Optimal Timing Control of Switched Linear Systems Based on
Partial Information

Magnus Egerstedt, Shun-ichi Azuma, and Yorai Wardi
{magnus,sazuma,ywardi}@ece.gatech.edu
School of Electrical and Computer Engineering
Georgia Institute of Technology
Atlanta, GA 30332, USA

Abstract

Optimal switch-time control is an area that investigates how best to switch between different
control modes. In this paper we present an algorithm for solving the optimal switch-time control
problem for single-switch, linear systems where the state of the system is only partially known through
the outputs. A method is presented that both guarantees that the current switch-time remains
optimal as the state estimates evolve, and that ensures this in a computationally feasible manner,
thus rendering the method applicable to real-time applications. An extension is moreover considered
where constraints on the switch-time provides the observer with sufficient time to settle. The viability
of the proposed method is illustrated through a number of examples.

1 Introduction

The basic question behind the work in this paper can be summarized as follows: If only incomplete
information about the state of the system is available, and one would like to solve an optimal switch-time
control problem with respect to the true state of the system, how can this be achieved in real-time, i.e. in
a computationally feasible manner? The solution that we propose consists of three main building-blocks.
The first building block is given by the solution to the optimization problem for a given, initial state
estimate/guess. This is computationally expensive and is a price one can only afford to pay ”off-line”
in the sense that once the system starts evolving, the exact solution can no longer be obtained from
scratch. The second building-block is the construction of a set of dynamical equations that dictate how
the current solution to the optimization problem evolves as the state estimate evolves. This ”solution
dynamics” must satisfy two properties, namely: (i) It must be computationally cheap, i.e. no extensive
computations are allowed as the solution evolves over time. (%) It must be optimal with respect to the
current state estimate. In other words, at all times must the best possible solution to the optimization
problem be available. The final building block that is needed is a safe-guard against undesirable behaviors
that may arise due to the transient response of the state estimate, e.g. observer over-shoots. We will
achieve this by imposing bounds on the possible switching time, thus producing a solution to a constrained
rather than free parameter optimization problem.

The outline of this paper is as follows: In Section 2, the solution to the complete state-information
problem is recalled and the strategy of using observer-based switch-time control for the partial information
case is introduced. The next section (Section 3) presents the solution to the observer-based problem.
Moreover, different examples are considered, showing that the proposed solution works well under some
conditions, but not under others. In particular, the method fails when the transient observer response
forces the system to switch too quickly. This issue is the topic of Section 4, where bounds are introduced
on the switch time, ensuring that the observer is given sufficent time to settle. The resulting, constrained
optimization problem is solved, and a number of examples illustrate the viability of the proposed solution.



2 Background

2.1 Complete State Information
Consider the problem of finding the switching time 7* that solves the optimization problem 1 (¢g, xo):

minJ (to, z0,7) = & [ (t)T Qu(t)dt

o | Asx(t), t € [to,T)
subject to B(t) = { Asx(t), t € [T(j T)
{E(to) = X0.

Zl(t07 .’,U()) :

Here z is the n-dimensional state vector, @ = Q7T is a positive definite n x n weight matrix, and A,
and Ao are the n x n system matrices. The interpretation here is that the system evolves according to
& = Ajx until time 7, at which point the dynamics become & = Asz. Such systems arise in a variety of
applications, including situations where a control module has to switch its attention among a number of
subsystems [13, 15, 19], or collect data sequentially from a number of sensory sources [5, 7, 12].

Recently, there has been a growing interest in optimal switching time control of such hybrid systems,
where the control variable consists of a proper switching law as well as the input function wu(t) (see
[4, 6, 10, 11, 16, 17, 18, 20]). In particular, in [4] a framework is established for optimal control, while
[16, 17, 18] present suitable variants of the maximum principle to the setting of hybrid systems. In
[2, 3, 10, 14] piecewise-linear or affine systems are considered, while the special case of autonomous
systems, where the term w(t) is absent and the control variable consists solely of the switching times,
is considered in [10, 12, 21, 22]. In particular, in [8, 21, 22] general nonlinear systems are considered
together with nonlinear-programming algorithms that compute the gradient and second-order derivatives
of the cost functional.

