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SUMMARY

The preobability for capture of electrons from the various M sub-
shells is calculated using a V-4 interacticn in the Ferml theory of
beta decay. The results of these calculations are applisd to the
problems of':

1. Calculating the nuclear mass difference between the initial

and final states,

2. determining the order of forbiddenness of a unique forbidden

transition, and

3. caleculating nuclear matrix elements appearing in forbidden

non-unique transitions.

It is shown that for small transition energies, the mass
difference between the initial and final nuclear states can be, in the
case of unique forbidden transitions, determined with some precision.
The precision available depends cn the details of the transition, but
accuracies of + 0.00005 a.m.u. are possible over a2 fairly wide range
of conditions if an experimental determination of the M/L ratio with
an accuracy of 20 per cent 1s available.

For unique ferbidden transitions, the order of forbiddenness
can be determined from a measurement of the M/L ratiocs provided the
transition energy is sufficliently small. In fact, it is shown that
even a very rough experimental estimate of the MV/L ratio wildi
distinguish between first and second forbidden unique transitions

al small transiticn energies.



ix

The calculation of the nuclear matrix elements uses the results
of a theory developed by Ahrens and Feenberg. It is shown that by
using this theory, the nuclear matrix elements which occur in non-
unique forbidden transitions can be computed in terms of the M/L {or
L/K) capture ratios. Thus an experimental determination of these ratios
gives information concerning the relative magnitudes cf these nuclear
matrix elements. It is believed that this method for calculating
nuclear matrix elements is original in this work.

The calculations of the M-shell transition probabilities proceeds
along the following lines. The Fermi theory of beta decay is used to
write the most general Lorentz invariant interaction hamiltonian for
the transition. Experimental resu:ls are used to simplify the
hamiltonian to the V-A interaction. The operators in the interaction
hamiltonian are then expanded in terms of the irreducible spherical
tensors by the method introduced by Rose and Osborn. After this is
done, the transition probabilities are computed according to the usual
perturbation theory calculation, i.e. Fermi's "Golden Rule."

These probabilities turn out to be infinite sums over one of
the parameters which is introduced when the spherical tensor operators
are introduced into the interaction hamiltonian. Those terms of the
sum which contribute to allowed, first and second forbidden, and first,
second, and third forbidden unique transitions are explicitly calculated
in terms of the electron wave functions {evaluated at the nuclear
radius) and the neutrino energies. These calculations are made for.all

electron states which make appreciable contributions to the transition.



Except for the numerical values of f and g, the radial electron
wave functions, the form of the capture probability is the same for the

K shell, the LI sub-shell and the MI sub-shell. Similarly, the form of

the capture probabilities of the L (L sub-shell are the same &s

I IIIJ

for the M (M sub-shell. The capture probabilities of the MIV

II III)

sub-shell can be inferred from those of the Lyyy sub-shell. 3Jince the
capture probabilities for the L sub-shells have been previously
calculated by Brysk and Rose, and independently by Bouchez and
Depcmmier, the new contribution is the calculation of the contribu-
tion of the MV sub-shell. Nevertheless, all five M sub-shell
contributions were computed in the present work. This work verifies
the results of Bouchez and Depcmmier, but differs frcom the results

of Brysk and Rose by the sign of some of the nuclear matrix elements,

and by a small numerical factor in one c¢f the terms.



CHAPTER I

INTRODUCTION

Historical Sketch

The theory of beta-decay was first formulated by Enrico Fermi (l)
in 1934. His theory (which is still used today in slightly modified
form) is based on an analogy with the theory of electromagnetic
interactions in the emission of photons frem excited atoms (alsc due
to Fermi}. The calculations presented here are based on the present
form of this theory.

The basic process involved in beta decay is:
N>P4e +v; (1)
the basic process involved in orbital electron capture is:
Pt+e »N+wv (2)

which is the inverse to the process of betaz-decay. For this reason, it
is assumed that the interaction giving rise to orbital electron capture

is identical tc the interaction giving rise to beta-decay.

Definiticn of the Problem

The purpose of this investigation is to examine the contribu-
tion of the electrons in the M-shell to the process of orbital

electron capture. Beginning with the interaction hamiltonian for a



modified V-4 interaction (C,A + CVV) in the usual (cartesian)

A
relativistic form, this hamiltonian will be written in terms of
irreducible spherical tensors. TFor calculation of the transition
probablilities, only the square of the matrix element of the inter-
action hamiltonian is of interest. The sqguares and cross-product
terms of the nuclear matrix elements will be written in the notaticn
of Rose and Osborn (2). The lepton matrix elements will be written
in terms of reduced matrix elements and these will, in turn, be
writien in explicit form.

The electron radial wave functions for the M-shell elecirons
were computed (by machine computatlions) by Brewer, Harmer, and Hay
(3) from a Thomas-Fermi-Dirac potential with finite nuclear size
corrections.

Experimental data on the relative probabilities of M-capture
and L-capture (M/L ratios) can be applied to the problems of calcu~
lating nuclear matrix elements, determining the order of forbiddenness,
and calculating nuclear mass differences. These applications are

discussed in Chapter VII.



CHAPTER II

THE INTERACTION HAMILTONIAN FCR

ORBITAL ELECTRCN CAPTURE

General Form of the Interaction Hamiltonian

The Fermi theory cf beta-decay assumes a Lorentz invariant inter-
action hamiltonian composed of products of the usual Dirac matrices.
For spin 1/2 particles there are, in additicn to the four-vector (V)
coupling used originally by Fermi, four suitable cholces of operators.
These are designated scalar (3), tensor (T), axial vector (4}, and
pseudo-scalar (P) according to their transformation properties under a
Lorentz transformation. These operators are given below in both their
manifestly Lorentz covariant f'orm and in the usual Dirac notation. The
Dirac form can be obtained from the Lorentz covariant form by direct

substitution from equation (5)%.

= b=
Og =¥y" =3
- b
OV =Y “TF:LL = ia, 1
Op = Yoy =4S, -iga (3)
5 >
O, = i = 542, 3
_ 45 _ 5
Op = vy By
#* Specifically, for OV; YAYk = iak’ Y4Y4 =1
for OA: iY‘Z"Ykﬂr‘5 = (jky iY4Y4Y5 = iY5
for Go: oS = -ifa, iyl = ~iBo, 1,3,k cyelic.



The operators, Yp’ are the usual Dirac matrices given by:

v v 5 123 :
ety = 28, y) v =yt (4
The a and B operators are given by:
. k - 5”') =
%k T ~1yiy, B =", g = ~ya ()
Thus prior to 1957 the most general form of the interaction could be
written as:
= : + h.c. {£)
H=2 0 (NlOX]P) (v]OXIe) h.c (&)

where x takes on the wvalues S, V, T, 4, and P, and CX is a constant
(perhaps complex) which measures the relative strength of the various
contributions. The term "h.c." means "hermitian conjugate" and must be
included to make the hamiltonian hermitian.

The symbol ":" means that the two indicated integrations are
not independent, but that they are performed with their integrands
evaluated at the same point in space and also indicates a contraction
of the tensors. Thus when the integrals are written out, the ":" be-
comes a Dirac delta between the nucleon coordinate, ﬁ, and the lepton
coordinate, ;, and indicates the "dot" product of the matrix elements.
That is, it introduces 5(R-7).

This hamiltonian has been constructed in analogy with the hamil-
tonian describing the electromagnetic radiation from excited atoms. It
represents, physically, the destruction of an electron and the creation
of & neutrine {(the lepton term) accompanied by the destruction of a

proton and the creation of a neutron (the nucleon term).



However, in 1957 the fact that parity is not conserved in weak
interactions was established (4). As a result of this, the form of the
interaction had to be modified to allow for the non-conservation of

parity. With this modification it appears as follows:

5

H= 2 (N0, |P)s(v] (6 + Cly)0_le) + hoce - (7)

where the symbcls have the same meaning as before except that CX is the
"parity conserving coupling constani" and Ci is the '"pariiy non-conserving
coupling constant." Physically, this modification amcunts to allowing

a mixing of vector with axial vector and sczlar with pseudo-scalar states

) gives -i0 (—OP) etc. YS operating

since operation by T5 on Gy (0 N

S

on OT merely interchanges the vector and axial vector nature of the

elements of the tensor.

Simplification of ‘the Interaction Hamiltonian

Certain experimental results allow a great deal of simplifi-
cation of the interaction hamiltonian. Since the quantities CX and GX'
may be complex, they represent a total of twenty independent constants.
In this section it will be shown that, by using certain experimental
results, the number of independent constants can be reduced to four.

The Helicity of the Neutrino

First consider the effect of the operator:

5
-+ ]
Cx CXY
on the neutrine wave function ¢V.
(6_+ Gy ), = (C_+ Chgl + (C_ - C_)9] (8)
X % Ty X x' Py x %' Py



where:

+

9T = =(1 Ty . (9)

o

+
The wave functions ¢ are orthogonal since:

(L+)1-9") =14y -+ =¥ =0

The leptons assoclated with beta-decay and orbital electron capture

#*
obey the Dirac equation !

>

W= (a . p+pm)p (10)

where W 1s the energy of the lepton and ¥ its wave function. For the
electron, m=1 {in these units) while for the neutrino, m=0. Multiplying

the Dirac equation by i«r5/2w and adding (1/2)% gives:

g n m
P [2(1 W)t o BTl (11)
Since the mass of the neutrino is zero, the energy is numerically equal
to the momentum. Thus letting a represent a unit vector in the direc-~

ticn of the neutrino's momentum, the equation becomes, for the neutrino:

+

s =

o)

(1 ié.a)xpv . (12)

Taking 4 as the quantization axis, the component of 3 along 6 can have
only the expectation values +1 or -1. Hence g.a has the expectation
value +1 for the case where the spin of the neutrino is directed

parallel to a, and -1 for the case where the spin of the neutrino is

. +
directed anti-parallel to ae Thus the state ¢ corresponds toc the case

* Units such that e = c = = m, = 1 are used throughout.



where the spin of the neutrine is directed anti-parallel to a whereas
the state @ corresponds to the case where the spin of the neutrino
ig directed parallel to au

The helicity of a particle is defined as the scalar product be-
tween a unit vector in the direction of the particle!s spin and a unit
vector in the direction of the particle's momentum. Thug for the
neutrino the state ¢+ corresponds to a state of negative helicity
while the state @ corresponds to a state of positive helicity. It
has been shown by several investigators (nctably Goldhaber, Grodzins,
and Sunyar (5)) that the neutrino emitted in orbital capture (K—capture)
has a helicity of -1.00 + 0.15. The twc ccmpcnent neutrinc theory cf
Lee and Yang (6), and Landau {7), requires that the helicity be either
+1 or -1. Thus the helicity of the neutrinc is taken toc be -L. Since
neutrinos characterized by ¢ are not created by orbital electron
capture, transitions to this state must be suppressed. This can be
accomplished (since ¢+ and 9 are orthogonal) only by choocsing Cx = Ck.
The result of this is that the interaction hamiltonian for orbital

capture can be written:
H = %CX(N|OX|P):(\)|(1+Y5)Oxie) + h.c. (13)

The number of independent constants has thus been reduced to ten.
It should be noted that the condition CX = Ci in no way affects
the results of these calculations except that for arbitrary Cx and Cé

the quantity Cxcy which appears in these results would be replaced by
1
= 4ot
2(CXCy CXCy

ties give no information on the relative amount of parity non-conserva-

). In other words, experiments on total transition probabili-

ticn.



Helicity of Electrons in Beta Decay

In order tec reduce the number of independent constants still
further, consider the interaction hamiltonian for beta decay. As stated
in Chapter I the interacticn for beta decay 1s belleved to be identical

to that in orbital capture, hence:
— . 5
%-—%héPme)Jemglw)Iﬂ + h.e. (14)

Using the commutation relations (equation L) and the definitions of the
interacticon operators (equation 3) this equation can be written:

Hﬁ: ZE: C., (P[oxiN):(el(l—y5)oX[v) + ;Ei C, (P[OXIN):(el(l+v5)Ole)

x=3,T,P x=V,A
+ h.c.
In the limit of electron velocities approaching the speed of

light, the last term of eguation (11) vanishes (because the energy in
the dencminator becomes very large) whiie {since l;l > Was v~ c) the

first term becomes:

SN [

(1% 4-p)

where % is a unit vector in the directicn of the electron's mcmentum. But:
1 5 +#
= qfy ¥ —
SVr 0 7) =g .

Thus in the limit of electron velocities apprcaching the velocity of
light, ¢+ corresponds to electrons oriented with their spins directed
anti-parallel to their momentum (negative helicity), whereas o

corresponds to electrons oriented with their spins directed parallel

to their momentum (positive helicity).



Experiments by Fraunfelder (8) and others (9) have shown that the

helicity, P, of electrons emitted in beta decay is given by:

P = —v/c¢ in the case of (negative) electron emission,

-
0l

+v/c in the case of positron emission.

These. results have been verified (to within 15 per cent) for various
types of transitions. A complete review of experiments measuring the
helicity of neutrinos and beta decay electrons is given by Grodzins (10).

Since the electrons have negative helicity which approaches -1 as
v =+ ¢, transitions to the @ state must be suppressed. This can be

done by choosing:

CS:GT:CPZO

If the interaction for orbital elsctron capture is to be
identical with that for beta-decay, these constants must vanish in
that cage also. Thus only the vector and axial vector interactions

are present in orbital electron capture.

The Modified V-4 Interacticn

The interacticn hamiltonian can be written in the following

form:

==
|

= 0y (o () (v [ (1) o)

10, (0 ir*y ™ ? [2) s (] (L) 2y o) + e

W -0y 1P (o[ ()t [e) e hees (1)



The hermitian conjugate term corresponds to "positron capture” and
kence gives no contribution since there are no positrons in orbital

states. It will therefcore be omitted in the following calculations.

