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CHAPTER I

INTRODUCTION AND LITERATURE SURVEY

1.1 Introduction

Facility layout and location problems have interested
researchers from a wide spectrum of disciplines ever since
the seventeenth century (14). This diversified interest has
resulted in a vast body of literature on the subject, consist-
ing of different aspects of the problem and different approach-
es for their solution. The earliest known facilities location
problem was formulated by Fermat, a seventeenth century mathe-
matician. He posed the following problem: "Given three points
in a plane, find a fourth point such that the sum of its
distances to the three given points is a minimum." In his
historical sketch, Kuhn (14) relates that before 1640 Torri-
celli had solved the problem. The optimum point, aptly named
the Torricelli point, is to be found at the intersection of
the circles which circumscribe the equilateral triangles
formed on the sides of and outside the triangles of the three

given points. PFermat's problem was later generalized to

|
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include n existing facilities and was referred to as the
Steiner-Weber problem. But, it was not until 1962 that Kuhn
and Kuenne (15) showed that the problem could be solved by

an iterative method for the location of the new facility.

This represented the first practical numerical solution to the
proklem.

Since then, we have come a long way in the study of
facilities location problems. In classifying problems in this
area, Francis and White (6) mention six major elements that
need to be considered, i.e., new facility characteristics,
existing facility locations, new and existing facility inter-
actions, solution space characteristics, distance measures and
the objective under consideration. In light of this classifi-
cation, location-allocation problems are categorized as having
the followi.qg characteristics.

Tocation—-allocation problems involve the determination
of the number of new facilities as well as their locations, in
addiftion to the interaction between new and existing facilities.
The configuration of new and existing facilities is assumed to
be concentrated at points in two dimensional space. Existing

facility locations are static, deterministic and constitute one

of the paramecters of the problem. The objective is to minimize



total cost.

A mathematical formulation of the location -

allocation problem is as follcows:

(!
Ez:w d P )+ g(m)

[v]a

LAP-1 Minimize & = _
=1 =t J
m
subject to E w =T j=l,...,n
. 1 ]
L=1 J
n
E W s c i=l,...,m
h 1] 1
3=
X & L i=l,...,m
i

where, &

d(x ,P.)
J

1]

g {m)

total cost

number of new facilities tc be located

number of existing facilities

point location of a new facility i

point location of an existing facility 3
distance measure between the points Xi and Pj

units of interaction between new facility i
and existing facility 7J.

units of requirement at existing facility j
units of capacity at new facility i

solution space characteristics for the location
of new facilities

cost of providing m new facilities.




The decision variables in the problem LAP-1 are (1) m ,
(2) Xy ,i=l,...,m and ({(3) wij ,i=1l,...,m and j=1,...,n.
Depending on which combination of these three sets of variables
is fixed, we can formulate special cases of the problem LAP-1.

In the next section, wa will consider these special problems,

their solution procedures and applications in real life situa-

tions.
1.2 Related Problems and Applications
We will first deal with the problem in which the vari-
ables m and Wij are fixed. The implication of this restriction

is that the interaction betwsen new and existing facilities is
location independent, and functions as a parameter of the prob-
lem, fixed at static and deterministic values. The mathe-
matical model simplifies to the following:

Given the values of Wi

j.r
m n
LP-1 Minimize: a4 = Z w. d{X.,P.)
- - T 1 4 1] 1]
L=l j=|
subject to: X, & L i=l,....,m

The above problem can be further subdivided by consi-

dering different expressions for d(Xi,Pj) depending on the



appropriate distance measure, and by defining suitable sets

L representing the actual solution space characteristics.

The distance measures most freguently encountered are the
rectilinear and Euclidean distances. Examples of other
distance measures include the sguared Euclidean distance and
the great circle distance. The solution space can be charac-
terized according toc whether it is single or multidimensional,
discrete or continuocus, constrained or unconstrained. Soma-
times, the problem LP-lL is fur_her generalized to include
terms corresponding to fixed interaction betwzen two new faci-

lities. In this case, the objective function beccmes:

lkd(xi.Xk)

v,
m

n n
g, =22i¥ijd(xi,pj) + Z
)= kg

Ky ‘$i<

where, wij and ;ik are fixed at known values. We will now
discuss solution procedures and applications for somz of the
more important problems under this classification. The first
half of the discussion will be devoted to problems in which

the set L is the two dimensional space R and the latter half

2'
to problems in which T, is a discrete subset of Ry .
The rectilinear distance location problem combines the

property of being a very appropriate distance mzasure for a

large number of location problems, and the property of being



very simple to treat analytically. Urban location analyses
and warehouse and office designs are some eXamples where
rectilinear distances are most coften applicable. The ease of
solution arises as a result of a suitable substitution to
eliminate the absolute value signs in the expression for

d(Xi,Pj) shown below.

+ - + -
d{Xx.,p.) = | - d + - a, = (x..4+x + T Y
j) X, j| lyl ; (% lj) (ylj Vi)
+ - + -
where, X, . -x..=4d. - x. , X...x..=70,
1] 1] ] i 1] 1ij
+ - + -
Y - Y =e., - y¥. . ¥ =0 ,
17 ij 3 1 1] 17
+ - + -
and X, o0 X, .0 Y. .v Vize Hiw ¥ 0

It can be proved, that the solution to the problem
remains the same even when the constraints of the form
Xij'xij = 0 are completely ignored. Thus, the problem reduces
to a linear programming problem, whose dual can be solved with
greater efficiency, using the bounded simplex algocrithm. In
Chapter III we will develop a primal-simplex based algorithm
to solve the problem LP-1 with rectilinear distances, in the

continuous space R When the objective function is of the

9
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type 62 , the linear programming approach is still applicahle,
although even less efficient. Eyster, et al (5) have developed
a hyperboloid approximation procedure (HAP) which approximates
the objective function at the points where its derivative is
not defined. Then, use is made of a gradient procedure to
viéld a solution which is improved upon using fixed point
iteration methods. At every stage, the approximated function
is improved until a suitable stopping criterion is met. The
approximation used is Ixi—djl = {(xi—dj) + e)% where = tends
to zero. This method is applicable to problems with objective
functions of the type dl and 62. It is found to be efficient
although no proof of convergence is available.

For the Euclidean distance location problem,

A(x,,P ) = ((x.~d.)2 + (y.-e.)2)%,
(X, /P, (%, ~d Ly

] ]

The HAP procedure devised by Eyster, et al is at present the
best available algorithm to solve this problem. The approx-
imation involved gives rise to the following expression:

1.
)@

+ e) 2.

Hence, the derivative of d(Xi'Pj) is defined for every

. gl o



(xi,yi) in R2' The algorithm used is essentially the same
as the one autlined for the rectilinear distance problem.
Another procedure is the modification due to Kuhn {(14) based
on the definition of the derivative when (xi,yi) = (dj,ej).
This procedure too involves using fixed point iteration
methods to obtain the optimum locations, but unlike the HAP
procedure, a proof of convergence is available.

Discrete plant location prcblems differ from their
continuous counterparts in that the locations of the potential
plant sites are finite. Such problems occur frequently in the
context of locating industrial plants. FEfroymson and Ray (4)
formulate the discrete plant location problem as a mixed integer
programming problem and initially solve it as a linear pro-
gramming problem, ignoring the integer restrictions. Obviocusly
if the solution is integer valued, the problem is solved. If
not, a branch and bound approach is employed to obtain integer
solutions. In addition to the Efroymson and Ray procedure,

a number of other exact and heuristic procedures have been
developed for a variety of plant location problems. References
(11),(12) and (22) relate to some of the regearch done in this
area.

Another plant location problem which is freguently

encountered is the covering problem. The problem of deter-~-



mining the number and locations of new facilities which are
at a distance of not greater than say, 10 miles or 15
minutes from all existing facilities can be formulated as

a covering problem. Such problems are encountered when
locating public schools, police stations, hospitals, post
offices, etc. Generally speaking there are four broad
approaches reported in the literature for solving covering
problems. The first of these is an implicit enumeration
approach such as the branch and hound (17). The second
approach uses cutting planes and solves iteratively a number
of linear programming problems (l1). The third approach is to
employ reduction technigues (24), and the fourth deals with
heuristic methods (10) for solving the covering problem.

We now consider the problem [LAP-1 with variables m

and Xy fixed at known values. The problem reduces to:
m o on
Lp-2 Minimize: g = E Zkijwij
L=1 j:i
n
subject to: E W < c; i=l,...,m
5
"
E w.,. =7r. J=l,...,n
1] J
=)
W, 0 for all i and j
Y ;
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where, kij = d(ii,ﬁj)i“'o and is fixed at a known value.
The problem LP-2 is just a transportation problem for
which very efficient algorithms and computer codes (23) are

n
available. TIf the constraints ?;lwij £ ST i=l,...,m
are deleted or are non-binding, the problem can be solved
very easily.

We will now discuss the problem LAP-1 with regcrds to
some of the currently available solution procedures to solve
this problem, and its applications to real life problems. In
the previous sections we considered the problem with variables
m and wij fixed and the problem with wvariables m and X5 fixed.
In the formerx case it is assumad a priori exactly which exist-
ing facilities interact with a particular new facility, and
exactly how much flow takes place betwzen existing facility
3 and new facility i. In the latter case, it is assumed
a pricri that the travel costs are exvlicitly fixed at
known values. In actual practice, this is almost never the
case, since the allocation of flow between facilities i and
J depends on the relative location of these facilities, &nd
similarly, the location of new facilities depends on the

extent of interaction betwaen new and existing fazilities.

It is precisely this concept that Coopzr (2) employs in



is non-optimal.

Another heuristic proposed by Cooper (2) assumes that
each existing facility can be supplied from only one new
facility. This assumption is valid only if the problem

LAP-1 is considered without the constriants

7l
E wij s Ci 1=1l s e« oo M.
j:l

11 .
a heuristic which iterates between problems LP-1 and LP-2

until it coaverges to a solution. We will show in Chapter IV

that the above heuristic can easily converge to a point which

It can be argued that the above problem is a more realistic

one to solve since it provides additional information regard-

ing the optimal production capacities of the new facilities

to be located. But, it is obvious that the restricted capa-

city problem is a more general one, the unrestricted capacity
problem being a special case with the c; ‘s fixed at arbitrarily
large wvalues. The heuristic algorithm involves adjusting the
allocations at each step of the iterative procedure by com-
paring the reguiremeant at an exiéting facility to the surplus
or deficit in the capacity of thte new facility.

Coopar's exact algorithm (2) involves finding all the

basic feasible solutions corresponding to the extrema points
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of the problem LP-2 { in the absence of degeneracy) and solv-
ing the location problem LP-1 for each one of these solutions.
The optimum solution is obtained by selecting the best from
among all the problems solved. A similar enumerative approach
is to consider all combinations of ways in which m new faci-
lities with the restriction that each existing facility is
served by only one new facility. The number of such combina-

tion is given by the Stirling number of the s=cond kind:

m
S(m,n) = z :Lzl__)_‘f_(_-_@_i
k! (m-k)!
h:O

Another approach to solve the location-allocation
problem in continuous space was a branch and bound algorithm
presented by Kuenne and Soland (13). The formulétion of the
problem differs slightly from the one mentioned under LAP-1
in the sense that a zero-one variable zij is introduced to
indicate whether existing facility j is to be serviced by
new facility i. Under the assumption mentioned above,
Ezlzij = 1 for each j. The algorithm approaches optimality
t; within a specified level of accuracy.

