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DOT-TSC-T618 Progress Report
J. J. Jarvis and H. D. Ratliff

October \b

Since the abstract was not finalized until after the start of classes,
other committments prevented Dr. Jarvis from beginning full participation in
the project until January 1979. Airline crew scheduling problems as well as
a number of local and through freight train scheduling problems were con-
sidered as possible demonstration projects for the interactive approach to
scheduling being researched. We made several visits with Southern Railway
as well as preliminary contacts with Delta Airlines. We determined that
both the airline crew scheduling problem, and the train work scheduling
problem would be satisfactory problems to demonstrate feasibility of our
approach.’

Because of the good working relationship we had established with South-
ern Railway, we decided that the train work scheduling problem was our first
choice as a demonstration project. We began considering the various modeling
constraints unique to this problem. We also began investigating the various
graphic display devices available for implementation of our interactive system
once it is developed. We determined that the Chromatics systems would suit
our needs very well.




DOT-TSC-T618 PROGRESS REPORT
J. J. Jarvis and H. D. Ratliff

November”&v

At our meeting at TSC it was decided that we would delay for the present
our selection of a demonstration project. Our efforts would instead be
directed toward development of the optimization methodology. The methodology
required is a column generation scheme for the underlying set covering problem
and a good heuristic for solving the resulting set covering problem.

Since a row pricing scheme is central to both the column generation and
the heuristic, we have concentrated our effort on a study of the various
pricing mechanisms which we might use. We have determined that a variation
of the involutory basic pricing mechanism is superior in several respects to the
original method. There is still a lot of work to be done related to what
pricing mechanism is best. However, we feel that we have developed considerable
insight into possible pricing structure.




‘DOT-TSC-T618 Progress Report
J. J. Jarvis and H. D. Ratliff

December‘Té

We continued our exploration of pricing mechanisms. We have proved
a theorm which gives necessary conditions for the prices to satisfy in
order that we will not exclude in optimum solution as a result of the
column generation. We are now trying to determine what form these prices
should take in order to be of value to a human interactor.

At the request of Dr. Ted Glickman, we began investigating Dial-A-
Ride as a possible demonstration project. Preliminary examination in-
dicates that the static version of this problem may be amenable to the
kind of approach that we are studying. At this time, we do not see how
to modify our approach to include in a reasonable fashion the dynamic
aspects of this problem. We are continuing to study the Dial-A-Ride
scheduling problemn.
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,ganuarz'f(

Dr. Jarvis will be 50% time for the winter quarter, Dr. Ratliff will
remain 25% time. Two Ph.D students are working 1/3 time and one under—
graduate student is working 1/3 time. In addition, another Ph.D student
is affiliating with the project even though he is not being paid. He is
currently on a presidential fellowship but would like to work on the pro-
ject starting next fall, if it continues. '

Georgia Tech has agreed to purchase a chromatics color graphics system
(approximate cost - $26,000) for use on this and other contracts. Several
graduate assistants began orientation on utilizing the system to display
and process the networks. The system is expected to be available sometime
in May.

The entire team held several meetings on the design of the overall
procedure. One subgroup is focusing on heuristics for Improving the solution
times for the covering problem component; another subgroup is concentrating
on the display mechanisms and formats which would facilitate effective column
generation (new candidate routes by the human component). The groups.are cur— -
rently testing and evaluating several alternatives for both parts of the sys-
tem. All members of the team are also in the process of reading several
dozen papers, from the literature, on various aspects of the problem.

The team concentrated on the Dial-A-Ride application. Dr. Ted Glickman
arranged a meeting with John Wilson of the Atlanta Regional Commission (ARC)
on the Dial-A-Ride systems in the Atlanta area. A meeting was held with
Mr. Wilson as which time he gave an overview of the current systems. He also
identified a candidate application and is arranging for the Tech team to meet
with the operating agency to obtain specific data.
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February

Drs. Jarvis and Ratliff met with Fred Coleman of Marietta-Cobb
Community Service Center, and separately with Ruth Zaleon of Senior
Citizen Services. Each of these agencies provides demand responsive
transportation systems.

We discussed at length the currently operational procedures for
the two demand responsive systems. We were able to gain considerable
insight into dial-a-ride as these people see it. We concluded that
some additional methodology is required if these systems are to be
run as envisioned. We also concluded that any consolidation of
systems will require a better scheduling methodology than the present
if the combined system is to function at any reasonable level. The
primary reason that those systems work as currently constituted is
that they are small.

We have also been working on price directed heuristics for set
covering problem. This class of heuristics appears to have great
potential.
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March

Our emphasis this month has been on the development of models
which can aid in the interactive column generation process. We
have broken the column generation process into three components:
pricing, clustering, and chaining. We have previously developed
some heuristics for pricing. This month we developed three funda-
mental models as candidates to aid in clustering. All three are
variants of location/allocation models. We are modifying them to
take advantage of human interaction. We have developed an assign-
ment based model to "chain" together the clusters. The chained
clusters will then go into the set covering model.
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April

Considerable time was spent in early April preparing for the
conference on Transportation, Network Analysis and Control at the
Transportation System Center. Drs. Jarvis and Ratliff had been
invited to present their research at that conference.

Also during April, the Georgia Tech team received 1its
Chromatics Colorgraphics terminal. Two of the graduate research
assistants were assigned the duties of learning to operate this
system and to integrate it into the overall scheduling system.

i

Effort continued on refining the pricing mechanisms as well
as gaining additional experience with the clustering models. Feed-
back from individuals at TSC, responsible for dial—-a-ride, indicated
that the Georgia Tech team were developing promising models and
methods for routing and scheduling dial-a-ride vehicles. Some con-
sideration was also given to the larger class of problems solvable
by the techniques being developed. Example applications in this
class include: the moving van problem, train work scheduling,
freight haul scheduling, and certain military logistics applications.

X/C‘-\ Ay Becker
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May

During this month, substantial progress was made in developing
and testing computerized codes for clustering, and for network
generation and human interface with the Chromatics Colorgraphics
terminal. Testing of the computer code for clustering uncovered
several difficulties with the basic clustering model. Various
mathematical approaches to modifying these models to alleviate
these difficulties were tried.

As the team gained more experience with the Colorgraphics
terminal, the overall interactive philosophy began to take on new
direction. 1In addition, prototype testing of example dial-a-ride
problems with fifty trips indicated difficulties with parts of the
overall scheduling system. This led to revisions of portions of
the interactive philosophy.

Several new results were developed, with necessary proofs,
for improving the pricing mechanism associated with the covering
model. In addition, the emerging interactive philosophy, now encom-
passes two covering models: one associated with clustering and the
other associated with chaining.

R\ @)CC/}LC/
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June, 1979 Thru August, 1979

These summer months were spent developing the demonstration
software packages, as per contract requirements. The demonstration
was conducted on August 24 with TSC and UMTA/NBS Officials present.

The software links the Chromatic Colorgraphics computer to the CYBER
74 computer located on the Georgia Tech campus.

The software residing on the CYBER 74 consist of a number of
'program modules,  One program module, the driver, handles all infor-
mation flows between the Chromatics and the CYBER. This driver module
generates and maintains all of the necessary data base for the opera-
tion of the dial-a-ride routing ard scheduling system. As second.
program module on the CYBER handles the solution of the associated
covering problems generated in the dial-a-ride scheduling process.

This same module also develops the necessary prices used in other
portions of the algorithm. A third module handles all of the clustering
requirements. This includes implementation of the location allocation
model as well as implementation of the pricing concept. The clustering
module is particularly flexible in that it permits fixed point as well
as Euclidean clustering approaches. It also accepts varying parameters
in each of these models. A fourth program module residing on the CYBER,
handles all of the routing requiremerts within the various clusters.
This module consists of a branch and bound superimposed on a travelling

salesman algorithm. The branch and bound is necessary because of the

sequencing constraints resulting from the fact a patron must be first




picked up before he/she is dropped off. The last major module in the
CYBER package consist of a network flow algorithm for the chaining
process. This algorithm is variant of the out-of-kilter algorithm
for network flows.

The software residing on the Chromatics is designed to handle all
of the display capability on the screen, the acceptance of information
from the CYBER, and the acceptance of impﬁt from the human, through
light pen and/or keyboard. The data base requirements and associated
software on the Chromatics side of the total interactive optimization
system are much more complex. This is a result of the fact that the
human can perform certain functions (e.g. routing) himself or he can
request routing from the CYBER. This same flexibility extends to
other aspects of the scheduling system including clustering and chaining.

The data base for the August 24 demonstration consisted of 27
randomingly generated trips in a typical dial-a-ride example. During
the demonstration it was suggested that the system might be best tested
on a set of real data coming out of either Cobb County Georgia, which
the Géorgia Tech team has visited, or Rochester, New York, which TSC
officials had data for.

September 1979 Thru December, 1979

During these fall months the Georgia Tech team concentrated its
effort in three distinct areas. Graduate students revisited the Cobb
County agency and collected data on several weeks request for dial-a-
ride service. Members of the Georgia Tech tezm are involved in reducing
and coding the data obtained. Officials from TSC supplied the Georgia
Tech team with a tape of data on the Rochester dial-a-ride system.

Others members of the team are involved in stripping the data off this




tape and processing it into a form suitable for input to the interactive
optimization package. A second major effort of the team has been the
continued development and refinement of modules and systems for the
interactive optimization package. A linear clustering model has been
designed, developed and is in the process of being tested. Rather than
clustering to a trip or a pseudo trip, the concept here is projection
on to a straight line which would represent essentially the mean loca-
tions among the trips. The expectation is that all of the models for
clustering will be subjected to a rigorous analysis and testing phase
to determine those most appropriate for the optimization package.
Continued development and refinement of the chaining model has
progressed along the lines of application of penalty function concepts
Such techniques are under consideration to handle the side constraints
generated by the requirement that a trip not be in more than one cluster

in a given chain. 1In the penalty function approach these '

'nasty" con-

straints are multiplied by an appropriate penalty and combined into

the objective function, leaving a "nice" network flow problem remaining

for which efficient solution techniques exist. The penalty function

procedure proceeds with a search over appropriate values for thke penalties.
The third major thrust during the fall months has been a concentra-

tion on the development of techniques and modules which are based om

more intuitive insights into the dial-a-ride scheduling process. This

focus on intuitive algorithm development is necessitated by a desire to

develope scheduling packages that can be implemented totally on the

Chromatic Colorgraphics system, without requirement for utilization of

the CYBER computer. A savings heuristic has been developed for clustering




in the dial~a-ride process. This savings approach implements the pricing
mechaniam to aid in adding one trip at a time to a cluster being built.

Initial testing of the savings approach appears to be very favorable.