In particular, in [8], the Calculus of Variations were used for finding the first order, necessary opti-
mality conditions for 7*, namely

aJ

E(to,xo, ) = A7) (A1 — Ag)x(7*) =0,

where the costate \ satisfies )
At) = —2()TQ — A\(t)Az, t € [1,T)
AT) =0.

Here we have used the convention that the costate is an n-dimensional row vector. Note that we only
obtain locally optimal and not globally optimal solutions, which is all we can hope for in general since J
is nonconvex in 7. (This follows from the fact that e”” is nonconvex in 7 for almost all A-matrices.)

In this case, i.e. in the case where the complete state information is available, we can thus easily
produce a gradient descent-based algorithm for actually finding the optimal switching time, e.g.:

Algorithm 1:

T =17y (initial guess)

repeat
solve for z(t), t € [to,T] forwards
solve for A(t), t € [r,T] backwards
0J/0T = N1) (A1 — Ag)x(T)
T:=T—~0J/0T

until |0J/07(7)| <€

Here € > 0 is the termination thresh-hold, and 7y is the step length in the gradient descent. Note that
~ could possibly be varying, e.g. using the Armijo stepsize [1], which was the case in [8, 9]. Note also
that such an algorithm involves solving for z(¢) and A(t) a number of times until the optimal 7 has been
found. In other words, if § is the stepsize used in the numerical integration algorithm, and if a total
number of M gradient descent iterations are needed, the computational complexity is O(M/§), which is
a non-trivial compuational burden if the optimal 7 has to be found in real-time, i.e. fast enough with
respect to the particular application that is being considered.



2.2 Example: State-Based Switch-Time Optimization

An example of using this algorithm is shown in Figure 1. In this example, the system matrices are

1 0 -1 0
Al_<0_1>7A2_(0 1)7

while the parameters are v = 0.1 (step length), 6 = 0.01 (temporal discretization), M = 24 (total number
of iterations). Moreover, tg =0, T = 1, and the weight matrix is given by

a=(5 V).

It should be noted that this system is chosen simply due to the fact that the different modes are unstable
along different dimensions.
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Figure 1: In the left figure, the state trajectory progression is depicted (dotted) together with the tra-
jectory obtained using the optimal switching time 7% &~ 0.33 (solid). (It is in fact straightforward to
show that 7% = 1/3 is the globally optimal solution.) In the right figure, the performance of the gradient
descent algorithm is shown through 7 (top) and |0J/97| (bottom) as functions of the iteration number.

2.3 Partial State Information

We now turn our attention to a slightly different problem, namely the problem of finding the optimal 7
when only partial information is available. By this we understand that only y(t) € R? (and not z(t)) is

known, where
_ [ Ciz(t), t€[0,7)
y(t) = { Cox(t), t € [r,T].

The strategy that we will use is to guess an initial state value, 2(0) and then solve the computational
resource intense optimal control problem for this initial state using the gradient descent algorithm in
Algorithm 1, resulting in an optimal switching time 7(0). The idea is that this computation can be
performed off-line, i.e. before the system actually starts evolving. Once this happens, we will use an
observer for estimating the state, i.e.

sy [ Az(t) = Ky (Cra(t) —y(t)), t € [0,7)
&(t) —{ Asi(t) — ) W) 1l



where K7, K5 are appropriately chosen observer gain matrices. Moreover, the main idea of this paper is
to also update 7(¢) in such a way that the following two conditions hold:

1. For all times ¢ € [to,T], 7(t) is optimal given the current state estimate &(¢).
2. The time evolution of 7(¢) must be computationally reasonable.

What these two conditions thus say is that we should only pay the high computational price associated
with solving the optimal switch-time control problem for the initial state estimate guess. After that, the
switch-time estimate should evolve in such a way that it remains optimal as well as is easy to compute.
This is the main topic of this paper.

