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SUMMARY

This thesis explores real-time mobility estimation for autonomous air vehicles using

online machine learning. The kernel of the proposed algorithm is online estimation of

the total power required and total power available as a function of airspeed. Applying

a Sparse Gaussian Process to estimate the power required at various speeds presents an

opportunity to exploit the relationship to assess the utility with the addition of con�dence

intervals. From this core estimate, all key mobility characteristics can be computed in real-

time including uncertainty bounds. Continuous estimation of the performance envelope

of an air vehicle is a necessary element for long-term autonomy of air vehicles to ensure

survivability.
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CHAPTER 1
INTRODUCTION

Unmanned Aerial Vehicles (UAVs) have witnessed a signi�cant increase in their utiliza-

tion across various domains. These versatile aircraft are being deployed for an expanding

range of missions, including cargo delivery, air taxis, aerial photography, infrastructure in-

spections, and monitoring agriculture, among others. The future of UAVs holds immense

potential, as they offer unique advantages such as autonomous �ight and extended opera-

tion periods without the need for human intervention or monitoring.

While UAVs are designed with high levels of redundancy and safety measures, anoma-

lies and changes in aircraft characteristics can still occur. In manned aircraft, pilots ac-

tively manage and respond to such changes, ensuring appropriate actions are taken to mit-

igate risks. These changes can be dramatic from discrete events such as engine failure or

structural damage or from more benign changes from sources such as component wear or

payload changes. Pilots, through their expertise and training, are able to assess and address

these issues promptly.

However, the autonomous nature of UAVs, particularly those operating for extended

periods without human interaction, presents a distinct challenge. Unlike manned aircraft,

UAVs lack the advantage of on-board or off-board pilots to actively manage and moni-

tor the vehicle's operation. Consequently, UAVs must possess self-monitoring and self-

management capabilities to ensure safe and ef�cient operations throughout their mission

pro�les. Under these conditions, continuous estimation of the �ight envelope is crucial to

avoid subjecting the aircraft to dangerous vehicle states or demanding unachievable maneu-

vers. In other words, the aircraft must determine basic �ight characteristics so that missions

can be performed in such a way that the vehicles operate within its limits.

The purpose of this thesis is to explore ways to perform real-time �ight envelope esti-

mation by using a machine learning algorithm to recursively estimate power required and
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power available versus airspeed. From this data, key �ight envelope information can be

determined such as the speed, range, endurance, and vertical rate of climb bounds, which

are likely to change from both discrete and gradual events mentioned earlier. Advancing

real-time aerial intelligence by identifying these key �ight boundaries will signi�cantly

contribute to the future framework of autonomous aerial transportation.

With this in mind, this thesis speci�cally addresses two research questions. Firstly, con-

sidering practical sensor characteristics and errors, the �rst research question investigates

the feasibility of estimating air vehicle performance characteristics, along with uncertainty

estimates, using a Gaussian Process (GP) model for total aircraft power required and to-

tal aircraft power available. This inquiry aims to assess the effectiveness of utilizing GP

models in capturing the complex relationships and uncertainties associated with air vehicle

performance metrics. Secondly, this thesis examines the possibility of creating a real-time

implementable air vehicle performance estimate by employing a Sparse Gaussian Process

(SGP). This research question focuses on developing ef�cient and computationally feasi-

ble methods for estimating air vehicle performance in real-time scenarios. Naturally, this

inquiry encompasses estimating air vehicle performance characteristics, including uncer-

tainty estimates, for practical aircraft mission pro�les using a RSGP model for total aircraft

power required and total aircraft power available. This investigation seeks to enhance the

estimation accuracy and robustness of air vehicle performance modeling, speci�cally tai-

lored to the demands and variations encountered during practical mission pro�les. By

addressing these research questions, this thesis aims to contribute to the advancement of air

vehicle performance estimation techniques, providing valuable insights for the design and

operation of UAVs.

This thesis is organized as follows. Chapter 2 provides a literature survey of relevant

�elds of study for the proposed real-time performance estimation algorithm. Chapter 3

reviews rotorcraft power theory and its relationship with mobility metrics, while chapter 4

reviews the RSGP, which is fundamental for estimating the aircraft's real-time �ight en-
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velope. Chapter 5 details the characteristics of the platform used for practical experiments

and chapter 6 describes the basic GP model of Horsepower (HP) for performance estima-

tion in addition to exploring key elements of the algorithm. Chapter 7 discusses the results

of applying the RSGP during practical missions. Lastly, chapter 8 concludes this thesis.
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CHAPTER 2

LITERATURE SURVEY

Fully autonomous vehicles are expected to revolutionize the current state of transportation

[1]. Semi-autonomous systems have already made an impact on several industries such

as the automotive & aircraft passenger transportation sector, cargo delivery sector, and in-

formation gathering sector. In the �eld of aviation, the progression towards automation

has been evident through various stages of development. Initially, aircraft relied solely on

pilot input to move the control surfaces, with no automation or authority. As technology

advanced, stability augmentation systems (SAS) were introduced, utilizing angular rate

feedback to enhance aircraft oscillation dynamics, albeit with very low authority. The next

generation, stability and control augmentation systems (SCAS) (Gen 2), further improved

aircraft dynamics by incorporating angles and angular rates feedback, though still with lim-

ited authority. The advent of autopilot systems brought about signi�cant advancements in

controllability, allowing features like heading hold and altitude hold, and providing higher

authority. With the integration of GPS waypoint tracking, autopilot systems evolved to

achieve full authority, enabling advanced automation and precise navigation. Despite the

bene�ts produced by semi-autonomous technology in aviation and other industries, their

contributions are constrained by the reliance on human operators for maintaining safe �y-

ing conditions.

Removing the human-in-the-loop structure introduces an opportunity for more ef�cient

traf�c management, safer transportation, and reduced travel costs. To ensure safe and re-

liable performance of aerial vehicles, various approaches have been developed. In this

survey, two subject areas, namely Health and Usage Monitoring System (HUMS) and ex-

isting rotorcraft �ight envelope estimation technology, establish a cohesive background for

the application of the approach discussed in this thesis.
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2.1 Health and Usage Monitoring Systems

HUMS for rotorcraft are focused on measuring and monitoring helicopter engine health

states, vibrations at key locations on the aircraft in both �xed and rotating frames, and

strain-stress at critical points on the airframe. In a survey authored by Delgado in associ-

ation with the National Aeronautics and Space Administration (NASA) [2], several con-

siderations on the types of HUMS equipped onto rotorcraft engines are introduced. The

type of health monitoring system equipped on a platform is liable to change due to fac-

tors such as engine size and the intensity of the expected mission pro�les. Traditionally,

the engine health for rotorcraft are monitored by sensors that measure parameters such as

vibration, component degradation via oil particle debris count, thrust, pressure, and ther-

mal energy. Measurement data is processed at a ground station, on-board, or strategically

analyzed using both1 (Figure 2.1).

Measurement data serves multiple purposes, including condition monitoring, predic-

tive maintenance, fault diagnosis, performance optimization, and safety enhancements. By

continuously collecting and analyzing parameters such as vibration, temperature, pressure,

and �uid levels, HUMS enables monitoring of critical components and systems. It helps

detect anomalies, predict remaining useful life, diagnose faults, optimize performance, and

enhance safety. This data-driven approach supports proactive maintenance, operational

ef�ciency, and ensures the reliable and safe operation of rotorcraft.

With respect to engine monitoring, sensors may report the engine cycles, thermal stresses,

gas path diagnostics, and maximum power. Structural vibration sensors monitor the func-

tion of rotating parts such as gears, blades, or bearings. Oil debris sensors also monitor

rotating parts and can capture the stress and fatigue of these parts by installing devices

that identify unexpected oil particles. Analysis of this sensor data provides insight on the

remaining useful life of the individual rotorcraft parts [2].

1Analysis that requires high computation is commonly done at a ground station to prevent overloading
the on-board system.
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Figure 2.1: Traditional Function of HUMS

Processes that reduce the overall time analyzing potential issues or hardware and tech-

niques that elevates on-board data reliability and integrity are major targets for improving

modern HUMS. In [3], Zhou et al. applied signal processing techniques that improved

bearing defect detection accuracy of the main gearbox for a helicopter. It is shown that

previously masked defects are uncovered using the developed framework by conducting

experimental test on a helicopter's main gear box. For a thorough review of traditional

vibration analysis techniques, refer to [4].

In [5], Sera�ni et al. proposes a method that reduces the downtime derived from exces-

sive maintenance intervals, a major issue for platforms that undergo multiple consecutive

missions, by periodically assessing structural health of rotor blades. The developed tech-

niques allow for the detection of several characteristics on each individual rotor blade such

as blade mass, stiffness, and damage. This study even considers a reference signal to adjust

the readings based on differences that occurred during the fabrication process. This work

depicts one of the approaches for reducing the time required to determine health of the ve-

hicle. Note that this article mentions that real-time structural analysis is still immature for

practical use on helicopters. As HUMS technology advances the rate of defect detection,

eventually the newly developed methods will be operating in real-time.

Real-time or near real-time health monitoring on rotorcraft refers to the detection of

defects and general vehicle health that impacts continued �ight capabilities. A platform
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requires real-time feedback if the vehicle state poses an immediate threat, whereas near

real-time monitoring is designed for scenarios in which the vehicle state impacts opera-

tional mission planning. Ancel et al. presents a real-time risk assessment methodology that

combines the state of the dynamics obtained from on-board sensors, the surrounding pop-

ulation density, and various environmental parameters [6]. The paper explores the future

impact of integrating small Unmanned Aerial Vehicles (UAVs) into populous environments

and accurately points out that their deployment poses an imminent threat towards nearby

civilians. The potential threat is estimated by �ltering real-time component failure through

Bayesian Belief Networks (BBNs).

In addition to external risk, reliable detection of structural defects in real-time is funda-

mental to reducing a rotorcraft's susceptibility to failure. In [7], real-time structural health

monitoring is conducted by equipping electromechanical impedance (EMI) detectors or

piezoelectric sensors onto the structure and monitoring the output impedance signatures

that indicate structural damage. The proposed advancement for this �eld of research is

the introduction of indirectly monitoring the temperature changes for multiple sensors to

compensate for the effects of temperature on impedance measurements. Although real-

time structural health monitoring is still in its infancy, several methods have been proposed

to advanced the real-time capabilities such as wireless real-time data acquisition [8] and

real-time localization of damage via convolutional neural networks Convolutional Neural

Networks (CNN) [9].

An example of a near real-time health monitoring method is shown in [10]'s proposal

for improved rotor blade motion detection. Allred et al. introduces the use of a linear dis-

placement sensor paired with a computational method that overcomes issues with the low

accuracy of measuring rotor movement using optical methods and the unrealistic imple-

mentation of structural sensing systems that negatively impact rotorhead balance. Accurate

rotor blade motion modeling ensures that the condition of the rotorcraft can be precisely

tracked since the particular �ight mode varies the degradation rate of �ight components.
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Although this model detection approach is only necessary in near real-time, the authors

demonstrate that the method can be implemented in real-time with low computational

overhead. Still, it is noted that existing HUMS would bene�t from the enhancement of

post-�ight analysis. Structural integrity is another discernible candidate for near real-time

monitoring. In [11], a prediction on the crack growth on a helicopter's fuselage can be

computed within 12 seconds, which provides ample time to develop a maintenance plan.

This approach was developed for a digital twin architecture. Digital twins represent a vir-

tual version of the platform that are useful for generating predictions for the real platform.

For a review on digital twin component manufacturing, refer to [12].

2.2 Rotorcraft Performance Estimation

The advancement of rotorcraft performance estimation has transformed the �eld of HUMS

from mere system condition detection to an intelligent system that utilizes sensor feedback

to predict future behavior. These predictions play a crucial role in enabling aerial systems

to make informed control decisions that optimize their overall mission. The development

of rotorcraft performance estimation involves multiple factors that contribute to its success.

This includes state estimation capabilities, hazard identi�cation, and �ight envelope esti-

mation. In this section, we will delve into the research conducted in each of these areas to

provide a comprehensive overview of the study of rotorcraft performance.

2.2.1 StateEstimation

State estimation is a fundamental aspect in UAV design that holds utmost importance when

aiming to enhance the self-awareness capabilities of autonomous rotorcraft. Acquiring

precise knowledge of the rotorcraft's state is essential for comprehending its dynamic be-

havior during �ight. However, the task of obtaining and maintaining accurate real-time

state assessment on-board poses signi�cant challenges. In light of this, researchers have

increasingly turned to machine learning techniques as a potential solution to address this
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predicament. Machine learning approaches have demonstrated considerable promise, as

they have the capacity to deliver accurate outcomes even in the face of uncertainty preva-

lent in complex operational environments.

System identi�cation is a critical aspect of accurate modeling, design of control sys-

tems, and simulators in rotorcraft engineering. Traditional time-domain and frequency-

domain methods have limitations in handling non-linearities and uncertainties. These tra-

ditional methods rely on an apriori model, which is challenging to de�ne due to the inter-

play between different subsystems in rotorcraft. In [13], Kumar et al. offers a comparative

study and analysis of Recurrent Neural Networks (RNN) for identifying helicopter dynam-

ics using �ight data even in cases in which dynamics are highly nonlinear. To overcome the

dif�culty of modeling highly dynamic behavior, the authors employ a two-phased approach

where longitudinal and lateral dynamics are decoupled when studied through the neural

network and coupled when analyzed in the second phase. RNN-based techniques are ad-

vantageous as they do not require a prede�ned model structure like conventional methods.

Three different RNN architectures (Nonlinear Auto Regressive eXogenous input (NARX)

model, Memory Neuron Networks (MNN), and Recurrent MultiLayer Perceptron (RMLP)

networks) are used to identify the helicopter dynamics at various �ight conditions. The

performances of these architectures are compared, and it is found that the NARX model is

the most suitable for identifying helicopter dynamics. The study demonstrates the effec-

tiveness of RNNs in handling the complexity, nonlinearity, and uncertainty of the system.

Suresh et al. [14] also explored the use of RNNs in an investigation on the method's

ability to predict dynamic stall of the rotor blades. RNNs have proven effective in cap-

turing nonlinear dynamical systems and predicting the coef�cient of lift at high angles of

attack. The study employed experimental wind tunnel data to train the RNN models, which

were subsequently compared with ONERA OA212 airfoil data. The RNN models exhib-

ited good accuracy in predicting the dynamic stall response, with less than 1% deviation

from experimental values. One of the advantages of RNN models with respect to rotor
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stall detection is their reduced time and space complexity, making them suitable for inte-

gration into commercially available rotor codes. Rotor codes are used to indicate a motor

in a locked state. Traditional rotor dynamic analysis methods, based on linear aerodynamic

models, are inadequate for high �ight speeds and fail to account for blade stall that occurs

during a high angle of attack. The article highlighted the limitations of existing stall mod-

els based on wind tunnel data and proposed RNN as an intelligent interpolation solution

when experimental measurements are unavailable. The results demonstrate the signi�cant

contribution of RNN-based methods to modeling nonlinear rotor dynamic analysis at high

angles of attack, applicable to various airfoil data. A related article by Tong et al. [15] uses

RNNs to detect a rotor blade state's interaction with subsequent dynamics in dangerously

cold environments.

Another major challenge for state estimation in UAVs is inaccuracies in onboard mea-

surements from off-the-shelf inertial measurement units. The vibration of the vehicle's

rotors leads to issues like large drifts, biases, and erratic noise sequences that classical esti-

mators struggle to handle. In response to this issue, Al-Sharman et al. [16] proposes a Deep

Learning (DL) framework to improve state estimation performance, resulting in improved

attitude state estimation, particularly at near hover. A Deep Neural Networks (DNN) is

trained to identify and �lter out measurement noise models, with a dropout technique used

to address over�tting and reduce computational complexity. An actual hover �ight is con-

ducted to validate the effectiveness of the method. The novel DL technique enhances state

estimation by identifying measurement noise characteristics. The proposed method im-

proves noise rejection capability and is practical for real applications using inexpensive

sensors. Incorporating dropout techniques to enhance classical estimation techniques is the

unique contribution of this research. The approach exhibits superior attitude estimation

results compared to conventional methods, con�rming its effectiveness in state estimation

enhancement. For a related paper, review [17] for a thorough survey on estimation tech-

niques applied to angle of attack.
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Although neural networks are a popular machine learning technique for improving state

estimation, Singh et al. [18] proposes an alternative machine learning method, a Sparse

Variational Gaussian Process (SVGP) model, to analyze aircraft 4D trajectories during the

�nal approach phase. By training the model on Advanced Surface Movement Guidance

and Control System (A-SMGCS) data, it learns aircraft landing dynamics and enables real-

time anomaly detection. The SVGP model provides decipherable probabilistic bounds for

aircraft parameters, enhancing situational awareness for air traf�c controllers and offer-

ing an alternative approach for designing safe landing procedures. The paper highlights

the importance of addressing unstable approaches, a signi�cant factor in commercial air-

craft accidents, and the limitations of existing literature in detecting and predicting such

approaches. The proposed framework, which reduces the need for manual annotation,

demonstrates the potential for real-time detection and provides a safety net by alerting air

traf�c control of�cers to take corrective actions.

