum memory was reported, with a storage time coojered to be limited by
inhomogeneous broadening in the ambient magnetic eld [18Puring the storage, the
DSP consists entirely of atomic spin-wave, and in order to wierstand its dynamics in
a magnetic eld it is necessary to properly account for the amic level degeneracy and
the signal and control eld polarizations. In particular for alkali atoms, which have
non-zero nuclear spin, the electronic levels have hyper regructure ( see Chapter 2 ).
In this case we must de ne a more general form of DSP eld opeara than that of
a simple lambda con guration, in which the atomic spin-wavepart corresponds to a
particular superposition of hyper ne coherences of the gund electronic level. These
coherences are, in turn, intimately related to the phenomem of electromagnetically-
induced transparency (EIT) [71, 72, 115, 116].

The remarkable protocol of Duan, Lukin, Cirac, and Zoller (RCZ) provides a
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measurement-based scheme for the creation of atomic spircigations [47]. In sys-
tems where EIT is operative, these excitations will in genal contain a dark-state
polariton component. The orthogonal contribution may be rgarded as a bright-state
polariton in that it couples dissipatively to the excited abmic level in the presence of
the control eld [75]. Observation of the retrieved signal eld, however, picks out the
dark state polariton part, while the orthogonal components converted into sponta-
neous emission [19]. A number of previous works reported gestion and subsequent
retrieval of DLCZ collective excitations [51, 52, 53, 55, 547, 59, 17, 117]. Several of
these studies investigated the decoherence of these examas in cold atomic samples
[51, 54, 57, 17, 117]. It has been similarly conjectured ingke works that the decay
of the coherence was due to spin precession in the ambient metic eld. While the
observed decoherence times are consistent with the resitloggnetic elds believed
to be present, the observation of revivals predicted in Sech 7.2 [19] would be solid
proof that Larmor precession is indeed the current limitabn on the quantum mem-
ory lifetime. Moreover, controlled revivals could providea valuable tool for quantum
network architectures that involve collective atomic memies.

We shall see that in a magnetic eld the temporal evolution othe DSP reveals
a series of collapses and revivals due to the evolution of gpin-wave component
during the storage phase of the process. In Section 7.2, wedict that the collapses
and revivals should be directly observable in measurement$ the retrieved signal
eld as a function of storage time. This prediction is then va ed experimentally in

Section 7.3.

7.2 Theory

We develop the theory of EIT in a degenerate atomic medium witground levelsjhi
and jai and excited leveljci, which have energies!, 0,~!, and~! ., respectively

(Figure 7.1). The Zeeman states of levgb are written jb;mi, where F, m Fy;
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B (control)

a, m+a—f

Figure 7.1: On the left, a diagram shows an atomic ensemble interactingtv coprop-
agating signal and control elds. The signal (helicity ), resonant on thejh $j ci
transition, is stored and subsequently retrieved by variabn of a control eld (helicity
), which resonantly couples levelgi andjci. A constant magnetic eld B, oriented
at an angle from the propagation axis, rotates the atomic coherences duog the
storage. For each stat¢b; mi in leveljhi, there is either an associated con guration,
as shown on the right, or an unconnected one, as discussed lie text. The signal
connects the stategb; m and jc;m+ i, while the control eld drives transitions
betweenjc;m+ i andja;m+ i
similar de nitions hold for the other levels. All N atoms are assumed to be initially
prepared in leveljbi without polarization, i.e., the density matrix of atom is * =
o Pjb;m ho; m where we writep = 1=(2F, + 1). The atoms experience a uniform
magnetic eld B oriented at an angle with respect to the light propagationz axis.
. . : P P .
The magnetic eld-atom interactionVs = sB  _,,.% - Fe, whereF, isthe
projection of the atomic angular momentum operator for atom onto level jsi and
Os is the corresponding Landeg factor. The magnetic eld induces a Larmor spin
precession which is primarily important in the storage phas when the signal eld
amplitude is zero. In a pure three state system, a magnetic l& has been used to
manipulate the phase of a stored light pulse [74]. We note than prior work collapses
and revivals of single-atom Zeeman coherences have beereokesi[118, 119].

We assume the signal eld has a carrier wave vect®s = [(! . !)=d2, a time
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independent transverse spatial pro le (+), which satis es the normalization con-
dition Rdzrgs)2 )(+) * = 1, where for a vectorw, v v Ry v. The positive
frequency component of the signal electric eld is given inhe interaction picture by
EY (1) = (2 )PE(cke) €% e ket (9 (£) X e z:1),  (7.2)

= 1
where' A°) (z;1) is the linear photon density annihilation operator for sigal photons

at position z = + 2 and helicity . These photon density operators obey the bosonic

equal time commutation relations

hv\(S) (z:1) ;"2 t)I = . (z 29. (7.2)
Their de nitions in terms of plane wave operators is given ifEq. (2.63) of Chapter 2.
A control eld of helicity  propagates nearly parallel to thez-axis with a wave
vectorR. =[(!c !a)=dk.. We will make the paraxial approximation on the control
eld helicities € K ~ , where™ are the laboratory xed spherical basis vectors
(Eg. (2.31) ). We allow the freedom in the choice of control kel propagation direction
so that we may adequately describe the o axis con guration sed in the experiments
described in Section 7.3. The positive frequency componeott the classical control
eld is given by
EO (£;1) € (R)FeTe E(1), (7.3)

where E (t) is the slowly varying control electric eld. We assumeE, is constant
over the width of the transverse spatial pro le of the signal Furthermore, we assume
E(t) varies su ciently slowly that we may consider it constant over the length of the
ensemble.

We proceed by generalizing the perturbative treatment of eischhauer and Lukin
[75] to include the degenerate atomic level scheme and theepence of a magnetic
eld. We assume the number of photons contained in the signglulse is much less

than the number of atoms in the sample, and we retain only tersnup to rst order in
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the signal eld amplitude. In this limit, we can neglect the ppulations of levelsjci
and jai, as well as the coherences between these levels. Furthermdor an initially
unpolarized sample in levejhi, the ground state populations andZeemancoherences,
as opposed to hyper ne coherences, are una ected by the sancontrol and magnetic
elds. Our treatment can be extended to an initially spin-pdarized atomic sample,
as we will report in a separate publication. We show in Apperixi C that in this weak
signal limit [69, 75], the signal eld, which we assume propggtes in the positivez

direction, and collective atomic coherence operators ssfty the quantum Langevin

equations
@+c@ ) (z:1) = ipn(z) X Cm &n (z;1) (7.4a)
@t @z T psm= - m Sm; m+ 4 :
d :
an; mo(Z;t) =1 (1) Co &n: mor (Z;1), (7.4b)
and
d o P X A(S)
a+ ? ém,mo(Z,t) = I S n(Z)p Cm mo;m+ A (Zyt)
=1
+ 0 ¢()Ch . Smme (Z31)
+ moms b oams (Zi1), (7.4¢)

where the atomic number densityn(z) is assumed to be a function only of the
propagation distancez, sisthe signal eld coupling constant on the probe transition
and (t) = Ec(t) ¢ @ a is the control eld Rabi frequency which we assume is
real. We adopt the shorthand for the Clebsch-Gordan coe ciets C,,  Cr* %7

andC%  Ci %" ;itisusefultodeneRy ()= Cn =C%, . . The collective

optical coherence is de ned

h\ .
o (Zi) P e KT O (£ ) () (2 z),  (7.5)

np .
and the collective hyper ne coherences are given by
1 X i(Re K
Snmo(Zi) p—— O ()RR (1) (z z). (7.6)
n(zp . o
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It is shown in Appendix C, that, in the weak signal limit, these collective coherence

operators obey the quasi-bosonic commutation relations

Bniimo (Z31) 1 8myime (Z51) = npmo (Z31) 1 8m,mg (251) =0, (7.7a)
h i
gml;m‘l’ (z;1) ;sz;mg (ZO; t) = Sml;m‘l’ (z;1) ;é3/112-m0 (ZO; t) =0, (7.7b)
h i e
p__
eml;mflJ (z;1) ;éynz;mg (ZO; t) = m1;m$ mz;m$ (z Z(b-l' é 1= N , (7.7¢)
and
h i p__
Snim? (2118, e (5D = mume memg (2 29+ O 1= N . (7.7d)

The decay rate of levejci is denoted by . and Ab;m;c;mo is a corresponding quantum
noise operator. The coupling of the atoms to the uniform magtic eld can be taken
into account by the addition of appropriate commutators wih the interaction Vg in
the atomic equations.

We rst establish some standard features of EIT with our mode The propagation
of a classical (coherent) signal through the medium is fourly dropping the quantum
noise operator, and replacing the eld and coherence opeoas$ with their respective
expectation values. For a constant amplitude control eldthe linear susceptibility

for the signal eld of angular frequency! is found to be

C X c Xr% ( EC%+ : 2+ i C:Z).
0 54O , : (7.8)
2! ¢ m EC% : 27+ ( c=2)?
where ! I . is the detuning of the signal from atomic resonanceX

Cn =p (2F. +1)=3, and dYz) = dd(z)=dz The dimensionless quantityd(z) is the
optical thickness, which is de ned such that exp(d) is the on-resonance intensity
transmittance in the absence of a control eld, and can be expssed as

Z, 2
c “"2F.+1
=2 % — °
d(z) w ) dzh (29 Tl

(7.9)

where w is the fraction of atoms in excited levelci that spontaneously decay into

ground leveljbi. When a control eld is present, an EIT window exists providd that
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the Clebsch-Gordan coe cientsC2, . do not vanish forany F, m F, for
which C,, 6 0. If, however, C2, . =0,and C, 60, it means that there is an
excited statejc; m+ i not coupled by the control eld to a state in the ground level
jai, i.e., there is an unconnected lambda con guration. The s@et of atoms initially
in the state jb; mi would absorb the signal eld and spontaneously emit radiabin as
if there were no control eld present. In order for EIT to exi$, one must make a
judicious choice of atomic levels and signal and control élpolarizations.

Assuming a choice of polarizations that supports EIT, we arable to generalize
the adiabatic treatment of Ref. [69] to Eq. (7.4) to derive te DSP operator for

helicity , with control eld polarization ( see Appendix C)

AN

OO @) @D . wRe ()Smme ()

(Z;t): . .2 . o P .2
j D"+ n(@)pj si° HIRm ()]

(7.10)

As in Ref.[69], this operator obeys the simple propagatiomeation (@:@vg@:@% (z;0) =
(1=2)" (@=@w with the reduced group velocityv; = ¢ 2=( 2+ Npj ¢j? P wJRm ()%
which can be adiabatically controlled by time dependent vaation of .(t). From the
de nition of ’ we see that as . goes to zero, the wave excitation stops propa-
gating and transforms into a particular linear combinationof hyper ne coherences
P m Rm ( )8m: m+  (z;t). This nontrivial result arises from the treatment of the
full degeneracy of the atomic ensemble; only this combinati of hyper ne coherences
is adiabatically transformed into the signal eldvia the control eld retrieval process.
Orthogonal combinations of hyper ne coherences couple tgtical coherences in the
presence of the control eld and result in excited state spé@neous emission; we will
refer to these as the bright-state polariton (BSP) componénlt is also possible that
some population of atoms remains trapped in the ground statgand is una ected by
the control eld.

One can also show that the DSP behaves like a bosonic eld. Whaehe DSP

operator exists for polarizations and , the DSP operators obey the commutation
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relations

h

I
o

i
"z " (25 (7.11)
i

"zt MY (%) (z 29+ O(l:p N). (7.12)

In order to demonstrate the importance of the dark state poléon in the signal
storage and retrieval process in a magnetic eld, we numeally solve Eqgs. (7.4) for
a coherent signal eld using the Fourier space propagatiorgeation ( Eq. (C.51) )
of Section C.5 in Appendix C. We thus calculate the expectain values of the spin
wave coherence&8y,. m+ (z;t)i and the signal eld, allowing us to determine the
DSP and BSP components. This is accomplished by de ning a wec space of F,+2
dimensions, with orthonormal basis vectors,,, each corresponding to a hyper ne co-
herencesy. m+ , and e corresponding to the signal eld. We de ne the coherence
\vector" v ) e+ m Bm: m+ (z;t)i en,. We note that this is not normal-
ized since its magnitude is dependent on both the time depesnt signal and control
elds. Associated with the DSP we de ne a vectou e + P Np s P m Rm ()ém
and the corresponding unit vectoe = u =ku k. We then determine the DSP com-
ponentpp = je Vvj? and BSP componentpz = kv e e VjjZ

As an example of signal storage and retrieval we consider atomic sample of
8Rb, in which the control eld and signal eld polarizations are chosen equal =

= 1, and the optical thicknessd = 8, Figure 7.2. The atomic levelsjh, jai
and jci correspond to the 5S,, F = 2;3 and $Ps, F = 3 levels of the D, line,
respectively. The spontaneous decay rate;=(2 ) = 5:98 MHz. The incident signal
eld has a Gaussian envelope of full width half maximum 120 nand the peak enters
the 3 mm long sample at = 60 ns. The control eld has a constant Rabi frequency

¢ = 1:5 ¢ until it is smoothly turned o at t = O over a period of 20 ns, when a
fraction of the signal eld is converted into hyper ne coheences of the atomic spin

wave. The excitation is stored from 0 t 2 sin the presence of the magnetic eld,
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before the control eld is reactivated, and the signal eld etrieved. In Figure 7.2,
panels (A) and (B), the magnetic eld is chosen so that the st@ge time corresponds
to a quarter of a Larmor periodT, 2 ~5gq gBj, while in panels (C) and (D),
the storage time isT_ =2. In panel (A) pp grows as the signal pulse arrives at the
point of observation, and reaches a peak when the control celis switched o. It
then decays during the storage phase, due to Larmor precessiof the hyper ne
coherences in the applied magnetic eld, which causes theresponding growth ofpg .
When the control eld is reactivated, pg decays rapidly due excited level coupling and
subsequent spontaneous emission, thougk remains nite as the spin wave coherence
of the DSP is converted into the forward propagating signaleld; the retrieved signal
eld intensity is illustrated in panel(B). In panel (C), where the storage time isT =2,
po undergoes a complete revival. The energy of the retrievedysal eld shown in
panel (D) is therefore much larger, by a factor of 33, than that in panel (B). This is
in good agreement with the DSP theory for retrieval e ciencydiscussed later, which
predicts that the retrieved signal energy of panel (D) shodlbe 553 times that in
panel (B). These results demonstrate the importance of thedabatic concept of DSP
for a realistic experimental scenario. The retrieved sighaeld directly re ects the
DSP dynamics in the magnetic eld.