An interesting apprcacn to solve axactly the location-

allocation problem with rectilinear distances was presented
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by Morris (21). He identified the ex reme points of the
location part of the problem and formulated the problem
LAP-1l using zero-one variables z;, to indicate whether new
facility i was assigned to the kth extreme point location,
and zero-one variables zij to indicate whether new facility
i interacts with existing facility j. Morris too worked
under the assumptioa that j{:zij = 1 for all j. The approach
used to solve the problem wa; similar to the one used by
Efroymson and Ray (4), and the claim that the soclutions were
usually fully integer was backed by the computaticonal experi-
ence provided by Re Velle and Swa'n (22).

The principal disadvantage of this formulation, if wa
choose to disregard the fact that scolutions may not always
be integer, is the dimensionality problem encountered. There

3+n2-n variables and more importantly, n3+1 constraints.

are n
It iz precisely this fact which limits n to be no greater than
15 when using the LP1108 code wh'ch can accommodate 4044 rows
and 99000 columns. The advantage cof this formulation lies

in the fact that the model is computationally insensitive

to the number of new facilities =, which occurs Jjust once in
the right hand side of one of the constraints. Thus, the

problem of optimizing over m can be solved with great ease,

using the basis inverse obtained from the previous optimal
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solution.

The above problem, although formulated in continuous
space yielded certain properties which restricted the loca-
tions of new facilities Lo a finite number of points, i.e.,
the extreme points of the location part of the problem.
Hence, a similar approach can be used to solve location-
allocation probklems in discrete space. Another approach
to solving problems ¢f this type has been presented by
Geoffrion (8). This algorithm utilizes the Bender's
partitioning procedure to reduce the dimensionality problem
encountered with mixed integer programming formulations
mentioned above. It would be unfair to end the discussion on
discrete space location-allocation problem formulations with-
out mentioning the fact that a great deal of work has been
done in this area to develop algorithms capable of achieving
a high degree of efficiency in solving mixed integer programm-
ing problems. We refer the reader to the following list of
references for further details (11, 12 and 22).

We will now address ourselves to the problem which ws
will be discussing in this dissertation. The rectilinear
distance measure, as mentioned previously, has the property
of being very appropriate for a large number of urban location

problems. The location-allocation problem is a very realistic
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problem which arises frequently enough to merit a great deal
of attention in developing an exact goclution procedure. The
location-allocation problem with limitations on the capaci-
ties at new facilities is mcre general than its uncapacitated
counterpart. Although the problem can be formulated as a
mixed integer procgramming probklem with a finite number of
potential sites for locating new facilities we will formulate
it in continucus space to avoid the problems mentioned
previously, and attempt to solve it using an approach differ-
ent from those tried already. The statement of the restricted
capacity rectilinear distance location-allocation problem

formulated in continuous space follows in the next section.

1.3 The Problem Statement

A mathematical model for the restricted capacity
rectilinear distance location-allocation problem with

continucus variables can be stated as follows

m N
RDLAP-1 Minimize: :E: j{:‘m xi—djl + |yi—ejl)
i= Jal

"

subject to: E W‘i_j N<~Ci i=l,...,m
i=!
m

E L o j=l,...,n

ij j
1=
w20 fer all i and 7.
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N existing facility.,

where, (dj.ej) is the ccordinate of the jt

(xi,yi) is the coordinate of the ith new facility,
m and n are the number of new and existing facilities resp.,
. .th Sy
= represents the capacity of the i new facility,
. .th . . g
rj represents the requlrement at the j existing facility, |
and wij represents the flow between new facility i and
exisgting facility 7J.
The absolute value signs can be deleted using the |

following substitution:

+ -
d, - X; = xX.. - X
3 1] 1]
+ —_—
Xig o+ ¥ 20

We will assume, without loss of generality, that

KXo Yyo dj, ej¢9 0 for all i and j.

This can be achieved through a simple transfocrmation of axes.

Tt is readily seen that



Using this substitution,

17

RDLAP-1 simplifies to:

m m
RDLAP-2 Minimize: Y | ) w. . (x} Lot Vil oY)
i=1 J:l
subject to: x. -X,. =d.-x, for all i and j
=S 1] 17 J 1
N T =.e for all i and
yij yij s Yi ]
m
E w . = r, j=1, ol
: 1] 3
L=
n
§ :w c i=1, Ml
ij $ %
3o
+ b ] .
X, .x, = 0 for all i and j
1] lj
. - : :
vy . . = 0 for all i and J
ig 13
4 2 + ~ S o
*10 Yyt Figr Migr Yig Yise Vig 2
for all i and j.

RDLAP-2 has 5mn + 2m variables and 2mn + m + n

constraints in addition to the 2mn constraints of the form
ij‘Xij = 0,and the non-negativity constraints. For a

problem of size m=3 and n=7,

we have 111 variables and 94



constraints, excluding the non-negativity constraints. We
will show in Chapter $LII that the constraints of the form
xfj.x{j = 0 can be deleted without affecting the problem
solution, and hence will not be included in the definition

of the following constraint sefs.

Notice that the constraints are separable in the

. X — + _
lozation variables Xir Yis Xij' Xij' yij, Yij and the
alloczation variables wij‘ For simplicity in presentation,

and to show the relationship between RDLAP-2 and the bili-
near programming problem (to be defined shortly), we will

introduce the following sets.

— _ + + - - + + - -
Z - {Z = (Xll;--:an.xllf--;anvyll,--rymn:ylla--:ymn;
t + - ~
X.L;--;Xm;yl:--;ym) - le it le = d:! Xi,
y“iLj - ¥;; =€~ Yi, 2320, forall i an j}
™
W = {:w = (w w )t : v w r ]=1 n
- 11777 Tin : <7 e J=e--e
n
W g C i=l,..,m , w.,6 2 0 for all
Y i i ij

i and j‘}

Then, RDLAP-2 can be rewritten as

18



RDLAP-3 Minimize:
subject to:

where, -
I
I
D . I
T
0O

L

p(z,w) = =z Dw

mn

mn

mn

mn

2m

¥ mn

X mn

X mn

X mn

X mn

The sets Z and W are polyvhedral sets since all the cons-

traints in each s2t are linear. Compare problem RDLAP-3

with the statement of the Bilinear Programming problem

Jgiven below.

BLP-1 Minimize: ¢g(z,w)

subject to:

t t

= c-z + dtw + Z Dw

z € 7

w e W

where, Z and W are non-empty pclyhedral sets.

It is clearly seen that the problem RDLAP-3 can be reduced

to exactly the same form as BLP-1 by letting c=d=0.

19
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CHAPTER II

PROPERTIES OF THE RECTILINEAR DISTANCE

LOCATION~ALLOCATION PROBLEM

Thigs chapter serves to establish certain properties
of the problem RDLAP-3 which will be used in subsequent
chapters. Scme of the results to follow are provided only
to indicate the difficulties involved in solving the problem

RDLAP-3.

2.1l Introduction

The first two properties discussed in this chapter
deal with the nature of the objective function over the
positive orthant Rg. Our objective in investigating these
properties of quasiconcavity and guasiconvexity is to be
able to use the following theorems of Martos to establish
certain properties of the optimal solution to the problem
RDLAP.

Theorem 2.l.1 : A continuous function f defined over a

polytope L attains its minimum at an extreme point of L
and all its convex polyhedral subsets if and only if it

is quasiconcave on L.
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Proof : See (19)

Theorem 2.1.2 : A continuous function f defined over a poly-
tope L is such that each local minimum is also a global
minimum on L and all its convex polyhedral subsets if and
only if it is explicitly guasiconves on L.

Proof : See (19)

In reference (2), the objective function has been
shown to be neither convex nor concave. In this study we
will inves:igate less stringent sufficiency conditions for
global and extrems point optimality. For this purpose wsa
will need the following definitions and theorems.
Definition 2.1.3 : A matrix C is positive(negative) sub-
dafinite if thy 0 ( ytey > 0)  implies Cy 0 or
Cy:g 0. A quadratic form gly) = Lytcy is said to be
positive (negative) subdafinite if C is positive (negative)
gubdefinite.
Theorem 2.1.4 : A guadratic form g(y) = %thy is said to be
quasiconvex (quasiconcave) on the non-negative orthant R+,
if and only if it is positive (negative) subdafinite.
Proof : See (18)

The problem RDLAP-3 can also be =xpressed in the

t t)

guadratic form %thy where yt= (z ,w and



22

Dt O

Property 2.1.5 : Tne objective function of the problem

RDLAP is not guasiconvex on the positive orthant rY.

To show that the above property is true, w2 present
the following example. Let m = 2 and n = 3. Let
y = (1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,
0,1,~2,0,0,0,0)t.Then ¢y = (1L,-2,0,0,0,0,1,-2,0,0,0,0,1,-2,
0,0,0,0,1,-2,0,0,0,0,0,0,0,0,0,0,1,1,0,0,0,0)°.

Therefore, %thy = -1 < 0.

But, Cy is neither less than or egual to zero nor greater than
or egual to zero. Hence #g{z,w) = zfDw is not qguasiconvex

and hence, not expluicitly guasiconvex over the non-negative
orthant R+.

Propsrty 2.1.6 : The objective function of the problem

RDLAP-3 is not guasiconcave on the positive orthant R+.

To show that the above property is true, wa present
the following example, Tet m = 2 and n= 3. Let
y = (1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,

0,0,-1,2,0,0,0,0}). Then ¢y = (-1,2,0,0,0,0,-1,2,0,0,0,0,
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-1.2,0,0,0,0,~l,2,0,0,0,0,0,0,0,0,0,0,l,l,0,0,0,0)t.

Therefcre, %thy = 1 0.

But, Cy is neither less than or egual to zero nor greater
than or egual to zero. Hence, ﬁ(z,w) = ztDw ig not
quasiconcave over the non-negative orthant R+.

We have just shown, with the help of two counter-
examples that @{z,w) is neither guasiconvex nor guasiconcave
over RT. We will now show that in spite of the fact that
#(z,w) is not cuasiconcave over R+, the problem RDLAP has

the property that the optimum will ozcur at an extreme

point of its constraint set.

2.2 Some Preliminary Properties :

Extremz Point and Global Optimality.

In this section, w2 will introduce the concept of
extreme points for the problem RDLAP-3 defined over two
polvhedral coanstraint sets Z2 and W (see Section 1.3). We
will characterize a point wnich we shall call a local star
minimum, and davelop an algorithm to find such a point.
And finally, we will introduce the concepl of a "pseudo

glokbal minimum"™.
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Theorem 2.2.1 : (;,G) is an extreme point of

P = {(z,w) : =z % and wEW}

if and cnly if z is an extreme point :f %7 and w is an
extreme point of W.
Proof : See (25)

Corollary 2.2.2 : Each adjacent extreme point of (z,w) € P

is either cf the form (zi,ﬁ) where zie N(E), or of the form
(E,wi) where wie N(w)}, given that N(z) and N(w) are sets of
adjacent extrems points of z in Z and W in W respactively.
Proof : ses (25)

Definition 2.2.3 : The functica @g(z,w) defined over the

polyhedral sets Z and W has a local star minimam at the
point (Z,w) if #g(z,w): #(z,w) for all (z,w). N(Z,w) where

N(E,ﬁ) represenkts the set of all aljacent extrem= points

Theorem 2.2.4 : (z,w) is a local star minimum of RDLAP-3

if and only if =z is a solution to:

P-1 Minimize: d(z,w) = =z Dw

subject to: z € Z

and w is a solution to:
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p-2 Minimize: #(Z,w) = z Dw
subject to: w € W
Proof : Since the problem RDLAP-3 was showa to be of the
same form as the Bilinear Programming problem BLP-1, we
refer the reader to the proof of a similar theorem for the
problem BLP-1 in (25).

We will use the abowve theorem to develop an algorithm
to find a local star minimum.

Step 1. S:art with an extrems point of the set Z, say z = z".

. . 1
Sclve P-2 to obtain a solution w . GO to step 2.

