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SUMMARY

Energy transport in the crystal lattice has been under active
investigation for over 50 years. Out of the early investigations in
this fleld, a theory which is generally referred to as the phenome-
nological theory of thermal conductivity has evolved. While this theory
has been fairly successful for describing in a qualitative way the be-
havior of the thermal conductivity of solids, it has generally been
unsuccessful in its gquantitative predictions.

In the phenomenological theory, it is assumed that a system
which is disturbed from complete thermal equilibrium will return to
complete thermal equilibrium exponentially. The dynamical equations of
motion for the system are never used in order to determine the time
evolvement of the system. In addition, this theory apparently suffers
from some inconsistencies in its formulation. This is especially evi-
dent when the method is applied to some rather simple systems such as
one whose only scattering mechanism is that due to isotcpic impurities,
in which case the thermal conductivity is found to diverge.

More recently a new approach, which utilizes the method of cor-
relation functions, has been developed. This method shows considerable
promise of avoiding many of the difficulties encountered by the phenom-
enological theory. However, almost all of the effort which has been
expended along these lines has been directed toward placing the methods

of the phenomenological theory on more rigorous grounds. Thus, there
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has as yet been no detailed investigation of the thermal conductivity
for some specific model using these methods.

It is the aim of this thesis tc present a simple mechanical
model of thermal conductivity which overcomes the difficulties of
earlier theories. In particular it is hoped that this mcdel will show
how to avoid the logical inconsistencles of the phenomenological theory
and can serve as an example system for which the method of correlation
functions can be explicitly evaluated, It is zlso hoped that this model
will indicate where other effects, such as anharmonic terms, must be
introduced in order to cobtain agreement with experiment.

The model consists of an infinite cne-dimensional chain of parti-
cles which interact through harmonic forces of equal strength. In a
finite section ef this chain a finite number of the particles have been
replaced at random by isotopes. The transformation equations to the
phonon representation are sclved by using a Green's function technique.
These solutions are then used in conjunction with two different statis-
tical methods in order to determine the energy per unit length as a
function of pesition along the chain and the average thermal conductivity
ef the chain. The first statistical method is referred to here as the
method of local equilibrium. It consists of assuming that the pure
region to the left of the impurity bearing region of the chain has the
same energy per unit length as a system which is at complete thermal
equilibrium characterized by a Temperature Tl, and that the pure region
to the right of the impurity bearing region has the same energy per unit

length as a system which is at complete thermal equilibrium character-

ized by a temperature TQ. This method is used to calculate both the
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energy per unit length as a function of position along the chain and
the average thermal conductivity of the chain. The second statistical
method is based upon the methcd of correlation functions and is used
only to calculate the average thermal conductivity of the chain.

It is found by using the method of local equilibrium that the
energy per unit length as a function of position along the chain de-
creases in a linear fashion from the high temperature pure region to
the low temperature pure region. This holds true provided the average
temperature of the chain is small and the total number of Isotopic
impurities in the chain is not too large. It is pointed out that,
when these results break down, one would expect the contribution from
anharmonic terms tc be Important.

On the other hand, when the method of local equilibrium i1s used
to calculate the average thermal conductivity of the chain, it is
found that the divergence encountered in the phenomenclogical theory
remains. Thus the method does not lead to a finite thermal conductivity
for our model.

Using the method of correlation functions to calculate the
average thermal conductivity of the chain, however, one finds that the
divergence does not occur. While the model is far too simple to give
good quantitative agreement with experiment, its qualitative agreement
is surprisingly good.

The results of this investigation indicate that it would be use-
ful to extend this calculation to three dimensicns and to include at

least some of the contributions from anharmonic terms. By extending

the calculaticn to three dimensions one might expect to obtain better




ix

quantitative agreement with experiment. By including anharmonic terms

the system could be investigated at higher temperatures.



CHAPTER I

INTRODUCTION

In the first section of this chapter, a brief historical review
of research on the conduction of heat in solids is given. In the
second section, the phenomenclogical theory of thermzl conductivity is
outlined briefly. The final section is devoted to a discussion of the

aims of this thesis and an outline of its remaining chapters.

Historical Introduction

For a little over 50 years attempts have been made to explain
the behavior of the thermal conductivity of the crystal lattice. 1In
1914 Debye (1) successfully explained the 1/T temperature dependence
of the thermal conductivity which had been observed earlier in experi-
ments by Eucken (2) at temperatures above about 100° K. This behavior
was attributed to the presence of anharmonic terms in the interatomic
potential energy.

While Debye's theory was successful at high temperatures, it was
not rigerous and was unsuccessful at low temperatures. In 1923 Pelerls
(3) gave a more satisfactory formulation of the thermal conductivity
due to anharmonicities,and, using quantum methods, he was able to
extend the theory to low temperatures. Pelerls' theory predicted that
at low temperatures (10°K to 50°K) the thermal conductivity should

increase exponentially with decreasing temperature.



In low temperature experiments by de Haas and Biermasz (&), (5),
(8), the thermal conductivities of quartz, diamond, and some alkali
halides were observed to rise with decreasing temperature but not as
rapidly as predicted by Peierls. This was first explained by Pomeran-
chuk (7) who pointed out that point defects, that is fluctuaticn in the
mass distribution, could cause resistance to the flow of energy and
thus prevent the thermal conductivity from rising exponentially. How-
ever, the resistance due to peint defects did not appear to be adequate
in the case of good crystals to explain this behavior until it was later
realized (8), (9), that naturally occurring isctopes could contribute
significantly to the point defect resistance.

At very low temperatures (below about 10°K) it was observed, Iin
the experiments by De Haas and Biermasz, that the thermal conductivity
decreased with decreasing temperature and that it depended upon the
size of the crystal. This behavior was explained by Casimir (10} as
being due teo the diffuse scattering of lattice waves by the external
boundaries of the crystal.

Klemens (11) extended the work of Peierls in order to account
for all of the resistance causing mechanisms in one theory. In this
work Klemens cencluded that anharmonic processes which conserve quasi-
momentum (normal processes) were unimportant except at low frequencies
and, as had been pointed out earlier by Peirels, that the cnly anhar-
monic processes which actually cause thermal resistance are those which
do not conserve quasi-momentum (umklapp processes). Attempts by Klemens

to include the contributions from normal processes at low frequencies



were found to be unsatisfactory in many cases. It was not until Calla-
way (12) successfully treated the low freguency contribution from normal
processes that the theory assumed its present form,

This theory which was begun by Pelerls, extended by Klemens, and
cast intoc its present form by Callaway will henceforth be referred to
as the phenomenclogical theory of thermal conductivity. Excellent
reviews of this theory and discussions of techniques for calculating
thermal conductivities from it can be found in articles by Klemens (13)
and Carruthers (14).

While the phenomenclogical thecry has been successful in explain-
ing in a gualitative way the behavicr of the thermal conductivity of
sclids, it has been generally unsuccessful in its quantitative predic-
tions. In addition, there are several arguments in the derivation of
the equations of the phenomenological theory which are not completely
satisfactory.

Recently Hardy (15), (18), using the method of correlation
functions originally developed by Kubo (17), has keen successful in
placing the methods of the phenomencological theory on a much more
satisfactory basis. In addition, he and his co-workers (18), (19) have
developed a perturbation expansion for the lattice thermal conductivity.
These expressions, however, have not been evaluated using a specific
model.

Some other investigaticns which utilize the statistical dynamical
approach have been carried out by Teramoto and Kashiwamura (208), (21),

(22) and Hemmer (23). Here the statistics are intreduced only in the

initial conditions, and the time evolvement of the system is determined



purely by its dynamical equations of moticn. These investigations,
however, have not been carried far enough to yield definite conclusions
about the thermal conductivities of the systems to which they are

applied.

The Phenomenclogical Theory

In this section a brief cutline of the phenomenological theory
of thermal conductivity is given. The derivations of some of the
expressions which follow are taken in part from the review article by
Carruthers (24),

The basic problem 1s to calculate the heat current E which is

given by

o |

J = —\/—Z Nst Ws Uy (1-1)
S

In this expression NS is the number of phonons with wave number s,

ﬁws is the energy of a phonon with wave number s, 35 is the group

velocity of a phonon with wave number s, and V is the volume of the

crystal. This expression can be evaluated when Ns’ the number of

phonons with wave number s, is known.

In order to find NS consider the flow of phonons with wave
number s through the walls of an imaginary small volume. The number of
phonons with a given wave number can change for two reasons. TIirst,
it can change because of collisions of phonons with each other and
with impurities and, second, because of the transport of phonons due to

the presence of a temperature gradient, The contributicn from collisions



is written as (BNS/Bt)C and it must be calculated from the scattering
mechanisms Inveolved. The contributicn to BNS/Bt due to a temperature
gradient is given by (—38 . VNS). This expression may be written as
(-38 + VT dNS/dt) with the understanding that NS changes as a function
of position only because T is a function of position. Since in the steady

state the total rate of change of NS must be zero, these two contribu-

tions yield the following Boltzmann transport equation for phonons:

ANS) (I-2)

} = _“(j’S.VT(—-::—
C

A1

e

An exact solution tc Equation (I-2) is usually very difficult
tc obtain. Nonetheless, one may approximate (BNS/Bt)C by assuming that
any deviation from complete thermal equilibrium damps out exponentially
in a time T - In this case the expressicn for (BNS/Bt)C can be written

das

(bNS _ }'\Ig - N5
| = —=— 1-3)
Ot e Ce o

o, .
where NS is the number of phonons with wave number s at complete thermal

equilibrium given by

O —
NS - (I-4)




where x= ='ﬁms/kT and k is the Boltzmann constant. Using Equations

{(I-2) and (I-3), cne obtains for NS the equation,

NS = ’qu_:ré.v-l— (—leg_}) (2-5)

The relaxation time Tg must be calculated according to the scat-
tering processes Involved. For the detalls of these calculations the
reader 1s referred to the review article by Carruthers (14). For the
purpcse of this discussion, it will be sufficient to use the expression

for the relaxation time which is given by Callaway (25) as

(I-6)

T = Awd + (B +RIT Wk + 3_[—

Here A and B, are constants independent of the temperature; B

5 is pro-
-8/aT

1

pertional to e where & is the Debye temperature and "a" is a

constanti v_ is the speed of a phonon with wave number s = 03 and L is

a length which depends upon the size of the crystal. The term which

varies as w: is the contribution from polnt defects; the terms which

vary as wz are the contributions from anharmonic terms; and the term

which deoes not depend upon W is due to diffuse boundary scattering.
Using Equation (I-4) and making the approximation

dNS/dT = dNZ/dT which is wvalid for small deviations from equilibrium,

the following expression for Ns is obtained:



(I-7)

] ~ x e ?-VT]
N = (e"—\d[" sTE-) T

If this expressicn is used in Equation (I-1), then the expression for

-
the heat current J becomes

= 2 x* X
J —

v Es‘ (e*-1)

p:Cs ﬁ;.VT U—'; (1-8)

Notice that there is nc contribution from Nz since it Is symmetric in s
+ * + + o
and v, 1is antlisymmetric in s.
By specializing to the isotropic case, Equaticn (I-8) can be

written (26) as

—— h 1 6—)‘}{ _ |
— e ) ¢ - (1-9)
J_ AV S_ [tx"‘l)i- LS ("5 (‘UJ(J) \7 r

where ¢ is the angle between 35 and VT. Since the thermal conductivity

K is defined by the eguation
—
J = -K VT (I-10)

it is easily seen that K is given by

Cosl¢ (1-11)



Converting the sum over s to an integral and using the acoustic approxi-
mation w(s) = v, s where v(s) is a constant equal to Vs it is found

that

2 x et .
- S Etacors as o

where the factor of 3 is due to the three polarizaticn directions. This

expression can be partially integrated te yield

©
—\3 = x‘F (3x
—_ le _E;l_) ! X (I-13)
H — ZTTQU—D ( 1 O(DXLI'PEX:L*-%/L-) (ex__l)l c& I-13

where D = AGKT/A)', B = (8 ¢ 32)T3 (k7/%)°, and Equation (I-6) has
been used for the relaxatien time. The sclutions to Eguation {(I-13) in
the various temperature regicns have been discussed thoroughly by Cal-
laway (12} and will not be discussed here.