3 Observer-Based Switch-Time Optimization

3.1 Switch-Time Dynamics

This section is conserned with the problem of solving X1 (¢, Z(t)), where Z(¢) is the state of the previ-
ously defined observer. For this, we assume that we have been able to compute 7(0) as the solution to
%1 (to, #(0)) using Algorithm 1, where Z(0) is the initial state estimate. Now, let

() = — ! 0T (¢ at),# DTy ), 7))
H0) = ~ s Laror & H 0 H0) + g (430 70)300)

Throughout this paper we will make the explicit assumption that 7(¢) is a local minimum to X (¢, Z(t))
for all ¢ € [to, T, and hence that the second derivative of J with respect to 7 is strictly positive, which
in turn implies that the above expression is well-defined. This assumption may not always hold since
extrema are known to not always be continuous across system parameters even though the cost and the
constraints may be arbitrarily smooth.

That this is in fact the correct evolution of 7(¢) follows directly from the fact that

(1 a0,700) =TI 700 + o (130, 700) + 2,20, 7))
SI(ta(t),7(t) (02T 0%
= 9o T z(t),7(t))x
= a0 ) ar O )+ 5 (60, 7))
O 0,800, 70) + (1, 2(0), 7)) 0) = 0.

Hence, as long as 9J/07 = 0 initially it will remain zero and 7(¢) will in fact remain optimal. In the
following paragraphs we will compute an explicit expression for this update rule as well as show that
it does in fact satisfy the second condition that we imposed, namely that the computational burden
asssociated with evolving 7(¢) is low.

From Section 2 we know that

%(f, x,7) = A71)(A1 — A)z(7),
where Ae(s) )
. 17(s), selt, T
i(s) = { Asx(s), s € [r,T)
z(t) =z
s) = —a7(5)Q — \(s) Az, s € [1,T]



It is straightforward to solve these equations for A and z, giving

T
A(r) = /xT(s)QeA“S*T)ds

eAl (T*t)

xz(r) = x

x(s) = e My e, T).
By plugging these in to the expression for 9.J/97 we obtain

T
?(ta x77—) = xTeAP{(Tft)/ eAg(SiT)QeAZ(SiT)dS(Al _ A2)€A1(T*t)x'
T T

Now, in order to compute the update rule for 7(t), we need the partial derivatives of 9J/97, for which
it is convenient to define P(7), R(7,t), and S(7,t) as

T
P(T) _ / eAg(s—T)Qefb(s—T)dS
R(r,t) = e IP(r)(A; - Ag)etr 70
S(r,t) = R(r,t)+ RT(r,1).
Using this notation, the partial derivatives with respect to z and ¢ become
0%J
8taT(t,m,T) = —2TS(r,t)Ax
2
%(f, x,7) = xTS(r,t).

Since we are interested in solving the problem ¥ (t,#(t)), where #(t) is the current state estimate,
with i(t) = (A1 — chl){fi(t) + Kly(t), te [t(),T), we get

0%J . 0%J . 2
T (t,2(t), 7) + py (t,2(t), ")&(t) =

= 2T (®)S(1,t)A1&(t) + 27 (£)S(7,t) (A1 — K1C)(t) + 27 (1) S (1, t) K1y(t)
= &"(1)S(r, 1) K1 (y(t) — Chi(t)).

In order to be able to completely speficy ?(t) the final expression we need is the second derivative of
J with respect to 7:

92J
%(t, x,T) = xTA{R(T, t)x + a:TR(T, Az — mTeAlT(T_t)Q(Al - Ag)eAl(T_t)x

— dTeAT T AT P(1)(A) — A)eM T Vg — 2T AT p(1) Ay A; — Ap)er =Dy
= T () — A)TP()(Ar ~ A2) - QA — o)
+P(7)(A; — Ag)A; — P(1)As (A — A2)>6A1(T_t)x.
Hence, if we let
(1) = (A — A)TP(1) (A1 — Ag) — Q(A1 — Ag) + P(7)(A; — A2)A; — P(1)Aa(A; — Ay)

we have 52
J
%(t, x,T) = xTeAlT(T_t)F(T)eAl(T_t)m.
To summarize:
1

E(t)TeAT (T (1)eAr(T=0) i (t)

