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SUMMARY

Bistable elements, featuring two stable equilibria, hold signi�cant promise across di-

verse applications, including energy absorption, sensing, and robotics. Recent interest has

heightened their appeal, particularly for applications in low-energy switches with potential

implications for quantum-level computing. This dissertation delves into the fundamental

dynamics of bistable systems, complementing previous studies that predominantly focused

on quasi-static or harmonic excitation. Notably, this study stands out as the �rst to char-

acterize the dynamic response to a distinctive form of vibro-impact excitation involving

collisions with a sinusoidally-moving shaker.

Through a combination of experimental investigations and numerical analyses, this re-

search unveils rich intrawell and interwell dynamics in both single-degree-of-freedom and

continuous systems. These response types and stability are found to be dependent on ex-

citation parameters. Additionally, this study examines the contributions of higher-order

modes in a continuous bistable beam.

This dissertation also introduces a system comprising a pair of pendulums with contact-

less coupling. Notably, this system exhibits strong amplitude-dependent nonreciprocity,

which is critical for use as a mechanical diode. The application of impact excitation reveals

the coupled system's capability for nonreciprocity under multiple types of excitation.

xvii



CHAPTER 1

INTRODUCTION

1.1 Mechanical Bistability

Systems which exhibit mechanical bistability have two stable equilibrium states, mean-

ing they can be recon�gured into two distinct con�gurations or positions [1]. Switching

between these two states requires suf�cient energy to exceed the threshold energy which

separates the two minima in the prototypical bistable energy pro�le shown in Figure 1.1A.

This transition between the two stable states is often triggered by an external force or stim-

ulus such as vibration, magnetic �elds, light, or changes in temperature [2, 3]. Bistable

systems have been explored at macro- [4, 5], micro- [6, 3], and even nano- [7] scales. Typi-

cally, construction of bistable elements include either an inherent mechanical or geometric

bistability [8], or an incited electro-magnetic bistability [9]. For example, a symmetric

slender beam may be made bistable by application of suf�cient axial compressive force to

cause buckling [4], where curved beam geometries may not require any axial force to be

bistable [3, 10, 11]. Another common example uses magnetic �elds to incite bistability in

structures such as shells [12, 13], beams [14, 15, 16], and pendulums [17, 18].

By controlling the threshold energy, bistable systems are able to make dramatic changes

based on low energy inputs, making them attractive in devices where energy is limited such

as remotely-actuated robotic grippers [2] and spacecraft release mechanisms [19]. The pair

of stable states may be con�gured as a switch or memory for applications in mechanical

computing [20, 21] and micro-electromechanical systems [22]. In addition, they may have

an asymmetric energy pro�le while remaining bistable as in Figure 1.1B; this asymmetry

can be exploited for energy absorption [23, 24].

The potential for low actuation energy has also been theorized to enable nano-scale
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Figure 1.1: Bistable energy pro�les with stable equilibria at� 1 and1. an unstable equilib-
rium exists at0. A: Potential energy of a prototypical symmetric bistable system. B: Alter-
native potential energy of bistable systems include different threshold energies (dashed) or
asymmetric pro�les (solid).
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quantum gates which activate with an energy threshold corresponding to tens of phonons

at resonance (hf ) [25] whereh is the Planck constant andf is the phonon's frequency. By

using a single mode approximation of a bistable buckled beam, a theoretical estimate can

be made for the energy barrierUbarrier which must be surpassed (i.e. the energy threshold)

and �rst natural frequency! n of the beam:

Ubarrier = 8� 4E
I 2

SL3
0
� 2 (1.1)

! n = 4� 2
p

2E=3�
p

(I�= (L2
0S) (1.2)

whereE; �; I; S; L 0 are the Young's modulus, density, area moment of inertia, cross-

section area and length, respectively of the beam.� = �=� c � 1 is a nondimensional

parameter relating the applied compressive strain� to the critical buckling strain� c. By

plotting the energy barrier normalized by the energy of a phonon in Figure 1.2, the number

of phonons required for actuation can be visualized for macro- (12:7 � 041� 19mm) and

micro- (10� 2 � 1� m) scale beams of rectangular cross-section and nano- (50� 0:5) scale

carbon nanotubes of round cross-section. At nano-scale, the energy threshold may feasibly

be reduced to the order of tens of phonons at resonance.

Under vibrational excitation, bistable systems have been under extensive recent re-

search for their unique frequency-dependent responses. In particular, metamaterial [26,

27] and energy harvesting [28, 29, 30] literature both examine the band-gap and band-pass

behavior of systems with bistable components. By tuning these characteristics, bistable

devices can be used for increasing processor signal-to-noise ratios [31].