The expression for the relaxation time t1(s) which is given in
Equation (I-&)} and which was used in Equation (I-13) contains the term
vo/L which is the contributien from boundary scattering., While it will
almost certainly be necessary to include the effects of boundary scat-
tering in order to obtain a detailed agreement with experiment, they
should not be crucial for a consistent formulation of the theory. More-
over, by making the crystal very thick the contribution from boundary
scattering can be made negligibly small. The contribution from bound-
ary scattering will therefore be dropped in the remainder of this

discussion,



If the contributicons from anharmonic terms are alsc omitted from

Equation (I-13), then the expression

_ ko en
H‘“zﬂ-l% AT SO @%2 A x (I-14)

is obtained. Tt can be seen that this expression diverges at the lower
limit. This difficulty can be traced to Equation (I-7) where, if the
contributions from boundary scattering and anharmonic terms are dropped,
it is seen that the deviation from equilibrium becomes arbitrarily large
as the frequency approaches zero. This of course ls not permissible
since it has been assumed that the deviation from equilibrium is small.

If the contribution from anharmonic terms is included, then the
expression for the thermal conductivity no longer diverges. However,
the deviation from equilibrium still becomes arblitrarily large as the
frequency approaches zero. This is not a serious problem if the tempera-
ture is high encugh since in that case these low frequenciles contribute
negligibly to the thermal conductivity. At low temperatures, however,
the major contribution to the thermal conductivity comes entirely from
these low frequencies, and therefore at low temperatures this large
deviation from equilibrium represents a serious problem.

A careful examination of Equations (I-7) and (I-13), with the
contribution from boundary scattering omitted, will show that these low
frequency difficulties actually constitute a violation of the conserva-
tion of energy (see Chapter VI). This can be seen by noting that when

N  becomes negative the system is conducting more energy per unit time
s
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than there is available to be transported.

Purpose of Investigation

The phenomenclogical theory assumes that if a system is dis-
turbed from complete thermal equilibrium it wiil vreturn to equilibrium
exponentially. The mechanical properties of the system are used only
to calculate the relaxation time. At high temperatures it appears
that the results of the phencmenclogical theory are qualitatively cor-
rect, and its failure to give good quantitative agreement with experi-
ment is probably due to a lack of knowledge concerning the nature of
anharmonic forces. However, at low temperatures it seems to encounter
some fundamental difficulties, such as the divergence which is
encountered when the system's cnly scattering mechanism is due to
isotopic impurities,

The approach develcoped by Hardy is from a more mechanistic point
of wview than that of the phenomenclogical theory. However, the for-
malism developed by Hardy is somewhat difficult to work with, and no
investigaticn of a particular model within this framework has been car-
ried out.

All existing theory and experiment indicate that the low tempera-
ture thermal conductivity of insulators is determined by the isotopic
scattering which occurs when the motion of the system is dominated by
harmonic forces. Despite this well known fact, all previous efforts
have failed to calculate a meaningful thermal conductivity for harmenic
systems which contain impurities., It is the aim of this thesis to

present a harmonic model of thermal conductivity which overcomes the
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difficulties of earlier theories. In particular it is hoped that this
model will show how to aveid the logical inconsistencies of the phenome-
nological theory and can serve as an example system for which the method
of correlation functions can be explicitly evaluated. It is also hoped
that the investigation of this model will indicate where other effects,
such as anharmonic terms, must be introduced in order to obtain agree-
ment with experiment.

The model which has been chosen for this investigation consists
of an infinite cne-dimensional chain of particles. A short section of
this otherwise pure chain contains & finite number of randomly placed
isotopes. These isotopes have mass M while all other particles have
mass m. All particles interact through nearest neighbor harmonic
forces only.

The program for the investigation of this model is given in the
following outline of the remaining chapters of this thesis. In Chapter
II some preliminary formalism is discussed for the purpose of famili-
arizing the reader with the notation and to serve as a gulde for the
further formulation of the problem. In particular, the lccal energy
and heat flux operators are defined and written in terms of the phonon
representation.

In Chapter III a methed for solving the equations of transforma-
tion to the phonon representation is discussed, and formal solutions to
these equations are obtained. These formal solutions are not of much
use in a general case because they are extremely complicated. However,
for this model, due to the randoem positioning of the impurities and the

fact that there are a finite number of them, a reliable approximation
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to these solutions can be obtained.

The basic statistics necessary for the calculation of the average
values of the heat flux and the local energy of the system are intro-
duced in Chapter IV, In Chapter V these statistical methods are used
in conjunction with the soluticns found in Chapter III to obtain explicit
expressions for the average values of the leccal energy and the heat
flux.

In Chapter VI the expressions obtained in Chapter V are discussed
in detail. Finally, some conclusions about the results of this investi-
gation are drawn and some recommendations for further investigations are
made in Chapter VII.

In order that the conclusions of this thesis not be lost in the
following welter of arithmetic, we review the final results to be ob-
tained. The principal conclusion which can be drawn from this work is
that a finite thermal conductivity can indeed ke calculated for harmonic
systems. Furthermore, exact solutions to the transformaticn equations
for this system are obtained. By using these exact solutions it is
possible to calculate expressions for the thermal properties of this
harmonic system. Having obtained these expressions for the harmonic
system it is then possible, by comparing them to experiment, to see
clearly where other effects, such as the contributions from anharmonic

terms, become important.
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CHAPTER II

PRELIMINARY FORMALISM

This chapter is primarily devoted tc the development of the for-

malism which is used throughout the remainder of this thesis. In the

first section of this chapter the phonon representation is discussed in

considerable detail for the purpose of familiarizing the reader with the
notation and of illustrating procedures to be used in later chapters. In
the second and third sections the Hamiltonian density operator and the
heat flux cperator are defined and cast into the phonon representation.
The development throughout is quantum mechanical and is done in
the Heisenberg picture where the operators are time dependent and the
state function is time independent. The formalism developed in this
chapter for one dimension could easily be extended to three. The result-
ing formulas, however, are evaluated only for the one-dimensional system.

We therefore confine our attention to one dimension from the onset.

The Phonon Representation

The mechanical system which is considered here consists of a one-
dimensional chain of particles coupled by harmonic forces. That is, the
expression for the potential energy of the system is of a quadratic form
in the displacements of the particles from their equilibrium positions.

The Hamiltonian for such & system is given by

-5 E |
H = -g— 2, T *:ngh ok Uglie e
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where the sums over j and k are over all of the particles in the system,
mj is the mass of the jth particle, and the ¢j o are the usual harmonic
2

force constants, which satisfy the relation
q?;»VL = qjk:é— (11-2)

The uj and pj are quantum mechanical operators which correspond,
respectively, to the displacement from the equilibrium of the jth
particle and the momentum of the jth particle.

The system is quantized (28) by imposing upon the cperators uj

and pj the commutation relations

Lug, ] =ik gy, L =B =0 e
where the square bracket stands for the quantum mechanical commutator
of the operators which appear within and dj,k is the Kronecker delta.

The transformation to the phonon representation is to be found
by seeking that linear transformation of the uj and p. which reduces
the Hamiltonian (IT7-1) to a sum over N mutually independent parts where
N is the number cof particles in the system. To this end, we begin by

considering the real symmetric matrix D whose elements are given by

(1I-4)
Ty
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Since D is real and symmetric it possesses a complete set of
linearly independent eigenvectors which correspond to real non-negative
eigenvalues. The set of equations from which these eigenvecters and

their corresponding eigenvalues are determined is

. A _ 2 ek
ka Dg\\@ B\Q = Ly Bg (11-5)

where B? is the jth component of the dth eigenvector and wi is the
eigenvalue corresponding to it. Because of the symmetry of the matrix
D, it is possible to find a set of eigenvectors which are real. How-
ever, in problems such as this one where degeneracies are inveolved, it
is more advantagecus to chcocose a complex set of eigenvectors where the

)

complex conjugate B?" cf B? satisfies the set of equations

o K &
Z D’}\h B'Q g L&)?l Bg* (1I-6)
fe

Since D is symmetric it is always possible to orthonormalize

its eigenvectors in such a way that

Z Bo; B:/* = Sx ol =)
3 )

And, when the eigenvectors are orthonormalized in this way, the fact
that they form a complete zet is contained in the closure relation

which takes the form
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Z B;L B 83’!1« (1I-8)

. .. +
Next, we intrcduce the non-hermitian operators aa and a, s where

the t stands for hermitian conjugate, defined by the equations

| 7%
Oy = — oA F . S II-
" \E%'%Bk (mduk“ \/mka o
and
T B
%“@Z (P Uy = ﬁm

These equations can be inverted with the aid of Equation (1I-8) to yield
the expressions for the uj‘s and p.'s in terms of the new operators a,

+ .
and a, - These expressions are

- + A T .
Uy = Z‘j:\;:;”‘ (BQQ“" + B?* (loz) (11-10)

?@ﬁ@E@N%ﬂ)

Before the expression for the Hamiltonian in terms of the a, and

and

t . .
a, can be calculated the commutation relations between these new opera-
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tors must be known. These relations are easily found by using Equa-

ticns (II-3), (II-7), and (II-9) to be

[a‘x‘&tﬁ]: ga\\d\’ ) [Qd)o\d]:[az“&*dl: O (I-1D

If Equations (II-10) are now substituted into Equation (II-1) and use is
made of Egquaticens (II-5), (II-6), (II-7), and {(II-11), then the expres-

sion for the Hamiltonian becomes

H= 3 b (00 va) o

o,

Thus the Hamiltonian is now in the desired form, namely a sum
over N mutually independent simple harmonic oscillator Hamiltonians,
and all of the formalism which has been developed elsewhere (29)
for the simple harmonic oscillator is directly applicable here. If the
notation | & > is used to represent an eigenstate of the Hamiltonian

such that

Cﬂ;ﬁu 14> = Y\?:x [ > (11-13)

then

H 1= Zhoa (i m) 14y e
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As is well known, the eigenvalues ni of the number operator azga take
on all non-negative integer values, and they are interpreted as the
number of phonons of energy#ﬂwa present in the system when it is in the
eigenstate | £ >

It is alsoc a well known property of the operators a, and az .
which are referred to as destruction and creation operators, respec-

tively, that

au'ﬁ>: ‘hi l,Q‘—‘(o(> (1I-15)

and

AR EN TR,

In these expressicns the notation | £, -1 a » stands for the eigen-
state of the system with one less phoncn of energy'hwOt than in the
state 2 > and the notation | El + 1 a > for the state with one more
phonon of energyiﬁwa than the state I L >

Because the number operator is an hermitian operator, eigen-
states of the system which correspond to different eigenvalues are

automatically orthogonal and, as will be the case here, are usually

normalized such that

<,Y{YV\> — ng,\m (II-16)
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When the number of particles in the system becomes arbitrarily
large, 1t 1s convenlent tc replace the index o by a continucus varlable
and convert sums over a into integrals. In order to do this, let the
particles be numbered such that the integer kX which labels the kth

particle lies in the interval

(N—=1) (N=-1)
— 5 —tks 3

where the number of particles N is to be made arbitrarily large. Now

let the wvariable Sa be defined such that

Su = -—Z—T—a]: oL (11-17)

where "a'" is the lattice spacing and ¢ i1s in the interval

(N-1) ¢ o o N=D)
2. -4 = T3

Then, a sum which is of the form

{r-1)

can be written as




(N~-1) (N-1)
= =
— NO
Z (i ;;Cd T am Z E(SQAS*
(NN T (N-
iz 1 ey

where f(s) 1s a function of the continuous wvariable s such that

'ch = £ ()

Thus, as N becomes arbitrarily large

(N-1)
2 T%i
z -pu( pud —g—l—@* -{:(S\ ds
oz = B2 T
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(II-18)

(II-19)

This conversion of a sum to an integral can be done rigorously by

using the Euler-McLauren summation formula.

It is also necessary te know the behavior of the Kronecker delta

o

8y.q' @5 a Fourler series. The Fourier expansion of &, .+ is
] )

(N=1)

& . OTT

| MR (=)0
5a<,o<’:‘"z et

which, as N becomes arbitrarily large, can be written as

—

uut T 80oe9)

8y o' 48 N becomes arbitrarily large. This can be found by expressing

(I1-20)
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where &6(s-s') is the Dirac delta function.
Making use of Lquations (II-19) and (II-20) the following

expressions are obtained for arbitrarily large N:

(Al (II-21)

T S

p T T EL
Z Dy ke Br( = N By(s) (11-22)
k .