#t) = (#7 @S DK (Crie) — y(1) )



It should be noted that under the assumption that we have a strict local minimum (i.e. that the Hessian
is positive), this expression is well-defined, and, as previously shown, 7(¢) is a solution to X1 (¢, &(t)),
which establishes the first property that our solution needed to satisfy. The second property involves the
computational burden associated with computing 7(¢). And, the only costly operation that is involved
is the numerical integration needed for the computation of P(7) (since all other operations are simple
arithmetic operations.) However, note that

OP(T)
or

= Q- AFP(r) - P(r)43

and hence we can compute P(7(0)) to a high degree of accuracy ”off-line” (at the same time as 7(0) is
computed) followed by the following differential equation dictating the evolution of P(7(t))

dP(7(1))

- (Q + AT P(#(t)) + P(%(t))Az)%(t)-

An alternative to this computation is given through the well-known integration formula

T 1 %)
Py = [ ertengete gy < [emrn o ell 0 A ) TO).

Hence we have an algorithm for updating the optimal switching time that satisfies both properties reqired
from the solution, namely (¢) optimality and (i¢) computational feasibility.

3.2 Example: Observer-Based Switch-Time Optimization

Consider the same system and cost matrices as in Section 2.2, with the addition that C; = Cy = (1,1).
We choose observer gains K; and K5 such that eig(A; — K;C;) = {—6,—6}, i = 1,2. In Figures 2-3, two
different situations are depicted, corresponding to two different initial state estimates.

In Figure 2, £(0) = (0.6,0.5)”, which is close to the true initial state 2(0) = (0.55,0.55)7. As can
be expected, 7(0) &~ 0.27 is fairly close to the true optimal switch time 7* = 1/3. And, as the system
evolves, 7(t) approaches that switch time. However, before the observer has converged, t = 7(¢) at which
point the system switches.

In the upper figure, x1(t) and x2(t) are depicted (solid) together with 21 (¢) and Z2(t) (dotted). In the
middle figure 7(¢) is shown (thick solid) together with the optimal switch time (thin solid), and the line
t =t (solid) whose intersection with 7(¢) dictates the final switch-time. The lower figure shows 9.J/97.

Note moreover that the system switches at the point when 7(¢) = ¢ and hence no lower bound on
7(t) is needed in order to enforce that 7 > tg. In a similar manner, since the time horizon is [tg, T, the
constraint 7(¢) < T need not be enforced as well.

In Figure 3, the same observer dynamics is used, with the slight difference that #(¢) = (0.5,0.5).
And, due to the initial, transient response of the observer dynamics, 7(t) is quickly reduced, which also
implies that the system switches faster than what would be expected. To remedy this problem will be
the topic of the next section, and we start with an initial discussion about this phenomenon.

3.3 Unwanted Transient Behaviors

As previously noted, it is possible that the transient behavior (e.g. over-shoot) of the observer dynamics
will force the system to switch very quickly. This should not be taken as a fault with the proposed
method since we are in fact guaranteeing that the resulting switch-time 7(¢) is optimal with respect to
the current state estimate. Instead this implies that optimality with respect to the current state estimate
may not always be desirable unless additional constraints are imposed on the system. Here, we briefly
outline two possible ways in which this can be done.

First, note that the problem encountered is that even though the observers are designed to be asymp-
totically stable, their transient behaviors may still cause a problem. This is due to the fact that since we
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Figure 2: The figure shows how 7(¢) evolves (middle figure) until 7(¢) = ¢, at which point the system
switches. The upper figure displays the state and observer trajectories, while the lower figure shows

0J/0or.
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Figure 3: The undesireable situation is shown where the transient response of the observer dynamics
forces the system to switch too quickly.

will switch between modes in finite time, time is never allowed to diverge. One remedy to this problem
is to insist that the observer dynamics is incrementally improving. In other words, if we let the observer



error be e(t) = 2(t) — z(t) we would want to enforce that d|e(t)||?/dt < 0, Vt € [to, 7]. In other words,
we would like )
dlle(®)]|

= e®)T (A — K101)" 4 (A1 — K1CY))e(t) < 0.