In [19] by Perry et al., the capability to execute tasks is supplemented by the estimation

of the UAV's angle of attack and sideslip by developing an error model and evaluating the

performance of low-cost navigation sensors. Traditionally, a GPS and an inertial navigation

system are capable of estimating the local orientation with an assumption that the magni-

tude of the angle of attack and the sideslip are small. Without small angle assumptions,

the accumulation of error on the orientation prediction will grow signi�cantly. Therefore,

alteration of the navigation parameters must be considered to reduce the potential error.

The approach documented in [19] explains that the Kalman �lter that alters the alpha and

beta parameters can be augmented further “by modeling the parameters as a zero-th or-

der Gauss-Markov process.” In this way, autonomous platforms gains access to important

real-time parameters that expands controllability for high dynamic maneuvers.

Estimating the state of a rotorcraft during �ight can be especially dif�cult since insta-

bility is likely to result in a catastrophic failure. In [20], Zhang et al. proposes a solution

that can control UAVs without knowledge of the full state. This approach differs from the
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previous methods mentioned since it recognizes the lack of vehicle state knowledge and

attempt to control the aircraft when the state estimation is not suf�cient. The paper by

Zhang et al. presents an approach that combines model predictive control (MPC) and rein-

forcement learning (RL) for controlling autonomous aerial vehicles. The motivation behind

this combination is to overcome the computational challenges of MPC and the dif�culty of

state estimation in complex environments. The paper emphasizes the issues with RL in

unstable systems prone to catastrophic failure during training, and the proposed method

addresses this concern by leveraging MPC to avoid such failures and enable learning from

raw sensor observations. Through simulations of quadrotor control tasks, including obsta-

cle avoidance, the algorithm demonstrates successful learning of robust policies without

catastrophic failure during training, showcasing generalization to different perturbations

and large obstacle courses.

2.2.2 HazardIdenti�cation

Ensuring safe �ight conditions and assessing the boundaries of rotorcraft operations neces-

sitates the identi�cation of potential hazards. These hazards encompass a range of factors,

including both stationary and non-stationary obstacles, on-board conditions that pose risks

to reachable �ight modes, and various environmental elements that can adversely affect the

safety of �ight conditions.

Detecting hazardous anomalies during an aircraft's �ight to secure adequate safety mar-

gins is the approach adopted in the paper by Nanduri et al.[21] that proposes an alternative

anomaly detection to the industry standard, ”Exceedance Detection,” which utilizes RNNs

with Long Term Short Term Memory (LTSM) and Gated Recurrent Units (GRU). The alter-

native method allows for detection of unusual pattern in the dataset unlike the Exceedance

Detection algorithm's reliance on the particular prior rules. Machine learning algorithms

have shown promise in detecting unusual dataset features such as Multiple Kernel Anomaly

Detection (MKAD) and Cluster Anomaly Detection, but these methods fall short as ideal
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anomaly detectors due to dimensionality reduction requirements, insuf�cient response to

short term anomalies, and inability to perceive latent feature anomalies. The proposed

RNN was compared to the existing detection methods and it was shown that the algorithm

could detect more anomalies whilst avoiding the disadvantages of the alternative methods

discussed.

Deep learning methods have also supported the detection of hazardous �ight regions in-

�uenced by uncertain external factors such as wind. Jeong et al. [22] proposed a hazardous

�ight region prediction system for small UAVs operating in urban areas using a DNN to

support risk assessment and safe trajectory planning. Small UAVs have an increased sen-

sitivity to wind environments when compared to larger platforms, making it important to

consider weather conditions for safety risk assessment under bad weather conditions in un-

manned aircraft system traf�c management (UTM). To generate a realistic wind environ-

ment in an urban area, a large eddy simulation (LES) was applied, with a weather research

and forecasting (WRF) model result used as the initial and boundary condition. By con-

sidering the deviation distance from the original �ight path due to the wind environment

as a �ight hazard criterion, the proposed system can predict the deviation distance over the

entire �ight space over time using the DNN model. Over 30 thousand data points were

used to train the DNN. With the information obtained from the hazardous �ight region pre-

diction model, small UAVs can perform �ight risk assessments and safe trajectory planning

to improve �ight safety in urban wind environments.

The gaussian process can also be used to monitor internal systems that pose a risk of

diminishing the performance envelope of an aircraft. In [23], the authors, Ma et al., propose

a performance degradation estimation method for hydraulic piston pumps that report reli-

ability. Hydraulic piston pumps are a critical component of an aircraft's hydraulic system,

and accurately estimating their reliability is of great importance to ensure their effective life

utilization. However, obtaining failure time data for such pumps through regular life tests

or accelerated life tests is challenging due to their high reliability and limited availabil-
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ity of test units. Unlike traditional failure time analysis reliability estimates, performance

degradation data provides signi�cant reliability information and can be easily collected.

The proposed method considers the mechanical wear of the pump and develops an in-

verse Gaussian process model with a variable rate to describe its degradation behavior. A

Bayesian statistical method is then used for degradation data analysis and model parameter

estimation to evaluate the reliability of the hydraulic piston pump. The results of the study

show that the approach is effective in evaluating the lifetime of the pump and improving

the on-board reliability of aircraft during missions.

The popularity of probabilistic methods for hazard detection development is further dis-

played in Amer and Kopsaftopoulos's [24] proposal of a uni�ed probabilistic framework for

damage detection and quanti�cation in active-sensing, guided-wave structural health mon-

itoring (SHM) of rotorcraft structures. The framework focuses on monitoring ”hotspots”

within the rotorcraft structure and consists of three stages: statistical damage detection

using stochastic non-parametric time series (NP-TS) models, statistical path selection to

identify damage-sensitive wave propagation paths, and probabilistic damage quanti�cation

employing Bayesian Gaussian Process regression and classi�cation models. This method

improves accuracy and robustness in damage detection and quanti�cation by selecting and

analyzing only the damage-sensitive paths, reducing the reliance on extensive data sets.

The performance of the proposed framework is compared to conventional damage indices

(DIs) in reporting simulated damage in carbon �ber-reinforced polymer and stiffened alu-

minum rotorcraft components. The results demonstrates a framework that outperforms

conventional DI-based methods in active-sensing guided-wave SHM, offering enhanced

detection capabilities while maintaining simplicity. Moreover, the framework eliminates

the need for user-de�ned thresholds by directly extracting statistical con�dence intervals

from the response signals of piezoelectric sensors, facilitating the quanti�cation process.

The experimental assessment con�rms the advantages of Gaussian Process (GP) models

over deterministic and conventional DI-based approaches.
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2.2.3 Flight EnvelopeEstimation

Flight envelope estimation considers several factors that alter the operating limits of an

aircraft in the pursuit of well-de�ned operational boundaries. The diverse range of com-

ponents that impact these boundaries such as the physical airframe, engine reliability, and

�ight maneuvers, contributes to the high complexity of developing adequate estimators.

Research on this subject matter commands a thorough breakdown of the components con-

sidered for estimating �ight boundaries. Moreover, it is essential to prioritize the factors

based on their in�uence on the �ight envelope, ensuring a thorough understanding of the

key elements that shape aircraft operating limits.

In the paper by Schuet et al. [25], the authors introduce a nonlinear aircraft dynam-

ics modeling and system identi�cation technique to estimate the aerodynamic force co-

ef�cients necessary for establishing a trim envelope aimed at preventing loss-of-control

accidents. A rapid convex optimization-based algorithm is developed to ef�ciently esti-

mate these coef�cients from sensor data, enabling real-time Bayesian inference of the air-

craft's aerodynamic performance. The identi�ed force coef�cients are utilized to generate

a trim envelope that considers safe limits on thrust and angle of attack. This trim envelope

serves as an early warning system, providing pilots or autonomous systems with guid-

ance on effectively avoiding loss-of-control accidents. The proposed method incorporates

an integrated adaptive on-board safe �ight envelope information system, Bayesian system

identi�cation, and ef�cient trim envelope evaluation. The system supports enhanced pi-

lot awareness, analysis of control limitations, and the implementation of advanced control

strategies.

The approach in [25] complements the research by Norouzi et al. [26] on real-time

estimation of impaired aircraft �ight envelopes using feedforward neural networks, which

addresses the issue of loss-of-control accidents in commercial airliners. While existing

methods for �ight envelope estimation based on high-�delity models have limitations in

capturing the entire envelope in real-time, the proposed method utilizes multiple �ight en-
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velopes evaluated using a high-�delity model and employs trained feedforward neural net-

works for real-time estimation. Rudder and aileron failure test cases demonstrate reliability

of the global �ight envelopes approximations. Over 90% of the initial safe maneuvering

�ight boundary is maintained by the estimator, indicating the effectiveness of the method in

estimating the impaired aircraft's �ight capabilities. For a fundamental look at generating

�ight boundaries using neural networks, see [27].

In the paper by Lombaerts et al. [28], an online algorithm for estimating the safe ma-

neuvering envelope of aircraft is presented, focusing on enhancing safety in civil aviation.

The algorithm employs probabilistic methods and high-�delity model-based computations

to estimate the trim envelope and perform reachability analysis for determining maneuver-

ability limitations. The safe �ight envelope limits are then displayed to the �ight crew,

enabling them to maintain awareness of the aircraft's performance characteristics under

system malfunctions or atmospheric disturbances. The early warning system assists in

emergency landing and the prevention of catastrophic control loss. Furthermore, tracking

aircraft maneuverability online aids pilots in reasoning appropriate responses and recover

from upset conditions. The safe maneuvering �ight envelope is determined by the inter-

section of the forwards reachable set and the backwards reachable set. The backwards

reachable set represents the states from which the trim envelope can be reached and is

considered the survivable �ight envelope, allowing the aircraft to return to a safe trim con-

dition after an upset. The forward reachable set represents the states that the trim condition

can reach. Overall, the approach expands �exibility in advanced diagnostics development

while maximizing aircraft recovery options in damage scenarios.

Maintaining recovery opportunities by ensuring rotorcraft can access performance bound-

aries is an essential objective in the development of reliable safe �ight envelope protocols.

Tang et al. [29] address this objective by presenting an innovative approach for adaptive

�ight envelope estimation and protection systems. By integrating fault detection algo-

rithms, real-time system identi�cation, and �ight envelope estimation, these systems offer
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autonomous decision support to enhance damage tolerance and enable effective �ight re-

coverability. The methodologies proposed in the paper include, recursive system identi�-

cation, linear extrapolation, level set methods for solving reachability problems, and online

learning neural networks to estimate command margins. The author's focus on modifying

fault detection techniques that perform well by considering additional limiting parameters

contributes to a smooth integration of �ight envelope estimation and protection functions.

The NASA Generic Transport Model simulation environment results validate the feasibility

of the proposed concepts and demonstrate the effectiveness of the proposed architecture.

For more recent studies on safe �ight envelope prediction following an upset, see [30].

The task of quantifying the in�uence of structural damage on the �ight performance

envelope is a challenging yet essential endeavor. This complex task is explored in the pa-

per authored by Nabi et al. [31] through the application of nonlinear reachability analysis

for �ight envelope estimation. By examining symmetrical damages to a Cessna Citation II

laboratory aircraft, it is possible to quantify the reduction of the safe �ight envelope, and

the performance of the estimator can be assessed. The of�ine construction of a database

of safe �ight envelopes for tip loss of the vertical tail is a key component of the inves-

tigation in this paper. From this key component, the closest actual failure is matched to

the corresponding �ight envelope and the feasibility of utilizing this database for real-time

estimation is demonstrated. In addition to expanding on the use of a database to reduce

complexity in reachability analysis, Nabi et al. utilize realistic control inputs rather than

virtual input as done by Tang et al. [29]. Overall, the study provides valuable insights into

the calculation and interpretation of safe �ight envelopes that stem from structural damage.
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CHAPTER 3

ROTORCRAFT PERFORMANCE PREDICTION

The main question under investigation when assessing rotorcraft performance in this thesis

is, how well can the aircraft �y on average and to what extent?In this case, rotorcraft

performance assessment refers to several different factors that come together to describe

the overall maneuverability of the aircraft, which provide obvious advantages for an au-

tonomous vehicle. These factors, referred to as mobility metrics, address key inquiries

such as the maximum achievable speed, altitude capabilities, climb rates, travel range op-

timization, and time ef�ciency. Furthermore, continuously monitoring the rotorcraft's per-

formance under varying conditions, including engine failures and drastic changes in air

density, ensures that initial assumptions regarding performance are not relied upon for fu-

ture decision-making processes. The evaluation of power required by a rotorcraft and as-

sociated power available on a rotorcraft are key components for determining the platform's

performance.

In this chapter, rotorcraft performance estimation is discussed with a focus on power avail-

able and power required as these quantities form the kernel from which rotorcraft perfor-

mance can be computed. Once the power model is established, the process for extracting

fundamental mobility metrics is demonstrated. This chapter concludes with a discussion on

the feasibility of measuring each component needed to model the variable power dynamics

in real-time.

3.1 Rotorcraft Power Consumption Analysis

Ignoring sources of non-critical power consumption, the majority of the power needed for

maintaining forward �ight stems from three sources–induced power, pro�le power, and

parasite power, as shown in Equation 3.1.
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PReq = Pind + Ppro + Ppara (3.1)

This can be transformed to a non-dimensional form by dividing by�AV T
3.

cPReq =
PReq

�AV T
3 (3.2)

In Equation 3.2,� is air density,A is the rotor disk area (reference area), andVT is the

rotor tip speed.

An example of a power versus airspeed plot is also displayed in Figure 3.1.

Figure 3.1: An example of a power required curve derived from a UH-60 Blackhawk

Each type of power consumption uniquely varies as a function of airspeed. Thus, the

computational approach varies for each source. Parasite power is the simplest to compute

since the power loss is directly related to the drag of the rotorcraft in forward �ight. The

magnitude of this value increases rapidly as the speed of the fuselage increases. Pro�le

power is the power loss due to the rotor blades overcoming the drag produced as they are
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rotated through the air. The magnitude of the pro�le power increases steadily as the speed

of the fuselage increases. Lastly, the induced power denotes the power required for the rotor

blades to produce lift. This component of power peaks in the hover state and decreases as

air pressure decreases during higher �ight speed.

Forming an intuition of the behavior of each power component of the power required

is possible through understanding their relationship with the rotorcraft's velocity. Induced

power approximately varies inversely with velocity, pro�le power varies quadratically with

velocity, and parasite power varies cubically with velocity. This relationship is highlighted

in Equation 3.3 which consists of the breakdown of the non-dimensional power component

for induced, pro�le, and parasite power. Note that the intuition is valid since� i is inverse

to velocity and� is proportional to velocity.

PReq = �AV 3
T

0

B
B
@

InducedP owerz}| {
cT � i +

P rof ileP ower
z }| {
�c d

8

�
1 + 4:6� 2

�
+

P arasiteP owerz }| {

0:5
f
A

� 3

1

C
C
A (3.3)

wherecT is the coef�cient of thrust,� i is the in�ow ratio, � is the rotor solidity,cd is

the coef�cient of drag,� is the advanced ratio, andf is the �at plate area.

Knowledge of the thrust required to produce lift is necessary for obtaining the power

required from the rotorcraft. Since Glauert's hypothesis permits the creation of a uniformly

valid expression for thrust in vertical �ight and high speed �ight, this can be generalized to

Equation 3.4.

T = _m (2! ) (3.4)

where _m is the mass �ux and! is the induced velocity.