ACTUAL & PROJECTED EXPENDITURES ON CONTRACT TSC/22-0029-RN June 13, 1979
(GEORGIA TECH #E-24—
J. J. JARVIS & H. D. RATLIFF
(AMOUNT/CUMULATIVE AMOUNT)

() (2) (3) (4) N ) (6) (7) (8)
Personal Services Personal Services Retirement ~Overhead Travel Computer Materilals Total
Month Principal Investigators Graduate Assistants on (1) on (1)+(2) & Supplies
October, 1998 (43 hrs.) 3 9 $__.83 $___230 : $_0 $.1,297
1978 B 698 - 0 69 530 0 1,297
November 698 (43 hrs.) 69 530 0 -0 1,759
1,060 0 0 3,056
December 698 (43 hrs.) 0 69 530 0 0 3 1,300
2,094 0 207 1,590 462 0 3 4,356
! January, __...1,830 (130 hrs.) 0 o 186 1,436 0 ___0 2 3,514
| 1979 3,964 0 393 3,026 462 0 5 7,870
‘ February 1,890 (130 hrs.) 0 186 1,436 I 0 0 3,512 _
5,874 0 579 4,462 462 0 5 11,382
‘ March 1,890 (130 hrs,) 0 186 ___1,436 0 0 147 3,659
‘ 7,764 0 765 5,898 462 0 152 15,041
| April 1,890 (130 hrs.) 933 (116 hrs.) 186 2,145 567 __0 57_ __5,778
‘ 9,654 933 951 8,043 1,029 0 209 20,819
May 1,294 (87 hrs.) 933 (116 hrs.) 127 1,693 182 0 250 4,479
$10,948 $1,866 $1,078 $ 9,736 $1,211 $ 0 $459 $25,298
PROJECTED THROUGH CONTRACT DURATION
%
June $.3,881 (87 hrs.) $1,185 (151 hrs.) § 381 $ 3,851 $ 0 $1,500 § 37 §10,835
14,829 3,051 1,459 13,587 1,211 1,500 496 36,133
Tuly 2,402 (260 hrs.) 1,875 (134 hrs.) 568 5,531 0 1,500 0 14,876 .
20,231 4,926 2,027 19,118 1,211 3,000 496 51,009
Aﬁgust _____ 5,402 (260 hrs.) 1,875 (134 hrs.) 568 5,531 750 1,500 O 15,626 _
25,633 6,801 2,595 24,649 1,961 4,500 496 66,635
September 5,402 (260 hrs,) 0 __ 568 4,106 0 0______300 __*_10,376+
$31,035 $6,801 $3,163 $28,755 $1,961 $4,500 §796 $77,011

* % This amount Includes three (3) checks pald to individuals on academic year contracts, since these contracts are paid
in twelve (12) checks. '

+ Some adjustment in individual category amounts will be necessary to bring this figure to within allocated comtract
anount.
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ABSTRACT \

This report summarizes the results of an intensive study into the
application of interactive heuristics in transportation systems design
and analysis. Project results include (1) the development of new metho-
dology to aid reseatchers and practitioners and (2) a set of computer

codes which were used to test concepts and to demonstrate the potential

usefulness of the approach. Human Aided Optimization/Heuristics will clearly
prove more important in the 1980's as we learn more about those functions which
humans can perform better than computers (such as spatial pattern processing), and
find unique ways to integrate these capabilities into a human/computer system.
In the area of methodology, the project has resulted in the develop-
ment of new theorems and lemmas detailing the concept of "prices" for
set covering and set partitioning problems. The prices are similar to
those for linear programs, however, because they have been developed for‘
integer programs they don't enjoy some of the nicer properties of linear
programming dual variables. Set partitioning models are developed for
the dial-a-ride and delivery problems. The research suggests a decom-
position of these complex problems by employing two concepts called "clus-
tering'" and "chaining".
Clustering involves the grouping of trips, bus stops, demand points,
etc. into logical subsets which should be served by the same vehicles.
The report presents several models for clustering, as well as supporting
theorems and lemmas. The application of clustering models to United States
Department of Transportation data for the Rochester, NY Dial-A-Ride transit
system are also presented. Our tests indicate that there is significant
potential for this kind of -approach to demand responsive transportation

.routing and scheduling.




The concept.of chaining was developed to provide a means for linking
the clusters into logical vehicle routes. Several models were developed
and tested for chaining. A Lagrangian relaxation approach has been developed
and tested on sample data. More research is required before chaining can
become a function useful for immediate practical implementation.

t .

To test the methodology and concé;ts developed; a human aided (heuristic)
optimization system was developed for the dial-a-ride and delivery problems.
The computer system consisted of a Chromatics Color Graphics (high resolu-
tion) computer system for presentation of visual/spatial information to
the human and a CDC CYBER 74 computer system to perform the optimization
functions in support of the human aided optimization process. TFor dial-a-
ride problems, these codes were tested on sample data sets and on data
sets for Rochester, New York and Cobb County, Georgia.

The project also tested the feasibility of a stand alone mini computer
interactive heuristics system for transportation systems analysis. Codes,
which reside entirely on the Chromatics computer, were developed and tested
on a series of delivery problems. Three "classic'" delivery test problems -
a 50-point, a 75-point, and a 100-point problem - were used. These three
problems have been tried, during the last decade, bv dozens of researchers
with different approaches to (fully automatic) computer systems. Due to
their complexity, the optimal solutions to these problems are not known.
This report shows that, in the 50 and 75-point problems, after a few itera-
tions the human aided computer system was able to obtain the best known
solution. 1In the case of the 100-point problem the system was able to
obtain a better solution than any yet obtained. These results provide

significant encouragement for the approach outlined in this report.




I. INTRODUCTION

+

This report summarizes research into interactive heuristics for large
scale transportation systems analysis and design. The research suggests
that by employing the human capability for spatial pattern processing to-
gether with the immense computing powgf of today's computers, both the
human's and computer's ability to handle complex transportation problems
is enhanced.

The bulk of this final report consists of three technical reports
which were produced in the three major areas of research on the project.
These three areas include: (1) an overall modeling process for interactive
heuristics in routing, (2) concepts and models in clustering and (3) con-
cepts and models in chaining. The technical reports detailing each of
these areas are contained in Appendix A of this final report.

Certain of the models developed under this contract were coded in
FORTRAN for a CDC CYBER 74 and BASIC for a Chromatics CG 1999 color graphics
computer. These codes were tested against (1) routing data from the litera-
ture, (2) data from Rochester, NY and (3) data from Cobb County, GA. These

codes are presented in Appendix B of this report.




II. METHODOLOGY

The fundamental modeling approach taken in this research is to employ
a set partitioning formulation of the routing problems studied (dial-a-ride
and delivery). A set partitioning matrix has one row for each trip (ot
point to be visited) and one column for each feasible route. Thus, while
the matrix has a reasonable number of rows it has an enormous number of
columns.

To circumvent the column difficulty we have suggested a column genera-
tion approach which only identifies columns as they appear to be favorable
to producing a better solution. In order to accomplish this, quantities
called "row prices'" have been developed. These prices act like dual vari-
ables in linear programming except that they are associated with integer
programs (the set partitioning problem).

The details of the modeling methodology are given in techmical report
#3-80-1 in Appendix A. In the interactive process, the computer solves
the set partitioning problem at hand, generates the row prices and suggests
candidate trips or delivery points to examine next (based on a savings
approach). The human guides the overall process, accepts, rejects or
develops candidate routes, and provides the stopping criteria for the al-
gorithm.

Especially important in the dial-a-ride problem, is the need to de-
compose the complex task of developing good candidate routes. Thus, two
decomposition concepts - clustering and chaining - were developed. In
clustering we seek to identify those trips whose origins and whose desti- .
nations are reasonably close together so that they would logically be
pickeﬂ up and gelivered by the same vehicle. These individual trips are

then replaced by a single pseudo (cluster) trip. Technical report #J-80-15,




in Appendix A, describes several models and procgdures for clustering.
Once good cluster trips are identified the focus is then shifted to

chaining (linking) these clusters into feasible routes. Models and al-

gorithms for chaining are developed4in technical report #J-80-16, in

Appendix A. ¢

.

The dial-a-ride procedure has been coded for axlinking of a Chro-
matics CG 1999 color graphics computer with a CDC CYBER 74 computer.
The cyber performs large scale computing functions such as set partitioning
solution generation, minimal cost network flow computation, solution of
certain clustering models, and application of a traveling salesman al-
gorithm. The Chromatics color graphics computer handles various display
functions and simple data manipulation. 1In addition, a special data develop-
ment program was coded for Cobb County, GA dial-a-ride data.

A delivery algorithm has also been coded for the same computer com-
bination. The cyber generates traveling salesman solutions as required,
and the chromatics performs all other functions. The current operating

version does not employ the set partition solution procedure. Instead en-

tire new solutions are generated at each iteration,



III. MICROCOMPUTER STAND ALONE CAPABILITY

A version of the dial-a-ride algorithm which resides entirely on the
chromatics color graphics computer, was coded and tested. This version
does not use the sophisticated minimal cost network flow algorithmic,
traveling salesman procedure in set partitioning algorithm. Instead it
utilizes the human to perform these functions.

Moderate testing of the stand alone code indicates that it can per-
form reasonably well in a dial-a-ride routing and scheduling environment.
However, this version does require much greater involvement of the human
in solution development.

The delivery code was developed in such a way that, if the human
did not request a traveling salesman solution, the chromatics computer could
act independently. The only purpose of the traveling salesman procedure
is to guanrantee an optimum route among the set of selected delivery points.
Since the human usyally does a very good job at developing new optimal
routes as he/she is building them, this procedure currently acts much bet-

ter as a stand alone method.




IV. APPLICATION OF THE METHODOLOGY

Each of the computer codes was thoroughly tested on a number of ran-
domly generated test problems. In addition, tests were conducted with
data provided from three other sourcés: the literature, U. S. Department

of Transportation ogficials, éﬁdllocal Atlanta dial-a-ride administrators.
The delivery algorithm was testeé\on three proﬂlems from the literature
(see report #J-80-1). These were a 50-city, 75-city and 100-city delivery
problem. As indicated in the report, the delivery algorithm performed
quite well in every case (equaling or exceeding the best known solution).

These results provide much encouragement for further development and

testing of the method.

As a first test of the dial-a-ride procedure, several weeks data was
taken for a dial-a-ride transit system in Cobb County, GA. The system
consists of 4 vehicles and handles approximately 50 daily trips.

A special data input program (see Appendix B) was developed to allow
the graphical input of data for this system. Figure 1 gives an example
of the input data. The computer generates the area maps and the human
operator inputs the trips (straight lines and boxes) by simply pointing
a light pen at the origin and destination of each trip.

Data was entered for a typical weekday a.m. operation (8:00 a.m. -
12:00 noon) of the Cobb County dial-a-ride system. While comparison data
was unavailable, the computerized dial-a-ride procedure appeared to per-
form quite well in generating good vehicle routes.

Finally, the models were applied to a sample cluster set for the
Rochester, NY dial-a-ride system. Particular emphasis was given to the
applicability of the clustering models in a '"real-world" environment.

The following figurés illustrate results of the application. 1In




Figure 1. An Example of the Cobb County Data Input Program




Figure 2. A Sample of 42 Trips for the Rochester Dial-A-Ride System
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Figure 3. Preprocessed Rochester Dial-A-Ride Data




DIAL-A-RIDE QUSTER SUBFUNCTION

mcr CREATE A0 TO SET OREGET MMIT EXIT
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Figure 4. A Request for Six Clusters of Not More Than 10 Trips Each




OIAL-A-RIDE CLUSTER SUBFUNCTION

CREATE AOD TO 2L FFM  REGST
t::..usm CLUSTR CLUSTR TLUTT=

Figure 5. Results of the Cluster Request of Figure 4




Figure 6. Routing Through A Cluster




Figure 7. Results of a Ten Cluster Request (Dark Blue, Light Blue, Red and Green Repeated)




general, the models performed quite well. However, this application
pointed to a special difficulty which had to be overcome before the
application could be completed.

In the Rochester data selected, many of the origins and many of the
destinations were the saﬁe. While thig enhanced the capability of the
clustering algorithms, the human was subjected to problems of clutter i
due to the closeness of different trips. A special preprocessing program .
was developed which combined several trips into a single cluster trip for
further processing. After this was accomplished the procedure functioned j

well.

