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SUMMARY

In this thesis, we extend De Giorgi’s interpolation method to a class of
parabolic equations which are not gradient flows but possess an entropy functional and
an underlying Lagrangian. The new fact in the study is that not only the Lagrangian
may depend on spatial variables, but also it does not induce a metric. Assuming the
initial condition is a density function, not necessarily smooth, but solely of bounded
first moments and finite “entropy”, we use a variational scheme to discretize the equa-
tion in time and construct approximate solutions. Moreover, De Giorgi’s interpolation
method is revealed to be a powerful tool for proving convergence of our algorithm.

Finally, we analyze uniqueness and stability of our solution in L.
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CHAPTER 1

INTRODUCTION

In the theory of existence of solutions of ordinary differential equations on a met-
ric space, curves of maximal slope and minimizing movements play a crucial role.
The minimizing movements in general results from a discrete scheme. They have
the advantage of providing an approximate solution of the differential equation by
discretizing in time while not requiring the initial condition to be smooth. Then a
neat interpolation method introduced by De Giorgi [7, 8] ensures the compactness for
the family of approximate solutions. Many recent works [3, 17| have used minimiz-
ing movement methods as a powerful tool for proving existence of solution for some
classes of partial differential equations (PDEs). So far, most of these studies have
been concerned with PDEs which can be interpreted as gradient flows of an entropy
functional with respect to a metric on the space of probability measures. In this
thesis, we extend the minimizing movements and De Giorgi’s interpolation method
to include PDEs which are not gradient flows, but possess an entropy functional and
an underlying Lagrangian which may depend on the spatial variables. The main part

of this work is studied in the joint work (cf. [11]).

In what follows X C R? represents an open set whose boundary is of zero measure.
We denote by P,(X) the set of Borel probability measures on R? of bounded a-
moments, equipped with the a-Wasserstein distance W,, (cf. Equation (2.1.9)). Let
Pa(X) be the set of probability densities o such that o£? belongs to P,(X). We

consider distributional solutions of a type of PDEs of the form

o, +div(e,V;) =0, in  D'((0,T) x X) (1.0.1)



(this implicitly means that we have imposed Neumann boundary conditions), with
Vi = e VpH (x, =0, V[P(e)]) on (0,T) x X

and

t— o € AC,(0, T3 P1(X)) € C([0,T]; Pr(X)).

The space to which the curve t — g, belongs ensures that g, converges to gg in P¢(X)
as t tends to 0. By abuse of notation, o; will denote at the same time the solution
at time ¢ and the function (¢,x) — 0:;(x) = o(t,x) defined over (0,7") x X. We only
consider solutions such that V[P(g;)] € L'((0,T) x X), and is absolutely continuous

with respect to o;. If o; satisfies additional conditions, then

te Ulg) = /X U(g:(x)) dx

is absolutely continuous, monotone nonincreasing, and

d

L0 = /X (V[P(00)], Vi) dx. (10.2)

We recall that the unknown g, is nonnegative, and can be interpreted as the density
of a fluid, whose pressure is P(g;). Here, the data H, U and P satisfy specific prop-

erties, which are stated in section 2.1.

Solutions of our equation can be regarded as curves of maximal slope on a metric
space contained in P;(X). They include the so-called minimizing movements (cf.
[3]) obtained by many authors in case the Lagrangian does not depend on spatial
variables (e.g. [16] when H(p) = 1/2|p|*, [1, 3] when H(x,p) = H(p)). These
studies have been very recently extended to a special class of Lagrangian depending
on spatial variables where the Hamiltonian assumes the form H(x,p) = (A*(x)p, p)
[17]. In their pioneering work Alt and Luckhaus [2] considered a system of quasilinear

elliptic-parabolic differential equations of the form

o (u) — div(a? (b(u), Vu)) = f7(b(n)) on (0,7)xQ, j=1,..,m.



V(u)=0" on {0} xQ, w=u"” on {(0,7)} xT,
@ (b(u),Vu)-v=0 on (0,T)x (9Q\T), j=1,...m.

similar to (1.0.1), requiring some assumptions not very comparable to ours. Their
method of proof is very different from the ones practiced in the cited references above
and is based on a Galerkin type approximation method. As an example, let us also
remark that if

v tm -3 1 1
Lix,v)=", 1<q#2 and Ut)= ——, m= L S =1,
(x,v) q Q m(m — 1) p—1" p ¢

then Equation (1.0.1) becomes the (gradient flow) p—Laplacian Equation:

dror = div(|[Va [P *Vor).

2
Moreover, in the case of ¢ = 2, taking U(t) = tlogt together with L(x,v) = %

turns Equation (1.0.1) into the Diffusion (Heat) Equation:
dror = Aoy

The strategy of the proof of our results is described as follows. As a first step,
we show the existence of the solution. Let L(x,-) be the Legendre transform of
H(x, ), which we refer to as a Lagrangian. For a time step h > 0, let ¢;(x,y), the
cost for moving a unit mass from a point x to a point y, be the minimal action
min, foh L(o,5)dt. Here, the minimum is performed over the set of all paths (not
necessarily contained in X') such that ¢(0) = x and o(h) = y. The cost ¢, provides
a way of defining the minimal total work Cp(0o, 0) (cf. (2.1.7)) for moving a mass
of distribution g to another mass of distribution ¢ in X. For absolutely continuous
measures, the recent papers [5, 9, 10] give the uniqueness of minimizers in (2.1.7),
which is concentrated on the graph of a function 7}, : R — R¢. Furthermore, Cj,
provides a natural way of interpolating between these measures: there exists a unique

density ps such that

Ch(QOa Qh) = CS<Q0> és) + Ch—s(@sa Qh>7 s € (07 h)



Assume for the moment that X is bounded. For a given initial condition gy € P{¢(X)

we inductively construct {o",}, as follows: g(,+1), is the unique minimizer of

Ch(0ly, 0) +/XU(Q) dx

over P¢(X). We refer to this minimization problem as the primal problem. Under
the additional condition that L(x,v) > L(x,0) = 0 for all x,v € R? such that v # 0,
one has ¢,(x,x) < ¢i(x,y) for x # y. As a consequence, under that condition the
following maximum principle (cf. Theorem 3.1.1) holds: if gy < M then o, < M
for all n > 0. We then study a problem, dual to the primal one, which provides us
with a characterization and some important regularity properties of the minimizer
Om+1)n- These properties would have been harder to obtain by studying only the
primal problem. Having determined {o!, },.cn, We consider two interpolating paths.

The first one is the path ¢ — g such that

Ch(@’}rlliw Q?n—i—l)h) - CS(QZ}N @Z}H—s) + Ch—s(@Z}H_S, Q?n—i—l)h)? 0<s<h.

The second path t — o} is defined by

QZ}H-S ‘= arg min{CS(Qﬁh, 0) ‘f‘/ Ul(o) dX}, 0<s<h.
X

This interpolation was introduced by De Giorgi in the study of curves of maximal
slopes when /Cj, defines a metric. The path {g"} satisfies Equation (3.5.11), which
is a discrete analogue of the differential quation in (1.0.1). Then we write a discrete
energy inequality in terms of both paths {g"} and {o!}, and we prove that up to a
subsequence both paths converge (in a sense to be made precise) to the same path

0;. Furthermore, o, satisfies the energy inequality

o) ~tter) > [ at [ [L61i) 4 H(x - VIP@) o dx (103

which, by the assumptions on H (cf. section 2.1), implies for instance that V[P(o;)] €

L'((0,T) x X). The above inequality corresponds to what can be regarded as one half



of the chain rule:

%U(gt) < /XW;%V[P(&)D dx.

Here V; is a velocity associated with the path ¢ — g, in the sense that Equation (1.0.1)
holds without knowing that o,V; := QthH(X, —Q;1V[P(Qt)]). Next, we establish the

reverse inequality yielding the whole chain rule only if we know that

T T
/ dt/ [Vi|%0r dx, / dt/ 107 'V [P(0)]|* 01 dx < +00 (1.0.4)
0 X 0 b

for some a € (1,00), o/ = /(v — 1). In that case, we can conclude that
0iVi 1= Qtva<X7 —Qflv[P(Qt)])

and

%U(Qt) - L<W’V[P(Qt)]>dx.

In light of the energy inequality in (3.5.12), a sufficient condition to have the inequal-

ity (1.0.4) is that L(x,v) ~ |v|* This is what we later impose in this work.

Suppose now that X may be unbounded. As pointed out in Remark 3.5.5, by
a simple scaling argument we can solve Equation (1.0.1) for general nonnegative
densities, not necessarily of unit mass. Lemma 4.1.1 shows that if we require the
bound in (4.0.23) on the negative part of U, then [, U(o(x))dx is well-defined for
0 € P{¢(X). We assume that the initial condition gy € P{“(X) and [ [U(go(x))| dx is
finite, and we start our approximation argument by replacing X by X,, := XN B,,(0)
and 9o by 0f" = 00XB,.(0)- Here, B,,,(0) is the open ball of radius m, centered at
the origin. The previous argument provides us with a solution of Equation (1.0.1),

starting at of', for which we show that

tg%{/xm x| 0} dx+/mlU(gt )Idx}

is bounded by a constant independent of m. Using the fact that for each m, o™ satis-

fies the energy inequality (1.0.3), we obtain that a subsequence of {¢™} converges to



a solution of Equation (1.0.1) starting at go. Moreover, as we will see, our approxima-
tion argument also allows to relax the regularity assumptions on the Hamiltonian H.
This shows a remarkable feature of the existence scheme described before, as it allows
us to construct solutions of a highly nonlinear PDE as in (1.0.1) by approximating at
the same time the initial datum and the Hamiltonian (and the same strategy could
also be applied to relax the assumptions on U, cf. Chapter 4). This completes the

existence part.

In order to prove uniqueness of the solution in Equation (1.0.1) we make several
additional assumptions on P and H. First of all, we assume that L(x,v) > L(x,0)
for all x, v € R? such that v # 0 to ensure that the maximum principle (cf. Theorem
3.1.1) holds. Next, let @ be the inverse of P and set u(t,-) :== P(g;). Then Equation

(1.0.1) is equivalent to
9,Q(u) = div a(x,Q(u), Vu) in D'((0,T) x X), (1.0.5)

that is a quasilinear elliptic-parabolic equation. Here a is given by Equation (5.2.2).
The study in [18] addresses contraction properties of solutions of Equation (1.0.5)
even when 0;Q(u) is not a bounded measure but is merely a distribution, as in our
case. Our vector field a does not necessarily satisfy the assumptions in [18]. (Indeed
one can check that it violates drastically the strict monotonicity condition of [18],
for large Q(u).) For this reason, we only study uniqueness of solutions with bounded
initial conditions even if, for this class of solution, a is still not strictly monotone in

the sense of [2] or [18].

The strategy consists first in showing that there exists a Hamiltonian H = H(z, o, z)
(cf. Equation (5.2.3)) such that for each x, —a(x, 0, —z) is contained in the subdif-
ferential of H(x,-,-) at (0,z). Then, assuming H(x, -, ) convex and @ Lipschitz, we

establish a contraction property for bounded solutions of Equation (1.0.1). As a by



product we conclude uniqueness of bounded solutions.

The thesis is organized as follows: in Chapter 2 we start with some preliminaries
and set up the general framework for our study. The proof of the existence of so-
lutions is then split into two cases. Chapter 3 is concerned with the case where X
is bounded, and we prove existence of solutions of Equation (1.0.1) by applying the
discrete algorithm described before. In chapter 4 we relax the assumption that X is
bounded: under the hypotheses that gy € P{(X) and [ |U(0p)|dx is finite, we con-
struct by approximation a solution of Equation (1.0.1) as described above. Chapter
5 is concerned with uniqueness and stability in L! of bounded solutions of Equation
(1.0.1) when @ is Lipschitz. To achieve that goal, we impose the stronger condition

(5.2.5) on the Hamiltonian H. In Appendix, we prove some supplementary results.



CHAPTER 11

PRELIMINARIES

2.1 Notation, Definitions and Main Assumptions

We fix a convex superlinear function 6 : [0,4+00) — [0,+00) such that #(0) = 0.
The example we have in mind is a function 6 which behaves like t* with o > 1 (for
more general behaviors, like ¢(In¢)™ or €', c¢f. Remark 3.5.6). We consider a function

L :R? x R? — R which we call Lagrangian. We assume that:
(L1) L € C*(R? x R?), and L(x,0) = 0 for all x € R%.
(L2) The matrix Vyy,L(x,v) is strictly positive definite for all x, v € R<.

(L3) There exist constants A*, A,, C* > 0 such that

O(v) — A < L(x,v) < C*O(lv]) + A" Vx,veR"

Remark that the condition L(x,0) = 0 is not restrictive, as we can always replace
L by L(x,v) — L(x,0), and this would not affect the study of the problem we are
going to consider. We also note that (L1), (L2) and (L3) ensure that L is a so-called
Tonelli Lagrangian (cf. for instance [9, Appendix B]). To prove a maximum principle

for the solutions of (1.0.1), we will also need the assumption:

(L4) L(x,v) > L(x,0) for all x,v € R%

The global Legendre transform L : R? x R* — R? x R of L is defined by

L(x,v) = (x,V L(x,V)).



We denote by @ : R? x R? — R? x R? the Lagrangian flow defined by

d L X.V — L X,V
GV L(®5 (%, V)] = VL (@5(t,x, V), (2.1.1)

dL(0,x,v) = (x,V).
Furthermore, we denote by ® : RY x R? — R? the first component of the flow:
&L =71 0 BF m(x,v) = x.

The Legendre transform of L, called the Hamiltonian of L, is defined by

H(x,p) := sup {(v,p) — L(x,v)}.

veRd

Moreover we define the Legendre transform of 6 by

0*(s) := sup{st — 0(t)}, s e R.

t>0

It is well-known that L satisfies (L1), (L2) and (L3) if and only if H satisfies the

following conditions:
(H1) H € C?(R¢ x R%), and H(x,p) > 0 for all x,p € R%.
(H2) The matrix VppH(x, p) is strictly positive definite for all x, p € R%.

(H3) 6* : R — [0, +00) is convex, superlinear at +o00, and we have

—A* + C*0* (|c£|) < H(x,p) <0 (]p))+ A,  Vx,veR

Moreover, (L4) is equivalent to:
(H4) V,H (x,0) = 0 for all x € R%

We also introduce some weaker conditions on L, which combined with (L3) make it

a weak Tonelli Lagrangian:

(L1v) L € CY(R? x RY), and L(x,0) = 0 for all x € R%



(L2%) For each x € R?, L(x,-) is strictly convex.

Under (L1"), (L2*) and (L3), the global Legendre transform is an homeomorphism,

and the Hamiltonian associated with L satisfies (H3) and
(H1*) H € CY(R? x R?), and H(x,p) > 0 for all x,p € R<.
(H2*) For each x € R, H(x,-) is strictly convex.

(cf. for instance [9, Appendix B].) In this work, we mainly work assuming (L1), (L2)
and (L3), except in Chapter 4 where we relax the assumptions on L ( accordingly on
H) to (L1*), (L2") and (L3).