This formula is important for solving the quartic equation shown in Equation 3.5. In this

form, the induced velocity can be quickly calculated numerically using Newton-Raphson

iteration.
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! 4 + (2 V sin� 0) ! 3 + V 2! 2 �
T

2�A

2

= 0 (3.5)

3.1.1 RotorcraftPowerAvailable

When analyzing rotorcraft performance, it is equally important to understand the power

available to extract valuable information on the vehicle's performance potential. The avail-

able power on the rotorcraft varies depending on the type of propulsion system equipped

onto the vehicle. Reciprocating engines and turbine engines are the two most common

types in helicopters, but there are several other options available such as in-line engines,

radial engines, rotary engines, opposed-piston engines, electrical motors, or hybrid engines.

Depending on the engine, the Horsepower Available (HPA) may varying during �ight

due to variables such as debris intake or atmospheric pressure changes that impact perfor-

mance. Engine manufactures provide speci�cations such as the power and fuel consump-

tion as a function of altitude, temperature, and velocity. Additionally, engines are built

with three different ratings— emergency, intermediate, and maximum continuous. The

emergency rating has the most power output, but is limited to about 2-10 minutes. The

intermediate rating uses less power than the emergency rating and more power than the

maximum rating, but is limited to about 30 minutes. The maximum continuous rating uses

the least power and is only limited by the amount of fuel available to maintain stable �ight.

The following sections utilize a simpli�ed visual representation by assuming a constant

power value for the HPA across all airspeeds. This simpli�cation aids in showcasing the

acquisition of each mobility metric effectively. However, it is important to note that in later

stages of experimentation, the speci�c propulsion system modeled may vary based on the

engine performance characteristics provided by manufacturers.
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3.2 Rotorcraft Mobility Characteristics

Assuming suf�cient tracking of the power required for �ying in a range of air speeds, sev-

eral key performance elements can be extracted from the Horsepower Required (HPR) and

HPA. Acquisition of these performance elements provides insight on the maneuverability

of the aircraft. Mobility metrics derived from the power required plot include:

• Bucket Speed

• HPR @ Bucket Speed

• Max Endurance1

• Max Speed

• HPR @ Max Speed

• Max Range

• Speed @ Max Range

• HPR @ Max Range

• Max Vertical Rate of Climb in Hover

• Max Vertical Rate of Climb in Forward Flight

All of the mobility characteristics listed above are important factors in evaluating the

continued operation of a rotorcraft during standard missions. These qualities become even

more crucial for survival when missions encounter emergency scenarios such as engine

failures. At some points even simple quandaries such as rerouting a certain mission dur-

ing transit would bene�t from information on its capacity to do so. These features are a

1Note that the power required to achieve Max Endurance and the speed to obtain Max Endurance occurs
at the bucket speed.
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requirement on fully autonomous vehicles and a useful redundant safety feature on piloted

�ights. The subsequent sections provide thorough explanations for how to determine each

mobility metric.

3.2.1 BucketSpeedandMax Endurance

The Bucket Speed is the airspeed that produces the most ef�cient power usage during �ight.

From the power versus speed chart, this effectively occurs at the minimum of the HPR. The

minimum of the HPR is the total power usage at the most power ef�cient airspeed during

�ight, denoted as HPR @ Bucket Speed. An example of where this occurs in the power

curve is shown in Figure 3.2.

Figure 3.2: Bucket speed mobility metric example

Since the bucket speed is the most power ef�cient airspeed, it is clear that the max

endurance can be determined using the bucket speed. The Max Endurance is the result of

minimizing the fuel used per time unit and describes the max endurance achievable by the

rotorcraft. The equation for solving max endurance is shown in (Equation 3.6).

TE =
Wfuel

(sfc) PE
(3.6)
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whereWfuel is the fuel weight,sfc is the speci�c fuel consumption, andPE is the power

required by the rotorcraft that maximizes endurance.

3.2.2 MaximumSpeed

The Max Speed is the maximum airspeed possible due to HPA restraints. The HPR @ Max

Speed is the total power usage to achieve maximum airspeed. From the power versus speed

chart, this effectively occurs at the intersection of the HPR and HPA. An example of where

this occurs in the power curve is shown in Figure 3.3.

Figure 3.3: Maximum speed mobility metric example

3.2.3 MaximumRange

The Max Range denotes the max range achievable by the rotorcraft. The Speed @ Max

Range is the speed required to achieve max range and the HPR @ Max Range is the total

power usage to achieve max range. With respect to the power chart, the power and speed

for max travel range is determined using the minimum slope of the horsepower required as

shown in Figure 3.4.

The largest travel range of the aircraft occurs when the minimum amount of fuel is

24



Figure 3.4: Max range mobility metric example

used per distance. Therefore, it is necessary to also know fuel weight and the speci�c fuel

consumption to calculate max range.

dMR =
VMR Wfuel

sfcPMR
(3.7)

whereVMR is the speed,Wfuel is the fuel weight,sfc is the speci�c fuel consumption,

andPMR is the power required by the rotorcraft to achieve the max range.

3.2.4 MaximumRateof Climb

The max Rate of Climb (ROC) is the maximum vertical rate of climb achievable by the

rotorcraft. The climb rates differ depending on the rotorcraft's �ight mode. Traditionally,

the most important rates for analysis are the Max ROC in Hover and the Max ROC in

Forward Flight. The max ROC in hover is related to the difference between the HPA and

HPR at zero speed. The equation for the max ROC in hover is shown in Equation 3.8. The

max ROC in forward �ight is analyzed at the bucket speed since the gap between the HPA

and HPR is the largest at this point. The equation for the max ROC in forward �ight is

shown in Equation 3.9. A visual display of each mobility metric's relationship with the
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power chart is shown in Figure 3.5.

Figure 3.5: Max vertical rate of climb mobility metric example

ROCH = 2
PAH � PRH

W
(3.8)

wherePAH is the power available at hover,PRH is the power required at hover, andW

is the total weight of the rotorcraft.

ROCF F =
PAF F � PRF F

W
(3.9)

wherePAF F is the power available at forward �ight,PRF F is the power required at

forward �ight, andW is the total weight of the rotorcraft.

Each mobility metric discussed in this section enhances the onboard knowledge of an

autonomous rotorcraft. These metrics encompass a comprehensive understanding of the ve-

hicle's speed range, both horizontally and vertically. By accurately assessing these ranges,

the aircraft gains valuable insights into its �ight capacities, enabling it to navigate ef�-

ciently and make informed decisions.
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3.3 Feasibility of Implementation on Real Platforms

Measuring power required and power available on an aircraft is feasible, thanks to a variety

of techniques commonly available for use on large helicopters. The estimation of power re-

quired relies on the fundamental relationship between power, torque, and angular velocity.

On the other hand, power available refers to the effective power minus power loss and is

in�uenced by factors such as altitude and temperature. The engine manufacturer provides

information about the nature of this variation, which should be considered when report-

ing the available power on-board, because at any time what is required is exactly what the

engine will aim to produce.

In the context of helicopters, power required is determined by measuring torque and an-

gular velocity. Angular velocity, or rpm, is typically measured using tachometers equipped

with magnetic pickups, offering a reliable means of assessing the rotational speed. For

turbine engines, additional tachometers are necessary to measure the rpm of the gas pro-

ducer section and the power turbine section individually. Helicopters, with their distinctive

drive systems incorporating a free-wheeling unit, require a third tachometer to indepen-

dently measure rotor rpm. This enables precise monitoring and control during autorotation

or powered �ight scenarios.

Measuring torque, another critical parameter for power estimation, can be achieved

through different techniques. One common method involves measuring oil pressure, which

is widely used in both �xed-wing aircraft and helicopters. This approach relies on torque

gauges that utilize oil pressure readings.

Alternatively, General Electric (GE) turbine aircraft engines implement a more ad-

vanced technique for torque measurement. By measuring the torsional de�ection of the

main engine driveshaft, torque can be accurately determined. This is accomplished through

the use of magnetic pickups on both the inner reference shaft and the outer driveshaft. The

difference in tachometer output between these two sets of pickups re�ects the de�ection of
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the outer shaft. Using the modulus of rigidity and Hooke's law, an approximation of torque

can be derived, taking into account the de�ection and the characteristics of the shaft.

Figure 3.6: GE T901 engine [32]

The quality of power measurements for conventional helicopters has been well-modeled

using a physics based rotorcraft performance model (RPM) [33]. The model is tested on

the in-service Flight Data Recorder systems derived from two different types of helicopters.

A prediction error between -2% and 6% of the power required in each respective helicopter

is present. This outcome is related to the RPM's tendency to over-predict the low cruise

speeds. The report indicates that higher cruise speeds bene�t from more accuracy.

Additionally, the RPM technical report notes that the fuel predictions on the helicopters

are slightly in�ated by about 8% and 3%. This error is attributed to the lack of knowledge

on the takeoff weight and the conservative fuel consumption numbers given for the engine.

Considering that the error is fairly small, it is reasonably to state that the model provides

an accurate depiction of the fuel consumption. This is important since the horsepower

available is dependent on available fuel and the horsepower required is dependent on the

fuel weight. From this study [33], it is shown that in-�ight data or a model of in-�ight data

can feasibly represent accurate data related to rotorcraft power.

Measuring the power on large helicopters equipped with �ight data recorders is a rea-

sonable proposal, but smaller aircraft historically have not been equipped with �ight data

recorders. Despite the high rate of crashes present in smaller aircraft, �ight data recorders

have not been equipped on smaller aircraft due to the cost and weight associated with
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acquiring one. In [34], Zarikoff et al. discusses the framework of a lightweight and low-

cost �ight data monitoring device using the IONode system. The lack of fully developed

lightweight recorders is acknowledged in the paper with an emphasis on the growing desire

by aviation authorities around the world to equip more small aircraft with these devices.

This demand was further asserted in an article by Kuo et al. [35] in which the authors

demonstrated the accuracy and satisfactory sampling rate of a lightweight recorded on

multiple rotary wing aircraft. A visualization of the tests conducted using a Flight Analysis

System (FAS) is shown in Figure 3.7.

Figure 3.7: Airbus �ight animation generated in FAS

In conclusion, the feasibility of measuring power required and power available on an

aircraft is supported by the ability to measure torque, angular velocity, and additional en-

gine speci�cations provided by manufacturers. The measurements related to power re-

quired can be obtained through various methods such as tachometers with magnetic pickups

or oil pressure gauges. Flight data monitoring for onboard power assessment is a suf�cient

monitoring tool and commonly equipped on large aircraft. Smaller aircraft �ight monitor-

ing device development has gained more attention in recent years. In light of the emerging

safety initiatives implemented by aviation authorities worldwide, it becomes evident that
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regulations will likely mandate the installation of �ight data monitoring devices on small

aircraft as they are proven to be reliable.
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CHAPTER 4

RECURSIVE SPARSE GAUSSIAN PROCESS DERIVATION

The fundamental contribution in this thesis is the real-time rotorcraft performance estimator

that exploits the unique properties of the Gaussian Process (GP). The GP's ability to gen-

erate a model of a function plus a con�dence interval with each prediction is an attractive

advantage when selecting an adequate real-time estimator. In addition to this characteris-

tic, the GP is known as a non-parametric method. Non-parametric methods rely on data to

form an estimate unlike parametric methods that assume a form before implementation. Al-

though this behavior is advantageous for predicting a larger scope of unknown outcomes,

this feature hinders fast computation as the dataset increases. Due to this limitation, it

is necessary to transform the standard method to the Recursive Sparse Gaussian Process

(RSGP) for practical use. In this way, reliance on the dimension of the dataset can be re-

duced while maintaining the ability to form predictions on the most probable functions that

pass through posterior datasets. The purpose of this chapter is to provide background on

recursive sparse Gaussian process modeling.

4.1 Gaussian Process Derivation

The Gaussian Probability Density Function (PDF) for a single random variable is shown in

(Equation 4.1).

p(x) =
1

(2� )N j� j
e

�
1
2

(x� � )T � � 1 (x� � )
(4.1)

In Equation 4.1,x is a random variable,N is the dimension of the set of random vari-

ables,� is the mean of the PDF, and� is the covariance of the PDF.

The mean and covariance function for a standard GP is shown in Equation 4.2 and
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Equation 4.3. An example of a GP's mean and covariance interval is shown in Figure 4.1.

Figure 4.1: Gaussian Process Example

The mean is the model of a function and the covariance is the con�dence in that func-

tion. The steps to obtain these solutions are explicitly demonstrated in this chapter. This

particular structure is required for deriving the Sparse Gaussian Process (SGP).

� � = �
�
� � 1

1 + � � 1
2

� � 1 �
� � 1

1 � 1 + � � 1
2 � 2

�
(4.2)

� � =
�
� � 1

1 + � � 1
2

� � 1
(4.3)

Some of the main strategies that enable important manipulations of the standard PDF

are PDF multiplication, integration, marginalization, and conditioning. An in-depth under-

standing of these fundamental Gaussian probability attributes is a required foundation for

constructing a standard Gaussian Process. The following sections will review the results of

implementing each method.
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4.1.1 Multiplication of aGaussianProbabilityDensityFunction

Consider a case of multiplying two probability density functions together (Equation 4.4).

Note that both depend on the same random variablex.

p(x) = p1(x)p2(x) (4.4)

Additionally, let's assume that bothp1(x) andp2(x) are Gaussian PDFs.

p1(x) =
1

(2� )N j� 1j
e

�
1
2

(x� � 1 )T � � 1
1 (x� � 1 )

(4.5)

p2(x) =
1

(2� )N j� 2j
e

�
1
2

(x� � 2 )T � � 1
2 (x� � 2 )

(4.6)

Thus,

p(x) =
1

(2� )2N j� 1jj � 2j
e

�
1
2

(x� � 1 )T � � 1
1 (x� � 1 )�

1
2

(x� � 2 )T � � 1
2 (x� � 2 )

(4.7)

Handling the term in the exponent is the next step in �nding the resulting PDF, but �rst,

to simplify the derivation, the covariance matrix is converted to a precision matrix as shown

in (Equation 4.8).

V = � � 1 (4.8)

After converting the covariance matrix and some algebraic manipulation, the term in

the exponent will reduce to (Equation 4.9). In this format, completing the square is the

appropriate next step for rearranging the exponent back to a familiar Gaussian format as

shown in (Equation 4.10).

Aa =
1
2

xT (V1 + V2) x +
�
� T

1 V1 + � 2V2
�

x �
1

(2)

�
� T

1 V1� 1 + � 2V2
�

(4.9)
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Aa =
1
2

(x � � � )T V � (x � � � ) + r � (4.10)

As a quick refresher on completing the square, let's consider an equation in the for-

mat of (Equation 4.11). The goal of completing the square is to obtain an equation in the

form shown in (Equation 4.12). Deriving the equations for completing the square results in

(Equation 4.13).

f =
1
2

xT Sx + tT x + u (4.11)

wherex 2 < N � 1, tT 2 < N � 1, S 2 < N � N , S � 0, andu 2 < 1� 1.

f =
1
2

(x � m)T Q (x � m) + r (4.12)

wherex 2 < N � 1, m 2 < N � 1, Q 2 < N � N , Q � 0, andr 2 < 1� N .

Q = S (4.13a)

m = � S� 1tT (4.13b)

r = u �
1
2

tT S� 1tT (4.13c)

Applying the previous equations to (Equation 4.9), allows for the calculation of the

unknown variables in (Equation 4.10) that are necessary for reformatting the original PDF

into a familiar form. (Note that the result is scaled byr � .) The �nal step in this process is

reintroducing the covariance matrix for completion as shown in (Equation 4.15).
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V � = V1 + V2 (4.14a)

� � = � (V1 + V2)� 1 (V1� 1 + V2� 2) (4.14b)

r � = �
1
2

� T
1 V1� 1 �

1
2

� T
2 V2� 2 �

1
2

�
� T

1 V1� 1 + � T
2 V2� 2

�
(V1 + V2)� 1 (V1� 1 + V2� 2)

(4.14c)

� � = �
�
� � 1

1 + � � 1
2

� � 1 �
� � 1

1 � 1 + � � 1
2 � 2

�
(4.15a)

� � =
�
� � 1

1 + � � 1
2

� � 1
(4.15b)

This section shows that the result of multiplying 2 Gaussian PDFs together that are a

function of the same random variable is an un-normalized Gaussian PDF function with a

mean of (Equation 4.15a) and covariance of (Equation 4.15b).

4.1.2 Integrationof aGaussianProbabilityDensityFunction

Integration of a Gaussian distribution is required for performing marginalization on a PDF.

Some unique properties of the Gaussian distribution can be exploited to avoid integrating

the function.