We can predict the retrieval e ciency of a stored signal pule by tracking the
population of the DSP as it evolves under the in uence of the agnetic eld. During
the storage, the evolution of the spin wave operators is givédby Sy,. m+  (z;t) =

P Fg P Fqo

mi1= Fg m2= Fyo0

DD, ., (1)8m,. m,(2;0), whereD) o(t) h s;mjexp( igs™ s
Ft)js;md is the matrix element of the rotation operator for states in fiper ne level
jsi,and ™ g s B =~. Using the bosonic commutation rglations for the spin wavepe)E
erators, we can calculate the number of polaritonsN' (t) =  dz "Y(z;t)" (z;ts)

as a function of storage timets for an arbitrary DSP quantum state created in the

storage process. In the limit of in nite control eld amplitude, this converts into
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Figure 7.2: Numerical results illustrate the storage and retrieval of aignal pulse from
an atomic ensemble as described in the text. We show results two values of the
magnetic eld oriented along thez axis. Panels (A) and (B) correspond to a magnetic
eld B =0:267 G, so that the signal is stored fof, =4, whereT, =8 sis the Larmor
period. Panels (C) and (D) show results foB = 0:535 G, corresponding to a signal
storage time ofT_ =2, whereT, =4 s. The signal eld intensity transmittance (t)=I,
(Solid line) and control eld Rabi frequency (dot-dashed he), displayed in arbitrary
units, are shown in panels (B) and (D). Panels (A) and (C) dislay scaled dark state
po (solid line) and bright state pg (dashed line) polariton components, as explained
in the text. In panel (B) the ratio of retrieved to input signal pulse energy is 888%
while in (D) the ratio is 25:09%.
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Figure 7.3: The DSP population fractionf (ts) calculated for orientations of the
magnetic eld 0 =2 over one Larmor period. These results illustrate collapse
and revivals whose features are dependent on The atomic con guration and eld
polarizations and are described in the text.

R D
the total number of photons in the retrieved signal eld dz "“Y(z;)~®(z:t) .
We therefore derive an expression for the signal retrievalceency as the fraction
f (ts) h N (ts)i=hl (0)i:

X Ry ()Rm, ()

mimz ijm ( )12 e

2
D WY . () (7.13)

f(ts) = (ts)

In Figure 7.3, we display thef (ts) as a function ofts for a variety of magnetic eld
orientations. We again consider an ensemble $Rb atoms with the same choice of
atomic con guration and eld polarizations discussed earér. Forts T, , we observe
a collapse in the polariton population, yielding an approxnate retrieval e ciency of
f (ts) exp( ?( Lts)?>=2), where the collapse rate  depends on the angle, ,

between the magnetic eld and the propagation axis. For =0, we nd

X iRg. (ORm O
mume ( miRm ()’

With the approximation g, = g,, valid for ground level alkalis, it is clear that

2( =0)=4 m2)2: (7.14)

the system undergoes a revival to the initial state after a ecoplete Larmor period,
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and thus the signal retrieval e ciency should equal the zercstorage time value.
Depending on the orientation of the magnetic eld, we obseevalso a partial re-
vival at half the Larmor period. For a magnetic eld oriented along the z axis, the
system dynamics are relatively simple. Each hyper ne cohemcesy. m+ merely
picks up a phase factor that oscillates am + ( )=2 times twice the Larmor
frequency, thus returning the system to its initial state athalf the Larmor period.
In this case, the partial revival is actually a full revival. On the other hand, for

=2, a rotation through half the Larmor period causes the cohence transfor-

mation $pm: m+ ' $m (m+ ) uptoanoverall phase factor. As a result, for the
choice of equal eld polarizations ( = ), the retrieval e ciency at half the Larmor
period simpli es to (P o Rm ()R m ( ):P +JRm ( )j??, resulting in a partial re-
vival. For other orientations of the magnetic eld, particularly for = =4, the revival

at half the Larmor period is suppressed. This re ects the mercomplicated dynamics

m

mo €ach of which transform into a superposition

of the individual spin coherenceég0
of all (2F, + 1)(2F, + 1) spin coherences, with complex time dependent coe ciest
governed by the rotation matrices. Stated physically, thex is a strong destructive

interference between the various spin coherences when =4,

7.3 Experimental Observation

In this section, we report observations of collapses and reals of dark-state polaritons
in agreement with the theoretical predictions [19] of the mvious section. In our
experiment, we employ two di erent sources for the signal lel, a coherent laser
output and a conditional source of single photons [47]. Thatter is achieved by using
a cold atomic cloud of®°Rb at Site A in the o -axis geometry pioneered by Harris
and coworkers [59]. Another cold atomic cloud dPRb at Site B serves as the atomic
guantum memory element, as shown in Figure 7.4. Sites and B are physically

located in adjacent laboratories connected by a 100 metemip single-mode optical
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Figure 7.4. A schematic diagram illustrates our experimental setup. Aignal eld
from either a laser, or a DLCZ source of conditional single ptons at SiteA is carried
by a single-mode ber to an atomic ensemble at SitB, where it is resonant on the
jb $j c transition. The signal eld is stored, for a duration Ts, and subsequently
retrieved by time-dependent variation of a control eld resnant between levelgsai and
jci. All the light elds responsible for trapping and cooling, & well as the quadrupole
magnetic eld in the MOT, are shut o during the period of the storage and retrieval
process. An externally applied magnetic eld created by thee pairs of Helmholtz
coils (not shown) makes an angle with the signal eld wavevector. The inset shows
the structure and the initial populations of atomic levels mvolved. The signal eld
is measured by detectors D2 and D3, while detector D1 is used the conditional
preparation of single photon states of the signal eld at S¢ A.
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ber. The ber channel directs the signal eld to the optically thick atomic ensemble
prepared in leveljbi. The inset in Figure 7.4 indicates schematically the strucatre
of the three atomic levels involvedjai, jbi and jci, wherefjai ; jbg correspond to
the 5°S;-,;F, = 3, Fp = 2 levels of®Rb, and jci represents the BP,_,; F. = 3 level

associated with theD, line at 795 nm. The signal eld is resonant with thejhi $j ci

transition and the control eld with the jai $j ci transition.

When the signal eld enters the atomic ensemble at Sit8, its group velocity is
strongly modi ed by the control eld. By switching o the con trol eld within about
100 ns, the coupled excitation is converted into a spin waveatation with a dominant
dark state polariton component, i.e., the signal eld is \sbred" [69, 44, 45, 74]. An
important condition to achieve this storage is a su ciently large optical thickness of
the atomic sample, which enables strong spatial compressiof the incident signal
eld [41]. In our experiment the measured optical thicknessl* 8. The subsequent
evolution of a dark state polariton in an external magnetic eld is predicted to reveal
a series of collapses and revivals whose structure is sawsitto the magnitude and
orientation of the eld relative to the signal wavevector, as discussed the previous
section[19].

As we deal with an unpolarized atomic ensemble, we must taketd account the
Zeeman degeneracy of the atomic levels. Choosing the sameutar polarizations for
both the probe and the control elds allows us to retain tranparency [18, 19]. For
a signal eld of positive helicity, the dark state polariton annihilation operator for

position z is given by [19]

nS) gy P == P .
Nzt = c(t)q+ (z;1) n(z)p m R+ (1) 8m;m (Z,t)_ (7.15)

R R . .o b . .
i (OiP+Nn@pj &° . iRms (+1)}°

As discussed in the previous section, the signal is storedtime form of spin wave
P
excitations associated with the dark state polaritons m Rm:+ §m; m(2) for some

range of positionsz within the sample. During the storage phase, and in the presee
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of the magnetic eld B, the atomic hyper ne coherences rotate according to the
transformation

Xo o Xa
8m:m(z:t) = DOY (t)D@ (1)8m,. m,(Z;0), (7.16)

mim m;m 2
mi= Fpmz= Fa

For 8°Rb,ignoring the nuclear magnetic momentg, = g,. This rotation dynamically
changes the dark state polariton population during storage

The measured signal retrieved after a given storage timg is determined by
the remaining dark state polariton population. Stated di erently, only the linear

combination of hyper ne coherences Rm:+1 (1)8m: m(z; Ts) contributes to the

m

retrieved signal. We calculate the number of dark state paldon excitations as a
R
function of Ts using Egs. (7.15) and (7.16)WNl(Ts)i =  dzh"Y, (z;Ts) "+1(z; To)i,

and nd

HQ(Ts)i — X Rr,gl;+l (1)Rmz;+l (1)

" D, (T)Dfim, (Ts) 7.17
RO s miRme @z (790 (19 (7.17)

In Figure 7.5, panels (f) through (j), we show the retrieval eiency for various
orientations of a magnetic eld of magnitude 0.47 G, corregmding to the Larmor
period of 4.6 s. With the approximation g, = @ it is clear that the system un-
dergoes a revival to the initial state after one Larmor perid (2 =jg,~ gj), and thus
the signal retrieval e ciency equals the zero storage timealue. Depending on the
orientation of the magnetic eld, a partial revival at half the Larmor period is also
observed. For a magnetic eld oriented along the axis (Figure 7.5(f)), the polariton
dynamics is relatively simple. Each hyper ne coherenc®,”, merely picks up a phase
factor that oscillates at frequency jg,™ j, thus returning the system to its initial
state at half the Larmor period. In this case, the partial rewal is actually a full
revival. On the other hand, for = =2 (Figure 7.5(j)), a rotation through half the
Larmor period causes the coherence transformaticg, , ! 8 m: m, and as a re-

P P
sult, the retrieval e ciency is reduced to ( , Rm:+1 (D)R m+1(1)= , R2..1)% The
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substructure within a half Larmor period is associated withinterference of di erent
hyper ne coherences contributing to the dark-state polaton [19].

To test these predictions, we apply a uniform dc magnetic el of magnitude
0:5 0:05 G to the atomic ensemble using three pairs of Helmholtz &oi In our
rst set of measurements, 150 ns long coherent laser pulsestining on average
' 5 photons serve as the signal eld. The outputs of the singlghoton detectors D2
and D3 are fed into two \Stop" inputs of a time-interval analyzer which records the
arrival times with a 2 ns time resolution. The electronic pudes from the detectors are
gated for the period fo;to + Tg], with Ty = 240 ns, centered on the time determined
by the control laser pulse during the retrieval stage. Coustrecorded outside the
gating period are therefore removed from the analysis. Thescorded data allows
us to determine the number of photoelectric eventdl, + N3, where N; is the total
number of counts in thei-th channel( = 1;2; 3).

By measuring the retrieved eld for di erent storage times ad orientations of
the magnetic eld, we obtain the collapse and revival signalshown in Figure 7.5,
(a) through (e). As expected, we observe revivals at integenultiples of the Larmor
period. In addition, we see partial revivals at odd multipls of half the Larmor period,
except in the vicinity of = =4. The measured substructures within a single revival
period are in good agreement with the theory (cf., insets ofigure 7.5, (e) and (j)).
We attribute the overall damping of the revival signal in theexperimental data to
the magnetic eld gradients. The evident decrease of this daping while is varied
from O to =2 suggests that such gradients are predominantly along therelction of
the signal eld wavevector. Similarly, we attribute the addtional broadening of the
revival peaks at longer times to inhomogeneous magnetic dd, possibly ac elds,
not included in the theoretical description. We are pursuig additional investigations
to determine the temporal and spatial characteristics of th residual magnetic elds

[76].
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Figure 7.5: Panels (a)-(e) show the ratio of the number of photoelectricle-
tection events for the retrieved and incident signal elds dr various orientations,

=0; =8; =4;3=8; =2, of the applied magnetic eld, and as a function of storage
time. The incident signal eld is a weak coherent laser pulsdn all cases the control
pulse is switched o atTs = 0. We observe a series of collapses and revivals at multi-
ples of the half Larmor period of 22 s. The observed damping over several Larmor
periods is likely caused by residual magnetic eld gradiest The inset in Panel (e)
demonstrates the observed substructure within the rst Lamor period. Panels (f)
through (j) are corresponding theoretical plots of the darstate polariton number
calculated using Eq. (7.17).
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Figure 7.6: Diamonds show the measured collapse timie. of the rst revival at half
the Larmor period as a function of the measured revival tim&g, for magnetic eld
values of 0.8, 0.6, 0.4, and:P G, respectively, and for xed orientation = =2. The
line shows the corresponding theoretical predictiomc  0:082Tg from Eq. (7.17).

Theory predicts that both the collapse and the revival timegTc and Tg, re-
spectively) scale inversely with the magnetic eld [19]. IrFigure 7.6 the theoretical
prediction Tc  0:082Tr (solid line) is compared with the experimentally measured
values. We nd very good agreement except for the lowest vauof magnetic eld
B =0:2 G which may be explained by the presence of residual magmreteld gradi-
ents.

In the measurements presented above, classical, cohereager light was used as
the signal eld [90]. We have also investigated the revival yhamics of our atomic
memory with the signal eld in a single photon state, as showin Figure 7.4. The
procedure for production of a single photon state of the sigh eld at Site A is
conditioned on the detection of an idler photon by D1 (see Refl7, 18] for further
details). If photoelectric detections in di erent channe$ 1, 2 or 1; 3 happen within the
same gating period, they contribute to the corresponding awidence counts between

D1 and DO, Ny, j =2;3. We evaluate the parameter of Grangieret al. [102], given
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Figure 7.7: Squares show the measured rate of coincidence detectionsmMeen D1
and D2,3,Nsi = N3, + N3 as a function of the storage time. Diamonds show the
measured level of random coincidencé$z. The ratio of squares to diamonds gives
Osi- Uncertainties are based on the statistics of the photoeleic counting events.

by the ratio of various photoelectric detection probabilites which are measured by the
set of detectors D1,D2 and D3. For an ideal single-photon $&a = 0, whereas for
coherent elds = 1. We have experimentally determined = 0:51 0:06, without
any correction for background or dark counts.

The normalized intensity cross-correlation functiong; (N12 + Ni3)=Ngr may
be employed as a measure of non-classical signal-idler adrrelations [90, 16], as
discussed in detail in Ref.[51]. HerBlg N1 (N2+ N3) Ry is the level of random
coincidences, whereR,¢, is the repetition rate of the experimental protocol. The
values ofgs; are obtained by the ratio of the upper and lower traces in Fige 7.7.
The measurements presented there give valuesggfwell in excess of two at the revival
times, suggesting the dark-state polaritons have a non-glsical nature. One could
further evaluate self-correlations for the idler eldg;, and for the signal eld gss, and

con rm that the Cauchy-Schwarz inequalityg2  gssGi is indeed violated [51, 90, 16].
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We have measured, by adding a beamsplitter and an additiondktector, the value
gi =1:42 0:03. When the signal eld is stored and retrieved 500 ns laterye nd
that both gss 2 [18]. While the total number of recorded coincidences beten
detectors D2 and D3 is not high enough to evaluatgss for the revived polariton, it
is also expected to be less than two, leading to a substantidblation of the Cauchy-

Schwarz inequality.

