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SUMMARY

Satellite constellations are an increasingly attractptiom for many commercial and mil-
itary applications; they provide a robust and distributegthod of accomplishing the goals of ex-
pensive monolithic satellites. Among the many challendneg satellite constellations engender
(challenges in control, coordination, disposal, and otireas), refueling is of particular interest
because of the many methods one can use to refuel a constedat the lifetime implications on
the satellites.

The present work presents a methodology for carrying out-faepeer refueling maneuvers
within a constellation. Peer-to-peer (P2P) refueling carobgreat value both in cases where a
satellite unexpectedly consumes more fuel than it wasealloand as part of a mixed refueling
strategy that will include an outside tanker bringing fueethie constellation. Without considering
mixed-refueling, we formulate the peer-to-peer refuelmgblem as an assignment problem that
seeks to guarantee that all satellites will have the fuel tieed to be functional until the next re-
fueling, while concurrently minimizing the cost in fuel thae refueling maneuvers entail. The
assignment problem is then solved via auctions, which, kyeiof their distributed nature, can
easily and effectively be implemented on a constellatioteit jeopardizing any robustness prop-
erties.

Taking as a given that the P2P assignment problem has beadsahnd that it has produced
some matching among fuel deficient and fuel sufficient sas]lwe then seek to sequence those
prescribed maneuvers in the most effective manner. Theigdeat while a constellation can be
expected to have some redundancy, enough satellites detineir assigned orbital slots will even-
tually make it impossible for the constellation to functidr tackle this problem, we define a wide
class of operability conditions, and present three allgorit that intelligently schedule the maneu-
vers. We then briefly show how combining the matching andddliveg problems yields a complete

methodology for organizing P2P satellite refueling operat.



CHAPTER |

INTRODUCTION AND OVERVIEW OF THE WORK

This thesis presents a high-level framework for the autangwefueling of satellite constellations
in a peer-to-peer setting. Specifically, we address theatlg question: given certain parameters
of fuel sufficiency, what are the best way and the best timato/out refueling operations within
a constellation, assuming that the satellites are refgaach other without any assistance from a
tug or from an external refueling spacecraft?

The purpose of this work is to develop the following elemaitthe framework:

1. A clear definition of fuel need for satellites.
2. A distributed way of assigning refueling satellites telfdeficient satellites.

3. An intelligent method of organizing the refueling manetsvso as to interfere as little as

possible with the functioning of the constellation.

In this chapter, we place this study in the historical contésatellite studies, and then provide

a more detailed overview of the work that we aim to accomplish
1.1 Historical Perspective

Satellite technology has, since its inception, essentialied on the paradigm that one highly so-
phisticated satellite, thoroughly tested and designedispaly for a given purpose, is the best
usage of resources for any work that needs to be done frone.sddus is not to say that no one
gave any thought to distributed satellite systems. As eslyhe 1970s, papers can be found that
explore the concept of space constellations [11]. Howexam then, the constellations were only
considered when there was no other alternative. An exanfpdeich a system is the GPS sys-
tem, which would be impossible without the constellatiorsatellites that gives at all times several
reference points to calculate location.

Recent years have seen a change in this line of thought. €aeesk evidence of this can be seen

in the telecommunications field. For decades, powerful tggiogary satellites have been the norm,



essentially since Arthur C. Clarke (8001: A Space Odyss&me) first proposed the concept in his
1945 paper “Extra-Terrestrial Relays: Can Rocket Statidine World-wide Radio Coverage?” [17]
In the 1990s, however, thought was given to the replacemfentah high-powered machines with
constellations of low-power satellites in low-Earth orfliEO), as witnessed by [36, 32, 24], to
name a few.

Satellite Internet is not the only application that envisidhe use of coordinated constellations.
Some applications, such as oceanic altimetry [45], wouldae the distributed structure of satellite
constellations to improve current results, which are olgidivia single satellites or groups of satel-
lites acting independently of each other. Others are éntivevel in their approach: for example,
the concept of interferometric observatories in orbit [P&]. Finally, we should not neglect to men-
tion the potential satellite constellations have in militapplications, such as missile defense [2].
But all have in common that they push the boundaries of whabezexpected and demanded from
satellites.

The challenges that are brought about by this new focus efliatonstellations are numerous
and novel. First and foremost, control of such consteltetis an issue, since they must be able to
coordinate in order to achieve multiple tasks. A great déatgearch in recent years has therefore
been devoted to optimal control of constellations, see farle [61]. Other challenges include
initialization, [50], as well as the nontrivial question disposal [3], which must be addressed if
constellations with high numbers of satellites are to com@mmon use.

We focus this work on a different aspect of the satellite telfagion concept. All the applica-
tions mentioned above share one common characteristiy: ateeessentially open-ended. There
is no time-limit to how long one may wish to measure the lewdlthe ocean (especially amidst
the growing concern about global warming), or carry Intenaffic, or, for that matter, observe
the outer reaches of space. However the reliability andirife of satellites can be limited by
their onboard fuel. Indeed, fuel consumption is inevitaden for the most static geostationary
satellites, and is an acute issue when dealing with satdétitmations, which may need to recon-
figure regularly to transition from one task to the next. Astaer example, gradual deployment
of constellations leads to space maneuvers of the satellite are already operational when the

new satellites are added in, so as to maximize the efficiehtlyeoconstellations [18]. Since such



constellations will usually reside in LEO, atmosphericgivall lead to fuel consumption. Thus, the
constellation (after reconfiguration) will be made up of tsats of satellites with differing amounts
of fuel. Therefore, it is natural to wonder whether one macpically refuel satellites in orbit, and
more specifically, whether it is possible to refuel only somfi¢he satellites, with the fuel of the

other satellites. That is the question that we address snatbrk.
1.2 Satellite Servicing

The idea of on-orbit satellite servicing is in itself nothinew. As far back as the early- to mid-
1980s, proposals were made that included repair, refudding replacement of active satellites [4,
62], and by the early 1990s, studies were being conductedaloae the potential benefits of on-
orbit refueling of US Air Force spacecraft [57].

On-orbit servicing is not, however, merely a conceptualamt The almost legendary repair
of the Hubble Space Telescope in 1993 is the prime (thougteaidiest [49]) example both of a
successful servicing mission, and of all the reasons whyrparating servicing abilities into any
design can be beneficial. It illustrates human error andfiects, even under the most exacting
standards of accuracy in manufacturing. The reason the [eluids unable to focus properly was
the spherical aberration of the main mirror, which had besngtakingly polished over a period of
years. Astoundingly, there were fully three serious fafum the process: first, the primary mirror
contractor misread an instrument, second, it discardetlictimg results of the backup instruments
as flawed, and third, the NASA overseers did not inquire ihtoreason for this dismissal. Thus,
even one of the most carefully constructed devices in NAB&®ry was not immune from human
error.

It was therefore fortunate that the Hubble was designed seithicing missions in mind. While
there was a delay of three years until the telescope becaltgeoherational, the first servicing
mission repaired the optical system so the originally péahthefinition could be achieved, and did so
without the need for extraneous trips. This type of flexipiis precisely what servicing capabilities
can afford—in addition to additional flexibility to allow faipgrades, as discussed in [49].

Servicing itself can take many forms. The very word, “seéngd¢’ is used with various mean-

ings in the literature, as discussed in [49], but for our psgs, we consider “servicing” to be any



modification of the constellation, either for upkeep or @atg purposes, that occurs after the con-
stellation first goes online. At one end of the spectrum wecatansider “servicing” operations that
require no physical motion at all: for example, reroutiraffic in a communications constellation in
LEO to compensate for the failure of a node in the commurdoatnetwork (i.e. a satellite). Such
a problem was considered in [58], which also considered ésegd problem of building a network
that could tolerate the failure of one of the nodes.

At the other end lie servicing operations that involve thmptete, permanent reconfiguration of
entire constellations. An example of this type of servicivas studied by the authors of [18], who
considered the problem of optimally reconfiguring a coteieh into another, larger constellation.
Specifically, the problem was as follows: given a missioreotiye, an existing constellation, and a
number of satellites that are to be added to this constaliatvhat is the optimal way to reconfigure
and augment the the constellation in order to achieve thsiomobjective? As much work exists
on optimal configurations for efficient terrestrial covesday satellite constellations, the authors
focused on optimally assigning orbiting and ground sagallio slots in the final (known) constel-
lation. Their approach, of particular interest becausessimilarity to the approach we take to
peer-to-peer refueling in Chapter 4, was to create an asgighproblem by seeking to minimize
the AV incurred during the transfers.

In this thesis, we consider a different kind of servicinglpeon, namely the satellite constel-
lation refueling problem. We consider this from a very highdl of analysis, ignoring several
challenging technical problems. In particular, we assuh@ satellites are able to rendezvous
autonomously, and that they can exchange fuel in a micragranvironment. Neither of these
assumptions is technically realistic: both the proximitylderminal phases of automated docking
operations are still under active research [38, 64], whikagimprovements can still be made in
microgravity fluid transfer [15, 14]. Finally, we also negfiespacecraft dynamics in the problem
formulation, which we approach as an orbital mechanics Iprotonly. Nevertheless, these are
“merely” technical obstacles, and do not undermine thelitslof the results presented herein; they
only put in question the timetable of their potential usefdgs, and perhaps the numerical exactitude

of the simulations.



1.3 Satellite Constellation Refueling

Unlike other servicing problems, the question of refueliogstellations was not specifically con-
sidered until the recent work of Shen and Tsiotras in [51,530,54]. Constellation refueling can
be achieved via two main methods: outside refueling, and-joepeer (P2P) refueling. The idea
behind outside refueling is simply that a tanker spaceofafbme sort will travel to those satellites
that need refueling and provide them with the necessary fliek main problem treated in [51]
was the scheduling of those visits so as to minimize fuel wonion. The results presented are
mainly heuristic, but they provide a very good guidelinee thsits should be made sequentially
or semi-sequentually along the orbit. Sequentially heramaehat the refueling spacecraft will
refuel one satellite, and then move on to the next one aloadjrie (measured by angular separa-
tion). Semi-sequentially means that at some point duriegitaneuver, the refueling satellite will
jump to a satellite other than the nearest one, but will tr@minue to visit the remaining satellites
sequentially.

It is clear that all constellations will eventually need side refueling. However, it is possible
that fuel will be consumed in an uneven manner within the @lagion. For example, in a con-
stellation of ten satellites, six satellites might be prittyeneeded for support while the remaining
four are expected to actively change their orientation,venetheir orbits, on a regular basis. In
this case, the four moving satellites will consume a lot nfoed than the six static ones. While
it is possible to send a tanker spacecraft to refuel thosedatellites every time they run out of
fuel, or even to swap in a fully fueled spare when one of the foast active satellites runs out of
fuel, it may be more fuel-efficient to use the extra fuel frdm tess active satellites to provide the
moving satellites, at the right time, with what they need] anly send a refueling spacecraft when
all the satellites need to be refueled. It is this approaakefiteling that we term peer-to-peer (P2P)

refueling.
1.3.1 Peer-to-Peer Refueling

To study the possibilities of P2P refueling, a specific folatian is needed. What exactly is the
objective in refueling those satellites? How do we deteentirat a satellite is in need of fuel, and

how do we determine that it has fuel to spare? The work in [8058] focuses on fuel equalization



within a constellation: all satellites are considered tademtical, and the goal is to make sure they
all have as close to the same amount of fuel as possible.nl tot, as we will discuss in Chapter
2, that in a circular constellation, the fuel cost of a remid&s maneuver between two constellation
satellites can be made arbitrarily small, given enough tiftieerefore, the work in [53] focused on
minimizing the total deviation from the constellation age while ignoring the fuel cost. This led
to a simple and elegant theorem, namely that in this instiresymmetric matching was optimal.
By symmetric matching, we mean matching the satellite with most fuel to that with the least
fuel, and so on.

In most realistic cases, the time granted for a refuelingeauaar will not be sufficiently large
to warrant the assumption of zero fuel cost. In [60, 54], ththars studied the problem of av-
eraging fuel in this more complex situation. In order to irtd some fuel conservation elements
into the problem, they focused on minimizing the deviatiomf the initial average. This led to a
non-bipartite matching problem whose solution requireglémenting the Edmonds algorithm for
general maximum matchings.

The relative costs of refueling satellites with an extemedieling spacecraft as compared to
refueling them via a peer-to-peer methodology were stuiig89] in the context of a mixed re-
fueling strategy. Specifically, the authors proposed tHateasome external refueling was needed
(since the fuel has to arrive to the constellation somehowg, way of distributing the fuel would
be to distribute fuel via the refueling tanker to only somehef satellites, and use these satellites
to refuel the remaining satellites. Again, the context was of obtaining a constellation whose
satellites had nearly equal fuel. It was shown in [59] thatubke of a mixed-refueling strategy could
indeed lead to fuel savings.

The work in [60, 53, 54] and [59] assumed that all refuelingmavers were time-constrained.
Specifically, the authors assumed that all refueling mameustarted at the same time, and had to
be completed by a set time. In addition, it was assumed thgtespairings would be used, that
is, a given satellite could only refuel one other. Moreover $atellite that left its orbit would take
half the allotted time for the forward trip, and the otherfHat the return trip. As an extension of
this work, attention was given to asynchronous P2P mans@agepart of mixed refueling strategies,

that is to say, situations where the refueling maneuversstaayat different times [19]. In addition,



the case where the forward and return trips were allottddrdifit times were studied. The results
provided further lowering of cost, and thus made mixed r@igestrategies even more attractive and
competitive with respect to single-tanker refueling. Néwveless, these studies focused on the origi-
nal formulation of the problem given in [60, 54], where theadvas to equalize the fuel distribution
among the satellites, and as such are not necessarily alpiglito the formulation proposed in this
thesis. We do not conduct similar studies here, but we bslidwe to the cost-lowering mechanism
we introduce in Chapter 5, that this method is competitivevels
We close this section by pointing out that, in this thesis,are ignoring the risk involved in

moving several satellites at once. It can be argued thabdtier, if at all possible, to have each fuel
sufficient satellite refuel as many satellites as possildfe. are aware of no work in the literature
that quantifies the risk of a maneuver to a satellite, so wenat@ble to carry out studies in that
respect, nor is it the purpose of this thesis to do so. Thelgmolof having one satellite rendezvous
with several fuel-deficient satellites is an interestinglgpem for future study, but we do not concern

ourselves with it in this work.
1.4 Thesis Objectives

As mentioned above, all the work on P2P constellation rafgeto far has built around the for-
mulation first presented in [53] and expanded thereafters ftnmulation suffers from two large
drawbacks: it assumes identical satellites, and it doesniimize the fuel cost directly. In this
work, we propose an alternate formulation of the P2P rafggiiroblem which can be used both to
obtain an emergency solution in case of unexpected fueluoopson and as a building block we
can use to design a mixed-refueling strategy. This formanatan be applied to constellations with
differing satellites, and is split into two parts: the firgiads with minimizing the refueling cost, and
the second deals with minimizing the time the constellatfonffline during the maneuvers. The

combined results provide a framework for studying optiniPPefueling.
1.4.1 Peer-to-peer Matching

The first part of the problem deals with matching satellitess to have some of them refuel the
others. We will present a notion of fuel sufficiency that it Isg the constellation operators, pos-

sibly based on the expected fuel need until the next exteefiakling. This allows us to bypass a



complicated definition of fuel sufficient and fuel deficieatedlites, as they are decided ahead of
time. Given the threshold of fuel sufficiency for each saglwe will define a pure fuel cost mini-
mization problem by defining fuel deficient and fuel suffi¢gisatellites (for refueling purposes) in
such a way that the associated constellation graph wilrabiyube a bipartite graph.

Since the graph is bipartite, we will show that the problermafimizing fuel consumption
while guaranteeing that all fuel deficient satellites beedrel sufficient after the maneuvers are
completed becomes an assignment problem. Since the assigpmoblem is easily solvable via
many methods, we choose the one most appropriate to théustwdf a satellite constellation: the
method of auction algorithms. By virtue of their easily diattable nature, these algorithms take
full advantage of the satellite constellations structare] help maintain its robustness by avoiding
reliance on a single central computing satellite. The fieault will be a matching between fuel
sufficient and fuel deficient satellites; a matching, moegpowhich will be the cheapest matching

in terms of fuel.
1.4.2 Maneuver Scheduling

It would make sense that a satellite constellation, madesupia of many satellites, would have
some inherent redundancy and would be robust to failure miesof its components. Ideally, any
one of the satellites could fail and the constellation wdaddable to continue functioning. Nev-
ertheless, the number of satellites that leave their drbitds during a refueling maneuver (and
that are therefore useless to the constellation duringtitma) may be quite a bit larger than this
robustness will compensate for. As such, it becomes a ntiaterest to minimize the time that
the constellation will be unable to function by properly seqcing the maneuvers dictated by the
matching obtained as a solution to the assignment probleousied above.

The second part of this thesis treats this problem, whichuite glifferent from the standard
scheduling problems seen in the literature. We prove eette@orems which allow us to search
for globally optimal solutions while restricting oursesvéo a finite set. This set is still very large,
however, and we therefore are limited to heuristics when eagch it. Nevertheless, we propose
three algorithms, each of which has desirable propertigerein terms of the downtime of the

constellation, or in terms of the fuel consumption. Indeed,show that with proper sequencing,



we may add time to the maneuvers obtained from the matchnuthaus lower their fuel cost.
1.5 ThesisOutline

This thesis is divided into six Chapters including this datuction. The remaining Chapters cover,

respectively:

Chapter 2: Anintroduction to the basics of the concepts used througth@uthesis. In particular,

a quick review of optimal two-impulse satellite rendezvaabrief introduction to assignment prob-

lems as linear programs, and an overview of the scheduliegatire as relevant to the scheduling
problem to be developed in Chapter 5. This chapter will sboth as a foundational chapter and as

a literature review.

Chapter 3: The formulation of the P2P refueling problem as an assigtmpesblem, including

calculations of the “benefits” as fuel cost.

Chapter 4: The solution of the assignment problem via auction methdde various forward
auction algorithms that can be used to solve this assignprebtem are presented, with particu-
lar attention being paid to the asynchronous auction alyoriwhich is robust to communication

failures and delays; numerical examples for the variousralgns are given.

Chapter 5: A formulation for the scheduling problem, and heuristicagithms to solve it. Con-
ditions for operability of a constellation are developed) scheduling heuristics and one fuel-cost

reduction algorithm are introduced, and their desirabtgerties proven.