Consider a functionf that is a Gaussian distribution.

f =
1

2� N j� j
e

�
1
2

(x� � )T � � 1 (x� � )
(4.16)

wherex 2 < N � 1, � 2 < N � 1, � 2 < N � N , andf 2 < 1� 1.

Recall that
RRR

f (x)dx = 1. Starting at an initial example of how to use this known

equation, consider the following integral:
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g =
ZZZ

38
j� j

e
�

1
2

(x� � )T � � 1 (x� � )
dx1dx2dx3 (4.17)

An equivalent equation can be written as:

g =
ZZZ

=1z }| {
(2� )N j� j

(2� )N j� j

38
j� j

e
�

1
2

(x� � )T � � 1 (x� � )
dx1dx2dx3 (4.18)

Effectively, the equation was multiplied by1 and the numerator of the additional term

can be factored out of the integral. This results in the integration of a pdf that is known to

equal1 as shown in (Equation 4.19).

g = 38 (2� )N

=1z }| {
ZZZ

1

(2� )N j� j
e

�
1
2

(x� � )T � � 1 (x� � )
dx1dx2dx3 (4.19)

This section demonstrates a straightforward method for integrating a Gaussian distribu-

tion, which is a necessary component for marginalization of a Gaussian PDF.

4.1.3 Marginalizationof aGaussianProbabilityDensityFunction

Now that the integral of a PDF has been established, let's review the process for marginal-

ization. Marginalization is the process of summing the probabilities from a single random

variable in a joint probability distribution to isolate its marginal contribution towards the

PDF. To begin the process of marginalization, consider a multivariate such asp(x1; x2) in

which the random variables arex1 2 < N � 1 andx2 2 < M � 1.

Suppose we want to determinep(x1) from p(x1; x2). This can be accomplished via

marginalization ofx2 or integrating outx2.

p(x1) =
Z

p(x1; x2)dx2 (4.20)

Marginalization done in the manner shown in (Equation 4.20) is completely general
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and, therefore, can be applied to any PDF form. The next steps will show the specialized

analysis for a Gaussian PDF.

Consider a multivariate Gaussian PDF.

p(x1; x2) = Ape
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(4.21b)

In addition to applying the marginalization method to �ndp(x1), the covariance can be

temporarily set to the precision matrix to make analysis easier as shown in (Equation 4.22).
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Let's �rst consider the inside of the exponent. Note that the covariance matrix is sym-

metric and positive de�nite. Since the inverse of a symmetric matrix is also symmetric, the

precision matrix is also symmetric which allows for the combination of terms as shown in

(Equation 4.23b).
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Aa =
1
2

(x1 � � 1)T V11 (x1 � � 1) � (x1 � � 1)T V12 (x2 � � 2) �
1
2

(x2 � � 2)T V22 (x2 � � 2)

(4.23b)

Let's reconsider the integral by introducing some shorthand(� 1 = x1 � � 1; � 2 =
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x1 � � 1).
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1
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Completing the square on the term in the exponent with respect to� 2, similarly to

subsection 4.1.1, generates an integral term that can be reduced to(2� )M jV � 1
11 j as shown

in (Equation 4.25).
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The remaining terms can be further reduced by using the inversion of the covariance

matrix and its relationship to the precision matrix terms. (Equation 4.26) shows the solution

to marginalizing (Equation 4.21a).

p(x1) =
1

(2� )N j� 11j
e

0

@�
1
2

(x1 � � 1 )T � � 1
11 (x1 � � 1 )

1

A

(4.26)

This section demonstrated that a marginalized PDF can be obtained from the joint PDF

by marginalizing it from the other random variables.

4.1.4 Conditioningof aGaussianProbabilityDensityFunction

Lastly, conditional probability concepts ful�ll a fundamental role in governing the behavior

of a GP. The estimate for a GP is expected to change as new information is integrated into

the function. In the same way, conditioning is to form an inference with respect to the

information available. To begin the derivation of a conditional Gaussian PDF, let's once

again consider the multivariatep(x1; x2) mentioned in subsection 4.1.3. Suppose we'd like

the conditional probability density function forx1 given x2, denoted asp(x1jx2), or vice
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versa. The basics of conditional probability follows that:

p(x1jx2) =
p(x1; x2)R

p(x1; x2)dx1
(4.27)

Specializing for the case of a Gaussian PDF results in (Equation 4.28). Note the tem-

porary substitution of the covariance matrix for the precision matrix.

p(x1jx2) =
Ap

p(x2)
e

0

B
B
B
B
@

�
1
2

8
>>>><

>>>>:

x1 � � 1

x2 � � 2

9
>>>>=

>>>>;

T 2

6
6
6
6
4

V11 V12

V21 V22

3

7
7
7
7
5

� 18
>>>><

>>>>:

x1 � � 1

x2 � � 2

9
>>>>=

>>>>;

1

C
C
C
C
A

(4.28)

Similarly to Equation 4.24, completing the square on the exponent with respect to� 1

results in a PDF of the following form:

p(x1jx2) =
Ap

p(x2)
e

0

@�
1
2

(� 1+ V � 1
11 V12 � 2)T

V11(� 1+ V � 1
11 V12 � 2)

1

A

e

0

@�
1
2

� T
2 (V22 � V21 V � 1

11 V12)� 2

1

A

(4.29)

Two key identities are necessary for reducing (Equation 4.29). First,V22 � V21V � 1
11 V12

is equal to� � 1
22 using properties derived from the inverse of a block2 � 2. Second, since

p(x2) is in a Gaussian form, (Equation 4.30) is known.

e

0

@�
1
2

� T
2 � 22 � 2

1

A

p(x2)
= (2 � )M j� 22j (4.30)

When only considering the right side of (Equation 4.30) andAp, it is clear that the term

can be reduced into a familiar form as shown in (Equation 4.31).
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Ap (2� )M j� 22j=
1

(2� )N j� 11 � � 12� � 1
22 � 21j

(4.31a)

p(x1jx2) =
e

0

@�
1
2

(� 1 � � 12 � � 1
22 � 2)T

V11(� 1 � � 12 � � 1
22 � 2)

1

A

(2� )N j� 11 � � 12� � 1
22 � 21j

(4.31b)

whereV11 = � 11 � � 12� � 1
22 � 21.

The conditional PDF in (Equation 4.31b) should look familiar since the structure fol-

lows the basic form of a Gaussian PDF. Therefore, it is easy to recognize the mean and

covariance of the standard Gaussian process as:

� c = � 1 � � 12� � 1
22 (x2 � � 2) (4.32a)

� c = � 11 � � 12� � 1
22 � 21 (4.32b)

This section demonstrated the process for obtaining the conditional PDF from the joint

PDF. All the previously established methods contribute to the derivation of the conditional

Gaussian PDF necessary for predicting a function based on new information. As new infor-

mation accumulates, the load on computation increases due to the algorithm's dependence

on measurements—typical of non-parametric methods. The next section will discuss an

approach for reducing the dimensionality of the processed data.

4.2 FITC Sparse Gaussian Process Derivation

The conventional GP model considers two sets of points, namely, measurement points (or

model training points) and the test points, which enables the model to predict the function at

these points of interest. Note that the points of interest are not necessarily the measurement

40



points. Additionally, the standard GP regression algorithm naturally increases demand on

computation as measurement points grow. The goal of this section is to derive a Fully

Independent Training Conditional (FITC) SGP regression formula that greatly reduces the

computational dependence on the measurement points. The theory presented in this section

enables the random sampling of multiple functions as shown in Figure 4.2.

Figure 4.2: Multiple Sparse Gaussian Process Solutions

In pursuit of this goal, the SGP introduces a third set of points called inducing points.

The number of inducing points are preselected by the user, which allows for direct control

of the magnitude of inducing points that exists. By the end of this derivation, it will be

clear that the inducing points will be the new indicator of expected computation intensity.

Before explaining this approach, it is �rst necessary to de�ne the notation for the three sets

of point used for determining predictions. These sets are de�ned in Table 4.1.

Each set consists ofy andx conditioning values, the underlying functionf , and an

N value describing the length of the set. In the following steps, the conditioning on the

x values will be dropped from notation since it is implied that the function values are
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Table 4.1: Variable Nomenclature.

Point Sets Variable Syntax
Test Points yT ; xT ; f T ; NT

Measurement Pointsym ; xm ; f m ; Nm

Inducing Points yu; xu; f u; Nu

associated with the x values.

Using the notation described, in a Gaussian Process Regression, the goal is to determine

p(yT ; ym ) in order to extract the mean and covariance of(xT ; yT ). From the basic rules of

probability, the following relationship with the inducing points can be established.

p(yT jym ) =

R
p(yT ; ym ; yu)dyu

p(ym )
=

R
p(yT ; ym jyu)p(yu)dyu

p(ym )
(4.33)

Up to this point, no approximations have been made. Moving forward, a couple of

approximations will be introduced for deriving the FITC SGP regression algorithm. The

�rst assumption made presumes thatyT andym are conditionally independent onyu. Thus,

the following conclusions can be made:

p(yT jym ) =

R
p(yT jyu)p(ym jyu)p(yu)dyu

p(ym )
(4.34a)

p(yu jym ) =
p(ym jyu)p(yu)

p(ym )
(4.34b)

p(yT jym ) =
Z

p(yT jyu)p(yu jym )dyu (4.34c)

Solvingp(yT jym ) will require the computation of all the key PDFs that feed into (Equation 4.34c).

To start, we will assume each measurement point and each test point is Independent and

Identically Distributed (i.i.d.). In other words, all measurements and test points are con-

nected through the inducing points. A formulation of this process is shown in (Equation 4.35).
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p(ym jyu) =
NmY

i =1

p(ym i jyu) (4.35)

Naturally, we can also assume that each single measurement has a Gaussian distribution

such as shown in (Equation 4.36).

p(ym i jyu) =
1

(2� )j� m i j
e

0

@�
1
2

(ym i � � m i )� � 1
m i (ym i � � m i )

1

A

(4.36)

In matrix form, this is written as:

p(ym jyu) =
1

(2� )Nm j� m j
e

0

@�
1
2

(ym � � m )T � � 1
m (ym � � m )

1

A

(4.37)

where(ym � � m ) is a vector of lengthNm and� m is a diagonal matrix of covariances

of sizeNm .

Assuming that the prior means foryT , ym , andyu are equal to zero, the form of condi-

tional PDFs for a Gaussian process dictates that the following equations are true.

� m = � ~�y u (4.38a)

� = K mu K uu (4.38b)

� m = diag
�
K mm � K mu K � 1

uu K um
�

(4.38c)

whereK refers to the covariance of different data sets.

Another aspect of this derivation that must be noted is that each measurement consists

of noise added to the underlying functionym = f m + � . Since the sum of two independent

Gaussian processes is a Gaussian process with a mean that is the sum of the mean and a
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covariance that is a sum of the covariances, we can write:

p(ym jyu) =
1

(2� )Nm j� m + � 2I j
e

0

@�
1
2

(ym + ~�y u )T (� m + � 2 I ) � 1(ym + ~�y u )
1

A

(4.39)

where~� = K mu K � 1
uu and� m = diag (K mm � K mu K � 1

uu K um ).

The same logic used to determinep(ym jyu) can be used to determinep(yT jyu) as shown

in (Equation 4.40).

p(yT jyu) =
1

(2� )NT j� m + � 2I j
e

0

@�
1
2

(yT +~
y u )T (� T + � 2 I ) � 1
(yT +~
y u )

1

A

(4.40)

where~
 = K T uK � 1
uu and� T = diag (K T T � K T uK � 1

uu K uT ).

Lastly, to complete the set of equations necessary to derivep(yT jym ), it is important

to state the marginal PDFs—p(yu) andp(ym ). As stated earlier, this process will allow

for the extraction of the mean and covariance ofp(yT jym ) that is constrained by inducing

points.

p(yu) =
1

(2� )Nu jK uu j
e

0

@�
1
2

yT
u K � 1

uu yu

1

A

(4.41)

p(ym ) =
1

(2� )Nm jK mm j
e

0

@�
1
2

yT
m (K mm + � 2 I )ym

1

A

(4.42)

where� 2I is the measurement noise.

The �rst step towards our goal is to form an expression forp(yu jym ).
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p(yu jym ) =
p(ym jyu)p(yu)

p(ym )
(4.43a)

p(yu jym ) = C1p(ym jyu)p(yu) (4.43b)

p(yu jym ) = C2e

0

@�
1
2

(ym + ~�y u )T (� m + � 2 I ) � 1(ym + ~�y u )�
1
2

yT
u K � 1

uu yu

1

A

(4.43c)

whereC1 andC2 are arbitrary constants.

Completing the square of the term inside the exponential results in the following co-

variance and mean:

� � = K uu Q� 1
m K uu (4.44a)

� � = � K uu Q� 1
m K um

~� � 1
m ym (4.44b)

whereQm = K uu + K um
~� � 1

m K mu and~� m = � m + � 2I .

The resulting probability function is scaled by the constant found when completing the

square, but the result is a function ofym , which is known, so the impact onp(yu jym ) is

effectively zero. Thus, the equation forp(yu jym ) can be written as:

p(yu jym ) = C� e

0

@�
1
2

(yu � � � )T � � 1
� (yu � � � )

1

A

(4.45)

After establishing the previous formula, it is now possible to calculate the problem

posed at the beginning of this section in (Equation 4.34c). Performing the necessary op-

erations to obtain �nal expressions for the mean and covariance ofp(yT jym ) requires two

steps.
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• Step 1: Integrate outyu by casting the term inside the exponential as a quadratic in

yu. This allows it to be equated to a constant.

• Step 2:Express the remaining term inside the exponent after step 1 as a quadratic in

yT .

It is from the form in step 2 that the mean and covariance ofp(yT jym ) can be identi�ed.

Let's start this derivation by denoting the term inside the exponent ofp(yT jym )p(yu jym ) as

AT . By completing the square onAT , a reduced form ofp(yT jym ) can be found as shown

in the following equations:

AT = �
1
2

yT
u

�
� � 1

� + ~
 ~� � 1
T ~


�
yu

�
�

yT
T

~� � 1
T ~
 + yT

m
~� T � � 1

�

�
yu

�
1
2

yT
T

~� T yT �
1
2

yT
m

~� T � � 1
�

~�y m

(4.46)

� O =
�

� � 1
� + ~
 T ~� � 1~


� � 1
(4.47)

� O = �
�

� � 1
� + ~
 T ~� � 1

T ~

� � 1 �

~
 T ~� � 1
T yT + � � 1

�
~�y m

�
(4.48)

rO = �
1
2

yT
T

~� � 1
T yT �

1
2

yT
m

~� T � � 1
�

~�y m

+
1
2

�
yT

T
~� � 1

T ~
 + yT
m

~� T � � 1
�

�

�
�

� � 1
� + ~
 T ~� � 1

T ~

� � 1

�
�

~
 T ~� � 1
T yT + � � 1

�
~�y m

�

(4.49)

p(yT jym ) = CT Cue(r O )
Z

e

0

@�
1
2

(yu � � O )T � � 1
O (yu � � O )du

1

A

(4.50)
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Note that the integral inp(yT jym ) integrates to zero. Thus, determining the desired

PDF requires manipulation ofrO. The term forrO is complex. It should be noted that

terms not involvingyT are constants and can be lumped in with all the other multiplicative

constants. Denote~rO as a version ofrO that only retains terms involvingyT as shown in

(Equation 4.51). Examination of~rO yields the desired mean and covariance as shown in

(Equation 4.52) and (Equation 4.53).

~rO = �
1
2

yT
T

�
~� � 1

T � ~� � 1
T ~


�
� � 1

� + ~
 T ~� � 1
T ~


� � 1
~
 T ~� � 1

T

�
yT

+
�
yT

m
~� T � � 1

�

�
� � 1

� + ~
 T ~� � 1
T ~


� � 1
~
 T ~� � 1

T

�
yT

(4.51)

� T =
h

~� � 1
T � ~� � 1

T ~

�

� � 1
� + ~
 T ~� � 1

T ~

�

~
 T ~� � 1
T

i � 1

�
�

~� � 1
T ~


�
� � 1

� + ~
 T ~� � 1
T ~


� � 1
� � 1

�
~�
�

ym

(4.52)

� T =
�

~� � 1
T � ~� � 1

T ~

�

� � 1
� + ~
 T ~� � 1

T ~

� � 1

~
 T ~� � 1
T

� � 1

(4.53)

p(yT jym ) = CT e

0

@�
1
2

(yT � � T )T � � 1
T (yT � � T )

1

A

(4.54)

The results show an expression for the mean and covariance functions for the test points

of interest using a FITC Approximation. The bene�t of these formulas stem from removing

the required inversion of matrices with sizeNm � Nm , but rather matrices of sizeNu � Nu.