Let U : [0, +00) — R be a given function such that

U € C%((0,4+00)) N C([0,400)),  U" >0, (2.1.2)
and
Ul(t
U@ =0,  lim % — too. (2.1.3)
We set U(t) = +oo for t € (—00,0), so that U remains convex and lower-

semicontinuous on the whole R. We denote by U* the Legendre transform of U :

U*(s) :=sup{st —U(t)} =sup{st — U(t)}. (2.1.4)

teR >0

When o is a Borel probability density of R? such U~(p) € L'(R?), we define the

internal energy
(o) = [ Ulet)ax.
Rd

If o represents the density of a fluid, one interpretes P(p) as a pressure, where
P(t) :=tU'(t) — U(t). (2.1.5)

Note that P'(t) = tU"(t), so that P is increasing on [0, 400).

10



If p is a probability density and a > 0, we write

M,(0) := g x|%o(x) dx

for its moment of order . If X C R? is a Borel set, we denote by P*(X) the set of
all Borel probability densities on X. If o € P?(X), we implicitly identify it with its
extension defined to be 0 outside X. We denote by P(X) the set of Borel probability
measures g on R? that are concentrated on X: p(X) = 1. Finally, we denote by
Pae(X) C P*(X) the set of probability densities o on X such that M,(p) is finite.
When o > 1, this is a metric space when endowed with the Wasserstein distance W,
(cf. Equation (2.1.9) below).

Let u: X C RY — RU {#oo}. The set of points x such that u(x) € R is called
the domain of u and denoted by domu. We denote by 0_u(x) the subdifferential of u
at x. Similarly, we denote by d*u(x) the superdifferential of u at x. The set of points
where u is differentiable is called the domain of Vu and is denoted by domVu.

Let u: R? — RU {+o0}. Its Legendre transform is u* : R — R U {+oc} defined
by

w'(y) = sup{(x,y) —u(x)}.
In case u : X C R? — R U {400}, its Legendre transform is defined by identifying u
with its extension which takes the value +o0o0 outside X.

For f: (a,b) — R, we set

arf oo ft+h) - f(t)
W(t) = hr;ﬁ(?llp . :

For h > 0, we define the action A,(o) of an absolutely continuous curve o :
[0, 7] — R by
h
An(o) == / Lio(r),6(r)) dr
0

and the cost function

cn(x,y) = igf{Ah(a) s o € WHH0, b RY), 0(0) = x, o(h) = y}. (2.1.6)

11



Definition 2.1.1 A Borel map T : R¢ — R? pushes py € P(RY) forward to py €
P(RY) if u1(B) = po(T~Y(B)) holds for any Borel set B C R?. In integral form this

18 equivalent to
y) dus(y / F(T(x)) dpio(x)

for all f € LY(R?, py). In short, we write Ty o = 1.

Definition 2.1.2 For g,y € P(RY), a Borel probability measure v on R x R is

said to have py and py as its marginals if for any Borel set B C R,
VB xRY) =puo(B), (R x B) = u(B).
Equivalently,

[ 00+ an ey = [ 6du+ [ o)dmy

holds for f € LY(R%, ug) and g € L*(RY, pu1). T'(po, i11) denotes the set of joint proba-
bility measures on R x R? which have py and py as marginals. If py and p1 are abso-
lutely continuous with respect to the Lebesgue measure £ on RY, we write T'( gy, 01) in

place of T'(po, p11), where gy and o1 are the density functions of po and py respectively.

Set

Y

Cn (o, p1) == inf{/ con(x,y)dy(x,y) : v € F(uo,ul)} (2.1.7)
Rd xR
and
o ly — x| ,
Wo.n(po, 1) :=inf< h O —— | dy(x,y) : v € (o, 1) ¢- (2.1.8)
Y R4 xR4 h
We also recall the definition of the a-Wasserstein distance, o > 1:
1/a
Wao, p1) == inf{/ ly —x|“dvy(x,y) : v € F(,uo,,ul)} . (2.1.9)
Y R xRd

It is well-known (cf. for instance [3]) that W, metrizes the weak* topology of

measures on bounded sets.

12



Definition 2.1.3 (c-transform) Let X C R? and let u,v : X — RU{—o0}. The
first c-transform of u, u¢ : X — RU{—o0}, and the second c-transform of v, v, :

X — RU{—o0}, are defined by

u(y) = inf {c(x,y) — u(x)}, ve(x) = inf {c(x,y) — v(y)}- (2.1.10)

xeX yeX

Remark 2.1.4 We directly obtain from the definitions that u < v, and v < u®.

Definition 2.1.5 (c-convexity) We say that u: X — RU{—o0} is first c-concave
if there exists v : X — RU{—o0} such that uw = v.. Similarly, v: X — RU{—o0} is

second c-concave if there exists u: X — RU{—o0} such that v = u°.

For simplicity we will omit the words “first” and “second” when referring to c-

transform and c-concavity. Let’s recall some well-known results:

Lemma 2.1.6 The functions u® and v. satisfy the following properties:
(@) () =v, (b)) (W)ezu,  (¢) ((L))e=0e,  (d) (1)) =’

Proof This can be found in [15, 21, 22]. For completeness we’ll sketch the proofs.

Part (a) follows from the following observation:

(UC)C(Y) = inf {C(X7 Y) - 'UC(X)}

xeX

= nf{ety) - i {ex) — o))
> ig}f{{c(x, y) — (c(x,y) —v(y))}
= inf {v(y)}

xeX

= v(y)

which proves (a). The proof of part (b) is likewise. Let’s prove part (c). Substituting

u = v, in part (b), we get ((v.)¢). > v.. Therefore proving part (¢) amounts to showing

13



the reverse inequality: v. > ((v.)%).. By (a), (v.)¢ > v, we observe that

((0e))elx) = nf{e(x,y) = (ve)(y)}

yeX
< inf -
< inf{e(oy) —v(¥)}
= v.(x),
concluding the proof of part (c). Similarly, we can prove part (d). O

2.2 Properties of Enthalpy and Pressure Functionals

In this section, we assume that (2.1.2) and (2.1.3) hold. The following lemma is

immediate but important.

Lemma 2.2.1 The following properties hold:

(1) U :[0,4+00) — R is strictly increasing, and so invertible. Its inverse is of class

C! and lim U'(t) = +oo.

t——+o0

(ii) U* € CY(R) is nonnegative, and (U*)'(s) > 0 for all s € R.

(iii) SETOO(U*)’(S) = +o00.
U= (s)

(iv) U* is superlinear, i.e., lim = 400.
s§——+00 S

(v) P :[0,400) — [0,400) is strictly increasing, bijective, tlifrn P(t) = 400, and

its inverse @ : [0, +00) — [0, 4+00) satisfies hIJP Q(s) = +oo.

Proof (i) Since U is convex and U(0) = 0, we have U’(t) > @ This and U” > 0
easily imply the result.

(ii) U* > 0 follows from U(0) = 0. The remaining part is a consequence of (U*) (U'(t)) =
t for t > 0, together with U*(s) = 0 (and so (U*)'(s) = 0) for s < U'(07).

(iii) follows from (i) and the identity (U*)'(U’(t)) = t for t > 0. Also, this prop-

erty can be obtained from (iv). Let s > 0. Since U* is convex and C'(R), we have

14



U*(0) > U*(s) + (0 — s)(U*)'(s) which yields

e s ) U0

S S

Thus, the required result follows from (iv).

(iv) Since U* is convex and nonnegative we have

s s s
* > (2 2 * e *
Uls) 2U (2) * (S 2) @y (2) U (2)
Therefore, the result follows from (iii). Here is another proof of (iv) that directly

follows from the definition of U*: Let a > 0 be a real number and fix s € R. Then,

taking ¢ = a we have

* 1
U*(s) ~ L uplts — U} > a— Ula) >a— max{0,U(a)}
s S teR s s
which implies that
lim U"(s) >a
§——+400 S

holds for any a > 0. Therefore (iv) follows.
(v) Observe that P(t) = U*(U'(t)) > 0 by (ii). Since U’ is monotone nondecreasing
then for t < 1 we have P(t) < tU'(1) — U(t). We conclude that lim P(¢) = 0. The

t—0t

remaining statements then follow. O

Remark 2.2.2 Let X C R? be a bounded set, and let o € P*(X) be a probability
density. Recall that we extend o outside X by setting its value to be O there. If
R > 0 is such that X C Bg(0), we have [, 0(|x|)o(x)dx < 6(R). Moreover, since
by convexity U(t) > U(1) + U'(1)(t — 1) = at +b fort > 0, [, U (o) dx is bounded
on P*(X) by |a| + |b|LYX). Hence, [,.U(0)dx is always well-defined on P*(X),
and is finite if and only if U (o) € L}(X).

The following lemma is a standard result of the calculus of variations, cf. for

instance [6] (for a more general result on unbounded domains, cf. Chapter 4):
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Lemma 2.2.3 Let X C R? and suppose {0" }nen C P*(X) converges weakly to o in
LY(X). If either X is bounded, or X is unbounded and U > 0, then U is weakly lower
semicontinuous, t.e.,

liminfU (") > U(p).
2.3 Properties of H and the Cost Functions
Lemma 2.3.1 The following properties hold:

(i) cn(x,x) <0 for all h > 0, x € R,

(ii) For all h > 0, x,y € R%,

C*ho (lxgﬂ) + AR > ep(x,y) > ho ('X;“) — A.h > —A.h.
Proof (i) Set o(t) = x for ¢ € [0, h] and recall that L(x,0) = 0 to get
cn(x,x) < Ap(o) = 0.
(ii) The first inequality is obtained using (L3), and ¢, (x,y) < Ar(o) with

o(t) = (1—%>X+%y

while the second one follows from Jensen’s inequality. |

The following proposition is classical (cf. for instance [9, Appendix B]):

Proposition 2.3.2 Under the assumptions (L1), (L2) and (L3), (2.1.6) admits a
minimizer ox.y for any x,y € RY. We have that oy is of class C*([0, h]) and satisfies

the Fuler-Lagrange equation
(O-XQ’(T)v dx,y(T)) = (I)L(Ta X, 0(0)) VT S [07 h]7 (231)

where ®L is the Lagrangian flow defined in Equation (2.1.1). Moreover, for any h,r >

0, there exists a constant ky,(r), depending on h and r only, such that ||oxy||c2(0.n) <

k() if x|, |y| <
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Remark 2.3.3 Let 0 be a minimizer of the problem (2.1.6), and set
p(7) := VyL(o(7),6(7)).

(a) The Euler-Lagrange Equation (2.3.1) implies that o and p are of class C' and

satisfy the ordinary differential equation

(1) = VpH(o(7),p(7)),
p(7) = =VxH(o(7),p(7)).

(2.3.2)

(b) The Hamiltonian is constant along the integral curve (o(1),p(7)), i.e.

for 7 € [0, h].

Lemma 2.3.4 Under the assumptions in Proposition 2.3.2, let o be a minimizer
of (2.1.6), and define p; := VyL(o(i),6(i)) for i = 0,h. For r,m > 0 there exists a

constant L, (r,m), depending only on h,r,m, such that if x,y € B.(0) andw € B,,(0),
(G) ch(x—l—w,y) S Ch(X, y) - <p0>W> + %Eh(ra m)‘W‘Q;
(b) Ch(X7y+W) < Ch<X7 Y> + <ph7w> + %eh({ra TTI,>|W|2

Proof In order to prove (a), we set

so that
ow(0) = x + w, ow(h) =y.

Set

h—t . a
- w,o(t) — Ew)

ala,t) = L(J(t) +a

Employing « in the identity,
1 s
a(1,1) = a(0,1) + 9y (0, 1) +/ (/ aga<a,t)da> ds (2.3.3)
0 0
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We obtain
h

(X +wy) < / L(0w, 6w) dt
0

_ /0 " Lo.6)di 1 / ' ((VXL(U, d),w>$ (Vo L(o, d),w>%) dt

0
h 1 s
+ /dt/ ds/ d2a(a,t) da, (2.3.4)
0 0 0

One readily checks that

1+ (h—1t)?

GFa(a, 0] < —

O (r,m)|wl?,
where

Up(r,m) == sup {|{V’L(x,v)z,2z)| : x,v € Bg(0) CR%z € B;(0) C R*}

X,V,Z

and R := kp(r +m) and kj, is as in Proposition 2.3.2. Thus,

h ! s 1/1 h
2 - (= o 2
/0 dt/o ds/o 82a(a,t)da < 2(h + 3>€(r, m)|wl?. (2.3.5)

The Euler-Lagrange Equation (2.3.1) together with the Fundamental Theorem of

Calculus gives that the second expression in Equation (2.3.4) is —(pg, w). Indeed,
h—t

/Oh ((VXL(U, d),W>$ —(VvL(o, d),W%) dt = /Oh% {(V‘,L(J, 6), ——w)| dt

= (Voo a0, ] = L0060, w) = ~(pow),

t=0
which together with equations (2.3.4) and (2.3.5) yields
1/1 h ,
en(x + w,¥) < ca(X,y) — (Po, W) + E(E + 5)6(7", m)|w?. (2.3.6)

This proves (a). The proof of (b) is analogous. O

Remark 2.3.5 This lemma says that —py € 0% cu(-,y)(x), and for'y € B,(0) the
restriction of ¢(-,y) to B.(0) is {,(r,m)-concave. Similarly, py € 0 cp(x,-)(y), and

for x € B,(0) the restriction of ¢(x,-) to B,(0) is £y(r, m)-concave.
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2.4 Total Works and Their Properties

In this section, we assume that (2.1.2) and (2.1.3) hold.

Remark 2.4.1 By Remark 2.5.5 ¢}, is continuous. In particular, there always exists
a minimizer for (2.1.7) (cf. for example, Theorem 2.4. in [13]). It is trivial if Cy is
identically +00 on I'(0g, 0n). We denote the set of minimizers by I', (0o, o). Similarly,

there is a minimizer for (2.1.8), and we denote the set of its minimizers by T'9 (0o, on).-

Lemma 2.4.2 Suppose 0 < s <t < 4+00. Then the cost function satisfies the follow-
g inequality:

Ct(xv Z) S Cs(xa y) + Ct—s(Ya Z)'
Proof Let’s suppose o; and o9 are the minimizers for ¢4(x,y) and ¢;_4(y, z), respec-

tively. That is to say,

cs(x,y):/OSL(O—I(T),m(T))dT, o1(0) =%, o1(s) =y

and

ey, z) = /0 T Lo ca)dr o) =y, oaft—s) =z
By a change of variable § = 7 + s and then using substitution 65(5) = 09(d — s)
together with G9(s) = 09(0) = y and G5(t) = 02(t — s) = z, we can rewrite ¢;_s in

terms of 75 as
t .
ci—s(y,z) = / L(62(0),02(6))dd,  G2(s) =y, 62(t) =z
Thus, observe that

cs(X,y) + e s(y,z) = /OSL(Jl(T),dl(T))dT+/ L(&g(T),&g(T))dT

grelg{/os L(o,d)d7+/:L(a,d) dr}

inf {/Ot L(o,6)dr : o(0) = x, o(t) = z}

g

v

v

= «(x,2)
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where A = {o € WV0,t] : 0(0) =x, o(s)=y, o(t)=z} O

Here is an immediate corollary:

Corollary 2.4.3 Let o1, 02, 03 € P*(R%). Then,

Cr(01,03) < Ci(01,02) + Croi(02, 03)- (2.4.1)
holds for all t € [0, hl.