In the customary notation this becomes!
_ 2 | 5
H = (N]GV—GAY [B)s(v]1l4y7)e)
AL AL \
(N (0 ~Cpr Ve B)e - (v [(1+v7)d o) (170

A series of experiments conducted at Argonne Naticnal Laboratory
(11) and at the Atomic Energy of Canada latoratory at Chalk River (12)

indicate that the ratio of C, to GV is real. These experiments measure

A
the angular correlation between the electron and itne neutrino in the
decay of pclarized neutrons. The results of these experiments are

that the intensity of the beta radiation is given by the semi-empirical

relation:

-

A
Iccl+ac?~§+1v(A§+Ba+

o?-d +
b
Q>

. A . . . . .
where!: g is 2 unit vector in the direction of the npeutrinc momentum,

v is the electron velocity,

? is a unit vector in the direction of the neutron spin.
4 =-0.11 + 0.02 D = -0.04 + 0.07
B=0.88 + 0.15 a=0.09 £+ 0.11

A thecretical calculation, outlined by Konipinski (9), yields the same

equation with the following replacements:



]Cvlz - lCAiz
a - 2z 2
|c,1* +clc, |
2
. wz\cAl ; (CVCA* : CV*CA)
Ic,1* + 3ic, |
2
. +2|CA] ; (CVCA* : C,*C,)
[, 17 + 31C,]
. i(chA* - Cy¥C,)

= z 2
16,17 + 3[c, |
Writing CA/CV =p e'® where p ls real and positive gives:

B+ A= - 4PCOSC_nyy gy

1 +3p

D=- 28808 o 0.0, +0.07

+3p

The result for D puts the relative phase, g, equal to zero or 1 (to
within about 8 degrees). The result for B + A clearly picks the case

a = m. Thus:

Data based on the log ft values cof 014, A126, and 0134 give,

according to Xonipinski (9):

]cALZ/]cvl2 1.47 + 0.06,

hence

C, = -(1.21 + 0.03) Cy

11
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is real, C, and C,, can themselves be

Since the ratio of G, to C A v

A v
considered real since the wave functions are always determined only tc
within an arbitrary phase facter. Thus the number of independent
constants in the interaction hamiltonian has been reduced from twenty
to one. The two constants C, and C,, will be carried through the

A v

computations even though they are not independent.

Expansion of the Interaction Hamiltonian Iin Terms of

Irreducible Spherical Tensors

Writing out the integrations indicated in the above expressions
for the interaction hamiltonian (and evaluating the lepton and nuclecn
parts at the same point in space as indicated by the symbol ":" in the

notation of the preceding sections) gives:

H = jd3?d3§ N*(_ﬁ)(CV—CAY5)P(—§) 3(R-7) v (2) (1+r2)e(F)

- fd%ﬁ (R (Cmc,v7)a BT 0 (B3)V(E) (19 2)3 e(3)

where R and T represent the nucleon and lepton ccordinates respectively,
N, P, v, and e are the wave functions ¢f the neutron, proton, neutrino,
e
and electron respectively. I is the 3 x 3 unit dyadic and "#" means
hermitian conjugate.
The Dirac deltas can be expanded according to the prescription
of Appendix A. When this is done, the interaction hamiltonian beccmes:
#
# > 5{R-T) #, - >
H= 2 a2 W@ e 0 0 p e @9 [0%F BED ) n %) e ()16, 9)
LM V A L r L
)
;EI 3 5o > TM 3> §(R-r) *,- 5. >
- d”"k N (R)(C.~C,v )aP(RJ-§ (®@,¢)a"r v (r)(1+r Jae(r).
V TA J,l r

J,L,M

T L(8,). | (19)



—_

Using for f? I the quantity chosen in equation (A-4) of Appendix A4,
B

consider the guantity:

>N
5.0
I,L

*
By the definition of the sclid harmonics :

A Y ALC

Thus one cobtains:

G Sff - ZVLE(?)(%E)%%%)(nqm]lmm)
mn,q

3

ptM .
= (%)%%(m -4 B+ M|1LIM) yL({«‘) %““‘(o)

13

% Note that 7{11 () is given by:
o 2y _ /3% +1 3y _ =/ 3% 1 .
T, B = ()%, AR Ayl L CNE T SOE

From this it 1s apparent that 1}% (%) is a c-number, while ?% (3) is an

cperator (2x2 matrix) in Pauli Space.

For g% (3) one has
Y9GE) = (27 o, = (2)F (é_i)
Yy E) -

1 =, _ 3.3 1 ) _ + 1 (0
’1}1 (6) = - (E)Eﬁ(dx‘flOy) ——(%)2_@(0

|

—
foo

p—
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Defining (with Rese):
T, If(i,%) =2 (1L o+ M\lLJM)y“ + M (‘ﬁ)a"” (B) (20)
» -
N L
one obtains:
- M _ TEF M A2
3 @Y, = F LA (21)

The interaction hamiitonian now beccmes, in terms of these

irreducible spherical tensors:

3
L,M

4— ZIdeRdQ N*(R,Q)(CVY5 - CA)TJLM(
JiM

frzdr dw QL%EQl v*(r,w)(l + Y5)T

Here the resuits of equations (4) and (5) have been used. Performing

the integration over r gives:

5 e aef fss w0, - 09 0
ﬂdw R TRPIERRe 7 2t eta,m}

‘[R dR{ 42 N (R,Q)(CVY -G, )T

q

JLM

{Jowv"muwa « 08 e maf (22)
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The integration indicated above should, strictly, be carried out cver all
space. OSince the nuclear wave functions essentially vanish outside the
nucleus, however, this integration can be restricted to cover cnly the
nuclear volume. Since the form of the nuclear wave funciions i1s un-
known, the integration cannct be performed. This integration amounts

to an averaging of the integral over the rnuclear volume. Brysk and

Rose have shown (13) that the results are very insensitive to the

detaile of this averaging process; it is therefore satisfactory to
evaluate the integral at the nuclear surface. When this is done, the

interaction hamiltonian becomes (where R is now the nuclear radius):

R’ ;E: (CV CAY gé (R JIPJ{v[{1 + ¥ }é

é_ 23
Jﬁ (N|{c

or=C,) T MR B (1 + 97y 1" (3,8 e)

In this lasi eguation 1t is understocd that only the integration over

the solid angles remains.
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CHAPTER 11X

THE LEPTON MATRIX ELEMENTS

The Wigner-Eckhart Theorem and Reduced Matrix Elements

The problem of calculating the lepton matrix elements can be
simplified by taking notice of the results of the Wigner-Eckhart
theorem. This theorem assures that the matrix elements of operators

JL(K,Hﬁ) and 'y?(ﬁ) can be written as the product of a Clebsch-Gordon
coefficient times a "reduced matrix element." This reduced matrix
element is independent of the magnetic quantum numbers. It will not
be necessary to actually use the Wigner-Eckhart theorem since the
matrix elements will be calculated explicitly. When this is done,

it will be seen that the gquantity

*
defined by the equation:
M# M. - TR
(rley 1) = ()75 M 7 w)(tley ll), (24)

#
is independent of the magnetic quantum numbers, p, p', and M. The
symbol @ represents any of the operators occurringin the interaction
hamiltonian, j and p are the final state quantum numbers, and j' and p'

are the initial state quantum numbers.

* See equaticns (48) and (49).
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By using equaticn (24), the interaction hamiltonian can be

written:
It M
H_g() JJ”‘ M|J JoJy VHl‘*"Y §{J )He)‘PJ (25)
. . * A > M
- 43_ JKEM' (JeJ b MG Y3, uv)(v||(1w5)TJL(r,o)|\e) CH
where:

P = Wi, - 70 Yn (R)]P)

(26)
M3 5 M, A -
The interaction hamiltonian then becomes:
— M, . , . M 5 * oA
1= M, Tug iz, 7, e Gl Y@ e
(27)

A 2 ()T (8 o)ne)}

In the subsequent calculations the fellcwing shorthand notation will be

adopted for the lepton reduced matrix elements:

(VG TS (23D le) > (]| 1T lle)
(28)
VIO YT Blle) =~ 1G] )

—_

In other words, the arguments of T and y'will be understood to be (9,0)
and (D) respectively; the operator (l+Y5) will be understood, but not
written.

The probability for the capture of an electron from a given state

is proportional tc the average over initial magnetic sub-states and sum
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over final states of the square of the Interaction hamiltonian. That is,
it is proportional to:
i,

e
VN K

Ve

However, the guantity of interest i1s the probability for the capture of
any electron in the given shell. The shell is assumed tc be filled,
hence it contains 2je+l electrons. The probability for such an event
is thus prcportional fo:

M(K):-'ZF' Z

|H|*
v oe

(29)

where equation (29) is taken as the definition of M(Ke)v The symbol
L3 represents a quantum number which specifies both je and ,% of the

state under censideration. It is defined by:

o=

w=f if i=Q-

k= ~f-1 if i=A+

el |

Substituting equations (27) and (28) into (29) gives:

M(Ke) - ;;EIE%} %E: J;%% (_)M+M' (jeJ “e MljeJ jvuv)(jeJ'peM!|jeJrquV)

{2 2 71 " e
len? 3 )

M* _M! # #*
ATy eyl e
Ml _M#* 3 #* #

LA 2 et ) "lgl e }
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By anticipating the result that the reduced matrix elements are
independent of B and My, the sum over these gquantum numbers can be

made. Using equations (B-1) and (B-3) one obtains:

Hohy (je J Fe M‘je J jv pv)(je J! He Mr‘je J! jv “v)
2§+
= : (Godpe =0 133 IM(Godp =u 155 dM)
'W2M1N&Pﬂf“$v Ve e "vTe Ve e wvre
2 j,+1
= 4 1 1 D]
Toe 0W.d) (MM o (g 5 d)

where &(j 3 J) = 1 if [j -3 €355 +j,

0 otherwise.

The Kroneckerdeltas which occur in this result allow one to

perform the sum over J' and M'. Doing this (and making use of the fact
that since M = M' = integer, M + M' = ever integer) gives:
- 2 P21 2 2800 S oM
e J,M J 4, 2J+l J 9 L,L' 7JL JL
# * # é_ *_M #, L #
(VT o) vlimy ey - A8 sl (g e (30)

(il - 4 2l = vl fle) (v e } -

Explicit Form for the Lepton Matrix Elements

The purpose of this chapter is to compute the reduced lepton matrix
elements which occcur in equation (30). In crder to do this, it is

expedient to make use of the following relation:

vig'le) = (elalv) " (31)
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i.e., the hermiticity of the interaction hamiltonian. Writing out the
"reduced matrix element" corresponding to the last matrix element in

the above eqguation gives:
L . ) #*
(elafv)™ = (3,7 p, M3 T 3, w)(ellllv) (32)

*
where (eHQHV) is (as will be seen later) independent of s Bys

and M. According to equation (B-1) this can be written:

1

. Jomiq 25 4R .

(elalv)” = (- ¢ 7 [2 je+1 (37 ug M7 j e el . (33)
Vv

By comparing these results with equation (24), one obtains:

* Jomdy R iLtL 2
(v le) = ()7 ™ [2 jjﬂ} (el . (34)

Hence the lepton matrix elements which are of interest are those of the

form:
*
(elQ]v)

In order to write these matrix elements in explicit feorm, it
will be assumed that the electrons move in a spherically symmetric
potential. The wave function can then be separated into products of
a radial wave function and an angular wave function. The wave function

for the electron is written as follows:

W
i fKe(r) X Yo (w)
-
le) = . © (35)
[<]
e, (1) X (W
K
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where f and g are the radial wave functions and )( is the angular wave
function. The "i" is included in order to follow the usual convention.
That f and g are real has been shown by Rose (22)*.

The symbel ¥ has been defined previocusly.

Similarly, the neutrinc wave functions are given by:

“v 3
P, (1) X, (W
v) = v (36)
B
YKV (r) X V(W)
Ky /

Since the neutrino is uncharged the wave function is that of a free
particle. The radisgl parts of this wave functicn are therefore
spherical Bessel functions. This can be seen by substituting equation
(36) intc the Dirac equation with no potential field and observing that
the resulting radial egquations are spherical Bessel equations.

The angular wave functions, )(i, are given by:

X = 2o s 5w X

Yj“'T (37)

o= A

where:

m
Yf denotes the cordinary spherical harmonic,

)(I_denotes a spinor which tskes on the following twc values:
2

#More specifically, the ratic of f to g is real. The absolute phase of
the wave function is, as always, arbitrary.
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The functions . and Yo &re given by:
v v

K
_ v . .
CPK\J = ]—[Kv q Jf(_Kv)(qr) Y. 4 Jﬂ(Kv)(qr) (38)

v
where q is the relativistic energy of the neutrino. jf(+x)(qr) is the

usual spherical Bessel function given by:

3o(2) =3y Tpla). (39)

The normalization is such that there is one neutrino in a sphere of
unit radius, i.e.

1

S (p? + v*) r® dr = 1,
0
The lepton matrix elements of interest can now be written in

explicit form. In addition to the equations and definitions given above
it will be necessary to recall that, in the representation adopted, YS

can be expressed as:
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The matrix elements become:

9, Ko

(e]’%?(?)]v) :de (—J'.fKe X_Ez* gKe ):LL:*) YI; v

v
e, K

*
o b b * B
:y{dw Yf}“{fK ?, X_Ke X_K” e v, X.° XKV} (40)
e v [ v e v e Vv

3#* 3*
54,M, A _ . He He
Y1) = [ao ag, X0 g, X050 1)
e e e e
m
ig v
0 -1 Ky X-Kv (41)
-1 0O H
¥ v
K, XK\} ) )
he By By By
:+inwY?{f Tk X—K XK "8 P XK X—K }
e v [ V e v
* #
"
W 1 ig  YX_v
- M - -
SEACITDES LECERD AN G Sl Il
e Y X v
K K
v v
3
=]
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p * By, B ¥ Ky,
fdw{ K TIsJdL 'IKV —gKecpkv Xke T?I'[L I—k‘v Jz (43)

Recall that T(%,d) is an operator in Pauli space, whereas Y5 is an

operator in Dirac space.

Calcuwlation of the Reduced lLepton Mstrix Elements

Each term of the matrix elements given by equations (40) and

(41) contains the factor:
pr e
Jdu YIJ/I Xﬂ,( XK’
In Appendix € it is shown that:

J XP‘* X — 411 %(_)f' + ] _—%'[(2‘]'_}_1)(2‘?.'.1)(2']1_,_1)]%

(44)
CAJoc|ds £20) Wil T 1575 53)Y(5'T p' M[3'T5 p).