7.4 Conclusion

We have developed a theory of the DSP as a mechanism to storedamtrieve light
pulses in a degenerate unpolarized atomic medium. The rolé the DSP and its
connection to storage retrieval e ciency have been veri ey full numerical solutions
of the propagation equations for a classical incident sighald. In the presence of a
magnetic eld, we have demonstrated that the DSP populatiorundergoes collapses
and revivals during the pulse storage time. We predict thatttis polariton dynamics is
directly re ected in the signal pulse retrieval e ciency. These predictions have been
veri ed by experimental observation. Our results may nd applications in quantum
communication and computation approaches that utilize qugum memories [47, 29,

104, 120]
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CHAPTER 8

ENTANGLEMENT OF REMOTE ATOMIC

QUBITS

This chapter presents a synthesis of the protocol for genéiray probabilistic entan-
glement between the polarization of a photon and a collecgvatomic excitation of
Chapter 3 and the ability to store nonclassical states of theght eld demonstrated
in Chapter 6.1 We report observations of entanglement of two remote atomigubits,
achieved by generating an entangled state of an atomic qukéind a single photon
at Site A, transmitting the photon to Site B in an adjacent laboratory through an
optical ber, and converting the photon into an atomic qubit. Entanglement of the
two remote atomic qubits is inferred by performing, locallyquantum state transfer
of each of the atomic qubits onto a photonic qubit and subsegut measurement of
polarization correlations in violation of the Bell inequaty jSj 2. We experimen-
tally determine Sg,p = 2:16  0:03. Entanglement of two remote atomic qubits, each
gubit consisting of two independent spin wave excitationsand reversible, coherent
transfer of entanglement between matter and light, represeimportant advances in

guantum information science.

8.1 Introduction

Realization of massive qubits, and their entanglement, ieatral to practical quantum
information systems [29, 47, 5]. Remote entanglement of gbas can now be achieved

in a robust manner using the well-developed technology of amaneous parametric

IThis chapter is based on Ref.[21].
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down-conversion [25, 26, 27], with propagation to remotedations by means of optical
bers. Photons, however, are dicult to store for any appredable period of time,
whereas qubits based on ground-state atoms have long lifegés. Local entanglement
of massive qubits has been observed between adjacent tragpens [121] and between
pairs of Rydberg atoms in a collimated beam [31]. In order tontangle qubits at
remote locations the use of photons as an intermediary seeassential [103, 122, 123,
124]. Photons also o er some exibility as information cariers as they can propagate
in optical ber with low losses. The creation, transport, sbrage, and retrieval of
single photons between remote atomic ensembles locatedwotdi erent laboratories
was recently reported [18]. The rst step in creating remotentanglement between
massive qubits is to entangle one such qubit with the mediaig light eld, which is
then directed towards the second qubit via an optical ber. Tere have recently been
important advances towards this goal by demonstrating enteglement of a photon
with a trapped ion [32], with a collective atomic qubit [57, X], and with a single
trapped atom [38, 125].

A promising route towards the creation and application of Ing-lived qubit en-
tanglement in scalable quantum networks was proposed by DualLukin, Cirac, and
Zoller [47, 124]. These atomic qubits rely on collective atuc states containing ex-
actly one spin excitation. For useful quantum information pocessing two orthogonal
spin wave excitation statess? jOi al & joi , are needed for the logical states of a qubit
[47], wherejOi, represents the collective atomic ground state. We note thahe two
statesjOi, and éijia, do not appear to constitute a practically useful qubit [12p
In the experiment of Chapter 6 [18] each of the two remote emsbles only contained
one logical state, since the atomic ground state componenbes not serve this pur-
pose. Entanglement of continuous atomic variables in two garate atomic ensembles
has been reported [127], as appropriate for continuous-iasle quantum information

processing, but not for qubit entanglement.
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In two recent experiments, collective atomic qubits were gerated using cold
atomic ensembles [57, 17]. In the rst of these the logicalates were single spin wave
excitations (ideally, €/j0i,; & j0i,), in either one of two distinct atomic ensembles
inside a high vacuum chamber. In the second experiment, twetlbogonal spin waves
of a single cold ensemble represented the logical qubit staff17]. The experiments [57,
17] realized a single atomic qubit system, but did not addreghe issue of entanglement
of atomic qubits.

While remote entanglement of atomic qubits has not been prsusly demon-
strated, Refs. [57, 17] realized two basic primitives of a gatum network: (a) en-
tanglement of photonic and atomic qubits, and (b) quantum site transfer from an
atomic to a photonic qubit. The crucial additional ingredient is the reverse operation,
the conversion of a photonic qubit into an atomic qubit. Thisenables the transfer of

atom-photon entanglement into remote atomic qubit entangment.

8.2 Theory and Experiment

Here we report remote atomic qubit entanglement using cold@mic clouds of®Rb
con ned at SitesA and B, as shown in Figure 8.1. These sites are situated in separate
laboratories and linked by an optical ber. A notable distirction between the two
nodes is that the qubit generated at SiteA is written on an unpolarized atomic
ensemble, as in Chapter 3 [17], whereas at SiBe the atomic ensemble is prepared,
ideally, in the (m = 0) Zeeman state of theF = 2 ground level by optical pumping.
All the light elds responsible for trapping and cooling of he atoms, as well as the
guadrupole magnetic elds at both sites, are shut o during he period of the protocol.
The ambient magnetic eld at each site is compensated by theepairs of Helmholtz
coils, and a bias eld of 02G is added at SiteB for the purpose of optical pumping.
Our protocol starts with the generation of an entangled stat of a signal photon

and a collective atomic qubit at Site A, achieved through Raman scattering of a
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classical laser write pulse as discussed in Chapter 3. Thatst can be represented

schematically as

j 1= j0i,joi; + (cos j+i j+i; +sin ji ji ¢)
j 0o, + i (8.1)

wherej+i, & j0i, andji , & jOi, are the normalized states of positive and
negative helicity of the signal photonj0i, is the eld vacuum state,ji & joi , de-
scribes the two logical qubit states, corresponding to nosymmetric collective atomic
modes [13], and 1. The asymmetry angle =0:81=4[17]. Eq. (8.1) represents
probabilistic entanglement generation, where ideally foeach signal photon emission
event, an entangled atomic qubit is created in the atomic eamble [47, 32]. Since we
deal with an unpolarized atomic ensemble, the state of the sigm is more rigorously
described by a density operator as discussed in Chapter 3][17

The orthogonal polarization modes of the signal eld produsd at Site A are
directed along the optical ber to Site B. As the signal eld propagates from SiteA
to Site B, it passes through two quarter wave plates, causing the traformation of the
signal eld operatorsd& ! & . The signal eld propagation in the atomic medium
at Site B is controlled by an additional laser eld (control) through the process of
electromagnetically-induced transparency (EIT) [72, 7173, 69, 44, 45].

We implement the storage phase at Sit8, by adiabatically reducing the control
eld amplitude to zero, while the signal pulse lies within tle cloud. The orthogonal
atomic spin wave excitations thereby created in the spin-parized gas constitute the
logical states of the atomic qubit. In order to convert the gjnal eld qubit into a
collective atomic qubit, it is necessary that the opticallythick atomic sample supports
EIT for both eld helicities [69, 19]. To this end, we opticaly pump the atomic cloud

at Site B using a linearly polarized eld resonant to theF =2 $ F°= 2 transition

of the D;-line, and an additional repumping eld resonant to theF =3 $ F°%=3
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Figure 8.1: A schematic diagram of our experimental setup. Two cold atoim en-
sembles of°Rb, an unpolarized sample at Sité, and a spin-polarized sample at Site
B, separated by 5.5 m, are connected by a single-mode ber. Tlesets show the
structure and the initial populations of the atomic levels ér the two ensembles. An
entangled state of a collective atomic qubit and a signal €lis generated at SiteA
by Raman scattering of the write laser eld. The orthogonal Rlicity states of the
generated signal eld are transmitted via optical ber from Site A to Site B, where
they are converted to orthogonal collective atomic excit&ins, stored for a duration
Ts, and subsequently converted into an idler eld by adiabatiosariation of the con-
trol eld amplitude. The atomic qubit at Site A is similarly converted into an idler
eld by a read laser pulse, counterpropagating with respedb the write pulse. For
polarization analysis, each idler eld propagates througla quarter-wave plate (not
shown), a half-wave plate 2) and a polarizing beamsplitter (PBS). Polarization
correlations of the idler elds are recorded by photoeleatr detection using the single
photon detectors D1-D4.
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transition of the D,-line. We measured the optical thicknessl ' 8 for both circular
components of the signal eld.

In the adiabatic limit, the propagation, storage, and retreval of the signal within
Site B is well described by the dark-state polariton mechanism [695, 19, 20] dis-
cussed in Section C.5 of Appendix C. When the atomic sample &ite B is spin
polarized, a dark-state polariton operator exists for eacholarization of the signal.
These polaritons are orthogonal, allowing each polarizath to be stored indepen-
dently. The dark-state polariton operator of helicity = 1 at Site B is given by
Eq. (C.66) with p, = moand =1.

By switching o the control eld over a period of about 20 ns, the photonic
qubit is converted into an atomic qubit. At this stage remoteatomic qubits should
have been created at Site& and B. Atoms at Site B should, ideally, be prepared
in a single Zeemarmm = 0O state of the F = 2 hyper ne ground level (lower inset
in Figure 8.1). In practice the pumping is not perfect, posbly due to radiation
trapping in the optically thick atomic medium [128]. We meagre lower storage and
retrieval e ciency for the negative helicity signal comporent compared with that
of the positive helicity component (3% vs 8%). Numerical siafations indicate that
the discrepancy between the e ciencies is consistent with gesidual population in the
JF =2;m=2i atomic state at the 10% level. This results in undesirable abrption
of the signal eld with negative helicity. These simulatiors were performed using the
propagation equation (C.51) derived in Section C.4.1.

The signal photon of helicity = 1 is stored in the ensemble at Sit& with
eciency . After a storage timeTs, the non-vacuum component of the state of the
two ensembles is given by the following density operator: (1  )™a + “ag, Where

the component A describes the state of single excitation at Sitd4, and is expressed

by

+

1 .
A cod &%, Naca+ + sie &% Nacla ; (8.2)
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where 4. is the product of the ground state atomic density operatorsof the en-
sembles at SitesA and B. The density operator A = "%g (Ts)™ac  ag (Ts) in the

two-qubit sub-space represents an entangled atomic statéhare
Me(T)=¢€ Tcos %, & sin % &, (8.3)

with cos ©= P ~=cos,and = co¥ + ,sin? isthe average e ciency of
photon storage at SiteB. The phase (t) = 2(g g=~)Bot is induced by the applied
magnetic eld Bo = 0:2G oriented along the propagation axis at Sitd3, whereg is
the Lance g-factor for hyper ne level with F = 3.

Ideally, entanglement should have been created between tlellective atomic
gubits at SitesA and B. After a storage timeTs, the remote collective atomic excita-
tions are converted by quantum state transfer into idler etls emanating from Sites
A and B, using a read laser pulse at Sité& and by reactivating the control eld at
Site B [57, 17]. The resulting idler-idler photoelectric correléons may be calculated

using the e ective two-photon state
j 2i =cos ;jHVi+ € fsin ¢ jVHi (8.4)

wherejHVi = ‘&, &%, jOi; andjV Hi =&, &, j0i;, and the subscriptsA and B
indicate the idler mode at the respective site. We omit highieorder terms in photon
number [18].
The phase ¢, which includes the contributions due to the Larmor precegm
(Ts), the light phase shifts in the atomic media, and various ojtal elements, is
introduced as an adjustable parameter. The mixing angle; is determined by the
relative e ciencies with which the two qubit states are transferred from the atomic

ensembles to the idler elds. If we assume equal transfer eiencies at SiteA, we nd

p . . .
COS ¢ = 5 =pCOS ,where g = g cog + g,siP and g isthe combined
storage and retrieval e ciency for a photon of helicity at Site B. Measurements

of these e ciencies give g+ = 0:08, and g = 0:03. With = 0:81=4 xed by
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the atom-photon entanglement process at Sité& [17] we get ; = 1:12=4. Our
experimental data, including those displayed in Figure 8,3re consistent with this
value of ; and ¢ 1.

The above arguments are clearly conditional on the generati of the signal qubit.
According to Eq. (8.1), the corresponding probability scais as 2, and this determines
the e ciency of the probabilistic entanglement generation However, as Duanet
al. point out [47], quantum network protocols eliminate the vasum component of
Eqg. (8.1) and only the entanglement characteristics gf i are relevant [129, 130]. In
our experiment, atomic qubits were stored for a time 500 ns &ite A and 200 ns at
Site B. It should be possible to extend the qubit storage times to tmger than 10 s,
as the single-quanta storage results suggest [18].

The measurement of the atomic qubits is performed by quanturstate transfer
onto the idler elds at both sites using the read laser pulseté&ite A and the control
laser pulse at SiteB. The polarization state of either idler eld is measured usig a
polarizing beamsplitter and two single photon detectors, D, D2 for Site A and D3,
D4 for Site B (additional technical details are given in Refs.[57, 17, )8 Polarization
correlations between the idler elds produced at the remotsites are recorded and
analyzed for the presence of entanglement. The contributie of the vacuum and sin-
gle photon idler excitations are excluded in the observed ptoelectric coincidences
between the remote sites [129, 130]. Since quantum staterisfer is a local process,
it cannot generate entanglement. Hence, observation of &l eld entanglement con-
rms probabilistic entanglement of the two remote atomic gbits. We denote the
number of such coincidences between detectbin, n = 1;2 at Site A and detector
Dm, m = 3;4 at Site B by C,, ( o; 8). Here o and g are the angles by which
polarization is rotated by the half-waveplates at these Sifs.

The two-particle interference produces a high-visibilitysinusoidal fringe pattern

for the coincidence ratesC,, ( A; B), Which is characteristic of entangled particles.
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Figure 8.2: Measured coincidence fringe€,3( a; s) as a function of », for g =
135, n = 1, diamonds, n = 2, squares. The curves are sinusoidal ts to the data.
Each point is acquired for 15 minutes. The e ective repetitn rate is 108 kHz, each
trial takes 1.1 s.

Figure 8.2 shows measured coincidence fringes for some espntative angles. We

calculate the coincidence rate€,,,( a; g) to be

Cis( a; B) /' 13j(cos ¢+ € 7sing)sin( g+ a)

+ (cos ; € fsin¢)sin(g  a)j% (8.5a)

Cos( a; 8) | 2a4j(cos ¢+ € Tsin¢)sin( g+ a)

(cost € fsing)sin(g a)j% (8.5b)

Cul a; 8) /  1a4j(cos; € 7sin)cos(sg )

+ (cos 1+ € "sin ;)cos(g + A)j% (8.5¢)

Cxs( a; 8) /|  23j(cos; € 7sin)cos(sg )

(cos s + € "sin {)cos(g + A)j% (8.5d)
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Figure 8.3: Measured correlation functiorE( A; g)as afunctionof 5. (@), g =0 ,
squares, and 9Q diamonds. (b), g =45 , squares, and 135 diamonds. The curves
are sinusoidal ts to the data.

where |, is the overall e ciency (including propagation losses) fodetector D,,, and

similar expressions for the other three rates.