Bounding the size of the inverted matrices by the user determined size immensely reduces

computation time compared to the classic GP, which relies on the inversion of matrices that

would continue to grow larger as measurement data inevitably grows larger.
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4.2.1 Simpli�ed Formfor theSparseGaussianProcessSolution

The current state of the SGP solution can still be simpli�ed. The following section will

demonstrate how to express the �nal results in a more convenient form. Let's �rst restruc-

ture the covariance equation. Towards this end, there exists a very useful matrix inver-

sion formula that matches up with� T called the Woodbury matrix identity. This identity

demonstrates that Equation 4.55 is true, which is relevant to the formatting of the covari-

ance formula as shown in the Equation 4.56.

(A + UCV)� 1 = A � 1 � A � 1U
�
C � 1 + V A� 1U

� � 1
V A� 1 (4.55)

� T =

2

6
6
4

~� � 1
T|{z}
A

+ ~� � 1
T ~


| {z }
U

�
� � 1

� + ~
 T ~� � 1
T ~


� � 1

| {z }
� C

~
 T ~� � 1
T| {z }

V

3

7
7
5

� 1

(4.56)

Once this relationship is established, only a few algebraic steps are necessary to arrive

at a simpli�ed solution for� T . It is important to note the steps taken to arrive at the solution

to the covariance's simpli�ed expression since the mean also uses part of this reduced form

to arrive at a simpli�ed solution.

� T = ~� T � ~� T
~� � 1

T ~

�

� � � 1
� � ~
 T ~� � 1

T ~
 + ~
 T ~� � 1
T

~� T
~� � 1

T ~

� � 1

~
 T ~� � 1
T

~� T (4.57a)

� T = ~� T � ~

�

� � � 1
� � ~
 T ~� � 1

T ~
 + ~
 T ~� � 1
T ~


� � 1
~
 T (4.57b)

� T = ~� T + ~
 � � ~
 T (4.57c)
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� T = K T T � K T UK � 1
UUK UT + � 2I + K T UK � 1

UUK UUQ� 1
m K UUK � 1

UUK UT (4.57d)

� T = K T T � K T U
�
K � 1

UU � Q� 1
m

�
K UT + � 2I (4.57e)

Let's once again apply the Woodbury matrix identity as shown in Equation 4.55 to

�nd the solution to� T . As stated, the �rst part of the solution can be simpli�ed to Equa-

tion 4.57c.

0

@� � 1
�|{z}
A

+ ~
 T

|{z}
U

~� � 1
T|{z}

C � 1

~
|{z}
V

1

A

� 1
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 T
�

~� T + ~
 � � ~
 T
� � 1

~
 � � (4.58)

� T =
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 T
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� � 1
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 � �

�
� � 1

�
~�y m (4.59a)

� T =
�

~� T + ~
 � � ~
 T
�

~� � 1
T ~
 ~�y m �

�
~� T + ~
 � � ~
 T

�

�
�

~� � 1
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� � ~
 T

�
~� � 1
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 � � ~
 T
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~
 ~�y m

(4.59b)

� T =
�

~� T + ~
 � � ~
 T
�

~� � 1
T

�
I � ~
 � � ~
 T

�
~� � 1

T + ~
 � � ~
 T
� � 1

�
~
 ~�y m (4.59c)
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� T =
h�

~� T + ~
 � � ~
 T
�

~� � 1
T � ~
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 T ~� T

i
~
 ~�y m (4.59d)

� T = [1] ~
 ~�y m (4.59e)

� T = K T UK � 1
UUK UUQ� 1

m K UM
~� � 1

m ym (4.59f)

� T = K T UQ� 1
m K UM

~� � 1
m ym (4.59g)

To summarize, in this section the FITC approximation for GP Regression was derived.

By using a set of inducing points that relate information from different points rather than

measurements directly, a computationally tractable method has been found.

p(yT jym ) = CT e

0

@�
1
2

(yT � � T )T � � 1
T (yT � � T )

1

A

(4.60)

� T = K T UQ� 1
m K UM

~� � 1
m ym (4.61)

� T = K T T � K T U
�
K � 1

UU � Q� 1
m

�
K UT + � 2I (4.62)

4.3 Recursive Sparse Gaussian Process Derivation

For systems that record information online, the number of measurements grows over time

and very quickly can overwhelm a practical computing system. In the case of GP regres-

sion, as shown in the computational requirements table in [36], most of the computational

load on the algorithm is due to theO(n3) necessary for online training and theO(n2)
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needed in memory, wheren denotes the number of measurement points. For practical

online implementation, an algorithm must avoid the need to store and process all measure-

ments. The standard GP regression and the SGP do not meet the requirements for online

application since both solutions contain the measurement vector, along with associated ma-

trices.

The RSGP algorithm avoids the need to use the entire measurement at each update

cycle. Instead, a small set of quantities are updated at each computation cycle based on the

perturbation of a function of the measurements that have not been previously considered.

To begin, let's �rst recall the FITC SGP algorithm.

p(yT jym ) = CT e

0

@�
1
2

(yT � � T )T � � 1
T (yT � � T )

1

A

(4.63)

where � T = K T T � K T U
�
K � 1

UU � Q� 1
m

�
K UT + � 2I , � T = K T UQ� 1

m
~� � 1

T ym , and

Q� 1
m =

�
K UU + K UM

~� � 1
m K MU

� � 1
.

Examination of these equations reveals that the termsQ� 1
m , ~� � 1

m , ym , andK UM scale

with the number of measurements. In the pursuit of removing this dependence on the

measurements, the measurements vector and any associated data will be split into the ”old”

data and the ”new” data. The ”new” data will consist of a single new measurement as

demonstrated in (Equation 4.64a) — (Equation 4.64c).

ym =

2

6
4

yMO

yMN

3

7
5 (4.64a)

~� � 1
m =

2

6
4

~� � 1
MO 0

0 ~� � 1
MN

3

7
5 (4.64b)
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K MU =

2

6
4

K MO

K MN

3

7
5 (4.64c)

Let's �rst considerQ� 1
m and start examining the term to be inverted. Note that the new

term can be separated into an oldQMO term and a measurement change of� N .

K UU + K UM
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M K MU = K UU +
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K UMO K UMN
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6
4
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0 ~� � 1
MN
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7
5

2

6
4

K MUO

K MUN

3

7
5 (4.65a)

K UU + K UM
~� � 1

M K MU = K UU + K UMO
~� � 1

MO K MUO| {z }
QMO

+ K UMN
~� � 1

MN K MUN| {z }
� N

(4.65b)

For the purposes of handling the matrix inversion, there exists a very useful formula

that can be used when the matrixB in (Equation 4.66) is rank 1.

(A + B)� 1 = A � 1 �
A � 1BA � 1

1 + Trace(A � 1B)
(4.66)

This formula can be applied toQM such that:

�
QM i +1

� � 1
=

0

@QM i| {z}
A

+ � i|{z}
B

1

A

� 1

(4.67a)

�
QM i +1

� � 1
= ( QM i )

� 1 �
(QM i )

� 1 � i (QM i )
� 1

1 + Trace
�
(QM i )

� 1 � i
� (4.67b)

where� i = K UMN
~� � 1

MN K MUN .
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The update formula for(QM i )
� 1 is shown in (Equation 4.67b). Note that there are no

terms that involve the entire measurement vector or associated matrices. All previous mea-

surement information is encoded in(QM i )
� 1. Once an update for

�
QM i +1

� � 1
is obtained,

and update for� � can also be formed as well as for� T .

� � i +1 = K UU
�
QM i +1

�
K UU (4.68)

� T i +1 = K UU � K T U

�
K � 1

UU �
�
QM i +1

� � 1
�

K UT + � 2I (4.69)

Now that the update formula for the covariance matrix has been established, let's con-

sider the perturbation of the mean vector—� T . By using (Equation 4.44a) and (Equation 4.62),

a formula can be determine for� T that leads to the derivation of an update function as

shown in (Equation 4.70).

� T i +1 = K T UK � 1
UU � � K � 1

UU

�

K UMO K UMN

�
2

6
4

~� MO yMO

~� MN yMN

3

7
5 (4.70a)

� T i +1 = K T UK � 1
UU � � K � 1

UUK UMO
~� MO yMO

+ K T UK � 1
UU � � K � 1

UUK UMN
~� MN yMN

(4.70b)

� T i +1 = � T i � K T U
�
QM i +1

� � 1
K UMN

~� MN yMN (4.70c)

In this section, the update functions for the RSGP was derived. These formulas equip
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the algorithm with the ability to predict the observed functions with a high level of accuracy

while upholding the capacity to operate in real-time. The next section will describe how

the theory applies in a practical scenario on a rotorcraft.
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CHAPTER 5

ROTORCRAFT PLATFORM

In order to maximize the �delity of this study, it is crucial to select a platform for ex-

perimentation that offers a substantial amount of veri�able information about the vehicle.

In this regard, the modular rotorcraft described in [37] perfectly meets the necessary re-

quirements and stands out as an ideal platform of interest. Moreover, the rotorcraft design

presented in [37] brings added value to this study by:

• Providing several con�guration options

• Detailing exact speci�cations used to construct vehicles

• and by possessing performance outcomes in different scenarios (Varied weights, var-

ied number of engines, etc.)

The experimental platform in this paper, a hexacopter, shown in Figure 5.1, has a single

fuselage, and four engines that optimize the vehicle for carrying a payload. This rotorcraft

is particularly interesting due to its capacity to still function after an engine loss. Further-

more, a mid-sized rotorcraft is a viable structure for carrying both cargo and passengers,

which broadens the potential application.

This chapter delves into a comprehensive exploration of the base power dynamics of

the hexacopter featured in [37]. It provides an in-depth examination of all the relevant in-

Figure 5.1: Hexacopter Model
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formation concerning the vehicle's characteristics essential for assessing its performance.

Detailed demonstrations of the base and failure performance modes are presented for each

mobility metric, showcasing a thorough analysis of the hexacopter's capabilities. The valu-

able insights and knowledge acquired from this chapter serve as a solid foundation for the

experimental design discussed in the subsequent chapter.

5.1 Hexacopter Power Required Baseline

The power dynamics of the variable pitch hexacopter is used as the basis for studying the

practical implementation of a real-time mobility estimator. The platform is a great tool for

conducting experiments due to the availability of performance information for modeling

rotor power theory. This is demonstrated by the Horsepower Required (HPR) outputs from

the vehicle that are comparable to the theoretical model. In this study, access to the raw

HPR outputs are available and utilized, but the theoretical model could also support further

investigations.

It is worth noting that the composition of the weight distribution plays a crucial role in

in�uencing the overall performance of the rotorcraft. Hence, Figure 5.2 provides a compre-

hensive breakdown of the weight distributions examined in this thesis. Note that the empty

weight of the four engine hexacopter is4058lbs and the reserve fuel is116lbs. All of the

additional weight is attributed towards the fuel weight.

Additional speci�cations of the vehicle are shown in Table 5.1. Note that the rotor de-

sign blends two different airfoils— the NACA 0015 and the SC1095. Ordinarily, this would

impact the pro�le drag coef�cient as airspeed changes. However, the pro�le drag coef�-

cient was approximated to a single value for the theoretical approach, which is suf�cient

for the scope of this study.

The rotor tip velocity,VT , and �at plate area,f , are derived from simulated performance

data. The rotor tip speeds are set to the optimum value for a500f t=s Rate of Climb (ROC)

at maximum gross weight. The values forVT andf versus speed are shown in Figure 5.3
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Table 5.1: Hexacopter Speci�cations

Parameters Value
Rotor Radius (R) 12f t
Air Density (� ) 0:002378slug=f t 3

Number of Blades per Rotor (N) 2
Pro�le Drag Coef�cient (� ) 0:05

Chord Length (�c) 1:07f t
NACA 0015 Airfoil Span Inboard27:5%

SC1095 Airfoil Span Outboard72:5%

and Figure 5.4.

In addition to the given parameters, the solidity value necessary for obtaining the power

required due to pro�le power is calculated using (Equation 5.1).

� =
N �c
�R

(5.1)

To begin the calculation of power required in a non-dimensional form, the advanced

ratio, � , and in�ow ratio, � i , must be estimated. The non-dimensional form simpli�es the

power dynamics calculations. Equation 5.2 shows how to calculate the advanced ratio,

whereas the in�ow ratio is iteratively determined using Newton-Raphson Iteration.

Figure 5.2: Vehicle Weight Breakdown
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Figure 5.3: Rotor Tip Velocity Figure 5.4: Rotor Flat Plate Area

� =
Vx

VT
(5.2)

whereVx is forward speed.

This method typically converges within 3-4 iterations. The algorithm requires both the

advanced ratio and the coef�cient of thrust—ct . The formula to determinect is shown in

(Equation 5.3).

ct =
W

��R 2VT
2 (5.3)

Once the in�ow ratio for each forward speed value is determined, it is possible to ap-

proximate the induced, pro�le, parasite, and total power required using the following equa-

tions:

Pind = ��R 2V 3
T ct � (5.4a)

Ppro = ��R 2V 3
T

��
8

�
1 + 4:6� 2

�
(5.4b)

Ppara = ��R 2V 3
T

0:5� 3f
�R 2

(5.4c)

Ptot = Pind + Ppro + Ppara (5.4d)
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Algorithm 1 In�ow Ratio

1: procedure INFLOWRATIO(ct ; � )
2: for i < = length(� ) do
3: if i=0 then

4: � i =
r

ct i

2
. Starts at hover value

5: else
6: � i = � i � 1

7: end if
8: k = 0
9: while k < 30do

10: k+ = 1
11: f = � i �

ct i

2
p

� i
2 + � i

2

12: f
0
=

(1 + 0:5ct i � i )
�
� i

2 + � i
2� 3=2

13: � i = � i �
f
f 0

14: end while
15: end for
16: end procedure

The theory discussed displays a straightforward method for generating an approximate

total horsepower required chart. Since access to the actual power values of the hexacopter

are provided by [37], the actual platform performance results are used in this study and

supported by the simpli�ed algorithm when necessary. The plot of the actual power values

are shown in Figure 5.5.

5.2 Hexacopter Power Available Baseline

The hexacopter designed utilizes a unique hybrid electrical power scheme. This propul-

sion system consists of four UL520T engines equipped with two EMRAX 268 permanent

magnet axial �ux generators [37]. Each rotor is also spun with a single EMRAX 268. The

power scheme's distinct con�guration results in energy losses during AC-DC conversions

and other sources of electrical loss, such as those from cables and junction boxes, which is

re�ected in the residual power that reaches each rotor Nacelle. In addition to energy loss,
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Figure 5.5: HP Required for hexacopter at level �ight

the power available from each engine departs from the actual engine power available de-

noted in Table 5.2 largely due to torque and rpm limitations on the EMRAX 268 generators

[38].

Table 5.2: Hexacopter Energy System Speci�cations

Power Performance Metric Value
UL520T Engine Power Available 220HP

UL520T Speci�c Fuel Consumption 0:47551lb=(HP � hr )
EMRAX 268 Power Available and Ef�ciency Varies due to Torque and RPM

The torque and rpm required to achieve the actual airspeeds of the vehicle were used

to generate the power available at each knot. With this consideration, the combination of

the EMRAX generator and the Nacelle engine introduces variable limiting factors on the

power available, which is important to include due to the impact on the mobility metrics of

the vehicle. Throughout the rest of this study, the minimum available horsepower is used

for analysis. The hexacopter power required and power available chart for a lightweight

and max weight con�gurations equipped with four engines is shown in Figure 5.6.
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Figure 5.6: HP Required and HP Available

5.3 Hexacopter Conditional Performance

In addition to establishing the horsepower required and horsepower available model base-

lines, the resulting mobility metrics in various con�gurations must be recorded to support

the experimental process. Refer to chapter 3 for the equations used to determine each

mobility metric. The con�gurations considered in this thesis include a lightweight payload

with All Engines Operative (AEO) (LWAEO), a max weight payload with AEO (MWAEO),

a lightweight payload with One Engine Inoperative (OEI) (LWOEI), and a max weight pay-

load with OEI (MWOEI).