But, it is not always possible to choose the observer gain matrix K3 such that this is achieved and hence
we leave this proposed solution as a mere observation of what we would like our observer to behave like
if possible.

The other possibility is to make sure that the observer is given enough time to settle, i.e. to make sure
that ¢ = 7(t) can never occur unless ¢ > Ty for some lower bound on the switch-time. This bound should
be chosen in such a way that the observer has time to settle and, for the sake of completeness, we will
also insist on and upper bound 7Ty,.x as well. The introduction of these bounds changes the optimization
problem to a constrained problem, which will be the main topic of investigation in the next section.

4 Constrained Switch-Time Optimization

4.1 Optimality Conditions

As pointed out, one way in which the potentially negative effects originating from the transient behavior
of the observer system can be handled is by introducing upper and lower bounds on the switch-time.

min, J(t,z,7) = 5 ft ()" Qux(s)dt
i(s) = Alx( ), sE€t,T)
Za(he) et to s Apa(s), s € [r,T]

T E [Tmina Tmax]~

Now, in order to solve Yo(t, z) it is no longer enough to find 7(¢) such that 9J/97 = 0. Instead, the
first order necessary Kuhn-Tucker condition will have to serve as the optimality function. In other words,
we must have that OL/07 = 0, where the Lagrangian L is given by

L(ta z,T, ,U) = '](ta x, 7-) + ,ul(Tmin - T) + ,UQ(T - Tmax)7

where the multipliers satisfy

0, 7> Tmin

> 07 T = Tmin
0, 7 < Tmax
>0, T = Tmax-

pin =

H2 =
It is straightforward to see that the Kuhn-Tucker conditions become
8J 07 T E (TminaTmax)

- > 07 T = Tmin
< 07 T = Tmax-

In other words, we can still use the update rule for %(t) as

) = — DT (1,5 (1), 7 () + 2L (1, & (L), 7 (1)) (L))
ZL(t,2(t), 7(1) ’

as long as 7(s) € (Tmin, Tmax). As before, Z(t) is given by the observer dynamics, and we denote this
update rule as 7y (t), where the subscript I denotes the fact that 7(¢) is in the interior of the feasible set.

However, on the boundary of the feasible set, this update-rule might no longer give a feasible switch-
time. As a remedy, we propose to let ?(t) = 0 as a remedy to this problem. In other words, if we assume,
without loss of generality, that 7 = 7,5, we would use %(t) =0if 7 = Tpuin and

8J(
or

Z(t), Tmin) > 0.



Moreover, we would also let 7(¢) remain constant if

%(t,@(t), Tmin) = 0 and 77(¢) < 0.

This update rule is easily implemented and checked, i.e. no new computations are introduced and what
remains to be shown is only that this rule enforces that the resulting 7(¢) is in fact a solution to s (¢, x).

In fact, in the interior of the feasible set, 7(¢) is obviously optimal using the argument from the
previous section. Moreover, if 9J/07 < 0, the Kuhn-Tucker conditions are immediately satisfied. The
only thing that remains to show is thus that when 9J/87 = 0 and 77 < 0 we do not violate the Kuhn-

Tucker conditions by making 9J/97 < 0. In other words, what needs to be shown is that we, in this
situation, always have

d (0J, .
pr <E(tvx(t)a7-min)> >0

and we show this by contradiction. In other words, let

d (0J, .
E (E(t, x(t), Tmln)) < 0,
which implies that for a small enough § > 0

aJ

——J(t+8,2(t+6), Tmin) <O,
or

which furthermore implies that the solution 7(t + J) to Xo(t + J, Z(t + 0)) satisfies
72(2‘: + 5) > Tmin-