8.3 Measurement of Bell's Inequality Violation

Observation of Bell inequality violation is one method to corm two-particle en-
tanglement, by way of measurement of discrete values ©f, ( a; g) at polarization
settings which lie on the slopes of the fringe pattern. Exgitly, following Clauser-
Horne-Shimony-Holt (CHSH) [91], we calculate the correladn function E( a; g),

given by
Ciz(a; B)T Cua( as B) Cu(as 8) Cas(a; B)
Cis( a; B)+t Coa( a; B)+t Cia( a; B)+ Co3( a; 8)

In Figure 8.3 we displayE ( a; g) as a function of A, for four values of g. By

(8.6)

tting the correlation functions in Figure 8.3 with sinusoids, we determine a set of four
pairsof angles, =78:5, g =45, 8 =33:5 and § =0 thatshould maximize the
Bell inequality violation. We acquire data for two hours at ech of these four points

(Table 8.1). In order to account for unequal e ciencies of tle detectorsD1; D2 and
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Table 8.1: Measured values of the correlation functioe( 5; g) at particular po-
larization settings and the Bell parametelS.

A B E( a; 8)
78.5 45| 0:447 0017
33,5 45| 0:640 0:.014
785 0] 0572 0:015
335 0 0:504 0:.016
S=2:16 0:.03

D3; D4, each correlation measurement consisted of four runs, ppg polarization
of either one of the idler elds by 90 degrees between the runsAs a result, the
products , , are e ectively replaced by the symmetric factor%l( 1+t 2)( 3t 4)in
Eq. (8.5a). In this case the correlation functionE( a; g) becomes independent of

these e ciencies:

E(aie) = loos2s s cos ¢sin2;)

+

cos(2( o+ B))(1+cos fsin2;)]: (8.7)
The CHSH version of the Bell inequality is thenSj 2, where
S=E(a;8)*E(a 8)+E(a;g) E(R ) (8.8)

We nd S=2:16 0:03 2, in clear violation of the Bell inequality. No corrections
for background or dark counts were made to any of the experimial counting rates,
and these are chie y responsible for the reduction in the obsved value ofS from the

ideal value of 260 predicted by our theoretical model.
8.3.1 Fidelity of entanglement between remote Sites A and B

An alternative method to characterize entanglement of theressemble of detected idler-
idler photoelectric correlations is to determine the delly with respect to the maxi-

mally entangled state [131, 121, 32, 130]
- . - P
j iy =(jVaiHgi + jHA; Vgi)= 2 (8.9)
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Table 8.2: Inferred density matrix elements j . Error bars represent one standard

deviation and are based on the statistics of the photoeleatrcounting events.
A B HH HV VH \AY

11 0 | 0:086 0:007 Q315 0:012 0565 0:013 Q034 0:005

56 45 | 0:275 0:012 Q055 0:006 Q060 0:006 0610 0:013

and this is given by

1
F= é( VHVH ¥ HVHV * HVvH t vy ) (8.10)

We can write a lower bound onF in terms of the diagonal matrix elements of

the two-photon component of the density matrix in the origiral and rotated basis as

follows [32],
1
F é( HV;HV t VHVH 2P HHHH  VVVV
*  HHHH T ovvvv HV;HV VHVH): (8.11)

The diagonal density matrix elements are proportional to th joint two-photon pho-
toelectric detection probabilities, and can be expressed terms of the coincidence

counts in the original C; (11 ;0 ), and rotated, C; (56 ;45 ), bases as follows

_ Cj (11,0)
W T Cia(11;0)+ Cx(1l ;6)+ Cia(11:0)+ Cr(11:0) (8.12)

W T Cya(56 ;45 )+ Cy5(56 ;45) + C14(56 ;45 )+ Cp4(56 ;45)
As usual, normalization by the total number of coincidencekere accounts for nite
measurement e ciency due to eld propagation and detectiorlosses.
Having measured each data point for one hour (Table 8.2), weund F = 0:77

0:01, whereas the classical limit corresponds t = 0:5.

8.4 Conclusion

In conclusion, we have demonstrated entanglement of two rete atomic qubits, based

on collective atomic states. By photoelectric detection gfolarization correlations of
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the idler elds we have also con rmed the mapping of atomic dpit entanglement onto
photonic qubits. Long-lived entanglement of remote mas®\wqubits and entanglement
transfer between matter and light are important prerequises for realization of a

scalable quantum information network.
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CHAPTER 9

CONCLUSION

In this thesis, we have provided theoretical descriptionsf @everal recent experiments
which implement basic quantum network operations using Iig interactions with cold
atomic ensembles. We have examined how collective Ramantsaréng of a classical
laser eld can be modeled as a nondegenerate parametric angslinvolving a single
mode of the detected signal eld and an associated idler cetitive excitation. When
the classicalwrite pulse is su ciently weak, this collective Raman scatteringresults
in the entanglement between a qubit encoded in the polarizan of the photon and
the imprinted atomic excitation. The entanglement is infered by transferring the
idler spin wave to an associated idler electromagnetic eldhode and subsequently
measuring the correlations between the signal and idler @. This retrieval process
can be understood through the dark-state polariton mechasin when EIT is oper-
ative. When EIT is not possible, as in the experiment of Chapr 3, however, the
retrieval process is not as well understood; the dynamics thfe retrieval process are
the subject of future investigations.

We also demonstrated that entanglement between the polaations of two photons
can be achieved using atomic cascade transitions. The cateacheme has the advan-
tage that the atomic transitions can be chosen such that oné the photons is emitted
in the telecom range, making it ideal for long distance tramsission through optical
bers. The second photon, on the other hand, lies in a frequen band that is ideal
for storage within an atomic ensemble. In the experimentaleinonstration of this
entanglement, superradiant time scales were observed irettemporal correlations of

the emitted quantum elds. A detailed theoretical descripton of the superradiant
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behavior in this system is currently under development [132

The collective Raman scattering process that generates pabilistic entanglement
between the scattered photons and an associated atomic eéation was also exploited
to produce a source of deterministic single photons. The expmental advances that
lead to increased quantum memory lifetime (e.g. better isation from ambient mag-
netic elds that lead to Larmor collapse of the dark-state ptariton) have allowed us
to implement a measurement-based quantum feedback protdtioat arms the atomic
ensemble with a single collective excitation with high pradility. The excitation
state of atomic ensemble is then mapped to a detected mode bételectromagnetic
eld at a predetermined time.

We also extended the theory of dark-state polaritons intragced in Ref. [69] to
treat collections of atoms with nuclear spin degeneracy. T$development allowed us
to theoretically describe the storage and retrieval of sig photon states within an
atomic ensemble reported in Chapter 6. We further predictedhat in the presence of
a uniform magnetic eld, Larmor precession induces collaps and revivals of the dark-
state polariton population and, therefore, of the retrievae ciency as a function of
storage time. These predictions were con rmed by experimih observations. It will
be shown in a separate work [76] that magnetic eld gradientsxplain the observed
reduction of revival amplitudes ( Figure 7.5 ), and are respwible for the current
limitation of quantum memory lifetimes.

Finally, the primitive operations of probabilistic entandement generation between
a photon and quantum memory element and the mapping of a phatw state to a
collective atomic excitation were synthesized to producenanglement of two remote

atomic qubits.
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APPENDIX A

POLARIZATION CONVENTIONS

In the thesis, whenever | am constrained to choose the polzation vectors~ (2
fH;V g) for a propagation directionk, they are chosen according to the convention
presented here. Let us express the propagation directiénin terms of the angles P
and , as
k=cos g& sin ysin ,¢+sin ,cos 2. (A1)
We then choose the horizontal polarization
(K)y= "y =sin ,R+cos ypsin 9 cos ycos 2, (A.2)
and the \vertical" polarization
,(R)= "y =cos gp+sin (2 (A.3)

Notice that these vectors are orthonormal and the sdt ; % ; kg form a right handed
coordinate system.

We note that in the most common situations, where the signalfonterest propa-
gates along thek = % axis, our convention the \expected" de nitions for horizonal

and vertical polarization vectors:

(2 = X (A.4)
() = 4. (A.5)
We also note that when we perform a re ectionk ! K, we have the following

transformations for the linear polarizations in this partcular convention:

(R = =R (A.6)
(R = (K. (A7)
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We also adopt the following convention for the spherical helty vectors. Let € (Q)
be the spherical vector of helicity 2f 1;0; 1g with respect to the directionk. The

helicity vectors are given by

(k) R (A.8a)

€ 1(Q)

1 .
ps R (R (A.8b)
The spherical basis vectors satisfy the orthogonality refi@ns
e (k) (k)= (A.9a)

ek e(®=( 1 . (A.9D)

Since thez axis serves as the typical quantization axis for angular magntum, we de-
ne the \laboratory xed" circular polarization vectors as the spherical basis vectors,
- e (2.

We note the following symmetry relationships among heligitvectors:

e® = ( De (K (A.10a)
e( k) = e (K (A.10b)
= (1) te(k). (A.10c)
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APPENDIX B

DERIVATION OF THE EFFECTIVE
HAMILTONIAN FOR SCATTERING FROM

ATOMIC ENSEMBLES

In this Appendix, we show how one can adiabatically eliminat the excited state
in a three level atom and arrive at the e ective Hamiltonian or stimulated Raman
scattering used to describe the Raman scattering from atomensembles, which can
result in the generation of entangled qubits.

We consider a collection ofN three level atom with two levelsjai and jb in the
ground state hyper ne manifold and an excited levejci that may be coupled to
ground levelsjai and jbi via an electric dipole transition. Levelgai, jbi, andjci have
total atomic angular momentaF,, Fy,, and F. respectively.

These atoms interact with a pump, orwrite, eld and the electromagnetic reser-
voir. The write eld has the properties of a narrow bandwidthsystem eld described
in Chapter 2. The positive frequency electriovrite eld operator can be expressed
in terms of the slowly varying photon density operators (z;t) and their transverse
spatial prole ™ (¥) as

ED (11)= (2 )*2E(cky) €7 Te Skut W) (g) X (z;t)  (B.1)
w 5 :
=1
The write beam carrier frequencyck, = (', !a,)+  is detuned from resonance
on the jai $ j c transition by the frequency . We assume, however, that ,
is small enough that the pump eld is much closer to resonancen the jai $ j ci

transition than to any other electric dipole transition in the chosen atom ¥Rb in
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our experiments). Furthermore, the bandwidth of the pump éd has a bandwidth
Cc Kuw w-

The positive frequency component of the electric reservoild is given by
EY ()= B(rY) B, (51 (B.2)

with the total positive frequency electric eld expressedn the interaction picture in

terms of plane wave annihilation operators as

z
EY ()= ok = R E(ckeTe a ® (B.3)

The atom eld interaction in the interaction picture is given in the electric dipole

and rotating wave approximations by

X
9 (1) = Ay () EY i+ 80 ) BT (53 +hie,  (BA)

Whereﬁgf;f)o) (t) is the negative frequency component of the dipole operatopupling
levels jfi and jf9. These dipole operators may be expressed in terms of atomic
coherences as in Eq. (2.39) in Chapter 2.

From the interaction picture Hamiltonian, we arrive at the Heisenberg equation

of motion for the slowly varying write eld envelope

@, @ wm (z;t) =i

o a- |sze| th—(+)

Ckw
where

X
Pl (z:1) Tod @ M ) Y ke (B.6)

=1

is the slowly varying positive frequency linear polarizatin density interacting with
the write eld component with helicity , and d{) o (t) = exp i((! o f)t)a(ff o (1)

is the slowly varying dipole operator connecting level i and jf 9.
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B.1 Atomic Coherence Equations of Motion

In this Section we write the equations of motion for the indildual atomic coherences.
For a general slowly varying coherence between statdés; m;i and jf,; m,i, we have

the Heisenberg equation of motion,

~) - h [
Thmatam @ L 87 ) £ 0+ B (o
- h [
-I_~ Tfiima; f2;ma (t);a( ) (t)

O o+ BY (5 :1) (B.7)

Below, we write the equations of motion for the slowly varyig Zeeman coherences,
optical coherences, and the hyper ne coherences betweenels jai and jbi. The

Heisenberg equations of motion for the Zeeman coherences as follows:

d~<’£\:n)11; amy (t) —

dt
inikwz X CFalFC e| t__ t N(w)y “t
e m, m o+ amy; cmar (1) " qg (Fi1)
=1
ik z X CFa1Fc it A .
e my m i+ © cmi+ ;ams (1) @o (F51)
=1
+ C;az 1I'IT:'IC2+ ~a;m1; c;mo+ (t)
=51
. 3 X iK* S(ck (le !a)t
kT R Gug(ckye Frgek Ue talty gt
* Cr';allrflcﬁ ~emi+ ; am; (1)
=51
£ X I
ok T L R Gag(ck)ERTe ik te tallyg kit | (B.8)
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d~b;ml; b;m; (1)

R G (CK) € ke dlck (Lo 1o)tgy o

dt
= Crffglrffﬁ ~oimi; cmo+ (1)
=51
2 x
d3k -os
+ Cr|7:1b11r51C1+ ~;mi+ ; bym, ()
=51
2 x
d3k - s

and

d

“oma; cmo (t)

Qt

K Gug(ck)gfre ik te oty gt (B.9)

— FalF i wt
- Cma1 | 1e| "~ami;om, ()

m
n Z x
kTt K Gue(ckye FFetk ity gt
#
e MY (5)
+ Cr';bll':cm 1ei “ym; em (1)
=51
Z X i i | |
kT % R Gug(ckie FF ek Curte Tty gt
X FalF i wt
Crz™ zel " ~emi am, ()
= 1
Z x
d3k ~ n Q G(a;c) (Ck) eiRF e ic(k kW)ta k,t
#
g2 (#1)
Criblecm 2ei Y ~emy by (1)
=1
Z % |
d*k = 2 R Gug(ck)EXT

e ilck (wrlc oty ot

, (B.10)
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wherea- (K;t) €%ta (Kk;t) is the slowly varying annihilation operator for a photon

of wave vectork and polarization * (K),

r—
C

M) () M) (z; 1) (B.11)
2~

"M gty ¢ 0 a

(aic)

is the Rabi frequency operator of the pump eld of helicity on thejai $j ci
transition, and Gy o (ck) fO 4 f E(ck)=, is the coupling constant between
the quantum eld and on the jfi$j f9 transition.