Chapter 6: The conclusions we can draw based on this work, as well as poopesed future

directions of study for autonomous peer-to-peer refueling



CHAPTER I

BACKGROUND AND LITERATURE REVIEW

This thesis is based on several disparate subjects, andlamsty not be accessible to those familiar
with any one of them without some introduction to the oth@&tss chapter is therefore dedicated to
presenting the rudiments of knowledge required to placedmributions of this work in context,
as well as a literature review of each of the areas. We begim $sction on optimal two-impulse
maneuvers, and discuss phasing maneuvers, which yieldotimmad N-revolution transfer for co-
orbital satellites in a circular orbit. We then briefly dissuinear programming in general and the
assignment problem in particular, presenting some of thinode for the solution of the problem

that were not used in this work. Finally, we present an sheetvdew of scheduling problems.
2.1 Optimal Two-Impulse Transfers

The simplest problem in gravitational mechanics is the bady problem: analyzing the relative
motion of two masses under the influence of gravity—masseb as the earth and the sun. It
was observed by Kepler [29] and mathematically confirmed ewidn [37] that the planets moved
around the sun in ellipses, that the line joining the planght sun sweeps equal areas in equal
times, and that the square of the period is proportional éactlbe of the semi-major axis. Newton
in fact generalized these observation, known as Keplersel'haws of Planetary Motion, to conic
sections, which occur depending on the energy-level of thé:oellipses are the lowest energy
orbits, parabolas are the singular-point orbits, and Hygeas are high-energy orbits [6].

In the context of satellite rendezvous, hyperbolas andbméeia, being higher energy orbits,
are too expensive in terms of fuel to be used as trajectosiesye will limit the discussion to
elliptical orbits. Even more restrictive, we will only cdder two-impulse trajectories, since the fuel
conservation resulting from calculating optimal traje e with more than two impulses is offset
by the greater computational burden [55]. We are thereforeerned with the Lambert problem,
also known as the Gauss problem [6]: given two fixed paits P; in space at a distancg and

ro from an attracting body/ , a direction of flight around/, and a time of flight ; assumed to be
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long enough to allow elliptical orbits, determine the tf@norbit that will take a spacecraft from
P, to P, . Direction of flight is important because given any two pgimt space and a mass around
which they are orbiting, there are two elliptical orbitsttiall take a spacecraft fron?, to P in
timet,, each with a different direction of motion.

Since satellites occupy well-known orbits, the Lambertpem is exactly a rendezvous prob-
lem: P, is the initial location at a time; of the satellite that will move, which we term the active
satellite, andP; is the final location at timé, + ¢ ¢ of the satellite that does not move (in the rotating
reference frame of the orbit), which we term the passivdlgateThe time of flight was shown by
Lagrange (who was confirming a hypothesis by Lambert) tonigggrictly on three quantities [44]:
the semi-major axis of the transfer orbit, the sum of theadis¢ of each of the two points from the

central attracting body, and the distance separating taseoints. Mathematically,
\/ﬁtf:a3/2[2N7T—|—oz—ﬁ—(sina—sinﬁ)], Q)

whereq is the semi-major axis of the transfer orhitjs a gravitational parameter depending on the

mass of body\/, and« and§ are defined as:

e S . P s—d
Sl — = -, S1n — = ,
2 2a 2 2a

(2)

whered is the third side of the triangl&; P, M (the so-called space triangle), and= (r; + ro +
d)/2 [43]. In [42], the author provides both the method of quatidetermination of the angles
andg and a geometrical interpretation of their meaning.

The original Lambert theorem was derived for the case whergpacecraft stays on the transfer
orbit less than a full revolution [44]. The more general ¢ds®mwn as theV-revolution transfer
orbit problem was studied by Prussing [43]. In this casegfmh transfer time; , 2V + 1 possible
orbits exist, whereV is the maximum number of revolutions that can be completedgabny
transfer orbit. There ar& more orbits than the maximum number of revolutions becamsedch
N > 1, there are two possible orbits: one with large eccentriaityg one with small eccentricity.

A standard measure of the cost of a maneuver is the velo@tgnimentAV required to carry
it out—specifically, it is the total impulsive change in veity that must be applied to a spacecraft

in order to move it from its initial orbit to its final orbit. Thauthors showed in [52] that thel
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required to transfer a spacecraft from a circular orbit jpgsthrough point?; onto a given transfer
orbit (one of the2V + 1 possible ones), and back onto a circular orbit passing tirqoint P,
depends only on the semi-major axis of the transfer orbiergia fixed transfer time. Based on
this observation, the authors developed an algorithm totfircbptimal two-impulse orbit and its
associated\V by checking only two of the/V + 1 possibilities shown to exist in [43].

We note two things. First, what complicates the Lambert jarolis the specific, pre-set time of
flight and the initial and final positions. If the time of flighhd final location on the target orbit are
free, the optimal two-impulse transfer between two circoldits is given by the Hohman transfer,
which consists of two apsidal impulses. Here, apsidal isggimean impulses at the periapsis and
apoapsis of the transfer orbit, parallel to the velocity tef spacecraft. Second, all these studies
were based on numerical solutions to the implicit Equatibn (There is no known closed form
solution to either the zero revolution &f-revolution Lambert problem, except in the specific case
where P, , P, andt; are chosen so as to allow a Hohman transfer; thus, an exteatBattin’s
method for solving the Gauss problem [7] was introduced kyaththors of [52] in [56] in order to
be able to solveV-revolution Lambert problems.

Despite these computational complexities, the authorsvsticumerically in [52] that given
enough time, a coasting rule could be applied which would,léathe case where, # ry, to
Hohman transfers. If insufficient time was allotted, thestivay rule could still be applied to reduce
the calculated cost of a fixed end-time transfer. Becaudesritiesis we limit our numerical studies
to circular constellations (although the methodology weett#p is not limited to them), we pay

careful attention to the special case where= r,, described in the next section.
2.1.1 Calculation of AV: 1y =19

There is a simple solution to the Lambert problem in the caseregr; = r5 and the location of
and timet ; are selected so tha, = P, andt allows an integral number of revolutions of an orbit
with slightly higher or slightly lower apoapsis or periapgiespectively. In this case, a closed form
solution does exist for the optimal transfer in the majoofycases, namely the phasing transfer.
Like the Hohman transfer, this type of maneuver also usegetaial initial and final impulses. The

idea is to move the active satellite to an elliptical orbitdither raising the apoapsis or lowering the
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periapsis by an appropriate amount, and then waiting fop#issive satellite to rendezvous with the
active satellite at the point where the active satellites rorbit tangentially intersects the original
orbit. Thus, the rendezvous occurs at the same point in gsaite departure. The return maneuver
follows the same principle in reverse.

We mention in passing that the Euler-Hill equations, whicé 2ery useful to describe the
motion of objects that are close to each other in orbit, doapgtly in this particular case. In
particular, the angular separation of the two satellitekendinearization problematic, while the
phasing solution expounded below is an exact solution.

Computing the cost of a phasing transfer is much simpler toamputing the cost of a multiple-
revolution Lambert transfer and can be done analyticalhec8ically, theAV for satellitei to ren-

dezvous with satellitg via phasing, denoted b&Vig, can be obtained analytically as follows [33]

Z+K
2= (Z—éw/Qﬂ') ! ’ (3)

. 0. :
S e ]
= \‘277 r3+27TJ’ ()

wherer is the radius of the orbit and

AV}, =

e

6;; mod 2, if —m <6;;mod2r <,

eij = Hij mod 2w — 27, if Hij mod 27w > 7, (5)

0;; mod 2 + 27, if 6;; mod 27 < —,
and where,

—1  ifa>randf; >0,

K=141 if a < randf;; <0, (6)

0 otherwise,

whereq is the semi-major axis of the transfer orbit.
While the above calculations are useful, it is important@egin mind that the phasing maneu-
ver is not always the optimal two-impulse transfer betweren $atellites. As shown in Figure 1,

there are small segments in the time constraints where thergledLambert-based solution (dashed
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Figure 1: Comparison ofAV between the general (Lambert-transfer) and phasing readszfor

a separation anglg; = 100°. For the majority of cases a phasing transfer is optimalnEveases
when it is not optimal, the degree of sub-optimality is small

line) is less expensive than the phasing solution (soli€)linn addition, if the time allotted to the
maneuver is less thaiin, a phasing maneuver is not even possible. However, it iscéso that
the phasing solution is optimal in the vast majority of casless making it a reasonable approxi-
mation of the real cost, especially when a large humber alugions is allowed. If needed, both

the phasing and the Lambert-bask&#” can be computed, and the lowest one chosen.
We now move on to the second area that this thesis toucheglydimear programming.
2.2 Linear Programming and Assignment Problems
Linear programming (LP) is the study of solutions to prolsenfithe form:
min ¢’z (7)

suchthat: Az > b (8)
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wherec, x € R™, b € R™ andA € R"*". Linear Programming is thus an optimization problem.
While the problem above seems rigid, it is in fact a specifiofof a general class of problems and
has very wide applications [10]. To name a few, for complessnlinear programming can be used

to:

Schedule shifts for nurses at a hospital.

Find optimal network flows to carry a commodity from a set airees to a set of sinks.

Create a balanced diet with foods of known nutritional coh{ghe so-called diet problem,

also sometimes referred to as the “virtual carrot” problem)

Assignn people ton jobs so that the cost of labor is minimized.

Those four applications barely scratch the surface of ties o$ LP. It was of great practical
significance, therefore, to develop efficient algorithmsadve these problems, since no closed-
form solutions are known. The most general and powerful e§¢halgorithms is known as the
simplex method, and was introduced by George P. Danzig iif 1Bd). The idea of the algorithm
is based on the geometry of the problem.

To begin with, we note that the closed set defined by
Az >b 9)

defines a polyhedron iR", as each of the inequalities, when set to equality, defineargeplThe
polyhedron may be feasible or infeasible: feasible if itteams at least one point, infeasible other-
wise. In addition, it may be bounded or unbounded. If boundas referred to as a polytope. For
simplicity of exposition, we will restrict discussion ofdtsimplex method to polytopes, although
the algorithm is quite capable of detecting an unboundeghgalron and, where applicable, state
that the solution is unbounded. Note that the polytopes eéfas above are all closed. It is shown
in [10], which is the main source for this brief expositiohat they are also convex, which is crit-
ical to many of the proofs of the validity of the simplex aliglom, as well as those, perhaps more
important, about duality theory.
Geometrically, minimizing the function’ = over a polytopeP is equivalent to taking a hyper-

plane perpendicular to the vectarand translating that plane as far as it can go indldérection
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while still having at least one point on the plane als@irsuch a point is a solution to the optimiza-
tion problem. Our 3-dimensional intuition generalizes virethis particular instance, and we have

two easily understood cases:

1. There is a unique solution, i.e., it is possible to pushhyyeerplane far enough so that only
one point is both on the hyperplane and in the polytope. Taiistjis one of a family of points
called basic feasible solutions in the context of the simptethod, and more simply vertices
in the geometrical sense. They have the property that dt/eafsthe constraints are active,

meaning that they hold at equality.

2. There are infinitely many solutions. In three dimensidhis is equivalent to there being an
edge or a face of the polytope that is parallel to the hypamtiefined by. Note that in this
case, there are still basic feasible solutions in the swiudet: the vertices at the limits of the

line or plane.

From the geometrical intuition above, we can explain thepggmamethod as a method of first,
finding a vertex ofP (i.e. a basic feasible solution) and second, traversingvéingces until an
optimal vertex if sound. The simplex method, then, follolws &dges of the polytope from vertex
to vertex until it finds a one that it can verify is an optimalwimn. At each vertex, the simplex
applies a specific rule, known as a pivoting rule, in orderdlect which of the possible vertices to
visit next. While for each problem, a specific pivoting rulayrbe more appropriate, there currently
is no way to know a priori which pivoting rule is appropriate fvhich problem.

This leads into one of the problems of the simplex algoritiwhile it is certainly effective, it has
poor guaranteed performance. In particular, Klee and Mirdated examples of transformed cubes
in R™ that would lead the simplex algorithm, using a greedy pingtiule, to visit all2n vertices of
the cube before reaching an optimal solution [31]. Sinca,thesearchers have found pathological
examples of polyhedrons for each pivoting rule currentlyse that will force the simplex method
to visit all vertices.

A different approach, that of continuous interior point hats, was first introduced by Khachiyan
in 1979 in the form of the ellipsoid algorithm [30]. This algbhm was revolutionary in that it was a

provably polynomial algorithm (meaning that it found a d$n quickly, in the sense of complexity
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theory), but its practical performance was very poor comgpan the simplex method (meaning that
it found a solution slowly, in the sense of usefulness theafybetter algorithm was proposed by
Kamarkar in 1984 [28]. This method was the first competitisuson method for LP problems

with a polynomial running time guarantee. By competitive, mvean that the practical implementa-
tion of the algorithm surpassed the speed of the simplexamphtations of the time by a factor of
50—-certainly a tremendous gain [65]. The resulting contipetibetween the two methods has led
to great increases in performance of the various implentientaof both interior-point and simplex-

like algorithms.
2.2.1 Duality

Duality theory is an integral part of mathematical programgnand its particularly elegant results
in the case of linear programming form the basis of both tle@rétical refinement of LP theory
and the development of highly efficient implementationshef simplex method. Briefly, it can be
shown that every linear program has a dual problem. In the cha problem in the form (7)-(8),

the dual problem is given by:

max pT'b (20)
subject to: pl =T (12)
p>0. (12)

The dual problem has several important properties, namely:
1. The dual of a minimization problem is a maximization pesh| and vice versa.
2. The dual of the dual of a problem is the problem itself.

3. Ifz € Pandp € @Q, where( is the dual polyhedron (Clark’s theorem states that i a

polytope, must be an unbounded polyhedron, assuming both are feasilgdnave:
"z > pb, (13)

a result known agveak duality.
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4. If x andp are optimal solutions to the primal and dual problem resyeygt then
e =pTh (14)
a result known astrong duality

5. If z andp are optimal solutions to the primal and dual problems, retbgy, then

pi(a;frx—bi) =0 Vi=1,2,...,n (15)
(¢; —pTAj)wj =0 Vi=1,2,....,m (16)
where
ai
as
A=| " =l4 A - Al (17)
_am_

a result known asomplementary slackness.

We take particular note of complementary slackness, asaitcdgicial element of the auction
algorithm which we describe in detail in Chapter 4. All theesults are well-established in the
field, and were introduced by von Neumann in 1947 and GalehKand Tucker in 1951, the
last two being equally well-known for the Karush-Kunh-TackKKT) conditions of nonlinear

programming.
2.2.2 The Assignment Problem

A field closely related to linear programming is that of Irde@rogramming (IP), which can, in its
most general form, be expressed as the same problem as gi¢é)(8), with the added restriction
that all elements of x must be integer. This simple modifaratiesults in tremendous complication
of the problem. In particular, this problem can be shown tiotg to the class ofV P-hard prob-
lems, which contains some of the most challenging combiizdtoroblems, including well known
examples such as the Hamiltonian Cycle and Traveling Salegroblems.

Nevertheless, not all instances of the general IP problemVar-hard. In particular, the as-

signment problem is a special case whose properties matetable. Consider a set of persons
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D ={i:i=1,...,m} that has to be assigned to a senabjectsS = {j : j = 1,...,n}, where
m < n, such thats, j) € & , where&; denotes the set of all allowable pairs. For every petison
the set\/ (i) consists of all objects that persoean be assigned to, i.&/ (i) = {j : (4,7) € E¢}.
For each objecf € N (i) there is a benefit;; for matching persomwith object; . The objective is
to find the person/object paifs, j;) so that all persons are assigned only one object, and such tha
the total benefid _,_, a;;, is maximized among all possible person/object pairs. Itse assumed
that each object can be assigned to only one person.

In practice, we can assume thag} is defined for each object, since we can assign a very small
number (essentially-co) to all a;; such thatj ¢ A/ (7). In the standard case whene= m, the

problem takes the following form:

max zn: zn: Q5T (18)

i=1 j=1

suchthat: Y a;; =1 Vi=1,2,...,n (19)
j=1
D ay=1 Vi=1,2,...,n (20)
i=1
Tij S {0, 1} Vi,j (21)

The first set of conditions insures that no person is assigmedore than one object, while the
second insures that no object is assigned to more than osemdrhe last condition, the integrality
condition, ensures that half a person isn't assigned tad dfian object.

The history of the solutions of assignment problems is rioth mteresting. The first solution
is Kuhn's Hungarian method, based on the work of Hungariathemaaticians D. Kdnig and E.
Egervary, which is already strongly polynomial. It was ussdhe foundation of seminal work in
transportation and general minimum flow problems [20].

During the 1950s the work of Hoffman and Kruskal [23] provashong other things, that the in-
tegrality constraints of the assignment problem were uesgary, and could be replaced by simple
nonnegativity constraints. In other words, the assignrpersiblem is in fact a linear programming
problem that is guaranteed to have integral solutions, usecaf the special structure of the con-
straint matrix—specifically, the matrix is unimodular [28)]. Combined with the fact that the

right-hand-side constraints are integral, this sufficagtarite the problem as an LP.
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Assignment problems, however, are specialized probleras ®ithin the LP category: they
can be viewed as network flow problems. It is well known thdypomial time algorithms, such
as the Ford-Fulkerson max-flow algorithm, exist to solvehguoblems [39], and those algorithms
can also be applied to the assignment problem. But most tanptty for this work, a method of
solving the assignment problem via an auction-like medmnknown as the auction algorithm,
was introduced by Bertsekas in 1979 [8]. This method, whicle &as a strongly polynomial
running time for the symmetric assignment problem, is théhogwe selected to solve the peer-to-

peer matching problem, for reasons which we will describmane detail in Chapter 4.
2.3 Scheduling

The last topic that this thesis touches on in its attempt éater a methodology for P2P satellite
refueling is that of scheduling. The problem will be showmatse quite naturally as we try to limit
the effect of the refueling process on constellation oj@mat Much like the two topics sketched
above, scheduling is a vast field. Unlike, however, thosespphere is not a central problem that
can be termed the “scheduling problem” from which all elstves. Rather, a vast class of problems
can be termed scheduling problems, even when their mati@structure is markedly different.

The first class of scheduling problems relevant to the ptessearch is the class of job shop
scheduling problems. A job shop scheduling problem comsitt set ofobs{.J;, Jo, ..., J,} to
be processed through machines{M;, Mo, ..., M,,}. Each job must be processed through each
machine once and only once (note that the time that any magtérds to spend processing any
given job can be set to zero). Each operation is denetedreferring to the-th job’s operation on
the j-th machine [21]. Each job typically also has a due diteThe problem is then to schedule
the jobs so as to optimize some metric.

There are many possible metrics for the job-shop schedyinglem. To name a few, we
can try to minimize the makespan (total time to completeak), the total lateness (sum of the
differences between the due dates and the termination oisédigobs), the total tardiness (the sum
of the positive differences between the due dates and thenation dates of all jobs), the average
lateness, or the average tardiness. Many more examplegef taetrics can be found in [21].