Using this result, and combining the matrix elements of equations (40)

and (41) gives:
1

(e (1) Y B [V) "= (4m) B (- e T [z ] TG e, mly g k)

{[@K fK (-)7”(2 1 1% g 3 ool 737,00 ul J 3, L, iy 9

!
My g () (20 4 E( 4 3 0018,3 4, 0 Wi 43,5 J)] (45)

t [o, g e FHF(0,0 0010, 5,00 We, 58,5, % 9)

Ly

_YvaK {-) (2X_e+l)§( feJ 00 | ;eJ Vo) W( Pe Soky 343 3 J)]}
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where the symbol -(e means the value of ,ﬁ associated with L and the
symbol_ﬁe means the value of [ associated with ~K, -
Similarly, cne observes that the matrix elements given by

equations (42} and (43) 2ll contain factors of the form:
p'*
‘rdu )(‘K T?L
In Appendix C it is shown that:
p* M B! T -
[dw I )( = [2L+1)(2;,'+1)(2J+1)(2JZ+1)] (-) (46)
({L 0oL £00) X(F1&5 3 354 L )31 T ' M| §1 T §p).

Using this result, and combining the matrix elements of equations (42)

and (43) gives:

JV ‘]e
(-) (3, #. M3 T 5k

m]»—-

(e|(1+y5)TM (%,8’)[v)* = 3—2—{—? [(2L+l)(2J+l)(2;] +1)]

{[cpK £ (2 Jg‘eﬂ)g (7,1 00| 7,1 7,00 X(&1%5 5, 7 33 4, L4y
v e

1
Y, 8. (24, ¥1)(f, L 0Of L £.0) X(5153 j_ J I 30, L [v)]

L - -
+i[cpK_ g, (24, +1)%(g L 00l LT,0) X(&1hs 5,7 3,5 417 ,)

[

-, f. (2 t1)%(1, L 00lg_ L 20) X135 j_ J i, g, L zv)]}

In order to facilitate the calculation of the reduced lepton

matrix elements, the following symmetric coefficient is introduced:

Z2(a b e) = (-)° [(2a+l)(2b+l)]% (ab 00| abe o) (47)
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The symmetry of this ccefficlent i1s apparent when it 1s expressed in

terms of the symmetrized V-coefficients. Applying equation (B~5) givest:
1
Z(a bc) = [(2a+1)(2b+1)(2c+1)] 2¥{abe; 000

In terms eof this notatlon the reduced lepton matrix elements of

equation (30) become (using equation (34) and (32)):

1

#* 1 Jy2
Wiy Do) = (4m)7= (=) 7 (25,12)

o

foc e, 07 80 W I, 50

= E$Knge Z(ge J Ev) W(ﬁe je Ev jV; % I

- - hY - . Y . l hY
"YK fKe nge J ﬂv) w(fe Jefv Jyi 2 JJ}

(VHT;LHe) = %‘? [(2J +1){2 je+l)] z

E - - 151 . . - a
{[$vake(—) ’ Z(?e L fv) X(zlz; Je J Jyi e L'ﬂv)

{ a1, .
#y g () B, LA K G0 1 L ¢)]

4fo, g, (OF

Z(f L g,) Xzl 3, 9 i, L A,)
v e

Qv - 1.1, = P
'YvaKe(—) Z(;?e L FV) X(zlz; Je J Jy? fe L Q‘V)]}
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For the actual calculation, these formulae were rewritten in the

following form:

% 1 1 ® -1
(ligglle) = (4m ™ 2(3, 4% (=)

{[¢Kv fKe Z(E;JE;) W(E;jv?é.e; 2 J)

woog, 2UTg) WA E )]

K ®

Vv e

i [@ g, IS4 W3, 0005 % 9)
v e

_YK fK Z(ﬂvJ Ee) w(gvjviije; % Jﬂ}
Vv e
1<+1<e+J+L+1+f

(vt lle) = 2 [(2J+1>(2je+1)]% (=) "

{[‘q’m Lo BAL Fo) ME 0,0 35 70 7

M B UL XEE; 5,9 55 AL g,)

g, Z(QLg) Xzlzs 37 5, 0 AL)

v e

+i[an

1l<.‘.J e

. £ UL g) Xeles §, T 04, L Pe)]}

(49)

The last result has been obtained by interchanging the elements of

X In accordance with the symmetry properties given in Appendix B.
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CHAPTER IV
THE NUCLEAR MATRIX ELEMENTS

Nuclear Matrix Element Combinations
The nuclear matrix elements which appear in the interaction

hamiltonian are (see equation 23}

W), YYR) |P) aije, ™ (R,2)19)
VyJ ) A “JL (50)
(N, Y HR)v|P) (v]gy T (&,-3)|P)

where in the last result, use has been made of the form of T?L and of
5 =

the fact that v7g = -a .
Rose and Osborn (2) have introduced symbols for the combinations
of nuclear matrix elements which appear in the square of the interaction

hamiltonian. This notation will te used here; it is as follows*:

(NIT?L (&) |p T?L, (R,B)|P)* = 1,(L,1'5 &,B) R-°

=™ =01

(x| W}(ﬁ>lP>(N|T§L<ﬁ,E>1P)* = 51,0 &°

R e 12 =k R

5y R e =K R

=01 =y =

leJ(R IRy &R e = £ g

#The symbol é}J is not intrecduced by Rose. Also, in Rose's paper the

non-relativistic replacements: Y5 > 3. p/M and -a > p/M have been made.
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Notice that the arguments of the spherical tensor operatcrs in these
matrix element combinations differ from those of the spherical tenscr
operators used previously in that the pcsition vector R rather than the
unit vector ﬁ appears. From the definitions of the tenscr cperators
involved, it is apparent that these equations can be written in terms

¢f the unit vector arguments as follows:

%(N]T?L(ﬁ,i) IP)(N]T}J’IL,(ﬁ,_E)]P)* = gL 1(L L1k B R6

Z oy d et &b = o et 10
Zlogyl®e)z - w2 kg (51)
IV DI e A

F PR I ED P = e e xf

Ir addition {following Rose) the following "short hand"™ notation is

adopted:

1.(L L 1R = IJ(L,E)

By means of these definitions, the gquantities:

2 oM 2 gFM* M % M* _M
& 125l JL S 1o Zm

which appear in equation (30) can be expressed in a somewhat more com-

pact form. These quantities can be evaluated directly from their



30

definition, equation {26). For the first of these, cne obtains:

r? %(NI(C ¢ YYMRy 1y # (] (comrZe ) M) | P)
v G Y HCyr7C) Yy

R® ZM:{(NLCV ﬁ(ﬁ)[?)* - (N[PcAg?(ﬁ)lP)*}

{oic, gy 1p)-ly’e, y R )}

R6§ﬂcvm<mg§<ﬁ>lpm +icA121(Nw5y§<ﬁ‘>lP>i"-}.

M 2
27y

i

In the last result, the cross product term vanishes because the cperators
in the two factors are of opposite parity*. In terms of the guantities

defined above this beccmes:

Z0e% = o2 ¥k, v e, P B K, (52)

In the same manner, one obtains for the second of these terms:

R R6'§m(PchA)T?L(ﬁ,a’)m*(wlwsor T (3

|
:UO\
=M
ety

il TR R - ot (R3) ip)

A

{c (8171, (R,8)|P) - cA(NiTﬁL,(ﬁ,EJIPJ}

*If one makes the very plausible assumption that the hamiltonian des-
cribing the nucleus is invariant under reflection of the spatial axes,
then the wave function describing the nucleus is an eigenfunction of
the parity operator. If this is the case, the nuclear states (initial
and final) have definite parity (though it may be different for the two
states). If the initial and final states have the same parity, the
factor which contains the operator of odd parity vanishes; if the
initial and final statzs have opposite parity, then the factor which
contains the cperator of even parity vanishes. In either event one of
the factors vanishes and their product is zero.s
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Ré%{lGVIZ(N]T?L(ﬁ,E) |2y (| T, L (R,3) |P)

He, lPOIE RS 1) i (B3 |p)

* M
+C CA(NITJL

M
. (

(R&y1p) |y, (R,3) P)

o0 T (A2 |2 "2, (A3 i)

H

#* #*
040, I (L1 @) + C,0y I; (L'L; 8,3)}
i
[y

Finally for the last of these terms, one obtaing:

g-(LL) {[cviz I (L0138 &) + [g,|? 1(LiL; 33) '
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(53)

2ot 2= 58 Tl (oyr7e,) 1 iy en (o o )T A3 1)

M J “JL

RO %ﬁCVIE(N]TgﬂL(ﬁ,—Z)IP)(NI??(IQ)[P)*
+ [0y 1212l (R3) P | Y R) (e »
- cpr, (NITY(R,3) (2 (n] 4R [P »
M M2 - MoAy L5 *}
- Cy0,* (N| T} (R,-a) [P)(N] r%(R) 77 |P)

_ R—(J+L){JCV‘2 JE(L,_E) + |CA|2%§(L,3)

R #(1, 5) = * -
Cy*C, I1*(1,3) - 0.0, ?J*(L, a)} .

(54)
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M(Ke)

Using the results of the preceding section, one can write the

expression for M(Ke)Aas follows:

a

M(x, ) = 2 z 2—‘]&{ 2 []c |12 K5 + 1oy 2] (V1Y ¥le) |2

I ig, &+l

16 n® z —(L+L!
teg o LR ) |:|cV|2 IJ(L'L;cm + o, [* 1 (LT 556)

£ 0pH0, THLILEE) + 00,% L)) (VT lle) (VITH )

L E (J+L) [Jc % J L “a)+ 10 | 2 QLJ L,5) - Cy*Cy JJ*(L,B’)

00" gL Gl el vy fe) (55)

 4r Z (741 [logl? 35(T,=d) + 16, 1% 4,(1,3) - oyc) 35 (L3

o, g WA (grle) Gzl

Time Revergal Invariance
It has been shown by Longmire and Messiah (14) that if time
reversal invariance ig to be preserved, the ratiog of the matrix elements
{(50) must be either real or pure imaginary. From the properties of the
time revergal operator, Rose and Osbern (2) have shown that if time
reversal invariance is preserved the prcducts of the matrix elements

of the following operators are real:
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YR, RS, WERD,  yld Y

Experiments conducted at Argenne National Laboratories by Burgy, et. al.
{11) indicate that time reversal invariance is preserved. Thus the

matrix element combinations:
7(L,3) ang f1(1,3)
are real, while the matrix element combinations:
JJ(L,E), }J(L,E) and  I(L'L;da)

are pure imaginary. Using this result along with the reality of
Cy and G,, one obtains from equation (55):
2j +1
o> AS ar =5 ]
Mkg) =4 jv1v2J+1{ R [ K+ 0,5 % | I VHé( lle) |

-(L+L") > .
9 Z;‘ [cvz I;(L'Lsaa) + cA’" IJ(L'L;do):l

(viiTs o) *(vliTs, o)

+ = 16 % ;EI c.C, I(L'L;aa) [tvnT lle) *(VHTJL,He - c.c]

9 L,L' "V'AJ
pdn 2o e 1) - 0,2 f03)] (oG xler vz lle)s - o.c]
n 2l o 0 [5,00,3) - £ 3] [(v1gsle) (sligy ey + c.c.]}

+



34

CHAPTER V

SELECTION RULES AND FORBIDDENNESS OF

TEE IRREDUCIBLE SPHERICAL TENSOR OPERATORS

Parity of the Irreducible Spherical Tensor Operators

In order to discuss the parity of the irreducible spherical
tensor operators, one must make the following definitions. Two states
are said to have the same parity if the "large!" ccmpenents of the wave
functions describing these states have the same parity. An operator,
Q, is said to have even parity if VF; has the same parity as V#;:.
The operator, Q, is said to have odd parity if Yg¥*2b, has opposite
parity from yp#*p,;. Recall alsc that the large and small components
of the wave functions, ¥, have opposite parity.

Consider first the operator %ﬁ?(ﬁ) = RJ Y?(8,¢)ﬂ Since this
operator connects the large component of Vg with the large component
of ¥4, and the small component of V5 with the small component of VY,
its parity is simply that of the spherical harmonic Y?(e,m), namely
(-)°.

Similarly, the operatcer T?L(ﬁ,g) connects the large component

of Y5 with the large component of Y3 etc. From the definition of T?L

M

T (R), namely (-)L

one sees that its parity must be that of
Now consider the effect of the operator YS. This operatcr mixes

the large and small components of Y» and ¥;. In other words, if one

sets:
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where L and S represent the large and small components respectively,
then '4’2*‘-!)1 = Lg¥Ly + Sp¥35; but IPQ*YS 1]11 = —L2*81 - SE*LJ." Since Ly
and 3; have opposite parity (as do Ly and Sgp) the operator Y5 has odd
M ,» > _ M, = > 5 L.
JL(R,u) = —TJL(R,d) v~ must have parities

(-)J+l and (—)L+l respectively.

parity. Hence ﬁf?(ﬁ) Y5 and T

Order of Forbiddenness of the Irreduecible Spherical Tengor Operatcers

The order cf forbiddemness of the irreducible spherical tensor
operators depends on two properties of these cperators. The first of
these i1s the R dependence of the operater. A4s can be seen from the
definitions of these operators, T?i(ﬁ,ﬁ) is propoertional to RP while
E;?(ﬁ) is proportional to Rq, where R is the nuclear radius (in Compton
wavelengths of the electron for the natural units). Since R is less
than 0.02 for atomic mass number, A, less than 260, each power of R
decreases the magnitude of the mstrix element by at least a factor of
50.

The second property of the cperator which affects its order of
forbiddenness ig whether or not the cperatcr mixes large and small
components of the wave functicns of the initial and final states. As
was seen in the preceding secticn, the operators Ef?fﬁ) YS and T?L(ﬁ,a)
do mix these components. Since the nucleons have velocities small
compared with the wvelocity of light, the small component of the wave

function is indeed small compared with the large component. For this
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reason matrix elements which couple Lg*L; + Sg#5; are large ccmpared
with those which couple Lg#*35; + Sp#Ly. This mixing of large and small
components has about the same e{'fecl on the crder of magnitude of the
matrix element as does increasing the power of R by one.* These

properties are summarized in Table I below.