The Heisenberg equations for the optical coherences betweabe ground levels

jai jb and the excited leveljci are given by

g Wtd‘*sg;rzn; emo (1)

dt
_ Fo1Fc
= Cry™ ‘m ,7amy bmy (D)
= 1
Z 3 X iR i(ck +1 | t
dk ~ n Q G(byc)(ck)el 'Fe i(ck (wt!lec b))a R’t
X FalF FalF
+ Cmaz M, Tama; amy (t) Cmal m i+ Temit ;cm, (t)
= 1

gl (1)
Z oy #
kTt R Gag(ckeRTe tk kg gt (B.12)
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and

Code (1)
wt b;m1; ¢;m2
¢ dt

- C;Z ' ch > bimi; am> (1)

=n 1

igikwz A (w) (f 't)

(ac)
Z #
kTt R Gag (ck) @FF ek Kty kit
Xt Fp 1Fc Fp 1 Fc
sz m o b;mi; bmy (t) le m i+ Cmi+ ; cmp (t)
=51
Z X

Ak T 2 R Gug(ck)@RFe ik Curle Loty gt (B.13)

Finally, the hyper ne coherences between levelgi and jb obey the equation of

motion
d~a;m1; b;m; (t)
dt
= Crlf'lbzlr']:"lc2+ e' Wt~a;m1;c;m2+ (t)
=51
2 3 X iR+ (ck e )t
kTt R Guglckye Frglek Curte tulty) gt
Crflilr’;cﬁ e’ Wt~0:m1+ - bymg (1)
= 1
P N\
iglkw? E‘Q’)C) (£;1)
#
Z X

d*k - s R Gay) (k) gkt g etk ity gt (B.14)

B.2 Adiabatic Elimination of the Optical Coher-
ences

In this section, we give an overview of the argument allowingne to adiabatically

eliminate the optical coherences and populations of leve from the dynamics. We
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begin by examining the equations of motion for the cohererseavithin the ground
state manifold and the pump eld envelope. We identify the coditions under which
these variables are time independent, i.e., are in a steadiate. This steady state
is parameterized by the controlled variables of the systensuch as the pump eld
intensity. According to the principle of adiabaticity, provided the controlled system
variables vary su ciently slowly, the system variables shald follow the steady state
corresponding to those changing parameters.

For the ground level coherences and pump eld to remain timendependent, it is

necessary that the optical coherences satisfy the followjirconditions:

d

dt e VVtMa;ml; c;ma (t) =0, (B.15)
and

d .t _

&€ m © =0, (8.16)

From these conditions and the above equations of motion fohé optical coherences,
we may express the optical coherences in terms of the hypee coherences and electric

eld. These optical coherences are given in the adiabatiamit by

Tama;c;me (t)

h i
= ) @ EY i D

w
- A 0l 8 0 e
w
%H:ma; eme (1) agb;z:) E(R+) (1) (B.17)
and
~emp: e:me (L)
= et 08l Y @ D (o
w .
% h~b:mb; eme (1) aib;l) ES) (1) | : (B.18)
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Substituting Egs. (B.17) and (B.18) into the dipole intera¢ion Hamilton ( Eq. (B.4) ),
we arrive at an e ective Hamiltonian for the dynamics of the eld interacting with

levelsjai and jbi. We write the e ective Hamiltonian as

X

0 (1) a(ac) 0 BV @+ e+

=1

ﬁ(ac) 0 EY @+ el (1)

P Ay © B o+ B (0
a(bc) (1) E(F:) (r ;1)
+ G(bc)(t) BL (it Ay () B (£31)  + hc (B.19)

We may neglect terms in which only the reservoir eld operats E(R )(1= ;) appear
since these terms contribute to the Lamb shift, or radiatiorshift, which has already
been included in the bare atomic Hamiltonian in Chapter 2 Séon 2.1.1. We then
arrive at the nal e ective Hamiltonian describing o resonant light scattering from

a cold atomic gas
O(t) = \/)Stark (t) + ORaerigh (t) + \l)Raman (t)1 (B-ZO)
where

_ X () . (+) .
VUstark (1) = a(ac) ) E,’ (£:1) a(ac) t) E, (£;1) (B.21)

=1
describes the ac Stark shift, an e ective shift of the energs of the states in ground
level jai resulting from interaction with the write eld,
2 X () *)
Vrayteigh (1) = —— a(ac) ) Er’ (1) a(ac) (t) E, (£;t) +hc: (B.22)
w

=1

describes Rayleigh scattering from the ensemble, and

X
ORaman (1) = ; GEE)C) (t) EEQ : (* ;1) a(ac) (1) E\(,:) (¥ ;t) + hic: (B.23)

=1

is the Raman scattering interaction, in which a scattered pbton results in an atom

being transfered from levejai to level jhi.
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APPENDIX C

DYNAMICS OF LIGHT PROPAGATION IN A

GAS OF THREE-LEVEL ATOMS

In this appendix, we provide additional information on the heory of electromagnet-
ically induced transparency (EIT) for atoms with Zeeman degneracy. We begin by
deriving a set of Heisenberg Langevin equations that dedwei the propagation of a
guantized signal eld through an atomic sample in the presee of a control eld.
To account for stray magnetic elds in the system, we include interaction with a
constant, dc, magnetic eld. We then describe how the equaths of motion can be
solved numerically in the limit of a classical signal eld. hese simulations were used
to produce the numerical predictions made in Chapters 6 and Ahen a judicious
choice of atomic levels and eld polarizations is made, we @l that the medium
supports EIT for the signal eld. We then show that in an adialatic limit, the propa-
gation, storage, and retrieval dynamics of the quantum eldvithin the atomic sample
is well described by the dark state polariton mechanism [19The dark state polari-
ton was rst introduced in the context of electromagneticdly induced transparency

in nondegenerate three-level atoms by Fleischhauer and LnoK69, 75].

C.1 Model Description

In this Section, we introduce the model used in Chapters 6 antito characterize the
signal propagation dynamics leading to EIT in a collection foatoms with Zeeman

degeneracy.
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We consider an ensemble dfil atoms with three hyper ne levels in a con g-
uration labeled by jai, jb, and jci with total angular momenta F,, Fy,, and F. and
energies~! ,, ~! p, and ~! , respectively. An atom, labeled by index ( =1:::N,
rests at position+ . We assume the atomic velocities are su ciently low that we ray
take the atoms to be stationary. The atomic positiong ¥ g are treated as classical
independent identically distributed random variables wih an associated probability
density n(+)=N, where n(¥ is the atomic number density. The atoms interact with
a classical control eld resonant on thgai $ ] c transition and a quantized signal
eld resonant on the ju $ ) ¢ transition. The signal and control elds both satisfy
the properties of narrow bandwidthsystem elds discussed in Chapter 2. We assume
the signal eld has a carrier wave vectoks =[(! . !p)=d2. The signal eld has the
time independent transverse spatial pro le (), which satis es the normalization
condition Rdegsﬂ ) (+) * = 1, where for a vectorv, ¥ v R . The positive
frequency component of the signal electric eld is given inhe interaction picture by

X
B (11)=(2 )PE(ck)€F e st O(r) T T O (zi),  (C.1)
=1

where' A°) (z;1) is the linear photon density annihilation operator for sigal photons
at position z = + 2 and helicity . These photon density operators obey the bosonic

equal time commutation relations

hv\(S) (z:1) ;Y (2 t)I = . (z 9. (C.2)
Their de nitions in terms of plane wave operators is given ifEq. (2.63) of Chapter 2.
The control eld propagates nearly parallel to thez-axis with a wave vectork. =
[(! ¢ !a)=dk.. We will make the paraxial approximation on the control eld helicities
e K ~ ,where™ are the laboratory xed spherical basis vectors ( Eq. (2.31)
We allow the freedom in the choice of control eld propagatio direction so that we

may adequately describe the o axis con guration used in thexperiments described
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in Chapters 6 through 8. The positive frequency component ¢ie classical control
eld is given by
EO (£;1) edfefe KE(L), (C.3)

where €. is the control eld polarization, and E. (t) is the slowly varying control
electric eld. We assumeE_. is constant over the width of the transverse spatial mode
of the signal. Furthermore, we assume&(t) varies su ciently slowly that we may
consider it constant over the length of the ensemble.

The dynamics of the eld-ensemble system are governed by titeraction picture
Hamiltonian

V(t) = Vas(t) + VUac (t) + Var (1) + Vg (1), (C.4)

P ’

whereWys = N, a () Y (¢ )+ &L+ ;1) is the interaction of the atoms

with the signal eld, d (t) is the electric dipole operator of atom ( Eq. (2.39) ),
P + . . .

Uac (1) = oA ) (ES (*# )+ EL)(+ ;) is the interaction of the atoms

with the control eld,

X X
Vas () = g sB F (C.5)

f 2f ab;cg =1
is the interaction of the atoms with the constant magnetic ¢d B, F; is the pro-
jection of the total angular momentum operator of atom onto level jfi, ¢ is the
corresponding Landeg factor, and g is the Bohr magneton. As we shall demon-
strate later, the associated Larmor precession serves asasgible explanation for the
reduction of retrieval e ciency of stored photons over longstorage times reported in
Chapter 6[22]. The uniform magnetic eld also leads to the fasequent revivals in
retrieval e ciency discussed in Chapter 7[19, 20]. The inteaction of the ensemble
with the reservoir of undetected electromagnetic eld modeis given by

a (1) Dr(+ 1), (C.6)

1

X
Var (1) = io
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whereDg(¥;t) = O(ES) (f;t)+ h:c) is the electric displacement eld of the reservoir,

as described in Section 2.1.4 of Chapter 2, the positive ftegncy electric eld operator

of the reservoir is given by
ey (riy= Y (ki) BO (1) EQ (1), (C7)

and EM (¥; 1) is the total positive frequency electric eld operator ( Eq (2.42) ). The

reservoir electric eld operator can be expanded in terms glane wave modes as
Z x
O (.:)=i k% R E(ckEXTe ™ a Rifit (C.8)

where where & (K; #;t) is the contribution of the plane wave annihilation operato

a (K) to the reservoir eld. This operator is given by

a K+t
X
a K ( k=2 jk Kkij)
2f s;cg
NEU P
FO®PyTz (R =gl O (O=¢ (C.9)

where ( k) is the Heaviside function,c kg, is the maximum bandwidth of the signal

[control] eld as discussed in Section 2.1.4 of Chapter 2,
T2 e @?rl) e Re O(g) (C.10)

is the Fourier transform of the transverse mode spatial mod# eld 2fs;cg, (%),

and the operator
z RO
al kUit d?k, e < 4O gk oa ok, (C.11)

where, for a vectory, v = V)0 + ).
Before the signal eld interacts with the ensemble each atom is prepared in the
mixed state
b
" = Pmjb;m Ho;m (C.12)

m= Fb
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wherepy, is the probability that atom is in the Zeeman statgb; mi. This model of
the initial atomic state allows us to account for the two inital conditions considered in
this thesis: an unpolarized sample in whicp,, = (2F,+1) 1, and a polarized sample
in which atoms are prepared in an initial Zeeman statgb; Mi, with pn, = v . We

will refer to the density matrix
“avac = " (C.13)

as the \atomic vacuum®.

In the remainder of this appendix, we will provide an analysi of this model
leading to the phenomenon of EIT and the dark-state polarito mechanism for signal
storage within the atomic ensemble. In the next section, weonsider the interaction
of the atoms in the reservoir, and derive the contribution othis interaction to the
atomic coherence equations of motion. Section C.3 presetite Heisenberg Langevin
equations describing the evolution of the atomic variablegs the atoms interact with
the signal andcontrol elds. We pay particular attention to the limit of a weak signal
eld, where the atomic level populations remain essentiallunchanged. With the
weak signal limit, we arrive at the coupled equations betwaefor the signal eld and
collective atomic excitations presented in Section C.4. &m these equations, we will
examine the dynamics of signal eld propagation in the clag=al limit, and derive the
conditions for EIT. The dark-state polariton mechanism forstorage and retrieval of

the signal then arises from the adiabatic treatment of Secth C.5.

C.2 Interaction of the Atoms with the Reservoir;
Spontaneous Emission

In this section, we will provide a review of the dynamics of smtaneous decay of
atomic excitations. The decay of optical atomic coherencessults from an interaction

of the atomic variables with the reservoir of undetected & modes. In the absence of
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the control eld in our system, it is this spontaneous emissn that causes the atomic
medium to be opaque to the propagating signal, as observedkigure 6.2.
Let us consider the Heisenberg equation of motion for the slty varying atomic
coherences m,:f,m, (1) =exXp(i(t s, 1)), imy:foms (1),
A~ pmy fom, _ 1 h _ i
— % T I Ttomag fz;mz(t)yOAs(t) +.\7AC (t) + Vas (1)

dt i~
1 h

I
= s tam (03 Var (O (C.14)

with the contribution of the reservoir interaction given by
1 h

i
j~ fumy f2ma (D) Uar (t)

- XN h i
= 1 ~f1;ml;f2;m2(t);a (1) ES) (r )+ E(R)('lf' A (C.15)

=1

where E(R )(f;t) = E(Rﬂ y(1°;t) is the negative frequency component of the reservoir
eld.

The equation of motion for the coherence ( Eq. (C.14) ) depeadon both the
system elds (signal and control) and the reservoir eld mods. Ideally, we would
like the atomic coherences and system elds to form a closeet ®f equations so that
either analytic or numerical solutions become more tractdd. To accomplish this,
we approximate the solutions of the reservoir elds, and suitute these solutions
into Eq. (C.14). First, we consider the equation of motion fothe slowly varying
plane wave operatora~(K;t) €°ta (K;t). We note that in the interaction picture,
a (K;t) =7a (K). This operator evolves in the Heisenberg picture accordino

da Kt _E@X e X

e e iRr LR AL o)+ Al o(t) . (C.16)

=1 ffif Ol o> ¢ g
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Solving Eq. (C.16), we nd

a Kt

a Kk:0

E(ck) X e iR * X glek (o to)]e

=1 ffif 0l o> 1 g

Zt
d e i(k (trote)) = @ dg;)fo)(t )

0
X X
E(Ck) e iR+

~

Z

ei[ck+(!fo r)e

=1 fif Olio>! ¢ g

e e tio ) g dilo ), (C17)
0

where, again,dg;)f o(t) exp((to ! f)t)ﬁg;)f o(t) is the slowly varying dipole oper-
ator connecting levelgf i and jf 9. When we substitute Eq. (C.17) into the equation
of motion for the atomic coherence ( Eq. (C.16) ), we nd that nd that the equation

of motion contains integrals of the form

G (t;f;Zf‘y

d3k w 2eislk (r *)n Q
Z t
cde b)) e Rodiy e ) L ©19)
wheres;, s, 2f 1g,and , 2f 2 N: N g are atomic indices. These integrals

that appear in the equation of motion not only account for thedynamics of a single
atom in the reservoir, but also result in an e ective interation between neighboring
atoms. It is this interaction that leads to cooperative e ets such as superradiance
[95, 96, 133, 134, 90], or multiple photon scattering eventgithin the ensemble. In
this thesis, however, we assume the atomic gas is su cientljilute that we can neglect

these multiple scattering e ects so that, in essence, eachoan sees an independent
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reservoir of eld modes. The operator quantityG is then approximately

G 9

2
E() %, ¢

X

= . d*k
Zt

d e i(sick s2(to 1)) = R dEf;)o) t ) . (C.19)

0

This quantity involves an integration of the complex expongtial e i(sick s2(t 10 1))
over a broad band of wave numberk. For nonzero delays , the wavenumber con-
tributions tend to destructively interfere. As a result, we may make the Markov
approximation, assuming that the equation of motion for thecoherence at timet
depends only on the values of the system variables at that ten We then write

Z
Gs;l,sz(t; f:f () - ; d3k @ L2 Q = Q difsi)o) (t)
Z

t
d e i(slck 52(!f0 !f)) ) (CZO)
0
Furthermore, we make the approximation on the time integraJ16],
Z t
d e i(sick s2(t¢o !1))
0 7 1
d e i(S;LCk 52(!f0 !f))
0

. 1
= (sick s (tro L)) 0PV

:slck So(Tfo 1y)

(C.21)

whereP:V:indicates that the integration overk should be the Cauchy principal value
integral.