Proof Let Tt1’2#gl = 0o and T,ff’t#QQ = o3 (cf. [9],[10]) such that
Clenes) = [ abe T (x)ei(x) dx,
R xR4

Coil02, 03) = / ey, T2 (v)) 22(y)dy.
R4 xRd
Define T;’?’ = T,?f’t o Ttl’2. Clearly, Té’?’#gl = 03. By using Lemma 2.4.2
Color, 03) < / en(x, T (x)) 01 (x) dx
< / (e, T2(3)) + ent(TH2(), T (%)) () dx

= [T a dc [ ooy TE @) n)dy

Rd
= Ci(01,02) + Ch_i(02, 03)

which concludes (2.4.1). O

As a result, we are in position to state following very useful upshot:
Lemma 2.4.4 The following properties hold:

(i) For any p € P(R?) we have Cp,(p, p) < 0. In particular, for any u, i € P(R?),
and h < h

Cr(p, 1) < Cplp, ).
(ii) For any h > 0, u, i € P(R?),

—Ah < —Ah+ Wor(p, i) < Ch(p, 1) < C*Won(p, ) + A*h.
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(iii) For any K > 0 there exists a constant C(K) > 0 such that

Wi ) < 2 Won(on ) + o

h h i R%). 2.4.2
i e Vh>0,p, g€ PRY) (2.4.2)

Proof (i) The first part follows from ¢,(x,x) < 0, while the second statement is a
consequence of the first one and Cy, (i, t) < Cp(pt, ) +Ci_p, (i1, ) (see Corollary 2.4.3.)
(ii) It follows directly from Lemma 2.3.1(iii).

(iii) Thanks to the superlinearity of h, for any K > 0 there exists a constant C'(K) > 0
such that

0(s) > Ks — C(K) Vs> 0. (2.4.3)

Let now v € T'Y (19, pt1). Then

Wilu i) < / % — yldv(x,y)
R4 xRd

h x —y] C(K)
< = K22 oK) ) d = h
= K Rded( h ( )> Wxy) + =
1 Ix —y| C(K)
< — o(=—2")q = h
= K Jpape ( h ) 1Y)+
1 . CO(K)
= =W, = h
7o Won(p, i) + —
which is exactly (2.4.2). O

Remark 2.4.5 The map o — Cp|00, 0] is convex on P*(RY).

Proof Let o1, 0, € P*(RY). By Remark 2.4.1, there exist y; € ', (00, 01) and 7y, €

['; (00, 02) such that

Ch[@(b@l] = / Ch(X, Y) dVl(fU,y), Ch[QmQﬂ = / Ch(X, Y) d’Y2(fB,y)-
R xRd R

dyRd

Set ox = (1 — A)o1 + Moo for A € [0,1]. Define vy = (1 — A)y1 + Ava. Observe that for
g € L'(R?, 0oL N LY(RY, 01£7) N L' (R?, 02L7),

[, otoiniy) = (=3 [ gl dntey)+d [ gl duixy
Y /Rdg(x)go(x) dX—i—)\/Rdg(x)go(X) dx
~ [ oten(x) ax
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[, owianixy) = =3 [ o dnxn A [ o) dntxy)

R xR4

= (1—A)/Rd9(y dy+A/Rdgy
= [ ooy dy

So yx € I'(oa, 00). Therefore, since v € I'y (00, 01) and 2 € 'y (00, 02) we get

Crlor, 0] = inf {/ ch(X,y) d’y(x,Y)}
v€l(00,0x) Rd xR

S / C(Xv y) d’)//\ (X> Y)
R4 xR4
= (1-2) / cn(x,y) dn(x,y) + A / cn(x,y) dya(x,y)
Rd xRd R4 xRd
= (1 —=X)Chloo, 01] + ACh[00, 02]
This finishes the proof. O

Lemma 2.4.6 Let h > 0. Suppose that {0" }nen converges weakly to o in L*(RY) and
that {M;(0") }nen is bounded. Then M (o) is finite, and we have

liminf Cy (2, 0") > Ch(0,0) Vo€ Pr(X).

n—oo
Proof The fact that M;(p) is finite follows from the weak lower-semicontinuity in

LY(RY) of M;. Let now 4™ € I';(g, o). Since {M;(0") }nen is bounded

sup/ (x| + [y]) dv"(x,y) < 4o0. (2.4.4)

neN JRd

As |x|+ |y| is coercive, Equation (2.4.4) implies that {7"},en admits a cluster point
for the topology of narrow convergence. Furthermore, it is easy to see that v € I'(g, o)

and so, since ¢;, is continuous and bounded below, we get

liminf Cy (g, 0") = liminf/ cn(x,y)dy"(x,y)
R4 xRd

n—oo n—oo

/ (%, y) dy(x, y)
R4 xRd

> Ch(@v Q)

v

which completes the proof of lemma. (See Lemma 4.3 in [22] for its generalization.)O
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CHAPTER II1

EXISTENCE OF SOLUTIONS IN A BOUNDED DOMAIN

Throughout this chapter, we assume that (2.1.2) and (2.1.3) hold. We recall that L
satisfies (L1), (L2) and (L3). We also assume that X C R? is an open bounded set
whose boundary 90X is of zero Lebesgue measure, and we denote by X its closure. The
goal is to prove existence of distributional solutions to Equation (1.0.1) by using an
approximation by discretization in time. More precisely, in Section 3.1 we construct
approximate solutions at discrete times {h,2h, 3h, ...} by an implicit Euler scheme,
which involves the minimization of a functional. Then, in Section 3.2 we explicitly
characterize the minimizer, introducing a dual problem. We then study the properties
of an augmented action functional which allows us to prove a priori bounds on De
Giorgi’s variational and geodesic interpolations (cf. Section 3.4). Finally, using these
bounds, we can take the limit as h — 0, and prove existence of distributional solutions

to Equation (1.0.1) when 6 behaves like t*, a > 1 for large values of ¢t > 0.

3.1 The Discrete Variational Problem

We fix a time step h > 0, and for simplicity of notation we set ¢ = ¢,. We fix

00 € P*(X), and we consider the variational problem

inf ){Ch(go,g)+U(g)} = inf ){@[h,go,g]}. (3.1.1)

oEPac(X 0€P*(X
Theorem 3.1.1 There ezists a unique minimizer o, of Problem (3.1.1). Suppose in
addition that (L4) holds. If M € (0,00) and oo(x) < M a.e., then gp(x) < M a.e..

In other words, we have a mazximum principle.

Proof First note that the technique used here is analogous to the ones in [1, 19].

Existence of a minimizer g; follows by classical methods in the calculus of variation,
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thanks to the lower-semicontinuity of the functional

Q= @{h, o, Q] = Ch(@(]? Q) +Z/{(Q)

in the weak topology of measures and to the superlinearity of U (which implies that
any limit point of a minimizing sequence still belongs to P*¢(X)).

To prove uniqueness, let p; and g, be two minimizers, and take v € 'y (00, 01),

Y1+ 2
2

Y2 € T'h(00, 02) (cf. Remark 2.4.1). Then el (Qo, 91‘2"—92), so that

01 + 02 M+ Y2 Cn(00, 01) + Cr(00, 02)
< = .
Ch<90’ 2 ) /Xxx en(x; y>d< 2 > 2

Moreover, by strict convexity of U,

u(m + Qz) L Ula) +u(92)7

2 - 2
with equality if and only if p; = g9. This implies uniqueness.

Thanks to (L1) and (L4) one easily gets that ¢;(x,x) < ¢,(x,y) for all x,y € X,
x # y. Let’s show the maximum principle: For the sake of contradiction assume that
Q:={xe X : gp(x) > M} is of positive Lebesgue measure. Let v € I'(0g, 01). Set
Q¢ := X \ Q. Then, we obtain

7(2° x Q) > 0. (3.1.2)

Suppose on the contrary that ~(Q° x ) = 0. In this case, we have

MLYQ) < /QQh(Y) dy = y(X x Q)

— QX Q) <A x X)

= /QQO(X) dx < Mﬁd(Q)

which is a contradiction, concluding (3.1.2). Now, consider the restricted probability

measure
o 1

QexQ
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defined by
2 (BN (S x Q)
Y(Q2° x Q)

Yo(B) =

for Borel sets B C X x X. Note that

(€2 x Q)/X XC(XJ) dyo(x,y) = /Q QC(X,Y) dvy(x,y)

for ( € C'(X x X). Let wy and w; be the marginals of v, more precisely,

[+ 660) datey) = [ ot a0+ [ wi)danly

for ¢, 1 € C(X). It is easy to check that vq < v € I'(0o, 01). Therefore wy < go(x)L?
and w; < op,(y)L% That is to say, wy and w; are absolutely continuous with respect to

Lebesgue measure £%. Let wy and w; be their density functions respectively. Observe

that

o< < 1 < M a and 0 < < 1
=S e )P = (e x ) M MY T =000 q)

Op a.e.

Also, we see that
(@) = 7a((Q x X) N (@ x Q)
= (2N x (XN Q)
= 0
= 7a((X N0 x (2N Q)
= al((X x 29 7O x )

= w1(Q°).
In other words, we observe that spt(wp) C ¢, and spt(w;) C Q. Next, define
0n = 01 — alwn — wp)
for a € (0,7(02° x Q)). Note that g, € P*(X). Indeed,
Oaly = Onj, — Qw1 > M —aw; >0 and Oa|qe = Oh|,e + QW0 = awy > 0.
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and

/X 0a(y) dy = 1

Accordingly, define a measure 7, on X x X by

| sty =[xy
ta / (€~ () daxy),

for all ( € C'(X x X). Notice that v, € I'(00, 0a). Indeed, for n € C(X)

/XXXTI(X)d%(X,y):/ 7(x) 00(x) dx

X

/X ) dnaxy) - /X n(y)on(y) dy

v ([ auneoax— [ vy ay)

- /X 0(y)ealy) dy

Next, we will show that there exists a € (0,7(02° x §2)) C (0, 1) such that

(I)h[QOa Qa] < (I)h[QOa Qh]

(3.1.3)

To this end, remember that ¢,(x,y) — cp(x,x) > 0 on Q° x €, and so we arrive at

XxX

Ch(@Ov Qa) - Ch(@07 Qh) < /X . Ch (X7 y) d’YOt(Xa Y> - / Ch <X7 Y> d7(x7 y)

= a/QC Q(Ch (X,X) — Cp, (X7Y)) de(Xv y)

< 0

(3.1.4)

On the other hand, since U’ is strictly increasing because of the assumption U” > 0

(cf. Equation (2.1.2)), we have

Ult)—=U(s) <U'(t)(t—s), s,te]0,+00)
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and so, we get

Ulen) ~t(e) = [ [W(ea(x) = Ulonx))] dx
= | 100+ au) = Ulen) ]+ [ [Von = awn) = Ulen)
< o [ Uen6) + awnx)un(x) dx
~o [ Ulan(y) o (¥)un(v) dy
< a| [ vr+anmueoax - [ 08 - awly)u) iy
— o [ (0O aunx) ~ U~ aw () dialx.y).
Since U € €2 ((0,00)), by the Mean Value Theorem,
(U'(M + awn(x)) - U'(M = aw(y)) € 0(a)
and so we have
U(os) —U(01) = 0(a?). (3.1.5)

Choosing « € (0, v(2¢ x §2)) sufficiently small, and using (3.1.4) and (3.1.5) we obtain
(3.1.3). This proves (3.1.3), which therefore shows that if £4(Q) > 0, then gy, is not

a minimizer, contradicting the assumption. |
Remark 3.1.2 It is immediate that ||pnlls < || 00lloo-

3.2 Characterization of Minimizers Via a Dual Problem

The aim of this section is to completely characterize the minimizer g, provided by
Theorem 3.1.1. We are going to identify a problem, dual to Problem (3.1.1), and use
it to achieve that goal.

We define £ = &, to be the set of pairs (u,v) € C(X) x C(X) such that

u(x) +o(y) < c(x,y)
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for all x,y € X, and we write u @ v < ¢. We consider the functional

Huo) = [ axmix) dx— [ U (-o(y) dy.
X b's
To lighten the notation, we have omitted to display the gy dependence in J.

Lemma 3.2.1 Let u € Cy(X). Moreover:
(i) If u = v, for some v € C(X), then:
(a) There exists a constant A = A(c, X), independent of u, such that u is

A-Lipschitz and A-semiconcave.

(b) If X € X is a point of differentiability of u, y € X, and u(X) + v(y) =
c(X,y), then X is a point of differentiability of c(-,y¥) and Vu(X) = Vxc(X,¥)
= —VyL(c(0),5(0)). Furthermore y = ®¥ (h,x,V,H (X, —Vu(x))), and

y s uniquely determined.
(ii) If v = u® for some u € C(X), then:

(a) There exists a constant A = A(c, X), independent of v, such that v is

A-Lipschitz and A-semiconcave.

(b) Ifx € X,y € X is a point of differentiability of v, and u(X) + v(¥)
c(X,y), then'y is a point of differentiability of c(X,-) and Vu(y) = Vyc(X,¥)
= VyL(o(h),&(h)). Furthermore, x = ®% (—h,y, Vo, H (y, Vu(y))), and

<

18 uniquely determined.

In particular, if K C R is bounded, the set {v. : v € C(X), v.(X)NK # 0} is compact
in C(X), and weak* compact in W (X).