Step 2. Solve P-1 using w = wt and obtain a solution z=zl.
1 o . . o 1
If z= = z, stop. Otherwise go to step 1 with =z~ = =z .

The above procedure is finitely coanvergent since the
number of extreme points is finite, the objectiwve junction
value has a finite minimum and each seqguence of steps from
1 to 2 yields a strict decrease in the value of the objective
function so that no extremz2 point is revisited at any iteration.

The following discussion deals with properties of the
obijective function in an Z neighbourhood of a point (z,w).

Definition 2.2.5 : The function @g{z,w) defined over the sets

Z and W has a local minimuam at the point(z,a) if é(E,;ﬂ SS
glza,w) for all {(z,w) GBE(E,V—V)ﬂ (ZXW) where Be(z,w) is an €

neighbourhood around (z,w).
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Definiticn 2.2.6 : The functicn g(z,w) defined over the sets
2 and W has a global minimum at the point (z,w) if d(z,w) &
#lz,w) for each z in Z and w in W,

Definiticn 2.2.7 : A pseudo global minimum is a local star
minimuam which is also a local min'mum.

In the next chapter, wg will develop an extremsly
efficient algorithm te find a pseudo global minimum and
illustrate with the help o2f an example the property that the
problem RDLAP-3 may have pseuco global minima different from
the global minimum.

Property 2.2.8 : The rectilinear distance location-allocation

problem has an optimal solutioa (z,w) such that z and w are
extreme points of Z and W respectively.
Proof: For an arbitrary w, consider the problem:

Minimize: #(z,w) = ztDw

subject to: z € 2
Since this is a linear program, it has an extreme point
solution z with #(Z,w) &£ d(z,w) for all z ¢ Z. Now consider
the problem:

Minimize: @(%,w) = z°Dw

subject to: wew

Again, this is a linear program with an optimal extrems

point solution w such that ¢(2,W) 5; ¢(E,w) for all w iw.
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But, @B(z,w) $(z,w) for all z € Z. Hence, 4(z,w) & g(z,w)
for all z € Z and w € W. Therefor, (z,w) is an optimal
solution with Z an extreme point of 2 and w an extreme
point cof W.

At this stage, it may appear that Martcs' Theorem
which claims that quasiéoncavity is a necessary and suffi-
cient condition for extreme point cptimality is being
violated. But, if wa look closely, the theorem stipulates
that quasiconcavity is a necessary condition only if the
function attaing its optimum at an extreme point of all
convex polyhedral subsets of its constraint set L. For the
problem RDLAP, it is obvious that if we consider constraints
invelving both z and w, the proof will no longer hold.

Using the same reasoning as above cnhe can argue that
even though g is not cuasiconvex, yvet it may be possible
for each local minimum to be a global minimum. Unfortunately,
the next property shows that this is not the case.

Property 2.2.9 : The rectilinear distance location-allocation
problem may have local minima different from the global
minimum.

We will provide two examples to illustrate this

property at the end of chapter IV.



CHAPTER ITI

AN ALGORITHM TO SOLVE THE RECTILINEAR

DISTANCE LOCATION PROBLEM

3.1 A Primal Simplex Based Algorithm for the

As m2ntioned earlier, the r.ctilinear distance
location-allocation problem reduces to a rectilinear dist-
ance location problem when the allocation of resourcez from
new to existing facilitieg is fixed. Denoting the known
gquantity shipped from new facillty 1 to eaxisting facility
i by w.. , the mathematical model for the rectilinear dist-

1]

ance location problem can be stated as follows:

n
RDLP-1 Mini i?'e-zz';; ( kL oy o+ T )
RDLE-L Animize: i3t *iy i T Yij Y5
P | J:I
+ -
subject to: X - X =d - x, for all i & 3
+ - . :
% -y =e. -y, for all i & 7
13 i3 ] 1
+ - + - , _
X, X5, = 0, vy .y ., =0 for all i and j
ij ] 17 17]

+
X, .» y, ’ y . ﬁ_" O for a]_]. l & j



Notice that the problem can be broken up into two

. . +
subproblems, one corresponding to the variables Xij, xij'

and X, for all i and j, and tlte other corresponding to

the variables yfl, V..
1] 1]
of the above problems can be further subdivided into m

and vy for all i1 and j. Each one
1

subproblems corresponding to the variables associated

. .th . .th
with the i new facility. Denoting the 1 subproblem
associated with the x-variables by LP-(x) and those with

the y-variables by LP-iy), wea can state the subproblems

as follows

Given v 2 0, _m
- + -
LP-i{x) Minimize : E w., . (x,  + x..)
I - L] 17 13
3=
bijest t " N 4 £ 11 S
su o O: .. = d. -
subjext to Xij xlj : xi or a 3
XT.- = 0 for all j
i3 13

x., ¥ ., x.. 20 for all j
i i ij

The subprcblem LP-i{y) can be stated similarly. We will

now develop an algorithm to solve TLP-i{x). All statem=nts

regarding LP-1i(xX) are egually applicable to problem LP-i{y)

and can easily be extended to hold for all i.

The problem LP-i{x) is a linear program 1f wa choose

_l_
to disregard the constraints of the form x, . ..x, , = 0. If
1]

29
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the solution to this linear program satisfies the constragints
Qf - the form ngj kzj = 0 , the problem TLP-i{x) can be
considered toc be solved. Fortunately, w2 can guarantes that
this will always be the case, since the columns for the
variables Xij and x;j are linearly depandent and hence =zan
never be in the basis at the same time. Also, without loss '
of generality, wa can transfer the origin in such a way that
(d.,e ) &0 for all 7.
J ]

We will now develop « primal simplex based algorithm
to solve the problem LP-ii{x) znd characterize the simplex
tableau at each iteration. The objective of the develop-
mant presented in this section is twoe fold. Firstly, wa
shall obtain an algorithm to seolve the problem RDLP, and
secondly, the characterization of the optimal tableau
developad in this section will play a very important part
in the chapters to follow.

The problem LP-if{x) is restated below without the
subscript i in order to simplify notation. Alsc, constr-
aints of the form ij.ij = 0 have been deleted since the
linear programming solution to the relaxed problem auto-
matically satisfies these constraints. Note that the

problem RODLP-1 can be broken up into 2m such problems, each

one of which can be so0lved using the algorithm to be desveloped '



in this section.
Given w,. 20,
J mn
+ -
LP-(x) Minimire: E :Wj(x. %)
IE
subject to: xt - x, = 4, - x j=l,..,n
J J 1
+ -
X , X , %X 20 J=1, , N
33
Tt is assumed without loss of generality that the
indicies of the variables xg, XS and the guantity wj are
ordered such that d,=S'dj+l for j=1,..,n-1 and that 4 2 O
J J
for all 7.

The characterization of the simplex tableau and the
algorithm to solve problem LP-(x) are based on the follow-

ing lemmas and theorems.

Lemma 3.1.1 : The problem LP-{x} has a finite optimum.
Proof : The dual of the problem LP-(x) is as follows:
n
Maximize: E d. v
- J ]
JI
subject to: -w & vj \<\ w 9=1,..,n
T J ]
n
E v, =0,
=
Since w_ 0 for all j, v, = 0 for all j is a feasible
J J

solution to the dual problem. Clearly, the primal also

has a feasible solution. Hence, the statement of the

31
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lemma follows from the duality theorem of linear programming.

Theorem 3.1.2 : Any basic feasible solution will have the
. . . . + +

variable x basic except when the variables xl,..,xn are
basic.
Proof : Since there are n linearly independent coastraints,
the basis at any iteration will consist of n variables.
Suppose the variable x is not basic and, without loss of

. . - - _+ + .
generality, the variables x.,..,x ,x PR 4 are basic

1 rort+l n

for som=z r=l,..,n. Then, the basis matrix B can be obtained
from the following starting tableau. Note that an initial
basis is readily available, and th: zeroth row has hean
updated so that the coefficients corresponding to the

basic variables are 2all zero. In the starting tableau we

have let,

The starting tableau is presented in Table 1. Therefore,

. X I
1 r r+l’

| =

T YT U W
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Table 1. Updated Starting Tableau for the Problem LP-(x)
+ - + - + = + - o7
Zy ¥ X XK x2....xk X eeeeX_ X X S
20 1 0 -2wl 0 —2w2 0 -2w 0 -2w Al ~
+
X 0 X -1 O 0....0 0....0 0 1 d
% 1
+
X 0 0 D 1 -1l....0 o Y ¢ 9 1 d
2 2
+
X 0 0 0 O 0....1 -1....0 0o 1 d
k k
+
X 0 0 0 9 1 O Ossual =1, A dn

Hence the RHS for the tableau in which the wvariables

+ . . e s
r-e0 X are basic is given by B ~d where,



But,

r—d"ﬂ
1
~d

~1

B d = r }0
d
r+1
dp
 — -

Since d, 2 0 for j=1,...n the above solution is not
feasible and hence, wae have cobtained a contradiction.

The only remainring possibility is when r=0, 1.e., when
XI,..,X; are basic, corresponding to the situation in the
starting tableau.

Before stating the next theorem, we will introduce
gome notation. Let zk—-ck represent the zeroth row
coefficient for the kth variable at any fixed iteration.
For & minimization problem, at optimality, 2, ~Cp éé 0

for each k.

Theorem 3.1.2 : Every non-optimal tableau has precisely

- 0.
one (Zk ck)'>

Proof: Fron Table 1, it is obvious that the theorem is
true for the starting tableau. Now consider an intermsdi-
ate tableau. By Theorem 3.1.1, the variable x has to be

basic. Again, without loss of generality wa can let the

34



other basic variables be represented by XI""xr—l

x ..
"Trl!

..,X: . Then the basis matrix is given by :

. - + iz
X esms xr—l xr+l cese X
x“ 1
I
) - ) 0
x 1
r-1
B = x O e85 0 1 0 e e O
+
Xr+l s
" 0 . T
x+ 1
n | —
Therefore,
x_ x X x+ x®
) A, | r+1 """ Tn
xl 1
-TI 0
Xr__l 1
-1
B = X 0 * s & 8 0 l 0 - & & & & 9 O
+
X -1
_r—i-]_
. 0 . I
. .
bl -1
n - i




The updating matrix U is given by

1 C B-'l
B
U =
0 B"l
where, CB = (zwi'""2wr—l'_Al'O""O)

Hence, the tableau at an intermediate iteration
can be obtained by premultiplying the starting tableau
in Table 1 by U. The resulting tableau is shown in

Table 2. In the tableau,

n h-|
+ - +
A = -ZETW' + E w, and A = -A -2w
- ‘.\ J - J r
J J=!

Consider the column of a non-basic variable xk

+ , CL .
other than X_ Or x_ . It is non-positive. Ience, if

(z, - ck) > 0 , then the problem is unbounded, violating

k

Lemma 3.1.1. Hence (z, -~ ck)sg 0 for all wvariables

k

+ e .
other than X, OF Xy. The only columns for which (zk - ck)

can possibly be greater than zero are the ones correspond-

+ -
ing to the variables xr and Xy, with (z -~ ck) values

k
. + - . + -
given by A and A respectively. Now, A + A = —2wr*< 0.

+ — ] n e
Hence, either A or A~ 1s negative. If both are < 0,

the tableau is optimal since we have shown that all other

36




Table 2.

Simplex Tableau for the Problem LP-(x)

% %+ % = X Xy X X X x RHS
~1 e & & a r-—l r r+l - e o0 n l « o e a r....l r+1 LI A ] n
2w 2 N 0 0 AT -2 2
1 -- W__l caawee PR WI'+1 - Wn
1 ~1 dr—dl
-T . (0] I - (0] =
1 -1 ded 4
B eas O 1 O ciees 0 sas U -1 8 coena O dr
-1 1 dr+l—dr
0] ” I 0] & -I -
=+ 1 dn—dr

LE
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+ -
(zk~ck)< . Hence, either A or A is [0, and the other is

~

0, which proves the theorem.