The nal approximation we make in determining the dynamics ban atom inter-
acting with the reservoir is the rotating wave approximatio. We assume that we are
only interested in time scales much longer than

2

minf(l; !¢o):f 6f%Q (C.22)

RWA —

and neglect any terms in the equations of motion involving ecoplex exponentials with

periods shorter than rwa . In the three level system we consider in this appendix,
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the minimum energy spacing is the hyper ne splitting of the gound levels: ( ,
' y)=(2 ) = 3:04 GHz for®Rb. This energy splitting is much larger than both the
bandwidths of the system elds and the spontaneous emissioate ( Eq. (C.25) ) [81].
Therefore, we may safely setpya =0:33Nns> 2=j! ; 1.

In the rotating wave and Markov approximations, we nd the catribution of the

reservoir interaction to the atomic coherence equations afotion is given by

L h i
. “Fm: fOomOs <>AR (t)
A 1 .
fimy; fa;mo (t) é( f, F fz) 1 ( f1 fz) Tfima; fa;mo (t)
X Xt
Fr, 1F Fr, 1F
+ f1;f2 ;1 Cmfll m f1+ Cmle m f2+ Ttma+ ; fimoo+ (t)1 (C-23)
frae, <@ =1

N . .
where’; ... - ¢,.m,(t) is the quantum noise operator,

fAly 1)’ 2
f1 3 4 O~C’3 f a f1 (C24)

is the spontaneous decay rate from levél to level f ;,
X f
f 0 (C25)
fror <t g

is the spontaneous emission rate of level|

X
f i (C.26)
f 06 f

accounts for a portion of the radiation shift of leveif i, and
Z 1

1 2 ck3
- f%a f PV dk
4 o~ 0 (ck (Yo 1y))

fo

2
— C.27
3 (c.27)
is the contribution to the energy sift of leveljf i from the leveljf 4. The noise operator

AN

t1:my: f.:m, (1) IS given in the rotating wave approximation by

4
A .
fi;my; fa;ma (t) = /\gjl);ml; faimo (t)1 (C28)
j=1



where

X Xt Fi. 1F
/\g);ml; f2;mz (t) Cmfz2 m fz(jr
frorg,<t og = 1 |
Z X :
d*k ~ 2 R Gyuo(cke Trel (o te))te ko0
~tyma; 1oma+ (), (C.29a)
X S Fi 1F
/\g);ml;fz;mz (t) Cmfz fnzw o fi;mg; fimo (t)
friae<,g = 1
Z ) X
d°k Tt R Grry(ck
!
gireilk (. ')ty g0 (C.29b)
X Fi, 1F
Af(?;ml; f2m, (1) = Crmi 'm fli ~fomy+ ; fam, (1)
frorg,<tog = 1
Z . X
kT * R G (ck)
!
girgilk Croti)llg g0 | (C.29c¢)
and
X S Fr 1F
Af(j);ml; fa;mo2 (t) Cmfl fnl”l 1
ffus<t g = 1 |
Z X :
Bk Tt R Gy (cke ®r gl (ol g0
“tmq, o famo (t), (C.29d)

whereGys o(ck) E (ck) f° @ f =
We note that we have already included the radiation shift in lhe bare atomic

Hamiltonian I40 ( Eq. (2.18) ) in Chapter 2. The inclusion of the energy shifte the
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equation of motion is, therefore, redundant. Removing thesenergy shifts gives us

L h i
T ~f;m : fo;mo; ‘OAR (t)

1
A
fi;my; fa;mo (t) é( f, fz) Tfima; fo;me (t)

X Xt
f Ffl lFf Ffl 1Ff
+ fifa f, le m i+ sz m o+ ~tmat+ ; fOma+ (t). (C.30)

frue,<ttg =1

This equation is valid for describing the interaction of anymulti-level atom with the
reservoir in which all of the atomic energy levels are well garated.

In deriving the contribution of the reservoir interactionsto the equations of mo-
tion, one notices that had a rotating wave approximation bae made on the initial
Hamiltonian, the only consequence would have been that thadiation shifts would
have been di erent. Since these shifts were already redundahowever, delaying the
application of the rotating wave approximation does not has any e ect when each

atom interacts with an independent reservoir.

C.3 Heisenberg Langevin Equations for the Atomic
Coherences

In this section, we write the Heisenberg-Langevin equatisnfor the coherences of
individual atoms in our atomic ensemble. We will then make t& low-intensity ap-
proximation, in which one can neglect all coherences exceape populations of ground
level jbi, the optical coherences between levejs and jci and the hyper ne coher-
ences between leveld and jai. A similar low-intensity approximation was used in
the context of EIT in nondegenerate three-level atoms by Fchhauer and Lukin
[69, 75].

From Egs. (C.14) and (C.30), we write the Heisenberg Langeviequations of
motion for the Zeeman coherences and populations within thieitially populated

level jbi. When we make the rotating wave approximation on these equahs of
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motion, we have

Tom 0020 = (2 )2 G (ck) € O )

Fp 1Fc . :
Co’'m % ~eme ; bmo () N (z ;1)

=1
+ 1(2)7Gyg (ck)e ™2 O ()

X Fp 1Fc n(s)y .

C m O+ ~b;m; c:mO%+ (t) (Z ,t)

=1
+ Ab;m; b;mo(t)
+ g C;b ::‘-nFC*' CFb lnl":|C0+ ~c;m+ :o;mO+ (t) (031)

=1

Similarly, for the Zeeman coherences and populations withilevel jai we have the

equation of motion

d~,. . ..mo(t) . Xt
SIS = (et T & CRET e amelt)
= 1
iRe F )G ~ Fa 1Fc
+ C(t)e ¢ 'e C m 04 ~a;m; c;m0+ (t)
=1
+ Aa;m;a;mo(t)
c )G FalF Fa 1FC
+ a Cma m + Cmo Tom+ ; mo (t)’ (032)
=1
where ((t) c @ a E(t)=~ is the control eld Rabi frequency. The Zeeman
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coherences and populations within excited levgti evolve according to

d~_ . o(t) L |
—EMAM =12 )% G (k) () €
X FL1F ()
Cm% cr'n 07 em; b;mo (t) N (Z ;t)
=1
(2 )7 Gy (cks) @ (r )e ™2
CrfwblFr% “om ; cmo (D) N (z ;1)
=1
iR X ~ Fa 1 F
tolers C(t) € Cma‘IJ ?’n 0" e:m; a;mO (t)
=1
ik X FalF
ie et (1) Tt G tam emo(t)
=1
+ Ac;m; c;mo(t) ¢ em; ¢;mo (t) (C'33)

The optical coherences evolve according to

d~- - e O(t) . =
—a,m,d(‘::,m = jeks? (2 )3 2C':(b;c) (cks) ®) (r)
Crfwbochm oam; bmo (1) ") (z ;1)
=1
_ xt
+ et (1) T €
=1
Cr';%l':?n 0Tam; amo (t) Cr'rzwa rlnFC+ Tom+ ;c;mo(t)
1
(C.34)

+ Aa:m; emo () 2 cTa;m; ¢;mo (1),

and

CI%b;m; ¢;mo (t)
T
ie"°? (2 )7 Guyg (cks) @ (+)

xt

C:w%ll:cm 0" b;m; b;mo (1) Crfqb %nFc+ ~m+ ; emo (1) "n(s) (z ;1)

=1
mo (t) - €c
1

+

Xt
ieikc £ (t) CFa 1Fc -
c m 0 b;m; aym®

(C.35)

1
Ab;m; c;mo (t) 2 ¢"b;m; ¢;mo ().

+
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Finally, the hyper ne coherences between levejgai and jbi evolve according to

dmb'm' a'mo(t) - iksz 3=2
S, a, = s 2 — . (S) ¥
T e (2 )7 Gy (cks) ()
C:r"f'lb :II’.TIF?I- ~c;m+ s am? (t) ) (Z ; t)
=1
in IRc T X ~ Fa 1Fc
+ 1€ c (t) ec C:mo m O+ ~b;m; c;mO%+ (t)
=1
+ Ab;m; a;mO0 (t) . (C.36)

The interaction with the magnetic eld is included in the dynamics of an atomic co-

herence fomo(t) can be accounted for by the addition of the term

fim;

[~tm fo;mo(t);\'L\B (t)]=(i~) to the corresponding equation of motion.
C.3.1 Weak Signal Approximation

Here, we follow the treatment of Fleischhauer and Lukin [6975] in performing a
weak signal approximation. This approximation allows us tmeglect many of the
coherences whose dynamics are governed by Egs. (C.31) tlytoC.36) when con-
sidering the propagation of the signal eld through the ensable. We assume the
number of signal photons in the slice of the ensemble betweerand z + dz, given
by P -, NM(z; )™ (z;t) dz, is always much less than the number of atoms with
which the signal mode interacts within that slice. That is, m the most extreme of
scenarios, where all of the photons have been absorbed arahsformed into atomic
excitations, only a small fraction of atoms (O(1=N) for single photon pulses ) will
have been displaced from their original state,’\ Eq. (C.12) ). To determine whether
an atomic coherence should be retained in this weak eld apptimation, we preform
a perturbative expansion in'~ (z;t) of that slowly varying atomic coherence using
Egs. (C.31) to Eqg. (C.36), and keep coherences to rst ordenithe photon density
operator ' (z;t). We note, that to zero order in'”~, only the populations within
level ju are non-zero (i.e. §y. pmo = Pm mmeo ), @and all other coherences are sig-

ni cant only to rst order or greater in * . In the presence of a magnetic eld, we
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make the further assumption that either the magnetic eld isparallel to the z-axis
or that the sample is initially unpolarized ( i.e. pn = 1=(2F, + 1) ). Otherwise, the
Larmor precession of the atoms within the eld would producenacroscopic Zeeman
coherences during a storage process regardless of the isitgrof the signal eld. The
e ects of macroscopic Zeeman coherences on the propagatidrhe signal eld is the
subject of future investigations.

Aside from the populations of leve|hi, only the optical coherences ;. ...o(t) and
hyper ne coherences ;. ..,o(t) and their Hermitian conjugates survive the weak
signal approximation. To rst order in the signal eld, these operators obey the

simpli ed equations of motion

d%b;m; b;m (t) —

i 0, (C.37)

d
a + ?C “o:m; ¢;mo (t)

ieiksz (2 )3=2 c':(b;c) (Cks) (s) (‘F )

X
merI;binFCJr mOom+ 'ns) (Z ;t)
=1
- iRe E Xt Fa 1Fc -
+ e’ c (1) Crd™ " 0bim; aymo (t) €e
=1
A 1 h !
+ mom+  pm: c;mO(t)+ |_~ “o;m; c;mo(t);‘oAB (t) ! (C'38)
and
d"'b; ;a o(t) in i X -~
% = je Rt (1) € Cod'mor “om; cmoes ()
1 n o
o e emo®i Ve (O (C.39)

The only noise term to survive the weak eld approximation ishat associated with

the optical coherence ... ..,o(t). This noise operator is given for atom by
Z
X
bmems O T PaCrins  dk T2 R Geg (k)

eiRF e ifck (!¢ !b)]ta k’o . (C40)
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C.4 Field Propagation and Electromagnetically in-
duced transparency

The response of the atomic sample to the time dependent cooltreld allows the stor-
age of the signal eld within the medium. In this section, we xxamine the propagation
dynamics that results from the interaction of the signal etl within the ensemble in
the presence of the control eld. Beginning from the Heisemg equation of motion
for the linear photon density operator in a general atomic nekum ( Eq. (2.71) ), we
arrive at the following signal propagation equation for thee-level model we consider

in this appendix:

@,.©
@t @z

Yo
N )= i @D . CEL Gnme (i), (C.41)
m= Fy

wheren (z) is the atomic number density as a function of, s (2 )*7 Gug (Cks)

is the signal coupling strength, and

em;mo(Z;t)

iksz  (s) _
@D P () ~pm emo() (z 2)  (C42)

when p, 6 0 and zero otherwise. In the weak signal approximation, trse collective

optical coherences obey the equal time commutation relatie

im0 (Zi1) ;8myimg (2%1) = 0 (C.43a)
h i X
(7 1) - 0. — _mym§ mymj (s) 2
eml;ml (Z't) ’é?,nz;mg (Z ’t) n(Z) (‘F ) (Z z )
2° z). (C.43Db)

Because the atomic positions are independent identicallyistributed random vari-
ables with a probability density n(+)=N, we may take advantage of the central limit

theorem, and approximate the sum appearing in the commutat@as
X

58w e ) @ 2)

3 00N(Z% (S) (09 2 0 0 0 P

dr N " (z 2% ® 29+ O0(1= N). (C.44)
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Because we assume the atomic density is constant over the thidf the transverse sig-
nal mode © and because © satises the normalization condition,
R

dzrff) | “’(fﬁf’;z)jz = 1, we may say the collective optical excitationse. no(z;t)

obey approximate bosonic commutation relations
h [ pD__
eml;mflJ (z;1) ;éynz;mg (ZO; t) = m1;m$ mz;m$ (z Z% + O(1= N). (C.45)

We similarly de ne the collective hyper ne excitations

1 W |
Srmo(Zi) pe———— O (e )dRe K - (1) (z z) (C.46)
N2 pm -, o

when p,, 6 0 and zero otherwise. Like the collective optical cohereas, these col-
lective hyper ne coherences obey approximate bosonic comtation relations in the

weak signal limit:

Sy m? (z;1); smz;mg (Zo; t) 0 (C.47a)
h [

9ml;m? (Z’t) ’9¥n2’mg (ZO; t)

mim9 mymg (Z 29

+0 1= N . (C.47D)

The collective coherences obey the Heisenberg-Langevimapns

d . X
S mo(z;t) i (1) e, Clalle, &nme (2:1), (C.48)
= 1
and
d . P X Fo 1F A(S)
&+ 2 €nmo(Z;t) = 1 s N(Z)Pm Coom % mome " (Z51)
= 1
Xt
+ 0 (b C,I;%chm o € Smmo (z;1)
= 1
+ mom+ Ab;m; c;m+ (Z;t): (C-49)
where
A . 1 X iKst (9) N
b;m; ¢;m0 (Z1t) P € (‘Ic ) b;m; c;mo(t) (Z z ) (CSO)
n(z)pm -,
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In the remainder of this appendix, we make the simplifying asimption that the
control eld has a xed helicity ;e=e(®,) ~

Once again, the e ects of the magnetic eld interaction can b accounted for
by the addition of the appropriate commutators with the inteaction ¥ag (t) in the
atomic equations. We note, however, that the bosonic commation relations of Egs.
(C.45) and (C.47), the collective atomic equations ( Egs. (@8) and (C.49) ), and the
signal propagation equation ( Eqg. (C.41) ) are only valid uner either the following
conditions: the magnetic eld is parallel to the quantizaton z-axis, or the sample is

unpolarized. Otherwise the Larmor precession induced by éhmagnetic eld would

result in macroscopic Zeeman coherences in lejal.
C.4.1 Propagation of a Classical Signal

To better understand the storage and retrieval dynamics ohe signal eld described
in Chapter 6, we consider the propagation of the signal in thelassical limit. In this
section, we outline the procedure used to solve the coupletbpagation and matter
excitation equations ( Egs. (C.41), (C.48), and (C.49) ) numrically. The dynamics
of classical propagation are described by Eqgs. (C.41), (8} and (C.49) where the
guantum operators have been replaced by their expectatiomes, and the quantum
noise Am;mo(Z;t) is neglected. In this section, when the magnetic eld is psent, we
consider only the case in which it is oriented along the-axis; B = B2.