P

2




research must be conducted before definitive conclusions can be drawn of

which models should(be employed and how great a role the human should play

in the process.
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V. FURTHER RESEARCH ,
The results of this research demonstrate the applicability of inter-
active heuristics for transportation design. However, much additiconal




18

APPENDIX A

TECHNICAL REPORTS




19

l APPENDIX A-1

TECHNICAL REPORT:

SET PARTITIONING BASED HEURISTICS
FOR INTERACTIVE ROUTING




Report Series #J-80-1

SET PARTITIONING BASED HEURISTICS
FOR INTERACTIVE ROUTING

by

Frank H. Cullen
John J. Jarvis
H. Donald Ratliff )
School of Industrial and Systems Engineering
Georgia Institute of Technology
Atlanta, Georgia 30332

August, 1980

This research is supported in part under Transportation Systems Center
contract #DOT-TSC-1618 and Office of Naval Research Contract

#N00014-79-C-0035




ABSTRACT

The set partitioning model is used as the basis for an interactive
approach for solving a broad class of routing problems. A pricing mecha-
nism is developed which can be used with a variety of methods in generat-

¢
ing improving solutions. A version of'the approach‘for delivery problems
has been implemented via a colorgraphics display. The Human Aided Optimi-
zation procedure was tested on the standard 50-point, 75-point and 100-
point test problems of Eilon, Watson-Gandy and Christofides [6]. 1In the
case of the first two test problems, the procedure was able to generate

the best known solutions. In the 100-point problem, a better solution

was generated than the current best known solution.




1. TINTRODUCTION

We will consider here a set partitioning based approach for
golving a broad class of routing pfoblems. The-approach is designed
to take advantage'pf a.high ievél of human interaction; the
current implementation is interactiv; via a colorgfaphics display.
However, many of the concepts discussed here could be easily implemented
in an automatic system.

The routing problem which motivated much of this work is what
is called the static or subscriber dial-a-ride problem.. This problem
will be discussed in detail in later sections. It is one of the more
complex members of the cléss of routing problems which are.amenaBle to

the approach presented here. ‘[his class also includes many practical

delivery problems.

In order to infroduce the underlying methodology which provides the
basls for the approach, consider a very simple delivery example. Assume
that a depot is located at the square box labeled D in Figure 1. From
this depot a single delivery is to be made to each of the points re-
presented by numbered circles. The numbers on arcs connecting the
circles represents the travel distance between delivery points,- Assume
aiso that each vehicle (e.g. truck) can deliver to a maximum of two
points on a single trip. The objective is to determine which vehicle
should deliver to each point and the routing for the vehicles which
minimizes the total distance travelled.

Each column in the matrix of Table 1 represents one possible vehiclé

route. TFor example, column one represents a vehicle travelling from the

depot to delivery point (1) and returning. The cj row indicates the




Figure 1. Delivery Example Network
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route 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Table 1. Matrix Corresponding to Routes in the Delivery

Example of Figure 1.




distance travelled for each trip. For example, column six represents

a vehicle proceeding from the depot to deliver; point (1), on to delivery
point (2) and from there, back to the depot. The value of e is 14,

the total distance travelled for this trip. By enumerating each of the

possibilities, as has been done for this matrix, the problem becomes

t
“

one of selecting a set of columns such that every fow is represented

in exactly one column and the sum of the costs of the columns selected
is the smallest possible. This integer program is called a "set parti-
tioning model.

The set partitioning model was originally proposed for a similiar
class of routing problems by Charnes and Miller [3] and for this specific
problem by Balinski and Quandt [2]. The model is very powerful in the
sense that many realistic route constraints and cost functions can be
handled easily in the column enumeration process. The obvious short-
comming of the model is that there are typically a very large number of
columns to be enumerated and the resulting integer program is very
large. The approach presented here is heuristic in the sense that we
generate only a subset of the possible columns or routes and in general

we do not solve the set partitioning model to optimality.

The set partitioning model has two very desirable features for
interactive optimization. The first is that any route generated can be
included as a column in the model. This allows the human interacter
to utilize his/her intuition and spatial perceftion as well as a wide
spectrum of mathematical techniques to generate new routes. The second
feature is that, unlike more general integer programs, a feasible

solution to the set partitioning model provides the basis for pricing
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information which can be used to generate new candidate columns.
We will restrict the class of routing problems considered here

to be those for which any subroute of a feasible route is also a

“ .
feasible route with cost less than or equal to the cost of the original
route. By imposing this restriction, as long as there is at least one
1 in every row of the partial set partitioning model that we have
enumerated, we can easily generate feasible partitions. The only
other restriction that we put on the class of routing problens is
that we be able to pose them in a natural way as set partitioning
problems. However, it should be noted that if there is mot a nice

spatial representation of the routing problem, the human interactor

is much more restricted in his/her contribution.




2. SET PARTITIONING AND ROW PRICES

The set partitioning problem can be stated as

n
minimize Z = Z .C.X, (1)
t

i,Z,...,m (2)

subject to Z ai.xj =1 for i

xj = Q0or 1 for j 1,2,...,n. 3)

For the delivery example in Table 1, the set partitioning
model has the second row as the value of the cj and rows three
through seven as the values of the aij' The variables which are
set to one in a solution to the set partitioning problem will be

called a "partition." We will denote a partition as Jk ='{j|x? = 1}.

v

Balas and Padberg [1] provide a recent survey of results related to
set partitioning problems.

A fundamental idea underlying much of the work presented here
is the concept of "row prices.”

Definition: Pl = (pi,p;,...,pi) is a set of feasible row prices

corresponding to the partition Jl if

m 1

Z p.a,. = c, for jed—, (4)
i=1 113 J

It will be useful to interpret the price pi as an estimate of the

R
cost to satisfy constraint i using solution X~., For the delivery problem,
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1, . .
Py is then an estimate of the cost of satisfying the requirement of

delivery point i using the route corresponding to partition Jl.
1 1

Theorem 1: Given a set of feasible row prices (pi,pz,...,pm) corresponding

to partition Jl with value Zl, any other partition J2 has value.

t m

1
2 .1 ) ‘2 (p,a,.-c.) (5)

2 =7 - 562y P13
Proof:

m m

1 1 2
2, (Y pia,.c) =} py ) ,a. -2
jeg? g 14303 1=1 T ogey? 4
. 2 . .

Since J  is a partition, X 9 855 1 for each i = 1,2,...,m. Also,

jeJ
since (pi,p%,...,pm) are feasible row prices corresonding to Xl we

m
have z pi = Zl. Hence the result follows.
i=1
Corollary l: For any set of feasible row prices Pl corresponding to a
partition Jl if
m

L iy <0 (6)

for j =1,2,...,n then Xl is optimum.
It can also be shown, using linear programming duality, that a
set of feasible row prices P1 satisfying Corollary 1 exists if and

only if Xl is an optimum solution with the constraints xj = 0or 1l

replaced by xj’z_O for j = 1,2,...,n.
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m
The quantity Z piaij - cj will be interpreted as the "potential
i=1
1
savings over the value of Z which can result from constructing a parti-
tion that includes column j. Note from Theorem 1 that the potential

savings can actually be achieved only if a partition can be constructed

from columns with nonnegative potential savings.
-
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3. POTENTIAL SAVINGS HEURISTIC

- 1 R \ .
Given a partition J and a corresponding set of feasible row prices
1 . s , ,
P, an attractive heuristic for attempting to generate a better parti-

tion is the following:

2 \
Step (0): Let J" = 9 (J2 will be the_indices of columns in .the new
partition) and N = {1,2,...,n}, (N will be the indices of
columns which are candidates for inelusion in J2)

m
Step (1): Calculate the potential savings Z P
i=1

1 _
iaij cjfor
i=1,2,...,n.

Step (2): Pick the column k in N with the largest potential savings,
m

] pray, -

Lo Pyfyy TG
i=1

Step (3): For i =1,2,...,n, if a = 1 set aij = 0 for all j # k.
(Note from the assumption of section 1 that any subroute

of a feasible route is also a feasible route, the new columns

are legitimate)

Step (4): Let J2 = J2U{k} (i.e., put column k in the new partition)

and N = N - {k}

Step (5): Delete from N all j for which aij =0 for all i =1,2,...,m.
Step (6): If N = f stop. Otherwise go to step (2).

Note that under the assumption that any subset of a route is
also a feasible route (discussed in section 1) this procedure will
always terminated with J2 as a partition although not necessarily a
better partition than Jl. If convenient, cj should be recomputed
whenever step (3) affects a change in column j as the actual route

’

may change. Computation to date indicates that an optimum or near
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optimum solution to the set partitioning problem is determined very
quickly by repeated application of the potential savings heuristic
(note that the aij should be reset to their original values after

each repetition). The heuristic is repeated until either optimality
m

is proven (i.e., for some Xk all z P
i=1

specified number of partitions has been generated.

1219 ~ ©y < 0) or until some

To illustrate the potential savings hueristic, consider again

the delivery example depicted in Figure 1 and Table 1. Suppose

that we select Jl = {1,2,...,5} as an initial partition. A set of
feasible row prices P1 is given in Table 2. (The question of how

to generate "good" feasible row prices will be addressed in the
m

next section.) The corresponding potential savings Z' p:!’a,j -
jop 1 i

are also given in Table 2. Applying the potential savings heuristic

c.
J

and breaking ties by selecting the &olumn with the lowest index
yields the new partition J2 = {6,13,5}. The new partition has a cost
of 22 = 22 as compared to a cost Z1 = 28 for the initial solution.

m
Using the row prices P2 and potential savings Z pgaij - cj
i=1 )
of Table 2 and reapplying the potential savings heuristic yields the

partition J3 = {8,10,5} which has a cost of 23 = 20. Again, from

Table 2 we find that using the row prices P3 gives potential savings

33

m
Z p3d;. — ¢, <0 for j=1,2,...,n. Hence, from Corollary 1 the
1=1 T4 i~

partition J3 is optimum.




k)

c

h|
pla -c
1 113 3
p2a -c
1 1713 h|
p3a c
11 ij i

1 2 3 4 6 7 8 9 10 11 12 13 14 15
8 10 4 4 14 10 8 8 10 11 12 6 6 5

1 1l 1l 1l 1

1l 1l 1 1 1
1 1 1 1 1
1l 1 1 1l ~ 1l
1l 1 1l 1l
0 0 0 0 4 2 4 2 4 3 0 2 0 | 1
- - 0 0 - -6 -4 -6 -6 -7 -10 2 0. 1
- - - - - - - -6 - - -10 - -4 -3
-1.8 =2.2 -1 -1 o -.8 1.2 .2 .8 -.2 -2.2 0 ,—1 O
- =2.2 =1 - -6.2 -7 - -6 .8 =3.2 =2.2 -3 -1 -3
- - - - - - - -6 - - -10 - -4 -3
-2.7 =-2.9 -1.1 -1.3 -1.6 -1.8 o =.7 0 -1.2 -2.9 -4 -1l.1 -.3
Table 2. An Example Illustrating the Potential Saving Heuristic

with J% = {1,2,3,4,5,}, J

2

= {6,13,5}, and J° = {8,10,5}
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4. ROW PRICING )

For a given partition Xk a set of feasible row prices is obtained

by allocating the column cost cj for each jeJk among the rows having
aij = 1, TFor the delivery example, tPis correspon@s to allocating
the trip cost among the delivery points of the trip. When a column
. However,

3

when a column j contains more than one aij = 1, there are an infinite

pumber of possible sets of prices. As an example consider the parti-

jaJk contains only one aij = 1, the row price is p: =c

tion J3 = {8,10,5} for the problem in Table 2. Since column 5 has

only a = 1 the value pg = 2 is unique. Column 8 has both a; g = 1
2

5,5

4.8 = 1, hence the cost g = 8 could be allocated between rows
2

1 and 4 in an infinite number of ways. Similiarly, column 10 has

and a

3,10 = 1, hence €10 = 10 could be allocated

between rows 2 and 3 in an infinite number of ways. If we allocate

3 _ 3 _ 3 _ 3 _
cg as py = 4 and P, = 4 and allocate Cig 38 Py = 5 and P3 = 5, the

both 32,10 =1 and a

resulting izi pzaij - cj do not indicate that J3 is an optimum parti-
tion. Hen;; the set of prices P3 given in Table 2 are clearly better
since they do indicate that J3 is on optimum partition.