Within this literature, a variety of excitations have been investigated, including pre-

scribed harmonic displacement [32], parametric forcing [22], stochastic and harmonic base

excitation [33, 34], and quasi-static excitation [35].
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Figure 1.2: Natural frequency and energy threshold normalized to the energy of single
phonon, at its natural frequencyf n . Solid lines indicate different buckling levels (� ) for the
same beam. Shaded areas represent experimentally-feasible frequency ranges for macro-
(blue), micro- (red), and nano- (green) scales. At nano-scale, the energy threshold may
feasibly be reduced to the order of tens of phonons at resonance.
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1.2 Impact and Impact Modelling

Because the contents of this dissertation focus on the behavior of bistable systems in re-

sponse to a form of impact excitation, it is important to discuss impact and impact mod-

elling in general. The mechanical impact we consider involves a collision between two or

more bodies. Impact dynamics is a vast area of research spanning hundreds of years and

numerous applications across physics and engineering such as the modelling of ideal gases

and robotics. From the discrete discontinuities proposed by Newton [36] to the contact-

impact law proposed by Hertz [37], a number of models have been proposed to describe

collisions between bodies as a function of velocity [38], geometry [39], and other parame-

ters.

Regardless of contact model, these impacts create discontinuities in the response of the

bodies, which helps motivate the �eld of nonsmooth mechanics [40, 41]. Mathematically

speaking, a hybrid system is created where the governing equations may be different during

separation and contact. The trigger between contact and non-contact governing equations

can be de�ned as a hypersurface as shown in Figure 1.3. For both single degree-of-freedom

(SDOF) and continuous systems, these discontinuities may create rich dynamics [42] as

grazing bifurcations emerge, where the solution meets the triggering hypersurface at a tan-

gent. Among these rich dynamics may exist regions of chaos where the response exhibits

extreme sensitivity to initial conditions.

No tools are known which are capable of analytically solving general hybrid systems.

Further, since each set of impact conditions may not be knowna priori, limited analysis

tools are available, particularly when the number of impacts cannot be guaranteed to be

non-in�nite. However, some systems may bene�t from piecewise linear analysis [44] and

collocation methods [45], which can signi�cantly ease the computational burden.

Previous studies have extensively explored impact in the context of classical systems

such as balls bouncing on vibrating surfaces [46] or �exible beams [47] and nonlinear sys-
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Figure 1.3: Possible solutions to a hybrid system.� � corresponds to a solution with no
contact, while� + contains a single instance of contact. When the solution meets the trig-
gering hypersurface atx+ , the equation of motion changes and the response is dramatically
altered (dashed line).� g is a grazing solution that tangentially meets the triggering hyper-
surface. Adapted from [43].
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tems under continuous external forcing [48, 49, 50]. Additionally, displacement constraints

have been studied in conjunction with base excitation or continuous external forcing [51,

52, 53]. However, no investigation has been made into the fundamental nonlinear dynamics

of bistable systems excited by impact with a sinusoidally-moving barrier.

1.3 Nonreciprocity

The law of reciprocity is a well-known property of linear time-invariant systems that en-

sures that the transfer function between two points is identical, regardless of which point

acts as source or receiver [54]. This symmetry is typically robust, with no considera-

tion of material or geometric asymmetry or inhomogeneity [55, 56]. Reciprocity is useful

for a wide array of applications including modal analysis, noise control, and the bound-

ary element method [57, 58]. However, reciprocity can be broken in a variety of ways.

For instance, reciprocity is broken in systems with mean �ow or external biasing, such as

gravitational �elds or Coriolis forces. Non-reciprocity can also be achieved with the in-

troduction of kinetic media, time-dependent system properties, or nonlinearities (such as

the bistability discussed in section 1.1) [56]. This allows for the creation of devices for

mechanical diodes [59], phononic lasers [60], and object manipulation [61].

1.4 Outline

This dissertation focuses on three related investigations with the goal of understanding

the dynamics of bistable systems excited by impact with a sinusoidally-moving shaker.

Additionally, a non-reciprocal system is demonstrated under this form of impact excitation.

Chapter 2 starts with a simple impact-forced bistable SDOF system that can be easily

realized experimentally and modeled numerically . Using analytic derivation and numer-

ical simulation, a range of rich dynamics are observed for the �rst time as two excitation

parameters are varied. Experimental data is also presented for model validation.

We then move to a more complex continuous system in Chapter 3, which covers an
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impact-forced continuous buckled beam. Numerical and experimental results again demon-

strate rich dynamics that arise as three excitation parameters are varied. In addition, the

effect of higher-order modes on the system's dynamic response is demonstrated.

Chapter 4 returns to a discrete bistable system to highlight the potential for amplitude-

dependent nonreciprocity in a coupled pendulum system. Using experiment and numerical

simulations, system responses are characterized and nonreciprocal behavior is identi�ed.