Z BI@(S)BR(S)_ NGL S(s- S) (11-23)

Na
S STP B, () B ds = Sk (T12)

L\)Zm L) [Bw(S\a(S\J + B’;Cs)wﬁ 5)] Cﬁs (I11-25)

K= ‘LLS Bl ® [BM&&LS)—B’E(S)QQSQ&S (11-26)
2T 2

[QLS\ O (55] Far Se-9) [:dcs) )] = [a'f(s)}a*(s’)] =0  (1I-27)

and

.
H= M‘"“S £000) (A1) + Ya) 4s (I1-28)
o —.‘-r/a
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In Equations (II-21) through (II-28} It is important to remember that N
is to be made arbitrarily large; thus if a quantity which is calculated
by using these expressions is to be meaningful it must ultimately be

independent of N.

The Hamiltonlian Density

The Hamiltonian operator which is defined in Equation (II-1)
refers to the total energy of the system. For the treatment of the
transport properties of a system, it is the Hamiltonian density rather
than the total Hamiltonian which is important. Here, the Hamiltonian

density will be defined (30) as

Hiry= Z 5' Hg S(\"& =1 r AL e (I1-29)
- §

where

L
_ 13 _,L_Z o (II-30)
£ = + Uy L ik
F+¢ Q.Yng 3 Ve hike Mg e
The variable "r" which appears in Equation (II-29) is z continuocus
parameter which labels the position along the chain and is not an
th

operator. The quantity rj is the position operator of the ]

particle which is given by

o= GO0~ Uua_ (11-31)
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if the Oth particle has its equilibrium position at the origin. The
notation H.C. stands for hermitian conjugate and Equation (II-29) is
symmetrized because Hj and é(rj—r) dc noct commute. Here G(rjmr) is

the coarse-grained delta function (31), (32), and it can be represented

by

(I1-32)

Lam
§0g-¥) :w'a.% " . P (o)

In this expression "p" is an integer whose range is

—

Moo pe BE
where % is a distance which on a macroscopic scale is very small but
which is still large enough to include a large number of particles.
Notice that the size of £ determines the sharpness of the delta func-
tion. The delta function essentially includes all of the particles
within an interval £ which is centered on the peint r and excludes
all of the particles which lie outside of this interval. If 6(rj-r)
in Fquaticn (TI-29) were the Dirac delta function, the Hamiltonian
density would be discontinuous, yielding the zero operator for r # rj
and the energy operator of the jth particle for r = rj. The coarse-
grained delta function is used in order tc obtain a smoothly varying
energy density.

By making use of Equaticns (II-29) and (II-32?) it can be shown

that
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H(\.._) Ckr — /""," (IT-33)

The Heat Flux Operator

The expression for the heat flux operator J(r) can be obtained by
requiring that it satisfy the equation of continuity for the Hamiltonian

density which is given {33) by

H -
Batm"" = T

(I1I-34)

This expression when integrated over the entire system yields a state-
ment of the conservation of energy. That is, it states that the time
rate of increase of the energy of the system is equal to the negative

of the rate at which energy is flowing out of the system. After a some-
what lengthy calculation which is given in Appendix A, the heat flux

operater 1s found to be

Jtva &7 {H, st + Esir) s

£5 R (35 Vi) x

ke

S(ry=Yy  + H.C }
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where

.
" —/lé' mk,m Uy U (11-36)

In order to determine the thermal conductivity of the system one

needs an expression for the average heat flux J which is given by

r=+(

J—(Y‘)OQY' (II-37)

%

where L is the length of chain over which the average is to be taken.

If the integral in Equation (1I-37) is performed, then the expression

J= .'Lll_ i {{—(} X + (1T-38)
= 2a,
el P;j‘
% 8 [0, ) it H.c}

is obtained. By making use of the commutation relations for the posi-
tion and momentum operators rj and pj and Equation (II-36), this can

be written as

L
20 e
l 3-
Ty (haw LGt
=55, le e ™

| (e-2) ol + (um—um + H.C,.}
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The terms in Equation (II-39) which invelve the product of three
operators are present because energy 1s transferred between the actual
positions of the particles and not between their equilibrium lattice
sites. If the oscillations are restricted tc be of small amplitude, as
is the case with solids at low temperature, then these terms are com-
pletely negligible and a good approximaticn to the heat flux cperatcr
is given (34} by

=
20.

:5:[1—_ Z Zh {( k-;}(}\ CPM ka‘\é -\;%- + (II-50)

- L
A 20

H.C. j

In the case of nearest neighbor interactions of equal strength

. 1s given b
¢k,] g N

CDm, - =Y (ék\}_\ - lSMJr %k\?ﬂ) (II-41)

where y is the strength of the harmonic interaction. Using the above
expression for ¢k : in Equation (II-40), the average heat flux operator
>

becomes

=
_&Z P,
. uéﬂ)?;% (11-42)

_l.-_
Jo
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Equation (II-42) is equivalent to the expression cbtained by Brillouin
(35) who used a less rigorous method.

Using Eguations (II-10) for uj and pj, the expression for the
average heat flux operator, when expressed in the phonon representation,

is

. =
'Y oy
Jz-b E X (1I-43)
L N Coa
g=- 5

B e
3
RS ALY

If the number of particles in the system is allowed to become

very large, Equation (II-43} may be written

L &
© 0. (N4 &% BIES _
J=-i D (Eﬁ’) E_L = X (I1-u1)
#-2. -Th
B ul ®
27 Bl 134,65 Ba(SH\ A+
[( Myt J%_T)a(s)"[’(w-\ “ij% )a(sﬂ s
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In Equation (II-44) L is an arbitrary length. In the remainder
of this thesis L is always chosen to be the length of the impurity

bearing region of the chain.



29

CHAPTER III
THE TRANSFORMATION TO THE PHONON REPRESENTATION

In order to obtain explicit expressions for the various operators
in the phonon representation cne needs explicit expressions for the Bj(s)
which appear in Equaticns (II-22). In this chapter exact solutions to
Equations (II-22) for an infinite chain of particles which contains a
finite number of isotopic impurities are obtained. These exact solutions
are very complicated for an arbitrary distribution of impurities. How-
ever, for the model considered here, due tc the random positions of the
impurities, a reliable approximation to the exact sclutions can be
obtained.

The procedure which is developed here is an extension of a
development given by Marcdudin (36). Recall that the model which is
under consideration consists of an infinite chain of identical particles
of mass m which interact through nearest neighbor Hooke's law type
forces of equal strength. In a short section of the chain a finite
number of the particles have been replaced at random by isotopes of
mass M.

In order to obtain explicit expressions for the Bj(s), one must

solve the equation

Dy,
LMy B9(5) = %Wk Bk (3) (T1I-1)
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The sclution to this equation can be obtained by rewriting it in a form
which can be treated by Green's function methods. If the new variable

Cj(s) is defined such that

B}(S) :‘\Fm—g. Cé () (III-2)

then Equation (III-1) becomes

mgwcsw C}(SS :% (/);J'ra Ch(S) (III-3)

We now introduce the parameter

R
é ,_(|__l“_?): EZ g (III-4)
3- m g\tgy-
re
where the Rr, with r = 1,2,-++,R, are the positions of the isotopic

impurities ordered from left to right with increasing values of r.

R is the total number of impurities introduced into the chain and

£ ___( ""MWT) (III-5)

Using Equation (III-4%), Eguation (III-3) can be written as

(ITI-6)

% (mw2(53§g\h‘ (Dg.k)chcs)*- RGANE C3(5)
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It 1s convenient to introduce a more compact notation by letting

Lgth(s):mwmas)égm.-cpglk (111-7)
Equation (III-6) then becocmes

thk(S)Ck(S) = €;mw1¢5) Cg(s) (11I-8)

This equation will now be solved by the use of CGreen's function methods.

Let the Green's functicn Gj k(s) be defined such that
>

;LJM(S\G}“M(& = 53”& (III-9)

It can be shown by direct substitution in Equation (III-9) that

~ GL'(Q‘M SO\.\-
) = 111109
where
(s = @2 SlNl(-S-f“‘) (II1-11)

and
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4y
We

1
3

satisfies Equation (ITI-9).

Let us now intrcduce a new variable wn(s) via the equation

Cla(Sﬁ ot @tha‘ + %_ka (3) Wy, (3) (III-12)

If Equation (III-12} is substituted into Equation (III-8), one cbtains

for the W (s)
n

Wi (SY = Ews ks e S & 4+ (IT1-13)

f‘nmwiﬁs\zfﬂwcss\/\/k(s)
ke,

where use has been made of Equations (III-9) and (III-10). Notice,
since e is zero unless n is the position of an impurity, that Wn(s)
is also zero unless n is the position of an impurity. Therefore

Equation (III-13) can be written as

R

ol (S'Q\mﬁk - € muf'ﬁs\ﬁghlgh(s))\,\&v& = (ITI-14)

€ muwHs) e s
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where k,n = 1,2,**",R and

Wh (8) = O

if n is not equal tc the positicn of an impurity.
Equation (III-14) can be written in a more convenient form by
using the explicit expression for the Green's function Gj k(s) given

*

in Equation (III-10). Using Equation (III-10) and adding

R 7 '
Z Cm w &) e»(!@h“’fQKSS& \A/jk (S) (III-15)

2¥L SIN(sal
ke

to both sides of Equation (III-14), cne obtains

R
Z [g*mik"' Pca&aw(h—h)sa] WM (&) = (I11-16)

R:h

€ m sy Fey erindos

for s > 0 3 and
N

k-ZI [S'QV\\QK -+ ‘P(S) SIN (ﬁm'«ow\ﬁ&j\,\/m (5) - (III-17)

ot (o £ sy e soe
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for s £ 0, where

Ps) = Evn L (s)

YSINJS&[ (II1I-18)

and

- R ¢
| -
£(3) = [[ + (a_"_r—‘o’u S;NIS&I\Z cC Hesa \/\/RKCS):I (I1I-19)
=i

It is never necessary to evaluate f(s).

Equations (III-16) and (III-17) represent R equations in R un-
knowns which in principle at least can always be solved. In general
finding the solutions for the R unknowns represents an extremely diffi-
cult problem. However, for a large but finite number of impurities
randomly distributed threocughout a finite section of the chain, an
excellent approximatiocn to their solutions can be obtained.

Equations (III-16) and (III-17) can be put into a form which is
suitable for this approximation by noticing that the matrix whose

elements are given by

M"Mn(S\ - gﬂmv\ - PEYSIN(-SW)o0 T (II1I1-20)

n=}
PSS QING-k)5a SNy -2 50, —

mzdel
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-y -
P ) SN (A SN -5 @S IN U)o, +
k=t =g

R o
-l n-l
(R ) SINUlsas - » SN Ug-)sa +
Bra4l §e4n

fer j < n and

Mip (8 = O

for § > n is the inverse to the matrix of the coefficients of the

WE (s) in Equation (III-16). Likewise the matrix whose elements are
k

given by
Migh (3 = §p = POSING b za & ameay
'f) LS\ Z S/N (‘{L'\‘n\} ’._ '/.‘k. \: JI"-I l;/y .M'i\"-j (_‘_\(L -
=n

£ UD)? z Sal(k -ha,\i':}c\. Cn Can Lo e (e AT A

bomid vt
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[&p}

il N,
("ﬂsﬁ\)\ ZL SIN(G -4 )500 & v ¢

fe iy | ?a T

> n and

for g

My = O

R&lqh

tor j ¢ n is the Inverse to the matriw of the coefficients of the

ki

N {s) 1In Fquation (IiI-i7). HNotice that Eguations (I11I1-20) and

<.

{(£11-21) represent, respectively, the cases In which s is greater than
o1 equal to zero and = 1a less than or egqua! to zers. By using the

(s)

appropriate expression for ML ; (=) the exp.ession for WE
e i .
1 ]
-

besomes

R
W, (9) = € medie)s (5)) Me,

o

(II1-22)

ekﬁna&

1t this expression is substitured 1into Eguarlon (III-12), the following
expression for CK(S) 153 abtalned:
. Sk

IRCOEERN R b 4 (5 X (I11-23)
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: for the cases i1n which s

It is convenient to rewrite Equation (illi-23)
is less than or equal to zer:s and s 1s greatsr than or equal To zZero.