Proof Although the assertions made in the lemma are now part of the folklore of the
Monge-Kantorovich theory, we sketch the main steps of the proof. Regarding (i)-(a),

we observe that by Remark 2.3.5 the functions ¢(-,y) are uniformly semiconcave for
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y € X, so that u is semiconcave as the infimum of uniformly semiconcave functions
(cf. for instance [9, Appendix A]). In particular u is Lipschitz, with a Lipschitz

constant bounded by [|Vxel| . xx) (see below for reasoning).
To prove (i)-(b), we note that 0_u(X) C J_c(-,¥)(X). Since by Remark 2.3.5

0*c(+,¥)(x) is nonempty, we conclude that ¢(-,¥y) is differentiable at x if u is. Hence,
Vu(x) = Vye(x,y) = =V L(c(0),5(0))
where o : [0, h] — X is (the unique curve minimizing the action) such that
h
ox.3) = [ Lot o)dr
0

(cf. [9, Section 4 and Appendix B]). This together with Equation (2.3.1) implies

y = @7 (h,x, Vo H (x, —Vu(x))). (3.2.1)

The proof of (ii) is analogous.
Let’s show that the set C, := {v. : v € C(X), v.(X) N K # (}} is compact in

C(X). Take a sequence v" € C,. Let x;,%, € X and

vG) = minfe(x.y) - v (y))

= c(x1,yn) — 0" (¥n)
for y, € X. Then
Ve (x2) =g (x1) < (e(x2,¥n) = v"(yn)) — (c(x1,yn) — 0" (yn))
= c(X2,¥n) — c(X1,¥n)
= (Vxc(X,yn), %1 — X2)

< Vel ¥) oo ey X2 = %1
where X is on the line segment joining x; and x,. Similarly we prove
e (X2) — v (x1) = = |[Vxe(X, ¥)| oo (xxx) [%2 — Xa.
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This concludes that {v!} is equi-Lipshitz, therefore, equicontinuous on X . Further-

more, for any x € X there exists y,, € X

ve(x) = ;rg{dx, y) —v"(¥)} = e, ¥n) — " (¥n) (3.2.2)

On the other hand, there exists, xo € X such that v"(xq) N K # @, which implies

|vl(x0)| < sup |K|. Notice that

vz (%0) = min{e(xo, y) = v"(y)} < c(%0,¥n) = v"(¥n)

yeX
and hence
V" (¥n) < (X0, ¥n) — vg (Xo)

and so

0" (50)] < max " (v)] < max _fe(x,y)] + sup| K. (323)

e ()] = e(x,yn) = 0" (9]
< e(xyn)| + [0 (yn)]

< 2 max _|e(x,y)| +sup|K],
(x,y)eEX XX

implying that {v"} is equi-bounded in C(X). By the Arzela-Ascoli Theorem, we

conclude that the set C, is a compact subset of C'(X). O

Remark 3.2.2 By Lemma 3.2.1, if u = v, for some v € Cy(X), we can uniquely
define L%-a.e. a map T : domVu — X such that u(x) + v(Tx) = c(x,Tx). This
map s continuous on domVu, and since Vu can be extended to a Borel map on X
we conclude that T can be extended to a Borel map on X, too. Moreover we have
Vu(x) = Vye(x,Tx) L%a.e., and T is the unique optimal map pushing a density
0 € P(X) forward to i := Ty (0L?) € P(X) (cf. for instance [15, 21, 22)).
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Lemma 3.2.3 If (u,v) € € and p € P*(X), then J(u,v) < Cr(00, 0) +U(p0).

Proof Let v € I'(0g, 0). Since U(o(y)) + U*(—v(y)) > —o(y)v(y) and (u,v) € &, we

have by integration

[ W) + o) dy =~ [ oli)ay

X

> - [ i)+ [ abudx (324)

Rearranging the expressions in Equation (3.2.4), and optimizing over I'(g, 0), we

obtain the result. O

Lemma 3.2.4 There ezists (u.,v.) € & mazimizing J(u,v) over € and satisfying

u$ = vy and (v.)e = us. Furthermore:
(i) u, and v, are Lipschitz with a Lipschitz constant bounded by ||Ve|| roo(xxx)-

(i1) We have that o,, = (U*)'(—v.) is a probability density on X, and the optimal

map T associated with u, (cf. Remark 3.2.2) pushes 0oL forward to o, L°.

Proof Note that if u$ = v, and (vs). = u,, then (i) is a direct consequence of Lemma
3.2.1. Before proving the first statement of the lemma, let us show that it implies

(ii). Let p € C(X) and set
Ve := U +Ep, U = (V).

Remark 3.2.2 says that for L%a.e. x € X, the equation u.(x) + v.(y) = c(x,y)

admits a unique solution y = T'x. As in [12] (cf. also [14]) we have

lus — ]l < ell@fle  and M%M
E—> E

= —p(Tx) (3.2.5)

for £%a.e. x € X. Indeed, by the definition of infimum, for any § > 0 there exists z;
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such that

u(x) = (ve)e(x)

= irzlf{c(x, z) —v.(z)}

v

c(x,25) — v-(zs) —

v

c(x,25) — (vi(2zs) + ep(zs)) — 0

Vv

ux(X) — ep(25) — 6
which in turn yields

us(x) —uu(x) > —ep(z5) =0
us(x) —uu(x) +0 > —ep(z5)

Us(X) —ue(x) +0 > —€llp)le VI>0
because v, (zs) + u.(x) < ¢(X, zs). Hence,
us(x) —ua(x) > —ellpllo (3.2.6)

Also, using the definition of infimum and u @ v < ¢ and the fact that ¢(x,Tx) =

ux(x) + v.(Tx), we obtain

us(x) = (ve)e(x)
= inf{c(x,2) - v.(2)}
< o(x,Tx) — v.(Tx)
= ¢(x,Tx) - 0.(Tx) - ep(Tx)

= u(Tx) — ep(Tx) (3.2.7)
and so, we end up with

ue (%) — (%) < —ep(T%) < efplloo (3.2.8)
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Combining Equations (3.2.6) and (3.2.8) we obtain the first inequality in (3.2.5). Now

let’s show the limit on the right in (3.2.5). It follows from (3.2.7) (or (3.2.7)) that
U (X) — uy(x) < —e(Tx) (3.2.9)
Moreover, for € > 0 there exists z. such that

ue(x) = (ve)e(x)
= irzlf{c(x,z)—vg(z)}

c(x,2.) — v(z.) — €

v

> c(x,2.) — (va(z) +ep(z.)) — & (3.2.10)

Passing to a subsequence we can say that z. — z as ¢ — 0 for some z in X. Since
| te — Uslloo < €]|¢]|0o, (i-€., ue — u, uniformly as ¢ — 0) passing to limit in (3.2.10)
yields

UL (X) > c(x,2) — v.(2)

which means that z = T'x. Writing (3.2.10) explicitly we have
U (X) > Ul (x) — ep(z.) — &2 (3.2.11)

Combining (3.2.11) with (3.2.9) gives

Ue(X) — us(X)
—p(z:) —€ < — - =

which produces the limit in (3.2.5) as ¢ — 0.

Therefore, by the Lebesgue Dominated Convergence Theorem we get

o [ 1269 = )

e—0 X £

00(x) dx = —/Xgo(Tx)gO(x) dx. (3.2.12)

Since (u., v.) maximizes J over £, by Equation (3.2.12) we obtain

0 = lim
e—0

et 200t [ rmxax+ [ 07 (oot ix

X
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Therefore, we are left with

/X H(Tx) 0p(x) dxt — / (U (—v () ) (x) dx. (3.2.13)

X
Choosing ¢ = 1 in Equation (3.2.13) and recalling that (U*) > 0 (¢f. Lemma
2.2.1(ii)), we discover that g,, := (U*)'(—wv,) is a probability density on X. Moreover
Equation (3.2.13) means that T pushes go£? forward to g,, £?. This proves (ii).

We finally proceed with the proof of the first statement. Observe that the func-
tional J is linear, and so it is continuous on &€, which is a closed subset of C(X)xC(X).

Thus it suffices to show the existence of a compact set £ C &€ such that

E c{(u,v): u=v,v.=u} and sup J = sup J.
£ &

If (u,v) € & then, by Remark 2.1.4, u < v., and so J(u,v) < J(v.,v). But, as
pointed out in Lemma 2.1.6, v < (v.)% and since by Lemma 2.2.1(ii) U* € C!(R) is

monotone nondecreasing, we have
J(u,v) < J(ve, v) < J(ve,y (06)6).

Set 4 = v, and ¥ = (v.)¢. By Lemma 3.2.1, & = 9, and v = @¢. As U* € C'(R) and

(U*)" > 0, the functional
A= e(N) = /X U'(—v(x) + A) dx
is differentiable, and
¢()) = /X(U*)’(—T)(x) + ) dx > 0.
Since by Lemma 2.2.1(iv) U* grows superlinearly at infinity, so does e(\). Hence
,\ETOO J(u+\v—XN) = /\Erfoo i uopdx + X — e(\) = —o0. (3.2.14)

Moreover, as U* > 0 (cf. Lemma 2.2.1(ii)),

lim J(a+ A\o—A) < lim Uopdx + A = —oo. (3.2.15)

A——00 A——00 X
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Since A — J(u+ A\, v — \) is differentiable, by Equations (3.2.14) and (3.2.15) J(u +
A\, — \) achieves its maximum at a certain \ which satisfies ¢/(\) = 1. Therefore we

obtain the following conclusions:
(@,0) == (u+\v—N €&, Ju,v) <J(@u), and / (U*)(-0)dx = 1.
b's

This last equality and the fact that (U*)'(—0) is continuous on the compact set X
ensure the existence of a point xo € X such that —9(xo) = U’(1/£%(X)). In light of

Lemma 3.2.1 and the above reasoning, we have established that the set
E = {(u,0) €E : U =0, v.=u, v(xo) = —U"(1/L4X)) for some x, € X}
satisfies the required conditions. Indeed, take a sequence (u,,v,) € £'. Set

M, = sup |Vye(x,y), M; = max |e(x,y)]
(x,y)EXxX (x,y)EX XX

Let X C Bp for some R > 0. Since v, = u¢, we know that Lip(v,) < M;. Thus, we

have

[on(¥)] < [vn(xX0)| + [vn(y) — vn(x0)]
< Jvn(x0)| + Mily — xo

< |U(1/LY(X))(xo)| + MiR.
Thus, v, is uniformly bounded. Therefore, using u,, = (v,)., we obtain

U (X) = yig;{C(xa Y) = vn(y)} = (X, ¥n) = vn(yn)-

[un(X)| < le(x,¥n)| + [0n(yn)]

< Mo+ |U' (1/£4X))|+ MiR,

implying that u,, is also uniformly bounded. On the other hand, u, and v, are equi-
Lipshitz, and therefore equicontinuous. Employing the Arzela-Ascoli theorem, we

conclude that £ is compact in C'(X) x C(X) with respect to the uniform norm. O
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Set
®(0) := ®(h, 00, 0) = Cn(00, 0) +U(0).

Lemma 3.2.5 Let o, be the unique minimizer of ® provided by Theorem 3.1.1, and

let (us,vy) be a maximizer of J obtained in Lemma 3.2.4. Then o, = (U*)'(—v,), and

J = J(us,v,) = ®(p,) = min_ (o).
max (Ui vi) = D(0x) o (0)

Proof Let T be as in Lemma 3.2.4(ii), and define g,, := (U*)'(—v.). Note that since

T pushes 0oL forward to o, L%, we have

(id x T)4(00L?) € T(00, 0v.).

Therefore, as ¢(x, TX) = . (x) + v.(Tx) for gyLo-a.e. x € X,
Culonnan) < [ el To)om(x) dx
_ /X (10 () + v(T)) 20 x) dx
- /X 1 () 0 () dx + / e(®en(x)dx.  (3.2.16)

X

Since

U4 (%) 00(x) dx+/ V4 (X) 00, (%) dx

X

Cr(00, 0v.) > /

X

trivially holds (as u @ v < ¢), Inequality (3.2.16) is in fact an equality, and so

Cn(00, 0v,) +U(00,) = /XU*<X)Q0(X) dx+/ (U*(x)gv*(x) + U(QU*)) dx. (3.2.17)

X

Combining the equality —v.0,, = U(g,.) + U*(—v.) (which follows from p,, =
(U*)'(—vy)) with Equation (3.2.17) we get

Cr(00, 0+) +U(0x) = J(us, vs),
which together with Lemma 3.2.3 gives that g,, minimizes ® over P*(X) and
sup J = ®(p,,).
£

Since the minimizer of ® over P*(X) is unique (cf. Theorem 3.1.1), this concludes

the proof. O

36



Remark 3.2.6 By Lemma 3.2.1, we can uniquely define a map S on domVu, by

u.(Sy) +v.(y) = c(Sy,y)

and we have
Vo (y) = Vyc(Sy,y).

This map is the inverse of T up to a set of zero measure, it pushes 0, L forward to
00L?, and

Sy = ®{(—h,y,VpH (y, Vu.(y))).

Moreover, by Lemma 3.2.5, U'(0.) = —v, is Lipschitz, and

=Vu.(y) = VIU' ()](y)-

In particular,

Sy = ®%(=h,y, Vo H (y, = V[U'(0.)](y)))-

We observe that the duality method allows us to deduce the Euler-Lagrange Equa-
tion associated with the functional ® by passing many technical problems due to

regularity issues. Moreover it gives the equality

Vye(Sy,y) = =V[U'(e)l(y) L%ae inX
(and not only g.L%a.e.).
3.3 Augmented Actions

To ease the notation we introduce the functional

CI)<T7 QO?Q) = CT(QO;Q) +Z/[(Q) QOJQE PGC<X)7

and we define

. = inf  ®(7, 00, 0).
- (o) R (7, 00, 0)
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The goal of this section is to study the properties of ® and ¢,, in the same spirit as
in [3, Chapter 3.
In the sequel, we fix gy € P*(X). Lemma 3.2.5 provides existence of a unique

minimizer of ®(7, gy, o) over P*(X), which we call p,.

Lemma 3.3.1 The function T +— ¢,(00) is nonincreasing, and satisfies

¢7'1 (QO) - ¢T()(Q0) < C‘rl (QOa QT()) - CTo(QO? QTO)

< V0 < 1< T (3.3.1)
1 — To T — To
+ +
In particular %(QO)(T) <0 for all T >0, %(QO) € L} ([0, 4+00)), and
T T
T1 d+ -
¢, (00) — Pry(00) < / %(7) dr  Y0<m <. (3.3.2)

Proof It is an immediate consequence of the definition of ¢, and o, that, for all

To, 71 > 0, we have

Cr (00, 0r,) — Cry (00, 070) = D7, (00) — Pr,(00)-

This gives Equation (3.3.1), which together with Lemma 2.4.4(i) implies that 7
®-(00) is nonincreasing. The last part of the lemma follows from the general fact

that, if f : [a,b] — R is a nonincreasing function, then

drf dvf drf
—= <0 — € L' (a,b d ||— < —f(b
U ACONT b ISR (0

(cf. Lemma A.1.6). O

For h > 0, we denote by 7}, the optimal map that pushes go£? forward to g, £ as

provided by the last paragraph. We have
Tix = @7 (h,x, Vp H (x, =Vun(x))),
with (up,v) a maximizer of
() = [ anopulx)dx— [ U (=oty)) dy.
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We recall that (U*)'(—vs) = on (cf. Lemma 3.2.5). Moreover, if we define the

interpolation map between gy and g; by using

Tix:= ®7(s,x, VpH(x,—Vuy(x))),  s€[0,h], (3.3.3)
we have
h
cn(x, Thx) :/ L(oy(s),05(s)) ds  with oy (s) := Tpx. (3.3.4)
0
Finally, since v, = —U’(g1), denoting by Sj, the inverse of T}, we also have

Vyen(Shy,y) = =V[U (on)|(y) = VVL(O(?hy(h), d(‘?"y(h)) for L%a.e. y € X.
(3.3.5)

Lemma 3.3.2 We have

[ 6.~ @)y dy < -2 ),

Proof For s € [0, h + €] we define

sh
oX(s) = o (h——i—e’x’ Vo H (x, —Vuh(x))) .

Since 0X(0) = x and o.(h + ¢) = T},x, by the definition of Cp. we get
h+e
Chie(00, 0n) < / Qo(x)/ L(o%,6%) dsdx (3.3.6)
b 0

h+e b h
- — /XQO(X)/O L(ao,m00>dsdx.