Chapter 5 summarizes the main contributions of this work and provides some recom-

mendations for related future work.
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CHAPTER 2

NONLINEAR DYNAMICS OF A BISTABLE SYSTEM IMPACTING A

SINUSOIDALLY VIBRATING SHAKER

2.1 Introduction

Systems including one or more bistable mechanical systems, which exhibit two stable equi-

libria, have been under extensive research in recent years, particularly in the areas of meta-

materials [23, 26, 27] and energy harvesting [18, 29, 30], or even mechanical comput-

ing[20]. Bilal et al. investigated bistable elements as a means for switching between two

states [1], while Xia et al. explored the in�uence of system parameters on escape from en-

ergy wells using base excitation [34]. The propagation of transition waves in 1D chains of

bistable elements has been studied by Raney et al [62]. Harmonic displacement constraints

have also been considered by the likes of Arrieta et al. [32], who uses a shaker to prescribe

the displacement of a portion of the structure. Textbooks such as those by Virgin, Wang et

al., and Datseris et al. explore fundamental bistable systems with numerous applications

but neglect the case of impact forcing [63, 64, 65]. These studies allow for precise tuning

of energy harvesters and metastructures subject to base excitation, harmonic displacement,

or quasi-static actuation. However, literature regarding vibro-impact forcing on bistable

systems, where excitation is provided by collisions with a harmonically-displaced barrier,

is more limited. Considering this type of excitation is essential for incorporating bistable

structures into mechanisms and assemblies, with applications spanning switching, sensing,

and energy harvesting.

Impact-forced systems exhibit highly nonlinear and nonsmooth dynamics, and are fre-

quently found in machines and mechanisms. Previous studies have extensively explored

classical systems such as balls bouncing on vibrating surfaces [46] or �exible beams [47]
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and nonlinear systems under continuous external forcing [48, 49, 50]. Additionally, dis-

placement constraints have been studied in conjunction with base excitation or continuous

external forcing [51, 52, 53]. In particular, Gu and Livermore showed a linear system

subjected to impact displays rich dynamics [53]. While many of these studies highlight

nonlinearities present from impacts or the underlying system, few consider the fundamen-

tal issue of a bistable system driven solely by collisions. A notable exception is the work of

Xie et al., who studied a piezoelectric bistable system with a unilateral displacement con-

straint [66]. Xie et al., however, focused on the analysis of their system for its application

as an energy harvester rather than a study of the fundamental nonlinear dynamics of the

system.

While prior investigations consider impact excitation and bistable systems indepen-

dently, few studies have focused on the combined nonlinear dynamics. The current work

investigates a fundamental class of systems represented by an inherently bistable single de-

gree of freedom (SDOF) system driven by collisions with a sinusoidally vibrating shaker.

Theoretical and experimental results are presented to analyze the fundamental nonlinear dy-

namics of the system. Such a system displays complex frequency and amplitude-dependent

dynamics with intrawell and either transient or continuous interwell oscillations. The

present work explores these complex dynamics with the goal of classifying the possible

dynamic responses and identifying which conditions are required to achieve them. After

deriving a numerical model, we focus on varying excitation frequency and amplitude to ex-

plore the response types and some associated bifurcations. Finally, we show experimental

results which indicate our model is capable of predicting these physical phenomena.

2.2 Model for the Impact-Forced Dynamics of a Bistable System

The single degree of freedom is represented as the lumped parameter system as shown in

Figure 2.1. A masŝm of displacement̂x attached to a bistable spring of nonlinear stiffness

k̂(x̂) and viscous damping coef�cient̂c, wherêdenotes dimensional quantities. The system
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Figure 2.1: A: Lumped system with dimensional parameters. B: Bistable potential energy
pro�le. � x is the distance between energy minima and� U is the energy barrier.
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is initially at rest (̂x(0) = 0 ; @̂x
@̂t

(0) = 0 ). When this system is subjected to a time-dependent

displacement constraint̂z(t̂) with initial contact,x̂(t̂) � ẑ(t̂), the system undergoes one or

more collisions with the shaker, which is prescribed velocity of the formv̂(t̂) = V̂ cos(̂
 t̂)

for t̂ > 0, whereV̂ is the shaker velocity amplitude and̂
 is the frequency of oscillation.

2.2.1 GoverningEquations

The bistable spring is assumed to have equal energy minima (Figure 2.1B), such that the

potential energy can be expressed as:

Û(x̂) =
1
2

k̂0x̂2(1 +
x̂2

�^x2
� 2

x̂
�^x

) (2.1)

Here, k̂0 refers to the spring's linear stiffness and�^x is the distance between the two

equilibrium positions. Between collisions, the equation of motion of the system is:

m̂
@2x̂

@̂t2
+ ĉ

@̂x

@̂t
+

@̂U
@̂x

= 0 (2.2)

Collisions are handled instantaneously via the coef�cient of restitution,e, which relates

the mass's velocity immediately before and after a collision according to the equation:

@̂x

@̂t

�
�
�
�
t̂+
n

= � e
@̂x

@̂t

�
�
�
�
t̂ �
n

+ (1 + e)
@̂z

@̂t

�
�
�
�
t̂n

; (2.3)

whereẑ is the shaker displacement andt̂n is the time at thenth impact. The governing

equations can be written in the following non-dimensional form:

@2x
@t2

+ 2�
@x
@t

+ x � 3x2 + 2x3 = 0 if x(t) > z (t) (2.4)

@x
@t

�
�
�
�
t+
n

= � e
@x�

@t

�
�
�
�
t �
n

+ (1 + e)
@z
@t

�
�
�
�
tn

if x(tn ) = z(tn ); (2.5)
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where the following non-dimensional quantities have been introduced:

t = !̂ 0t̂ x (t) =
x̂(t̂)
�^x

z(t) =
ẑ(t̂)
�^x

; (2.6)

where!̂ 0 and� are the linear natural frequency and damping ratio of the system, respec-

tively:

!̂ 0 =

s
k̂0

m̂
� =

ĉ

2
p

m̂k̂0

: (2.7)

The following non-dimensional variables are used to de�ne the frequency and velocity

amplitude of the shaker:


 =

̂
!̂ 0

V =
V̂

!̂ 0 � �^x
: (2.8)

Numerical simulations are conducted using the Julia programming language[67] and

the Vern9 8th/9th order Runge-Kutta algorithm from the DifferentialEquations.jl pack-

age[68]. Each impact is handled via DifferentialEquations.jl'sContinuousCallbackfunc-

tionality. Each tolerance was decreased until the qualitative results described here were

converged. All results except for Figure 2.13 - Figure 2.14 were obtained using� = 0:02

ande = 0:85.

2.2.2 Handlingof StickingPhenomenon

As 
 ! 0 for e < 1, it is possible for the mass and shaker to enter a series of close

collisions termed “chatter” [69]. In the limiting case
 = 0 , this becomes an in�nite

series of of collisions as the mass and shaker slowly converge to the same position. For

simulation, such chatter is truncated when two collisions occur withint < 10� 9, after

which the mass and shaker are assumed to remain in contact until the contact force becomes

negative. This contact force corresponds to the value of the left hand side of Equation 2.4
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Figure 2.2: An example waveform, with impacts occurring att0; t1; t2; :::. The transient
response overshoots the steady-state amplitude before converging to a periodic solution.

whenx(t) = z(t), which results in the condition to maintain sticking,

@2z
@t2

+ 2�
@z
@t

+ z � 3z2 + 2z3 � 0: (2.9)

2.3 Analysis of the Nonlinear Dynamics of the System

2.3.1 Effectof FrequencyandVelocity of theShakeron theInitial Responseof theMass

Varying the non-dimensional frequency,
 , or velocity amplitude,V, of the shaker ex-

citation has very distinct effects on the response of the bistable system. Figure 2.3 il-

lustrates the �rst few cycles of the response predicted by our model in a baseline case

(
 = 1 :75; V = 0:07), and cases with either increased frequency (
 = 2 :5; V = 0:07),

or increased amplitude (
 = 1 :75; V = 0:14). The effect of these stimulus parameters on

the response of the mass can be understood by examining the effect of each impact on the

mass. A collision at timetn causes a discontinuity in the kinetic energy according to:

� K (tn ) =
1
2

mv(t+
n )2 �

1
2

mv(t �
n )2 (2.10)
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wherev denotes the non-dimensional velocity (v = @x
@t). v(t+

n ) is related tov(t �
n ) by

Equation 2.5. The mass is at rest prior to the �rst collision att = 0 such that:

� K 0 =
m

�
V(1 + e)

� 2

2
(2.11)

Because Equation 2.11 does not depend on
 , the responses fort � t1 are identical when


is increased whileV is kept constant (compare panel A to panel B of Figure 2.3). However,

because the shaker has a higher frequency, the second impact occurs at a different time.

The timing of a collision,̂tn , can be used to de�ne the phase of the impact according to:

� n = 
 t̂n mod 2� (2.12)

By this de�nition, the phase of the �rst impact is always set to be 0. The phase of the 2nd

impact is� 1 � 0:05 cycles for
 = 1 :75 and� 1 � 0:59 cycles for
 = 2 :5. This change

in the impact phase has important consequences on the effect of collisions on the energy of

the system. The change of the energy for thenth collision can be expressed as a function

of � n and of the velocity prior to the impact,v(t �
n ):

� K (tn ) = � K 0

"
�

cos� n �
e

1 + e
v(t �

n )
V

� 2
�

� 1
1 + e

v(t �
n )

V

� 2
#

(2.13)

A surface plot of the energy is plotted as function of� n andv(t �
n ) in the center column of