1 an or e« ' zero Lhe expression for 2 is) ¢
If s is less than uar t 1 h pression for C is) can be

written as

Ch (s = {!‘i‘ - Qt:w‘;/? VA ¢ (III-24)

where RM ok QM . By noticing thact whea t : 0, thart 18 in the region
v,

to the left of the first inpuri'.v,

the expression for Ckas, Lan be writften =w
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where %, < k < &

. s as 3 07 25ua
M = M+l 1f 3 18 greater than 1.3l 1o zZero the

expression for Ck(s) 1s found in an analigous way to be

PR
v PEY TN el S
Ck(S\ = 4(s) ""Ll YO S U & x (I11T-26)
. J_:Mq‘.'ll i
i; oo m\ - lll E‘J 0.,
) , " Lag
MUYTETNEARS = +
'Jl . N -
R ,
I £(5) ? § st
L 2L e fme ! \-—‘
fzppes N

where EM <k ¢ LM+1
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The expressions for Ck(s) which are given by Equations (III-25)
and (III-26) are exact. They are, however, very complicated and not
very useful in their present form. For this model, due to the random
positions of the impurities, approximations to Equations (IL1~25) and
(III-26) can be obtained. The approximations are carried cut 1n

Appendix B with the result:

CK(S\ e f(ﬂ[(i-ﬂfg—))m Q{"k%& — (I11-27)

M . t
: C PN Siatasa ol
(. f_(;l} (142 __1_) el @ zSa}
i1

if s < 03 and

EENR-M ksa
Coy= T e

e



40

CHAPTER IV

STATISTICS

In Chapters I1 and 1I1I the mechanical problem was formulated
and solved. Once a state function for the system has been specified,
all of the physical properties of the system can be calculated. Here,
rather than assigning to the system some definite state function, the
state of the system will be specified statistically by means of a
density matrix. Formally, at least, the statistical prcblem is clear.
If one wishes the statistical average »f some guantum mechanical
operator, such as the average heat flux operator, then one has merely
to take the trace of that operator times an appropriate density matrix.
Thus the central problem is to determine just what the appropriate
density matrix is.

In this chapter two methods for the determinatlon of the density
matrix are introduced. In the first method it 1s assumed that the
infinite regions at either side of the impurity bearing regicon are at
eguilibrium characterized by different temperatures. This will be
referred to as the method of local equilibrium. The second is the
method of correlation functions. This method, in its present form,
is not well suited to a calculation of the local energy, and it 1s

therefore used only to calculate the thermal conductivity.
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The Method of Local Fquilibrium

In this apprecach it is assumed that the Infinite pure region to
the left of impurity bearing region has the same energy per unit length
as a system which is at complete thermal equilibrium characterized by
a temperature Tl' Likewise, the infinite pure region to the right of
the impurity bearing region has the same energy per unit length as a
system which is at complete thermal equilibrium characterized by a

temperature T When Tl is greater than T2, energy will flow from the

o
pure region at the left to the pure region at the right. When Tl is
equal to T2 the system is at complete thermal equilibrium, and there

is no net transfer of energy.

In order to proceed with this calculation it is necessary tc find
an expression for the energy of a small region of the chain. The size
of this region should be such that it is small compared to the total
length of the impurity bearing region of the chain but large enough to
contain many particles. If the size of this region is chosen to be
large cempared to the "graining" of the coarse-grained delta function,
that is the distance 2 In Equation {(II-32), then the required expression

for the lccal energy is found, by integrating the Hamiltonian density,

Equation (1I-29), over this region, to be

H(y—‘) = Z /“'“13 (IV-1)
[N]

where the notation Z stands for the sum cver the particles which are
[N]

in the region of interest.
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Equation (IV-1) may be written in terms of the phenon represen-
tation by using Equation (II-30) for Hj and Equations (II-25) and (II-

26) for uj and pj with the result

. -

e a4\ r——— ) (5)

Hivy = (grr )[CZ—__( g(,‘é‘ m@c‘-‘*)w@') +.fwcs\u3f.s’5‘x X (1v-2)
=

[B,)BS )il + By15)B,) 0N 0] +

[ sty - Jowae] X
[53(53133(5') Qeald) + B’;(s)[’;’; A Q*CS’)J}AS&S’

By introducing the density matrix p the statistical average of H(x) which

will be denocted by [H(x)], 1is

U:]—R’—U]: (%@T g\ 'E"Z {Lfﬁ[s')icﬁ *‘\[“&%%ﬁ.ﬂx (TV-3)
M) -wa. R

[ BOB0EEI T BieIBed e as)i)y

() y—
[m — lwcs)wcs\}x

o o i
[B,B,) GlosiTes iy + B\ By < GTs) G\LSJM)B disds
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If the density matrix p represents a stationary state and an
assumption of random phases is introduced, then the density matrix is

diagecnal (38). That is,

AP = R

where Py is the eigenvalue of p corresponding to the state | £ > . As

a consequence, Fguation (IV-3) takes the simple form

TV 2
e (IS
H‘] %g ? U JC_:SHL"L s ft:[:];;(s )] X (IV-1)

“ﬁ“

| B ELE) laea ey &
. Y,
Bl &Ry &) QlaiEashid >]}J ASdS

where in obtaining this eupression the Tact that terms of the form

+
< tla(s) als')|2 » and <« £]a (s) af(s')|2 > are zero has been used.
Then by using Fgquations (TI-15), (IT-16), and (II-20) Equation (IV-4)

can be written as

-

A
[mﬂ - (EN%>7 \ Kuo) 'vALS)BSb) X (1V-5)
A

> Lk I R
[%Y\ (s -;IJ g&,,)
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and since w(s) is symmetric in s this can be written as

LH (\»\1 z ({\"—[‘Q\T)Z & ‘h L SH EBQ (&) B:LSB [mSH- ""lI:l i (IV-6)

ohl 5

Bg(-s\E;;C-:ﬂ [Y\@ + :’ﬂ } A9

The term E nl(s) Py which appears in Equation (IV-5) is simply the
average niﬁber of phonons with wave number s and has been written as
n(s) in Equation (IV-6). The 1/2 which appears in these equations is
the contribution from zerc polint oscillarions.

The two regicons upon which restrictions are to be placed are the
infinite pure region tc the left of the impurity bearing region and the

infinite pure region to the right of the impurity bearing region. The

sum over the left-hand region will he denoted by z » and the sum over

[N ]
the right-hand region will be dencted by z . The energy per unit
[x,]

length in the region [NL] is that of a systéx at equilibrium charac-
terized by a temperature Tl’ and the energy per unit length in region
[N2] is that of a system at equilibrium characterized by a temperature

T2.

The energy per unit length, E(T}, of a system at equilibrium

™

characterized by a temperature T is given by

T%L + WI(S) Cl

¢ .
Eme gy ds e
(TYZF ) (eF-1)
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where the contribution from zerc pelnt oscillations has been dropped.
By equating Eguaticn (IV-7) evaluated at Tl and T2 to Equation (IV-8)
divided by (Na/2) without the contribution from zero peint oscillations,

the following expressicns are obtained:

4
| ros]] g ne + 7 Geagonealds = o
© [N1]
Rwe

33 ((:Kpﬂ l) Ci?)
and
%_ '
g mcs\ﬁ_@m ) msw[[jeaz»s) Bi-oMeSds = (1v-s )
0 N

S _“w— CQQ

' Kl-..)

These equations can be solved simultaneously to yield

Bkl gd_-fu - Fﬁ(‘S)B?{ -S) i
ne)= H(S) [Z] (%~ 1) E% (o) :\ (IV-9 a)

and

| 2 D) BIs) Z: B(s) By(s)
LI (€">-1) (e (gh -1

(IV-9 b)
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where

*
Als) = BB ) R, )3 s) —
J;d 3 [NZZJ 9 I

[ By ) ] By es)
[Na] [N(]

Approximate expressions for the sums which appear in these equations
are given in Appendix B.

By using Fauation (I1V-9) for n(s) and n(-s), the statistical
average of the local energy and the heat flux cperators can now be
calculated.

In the local equilibrium method it was assumed that the energy
distribution in the reservoirs In the steady state was known. The
resulting calculation leads to negative n{(g), a nonsense result. We
therefore turn to a calculation in which the final steady state

distribution in the reserveirs need not be assumad.

The Method of Correlation Functions

In this section a brief discussion of the method of correlation
functions is given. This discussion is primarily concerned with the
mathematical development of the theory, and for a more detailed
discussion the reader is referred elsewhere (17), (3%9), (40), (ul},
(42), (u43).

In this approach the system is divided into a large number of

small elements of macroscepic size which do not interact with each
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other., Initially each of these elements 1s at equilibrium characterized
by a local temperature T(r) which depends upon its positicn in the
sample. The size of these elements 1s small enough to allow T(r) tec be
considered a continuous functicn of r. The variaticn in the local
temperature is taken to be the same as in the final steady state of the
system. At the time t = ¢ these small elements are allowed to inter-

act with each other and through this interaction bring abocut a change

in the density matrix. In the initial state of the system the tempera-
ture as a function of position is the same as one would expect in the
steady state, but no energy is flowing. After releasing the constraints,
energy begins to flow. After a time, lcng with respect te single particle
oscillations, but short compared to the time required for complete
thermal equilibrium, the system reaches a steady state. The temperature
as a function of position has not changed, but the energy distribution

in each reservoir is no longer precisely that of a system at complete
thermal equilibrium,

The time dependent density matrix can be written as

t o
[fiE) = Ploy + g %‘;; L) At/ (IV-10)
. ot

where p(0) is the density matrix which describes the initial local

equilibrium state of the system and is given by

et

- H(v) N
p(o) = L @xp {—SkT(V3 C@ . —} (IvV-11)
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where Z 1s the partition function. In the Heisenberg Picture, the

time dependence of p is given by
H B
itr = e8] proy 05

and by using this expression it follows that

—%—?P(t = (R [HPa)]:(m et s [Hﬂo)]e* t3)

If the new operator R is defined such that

O L —
R = S = HirYdYy — H

then p{0) can be written as

Ploy = 27 exp -5

_1

UA+RA}

(IV-12)

{(1IV-13)

{IV-14)

(IV-15)

where T 1s the average temperature of the system. By making use of

Equation (IV-15) and the identity (43)

2] = (el oot
o

(IV-16)



Equation (IV-13) can be written

(Iv-17)

S I ekt ) (ET -7 (HR)Y
oo Pz et gofﬁze )

where
2=V [RH]

By examining Equation (IV-15) it is easy to see that R is a
measure of the deviatioﬁ of the system from complete thermal equilibrium.
If only systems whose deviation from complete thermal equilibrium is
small are considered, then it is permissible to expand the integrand of
Equation (IV-17) in a powWer series in R and retain only the lowest

order terms in R. By making use of the identity (u46)
- )
[

3 A
SAN\ da, @ R X
o .y

Ei(ja'_'ﬂlﬁpﬁ 3 617*;_9 + e ."3 fi-KS#%
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the required expansion is

(Iv-19)

where

I
Ta r (Iv-20)
[g = Z, & kT

is the density matrix for the system at complete thermal equilibrium.
By using Equation (IV-19) in Equation (IV-10) the expressiocn for the

density matrix p(t) becomes

L
Pty = [ o)+ gtcﬁtl Sm-&\?'\ ©-AH X (IV-21)
0 o
: ‘ b
) foeltT)

For notaticnal convenience this will be written as

P = Plo)+ Rl

where



51

, t o )
Y= S oQ'Lf SWJ’P\ € AR X (1v-22)

From Equaticn (IV-14) it is easily seen that
1Y - °
R = S_T'_E;\ MY Ay (IV-23)

and by using the definition of the heat flux operator which is given

in Equation (II-34) this expression can be written as

4 T N
[R= = VT DY

o] () Ar (1V-24)

This expression can be integrated by parts to yield

. S T(r)
R=- S o () To(ey Bb = ar (1v-25)

Recall that in the derivation of Equation (IV-19) it was required
that the deviation of the system from equilibrium be small. A careful
examination of the expansicn used to obtain Equation (IV-19) will show
that it would be inconsistent to express R to higher order in T{r) than

that given by
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. — DT L)
R = —-_%:SUC\") I~ dv (1v-26)

By using this expression for R Equation (IV-22) becomes

t Lo H
P’(t) - . —_-:;,—So[-ti gTA:}\ e-?\H e-&('t "h} X (TV-27)

o o

SJ(*') e'rmd Q‘- H) e‘?\H

The steady state statistical average of the average heat flux
operator J is found by taking the trace of J times the density matrix
p(t), where for an infinite system p{(t) is evaluated at t equal to

infinity. Mori has shown (47) that

Ty 53'/3(0)-:8 - O

which is certainly a plausible result. The statistical average of the

average heat flux operator is therefore given by

[T]= T (TPl = - i&“‘ Tén x (17-28)
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The system under consideraticn here was prepared at t = 0 such
that T{(r) was constant in the pure regions at either side of the impurity
bearing region and decreased linearly from the left to the right side of

that region. Equation (IV-28) can therefore be written as

=27 ]

«ﬁw

ol ol o —
S e_m (Ew L:\V‘h ck‘ti X (Iv-29)
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where L is the length of the impurity bearing region of the chain. The

thermal conductivity of the system is thus given by

H - __%___ {goa"‘"t(i.:n-fﬂ/? A_t’ X (IV-30)
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Since K must be a real number

<= 2= ()4 R
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and therefore

L P 4 (EuEd)

_ - = T i

|4 = - e {& e~* (En-Eud/h dt X (IV-31)
A e

L - -
SET e-';\(th-l;j.
O

"4 &I T InS X
LTI 77 e'%%}

The integral over t' is simply 21 times a delta function, and by using
this fact and performing the integral over t' the expression for K

becomes

£ = -E?:Il::l Z {S(E"_‘t; E") LTI X (1v-32)

i
- _E
T2 e ra‘f‘r}

This expression can now be used in conjunction with the explicit expres-
sion for the operator J which is given in Chapter II.