Moreover, since L(x, -) is convex,

€
h+e

<VVL(U;;, S z;;;>. (3.3.7)

L(o3,5%) = L(o3, e

h—|—500> +

Therefore, recalling that

<va(ag;, hLHUB‘)aB‘> _ L<ag<, %ﬁaf{) + H(ag;, va(o—g, hLHo—gj)
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combining Equations (3.3.6) and (3.3.7) we obtain

£2
Ch+E(QOa Qh) < (1 - m) Ch(Q(b Qh)

6 h X X h - X
_ hH/XQO(x)/O H(JO,VVL(JO,h—HUO))dst.

Hence, as H > 0 by (H1), by Fatou’s Lemma we get

£ - 1 4
lim sup Cnre(20, 08) = Cnl20, 01) < ——/ gg(x)/ H(Ua‘,VvL(Uf)c,ng ds dx.
e—0t € h X 0

(3.3.8)
Using the conservation of the Hamiltonian H recalled in Remark 2.3.3(ii) and Equa-

tions (3.3.1) and (3.3.8) we obtain

d*qzi;fgo) (h) < _/XH<Ug(h),va(ag(h),dg‘(h)))@o(X) dx,

and recalling that y = oX(h) = Tyx, where T}, pushes goL? forward to g,L¢, the

desired result follows from Equation (3.3.5). O
Remark 3.3.3 Note that

é-(00) < (7, 00, 00) < U(00)

(since Cr(0o, 00) < 0, ¢f. Lemma 2.3.1). Therefore setting ¢po(00) = U(go) ensures

that T — ¢, remains monotone nonincreasing on [0, 00), and we have

U(o) —U(on) = do(eo) — ¢nlen) + Crloo, on)-
3.4 De Giorgi’s Variational and Geodesic Interpolations

We fix g9 € P*(X) and a time step h > 0, and set g} = g5. We consider g, =
ot € P*(X) the (unique) minimizer of ®(7, gy, -) provided by Theorem 3.1.1, and we
interpolate between off and o} along paths minimizing the action Ajy: By [9, Theorem

5.1] there exists a the unique solution g € P*(X) of
Cs(0b, 02) + Cns (8L, 0h) = Cr(25, 0h)

40



which is also given by
0. Lh = (Ti)gool?,  0<s<h

Moreover [9, Theorem 5.1] ensures that 7} is invertible g-a.e., so that in particular
there exists a unique vector field V* defined on the measure theoretical support of g"
such that

VMNT) =0T os-ae.

Recall that by Lemma 3.2.4(i)

V|| oo (x) < [|Ven |l e xxx)-

Exploiting Equation (3.3.3) and the fact that 9,®* maps bounded subsets of R? x R?

onto bounded subsets R? x R¢, we obtain that

sup ([0, | (g) < +o0.
0<s<h

Therefore,

sup |Vl oe(,) < +00-
0<s<h

Finally a direct computation gives that
950" + div(g'V) = 0 (3.4.1)
in the sense of distribution on (0,h) x R%. Observe that g} = gy and g = of.

Remark 3.4.1 Note that although the range of Tj, is contained in X, that of T} may

fail to be in that set.

We set

05 1= argmin{CS(go, 0)+U(0): 0 € Pac(X)}, 0<s<h.

In a metric space (S,dist) with sC, = dist?, the interpolation s +— g, is due to De

Giorgi [8] (cf. also [3, 7]).
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Theorem 3.4.2 We have the energy inequality

o) ~tuten) > [ as [ nvomay + [as [ (e -v[000]) eeax

Proof We combine Lemmas 3.3.1 and 3.3.2 with Remark 3.3.3 to conclude that

/Odt/XH(x,—V[U’(QS)DQst < ¢o(00) — dn(on)

= U(00) —U(on) — Ch(00, 0n)

— (o)~ U(on) /dt/ (T3(0). 0,73 () o3 dx

= ulen) ~tten) - [ ot 1y Vi)

(We remark that the last integral has to be taken on the whole R¢, as we do not know
in general that the measures g, are concentrated on X, cf. Remark 3.4.1). O
We now iterate the argument above: Lemma 3.2.5 ensures existence of a sequence

{0l 322, C P*(X) such that
iy = argmin{Cal(dly, 0) +U(0) : 0 € P*(X) }.
As above, we define
e 1= argmin{C,(oy 0) +U(0) : 0PI}, 0<s<h,

By the same argument applied to (0kn, 0(k+1)n) in place of (o, on), we obtain a unique

map Ty : X — X such that

<1d X Tkh>#(gkh£d) S Fh(Qkfu Q(k—i—l)h)'

Moreover, for s € (0, h) we define g}, , ; to be the interpolation along paths minimizing

the action Ay, that is ggp.s is the unique solution of

Cs(0kn> Oknss) + Chs (s Q?k—&-l)h) = Cu( 0k, Q?k—&-l)h)‘

42



We denote by (ul,.,, v, ) the solution to the dual problem provided by Lemma

3.2.4, and we define V}; . by
V;c]}v,—i-s (leh) = 0Ty,
where 77, is the interpolation map:
(kah)#QZh = QZHS-
Corollary 3.4.3 For h >0, for any j < k € N, we have
kh kh
u(eh) ~ieh) = [ as [ Lo vy + [ ds [ H(x VU)ot ax
jh R jh X
Proof The proof is a direct consequence of Theorem 3.4.2. |

3.5 Stability Property and Existence of Solutions

We fix T' > 0 and want to prove existence of solutions to Equation (1.0.1) on [0, T].
Recall that by Lemma 2.4.4(i) Cs(0,0) < 0 for any s > 0, o € Pf. This, together

with the definition of o}, ,, yields
Ch(QZm QZMS) +u(92h+s) < U(QZh)7 0<s<h.
By adding the above inequality over k € N, invoking Remark 2.2.2 we get
ich (Ghins Osyn) < U(05) — 152}&2;“(@%) <U(ep) + lal + pIL(X).  (3.5.1)
k=0

We also recall that v} : X — R is a Lipschitz function (cf. Lemma 3.2.4(i)) which

satisfies v = —U’(0"), so that setting
B =U(—vf) = Ple})
we have
ot VIU'(¢1)] = —(U") (=vi)Vuy = VIU (=) = V[P(g)] = VB LTae. (3.52)
We start with the following:
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Lemma 3.5.1 We have

U(oM) <U(o) + Ast. (3.5.3)

Moreover, for any K > 0 there exists a constant C(K) > 0 such that, for any

h € (0,1],
A, K
Wi(g), o) < , At O gy e [0, 77, (3.5.4)
K K
A, K
Wi(a), o) < % + %()h Vte [kh,(k+1)h], k € N, (3.5.5)
Wi (gt 0!) < % + 2A*+TC(K)[(t —s)+h  V0<s<t, (3.5.6)
A, K
Wi (gt at) < % - %”[(t —s)+h  Y0<s<t (3.5.7)

Here Cy is a positive constant independent of t, K, and h € (0, 1].

Proof Let t € [kh, (k + 1)h] for some k € N. Then by Lemma 2.4.4(ii) we have

U(Q?) — At —kh) < M(Q?) + Ct—kh(QZha Q?) < U(QZh)- (3.5.8)
In particular
U0l 11yn) < UDhy) + Ash (3.5.9)

for all k£ € N. Using (3.5.9) repeatedly, we obtain that

Ulel) < Ulgy,) + Ault — kh)

IN

IN

U(0—1yn) + Aulh + (t = kh)]

IN

U(oo) + Aukh + (t — kh)]

This proves Equation (3.5.3). Now, since C, < Cy_gp, (cf. Lemma 2.4.4(i)), we have

Chloy, o) <U(Dl) —U(al) Vit € [kh, (k+1)h).
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which combined with Equation (3.5.8) and Remark 2.2.2 gives
Culohn: &) < Uleo) + Ach + la| + PIL(X) Vit € [kh, (k+1)hl.  (3.5.10)

Moreover, as o}, = o}, for any k € N, using again Lemma 2.4.4(ii) we get

Cr(oin, Q?k-}-l)h) = Cim(oiy, 0)) + C(k—&-l)h—t(@?» Q?}Hl)h)

Ct—kh(QZha @?) — A.h

> Cu(oly, 0}) — Ash.

v

Thanks to Lemma 2.4.4(ii)-(iii), for any K > 0 there exists a constant C'(K) > 0

such that
1

1 A+ C(K)
K

K
A, + C(K)
K

Wi (0pns 08) < —=Ch(0pn. o) + h,

N 1 _
Wi (o, of) < —Ch(ol, ) +

K h,

which combined with the above estimates and the triangle inequality proves Equations
(3.5.4) and (3.5.5).

Finally, to prove Equations (3.5.6) and (3.5.7), we observe that Equation (3.5.1)

combined with Lemma 2.4.4(iii) gives

N-1
Wi (Q?Vh: Qﬁ/]h) < Z W (Q?j'-‘rl)h’ Q?h)
j=M
N-1
< K - Cr(0(j31)n O5n) + K h(N — M)
=M
1 A+ C(K)
< g (en) +lal + PILYX)] + =—=—h(N = M).

Combining this estimate with Equations (3.5.4) and (3.5.5), we obtain the desired
result. a

We can now prove the compactness of our discrete solutions.

Proposition 3.5.2 There exists a sequence h, — 0, a density o € P*([0,T] x X),
and a Borel function V : [0,T] x X — R? such that:
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(i) The measure valued curves t — o™ € P*(X) and t — g™ € P*(RY) con-
verge uniformly (locally in time) to the curve t — gy := o(t,-), and this curve

15 uniformly continuous with respect to the nmarrow topology. Moreover w*-

lim;_o+ 0t = 0o.

i) The vector-valued measures g'(x)V;™ (x)dx dt converge narrowly to the vector-
t t

valued measure p,(x)Vy(x)dx dt, where V; := V(t,-).

(#1) Opor + div(e;Vy) = 0 holds on (0,T) x X in the sense of distribution.

Proof By Equations (3.5.6) and (3.5.7), as K > 0 is arbitrary, it is easy to see that
the curves t +— o' and t — gl are equicontinuous with respect to the 1-Wasserstein
distance. Since bounded sets with respect to Wi are precompact with respect to the
narrow topology on R? (cf. for instance [3, Chapter 7]), by the Arzela-Ascoli Theorem
we can find a sequence h,, — 0 such that ¢t — gf" € P*(X) and t — g/ € P*(R?)
converge uniformly (locally in time) to a narrow-continuous curve ¢ — p; € P(X)
(which is the same for both o and g™ thanks to Equation (3.5.4)). Moreover ¢ — s
is supported in X as so is Q?", and the initial condition w*-lim,_,q+ @?” = 0p holds in
the limit.

Concerning the vector-valued measure V,"o", recalling that H > 0, using Corollary

3.4.3 and Remark 2.2.2 we have

T

[t [ Lox Vgt dx < Uten) +lal + pleicx).

0 R

By (L3) this gives
T
/ dt/ O(|Vi" Dol dx < U(go) + |a| + [b|LH(X) + AT =: C4.
0 R4

The above inequality, together with the superlinearity of # and the uniform conver-
gence of g" to pi;, implies easily that the vector-valued measure V," g" have a limit point

A that is concentrated on [0, T'| x X. Moreover, the superlinearity and the convexity of
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0 insure that A < p, and there exists a y-measurable vector field V : [0, 7] x X — R4

T
/ dt/ 0(|Vil) dps < 1.
0 X

To conclude the proof of (i) and (ii), we have to show that u < L', We observe

such that A = Vu, and

that thanks to Equation (3.5.3)
T T T2
/ dt/ U () dx :/ U(gh) dt < TU(g0) + Ay,
0 X 0 2
so that by the superlinearity of U any limit point of ¢"* is absolutely continuous.
Hence p = o£¢, and (i) and (ii) are proved.

Finally, from Equation (3.4.1) we deduce that
d,of 4+ div(g!" V) =0  on (0,T) x X (3.5.11)
in the sense of distributions, so that (iii) follows taking the limit as n — +o0. O

Remark 3.5.3 In the proof of the lemma above we have seen that each curve t —
ot ol € P(X) admits a representative which is uniformly continuous on
[0, T with respect to the weak™ topology. We will always implicitly refer to such a
representative, so that in particular i is well-defined for every t € [0,T]. Moreover

we conclude that both g™ and o™ converge weakly* to o, for every fized t € [0,T7].

We are now ready to prove the following existence result. To simplify the notation,
given two nonnegative functions f and g, we write f = ¢ if there exist two nonnegative

constants ¢g, ¢c; such that ¢of + ¢; > g. If both 2 and < hold, we write f ~ g.

Theorem 3.5.4 Let X C R? be an open bounded set whose boundary is of zero
Lebesgue measure, and assume that H satisfies (H1), (H2) and (H3). Let oy and V;

be as in Proposition 3.5.2. Then we have

P(g;) € L'0,T; Wh(X)),
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VI[P(o:)] is absolutely continuous with respect to o, and
Uloo) — Ulor) > /0 Lt /X L Vi) + Hx —or' VIP(2) Jerdx. (35.12)
Furthermore, if 0(t) ~ t* for some o« > 1 and U satisfies the doubling condition
Ult+s) <CU@{t)+U(s)+1) Vit,s >0, (3.5.13)
then oy € AC,(0,T;P*(X)),
U(or,) —U(or,) = —/ dt/ (V[P(0r)],V;) dx (3.5.14)
for Ty, Ty € [0, T). In particular
Vi(x) = VpoH(x,—¢; 'V[P(0)])  ei-a.e.,

and oy is a distributional solution of Equation (1.0.1) starting from gg.
Suppose in addition that (Hj) holds. Then we have the maximum principle: if oo < M

for some M >0, then oy < M for every t € (0,T).

Proof The maximum principle is a direct consequence of Theorem 3.1.1. We
first remark that the last part of the statement is a simple consequence of Equations
(3.5.12) and (3.5.14) combined with Proposition 3.5.2(i)-(iii). So it suffices to prove
to prove Equations (3.5.12) and (3.5.14).

We first prove Inequality (3.5.12). Corollary 3.4.3 implies that, if T € [kh,,, (k+1)h,]

for some k£ € N, since L > —A, and H > 0 we have

U(ge™) — Uy, /dt/Rd L(x, V™o + H (x, —V[U’(gi”")])gi‘“} dx — A,h,,.