3.2 Properties of the Rectilinear

—— . v S e et . e

— S ey g . el e R e s el e . e s

We will now develop certain properties of the
rectilinear distance location problem based on the Lemma
and Theorems just proved.

Property 3.2.1 : The variable x is basic at all iterations

except in the starting tableau. Also, for any iteration

-

t 1, its value is given by dj for some jE€ {l,..,n}
This follows directly from Theorem 3.1.2 and Table 2.

th
Property 3.2.2 : The tableau at the t iteration can be

obtained by replacing r by t in Table 2. If the tableau

at the rth iteration is not optimal, then the variable x;

+
will enter the basis, the variable Xr+l will leave the
basis and the value of the basic wvariable x will change
fromd to 4 1 ° At the first iteration, the wvariable x
r+

eénters the basis at a value dl and the wvariable XI leaves
the basis. This follows directly from the pivoting operation
of the simplex method. The proof for this property can be
developad using an induction arguement. We have not outlined

g detailed proof since wa will not be using this proparty

directly.



Property 3.2.3 : = The only twa adjacent extrem=z points
corresponding to the solution x=dr are those for which
x=dr 1 and x=d . This property can be shown to be true

= rsl

as follows. An adjacent extreme point can be characterized

by pivoting in a non-basic variable. TIf any one of the

+ -

r_l,X rsarX

1l nh is pivoted into

. . +
non-basic variables xl,..,x

the basig, the resulting solution is infeasible. The

. . ¢ + -
only other non-hasic variables remaining are X, and X, -

+
If Xr is pivoted into the basis, the resulting solution

has x = d . If x; is pivoted into the basis the result-
r-1

ing solution has x = dr+l' Hence, the only two. adj-

acent extreme points corresponding to the solution x = dr

are those corresponding to the solutions where x = dy_1

and x = d .

r+l
Pro E=r‘y 3.2.4 : There sxists an re-{l,..,n} such that
- |
ZE: E and A E E
' .
both < 3 T
Proof: When r =1 , A E W, < 0 and A =) w._ -2w
.-
+ 2 J J=! ]
When r=n, A4 = Zw. ~-2w and A = Zw < o.
J n

J
53-0 for each r‘@{l,.-’n}

n

+
Also, Ap + A
r

.I,.
Note that the seguence AL is monotonically increasing

while the seguence Ar is moncotonically decreasing.

Since AI <0, A" €0 and A: +A £ 0 for all r , it follows
n r

39
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£
that for some re{l..-.n} A, and Ar are £ 0.
The algorithm to solve the problem LP-(xX) involves
+ =
finding r such that A, and A_ are £ 0, in which case the
tableau in Table 2 represents the optimal solution to the

problem. The following procedure can be used to find r.

n
3 = = - <
Step 1 : Set r l. Compute Wi Z;wj 2w1. If Wi‘_o,
e

stop with x* = dl. Otherwise go to step 3.

Step 2 : Increment r by one and go to step 3.

Step 3 : Compute Wepg W& - 2Wr+l - If W..q £ 0, stop
*
with x = dr+l' Otherwise go to step 2.

Property (4) ensures that a solution to the problem LP-(x)

exists.

40
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CHAPTER 1V

THE CUTTING PLANEZ ALGORITIM

In this chapter w2z will develop a cutting plane
algorithm to solve exactly, the rectilinear distance
location-allocation problem., Cutting plane algorithms in
general have been found to be computationally inefficient
bezause they tend to destroy any special structure of the
problem. However, in this case, we will show that the =ase
of generation and depth of cut m.re thenoffset the above
mentioned disadvantage. Further, we will show that the
cutting planes ne=ad to be introduced in either the set 2Z
or the set W, and the judiciocus choice of the set Z for
the introduction of the cutting planes reduces this dis-
advantage even further,

In Section 4.3 through 4.6 we will develop algorithms
for cut generation, determination of a pseudo global mini-
mum and solution to the parametric problem. Some of the
later sections will be desvoted to discussing certain modi-
fications and special topics. Lastly, we will provids two
illustrative examples and an efficient algorithm for the

determination of a good starting solution.
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4.1 The Cutting Plane Algorithm for

" —— . ;- —————

Bilinear Programmwning Problems
The cutting plane to be developed in this chapter is
based on the theory of polar cuts for Bilinear Programming
Problems (25) . In this gection, we will discuss without
proof some of the fundamental concepts involved in develop-

ing this generalized cutting plane algorithm.

Definition 4.1.1 : Tet AGR . Given a function f: Ry, X Ry

to Ry, and a scalar k, the generalized polar of A is defined

as

Ao(k) ={xeRn : fi{x,y) £ k for all ve A}

We wish to construct polar sets with respect to the
objective function &(z,w) using as the scalar k, the current
best solution of the problem, and find the intersaction of
the polar with as large a subsa2t of the feasible region as
is computationally tractable. Tk :n, the optimum over this
subset would be known. If the entire feasible region can
be broken up into a finite number of such subsets, the prob-

lem will have been solved.

In order to maintain the separable structure of the
constraint set of the problem RDLAP-3, the cut defined by the

intersection of the g-lar set with the feasible region will



43

be defined in terms of the variables included in the vector =z.
The choice for introducing the cut in the Z-set instead of
the W-set will shortly become clear when we illustrate

the ease with which a cut can be generated in the Z-set.

The basic idea behind the generation of a cutting
plane is as follows. Let (z,w) be a pseudo global minimum.
Considar the polyhedral cone C with vertex at z and whose
r extreme rays are given by ‘gj = {_z : 2z =z - ngj, Y 20}

for all jeJ, where J is the set of r indicies correspond-

] are the

ing to the non-basic variables, and the vectors e
extended non-basic columns obtained from the optimal sim-
plex tableau for the point z. Suppose Q is any closed

convex set that has the property that &(z,w) 2d8(z,w) 2k

for each ze¢0Q and w € W, Since (z,w) is also a local star
minimum, &(7,w) ;;d(i,ﬁ) for each w € W. Hence Z & Q.

Let us consider the set CNQ. Since &(z,w) 2> d(z,w) for
each z in CNQ and w in W, the global minimum over CNQ is
known. In general, the set cNQ is very difficult to define.
Hence, we construct a subset of €10 by finding the unique
hyperplane II passing through the intersection of the r

rays '%j with the boundary of Q. If H is the closed half-

space containing Z, then the global minimum over CNH is

+ . . .
known, and hence H will be a valid cutting plane.



Let z be an extreme point of Z corresponding to the
optimum solution to problems LP-1{x) and LP-i(y), i=l,..,m.
Let pj » jJ in J represent the non-basic variables in the
above optimal solution. Then, the following conditions

are necessary for ’ Py /)\j 2 1 to be a valid cutting

I
plane.

(i) Q is a closed convex set such that z € Q

.. . J

(ii) Qr] relative irterior of '§ # empty set for each
J in J.

(iii) o N {zez : ztDw < k for some w in W} = empty set.
{iv) xj = max ( hj A —éj'kl € 0O ) if part of the ray

]

53 is in Q,
= infinity, if the entire ray §J is in Q for all

>\j>o.

We will now introduce the set Wofk) wnich has all

the properties of the set Q. Let,
o t .
W (k) = {z : Bz, w) = =z Dw}k for each w in W}
Hence, it follows from the defini-tion of Xj that,

5\. = Max ()\j : -z'-éj)\j € Wwo(k) )

i

- L
Max ( Min (Z ~M§j) Dw > k )
)\J)O weW

44
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—

From the definition of A. it is obvious that the
range of values for ). lies in the interval (0,+e] . Note
]
that the computation involved in computing X. amounts to
J

solving a parametric linear programming problem over the

set W. Hillier and Lieberman (9} have shown that the

function WY( A.) = Min (z -ﬂéj)tDw is concave and hence,
:] .
unimodal. Therefore, |\, can be easily determined by con-
J
ducting a se:rch over a finite range of values for Xj .

Section 4.4 is devoted to ocutlining precisely this proce-
dure.

Once a cutting plane is determined, it is introduced
into the Z set. Denote this incremented set by Z+. If
there is no point feasible to the Z7 then the problem is
gsolved and the solution is the one corresponding to the
current best solution. If a feasible point exists, a
pseudo global minimum for the sst Z+ igs determined, and the
procedure repeated until no point feasible to the incremented
set can be found.

In the s=ctions to follow, we will specialize this
cutting plane algorithm to take advantage of the special
structure of the problem. We will develop an extremely
efficient algorithm for cut generation, ocutline a msthod

1]
to find a weak pseudo global minimum, and devise a

-
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i . , +
procedure either to obtain a feasible point to the set Z , or

an indication that no such polnt exists.

4,2 The Cutting Plane Algorithm

o r————— —— . iy i = —— —

Although the cutting plane algorithm discussed in
Section 4.1 has the property that the separable nature of
the constraint set of the problem RDLAP is not destroyed,
yvet, the special structure of one of these sets is not
retained. We will demonstrate below how this disadvantage
can be overcome by defining the cutting planes in terms of
the variables of the sest Z. It is worth noting at this
stage that the specialized algorithm overcomes this draw-
back without resorting to decomposition techniques, which
generally converge slowly.

The algorithms for cut generation, and the deter-
mination of a“weak pseudo global minimumlalso a2xploit the
special structure of the set Z. Both of these algorithms
are basad on the properties developed in section 3.1, and
have an intuitive appeal.

Section 4.6 deals with a solution procedure for the

parametric transportation problem, while Section 4.7 dis-

cusses algorithms to find an extreme point of the set Z

which is feasible to the current sat of cutting planes.
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The algorithm of Section 4.1 generates a cutting
plane only at a pseudo global minimum in order to ensure
that Eij - (O,aﬁ]. We will show that due to the special
properties of the set Z, this condition can be relaxed to
a certain extent. We will characterize the special proper-~
ties of such a point and prove that a valid cutting plane
can be generated starting from this point.

And lastly, we will discuss the convergence of the
algorithm as a whole, and make certain statements comparing
the generalized cutting plane algorithm to other cutting

plane algorithms.

4.3 Algorithm for Cut Generation

As outlined in Section 4.1 a valid cutting plane is

given by E P / >\j .- 1 where )5 is obtained by solving
Jexy

a parametric problem. The cardinality of the set J is equal

to 2m(n+l) for the problem RDLP-1. This gquantity represents

the total number of non-basic variables in the optimal

simplex tableau corresponding to the solution z of the

problem
c s - t o~
Minimize : Bz, w) = z Dw
subject to: z © 7 .

In section 3.1, wa have shown that the above problem can be
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broken up into 2m subproblems denoted by LP-i(x) and

LP-i(y) for i=l,..,m. We have also shoﬁn how to charac-
terize the simplex tableau corresponding to =zach subproblem.
Hence, the wvectors éj can be determined from the extended

simplex tableau which includes the vector eguation

where Zyn is a column vector of non-basic variables.