Equation (IV-32) for the thermal conductivity was deduced from
Equation (IV-29) for [J]. Equatlion (IV-28) is the first term in a series
expansion for [J] in powers of é. By examining Fquaticn (IV-25) for ﬁ,
it can be seen that this series expansion in powers of é can be con-

verted Into a series expansicn in powers of 3T/9r. Equation (IV-28)
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represents the only term in that expansion which is directly propor-
tional to 3T/8r. If the thermal conductivity is defined as the coeffi-
cient of 3T/8r, then Equation (IV-32) represents an exact expression
for the thermal conductivity.

This new definition of the thermal conductivity differs from
other definitions only when higher order contributions tc the heat flux
are significant. However, for systems in which higher order contribu-
tions to the heat flux are important, [J] is not directly proportional
to aT/3r, and systems of this type are not usually analyzed In terms

of a thermal conductivity.
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CHAPTER V

RESULTS

In this chapter the metheds which were developed in the pre-
ceding chapters are used in order to calculate expressions for the
local energy, that 1s energy per unit length, as a function of position
aleng the chain and the thermal conductivity of the chain. The local
energy is calculated by using the method of local equilibrium, and the
thermal conductivity is calculated by using both the method of local

equilibrium and the method of correlatlion functions.

Local Energy

The local energy per unit length E(r,T) at position r can be
calculated from Equation (IV-6) by using the expressions which are
given in Eguations (IV-9) for n(s) and n(-s). This calculation is

carried out in Appendix C with the result

% HwWs)
EMT) = *Tl"‘:" S 2R ) (¥ 1) X (V-1)
O

CosH)G Y

Ay 2 il =l
{[(e 1Y+ (exe)] Cos Ao Z ]

SINR[H YT Y] A
L Xy S
(E < ) SINHs) T L/
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where ¢ is the density of impurities, r is the position along the chain,

and

(V-2)

= (S)= Ln (I B

The case of interest here is that in which the difference in
temperature 4T = T2 - Tl between the two end regions of the chain is
small., If Equaticn (V-1) iIs expanded in a power series about the
average temperature T = ﬂi + T2)/2 and only terms of first order in 67

are retained, then the expression for the lccal energy becomes

%

W)

Py ag (s
&)

CosHsIETL
{ CoSH(SYE ]

X CR ST oiNAEEY]
(eX=1) AT SINHKEIZ L]

At very low temperatures, because of the factor l/(ex—l), the only
significant contribution to the local energy will come from small
values of the frequency in which case a(s) is small and Equation

(V-3) can be written
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8.
'g LGy (V_4)

F(rT) = = (eX —~1)

X
X c ST v
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A complete discussicn of these results 1s given in the next
chapter. However, let it be pointed out here that Fquation (V-u)
represents a linear change in the local energy as a function of posi-
tion which is in complete agreement with experiment for small

temperature differences.

Thermal Conductivity

In this section the thermal conductivity is calculated both by
means of the methed of local equilibrium and by means of the methed
of correlation functions.

Method of Local Equilibrium

The statistical average of the average heat flux operator is
found by taking the trace of J times the density matrix p. If it is
kept in mind that terms of the form < L}a(s) a(s')|%2 > and
< £|a+(s) a+(s')\2 > are zero, then, by using Equation (II-u44) for J

and the fact that p is diagonal, it follows that

—
| L (S
()= LEEGTNES ¢ e
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By using the properties of a(s) and a (s) as destruction and creation

operators, it can be shown that this expression reduces to

Th. 2 RES) £)\ Ru(s)
] e

.
Byls) _ Tl }_9-_9_3] N
(Wx Tyel )W nisy

( A (8) _ +\(5 69(5)} OQS
[ "“a+\

where the last term in this expression can be shown to be zerc by using
Equation (II-24).

In Appendix B it is shown that



60

. %“" (@Lga _ Bi*.«sw) A
G(s\%\—? AR TR,
= a0

(B _ B“) Eﬁsﬂ _
g T Ve ) Ty

(gL SNG4
N L+ ﬂ%@)@( N

and by using this result from Appendix B in Equation (V-6), the expres-

sion for [J] becomes

¥ -
N] - QT_?%% go. M [ms) f-h(—S\J AS (V-7)

By using Equations (IV-9) for n(s) and n(-s} and the approximations

which are given in Appendix B, Equation (V-7) can be written as

(V-8)

[ -saas (b CoslEl ek oot
ST [ BLsnf- ) (X 57 5

o
where it has been assumed that 8T is small compared to T. In Equation
(V-8) aT/dr = &T/L.

Notice that at sufficiently low temperatures the major contribu-
tion to [J] comes from small values of s, in which case the thermal

conductivity can be written as
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where 8 1s the Debye 6 and is given by 6 =¢1wo/k. Frem Equation (III-

18) the expression for p(s) is

| e
) = FEiNlsal

which for small frequencies can be written as

Yz 26 ((“MS)) (V-11)

Ujo

By using this expression for p(s), the expression for the thermal

conductivity becomes

s Ao X
- 2R e &
]< - T—r;ez-r- % Z"ex_,L)'j_ &‘7‘ (V-12)

This expression for the thermal conductivity is identical to
that which is obtained froﬁ the phenomenological theory (47) provided
only isotopic impurities are considered,and, as is the case there,
Equation (V-12) diverpges at its lower limit. This problem and the
reason for its existence is discussed in the next chapter. However,
before proceeding to this discussion the thermal conductivity will be

calculated by means of the method of correlation functions where it is
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found that this divergence problem does not exist.

Method of Correlation Functions

Equation (IV-32) for the thermal conductivity is

= T ) s UTIm e TIng; o

A

By using Equation (Il-44) for J and remembering that since the energy
of the state I L > must be equal tc the energy of the state | n >
terms of the form < %|a(s) a{s')|n > and < 2|a+(s) a+(s')|n > are
zero, the following expression for the thermal conductivity is

obtained:
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<nl sy eI } ds s ds'ds"

By introducing the function

Yo, O B;t (5,_)) B, <N
}:( - (V-14)
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and by using Equations (II-27), the expression for K can be written as

fo- BLEREAZ [ smma o

=T

77 e GG ETE) AR MY X

Cnlat o sty deds'ds ds

The sum over the states | n > can be performed by noting that the
t .
matrix element < n\a (s')a(s“ﬂ\k > is zero unless

<n|l=<g,+1 - ls”‘l' When this sum over the states | n > is

Slﬂ

performed, K is given by
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The expressicn for G(s',s'")is found in Appendix B for s"' = s"

Moo= g, When 8" = g" it is seen to be an odd function of s".

and for s
Since everything else in Equation (V-16) is an even function of s",

there is no contributicn to the thermal conductivity when s" = s"' . The

thermal conductivity can therefore be written as

TVCL 1 tf 1]
e T g qlsis) Qs i
H:‘qt_lt'l’“‘*('_) %188 ]U'(S”)i ! e
..l/a'

Lok [ty 23 o B Se-g) X
2
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where v(s) is the group velocity of phonons with wave number s. The

integrals cover the delta functions can now be performed to yield

H B A _,51(_5,)1 S% Go-8)GEse) @
i Hilke T* (1“’ ” |’U‘(5H (eX=()*
=

* (V-18)
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where the sum over the states | % > has also been performed to yield
the equilibrium wvalues for the number operators.

The product G(s, -s) G(-s, s) is shown in Appendix B to be

@1@ R
e ] 2
( -
B‘* D) &ITS!N (sa) V-19)

G5 SVQES®) = - (E)._. )

and the use of this expression in Equation (V-18) yields

BoplurEeR-] xreX
K= 8k K 2 ) A (V-20)
i go [0+ B2 7% (g4 G

Equation (V-20) can be rearranged in the form

K= ShwoR (2 (E*MR=]) g2 X Six

where

_ R S
(X)) = L\m{l-{-C o) +><] (V-22)

Notice that the integral in Equation (V-21) does not diverge at its
lower limit since the integrand no longer has a pole at x = 0.

If the thermal conductivity per unit frequency Kl{w) is defined

such that
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4 = S K (w) LW (v-23)
then from Equation (V-20) the method of correlation functions yields

Lol (EXWF_1) ek
|<Uﬂ‘ - om (e*wQ+|)l (ex-|31

(V-24)

By rearranging Equation (V-8), it can be seen that the methed of local

equilibrium yields

A
_ 2kl | xrelt
Kl = == FHE_) @F- (v-25)

Equatiens (V-2u4) and (V-25) can now be used to compare the two sta-
tistical methods as a function of frequency.

At very low frequencies, the method of correlation functions
yvields a K{w) which approaches zero as the frequency approaches zero,
while the method of local equilibrium yvields a K{w) which becomes
infinite as the frequency approaches zero. At very high frequencies,
the methed of correlation functions yields a K{w) which is four times
that yvielded by the methed of local equilibrium. The difference
between the two statistical methods at very low frequencies 1s necessary
if the method of correlation functions i1s to yield a thermal conductivity
which 1s consistent with the conservation of energy. At first, one

might expect the twe statistical metheds to be equivalent except at the
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very low frequencies where the method of local eguilibrium is known to
be incorrect. The fact that they are not equivalent even at the higher
frequencies can apparently be traced to off-diagonal terms in the cor-
relation function density matrix.

In the method of local equilibrium it was assumed that the steady
state density matrix was disgonal, while in the method of correlation
functions this assumption was not made. It is not necessary to require
that the steady state density matrix bs diagonal. It is only necessary
that cff-diagonal terms in the steady state density matrix be time
independent. Since in this problem phonons with wave numbers s and -s
have the same frequency, off-diagonal terms in the density matrix which
connect phonons with wave numbers s and -s wil: e time iIndependent.
The correlation functicns density matrix can contain off-dilagonal terms
of this type. A carefu. examination of BEguation (II-44) for the heat
flux operator will show that these off-diagonal terms can contribute

significantiy to the heat fiux and, thus, to the thermal conductivity.




CHAPTER VI

DISCUSSION OF RESULTS

In the preceding chapter expressions for the local energy and
the thermal conductivity were derived,but no discussion of them was

given. In this chapter those results are discussed in detail.

Local Energy

The case of interest here is that in which the temperature dif-
ference 6T between the twe pure regions of the chain is small compared
tc the average temperature T of the chain. In this case the local

energy 1s given by Equation (V-3) which is

T,
E —~ &"‘7\&3(5} X (V1-1)
(Y—)1)—- (ex___ld
(@)

CosplAE)E ]
CosH (V& L/a]

x ¢ sT SiNHLo(ns)éY‘JlCRS
(€X<1) 2T  SINHx)S L/ )

This result is more easily discussed if the local energy per unit

wave number E(r,T,s) is defined as

~ ko) [ Cosnlemer] | .
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since this expression can then be compared to the equivalent expression
for a system which is locally at complete thermal equilibrium.