We now consider two continuous functions w,w : [0,7] x R? — R? with compact

support. Then
[t [ [ + # s -v )l ox
> [ [ [t — oo ot ax
w [t [0 w0l - L e x)d] dx
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By Proposition 3.5.2(i)-(ii) we immediately get
T
lim [ dt / (Vi a(tx) el — Hx,w(tx)ol | dx
R4

= [Car [ [ttt e x5 ax

so that taking the supremum among all continuous functions @ : [0, 7] x RY — R?

with compact support we obtain

T T
lim inf/ dt/ L(x, V/™)gl dx > / dt/ L(x, V;)o; dx.
n—-+o0o 0 R4 0 R4

As for the other term, we observe that, by Remark 2.2.2, as L > — A, we have that

/ont/Rd H(x,=V[U"(¢}")]) ot dx

is uniformly bounded. In particular, since (by (H3))

for some constant C; and Equation (3.5.2), we arrive at the conclusion that

[ [ wteeax= [Ca | v

is uniformly bounded. This implies that, up to a subsequence, the vector-valued mea-
sures V[P(o/")] dx dt converges weakly to a measure v of finite total mass. Therefore

we obtain

T
+oo > liminf [ dt / H(x,—V[U'(o™)]) o) dx
Rd

n—oo

>l m/<—ww@%mwwwmﬁ—uxwmwm%dx

n—-+o00

= /dt/ w(t, x), v(dt, dx)) /dt/ (x,w(t,x))o dx.

Since w is arbitrary, we easily get that the measure v(d¢, dx) is absolutely continuous
with respect to o; dx dt, so that v(dt,dx) = e;(x)o:(x) dx dt for some Borel function

e:[0,T] x X — R4 We now observe that by Fatou’s Lemma we also have

ﬂf@mm? VIP(et WM)w<+m

n—-+o00
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which gives

lim+inf IV[P(of")]|dx < 400 fort € [0,T]\ N, (3.5.15)
n—+0o [pa
with £'(N) = 0. This fact easily implies that, for any ¢ € [0,7]\ N, there exists a

h‘n
subsequence g, * such that

fiminf [ [VIP()]|dx = Jim / V[P(o"™ ]| dx.

n—-+00 k—+o00
and P(p "’“(”) converges weakly in BV (X) and L%a.e. to a function §;. As a
consequence DB = e;0,L% so that 3, € WH(X). Since @ is continuous, we de-
duce that gt"’“m = Q(P(Q?”’“(t))) converges L%-a.e. to Q(3;). Recalling that Qt"’“(t)
also converges weakly to ¢;, we obtain Q(8;) = g that is 5, = P(g;). More-
over, from the equality V3, = e;0, we get V[P(0;)] = e;0;. We have proved that
P(o;) € L'(0, T; WH(X)) and V[P(g;)] is absolutely continuous with respect to g;.
Finally o (4 1)h,, CONVETges weakly* to op, and the term U (o) is lower-semicontinuous
under weak* convergence, and this concludes the proof of Equation (3.5.12).

We now prove Equation (3.5.14). Let us recall that by assumption 6 ~ t*, which
implies that L(x,v) > |v|* and H(x,p) = |p|*, where o’ = a/(a—1). Let us observe

that, thanks to Equation (3.5.12), we have

T T
+oo>/ dt/ L(x,Vt)gtde/ 1Vill2ao dt (3.5.16)
0 b 0
and
T T /
—|—OO>/ dt/ H(x, —et)gtde/ ||et||‘L“a,(Qt) dt. (3.5.17)
0 be 0
Since
Oror + diV(QtVt) =0,

Equation (3.5.16) implies that the curve t — p; is absolutely continuous with values

in the a-Wasserstein space P,(X), and we denote by V its velocity of minimal norm

(cf. [3, Chapter 8]). Moreover, thanks to Equation (3.5.17), ¢, € L% (g,) for a.c.
€ (0,7).
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Denoting by |¢'| the metric derivative of the curve ¢ — p; (with respect to the
a-Wasserstein distance, cf. Equation (2.1.9)), by Equation (3.5.16) and [3, Theorem

8.3.1] we have that
121(8) < Villzeten < IVillzean < +o0. (3.5.18)

Since e;0; = VP(p;) with P(g;) € Wh1(X) for a.e. ¢, we can apply [3, Theorem 10.4.6]
to conclude that, for £'-a.c. ¢, U has a finite slope at oL, [0U|(0;) = |let]| o,y and
e; = 0°U(o¢). The last statement means that e; is the element of minimal norm of the
convex set 0U(g;) and so, it belongs to the closure of {Vip : ¢ € C®(X)} in L (o;).

Let A C (0,T) be the set of ¢ such that

(a) OU(ar) # 0

(b) U is approximately differentiable at ¢;
(c) (8.4.6) of [3] holds.

We use equations (3.5.17), (3.5.18), and the fact that [0U|(o:) = [let]| o’ 4, for L£'-a.e.

t € (0,7), to conclude that

T 1 T o 1 T N
/ OU|(0)]0|(H)dt < 5/ ||€t||La/(gt)dt+ 5/ [Vill (ot < 400.  (3.5.19)
0 0 0

By [3, Proposition 9.3.9] U is convex along a-Wasserstein geodesics, and so exploiting
Equation (3.5.19) and invoking [3, Proposition 10.3.18] we conclude that £'((0,T) \
A) = 0 and t — U(g;) is absolutely continuous. Thus its pointwise, distributional, and
approximate derivatives coincide almost everywhere, and by [3, Proposition 10.3.18]

and the fact that e; € OU(o;) we get

d

au(gt)_/X@t,VQQth- (3.5.20)

Because V and V are velocities for o we have
[ (w6~ Tiaax =0
X
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for all ¢ € C(X) for L'-a.e. t € (0,T), and since e; belongs to the closure of

{Vo:peC=(X)}in L¥(g,), by a density argument we conclude that

/ <€t; Vi — ‘Zﬁ>@tdx =0
X

for L'-a.e. t € (0,T). This, together with Equation (3.5.20), finally yields

Ts _ Ts
U(or,) —U(or,) = —/ dt/ (€4, Vi)ordx = —/ dt/ (e, Vi) ordx, (3.5.21)
Tl X Tl X

as desired. O

Remark 3.5.5 If oy is a general nonnegative integrable function on X which does
not necessarily have a unit mass, we can still prove existence of solutions to Equa-
tion (1.0.1). Indeed, defining ¢ := [, 0o dx, we consider ¢f € P*(X) a solution of
FEquation (1.0.1) for the Hamiltonian

He(x,p) :=cH (X, %)

and the internal energy U¢(t) := U(ct), starting from 0§ := oo/c. Then g := cof
solves Equation (1.0.1). Moreover, using this scaling argument also at a discrete

level, we can also construct discrete solutions starting from oq.

Remark 3.5.6 We believe that the above existence result could be extend to more gen-
eral functions 6 by introducing some Orlicz-type spaces as follows: for 0 : [0,4+00) —
[0, +00) convez, superlinear, and such that 0(0) = 0, we define the Orlicz- Wasserstein

distance

W (o, p1) := inf {)\ >0: inf / 0 (L)\y’) dvy(x,y) < 1} .
XxX

vET (1o,41)

We also define the Orlicz-type norm
£l =t {30 [0 (4} du <1}
¥ A
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It is not difficult to prove that the following dynamical formulation of the Orlicz-

Wasserstein distance holds:

1
We(ﬂo, ,u1> = inf {/ H‘/tHQ,Ht dt : at/JJt + le(,LLt‘/t) = 0} . (3522)
0

Now, in order to prove the identity in (3.5.14) of the previous theorem in the case
where 6 does not necessarily behave as a power function, one should extend the results

of [3] to a more general setting. We believe such an extension to be reachable although

not straightforward.
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CHAPTER IV

EXISTENCE OF SOLUTIONS IN UNBOUNDED
DOMAINS FOR WEAK TONELLI LAGRANGIANS

The aim of this part is to extend the existence result proved in the previous section
to unbounded domains X, using an approximation argument where we construct our
solutions in X N B,,(0) for smoothed Lagrangians L,,, and then we let m — +oo. In
order to be able to pass to the limit in the estimates and find a solution, we require

that there exist ¢ > 0 and a € (d/(d+ 1), 1) such that
U™ (t) = max{-U(t),0} < ct* Vit > 0. (4.0.23)

The above assumption, together with (2.1.2) and (2.1.3), is satisfied by positive mul-
tiples of the following functions: tInt, or ¢ with a > 1. Under this additional
assumption, we now prove some lemmas and propositions which easily allow us to
construct our solution as a limit of solutions in bounded domains (cf. Section 4.3).

By Assumption (4.0.23), we can prove that if M; (o) is finite, then [5, U™ (o) dx
is finite, and so [, U(0) dx is well-defined.

4.1 Lower-semicontinuity of U

Lemma 4.1.1 There ezists C = C(d,a) such that
U (o) < C(Mi(0)* +1).

Consequently U(p) is well defined whenever Mi(p) is finite. Furthermore C' can be

chosen so that

/ U~ (0)dx < CMy(p)*R¥M =2~ VYR >0.
Br(0)¢

o4



Proof We use Assumption (4.0.23) to obtain

/ U (0)dx < c/ 0* dx (4.1.1)
Br(0)¢ Br(0)°
1
= c (Ixlo)* =5 dx
/BR(o)c x|
a 1-a
< c(/ ]X|gdx) (/ |x| /(=) dx)
Br(0)° Br(0)°
oo 1-a
< ch(Q)”’</ T(dllaa)dr)
R

=: ¢1(d, a)My(p)* R~ (4.1.2)

This proves the second statement of the lemma. Observing that

/ U (0)dx < c/ 0% dx
Br(0) BRr(0)

< c/ (1+0)dx
Br(0)
< o(L!(Br(0)) +1)
= R +ec (4.1.3)
We use Equations (4.1.2) and (4.1.3) to conclude the proof. O

We now prove a lower-semicontinuity result.

Proposition 4.1.2 Suppose that {0, }nen C P(R?) converges weakly in L'(R?) to
0, and that

sup Mi(on) < +o00.
neN

Then ¢ € P{“(RY), and
lim inf U (0,) > U(0).

n—oo

Proof The fact that ¢ € P¢(R?) follows from the lower-semicontinuity with respect
to the weak L!-topology of the first moment.

We now suppose without loss of generality that

liminfU(0,) < +o0.

n—oo
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Fix € > 0. We have to prove that

liminf U (0,) > U(0) —

n—oo

By Lemma 4.1.1 we can find R > 0 such that

sup/ U (on)dx < e. (4.1.4)
Br(0)°

neN

By Lemma 2.2.3 and the fact that U and Ut > 0 are convex we get

lim inf Ul(on) dXZ/ U(p) dx (4.1.5)
n=oc /B0 Br(0)
lim inf U+ (gy) dx > / U+ (o) dx (4.1.6)
n=20 ) a0 Br(0)°

Combining Equations (4.1.4), (4.1.5) and (4.1.6) we obtain

lim 1nfL{(gn) > Z/{(Q) -

n—oo
This concludes the proof. O
We remark that, using the results above, it is easy to see that Lemma 3.2.3 holds

assuming o € P(RY).
4.2 Properties of Moments in the Unbounded Case

Fix T' > 0, and for any h > 0 we suppose that a sequence {0} }o<r<r/n C Pi¢(R?) is

given such that
Cr(0s O r) +U(0h1) S U0Y). (4.2.1)
Assume that
m*(1) := sup{Ml(gg) —I—/ U (o) dx} < +o00. (4.2.2)
h Rd
For instance, if o} = go for all & > 0, Equation (4.2.2) holds if M; (go) and [g. |U(00)] dx

are both finite.

By Equations (2.4.1) and (4.2.1)

-1

Cin(af, o) Z w0l o) <UL +U (o) — U (), (4.2.3)
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which together with Lemma 2.4.4(ii), implies
—Ahl + Woun(ef, o) + U () <U(ef) +U(e)). (4.2.4)
Lemma 4.2.1 If o, 0 € Pi(R%), then
Mi(o) < [Ac+ C()]h + Ch(o,0) + Mi(o)  Vh >0,
where C (1) is the constant provided by Lemma 2.4.4 ().
Proof For any x,y € R? we have
vl <ly — x|+ x|
so that integrating the above inequality with respect to v € I'(p, ) we obtain
M@ < [y -xldibxy) + Mi(e) (425
R xRY
and since v € I'(p, ) is arbitrary we conclude that
Mi(g) < Wile, 0) + Mi(o).

This together with Lemma 2.4.4(ii)-(iii) gives the desired estimate. O
The following proposition shows that M;(o}) is uniformly bounded for kh < T

provided that it is bounded for & = 0.

Proposition 4.2.2 There ezists a constant C, depending on m*(1) and T only, such

that the following holds:
Ml(QZ)+/ U(oM)|dx < C Yk, h, with kh <T.
R4

Proof We recall that by assumption of € P for all k, h, so that M, (o) < +o0.

To ease the notation, we drop the superscript h. Suppose kh < T. By Lemma

4.2.1 and by Equation (4.2.3)

Mi(ox) < Cral0o, 0k) + [As + C(1)]hEk + Mi(00)

< U(oo) —U(ok) + [As + C(1)]hk + Mi(0o).- (4.2.6)
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Let C be the constant provided by Lemma 4.1.1. We use that lemma and Equation
(4.2.6) to obtain

M (o) + Ut (o) <U(00) + C(1+ M{(0x)) + [As + C(D)]hk + Mi(g).  (4.2.7)

Define for ¢t > 0

f(t) ==sup{s : s—C(s"+1) <t}

s>0

Observe that f(t) > ¢, and f is nondecreasing. Thus, recalling that M; (o) < 400,

by Equation (4.2.7) we get
Mi(or) < F(U* (o) + [As + COIT + Mi(e0)) = fo (1.2.8)

and

U (o) SUT(00) + C(1+ M7 (00)) + [A. + CUIT + Mi(oo).

By Lemma 4.1.1 and Equation (4.2.8)
U (or) <C(fe+1)  forkh <T,
where C' depends on C, T', m*(1), A, and C(1) only. This concludes the proof. O

Remark 4.2.3 [t is easy to check that the estimates proved in this section depend on
L only through the function 6 and the constants A*, A.,C* appearing in (L3). Hence
such estimates are uniform if { Ly, }men is a sequence of Lagrangians satisfying (L1),

(L2) and (L3) with the same function 6 and the same constants A*, A, C*.