Figure 2.3, which allows us to visualize the effect of these parameters on the energy change

due to each collision.� K (tn ) can be positive (implying that the collision adds energy) or

negative (implying that the collision removes energy) according to Equation 2.13. The

condition for a collision to add energy is

�
1 + e
1 � e

cos� n �
v(t �

n )
V

� cos� n : (2.14)
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The �rst inequality yields the boundary shown in the dashed line in Figure 2.3. We also

note collision is only possible ifv(t �
n ) � _z(tn ), which yields the following inequality:

v(t �
n )

V
� cos� n (2.15)

such that the energy is only plotted below the thick solid line in the �gure. Impacts that

occur on this line are termed grazing impacts. The points corresponding to the �rst few

impacts are shown in the center column of Figure 2.3. In agreement with these panels, we

observe in the graph of the energy vs time that the 2nd collision removes energy in Panel

D, while it adds energy in Panel A. Between each collision, potential and kinetic energy

are exchanged, and the total energy decays due to viscous damping.

Increasing the velocity amplitude (3rd row of Figure 2.3) increases� K 0 according

to Equation 2.11, such that the response between 1st and 2nd impact reaches a higher

amplitude. This increase in the amplitude of the response results in a softening effect due

to the nonlinearity of the spring, affecting both the phase of the 2nd collision, and the

velocity at the time of the 2nd collision.

Changing the phase of the second collision and the energy added by the �rst collision

by varying stimulus frequency or amplitude allows us to observe a very rich nonlinear

dynamical behavior, which is explored in the next sections.

2.3.2 TransitionIn andOutof Chaoswhen
 is Varied

The steady-state response is investigated by simulating 20,000 linear natural periods of the

system and categorizing responses based on periodicity and which energy well(s) the mass

orbits near or converges to at the end of the simulations. We �rst study the in�uence of

excitation frequency on the response for low amplitude shaker velocity.
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Figure 2.3: Illustration of the effect of frequency on the �rst few response cycles. A,D,G:
Waveform immediately aftert = 0. B,E,H: Change in energy for each impact given by
Equation Equation 2.13. The dashed line is the neutral line, which corresponds to no net
energy change after impact. C,F,I: Mass kinetic, potential, and total energy. Numbered
square symbols indicate the �rst few impacts. Parameters: A-C:
 = 1 :75; V = 0:07,
D-F: 
 = 2 :5; V = 0:07. G-I: 
 = 1 :75; V = 0:10. By maintaining maximum shaker
velocity and varying frequency, the phase of impacts are varied. For the same velocity
(V = 0:07) in A-C and D-F, solutions will be identical until the second impact, even
though the frequencies differ.
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Transition Into Chaos

For shaker excitations of low amplitude and frequency, the response remains around the

�rst equilibrium. This intrawell response can be periodic with a period of 1, 2, . . . , 6+,

or chaotic, as it passes through a series of bifurcation points as frequency changes. For

example, Figure 2.4 shows several stages in this transition: from period-one response to

period-two to period-four to chaos as frequency increases.

In Figure 2.4A-C, a period-one response is displayed, where the mass waveform repeats

for each period of excitation. Figure 2.4A shows the steady-state waveform with a period

which matches the excitation period and includes one impact per cycle. Figure 2.4B shows

the state space portrait for many cycles of this response with the Poincaré section overlaid.

The single path and point on the Poincaré section indicates a period of one while the single

velocity discontinuity is the single impact per cycle. Figure 2.4C quanti�es the energy

added or lost for each impact at steady state. The impact occurs near the dotted line, which

indicates it is adding very little energy per impact to compensate for viscous damping.

For high values ofe, this also corresponds to an impact occurring near the maximum or

minimum shaker displacement. For a periodic solution to exist, the sum of the impacts

must compensate for any energy lost.

Figure 2.4D-F show a response which occurs at a slightly higher frequency. The wave-

form in Figure 2.4D and the two points on the Poincaré section in Figure 2.4E are consistent

with a period-two periodic response. One impact per period of excitation, or equivalently,

two impacts per cycle of the mass, corresponding to the discontinuities in the waveform

and phase portrait, are observed. The impacts in Figure 2.4F show that energy is added

with an impact just before peak shaker displacement and is removed with an impact just

after the peak. The sum of these energy transfers still adds energy to the mass. The phase

of each impact has moved further from the neutral line.

Figure 2.4G-I show a period-four response, with four impacts per cycle. Energy is

alternately added and removed from the mass with each impact, with two impacts on each
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side of the neutral line.

The remaining panels in Figure 2.4 show a chaotic response. The waveform in Fig-

ure 2.4J has no repetition and Figure 2.4K shows approximately 100 cycles, each with its

own path on the state space map and point in the Poincaré section. This chaos extends to

the impact map in Figure 2.4L, which shows impacts adding and removing energy, with

impacts occurring over large regions of the map. The chaotic behavior of the response was

con�rmed by examining the spectrum of the response, which is broadband as seen in Fig-

ure A.2 in Appendix A. The shifting impact conditions described in Figure 2.3 is one of

the reasons for the transition to chaos. In particular, grazing impacts are a source of chaos

in the system. Minor variations dictate whether the impact occurs or not, leading to large

changes in the response.