This suggested comparison is appropriate because experimentally
it has been found that a system upon which a small temperature differ-
ence has been Impressed appears tc be Jlocally at complete thermal
equilibrium. This means that experimentally the energy per unit length

per unit wave number 1s given by

- ¥ wi(s) _
£ nTs) :,—%m R

where

- H(S) (VI-4)

and T(r) is the temperature as a function of position which changes in
a linear fashion from this high temperature region of the chain to the
low temperature region of the chain. When the temperature difference

between the ends of the chain is small compared teo the average tempera-

ture of the chain Equaticon (VI-3) can be written as

/ . fwelr | xet 'élf—] (V1-5)
E(v—,T;ﬁ):TT Tk —1) LH'@..,) T L

I
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In FPigure 1 E(r,T,s) given by Equation (VI-2) is plotted as a
function of pesiticen aleng the chain for several different frequencies,
As a brief examination of this figure will show, when the frequency is
small the energy changes in a linear fashion. However, as the frequency
increases the energy in the central region of the chain is too low.

This deficlency of energy in the central region of the chain as
(w/wo) approaches unity is due toc the exponential drop in the energy of
a wave which is propagating through the impurity bearing region of the
chain, That 1s, the impurity bearing region is such an effective barrier
to energy flow at large frequencies that the system no longer yields a
linear energy drop. This effect is insignificant at sufficiently low
temperatures, since In that case the higher frequency terms make a
negligible contributicn to the local energy of the system. However,
at higher temperatures the contribution from the higher frequency terms
is no longer negligible, and thus the local energy will deviate sig-
nificantly from experiment.

This deviation from experiment at the higher frequencies 1s not
surprising since anharmonic terms have been neglected in this model.
Recall that the transformation to the phonon representation was not
in terms of plane wave phonons but rather in terms of the Bj(s) which
were solutions to Equation (III-2). The Bj(s} can in turn be expanded
in terms of plane waves. It is well known (48) that the phonon-phonon
interaction for plane wave phonons {i1.e. the contribution from an-
harmonic terms) is strong for the high frequencies and weak for the low

frequencies.
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When the frequency asscclated with Bj(s) is small and when the
number of impurities is not tco large, Bj(s) does not differ by a great
deal from a plane wave state of the same frequency. Therefore the plane
wave expansion of Bj(s) is dominated by plane waves of low frequency,
and the effect of the phonon-phonon interaction would be expected to
be small. However, if the frequency of the Bj(s) is not small or if
there is a very large number of impurities Iin the system, then Bj(s) is
very different from a plane wave of the same frequency, and its expansion
in terms of plane waves contains a significant contribution from plane
waves of high frequency. In this case one would expect the contribution
from anharmonic terms to be large. Thus, in the region in which Equation
{(VI-2) exhibits a significant deviation from Equation (VI-5) one would
expect the contribution from anharmonic terms to be important,

Fquation (VI-2) is in good agreement with experiment so long as
a(s) tL/2 = a(s)R/2 is less than unity. If the temperature is suffi-
clently low, this condition can be satisfied for all values of the
frequency which contribute significantly to the total loczl energy
given by FEquation (VI-1). The upper bound on the temperature depends
upon the values of ¢, R, and 6. A practical upper bound on £ is about
0.10 and a typical value for 9 1s about LO0®K. By using these values
for € and 6, it can be shown that if R does not exceed about 105, then

the upper bound on the temperature is not less than about 109K,

Thermal Conductivity

In Chapter V expressions for the thermal conductivity were

calculated both by means of the method of local equilibrium and by means
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of the method of correlation functions. In this section the results of
those calculations are discussed.

The Method of Loccal Equilibrium

The expressicn for the thermal conductivity as calculated by the

method of local equilibrium is given by Equation (V-12) as

s (7 e
L= 22207 ) e
T Ze (e*-1)
o
As was mentioned in Chapter V this expression diverges at its lower
limit. This is a preoblem which is well known in the phenomencleogical
theory. There, this divergence is usually avoided (49) by introducing
anharmenic terms into the potential energy.

It was pointed out in Chapter I that while the intrecduction of
anharmonic terms prevents the divergence of the thermal conductivity,
it does not eliminate the reascon for this divergence and the resulting
violation of the conservation of energy. In order to understand the

reason for this divergence one first evaluates the expressions for n(s)

and n(-s) which are given in Equations (IV-9) and finds

n - {l _ _}_@_L ST, BH lm H] (VI-6 a)
O e @ T L ERf]

and



74

{(VI-5 b)
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where the results of Appendix B have been used with the assumption
that &T/T is small. It is obvious from Equation (VI-6 b), that at very
low frequencies n{(-s) becomes negative 1f 6T is negative {(i.e. the left-
hand side of the chain is at a higher temperature than the right-hand
side). This is of course physically impossible since n{s) must be
positive for all values of s. From Equation (V~7) it can be seen that
if negative values of n(-s) are used in the expression for the heat flux
a result will be obtained in which more energy per unit time is being
conducted than there is available to be conducted. This is clearly a
violaticn of the conservation of energy. It can also be seen from
Equation (VI-& b) that as s approaches zerc the product n(—s)(ex_l)
approaches minus infinity. This results not only in a violaticn of
the conservation of energy but also in a divergence of the thermal
conductivity.

The introduction of anharmonic terms in the phenomenological
theory will prevent ther divergence of the thermal conductivity (14),
but, as pointed out in Chapter I, it will not prevent n(-s) from taking
on negative values with the resulting viclation of the conservation of
energy. The physical reason for the divergence and the negative n(-s)
can be traced to the requirement that in the steady state the two pure
regions have equilibrium energy distributions characterized by different

temperatures. The resistance to the flow of energy offered by isotcpic



impurities, or by anharmonic termg for that matter, 1s insufficient to
allow the difference in energy between the two end regions which is
required by the two different equilibrium distributions. It is there-
fore clear that the steady state density matrix obtained by the method
of local equilibrium is incorrect at low frequencies.

While the use of the local equilibrium density matrix causes a
divergence in the thermal conductivity it does not appreciably effect
the local energy if 8T/T is small. This can be seen by noting that it
is only when the second term in Equation (VI-& b) is large that diffi-
culties arise. For very small frequencies the second term in Equation
(VI-6 b} can be approximated by HGT/ﬁ%s)T = 5T/€2RT(w/wo)2,and as long
as this is small compared to unity, the local eguilibrium calculation
should be valid. Requiring that 5T/52R(w/mo)2T be small compared to
unity requires that (w/wo)2 be large compared to GT/EQRT. This can be
satisfied for almost the entire range of the frequency w provided
8T/T is sufficiently small.

If in the small region over which (m/wo)2 is not large compared
to GT/EQRT, E(r,T,s) does not become extremely large, then the contribu-
tion from this small frequency region to the total local energy will be
small, But E(r,T,s) cannot exceed its value at the high temperature
end of the chain, and E(r,T,s) is not extremely large at the high tem-
perature end of the chain. Therefore, the contribution to the total
local energy from these frequencies for which the local equilibrium
method i1s incorrect, is negligibly small provided 8T/T is sufficiently

small.




The Method of Correlation Functions

As was mentioned in Chapter V the problem of a divergent thermal
conductivity does not arise when the method of correlation functiuns is
used. This is easily seen by examination of Equation (V-21) which, wheu

the temperature is low and when R is not too large, can be written as

2
_ 8R@eR (T _xx) - x*e -
A= TS 8/T g £3+Ra<mjl(e"-l)’~ A (vess)
O

a{x)R

In order to obtain this expression e has been expanded in a puowsr
series about Ra{x)} = 0, and only the first order terms in Ru{x} have

been retained. By using the low frequency approximation a(x) =

EQ(T/B)2 xz, Equation (VI-7) can be written as

e x% lex
H__: Bk B ST 2 &X (V1-8)
Tee*T ) (p2424x7xY) (e*-1)

where

2 et (V1-9)
L= FerTr

For large values of b, that is for small T, the value of the

integral in Equation (VI-8) is given (50) by

=]
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which results in the following expression for the thermal conductivity:

43 et
1 €
K= 8’;‘1;\3 i)——z_ > 713 (VI-11)

Notice that Equaticn (VI-11) for the thermal conductivity approaches

zero as the temperature approaches zero. This property is to be

expected from a system for which the ratio 6T/T can be chosen arbitrary.
This can be seen in the following way. For a one-dimensicnal

Bose system at very low temperatures the energy per unit length is given
by AT2 where A is a constant of proportionality which is independent of
the temperature. Even if all of the energy in a region of temperature

T were transferred to another region of the chain and no energy were

transferred in the opposite direction, the current could not exceed

(VI-12)

T=aAuT?

where vy is the maximum wvelocity that a phenon of this system can have.

Now if the current is written as
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and thus

¢« - AV L (VI-13)
Ke-grm T

Since 6T/T can be chosen arbitrarily, let us choose it equal to a small
but non-zero constant. When the ratio &T/T is chosen in this way, it
is cbvious from Equation (VI-13) that as T approaches zero K must
approach zero. In the method of correlaticn functions it was assumed
that 8T/T was small but otherwise arbitrary. It is therefore toc be
expected that the method of correlation functions yield a value for the
thermal conductivity which appreoaches zerc as the temperature approaches
Zero.,

Equation (VI-11) is valid at very low temperatures. However,
cne should be able to extend the temperature somewhat above the region
of validity of Equation (VI-1l) before anharmonic terms become important.
For this reascn a computer program has been written which performs the
integration in Equation (V-21). Some typical results of this calcula-
tion are given in Figure 2. In these curves the thermal conductivity
K divided by the Debye 8 is plotted as a function of T/8 for several
different values of the impurity density. The length of the sample is
1 mm and £ is 0.01.

A brief examination of any of these curves will show the low
temperature behavior just discussed. It will also show that the thermal
conductivity exhibits a tendency to become independent of temperature at

the higher temperatures. The nature of this temperature Independent
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behavior can be seen more easily by examining Equation (V-20). In this
expression the entire temperature dependence is centained in the factor
xzeX/(eX—l)2 which approaches unity at high temperatures thus leaving
the thermal conductivity independent of temperature. The factor
XQex/(eX-l)2 comes from the statistics and essentlially represents the
deviation of the system from complete thermal equilibrium. The remain-
ing part of Equation (V-20) represents the resistance offered by the
system to the flow of energy at the given frequency and, in the case

in which only harmonic centributicns are considered, is independent of
the temperature.

This is not expected to be the case when anharmonic terms are
included since the strength of the anharmonic contribution increases as
the amplitude of oscillation increases. Since the amplitude of oscil-
lation increases as the temperature of the system increases one would
expect the contributicn to the thermal conductivity from anharmonic
terms to increase as the temperature increases.

Another interesting feature of this model is the dependence of
its thermal conductivity upon the density of impurities z. In Figure
3 the thermal conductivity K divided by the Debye 6 is plotted as a
function of ¢ for several different values of 6/T. TFrom these curves
it can be seen that as the density of Impurities approaches zero so
does the thermal conductivity. Also, as the density of impurities
becomes large the thermal conductivity again decreases.

The behavior of the thermal conductivity at low impurity densi-
ties can be explained in the following way. Recall from the discussion

of the thermal conductivity based upon the method of local equilibrium
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that in order to conserve energy the very low frequency phenons must be
limited in their participation in the transport of energy. At very low
impurity densities it is only the high frequency phonons which are
allowed to participate in any significant way in the transport of
energy. Since at high frequencies the resistance to the flow of energy
is large, the thermal conductivity is small. As the impurity density
is increased the degree to which the lower frequency phonons can par-
ticipate in the flow of energy increases very rapidly,and even though
the resistance to the flow of energy at each given frequency 1s also
increasing the increased participation of the lower frequency phonons
overpowers this and the thermal conductivity rises. As the impurity
density is increased still further a peint is reached at which phonons
of practically all frequencies are allowed to participate to their
maximum degree, and any further increase in the Impurity density will
result in a decrease in the thermal conductivity.