Although it is now relatively easy to solve the parametric

linear programming problem for %j {as will be shown in
Section 4.4), the very task of s¢tlviny 4m(n+l) such prob-
lems for each cut makes this algorithm extremely unattrac-—
tive. Fortiunately, the special structure of the optimal
simplex tableau is such that we can directly set ;ﬁ = Q0
for 2m(n-1) of these non-basic variables. Hence, w2 will
now show that any cut can have at most 4m non—-basic

-

variables with >H #00, or alternately, for each subprocblem

LP-i(x) and for each subproblem LP-i(y) at most only 2 non-

basic variables will have . # o0,
]

The simplex tableau corresponding to the solution

i

X dr is given in Table 2. To obtain the extended simplex

tableau, the vector egquation ZNB + (=T1) ZNB = 0 is attached

to this table.
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Consider the parametric prublem corresponding to any

£ th pasic variabl - - x . Not
o) e non-basic variables X;,../X. /X, ,qseerX, . ote
that the subscript i1 has been droppsd for notational simpli-
fication. Since the vector e’ is &Q 0 for any of these non-
basic variables, every component of Z -~ Ejng ig greater than
or egqual to the corresponding component of ;. Note that the
cost associated with some of the wj's is increased by an
amount Aj and therefore the sclution to the problem

- -4 E
Min { z - Aj &) } Dw

wEW

will be | k for all Aj . Hence, ,Xj = @ for all non-basic
variables, except x: and x; in the simplex tableau corres-
ponding to the solution x = dr' We will now give a physical
interpretation of the parametric problem for the variables
x: and x;.

The expression (E - éj Xi) for the variable x;
represents an increase in the value of the variables
xf,..,x: and a decrease in the value of the variables
,..,x; by an amount )\j . This exactly correg-
ponds to moving the new facility i from its location at the
X coordinate dr , in the negative x-direction by a distance

)\j. The physical interpretation is valid only for those

values of )\ lying in the interval [O, dr - dk] , wnore
J



50

dk is the closest x-coordinat. of some existing facility
strictly less than dr. Similarly, for the wvariable x;

the expression ( z - ;j‘xj) can be interpreted as moving

the new facility i from its location at dr in the positive
x-direction by a distance %j . This interpretation can be
extended to the variables of problem LP-i(y) too. Hence,

wa have identified four directions coinciding with the
coordinate axes, along which 4 parametric linear programming
problems have to be solved for each new facility i.

An interesting property of this cutting plane algo-
rithm which is valid only if all new facilities have the
same capacity is that once a cutting plane is generated,

m! additional cutting planes can be written down correspond-
in; to the m! different permutations obtained by relocating
the m new facilities among the m points at which the initial
cutting plane was developed. Obviously, interchanging the
locations of new facilities with the same capacities has no
effect on the solution, but the new cutting planes generated
do zut off extreme points which the original cutting plane
was not deep enough to reach. The problem with this schems
is that as m becomes large, the storage reguired increases
tremendously fast, limiting m to be no greater than 6 or7.

This property is illustrated in Example 3 of Section 4.3.
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4.4 Determination of a Weak Pseudo

e N A ——— A — e —— — p— —

Global Minimum

In this section, w2 will introduce a special point
which wa ghall call a weak pseudo global minimum, and
prove that a valid cutting plane can be developed from this
point. Next, we will present an algorithm to find a weak
pseudo global minimum and show that in the abssnse of
cutting planes, such a point is precisely a pseudo global
minimum.

Our objective in this development is to overcomz the
handicap of having to solve tre location problem with the
cutting planes as additional constraints in order to find
a local star minimum, and eventually a pseudo global mini-
mum. According to the cutting plane algorithm of Section
4.1, a valid cutting plane can only be developzd from a
pseudo global minimum. We will show that due to the spe-
cial structure of the set 2, this condition can be relaxed
to a weak pseudo global minimum. Also, the algorithm which
we will develop to find a weak pseudo global minimum will
not inveolve the above mentioned handicap. Note that de-
composition techniques are not applicable since there is no

guarantee that constraints of the type xI .x;j = 0 will

3

be satisfied at optimality, unless some form of restricted
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basis entry is imposed.
Let Nﬁ(E) denote the set of adjacent extremz points
of z. Also, at stage s, let gs(z) ;;l denote the s cutting

planes gi(z) ;?ZL, i=l,..,s to be introduced into the set Z.

Definition 4.4.1 : At stage s, let z be an extreme point of

7 and w be an extreme point of W such that gs(_z')}l and

Min 4(z,w) = &é(z,w). Then (zZ,w) is said to be a weak pseudo
WEW
global minimum of #(z,w) with respect to the cuts g°(z) } 1

if for each z in N(z) either g°(z) ;é 1 or Min d(z,w);}
WeW

2(z,w).

Lemma 4.4.2 : (z,w) is a weak pseudo global minimum implies

e g memrereny

that a valid cutting plane can be generated with k= wvalue

of the objective function at the current best solution.

Proof : Let (z,w) be a weak pseudo global minimum.

Case (i) : Tet (z,w) be such that Min B(z,w) 2 d(z,w) for
whwW

a z in Nﬁ(g) . Sirce =z belorgs to Nm(E), then,

- r . [
zZ = 7z - )\j e’ for some )\j > 0. Also,

Min d(z,w) 2> d(z.w) = k
wewW

Substituting for z in the above expression we have,

Min #(z,w) = Min £%Dw = Min (7 -~ A.a°)tpw 2 k.
wIW wEW wE W J
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] 4
Therefore, Y ( )\j] 2k for >\j > 0.
Since 4’( Aj) is concave and qJ(O) 2 k because k corres-
ponds to the current best solution, lP (A 2 k for all
]

/ -

0 < A €A, . Therefore , A. = Max ( Y (A.) 2 k) >0,
j J J ko ]
and hence a valid cut can be generated with k = the
current best solution.
Case (ii) : Let (z,w) be such that gs(z)_:'l for a
: . s :
z in N{(z) . Since g (z) } 1, g.(2z) <1 for some i €
m i
{:L,..,SI . Let gp(z)"(l for some p and kP be the current
best solution at stage p £ s. Then k&.kp.
Further, the point Z satisfies gp(z)<:l i.e., violates the
th . b
cut at the p stage. This implies Min #(z,w)2k".
wew

But, kp;_ k. Hence Min d(z,w) 2 k.

weW _
Now using the same arguement as in Case (i), we have %j > 0.

Since A 2 0 in both cases, a valid cutting plane can

be generated with k = the current best solution starting

from a weak pseudo global minimum.

The algorithm to find a weak psedo global miminum
is directly based on the definition of this point. We
will first give a step by step statement of the algorithm
and then show that the algorithm converges finitely.

Step 1 : At stage s find an extreme point z° of set Z

feasible to the cuts gs(z) ;:l . If no such point exists,
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terminate. The problem has been solved and the sclution
corresponds to the point with the current best objective
function value k. Otherwise go to step 2. ( A detailed
algorithm for this step is presented in the Section
4.7, later)
Step 2 : Find a z in Nm(zs) such that gS(E) 21 and ,

Min d&(Z,w) < Min #(z%,w) .

wE W wi W
If no such point exists, terminate with (ES,Q) as a weak
pseudo global minimum, where w solves %i% B(z°%,w) .
Otherswise go to step 3.

—-s -—
Step 3 : Replace z by z and go to step 2.

Convergence of the Algorithm : Note that the
cardinality of set Nﬁ(z) is finite, the number of extreme
points of set Z is also "inite, and the objective function
has a finite minimum. Since each sequence of steps from
2 to 3 involves a strict decrease in the value of the
objective function, an extreme point z can never be
revisited. Also, because the objective function has a
finite minimum, the process must terminate finitely. Hence
the algorithm is finitely convergent.

We will now discuss the algorithm with respect to

the case where the set of cutting planes is empty (s = 0).
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In step 1 , z> can be selected to be any extreme point of Z.
(In the next section we will justify the selection of a
particular extreme point to guarantee a good feasible
gsolution at the end of the first stage.) In step 2, we
know that every point z in Nﬁ(ES) is feasible and hence
the check for qS(E))l.is ignored. The remaining portion
of the algorithm is retained as it is. We will now show
that EO, the weak pseudo global minimum obtained at the
end of stage s = 0 is alsoc a pseudo global minimum.

Since z° is a weak pseudo global minimum, we know
from Lemma 4.4.2 that a valid cutting plane can be generated
from z° . Hence, k = %g% ¢(Eo,w)£$ %(z,w) for each

z in N (Eo) and w in W. Also,

) -0 . - )
Min #(z ,w) - . #&(z,w) for each w in W
wewW =

- -0 -0 —., . .o
and 2 in Nm(z ). Hence, (zo,w) iz a loral minimum and
a local star minimum, where W solves Min ﬁ(EO,w).
WEW
From Definition 3.2.7 we conclude that (2°,w) is a pseudo

global minimum.

4.5 Determination of a Good

Starting Feasible Solution

Althougn the process of finding a pseudo global

minimum at stage s = 0 can be initiated from any extreme
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point of set z, it 1s felt that a better starting solution
will tend to reduce the total amount of computation required
to find the glcbal minimum. Thus, any reasonable extra
effort expended at this stage will perhaps be worthwhile.
The algorithm that we will present is based on computational
experience, and has a great deal of intuitive appeal, as
we shall shortly see. Our obijective in introducing this
step into the cutting plane algorithm is to avoid pseudo
global minima which may be different from the global minimum.
We will now characterize two solutions where an inappro—
priate starting solution may lead to such a point. A new
facility i may be trapped at a pseudo global minimum 3if-
ferent from the global minimum if its capacity cy is not
large enocugh to meet the reguirements rj of existing
facilities closer to it than to any other new facility.
and yet not small enough to be displaced by ancther new
facility. The same situation eccurs when new facilities
are not located close enough to existing facilities with
the largest requirements. we have provided =xamples in
Section 4.3 to illustrate both the above mentioned
defects.

The algorithm presented below overcomes the
second drawback in step 1 and the first in the sequence

of steps from 2 to 3.
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Step 1 : Reorder the capacities of the m new facilities
and the reguirements at the n existing facilities such that
r, , i=l,..,n=-1. If

c < c, , i=1,..,m=1 and r.

i+l ™ L i+l ™~ i
m€n, locate (xi,yi) = (di,ei) i=l,ee,m . If md»n
locate (xi,yi) = (di,ei) i=1,..,n and (xi,yi) = (dj,ej)
for i=n,..,m and j=l,..,m-n.
Step 2 : Start with the location in step 1. Set the
capacities of all new facilities = Max {cl,..,qnj .

Find a pseudo global minimum (zZ,w) using the algorithm

of the previous section;

Step_ 3 : Compute Ei =:£:;ij » 1=l,..,m . Set the capacity
™

of each new facility i.;qual to its original capacity C: v

for i=l,..,m. If Ei >'ci for any i 1l,...m! , resolve

the problem with original c;'s to obtain a new pseudo

global minimum (é,ﬁ) . (Wnen resolving the problem, start

the solution procedure from the point (E,ﬁ).) Otherwise,

the pgseiido global minimum is given by the point (z,w).

Computational results indicate that the pseudo
gleokal minimum obtained by using this algorithm to

generate a starting solution for the algorithm of Section

4,4 almost always turned out to be the global minimum.,

4.6 Solution of the Parametric Problem

To determine the quantity i ., wea have to solve
o J
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the following parametric linear programming problem

Max  ( Min ( E-)\jéj 'Y Dw .k ) = Max (YO 2k )

)\j>0 WeEW >‘j >0

But crce the expression (Z -Ajéj)is simplified to a known
guantity, Min ( z - klg } is just a transportation prob-
J

weW
lem, Hence, computing >j involves solving a parametric

transportation problem. We know that the parametric
transportation problem is piecewlise linear, with break-
points occurring each time a change in allocation takes
place. Computational experience shows that most break-
points of the function W(Aj) coincide with some coordi-
nate of the existing facilities. The difficulty arises
when this is not the case, thus making a procedure which
tries to take advantage of the piecewise linearity of

“’()ﬁ) to find Xj relatively unattractive. 1In addition,
we found that a direct search procedure such as the Bol-
zano or Bisecting search is extremely efficient in solving
this problem. At each step, we were able to =2liminate
half the current interval, as compared to only 0.38 when
using the Golden Section search technique. Hence, all

computational results were obtained using the following

algorithm based on this search technique.
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Step 1 : Define a large number L >>0 and a permissible

error e » 0.