Transition Out of Chaos

In another type of bifurcation, the system response can change dramatically as it moves

into the second equilibrium. For example, Figure 2.5 shows the effect of an even higher

frequency of excitation with the same shaker velocity ofV = 0:07. For this example,

the system moves from a period-six response to period-three before reaching suf�cient

energy to move to the second equilibrium. After a region of chaos spanning
 � 2:3 � 2:5

described near the end of the preceding section, the system returns to a periodic response.

In Figure 2.5A, the system exhibits a period-six response, which agrees with the Poincaré

section in Figure 2.5B. Figure 2.5C highlights that the mass's impacts occur just before the

shaker displacement extrema, adding energy near the maxima and removing energy near

the minima. As frequency is increased slightly, the system converges to the period-three

response in Figure 2.5D. Although the period is three, only two impacts occur per cycle,

as evidenced by the pair of discontinuities in Figure 2.5E and the points in Figure 2.5F.

Once the mass has suf�cient energy, the threshold is exceeded and the system shifts into

the second equilibrium. The last few cycles before snapthrough are shown in Figure 2.5 G,
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Figure 2.4: Transition to chaos as frequency increases forV = 0:07. A,D,G,J: Waveforms
showing both transient and steady-state responses. B,E,H,K: Phase plane with overlaid
Poincaŕe section for steady-state response. The shaded region indicates the range of shaker
displacement. The discontinuities highlighted in red in Panel E & H add energy while the
blue discontinuities removes energy. C, F, I, L: Change in energy for each steady-state
impact given by Equation Equation 2.13.
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while Figure 2.5H and I describe the chaotic response that is observed before snapthrough.

Figure 2.5: Same as Figure 2.4 but for higher excitation frequencies. Panels H & I include
transient response. An intrawell to interwell bifurcation is observed with increasing fre-
quency. As frequency increases, the response period decreases and once suf�cient energy
is reached, the mass moves to the second equilibrium.

Bifurcation Diagrams

These bifurcations can be seen in greater detail in Figure 2.6. In Figure 2.6A, the maximum

displacement per cycle of excitation is plotted against excitation frequency. Between
 = 2

and
 � 2:15, the maximum amplitude decreases monotonically as the system limits the

softening effect of the bistable spring in order to maintain stability at higher frequencies.
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In the same region, Figure 2.6B shows a slowly increasing phase towards� = 0:25 cy-

cles which corresponds to lower energy added for each impact. After the �rst bifurcation

shown, two branches of both maximum displacement and phase become visible, indicating

a period-doubling effect and one impact per period of excitation. Near
 = 2 :25, a second

bifurcation occurs, doubling the period again, into a period-four response. As frequency

increases past
 � 2:3, chaos emerges in the system. This period-doubling bifurcation into

chaos is also observed in quasi-linear impact systems and is typical of strange attractors

[70].

A shooting method based on the computation of a single cycle of the response was used

as alternative method to determine periodic solutions. This shooting method, which was

adapted from [71, 72] and is described in [17], can also be used to establish the stability

of periodic solutions by examining the Floquet multipliers, i.e. the eigenvalues of the

monodromy matrix. The result of this analysis corresponds to the lines in Figure 2.6C. The

stable solutions are observed to overlap with the results from the direct simulations. The

period-two and period-four bifurcations correspond to the loss of stability of the period-one

and period-two solutions, respectively.

The chaotic response observed in Figure 2.6A-B continues until a frequency near2:55.

Here, Figure 2.6A indicates a period of six, while Figure 2.6B indicates only four impacts.

This means that there are some periods of excitation that do not have an impact in this

period-six response. A similar pattern exists at the highest frequencies shown; the period-

three response has only two impacts per period. At the highest frequencies shown, the mass

moves to the second equilibrium, such thatxmax = 1.

2.3.3 Transitionfrom Intrawell Responseto Interwell ResponseasVelocity Amplitude

Varies

By modifying the other control parameter, the excitation velocity,V , another set of bifurca-

tions occurs as the system shifts between interwell and intrawell responses. At
 = 0 :85,
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Figure 2.6: Bifurcation diagram when
 is used a control parameter whileV = 0:07.
A. Maximum displacement of the mass within each cycle of the shaker displacement. B.
Phase of the impacts. Vertical red lines indicate values shown in Figure 2.5. C. Phase of im-
pacts for
 between 2.10 and 2.30. Continuous lines indicate predicted periodic responses
described in [17]. Thick and thin lines corresponds to stable and unstable solutions, re-
spectively. Blue, red and green lines correspond to period-one, period-two and period-four
solutions, respectively. As frequency increases, a series of period-doubling bifurcations
occurs until a region of chaos is reached. At higher frequencies, stability is regained and
the mass eventually exceeds the energy barrier and moves to the second equilibrium.
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these shifts are highlighted in Figure 2.7. In Figure 2.7A-C, atV = 0:11, a period-four

intrawell response with �ve impacts per cycle is observed while the mass moves within the