We rst decompose the elds and collective excitations intatheir temporal fre-
guency components, Fourier transforming Eqs. (C.41), (C8}, and (C.49) in time.
This transforms the collective excitation equations ( Egqs(C.48) and (C.49) ) into
coupled algebraic equations, allowing one to express theufer components of the
matter excitations in terms of the Fourier components of thesignal eld. One then

nds that the signal's frequency components obey the propagjon equation
Z

Oo@y= i 40 (9% (%) @9 (©5Y

@z
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where z .,

" (z;) 912: dt exp( t)' (z;t), (C.52)

1

and the non-local linear susceptibility is given by

X =2 Km'l :
(; 9= —— @ x2 )0+i (_2 ) csy

e Ty -
where d® (z) is the spatial derivative of the optical thicknessd , which is de ned as
the negative logarithm of the on resonance intensity transitance of a signal with
polarization , in the absence of the control eld. Here is the frequency spce
Fourier variable, with =0 corresponding to a signal comporent resonant with the

jb $j c transition. Explicitly, d is given by the dimensionless quantity

2Z z X 2
dzh(z%  pn CRPWS (C.54)
0

m

C
!c !b

r
P ~Fpir _ P FolFe 2 _ 2
xm; memb m+ - mp pmb Cmt:) m p+ ’ and w = C a b

d (2)=6w

2 2
= cdb + cda is the fraction of atoms in the excited leve|ci that

spontaneously decays into the ground levgh . Furthermore,

1 Ly (5 9

— - C.55
2 (+ c+m pt+i o) ( )

Km, = ( 9% p

R
is a kernel whose inverse satis es the property d ©®K ( ; 99K ( % 9 =
R
d ©OK 1(; 9K ( %9 9= ¢ 9. The frequencies ( 8g.B=~) and
o (9 G ( s8B=~)account for the energy splitting of the Zeeman states regirg

from the interaction with the magnetic eld B = B2. We also have

1 z 1
) _ Fa 1Fc 2 00 0 0
Lo €302 Gt s P @ el 9( B m ) o
(C.56)
where . Z .
() P? dtexp( t) (1), (C.57)
1

a=( )0a( gB=~),and 5 =(da @)( s8B=).
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With this propagation equation ( Eq. (C.51) ), we are able to nmerically calculate
the propagation of the signal eld leading to the various fetares shown in Figures
6.3 and 7.2 (we assume equal signal and control polarization =  in order to
have EIT for the atomic level con gurations of Chapters 6 andr), including group
delay, pulse storage and retrieval. The numerical solutioof Eqg. (C.51) may be
obtained by assuming periodic boundary conditions for thegnal and control elds
on the time interval [0;T), where T is some time much longer than that in which
the storage and propagation dynamics occur within the ensde. Additionally, we
sample the signal and control elds on a grid oN equidistant time points ft; =
JT=N : 0 j< Ng. Imposing periodic boundary conditions discretizes the tsef
available detuningsf ; = j(2=T): N =2 j < N=2g. (For a more detailed
discussion of discrete spectral decomposition, see Re84]l) Having chosen the grid
in time and frequency space, we estimate the integrals of Eg&C.52) and (C.57)

P
by making the substitution i dt! (T=N) J.Nzo, transforming the integral into

a summation. Similarly, in the frequency integrals of Eqs.(.51) and (C.56), we

jN:ZN ',. We further replace the Dirac -

make the substitution Rd I (2=T) P
function with its discrete version: ( 91 (TH2)) . o These substitutions
transform Eq. (C.51) into a nite set of coupled linear di erential equations of the
form (d=d2' (z; ;) = P j Li(;j)(z)' (z; ;). Therefore, given the signal frequency
prole ' (zo; ) ( related to the temporal pro le through the Fourier trans form ) as
it enters the atomic ensemble at positiorgo, ithe frequency pro le at position z is

P

givenby' (z; )= ; exp Zzodzq_( )29 ' (20; ). The exponentiation of
]

R
the matrix ZZO dzZL () (z% may be performed by a numerical linear algebra package

such as MATLAB.
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C.4.2 Linear Susceptibility for Constant Control Field and Electromag-
netically Induced Transparency

In the limit of constant control eld, the susceptibility re duces to the form

C
'z —~  _d%z
R (RS
X ¢ X2 | 2CRalFe . f 24 =
- 5 ; (C.58)
m ] 2 CRalfe | 2 "4 =2p

Since the Zeeman shifts are small compared to the spontaneamission rate, they
have been ignored in the above expression. The intensity tremittance of a cw signal

of helicity  with detuning is given in terms of the susceptibility by

T()
= exp c dzim( ( ;2) (C.59)
0 1
X 2 =9)2
- exp i d Xm (2 %, (C.60)
< Fa 1F 2 _
m J CJ2 Cma+ ¢ m + 2 +( C_2)2
whered lim,; d (z)isthe total optical thickness of the sample. From Eq. (C.58

one can see that in the presence of the control eld, the imawry part of the sus-
ceptibility potentially goes to zero when the signal eld ison resonance. When this
happens, Eg. (C.60) indicates there is a transparency wingofor signal frequencies
near resonance. The width of this electromagnetically inaded transparency window
is determined by the intensity of thecontrol eld. Notice that the medium will only
exhibit EIT with a judicious choice of atomic hyper ne levek and eld polarizations.
If one of the Clebsch-Gordan coe cients multiplying the Rah frequency . vanishes
(i.e. there is an excited statgc;m+ i not coupled by the control eld to the cor-
responding ground stateja; m + i), then a fraction of the atoms will simply
absorb the signal light as if there is no control eld present We point out that for

the level scheme used in the experiments of Chapters 6 and 1T Es achieved only
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when the signal and control eld polarizations are equal (= ). The solid curves in

Figure 6.2 are based on Eq.(C.58).

C.5 The Adiabatic Limit: Dark State Polaritons

Assuming a choice of polarizations and initial atomic popations p,, that supports

EIT, we are able to generalize the adiabatic treatment of Fiechhauer and Lukin to
the propagation equations ( Egs. (C.41), (C.48), and (C.49) This adiabatic ap-

proximation results in a simpli cation of the equations in which the system dynamics
can be described by a single propagation equation for a calige excitation known

as the dark state polariton. The dark state polariton is compsed of an electric eld
excitation and a particular linear combination of collectve hyper ne coherences.

Fa 1Fc¢

We begin by recognizing that when the medium supports EIT (&. C, 2 m+ B

0 for all m for which p,, 6 0 ), we can expresef. n+ (z;t) as

bi e (231) = : Do (@ (C.61)

i JMCratte L.

This yields the modi ed propagation equation

(O S e ™z
= P a@m . R O%nn @ (C.62)
Sm: Fb m; @tm, m+ y . .
where
CFbch
Rm () W (C.63)

is a ratio of Clebsch-Gordan coe cients. Substituting Eg. C.61) into Eq. (C.49) for

€=",we nd
!
d c 1 @
—+ — — & it
dt 2 i (ncpatte ., @™™ (zi1)

. P , .
= is NE@mCms "D (Zt)+i cMCET™ 1y S (z;1)

+ N eme (Z31). (C.64)
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As in Ref. [75], we normalizet to some characteristic time scalél,, and express

[E)q. (C.64) in terms of the dEimensionIess time ~= t=T,. We recognize that
Yo eme (20 b eme (2319 t t9 = @A=T) (~ -9 [69, 75. In the

Adiabatic limit, we keep terms to lowest order in £T,, and therefore derive from

( Eg. (C.64) ) a necessary condition for adiabaticity

P
s N(2)Pm

o(t)

This condition for adiabaticity not only ties the hyper ne coherence to the eld, as

Smim+ (D) = Rm ()" (z:1). (C.65)

in Refs. [69, 75], but also ties the values of the hyper ne celences to each other.
The conditions for adiabaticity ( Eq. (C.65) ) suggest the fom for the dark state

polariton of helicity

O™ @) "0@D o PR O8mme @)
& s m_PmBm { )Sm; mv " (C.66)

R R . .o b . R
i i+ n@j s° . PmiRm ()i

This polariton operator, like the collective hyper ne coheences, is quasi-bosonic and

AN

(z;1) =

satis es the equal time commutation relations
h

i
"z " (28 0 (C.67)
h i

"zt (%) (z 29+ O(lzp N). (C.68)

The operator'\y(z; t) " (z; t) may be interpreted as the polariton linear density. From
the eld propagation equation ( Eg. (C.62) ), and the conditon for adiabaticity
( Eg. (C.65) ), one can show that in the adiabatic limit, the dak-state polariton

satis es the propagation equation

@ @ A Ia @
@t+ V (z;1) @z (z;0) = > (z;0) @;/ (z;1) (C.69)
where
. .2
V(1) = ) ety (C.70)

i cOPF+i '@ o PniRm (i
is the helicity dependent group velocity at positionz corresponding to the control

eld Rabi frequency .(t). When the control eld intensity is constant, the dark
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state polariton at position z is given in terms of the polariton operator at an initial

position zy by S

(z;1) =

AN

V (20) A St Z dz°
V (2) > LV (@

On the other hand, if one has the knowledge of the state of thgstem or dark-state

(C.71)

polariton operator at a speci c time to, one may modify the above solution to nd
s
= V(5@
VvV (2)

AN

(20(z; 1); t0) (C.72)

where the initial position z, is the solution to the integral equation

Z z dZO

Zo(z;t) \ (Z% B

to. (C.73)

From Eq. (C.71), one sees that as a signal pulse propagatesoithe medium, the
reduction in group velocity associated with the increasingtomic density causes the
statiaI pro le ofEthe pulse to compress. At the same time, theolariton density

“Y(z;t)" (z;t) increases in proportion to £V (z). This trade o between spatial
compression of the pulse and increase in polariton densigalves the total polariton
population unchanged [75].

The group velocity's dependence on the control eld Rabi figuency allows one to
manipulate the propagation dynamics of the dark state pol@on provided that the
Rabi frequency is changed su ciently slowly. If the control eld is turned o when the
signal pulse overlaps with the ensemble, a portion of thisgsial pulse will be stored
as the group velocity goes to zero. At this point, the dark sta polariton consists
entirely of a particular linear combination of hyper ne colerences. In the ideal case,
one is able to store and retrieve the quantum state of the elavith unit e ciency. In
practice, however, there are two competing limitations wish limit storage e ciency:
the optical depth of the sample is not su cient to contain the entire pro le of the
signal, or the nite width of the transparency window causesabsorption of the o

resonant frequency components. This absorption and the nadiabatic e ects of a
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time varying control eld are discussed in the context of a nodegenerate three level
system in Ref. [75].

In addition, the magnetic eld causes a reduction in retrieal e ciency for vari-
able storage times. As discussed in Chapter 7, the Larmor pession of the spin wave
causes the stored dark-state polariton into orthogonal kght state polariton [75] com-
ponents. When the control eld is turned on, these bright sttee components couple to
the collective optical coherences, leading to spontaneaemission. In the next section,
we will show how, in the simple case of a magnetic eld along ¢hquantization axis,
the magnetic eld induces a Larmor collapse of the dark-statpolariton population
for short storage times. The dynamics of storage in a uniforrmagnetic eld along
an arbitrary direction, leading to collapses and revivalsfathe storage e ciency, is

discussed in Chapter 7.