The performance of all mobility metrics in each con�guration is denoted in Table 5.3 and

Table 5.4. Table 5.3 shows the outcome when the engines are in their continuous mode and

Table 5.4 shows the outcome when the engines are in their intermediate mode. These tables

will act as baseline comparisons when testing the performance of the mobility metric esti-

mation algorithm during �ight. Note that when one engine is inoperative, the other engines

can be pushed into an emergency mode with even higher power for a few minutes. The

emergency power will not be considered in this study. Still, it is important to note that both
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the emergency power and the intermediate power utilization period is limited since this

factor impacts the interpretation of each mobility metric. See subsection 3.1.1 to review

the rotorcraft power availability characterization.

Table 5.3: Hexacopter Mobility Metric Baseline for Continuous Engine

Mobility Metric LWAEO MWAEO LWOEI MWOEI
Bucket Speed (knots) 53 58 53 58

HPR @ Bucket Speed (hp) 416:1 511:8 416:1 511:8
Max Endurance (hrs) 5:5 9:4 5:5 9:4
Max Speed (knots) 96 92 83 71

HPR @ Max Speed (hp) 727:1 725:5 537:7 535:4
Max Range (NM ) 248 449 248 436

Speed @ Max Range (knots) 74 79 74 71
HPR @ Max Range (hp) 465:2 577:9 465:2 535:4

Max ROC in Hover (f t=min ) 1153:9 � � �
Max ROC in FF (f t=min ) 1747:0 940:5 658:0 52:5

Table 5.4: Hexacopter Mobility Metric Baseline for Intermediate Engine

Mobility Metric LWAEO MWAEO LWOEI MWOEI
Bucket Speed (knots) 53 58 53 58

HPR @ Bucket Speed (hp) 416:1 511:8 416:1 511:8
Max Endurance (hrs) 5:5 9:4 5:5 9:4
Max Speed (knots) 104 100 92 88

HPR @ Max Speed (hp) 894:9 885:5 657:7 663:5
Max Range (NM ) 248 449 248 449

Speed @ Max Range (knots) 74 79 74 79
HPR @ Max Range (hp) 465:2 577:9 465:2 577:9

Max ROC in Hover (f t=min ) 2988:1 599:9 334:5 �
Max ROC in FF (f t=min ) 2727:1 1686:9 1345:8 612:3

5.4 Conclusion

In this chapter, the speci�cations and performance of a hybrid electric hexacopter in mul-

tiple power con�gurations have been thoroughly documented. The platform represents a

rotorcraft optimized for ef�cient payload transportation. Notably, the rotorcraft exhibits

the capability to continue operation even after an engine failure, allowing for the establish-
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ment of a performance baseline in various conditions. This baseline supports the rigorous

study of the developed performance estimation method, even in hazardous conditions. The

information provided in this chapter serves as a crucial foundation for the subsequent ex-

perimental investigation.
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CHAPTER 6

SIMULATION EXPERIMENT DESIGN

This thesis work incorporates a series of simulated experiments aimed at evaluating the

performance of the proposed methodology. In this section, it is established that the esti-

mation algorithm is capable of generating reasonable estimates and con�dence intervals of

the non-dimensional and dimensional power components for a rotorcraft. To support these

experimental �ndings, the hyperparameters for the kernel are determined through the uti-

lization of HPR and Horsepower Available (HPA) outputs with added gaussian noise and

a method that maximizes the marginal likelihood of the Gaussian Process (GP) distribu-

tion. Subsequently, the baseline estimation algorithm settings are meticulously calibrated

to ensure accurate estimation of the mobility metrics, which are derived from strategically

placed observations.

Three different initial data collection �ight phases are thoroughly described, and the

appropriate baseline settings are determined for estimating the data collection phases ef-

fectively. To assess the robustness of the approach, various implementation parameters,

including the measurement rate and observation variance, are systematically investigated

for each data collection scenario. Additionally, the evolution of the mobility metrics is me-

thodically documented as observations are progressively collected using standard param-

eter settings. Lastly, a Monte Carlo simulation is then employed to generate probability

distributions for each mobility metric using a consistent set of implementation parameters.

By the end of this section, the requirements for obtaining accurate estimates for all

mobility metrics when gathering prior data with the Sparse Gaussian Process (SGP) should

be clear. A deeper understanding of the impact of various parameter combinations such

as the rate of measurements, the uncertainty in measurements, the number of observations,

the number of inducing points, or the location of observations with respect to speed will be

64



Figure 6.1: CP Required and CP Available

formed. This process is necessary for application of the Recursive Sparse Gaussian Process

(RSGP) onto realistic mission scenarios.

6.1 Non-dimensional Formatting

Up to this point, it has been established that capturing the mobility metrics for a rotorcraft

requires information on the power required, power available, and the airspeed. Further-

more, the model for reproducing the results for an actual rotorcraft model has been vali-

dated. Therefore, the model for reproducing the results in a non-dimensional format has

also been validated. In fact, the dimensional and non-dimensional power both follow the

same trend. This characteristic enables the use of the non-dimensional equations for calcu-

lating the mobility metrics on a rotorcraft. The corresponding non-dimensional values for

HPR and HPA are denoted with Coef�cient of Horsepower Required (CPR) and Coef�cient

of Horsepower Available (CPA), respectively.

A key advantage of determining the mobility metrics with the non-dimensional format,

is its ability to ignore changes in air density. Air density changes with respect to altitude

and may also change in different unexpected areas during �ight. Small changes to air
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density impacts the power required by either increasing or decreasing the magnitude by a

large factor. The ability to ignore this variable ensures that observations can be reliably

applied towards estimating the mobility metrics.

Evaluating the performance of the rotorcraft performance estimation algorithm devel-

oped in this thesis begins with an initial understanding of the algorithm's capacity to es-

timate the power chart given noisy observations. Figure 6.2 demonstrates the general re-

lationship between the number of observations, the resulting prediction, and the mirrored

response of the non-dimensional power component. It is clear that an increased number

of observations lead to better predictions of the power component at the corresponding

speed that the observation was recorded. Since the observations are equally spaced in

the speed domain (not counting the additional observations necessary for the strategically

placed observations detailed later in section 6.3), the SGP is capable of mapping all key

power measurements for determining each mobility metric. A few additional observations

were included at the start and end of the speed domain to support the calculation of all

metrics. Having too few measurements at either side of the power chart (low speeds and

high speeds) could lead to instability in the predictions for the hover state and maximum

forward speed state, which must be handled since these states invoke vulnerable operating

conditions. Furthermore, these vulnerable operating conditions are present in both the non-

dimensional and dimensional power chart as expected due to their relationship established

in chapter 3.

The con�dence interval of the SGP can also be plotted alongside the prediction. Very

small uncertainty produces con�dent predictions. Relative to the total power required by

a lightweight hexacopter, the variance in the observations that would make this algorithm

reliable and feasible would be fairly small. Figure 6.3 highlights the con�dence interval of

a prediction resulting from equally spaced observations by zooming in on the intersection

of the CPR and CPA. Here it is clear that the prediction is very close to the actual value and

the actual values fall within the con�dence interval. This scenario is an ideal structure for
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Figure 6.2: Non-dimensional and Dimensional Estimate Comparison with Strategically
Placed Observations

Figure 6.3: Non-dimensional power with con�dence intervals

producing mobility metric estimates.

6.2 Kernel Functions

The choice of the kernel's hyperparameters are critical for ensuring that the Sparse Gaus-

sian Process is well-behaved whilst not over-�tting the predictions. Several choices for

kernel functions exist. In the case of this study, the predicted functions are unlikely to

behave irregularly. Additionally, the power available function is expected to stay fairly

constant. With this knowledge, it is reasonable to determine that well-known kernel func-
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tions such as the Radial Basis Function (RBF) (also known as the Exponentiated Quadratic

Kernel) and the Linear Kernel can be applied to the GP predictions. For the experiments

done in this study, the RBF kernel was applied to the HPR estimates, and the RBF and

Linear kernels were combined for the HPA estimates. The format of the RBF function is

shown in (Equation 6.1) and the format of the Linear function is shown in (Equation 6.2).

kRBF = � 2
r exp

 

�
(x � y)2

2l2

!

(6.1)

kLin = � 2
a (x � c) (y � c) + � 2

b (6.2)

where� r is the amplitude,x andy are the kernel inputs,l is the length scale,� a is the

slope parameter,� b is the bias parameter andc is an optional constant term.

6.2.1 TuningtheHyperparameters

One method for determining the hyperparameters is to gather a dataset of observations that

represent the model's form and applying a method that maximizes the marginal likelihood

of the GP distribution.

This method is well-suited for this problem statement since it is unlikely that the power

chart will immensely deviate from its known form. Thus, it is only necessary to tune

hyperparameters once for a single rotorcraft con�guration. A concise form for determining

the hyperparameters is shown in (Equation 6.3) [39, 40].

k̂RBF;Lin = arg max
kRBF;Lin

(p(yjX; k RBF;Lin )) = arg min
kRBF;Lin

� logp(yjX; k RBF;Lin ) (6.3)
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6.3 Mobility Estimation Calibration

Before testing the SGP on real scenarios, the resulting predictions from observations equally

spaced with respect to the airspeed was investigated. This investigation establishes a base-

line for the distribution of inducing points and observation points required to obtain an

adequate prediction. A set of three inducing points were observed simultaneously. This

process revealed the minimum number of inducing points necessary for generating an ad-

equate estimate. As a reminder, the inducing points are important because they decrease

the computational intensity of the algorithm and therefore have diminishing returns as they

increase in dimensionality. In other words, the number of inducing points are ideally as

low as possible without compromising the integrity of the estimate.

All of the baseline threshold analysis plots are shown in Appendix A and example plots

of the mobility metrics for the Lightweight AEO con�guration with no priors and priors

are shown in Figure 6.4. Note that only the AEO cases are used for calibrations.

During this process, each metric estimate was computed at every 2 observation points

with an initial set of 2 observation points equally spaced along the speed domain. Addi-

tionally, a continuous engine power rating was used during this study since the majority

of a rotorcraft's mission would be conducted in this mode. It is important to also set the

measurement variance to the highest value expected to ensure that the inducing points can

still provide fair estimates in uncertain environments. The resulting 10% error observation

threshold for each inducing point and mobility metric is shown in Table 6.1 and Table 6.2.1

These tables show the outputs with and without any prior assumptions on either end of the

power chart.

Lacking prior data skews the minimum observations necessary for all mobility metrics

since the vertical climb rate at hover depends on a well-described hover state. Generating

the prediction with a well-described edge case may also result in over-�tting the function.

1Note that the recorded observation shows the �rst instance in which the observations stays below the
threshold.
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Figure 6.4: No Prior and Prior Threshold Analysis Example

Table 6.1: Mobility Metric Minimum Observation Threshold Analysis at 10% Error for
Lightweight Hexacopter

Mobility Metric 10 Ind. Points (No Prior) 10 Ind. Points (Prior)
Bucket Speed (obs.) 2 2

HPR @ Bucket Speed (obs.) 16 20
Max Endurance (obs.) 16 12

Max Speed (obs.) 2 2
HPR @ Max Speed (obs.) 12 6

Max Range (obs.) 14 18
Speed @ Max Range (obs.) 4 4
HPR @ Max Range (obs.) 20 12
Max ROC in Hover (obs.) � 2

Max ROC in FF (obs.) 10 8
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Table 6.2: Mobility Metric Minimum Observation Threshold Analysis at 10% Error for
Max Weight Hexacopter

Mobility Metric 10 Ind. Points (No Prior) 10 Ind. Points (Prior)
Bucket Speed (obs.) 2 2

HPR @ Bucket Speed (obs.) 16 14
Max Endurance (obs.) 14 12

Max Speed (obs.) 2 2
HPR @ Max Speed (obs.) 10 8

Max Range (obs.) 14 22
Speed @ Max Range (obs.) 4 4
HPR @ Max Range (obs.) 30 18
Max ROC in Hover (obs.) � �

Max ROC in FF (obs.) 6 4

Therefore, as a compromise, eight strategically placed observations were added to either

edge of the power chart for both the HPR and HPA to observe the behavior of the esti-

mate with minimal in�uence from the inserted observations. Note that the max weight

ROC hover estimate is not valid since climb is not possible with the continuous engine

mode whereas the lightweight ROC hover estimate reaches the desired threshold by adding

prior data. From this analysis, a signi�cant reduction in required observation thresholds is

achieved by including more information on the edges of the estimate. This is an important

consideration when evaluating realistic scenarios.

6.4 Vehicle Mission Analysis Procedure

Three experimental early mission data acquisition timelines are explored in this thesis. The

�rst scenario, Scenario A, will be a standard level forward �ight that initially hovers for

one minute before accelerating to max speed for �ve minutes. This experimental timeline

represent the ideal case for forming an accurate estimate. Scenario B demonstrates a take-

off procedure in which data collection starts out of ground effect in hover and proceeds to

�y forward as the vehicle increases in altitude at a constant rate and eventually accelerating

to max speed at level �ight. The vertical portion of the rotorcraft's �ight only occurs for
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Figure 6.5: Early Mission Data Acquisition Timelines

Table 6.3: Scenario Investigation Parameters

Parameters LU SU HU
Measurement Rate(obs:=min) 100 50 10

Measurement Variance(hp) 3 9 15

one minute. Scenario C further exhibits the need for analyzing the non-dimensional power

chart due to the variation of factors such as air density at different heights. The experimental

timeline in Scenario C includes a hover state at low altitude, an acceleration state forward,

a constant forward velocity, a constant forward climb state, and a �nal acceleration to max

speed. The timeline for each scenario is shown in Figure 6.5.

When studying realistic early mission data acquisition, the impact of the rate of real-

time measurements and the variance in observations must be assessed. The Measurement

Rate (MR) impacts the estimate since less measurements may not capture pertinent infor-

mation necessary for forming an adequate estimate. With respect to Measurement Variance

(MV), high uncertainty in the observations would result in low con�dence in the estimate.

The magnitude of this impact is investigated using the parameters denoted in Table 6.3.

Each parameter is categorized as Low Uncertainty (LU), Standard Uncertainty (SU), or

High Uncertainty (HU). Note that the measurement rates are equivalent to incorporating

new measurements every 0.6 seconds, 1.2 seconds, and 6 seconds, respectively.
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Figure 6.6: Mobility Metric Prediction Progression for Lightweight Hexacopter using Sce-
nario A withMR SU andMVSU

A similar analysis as shown in section 6.3 is conducted on the realistic experimental

scenarios. One difference compared to the previous study is the realistic mission's depen-

dence on the acceleration of the vehicle to obtain data points at higher speeds. It is also not

practical to assume the initial and end state of the power chart, previously referred to as the

prior data. It is more reasonable to use veri�ed data from a prior run. Thus, the observation

threshold that results in a 10% mobility metric error will be delayed when lacking prior

information, but can be improved using the information learned during the investigation in

section 6.3. For the purposes of this study, each scenario is initially investigated using no

prior data. Note that the SU values from Table 6.3 are used in the observation threshold

output tables shown in Table 6.4 and Table 6.5. This process is necessary for verifying

that the estimator operates as expected for each scenario using the baseline settings. For

further validation and comprehension of this process, the discrete progression of estimates

for Scenario A is plotted in Figure 6.6.

The last alteration made when comparing to the earlier calibration section is the use
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of the intermediate engine power rating since the initial data collection phase demands an

ample power load and operates within a reasonable time frame for this engine mode. It

is important to also note that the max weight AEO hexacopter only produces a reasonable

estimate for all mobility metrics when using the intermediate engine value. This process

provides some insight on how each data collection phase will compare in the results.