Ideally, we would like a set of prices which would drive the
potential savings heuristic toward an improving solution and would
indicate optimality when no improving solution is possible (i.e.,

We would like the prices to be analogous to dual variables in linear
programming). Unfortunately, it is easy to construct cases for which

no such prices exist (i.e., any problem for which the integer and

continuous solution differ). For the delivery problem and the more

33
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complex dial-a-ride problem (to be discussed later), allocating. column
cost in proportion to the cost of serving the delivery points one-at-
a-time is intuitively appealing and seems to work very well. As an

illustration consiéer again the partition J3 in Table 2, Column 8

has a =1 and a = 1. The cost of serving delivery point 1 if
1,8 4,8
it is the only point in a trip is ¢y = 1. The cost of serving delivery

point 4 if it is the only point in a trip is ¢, = 4. The prices for

¢ Cg c,C
rows 1 and 4 were determined as P = Pepmr— = 5.3 and pZ = 478
17 % €17 ¢y

= 2.7. The other prices in Table 2 .were determined similiarly.

When there are substantial differences in the amounts of vehicle
capacity required by the delivery points, it secus reasonable to allo-
cate column cost in proportion to the "weighted" cost of serving points
one-at-a-time. Here the weights are the delivery sizes. For example
if LA is the vehicle capacity required by delivery point i, we specify
the price of row 1 with respect to J3 above as P1 = EI;%K%igzﬁz' These
and other pricing alternatives are currently being tested for delivery
problems under various types of constraints.

There are a variety of other mechanisms for allocating the prices
to the demand points. Some allocation procedures may work well in some
situations while others may be suited to other problems. The human

(or automatic algorithm) may wish to employ different pricing procedures

as the algorithm progresses.




5. COLUMN GENERATION

A4

For large scheduling and routing problems it is generally mnot
practical to generate all columns of the corresponding set partitioning
model. The remainder of this paper will be concerned with using in-
formation gleaned from one solution v{a Theorem 1 to generate a new
and hopefully better solution. This is accomplished by either generating
new columns, adding them to the current set partitioning model, and
then resolving the model or by using the information from Theorem 1
directly to generate a new solution. In the latter case it is not
necessary to retain the columns of the set partitioning model. How-
ever, if the columns are retained, it is possible to further improve
the solution by periodically solving the set partitioning model.

We should note that for the class of scheduling and routing prob-
lems being considered here, it is very easy to generate an initial
solution. For our examples we use the identity solution (e.g., in
the delivery problem this is the solution which has each vehicle making
. a single delivery) as our initial solution. However, any feasible
solution could be used as the initial solution.

Clearly there is a broad spectrum of possible approaches that
one might use to generate new columns and/or new solutions to the
set partitioning model. In fact, variations of many of the heuristics
which have been applied to delivery probléms can be used very effectively
in conjunction with Theorem 1. In the next section we will discuss

the use of the Clarke and Wright [3] savings procedure in conjunction

with the delivery problem. 1In later sections we will discuss more

complex clustering and chaining heuristics as we have applied them

to the dial-a-ride problem.
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6. CLARKE AND WRIGHT PROCEDURE WITH PRICING

The "savings" heuristic of Clarke and Wright [ 3] is the most
widely known of the heuristics déveloped to date for delivery problems.
¢
The algorithm proceeds by calculating a savings for each pair of deli-

very points 1 and j defined as

So(l,J) = 2dOi + 2d, +di

j0 (dOi +djo) =d..+d,,-d

h| 0i jo ij

which is the savings in mileage of supplying delivery points i and j
on the same route as opposed to supplying them individually directly
from the depot (doi is the distance from the depot to delivery point 1i).
Routes are then constructed either one-at-a-time or in parallel by
considering pairs of points in order of decreasing savings and including
them in the same route if such a route is feasible.

Suppose that we consider once more the delivery example in Figure 1
and the covering solution information in Table 2, Note that the Clarke

m

and Wright savings values are exactly the values of z piaij -
i=1

= p1/2 for 1 = 1,2,...,m. Applying the C-W savings

¢, in
|

Table 2 since doi
algorithm yields the same routing configuration as J2 = {6,13,5}. At

this point, the C-W algorithm would terminate. However, suppose that

we set dOi = pi/Z for i = 1,2,...,m. The new savings are then exactly
the Z piaij - cj in Table 2, Applying C-W algorithm yields the
i=1 :

same routing configuration as J3 = {8,10,5} which as noted previously is
the optimum solutior to this delivery example. Hence, for this example
at least the C-W algorithm without pricing did not yield an optimum solution

while the same algorithm when combined with pricing did yield the optimum

solution.
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Note that when routes are allowed to contaln more than two trips,
only a small subset of the set partitioning columns would be generated
using this procedure. Also, note that the prices and savings can be
calculated without ever generating the set partitioning matrix.

When the number of points allowed in a route exgeeds two, some
interesting questions arise as to exactly how the algorithm should be
implemented. As an illustration, suppose that in the example we allow a
vehicle to deliver to at most three points rather than two. Now suppose
that we start with the solution J3 in Table 2. We see that the two-at-a-
time potential savings are all non-positive. However, if we ignore this
fact and proceed with the algorithm, we would put points 1 and 4 in the
same route since their potential savings of zero is maximum. If we then
consider adding a third point to this route, we find that adding point 5
has a potential savings of 2 which is maximum. Finally, we combine points
2 and 3 into a single route since this has a potential savings of zero.
The resulting routes (4,1,5) and (2,3) has a length of 10. Therefore, in
this case at least we can get better information by recalculating the poten-
tial savings after each augmentation of a route. This recalculation is
not done in most implementations of the C-W algorithm.

Clearly, when constructing a route containing more than two points
one must decide where in the route to put each additional point. The poten—
tial savings can be determined exactly only by solving a travelling sales-
men problem over each new point which is a candidate to be added to the
route. This is computationally expensive if a route can contain a large

number of points. In most implementations of the C-W algorithm, new points

are simply added on to the end of the route being constructed. When the
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algorithm is implemented interactively using computer graphics, it appears
that the human can perform an important role both in selecting candidate

points and in inserting them logically into routes.

t

-~




7. LOCATION - ALLOCATION WITH PRICING '

Another procedure which Krolak and Nelson [5] have found effective
in approaching the delivery problem utilizes the location - allocation
model of Cooper [4]} This basic éoncept can also be used in conjunction
with Theorem 1 to generate intuitively\appealing columns to add to the
set partitioning model. |

To illustrate the procedure consider the delivery example illustrated
in Figure 2. Again the circles represent delivery points and the square
represents the depot. The basic idea is to use a surrogate distance
rather than the actual distance in determining the points which are assigned
to each vehicle. The surrogate distance is obtained by assuming that the
vehicle travels from the depot to a specified cluster point, represented
in Figure 2 by the dashed circles. It then makes the deliveries, returning
after each delivery to the cluster point. After all deliveries have been
made, the vehicle returns to the depot. Under this surrogate distance,
the problem becomes one of locating the cluster points, one for each
vehicle, and then assigning the delivery points to each vehicle,

1f (ao,bo) represents the coordinates of the depot, (ai’bi) represents
the coordinates of delivery point i, (xj,yj) represents the coordinates

of cluster point j, and assuming Euclidean distance, the problem can be

modeled as follows:

%,
i

m n 2 2
min } XZ[(x_—ai) + (y.-b) ]
X,¥,2z i=0 j=1 3 ]

3
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Figure 2. Delivery Example to Iilustrate the
Location - Allocation Model for Clustering.




m
s.t. XZ .iK j=l,2:°",n
=1 1
]
z,, =1 i=1,2,...,m
g5 H
. zij = Q\or 1 all i,j

sz=l j =l,2,...,n

where n is the number of vehicles and K is the vehicle capacity. When

zij = 1, delivery point 1 is assigned to vehicle j and when zij = 0,
delivery point i is not assigned to vehicle j.

While there is no method for efficiently solving this problem
optimally, the following is an attractive heuristic. Pick a set of
locations for the cluster points. With these coordinates fixed, solve
the resulting assignment problem. With these values of zij fixed,
solve the resulting location problem. Continue alternating between
the assignment and location problems for some specified number of
iterations or until there is no further improvement in the objective,
Once a cluster has been determined, the vehicle is then routed among
the points of the cluster.

A slight modification of this model, together with Theorem 1,

allows us to generate attractive new columns for the set partitioning

problem. Suppose that we have a solution to the set partitioning

problem and a set of row prices pl,pz,...,pm. Now consider the model
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B 3 atepap® e 0paptiing - 3
min 2[(x,-a,)° + (y.-b.)1%z,, - ) p.z..
x,y,z 1=0 3=1 3 1 i i e e R

m
s.t. Z zij <K j-=1,2,...,n

n

jzlzij <1 i=1,2,...,m
zij =0or 1l all i,j
zoj =1 j= 1’2"'f’“

Any cluster generated by this model will have a positive potential
savings, with respect to the surrogate distance. Hence, it corresponds
to an attractive column to add to the set partitioning problem (consider-
ing surrogate distances).

Since the second constraint has been changed to an inequality, not

all delivery points will be assigned to cluster points. This simply

means that the current row price for the delivery point is more attrac-
tive than the cost of serving the delivery point in alternative clusters

considered by the model. The model can be solved using the same heuristic

discussed for the earlier location - allocation model.
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8. DIAL-A-RIDE PROBLEM

The dial-a-ride problem is a much more complex routing problem
than the delivery problem. In the dial-a-ride problem we are given
an origin-destination trip matrix and 3n underlying network on which
the trips are to be made. There is a single item (people, goods,
etc.) (demand for service) at each origin that needs to be transported
to its specified destination. The items are transported from origins
to destinations on vehicles each having capacity K. We wish to satisfy
the trip requirements while travelling the minimum distance.

This is a "static" version of the dial-a-ride problem since time
is not considered. There are a number of more complex versions of
this problem, but this version is sufficient to demonstrate the basic
ideas of our approach.

The set partitioning model for the dial-a-ride problem is analogus

to that of the delivery problem, but here rows represent trips rather

than simple delivery points. The vehicle capacity constraints are

handled by generating only routes which satisfy them.
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9. DECOMPOSITION

In delivery problems, representative of the "one-ended" class of
routing and scheduling problems, we need only be concerned with a single
stop for a vehicle éo satisfy a partictular demand for service. In con-
trast, the "two-ended" class, which includes dial-a-ride problems, requires
two stops in a specific order (sequence) to satisfy a specific demand for
service. It is this requirement for sequencing of "pickup" and "dropoff"
point pairs which adds greatly to the difficulty of handling the two-ended
class of vehicle routing problems.