C.5.1 Larmor collapse

In the presence of a magnetic eld, a stored atomic collecevexcitation Larmor pre-
cesses out of the dark-state polariton mode into orthogonabllective excitations.
This causes an apparent decoherence which can be calculdtgdvaluating the num-
ber of dark-stage polaritons aséal function of time. Assuminghat there are initially

N (0)= Rdz "Y(z;0)" (z;0) dark-state polaritons, and for a magnetic eld ori-
ented in the z-direction, we nd the number of dark state polaritons in an unpolarized
sample (pm = 1=(2F, +1) ) is given by

X X jRm ( )Rme ()

N (t)= N (0) P ——7 €os ((m m%  at) (C.74)
m mo mJRm; ( )J
where again ;o= -£B, (0. ). For short storage times, we nd
N (t) N (O)exp % 2( at)? (C.75)
where

o~ X X jRm ()Rmo ()
- [ . .2 2
m mo mJRm; ( )J

(m m9? (C.76)
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For the level scheme used in the experiment of Chapter 6 (with= ), 2  2:1.
We have used this model to estimate the strength of the magneteld (assuming it
is oriented along thez direction), given the time constant measured experimentally

in Figure 6.5. We nd the frequency to be

Zab 14 kHz. (C.77)

We have used this value in obtaining the theoretical panels Figure 6.3 and nd good
agreement with the experimental observations. Clearly fro Eq. (C.74), we can pre-
dict the revival of dark-polariton number when 4t is a multiple of 2 . The revivals
occur atth = 2 n=[ £B, jda O] =[ 2B, jgaj]- By contrast, for a magnetic
eld perpendicular to the z axis, we ndt’> =2 = 2B, jgj =2= 2B, jgi ,

?

e, t, = 2t5. The prediction and observation of revivals in retrieval eciency is

discussed in detail in Chapter 7.
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APPENDIX D

PHOTON COUNTING STATISTICS FOR A
PAIR OF CORRELATED SINGLE MODE

FIELDS

In Chapters 5 and 6, we were concerned with photon countingadistics of two elec-
tromagnetic elds (the signal and idler) emitted from an atanic ensemble during a
write/read process. Thewrite laser beam probabilistically Raman scatters a pho-
ton into a detected signal mode. We showed in Chapter 3 that th process can be
modeled as an e ective nondegenerate parametric ampli erithh the signal consisting
of excitations of a single mode of the electromagnetic eldThe idler is similarly
described by a excitations of a hyper ne spin wave with a spetl pro le determined
by that of the collected signal mode. The read process theratnsfers the idler atomic
excitation to a single mode of the idler electromagnetic el

In this Appendix, we describe the details of the photodetein processes. By
considering a general correlated state between signal amiier photons, we show how
one arrives at photodetection probabilities from the elenmeary probability densities
of a photoelectric detection event (PEDE) occurring at a spec time. In the systems
we consider in this thesis, the dead time of the detector, i.e¢he time the detector
cannot register a PEDE after one has been registered prevaby is on the order of the
signal and idler mode durations. We account for this limitabn by only calculating the
elementary probability density for the rst photoelectric detection time and neglecting
all subsequent photon arrivals. Section D.2 describes hohet state of the idler eld is

conditioned on a PEDE in the signal detector. In Section D.3ye apply these results
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speci cally to the nondegenerate parametric ampli er mode
Before examining the photodetection process, we de ne theemgeral correlated
signal-idler state. The results of this appendix can be redg generalized to statistical
mixtures of correlated signal-idler states. We express tlstate produced by a generic
write process in the interaction picture by the Schmidt decompdsin
X
j g = giijis b i, (D.1)
j
wherefj ji_.gandfj ji.gare orthogonal sets of state vectors in the signal and idler

Hilbert spaces respectively. We expand the statgs;i_ and | ;i  in terms of Fock

states of the single mode elds as

o Xooan
jjig = Cnj P=jvad (D.2a)
n!
n=0
‘[‘\yn
jgio= dnj P—=jvad , (D.2b)
=0 n!

where & and B are the signal and idler annihilation operators respectiie These

operators are, in turn, given by
Z 1
& dt  o(t) (1) (D.3a)
Zl
1 N\
4 dt (1) Y(b), (D.3b)
1
where (t) is the temporal envelope of eld ( = s;i) which satis es the normal-
R
ization condition i dtj (t)j2=1, and " (t) is a eld operator that annihilates a
photon from eld at time t and a position+ such that rl(() =Rk +=0;K is the
propagation direction of eld . Neglecting di raction, and following the treatment
of Chapter 2 Section 2.1.4, we express the eld operators irrins of plane wave

annihilation operators as

p

() R (O4)
r ___
= 5 e " 0 O (D.4)
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and 7

) kD = dk, 1O (k))a (R), (D.5)
wheref O k) is the transverse mode distribution of eld as discussed in Chap-
ter 2. The eld operators " (t) and "Y(t9 satisfy the bosonic eld commutation

relations
h

i
;" o(t)
|
" (); 9

0 (D.6)

(t 19 (D.7)

h

We nd that it is useful to decompose the eld operator ’\s[i](t) into a signal [idler]
mode component and a component consisting of modes orthogbto the signal [idler];

i.e.

)= sa+ () (D.8a)

"= b+ . (D.8b)

In this Appendix, we assume the detectors D1, D2, and D3 areranged to collect
the signal and idler elds as illustrated in Figure 5.1. Detetor D1 is placed so that
it detects the signal eld, and detectors D2 and D3 are placedfter a 50:50 beam
splitter, and detect the idler eld. We model the non-unit deector e ciency  of
detector Dk as a hypothetical detector of unit e ciency preeded by a beam-splitter,
where the eld arriving at the detector is described by the éd operator "oy (t) which

is related to the signal and idler elds by the e ective beamsplitter relations

P

i) = PN+ T () (D.9a)
o) = SN+ T =2 (D.9b)
"os(t) = ?Eﬁm+p1 3=2"5(t) (D.9c)

where “(t) are bosonic operators that account for coupling to degrees freedom

other than those detected. We assume that the modes assoeihtwith these noise
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operators are in the vacuum state. As in Chapter 5, the deteat e ciencies

include the e ects of propagation losses, which for the idlemay occur before the
beam splitter. Because of this, the noise operatofs(t) and “5(t) are not necessarily
independent. This added complication will not have any e eicon our calculations
, however, since the noise modes are assumed to be in the vacustate and we

calculate only normally ordered expectation values.

D.1 Elementary Photon Counting Probability Den-
sities and

In this section, we nd an expression for the probability tha a detector Dk registers
a photoelectric detection event by considering the elemey probability density for
the registration of the rst PEDE occurring at time t.. The elementary probability
density for detecting a photon at timet, with zero PEDE's prior to t. is given by
[111] 5 .

Qu(te) = Qu(to) (D.10)

where Oy (t.) is the projection operator

Qctd) = : (e 279 be(te 220
tc zx=C '
exp dt ™, (1) "ok (t) (D.11)
1

Z¢ is an e ective propagation distance for the origin, where th correlated state is
created, and detector Dk, and : : denotes time and normal ordeg. The operator
Oy (tc) projects on to the subspace in which zero photons arrive ahé¢ hypothetical
detector of unit e ciency Dk prior to tc, with one arriving at t..

We calculate the elementary probability densities and totedetection probabilities
at detector D1; similar results will be true at detectors D2 ad D3. In order to eval-
uate the Slementary progability densityQ:(tc), it is necessary to evaluate the matrix

element |, O (te) i - By exploiting Egs. (D.8) and (D.9) and the assumption
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that only the signal and idler modes are not in a vacuum statewe nd that this

matrix element is given by

b = dg(t)

i2 Qs(tc) i1 Tdt hj,j:&aexp( 1&(te)):j j.i, (D.12)

where &(t.) Rtlc “7°dtj <(t)j? is the fraction of the signal envelope that has
arrived at detector D1 prior to t.. We similarly dene &(t.)) ( k 2 12;3g ) as

&(te) Rtf “*=dtj i(t)j2. By Taylor expanding the normally ordered exponen-
tial and substituting the expansion of the signal basis stas in terms of Fock states

(Eg. (D.2)), we nd

D E N
d&(te
j2 Ql(tc) j1 = %E ) ncn;jzcn;jl
¢ n=1
X1 . (n 1)
X
= BT e e @ &)t (D19)
¢ n=1

Using the matrix elements of Eq. (D.14), we arrive at the eleentary probability

density
Qu(te) = Tr Qste)j igh j (D.15)
dg(t) X . R )
- %E) g% niey Pl &))" (D.16)
¢ j n=1

From Q(t.), we can calculate the total probability p; that at least one photoelec-
tric detection event is registered at Dk;
YA 1
Pk = dte Q(tc)- (D.17)

1
The probability that a PEDE is registered at detector D1, is gven by
X . .ZX . -2 n
pr= igj® eyt (@ 1)Y) (D.18)

j n=1
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It is straightforward to show that this result is equivalentto that which one would

derive when the detection probability is calculated by

p1=D P Esi, (D.19)

where
=5 Y exp &dc (D.20)
= X ﬁ: & 4, N (D.21)

N
-

The annihilation operator of the single populated mode of # eld arriving at Dk d

is given by

8
2 P— g Pe—n o _
A+ 1 k=1
d\k = > p “ p K y (D22)
- 2b+ 1 =2 - k2239

where “y are bosonic noise operators that account for the contribwths from unde-
tected modes. The operator : exp(c’i{c’i\k) . represents the projection onto the vacuum
state of the detected model [136]. The operatorP, therefore, represents the pro-
jection onto the subspace in which at least one PEDE is regestd at Dk. This can
be veri ed by direct calculation and comparison to Eq. (D.1). For the probability

of registering a PEDE at D1, we have

D E
Pr = Tr Pij igh | (D.23)
X '2>4 L X ( y 1 n! ( )
= 19) jcnj i 1 T D.24
j n=1 I(n )!
X - .2 - .2 n
= 9] ey (1 (1 1)) (D.25)
j n=1
= pu (D.26)

Since this is true for an arbitrary statej i_, we must also have the probability of a

Si?
PEDE at any detector Dk given by
Z 1
Pk dt, Q(tk)
D! E
= P . (D.27)
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By generalizing the above arguments, one can calculate theopability of coinci-
dences at detectordk; and Dk, ( k; 6 k; ), i.e. the probability that at least one

PEDE is registered atDk; and Dk,. These probabilities are given by
Z, Z, D E
pklkz dtl dt2 le (tl)ka (t2) (D28)
D! E*
= P,P, . (D.29)

Similarly, the probability that at least one photoelectric detection event is registered

at all three detectors is given by
Z, Z, Z, D E
P123 dt; dt, dts  Qu(t1)Qa(t2)Qs(ts) (D.30)

Dl El 1
= Iﬂllﬂzlﬂ:g . (D31)

D.1.1 The Low Intensity Limit

In this section, we show that when the probability of detectig a photon from the
correlated state is su ciently low, we recover the relatioships between the eld
correlation functions and the probabilitiespy, the coincidencesp,k,, and pi»3 that
were used in calculating correlation functions in Ref.[18]

In the limit of low intensity, the detection probabilities px provide good approx-
imations for the mean number of photons in the signal or idleelds. For example,

when ; &a 1, the probability of detecting a photon at D1 is given by

D E
pp = 1 exp &4 (D.32)
= 1 exp (&4 : (D.33)
D , E
= ,&a+0 : &a": . (D.34)
D E
Similar relationships exist forp, and p; when , b 1. In this limit, we may

approximate the mean number of photons in a eld using the meared detection
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probabilities as

a8 p—i (D.35)
D%E 2p,
2
2p3

= s (D.36)

In the low intensity limits considered above, one may also asthe coincidence
probability to estimate higher order moments of the elds. Br instance, because the
operators associated with the elds arriving at each deteot commute, ﬂz; d\/?,] =0,

the coincidence between detectors D2 and D3 gives

P23 = : 1 exp 652’6\2
Y exp &4 (D.37)
5 3 2 3
= M - +o0 o BH . (D.38)
Similarly, the coincidence between detectors D1 and DkK(2 f 2;3g ) is
D E
Pix 17k Phava: . (D.39)

We therefore have the approximate expressions for second@r correlation functions
D E

oAy % (D.40)
D E
abha P2 (D.41)
2
P13

(D.42)

3
Similarly, with the three detector con guration we conside in this appendix, we may

approximate the third order correlation function

D E ap
Breavafy : 12233 (D.43)

Similar approximations were used to calculate the normakzl second order corre-

lation functions gs; and the anti-correlation parameter— in Chapter 6.
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D.2 Conditioning of the Idler Field by Detection
of the Signal

Here, we determine how the detection of a signal photon at dsttor D1 conditions
the state of the idler eld. This is accomplished by modifyig the above treatment
to calculate detection probabilities using the elementarprobability densities Q(t.).
This procedure can be used to determine the conditioned atderdensity matrix given
the detection of the a signal ( Eg. (5.3) ) in Chapter 5. It willbe shown that this
procedure is equivalent to the application of the projectivoperator :4 exp( &4 :
followed by a partial trace over the signal degrees of freedo

We begin by determining how the state of the idler eld is contioned on the
detection of the signal at a timets. This is accomplished by applying the projection
operatorQ,(ts) to the state i; and performing a partial trace over the signal degrees

of freedom. This yields the conditioned density matrixv/y(ts)

Wii(ts) = Trs Qs(te)j igh j (D.44)
1 x H . . . . .
= m . gjlgjzh szQl(ts)J j1|sj jllih i2) (D.45)
J1i2
_ 1 oday X
© Qu(ts) dts jl;jzgllgizj LN
* n 1
NCnij 1 Cnjj , 1 1&(ts)) (D.46)
n=1

If one does not have, or chooses to ignore, the arrival time tfe signal photon, the
conditioned state of the idler becomes a statistical mixt@ of the density matrices

Wij1(ts). This statistical mixture is given by

Zl
t
NyoE s Ql(ls)wi,-l(ts) (D.47)
1
X o .
= ajl;jzgjlgjzl i gLl
X n
GG (X @ Y. (D.48)
n=1

195



The density operator %), represents the state of the idler given that at least one
PEDE has been registered by the signal detector. This can berved by applying

the projection operator P; to the original stat j i. and performing a partial trace

Si

over the signal Hilbert space. We have

X
Trg Iﬂl] isih J = gjlgjzj jliih izj
J1i2
CnjiCrj, (1)1 Sin ) (D.49)
n=1 =1 ’ '

X A

= 9.9, iiihid GGy, @ 9" (D.50)
j1iz2 n=1

- (D.51)

The conditioned density matrix 4j; may readily be used to calculate the statistics
of the idler eld given that a signal had been detected. For emple, we have the
conditioned detection probabilitiespg;  Tr( Iﬁk’\.jl) ( k 2f23g). Similarly, the

conditioned coincidence probabilityp,5; = Tr( P,Ps%j1).

D.3 Application to the Degenerate Parametric Am-
pli er

In this section, we apply the above treatment to the nondegemnate parametric ampli-
er. The state created by the two-mode nondegenerate pararme ampli er is given

by Eq. (D.1) with

tanh!
. = D.52
Gy = nps (D.52b)

where the parametric ampli cation process is parameterizeby the dimensionless in-

teraction strength . By applying Eq. (D.27), we arrive at the detection probabities
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for the parametric ampli cation process

8 i
LA
o W) = 3 sinhﬁ . (D.53)
K k=2:3

2(1+ ( «=2)sink? )
If the state is conditioned on the detection of a signal photoat detector D1, the

idler is described by the density matrix

)4_ 2n n: . .
1% tanh a4 @ 1)”)6\/ jvad hvaqf\d"
p _, costf n!

Ni1 (D.54)

Notice that if the signal detection process had unit e cieng ; =1, then the condi-
tioned density matrix is a thermal state with the vacuum compnent removed. With
a non unit e ciency, however, the contributions from the higher photon number com-
ponentsw are more heavily weighted than they would be in a thermal stat
It is this feature that leads to the large classical uctuatons in the protocol for gener-
ating deterministic single photons discussed in Chapter 6if small maximum number
of trials.

The conditioned density matrix ( Eq. (D.54) ) can be used to daulate the con-

ditional detection probabilities pyj; ( k 2 f 2, 3g ), which are given by

Pijr = ( «=2;p1; 1), (D.55)

where

1 1 1
ey =1 X _ _ .(D.56
L pp 1+ sink?  1+( .+ (I ,)sinh? (D-56)

Furthermore, one nds that the conditioned coincidence prioability is given by

Pogiz = Pzrt Pgiz (kP 1) (D.57)
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