Table 6.4: Lightweight Hexacopter Mobility Metric Minimum Observation Threshold
Analysis at 10% Error with 10 Inducing Points

Mobility Metric Scenario A Scenario B Scenario C

Bucket Speed (obs.) 262 216 272

HPR @ Bucket Speed (obs.) 258 212 268

Max Endurance (obs.) 258 212 268

Max Speed (obs.) 246 186 258

HPR @ Max Speed (obs.) 286 266 292

Max Range (obs.) 266 226 274

Speed @ Max Range (obs.) 278 248 284

HPR @ Max Range (obs.) 278 248 284

Max ROC in Hover (obs.) 4 4 4

Max ROC in FF (obs.) 262 216 272
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Table 6.5: Max Weight Hexacopter Mobility Metric Minimum Observation Threshold
Analysis at 10% Error with 10 Inducing Points

Mobility Metric Scenario A Scenario B Scenario C

Bucket Speed (obs.) 264 226 274

HPR @ Bucket Speed (obs.) 262 220 272

Max Endurance (obs.) 262 218 272

Max Speed (obs.) 270 236 278

HPR @ Max Speed (obs.) 280 254 286

Max Range (obs.) 270 248 278

Speed @ Max Range (obs.) 280 254 286

HPR @ Max Range (obs.) 280 254 286

Max ROC in Hover (obs.) 6 6 6

Max ROC in FF (obs.) 264 226 274

Given the outcome of the mobility metric threshold analysis conducted earlier, a deeper

analysis of each realistic data collection scenario was investigated. From this study, it is

apparent that the behavior of most mobility metric predictions using standard parameters

required the hexacopter to reach a majority of its potential speed domain, translating to

over 70% of the total observations during the initial data collection phase. This is clearly

seen in Table 6.4 and Table 6.5 since the total number of observations collected for these

tables was 300.

Figure 6.7 —Figure 6.12 show three different mobility metrics that demonstrate the

three distinct behaviors observed in all mobility metric prediction errors. The maximum

ROC in hover particularly stands out due to the immediate decrease in error for both the

max weight and the lightweight hexacopter con�gurations. This is expected since all sce-

narios start in hover so those are the only data points collected initially. Still, the max

weight con�guration does increase in error slightly over time. Based on the intermediate
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Figure 6.7: Mobility Metric Error Threshold Analysis Example for Lightweight Hexa-
copter in Scenario A

Figure 6.8: Mobility Metric Error Threshold Analysis Example for Lightweight Hexa-
copter in Scenario B

engine power availability setting and the increased power required for the hexacopter at

max weight, this behavior not unusual since the HPR and HPA initially start at very similar

values and the HPR function curvature clearly differs from the lightweight con�guration.

Thus, additional observations appear to negatively impact the maximum ROC in hover for

the max weight con�guration.

The behavior of the maximum range demonstrates the mobility metrics that require a

majority of the observations and have a smooth output, whereas the corresponding speed

metrics, demonstrated by the maximum speed, are discrete. Each speed value is discrete

since all calculations are set to each distinct knot.
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Figure 6.9: Mobility Metric Error Threshold Analysis Example for Lightweight Hexa-
copter in Scenario C

Figure 6.10: Mobility Metric Error Threshold Analysis Example for Max Weight Hexa-
copter in Scenario A

Figure 6.11: Mobility Metric Error Threshold Analysis Example for Max Weight Hexa-
copter in Scenario B
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Figure 6.12: Mobility Metric Error Threshold Analysis Example for Max Weight Hexa-
copter in Scenario C

6.5 Mobility Metric Error Study

After running the threshold analysis, the �nal prediction error after applying the parame-

ters mentioned in Table 6.3 with all combinations for every mobility metric was calculated.

From this study, the resulting performance of each initial data collection phase can be

compared. For clarity, each table highlights the largest and smallest error for a particular

mobility metric as red and green, respectively. The performance of each parameter combi-

nation is accessed by recording the number of green boxes compared to red boxes. Overall,

all tables re�ect the reality that infrequent measurements combined with high uncertainty

in measurements consistently dominate the predictions with the largest errors by the end of

the data collection phase.

6.5.1 ScenarioA LightweightAEO

The lightweight hexacopter in scenario A performs worst with high uncertainty parameters

and performs best with a standard uncertainty measurement rate and low uncertainty in

measurement noise. Although theMR SU parameter performs the best in this case, when

combined withMVSU andMVHU , theMR LU has marginally better outcomes.
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Table 6.6: Scenario A Lightweight AEO Mobility Metric Error StudyMR LU

Mobility Metric MR LU + MVLU MR LU + MVSU MR LU + MVHU

Bucket Speed 6:0% 0:0% 1:92%

HPR @ Bucket Speed 0:25% 1:13% 1:77%

Max Endurance 0:25% 1:11% 1:74%

Max Speed 0:0% 0:0% 0:0%

HPR @ Max Speed 0:97% 1:01% 0:45%

Max Range 0:22% 0:08% 0:94%

Speed @ Max Range 1:37% 2:63% 3:9%

HPR @ Max Range 1:6% 2:56% 2:98%

Max ROC in Hover 0:26% 0:51% 0:82%

Max ROC in FF 0:03% 0:36% 0:67%

Table 6.7: Scenario A Lightweight AEO Mobility Metric Error StudyMR SU

Mobility Metric MR SU + MVLU MR SU + MVSU MR SU + MVHU

Bucket Speed 3:92% 0:0% 1:92%

HPR @ Bucket Speed 0:38% 1:55% 1:87%

Max Endurance 0:38% 1:52% 1:83%

Max Speed 0:0% 0:0% 0:0%

HPR @ Max Speed 0:96% 0:65% 0:73%

Max Range 0:06% 0:01% 1:0%

Speed @ Max Range 0:0% 3:9% 3:9%

HPR @ Max Range 0:06% 3:91% 2:92%

Max ROC in Hover 0:24% 0:4% 0:52%

Max ROC in FF 0:03% 0:44% 0:31%
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Table 6.8: Scenario A Lightweight AEO Mobility Metric Error StudyMR HU

Mobility Metric MR HU + MVLU MR HU + MVSU MR HU + MVHU

Bucket Speed 0:0% 1:92% 1:92%

HPR @ Bucket Speed 0:97% 1:39% 2:23%

Max Endurance 0:97% 1:37% 2:18%

Max Speed 0:97% 0:0% 1:89%

HPR @ Max Speed 1:12% 1:21% 5:7%

Max Range 0:18% 2:2% 4:08%

Speed @ Max Range 2:63% 3:9% 1:33%

HPR @ Max Range 2:8% 1:74% 2:86%

Max ROC in Hover 0:35% 0:87% 1:37%

Max ROC in FF 0:13% 0:36% 1:8%

6.5.2 ScenarioA Max WeightAEO

The max weight hexacopter in scenario A performs worst with high uncertainty parameters

and performs best with a standard uncertainty measurement rate and low uncertainty in

measurement noise. Compared to the lightweight hexacopter, the resulting error for maxi-

mum ROC in Hover for theMR HU andMVHU is much higher with the value reaching up

to 16:13%whereas the same value is1:37%for the lightweight con�guration. Overall, in

the scenario A max weight con�guration, the outcomes were consistently well-behaved for

theMSSU parameter.
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Table 6.9: Scenario A Max Weight AEO Mobility Metric Error StudyMR LU

Mobility Metric MR LU + MVLU MR LU + MVSU MR LU + MVHU

Bucket Speed 3:33% 1:75% 3:57%

HPR @ Bucket Speed 0:18% 0:35% 0:64%

Max Endurance 0:18% 0:35% 0:63%

Max Speed 0:0% 0:0% 1:01%

HPR @ Max Speed 0:68% 1:74% 0:23%

Max Range 0:44% 0:63% 1:71%

Speed @ Max Range 1:25% 2:47% 2:47%

HPR @ Max Range 1:68% 1:85% 0:77%

Max ROC in Hover 1:48% 3:5% 5:91%

Max ROC in FF 0:17% 0:63% 0:8%

Table 6.10: Scenario A Max Weight AEO Mobility Metric Error StudyMR SU

Mobility Metric MR SU + MVLU MR SU + MVSU MR SU + MVHU

Bucket Speed 1:69% 3:57% 3:57%

HPR @ Bucket Speed 0:11% 0:57% 0:62%

Max Endurance 0:11% 0:57% 0:61%

Max Speed 0:0% 0:0% 1:01%

HPR @ Max Speed 0:85% 2:13% 0:05%

Max Range 0:44% 0:85% 1:71%

Speed @ Max Range 1:25% 2:47% 1:25%

HPR @ Max Range 1:69% 1:64% 0:46%

Max ROC in Hover 1:56% 3:84% 6:28%

Max ROC in FF 0:17% 0:43% 0:09%
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Table 6.11: Scenario A Max Weight AEO Mobility Metric Error StudyMR HU

Mobility Metric MR HU + MVLU MR HU + MVSU MR HU + MVHU

Bucket Speed 1:75% 1:75% 4:92%

HPR @ Bucket Speed 0:27% 0:25% 1:64%

Max Endurance 0:27% 0:25% 1:61%

Max Speed 0:0% 1:01% 1:01%

HPR @ Max Speed 1:76% 0:19% 1:85%

Max Range 0:47% 2:69% 3:94%

Speed @ Max Range 2:47% 1:25% 2:6%

HPR @ Max Range 2:01% 1:48% 6:81%

Max ROC in Hover 2:86% 9:16% 16:13%

Max ROC in FF 0:27% 1:06% 2:67%

6.5.3 ScenarioB LightweightAEO

The lightweight hexacopter in scenario B performs worst with high uncertainty parame-

ters and performs best with a low uncertainty measurement rate and low uncertainty in

measurement noise. With respect to theMR LU parameter, none of the measurement noise

parameters resulted in the largest error for any mobility metric. When comparing to sce-

nario A, the magnitude of error related to bucket speed is increased. This phenomenon can

be attributed to the increased acceleration that occurred as the hexacopter was collecting

data around the bucket speed.
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Table 6.12: Scenario B Lightweight AEO Mobility Metric Error StudyMR LU

Mobility Metric MR LU + MVLU MR LU + MVSU MR LU + MVHU

Bucket Speed 8:16% 3:64% 3:64%

HPR @ Bucket Speed 0:39% 1:08% 1:9%

Max Endurance 0:39% 1:07% 1:86%

Max Speed 0:0% 0:0% 0:0%

HPR @ Max Speed 0:86% 1:06% 0:89%

Max Range 0:38% 0:06% 0:23%

Speed @ Max Range 0:0% 0:0% 2:63%

HPR @ Max Range 0:38% 0:06% 2:4%

Max ROC in Hover 0:18% 0:38% 0:63%

Max ROC in FF 0:07% 0:59% 0:6%

Table 6.13: Scenario B Lightweight AEO Mobility Metric Error StudyMR SU

Mobility Metric MR SU + MVLU MR SU + MVSU MR SU + MVHU

Bucket Speed 6:0% 1:85% 1:92%

HPR @ Bucket Speed 0:46% 1:94% 2:62%

Max Endurance 0:46% 1:9% 2:56%

Max Speed 0:0% 0:97% 0:0%

HPR @ Max Speed 0:94% 1:19% 0:51%

Max Range 0:17% 0:22% 0:59%

Speed @ Max Range 0:0% 2:63% 3:9%

HPR @ Max Range 0:17% 2:84% 3:32%

Max ROC in Hover 0:18% 0:45% 0:7%

Max ROC in FF 0:18% 0:15% 0:66%
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Table 6.14: Scenario B Lightweight AEO Mobility Metric Error StudyMR HU

Mobility Metric MR HU + MVLU MR HU + MVSU MR HU + MVHU

Bucket Speed 3:64% 3:92% 12:77%

HPR @ Bucket Speed 1:61% 3:87% 7:67%

Max Endurance 1:59% 3:72% 7:12%

Max Speed 0:97% 0:0% 0:0%

HPR @ Max Speed 1:25% 0:07% 3:08%

Max Range 0:38% 1:02% 2:78%

Speed @ Max Range 0:0% 3:9% 1:33%

HPR @ Max Range 0:38% 2:9% 1:48%

Max ROC in Hover 0:22% 0:69% 1:07%

Max ROC in FF 0:09% 1:13% 4:49%

6.5.4 ScenarioB Max WeightAEO

The max weight hexacopter in scenario B performs worst with high uncertainty parameters

and performs best with a low or standard uncertainty measurement rate and low uncer-

tainty in measurement noise. Exact comparisons for the best performing con�guration

cannot be made since the best performing mobility metrics vary between them. In this

case theMR LU + MVLU excels at estimating the Maximum Speed and Maximum ROC in

Hover while theMR SU + MVLU excels at estimating the Maximum Speed and Maximum

Endurance. Overall, theMR LU table performs best, but is susceptible to poor error values

when combined with additional noise unlike its lightweight counterpart.
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Table 6.15: Scenario B Max Weight AEO Mobility Metric Error StudyMR LU

Mobility Metric MR LU + MVLU MR LU + MVSU MR LU + MVHU

Bucket Speed 3:33% 1:69% 0:0%

HPR @ Bucket Speed 0:85% 0:56% 1:11%

Max Endurance 0:86% 0:56% 1:09%

Max Speed 0:0% 0:0% 0:0%

HPR @ Max Speed 0:42% 1:25% 1:9%

Max Range 0:21% 0:15% 0:98%

Speed @ Max Range 0:0% 2:47% 2:47%

HPR @ Max Range 0:21% 2:32% 1:51%

Max ROC in Hover 0:98% 2:66% 4:67%

Max ROC in FF 1:28% 0:04% 0:04%

Table 6.16: Scenario B Max Weight AEO Mobility Metric Error StudyMR SU

Mobility Metric MR SU + MVLU MR SU + MVSU MR SU + MVHU

Bucket Speed 1:69% 1:75% 3:57%

HPR @ Bucket Speed 0:52% 1:09% 1:24%

Max Endurance 0:52% 1:08% 1:23%

Max Speed 0:0% 0:0% 1:01%

HPR @ Max Speed 0:65% 1:85% 0:07%

Max Range 0:27% 0:47% 1:44%

Speed @ Max Range 0:0% 2:47% 2:47%

HPR @ Max Range 0:27% 2:01% 1:04%

Max ROC in Hover 1:14% 3:54% 6:28%

Max ROC in FF 0:73% 0:51% 0:41%
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Table 6.17: Scenario B Max Weight AEO Mobility Metric Error StudyMR HU

Mobility Metric MR HU + MVLU MR HU + MVSU MR HU + MVHU

Bucket Speed 0:0% 5:45% 13:73%

HPR @ Bucket Speed 0:94% 1:93% 4:48%

Max Endurance 0:93% 1:9% 4:29%

Max Speed 0:0% 1:01% 1:01%

HPR @ Max Speed 1:32% 0:13% 0:22%

Max Range 0:09% 1:81% 2:9%

Speed @ Max Range 2:47% 1:25% 1:28%

HPR @ Max Range 2:56% 0:57% 4:31%

Max ROC in Hover 1:87% 7:79% 14:98%

Max ROC in FF 0:59% 1:16% 5:96%

6.5.5 ScenarioC LightweightAEO

The lightweight hexacopter in scenario C performs worst with high uncertainty parameters

and performs best with a standard uncertainty measurement rate and low uncertainty in

measurement noise. Unlike all of the other scenarios' stellar performance during the low

uncertainty measurement rate,MR LU , scenario C displays more success when implement-

ing the standard uncertainty measurement rate—MR SU . It is also important to note that

this scenario con�guration displays the highest error in all of the tables as shown in bucket

speed withMR HU + MVHU at 20:45%. This shows that even with the small variation

in errors presented in most of the tables regardless of parameter combinations, improper

settings during the initial data collection phase can still lead to unreliable estimates.
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Table 6.18: Scenario C Lightweight AEO Mobility Metric Error StudyMR LU

Mobility Metric MR LU + MVLU MR LU + MVSU MR LU + MVHU

Bucket Speed 3:92% 3:64% 1:85%

HPR @ Bucket Speed 0:16% 0:37% 0:59%

Max Endurance 0:16% 0:37% 0:58%

Max Speed 0:0% 0:97% 0:0%

HPR @ Max Speed 0:98% 1:3% 0:12%

Max Range 0:17% 0:16% 1:18%

Speed @ Max Range 1:37% 2:63% 3:9%

HPR @ Max Range 1:55% 2:47% 2:75%

Max ROC in Hover 0:19% 0:43% 0:66%

Max ROC in FF 0:13% 0:23% 0:34%

Table 6.19: Scenario C Lightweight AEO Mobility Metric Error StudyMR SU

Mobility Metric MR SU + MVLU MR SU + MVSU MR SU + MVHU

Bucket Speed 1:92% 0:0% 3:92%

HPR @ Bucket Speed 0:1% 0:33% 0:57%

Max Endurance 0:1% 0:33% 0:56%

Max Speed 0:0% 0:0% 0:0%

HPR @ Max Speed 0:97% 0:37% 1:47%

Max Range 0:1% 0:24% 1:38%

Speed @ Max Range 0:0% 3:9% 3:9%

HPR @ Max Range 0:1% 3:67% 2:56%

Max ROC in Hover 0:18% 0:43% 0:64%

Max ROC in FF 0:01% 0:0% 0:01%
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Table 6.20: Scenario C Lightweight AEO Mobility Metric Error StudyMR HU

Mobility Metric MR HU + MVLU MR HU + MVSU MR HU + MVHU

Bucket Speed 0:0% 8:16% 20:45%

HPR @ Bucket Speed 0:21% 0:85% 2:26%

Max Endurance 0:21% 0:84% 2:21%

Max Speed 0:97% 0:0% 4:59%

HPR @ Max Speed 1:13% 2:79% 11:3%

Max Range 0:07% 2:84% 4:34%

Speed @ Max Range 2:63% 2:63% 1:33%

HPR @ Max Range 2:57% 0:21% 3:14%

Max ROC in Hover 0:24% 0:7% 1:05%

Max ROC in FF 0:03% 0:01% 1:73%

6.5.6 ScenarioC Max WeightAEO

The max weight hexacopter in scenario C performs worst with high uncertainty parameters

and performs best with a high uncertainty measurement rate and low uncertainty in mea-

surement noise. This scenario displays the �rst instance where a high uncertainty parameter

presents the best mobility estimate, albeit by a marginal amount. This indicates that varying

the number of measurements taken at particular locations in the speed domain may lead to

better estimates despite collecting a low number of measurements and experiencing large

noise during each estimate. This conclusion is feasible since scenario C experiences the

most variation in its �ight path when compared to all of the other scenarios.