An additional element of the problem is that some (or all) dperations for each job may
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have precedence constraints, i®,;, may need to be completed befarg, may begin. Further
expansions of the model can be included, such as ready{@apasticular operation may not begin
before a specified time).

Job-scheduling problems have been shown to be NP-hard ¥¢&pein specific cases [26] of
limited interest. There are several general approachesbtshop scheduling. The main one uses
disjuntive graphs, which represent the job schedule as agftolslem that includes both directed
conjunctive arcs denoting precedence relations betweeratipns and disjunctive arcs, denoting
operations that cannot concurrently be carried out bectngseboth use the same machine. This
approach was first proposed by Roy and Sussman in 1964 [46ad0]sought to find ways of
replacing the disjunctions by conjunctive arcs, thus alitgi a sequence of jobs for each machine.
Another option has been to formulate the problem as a mieddyer program (MIP), by which we
mean a LP-type problem in which some, but not all, the vaemblre required to be integer.

More recently, constraint satisfaction programming (Cis#3)been studied as a way to approach
many scheduling problems, and in particular the job-sclimglyproblem. In [27, 35], the authors
propose a repair technique for scheduling problems (thawgmecessarily job-scheduling prob-
lems) based on the empirical behavior of neural nets to imgnoitial solutions. Another novel
approach from the past decade consists of the use of reémf@nat learning to train neural networks
to detect domain-specific regularities in a vast class ofjiteduling problems [67, 66], i.e. train-
ing the neural network to spot and exploit the special stingcthat each job-scheduling subclass of
problems may have. These learning- and repair-based tp@®mhave been successful in speeding
up the performance of scheduling algorithms. This is paldity important since the general CSP
problem is NP-complete and computationally intractable.

The second class of scheduling problems that bear reseoabtarthe scheduling problem of
Chapter 5 is the server upgrade problem encountered imbttapplications [1, 22]. This prob-
lem has in fact more in common with our problem than the jokedaling problem, whose main
relevance to this work is the investigation of repair tegoes. The server upgrade problem can
be stated as follows: given a number of servers running ahcagipn online, how can they be
upgraded to the next version of the application withoutrfieting with the operations the servers

are carrying out?
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The solutions proposed in [1, 22] do not revolve around saliregl alone—indeed, the main
line of research seeks to find ways to update each serverwyittitiecting its operation, not, as a
scheduling problem would imply, around finding a way to takesers down without significantly
affecting the operation of the online application that is @n those servers. Thus, as we will
discuss in Chapter 5, the scheduling problems do not modglroblem adequately, while the server
upgrade problems try to solve it in ways that are not open td his motivates the development of

new methods to attack our specific problem.
24 Summary

This chapter gave a brief overview and literature surveyefthree main fields that form the basis
for this thesis: two-impulse orbital transfers, linear gnamming and assignment problems, and
scheduling theory. With the foundations set here, we ardyré@move on to the development of

the peer-to-peer refueling methodology that is the coraisfthesis.
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CHAPTER IlI

THE PEER-TO-PEER REFUELING PROBLEM

This chapter is concerned with the formulation of the P2Relafig problem. We will show that it
is reasonable to model the fuel needs of individual satsligo that a natural bipartition is created
among them, dividing the constellation into fuel sufficiand fuel deficient satellites. We will then
formulate the refueling problem as an assignment probldmigiwis a format particularly suited for
solution via auctions, as will be seen in Chapter 4.

For the purposes of the next two chapters, we will assumeathtiie refueling maneuvers are
to start at the same time. Therefore, all the data for thdlisegds given either at the initial time, or
at times specified relative to the initial time. We now expltie core concept of P2P refueling.

If we have a constellation of satellites, some satelliteg heve fuel to spare, while others may
have too little fuel (precise terminology will be introdutkater in the chapter). The question then
arises: is it possible to refuel those satellites which hawdittle fuel using the extra fuel of the other
satellites? If so, we will want to do this as cheaply as pdssibte. with as little fuel consumption
as possible, and within a certain time frame. This last issagrable condition, since even a very
robust constellation may have to go off line for such a refigeimaneuver, and we would like to
keep such disturbances in performance to a minimum.

Several issues arise immediately. Firstly, what is meanttdxy little” and “too much” fuel?
The work in [53, 54, 60] sought to minimize the deviation frtme average fuel of the constellation
at the end of the maneuvers. Therefore, satellites with rii@me the average amount of fuel had
“too much” while those with less than the average amount efffiad “too little.” While this makes
sense in the case of identical satellites, it is not a ustdnidard in cases where some satellites may
have huge fuel capacities, while others may have very smal.oThe formulation presented in this
work, based on fuel need, has wider application to generadtetiations.

Another question is how to organize the refueling procesfit One could, for example, pool

all the extra fuel in as few satellites as possible and haveetisatellites make the rounds to refuel
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those in need. Alternatively, one could have each sateflite “too much” fuel refuel as many
needy satellites as it can on its own. Finally, we may reqaivead of time that less than half the
satellites be needy, and have them be refueled by pairimg thewith surplus-carrying satellites.
This approach is the one used in this work, under the key gssomthat each satellite must be in
its own slot in order for the constellation to function prdpe

Given how we plan to approach the refueling problem, we céinelarefueling transactioras
an operation involving two satellites which starts and enmitls both satellites in their original slots,
with some sort of a rendezvous and a fuel transfer occurninipe interim. There are two main
ways of organizing a rendezvous: one of the satellites gotreetother satellite’s slot, or both move
and rendezvous in a third location. In this work, we use ths fipproach, but note that research is
being carried out to determine whether there would be amjfgignt benefit the second approach.

The final issue that must be addressed is that of constrdinisakes sense that there would
be a time constraint on the refueling operation. Other caims may include conditions on when
satellites can move, or even prohibition of some satellivsing at all. For the purposes of this
chapter, we assume that the only constraint is the time @nit Additional constraints will be

introduced when we tackle the scheduling problem, in Chidpte
3.1 The Feasible Constellation Graph

We begin by considering a constellatién= {s; : k = 1,2,..., N} of N satellites. These satellites
are not necessarily identical and not necessarily on the sahit; they are assumed to be a part
of the constellation because they are, in some way, reqtirethe constellation to perform its
function. Each satellite has a dry masg, a specific impulsdsy,, a fuel capacityfy,, and fuel
contentf,” at the time when refueling is about to start. We now introdiineenotion of the fuel
need of a satellite.

Suppose a constellation gets refueled at regular timevaiter It is possible, either because
of unexpected fuel expenses, or because the constellaasrdesigned to take advantage of P2P
refueling methods, that at some point in time, some of thellgats will no longer have enough fuel
to remain operational until the next refueling. The amodtitiel a satellites;, must have to remain

operational until the next refueling is called thuel needbf the satellites, and is denoted @{. Itis
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clear, then, that at any given time, there are two types eflgas in the constellatiorfuel deficient

satellites, meaning satellites such that

i <1 (22)

andfuel sufficientsatellites, meaning satellites such that

> 1 (23)

We can then partition the constellatiéninto two disjoint sets: that of fuel deficient and that
of fuel sufficient satellites. Specifically, 1& = {i : i = 1,2,...,m} denote an index set of all
fuel-deficient satellites, and = {j : j = 1,2,...,n} denote an index set of all fuel-sufficient
satellites, where there exist two one-to-one mapsidq such thatp(i) — k; andq(j) — k; and
¢(i) # ¥(j) for anyi, j. Note that, by definitionN = m + n.

To facilitate the formulation of the P2P refueling problewe next introduce the notion of a
constellation graph. As first discussed in [60, 53, 54], thdex set of the constellation graph
consists of the satellites, while its edge set consists eptitential pairings. In our case, the sets
D and S induce a natural bi-partition on the s@€t and we can define the bipartite gragh=
{6(D) U (S),E}, where the notatiop(D) denotes the mapping of all the elementgointo C,
and where the set of edgés= {(¢(i), ¢ (j)) : i € D, j € S} has as vertices pairs of fuel sufficient
and fuel deficient satellites. Note that this graph is a cetegbi-partite graph.

It is clear that not all pairs in this complete graph needesent a physically achievable ma-
neuver. For example, one of the fuel sufficient satelliteghihbe exactly fuel sufficient, that is,
condition (23) holds at equality. Clearly, then, this dagekcannot afford to rendezvous with any
other satellite, much less give up fuel. To account for sutrasons, we introduce some termi-
nology. In a given refueling transaction, thetivesatellite is the satellite which leaves its orbit to
rendezvous with the othepassive satellite. We can define two necessary conditions for ldasi
ity of a pair (¢, j) as follows, where the subscriptsand j refer to members of the sef? and S

respectively (this can be done without ambiguity since tla@$p and are one-to-one):

1. One of the satellites in the pair must have enough fuelitiaie a rendezvous. Defining'j
as the fuel cost of satelliteleaving its orbital slot and transferring to that of satelli, and

p’; analogously, this means that eithéy < f; (i is active), orp’; < f; (j is active).
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2. There must be enough fuel in the satellites so that afterafueling transaction is over, both
satellites are fuel sufficient. Defining; as the total fuel cost of the maneuver (i.e., the orbital

transfers), the fuel in a feasible pair must satisfy :
fi +fy =2 fi+ 1 (24)

Expressions for the quantities defined above will be caledlan detail in a subsequent section.
Suffice it to say, for now, that they are well defined for eveagee With that in mind, we partition

the seft as follows:

A = {(¢(2),v(4)) € € : (4,)) is feasible and can be activé, (25a)
= {(¢(i),v¥(y)) € &€ : (i,7) is feasible ang can be activg, (25b)
U = {(9(i),v(y)) € € : (i,5) is infeasiblg, (25¢)

where a pair is considered infeasible if it fails either of thwo conditions set out above. Note
that in generald N P # &, since it is possible for both satellites to have enough tu@hitiate a
rendezvous.

Given the above, we can define tleasible edge sets&; = {(¢(i),¢(j)) € AU P}, and the
feasible graphasG; = {¢(D) U ¥(S),Er}. The graphG; is a representation of all the possible
pairings of satellites. The optimal matching, i.e., thechatg that will cost the least fuel, must be

chosen from the pairs contained in this graph.
3.2 The Peer-to-Peer Assignment Problem

Now that the feasible constellation graph is well defined,twa our attention to the assignment
problem proper. Recall that we are trying to match the stgelbn a one-to-one basis so as to
minimize the fuel consumption of the whole refueling pracea time constraint, as discussed at
the beginning of this chapter, is implicit in the cest associated with a pait, j), as was seen in
Section 2.1.1.

LetN(i) = {j € S: (3,7) € &} denote the set of fuel sufficient satellites that can perform
a refueling maneuver with € D, where for the rest of the chapter we write, by abuse of rotati

i andj instead of¢(i) andi(j) in all expressions. Because we allow only one fuel exchamge p
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satellite, the product of the P2P refueling strategy willb@atchingM C &, that minimizes the
fuel consumption of the maneuvers. By matching, we mean afsstges off; such that no two
edges share a vertex.

The problem of finding the optimal matchiogl* can be formulated as an integer program over

the bipartite grapld; as follows

Maximize Z Z —CijTij (26)
i=1 j=1

Subject to: inj =1, VieD, 27)
j=1
Y w <1, VjeES, (28)
i=1
Ti; =1 = jGN(’L), 1€ D. (29)
Tij € {Oa 1}a vza] (30)

Equation (27) enforces the condition that every fuel deficgatellite must be paired with ex-
actly one fuel sufficient satellite. Inequality (28) enfescthe condition that every fuel sufficient
satellite can be paired with at most one fuel deficient seelEquation (29) simply states that all
pairs considered are feasible. Note that for a problem teasilble, necessarily > m.

An integrality constraint or;; is not needed since it is known that assignment problemsyalwa
have integral solutions [10]. In other words, one may replé80D) with the conditione;; > 0,
without loss of generality.

The above is an assignment problem, which allows us to use mathods to solve it. We
present the auction algorithm in Chapter 4 as a possibledated For now, we turn our attention to
the detailed calculation of expressions égrand thep;; andp;:i quantities on which the sefg(:)

depend.
3.3 Fud Cost Calculations

Consider two satellitesc D and;j € S in circular orbits of (possibly different) radij andr;, and
separated initially by an angtg;, as shown in Figure 2.
We assume that the satellites will rendezvous by applyingcaitnpulse rendezvous strategy.

Specifically, if satellite is active, it will apply impulses to rendezvous with satelji within a given
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Figure 2: A basic rendezvous configuration.

amount of timef;;. Let AV}, = AV(t;;, 6;;) denote the two-impulse velocity increment required
for satellitei to leave its orbital slot and rendezvous with sateljitender the time constrairit;.
Since we discussed calculation of thd” quantities in the previous chapter, we will assume that
they are known.

Given the required\V}’; for satellitei to visit satellitej, the corresponding fuel cogf; can be

computed from [12]
Py = (mi+ f77) (1 — e A/ ") : (31)

whereo; = golsy andgy is the acceleration of gravity at the surface of the Earth.

The return fuel coqb§i can be similarly computed from
p;z = (mi+ f; — pﬁj — 9ij) (1 - €_Avﬁ/oi> ; (32)

whereg;; denotes the amount of fuel transferred froto j. Note that, in general\V;; # AV, =

AV (t%;,2m — 0;), even iftl, =t

i %, see, for example, [52].

From (31) and (32), it is clear that in order to minimipg + p;’i the quantityg;; must be

maximized, subject to the constraint

9ij < fi =l —vhi— [ (33)

1)

so thatf;" = f;” — pl; — p%; — 9ij > [, Clearly, the optimal value ig;; = f;” — p}; — % — [,

? )
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and the corresponding value fpyz is
o= (mit £+ i) (1— e 20%)
or, upon rearrangement
Py = (mi+ f,) (1= e 8Vi/o) eAVidor, (34)

Equations (31) and (34) give the optimal fuel cost in the asbere satellitei is active, and
under the assumptions thahas enough fuel to complete the first leg of the rendezvoustzatd
there is enough fuel in to transfer ovey;; units of fuel tos.

Similarly, when satellitg is active, the cost for the forward trip is given by
V= (my+ f7) (1= 72Vl | (35)
whereas the return transfer cost is given by
vl = (mj + f; = v} — 90) (1 — A/ "J’) : (36)

In this casgy;;’s value is limited by the fuel requirement fgito be able to make its return trip, and
by the amount of fuel that satelliteis capable of accepting. Now, equation (36) implies at
must be maximized in order to minimizé, + p/,. Recalling thatf; is the maximum fuel capacity

of satellites;, the optimal transfer fuel fromi to ¢, in this case is given by
g =min{f; —f —pl =), fi— ) (37)
which leads to the following expression fof;
(ms + f7 = vy = Fit £7) (1= e 25/7)),
it g5=fi— 17,

Pl = (38)
(mj +1,) (1 - e—AViﬂ/oj) AVii/oi

it g5 =1 —1,—pj

Finally, the cost;; assigned to satellite paft, j) is given by

cij = min{p; + pl;, pl; + Pl ), (39)
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assuming both satellites can be active. Obviously, if omg can be active, the corresponding cost
ﬁj + p;’i or its counterpart) will be the fuel cost of the maneuver.
With the results above, we can fully form the feasible cdfegten graph over which the assign-
ment problem is formulated. We note that all the calculaidapend on th&V required to carry

out the two-impulse maneuvers, which we discussed in Chapte
3.4 Summary

We now have completely formulated the P2P refueling proldsma well-defined (though possibly
infeasible—this discussion is deferred for the next chyatesignment problem, given in (26)-(30).
Since the assignment problem is well studied, many solsitexist. We are therefore interested
in the solution that is most likely to play to the strengthsacgatellites constellation. This is the

purpose of the next chapter.
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CHAPTER IV

SOLUTION OF THE PEER-TO-PEER REFUELING PROBLEM VIA AUCTION S

As discussed in Chapter 3, the P2P refueling problem canreufated as an assignment prob-
lem. The fact that the assignment problem is a linear progrizugn problem opens the door to
the many solution methods developed for linear programse siimplex method, by far the most
popular method for solving general LPs, is one possible agubr to the P2P refueling problem.
Nevertheless, it is unwieldy, s mentioned previously, ey in light of the specialized algo-
rithms that exist for specialized LPs. The assignment grokih particular can be reformulated as
a network flow problem, and such problems admit solutionspiialized algorithms that exploit
the unigue structure of the constraints. However, one naetmparticular, which was initially de-
veloped specifically for the assignment problem, has greahige as a solution approach to the
satellite P2P refueling problem, namely the solution ofaksignment problem via auctions.

Auction algorithms have two inherent advantages over thmlsix method: firstly they are
guaranteed terminate in polynomial time (the simplex metienerallyterminates quickly, but can
require an exponential number of iterations under someristances), and secondly they admit a
distributed implementation—ideal for a constellation weheve would prefer not to depend on any
one satellite too much. These two advantages are courdadsal by the fact that optimality of
the solution obtained via auctions is only guaranteed witliunds. However, since those bounds
can be made arbitrarily small, this disadvantage is sliginl, may even work to our benefit, as will
be discussed later. Another advantage, however, is thatuti@on algorithm can be implemented
just as easily for the asymmetric assignment problem tleaP2P refueling problem generates as
for the symmetric case. The cost is the strongly polynomiahing time, which can no longer
be guaranteed, since the scaling method used to guarantemglys polynomial running time for
the symmetric case can no longer be applied [8]. Nevertheths algorithm maintains a weakly
polynomial running time.

Our choice to study the auction algorithm is not, ultimatelictated by clear computational
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advantages over other methods. It is, rather, the distdtbeitnature of the algorithm that is of
greatest appeal. In this thesis, we try, when possible,éanethods that can take advantage of the
multiple satellites, i.e. the multiple processors, thahaee available in the constellation to design a
methodology that can be carried out by the constellatidependentlpf the ground control system.
The auction algorithm offers precisely such a solution &rttatching problem: a solution where all
that is required in terms of central computation is for ortelste to keep track of which satellites
are assigned and which are not, so as to declare the matchawg perminated (the scheduling
phase is discussed in Chapter 5).

There are several ways of implementing auction algorithonsfconstellation. First, we may
apply a serial version of the algorithm, known as a Gausdeb@nplementation. Second, we may
apply a parallel version of the algorithm known as a Jacolgilémentation. Both of these algo-
rithms admitasynchronous implementatignweaning that the information used for each iteration
does not have to be up-to-date, subject to certain mild caings. This last property is very desir-
able, especially if there is uncertainty about the speeeél@tility of communications.