Table I. Parity and Forbiddenness of the Operators

Operator Parity Order c¢f Forbiddenness

M2 J ,

) (-) J

M = > L

TJL(R,O) (") L

M = > L+l

TJL(R,u) (-) L+l

M, J+1

&) v (-) J+1

Approximations in M(Ke)

From the definition of TM

[, one sees that due to the triangular

properties of the GClebsch-Gordon coefficients, T?L = 0 unless J =L,
L+ 1. For a given argument, terms with L = J + 1 have the same parity

as terms with L = J ~ 1, but their forbiddenness is two crders higher.

# An alternative approach to this second property which illustrates this
fact 1s the following. It has been shown that in the non-relativistic

[ gda > >
limit the operator v~ _ﬁg, and a»-p/M where p and M are the momentum
and mass of the nuclecn respectively. Making the further replacement
E - —dﬁs, in effect brings down one additional power of R into the matrix
element. In this sense, the twc properties described above are similar.
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As a result of this, one would expect the L =J - 1 terms to be large
compared with the L =J + 1 terms in the sum, and the latter will be
neglected in the ensuing calculations. The case J = C is an exception
to this since the L = J = 1 term does not exist.

As a result of this approximation, equation (56) becomes:

) =2 21xv1{|:cvz Ky + 0,7 T 101 7gle)

6 _ -
+ 610 n? p-2 [@ 2 I, (1,3) + CAZ Io(l,c):]l(vHTnge)l2

9
¥ %— R [C Y0 ;'o l’d:I E"'“"j’é“e HTO]_He - c.c.,]}
Z% z;‘ o 527 l: VZ K. + czjfﬂl VH%*HG

J=1 (57)
2
p 60 202 o2 1(1,3) + 0,2 10,9 (vley e |2

Pt 1R g 15,0300 [vHTJ soler* Gz gle) - e.c]
- 41 gl [;VZ J,(3-1,3) - 6,2 ;LJ(J-l,Ed]
[(v||y§ne)(vnTg’J_lHe)* - mcv:l
2o.s, [5,65,3) - jJ(J,a] [(vil g3lle) vlis e * + ]}

Final Form for M(Ke)

Equation (57) still contains terms which can be neglected compared
with other terms in the sum. Consider first the case J = 0. The terms
IO(l,-o.’) end Jo(l,z) both have even parity as does KO’ but the order of

forbiddenness of I.(1,a) end of J.(1,a) is two, while K. is "allowed",

O( C 0

i.e. its order of forbiddenness 1s zero. Thus one would expect the
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magnitude of KO to be of the order of R_4 times as great as that of
Io(l,g) or Jo(l,z)a Consequently, these latter terms will be neglected
in the ensuing calculaticns.

Consider next the case J # 0. The terms Jla, IJ(J,E),fJ(J,E)
and QE(J'I’;) have parity (—)'H'l as dces IJ(J—l,;)E The order of
forbiddenness of IJ(J—l,g) is J-1, while the order of forbiddenness c¢f
X IJ(J,E) and %(J,E) is J+1 and thet of yJ(J-l,Z) is J. Thus
these latter four terms will be neglected compared with IJ(J—l,g)°

When these approximations are made, the equation for M(Ke)

beceomes:
M(x ) :KZ 2]Kv]{[cvz Ky * cAzij}J(vHé{gHe)lz

+ 55T K2 0,2 1,(1,8) [ (vliz fle) |2

- A gt cAzéLO(l,E) Evuyye) (vIT¥ lie) * - cqcil}

VAL
DL e o iy

J=1 K, 20 +1

* -2J

16 >
5 K70, 15(,0) [(viiTalle)|? (58)
16 n* _2-27 - >
+ 9'” R [cvz 1.(J-1,a) +¢,° IJ(Jul,d):I |(v|{T§,J_1He)|2
L G R (7,7=130,a) [(v]|T* - _lle)*(v||T* |le) ~ c.c
9 10 W AR At J,J-1 JJ e

P4 R 02 g (31,0) [(vHEr/gHe)(VHT‘}*,J_lHe)* - oe]
- 5 o, 5105 [ Gzt + 0.0 ] ]

This is the desired form for calculation of the transiticn probabilities.
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CHAPTER VI

CALCULATION OF TRANSITION PROBABILITIES

Expangion of the Neutrineo Wave Functions

In order to evaluate the lepton matrix elements which appear in
equation (58) it is expedient to expand the neutrinc wave functions
{(which are spherical Bessel functions) in a power series. From the
power gerieg expansion for the (cylindrical) Bessel functionsg and the
definition of the spherical Bessel functions (equation 39), one obtains:

_n 2L () g (59)
2% k! (2n+2k+1)!!

Since these wave functions are to be evaluated only over the nuclear

#
dimensions, it is sufficient to keep only the first term in the series.

Thus one cbtains from equatlons (38) and (59) the following form for the

#*
The sum for jn(z) can be written:

. _ Zn Z2
Jnlz)= (ant) it | ¥ " 2(z2nta) Tt -

Thus even for n = 0, the second term is smaller than the first by the
factor (1/6)z% which corresponds to {1/6)(qR)* in the wave function.
For q£ 2 the second term would make a contribution comparable tc the
contribution from transitions of one higher order of forbiddenness.
Since these contributicns have been neglected already, this approxima-
tion is consistent with the others.
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neutrino wave functions:

%,  TeJ (2p 0
(60)
fy
v v

By using these equations for QKV and YKV, orne can evaluate the
reduced lepton matrix elements which cccur in (58) directly from
equations (48) and (49). The Z coefficients can be evaluated directly
from their definitions and tables of Clebsch-Gorden coefficients such
as those found in Condon and Shortly (15). The values of the 2
coefficients which occur in the calculations are listed in Appendix B.
The Racah coefficients, W, are tabulated by Biedenharn (16). The
explicit forms of the Fano coefficients, X, are given by Rose (2).

The values of the reduced lepton matrix elements which occur

in the interascticn hamiltonian are listed in Appendix D.

Results for Mj(we) for Ky = -1, -2, -3; J=0,1, 2, 3

In this section are recorded the results of performing the
calculations indicated in equaticn (58). The first four terms in
the sum are evaluated (J =0, 1, 2, 3) for each of the sub-shells of
negative € which give an appreciable contribution. Corresponding
equations for positive K, can be obtained from these by making the
substitutions: f - g and g » -f.

In the following equations, the J'th term in the sum over J

of equation (58) is represented by Mj(Ke)'
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Transitions from the MI shell (Ke = -1)

_ 1l 2 2 2.2 A 2p-
M (1) -ﬂ[cv KO-!-CA'ij}qg + % o%R

+ % qung] - i21}§4; qZR_lCAz 90(1,3). g[f + % q_Rg}

"‘2 2 1 -
37 q’R CVZ Kl[f2 + 5 qRfg + 3 q°R*g? | + 43* qZI:CVZ 1,(0,a)

2 > 2
CAZ 10(1,c5)|:f2 + 5 oRfg

Mp(-1)

> g ,.-2 > 2 1
+ CAZ II(O,O)] g° + 5 a*R CAZ 11(1,0)[1“2 - 5 aRfg + ¢ quzgz}

1 - > 1
CVCA I1,(1,0;5,a) g[f - 3 qrg:l

-+

. 16 -
1’%.3 qu

8

. -1 - 1 -
13—%’fhﬁ1q21{ CVZ Jl(O,u) g[f+—3'quJ+3mq2RZ

+

CyCy J1(1,0) £=.

2 -2 2 L
Me(-1) = == R Ka[fz + 5 affg + 15 quZg{l

> > -2 -
+ 5‘,‘; q4 [CVZ Io(1,a) + CAZ 12(1,0)] g + 245- qZ*R CAZ I{2,5)

1 ._ 8 -1 >~
[f2 - % aRfg + 7% qZRZgz] t g R CiC 12(2,1;0,Q)g[f—%ng]

+

8 bl o2 > 1 4 2 b2 o
igy5om 4 B Gy Jzllsa) g[f 5 ng] t ey s AR, J2(2,8)10.

_ 1 6_-2. 2 2 , 2 1 2.2 2 A ] P -
MB(-l) = %555 4 B Oy KB[f + 5 aRfg + 579"k | + g5 a [CV 13(2,0.)

2 N 16 6_-2 | 2 >0 2 2 L 2,2 2
C, I3(2,0)]g +—4,725qR Gy 13(3,0)[f ~7qug+28ng:]

+

L 16 6.-1 > 1 :[ 4 b1 o
g7y a BT Oy 1503,250,0) g[f -7 ake] Hopapma BT Gy

+

> 1 8 6_-2 > 2
75(250) g[f vy ng] Y ormm A BT G0y I503:0) 1

M(l)“——ZL- 8 ¢ 2

(-1 =330z 4 © 14(3,3) g® + terms of higher orders of forbidden-
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Transitions from the MIII shell (Ke = 2]
oy = £ 4 2 [ 2 2,2 2 b 2,2
Mg( 2) = q C Ke |£° + 3 3 qhfg + 3 3 q*R°g ] + 3 q°R
[sz Ig(1,a) +C,7 12(1,3)] g + 4 CA?“ I15(2,5) [f2 - -;— qRfg

R ¢, 12(2,135,0) g[f - % ng]

.8 2.-3 . 2 - 4 8 2.4
+ i q®R 7 Cyf Ja(1,8) g[f+3ng]+5_|/2—n;qR 0.0,

71(2,3) [f2 _ % quzgz]

2 he=h o2 2 2p2 2 8 4 -2
My(-2) = 350 AR Oy KB[f+5qug+5ng]+45q
) > 2 =1 2, 32 4 ~4
[Cv 13(2,0.) +C, 13(2,0)]g + 375 4R A (3 a)

[f2 - -’;: qRfg + 5% q?‘R?‘gz] + i Z%W_' qA'R 3 .8y 13(3,—2;3,3)

1 . _ 8 -
g[f -3 ng] + 1 i§q$?-q4R 3 CV J3(2,u) g[f + 3 ng]
16 bp=h > [a2 L1 20522
t ey TF G, T503,0[0 - 55 o*Re ]

M(-z):—4ch’££‘2<32

525 3,3) g2 + terms of higher orders of forbid-

14(

denness.
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Transitions from the M, shell (Ke = -3)

_ 3 2.6
MB(*3) =t R

2 1 -
o K[ £2 + 5 qreg + ¢ o*R%g?] + 4 ofrt

16

2 > 2 > 2 10 a2.- 2 >
[CV 13(2,,a) + C, 13(2,0)]g +37a°R T Cy 13(3,6)

2 2 7 2oz .2 . 16 2. -5 e
[f -3 qRfg + &0 4 R g]+ i ‘37,'7; q°R CVCA 13(3,2,00.)
1 A 2.-5 2 - 1
g[f T3 ng] t 1.{77? q°R CV J3(2a‘1) g[f + 3 ng]
8 L.-6 - 2 2 2.2 2
+rm QR 00, J3(3,c)[f —quRg]

MA(—B) = & 4 4o

AZ 14(3,;) g? + terms of higher forbiddenness.

Transition Probabilities

In order to use the results stated above and/or to compare them
with experimental data, it is expedient to regroup the terms. The
transition probability for any transition is given by the sum of all
terms of the type given sbove. For any given transition, however, the
initisl and final states of the nucleus require that the nuclear matrix
elements of some of the terms vanish. Of the remaining terms, some will
be small encugh to be neglected compared with others. In order to
examine this situation, one regroups the above terms into combinations
of like parity and like order of forbiddenness.* The parity and order

of forbiddenness of the nuclear matrix element combinations can be

*By the term "parity of a matrix element!" (or of a matrix element
combination) is meant the following. A matrix element is said to have
even parity if it connects states of like parity, it is said to have
odd parity if it connects states of coppesite parity. In cther words,
matrix elements of odd operators have odd parity, etec.



determined from the parity and order of forbiddenness of the irreducible
spherical tensor operators (given in Table 1). For the nuclear matrix

slement combinations: K., IJ{;]-J,,Z), IJ(J,Z), IJ(J,J-l;E?,EI), I;(3-1,8),

and JJ{J,g), the parity is given by (—)J and the order of forbiddenness

is J. TFor IJ(J—l,;) the parity is (—)J—l and the order of forbiddenness
is J-1. The remaining twe nuclear matrix slement coembinations which

occur,]fo and éLO(l’;)’ have odd parity and are first-forbidden.
NE)
n

The regrouped transition probabilities, , are given belcw.

It is clear that M(we) which is given by:
Ming) = G Myle,)
is equally well given by:
M(x ) = Z [sé‘” + S(J} + S(J)] ,

e T J-1 T PI+a

{(J)

{where SJ+l

is significant only for J = 0).