Based on the outcome from all of the initial data collection phases, it is reasonable to

conclude that the measurement noiseMVLU has a large impact on how well the estima-

tor performs since all of the best performing estimates occurred within the �rst column.

Still, the data in the other columns indicated that slightly higher noise did not lead to disas-
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trous mobility metric error estimates unless an insuf�cient number of data points had been

collected.

Table 6.21: Scenario C Max Weight AEO Mobility Metric Error StudyMR LU

Mobility Metric MR LU + MVLU MR LU + MVSU MR LU + MVHU

Bucket Speed 1:69% 0:0% 1:75%

HPR @ Bucket Speed 0:07% 0:26% 0:28%

Max Endurance 0:07% 0:26% 0:28%

Max Speed 0:0% 0:0% 1:01%

HPR @ Max Speed 0:72% 1:87% 0:11%

Max Range 0:4% 0:76% 1:82%

Speed @ Max Range 1:25% 2:47% 2:47%

HPR @ Max Range 1:65% 1:72% 0:66%

Max ROC in Hover 1:04% 2:87% 4:89%

Max ROC in FF 0:15% 0:46% 0:4%
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Table 6.22: Scenario C Max Weight AEO Mobility Metric Error StudyMR SU

Mobility Metric MR SU + MVLU MR SU + MVSU MR SU + MVHU

Bucket Speed 1:69% 1:75% 3:57%

HPR @ Bucket Speed 0:03% 0:01% 0:11%

Max Endurance 0:03% 0:01% 0:11%

Max Speed 0:0% 0:0% 1:01%

HPR @ Max Speed 0:89% 2:15% 0:11%

Max Range 0:39% 1:07% 1:95%

Speed @ Max Range 1:25% 2:47% 1:25%

HPR @ Max Range 1:63% 1:41% 0:72%

Max ROC in Hover 1:15% 3:51% 6:12%

Max ROC in FF 0:07% 0:09% 0:43%

Table 6.23: Scenario C Max Weight AEO Mobility Metric Error StudyMR HU

Mobility Metric MR HU + MVLU MR HU + MVSU MR HU + MVHU

Bucket Speed 1:75% 3:57% 10:77%

HPR @ Bucket Speed 0:01% 0:15% 1:1%

Max Endurance 0:01% 0:15% 1:09%

Max Speed 0:0% 1:01% 0:0%

HPR @ Max Speed 1:97% 0:12% 2:03%

Max Range 0:78% 3:11% 4:19%

Speed @ Max Range 2:47% 0:0% 2:6%

HPR @ Max Range 1:7% 3:21% 7:09%

Max ROC in Hover 2:03% 7:96% 14:94%

Max ROC in FF 0:06% 0:5% 1:76%

90



6.6 Mobility Metric Probability Distribution Functions

Each scenario for the initial data collection phase was subjected to a Monte Carlo simu-

lation. This data was used to generate the Probability Density Functions (PDFs) for each

scenario. This section further supports the previous section by highlighting the different

outcomes for mobility metrics and speci�cally showing the values of the mobility metrics

and their variances. For simplicity, three mobility metrics for both the lightweight and max

weight hexacopter con�gurations PDFs for each scenario set at standard uncertainties are

presented in this section. All other mobility metric data is documented in Appendix C.

Figure 6.13: Mobility Metric PDFs for Lightweight Hexacopter in Scenario A withMR SU

andMVSU

Figure 6.14: Mobility Metric PDFs for Max Weight Hexacopter in Scenario A withMR SU

andMVSU
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Figure 6.15: Mobility Metric PDFs for Lightweight Hexacopter in Scenario B withMR SU

andMVSU

Figure 6.16: Mobility Metric PDFs for Max Weight Hexacopter in Scenario B withMR SU

andMVSU

Figure 6.17: Mobility Metric PDFs for Lightweight Hexacopter in Scenario C withMR SU

andMVSU
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Figure 6.18: Mobility Metric PDFs for Max Weight Hexacopter in Scenario C withMR SU

andMVSU
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CHAPTER 7

REAL-TIME ROTORCRAFT MISSION ANALYSIS

The previous sections established the process for determining the appropriate settings for

implementing the SGP onto a rotorcraft. This step is necessary before deploying the RSGP

onto a mission. Since all appropriate settings for the of�ine estimator are settled, the per-

formance of the RSGP for each mobility metric can be investigated. The performance for

the mobility metrics are assessed by testing their reaction during different practical mission

scenarios in which the mission model differs from the expected prior model. As a baseline

test, the �rst experiment will assess the updated estimate when the post model matches the

prior model. In summary, four RSGP experimental mission timelines are explored in this

thesis.

Each mission is initialized using the SGP estimate results after processing ideal prior

observations with low variance. Ideal prior observations ensure that the recursive estimator

is initialized with power measurements that correspond to very low errors for each mobility

metric. This state is satis�ed by initializing the SGP with1000observations and14 induc-

ing points. This structure begins the update function with favorable conditions. In this

section, the initial SGP estimate is better understood as the expected model of the power

dynamics, reasonably based on prior data.

The subsequent RSGP experimental mission timelines are denoted as the Baseline Mis-

sion Procedure (BMP), Model Error Mission Procedure (MEMP), Payload Change Mission

Procedure (PCMP), and Engine Failure Mission Procedure (EFMP). Within each mission

type, two �ight procedures are analyzed — �ight on the entire speed domain and �ight at a

single cruise speed of 55 knots, which is approximately the bucket speed. In this way, the

contrast between updating the estimate with data in the entire speed domain versus a set

speed can be documented.
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Data collection for both �ight procedures are collected at a rate of 50 observations

per minute or every 1.2 seconds. The entire speed domain data collection is conducted by

hovering for 1 minute, accelerating to max speed for 9 minutes, maintaining top speed for 5

minutes, decelerating for 15 minutes, and ending the mission by hovering for 1 minute. The

entire mission is 31 minutes. In parallel, the single cruise speed mission is also conducted

for 31 minutes.

The baseline mission represents an average short mission in which the expected model

matches the actual model during �ight. This experiment will show the typical RSGP per-

formance when unencumbered with unexpected changes in the model. The model error

mission represents a short mission in which the power dynamics are 10% different than

the initial model. Another way of thinking about this scenario is the case in which prior

data from a similar rotorcraft is equipped onto a rotorcraft with a 10% difference in power

dynamics. It is expected that the RSGP will adapt to the actual model and gradually change

the actual mobility metric estimates. Similarly, the payload change and engine failure mis-

sions represent two other feasible model characteristic variants. The difference in these two

investigations is that the payload change will primarily impact the power required while the

engine failure will primarily impact the power available.

Before delving into an analysis of all mission procedures, a series of experimental tri-

als successfully identi�ed new hyperparameters that yield reasonable outcomes for all mis-

sions when collecting data across the entire speed domain. The results presented in the sub-

sequent sections attest to the general feasibility of enhancing prediction accuracy. However,

it should be noted that future research endeavors may explore alternative hyperparameter

tuning methodologies to further enhance the overall performance of the algorithm.

Towards the conclusion of this chapter, we will establish a comprehensive understand-

ing of the intricate interplay between the prior estimate and the recursive update algorithm

when applied within a practical mission scenario. The discernible rami�cations of this

algorithm on critical mobility metrics, which directly in�uence real-time mission-critical
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decisions, will be expounded across various data collection states. The introduction of

alternative hyperparameter settings are explored to uphold prediction performance during

unexpected mission conditions. The empirical analysis furnished in this chapter serves

to elucidate the extensive spectrum of advantages attainable through the implementation

of the algorithm developed in this thesis, illuminating its potential impact on autonomous

rotorcraft in operational contexts.

7.1 Baseline Mission Procedure

The baseline mission procedure demonstrates the feasibility of implementing the RSGP

with ideal conditions. As shown in Figure 7.1, the scenario in which data is collected for the

full speed domain provides the most ideal case since additional low variance observations

are integrated into the estimation algorithm.

Figure 7.1: Baseline Mission Post RSGP Power Chart for Full Speed Domain

For each mobility metric, note that the prior estimates may still possess a small error

when compared to the actual rotorcraft. Thus, each metric estimate has the capacity to

improve as more information is incorporated into the recursive estimate. Starting with

the Bucket Speed, the change overtime in its value is minimal from the prior estimate. It

may appear strange that any movement occurs, but the nature of comparing the absolute

minimums of vectors analyzed at each knot results in the corresponding HPR at the bucket
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speed to differ by about0:01. With this in mind, it is clear that the bucket speed prediction

could be improved by increasing the resolution of the prediction, which is achieved through

increasing the number of test points.
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Figure 7.2: Mobility Metric Updates Versus Time for Recursive Baseline Mission for Full
Speed Domain

Maximum Speed barely changes and maintains an accurate reading during most of
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the mission. This is a reasonable outcome since the estimate relies on the intersection of

the HPR and HPA, which should not have changed at all compared to the prior estimate.

The Maximum Endurance and Maximum Climb in Forward Flight estimates reasonably

experience some volatility around the initial pass over bucket speed, while the Maximum

Range and Maximum Climb in Hover both experience estimate adjustments around their

respective speeds on the power chart. This reaction shows that the estimator is behaving as

expected. It should be noted that the estimate errors as the rotorcraft is accelerating is more

drastic than the estimates that occurs as the rotorcraft is decelerating. This observation

provides a positive indication that the updated estimate is effectively adjusting to the slight

modi�cations in the method of integrating new observations.

The Maximum Endurance and Maximum Range settle their �nal predictions close to

the initial predictions indicating that the recursive algorithm has dif�culty rectifying this

outcome especially when receiving new observations with the same gaussian noise as the

prior estimate with the current settings. It should still be noted that their �nal estimates

have an error of less than1%.

7.1.1 BaselineMissionProcedurewith CruiseSpeed

There are times in which a mission only requires a basic and simple cruise speed to get

from point A to point B. It would be ideal if a mission could proceed as usual and collect

data that improves the system's insight on its own mobility. The extreme of this case is

only collecting data at one speed. An example of this for the baseline mission procedure is

shown in Figure 7.3.
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Figure 7.3: Baseline Mission Post RSGP Power Chart for Single Speed
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Figure 7.4: Mobility Metric Updates Versus Time for Recursive Baseline Mission for Sin-
gle Speed

Unlike the full speed baseline mission, initial data collection around the bucket speed,
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shown in Figure 7.4, results in a stable response. Most metrics maintain high prediction

accuracy and quickly settle for the rest of the mission. The Bucket Speed itself does not

change during the mission, which suggests that the collection of data at a single data point

near bucket speed has minimal impact on the estimate, especially when the estimate pri-

marily matches the model. Collecting data at multiple speeds around bucket speed is more

likely to vary the accuracy of the estimate as shown in Figure 7.2. The Maximum Rate

of Climb in Hover does waver initially, but does not adjust towards the actual Maximum

Rate of Climb in Hover value. This behavior demonstrates that this metric does not im-

prove without new observations around hover despite possessing some sensitivity to new

measurements integrated at other speeds in the estimate.

In summary, it becomes apparent that while acquiring new data during a mission at a

solitary cruise speed may yield advantages for speci�c metrics, an encompassing approach

involving data collection across the entire speed spectrum proves advantageous for updat-

ing all aspects of mobility metric estimation. This inquiry serves to elucidate the varying

degrees of con�dence associated with mobility estimates contingent on the manner of data

acquisition. Furthermore, the examination of these idealized baseline conditions under-

scores the fundamental role played by the RSGP algorithm, as conceived in this research,

in delivering the anticipated novel estimation capabilities originally posited for this inves-

tigation.

7.2 Model Error Mission Procedure

Our earlier analyses have af�rmed the RSGP's commendable capacity for adequately esti-

mating each mobility metric within the framework of ideal baseline mission protocols. The

ensuing experimentation endeavors to scrutinize the estimator's adaptability when con-

fronted with an unforeseen model boasting akin dynamics. This empirical investigation

delves into the most plausible scenario encountered during practical RSGP algorithm im-

plementation. Despite diligent efforts to initialize the rotorcraft with comprehensive data
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from the outset, the prospect of certain biases arising during deployment remains plausi-

ble. This section aims to elucidate the RSGP's pro�ciency in rectifying such disparities.

Figure 7.5 subsequently illustrates the conclusive estimation following the accumulation of

mission data across the entire speed spectrum.

Figure 7.5: Model Error Mission Post RSGP Power Chart for Full Speed Domain

During the course of rotorcraft �ight data collection, the mobility metrics exhibit an

anticipated, notably more pronounced response in their concerted efforts to rectify discrep-

ancies. The rotorcraft's �rst pass over the Bucket Speed elicits a dramatic response before

settling closer to the actual value. The Maximum Speed increases in error during �ight un-

til the max speed is achieved around 10 minutes which results in an anticipated recti�cation

of the prediction.

The RSGP quickly produces a close estimate of the Maximum Climb in Hover as hover

data is collected in the �rst minute and settles near the solution for the rest of the mission.

The Maximum Endurance and Maximum Range exhibit a prompt convergence towards

the accurate values, signifying their reliability amid model mismatch scenarios. During

the deceleration of the rotorcraft, the solutions for both metrics only improve. The Maxi-

mum Rate of Climb in Forward Flight wavers towards the actual model value initially, but

eventually becomes more well behaved and settles near the actual value.
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Figure 7.6: Mobility Metric Updates Versus Time for Recursive Model Error Mission for
Full Speed Domain
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7.2.1 ModelErrorMissionProcedurewith CruiseSpeed

Given such a large difference in the actual model and the expected model, the outcome of

collecting data at a single speed is more pronounced. Although this results in more error

for several mobility metrics, Figure 7.7 shows that the less ef�cient data collection mode

can still improve the �nal power estimate around the location of the new observations.

Figure 7.7: Model Error Mission Post RSGP Power Chart for Single Speed

The Bucket Speed exhibits no deviation from the actual bucket speed, as observed in

the baseline cruise speed mission. In contrast, the Maximum Speed update demonstrates a

subtle shift away from the true maximum speed, which is intriguing given the equivalence

of the old and new maximum speeds, emphasizing the importance of data collection around

this threshold for maintaining stability. The Maximum Endurance and Maximum Rate of

Climb in Forward Flight both gradually close the gap between the RSGP solutions and the

actual values, which is likely supported by the stability present in the bucket speed. Max-

imum Range also demonstrates a gradual trend towards the solution, but minimal changes

occur, which results in a noticeable gap. It can be deduced that Maximum Endurance and

Maximum Rate of Climb in Forward Flight slightly gravitate toward the correct values,

because these metrics are linked to the area where observations are collected. On the other

hand, the Maximum Rate of Climb in Hover overshoots the actual rotorcraft value, in�u-

enced by the ripple effect in the HPA estimate after collecting cruise speed observations
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and the absence of hover data to rectify the new estimates. In sum, each metric displayed

unique reactions to data collection, validating the algorithm's functionality, but none ex-

hibited a level of reliability surpassing that of the full speed range data collection mode.
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