In this chapter, we will describe both the serial and thelnanplementations of the auction

algorithm, and present the solution to a sample problemmdadahrough both methods.
4.1 The Serial and Parallel Auction Algorithms

The auction algorithm is a method of solving the assignmeoblpm that is rooted in economic
auction processes. Our presentation of this algorithmetlamatches that given in [8]. To better

understand how the auction algorithm works, recall thasymemetric assignment problem is given

by:

max zn: zn: Q5 Tij (40)

i=1 j=1

suchthat: Y a;; =1 Vi=1,2,...,n (41)
j=1
D ay =1 Vi=1,2,...,n (42)
i=1
x5 > 0, (43)

wherea;; represents the benefit of matching persamith objectj, when there are: persons
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andn objects. The mathematical form of this problem is the santlkea®f a network flow problem,
a fact that will be useful shortly. Now imagine trying to maggersons with objects via some sort
of market mechanism. We can then assign to each objaitar;. Each object then offersgrofit
a;; — 7; to person;, and each personwill seek to be assigned to the objegtwhich yields the

greatest profit, that is:

= max {a;; — m;}. (44)

Qj5. — T4,
T TSN

(3

The condition (44) is a form of theomplementary slackness conditime discussed in Chap-
ter 2, which we abbreviate as CS-condition. To see this, vite Wr dual of the assignment problem

(40)-(43) as [10]:

n n
win 3+ 30m “s)
i—1 =1
suchthat: p; +m; > a;; Vi, 7, (46)

where we have ignored the sétqi) because they can always be simulated by settjpgp a very
low number in casg # N (7).

Now suppose the values of, o, ..., m, are set. The value of_ , p; is then minimized if
each of thep; is set to the smallest value that will still satisfy (46). $Bmallest value we can write

as

pi = {naxn{aij —mj} (47)

Now recalling that the assignment problem is a special typetwork flow problem, there are
two complementary slackness conditions that must be satisfirst, flow must be conserved, and
second, if there is positive flow on aft, j), the dual variables at the nodeandy, p; andr; must
satisfy:

T — iy = —pi = — m,?X{aik — Tk}, (48)
aij — 7'(']' = mkax{aik — 7'(']'}, (49)

which is exactly (44), without the arc constraints (whick arproduct of\V(i)). As for the flow

conservation constraints, which form the second part ofctiraplementary slackness conditions
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for network flow problems, any feasible assignment willsgtthem [10]. In light of this and the
discussion of complementary slackness in Chapter 2, ierdhat if all matched pairs fulfill the
CS-condition, the solution will be optimal.

Returning to the auction algorithm, at the beginning of eiéefation the same object may be
desired by more than one person, and thus a bidding mechasisrtroduced, whereby every
object that is bid on by more than one person chooses thedtightgler and then raises its price to
that offered by the highest bidder. This is the basis for mgntlis and related algorithms auction
algorithms. For its part, the CS condition should hold wilhaasigned pairs at the beginning of
each iteration.

This strict enforcing of the CS condition, however, may léadycling. This problem appears
in cases where an object is equally desirable by two persamsneither one is willing to raise its
bid to get the object, leading to the object being assignezhtd of the two persons alternatively
with each bidding iteration. To avoid cycling one introdsiGe minimum biding amount, but this
has the effect of destroying CS. However, introducingsfoemplementary slackness conditiam

e-CS condition for short,

Qij, — Tj; > jglj\ﬁ}é){aij — T} — &, (50)

wheree > 0 allows us to still maintain optimality guarantees. Spealfic while the minimum
bidding increment prevents cycling, the final assignment is guaranteed to tialpwithin me as
long ase-CS holds for all the pairs in a final matching [9].

Below we summarize the main steps of the bidding processiglam auction algorithm. For
simplicity, we limit our presentation to the forward auctjavhich is the simplest and most straight-

forward implementation.

Initialization At the beginning of the algorithm, no person is assigned.dutiteon, and without
loss of generality, we let; = 0 for all j € S. This last is a sufficient condition to guarantee the
successful termination of the algorithm in the case of amnasgtric problem. It is unnecessary if
the problem is symmetric. At the beginning of each subsegiermtion, every person € D is
either assigned or unassigned. For every person assigedolgiect;;, thee-CS condition (50) is

satisfied.

34



Termination The algorithm terminates when all persons are assigned.

Bidding Phase LetV C D be a nonempty subset of persons that are unassigned at ihaibgg

of a given iteration. Each persare V finds an objecj; which offers maximal profit,
j; € arg max {a;; — 7;}, 51
J gje/\/(z‘){ J J} (51)
and computes a bidding increment
Vi = Vi — Wi tTE, (52)

whereuw; is the largest object profit, and; is the second largest object profit,

v; = max {a;; — 7}, 53
e {ag; =} (53)
w; = max {a;; — m;}. 54
jeN(i){aJ WJ} (54)
J#Ji
If j; is the only object inV (i), then we definev; = —oo, (in practice, a number much smaller

thanv;). Obviously, if A/(7) is empty, the problem is infeasible.

Assignment Phase Each objectj that is selected by a nonempty sub&&tj) of persons inV

determines the |I|g| 1est bidder accordir 1g to
1; € arg max y;, 55
J 1€X(J) ( )

raises its prices by the highest bidding incrementx;cx(;) v, and gets assigned to the highest
bidderi;. The person that was assignedjtat the beginning of the iteration, if any, becomes

unassigned.

It is clear that the above algorithm can be applied to the R2&eling problem, which is, in
general, an asymmetric assignment problem. In the formonl@bove, we simply replacg; with
—c;;. The serial algorithm, as well as the parallel and asyndusnmplementations, are guaran-
teed to terminate if the problem is feasible. This is not gated in the P2P refueling problem.

However, since the solution to the feasibility problem is game for all implementations, we defer
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the discussion of feasibility issues to Section 4.2.1. Fov,iwe content ourselves with noting that
the problem exists.

We now draw attention to the st It is noteworthy that it is completely free, as long as it
is nonempty. The serial (Gauss-Seidel) algorithm is sintipdycase where at each iteration, only
one person is included M, i.e. |V| = 1. The parallel (Jacobi) case is then the case wheesy
unassigned persois included inV. In between these two extremes, other implementations may
be attempted, so-called block-Gauss-Seidel implement{9]. These three options essentially
present the gamut of forward auction algorithms for the eglsere complete information is avail-
able. The case where information is lost or delayed, knowth@ssynchronous case, requires a

slightly different approach that we turn to next.
4.2 The Asynchronous Auction Algorithm

As we saw, the auction algorithm presented in the previougoseassumes that the most current
information is known by all the satellites that are biddingeach iteration. This is not necessarily
realistic, since communication problems between (to useerample) the satellites can delay or
even drop the information during transit. Fortunately, #luetion algorithm is robust to this and
other situations. In particular, formulated slightly diféntly, we can make guarantees that the

algorithm will converge in cases where:
1. All unassigned persons will eventually bid.
2. All persons will eventually get updated information.

These two assumptions will be given mathematical precisidhe discussion that follows. We
note here that the presentation of the asynchronous awdtjorithm follows very closely that given
in [9].

We assume that time is discretized by bids: events (chamgtwistate of the assignments)
occur only at the end of the bidding and assignment calaulati This does not cause a loss of
generality, since we make two key assumptions further orchyhiy allowing for satellites to not
be ready to bid at a given time, allow us to model calculatiefays as an inability to bid. The

calculations themselves are referred to as iterationshé\beginning of an iteration, we denote by
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V(t) € D the set of persons that are unassigned at timé/e further assume that of this set, a
subsetV(t) C V(t) is ready to bid. We do not assume that the membei4/0f) have up-to-date
pricing information. Instead, we denote the pricing infation at timet as~(t), a vector of length
n, wherer;(t) is the price associated with object S at timet, and we assume that each person
i € W(t) is aware of a price for a given objegigiven by (7;;(t)) for somer;;(t) < t. This price
information is used in calculating any bids submitted agtimFinally, we define;(¢) as the index

of the person that objegtis assigned to at time We now make two key assumptions:

1. Vie V(t), 3t' > t:i € W(t'). This is an expression of the first condition set out above: al

the satellites that are unassigned at a timal eventually submit a bid.

2. 7;;(t) — oo, ast — oo, Vi, j. This is the mathematical statement of the second condition

above: each satellite eventually gets an update on thangrieformation.

As mentioned, the two assumptions above completely modetatay in the calculations or
communications that might occur. Delays in the transmiseidhe pricing information are modeled
via the 7;;(t) function. Delays in the sending of the information are medelia the setV(t).
Delays due to the computations (i.e., the computer had wat® information, but the bids are no
longer up-to-date because time elapsed between the tincetmguter started the computations and
the time it submitted its bid) can be modeled via a combimatig(t) and)V(t). All other delays
are simply a combination of these three. Because of this,ameake any delays into account by
modeling thema priori and assume that all calculations happen instantaneously.

Once again, the key element in the algorithm is4kH@S condition, which is enforced at every
step. Specifically, for each padit, j;) in an assignment at time the following must hold[9]:

agj; — 5 (t) = jglj\ﬁ}é){aij —m;(t)} — e, (56)

wheree > 0. We now state the algorithm.

Initialization:  Sett = 0. At the beginning of the algorithm, no persons are assigoeany
objects, soV(0) = D, andw(0) = 0 (again, only truly required for the asymmetric assignment

problem). At each subsequent iteration, all assigned patisfy (56).
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Termination: The algorithm terminates whéi(t) = @.

Bidding: Each person € W(t) calculates the maximum value among all objects A/ (7),

vi(t) = jg\%{az‘j — mi(7i5(2)) } (57)

an object that yields that maximum value,

Ji(t) = arg jg\%{az‘j —mi(7i5(2)) } (58)

the second best value among all objects N (i),

w;(t) = max {a;; — m;(7i; (1))}, (59)
JEN(4)
J#7i(t)

where7;;(t) > 7;;(t) and a bid for objec;

Each person then submits their bid to the appropriate abiiegt(¢) is the only object inV (i),
then we definev;(t) = —oo, and subsequently;(t) = +oo. Note that it is possible at any time
for W(t) to be empty. As long as the first assumption is true, this doesffect the convergence

of the algorithm except in speed.

Assignment: Each object receives bids from a (possibly empty) set ofques®;(t) = {i €

W(t) : ji(t) = j}. If Bj(t) # @, each objecy determines the highest bid

bi(t) = i (t), 61
(t) e Bi(t) (61)
and a person submitting such a bid,

4(t) = arg max, Bi(t)- (62)

Objectj then updates the pairr;(t), r;(t)) according to the following rule:

(b; (1), i5(t)) i b;(t) = m;(t) +¢
(mit+ 1)t + 1)) =4 Y (63)
(mj(t),r;(t)) otherwise.
The above algorithm is identical to that presented in [9Y @@ results shown therein hold. In

particular:
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1. The algorithm is guaranteed to terminate if the problefeasible.

2. The final assignment benefit is guaranteed to be withirof the optimal assignment benefit,

wherem = |D|.

The only issue remaining is that of feasibility, which wi# discussed in the next section. Before
moving on to that, however, we show that the algorithm agdthéere is equivalent to the algorithm
stated in the previous section in the case whéig) = V(t) = V, andr;;(t) = 7;(t) = t for
all ¢,j. Firstly, the complementary slackness condition (56) ense be equivalent to (50) by
inspection. Since the only event that chang&s this case is an iteration, we see that the vector
m(t) is the same as the vectorin Section 4.1, which changes with each iteration. Theee{éd)
and (58) are equivalent, as are (53) and (57) and (54) and (59)

Some care must be taken when looking at the bids. In the figgkeimentation, the bid; is
added on to the pricg;. In other words, it is a proposedcrease in the priceln the asynchronous
implementation, however, the bjg} is the proposed new price. This can be seen by the differing
conditions for reassignment: in the first implementatioain the highest proposed increase is
enough, since there is a minimum bid. In the second, beingitfeest is combined with the
requirement that the price increase by at lea@3). However, looking in detail at what the bid is

in the second case, we see that we can write:
Bi = aij; —wi + €
= Qyj; + 5, — Tj, —wW; +¢
:wji—l—vi—wi—l—s
= Ty, + Vi,
from where it is seen that if & = (3;,, the final price objec§ will be 7; + ~;,, which is the same
as what it would be in the first implementation, sirige= 3; only if ;, > ~; for all 4.

4.2.1 Feasibility

As mentioned before, there is agriori guarantee that a given problem is feasible. This partiular

true in the specific case of satellite constellation P2Ratafg problems. If the problem is infeasible
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and there are no methods for detecting it, the algorithmgdlbn indefinitely, since the s&v(t)
will never be empty. Fortunately, several ways of deteciimfgasibility exist, all of which are
easy to implement assumisgmeforeknowledge by the satellites of the fuel capacity of thwlg
constellation.

For example, there is a minimum bound @(¢) for any feasible problem given by [8]:
vi(t) > —2n —1)C — (n — 1)e, (64)

for all ¢ € D and for allt > 0, in case the algorithm is initialized with;(0) = 0, whereC' =
max(; jee, |a;;|- Since for an infeasible problem, at least one object wiieree an infinite number

of bids, at least one;(¢) will drop below this lower bound. Substituting’ with the total fuel
capacity of the constellatiol_, fi (where fj, is the maximum fuel capacity of theth satellite

in constellation), we have a condition that can easily berassl knowna priori by each satellite
and moreover is an upper bound 61 since no feasible cost can be greater than the total fuel
content of the constellation. Again, since an infinite numidebids will be submitted, the value of

v; Will eventually drop below this new lower bound as well—alilgh it may take longer to detect
infeasibility in this fashion.

Another approach to solving an infeasible problem can b@tadoby understanding what sit-
uations can cause a problem to be infeasible. In the speeifie of the P2P assignment problem,
there are three such situations. Firstly, there may be nuetaleficient than fuel sufficient satellites.
Since our assumptions state that a fuel sufficient sateliéte refuel at most one fuel deficient satel-
lite, this clearly means the problem has no solution. Thi sstuation that can easily be checked
for, however. Secondly, the s&f(:) may be empty for one or more satellittsmeaning that no
fuel sufficient satellite can replenish them. This, agairedsily checked for.

The third and last situation is more complicated and is bgata@éed by referring to Figure 3.
There it is seen that it is possible for too many fuel deficgattllites to be able to exchange fuel
with too few fuel sufficient satellites. This situation istreasily checked for, but a solution can
be created by realizing that it is the sparsity of the cotateh graph that causes it. By adding
imaginary edges between infeasible pairs, as shown in &juand assigning to them a very small

benefit (essentially negative infinity), we can insure thatalgorithm will terminate in every case,
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Persons Objects

Figure 3: An infeasible problem. For every persan\V (i) # &, but the fact thatV'(1) = V' (2) =
{1} implies that one of them must remain unassigned.

Persons Objects

Figure 4: The infeasible problem from Figure 3 can be made feasiblaigyn@nting it with highly-
weighted edges (dashed lines).
but will have a final benefit that is very low (infinitely so) He problem is infeasible.

The problem with the above implementation is that it take®ssibly sparse graph and trans-
forms it into a fully populated graph. The auction algoritisrknown to be particularly fast in the
case of sparse graphs, and therefore it is counter-preduictisuppress this advantage in order to
detect infeasibility. Nevertheless, it should be possibladd no more than edges and still resolve
feasibility issues; in Figure 3, one would need only add atost edge between elemehon the
left and elemen® on the right. In addition, if the alternative detection nuathis used in the P2P
refueling problem, it is not known how much longer the inftatewer bound orv; will take to
reach than the standard lower boutidlt is therefore not possible to saypriori, which of the two

methods is better suited for the P2P refueling problem.
4.3 Simulation Results

To illustrate the various aspects of the auction methodolag present here two examples that we
will solve via the serial implementation of the auction alggon. We will then solve the second

example via a parallel implementation, and furthermoreutate some communication losses and
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Figure 5: A constellation with 20 evenly distributed identical sktes.

Table 1: Satellite data.
Dry Mass (nx) 50 units

Fuel Capacity () | 100 units
Specific Impulse Lsp,) 197 s

test out the asynchronous implementation. Both of our ekasnpill deal with constellations of 20
evenly-spaced satellites along the same circular orbghawn in Figure 5. The basic information
of each satellite is the same, and is given in Table 1. It igrassl that the surface of the planet is at
0.9 times the orbit radius.

We mention here that the calculations for thé& quantities were carried out in a normalized
fashion, where the radius of the constellation was takehasiit of length, and the period of the
constellation as the unit of time. This allowed us to taketeaty units for mass and fuel. The fuel
content data for the two constellations is provided in Tal2leand 3.

We note that in the first example, only three satellites aed deficient, while in the second
example, fully half the constellation is in need of fuel. Mover, the ten satellites that are fuel
deficient in Example 2 occupy sequential slots in the orbitisBomewhat artificial configuration
is used observe what solutions are obtained when the ssgedld not have the option of going to a

fuel satellite close by.
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Table 2: Satellite fuel specifics for Example 1.

Satellite| f,~ | f, | Satelite] 7~ | f,
1 83.1| 85 11 03| 6.4
2 37.2| 16.7 12 78.8 | 24.6
3 33.8| 27.1 13 14.8| 19.1
4 234|121 14 58.3| 6.2
5 326 11.9 15 70.6 | 29.9
6 28.0| 19.3 16 82.4| 23.1
7 29.1| 29.0 17 38.9| 0.1
8 40.6 | 6.3 18 42.9] 9.8
9 2.4 1229 19 78.5| 13.1
10 441 2.8 20 71.0| 28.5

Table 3: Satellite fuel specifics for Example 2.

Satellite| f,~ | [, | Satellite| f," | [,
1 12 | 30 11 44 | 30
2 9 | 30 12 75| 30
3 26 | 30 13 52| 30
4 0 |30 14 97 | 30
5 23|30 15 80 | 30
6 29 | 30 16 58 | 30
7 29 | 30 17 82 | 30
8 23| 30 18 48 | 30
9 13| 30 19 60 | 30

10 14 | 30 20 95| 30
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Figure 6: The constellation graph for Example 1. The optimal matcligrghown in bold.

4.3.1 Solutions via the Serial Algorithm

The serial and parallel implementations of the auctionritlym are very similar, differing only in
the setV of unassigned satellites that bids at each iteration. Theywnplemented essentially
as outlined in Section 4.1, and require little additionalcdission. The feasible constellation graph
for Example 1 is shown in Figure 6, with the bold lines indiegtthe final matching obtained via
the auction algorithm. The arrows point from the active @ plassive satellite, while the thin lines
indicate all the possible pairings.

The details of the results are given in Table 4. We note thatathount of fuel in the active
satellite is equal to the minimum required amount of fuel, jf.,j =/, if s; is the active satellite
in the exchange. This makes sense, since the active satellist burn fuel to return to its original
slot, and should therefore be as light as possible for maxirfuel efficiency.