Allowed (no parity change)

J=0
K, L, M3 S(O):quCZKng

1 0 T v
J=1
(1 >
K, Ly, Mp 85 ) = 4’3‘ q° GA2 I,(0,s) g*

Firgt Forbidden es _parity change

=0 (0) _ 1 2. 2 2, 4T =R > l.2, 2
M: s, “wd CA{j‘(Og SR IO(l,d)[f+3qug

+ % q"‘R?gﬂ - iz@ RL 9,0(1,3) g[f + % ng]}
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I=1
1 1 ~
K, Ly, M : sg ) = I q° Cvz{jR 2K, [f + 5 qRfg + = 3 q Rzgz]
a3 & ¢ 1R F08) 6ff + 5 ane]]

3] -2 > 2 1
+ £ q7? 0,7 1(1,3) [0 - 2 qreg + £ o*R%7)

First-Forbidden Unigue e3 parity change; J = 2

) _ 4 4 *
K, LI’ MI Sg ) ooy q CAZ 12(1;0) 82
. {R) _ 4 202 . 2 ) o2
Ly Mpoqt 5177 =34k ¢ Ip(1,0) g
2) _ 4 A >
My : sg = q CE I5(1,5) g°

Second-Forbidden (no parity change) J = 2

) si?) = 2 4 -2 2
K, Ly, Mp: = 75 q".0y ¢ R .,Ka_[f2 + 5 aBfg + 75 o q"R%g ]

+ l%ﬂ Ip(1,a) g* + iz lgﬂ b ae(1,8) g[f + 3 ngl}

_4_42 2 > 2 2 1 2.22
45 CA 15(2,9) [f —5qu‘g+15ng]

8 1 10m' 1
S'fz? {R J2(2 o] f +l 3 12{2 lyOJ ) g[f - 5 ng]}
A
5m

Lirre Mprpt g = v 3 9

+ 250 1,(1,3) g® + 1257 R 32(1,3) gl + 3 }
L 2.-4 . 2 > g8 1 <
+2q°R " 0, 12(2,0)[f 3 gRfg + = 9 q*R%g ] s 5oa 0,0,

{3-2 J2(2,;)[fz _ % quzgz] + 1gw R l (2,139,4) g[ 3 ng]}
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(no parity chapge) J = 3

(3) _

K, Ly, M; 857 =
A (3) _

LIII’ MIII' S =
Mv’ sé” _

gfﬁg & Jc,|? I3(2,3) g*
f% K2 1o, |7 1,(2,8) ¢

=% g R Jo, 17 1,(2,9) &2

3

Third Forbidden (yes parity change) J = 3

) {(3) _
1 My 53
28n

7

16
* 228

8

1 6 2§ -2 1l 2.2 2
= 257 @ 10yl {R [0+ 2 aree + 37 a7

I(Zu g* +12FR 20. g[f+—ng]}

6_~2 2 - 1 a2p2.2
"2 o, ]? 1,503,812 7qu+%ng]

6 -2 - 28TT
+ —15?5_{??(1 Cy* CA{R J3(3,o) £+ 1# 5 3\(3 235 o.)g

-2

) (3) _
1777 M1717° 5370 =
28

g

_32
T 315 9

n 16

ng]}

35n Ry IZ{R 21{3[1‘_‘ + % qRfg + == 15 a*R%g ]
1,(2,3) g° +12f%1? R_1J3(2,u) [f + = ng]}
R0, 17 15(3,8) [1? Squg+24ng]

br=2

-2 > 2 1 2.2 2
sy & & O CA{R 753, [r* - 35 a*R%]

128 -1 - > 1
+ 1‘J§R 13(3,2;0,0.) g[f‘ -5 ng]}
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- 8 -
Myt (3) = 7 R Ie IZ{jR K, [¢% + § qRfg + % 5 q Rzgf] 251 1,(2,a)8"

280" ~1 > 2 7
+i5T R J3 2,a) g[f + = qmﬂ}- 51 d ‘R™ JCAJZIB(3,0)[f2 - 5 affg + 5
qZRZgZ

8 2 a-z 2|, .J280 -1 e 1
+_H._, 0*0{3(3 a|f 15ng]+l 5 R 13(3,2,°<1) gEf—Bng]}

Third Forbidden Unigue (yes parity change) J = 4

. (4) 4 8 . 2 > 2

Ky Ly, My 537 T 33075 9 G L(39) g

. {4) _ _4 6 -2 .2 - F)

Lyppe Mppp? S3 525 4 Cp 1,03:9) &
. (4) _ L ho=h . 2 > 2
M, 3 537 =55 a"RTY 0,7 1,(3,0) ¢

Total Transition Probability

Even though the transition probability is given by the sum of all
of the above terms, at most three terms are significant. For transitions
in which the initial and final nuclear states have the same parity, all
of the nuclear matrix element combinations with odd parity vanish. The

transiticn prebability in this case is given by:

séo) + sél) + s§2) + séB) + .

For transitions in which the initial and final nuclear states have
opposite parity, the even parity nuclear matrix element combinations

vanish. The transition probability is then given by:

sgo) + sgl) + 352) + 3;3) + 5(34) + ..
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A given transiticn 1s characterized by a definite change in the
angular momentum of the nucleus, 8I. The nuclear matrix elements with
J <:[51[ vanish. Hence for a given transition, the sums stated above
in effect begin with the J = ISI] term. There are two possible
situations which arise. FBither the term with J = |8I] + 1 is two orders
of forbiddenness higher than the term with J = |8I| or it is of the
same order of forbiddenness.* In the first case, the hipgher order
term may be neglected; only one term in the sum contributes significantly

(i)

n

to the transiticn. In fact, inspection of the equations for 3 reveals
that in this case cnly cne nuclear matrix element combination, namely
IJ(J—l,;), contributes significantly to the transition. In the other
case it is not immediately clear whether the J = [6I| + 1 term is of
importance compared with the J = |8I| term. Brysk and Hose (13) indicate
that this term can be neglected, but experimental wcerk by Harmer and

Perlman (17) indicates that the s§2)

term does contribute, at least in
some cases, to ]51] = 1 beta decay transitions. In either event, terms

with J > |81) + 1 are of higher crder of forbiddenness and therefore are

negligible,

#
The case |51| = 0, yes parity change, is an excepticn to this. In this
case, the three terms:
st 4 st 4 g{®)

may all contribute.
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CHAPTER VII

M/L RATIOS AND THEIR APPLICATIONS

General Discussion of the M/L Ratios

A general discussion of the M/L ratios for the forbidden non-
unique transiticns is difficult due to the multiplicity of the
(unknown) nuclear matrix elements. This is not the case for the
unique transitions since in these trangitiong the nuclear matrix
elements cancel cut in the ratio of M/L.

Figures 1 and 2 display the M/L ratios for the first forbidden
unique and second fgrbidden unique transitions respectively for the
four values of Z, Z = 60, 70, 80, and 90. These ratios are obtained
by taking the sum of the ratios of the various M sub-shell probabili-
ties to the total L shell probability.

The L-shell electron wave functions used in these calculations
are obtained from the graphs in Brysk and Rose (13). The method by
which they were cbtained is described in some detail in reference (13).
The M-shell electrcon wave functions used in these calculaticns are
those cbtained by Brewer, Harmer and Hay (3). The method by which
these were calculated is described in reference (3). The significant
difference in the two methcods is that the L-shell wave functions were
obtained by taking Coulomb wave functions and applying corrections for
finite nuclear size and for screening, whereas the M-shell wave functicns

were computed directly from z Thomas-Fermi-Dirac potential which included



these effects.
From Figure 1 it is observed that for first forbidden unigue
transitions, the total M/L ratio approaches a constant value fcr large

values of the transition energy E This value is on the order of 22

EC’
per cent for all values of atomic number. As the transition energy
decreaseg, the M/L ratios increase and of course tend toward infinity
as the transition energy approaches the L-shell binding energy (the
threshold for L capture). From Figure 2 it is observed that for
second forbidden unique transitions, the M/L ratios have quite a
different energy dependence. For large values of the transiticn
energy the ratios approach a constant value of about the same magnitude
as in the first forbidden unique case. However, in the second forbidden
unique case, the ratios do not increase as rapidly at first (going from
higher to lower EEC) but finally become much larger at low transition
energies than in the first forbidden unique case.
Figure 3 shows the individual contributions to the M/L ratics
from the various M sub-shells for Z = 90. The shapes of the curves
are the same for other values of Z but the abscissais shifted slightly.
Since the binding energies of the MI and MII sub-shells are very nearly
the same, and since the form of the transiticon probabilities from these
two sub-shells is the same (as pointed out previously), their contribu-
tions to the M/L ratio have the same form (as a function of EEC) and are
#*
+M11/L. The M

plotted together as M contribution is only about one

1 11

¥
The symbol M1+MII/L would be more properly written as (M1+MII)/L, but

the accepted convention is to omit the parentheses.
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per cent as large as the M. centribution, thus the MI/L ratio can be

I

obtained by multiplying the MI+MII/L ratio by .99, while the MII/L

ratic can be obtained by multiplying the MI+MII/L ratio by 0.0l.

Similarly, the M 1 and MI contributions are plotted together as

1T v

MIII+MIV/L' Once again, the M. ., contribution is about one per cent

v
of the MIII contribution.

From these figures it 1s apparent how the two cases, first
forbidden unique and second forbidden unique, differ from one ancther.
Consider first the MI+MII/L ratios for the two cases. At high tran-
sition energies this ratio is about the same for the two cases.
Hewever, as the transiticn energy decreases, the MI+MII/L ratio begins
to fall off sconer in the second forbidden case. The ratio MIII+MIV/L
becomes significant sooner (at higher transition energies) in the first
forbidden unique case than in the second forbidden unique case. In

fact, the M +MIV/L ratio is larger for first forbidden unique

III
transitions than it is for second forbidden unique transitions at
all values of the transiticn energy until very near the L-capture
threshold. Thus as far as the first four M sub-shells are concerned,
the M/L ratios for first forbidden unique transitions would, at any
given value of the transition energy (except very near L capture
threshold) exceed the M/L ratios for second forbidden unique
transitions.

The contribution from the MV sub-shell, which is very small for

large values of the transition energy in both casses, beccmes the

predominant term at low energies in the second forbidden unique case
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while remaining small for the first forbidden unique case. This
contribution is so important that at small values of the transiticn
energy, the M/L ratio for second forbidden unigue transitions far

exceeds that for first forbidden unique transitions.

Equationg for the M/L Ratios

The equations from which the M/L ratios in this chapter were

computed are given below for reference.

My /L= = 1 S 11 Hp > (61)
ety tha g
ITI ~1I IIT TI11
A ay ey ta R )
MM /L = ITT "T11T v IV (62)
111 IV p 2 p 2 p-2 2
ap_ 8, ‘tay Iy tha g
I II "1I IIT "I1I
2 2
5 qMV gMV :
M,/L = “ (63)
v 2 2 -2 2
o e tof ff thq” g
I I 71T II1 TII1
In these equations, cne sets:
For First Ferbidden Unigue:
-2 ¥
A=9R", B=0, p=2
# g [8y|* -12
For first forbidden unigue, MV/L =% . MI/L<:5 x 10 MI/L
I

for all Z.
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For Second Forbidden Unigue:

AzBOR“z,B:225R“4,p:4

These equations can also be made to apply to second forbidden non-unique

(3)

P does not contribute. Under

equations in the event |qRg] églf] and S

these approximations, one needs only make the replacements:

S

g~ Sy (Kz)% 6 ¥ (2m)® CA‘(Iz) £

1

£ Gy (Ke)? 84 £ (2n)® ¢, (12)% ¢

where:

1
84 = g - (10n/3)% Iy f, A:C)R_z,B:O,p:Q,

and Og, Ty, and Jp are defined in equations (70), (69}, and (68)
respectively.

The numerical results of calculating these ratics for first and
second forbidden unique transitions for Z = 60, 70, 80, and 90 are given

in Appendix E.

Calculation of Nuclear Mass Differences

It is apparent from the graphs (Figures 1 through 3) that the
M/L ratios for the unique transitions depend on the transition energies.
This dependence is quite pronounced whenever the M/L ratio exceeds
abcut 0.3. Hence a good experimental determination of the M/L ratio
would, in these cases, give an accurate determination of the mass
difference between the parent and daughter nuclei.

Consider two examples. First suppose some nucleus is found to

undergo & first forbidden unique transition with an M/L ratio of
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0.40 + 0.08 (an accuracy of 20 per cent). This value is near the flat
porticn of the curve, nevertheless from these data, the transition

energy can be determined to be (choosing Z = 90 as an example }

370 tégo KeV. The mass difference between the parent and daughter
.. +0.00021
nuclei is thus 0.00038 _0.00008 &-m-u

As a second example consider a more favorable porticn of the
graphs. Suppose scme nucleus is fournd to undergo a second forbidden

unique transition with M/L = 10 + 2. Once again taking Z = 90 one

+1.5
-1.0

parent and daughter nuclei of 0.0000348

KeV. This gives a mess difference between

+0.0000016 _
-0.0000011 #+MY

obtains EEG = 32.5

Determination of the Order of Forbiddenness

From the graphs of the M/L ratios, it is apparent that one can
cbtain some information concerning the corder of forbiddenness of the
unique transitions. For small transition energies the second forbid-
den unique transitions exhibit a much larger M/L ratio than do the
firgt forbidden unique transitions (at the same transition energy).
This is due entirely to the MV gub-ghell whosge contribution is
enhanced at small energies in the second forbidden unique case
because the LIII contribution (in the denominator of the M/L ratio)
is suppressed, while at small energies in the first forbidden unique
cagse, the MV contribution is itself suppressed. In both cases, the
reason that cne term is suppressed is the fact that the conservation
of angular meomentum and the requirements on the parity of the operators

involved forces the neutrino associated with the transition to carry

off at least one unit of orbital angular momentum. This causes its
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wave function te vary for small R as (l/B)qua If the neutrino had no
orbital angular momentum this factor would be g. Thus this extra power
of gR causes the wave function to become small at small values of q.

Thus an experiment which would determine the M/L ratioc would be
of use in determining the order of forbiddenness of a unique transition
and would therefore help in assigning the values of spin and parity to
the initial and final states of the nucleus. Below 400 KeV the M/L
ratios for first and second forbidden unique transitions differ by more
than 25 per cent except in a relatively small region where the M/L ratio
for second forbidden unique transitions crosses the M/L ratio for first
forbidden unique transitions. In fact, around 100 KeV the ratios differ
by more than a factor of two.

An experiment which would be especially useful in determining
the order of forbiddenness for transitions at low transition energies
{below about 100 KeV) would be one which could determine the MV/L ratio.
As noted earlier, for first forbidden unique transitions the MV/L ratio

goes as:

12

M,/L = (9/5) {gy /gy )* <5 x 10777 M /L
v

Below 100 EeV the MV/L ratio 1s thus always less than 4 x 10—13 (for
Z2>60) for first forbidden unique transitions, while for second
forbidden unique transitions it is, under these conditions, always

greater than 0.029.
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Calculation of Nuclear Mstrix Elements and the

Theory of Ahrens and Feenberg

In this section the theory developed thus far for the transition
probabilities in terms of the nuclear matrix elements will be coupled
with the theory of Ahrens and Feenberg (19) and (20) in order to
calculate the relative magnitudes of the nuclear matrix elements which
enter the forbidden non-unique transitions. A calculation will be made,
as an example, using L/K ratios since no M/L ratios are known with encugh
precision at the present time. As will be pointed out later, M/L ratios
would be much better for such a calculation.