There is one more feature of the thermal conductivity of this
model which deserves some discussion. That is its dependence upon
the totzl length of the sample. From Equaticen (VI-11) it can be seen
that at very low temperatures the thermal conductivity depends upon
the square of this length. This length dependence is to be expected
at very low temperatures since there it is only the low frequency
phonons which are present in the system, and the degree to which they
are allowed to participate in the transport of energy Is determined by
the total number of impurities present which in turn is determined
by the total length of the sample. As the temperature increases,

examination of Equation (V-21) will show that this length dependence
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becomes weaker and that eventually the thermal conductivity increases
as the sguare rcot of the length.

The failure of the thermal conductivity to become independent of
length at the higher temperatures is evidently due to the omission of
anharmonic terms from the potential energy. Recall that the methed of
correlaticen functions introduces restrictions upon the amount by which
the low frequency phonons may participate in the transport of energy.
As the total length of the sample becomes large, only the very low
frequency phonons are significantly restricted. However, these
restrictions never become negligible, as would be necessary for the
thermal conductivity to become independent of length, since without
them the contribution to the thermal conductivity from these low
frequency phonons become infinite.

Calculations based upon the phenomenoclegical theory indicate
that when anharmonic terms are included the thermal conductivity no
longer diverges. Even thcough the restrictions on the very low fre-
quency phonons are still necessary in order to prevent a violatlion of
the conservation of energy, if these restrictions are significant only
at very low frequencies and if the contribution to the thermal con-
ductivity from these low frequencies dces not become infinite, then the
effects of these restrictions can be made negligibly small for suffi-
ciently large samples.

Comparison with Experiment

Comparison of the results of calculations based upon this model
with experiment must be made with a certain amount of caution. At very

low temperatures at least one important contribution to the thermal
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conductivity, that from diffuse boundary scatrtering, is known (51) to be
a multi-dimensional effect. At higher temperatures the contriburion
from anharmonic terms is certainly important. Since this medel is cne
dimenslional and does not include anharmoni:z terms, definite conclusions
about the comparison of these results with experiment cannot be drawn
until the effects which these considerztions may have upon this model
are more fully understood. Nevertheless, it 1s interesting to note scme
striking similarities between these results and experiment.

The comparison of the local energy with experiment was made in
the first section of this chapter, and, as was point out there, the
agreement was quite good for samples which contain less than about lO5
igotopic impurities and at temperatures which are less than about 10°K.
For larger samples and at higher temperatures the deviation fram
experiment becomes significant. This is not surprising, however, since
above these limits the contribution from anharmonic terms is expected
to be large.

The thermal conductivity as calculated by the method of correla-
tion functions exhibits some striking similarities with experiment. In
Figure 4 an experimental curve of the thermai conductivity versus
temperature for diamond (54} has been plotted along with the results of
Equation (V-21) for a sample 1 mm In length. In the evaluation of Equa-
tion (V-21} the Debye 8 was adjusted to give the best possible fit to
the experimental data. The values of ¢, a, and ¢ were those appropriate
for diameond (55) with the isotopic impurity being Cla. The Debye 6

which was used in this calculation was larger by a factor of ten than
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the corresponding experimental value. In comparing Equation (V-Z1)
to the experimental curves for diamond, we assume that diamond may be
thought of as a collection of one-dimensionai chains in parallel with
a cross-gsectional diameter given by the lattice spacing.

In Figure 5 are shown some experimentai curves for lithium
fluoride and sapphire (54). Again it can be seen that the shapes of
these experimental curves, up to their peaks, are very similar tc those
which were calculated from Equation (V-21) as shown in Figure 2. As was
the case with diamond, the data for these materiais can be fitred quite
well by adjusting thelr Debye 6's and possibly their cross-sectional
diameters.

The decrease in the experimental thermal conductivity at tempera-
tures which are higher than that at which the peak conductivity oeccurs
is due to anharmonic terms and cannot be expected to appear in this

model.
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CHAPTER VII

CONCLUSIONS AND RECOMMENDATIONS

A1l existing theory and experiment indicate that the low tempera-
ture thermal conductivity of insulators is determined by the isotopic
scattering which occurs when the motion of the system is dominated by
harmonic forces., Despite this well known fact, all previous efforts
have failed to calculate a meaningful thermal conductivity for harmonic
systems which contain impurities. The principal conclusion which can
be drawn from this work is that a meaningful thermal conductivity can
indeed be calculated for harmonic systems. Turthermore, exact solutions
to the equations of motion for this model have been obtained. By using
these exact soluticns it is possible to calculate expressions for the
thermal properties of this harmonic system. Having cbtained these
expressions for the harmonic system it is then possible, by comparing
them to experiment, to see clearly where other effects, such as an-
harmonic forces, become important.

It is also worthwhile to point out again that in the method of
correlation functions a new definition of the thermal conductivity has
been introduced. That is, in the method of correlation functions the
thermal conductivity of the system is determined only from that portion
of the heat current which is proportiocnal tec the temperature gradient.
This new definition of the thermal conductivity avoids any considera-

tion of infinite thermal conductivities which may arise in systems which
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cannot support a temperature gradient.

In the method of correlation function, it was assumed that terms
in the density matrix which were of higher order than linear in the
deviation from complete thermal equilibrium were small and could there-
fore be neglected. It would be very interesting to use the soluticns
to the equations of motion in order to calculate the contributions from
these higher order terms and show that they are indeed small.

Since this model did not contain any contributions from anharmonic
terms it was not possible to investigate the thermal conductivity at
high temperatures or for samples which contain a very large number of
isotopic impurities. It weould be very interesting to include at least
some anharmonic contributions within this framewerk in order to investi-
gate the behavier of the thermal conductivity in these regions.

It would also be very useful to extend this model to three
dimensions. If this were done, then the low temperature approach
of the thermal conductivity to zero could be compared to the contribu-
tion from diffuse boundary scattering. It could well be that at low
temperatures there is a measurable contribution from the restricticns

which must be placed upon the very low frequency phonons.
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APPENDIX A
CALCULATION OF J(r)

The heat flux operator J{r) is defined in Equation (II-34) as

S HG)
N ¥ - -%\"’ mT) (A-1)

The Hamiltonian density H{(r) is defined by Equation (II-29)} as

H(r):ﬁ ;12 {- Hg g(y}_v) + 5@-&_7-);.493 (A-2)

where

_ 14 i . (A-3)
Hy = amy u ;é%.k@%uk

The time derivitive of the Hamiltonian density is given by

& HIO - (A-1)
= (+% Yy H
37 (4 ) D’f )y H]

which, by using Equation (A-2) and the fact that

W= 2 Hek

ke
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can be written as

>t LA s i+ o

[é(ﬁ-*’\H;\ - Le] }

Using Equation (A-3) and the commutation relations for uj and
pj which are given in Equaticns (T1I-3), one finds that Egquation (A-5)

can be written as

D H ) o p
3t - i:f(m) ’Z i H;L(LS(\’&—H,P@ *1%% + (A-6)
Ak

'zﬁ’}}%h [g(\{-&dr))ﬁ’t] t

£ e
[(5—,;‘;; V) (:fmu vk_)] X

(Ser-v) - %(m-ﬂ)] + H.C

where

\/l@ = -%Z ZM_ (-pgl.m ué’uh {(A-7)

It follows from the commutation relaticns on uj and pj that



Q2

(%) [5("'@-'*')}&‘] = %Fn%(ré-v) = -8
- SJWL Y %Q"’&'T)

It can also be shown by expanding G(Pj-r) in a Taylor series and by

retaining only the lowest order terms that

o
S - =S -v ) = - (%-Yi) S S (o -v) (A-9)

Using these two expressions in Equation (A-6) it can be shown after a

considerable amount of simplification that

S 1Y
SIS S gk
Ny --73;Z{H95(r3, )—;ﬁg + (A-10)

LB

{__ (H‘\Y' [_D%E )VK](Y}-VQ g(\r?,-y-)-} + H. 0.

By comparing Equaticn (A-10) to Equation (A-1) it follows that

T - L £ (A-11)
- . J=
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F{g Dfiﬂg ‘g (‘fé Y*) +

Z () ng Vk—] (3 - i) 5(\}#)} + H.C.

This expression for J(r) and its derivation is the cne-dimensional case

of a more general calculation performed by Hardy (52).
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APPENDIX B

APPROXIMATICON TO THE SOLUTIONS OF EQUATION (II-22)

AND RELATED CALCULATIONS

The Approximaticn

From Equations (III-30) and (III-34) the expression for Cn(s) is

Cw () = 4:(5){9_“"50" — (B-1)

M ‘
03) Z SIN (n-ta)sa &' A3se 4
4= |

’PCSX i %_/ SIN(n-13)5a SIN(fg - ﬂhjso_e&“sa

32 b=
O
| -
*P(s)m f 32 2\: SIN(n-29)500 X
G h=m-l =
SJT\“QQ"JQL\)SUL ---SIN(JF}E)S& Gip"s‘& +
s e s 4+

\ L Sa
-P@)H SN (h-fm)Sa. = » @ SN (he-X)sa e ™! }
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where RM <n < £M+l and s < 0. By writing the sine functions in their
complex exponential form and performing the indicated multiplicaticns

this expressicn becomes

Cn(s) = +) {ew\sa + (B-2)

({”E(é)) ZM [ e:hsm _ Q—L(h-ﬂﬂi&] +

2.

g=1
M 3-] 1 \

(&. ,P%) )1 Z Z [enhsc\_ ~ G—_L(wﬁﬂg\sc._ _
8= bzt

ei (h -2 +20)56 4 Q-C n —1%)5&] 4

o ¢ & +
" M 4 ' .
' {5) Zn e L 560 _ "’"(V\'IQ \50\
((B2) Z [e e AL
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It can be shown by induction that

C
!
=t

i
-\ L=

e .

Bz k=Rl 1At k= A+

(B~-3)

R el
( = (a-z-A) AL
where A, B, and C are integers. By using Equations (B-2) and (B-3),

the expression for Cn(s) can be written as

Cni(s) = ~F(5)I(}+i "%QSJ)H einsd _ (B-4)

RENPINEEY PN gk Inmatg)se

R

TV

[ e'*' -2k, ysee _ ei (n-2Q3+:0p.)50~]+ ,..}

It will now be shown that if p(s) is sufficiently small, the term which
varies as (ip(s)/?)m+l is small compared to the preceding term which
varies as (ip(s}/2)™. This will be done by treating the case in which
m = 1, since the extension to larger wvalues of m is obvious.

The term in Equation (B-4) which varies as (ip(S)/2)2 is given

by
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[e—ith_gﬁh)sa_ _ e‘:(h—lﬁrgj'l(lﬂgfu]

while the term which varies as (ip(s)/2) is given by
+ LS 1 'P(s))?" -’*l(\’\-ﬂg)SCL (B-6)
2y ()&

An upper bound on Equation (B-5) can be cbtazined by setting h = g - 1

in the term (1 + i p(s)/?)h_l, which yields

(« ‘P@) Z 20 (e P“J)ﬁ"l X (B-7)

7-l . .
Z [ e-tn-2d)sa _ ettw«n%pzmgc\}
he i

An upper bound on Equation (B-7) can be cobtained by replacing

e~ﬁ(n—22h)sa by enl(n—ZQg)sa and el(n—21g+2ﬁh)sa by el(n—?%g)sa. With

these replacements the upper bound on Equation (B-7) becomes

N

a1

M .
(W pts)> Z (1< 19_25_))3“ [ p-tin-2lg)se _ (B-8)
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(3-1) (¢ B2)
(|+L"°—;-_S-J)

ei(m-il;)sc&}

The last term in Equation (B-8) does not exceed Mp(s)}/2 and thus if M
is not too large and p(s) is sufficiently small, the product Mp(s)/2
will be small compared to unity and Equation (B-8) will be small com-

pared to Equaticn (B-6),
If, however, M is very large, then it is useful toc rewrite Egqua-

tions (B-6) and (B-7) in the following form:

Q _ '
. VPENFTY k(- ak
ey Gl BV e s g

and

Ot ) )t (8-72)

oo '
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( 3.)?%“' 1) 9~)

-1 \ '
:}: [ G._L(M-l&h)%& __e!. (\/\-15\?-’!"15\'#\350‘]
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where 1<¢< Q@ << M , The first double sum in Equation (B-7a) can be
shown to be small compared to the first sum in Equation (B-6a) in the
same way that Equation (B-7) was shown to be small compared to Equation
{(B-6) for smaller values of M.