4.3 Existence of Solutions

In this paragraph we briefly sketch how to prove existence of solutions in the case
when X is not necessarily bounded and L satisfies (L1"), (L2*) and (L3), leaving the
details to the interested reader. We remark that our approximation argument could

also be used to relax some of the assumptions on U.
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Let X C R be an open set whose boundary has zero Lebesgue measure. We fix
00 € P*(X), and we assume that M;(go) and [ |U(go)|dx are both finite. Assum-
ing that L satisfies (L1"), (L2") and (L3), we consider a sequence of Lagrangians
{L;}men converging to L in CH(R? x R?) and which satisfy (L1), (L2) and (L3)
with the same function € as for L and constants A* + 1, A, + 1,C* + 1 (we slightly
increase the constants of L to ensure that one can construct such a sequence). We
denote by H,, the Hamiltonians associated with L,,. Consider now the increasing
sequence of bounded sets X,, defined by X,, := X N B,,(0), and observe that, for
each m € N; the set X, is open and its boundary has zero Lebesgue measure (since
0X,, C 0X U0B,,(0)). We now apply the variational scheme in X,, starting from
00" = 00XB.m(0) (cf. Remark 3.5.5) with Lagrangian L,,. In this way we construct
approximate discrete solutions {QZ}LW} on X,, which satisfy the discrete energy in-

equality

U U [ [ [Elo V)24 (10 ) o] Ao

Moreover, thanks to Proposition 4.2.2 (cf. Remark 4.2.3), we obtain that the measures
{QZ}Lm} have uniformly bounded first moments for all k, h,m, with kh < T. This
fact, together with Lemma 4.1.1, implies that also U *(QZ}lm) is uniformly bounded.
Therefore, taking the limit as A — 0 (cf. Section 3.5), we obtain that a family of

curves t — o} satisfying the energy bound in (3.5.12) and such that

sup {Ml(g;") —I—/ U (0}")] dx} < +o00.
meN, te[0,T] R4

(Indeed U~ (o)) are uniformly bounded, and ¢t — U(o}") is bounded too, cf. Equation
(3.5.3).) Moreover

O + div(pPV;") =0 om (0,T) x RY,
with

T
sup// O(|V;™]) o dx dt < 400
meNJo JRd
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(by Equation (3.5.12)), which implies a uniform continuity in time of the curves
t +— o} on [0, T)]. Using these bounds, it is not difficult to take the limit as m — 400
(cf. the arguments in Section 3.5), and find a uniform continuous curve ¢ — g; which

satisfies

0o + div(eV;) =0 on (0,7) x R¢

in the sense of distributions, and

o) ~ttpr) > [ [ [ 00+ (x -V @) o] dxc

(here we used U(pp*) — U(py) and Proposition 4.1.2). Once this estimate is estab-
lished, the proof of Equation (3.5.14) is the same as in the bounded case. Hence we

state the following result.

Theorem 4.3.1 Let X C R? be an open set whose boundary is of zero Lebesque
measure, and assume that H satisfies (H1"), (H2") and (H3). Let oy € P{(X) be
such that [ |U(0o)| dx < +00, and assume the U satisfies Equations (2.1.2), (2.1.3),
(4.0.23). Then there exists a narrowly continuous curve t — gy € P(X) on [0,T],
starting from o, such that My(o¢) is bounded on [0,T] (so that in particular U~ (p)
is bounded),

0oy + div(e V) =0 on (0,T) x R?

in the sense of distributions, and Equation (3.5.12) holds. Also, we have
VIP(o)] € L'(0,T; L (X))

and V[P(p)] is absolutely continuous with respect to o.

Furthermore, if 6(t) ~ t* for some a > 1 and U satisfies the doubling condition
(8.5.18) then o is a solution of Equation (1.0.1) starting from oq, satisfying Equation
(1.0.2). In other words, Equation (3.5.14) holds and

Vi(x) = VPH(X, —g;l(X)V[P(gt(x))]) o-a.e..
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If 09 € Po(X) then o € ACL(0,T;P,(X)).
In addition, suppose that (H4) holds. If oo < M for some M > 0, then o, < M for

allt € [0,T] (mazimum principle).

Remark 4.3.2 When 0(t) ~ t* with o > 1, it is not difficult to see that if [, |x|*go dx
is finite so is [y |x|*0,dx (here o, is any limit curve constructed using the minimiz-
ing movement scheme). Hence one can generalize Lemma 4.1.1 proving that the
a-moment of o controls U~ (p) assuming only that Condition (4.0.23) holds for some

a € (d%, 1), and the theorem above still holds under this weaker assumption on U.
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CHAPTER V

UNIQUENESS OF DISTRIBUTIONAL SOLUTIONS

5.1 Assumptions

Throughout this chapter, we assume that H satisfies (H1), (H2*), (H3) and (H4). We
assume that U satisfies (2.1.2), (2.1.3). X C R?is an open whose boundary 9X is of
zero Lebesgue measure, and we denote by X its closure. We suppose that either X is
bounded or X is unbounded but Condition (4.0.23) holds. We suppose that 0(t) ~ t*
for some o > 1 and U satisfies the doubling condition (3.5.13). Our goal is to prove
uniqueness of distributional solutions of Equation (1.0.1) when the initial condition
0o is bounded. The ellipticity conditions we impose seem to be different from what
is usually imposed in the literature. Our proof of uniqueness of solutions follows the
same line as in [18], except that most of our assumptions are not always comparable

with the ones there. In the sequel, we use the following notation:
Q:=(0,T)xX, Q:=(0,T)xQ.

5.2 A new Hamziltontan

We consider the density function g; of Equation (1.0.1) provided by Theorem 4.3.1,
which satisfies the property that V[P(g;)] € L*(Q) and is absolutely continuous with
respect to o. If we set

u(t, ) == Plei(-))

we have

0;Q(u) = div a(x,Q(u), Vu) in D'(Q), (5.2.1)
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where

alx, 5.7) i —V.H(x,s,—z) ifs>0 (5.2.2)
0 if s=0,z=0,
and H : R? x [0, +00) x R — [0, +-00) is defined by
$2H (x, g) if5>0
H(x,s,2) = 0 if s=0,2=0 (5.2.3)
+00 ifs=0,z#0
Here, 0 := (0,...,0).
For each x € R H(x,-,-) is of class C?((0,4+00) x R%), and the gradient of

H(x,-,-) at (s,z) is easily computed as follows

_ 2sH (x, E) — s <VPH (X, E) , E>
VH(x,s,2z) = s , s/’ s
sVpH (X, —>
s
for s > 0 and z € R?. Also, observe that

Z Z Z Z
vy | 2 (Vol,Z) + <VPZH 2E) VH — Vil -
VpH — VppH - g VepH

(5.2.4)

Here H,V,H, Vo, H are all evaluated at (X, E). Since H(x,-) is convex we have that
s
<V2H<X7 ) )(0’ )‘)7 (07 )‘)> = <VPPH “A, >‘> > 0.

for A € R%. Hence, the matrix in Equation (5.2.4) is nonnegative definite if and only
if for every A € R¢

0 (VG0N (L) = 28 = (Tl 2) + (Vo - 2.)

+ 2(VpH,\) =2 (VppH - g M)+ (VppH -\, X)

= 20— 2(VpH A= )+ (VppH - (A= 2) A= 2).
s s s
Hence H(x,-,-) is convex on (0,00) x R? if and only if

2H — 2(VpoH,w) + (VppH -w,w) >0 VweR% (5.2.5)
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This is what we assume in the sequel.

Remark 5.2.1 H(x,p) = |p|" satisfies Condition (5.2.5) if and only if r > 2. If
A(x) is a symmetric nonnegative definite matriz then H(x,p) = (A(X)p, p) satisfies
Condition (5.2.5). Moreover, by linearity, if Hy and Hs satisfy Condition (5.2.5) so
does Hy + H>.

Remark 5.2.2 Suppose (5.2.5) holds.

(a) Since H > 0 we have that (0,0) belongs to the subdifferential of H(x,-,-) at
(0,0). In other words, —a(x,0,0) belongs to the subdifferential of H(x,-,-) at

(0,0).
(b) The convezity of H(x,-,-) is equivalent to

(a(x, 81,21) — a(x, $2,%2),21 — 29) > —(81 — 32){2<31H(x, _ﬁ)

52 2

— s H(x,~22) ) + (VpH(x, —%),zl> —(VpH (x, —?%zﬁ}

5.3 Additional Properties Satisfied by Bounded Solutions

We assume that (5.2.5) holds. Let o, € AC,(0,T;P¢(X)) be a solution of Equation
(1.0.1) satisfying Equation (1.0.2) such that ¢ — [, U(0;)dx is absolutely continuous,
monotone nonincreasing, and V[P(g;)] € L'(Q) and is absolutely continuous with
respect to g;. Observe that p; satisfies Equation (3.5.12) and the inequality there
becomes an equality. Suppose there exists M > 0 such that g, < M. Because 0(t) ~

t*, (H3) implies that, for ¢ > 0 sufficiently small,

o(lo 9P = 1) < Hex —0 ' VIP()
and so, multiplying by both sides of the inequality by o; we have

E(M 1-of

VIP)]|" - o) < aH(x,~0; 'VIP(0))) (5.3.)
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Taking ¢ > 0 small enough, (L3) ensures
(ol = o) S ol(x,Vi),  doVil" < Mo (e Lix V). (532)

We use the fact that equality holds in Equation (3.5.12), exploit Equations (5.3.1)
and (5.3.2) to obtain existence of a constant C);, which depends only on M and 0,

such that

T o T T
/dt/‘V[P(gt)] dx, /dt/ oVl 0y dx, // oVilPordx < Car (5.3.3)
0 X 0 X 0JX

where V; := V,H (x, —0; 'V[P(0;)]). Also, choosing Cy; large enough and using (L3),

(H3) and Equation (5.3.3), we have

T T
/ dt/ o[ H(x, —0; "V[P(0y)])| dx, / dt/ o|L(x, Vi) dx < Cy. (5.3.4)
0 X 0 X
Remark 5.3.1 Since o, € AC1(0,T;Pi¢(X)), U is strictly convex, and

t— U(p:)dx

R4

is absolutely continuous, we conclude that o € C([0,T]; L*(X)).

Observe that, by Equation (5.3.3), u(t,-) = P(o:(-)) satisfies Vu € L (), while the
last inequality in (5.3.3) reads a(-, @(u), Vu) € L*(Q2). Since g, satisfies Equation

(1.0.1), by an approximation argument and Remark 5.3.1 we have

/ Q(u)0,€ = /(a(x, Q(u),Vu),VE) (5.3.5)
Q Q
for any £ € W' (Q) such that &(¢,-) = 0 for ¢ near 0 and 7.

As in [18], for n € C?*(R) convex monotone nondecreasing such that ' and n” are

bounded, we define ¢,, 7. : R* — R by

qy(z,2°) = / n'(s—2°)Q'(s)ds, z,2°€ R

o

(W, 2%) = igﬂg{n’(z —2°)(w = Q2)) + ¢y(2,2°)}, w, 2" €R,
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Lemma 5.3.2 Suppose v° € W' (X)NL®(X) and v € C((0,T) x RY) is nonneg-

ative. Then
[ =l 00 + (alx, Q). Vu), Ve =) <0 (539
Q
Proof The proof is identical to that of [18, Lemma 1]. O

5.4 Uniqueness of Bounded Solutions

In this section, for i = 1,2, we consider ¢! € AC,(0,T; P{“(X)) solutions of Equation
(1.0.1) satisfying (1.0.2) and such that ¢ — [, U(0})dx is absolutely continuous
monotone nonincreasing. We require that V[P (o!)] € L'(Q2) be absolutely continuous
with respect to gi. We further assume existence of an M > 0 such that ¢! < M. The

goal of the section is to show that
t— / loj — 0?|dx is monotone nondecreasing.
b

Once such an estimate is proved, it extends immediately to solutions whose initial
data belong to L' and have bounded first moment, and which are constructed by
approximation (cf. Chapter 4) as a limit of solutions with bounded initial data.

We define uq, uy on Q by
uy(ty,ta,x) 1= P(gl(tl,x)), us(ty, ta, x) 1= P(QQ(tZ,X)).

If @ € R we set o = max{0,a} and o~ = max{0, —a}.

To achieve the main goal of this section, we first prove a lemma whose proof is
more or less a repetition of the arguments presented on [18, pages 31-33]. Since a
does not satisfy the assumptions imposed in that paper, we show that the arguments

there go through for completeness.

Lemma 5.4.1 If ming yq P’ > 0 and 5 € C((0,T)?) is nonnegative, then

- [ (@) - Q) @7+ 27 <. (541
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Proof Let f, € C°(R?) be such that 0 < f,, <1, fu(x) = 1 for |x| < n, fu(x) =0
for |x| > n+2,and |Vf,| < 1. Let n € C*(R) be a convex nonnegative function such

that n(z) =0 for 2 <0, n(z) =2z —1/2 for z > 1. Set

z

ny (2) = on <5> .y (2)=0n (—5> T

)

so that
(n5)'(2) = —=(nf ) (=2)- (5.4.2)

We fix t5 and apply Lemma 5.3.2 to
V= (i ty,0) Sualte, ), n=mnf, v=7(t)fn
Then we integrate the subsequent inequality with respect to to over (0,7") to obtain
/Q—qg*(ul,ug)c‘)tl (Y fn) + <a(x7 Q(uy), Vuy), V(i) (ur — uQﬁfn]> <0. (54.3)
Similarly,
[ =5 ), 8) + (alox. Qun). V), V(5 0z = w)34]) <0 (50

We exploit Equations (5.4.2), (5.4.3) and (5.4.4) to obtain

[ '~y<a(x, Q(ul)a VU1) - a(Xv Q(Ug), VUJ?)? (vul - VU?)(U;)”(Ul - u?)fn+
9!
(s = )V 1) < [ (af 0007 + 5 (00007
Q
This, together with Remark 5.2.2 (b), yields

/Qf““%* (1 = u2)(Q(uz) = Qun)) (Br — Ez)7 + / R

< / (g (ur, 42)00 5 + g5 (2, 12)00y ) fn (5.4.5)
Q

Here,
Ry, = (alx, Q(ur), Var) - alx, Q(uz), Vuo), () (w1 = ) V1, ).
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Ei(t1,t2, %) := 0'(t;,X) <2H(x, —e'(t;,x)) + <VpH(x, —e'(t;,x)), ei(ti,x)>>,
with o'(t;, x)e!(t;, x) := V[P(¢")](t;,x) for i = 1,2. We observe that, by exploiting
Equation (5.3.4), one obtains Ey, B, € L'(Q). The second inequality in (5.3.3) gives
that

Vi = Vol (x,—(0;)"'V[P(e)]) € L*(e;) € L'(er)
and so, a(x, Q(u;), Vuy) € L'(Q). Similarly, a(x, Q(us), Vuy) € L*(). Hence

7| < ANV < A

where A! € L'(Q). Since |[Vf,| — 0 as n — +00, we use the Lebesgue Dominated
Convergence Theorem to conclude that fQ T! — 0 as n — +o00. Since u; and uy are
bounded, we may apply the Lebesgue Dominated Convergence Theorem to the first
expression on the left hand side of Equation (5.4.5) and the one on its right hand

side, to conclude that

05 = 02) Q) ~ Q| By — oty < [ (3 (000007 + 65 (12 )07

’ (5.4.6)
Recall that u; and uy have their ranges contained in the compact set [0, P(M)]. Since
min 5 P’ > 0 we conclude that @ is Lipschitz on [0, P(M)]. Let Cy be its Lipschitz

constant there. By Equation (5.4.6)

~Cur [ ()" (s = )l = wal| By = Bl < [ (s, 03107 + g5 0z, 00)01,7).
Q Q
(5.4.7)

Recall that

g5 (2,2°)] < (Q(2)—Q("))*, () (2)] < 27, [2(n5)"(2)] < sup |ar(a)] (5.4.8)

and that, as § — 0T,

G5 (2,2%) = (Q(2) = Q(°)F, () (2) — 27, 2(nf)"(x) = 0. (5.4.9)
We can now conclude the proof of the lemma by combining Equations (5.4.7), (5.4.8)
and (5.4.9). O
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Theorem 5.4.2 Suppose H satisfies (H1), (H2"), (H3) and (H4). Suppose U sat-
isfies (2.1.2), (2.1.3) and the doubling condition in (3.5.13). Assume minjg ) P > 0
for any M > 0, X C R? is an open set whose boundary 0X is of zero Lebesque
measure and O(t) ~ t* with o > 1. Suppose for i = 1,2 that 0. € AC,(0,T;P*(X))
are solutions of Equation (1.0.1) satisfying (1.0.2). Assume further t — [., U(o})dx
is absolutely continuous, monotone nonincreasing, and V[P (0!)] € L'(Q) and is ab-
solutely continuous with respect to of. If oy, 05 are bounded, then t — [ of — o7|dx

18 monotone nondecreasing.