Following the suggestion of Ahrens and Feenberg (19}, one can

write:

J"TJ,J_l(—ﬁ,E) = Rt I%J(ﬁ)

This can be compared with the notation of Ahrens as follows. From (2)

#*
one obtains the following relationship:

>3 r [,
J1{0,a) (4n)3/2 R j .j a .

Prom the definition of JJ(O,E) this becomes:

J"'gi(ﬁ) leo(ﬁ,Z)* :(;3/% RJ% : ‘2—1 AU.ZJE *

:—i%-agéz R|f%|2MZ

#
Actually (2) has a different sign for J41(0,a) = -J4(0,p/M). This sign
appears to be in error.
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where, following Ahrens,

v

1 r_
QAO,ZIR

From (2) one also obtains:

e
-11]a

x
R

Using these relationships and the definition of K;, one obtains:

KJ_:Z%RZ

Tlo(_f)i,a)) = —i AGZ “lfyl(R)

From this relaticnship, one cbtains for the nuclear matrix element

combinations which appear in the theory:

> A%g%2% 2 -2
1,(0,a) = Ter ~ RO K =I'Z R “ K
(0,3) = +1 292 ply = 5 rrik,
4{m)*®
1,(1,036,a) = + A“Zi Rt J¥(1l,0) = -i I'y R_lJl(l,o)
4(n)?
Thus in general:
A
r,=-Aez (64)
4(m)®
The foliowing generzl notation is adopted:
I.(J-1,a) =TI? R2K (65)
J ! J J
T(J-1,4) = -i I, R X (66)
J ! T J

IJ(J,J-l;Z,Z) =i T R‘lJJ(J,Q) n (67)

J
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Thus it is possible to write all of the nuclear matrix elements in terms

#*
of the three:

K1 IJ(J,G), JJ(J,o),

In the following these will be designated simply as:

K I J.. (48)

J’ J7 J

In terms of these nuclear matrix elements, the transition

probabllities become:
sit)= 2 a*n 2o, %K. [r3+ £ qheg + T q*a%g? + 4nlieP+2vEi Pig(£45 qRg)]
3n v 3 3 3
8 2.-2 2 2 2 1l 2p2 2
+3 R Ic, | Il[f - 5 aRfg + 3 a°R g_]
248" -2 ¥ [2 . i
+ 25, Q'R 7oy 0y TPt 4Ty glf - 3 aRg)]
1 -2 1
=35 O°R ‘{lGVIZKl [kf +V4r Tig)® + 5 qRgls +947 Mig)+ 3 qaﬂzgz]
Sy # 1 2
215 oy CAJJ?(f+f4ﬂ Ty g) - 5947 T1 qRe
& 2 1
+=3 10y 1° Il[fz“ 5 aRfeg + ¢ qung]}
Setting 6y = f +-fZ;] 'y g this becomes:

1)_ 1 2.2 2 L 42 Vel
s{t= 2 g% {]cvlle[ef + 5 qRgby + 3 qQRZgz] FAVG Byt

1 1 |
[(f - 3 afg)8y + 3 ngf] i 8—;!(:&!211[1*2— % qRfg + 7 quzgzl}

The nuclear matrix element IJ(J—I,S) will of course still cccur in the

allowed and unique transitions, but this should cause no confusion.



Similarly, setting @5 = +1}lg Fgg we have for K, L, Mi:

7= & 451 4 {lcvl Ke|0F + 5 2 QRebz + 35 o *p2g?| + 2977 0y €, To

)
[82( 5 gRg} + qug] + 2nlc 1212 [f - £ qRfg + 115 quzgz]j

For LIII and MIII:

2
Sé ) 511 q R {lcvlzKE [92 3 ng92 + = qu.?.ng + 2420 CV CA Jo

[(f 3 qRg)Bs + % qugJ QWICAIZ 12[f - qug + % ?R?g? }

The form of these last three equations indicates that the S's are

almost perfect squares when one recalls that:

2 _
JJ = KJIJ s JJ real

Making use of this fact, one can write these equations in a form which
will facilitate the computation of the nuclear matrix elements from the
capture ratios.

for X, LI’ MI:

sit=2q* & «{IGVI 01 + 2 ang] "+ 2\EE o ¢, 31 [i7 - 3 amedes + 3 aret]

8
VB oo [ - Lase] + Jogim 2 et + & oy1°n 3 0%’}

2 g 1 &n
§q2-R%g2 [c; K, + 2Ec Oy JTaky 5+ ci 11]}

+
i~
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= 5 qu—z{[CV“ﬁ; (61 + 5 qRe) +-/_' ¢, 11 (7 - 5 e
9qR22[vﬂ— 81’r A‘/_]}
For K, Ly, Mt
s{?)= 4—% q4R‘2{c§ K, [ee : ng] + 2427 60,05 [f - % aRg)6a+ % qP..fg:l

+2n G} I [f - % qP—g]2+ 3% qZRZgZ[C\Z; Kz + é (2n) cf Ig]}'
= & q4a‘2{ [cyy%e (82+ 5 aRe) +y2n ¢, {T2 (£ - 5 wwel]
B%q [CV K2+— 2m CA-{_'] }
117’ “1ir

5" =35, 'R 4{0 o [8et 3 ng] + 242 oyt [(f - 3 aRe)et qyfg]

+

2
an CAZ I [f - % ng] + % q*R*g? CV?«KE}
2
5 qu—L{ [0y 82 (82 + 5 are) 427 ¢, T2 (¢ - 5 qRe]]
%quzgz CV Ko [CV{K_; 2'{31? CA‘[_I_;]}

In the above equations use has been made of the fact that CV and

W=

+
I+

CA are real. The upper sign is chosen if JJ is positive, the lower
gign if it is negative.

In many cases |qRg|&|f|. This is true if q£200 KeV. (For
=250 KeV. ]ng] amounts to about 10 per cent of |f| or less). When

this approximation can be made, the above equations simplify to:



o4

1)1 -2 3 813 z
si*) = 5k g% B2 [o (500 8, x (D7 o, (1%

S8 = 2 gk 57 [o(6)% 6, 1 (20 0y(10)7 €]

For LIII’ MIII:

si?) = 2 g% 4 [0,(8)7 8 + (207 ¢, (1,)* £]?

As an example, the nuclear matrix elements of 7605185 are
calculated below.® This isotope has been carefully studied by Johns
et al (21). They find the L/K ratio to be 1.04 + 0.04, and the energy
for the transition to be 112 + 7 KeV. The L and K shell wave functions

are obtained from the graphs in (22). A is evaluated from the result

given in (19).

f(LI) = - .16 g(LI) = .69 Boo = <219 1 .014
F(K) = — .45 glk) = 1.75 ag = 38 + 7 KeV
qLI =99 + 7 KeV
L
B = € + (4m)*lyg = 1 - A gz g=f - 276 A g
1/3
A=1+(AM+ 1.5) %_ =1+ (1.72 £ .01) ég% =1.13
91 =1 - .309 g
91(1{) = -1.0 el(LI) - - 937

(2)

#
In these calculations, it has been assumed that Si7’ is negligible

(1)

compared with S{i77.
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2
L fay) [ou o 8@ %”— ¢, Y11 £(L)
K Jag | [y {B7 Oa(K) 2 & C, yI1 £(K)
(1.04 + .0 j % 38 + 7| CV1IK1 0,(L) + V§% CA{E? (L)
(04 2 .04 99 + 7] CV{}’Q 8, (X) i]ﬂ%" CyfTr 1{K)

Set

-~ [pel(K) - el(L)‘J i)/%t? ¢, Y1z [pr(x) - f(L)] =

O |Q
[l fe

_ 38 + 7
= (1.02 + .02) [ ] 9+ .05

N (A LR VTS IO A

o 3 p B1{K) - 0(L)
B (.39 & .05)(—.45)= .16) “ _ 34 + .03) 2
=11.7 I, [(_39 — )( F ] = 11.7 I, [m]

(2.3 + .2) 1,

The errcor quoted above does not take into account errors of any kind in
the lepton wave functiong. Assuming an error in the electron wave

function of the order of 10 per cent, the result would become
Kl = (2.3 i 06) Il

In order tc investigate the case of Second-Forbidden transitions,

one must use the extension of Ahrens' theory given in (20). Here Ahrens

fA.. - 220 R’lfﬁ..
ij 2 ij

gives the relationship:
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From the table in (2), once again with the change in sign for Jz(l,a), one

obtains:

1

?
Ta(1,8) = - (sn 3/2 J 13.[ 81T)3/2

= SﬂIJ‘Rijlz 12(1,3) = 64ﬂ JJ,AIJ

[%@ JTQI(_ﬁ,;)* =+ 13—37‘%-%“—, aZAR f;qg(mf‘z/g

TEI(E;E) = -1 71\%7 R_lfyz(ﬁ\)

173
Aa®7? -2
3
— . AaZ -1
Jo{l,a) = + 1 _?Tﬁﬁ' R 5
R

azd -1 2
> E lfRijl

(70)



The M/L ratio has one definite advantage over the K/L ratic for
applying the calculations cutlined above to second forbidden transitions.
Namely, since the K electrons are often bound with energies which are on
the order cf the transiticn energy, the value of g for the K-capture

neutrino is quite uncertain due to the uncertainty in E_..* For

EC”
example, the transition energy of 93Np235 is wusually well known. Its
value ig E_, = 123 4+ 1 KeV. Nevertheless the value of the energy of

EC
the K-capture neutrino is 4.4 + 1 KeV (after subtracting the well known

binding energy). If the M/L ratio were known for this decay, however,
the g which wculd be of significance, i.e. whose value would limit the
accuracy of the caleulation, would be that due to L-capture. This value
is 101 + 1. Thus the errcr in qar, is 1 per cent whereag the errcr in Ay
is 23 per cent. Thus calculations of the nuclear matrix elements cof the
type described above for the second forbidden transitions are limited
only by the accuracy of the M/L ratios and the accuracy of the electron
wave functions at the nuclear radius provided a reasonably good value
of EEC is available.

If both the L/K and the M/L ratios were known for a given tran-
sition, one would be provided with two equations in twc unkncwms. He
would then be able to calculate the absolute value of the nuclear matrix

elements (provided cof course that the numerical factors did not render

these equations linearly dependent).

#
Recall that the neutrinc energy in orbital capture is given by:

q = Bpg - BE

where BE is the binding energy of the captured electron.
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There are at present only seven second-forbidden (not unique)
transitions (which the author has found in the literature} which are
fairly well established. These have been established by the spins of
the initial and final nuclear states (which are questionable in some

cases) and the log ft values. They are:

0130, 1a137 P M3, 41Nbgl, 43T097, 25Mn539

17 572 28T 2
There are many isotopes which are kncwn to decay by orbital capture but
for which either the initial or final state angular mementum ig unkncwn;
scme of these are probably second-forbidden transitions alsc.

In order tc calculate the nuclear matrix elements one needs to
know the decay energy (EEC) and either the L/K ratio or the M/L ratio,
preferably the latter as explained above. The following table shows
the presently known experimental results:

Table 2. Transition Energy and L/K Ratio
for Certain Second Forbidden Transitions

Isotope L/K EEC
36
l?Cl 380 KeV
.53 .
25Mn 598 KeV
28Ni59 1070 KeV
91
41 _ 1200 KeV
42M093
o + .14
43%¢ 2l _ 10
L 137
a

57




No M/L ratios are available for these decays. The angular momentum of
the daughter nucleus is known by actual measurement {except in the case

of 0136)

, but that of the parent nucleus is inferred from other data
(except for Mn53).

Thus it seemg that more experimental data are necessary for
the determination of the nuclear matrix elements in second forbidden
decay by these methods. In order tco make these calculations both
the M/L ratio and the transition energy must be known fairly accurately.

In fact, for any useful calculaticns alceng these lines, these two

quantities must be known within about 5 or at worst 10 per cent.
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APPENDIX A

EXPANSION OF THE DIRAC DELTAS

In this section two identities will be established between the
Dirac deltas and the spherical harmonicg. The firgt of these is:
> o - M#
5(h-7) =HBE=x) § (@ ,8) 7 (8,9)- (4-1)
r L,M
- i . . . YM
Let f(r) = £(r,8,p) be an arbitrary function. Since L(G,@)

form a complete set, one can write:
23) = ) 5, (r) ¥H0,0) - (a-2)
2,m

Thus cone can write:

fdf*; ()| SLEST) 3 W@ .9 8,0
L,M

2Mm O
= 8(R - r) M #
j()fo/o E’Zm fﬂ’m(r) YT(B,CP) 2 I;M YL(@ @) YII‘:I (0,9)

r? dr sin6 49 de

Changing the order of summation and integration, performing the
integration over r, and using the orthonormality properties of the

spherical harmonice, one obtains:

2 #*
; LZ’MJ(; fo fp,m(R) Y}“(e,rp) Ylf (0,9) sin © dB do YIE(@ @)

= ).t (R TH® ,8) = (R
LZM L,M L@ .0

»

Thus the right hand member of (A-1) satisfies the operational definition

of the Dirac deltaj hence (A-l) is proved.
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In a similar manner, it will now be shown that:
- -
2 > §(R-r) M M*
T (A7) = 25 E@JLc@,m@)JLte,w (4-3)
r JLM
TM
whereébJL congtitute any coemplete, orthonormal set of vector functicns.®

-
As before, let ?(;) be an arbitrary function. Sinceéﬁ?L f'orm a complete

set, one can write:

1) = j;m fopm(t) @Y (8,9)

*
The direct (or dyadic) product of two vectors, written
- >
4 B
with neither a dot nor a cross between them, is represented by the tensor:

-

A B A B A B)
XX Xy X Z

B= {AB AB AB
yx vy ‘vz

oy

L B A B 4B
Lz x 2y z gz

—

A third vector, %, dotted into A 3 is given by:

- > - -, =
« A BR=(V+4A)B.