Step 2 : Solve the following transportation problem with
AL = L.
J
. = _ zIN T
P-3 Minimize Y (hj) = (z - e j) Dw
subject to : w W
Tf W(L) 2k, terminate with )‘j = I,
Step 3 : Define Ah = L,,\l = 0 and Ar = 1L/2 .
Step 4 : Solve P~3 with )\j =A_ . 1f 0&YA) - kg e,
terminate with Aj = Ar .
. A = A =
Step 5 : If Y(A) D k, set A )\r, . ()\l + )h)/z

and go to step 4.
Step 6 : If Y() ) <k, set A, = ?\r, )\r = ()\l +N ) /2

and go to step 4.

The above algorithm is very simple to program and is

found to be very efficient.

4.7 Determination of a

Feasible Extreme Point

We will now address ourselves to the task of deve-

44__ R —
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loping an algorithm to find an extreme point z of the set
7, at stage s, such that gs(z) )l. Recall that such a
peint z is required at each stage s, 1, to initiate the
search for a weak pseudo global minimum. It was shown

in Section 3.1 that the extreme points of the set Z
correspond to the location of new facility i with coordi-

nates (xi,yi), and belong to the set Ay X A, where,

Ay =={dj ’ j=1,..,n} and Ay, = {?j ’ j=l,..,n1 .

Denote this set AlX Az by S. Then, the above problem

can be stated as

P-4 Maximize O
subiject to : gs(z) 9;1
z €8
or equivalently (see 23),
P-5 : Min  Max  ub(g®(z) - 1).

—_—

u..0 z &5
We will first develop a solution procedure for the
following problem with u known, i.e.,

P-6 : Max  ut(gS(z) - 1).
ZE S
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Since u i1s fixed, the solution Z to :

P-7 : Maximize u g (2)
Ze€S

will be the same as that of P-6. Note that u is 20 and

gi(z) is of the linear form :

E p / N . . where T._>O and the p 's are

: J
J&J' J J J
the non-basic variables at this point, some of which
+ —
correspond to xij and others to xij . Hence,
S
t s . . .
ug (z) = i uigi(z) 1s separable in the variables

L=l

associated with each new facility and also separable in

: + - + . .
the variables Xij' X4 5 and yij' yij . Therefore, in

general, utgs(z) can be broken up into 2m separable parts

each one of which can be written in the form

.

-9 . _ N

Z (aijxij + bijxij) where aij and bij are 2 0.

J:I
Corresponding to each separable part of the objective
function utgs(z), the constraints z € S can be split into
X5 € A; and Y; € A2 for each ie{l,..,m}. Hence, the prob-

lem P-7 can be solved by solving 2m subproblems of the

form
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n
imi + a3
P-8 szt@;ze .E (aijxij + bljxlj)
i%® ™M J'.;I
where ij and XI- can be computed for a given Xi from

the equations :

We will now introduce a Lemma to prove a special
property of the solution to the problem P-8. Assume,
without loss of generality, that the dj's are ordered

such that d, £ d . J7L, e n-l.
3 341

*
Lemma 4.7.1 : Either Xy = dl or x, = dn is a solution

to the proklem P-8.

*
Proof : TLet an ontimal solution be X, = dr for some

reil,..,n} . 'Then,

" n ™
Y + -
E (a;.x., + b, .x, ) = a,, (@.-a) + b,.{a -d.,) .
13 17 ij ij i1 ] r ij r j
3= n J:'r r 3=
Let r=Za-(d—-d)and r=2b (d,—d_)
e, p ‘ l] :l T d lj r :] .
=r Jj=!
Now consider the relaxed problem where x_ € [dl.dnj .
i
= E L (A= + E o (x.-ds) ,
Let z(xi) alj(dj xi) blj(xl dj) and let
2, &d 2, 2 d;
zy (Xi) = Zaij(djnxi) and zz(xi) = Zbij(xi—dj).
X L4 X >4,

Notice that both z, and z, are piecewise linear functions
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of X with breakpoints at X, = dl,...dn. Also, both

zZqy and z. are convex functiong because the slope of the

2

piecewise linear portions is monotonically increasing for

both z1 and z,. Note that aj and bij are 20 for all

]
i and j. It is clear that the functions zq and z, can
be cbtained by joining the points pﬁ r=l,..,n , and the
points qr, r=l,..,nh by line segments, respectively.
Since Zl and 22 are convex, z = zl + 22 is also

convex. The maximum value of z over xi' [dl,d ] will
n

* *
therefore occur at either x. = dl or x, =d_.
i

1 n
Now, if the solution to the relaxed problem with
€ a7y i h that x, = y =
x5 [dl’ nd 1S suct that Xi =d; or Xy = dn » surely the
solution to the problem where xiE {dl,..,dn} will also

be the same. Hence the lemma is true in general.

To find whether the solution tc¢ problem P-8 is

* x
x =d_ or at x, =d , the gquantities pl and qn are
i 1 i n
*
computed. If pl > g then x; =d;, and if pl ¢ g© then
x
x, =d . It is extremely unlikely that pl=qn since the

i n

quantities aij and b'j which are obtained from the ui-s
i

and the T;_'s are totally unrelated.
]

corollary 4.7.2 : The solution to problem P-8 is unique
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Proof : Consider the relaxed problem with xiu[dl.dn] .

By the Lemma 4.7.1, either xz = dl or xz = d solves
n

*
P-8., For x, = dl'
i

n
|
Z(dl) = ji;aij(dj - dl) and,
o
*—
for xi = dn
n
d)“hb (a a
za,) = L3713 n T j)'
J=!
By the assumption, pl #q° or Z(dl) # z(dn). Hence,

* * . .
both x; = dl and x, = dn cannot be optimal. Without

loss of generality, suppose Xy = dl is optimal, i.e.,

z(dn) < z(dl) . Now, since z is convex,
z(x,)€ dz(d) + (1 -\ )z(d)
n

where, x, = A d, + (1- A )dn for A\ € (0,1).
since z(d)) 2 z(dy), z(x;) < z(d)) for x; € (d1.4.] .

Therefore, dl is the unigue solution to problem P-8,.

Recall that our primary interest is to solve the
problem P-5 which is restated below :
. t, s
P-5 : Min Max u (g (z) - 1)
u2 0z €3

Given a u 20, we can solve the problem Max ut(gs(z) - 1)
z € S
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using Lemma 4.7.1l. Let 6(u) = Max ut(gs(z) - 1).
Z © 5

Now, we are interested in solving Min 8(u). If ©(u) is
uz0

differentiable, a reduced gradient algorithm can be readily
used, which is known to be convergent. (see Chapter 8, (16)).
But, differentiability of ©(u) is assured by the Corollary
4.7.2 and €orollary 1 of Theorem 5 in Chapter 8 of (16).
Hence, to solve P-8 use is made of the following procedure
based on the reduced gradient algorithm to update the

u vector at each step.

Step 1 : Initially set ui =1 for i=1l,..,s. Solve P-6 to
obtain Z using Lemma 4.7.1l. If g°(z)#1l , terminate

with z as a feasible extreme point of the set Z. If
6(u)< 0 , terminate with the conclusion that no feasible
extreme point of the set Z remains. Otherwise go to

step 2.

Step 2 : Set v; = gi(E) ~1 for i =1,..,s, but if at

any step u; = 0 and gi(E) 2 1, then v; = 0. Replace v

by u; = kvi where k = Min(Q, ui/vi) for all i such that

vy 20, where Q is an arbitrary upper bound on k. Go to
step 1.

In step 2, we have increased the component Uy for

which gi(z)<jl and decreased the component u, for which



gi(z))dq taking care to ensure that ui{;O for all i.
This algorithm is found to be very efficient, with

u=(lL,..,1}) as the initial u vector.

4,8 Statement of the Complete Algorithm

Step 1 : Start with an extreme point of the set Z., Use
the algorithm of Section 4.5 to generate a good starting
extreme point.

Step 2 : Initially set s = 0. Find a weak pseudo global
minimum (Es,ﬁs) using the algorithm of Section 4.4. Let
k = current best solution.

Step 3 : Replace s by s+l . Develop the cutting plane
gs(z);;l, using the algorithm of flection 4.3.

Step 4 : Find a feasible extreme point of the set Z
satisfying the cuts g, (z) 21, i=l,..,s. If no such
point exists, terminate. The problem is solved and

the solution corresponds to the one for which the current

best value k was obtained. Use the algorithm of gection

4.7. Otherwise go to step 2.

4.9 Convergence of the Algorithm

The cutting plane algorithm developed in this
research can be split into three major sections. The

first section deals with finding a weak pseudo global

66
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minimum, the second with generating a cutting plane at
this point and the third with finding a feasible extreme
point of the set Z. We have shown that each one of these
sections is convergent. We will now argue why only a
finite number of iterations involving these three major
sections will be reguired. Since, the number of extreme
points is finite, and at each stage a valid cutting plane
is developed which cuts off at least one extreme point,
the number of cutting planes required will always be finite.
Hence, the number of iterations, which correponds to the
number of cutting planes will always be finite. Thus,

the éntire algorithm is convergent.

4.10 Tllustrative Examples

In the two examples presented in this section,
the algorithm to generate a good feasible solution has
not been used in order to esnable us to illustrate the
existence of a pseudo global minimum different from
the global minimum. If the above mentioned algorithm
had been used, the first weak pseudo global minimum
would have been the global minimum. Example 1 is worked
out in greater detail than Example 2.

Example 4,10.1 : Locate two new facilities of capacity

70 and 80 units, and determine the allocation of resources
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to six existing facilities located at (0,0), (1,0), (2,0),
(3,0}, (4,0) and (5,0), with requirements of 10, 40, 30,

20,20 and 30 units respectively.

5 —% B At = X axis

b

Capacities : l 70 80

Requirements: 10 40 30 20 20 30

Figure 1. Location of New and Existing

Facilities for Example Problem 4.10.1

Solution Procedure:

Step 1 (a) : Start at an extreme point of set 7, ..y

(Xllyl) = (1,0) and (X2:Y2) = (4,0).

Step 1 (b) : Solve the transportation problem P-2 of
Section 3.2 . The optimal tableau is given below, with
the cost cij = |Xi - djl +l yi o~ ej shown 1n the top

left hand corner of each cell.

c.'s
1
[1 0 1 2 3 4
| 10 40 20 70
! 4 3 2 1 0 1
| 10 20 20 30 80
r 's 10 40 30 20 20 30
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The objective function value 4 = 100.

Step 1 (c¢) : Solve problem P-~l of Section 3.2 for (x ,v.).

1
d, 0] 1 2 3 4 5
J
4
w.., :+ 10 40 20 0 0 0 E w. . = 70.
ij 1]
J>!
*
Tj : 20 100 >70. Hence, x; = L.
*
Since e = 0 for all j, y1 = 0.
J
Solve problem P-1 of Section 3.2 for (xz,yz).
d. : O 1 2 3 4 5
]
4
w.,. : 0 0 10 20 20 30 Zw-- = 80.
ij i 13
F
Tj : 0 0 20 60 100> 80. Hence, X, = 4.

*
Again, since ej = 0 for all 7, Yy = 0.

Step 1 (d) : Since the solution obtained in Step 1 (c)

is the same as the one in step 1 (a}, a local star minimum
for this problem is given by the points obtained in
Steps 1 (b} and (c) with 8 = 100.