We also note that in two out of three cases, the active datalthefuel deficientsatellite. This
makes sense, since the fuel deficient satellite has lessufigetherefore is lighter—but this is not
a general rule, since sometimes the fuel deficient sataliitanot have enough fuel to initialize, or
there may even be another pairing that ends up being lesagixpavhen the fuel sufficient satellite
is the active one. However, the cost of the fuel sufficienelsed carrying out the rendezvous

maneuver is usually greater, and is avoided. Example 2 withér confirm this observation, as we
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Table 4: Details of the fuel-optimal matching for Example 1.
icD]jesS fi I 9% Active
9 8 22.9 |18.3881| 22.2119| 9
11 10 | 39.6438| 2.8 39.3438| 10
13 14 19.1 | 52.2368| 6.0632 13

are about to see.

For the record, the total cost of this matching .43 units of fuel, or jus0.71% of the constella-
tion fuel content, and the result is obtained aftéterations of the algorithm. Theparameter was
taken to be).25, and therefore the matching is guaranteed to be withib fuel units of optimal.

The feasible constellation graph for Example 2 is shown gufg 7, following the same con-
ventions as previously. We note from this graph that eachdiefécient satellite tries to match itself
with a satellite that is as close to it as possible. This ofrselnhas the effect of leaving satellite
s5 to travel halfway across the constellation to meet its matchaddition, we can observe that
satellites;g can only be matched with one of the fuel deficient satellgesgllitess. Since half the
constellation is fuel deficient, this forces that possikd&ipg to be the final pairing. Moreover, we
can see from the pattern of the matches that the optimahgaiseem to want to pair fuel deficient

satellites with fuel sufficient satellites as close to thenpassible.
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Figure 7: The constellation graph for Example 2. The bold lines in@ic¢he final optimal pairings,
obtained with the serial auction algorithm. The arrows pbiom the active to the passive satellite.

The numerical data regarding this matching is given in Tablwhere we see the same pattern
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Table 5: Details of the fuel-optimal matching for Example 2.

ieD|jeS| f £ gj; | Active
1 19 30.0 | 37.90| 22.09 1
2 17 30.0 | 51.09| 30.90 2
3 18 30.0 | 32.93| 15.06 3
4 20 | 52.76| 30.0 | 52.76 20
5 16 30.0 | 31.80| 26.19 5
6 11 30.0 | 32.30| 11.69 6
7 12 30.0 | 63.30| 11.69 7
8 13 30.0 | 34.69| 17.30 8
9 15 30.0 | 51.34| 28.65 9
10 14 30.0 | 73.27| 23.72 10

repeated as in Table 4: the active satellite is the fuel daficatellite, except where the fuel deficient
satellite cannot initiate the maneuver. An extreme cashisfis satellites, in this example, which
Table 3 indicates has no fuel at all. Also, again we note thatactive satellite has exactly the
amount of fuel that it needs at the end of the transaction.

Again, we note that the fuel cost of this matching is is 10bigs of fuel, which corresponds to
12.37% of the total initial fuel content in the constellati(B69 units). The solution in this example

was obtained after 108 iterations.
4.3.2 Solutions via the Parallel and Asynchronous Algoritims

The first sample problem above is simple—almost trivial—andnly given to illustrate that the
algorithm works. The second problem is a prime candidateudoning a simulation of parallel
calculations. As was mentioned in Section 4.1, the onlyed#ifice between the serial and parallel
implementations of the algorithm is the choice of Beif unassigned satellites that bid at each iter-
ation. The asynchronous situation that we simulated, hewevas a somewhat simplified version
of the algorithm, which we describe now.

In implementing the asynchronous algorithm, we soughtrtaukite only loss of pricing infor-
mation due to communication failures. In addition, we assdihat the pricing information was

carried in a single, non-divisible packet. Finally, we ased that all satellites were ready to bid at
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every iteration. Mathematically, this translates intofilowing for all timest:
WI(t) = V(1), (65)
Tigi (1) = Tigp (1) = Ti(t), Vi1, j2 € S. (66)
To simulate the packet loss, we expregs$) as follows:

t+1 if X(t) <P
Ti(t+1) = (67)

i(t) if X(t) > P,
where X (¢) is a uniformly distributed random variable ¢ 1] and P; is a probability threshold.
The meaning of the expression above is that satéliiil either get the full list of up-to-date prices
(i.e., the vectorr(t)), or it will keep its former price vector. Therefore, we da sanulate delayed
information. In addition, we se; = P for all the satellites, thereby assigning the same threshol
to each satellite.

Running the code in parallel yielded a bit of a surprise:raéking only 40 iterations, the code
converged to a different matching. As shown in Figure 8, Hielbtes assigned to satelliteg and
s19 were switched, as were those for satellitgsand s;. This matching had a cost of 107.5772,
which, though a little higher than that of the first algorithisistill well within the tolerance guar-
anteed by the algorithm. Moreover, running the asynchrsralgorithm with different randomly
generated rates of update (from 10% to 90% probability & ttes) yielded additional near-optimal
matching matchings, all within tolerance. The best matgloibtained was the one shown in Figure
9, with only the assignments for 9 and 10 being switchedivelab the Gauss-Seidel type solution.
The cost of this matching was 107.5523, and the matching w&sned after 48 iterations, with a
price update probability of 0.9.

The reason that several matchings can be obtained viaghtfapdate probabilities and different
implementations lies with the fact that none of these matgis guaranteed to be optimal. In point
of actual fact, we only guarantee the optimality to withitz. If more than one matching meet
this tolerance, there is no matching that the algorithm edathverge taa priori: all the matchings
can be obtained if the simulations are run with some randagnitactor (such as the probability
thresholds). Even in the case of a Gauss-Seidel serial mgpigation, what will determine which

of the sub-optimal matchings the algorithm will convergéstthe order in which the satellites bid.

a7



w4 A AL/ AN
YTV [
A= " ////

!\\v! \
!rf

T
N
NN
N

{ { W I"il A 7
/‘ OV KA A4S
o0 K0 A
L 'VV" "%!i’l“il Z/’.,l’-‘i’zil 510

/17
@
AT
e ‘l”/

N
i\;

=
AN
A\
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Table 6: Average number of iterations to termination with respecipdate probability.
Probability | 0.1 0.2 03 | 04| 05| 06| 07| 08|09
Iterations | 222.2| 152.4| 111.9| 86.4| 70.7 | 60.5| 53.2 | 47.7 | 44.0

Nevertheless, it is instructive to look at the best matchobgpined via multiple runs of the
algorithm. While it is not guaranteed to be the optimal, adyoase can be made for this by noticing
that each satellite tries to be matched to a satellite ag ¢tog as possible (nhote the pattern of the
links from satellitessg — s19 to satellitessy; — s15). Since the results in Figure 6 indicate that
satellites prefer to be matched with other satellites thatchose (in an angular separation sense),
this furthering of the pattern reinforces the idea that te# matching is indeed the optimal one.
Note that the pattern is broken in the links between saelif — s5 ands;g — so¢ because satellite

s18 can only be paired up with satellitg.
4.3.2.1 Performance of the Asynchronous Algorithm

To get a better idea of the response of the auction algorith@msynchronous bids, we ran two
separate tests. First, we ran a test with the same base gasdrgExample 2 above and averaged
the number of iterations for 1000 runs of the algorithnPat 0.1,0.2,...,0.9. The average results
are given in Table 6.

We note that even in a situation where there is only a ten peprebability that updated price
data is received, the algorithm, on average, runs only fadrahalf times slower than the fully
parallel algorithm. This is very good performance, but mayskewed by the fact that we modeled
informationlossrather than informatiodelay. In other words, there is no situation whefé+1) =
7;(t — q) for some intege > 1. This means that when the satellite receives an update ptitegte
is the newest price vectar,t). The effects of receiving an older price vector, gdy— ¢) for some
g > 1, are not included in the current simulation.

In order to check that this promising performance is not arration, we ran three more exam-
ples of randomly generated constellations. The configumaif the constellations was identical to
the previous one, but the fuel content for each satellite vadomly chosen so that each satellite

had a 0.4 probability of being fuel deficient. Mathematigale the fuel content was determined as
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Table 7: Average number of iterations to termination with respecipdate probability.

P 01,02|03|04|05]06|07|08|09]|10
Constellation 1] 37.4| 28.2| 22.4| 18.9| 16.2| 145| 13.5| 12.8| 12.3| 12.0
Constellation 2/ 18.1| 13.4| 104 81 | 70 | 6.0 | 5.2 | 48 | 43 | 4.0
Constellation3 65| 50| 42 | 35| 30| 26| 24| 22| 21| 20

follows:

fr =Yk, [, =O04F,; (68)

whereY (k) is a uniformly distributed random variable ¢ 1], and f;, = 100 units of fuel.

The results for the run are given in Table 7. Here again we tiesame pattern as before,
where lower update probability results in longer runningds, but the increase is not excessive,
even for low update probabilities.

Finally, to illustrate the behavior of the algorithm over an® complete range of probabilities,
we ran one randomly generated constellation at 1000 rurgéability P on the interval0.1, 1].
The results are presented in Figure 10, where it is cleathlatun time increases as the probability
of update goes to zero.

As can be seen from these results, there is good indicatiintiie the auction algorithm is
very well suited for this particular application, since evgigh rates of data loss do not detract
from relatively fast convergence. However, it must be ndteat several instances of randomly
generated constellations fell prey to price wars. Whils fhioblem can be alleviated by the use
of forward-reverse auctions, it is not entirely avoided. abidition, thes-scaling method[8], the
preferred method of avoiding price wars, is not readily eggle to asymmetric auctions as far as
we know. However, every time the straightforward auctiaqoathm terminated within a reasonable
time, the running times associated with the asynchronogerigim were of the same order of

magnitude even under unfavorable communication condition
44 Summary

This chapter introduced auction algorithms as a distrdbutethod for solving the assignment prob-

lem resulting from the P2P refueling formulation given inapter 3. Because of their distributed
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0 0.2 0.4 0.6 0.8 1
Probability of update at each iteration.

Figure 10: The number of iterations compared with the probability aftealement of the seb
having updated price information after each iteration.
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nature, illustrated in parallel and asynchronous impleatems, these algorithms are prime candi-
dates for implementation in a constellation. One advantiagiewe did not discuss, however, is the
very sub-optimality of the algorithm.

Since the auction algorithm is guaranteed to be optimalimvitbunds, it can be run with a high
error margin, and therefore quickly, in order to obtain guéstimates. In particular, if all that is
sought is to push the fuel cost of the refueling maneuvembalcertain threshold, quick estimates
can be run, and perhaps even yield results that are belovaraghbld, even if they are not optimal.

Ultimately, though, it is the robustness and the distributaplementations of auctions that
present the most incentive for implementing them on réaldonstellations. Since they exhibit
strong performance even under very adverse circumstathessyill be able to exploit and reinforce
the main advantages of satellites constellations: digigh of resources, and redundancy.

With this chapter, we close the section of the thesis deglictd the matching part of the prob-
lem: if we setup the assignment problem of Chapter 3 and sbivih the methods of Chapter
4, we will obtain an optimal (to withime) matching on the bipartite constellation graph. We will
therefore have a set of maneuvers that must be carried ous. iF'the setup for the scheduling

problem, which we will treat in the next chapter.
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CHAPTER V

THE SCHEDULING PROBLEM

We have, in the past two chapters, established a methoddignasy fuel-deficient satellites to fuel-
sufficient satellites for refueling purposes. In essenaehave found an optimal set of maneuvers
that will guarantee that, upon execution, the consteltatidl be fuel sufficient. Nevertheless, the
implicit assumption, so far, has been that all maneuverddvioe carried out at once. Since each
maneuver requires a satellite to leave its orbital slos, pinesents several problems.

First, we may reasonably assume that a satellite can only oat its function from its orbital
slot. If nothing else, communications would be setup basedazh satellite’s assigned location.
At the very least, satellite maneuvers would require redrasmmunication pathways. At worst,
they will signify a constellation communications breakaowSince some functions will also be
dependent on the location of the satellite (for exampleanographic measurements as described
in [45]), even maintaining communications may not guaram@enstellation functionality.

Second, we must take into account the notion of redundandgeld, since a constellation con-
sists of several physically independent satellites, k&spbnable to assume that the designers would
have some sort of redundancy built in that would take adgentd the distributed physical nature
of constellations. Part of it may be simply multiple datalgxs, providing data redundancy, but
another part may be functional redundancy, where certa@ilises may be lost without adversely
affecting the constellation’s ability to do its job. Even sothe examples of the previous chapters we
introduced situations where fully half the constellatiadhio move to remedy the fuel deficiency
problems. Such a level of redundancy is unreasonable, giverost of building and launching
satellites. Thus, executing all the maneuvers at the sameertiay lead to the constellation (rather
than individual satellites) being unable to carry out itsdiion.

Third, the carrying out of all maneuvers simultaneoushaixiskier. Indeed, every maneuver in
space carries with it some element of risk—from a thrustesfinmg to an unexpected collision with

an uncharted object that damages the unlucky satellitélsatrsystems. While we have mentioned

53



in Chapter 1 that we leave the risk analysis as a subject ter $2udy, it is still clear that there is a
risk involved, and that carrying out all maneuvers at on@atly magnifies this risk. In particular,
if a satellite is damaged in transit and all the other maneuaee being carried out simultaneously,
there is no way to correct for the new redundancy state of dgimstellation, or to avoid moving
satellites in order to reduce the risk of mid-transfer eain with space debris, for example. On the
other hand, if the maneuvers are staggered, it may be pegsilshincel or reschedule a maneuver
to solve or alleviate the problem.

For these and other reasons, we will dedicate this chapttvret@onsideration of maneuver
scheduling. From this point forward, the matching for thieeéng maneuvers is taken to be given,
obtained either via the methods of the previous chaptetheamethods described in previous work
on the subject [60]. While we may change certain aspectseofitneuvers, the most important
aspect, the active-passive satellite pair of each mangwileremain constant.

The matching calculations were carried out under a timetcains that applied to each individ-
ual maneuver: no maneuver would last more than a certaidefgamined, duration. The schedul-
ing calculations are also time-constrained (otherwisetrifi@l solution is to order the maneuvers
and execute them sequentially without overlap). Howebertime allotted to the completion of all
maneuvers will be assumed to be longer than that given thedodl active satellites to carry out
of their respective maneuvers. The main requirement wéhthe that all maneuvers be carried out
sometime during this longer time interval. We will focus amding an intelligent way of scheduling
maneuvers around constellation operability conditioneditably, we will begin by defining those
conditions.

For the rest of the chapter, we will make the following asstioms, which we justified above

for the most part:

1. A satellite is able to carry out its function if and onlytifis in its original slot.

2. A constellation is functional if and only if all of its opegility conditions are fulfilled.

After precisely defining various types of operability caimls, we will seek a way of schedul-

ing the maneuvers over a period of time so as to minimize thentime caused by the maneuvers.
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We note that, in its simplest form, our problem is differemtni standard scheduling problems.
Most scheduling problems, as discussed in Chapter 2, cothecemstraints such as processor con-
straints (number of operations that can be executing simediusly), precedence constraints (one
operation must be carried out before another), and reledsecdnstraints (an operation cannot start
before a certain point in time), to name a few [40]. In cortirag do not have any hard constraints
limiting the number of maneuvers that can concurrently bidethout, nor precedence and release
date constraints. Soft constraints instead are used toedafincost function, which is also different
from the standard cost functions considered in the schaglliterature. We distinguish soft con-
straints from hard constraints as follows: “hard” constigiare constraints that cannot be violated
in a valid solution; “soft” constraints are constraintsttban be violated, but may increase the cost.

Scheduling theory usually deals with minimization of thekespan of a set of operations (the
time when the last operation is completed), the tardinésswieighed sum of the difference between
the operations’ completion times and their respective lifeeg), the number of tardy jobs, or other
metrics that implicitly assume the system is fully functbmt all times. We, on the other hand,
allow ourselves to break our system’s functionality, anekde minimize the amount of time we do
so, while treating the deadline as the only hard constrdintis, our cost function is the amount of
time the constellation is not functional during the refoglprocess.

A scheduling problem that bears somewhat more of a resegwlarthe one developed in this
chapter is the server upgrade problem, which seeks to ugdéteare or hardware on a group of
servers without destroying the functionality of the onfaqgplication that they are running. The
similarities exist because most of the time, the guidingst@int of those problems is one of time:
all the hardware must be upgraded within a limited periodiragt if for no other reason than it
might become obsolete otherwise (imagine upgrading theesem Google’s server farms one by
one). At the same time, it is of the utmost importance thatsémice provided to the customer
should continue. In the realm of Internet software, theasisuoften attacked through innovative
software upgrade techniques, known as dynamic softwaratingd[22]. They often manage to
sidestep the scheduling problem entirely. Not so for opmratthat need outages, such as electrical
power transmission networks [34], or even more generalltages in distributed environments of

any kind [13]. Approaches differ, with the authors in [34]Joating genetic programming as the
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method of choice, while those in [35, 5] advocate the use obiraint satisfaction programming
(CSP). Since genetic programming is too complex for theively small computational capabilities
of a satellite constellation, and since CSP is in generatbifplete, we decided to pursue heuristic
methods to approach our specific problem.

Here we will develop a heuristic to schedule maneuvers suteonstellation constraints. We
begin by defining a constellation and a set of operabilityst@ints in Section 5.1. In Section 5.2,
we define the interference scheduling problem and prove sdriteimportant properties—in par-
ticular, we will prove that we can search a finite set of maeewonfigurations and still find,
without loss of generality, a globally optimal schedulegewhen maneuvers are allowed to start at
any point in a time continuum. In Section 5.3 we propose aidigable heuristic to obtain a good
initial solution to the interference scheduling problemdadhen present a repair technique to im-
prove such initial solutions, based on similar technigusegiun constraint satisfaction programming
(CSP) [35]. We conclude the section by presenting a methaddace fuel cost, where possible,
given an existing constellation schedule. We combine al$¢hresults in Section 5.4 to propose a
methodology for organizing P2P refueling in a satellitestetation, from matching to scheduling.
Finally, in Section 5.5 we present numerical examplestilaigg the methods developed in the
preceding sections.

Because there are many new notions to be defined, we introthveenotation in this chapter.
Some effort has been expended in making it consistent withntttation of previous chapters, but

the present notation should be taken and understood on fit$emwns.
5.1 Satellite Constellations and Operability Conditions

We begin by defining what we mean by a satellite constellatiia may assume that an intelligent
design will have some built-in redundancy in satellite timmality, and that a single satellite will
not break the constellation. Given that, we become condesridn how many satellites it will take

to break down the constellation, and, presumably, in whatlsoations. For the purposes of this
thesis, we admit constellations with several operationalgjand requirements, but we assume that

if any of those requirements are not met, the constellatsom &hole is considered not operational.
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5.1.1 General Constellation Notation.