=3¢

—_

INGIEN)

=
1

Similarly: 1R -

-
The unit dyadic, I, is represented by the tensor:
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Thus one can. write:
Jor 2 | e Zcﬁ}“L(@,;zﬁ) f)}“ﬁ(e,w
:jd:ﬂ; 2 %w,) —(&J z 8,9) PI(@ .9

o
Z Z [21]” i?o (r) 8(R-r) dr(ﬁnfl (G,CP)°(£M*(9;<P) 516
T g Jo Jo Jo i JL

a0 do @?L(@ 8)

ZfJLM @ .8 = £(R)

JIM

It will prove expedient to choose the following representation
M
for étﬁL .
F M _ m A
Qe = )y & Llamiamw (4-4)
m,q
. m, — L A A = .]—‘ 2 s A 2 = "
where: %jL(B) =B YE(B), and €3 = - vET(eX+ley), e, = e,

A

_ 1l /A A . -
e_; —151(ex—1ey}, (LLqm|lLJM is a Clebsch Gordon coefficient.

That this choice satisfies the requirements on(jS?L can be seen as

follows.
P21 B
E: 2T x \
4(9,0). DM (8,0) 5inb a6 dp = f[ 2(8,9) 1 (6.9)
m,q m',qg' 0“0
3
%q . éq, (1LgqmlLJIMQL g n 1L J M)
AH A
= }: E: 8(m,m') 8(L,L'} e .e (1LgqmlLJM(1Lgmn(lLJM)
mm' q,q' q q
= ZZ: (L' (1 Lgm)lLJM{1LqgmlLJIM)
m,q
. . A A _ . A A _ . A A _
Since: eq a eq = 13 eilf € 0; ez . e“l 0
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Using the orthogonality properties of Clebsch Gordon coefficients (which

are discussed in Appendix B) this becomes:

T2T -
j Pie.w)- DL 18,0) sind ap = B(L,L1) B(MM) 8(5,57) A(L,L,0)

000

where A(1,L,J) =1 if |[1-L|£J2 |1+L}

0 otherwise.
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APPENDIX B

SOME PROPERTIES OF

VECTCOR COUFLING COEFFICIENTS

Clebsch-Gordon Coefficients
The following properties of Clebsch-Gordon coefficients are
proved in Condon and Shortly (15) and/or by Racah (18). Only the
results will be stated here.

The Clebsch-Gordon coefficients are defined by the relation:

by, J1 jz2 J m) ::gi'%; (J1 J2 my mp|j1 J2j m) »Tv, J1 Jo my mg)

where | describes a certain state of a system of two particles in terms
of the guantum numbers: v, the energy of the system; Jj; and Jjs, the
angular momenta of the individual particles; j the total angular
momentum of the system; and m, the projection of j along z; and ¢
describes the same state of the system in terms of the guanium numbers:
Ys Jis Jes and my and mp, the projections of ji and Js respectively
along z. BExplicit forms for these coefficients are quite lengthy.
They are unnecessary for the present calculations, but can be fcound
in (18).

The Clebsch-Gordon coefficients satisfy the following symmetry

properties:
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i1 tie—=T . . . . .
(=)9179270 (50 50 mp my|ip J1 J m)

(j1 Jz2 mg mgljs Jo J m)
1%
ot 2jtL . . s s
= (-)J2"e Li%:ii (Jg § -mg mlia § J1 m)
o1 (B-1)
g . . . 3 3 W
2ip+1 (J Jim-mlj j1 Jo me)

i14i2=d (s« e
= (=977 5y e omy me) d1 d2 5 m)
The Clebsch-Gerdon coefficients satisfy the following orthogonality

properties.

1 1 ) )
j%% (jr Je memglis Jo § m)(J1 jo my mgliy jo J m) = 5(my,m1) 5(m2;m2) (B-2)
{ )

T ..
mlmz(jl jz mg mglis Jo dm)(i1 Jp myomgliz Jo Jm) =08(4) 8(mm)

8(31, Ja, 9 (B-3)

where A(jl, Jas j) =11if in_jBI £ J £yt Je

0 ntherwise.

1]

In the special case where all of the magnetic quantum numbers
vanish, the Clebsch-Gorden coefficients reduce to the following explicit

form:

(i1 J2 00]31 32 jO) =0 for ji + ja + j odd  (B-4)

for j1 + js + J even.

e !
(g - j1)ig - jg)ilg - J)i
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where: g =%(j1 + jz + 3)-

Symmetrized V Coefficients

For some applicaticns it is expedient to write the Clebgch-Gordon
coefficients in terms of a different set of coefficients defined as

fellows:
Ce _ JHR .o\ =F X C
V(j1 jg i3 mp mp -m) = {-) (2j+1)°° (31 Jg my mpljy J2 J m) (B-5)

These V coefficients satisfy the following symmetry relations:

(_)a-?-b-—c (_)a+b+c

VW abecyapy) = V(bac; Bay)= Via c b; a v B)

2c

(-)37P%C Vibeca;pva

(_)2b

cbajypa) = Vic a by yap)=(-)

( _ ) a+btc

= (-)2Y Vibac; =-p ~a =y} = V(a b ey -a -p -¥). (B-6)

The V coefficients satisfy the following orthogenality relations:

E: (2e+l) V(a becsa By) Viabe; a'B'y) = 8(a,a’) 8(,B) (B-7)
CaY

5{c.c') 8(y,y")
2c + 1

Ej Viabe;apBy) Viabe'; apy!) = ala be). (B-8)

ap

In the event that all of the magnetic quantum numbers are zero,

these reduce to the following explicit forms:



V(a b ey OO 0O)

I
o

if & + b + ¢ odd

(3-9)

= (~)8 [(a+b-0)l(a+c—b)!(b+c-a)£ ]%
(atbte+l)!

-
(g-a)1(g-b)!(g-c)!

ifa+b+c¢ even

where g = %(a + b + ¢).

Racah Ceefficients

The HRacah coefficient W(abedjef) is defined explicitly in
reference (18). The following properties of the Racah coefficient

(which are derived in (18)) are of use in the present calculations.

(_)e+u+ﬁ V(abeja, B, -~a-B) V(edcs o+, &, -a—B-6)
(B-10)
= %;(2f+1) ()T y(var; B, 5, --8) V(afes o, p+8, —a-p-5)
W(abedjef)
%(-)e“f***ﬁ V(abe; a, B, -a-B) V(ede; ath, y-a—f, -r)
(B-11)

V(bdf; B, v-a=-B, ~v+a) = V(afc; a, y-a, -v) W(abedjef)

The elements of the Racah coefficients may be either integral or half-
integrel, but the following triads must have integral sums and be
triangular:

abe cde acf bdf .
The following symmetry properties apply:

W(abcdjef) = W(badcjef) = W(acbd;fe) = W(cdabjef)
(_)e+f—a-d

(B-12)

etf-b-c Wl

W(abefjad) = (-} aefd;be) .

77
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The X-Coefficient cof Fano

Yet another coupling coefficient of use is the Fano X~coefficient
defined by the relation:
X{(abcj;defighi) = (-)E g (2s+1) W(bdcg;sa) W(dbfh;se) W(gchfisi)  (B-13)
where E = atbtctdte+f+g+ht+i
This coefficient has the following properties. If it is written
in the follcwing form:
abec
X | def
ghi
the interchange of any two rows or any two columns multiplies X by (—)E.
Interchanging rows and columns (transpose) leaves X unaffected. The
elements of any row or any cclumn must satisfy the triangular inequality.

Explicit forms for all cases of interest in these calculations are given

in reference (2).

Products of Spherical Harmonics

The product of two spherical harmonics can be expressed in terms

of a sum of spherical harmonics by the relationship:

-

. ' _ (241 (2414 |
Ym(eyq)) Ymr(e’q)) - I;\{[(Z,ﬂ (RL+1) .|

(B-14)
(L mn L L L@ L 00lff LO) T(8,0).

From this and the orthonormality properties of the spherical harmonics,

the following result can be obtained:
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j;iw If,’(u) Y?,'(U) Y;l:(u) = (_),(’—m~mn [2!;\;1] 2

(B-15)

(1!1/{_111" _ml,(”ff’ ml)(ffr OOI{I'I" 0).

The Z Coefficient

- The following values of the Z coefficient defined in equation (47)

are used in the calculaticns.

zZ(000) = 1 z2(112) = (6)%
z(011) = ~(3)% Z(123) = -3
2(022) = (5)° 2(222) = -5(2/7)
2(033) = ~(7)? 2(233) = 2(7/3)°
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APPENDIX C

DETAILS OF THE CALCULATICNS OF THE

REDUCED LEPTON MATRIX ELEMENTS

. M “.* p'1
Evaluation of ~fdw YJ XK !

From the definition of Xi (equation (37)) this becomes:
dw ¥ Xu* Ao quMZ @ proifsiw
J K XKr J 1, 2 =R
E TR B ERSRR I E SRR T* yT! YP"T* Y“’T"-ﬂ
(fau-'uT‘ﬁzJP’)I_é_X% { &
From the definition cf Xé cne sees immediately that:

XP KT st

From the property of spherical harmonies with the phase chosen,

{
Joo BEXXEXE = TP (kw5 000w =l 5 w)

M _t-p JH'~T
jdh.) YJ Yp Y!t

Applying equation (B-15) from appendix B this becomes:

¥* —
= ()" %ﬂm , one obtains:

jdw Y?I,I Iﬁ*)(i;: (')J—M [%:r-_lr (J g oo| 7 4:40) ; (BT p-r M7 Qp'-7)

WF =t olfF 3 (g w i ol 5 )
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In order to facilitate the calculation of the sum over T, 1t Is
expedient to rewrite this sum in terms of Racah's V-coefficients. These

are defined by equation (B-5) of appendix B. The sum then becomes:

1 L X S * 1 1
(2+2)%(23 14105 (2 gre1)? ()8! L (PRI i e )
VI35 T ptt ppt) V@ Tt pt)
Applying a "Racah Recoupling" according to the prescription of eguation

(B-11) of appendix B one obtains:

L 1 L N T
(2541)%(23+1)% (20 +1)% (=)0 ™" v(§ 30 T3 —p ! popr) W5 5 T30 5
Thus one finally obtains:

P! -z Qi z
dw Yl}“ XK XK, = (4m)72 (=) & [(2J+l)(2,{?+l)(2j'+112 (17 colpT £ 0)
(J'7 pt M3 §p) Wligi'se J)

which 1e¢ the desired result.

# 1
Evaluation of Iduxz T M (f‘,g) K

Proceeding in the same manner as before:

T —M
jdux

-m' m'- _ e L U R Tt p-t* m'-M p'=1!
(AL -’ n'-M]1 L g M) (T Yy ) ¢ jdwY vy

Wz p-t <z j w(fs i o (2 3 pt)
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1
1 2
= (X {—22:1] (4L 00lfL ¢ ©) 1;1,@9' Mem' % | L0 F o

s pt tls j )z =" T4z J'p )L -m' m’-M|1LT -M)
I'r*y_m X

—_m! -
Frem the definiticen of ):; and cf ?lm (6) one finds by inspection that:

.L
2

3 —_n ! _). ! .
XT ylm = B(T,T'-m')ﬂ% ()™ (3 1tt-m 15 ')

Substituting these results intec the preceding eguation and performing

the summation cover T one obtains:

jdu X“‘ T X}‘L = L+l) )£+£I({L OO‘FL‘E“O) %r(_
(1L -m! m'—M]lLJ -M) ;] (fé— p-T'4m' T'-m’ u% ip)

(fl% pr=t! ’C"f'% jl p’)(%l’r'-m' m‘]%l% ’E')(L fr m‘—Mu'-’Z'JL,('_( p’_TI_{..ml)‘
From the last Clebsch-Goerden coefficient is cobtained the relationship:
b= p' -M. Fliminating p by this equation, and writing the summation
over ©' in terms of the symmetric V coefficients to expedite the

calculation one obtains:

L 4 4 I 1_rt r_ o HT
[202340) (25 1) (2 1) B (o 47078 L VULLG s vm e )
YO dthsntan -ut ) V(0 dspinami M Mep! viem) V(ELbsm ot et ovt).

Performing a Racah Recoupling according to equation (B-10) of

appendix B this becomes:
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ol

[2(2j+1)(2j'+1)(2,€+1ﬂ £z (241)(20041) WU L Gsel) Wiy 5 5E0%)
3

V(L jresM-m' —p! m'-M+p') V(j L f3 M-p' -m' m'-Mtp?)
1
)T

';;k VdE £3 x o Mem-pt) VUE £y x ot Memtpt) (-
3

Using the orthogonality properties of the V-coefficients, one can make
the sum over T' and x. Performing this sum and substituting this

result back into the original expression gives:
jdw XES T ) = 2 [atanen) (g o) (2] 2 O My ()
WL cOL{O) ZS:A(?%S)(ZSH) WilE jlssk) WLy ss Q) (2T41)7 %(-

V(1LJ;-m' m'-M M) V(Lj's;M-m! —p' m'-M+u') V(jlss; M-pi -m’ m'-M+p').

In order tc make the sum cver m' it will be necessary cnce again
to perform a Racah Recoupling. When this is done the sum over m'

beccmes:
L+J+u’ cy 7
(27 v(gragse M M) WLG L o§tssd)
Substituting this result into the preceding equation gives:

Jaw 2 oyt = 2 [are s ey 20 0] B sl

(2L 0ORLEO)(J'T ' M5'T § i) L AWE s)(2541)

Wi L j's s 3) Wi Less s&) Wi'Lgds s L)



- iﬁ [(2L+1)(2j’+1)(2J+l)(2ﬂ+l)]% (31" (g oo} 1 ¢r0)

K(E1E; 3T 38T 4003 T =M 51T F pt-M).

This is the desired result.