Proof As shown in [18] this theorem is a direct consequence of Equation (5.4.1). O
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APPENDIX A

SOME SUPPLEMENTARY RESULTS

A.1 Functions of Bounded Variations

Firstly, let’s recall some well-known definitions and results.

Definition A.1.1 Let Q C R and f € LY(Q). We say that f is a function of
bounded variation in ) if the distributional derivative of f is representable by a finite

Radon measure in 2, i.e., if

/fa“p dxz—/soDl-f Vo e CNQ), =12,
Q Ox; Q

for some R%-valued measure Df in . The vector space of all functions of bounded

variation in Q is denoted by BV ().
Definition A.1.2 (variation) Let f € L'(Q). The variation of f in § is defined by
Vi) s { [ S div e ax + o€ QU Iln <1}
Q

Proposition A.1.3 Let f € L'(Q). Then f € BV(Q) if and only if V(f,Q) < cc.
In addition, V(f,Q) = |Df|(Q2) for any f € BV (Q).

Remark A.1.4 Note that if f € WHH(Q), then Df = V f dx, and
DA = [ 1Vf160) .

Moreover, BV () equipped with the norm || f|sv) == | fllzr@ + V(f,Q) becomes a
Banach space and W(Q) C BV (Q).

Remark A.1.5 If f € BV(a,b), I = (a,b), then

ViD= [Irea - sgp{ [1wewa : pecin a leél}
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Lemma A.1.6 Suppose f :[a,b] — R is monotone nonincreasing and set

ft+h) - f(1)

g(t) := limsup <0, a<t<b.
h—0+ h
Then g € L'(a,b) and
b
)~ () < [ g(o)a. (AL1)

Proof For each 6 > 0, there are points as € (a,a + 6), bs € (b — 0,b) in the points of

continuity of f. Let p. be the standard mollifier such that

) =20(). [owar=1 =11

Notice that f. = p. * f is well-defined in (a + 9,b — §) for 0 < € < §. Note that

lim f.(t) = f(t)

e—0

wherever ¢ is a point of continuity of f. Since f is monotone nonincreasing, f. is
also monotone nonincreasing, as directly follows from the definition of convolution.

Moreover, we have
llmlnf/|f| t)dt > /|f| (A.1.2)

Indeed, for a number a > 0 there exists ¢ € C}(I) with |p| < 1 such that

[iriwa < [s0wa+a

= llmlnf/fE t)ydt+a
= hmmf/|f| )dt +a

holds for all @ > 0. This proves (A.1.2).
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1. Observe that f/ <0 means f/ = —|f!/| and so

f(bs) — f(as)

= lim fe(bs) — fe(as)

fb) = f(a)

IN

(A.1.3)

IA
|
‘;?\ a
s

=
—
=

(ol

~

2. Set
t— as

if a5§t§a5+h

pt) =11 if as+h<t<bs—h -
bs —1
h
Note that 0 < ¢ <1 and ¢(as) = ¢(bs) = 0. Then,
1

/abéh f(t+h]i—f(t) dt = h{/:hf(t+h)dt—/:hf(t)dt}

’ 1 bs bs—h
_ E{ a5+hf(t)dt—/a§ f(t)dt}.

After rearranging the bounds of integrals, we end up with the following inequality:

e - f) [
i/aé ) at = iﬁ{ bahf(t)dt—/aé f(t)dt}

if bs—h <t <bs

bs
. / () (1) dt

b5a6
< / (),
ags

implying that

Note that ¢ defined above is continuous but not C'. Replacing it with ¢, = ¢ * p,

using the Dominated Convergence Theorem yields the inequality in (A.1.4).
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3. Therefore, using (A.1.3) and (A.1.4), we observe that

1) - fla) < Timsup [ LEEW =IO
h—0+ as h

% f(t) — f(t+h)
h X(as,bs—h) dt

X (agbs—h) dt

= —liminf

h—0t+ as

P f) = fE+h)
< —/a hhrg(l){}f 3 X (as bs—h) At

bs t+h)— f(t
= / lim sup it h) = N )X(as,brh) dt
as  h—07T h

_ L%mw@

where we used Fatou’s Lemma to get the second inequality. Thus,

/ " gty dt < f(a) — F(b).

as

and since g < 0, we obtain that

bs
/ 9(t)]dt < F(a) — (b)

as

which holds for any ¢ > 0. Hence g € L'(a,b) with ||g|[1ap < f(a) — f(b). Since

g < 0, the inequality in (A.1.1) follows immediately. O

A.2 Minimum Principle

Following the proof of the maximum principle (cf. Theorem 3.1.1) and Lemma 1.1.2

in [20], we have the following result:

Theorem A.2.1 [Minimum principle]
Let X C R? be an open, bounded set and oy € P(X) be such that oy > K a.e. for

some K > 0. Suppose that oy is the minimizer of

®O[h, 0o, 0] :== Cpr(00, 0) +U(0)

over P*(X). Then o, > K a.e..
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Proof For the sake of contradiction assume that B := {x € X : g,(x) < K} is of
positive Lebesgue measure. The clincher here is to construct a measure that minimizes
our functional on X x X, which is constructed in a way that the new measure remains
positive on a subset of X x X that is formed by two disjoint subsets of X. To this
end, set B¢:= X \ B and let v € I'(go, o).

Claim 1.

+(B x B%) > 0. (A.2.1)

Proof of Claim 1. Suppose that 7(B x B¢) = 0. Then, notice that

KL(B) > /B on(y) dy = 7(X x B)

> (B x B)=v(BxX)

- /B oo(x)dx > KL%(B)

which is a contradiction, concluding Claim 1.

Now, consider the restricted probability measure v5 := i defined by

1
BxB%) /| BxBe

v (AN (B x B°))
78(4) = +(B x B°)

for Borel sets A € X x X. Note that

n(x%,¥) dys(x,y) = / n(x,y) dy(x,y)

Bx B¢

V(B x Bc)/

XxX

for n € C(X x X). Let vy and vy be the marginals of vp, more precisely,

| e+ ) dunlxy) = [

[ etx)ano + | vy an(y).

for p, ¥ € C(X). Tt is easy to check that yg < v € T'(gg, o). Therefore vy < go(x)L?
and v; < o,(y)Le That is to say, 1 and v, are absolutely continuous with respect

to Lebesgue measure £¢. Also, we see that
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w(BY) = 7a(((B° x X)N (B x BY)
= (BN B) x (XN B))
=0
— (XN B) x (BN BY))
= (X x B)N (B x B))

= I/l(B).

In other words, we observe that spt(vy) C B, and spt(r;) C B¢ Let vy and v; be

their density functions respectively. Observe that

1 1

0< Uo(X) < WQO(X) a.c. and 0< Ul(y) < Wgh(y) a.ce.
Let # € (0,7(B x B€)). Then, define
08(y) == on(y) = B(ui(y) —wly)), yeX.
Note that pg € P*(X). Indeed,
98| 5c = Ch|ge — Bvy >0 and 9815 = Ohip + Bvg > 0,
and by vy(B°) = v1(B) we have
/ os(y) dy =/ on(y)dy = 1.
X X

Accordingly, define a measure y3 on X x X by

| axydnty) = [ ney)dix)

XxX XxX
+6 (n(x,x) = n(x,y)) dv(x,y),

Bx B¢

for all n € C(X x X). Notice that v5 € I'(0o, 03). Indeed, for ¢ € C(X)

b(x) dys(x, y) = /X (x)20(x) dx

XxX
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/xXpr(y)d%(X’Y) = /Xw(Y)Qh(Y)dy
# ([ veuntodx— [ vimiz)a)
- [ ey

Claim 2. There exists § € (0,7(B x B¢)) such that

®[h, 00, 05] < @[h, 00, 0n] (A.2.2)

Proof of Claim 2: Remember that c,(x,x) — ¢u(x,y) < 0 on B x B¢. Then by
(A.2.2) we get

Ch(@Oa Qﬁ) - Ch(QO> Qh) S / Ch, (X7 Y) d")/@(X, y) - / Ch (Xa y) d"}/(X, y)
XxX XxX

= 5 (@ -axy) dxy)
< 0 (A.2.3)

The convexity of U implies U’ is increasing and U(t) — U(s) < U'(t)(t — s) and so,
we get
U(os) —Ulen) = /X [U(2s(x)) = Ulen(x))] dx
= [ Wlen+50) ~Uan] + [ 10 (en = pun) = Ulen)
5/ U'(0n(x) + Bug(x))ve(x) dx

IA

—5/U'9h — Bui(y))uly) dy

IA

{ /B U (K + Buo(x))uo(x) dx — /B UK = Bor(y))o(y) dy
= 0 (U'(K + pug(x)) = U'(K — pui(y))) dya(x,y).

XxX

Since U € C?((0,00)), invoking the Mean Value Theorem, we obtain
(UK + Buo(x)) = U'(K = Bui(y)) € o(8)
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and so we have

U(os) —U(en) = 0(5%). (A24)
Choosing 3 € (0,v(B x B¢)) sufficiently small, and using (A.2.3) and (A.2.4) we
obtain (A.2.2). This proves Claim 2.

As a result of Claim 1 and Claim 2, if £¢(B) > 0, then g, is not a minimizer, which

contradicts the assumption. O

A.83 Weak Compactness in WhH(X)

Although the following compactness result is standard, we still give its proof for the

sake of completeness.

Theorem A.3.1 Suppose that X C R? is open, bounded, connected and 0X is

smooth. Let {v,}° | be a sequence satisfying
Sup/ 0(|Vu,(x)]) dx := C; < 400 (A.3.1)
n Jx
and

sup/Xf(\vn(x)])dx = Cy < 400 (A.3.2)

n

ot
where 0,0 € C[0,+00), 8 >0, 0(0) =0, 6 is convex, tlim ¥ =400 and ¢ >0,

lim 4(t) = +o0. Then {v,}>2, is weakly compact in W (X).

t—o0
Proof Let us first show that

sup ||vn |21 (x) < +00. (A.3.3)

To see this set A, = ||vn|/11(x) and suppose on the contrary that 1 < A, — +oo as

n — 00. Define a function

Then, clearly
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Since @ is superlinear, there exists Ag > 0 such that
0(t) >t — Ay (A.3.4)
Using the inequalities in (A.3.1) and (A.3.4), we conclude that
V01 0x) = /X Vo (x)] dx < AgLI(X) + Oy < +00 (A.3.5)

which implies that

AoLYX) + Cy
An

1
[V || L1x) = /\—vanHLl(x) <

and Vu, — 0 in L'(X). On the other hand, since u,, € W"'(X) is bounded and
Wh(X) — L'Y(X), passing to a subsequence if necessary, there exists a function u

such that u, — u in L'(X). Note that,
[ull o) < llu = wnllzrx) + uallzrx)
implies that

Also,
L= |lunllzry < llullpeo + lun — ullpr o

gives

[ull ) = 1. (A.3.7)
Then using (A.3.6) and (A.3.7), we conclude that

| prx) = 1. (A.3.8)

Since Vu,, — 0 and u, — u in L'(X) , by uniqueness of the weak derivatives, we

observe that for all ¢ € C(X)

0= lim aungb:— lim una—¢: ua¢,
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where the limit follows from the fact that u, — v in L'(X) implies u,, — u in L'(X).
Hence, we conclude that 0,,u(x) = 0 for all 1 < i < d i.e., the weak gradient Vu = 0

on X. Therefore,
u = constant = C' on X. (A.3.9)

Namely,
u, — C in L'(X).

We can extract a subsequence {uy, }°°, such that
uk, (x) — C a.e.

By (A.3.8), we get CL%(X) = 1 and hence C # 0. However,

sgp/}(f(\vkn(xﬂ)dx > liminf/Xéﬂvkn(x)Ddx

n—oo

= liminf [ 0(| A, ||ug, (X)]) dx

n—oo X

Fatou’s Lemma
5 / lim inf €|\, ||, (x)]) dx = +o0
X

n—oo

because C' # 0 and \g, ug, (x) — 0o as n — oo. This contradicts (A.3.2). As a result

of (A.3.3) and (A.3.5), we deduce that
sup || vn|[wiix) < 400 (A.3.10)

By the Dunford-Pettis Theorem together with (A.3.1), we conclude that there exists
a subsequence of {Vwv,}, still denoted by {Vv,}, converging weakly in L'(X). On
the other hand, the fact that the embedding of W' (X) into L'(X) is compact and
(A.3.10) give us that v, is precompact in L'(X). Therefore, there exists a subsequence
of v, , still denoted by {v,}, and v such that v, — v in L'(X). Since the strong con-
vergence implies the weak convergence, v, — v in L'(X). By (A.3.1) and uniqueness

of the weak derivative and the weak limit, passing to another subsequence, we obtain
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that Vv, — Vv in L'(X). That is to say, vy, — v in WH(X). Using (A.3.10), we

also obtain that v € W!(X). Indeed, this follows from the fact that
IVollLrx) < Hminf [[Voy, [[21x) < sup [V, [l == Cs < 400

and

[l x) < liminf {log, |10 < sup ok, [|21x) 7= Ca < 400

Since v, — v in L'(X), there exists a subsequence {v,,, } such that v, (x) — v(x)

a.e.. Therefore, Fatou’s Lemma gives

/X€(|v(x)|)dx < liminf/Xé(|vmn(x)|)dx < Cy < +oo. (A.3.11)

n—oo

Moreover, since # is convex and 6(0) = 0, the map ¢ — 6(¢) is increasing. Indeed, for

0 < s <t we use the convexity and positivity of 6 to get
s s s
f(s) = 0 (tt+ (1 t) o) < 20(t) < 0(t)
Also observe that for A € [0, 1] we obtain
O(|(1 = A)x +Ay|) < 0((1 = A)|x| + Aly[) < (1 =0)0(|x]) + A0(|y]),

meaning that x — 6(|x|) is convex. This way we arrive at the convexity of the map

v — 0(|Vv|) and consequently the functional

v 1l = [ 0(u60]) dx

is convex too. Therefore, I[-] is weakly lower semicontinuous in W (X), (cf. [6]

Theorem 3.4., given originally by E. De Giorgi) and hence v;, — v in Wh(X) yields

/XG(]VU(X)]) dx < liminf/X O(|Vug, (x)])dx < C) < 0. (A.3.12)

n—od

By (A.3.11) and (A.3.12), we conclude that the weak limit v € Wh'(X) satisfies

Conditions (A.3.1) and (A.3.2), completing the proof. O
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