Step 2 (a) : To find a pseudo global minimum, solve prob-

lem P-2 for each adjacent extreme point of the solution

obtained in step 1 (¢). If at any stage the objective



function value goes below @ = 100, repeat the entire pro-
cess with this point. Tue following adjacent extrema

! * * *
points of (xl,yl) = (1,0) and (x5, y2) = (4,0) were

inspected.

Point # 1. (xl,yl) = (0,0) and (xz,y2) = (4,0)
% = 150,

Point # 2. (xl,yl) = (2,0) and (xz,yz) = (4,0}
4 = 130.

Point # 3. (xl,yl) = (1,0) and (xz,yz) = (3,0)
g = 120.

It

Point # 4. (xl,yl) {(L,0) and (X2'Y2) = (5,0}

8 = 120.
Since the objective function value for problem P-2 is
less than 100 at each adjacent extreme point of the
solution cobtained in steps 1 (b) and (c), that solution

is a pseudo global minimum for this example.

Sten 3 : The 4m non-basic variables for which Aj's have

T - + - + - +
to be computed are : X190 X12' Yi2r yl2' Xage Xops Y5
and yES. Obviously, the gj 's for the y variables is

equal to infinity.

+
To compute ), for xl
] A

Solve : Max  Min [(E - )\.EJ)tDw 2 100]
A:>0 weé€wW J
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Making use of the physical interpretation of the parametric

problem (see Section 4.3) the following transportation

tableau is set up to compute .
J
1-X 0+ X\ L+ A 2+ ) 3+ A 4+ )\
4 3 2 1 0 1
r 's 10 40 390 20 20 30
J

For Aj = 00, it is clearly seen that 4 = 00, and hence

A=

3

than 100, the Beolzano search procedure would have been

oo |

Had the objective function value been less

used to compute AL

Similarly,

Hence,

the

A

first cutting plane is given by :

J

= 3.2 for the wvariable x

—

127

3.6 for the wvariable x+

25

for the variable x_ .

25

and

70

80
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Step 4 : Using the algorithm proposed in fuction 4.7,

and a starting u vector = ( 1 },

C i A - +
Solve : Maximize : 1 ( x12/3.2 + x25/3.6)

subject to: =z € S.

The solution is given by (xl,yl) = (+,0) and (x,,y,) =
(0,0). Hence, XI2 = 4 and xgs = 4, which satisfies the
cut.

Step 5 : Starting from the point obtained in Step 4,

find a weak pseudo global minimum using the algorithm
proposed in gection 4.4. The steps involved are
essentially the same as those for finding a pseudo

global minimum ( see step 2) except that at each point,
the feasibility of all cuts must be maintained. Thus,

the weak pseudo global minimum obtained at this step is at
the points (xl.yl) = (4,0) and (xz.yz) = (1,0) , with

an objective function value = 20.

Step 6 : Develop a cutting plane at the above weak pseudo
global minimum. The following values for Xj were obtain-
ed : ;3 = 3.4 for the wariable XI5,

= 3,25 for the variable ng and

QO for the variables XIS, %

97 and all y's.
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Hence, the second cutting plane is given by :

.+ —
X15/3.4 + x22/3.25 ;;lﬂ
Step 7 : Find an extreme point of set Z feasible to the
two cuts obtained in steps 3 and 6 respectively. Again,
it is found that a starting vector u = (1,1) yields a
solution feasible to both cuts. This scolution is given
by : (xl,yl) = (5,0) and (xz,yz) = 5,0).

Step 8 : Repeat the seguence of steps from 5 to 7. The
following weak pseude global minima and the corresponding

cutting planes were obtained:
(a) (xl.yl) = (5,0) and (x_.,y,) = (5,0)
+ +
>
X16/3'9 + X26/3‘4‘ 1

(b)  (x,y;) = (0,0) and (x,,y,) = (0,0)

—

x11/4.3 + x21/3.75 =21

Step_9 : If the infeasibility criterion of the algorithm
presented in Section 4.7 holds, terminate with the current
best solution as the optimal solution. At this step, the

above mentioned criterion holds, and hence the solution

*

*
2,y2) = (1,0) along with the corres-

(xI.yI) = (4,0) and (x
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ponding transportation tableau with an objective function

value = 90,represents the optimal solution to this problem.

Example 4.10.2 : Locate two new facilities of capacity

100 units each and determine the allocation of resources
to four existing facilities located at (0,0), (0,1), (1,L1)

and (1,0) with requirements 30,60,40 and 20 units respec-

tively.
&
(0,1) X X (1,1)
60 units 40 units
3 —3 -
(0,0) (1,0)
30 units 20 units

Figure 2. Locations of Existing Facilities

for Example Problem 4.10.2

golution Procedure :

Step 1 : Start with (xl,yl) = (0,1) and (xz,yz) = (0,0).
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Step 2 : The first weak pseaudo global minimum which is
also a pseudo global minimum is given by (xl,yl) = (0,1)
and (xz,yz) = (0,0) with objective function value = 50.

Step 3 : The cutting plane at the above point is as follows:
% /led + yi /3 4 %o /1.2 4y /1.5 21
11 13 21 21 -
Since the gapacities of the new facilities are the samne,
we can use the property mentioned at the end of Section

4,3 to obtain the following cut

- + - _ |
x21/1.4 + y23/3 + xll/l.z + yll/l.S L

Step 4 : The weak pseudo global minimum at this stage
is given by (xl,yl) = (0,1) and (x2,y2) = (L,1) with

an objective function value = 50.

Step 5 : The cutting plane at the above point is
- + + +
X11/2‘5 T Y 5/1e6 + %, /1.67 + v, /1.4 21

Using the same property as in step 3, we can write down

ancther cut as follows

- + + + .
.5 -+ . . 4
x2l/2 5 y23/l 6 + x13/l 67 + yl3/l 4 -1
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§§eé 6 : Using the reduced gradient method of Zection
4.7, the infeasibility criterion for the four cuts defined
in steps 3 and 5 is found to be satisfied. Hence, the

solution corresponds to the one obtained in step 4.

4,11l The Unrestricted Capacity Problem.

A special case of the problem RDLAP occurs when
the capacity constraints corresponding to the allocation

part of the problem have the form :

“ “

A )

© w, & c;, where o4 2 ) r, for each i=l,..,m.
L] J';I

-

—

[ Sy N

In this case, the solution to the allocation part of the
problem is greatly simplified.
Consider the problem RDLAP-2 of gection 1.3 in which

the location of new facilities is fixed. Let,

Then, RDLAP-2 can be written as

m m
TP~1 : Minimize :z E C. W, .
- 13713
t=! J'?—I
n
subject to : w, . &Lc., i=l,..,m
ig N i
i=t
™

E w,, =r,, jJ5L,..,n
1] J

Y

N

-—

_—»w
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and w,. "+ 0 for all i and j.
1]

w
If ¢ },er for each ie{l,..,m} . wa will show that
i J;[
the solution to the following relaxed oroblem is the

same as that for TP-1.

TP-2 Minimize: Z c., W,
—; 13 ij

™M byl
L2 =
¢ J

m
subject to : E w, , =r, j=l,..,n
13 j

w 20 for all i and j.
i
*
Let w,  be an optimal solution to the problem TP-2,

13

™
Then Zw__ = r , =1, ..,n
i=r 13

J
Therefore, w’.k. & r. for all i and j ,
o
" n
and Zwij S rj \<. ci , 11, ...m.
dtl j;n

*
Hence, w, £ solves TP-l.
1]

To solve problem TP-2 we nobtice that it can be
split into n subproblems corresnonding to =1, ..,n. Each
one of these subproblems can be solvaed as a knapsack

problem. A typical subproblem has the form :
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m
TP=-3 (j) : Minimize : j{: c,.w

-y
133

m
subject to W .

ij J
L=!

w 20, i=l,..,m.

i3
Let, Cps = Minimize =
J iefl,..,m} 13
* : ;
Then, w = 0 if i#k
+]

=r 1if i=k.
J
Computational results for the rectilinear distance
location-allocation problem with unrestricted capacity

are given in the next chapter.
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CHAPTER V
COMPUTATIONAL RESULTS AND CONCLUSIONS

Before giving computational results for the prob-
lem RDLAP, it may be worthwhile discussing the size of
the Bilinear problem we are dealing with. For the problem
with m new facilities and n existing facilities, we have
seen in Section 1.3 that the number of variables were 5mn+
2m whereas the number of cons:tiraints were 4mntmtn. We
have also seen in €hapter III that the extreme points of
the set Z are given by (xi,yi) i=1,..,m such that (xi,yi)
belongs to the set Al X Ay, where Al = {dl...,dn‘ and
A2 =-{el,..,en} « If one was to attempt to solve the

prcbhlem RDLAP by total enumeration, one would have to solve
2m . . 2m

n transportation problems corresponding to n extreme

points of the set Z. Even for small values of m and n,

it is seen that the number of extreme points is very large

and hence, such problems cannot be considered to be trivial.

5.1 Computational Results

In this research, we have developed an algorithm

to solve exactly the rectilinear distance location-
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allocation problem. In reporting our computational results,
we first compare our algorithm with the one proposed by
Morris (21), using as the basis of comparison, examples
provided by Cooper in {3). Morris solves these problems
using rectilinear distances, but his solution procedure is
based on a discrete space formulation of the problem RDLAP.
Thig fact enables us to compare the advantages and disad-
vantages of the discrete and continuous formulations and
their respective solution procedures.

Table 3 gives the coordinates of the seven existing
facilities for the six problems solved by Cooper in (3).
Note that Cooper solves these problems using Euclidean dis-
tances. His solutions have been reproduced in columns 4
and 5 of Table 4. Cooper does not report computational
times required to solve these problems. The reguirement
at each existing facility is 1 unit and the capacity at each
new facility is 7 units. Table 4 presents computational
results for the six problems of Table 3. Columns 4,5 and 8
have been reproduced fran Morris' dissertation (21), and
execution times reported in columns 6, 7 and 8 are in
seconds on the Univac 1108. The transportation problems
were solved using the simplified transportation algorithm

of Section 4.4.



Table 2.

Locations of Existing Facilities

( m=2 , n=7 )

: Cooper's Problems.

Problem

Problem

Problem

Problem

Problem

Problem

# 1

# 4

(15,15)

( 8,12)

( 5,23)

(6,31)

( 8,10)

( 5,10)

(6,32)

( 5,19)

( 9,32)

(1L3,24)

( 8,26)

(10,27)

(20, 8)

( 5,26}

(15;23)

(13,31)

(11, 20)

(L6, 8)

(20,20)

( 5:32)

(21,32)

(20,24)

(L7,15)

(25,14)

(20,32)

(35,20)

(26,23)

(20,17)

(1L7.;22)

(31;23)

(36, 8)

(35,26)

(31,32)

(27,17)

(24,17)

(22:29)

(36,32)

£38:31)

(16,12)

(27, 1)

(31,19)

I8



Table 4. Computational Results for Cooper's Problems

1 2 3 4 5 6 7 8
. & * . * *
Problem # Solution to $(z ,w ) Solution to gz ,w ) T Tb T
Problem RDLAP , Problem EDLAP (Morgis)

1 (22,27) 59 (22,29) 50.5 0.2 4,96 142.0
{15,10) (15.2,12)

2 (20,32) 72 (20,32) 71.5 0.15 4.07 99.0
(20, 8) (20,8.2)

3 (35,26) 41 (35,26) 38.3 .11 2.07 156.0
( 5,20) (5.2,24.8)

4 (15,23) 55 (12.1,23) 48.9 0.22 6.14 211 .0
(21,32) (26,29.1)

5 {L3,31) 51 (13,27.5) 36.2 0.12 3.0 149.0
(20,17) (25.5,15.5)

6 (24,17) 48 (24,17} 38 0.21 5,77 21.3.0
{ 8,22) (11,20)

T : Time in seconds to obtain the glcobal minimum for the problem RDLAP

a
T : Time in seconds to cut off all the extreme points of the set Z in RDLIAP
b

Columns 2

objective

and 3 give the optimal logcation of the 2 new facilities and the

function value for RDLAP. Columns 4 and 5 give the same for EDLAP.