We define a satellite constellation as a time-varying ttile= {S, ®, 0>} such thatS = {s; :
i=0,1,..., N}isthe set ofV satellites in the constellation plus a fictitious satellife® = {¢; €
[0,27) : 4 =0,1,...,N,i #j = ¢; # ¢;} is the set of slots, or locations along the various
orbits where satellites can be located, plus a fictitious@glpando; : & — S is a set-valued map
assigning to each orbital slot the satellites in that sldinag ¢. If a slot ¢; is empty at time, we
write o4(¢;) = so. The functiono=! : S — @ is also a map, which assigns to each satellite the
slot that it occupies, where we write ! (s;) = ¢, if the satellite is in transfer between slots. We
assume that in a nominal constellatieg(¢;) = s;. Finally, as a notational convenienced®if C ®,

we write

oi(®0) = |J aul(en)-

S )

We denote by, , the satellites from a subsst C S of satellites that are in their original slots
at timet, and byO; all the satellites that are in their original slots at timd-inally, we denote by
X, = {5, ®,0,} the state of the constellation at timeln the constellation, each satellitg it is
assumed, has a function to perform. We assume in this fotimalthat a satellite is able to perform
its function if and only if it is in its original slot.

We define aefueling maneuveas a pentuplet;, = {s;, , ¢, sj,, ¢;,, 0tk } consisting of the
active satellites;, , its slotg;, , the passive satellite;, , the slot¢;, of the passive satellite , and the
time 4t the active satellite will be away from its slot while carrgiout the maneuver. We also

define the seR = {r; : k = 1,... N,,,} as the set of all maneuvers that are to be scheduled.
5.1.2 Operability Conditions

As discussed, there must be some minimum operability reoquénts in terms of the presence of
satellites in slots from which they are able to perform thairction, which in our case are the
original slots. We propose the following three general ap#ity conditions to model these re-

quirements:

1. Outside world connectivity requirements. Outside biapegecraft must be able to connect to
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the constellation at all (or certain) times. We only consttie case where the connection must
be maintained at all times, but a relaxed condition canyasilaccounted for by introducing

a time-varying element in the valygwy) defined further down.

2. Skeleton crew requirements. Sometimes, it may be redjthisd a minimum number of satel-

lites from a given subset be operational. There is of counsesed to limit this to one subset.

3. In-constellation connectivity requirements. Certaiteflite skeleton crews may need to be
guaranteed intercommunication (i.e., communicationgiwithat subset) among operational
satellites of the subset, either via line-of-sight or vikys with other satellites, in order to

ensure functionality.

Note that the in-constellation connectivity requiremesidsnot make sense without associated
skeleton crew requirements, which moreover must requieaat two satellites from their respective
subsets to be in their slots. One need only consider the cheeevonly one of the satellites in a
given subset is operational to see how the requirement bexmonsensical otherwise. The case

where none are operational is another such example.
5.1.2.1 Outside World Connectivity

Suppose, as is very likely, that a constellation must be abt®mmunicate with Earth, or with a
space station, or even with another constellation. Eachobtigse will have access, at any given
time, to a certain number of slots in the constellation, Whitay or may not be occupied. It is
reasonable to assume that a minimum number of those slotsb@wecupied for proper commu-
nication to occur: one may be enough most of the time, but steses (such as, for instance,
interferometric constellations) may require more. At aaier this type of situation must be mod-
eled, as a constellation that is unable to relay its resoltise outside world is effectively unable to
carry out its mission.

Suppose that there are,, external communication linkups, by which we mean open commu
nication sockets, each with a different purpose, and eawthiwh requires a certain numbey,, of
satellites to be in the slots that are accessible to the satkegiven time. In addition, suppose those

satellites must all belong to a given subSgt < S (k =1,2,...,m,). Denote the set of linkups
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Y, BYT = {7y, : k = 1,2,...,m,}, and denote b§; : I' — 2% the time-varying set-valued
map that returns for each linkup the satellites in the cdlasien that are accessible to it at time

that is
Et(vwy,) = 0:({¢i € ® : ¢; is accessible tg,,, attimet}). (69)

If we write Z¢ ,,, = Z¢(Yw,) N Or.w,, the outside world connectivity requirement can then be

expressed by requiring that for a given

12w, = (V) Yy, (70)

where| - | represents the cardinality of a set arid (wy,)) denotes the minimum number of satellites
that must be connected to linkup,, from subsetS,,, . Note that while we do not address more
complex situations where a linkup might need a certain nurobsatellites from each of a number

of subsets, these can be modeled with a straightforwardheiqraof notation.
5.1.2.2 Skeleton Crew Requirements

A skeleton crew requirement is simply a requirement thatrtarenumber of satellites from a given
subset be operational at any given time. Giugisuch requirements, this can be handled seamlessly
in the outside world requirements by introducing fictitiasernal linkupsy,, (k =1,2,...,n.).
These fictitious linkups have an unchanging list of accéssibts=(~., ), corresponding to the sub-
set of slots for which the skeleton crew requirement is ddfiisnce a satellite is only operational

in its original slot, slots and satellites can be used ift@ngeably). We then use these sets and the
required number of satellites in the skeleton cggw., ) to write conditions completely equivalent

to condition (70).
5.1.2.3 In-constellation Connectivity

In order to discuss in-constellation connectivity requiemts, we first introduce the notion of con-
stellation graphs. In previous chapters, the consteliagi@mph has referred to the graph consisting
of satellites as the vertices and possible refueling pgsrias the edges. However, we must here
modify the notion to be able to capture more diverse and dyearituations. We will no longer

be concerned only with the graphs representing the stateeoéntire constellation, but also with

59



graphs representing the state of certain subsets of tHateatevhich may be time-varying. There-
fore, let.S, C S be a set of satellites that share some property (say a coratiams method,
such as infrared, radio, etc.) that induces a properetween ordered paifs;, s;) € &, where

& C S x Sk (say the ability to communicate directly via this commutimas method). Theatel-

lite subset graph of property at timet is the directed graph defined by, = (O; 1, & 1), Where

i = {(si,85) € & : si,s5 € Oy} Thus, G, is a time-dependent graph with vertex g&t;,
consisting of the satellites concerned with propérthat are present in their original slot, and edge
seté&,; ;. consisting of all pairs of satellites that are both in théat &nd have property between
them. Thenominal graph of property:, defined as the graph when all satellites are operational, is
denoted by 1., since we assume that at time- 0, all the satellites are in their original slots.

The in-constellation connectivity requirements assursédirglied above, that communication
of one type or another (and probably of several types) iswated for in the constellation. We
can thus consider the presencenef communications networkd/,, (k = 1,2,...,m,) in the
constellation, each associated with a protaggla subsetS,, € S (k =1,2,...,m,) of satellites
that can send and receive packets using that protocol, athdawset of pairst,, C S,, x S,
whose elements denote pairs that can directly communicikeeach other using that protocol.
As mentioned before, the in-constellation connectivitguieements must be paired with skeleton
crews to make sense. As such, assume we havekeleton crews with corresponding fictitious
linkups and satellite subsets_,S,, (s = 1,2,...,m,.), and letv : T',,,, — N, whereT,,,
denotes the set of all in-constellation connectivity fiotis linkups andV denotes the set of all
communication networks. The in-constellation connegtivequirement at time is then that for
each skeleton crew linkup,,, the satellitess,._ ; be able to communicate with each other via the
networkv (v, ). In other words, alk; € =, ; must belong to the same connected subgragh of,

wherev(,,) = Ng, .
5.1.3 Run-time of Verification.

We end this section by examining the run-time required faifieation of requirements. Suppose
we havem total requirements, which will include the outside-worlthoectivity, skeleton crew, and

in-constellation connectivity requirements. We can stlagefollowing proposition:
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Proposition 5.1.1. Verification of constellation operability is carried out & mostO(mn?).

Proof. We begin by considering verifying the skeleton crew requiats. Each has a subset of
satellites that must be checked for presence in the caastell We may reasonably assume that
this is a constant-time operation for each verification; westhave a linear time process. Counting
the number of satellites is concurrent, and so does not atlie tantime. Thus, each skeleton crew
requirement can be verified @(n).

The case of the outside-world connectivity requirementdastical to that of skeleton crews,
with the difference that the mag, ., is time-varying. This does not affect verification, since it
occurs for a specified time, and thus each outside-world exdivity requirement can be verified in
O(n).

Lastly, the case of in-constellation connectivity requiemts is verified in quadratic time. To
see this, we note the well-known fact that finding all the @mtad vertices of a graph starting from
a given vertex can be carried out@|V'| + |E|), where|V| is the number of vertices and| is
the number of edges. In the worst-case scenéfip= |N|* = n?, yielding a run-time ofO(n?)
for in-constellation connectivity verification.

The worst-case scenario in terms of requirements is cléaatyall requirements be in-constellation

connectivity requirements. This corresponds to a run-tfn@(mn?), as described above. [

The worst-case run-time of the verification is quadratiche humber of satellites, but this is
only true in cases where the communications graphs are batplete and involve all the satellites
in the constellation. While the latter may be likely, therfar is highly unlikely, since a lot of
foreseeable applications of constellations deal with &asth-orbit (LEO) constellations, where
line of sight limits the angular separation of two satedlitbat wish to communicate directly. Thus

the run-time is likely to be much faster than this worst-cesenario, more on a par with(mn).
5.2 Thelnterference Scheduling Problem

With the operability conditions well-defined, we introdugescheduling problem that can be stated
as follows: given a constellation and a set of maneuveratiigt be carried out by individual satel-
lites, what is the best way to schedule the operations sahbatinterference with constellation

operability is minimized? We first formulate this problenegisely, and then introduce a certain
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class of schedules, which we will calhchored scheduleshat have the property that for an arbi-
trarily given schedule, there always exists an anchoreddsdh incurring equal or lower cost. This

result will be the driving justification for the algorithmésgn in Section 5.3.
5.2.1 Mathematical Notation and Problem Formulation

We begin by quantifying the functionality of the constetiat We introduce the constellation’s
satellite state vector at timey, € {0, 1}, defined on the satellites as:

1 if S; € Ot,
Yti = (71)

0 otherwise.
We next define a vector valued function of constellationest#ite requirement vectorw :
{0, 1} {0, 1}, whereN,, = m,, + n. + m. is the total number of operability requirements,

by:

1 if operability requiremeny is satisfied under vectar,
wj(z) = (72)

0 otherwise.

wherez is a state of the constellation. Itis clear that=1 — w(y;) = 1. In addition, note that

given two stateg, andy?, which are identical except that for oney; ; = 1 andy?; = 0, we have

wi(y?) < wi(y}) (73)

for all j. This is a mathematical expression of the fact that a sa&diliting away from its slot can
only hurt constellation operability, consistent with thation that satellites are only operational in

their original slots. We then define tieenstellation operability functio : {0,1}"~ — {0,1}

by:
1 if the constellation is operational,

X — (74)
0 otherwise.

As mentioned before, we assume that if a single requirenseviblated, the constellation is

inoperative. We thus have

X(y) = mjin wj(Ye). (75)
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Note that we have defined bothand X to be time-invariant, which precludes the time-varying
outside world connectivity requirements. We do this forgliity, since extension to include them
is straightforward.

By a scheduleof R on [0,7] we mean a mag : R — [0,T%], where(r;) denotes the

initialization time of maneuver;, € R such that:
max{y(ry) + 6t} < T}, (76)
rrER

We also introduce the notatiafy, defined as a schedule such that

Yi(ry) = l/J(Tk) +t, Vrp €R, 77)

denoting a translation in time of the entire schedule bgits. If a schedule) may not be translated,
we call it afixed schedulel-or convenience, we sét= 1.
A scheduley is the superpositionor sumof two schedules)! : R' — [0,T%,], P2 R? —
[0,T},], whereR!, R? partition R, if 1 : R — [0, max{Ty,,T},}], and
1/11(7“k) if T € Rl

¢(7°k) = ) (78)
2 (ry) if rp € R?

We will write 1! 4 12 to denote the sum of two schedules. By extension, we definadtien of
subtractionof two schedules. A scheduleis said to be thelifferenceof two scheduleg)! : R! —
[0,T},],9% : R? — [0,T},], denoted by = ¢t — 2, if and only if 1 + 1% = 1!

It is useful for schedule analysis to define two skts: B(y) U E(y) and¥ = B(y) U E(y) U

{0, T} such that:

t € B(y) < 3k:¥(rg) =t, (79)

t € B(yp) < 3k:¥(rg) + 0ty = t. (80)

Note that it is possible for a timeto be both inB(y)) and E(). Since¥ contains all the
beginning and end points of all operations in the schedhle,simply means that it is possible for
one operation (or more) to end where another (or more) beWiithout loss of generality, we may

assume that the elementsc ¥ are ordered so that

TI<T2<13< ... < TNy, (81)
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where Ny is the number of elements 1. By extension, we assume that the elements U are

ordered, but in addition, we have
0:7_'1<7_'2<7_'3<...<7_'N@:Tf. (82)

By construction, every time intervéf;, 7,1 1) corresponds to a constant state vector, which we

denote byy’. For each schedulg, we can therefore define an operability vectaas
ri=X(y"), i=1,...,Ng— 1. (83)

Using I; = [7;, Ti+1), the downtime of the system due to a schedulen [0, 7] can then be

obtained by the following relation:

Ng—1

Tdwn(y) =Ty — > wil(L), (84)

i=1

wherel(l;) = 7;+1 — 7;. The full problem can then be formulated simply as:

Minimize: Tdown(%)) (85)
Subject to: ¢ (rg) >0 Vk=1,2,...,Np (86)
W(rg) + 6ty < Ty Vk=1,2...,Np,. (87)

We denote an optimal schedule $¥. In addition, we adopt the convention that for any fixed
scheduley, ¥ (rx) = 0 for somer, € R. Finally, before studying the properties of schedules, we
introduce two very important notions for what is to followird¥, an operation;, € R is called

anchored by schedule¢ : R — [0, 7] if there exists a sequence of operatidng, };*, such that:

1 Y(ry,) =0o0ry(ry,) + oty, =T},

2. Foranyl < i+ 1 < ng, at least one of the following holds:
@ ¥(re;) = ¥(re,)-
(b) w(rkz) = w(rkiﬂ) + 5tki+1
(C) w(rkz) + 6tki = w(rki+1)

(d) T,Z)(Tkz) + 5tki = w(rkiﬂ) + 5tl€z‘+1
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Figure 11: A random schedule (top) and an anchored schedule (bottdme)s@quences anchoring
the individual maneuvers arej, v — ro, 71 — 19 — 75, 4, T4 — T3.

3. Ty, =Tk

If an operation is anchored with corresponding sequenge}’™,, ry, is called theanchor
operation, and,, 1 < ¢ < n; are calledlink operations. A schedulg is called ananchored
schedulef every operation in the range @f is anchored by schedulg. Figure 11 illustrates these
concepts.

We are now ready to prove some results regarding schedules.
5.2.2 Properties of schedules

We begin by proving a useful lemma. In essence, this lemntassthat given an arbitrary super-
position of two schedules, we can always shift one of therhaut increasing the cost so that they
have at least one point from their respectiVesets matching. The lemma will be important in
establishing the optimal way to add a maneuver to an existihgdule, as well as in proving the

existence of certain types of optimal schedules later mgbction.

Lemma5.2.1. Lety! : R — [0, Ty], ¢? : R? — [0, T}] be two schedules whete is fixed. Then

given any time such that
0 <t < Ty — max {¢?(rg) + 0tx}, (88)
T’kE'R2

we can find a time* such that:
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1. t* belongs to the same interval &s

2. There exist; € W', 7; € ¥? such that
7_'2':Tj—|—t*. (89)
3. The superposition af? on+! at t* is no more costly than its superpositiontat.e.:

Tdwn(! + ¢2) < Tdwn (! + ?).

Proof. We immediately dismiss two trivial cases: the case wheréition (89) already holds far,

and the case where

t > max {¢p' (1) + 6ty },
rLERL

the latter having the obvious solutiotis= max,, cr1{¢!(rx) + 6t }, sincey =1 = w = 1.

In the remaining cases, we begin by defining the following ¢uantities, illustrated in Figure 12:

l — i Bl

Y

~+

1 Ts
9 [ | T4

T3

Figure 12: Calculation ofs;. The blue schedule ig' and the red schedule is’. We haves; =
max{—K1, —K2, —K3}.

0= max {7—t—1;<0} (90)
TeW!, rew?

09 = min {ﬂ'—t—Tj >O} (92)
7w, T;ew?

The two quantitie9, o define the maximum distances schedubecan be shifted backward and
forward in time, respectively, without changing the ordethe 7, € ¥¢, whered! is the set induced

by o' = ¢! + ¢7. In other words, i € [¢1, d2],
<1+t = <1 +t+0
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and

T, >Titt — fisz-l-t-l-(S,

where7; € Ul 7; € W2. Consequently, for any € [4,d2], the vectorz!*? induced by the
scheduley? = ! 4 42, ; is the same, with the caveat thabif= 6, or § = d,, there will be at
least one interval! ™ such that(I!™°) = 0. Further considering the length of the intervafs?®,

we see that since ea¢ff ™ — 7¢| € {0, 5]} for all 770 € Tt 7t ¢ ¥t we have:
O(IF0) — 4(It) € {+6,0}. (92)
We can then write
Tdwn(4)!) — Tdwn (9 +0) =Y "2 0(17+0) =y " wbe(1f)
— Zw It+6 [t)]
= (a —)|d], (93)

wherea is the number of intervals such theit= 1 and@([f”) —{(I!) = 4, andb is the number of
intervals such that! = 1 and/¢(1:+%) — ¢(I) = —4. Clearly, fors € [0y, 0], sinceTdwn(¥!*7) is

a continuous piecewise linear functiond®éndd; < 0,02 > 0, we can always ensure that
Tdwn(y!) — Tdwn('0) >0 (94)

for somej = §;

lopt*

Moreover, itis clear from the definition of thig that if we move the schedule by

ad;, we are making it so that for somee W', 7; € U2 we haver; = 7; + t + d;,,, and therefore

Zopt?

settingt® = t + d;,, yields a schedule as required. O

We now state an important theorem that will allow us to optiynsuperpose two schedules by

checking only a finite number of superposition points.