When one considers examples of two-ended problems, it becomes imme-
diately apparent that thé sequencing requirements greatly inhibit the
complex pattern processing abilities of the human. Figure 3 jillustrates
an example of a 25 trip dial-a-ride problem. Rather than displaying
order and structure, the problem resembles so much spaghetti. It is

clear that for such problems the human interactor needs more help in

generating good columns for the set partitioning model.

Unfortunately, it is also more difficult to apply straight forward
methods such as the savings approach discussed earlier for the delivery
example. In generating a dial-a-ride route one must be concerned with
where both the origin and the destination occur in the sequence in order
to calculate the potential savings. In addition, the capacity constraint
may negate what otherwise appears to be good positions for the origin
and destination in the sequence.

Because of this complexity, it is helpful to "decompose"

the problem into two levels which we call "clustering" and '"chaining'.

In essence, we consider a route to be made up of two components. Clusters
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correspond to trips which can all be on a vehicle at one time, while
chains correspond to movement from the end of one cluster to the beginning
of the next. Figure & provides an example of five good clusters, while

Figure 5 illustrates one way ih which these five clusters might be linked

t
-

into two chains.

The partitioning model and pricing concepts can be effectively éxploited
to aid in generating improving clusters and chains in a column generation
approach to solving two-ended vehicle routing problems. One partitioning
model can be utilized in generating improving clusters while another parti-
tioning model helps identify better chains.

In the partitioning model for clustering, the columns represent clusters
and the rows represent the individual trips (demand for service). We shall
demonstrate, in the next section, just how the pricing information from the
partitioning problem can be used to generate additional clusters.

In the partitioning model for chaining, the columns represent chains
and the rows represent the individual trips. The function of the chaining
partitioning model is to combine the clusters into good vehicle routes.

The overall solution procedure consists of linking the clustering
models and chaining models together in au interactive manner. The
clustering models, partitioning matrix and pricing information are used
to generate good clusters. These clusters are then passed to the chain-
ing phase where they are linked together via the chaining models, par-

titioning matrix and associated pricing information. After chaining,

it is possible to return to the clustering phase to identify additiomnal

clusters.

The next two sections discuss the specifics of clustering and chaining




Ly

Figure 4. Example of Five Clusters
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Figure 5. Example of Two Chains Linking the Five Clusters of Figure 4
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10. CLUSTERING

In the previous section we introduced the clustering concept. In
this section we shall provide more de;?ils of the concept as well as
the structure and operationof various clustering models. Figure 6
depicts a typical cluster (in this case, three trips).

Clustering makes sense 1f the origins are reasonably close to-
gether and the destinations are also close together. One way to
develop an evaluation of such circumstance is to locate the centroid
of the origins, the centroid of the destinations and accumulate the
resulting distances from the original trips. In Figure 6 we could

evaluate the distances represented by (atbtc) + (d+et+f). If this

sum is small then it would make sense to cluster the trips.

By utilizing surrogate distances we lose the actual route dis-
tance evaluation; however, we gain the ability to evaluate larée
numbers of cluster possibilities conveniently and simultaneously.

In Figure 6 we might employ Euclidean distances. In this case we
could compare the sum of the row prices, Py + P,y + Py generated in
the covering model for clustering to the quantity 2(a+b+ec) + 2(d+etf)
+ g to determine whether clustering is appropriate. We can think of
the latter quantity as a surrogate for the vehic}e routing distance.

We can develop a straight forward extension of the Location -
Allocation model discussed in Section 7 to identify good clusters

for the dial-a-ride problem. In place of the quantity




Figure 6.

Surrogate Distances for a Typical Cluster
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2 ~ 2.0
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we employ a quantity

N
g Z 2[(xj—ai) + (yj-bi) ] zij

3

+ 1] 2tmap? + 6,077 2

P8 11

- ~2 . - "2
+jz [(xj xj) +(y_j—yj),]

e

A ~ -

where ;j’ §j’ gi and Bi correspond to origins and Xj’ yj, and ay

A

b, correspond to destinations of clusters and trips.

i
We can also develop a savings approach to clustering in a similar

manner to that described earlier for the delivery problem. As in the

delivery problem, the clusters generated by the Location - Allocation

models by the savings approaches or by the human interaction can be

achieved in a set partitioning model. This model can then be solved

to determine a "best" set of clusters.
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11. CHAINING

Upon termination of the clustering process, a number of reasonably
good clusters are available. This set includes not only the "hest"
cluster sets as selected by the.covering model for clustering, but
also a number of other clusters which might be nearly as good, but
which were not selected in the optimal solution to the covering model.
The pricing mechanism can again be utilized to select these additional
"good" clusters. Figure 7 illustrates a set of clusters which might
result from the clustering process. The clusters in the figure represent
only the optimal solution to the clustering process. In addition, we
might have other clusters available, e.g., a cluster containing only

trips 1 and 2.

The clusters obtained represent good possibilities for segments
(legs) of a vehicle route. The next step in the process is to link
("chain") these clusters into complete vehicles routes. Figure 8
illustrates the chaining concept. Trips 1 and 2 form one cluster,
while trips 3, 4 and 5 form another cluster (see Figure 8a). 1In
Figure 8b, trips 1 and 2 are replaced by a single pseudo (cluster)
trip, as is also the case for trips 3, 4 and 5. These cluster trips
are then chained together.

The interpretation of chaining is that a single vehicle will
service the first set of trips (in Figure 8b these would be trips 1
and 2) and then proceed to service the next set of trips (i.e., trips
3, 4 and 5) in the chain. Figure 9 illustrates the likely vehicle

route to service the two clusters.
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Figure 7, Example of Clusters Resulting from the Clustering Process
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a. Two Typical Clusters

—_——— 1,2

3,4,5

b. The Associated Cluster Arcs Chained Together

Figure 8. An Example of Chaining Clusters Together
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Figure 9. Probable Vehicle Route
for the Chain of Figure 8b
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In the partitioning model for chaining, we associate a column of
the partitioning matrix with each feasible chain (vehicle route) and a
row for each trip. Column j contains 1 in row i if trip i is serviced
by chain (vehicle route) j. Otherwise, it contains a O (zero). The
zero-one variable associated with the columns provide indications of
which chains were selected in the optimal partitioning solution. Table
3 illustrates a partitioning matrix for several chains in Figure 7.

The column generation process for the chaining problem is similiar
to that for the delivery problem in section 5. However, there are two .
differences which must be addressed. The first is that in the delivery
problem we were routing through "points' while in chaining, we are
routing through "lines" (one for each cluster). This requires only minor
changes in the savings approach; however, the Location - Allocation is no
longer appropriate. The second difficulty occurs because we do not want two
clusters in the same chain if they have a trip in comaon. This is easily

avoided in the same manner as we avoid exceeding vehicle capacity in the

delivery problem.




§193SNTO

—
3¢ ‘T S8I93ISNTD © o H A" H A o —N - 2

o}

=

. )

=

€ o~ P~

_ G R H ‘¢ SIPISNTD In = T T 8 o
i
« B

Hig

y ~hs

GRT ‘TsadISATD & H H A =H A - MR

o

32

o~

§

_ X o

G § Z Sa9IsSnId o T B - - Mo

_ g
< o

o

.

%

9 T SI9ISNTD N o~ H o~ - 9 o

4

Dy

0 o

How

Z % T sao@gsnyo — - — — — —

11

7



58

12. DIAL-A-RIDE SOLUTION PROCEDURE

l We may put all of the foregoing ideas together into an algorithm
' for the dial-a-ride problem. Figure 10 provides a flowchart for the

algorithm. All of the operations @ thru @ , in Figure 10 have been
t
previously discussed except operatioﬁ ().

The chaining procedure forms clusters into good vehicle routes.

In order to increase the flexibility of the chaining procedure we must

to passing the optimal set of clusters to the chaining procedure we
should also pass a number of other good clusters. For example, we might

pass clusters which priced out near optimal in the partitioning problem

for clustering. This is what is suggested in operation @ .

l provide it with a number of clusters to work with. Thus, in addition
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Begin
Clustering

: *

y , \

Generate an Initial
Set of Clusters. (:)

Begin
Chaining

(e.g. one for each trip)

Select a Number of
Potentially Good
2\ ILterate Clusters to Work With. (:)

l (e.g. those which priced

out optimal or near optimal)

Solve the Partitioning Problem (Z)
for Optimal Clusters and Prices

Generate an Initial
Set of Chains. (:)
(e.g. one for each trip)

Yes —_—

No

Iterate

Use Prices to Generate <:)
New Clusters.

: Solve the Partitioning
Problem for Optimal Chains (:)
and Prices

Yes
Stop

No

Use Prices to Generate (:)
New Chains (Routes)

Figure 10. Flowchart of the Dial-A-Ride Solution Procedure




13. PRELIMINARY COMPUTATIONAL RESULTS

The delivery algorithm described in this paper has not yet been
fully implemented. However, for evaluation purposes a version was
tested which employed prices to‘aid the human in locating improving de-
livery solutions, -but did not include a partitioning problem to locate
a best set from the candidate routes generated. The version was tested
on the 50-point, 75-point and 100-point problems of Eilon, Watson-Gandy
and Christofides [6]. All of these problems (1) employ a single depot,

(2) are Euclidean, and (3) have a limited vehicle capacity.

The current best known solution values for each of the three problems
selected are given in Russell [8]. They are 524, 854, and 833 respectively.
For each problem, one of the authors employed the interactive proce&ure
until no improvement could be made. 1In every case, the best known solution
value was equalled or exceeded. "Table 4 presents the results of the
three tests. In some cases an iteration consisted of the complete re-
generation of new routes, whereas, in other cases it consisted of the
exchange of demand points on a few routes.

It is very encouraging that the proposed procedure was able to
generate a better solution to the 100-point problem than the current

best known solution.




METHOD PROPOSED

PROBLEN RUSSELL T COST TTERATIONS
50 POINT 524 . 524 5
75 POINT ‘ 854 ~ 854 4
100 POINT 833 827 | 11

Table 4. Results of the Proposed Method
Compared With Current Best Known Solutions
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14. CONCLUSIONS !

An interactive delivery system and dial-a-ride system based on the
concepts presented here have been implemented on a Chromatics colorgrahics
terminal interfaced with a CYBER 74 mainframe computer. Preliminary
tests indicate th;t the interactive Erocedure is gble to compete with
state-of-the-art automatic procedures for delivery problems without a
great degree of human effort. Although the systems are in many ways
very rudimentary, they dramatically indicate the potential for this kind
of human aided optimization.

The interactive procedures should derive their greatest benefits in
more complex problems containing unusual side constaints (e.g. multiple -
depots, time, etc.) which the human is able to perceive and control.

We are in the process of making extensive modifications in the software

and are testing a variety of new models and heuristics to aid in clustering

and in route generation.
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ABSTRACT

Two models of clustering are developed for the dial-a-ride pro-
blem. End Point Clustering attempts to assign the trips to cluster
points located in the two dimensidnal space of trips. Linear Clustering
assigns the trips tg lines in the trip “space.

Each cluster method is fully developed methodoiogically and an

algorithm is also presented for implementation of the techniques.