The seccond double sum in Egquation (B-7a) can be shown to be small
compared to the second sum In Equation (B-6a) in the fcllowing way.
Since the impurities are randomly positioned, the 2h represent a set of
random integers and thus the sum over h in Equatiocn (B-7a) can be
treated as a twoc-dimensicnal random walk. It has been shown, in a
paper by Chandrasekhar {(53), that in a random walk of M steps of length
£ the precbability of moving a distance greater than M & is negligibly
small for large M. By using this result of Chandrasekhar it can be
shown that there is a negligible probability that the second dcouble sum

in Equation (B-7a) will exceed

M l .  Pes)
- P& L pen 3 [ ran-adg)So. prn-asg)sa] | FoLE 2 i
(ﬁ’g)g;“(mj—) [e < ] (1+1722) (B%)

If s is restricted such that

o
ﬂi?-)- < \)'ﬁ (B-10)

where o is a small number to be chosen later, then

L - (B-11)

- O
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Thus, when a is small compared to unity Equation (B-9) is small com-
pared to the second sum in Equation (B-6a).

This procedure can be used to show that each term in Equation
(B-4) is small compared to the term which precedes, if s satisfies
the condition given by Equation (B-10). This conditlon on s can be
satisfled for all values of s which make a significant contribution
to the local energy or the heat flux, if the temperature is suffi-
ciently low. The upper bhound on the temperature is determined by
the values of ¢, K, &, and a. If, for example, o i1s chosen toc be 0.01,
then each term in Equation {(B-4) is no mere than 2 per cent of the
term which precedes it. If R does not exceed about 105, then for
practical values of ¢ and 8 the upper bound on the temperature is
between 1°K and 50°K.

Since it is only the leading term in Equation (B-4) which is
important, the expression for Cn(s) can be written to a good approxi-

mation at low temperatures as

PENM S 4 (B-12)
Cn(s) = $ O+ e
where EM £n < 2M+l and s < 0., This approximation will usuzlly be

gsufficient. However, there is at least one calculation to be done
here where the contribution from what has been retained in Equation
(B-12) is zero, and in that case the approximation must be carried

to the next largest term which yields
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Ch ) = () {(H—L ﬁf’)m e;"Y\Sc‘- — (B-13a)
\ 3 eV olake s p-onse
(AT (14180 ettlesa @rme]

5

When s > 0 the same argument yields
- - ¢ P R-mM I:Y\S(L — (B-13b)
Cn(s) #('ﬂ{(lu —i—) e

(89) ) (1B eiriga riven]
|

< )
where QM < n

| A
o

Normalization of Bn(s)

From Equation (IIT-3) and Equation (B-12) the expression for

Bn(s) when s < 0 and QM <mn < 2M+l is given by
El M ' )
R, ) =RBdmn F(s) (1+LB2Y g msoc (3-14)

where we have introduced a normalization factor B which must be

chosen such that

# L o ,
Z ths)BY\('S):W S(S'S) et (B-15)
Y
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1 Lk(s-5) (0
N 2\; S

Since Bn(s) must also satisfy the Equation

Z Dy Buls) = W) By (8)
4!

One can prove that the sum on the left of Equation (B-15) is non-zero
cnly when w(s) = w (s'). Thus, for this model (i.e. a finite number
of impurities in an infinite chain), the sum is non-zero only when

g8 =8'" or 8 = -s'. In calculating the sum on the left side of Equa-
tion (B-15), we shall use the expression for Bn(s) given in Equation

<n <L . For

(B-14) except for those n lying in the interval ll < R-1

those Bn(s) in this interval, we use Equation (B-14) with M and mn set
equal to R and m, respectively. We shall show in the following deriva-
tion that this replacement causes negligible error.

If Equation (B-15) is added to its complex conjugate it can be

written as
BY\CS) A n Lt ) = m 5(5-5) {B-16)
"

By restricting both s and s' to be less than zero and using Equation

(B-14) this expression can be written as
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//3 “'F(S)’ )m{ [eiwtb'sl)dn + (B-17)

m-_g:L)

(Nl

emassm] *’Z L‘““Pm (/'ifl_(s’))@)(

eiv\(s-s’)@. + (-t EDR (e EYR O X

e-LV\LS 53&]} ..__ﬂa: (s - 5)

Since it is only when s is arbitrarily close to s' that this expression

is non-zero, p(s) can be replaced by p(s') and Lquation (B-17) becomes

Y]
HES P e (e O x (B-18)

ims-s‘)&. -
Z e = N&écs ')
gl

We may now show that negligible error has been made in approxi-
mating certain of the Bn(s). First, the sum on the left side of Fqua-
tion (B-18) is zero for s # s' just as it should be. For s = s' the
sum egquals N. The left side of Eguation (B-18) differs from the true
value only by a fixed finite number. Hence as N » = , this finite

correction is negligible. From Equation (B-18), we have that
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\ 40 (5) N /‘] _
L+ (1t S (B-19)
"3 5,"-(5) { )

hence Bn(s) is given by

.y . ‘
R, )= i]mY; {|+(l+ﬂ}—5—))ﬁ} L[(]-pkffJ)ﬂc“Sc“_ (B-20)

M .
, ' 31 1288 S-itNSG
(¢ "‘—f’); (1+18D) e & }

<n <2 and s € 0. The same calculation for s 2 0 yields

h L
where M1

M

R
Bnts) = [ {1+ (14 BN =l g2 M einse_ o)

B
PG))Z_ (H" {34_3)31 LR&QSC& Q—tha}

g=mxr |

n L In most cases the last term can be dropped from

where EM < < Myl

Equations (B-20) and (B-21).

It is now easy to show by using Equations (B-20) and {(B-21) that

{N-1)

=z
) BV B s

iz — (W -U
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Z B,, ('S)B: ()= o

h:-fb‘_—_l)
2

when N is arbitrarily large. Thus, the normalization of the Bn(s)

such that they satisfy Equation (B-~15) is complete,

Calculation of G(s,s) and G(s,-s) G(-s,s)

From Equation (V-14)

4

v
C‘](Sﬁ) - Z
=

_ (B-22)

*
[(E&.l_.ﬁsi _oh (5))—134(5)
kel g Yimgen

¥*
LDE-. sy _ BEHQ5)>_E_>§_(_§)
Ma=i VMag m

By using Equations (II-41) and (III-4) it can be shown that the combina-
tion over which the sum is performed is independent of j. Thus, the

expression for G(s,s) can be written as

G(s,9) = = [LB:_l(ss By (9)) Bys) - (B-23)

(By (o) - B&ms))eg'a.s)}

where j corresponds to a particle in either of the two pure infinite
regions of the chain.

The expression for G(s,s) when s ¢ 0 can be calculated most
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easily by choosing j in the pure region at the left of the impurity

bearing region. From Equation (B-20) the expression for B.{s) in this

region is given by

B, (SU‘—'JNE E - ﬁ};))&}‘ﬁ ords o

(B-24)

The use of this expression in Equation (B-23) yields

L .L _i
QE8)= ;—,QQ—L;L[‘*.(,J,JP__E\)R} SIN(sa) (B-25)

where s < 0. The same calculaticn for s > 0 with j chosen in the pure

region to the right of the impurity bearing region also yields

¢ vl -|
G(&s):;;%. {\‘* U*%U% S M (S6)

In the same way that Equation (B-23) was derived for G(s,s} it

can be shown that

G{si-s) = %L"&[(B;; (s} - B:;t (s))Bg(-sy - (B-26)

By (- = Py 69 BE® |

where j is in either of the two pure regions of the chain. If j is

chosen in the pure region at the right, then the expressions for B.(s)
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and Bj(—s) are
2, R -/ '
B} (s):J-;fr_[l + (I+ fq(.é)) } g 30 (B-27)

and

|
Ro_\
c=fF [is ue B M rasefete

R . . .
(¢ ) Z (144 P%SJ)S“ p-+2% S0 o idsa }

F31
where s > 0. The substitution of these expressions into Equation (B-26)
yields
-1
gL R (B-29)
GLS,-SB:WEH(H%@)] 5N (54) X

('P(s)) ZR_ (1+ . E_ia) )‘34 e-hiﬂg S 0n

It is the product G(s,-s) G(-s,s) rather than G(s,-s) itself

which is of interest here. By noting from Equation (B-26) that

Q(s,-5) = =G (-5,9)

it is easy to see that



108

L z -
G(sy-5VGEe)s) = = (3—,‘\‘@ { |+ {1+ 91&5’)'3} X (3-30)

R 5 -
SIN (sa) (131(,(5)) E; (1+ 'p—f))g +

g 2 ‘ _ I h=- _.' -
g=1 k=l
9% h

The second sum in this expression is, on the average, zero for a random
distribution of impurities, and thus the expression for G(s,-s)} G(-s,s)

can be written as

(2 ) L [(+5)% )

S IN“(sa) (3-31)
Hé [+ R T )

Cj (51-5)Q(-5y8) = =

Notice that G(s,-s) G(-s,s) is symmetric about s < 0.

Caleculation of z _B.(s) B?(s) and Z _B.(s) BT(S)
By using Equation (B-20) it is easy to see that

Z 34 () 3}(5)— ZN Ba(s)l.;?(i) [H R]-! (3-32)
[N] )

where ¢ < 0. By using Equation (B-21) and by dropping the sum over g,

whose contribution is negligible in this case, it follows that
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X

* — 2 R'l R
pd ) -
Lo ERCHICYRCY {I -+ (H___f):f (|+‘L°L!l-">) (B-33)
T

where s » 0. In the same way it can be shown that

e
Z [C] (5)5;&5\ = [[ oW L pto\R Beaw)
P T 52 0 R)
where s < 0, and
(%g)
-
Z [ (I Bs) = [l+ O+ @%&J)ﬂ} (B-35)
d= X

where s > 0. 1In Equations (B-32) through (B-35)} it must be remembered

that N is to be taken arbitrarily large.
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APPENDIX C
CALCULATION CF E(r,T)

The local energy E{(r,T) can be written, with the aid of Equation

(Iv-6), as

iz
ECmT) =$—(%)Z g " Rwe) X (c-1
r] o

I BT BIGING) + By Bfesmen §ds

where D is the length of the region of interest, z represents the sum
over the particiles within the region of interest Ei?gh is centered on

r, and the contribution from the zero point oscillations has been
dropped. By substituting from Equations (IV-9) and by using the expres-

sions which are given in Appendix B for Bj(s), Equation (C-1) can be

written

$
o\ L (a _RwG) omy
E(xT)= ],3 (ﬂ')ﬂ%} SD L(H*’%EJ)‘R—Q m A

(c-2)

: £E\R
{J-i(s) e-m [ (+ T) _ I ‘l
(1+ =) [E‘ex'- ) T @] T



111

A7) () 'p-b))ﬁ |
(1= —L'-?)H{:(e:atl) —(Qx'-'):l =

If the sum ) 1is performed then this expression can be written
[N_]
r
as

—_
'

- fa. (1+%5));f
Fir,7) = (&€& Cg“g Faio)

T X [ -0+ Pj%))lfFl-] X (C-3)
Prey ek qozs)_gL
Peo\er-%r | (1F )™ G+ *
{(H Ok [Ce'—l) (eF-1) }*

where

and

Pﬂ

i

R

Here, r is in the interval -L/2 < r < L/2, where L is the length of

the impurity bearing region of the chain. If a(s) is defined such that

(C-4)
x(s) = Ln (1428 )
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then

(H’ 'P_:Q_é))N - ed(s)N (C-5)

and Equation (C-3) can be written as

T
_ _ (-€eEa) R W)
t(\ﬁT} - T X SlNH{d(S)gL:] X (C-6)

sk [ (B —ov)] S iNH =) (B +Fr)]
{ (e -1) T e ) }AS

which, after rearranging terms, can be written

FeeT) = (1-¢ga) \% 1w
| ™) aeti(e™) e

cosh )8 v
CosH [ws) & L]

[ [(X-1) + (1))

X _ SINH[X(3)EY]
G 3 SINH[(s) & La) } S

In all practical cases, the term eta is very small compared to one

and can be dropped.
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