Theorem 5.2.1.Lety! : RY — [0, T}], %2 : R? +— [0, Ty] be two schedules df, 7] as described

in Lemma 5.2.1. Then there exists a tittién the interval
0 < t* < Tf — max {9 (ry) + 6ty }, (95)
TkE'RQ

such that the following hold:
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1. For anyt in the same interval as" we have
Tdwn(¥! + ¢2) < Tdwn(¥' + v2). (96)

2. There exist; € ¥', 7; € U2 such that
7_'2‘:Tj—|—t*. 97)

Proof. This is a direct consequence of Lemma 5.2.1. For evémthe specified interval, there is a

timet such that
Ti =Tj +1, (98)
and
Tdwn(y' +7) < Tdwn (! + ¢f) (99)

Moreover, for every time, there is an intervaldt, 6%) such that for alt + 4, § € (8%, %), t remains
the same. In some casés,= —oo, and in others, = oo, but these two cases cannot arise together.
From the construction of the intervals illustrated in Fgde2, it is clear that there is only a finite
number of such intervals. Thus, the set &ffinite. As such, the s¢fTdwn(¢! +2)} is also finite,

and must contain its infimum. We denote the correspondingt*, and the theorem is proven]

The following corollary is essential to justify the algdwihs presented in the next section, and

provides a method for finding an optimal superposition tioresf single operation:

Corollary 5.2.1. Letr be an operation with durationt < 7';. Then there exists an optimal super-
position ofr onto an existing schedulg : R — [0, 7| such that either the beginning or the end of

the maneuver is a time= 7; € U.

Proof. Follows immediately from Theorem 5.2.1 by defining a schedifl : » — [0,7}] and

optimally superposing it ovap, which is held fixed. O

Clearly, verification of each point i to find the cheapest is a linear time task for a single
operation. We therefore have an efficient way to find whereckedule a new operation so as to

minimize downtime. Note that this is tlygobally optimal location, even though we are only looking
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at a finite number of points on the continuum. We are now readstdte the following theorem,
which proves that we can search a discrete, finite space fop@mal solution to the scheduling

problem.

Theorem 5.2.2.For any set of maneuvef and any time windowW0, 7], during which operations

are allowed to take place, there exists an anchored optimiadule)* : R +— [0, TY].

Proof. The existence of an optimal schedule follows from the faet the set0, 7] is closed.
Suppose, therefore, that we are given a non-anchored doheduley : R — [0, T%] such that
for somery, ¥ (r;) = 0. If the schedule started at a later date, we could translddtack without
loss of generality. This means that there is at least onecaedmaneuver. Consider a sequence

{rg, }*_, of maneuvers such that the following hold:

1. Atleast one of the relationships below holds for any i < p:

@) ¥(rr,_y) = (re;)-

(0) ¥(rr,_,) = ¥(rw,) + Oty

(©) v(rr,_y) + 0tg, ., = ¥(rk;)

d) Y(rg,_,) + 0tk,_, = V(r,) + otk,

2. There is no sequence longer than, }”_; and containing all the elements §fy, }7_, that

also fulfills Condition 1.

By construction, each of the sequences defined above hagja@elynidefined set of satellites and
associated starting times under scheduleHowever, several sequences that fulfill the conditions
may be defined over the same set of maneuvers. We only keepfdhese, chosen arbitrarily.
Denote byQ; the set of all such sequences of lengttby P% the jth sequence irQ;, and by
RY C R the maneuvers contained /. Note that by construction,, j < |R|. We now notice

that for eachP’/, we can define a subschedut€ : R — [0, T] such that
W (ry) = (rk), Vry € RY (100)

We can now apply a recursive procedure as follows. Defing lbiye smallest such that); # @.

Pick j such thatP"7 € Q;-, and optimally superpose’/ over — "7 using Theorem 5.2.1.
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Input: The constraints function, the setsk, ), for all k, the final timeT’.
Output: A scheduley : R — [to, ts] for somety > 0, t; < T}
Initialize:
Y 1 @ — @ an empty map.
R = R, the set of operations to schedule.
¥ = {0,77}
begin
while R # @ do
(t*, 1) < arg mint7t+5tk€\1,“€7~z{wan(zZ) + wﬁi)},
wherey® : 7y +— [0], and0 < t < t + &t < T for all k.
Setp(ry-) = ti»
Update¥ according to its definition.
R — R\{r)-}
end
return The mapyp.

end
Algorithm 1: The Greedy Scheduling Algorithm.

This cannot affect the cost, singeis already optimal P*"7 will become a subsequence of a larger
sequence fulfilling Conditions 1 and 2. Repeat this procedecursively on the new schedule until
Q@+ = @. Updatei* and repeat until* = |R|. When this occurs, all sequences are anchored either

to 0 or 7', thus proving the theorem, since each step keeps the cosanie. O

As will be seen in the following section, this theorem ensubat there is no loss of generality
in the scheduling heuristics introduced therein—theyd®ana space that contains globally optimal

solutions.
5.3 Heuristic and Repaired Solutions

We devote this section to presenting and analyzing two glgos for the quick and intelligent
scheduling of refueling maneuvers, as well as to an alguritiat determines, once a schedule is
decided upon, if time may be added to some of the maneuvensutiaffecting downtime. First, we
construct an initial solution via a greedy heuristic, ustGwyollary 5.2.1 as a building block. Then,
we apply a repair procedure akin to that used by some neurabnes to drive infeasible solutions
of CSP towards feasibility [35, 63]. Finally, we try to extemaneuvers backward or forward in

time as much as possible without increasing downtime.
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5.3.1 The Greedy Heuristic

Algorithm 1, the Greedy Scheduling Algorithm (GSA) appliesgreedy search method to the
scheduling problem. The idea is that the algorithm will adé smaneuver at a time, choosing the
maneuver that causes the leadtlitionaldowntime to the existing schedule. From Corollary 5.2.1,
we know that an optimal way to add an operation to an existatggduley is to have one of its
endpoints match one of the points in the $etThe algorithm takes advantage of this fact by opti-
mally adding one operation to the schedule with each itamait chooses this operation« and its
initialization timet* by selecting the cheapest combination to add to the curchetsile, found by

exhaustive search. We can thus prove the following:

Proposition 5.3.1. The Greedy Scheduling Algorithm terminate€im?) wheren = |R|, with an

anchored schedule.

Proof. We begin by proving the runtime, assuming that verifying dperability conditions takes
constant time. The loop runstimes. Within this loop, setting the value ¢fr,-) and updatingl
andR are constant time operations. The determinatiotf @indr.- is a cubic-time operation. To
see this, consider that the assignment is equivalent tootlmving procedure: for each maneuver
yet unscheduled and at each addition point, create a nevtigar?!, evaluate the vector; at
each intervall}, and add the cost. The creation of the partition takes cohtitae, since it only
involves adding one point t&. Each evaluation of an element:of is carried out in constant time by
assumption, and the addition is constant time. Thus, fdr eamneuver, the time spent on evaluating
the Tdwn of an addition point iSD(n). Since there is a linear number of addition points (at most
n + 2, by construction), finding the optimal addition point%n?). Since this must be carried out
for each maneuver, and there are at mosf them, this is als@(n?). Thus, the determination of
t* andr- takesO(n?) steps. Since this phase is repeateiimes, we have a run time 6#(n*).

The fact that the schedule is anchored is easily seen bygnthtat the first maneuver added is

anchored by construction, and each additional maneuvkeisfore anchored as well. O

That the output of the algorithm is an anchored schedule skiosvmportance of Theorem 5.2.2,

since without it we would have not guarantee that the GSA dogsacrifice optimality by limiting
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Input: The constraints function, the setsk, ), for all k, the final time7’;, and an
anchored schedule.
Output: A scheduley : R — [to, ts] for somety > 0, t; < T
Initialize:
R=TR
¥ as per its definition.
begin
while R # @ do
e argmax, s {Tdwn(¢) — Tdwn(¢) — ")},
wherey™ : ri — {1(rg)}.
Y=y
t* = arg minge g+ { Tdwn (¢* + ;%" )},
where0 <t <t + oty < T¥.
1/)(7’%*) — t*
Update¥ according to its definition.
R = R\{ry}
end
return The mapy.

end
Algorithm 2: The Repair Algorithm. We assume that the determinatiorptihwal times is done
by using Corollary 5.2.1. Note that the algorithm can be a¢ge any number of times, until the
cost is either static or zero.

its search to anchored schedules. This is not in itself aagiee of optimality, but at least it is a
reassuring certificate that we have not excluded optimatisols with our search method.

We conclude this section by pointing out that while quartitypomial time is somewhat slow,
in the constellation refueling context, this can be sped yr order of magnitude, resulting in
cubic worst-case performance. Indeed, we can achieveythlgvimg each satellite some individual
computing powers so that it can, on its own, find the optimettsig time of a maneuver it is meant
to carry out. This will allow the determination of the chespmaneuver and its initialization time
to occur inO(n?). In addition, note that the real runtime is in fact propartibton* /4, because the
number of points inl increases fron2 to n + 2 points in increments of 1, resulting in an average
number of points ofn + 4)n/(2(n + 4)) or n/2, and likewise for the number of maneuvers that

must be verified at each step, which decreases ftaml in increments of 1.
5.3.2 The Repair Algorithm

The solution obtained from the Greedy Scheduling Algoriikmot guaranteed to be optimal. In

fact, no optimality guarantees can be made at all, as far azuwently know. We would therefore
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want to find a method to improve this solution, as long as isdu& substantially worsen the run-
time. Such a method is suggested by repair methods to impméeasible solutions to make them
feasible in CSP [35]. The principle, as applied to the schegdproblem, is simple: select the
maneuver which incrementally adds the most downtime to tieent schedule, and try to find a
better placement for it.

Algorithm 2 states this mathematically. This algorithmmarates after trying to place each
maneuver once. This is not dependent on the improvememntegebnd so can be repeated until no
further improvement is achieved. In direct correspondemitie Proposition 5.3.1, we can prove the

following:
Proposition 5.3.2. The Repair Algorithm terminates (n?).

Proof. All the updating operations occur in constant time. Thembeiteation ofr« requires finding
Tdwn(y — ¢ ) for all operations, where"* : r, — 1 (ry). This requires checking the operability
of at mostn intervals for each operation. Thus, the total running timettiis operation i€ (n?).
Likewise, the determination af* requires a linear number of times to be checked, each of which
requires the operability of a linear number of intervals écchecked, yielding a run-time 6f(n?).

One pass of the algorithm then takeén?), since every maneuver will be tested this way. O

The repair algorithm does not return an anchored schedsilis, @bvious by considering that
the maneuver causing the most downtime may be the anchomuvemaf some other maneuver, or
even alink maneuver, and nothing impedes either of thengheiique. This is of no concern, since
the repair heuristic can only improve the result of the prasiheuristic; moreover, the schedule can
be re-anchored in polynomial time. Another feature of thmanealgorithm is that it may choose to
leave the most costly maneuver where it is—it is quite pdssiat, given the existing schedule, the
most costly maneuver is already at its optimum starting time

Given the run-times of the two algorithms, it is advantagetiuinclude the repair heuristic
into any solution of the problem that uses the greedy héairisince its run-time is an order of
magnitude faster, and it therefore helps at low computatioost: the total run-time of the combined
algorithms is still quartic. One drawback of the algorithnowever, is that distribution does not

reduce theO(n?) run-time, because the determinatiort ¢ still quadratic.
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5.3.3 Reducing Fuel Cost

With the complete formulation of the problem given in theqading sections, we are now able to
take a matching given to us by one of the methods present&@,i9, 48, 47] and produce a sched-
ule which hopefully conforms to our requirements in termsofstellation down-time incurred
during refueling. The matchings are derived with a timetliom the duration of the maneuvers, and
then a time-limit is imposed on the duration of the refuelimgcess—the timé?,.

We now turn our attention to reducing the fuel cost of the ebifig process. As shown in
[52], an important limiting factor in the fuel cost of satdl transfers is the time allotted to the
maneuver. Given more time, the maneuver can often be camiedsing less fuel—and in the case
of a constellation where all the satellites are in the sameeleir orbit, the cost can be asymptotically
driven to zero. In previous work on refueling maneuvers, taetesd out under the assumption that
all the maneuvers would be carried out at once, and set ditnitdsased on that fact. To obtain the
schedule, we extended the time-limit for the refueling pascto be carried out, without extending
the time allotted to the individual maneuvers—we simply egbvnaneuvers around in time. We
now close the circle.

The idea is to use the schedule, which presumably has diesiatat least acceptable, effects
on the downtime, as a guide to further lower fuel costs withiocreasing downtime by extending
maneuvers that have endpoints inside periods of consbelldbwntime. The following theorem

allows us to do this in a systematic manner:

Theorem 5.3.1.Suppose we are given a schedule R — [0, 7] for maneuvers in a constellation
with known requirement vectas. Suppose we are given a timig € ¥ and the set§2§’,7€§? of
maneuvers beginning and ending, respectively;.athen the following statements hold:

1. Iz, = a4 andRﬁ? = @, all maneuvers, € R{ can be extended in duration by, ; — 7;

without affecting downtime, as long as they maintain thegioal initialization time.

2. Ifz;_1 = z; and’R{ = o, all maneuvers, € Ri’ can be extended in duration by — 7;_;

without affecting downtime, as long as we €t;) = 7,1 for all maneuvers so extended.

3. Ifz; = 0, all maneuvers, € R{ can be extended by, — 7; without affecting downtime,

as long as)(r;) remains constant.
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4. Ifx;_1 = 0, all maneuvers;, € Rf can be extended by — 7;_; without affecting downtime,

as long as we sep(r;,) = 7;_ for all maneuvers so extended.

Proof. The proofs of cases 1 and 2 are simple and similar, so we oolyeghe first case. If there
are no maneuvers beginning @t then all maneuvers that are being carried out dufing;, 7;]
must either be ik$ or must end at the earliest at, ;. Sincex;_; = x;, extending the maneuvers
in R¢ so that they end at; can have no effect on downtime, because those maneuveasalire
motion during[r;—1, ;) and not inR$ will still be in motion during|r;, 7;+1), and thus will leave
the conflicts unchanged over that interval, even if the memeuare extended.

The proofs of cases 3 and 4 are again very similar, so we agdjrpoove 3. This case is even
simpler than the cases above. Here, we simply notice thag ifbnstellation is already down, there
is nothing to be lost in adding maneuvers to a given timeeimant. Specifically, since;, 7,11) is
already downtime, we can simply lengthen all maneuversehdtat timer;, i.e. all maneuvers in

R¢, to end atr;;1. No additional downtime can ensue. O

The theorem above makes it clear that under certain conditiwe may add time to maneuvers
without increasing the downtime of the constellation. Adllaistration, Figure 13 illustrates graph-
ically what is involved in the fourth case of the theorem. fEire we see that the last maneuver can
be extended significantly, because= 0 andR? = r4, which will hopefully bring down its cost.

Thus, upon completion of the Greedy Scheduling and Repgdrithms, we can apply Algo-
rithm 3, the Cost Reduction Algorithm, which simply implente verification of the conditions
listed in the theorem, to reduce the fuel cost of a schedulehd case of a circular constellation,
this may result in significant fuel savings under the rightditions, but even for a non-circular
constellation, fuel savings may be achieved if the tragsfienst happen quickly, i.e., in about the

time required for a zero-revolution transfer. [52]
5.4 Refueling Methodology

Based on our work so far, we reach two conclusions: scheglufiay significantly reduce constel-
lation downtime from the worst-case scenario where all mages are carried out simultaneously,
and maneuver lengthening may lower the fuel cost of theeR®P scheme. We therefore propose

the following methodology for organizing satellite refingj:
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Input: A scheduley) : R — [0,tf] on [0, 7]
Output: A scheduley : R — [0,%¢] on [0, T¢], and a seR with modified maneuver
durations.
Initialize:
¥ as per its definition.
x as per its definition.
begin
fori=2,..., Ny —1do
if x;_1 75 x; then

if x; = 1then
Oty < Oty +Tig1 — 71 Vrp € R
else

Oty, «— 0ty + 71— 7 Vrg € R?
V(1) «— Tic1
end
else
if RY = @ then
Oty «— Oty + 7, —Ti_q1 Vrg € R?
Y(ry) « i1

end
if R? = @ then
Oty «— Oty + 01— 7 Vrp € R?
end
end
end
return The map) and the seR.
end

Algorithm 3: The Cost-Reduction Algorithm.

1. Determine a maximum acceptable downtime, Bay

2. Solve the matching problem to achieve the fuel sufficienlojectives subject to the time
constraintl}, as described by any of [60, 19, 48]. The downtime will be thss or equal to

1.

3. Determine a maximum time of outages, §ayThis is the time during which it is acceptable
for the constellation to suffer downtime—but the limit ofabdowntime incurred during this

period is stillT.

4. Apply the Greedy Scheduling and Repair Algorithms asilesd in Section 5.3 to obtain a

schedule ono, 75].

5. Apply the Cost-Reduction Algorithm to improve total fuelst.
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Figure 13: Reducing fuel cost. Suppose that the red line designatdsribevhen the constellation
is not operational. Clearly maneuver can be extended to cover the time thatcovers without
adversely affecting the downtime.

This methodology is straightforward and allows for an iptay between hard constraints (“The
constellation must not be off line more thdh units of time.”) and malleable constraints (“The
down-time may be spread ovéh units of time.”), thus allowing for added flexibility in the an
neuvers. For example, if a givéh is much greater than the downtime obtained via the schedule,
another round of matching and scheduling may be tried wittigelT7, thus lowering costs across
the board (rather than only for those maneuvers which anggpiyplaced in the schedule). Given
enough time, this may be repeated until everyone is satigfitbcthe refueling schedule.

We note here that the Cost-Reduction Algorithm, while ulsieftheory, might not be used in
practice. Indeed, the timeg; (corresponding tét;) may be set for operational reasons that are not
taken into account in the constellation downtime requirgisieAs such, it may not be possible to
extend maneuver durations. Nevertheless, it is useful ¥e haconsistent way of doing so, if the

flexibility exists.
5.5 Numerical Examples

We present two numerical examples to illustrate the methogdnaposed. In both cases, our starting
point will be the matching obtained in [48] for the secondrapée therein, illustrated in Figure 14.
This is quite general, as a proper choice of restrictiorsaalus to model a large variety of situa-
tions. In this problem, we assumed a mixed-refueling gsathat left some satellites fuel deficient
and others fuel sufficient. In particular, the first ten diibdl in the constellation were fuel deficient,

while the next ten were fuel sufficient. The matching producerresponds to the bold lines in
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Figure 14: The optimal matching from Chapter 4.

the figure, with the arrows pointing from the active to thegpas satellite. Note that the only fuel
sufficient satellite to move is satellitgy. While this is interesting in the context of the matching, it
is only significant for us in relation to the operability cdtehs. It is, for example, possible to have
operability conditions that are not affected by these maae) the simplest example is to define a
skeleton crew withy = {11,12,13}. Since those satellites do not leave their orbits, the refgel
maneuver is conducted without affecting operability.