8
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It is seen that the Euclidean solution forms a
lower bound for the sclution to the rectilinear distance
problem, and in most cases, the lozation of the two new
facilities is very close for the two problems. Also, the
cutting plane algorithm is found to be very much more
efficient than Morris' algorithm. Also, the time to obtain
the global minimum lies in the range of about 5% of the tot 1
time required to cut ©ff all the extreme pocints of the
set 2. We will now study the latter aspect in greater detail.
An essential ingredient of this cutting plane algo-
rithm was to "approximate" the feasible polytope by a cone
formed by the rays incident on an extreme point. It has been
conjectured on the basis of computational results in (20)
and (26) that in general, although the gpproximation” of
the feasible region by the cone bacomes poor as the dimen-
sions of the problem increases, yet the global minimum of
the problem is ugually obtained in the early stages of the
implementation of the algorithm. This is seen to be true
for Cooper's examples, and we will further investigate this
property for randomly generated problems. Also, we will
now focus some attention on the unrestricted capacity problem.
Table B summarizes computational results correspond-

ing to changes in the value of n for fixed m, where as
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Table - exhibits computational results corresponding to
changes in m for a fixed n. All times guoted are in sec-
onds on the Univac 1108, excluding input and output. The
data was randomly generated using the following program
with the corresponding “seed" numbers.

SUBROUTINE RANDG (ISEED,NRAND)
ISEED = ISEED*131075

IF¥ (ISEED.LT.0) ISEED = —-ISEED
NRAND = ISEED* (.291.0383E-10)%*20
RETURN
END
Problem Size ISEED
(mXn )
2 X5 4563217
2 X7 8654237
2X9 5464237
3 X7 4562327
4 X 7 5643321

The regquirement at each existing facility was fixed at 1 unit
and the capacity of each new facility at n units.

Each problem was solved twice, once using the simpli-
fied code of Section 4.4 and the second time using an Out
of Kilter code to solve the same transportation problems.
Our objectives in doing so is to stress the fact that the
efficiency of the algorithm developed in this research

depends to a large extent on the transportation code used.



Table 5. Computational Results for m = 2

*
1 2 3 4 5 6"
n Number of Number of Number of
variables constraints extreme points Ta T T, T
Smn + 2m dmn + m + n 2m b b
n
5 54 a7 625 0.107 4.3 1.5 30.3
7 74 65 2401 0.121L 7.5 3.2 95.8
9 94 83 6561 0.153 9.8 3.4 132.1
Table ©, Computational Results for n = 7
*
1 2 3 4 5 6™
m Number of Number of Number of
variables constraints extreme points T T T T
5mn + 2m 4mn + m + n 2m a b a b
n
2 74 65 2401 0,121 7.5 3.2 95.8
3 111 94 117649 0,176 33.8 3.5 370.1
4 148 123 5764801 0.231 59.7 3.7 480

* See page 86

$8



Execution times reported in column 5 of Tables 5
and & are in seconds and were obtained when using the
unrestricted capacity transportation code. Execution

times reported in column © of Tables 5 and 6 are also

in seconds and were obtained when using an Out of Kilter
code to solve the transportation problem. T, denotes
the execution time to obtain the global minimum, whereas
Ty denotes the time to cut off all the extreme points of
set Z.

To indicate the state of the art in solving trans-
portation problems and to illustrate the fact that the Out
of Kilter code used in this research performed very poorly
as compared to the codes outlined in (23), we present the
following tables of computational times for solving trang-

portation problems of various sizes.

Table 7 summarizes execution times from (26) for

restricted capacity transportation problems with

0.2 < F £ 0.5 where,

™ T m
F= ch - E rj ) / c:L
=1 ¥y =1

represents the "oversupply" for the problems.

Table 8 summarizes execution times obtained for

86

L B o



an Out of Kilter code.

Table 7. Computational Results for an

Efficient Transportation Code.

Size of the
problem
(mXn)
100 X 100
120 X 120
140 X 140

160 X 160

Execution times reported in (26)
for 0.2 £ F £ 0.5 1in seconds
4.012
5.986
4.733

7.685

Table 8. Computational Results for an

Out of Kilter Code

Size of
problem
(mXn )
5 X 10
10 X 10
15 X 10

20 X 10

Execution time using an Out
of Kilter code, in seconds
with F = 0.5
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As a consequence of the relatively large execution
times required to solve the transportation problems when
using the Out of Kilter code, computational results for
the problem RDLAP with restricted capacities have not been
provided. Note that the algorithm developed in this re-
search is perfectly capable of solving such problems and
we expect that the execution times for the restricted
capacity problems will be as attractive as those obtained
for the unrestricted problem, if an efficient transportation
code of the type given in (23) ig used.

We will now study computational times obtained for
large size rectilinear distance location-allocation prob-
lems with unrestricted capacity. The program was terminated
after six iterations. Table 9 shows the value of the current
best solution at every iteration and the objective function

value for the starting solutidn. Computational times at

each iteration have also been indicated.

5.2 Summary and Conclusions

In this research, we have developed an algorithm to
solve exactly the rectilinear distance loaction-allocation
problem. The main trend of thinking in this study was guided

by the cutting plane method to solve Bilinear Programming

problems (25) . In proceeding towards this goal, we have

v = W w



Table 9. Computational Results for lLarge Size Rectilinear
Distance Location —~ Allocation Problems
6
Problem
Size
mixn ko kl tl k2 t2 k3 t3 k4 t4 k5 t5 k6 t6
5 X 20 105 87 1.27 81 7.03 8L 13.48 81 21.78 81 28.35 81 38.94
10 X 30 98 63 2.4 63 10.3 63 16.5 63 28.1 63 39.5 63 50.6
20 X 50 156 92 4,2 80 15.1 74 29,7 74 39.1 74 50,9 74 72.6
ko : objective function value for the starting solution
k., : objective function value at the current best solution for iteration i
i
ti : ewxecution time in seconds to iteration 1 ( cuaulative).
©
[Xe]
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obtained several worthwhile results related to the area of
primary investigation. The main accomplishments and results
are elaborated below.
First, we developed a primal simplex based algorithm
to solve the rectilinear distance location problem and demons
strated how to characterize the simplex tableau at any
iteration. Later we also characterized the extreme points
and the adjacent extreme points of the location part of
the problem. The developments were then effectively uti-
lized to achieve tremendous simplification in some of the
algorithms t. follow.
Next, working along the lines of the cutting plane
algorithm for Bilinear programming problems, we formed
the feasible polytope over which the global minimum is
known., We showed that only 4m rarametric problems have
to be solved as compared to the 4m(n+l) problems reguired
in general to define the cutting plane. We used the Bol-
zano search to solve fairly efficiently these parametric
Lransportation problems.
To take advantage of the special structure cf the
location part of the problem, we defined a '"weak pseudo
global minimum" and proved that although, as the name

suggests, this point did not have all properties of a
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pseudo global minimum, yet a valid cutting plane could be
generated from it.

To initiate the algorithm to find a weak pseudo global
minimum, or to obtain an indication that all the extreme

points of the location set have been cut off, we developed

a method to find a feasible extreme point of the location set.

Starting from such a point, we directly used the definition
of a weak pseudo gloval minimum to devise a procedure to
obtain a weak pseudo global minimum. And lastly, we
introduced an algorithm to find a good starting solution.
Computational results show that in nine out of ten problems

for wnich this algorithm is implemented, the first weak
pseudo global minimum which is also a pseudo global minimum
turns out to be the global minimum for the problem.

On comparing our algorithm fo the one proposed by

Morris (21) on the basis of the computational results
presented in Table 4,it is clearly seen that ocur algorithm
performed 20 to 40 times more efficiently than the algo-
rithm proposed by Morris. What is more interesting is the
fact that the time required to find the global minimum
was less than 5% of the time to cut off all the extreme
points. It is interesting to note that preliminary compu-

tational experience on the use of cones to form the

:
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feasible polytope, reported in (20) and (26), indicate
that in general, the global minimuam of a nonconvex mini-—
mization problem is usually obtained in the early stages
of the implementation of the algorithm.

Computational results obtained in Table 9 clearly
indicate that for large size problems, the cutting plane
algorithm may be terminated prematurely so as to conserve

the computational time required and yet not sacrifice the
exactness of the solution obtained.

We will now discuss the effect of m, the number of
new facilities and n, the number of existing facilities on
computational time required to solve axactly this problem,
which depends to some extent on the number of extreme
points nzm. The effect of doubling m increases the number

2m' whereas doubling n

of extreme points by a factor of n
increases it by a factor of 22m‘ Hence, one would expect the
algorithm to be more sensitive to an increase in m rather
than n for n » 2. Computational results show that this
conjecture is generally true.
And lastly, we will characterize certain problems
as "easy" or "hard" to solve when 1sing the algorithm

developed in this dissertation. Prcoblems with a number of

existing facilities having the same X or y coordinate are
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"easy" since the number of adjacent extreme points are ’
greatly reduced. Also, problems with new facilities hav~
ing the same capacity are "easy" to solve because, at
every stage a few additional cuts can be defined without
having to solve any parametric problems (see end of ’
faction 4.3). Problems which do not have either one of
these properties arelhard” to solve exactly in & reason-
able amount of time. Obviously, the unrestricted

capacity problem is "easier" to solve as compared to the b

restricted capacity problem.

5.3  Recommendations for Further Research

The computational time required to solve the prob-
lem RDLAP depends to a very large extent on the effici-
« 1cy of the code used to solve the allocation or trans-—
portation problem. In reporting somzs of our computational
results, we have made use of an Cuat of Kilter code to
solve the transportation problem. In light of the fact
that computational tiwmes are very sensitive to the effi-~
ciency of the transportation code, we recommend that
even if a code which is just marginally better than the
Out of Kilter code is avallable, use bhe made of it.

Since location~allocation problems are generally

"one-shot" problems in the sense that they do not have to
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be solved repeatedly as say, scheduling or inventory
problems, one can rationalize the use of a code which
regquires a considerable amount of time to obtain the exact
solution to the problem. On the basis of computational
results presented in Zection 5.1, we strongly recommend
to the user who is willing to take a very small chance of
not obtaining the exact solution, that he terminate the
process after 3 to 4 iterations, which typically repre-
sents 2 to 5 % of the total time reguired to solve the
problem exactly. Even i1f the solution obtained after

3 to 4 iterations is not the exact solutlion, it will
probably be very close to it.

A very interesting aspect of the algorithm we have
developed is that no special property of the allocation
part of the problem aside from the fact that its constr-—
aints are linear and separable has been used. This
enables us to substitute directly any other appropriate
problem with the above property, in place of the allocation
problem without having to modify any other part of the
algorithm developed in this research. If the substitited
problem has variables which are restricted to integer
values only, a double cutting plane algorithm may be

devised, wher at each stage, the variables of the substi-
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tuted problem are no longer restricted to integer values.

As part of our recommendation for further research,
we suggest that some of the other methods outlined in (25)
guch as polytope generation be studied and the execution
times compared with the ones obtained in this research for
the polar cuts. Also, we recommend that further research
be carried oat in order to find an efficient lower bound
for the rectilinear distance location-—-allocation problem
so that the cutting plane algorithm can be terminated when
the current solution lies within a fraction of this lower
bound.

The location—allocation problem with interaction
between new facilities can also be solved using the
algorithm of lection 4.1. For simplifications resulting
from the special structure of the problem, we recommend
that an approach similar to the one adopted in this re-

search be attempted.
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