84,
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APPENDIX D

REDUCED LEPTON MATRIX ELEMENTS EXPRESSED

IN ALGEBRAIGC FORM

Appendix D lists the results of evaluating equations (48) and
(49) for the variocus reduced lepton matrix elements which enter the
allowed, first forbidden, first forbidden unique, second forbidden,
second forbidden unique, and third ferbidden unique transitions. In
these results terms which are small compared with other terms listed
have been neglected. The matrix elements which are significant are
(in every case) the ones connecting the initial electron state with
the neutrino states having the two lowest possible angular momenta
consistent with the order of the spherical tensor operator, that is
the states with j, = [J - jel and j, = |J - je| + 1. Matrix elements

for which the inequality:

I+ >3, 219 -3,

is not satisfied vanish identically. Matrix elements which satisfy
this inequality but which are not listed are small compared with

the matrix elements listed (by at least a factor of qR)°
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Reduced Lepton Matrix Elements Ior J = 0O K, = -1

(-1l YL (D) = szae

L) gl (D) =+ 5= ae
(<2li(a+”) T (£3)]1) = =95 g [r+ L qre]
(1l(i+) T;(r’*,é’)l\-l) = ‘—E afr+ 3 afe]

Reduced Lepton Matrix Elements For J = 1 K, = -1

(Al gy (DD = + 55

|
+
&
Ks)
rr
Hy
+
wl
o)
jp=s]
aq
| I

(2ll(a+”) Yy (B)-1) = - 57 af2+ 3 afe]

(-2l y 7 (D) = 52 a5 afe

il

(2l(1+r%) Y1 (B)-1) = + 35 q 5 e

(-1(1+r%) (5,3 -1 = 2 ae

(aw?) (A3 ) = 41 2 qe

(-1 1 (B,8) 1) =+ 52 a[f- 5 aRg]
(1l(1+®) 733 (8,3)]-1) = - 5357 a[£- 5 are
(-2l 17, (£,3) 1) = 77m o*Re

# - . 1
(2l(1+r°) 13, (£,3)1-1) = 41 7z a’Re
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Il
|
|

Reduced Lepton Matrix Elements For J = 2 K

ng]

|-

(2114 y S 1-1) = + = a*R [+
(2|\(1+Y5)’glg(?)|l—l) = - glﬁqu [f‘f %’ ng]
(-301(2+°) 72(r)\| -1) = 6{~ a"R-% - aRg

(3Ir")Y (1) = + = a°R- 3a%g

(-2ll(1®) T, (7,3)]-1) = Z'Jﬂ/g 128

(20(2+7) T, (£,5)[-1) = -—]/Eq Rg

(2w A3 =+ 2 g (- % afe]
(2147 (A3 1) = - B o?R [t~ T arg]
(3lC+%) T (B3 ) = 22 g%k - qfe
(31w T, (£,8) 1) = 41 6“; a°R © qRg
Reduced Lepion Matrix Elements For J =2 x_ = -2

=]

(Al g5 |-2) = 728 a[e+ 5 are]
Al g 58 1-2) = 2= a [o+ 5 an
(21" Y J(H-2) = - gz a*Re

(2][(1+7) % J-2) = 61"‘ng



(-1ll(1+7) T, (8,8 1-2) = _Zv/%—é o
(11w Th(£3)-2) = -1 T g
(-1ll(%) T3 2) = -5 2 g [t 3 are]
((2+r”) T;.z(l'“‘,g)\l—*?) =7 a[r- 5 ang
(-2l[(2+7) T, (£,5)[-2) = o
(21(14%) T, (£,3)]-2) = 0

Reduced Lepton Matrix Elements For J = 3 K, = -1
(=3l g 5(A) 1) = o R [0+ 7 afg |

(3l4r°) YD) = 555 @8 [2+ 7 are]

1 3

4l Y5 D) = 35 7R - 5

G Y3 (DI-D) = 557 P8 - 5 a

o7
# oA
(3ll1w?) TR, D) -1 = ZL oOre

# -
Gllaw®) TEa I =1 2L o

# - i
(-301+°) Ty5(A3)[-) = 50 o7 [ -

5y o® (a2 - _ L 3z
(3(1#r°) T35(89)1-1) = - 57 @R

1 3

o1 2 1
(=4/[(14v°) T33 o) -1) = Ton TR 7

g

i

Rg

~JI=

vl

qRg

qRg

aRe]

ng]

28
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¥#* A N l
(41w ThE ) = 2 28 2 ane

Reduced Lepton Matrix Elements For J = 3 Ke = =2

(-2l(1+7%) g 5(#) |-2) = ZA= ok [r+ £ oRg

(2li(1+%) g 3B I-2) = gem R o+ % ang

(-3||(l+ﬁr5)g{;(?)ll~2) = - 3]%; q°R (% qRe)

(3H(l+wr5)g;(9)ll-2 _W q*R ( qRg)

(-2li(1+%) T3 (83)1-2) = =T o*e
(2ll(14%) T3,(A3)l1-2) = ;—%ﬁqzﬁg

(-20(#%) 13,(88)112) = 552 o"R [ - % qRe]

(2(1+°) T35(4,3)[1-2) gl{—g Q°R [£- % aRg]
(=3[/(2+r T33(6,3)|| 2) = - o AR - % aRg

(allas®)y S 1-3) = + £42 afre 4 are
Al y A1 = - S [+ are]

(-2l ¢ 3(B-2) =5 a -
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(2lC+e?)y S0 1-3) = Hds a - 3 ake

(~LI(+%) Thy(£,3)1-3) =2 qg

(L) ng(E,E)H-B) = +1f§ﬂ g
5) n B

ey
IaH?) T55EDI-3) = - 324

5

Reduced Lepton Matrix Elements for J = 4,

q[f-

-

2w T;m-a) - B

K
e

o f

ng]

qﬁg]

I

1
3 qRg

= -1

1

(~allln) = 52 gt @ g

I

. V3 4 3,
1 280m 4 R

+4HT43H

Reduced Lepton Matrix Elements for J = 4, «

* 3 3 2
(-3lT,50-2) = - oo a” R g

(13, 50-2) = - 552 @” B g

Reduced Lepton Matrix Elements for J = 4, «

e

-21,ll-3) = 22 o Re

;2

2
+2HT43H 3 =iy Re
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AFPPENDIX E

NUMERICAL VALUES OF THE M/L CAPTURE RATIOS

The following tables give the values of the contributions of the
various M sub-shells to the M/L capture ratics. These values were
computed on the Georgia Institute of Technology's Burroughs 220

computer from the equations (61), (62), and (63).



Table 3. First Forbidden Unique M/L Ratios for 2=60

EEC(KeV) MI+MII/L MIII+MIV/L MV/L M/L
10000.0 0.211 0.000 0.000 0.211
5000.0 0.211 0.001 0.000 0.212
3000.0 0.212 0.002 0.000 0.213
2000.0 0.212 0.004 0.000 0.216
1000.0 0.211 0.016 0.000 0.227
700.0 0.210 0.032 0.000 0.241
500.0 0.205 0.061 0.000 0.266
300.0 0.188 0.156 0.000 0. 345
200.0 0.160 0.301 0.000 0.461
100.0 0.087 0.665 0.000 0.752
80.0 0.065 0.782 0.000 0.847
60.0 0.042 0.920 0.000 0.962
40.0 0.022 1.106 0.000 1.128
30.0 0.013 1.264 0.000 1.278
25.0 0.010 1.397 0.000 1.407
20,0 0.007 1.627 0.000 1.634
15.0 0.005 2.160 0.000 2.165
12.5 0.004 2.821 0.000 2.825
10.0 0.004 4. 683 0.000 4. 687



Table 4. Second Forbidden Unique M/L Ratios for Z=60

EEG(KeV) MI+MII/L MIII+MIV/L MV/L M/L
10000.0 0.211 0.000 0.000 0.211
5000.0 0.211 0.001 0.000 0.212
3000.0 0.211 0.002 0.000 0.213
2000.0 0.211 0.004 0,000 0.215
1000.0 0.205 0.015 0.000 0.221
700.0 0.197 0.030 0.000 0.227
500.0 0.181 0.054 0.000 0.235
300.0 0.140 0.116 0.001 0.257
200.0 0.096 0.182 0.005 0.282
100.0 0.037 0.287 0.029 0.354
80.0 0.026 0.319 0.052 0.396
60.0 0.016 0.363 0.106 0.486
40.0 0.009 0.453 0. 305 0.767
30.0 0.006 0.563 0.693 1.261
25.0 0.005 0. 674 1.222 1.901
20.0 0.004 0.902 2.645 3.551
15.0 0. 004 1.574 8.698 10.275
12.5 0.004 2.678 22.35 25.03
10.0 0.006 7.369 103.4 110.8



Table 5. First Forbidden Unique M/L Ratios for Z=70

EEC(KeV) MI+MII/L MIII+MIV/L MV/L M/L
10000.0 0.227 0.000 0,000 0.227
5000.0 0.227 0.001 0.000 0.228
3000.0 0.228 0.002 0,000 0.230
2000.0 0.229 0.005 0.000 0.234
1000.0 0.228 0.020 0.000 0.248
700.0 0.226 0.040 0.000 0.266
500.0 0.221 0.077 0. 000 0.298
300.0 0.199 0.194 0.000 0.393
200.0 0.164 0.363 0.000 0.527
100.0 0.082 0.750 0.000 0.833
80.0 0.060 0.871 Q.000 0.931
60.0 0.039 1.020 0.000 1.059
40.0 0.020 1.259 0.000 1.280
30.0 0.013 1.516 0.000 1.529
25.0 0.010 1.769 0.000 1.779
20.0 0.008 2.290 0,000 2.298
15.0 0.007 3.9466 0.000 3.972
12.5 0.008 7.432 0.000 7 440



Table 6. Seccnd Ferbidden Unique M/L Ratios for 2=70

EEC(KeV) MI+MII/L MIII+MIV/L MV/L M/L
10000.0 0.227 0.000 0.000 0.227
5000.0 0.228 0.001 0.000 0.228
3000.0 0.228 0.002 0.000 0.230
2000.0 0.227 0.005 0.000 0.232
1000.0 0.221 0.019 0.000 0. 240
700.0 0.209 0.037 0.000 0.247
500.0 0.190 0.066 0.000 0.256
300.0 0.140 0.137 0.002 0.279
200.0 0.092 0.206 0.007 0.306
100.0 0.035 0.319 0.047 0.400
80.0 0.025 0.358 0.083 0.466
60.0 0.016 0.423 0.178 0.617
40.0 0.009 0.579 0.574 1.161
30.0 0.007 0.810 1.492 2.309
25.0 0.006 1.090 2.99G 4.095
20.0 0.006 1.811 8.236 10.05
15.0 0.009 5.408 48.11 53.53
12.5 0.019 18.98 263.3 282.3



Teble 7. First Forbidden Unique M/L Ratios for Z=80

EEC(KeV) MI+MII/L MIII+MIV/L MV/L M/L
10000.0 0.232 0.000 0.000 0.232
5000.0 0.233 0.001 0.000 0.234
3000.0 0.234 0.002 0.000 0.236
2000.0 0.235 0.005 0.000 0. 240
1000.0 0.236 0.022 0.000 0,258
700.0 0.234 0.045 0.000 0.279
500.0 0.229 0.086 0.000 0.315
300.0 0.206 0.219 0.000 0.425
200.0 0.169 0.408 0,000 0.576
100.0 0.083 0.837 0.000 0.920
80.0 C.061 0.977 0.000 1.037
60.0 0.03% 1.166 0.000 1.205
40.0 0.021 1.536 0.000 1.557
30.0 0.015 2.037 0.000 2.051
25,0 0.012 2.642 0. 000 2.655
20.0 0.012 4. 314 0.000 4.325
15.0 0.022 17.58 0.000 17.60
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Table 8. Second Forbidden Unique M/L Ratios for Z=80
EEC{KeV) MI+MII/L MIII+MIV/L MV/L M/L
10000.0 0.232 0.000 0.000 0.233

5000.0 0.233 0.001 0.000 0.234
3000.0 0.234 0.002 0.000 0.237
2000.0 0.234 0.005 0.000 0.240
1000.0 0.228 0.021 0.000 0.249
700.0 0.217 0.042 0. 000 0.258
500.0 0.196 0.074 0.001 0.270
300.0 0.143 0.152 0.003 0.298
200.0 0.094 0.228 0.011 0.332
100.0 0.036 0.365 0.070 0.471
80.0 0.026 0.422 0.129 0.578
60.0 0.017 0.528 0.296 0.842
40,0 0.011 0.840 1.129 1.980
30.0 0.010 1.441 3.670 5,120
25.0 0.011 2.407 9.308 11.72
20.0 0.016 6.389 41.90 48.30

15.0 0.119 106.0 1426. 1533.°



Table 9. First Forbidden Unique M/L Ratios for Z=90

EEC(KeV) MI+MII/L MIII+MIV/L MV/L M/L
10000.0 0.241 0.000 0.000 0.241
5000.0 0.242 0.001 0.000 0.243
3000.0 0. 244, 0.003 0.000 0.246
20C0.0 0.245 0.006 0.000 0.251
1000.0 0.24,8 0.024 ¢.000 0.272
700.0 0.247 0.049 0.000 0.296
500.0 0.243 0.094 0.000 0.337
300.0 0.220 0.241 0.000 0.461
200.0 0.178 0.451 0.000 0.629
100.0 0.086 0.927 0.000 1.013
80.0 0.063 1.092 0.000 1.154
60.0 C.041 1.342 0.000 1.383
40.0 0.023 1.958 0.000 1.982
30.0 0.018 3.082 0.C00 3.101
25.0 0.019 4,99/ 0.000 5.013
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Table 10. Second Forbidden Unique M/L Ratios for Z=90
EEC(KeV) MI+MH/L Mg IV/L MV/L M/L
1000G.0 0.241 0.000 0.000 0.242

5000.0 0.243 0.001 0.000 0.244
30C0.0C 0.244 0.003 0.000 0.247
2000.0 0.245 0.006 0,000 0.251
1000.0 0.240 0.023 0.000 0.2063
700.0 0.229 0.045 0. 000 0.274
500.0 0.207 0.081 0.C01 C.288
300.0 0.150 0.166 0.004 0.320
200.0 0.098 0.250 0.014 0.362
100.0 . 0.038 0.420 c.101 G.560
80.0 0.028 0.505 0.195 0.729
60.0 0.020 0.685 0,490 1.195
40.0 0.015 1.367 2.396 3.778
30.0 0.018 3.337 11.38 14.73
25.0 0.029 8.737 46.23 54..99
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