This is the case since a negative derivative of the cost implies that the cost is reduced by increasing 7.
But, this contradicts the assumption about remaining on the boundray of the feasible set, and hence

we have the contradiction. In other words, this choice of 7(t) does in fact guarrantee that the resulting
solution is locally optimal to Xa(t, Z(t)).
We summarize the algorithm below:

Algorithm 2:
set #(tg) = &p initial guess
compute 7(tg,Zp) as a solution to Xa(to,Zo)
while t < 7(t,z(t))
() = Ajz(¢)

T(t) = Ar2(t) — Ki(Cr2(t) — y(1))

0 if 7=Tmm and 2 <0

0 if T = Tmin and g—i:() and7i'1<0
Ft)=4 0  if 7=Tyax and 22 >0

0 if 7=Tpax and $2 =0 and 77 > 0

7r  otherwise
end

4.2 Examples: The Constrained Case

As an example, let us return to the example in Section 3.2. Three different applications of Algorithm 2
are depicted (Figures 4-6) for this system in the constrained case, with 7y = 0.25 and Tpax = 0.5.

In Figure 4 a situation is shown where #(0) = (0.5,0.5)7 start out close to the true initial state
(z(0) = (0.55,0.55)7) and as a result 7(0) ~ 0.330 starts out close to the optimal switch time 0.329.
But, due to the transient behavior of the observer dynamics, the lower bound is quickly encountered (at

t =~ 0.025). Moreover, 7(t) remains equal to Ty until ¢ = 7in, at which point the system switches from
mode 1 to mode 2.
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Figure 4: A situation is shown where the evolution of the optimal switch-time is such that it quickly hits
the lower bound, and then stays there until the switch.

In the upper figure, x1(t) and x2(t) are depicted (solid) together with & (¢) and #2(t) (dotted). In
the middle figure 7(t) is shown (thick solid) together with the upper and lower bounds (dotted), the
optimal switch time (thin solid), and the line ¢ = ¢ (solid) whose intersection with 7(¢) dictates the final
switch-time. The lower figure shows 0J/97 and, as should be expected, this derivative remains positive
as long as 7(t) = Tmin-

In Figure 5, the situation is slightly different, with 7(0) = Tyin, and 2(0) = (0.65,0.45)”. It should
be noted that, as expected, when 0J/97 = 0 7(t) no longer stays constant, wich happens at ¢ ~ 0.16.
In the last figure (Figure 6, #(0) = (0.7,0.7)7 and as a result 7() = Tmax at t & 0.025, while 7(t) starts
moving back in to the interior of the feasible set at ¢t ~ 0.44. It should be noted that no claims about
7 — 7* can be made since this asymptotic property is a luxury that we can not afford due to the fact
that the system switches from mode 1 to mode 2 in finite time (< Tyax)-

5 Conclusions

An algorithm was presented for solving the optimal switch-time control problem when the state of the
system is only partially known through the outputs. This algorithm was constructed in such a way that
it both guarrantees that the current switch-time remains optimal as the state estimates evolve, and that
it ensures this in a computationally feasible manner, thus rendering the method applicable for real-time
applications. An extension was moreover considered where constraints on the switch-time ensures that
the observer is given sufficient time to settle. Planned extensions to the work in this paper concern the
nonlinear case, as well as the case when the system undergoes multiple switches.

References

[1] L. Armijo. Minimization of Functions Having Lipschitz Continuous First-Partial Derivatives. Pacific
Journal of Mathematics, Vol. 16, pp. 1-3, 1966.

10



Observer-based, real-time, optimal switch-time control

1
X
|
|
0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T
|
05 | =
~ 04 ‘ B
|
0.3f :
—_—
0.2 L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1 T
|
05 ‘ E
ke |
5 of
3 |
-05fF | B
-1 L L ‘\ L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5: Here 7(0) = Tyin but after a while it moves in to the interior of the feasible set.
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