�rst energy well. As velocity increases toV = 0:12, the mass is able to escape the �rst

energy well. Here, the escape occurs only during the transient response in Figure 2.7D and

quickly converges back to the period-eight intrawell response in Figure 2.7E, forming a

transient interwell response. This initial overshoot implies that this transition to interwell

responses is dependent on initial conditions. Figure 2.7F shows the variety of impacts that

the mass experiences as it converges to steady-state. As velocity continues to increase, the

mass travels continuously between energy wells, which is shown in the continuous inter-

well responses of Figure 2.7G-I with a period-one response and a single impact per cycle.

Finally, atV = 0:15, the mass is able to escape the �rst equilibrium and remain in the sec-

ond equilibrium after a single impact att = 0, forming another type of transient interwell

response.

These transitions are detailed in Figure 2.8. At low velocity, a periodic response is

observed. As excitation velocity increases, chaos is observed, then transient interwell re-

sponses before continuous interwell and �nally back to transient interwell.

2.3.4 Classi�cationof SystemDynamics

In addition to the targeted results described above, numerical simulations were run for a

wide range of stimulus frequencies and amplitudes. The results of these simulations were

used to classify the response according to the map in Figure 2.9.

The three broad classes illustrated by the map include intrawell, transient interwell, and

continuous interwell responses. The intrawell response, where the mass oscillates around

its initial equilibrium con�guration, tends to occur at low shaker velocity amplitudes. In

these conditions, not enough energy is transferred to the mass in order to climb over the

energy barrier. The mass then remains oscillating around the �rst equilibrium and never

snaps through. At higher amplitude, the mass oscillates around both equilibria either con-
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Figure 2.7: Same as Fig Figure 2.5 for
 = 0 :85 as velocity is increased. As velocity
increases, a bifurcation from intrawell to interwell responses occurs.

tinuously (continuous interwell response) or for �nite duration before converging to the

2nd equilibrium (transient interwell). The shade of each cell corresponds to the response

period. Since the energy added or removed from the mass during each collision is depen-

dent on the relative phase of motion, the results shown here are only valid for this set of
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Figure 2.8: Interwell bifurcation occurs with increasing velocity with
 = 0 :85. Vertical
lines indicate values shown in Figure 2.7. At low velocities, the system is periodic. As
velocity increases, the response period increases towards chaos. Finally, the mass travels
to the second equilibrium in either transient or continuous interwell responses.

initial conditions.

Analytical equations were derived to approximate the boundary between the intrawell

and transient interwell regions, which occurs between three analytical curves of interest:

the single-impact threshold, the interwell threshold, and the quasi-static threshold. The

single-impact threshold is an approximate upper limit for intrawell responses. Above this

limit, the initial impact att = 0 is suf�cient to cause interwell motion because the kinetic

energy given by Equation 2.11 exceeds the energy barrier of the bistable spring,Ucr (see

Figure 2.1B). The single impact threshold in the shaker velocity amplitude is a constant
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value given by:

Vsingle impact =
1

4(1 + e)
(2.16)

Examination of Figure 2.9 con�rms that all points above the line given by Equation 2.16

are not interwell oscillations about Equilibrium 1 for the set of parameters. However, this

equation neglects the effect of viscous damping, such that it is possible for intrawell re-

sponses to be observed slightly above this threshold as seen, for example, in Figure 2.13

which is based on a lower coef�cient of restitution (e = 0:7).

The interwell threshold is derived by considering a best-case scenario for maximum

energy transfer to the mass and a series of approximations (see Appendix A). The following

constant value for the interwell threshold is obtained:

Vinter =
1
2

1 � e
1 + e

(2.17)

As this conservative threshold describes an in�nite set of collisions at ideal phase, all points

below the line given by Equation 2.17 are expected to be solely intrawell oscillations.

Finally, the quasi-static threshold curve is obtained by considering the response at the

lowest frequencies. At the low frequency limit, the shaker must push the mass to the

threshold quasi-statically, such that the amplitude of the shaker displacement must exceed

the location of the energy barrier,xcr = 0:5, to cause snapthrough. This analysis yields the

following equation for the quasi-static velocity threshold:

Vquasi � static = 0:5 � !; (2.18)

which corresponds to the oblique dashed line shown in Figure 2.9.

When no sticking occurs with low frequency excitation, many impacts occur per cycle

of shaker movement. Since the higher number of impacts severely limits the phase shift

possible before a grazing impact and thus source of chaos occurs, these responses may
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never converge to a periodic solution. One such example is shown in Figure 2.10A, where

the impact phase shifts slightly and aperiodically each cycle. At very low frequencies such

as in Figure 2.10B the mass and shaker undergo a chattering sequence after which the two

bodies remain in contact. As the shaker retracts, the mass separates and free vibration

resumes. Since the conditions for separation are exactly the same for each cycle, once two

sticking events occur, the response is guaranteed to be periodic with the same period as the

excitation.