Test examples as well as Rochester dial-a-ride data offer encouraging

evidence of the usefullness of the cluster methods.
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1. INTRODUCTION

Consider the following class of two-ended routing problems: For a
given origin-destinatlon trip matrix and an underlying network on which
the trips are to be made, there are items (people, goods, etc.) at each
origin that must be ‘transported to their destination. The items are to
be transported from origins to destinations on vehicles with a capacity
of k in such a manner so as to minimize the total distance travelled.
The particular routing problem which will be considered in this paper
is the dial-a-ride problem in which a trip represents a demand for ser-
vice by a subscriber of the transportation system. See Cullen, Jarvis,
and Ratliff [1] for further discussion of this problem.

Because of the complex nature of this class of routing problems,
it is extremely difficult to solve even moderately sized problems
optimally. Instead, the approach that will be taken here is to first
cluster the trips together into groups of size k or less and then to
determine a minimum distance route through the origins and destinations
of each cluster. Clearly any grouping of size k or less will satisfy
the capacity requirements of the vehicles; however, if the clusters are
chosen poorly, the resulting routes will not be of minimum distance.
Furthermore, the routing problem is restricted in that the origin of
each trip must be visited before the destination. Thus, the solution

of a dilal-a-ride problem will proceed in two steps, a clustering step

and a routing step.
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2. CLUSTERING .

The purpose of clustering is to group together those trips which
form minimum distance routes. In general, it is difficult to determine
the exact contribution of each trip to the total route distance. Hence,
clustering models use surrogate measures instead. These measures are
composed of two parts: the distance between the origin (destination)
of a trip and the cluster, and the distance along the cluster. (The
details of these distances will be specified later.) The surrogate
measure for each vehicle approximates the total distance that the vehicle
must travel in routing through the trips assigned to it. For example,
in one type of clustering the vehicle can always begin at an origin
point for the cluster, go out and back to the origin of each trip,
travel to a destination point for the cluster, and go out and back to
the destination of each trip. Furthermore, the out-and-back distance
for each trip can be weighted by a distance multiplier to improve the
quality of the surrogate measure.

Two types of distance criteria can be used in clustering: Minimum
Load Distance and Minimum Vehicle Distance. Load distance refers to the
total of vehicle load times vehicle distance trzvelled whereas vehicle
distance refers only to the total vehicle distance travelled. The appro-
priateness of either criteria depends upon the application. For example,
if the routing problem concerns people, it may be more appropriate to
use the load distance critcria. (Presumably people prefer to minimize

their vehicle distance travelled). If the routing problem concerns

objects, it may be more appropriate to use the vehicle distance criteria.
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In some applications it may not be possible to 'split" loads. This
restriction requires that all of the load for a trip be carried on the
same vehicle. 1In some applications it may be appropriate to split loads
in terms of some unit of divisibility. For example, if people are being
carried on the trips: then it does not make sense to divide into units
smaller than one person.

The clustering problem to be solved in the dial-a-ride application

can be formally stated as follows:

Minimize: ) }oe,.x,, + Z f
1] N

Subject to: Xx,, <k ¥ j
J gij—j .
inj=£i ¥ i
]
xij=0,1, ...,f:i ¥ i, ]
where: eij = the distance between the origin of trip i and
cluster j plus the distance between the desti-
nation of trip i and cluster j.
fj = the distance along the cluster line for vehicle j
kj = the capacity of vehicle j
ﬂi = the load of trip i
A = the distance multiplier

This problem employs the minimum vehicle distance criteria with load

splitting. The xij variables are in terms of units of load and determine
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how much of trip i's load is assigned to vehicle'j. The constraint set
is that of a transportation problem, and as such it can be efficiently
solved.

Consider the clustering problem. So far, no mention has been made
of the specific metﬁod of determining the quantitieé eij and fj. Rather,
eij was identified only as the distance between the origin and the desti-

nation of trip i and the cluster j, and fj only as the distance along

the cluster j. Two general methods of determining these valies will be

discussed.
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3. ENDPOINT CLUSTERING

The first method of clustering is known as endpoint clustering and
is illustrated in Figure 1. (For purposes of illustration all distances
are euclidean, although it is possible to use squared euclidean and

rectilinear distances as well.) 1In this example eij = Py + q; or more

precisely:
_ - = 2 - _ = 2. % A~ n 2 ~_ N2 3
ey = (@ =%+ (b = ¥+ (@G - 27+ By - 7DD
Also, fj = rj or more precisely:
- A 2 - A 2 15
f.=((a, - a,)" + (b, - b,
J (( ] ] ( J J) )

For this method of calculating eij and fi’ it can be shown that the

objective function is not convex. Hence, it may not be possible to deter-

mine the optimal solution to this problem without resorting to some sort

of enumerative procedure. Instead, a heuristic approach to solving this

problem has been developed. Initial compﬁtational experience with this

algorithm indicates that it converges rapidly to a locally optimal solution.
The heuristic algorithm is based on the following decomposition of

the clustering problem: Suppose initial values for the cluster points

a B., and g., g. are known. (Two methods of determining these values

j’
will be discussed later.) Then it is possible to compute values for eij

and fj as shown above. Furthermore, the quantities eij and fj become con-
stants in the objective function and the only variables are the xijs.

The problem is now a transportation problem and can be readily solved to
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yvield locally optimal values of the xijs. With these values of the xijsv
as constants in the objective function, the resulting problem is now a
location problem and can be readily solved using the Hyperbolic Approxi-

~

mation Procedure [2] to yield locally optimal values of Ej’ Ej and gj’ bj.
This decomposition i; illustrated in Figure 2.

The algorithm alternates back and forth betweeﬁ solving a transporta-
tion problem and a location problem until no further improvement in the
objective function can be obtained. Since the resulting solution is only
locally optimal, the quality of the final solution is a function of the
initial values of the cluster points. Two methods of determining the
initial cluster points have been tested. In the first method, the origin
and destination points for the clusters are set equal to the origin and
destination points for selected trips. These trips are chosen so as to
give a fair representation of the dispersion of trips throughout the
space. In the second method, the initial cluster points are selected

by an operator using a color graphics terminal on which the trips are

displayed. This method attempts to exploit the ability of a human operator

to recognize spatial relationships.
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e - -2, - - 2%
Minimize: E § [)\xij((aj Xi) + (bj yi) )+
A—A2 _ 211
' Xxij((aj Xi) + (bj Yi) )<l +
_— v - A- 1
T T x. (G -5)2+ @G, - 6%
i 7 1] J ]
Subject to: x,, <k, ¥ ]
j 1211]_3 j
Y x,, =L, Vi
A | i
]
xij =0, 1, ..., ﬁi ¥ ij

Transportation Problem (Euclidean Distance)

Minimize: Y ) ox..d .
P51

Subject to: As above

. _ - =2 T o2k
Where: dij K((aj Xi) + (bj yi) )+
A((a, - %07 + b, -5 )2y 4
u£—£92+wj—nﬂﬁ
Location Problem (Fuclidean Distance)
Minimize: ] D (G - %7+ B, - 7D
ij J
A 2 o~ 2.1
Ax,.((a, - Xi) + (bj -y +
x. (G, - a)2 + (5, - 5,057

Figure 2 - Decomposition Procedure for Endpoint Clustering
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4, LINEAR CLUSTERING
The second method of clustering is known as linear clustering and is
depicted in Figure 3. (For purposes of illustration all distances are

euclidean.) The line connecting Ej, Ej with ;j’ gj is known as the cluster
t

line. The point Eij’ dij represents the point on the cluster line that is

A

closest to the origin point for trip i. Likewise, the point c dij repre-

ij?
sents the point on the cluster line that is closest to the destination point
for trip i. (As noted in the figure Eij’ aij can be represented as a convex
combination of 5., Bj and ;j’ gj' Likewise, for gi" Eij. This represen-
tatior will be useful later.) In this example, eij =P, + 4 or more pre-
cisely:

- - .2

- - .2
AR R CPREE Rl

e 2

A ~ 2;5
+ (dy. - yij) )

+ (,(cij - xi) j

The calculation of fj is somewhat more complicated; in terms of the notation

it is as follows:

~ 2 - 2. %
fJ ((ck cp )T+ (dkj dﬂj) )
where: Sy dkj is that point for which Xk = mix (Xi)
cﬂj’ dﬂj is that point for which ﬂﬁ = m?x (ﬂi)

Thus, fj represents the distance between the most extrem: point Eij’ aij in

the direction of the origin and the most extreme point cij’ dij in the

~ ~

direction of the destination. This is illustrated for an example involving

two trips in Figure 4.
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Thus far it has been assumed that c.., d,, 4nd c_,, d,, exist, but
ij ij ij ij

no method of calculating them has been presented. Fortunately, it is
possible to calculate these points (or rather their Xi and my values)
in closed form, thus avoiding the expense of an iterative procedure.

a

For euclidean and squared euclidean distances, it can be shown that

A= (G - Sj)c;j - Qj) + G, - Gj)(Bj - Gj))/
(G, -ap?+ G, -6 )
and
M= Gy -3y - A F Gy =BG, =B/
(3 - 3" + b, - 5%

For rectilinear distances, it can be shown that

A = Gy - Qj)/(éj - ap) if 3, - EIJ,I/IBJ. -yl 21
= Gy - ﬁj)/(Sj - ﬁj) if |£j - §j|/|61. -b,l <1
and
mo= (;ci -3/ - a) if IQJ, - Ejl/lﬁj - 5,1 21
= (§i -5/, - Ej) if IQJ_ - le|/|§j - Bj| <1

A proof of these results is contained in Appendix A.
As with endpoint clustering, the linear clustering problem is also not

convex in its objective. Hence, a similar heuristic approach to solving

the problem is taken. Given a set of cluster points gj’ Bj and ;,, gj’ a

transportation problem is solved to yield locally optimal values of the xij's.
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Given a set of xij's, a location problem is solved to yield values of Ej’
Bj and ;j’ gj' While the tramsportation problem for linear clustering

is identical to that for endpoint clustering, the location problem in
linear clustering is more difficult and cannot be solved by use of the
Hyperbolic Approximation Procedure. To illustrate this point, consider
the formulation of the location problem in linear ciustering for eucli-
dean distance shown in Figure 5. This problem has a nonlinear objective
function and nonlinear comstraints. While one would probably not attempt
to solve this problem in this form (since the constraints are all equa-
tions, they can be substituted into the objective function), it does
illustrate the difficulty in solving this problem: the cross—product

terms involving a.c.., g.d.., a_g,., and 3,8_, and
J 1] J 1] J 1] J 1]

2 L \2\%
r;e,xl}z {((cij ckj) + (dij dk;j) )7}

Because of the difficulties in solving the location problem in linear
clustering, it does not seem possible to solve the problem efficiently.
However, suppose that the problem is simplified by eliminating the distance
along the cluster line frém the objective function for each cluster. The
resulting problem is that of minimizing the sum of the distances to the
cluster line for all trips in a cluster for each cluster. Morris and
Norback [3] have shown that in an optimal solutioq to this problem, the
cluster line must pass through at least two of the trip points (origins
or destinations). ' Thus, the procedure which they suggest for solving this
problem is to enumerate all pairs of points as possible locations for the
cluster line, and to select that pair for which the sum of the distances

to the cluster line is minimal.
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Location Problem (Euclidean Distance)
Minimize: 1Y Ax, . ((c,, - x »2 + @, - y )2)4 +
i3 ij ij i ij i
2 ~ 2.k
Ax ((c1 -x,) + (dij yi) ) } +
A 2 2.3
z max ((c,, - ¢, )"+ (., - d,.)7)
31,k ij kj i k
Subject to: a.c.., + B.d.. =Y. ¥ ij
J ] 1] ] 1] YJ J
a.c +g.d, . = ¥ i
343 7 F5%5 T V3 J
Where: aj, Bj, and Yj are the coefficients in linear form

(i.e. ajx + Bjy - Y = 0) of the cluster line

Figure 5 - Location Problem in Linear Clustering




If one assumes for the location problem in linear clustering that the
cluster line must also pass through two trip points, then the problem can
be solved by evaluating the objective function for each location of the
cluster line and selecting that location with the minimum value. This
assumption can be pa}tially justified by noting that the distance along
the cluster line is mostly a function of the minimuﬁ and maximum x and y
coordinates for the trips in the cluster. Thus, it is approximately a
constant. If the enumerative solution approach is adopted, then it is
possible to consider more realistic values for the eij terms. Recall
that the term eij represents the contribution of trip i to the total
route distance for cluster j. While letting eij be simply the distance
between the origin of trip i and cluster line j plus the distance between
the destination of trip i and cluster line j is not a bad approximation,
it can be improved upon in many cases. The various combinations of a
trip i and a cluster line j which give rise to different ways of evalu-
ating eij are shown in Figure 6. The trip is indicated by two points
connected by a solid line, and the cluster line j is indicated by two
points connected by a dashed line.