Despite this generality, there are certain limitationshi® model. Because we are considering
a constellation of satellites sharing a circular orbit, veersbt have to take into account differing
orbital periods in the model of the in-constellation cortivity requirements, something that is by
no means a given. In addition, as we mentioned before, wenatllbe taking dynamic outside
connectivity requirements into account. The principlescdssed in this paper readily extend to
those situations, but their complexity would distract frima illustration of the basic concepts.

Since we use the same constellation that was studied in W8Jpriefly recall that theAV
required for the transfer was calculated using the phasipgoach [33], which also yields a transfer
time. We recall from [52] that although we set a limitBf/2 for the one-way transfer, there may
be—and usually is—a coasting time at the end, i.e., a timenwine satellite is already in its target

slot. In our case, the coasting time is so small for all maeesgon the order of 0.05 units of time)
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that we set all maneuvers to take Tipunits of time. For the purposes of these numerical examples,
we assume that the fuel transfer is instantaneous, andtidéteastarts the return trip immediately
after the fuel transfer is completed. Table 8 gives the megredata.

Table 8: The active satellites and corresponding transfer timeedoh maneuver. For convenience,
the maneuvers are indexed by the active satellites.

Man. | Sat.| 6t; || Man | Sat. | 0t
1 S1 20 7 S7 20
2 S92 20 rs S8 20
r3 S3 20 T9 S9 20
Ts S5 20 T10 510 20
T6 S6 20 720 5920 20

Figure 15 shows the requirements of the first example. THerdiit colors signal different
skeleton crews. The green lines represent bi-directiooaincunications between two satellites,
and the green circles represent the skeleton crew assbeidgtie the connectivity requirement of
the green communications network. The skeleton crew requént for the red satellites is 2, that
for the blue satellites is 3, that for the green satellites. i8Ve note that the red and blue crews are
not overlapping along the length of the orbit, i.e., if we evéw list all the satellites in order around
the orbit, all the satellites from one crew would appear teeédl the satellites from the other as long
as we pick our starting satellite properly.

Table 9 shows the schedule resulting from the calculatiansazl out by settinds = 70. Since
the constellation was set in LEO, this is equivalent to ali@0thours, or five days, worth of time.
Two facts stand out in this example: there are no situationsrerwe may use the cost-reduction
algorithm, and there is no benefit to using the repair algorit

A different situation arose when we tried differing manaulengths. Specifically, Table 10
shows how we varied the duration of the maneuvers while kegethie same constellation require-
ments. The results are given in Table 11. This time, the regdgorithm does reduce (to zero)
the downtime incurred by the constellation under the GSAeduale, and each maneuver, with the
exception ofroy can be given additional time while still maintaining the@epst.

For our next example, we complicate matters by having maieoehte requirements—though
they can still be constructed with skeleton and connegtiatjuirements. Using the same coloring

scheme as before, we define overlapping constraints. Thetwte is easily explained if we note
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Figure 15: The constellation requirements for Example 1. The red,rgeewl blue circles indi-
cate the sets,., 74,7, corresponding to the red, green and blue skeleton crewrezgants. Here,
p(vr) = 2,p(vg) = 7,p(%) = 3. The green skeleton crew requirement is the one associatad wi
the connectivity requirement of the green communicaticetsvark.

that we have defined twin requirements in addition the thenectivity requirement: first, that the
red and blue satellites fulfill their standard skeleton megquent, and second that one of the satellites
that is connected to the communications network be in itsalall times. Figure 16 illustrates the
situation, where it is clear that the second requirementusntsoto two additional skeleton crews.
We ran the problem with both the equal time maneuvers of Tébled the varying-time maneuvers
of Table 10.

The results for the first case are given in Table 12. Surmgfigithe addition of two new skele-
ton crew requirements had no effect on the outcome of theittigts. Based on this, an interesting
study could be made of types of requirements that do not #ideeresults of the heuristics. The
results would yield valuable information and allow design® craft constellations that maximize
utility while minimizing interfering requirements—i.eonstellations that can do more while main-
taining good refueling possibilities. We also note that, again, neither the repair algorithm nor
the cost reduction algorithm are useful.

The results of the same example run with the varying manetimes of Table 10 are given in

Table 13. In this case, as in the case of the first set of regeinés, we have the repair heuristic and
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Table 9: The results of running all three optimization algorithmstloa first example witl, = 70.
The downtime is the same for both heuristics.

Maneuver| GSA Initialization | Repaired Initialization| Additional Time
r1 0 0 0
r9 0 0 0
r3 20 30 0
rs 40 0 0
re 0 50 0
r7 0 50 0
rg 20 10 0
r9 20 50 0
T10 50 50 0
720 40 30 0

Downtime 10 10

Table 10: The active satellites and corresponding transfer timegégsh maneuver in the second
example. Note the differingt,.

Man. | Sat.| 6t || Man | Sat.| dt
1 S1 10 r7 S7 20
) S92 20 rs S8 19
r3 S3 15 T9 S9 13
Ts S5 17 T10 510 14
T6 S6 15 720 520 12

the cost reduction algorithm do lower the cost.

In the two constellations that we have presented, the grbedsistic gives results that cannot
be improved upon when the maneuvers are all of equal duratiéda do not know at this stage
whether or not this is a property related to the equal duravoif it is due instead to constellation
constraints. Several different randomly selected coimétsats were run, and in every case, the GSA
returned schedules whose downtime the repair algorithmuwable to improve on. This strongly
suggests a correlation, but we have no proof, nor were enexgmples run to allow us to make a
statement with any level of confidence. Thus, the effect ofaéquration maneuvers on the GSA
algorithm remains an interesting open question. That th&t ®eduction Algorithm was unable
to extend times in the examples of equal duration cited abowehe other hand, seems to be an

aberration that had to do with the specific choice of conssai
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Table 11: The results of running all three optimization algorithmsthe second example with
T, = 70. The downtime is reduced to nothing with the repair hewistioreover, additional time
can be given to each maneuver to reduce the fuel cost.

Maneuver| GH Initialization | Repaired Initialization| Possible Additional Time
r1 0 27 2
T9 0 7 7
r3 20 12 5
rs5 0 27 9
re 0 12 5
r7 0 7 7
rg a7 39 12
r9 53 57 4
10 47 39 4
20 35 27 0

Downtime 8 0

Table 12: The results of running all three optimization algorithmsthe second example with
Ty = 70. All the results are the same, indicating that the new camds had no effect on the

scheduling problem.

Maneuver| GH Initialization | Repaired Initialization| Additional Time
r1 0 0 0
Ty 0 0 0
r3 20 30 0
s 40 0 0
6 0 50 0
r7 0 50 0
T8 20 10 0
Ty 20 50 0
10 50 50 0
20 40 30 0

Downtime 10 10

5.6 Summary

This chapter completes the purpose of this thesis: to peawidhified, coherent approach to satellite
refueling. We used the matchings provided by the previoapter as a starting point to create a
schedule that will minimize the downtime incurred by the stefiation as a result of the refueling

maneuvers that must be executed. While the algorithms thattnoduced do not guarantee global

optimality, we can guarantee the following:

1. The Greedy Scheduling Algorithm searches a space cargadptimal maneuvers.
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Figure 16: The constellation requirements for Example 2. All is idealito Figure 15, with the
addition of the cyan and yellow skeleton crewsand-y,, with p(v.) = p(yy) = 1.

2. The Repair Algorithm can modify a schedule output by théA@&Sgreatly reduce its down-

time.

3. Once both algorithms have been run, it may be possiblddw ahore time for certain ma-

neuvers, thus driving down fuel cost.

This chapter shows that scheduling maneuvers over a pdriadelonger than the time allotted
to each individual maneuver can not only ensure continuonstellation functionality, but also

reduce fuel costs. Scheduling should therefore be an mitgart of any P2P refueling solution

method.
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Table 13: The results of running all three optimization algorithms tbe fourth example with
Ty = 70. The repair algorithm is again effective in reducing dowrj and additional time can be
allotted to over half the maneuvers.

Maneuver| GH Initialization | Repaired Initialization| Additional Time
(&) 0 7 7
9 0 35 0
r3 20 23 6
s 0 38 0
TG 0 55 0
r7 0 15 9
T8 47 17 0
Ty 53 55 2
10 56 56 1
20 35 38 5

Downtime 10 1

84



CHAPTER VI

CONCLUSIONS AND FUTURE WORK.

This thesis has sought to present a coherent, unified frarkaewmrganize peer-to-peer refueling
in constellations. The work can be divided into two partg riatching problem and the scheduling
problem. The order of presentation is the order in which a-feepeer refueling scenario would
be carried out: first, obtain a matching based on the methib@sapters 3 and 4, and then use the
matching as the set of operations to be scheduled as dasamil@hapter 5. The following results

were presented:

1. A novel formulation for the peer-to-peer refueling matchproblem. In particular, a no-
tion of fuel sufficiency and fuel deficiency is introducedufaed on factors independent of
constellation state. This is in contrast to previous workohldefined fuel sufficiency with re-
gards to the constellation fuel average. By defining a fuiicsency threshold externally and
shifting fuel sufficiency from objective to constraint, & possible to avoid the two greatest

limitations of previous work as follows:

(a) The new objective function directly minimizes the fuestof the refueling maneuvers.
This is an improvement over the previous objective functidrich sought to minimize
deviation from the constellation fuel average [60], andiporated the fuel cost indi-
rectly by considering the average after the maneuvers waereéed out. This naturally
led to problems with determining the average when differeatchings led to different

averages. Such issues do not arise in the current formulatio

(b) The satellites are no longer required to be identicalis Phesents a generalization of
previous work, where averaging fuel content only made senige context of identical
satellites. While the examples presented had identicallisas and circular co-orbital
constellations, the formulation can be expanded to cdastais on several different

orbits, with several different types of satellites and ftagbacities.
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The end-result is that the formulation ends up being a madgcbn a bipartite graph: an as-
signment problem. These problems are well-known in thedlitee, and have many methods

for their solution.

. A demonstration of the use of auction algorithms to soheepeer-to-peer refueling match-
ing problem. Because of their inherently distributed matauction algorithms are uniquely
suited to solve the asymmetric assignment problem thasafiem the new problem formu-

lation. We introduce the algorithms and illustrate seveessions, namely:

(a) The standard, serial version. It is shown to convergekijto a solution.

(b) The parallel version. A different solution is obtainélistrating the fact that the auction
algorithm guarantees optimality within bounds. If sevenatchings have costs within
those bounds, the algorithm may return any one of them, diapgriin deterministic

implementations) on how the algorithm is written.

(c) The asynchronous version. It is shown that the auctigordhm behaves well even

under simulated information loss during the bidding preces

. A formulation of the scheduling problem for satellite raawers in a constellation. The no-
tion of constellation operability was defined in terms ofetrequirements: outside-world
connectivity requirements, skeleton crew requirementid,ia-constellation connectivity re-
quirements. These encompass a large number of high-leeehtignal requirements, allow-
ing the constellation designer to account for communicatidoth within the constellation
and with the outside world, as well as for tasks requiringtipld satellites in conjunction.

Finally, they have the flexibility to allow constellationstivmultiple tasks.

. Two scheduling algorithms to minimize the downtime imedrby the constellation as a result
of the maneuvers. The first algorithm, the Greedy Scheduliggrithm, is shown to search
a space guaranteed to contain optimal solutions. The setmm&epair Algorithm, uses no-
tions borrowed from constraint satisfaction programmimgniprove the results of the GSA.
In some cases, the Repair Algorithm greatly improves thaltesf the GSA, in others, it has

no effect. Both algorithms were shown to have polynomiatimes.
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5. An algorithm to add maneuver time to those maneuvers wticid be extended without
adding downtime to the refueling process. This algorithimeeas the maneuvers while main-
taining one of their endpoints constant. It may be applipgagedly until no further extension
is possible. This algorithm results in lower fuel costs, atthivas the objective of the matching

problem.

6. A methodology combining all the elements developed is thésis to approach satellite re-

fueling.
6.1 Futurework

Because of the relatively new subject matter this thes&gréhere are a lot of interesting questions.

We list a few of them here, though more exist.
6.1.1 Comparison with Single Spacecraft Refueling

As mentioned in Chapter 1, we believe that the methodologgeted in this thesis, when com-
bined with external refueling in a mixed refueling stratetpn be cheaper than the methodology of
refueling the constellation through some kind of tankeicepeaft that visits every satellite. Never-
theless, it would be good to confirm this numerically. In jgattar, setting up a fair comparison is a
nontrivial problem, since a tanker will presumably refuétlze satellites to capacity, while a mixed
refueling strategy will necessarily leave the satellitethuwess than their full capacity of fuel. The
cost analysis could then be carried out either by using thieeteonly to fill the satellites to the point
that they would be filled at through a mixed refueling strgtey by comparing the long-term cost
over several refueling cycles of both strategies. It is e@ceivable that different conclusions will

be reached in these studies.
6.1.2 Extension to mid-way rendezvous points.

As seen in Chapters 2 and 3, we based this work on the notitprihaone satellite would leave its
orbit at one time. This is not necessarily the optimal solutindeed, if a fuel deficient satellite is
too depleted to meet a fuel sufficient satellite, but can ntdwetifway cost-wise (i.e., in a different
orbit), such a matching might be more economical. Howeuwswang for such situations would

complicate the scheduling problem,tas satellites would need to leave their orbit in order for this
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particular pairing to occur. The algorithms of Chapter Sstiiévalid, but the results may be poor.
Nevertheless, the topic merits investigation, since iui,fnot time, that is generally considered

the most precious commaodity in space.
6.1.3 Investigation of the Effect of Equal-Duration Maneuers on the GSA

As mentioned in Chapter 5 the GSA seems to return schedwdésdh not be improved on by the
Repair Algorithm when the maneuvers to be scheduled areusfl etyration. This could be either
an excellent feature of the GSA (hamely that it finds optinwdlitions in that particular case) or
a limitation of the Repair Algorithm (perhaps it is incapaloif improving such schedules, even if
there are better schedules). It would therefore useful ternlene two things: first, whether the
pattern observed is general or limited to a special clasop$teaint structures (inside of which
we might unwittingly have chosen the randomly picked exas)pland second, if it is indeed a
general pattern, whether it occurs because the GSA findgptireal solution, or because the Repair

algorithm is of limited use in the case of equal maneuvertomna.
6.1.4 Extension to Fuel-Sufficient Satellites Visiting S@ral Fuel-Deficient Satellites

As mentioned in Chapters 1 and 5, space maneuvers are riskglirtg) a large number of satellites
on transfers for refueling purposes is therefore riskianteending only a few, even if the risk is
mitigated by sequencing the maneuvers. Thus it may be aofesttéo investigate whether reduc-
ing the number of satellites that leave their orbits can Isiild to fuel sufficient constellations at
sufficiently low fuel cost. On the one hand, the more fuel tbiva satellite gives, the lighter it
becomes for its next trip. On the other hand, it was obsemedhapter 4 that most of the time,
the active satellite was in fact fuel deficient satellite,iahhonly took enough fuel to return to its
original slot and be fuel sufficient. This is because, givgna@ AV costs and identical satellites,
the fuel deficient satellite is the one with the least mass taerefore lighter to move. It is therefore
unclear what would happen in a case where the active sasatfiist be the heavier one. The subject

nevertheless merits study.
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6.1.5 Extension to Incorporate Risk Tolerance

Continuing with the notion of risk which we have skirted thistire thesis, we may wonder how
to take into account the inherent risk of maneuver satsllité methods of evaluating the risk of

a maneuver causing damage to the satellite exist, each we&mean have a certain risk factor
associated with it. Perhaps, however, some satellitesbeithore important than others. We would
therefore like to limit how much they move unless the sitatiruly warrants it. One way to do

this would be to assign a weight to the fuel cost of a rendezdmmsed on the risk factor and risk
tolerance of each satellite. The assignment problem of €h&pwould then be modified to reflect
the new priorities of the refueling scenario. It would besheisting to investigate as well whether

other methods exist which will have an equivalent effect.
6.1.6 Extension to Constellations with Prioritized Operatonal Requirements

A key assumption in our analysis of the scheduling problethismwork has been that a single op-
erability condition violation resulted in constellatioowntime. This is not necessarily realistic. In
particular, if a modular constellation exists through wvihifor example, military surveillance oper-
ations are carried out while, in the background, NASA missiexploit the constellations structure
to take measurements of earth or the heavens, it would beelynthat a temporary disruption of the
purely scientific studies of NASA would be equally damagis@aimilar disruption of the military
functions of the constellation. Thus, the question of hountmoduce the flexibility to violate only
certain constraints presents itself. One way would be tocat® a weight with each operability
requirement, and try to minimize the weighed sum of the dowes incurred on each requirement.
This approach would, however, require us to either greatigify the three algorithms of Chap-
ter 5, or perhaps even create new ones, because thosehatgodepended on the binary nature of

the constellation state to place maneuvers along the timgéncmm.
6.1.7 Extension to Constellations with Start-Time Restritons on Maneuvers

Keeping in line with the assumption that certain functiohshe constellation are more important
than others, another modification that can be introducetidasnbtion that certain functions are

imperative for a certain period of time in tHe, 7;] window. Maneuvers breaking down these
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functions may not begin prior to a certain time. This resivit can be proposed in two different
ways: first as a set of ready-dates on the maneuvers whose aetiellites are involved in the
function, and second as a prohibition of maneuvers thatelgtbreak down the function before the
allowed time. The difference is perhaps best illustrateegxgmple. Suppose the active satellites
of maneuvers, r5, andrs are all part of a critical function that must be carried outilunme ;.
Suppose that if two of the three satellitgs, s;, ands;, are out of their slots, the function breaks
down, i.e. suppose those satellites form a skeleton crewirieg two satellites. In the first version
of the constraint, none of the maneuvers could begin beforet; . In the second, no two of them
can be going on at the same timi ¢ < ¢ — 1. The first version is more akin to the ready-dates of
the job-shop scheduling problem, while the second can be easily incorporated and accounted

for, we believe, in the framework of algorithms introducaddhapter 5.

These are a few of the lines of research that are open, andhwiwald build on the work in
this thesis. It is clear from them that this thesis is veryitim in scope and that realistic applica-
tion of the results presented herein would require a lot ofitamhal work to determine what the
best way to approach a peer-to-peer refueling problem iseiftleeless, this work presents a self-
contained, logical methodology for organizing peer-tefpeefueling maneuvers. We hope it lays
enough groundwork to justify further study of this new anskcfaating field, a hybrid of aerospace

engineering and optimization theory.
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