Figure 2.9: By varying shaker amplitude and frequency, a wide range of responses are
obtained. Red, blue, and green regions are stable periodic orbits that snap through zero
times, one time, or multiple times, respectively. Lighter colors indicate a longer response
period. The lightest regions of each color are chaotic responses. The darkest green and
blue regions represent responses that converge to the second equilibrium. P-1, P-2,. . . , P-
6+ correspond to periodic solutions of period 1, 2,. . . , 6+ respectively. The horizontal and
vertical arrows correspond to the bifurcation diagrams shown in Figure 2.6 and Figure 2.8,
respectively.
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Figure 2.10: Examples of waveforms observed at low frequencies. A: A low frequency
response without sticking,V = 0:01; 
 = 0 :4. B: A low frequency response without
sticking,V = 0:01; 
 = 0 :25.

2.3.5 Analysisof theNotchin theIntrawell to InterwellThreshold

The theoretical results of Figure 2.9 exhibit a notch that appears in the region of
 �

1:2 � 1:6, V � 0:05� 0:07. While not as pronounced, the notch near
 = 1 :4 is also visi-

ble in the theoretical results obtained with a lowerevalue shown in Figure 2.13. This notch

is caused by the combined effect of a nonlinear resonance of the steady-state response of

the bistable system and of an overshoot in its transient response. At very low excitation

amplitude, a maximum in the steady-state response is observed when
 � 2. In this con-

dition, all impacts occur at a phase of0, as discussed in Appendix A in the derivation

of Equation 2.17. As the shaker velocity amplitude is increased, the curve of the maxi-

mum displacement of the mass (Figure 2.11A) veers towards the left due to the softening

of the bistable spring [5], such that two stable branches and one stable branch are pre-

dicted for period-one solutions for
 � 1:4. The stable branch of low energy corresponds

to impacts at a phase of approximately� 0:25 cycles (i.e., minimum shaker displacement)
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while the branch of high energy corresponds to impacts at approximately0:25cycles (max-

imum shaker displacement). Figure 2.11B and Figure 2.11D illustrate the convergence of

responses to the low energy period-one orbit when
 = 1 :35and to the high energy period-

one orbit when
 = 1 :45, respectively. Both low-energy and high-energy stable period-one

orbits exist when
 = 1 :4 in Figure 2.11D. However, the initial transient response tends to

overshoot the steady-state solution in all cases for the initial conditions used in the simula-

tions. In the case of
 = 1 :4, this overshoot is suf�cient to overcome the energy barrier of

the bistable spring, such that a transient interwell response with convergence to the second

equilibrium is observed.

2.4 Experimental Observation of the Nonlinear Dynamics of the System

2.4.1 ExperimentalMethods

We use the pendulum setup depicted in Figure 2.12A-C to study the periodic and chaotic

dynamics of a one-dimensional bistable system in experiment. The pendulum uses two

ball bearings at its pivot point to ensure low friction and stable motion in the plane of

oscillation, a lightweight wooden rod to act as the pendulum arm, and a 3D printed housing

that secures two vertically stacked neodymium (NdFe35) magnets at its end. Each of these

magnets is 15.88 mm in diameter with a 0.79 mm thickness and 6.53 N pull force. Two

additional neodymium magnets 15 mm under the pendulum bob determine the stable points

in the potential energy. These magnets are spaced 28.19 mm apart with diameters of 25.4

mm, thicknesses of 1.59 mm, and pull forces of 30.19 N. The total length of the pendulum

is 670 mm to reduce the pendulum's vertical displacement and maintain a small angle

approximation.

A 3-dimensional �nite element model that represents the experimental setup was ana-

lyzed in Ansys to validate its double-well potential energy. The natural frequency of the

system around the equilibrium position can be determined by the effective moment of in-

ertia around the pendulum pivot point and the equivalent torsional stiffness of the system
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Figure 2.11: A: Maximum displacement of the mass within each cycle of the shaker dis-
placement for calculated stable (thick lines) and unstable (thin lines) period-one solutions.
Simulated results (dots) exactly match calculated values forV = 0:005(black),V = 0:03
(red), andV = 0:06(blue), except when the simulation results converge to a higher-period
response or the second equilibrium in theV = 0:06case . Nonlinear softening is clearly ob-
served near
 = 1 :4. B-D: Examples of waveforms predicted around the peak of nonlinear
resonance forV = 0:05. C: A waveform that settles into a intrawell period-one response
with excitation at
 = 1 :35. D: A response that converges to the second energy well after
growing for several cycles with
 = 1 :4. E: Initial overshoot settling to a higher-energy
period-one response with
 = 1 :45
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