To illustrate the rationale for the method of evaluating eij in
Figure 6, consider Case 2. Vehicle j must travel out and back to the
origin and destination for trip i from the cluster line. Hence, eij in-
cludes distances a and b. Furthermore, because the line which conmects
the origin for trip i with cluster line j intersects the cluster line to

the left of the origin for cluster j, vehicle j must travel the additional

distance ¢ in order to pickup trip i. Hence eij includes the distance c.
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l-l

e,, =a+b
ij
Case 1
Case 2
eij = a+b+c
Case 3

eij=a+b+c+d
Case 4 a{l d
l——— — —— G———  G— ,\———M.‘
A .-]

(o4

l b

Figure 6 - Evaluation of eij in Linear Clustering
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Case 5

Case 6

Case 7

Figure 6 - Continued
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Case 9 e.,.. =a+b+e
1]

Case 10

Case 11 eij =a+b+e
1}
’ -O——————.—.—-—-—-—
ir—-
a{l] c
e =a+b+ec

Case 12

Figure 6 - Continued
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5. EXAMPLES OF CLUSTERING

The clustering techniques described above have been implemented on
a color graphics terminal. Endpoint and linear clustering models were
applied to a sample set of Rochester, New York dial-a-ride data. The

¢
results appear quite favorable and are encouraging for future efforts

clustering model development.
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First consider euclidean and squared euclidéan distances. The problem
of finding the point on the cluster line that minimizes the distance
between the line and an origin (or destination) point is identical for
euclidean and squared euclidean distances. This is true because the

t
minimum of the square root of a function occurs at phe same point as that
for the minimum of the function.

Let D represent the squared euclidean distance from an origin point

to the cluster line. (For simplicity of notation the subscripts are

dropped.) Then,

(2 + (1 - Va - §)2 + (b + (1 - b - §>2

D=
3D/3X = 2(Qa + (1 - Ma - x)(a - a) +
2006 + (1 - Vb - Y (b - b)
=(Ma-a)+a-XV@E-32+Ob-D+b-3(-5b)
S AE -2 B -DGE -+ -2+ -G - D)
MG -2 -0 (G-DE-D+G-DHE-D)) =0
A=((x-a)(a-a)+ (y-bB)d-b)/((a-3a)"+ (b -b)")

The argument is similar for w. Hence,
A = n m o mon m i gaaA =2 A =2
mT= ((x-a)(a~-a)+ (§-Db)b-0b))/((a-2a)"+(b-b)")

Consider rectilinear distance next. Let D represent the rectilinear

distance from an origin point to the cluster line. Then




A K K KX L

90

A3 + (L - Na-%| + |3+ @ -Mb -5

=]
I

A@-3a) - G-a|+aE-b) - G-

This can be rewrittep as the following linear programming problem.

-

Minimize: D=A+238B
Subject to: (a - a): + A = (x - a)
(b-DA+B=(y-b)

A, A, B unrestricted

Excluding for the moment the case where A* = 0, we know from the theory of
linear programming that if A% # 0, themn either aA* = 0 or B* = 0, If A* =0,

then either x = a and A* = 0 or y = b and B* = 0. Hence, when D is minimized

either 1)

(x - a)/(a - a)

I
(@]
\4
>

[l

@ - 3) - (x - )|
or 2)

(¥ - )/ (b - b)

n
o
4
>

]

NGB -B) - 5 - D)

Thus, at optimality A can take on only two values; denote them by Al and AZ'
For case 1) to occur then
D(Al) §_D(A2)
(B -D)GE-3) - @-aGF-b))/GE-2a)]<

(3 - D)@ -3) - (B-b)E-a)/k - D))

which implies
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a-a| >[5 -5

For case 2) to occur then

A

o
!

oo

a-al <

In summary,

>
[}

The argument for T is similar.

=
[l

(x - a)/(a - a) if |a - a|/|p

(G -)/®k-b) if |a - al/lb

(x - a)/(a - a) if |a - a|/|b

~

(3 -B)/G -5 if |a-al/|b

| v

|v

1
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ABSTRACT

A network flow model of chaining in the Dial-A-Ride transportation
problem is developed. Since the network flow model employs side constraints,
viz certain subsets of arcs may only have one unit of flow between them,
it cannot be solved Ly ordinary network' flow techniques.

A Lagrangian relaxation method is developed to handle the side con-
straints of the network flow problem for chaining. The method appears to

work well on small test problems; however, further testing will be required

before definite answers about its usefullness can be obtained.
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1. INTRODUCTION '

Elsewhere [1l] a framework for modeling and analysis of demand respon-
sive (dial-a-ride) transportation systems has been discussed. Figure 1
illustrates a dial-a-ride problem in which 11 trips (people) must be accomo-
dated+. Each arc répresents an association of origin and destination for
the particular trip. The problem is to route the a&ailable vehicles through
the community so as to satisfy all trip requirements with minimum distance,

In [1] a two stage procedure was developed for analyzing a dial-a-ride
system. The trips were first "clustered". The object of clustering is to
identify subgroups of trips which will be serviced by the same vehicle by
first visiting their origins and then visiting their destinations. Figure
2 depicts five such clusters. By employing different clustering techniques
(see [2]) it is possible to generate a number of different clusters, all
containing the same trip.

The clusters obtained represent good possibilities for segments (legs)
of a vehicle route. The next step in the process is to link (''chain") these
clusters into complete vehicles routes. Figure 2 illustrates the chaining
concept. Trips 1 and 2 form one cluster, while trips 3, 4 and 5 form another
cluster (see Figure 2). 1In Figure 2, trips 1 and 2 are replaced by a single
pseudo (cluéter) trip, as is also the case for trips 3, 4 and 5. These
cluster trips are then chained together.

The ‘interpretation of chaining is that a single vehicle will service
the first set of trips (in Figure 2 these would be trips 1 and 2) and then

proceed to service the next set of trips (i.e., trips 3, 4 and 5) in the chain.

Several figures in this report are repeated from the earlier report [1]

so that the current report can be read as a self-contained document.
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a. Two Typical Clusters

3,4,5

b. The Associated Cluster Arcs Chained Together

Figure 2. An Example of Chaining Clusters Together
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Figure 3 illustrates the likely vehicle route to’'service the two clusters.

We shall demonstrate how mathematical models can be developed to aid

the human in developing good chains (vehicle routes).



Figure 3. Probable Vehicle Route
for the Chain of Figure 2Zb
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2. NETWORK FLOW/PARTITIONING MODEL FOR CHAINING

The most fundamental model of chaining is based on network flows.
In a network we represent each cluster trip by two nodes (an origin and
a destination node) and an arc. We then add additional arcs to the net-
work which link the‘destination node of one cluster arc to the origin
node of another cluster arc on the basis of proximiﬁy considerations. 1In
Figure 4, we indicate one network flow model for the clusters of Figure 1.

To establish the flow variables for the network flow problem consider
the case where each trip appears in exactly one cluster. We assign every
arc an upper capacity of 1, the dashed arcs a lower capacity of 0 (zero)
and the solid cluster arcs a lower capacity of 1 indicating that these
trips must be serviced. Arc flow costs for the network flow problem are
the associated vehicle travel distances. If the "starting node'" and the
"ending node'" represents the vehicle storage depot, then we may also assign
additional costs to the arcs originating at the starting node to reflect the
fixed cost of using each vehicle (provided they are all the same).

If the network flow problem for chaining contains no circuits and if
the same trip does not appear in two different clusters in the network, then
the resulting chains (vehicles routes) will be valid ores. If either of
these two conditions are explicitly included in the model, then the under-
lying network flow problem becomes considerably more complicated.

We can circumvent some of the problems associated with the difficult
problems of chaining by utilizing a partitioning model of chaining. (Actually
we substitute one difficulty for another.) In a partitioning model of chaining,
we associate a column of the partitioning.matrix for each feasible chain
(vehicle route) and a row for each trip. Column j contains a 1 in row i if

trip i is serviced by chain (vehicle route) j. Otherwise, it contains a 0

(zero). The zero-one variable associated with the columns provide indications
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i

of which chains were selected in the optimal partitioning solution. Table 1
illustrates a partitioning matrix for several chains in Figure 4.

Besides solving the partitioning model optimally (which we would not
likely do), the obvious difficulty with such a model is in generating the
candidate chains (columns). To aide'in this column generétion process, we
could employ (1) th$ huﬁan (which.would certainly be part of any interactive

< .
process), (2) a savings approach to combine clusters iﬁto chains, (3) a
network flow model or (4) some other method. The first two of these column
generation approaches should be reasonably intuitive to develop. We shall
briefly describe the third one. Suppose we have identified some candidate
columns (chains) for the primary concern partitioning problem (e.g. the
individual clusters from the clustering process). Then, the partitioning

model will yield (1) an optiinal solution and (2) a set of row prices. As

before, a column j not in the solution appears favorable if

— > -
§ piaij cj 0

where Pi is the price for row i in the partitioning problem (see [1]).

Now, ¢, is the cost (distance) of servicing the chain. Also, Z piaij is the

| _ i

cost of servicing the given trips in the current partitioning solution. Con-

sider how these two terms might be represented in the network of Figure 4.
Suppose we associate with each dashed arc the negative of whatever

costs that are incurred in traversing the arc (this is the same as befo;e

with a sign change). Associated with each clustering arc the quantity Z P ~-C,

where the term z p represents the sum of row prices for trips in the cluster

and ¢ represents the cost of the cluster. With these costs defined on the

network, we seek a path (or paths) in the network, from the starting to the

ending node, which has positive total cost. It should be clear that such a
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path satisfies the condition for a potentially improving chain, and can be
added to the partitioning problem.

Again, with this network flow model (a shortest path model for'a single
chain) we have the difficﬁlties associated with circuits and with the same
trip serviced several times by a single chain. The phenomenon of a trip
being serviced several times seems to occur infrequently since in seeking
a least cost solution, the model tends to avoid such an instance. When it
does occur, an attractive heuristic is to simply delete one of the conflicting
clusters from the column being generated. We are currently utilizing the
human Interactor to handle the case where the flow problem contains circuits.
The human breaks the circuits and patches the paths back together. If we
restrict the procedure to locating a single improving path each time, the
resulting shortest path model lends itself more intuitively to the develop-
ment of good heuristic procedures for solving both of the major difficulties

associated with the flow mode. 1In particular it is much easier for the

human to break the circuits in a single path than in multipaths.
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3. THE LAGRANGIAN APPROACH | !

A possible approach to solving the problem of multiple trips in chaining
involves the use of Lagrangian multipliers. When dealing with a general
primal problem P(x) of the form:

P(x): min cx
s.t. Ax>b

xeX

the Lagrangian relaxation, P u(x), is defined as

Pu(x): min cx + A(b-Ax)

where A is a nonnegative vector with one component for each row of A. This
relaxation removes constraints from the constraint set and adds them, as a
form of penalty, to the objective function. It can be proven that for all
A>0, U(Pu(x)) < V(P(x)), where v(+) denotes optimal oﬁjective value. Thus
PU(X) is a valid relaxaticn of the primal problem. This relaxation will
become helpful ﬁhen considering a network flow problem consisting of chaining
clusters together with the added constraints prohibiting multiple trips.
Since these added multiple trip constraints rob the problem of its network
form, steps should be taken to somehow eliminate these "bad" constraints.

It will be attempted in the following manner. First, separate the primal

constraint matrix into two submatrices as follows:
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, A'
A= [A"]
where A' represents the set of all network constraints and A" represents
the set of all multiple trip prohibition constraints. Then, relax the

primal to PU(X)’ where ' «

Pu(x): min cx + (b"-A"%)
s.t. xeX

~where X = {x: A'x 3_b'}

M O GIN 2N DR 0BG ‘NN BN

It will be noted that b' is a 1xk' matrix where k' = twice the number of
clﬁsters and b" is a 1xk" matrix where k" = the number of trips.
The dimension of k" is intuitive since each trip will have its own
constraint prohibiting duplication. It is therefore possible to view Ai
as the penalty for chaining more than une cluster containing the ith trip.
Once the modified problem PU(X) has been constructed, the next step is

to solve it using a network flow algorithm, for example the out-of-kilter

algorithm. By defining a supersource node, a supersink node and a return
arc connecting the sink to the source, a lower bound on the nuumber of chains
generated can be established. For instance, if the lower bound on the return
arc is 2, at least two chains would be generated (the validity of these
chains is yet to be established however). See Figure 5 for an example.
Although the return arc has been forced to 2, three chains are formed
(A>B, C>D, and E~> F - G). Since the final chain is actually a negative
flow circuit, the chain was established by simply deleting the largest arc

connecting the clusters. The chaining algorithm thus proposed will itera-

tively solve an out-of-kilter problem and at each iteration store all valid
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chains as columns for the set covering model. By increasing the Xi for the
violated trips on invalid chains, new solutions to the algorithm will be
generated during the next iteration. The idea behind increasing the Xi,
of course, is to make clusters violating the one trip constraint less
desirable. The Ai will be increased until all clusters containd trip i
(except possibly one) are driven from the chain.
Consider an example of this method. Figure 6 represents twelve

clusters that are available upon termination of the clustering routine.
The trips within each cluster are shown in Table 2 and the costs of traveling
from one cluster to another (along with the benefits of servicing each
cluster) is shown in Table 3.

| Initially, the problem was solved using Ai = 0 for every i and a return
arc of 1, with the result shown in Figure 7. As can be seen, a chain of
X9 g Xg > X¢ > x, > X, was formed. This is not, however, a valid chain
since trip 6 is contained in both cluster 6 and cluster 2. If a return arc
constraint of two is used (Figure 8) two paths are generated, neither of
which constitutes a valid chain. It will be noted, however, that the raising
of the lower bound decreased the value of the objective function, thus
increasing the benefits. If this were not the case, it would indicate that
the chains being added (or augmented) were not particularly good ones.
Taking the simpler case of only one conflict (Qith the return arc constraint
of 1), we increase the value of 16 to 5 (since 6 is the violated trip) and
resolve the conflict. Figure 9 indicates that two chains are formed, with
one a negative flow circuit. Since neither path contains any conflicts,
two valid chains have been generated. Their corresponding set cover columns
are: [0,0,0,0,0,0,0,1,0,0,1,1,0,1,0,1]t for the negative flow circuit of

and (1,1,1,1,0,1,1,0,0,0,0,0,0,0,0,01% for x, > x,. Computing

Xg 7 X9 7 X1
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Figure 6. Twelve Clusters Available for Chaining
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»
l TRIP CLUSTER CLUSTER TRIP
. 1 1 1 1,3,4
I 2 2 2 2,6,7
3 A 1,3 3 3,4
. . _
4 1,3 4 5,7
l 5 4 5 6,8
6 2,5,6 6 6,9
I 7 2,4 7 9,10
8 5,8 8 8,11
9 6,7 9 12
10 7,11 10 12,13
11 , 8 11 10,15
12 9,10 12 | 14,16
13 10
14 12
15 11
16 12

Table 2 Correspondence Between Trips and Clusters
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»
» BEGIN END '
I NODE ‘ NODE , COST
E——r G—— E—
. 1 13 -13
14 1 7
l 15 1 12
18 . | 17
2 14 -16
13 ‘ 2. : ; 10
l 15 2 11
18 2 7
3 15 -9
l 14 3 11
18 3 21
19 3 23
l 4 16 -7
15 4 7
19 4 8
I 23 4 9
5 17 -9
20 5 4
18 5 10
l 21 5 10
6 18 -8
19 6 5
20 6 6
23 6 8
7 19 -5
15 7 15
16 7 15
23 7 8
8 20 -9
21 8 8
22 8 11
24 8 5
9 21 -2
20 9 3
22 9 9
24 9 9 R
10 22 -7
19 10 4
21 10 10
23 10 . 7
11 23 -6
21 11 14
22 11 10
24 11 17
12 24 -7
20 12 18
21 12 9
23 12 9

Table 3 Travel Cost Between Clusters
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Figure 7.

Example of a Chain Through the Clusters
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Figure 8. The Network Flow Solution for a Two Chain Requirement
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the reduced costs for Xy * Xy the path is source -+ node 2 + node 14 -
node 1 + node 13 -+ sink and its reduced cost is 0 + (-16) + 7 + (-13)

+ 0 = -22., Similarly, for x_, > X, = X the reduced cost is (-9) +»3 +

8 9 12

(-2) + 9+ (~7) + 5 =-1. Now the most expensive arc of cost 9 is deleted
(eliminating the CifCuit). Thus, the true reduced cost is -1 -9 = -10.

An alternate way to approach this problem is to increase only those
costs corresponding to clusters containing violated trips. Thus, in
Figure 7, where clusters 6 and 2 both contained trip 6, only those two
clusters would be increased by 5 (in the Lagrangean relaxation approach
all clusters containing trip 5 would be penalized, whether they are in the
bagis or not). The difference will be noted in Figure 10. Now there is a
conflict in path 2 which contains clusters 12, 8 and 5. If the costs for
cluster 5 had been penalized for having trip 6 (as was done in Figure 8),
the cluster would not have entered into the basis, thus avoiding the con-
flict. More generally, penalizing only the violated clusters goes against
the very spirit of the method developed, since it only addresses selected
members of the A" matrix. |

Finally, the lower bound is raised from 1 to 2 in the final model (with
A, = 5). This breaks up the negative flow circuit (Figure 11) and generates

6

a new column x > X
12 8

the negative flow circuit. Since its reduced cost is (-7) + 5 + (-9) = -11

which is a proper subset of the column generated by

and it is not dominated by the negative flow cycle column, it is a valid
column.

Summarizing the example, there were three valid columns added to the
partitioning model for the clusters presented. By varying other parameters
(such as lower bounds of each cluster, which could be made 1 to force inclu-

sion in the basis), a number of other possibly valid columns could be

generated.




— B B B B KB =

Figure 10. The Network Flow Solution When Only
Certain Clusters Containing Trip 6 Are Penalized by 5.
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Figure 11. The Network Flow Solution

for A Two Chain Requirement With A

6

= 5
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It will be noted that it was not explained by how much Xi should be
incremented so as to drive the violated clusters out of the basis. This
For the time

problem will be addressed later on in the extensions section.

being, let it just be noted that for some nonnegative value of A a "better"

solution may be determined.
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4. OTHER MODELS FOR CHAINING '
It has also been suggested that a shortest path algorithm might be used
to address the problem of chaining. The mathematical formulation of the

shortest path problem is

S
min ecx
m m 1 ifi1i=1
s.t. ) Xi5 " ) X5 = 0 if % f lorm
j=1 =1 -1 ifi=m

x,,=0,1 1,j =1,2,...,m

As can be seen, this 1s a special case of the out-of-kilter algorithm, with
the return arc restricted to one. Since the general case is the more useful

one here, the intuitive approach of using the shortest path algorithm will

not be considered further.




3 B K =&

120

5. EXTENSIONS

144

The first extension which will be discussed is calculation of "good"
values for the Lagrangian multipliers. A good value, in this context, con-
stitutes a value which will drive at least one violated cluster from the
basis. To do this, :the dual variables*grrived at in the termination of

the out-of-kilter élgorithm were examined. Considering the example pre-
viously analyzed, after the first iteration (with all Ai = 0) there was

one conflict, which arose because clusters 2 and 6, both elements of the
basis, both contain trip 6. The dual variables are shown in Table 4. The
reduced cost for each cluster ' ppears in Tabie 5 for six values of A6.
It will be noticed that if the reduced cost is less than zero, the arec is

at its lower bound; similarly, if the reduced cost is greater than zero,

the arc is at its upper bound. If the reduced cost is zero, however, the
out-of-kilter algorithm states that an arc could be at its lower bound or
upper bound thus (as evidence by the data in Table 5) there is no obvious

way to find the minimum A needed to change the basis. There is, however, a
strong chance that further research in this area will yield a method for
calculating the Lagrangian multipliers which is superior to the haphazard
method préviously employed.

Another possible extension of the Lagrangian multiplier method outlined
is investigation into the possibility that a certain circumstance or set of
circumstances might cause the upper bound on the return arc to be varied.
Since this wpper bound constraint does effect the chains produced (as shown in
the previous example), it is possible tﬂat a certain upper bound or sequence
of upper bounds, should be used to generate chains.

A second, more general, extension that should be pursued is the incor-

poration of time constraints into the model. This would most likely be done

through the use of time slices on, for example, an hour-by-hour basis. The
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NODE PI

13
14

A N Camc mec

.15
. 18 -
2 10
. 3 11
19 6
4 8
16 1
23 3
5 9
17 0
20 5
21 3
6 11
11
8 11
22 1
24
9 | 8
10 10
11 11
12 ©11
25 To11
26 ' 0

Table 4 Dual Variables for the OOK Solution
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2 @ 0 0 66 0 0

Smallest value of }\6 which eliminates

multiple trip within one cluster, o«

Ay =
¢ =3

O indicates elements of basis, i.e. flow is one.

Table 5. Reduced Costs for Various Values of )\6
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clustering would then be done on an hour-by-~hour sbasis so the chaining
would be forced to take into account these time precedent relationships.
While this has not been addressed in the chaining study thus far, it
remains a worthwhile topic for future study.

Another possibility for chaining is to utilize a savings approach

similar to that described in [ 1]. The development of such an approach

would follow directly from the method described there.
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6. CONCLUSIONS

Futher development and testing of several methods will be required

before definitive conclusions can be drawn about chaining, in both theory

and practice.
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