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SUMMARY

This dissertation is concerned with the theoretical investigation
of liquid motion in a circular cylindrical container subjected to longi-
tudinal excitation oflsinusoidal'form. The basic equations are derived
forfan incompressible and nonviscous liguid. The motion of the liquid is
considered to be ifrotationa;. Tﬁe container bottom is treated as a thin
elastic plate; while the dynamic and kinematic conditions of the liquid
free surface are represented by nonlinear equations. Depending on the
excitation parameters, the free gurface will exhibit a plane surface or
oscillate with a finite amplitude. The finite amplitude can be a one-half
subharmﬁnic, harmonic, or superhﬁrmonic.df the excitation frequency. Both .
one-half subharmonic and harmonic responses have been treated in more de-
tail. It was found that_ﬁhe.iﬁfluence of the elastic bottom upon the
response of the liquid is more significant as.the tank diameter increases.
Furthermore, as the bottom thickness décreaséé, the elastic effect is
more obvious. The liquid height is also a factor affecting the liquid
response. As the 1iquid height decreases, the influence of the elastic-
.bot?om upon the liquid reéponse ﬁlays an important role. A comparison of
the rééponses of the liquid in a container with an elastic bottom as well
as a rigid bottom has been made. |

The free surface elevations and the forces and moments due to the M

1iquid motions are obtained also.




CHAPTER I
INTRODUCTION

In the design of large space vehicles, new problem areas have been
discovered, areas which were of minor 1mportance in smaller vehicles.
The inerease of the 1ength of the space vehiele results in decreasing fre-
quencies while the increase of the diameter of the propellant containers
yields lower natural frequeﬁcies of the liquid. Both trends will influ-
_ence the stablility of the overall space vehlcle con31derably.[l] There-
fore, the investlgation of propellant gloshing problems has attracted the
attention of many researchers.

The dynamic behavior of a liguid in a moving contziner has been
extensively invegtigated by many authors during the last decade. For

[2] [3]

literature surveys, Abramson and Cooper may'be éonsulted. The

liquid motion in a longitudinally excited contalner, however, has been

less closely examined. The reason for this may be the fact that for
~smaller vehieles the influence of longifudinally exclited propellant slosh-
ing exhibits a minor effect upon the overall vehicle behavior and the

‘linear ahalysis fails to predict the liquid response amplitude for longi-
tudinally forced motion.

Longitudinal excitations of the container in actual sﬁace flight
may arise from the dynamic éoupling betweén.the vehicle strﬁcture, engine
thrust variations, pump dynemics, the pneumatic tank pressure regulation
system and the feedline dynamics (see Figure 1). They form the so called

| POGO-problem. In the light of this prbblem, the investigation of the
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longitudinal OScillatioﬁs is pafticularly important in the case of manned
launch ﬁehicles because of the possible occurring of.the acceleration ef-
fects on astronauts, their vision and manual reactions.

When a partially filled container is longitudinally.exéited along
its axis, the liquid free surface may osciliate with finite gmplitude or
remain a plane, depending on the wvalues of the parameters such as excita-
tion amplitude and foreing frequency. Also the elastic properties of the
tank walls contribute to this problem. The esséntial difference between
longitudinally forced excitations and'latera;iy forced excitationslis
that for certain excitation parameters subharmonic liquid responses exist.

In 1831, Faraday[h] made the first experimental study of liquid |
motions in a longitudinally excitéd container. He noticed that the fre-
quency of the liquid oscillations was only one half that of the excita-
tion. Iater, in 1868-1870, Mathiessenl 5’6_] made the same kind of experi-
mental study. He, however; observed only_thé harmonic oseillation
response. 'The'disagreément between the result of Faraday and Mathiessen
led Lord Rayleigh to make a_further series of experiments which.agreed
with the observation of Faraday. Finally he'canIuded that ﬁathiessen's
results were in error. In 1954, Benjamin and ﬁrse11[7] made theoretical
investigations of the stabilit& of the plane free surface when the con-
tainer was subjéctéd to longitudinal excitations. Their linear analysis
led to the Mathieu equation and predicted that the rlane free surface is
unstable wheﬁ.the frequericy of any mode of the free standinglwave is one-
"half n times the forcing ffequenéy, Whére n is an integer. Since n can
'bé 1, 2, 3, .+. etc., the liquid motion can be one-half subharmonic,

harmonic, or superharmonic, they suggested that the experimental results




\ obsarved by Faraday, Mafhiessen, and Rayleigh may all have been correct.
Experiments by Benjamin and Ursell confirmed only subharmonic motions.

Utilizing the model of wave motions developed by Penny and Price[a]
for the case of frea oscillations, Skalak and_Yarymovychtgl made the first
theoretical investigation 6f the description of_the_finite amplitude sur-
face motion for an iufinitely deep rectangular tank subjected fo longi-
tudinsl excitations. Apparently-agre;;ng_with Benjamin and Ursell, their
expariments yielded.only one-half subharmonic liquid moiions. In view of
the agreement of the nonviscous theory with their experiments, they sug-
gested that damping was of a secondary effect on the one;half.subharmonic
liquid response. |

Using the general method of atteck similar to that used by Penny
and Price, and Skalak and Yarymnvych, ‘& nonlinear anelytical and experi-
mental study of liguid motions in a longitudinally excited, finite depth,
rigid circular cylindrical container was investigated by Dodge, Kana, and

(10]. Particularly the low-frequency excitation and the corres-

Abramson.
ponding liquid response were emphasized. _In their experimenta, both one-
half subharmonic and harmonic liquid-respouses were observed; -Furtuermgre,
they indiaated fhat tha:amplitudes of harmonia and superharmonic liquiqd
responses are considerably smaller than those of the one-half_aubharmonic
response, and they concludéa thaf in reality daﬁping prevented the ocecur-
rence of the proper harmonic or superharmonic responses.

Uging the fank geumetry.as a parameter, a nonlinear analytiéal
study of the liquid motion in a. longitudinally excited cylindrical tank

of annular sector cross section was carried out by Wbodward.[ll] In these

investigations the circular cross section is contained as a special case.




For rotating tanks, the linear liquid motion for longitudinal excitation
was investigated both enalytically and experimentally by Skalek and
Conly.[lg]
In all of these analyses the iiQuid containers were considered as
rigid. This assumption is by no means true, since ﬁhe wall thickness of
the container is relatively small in comperison with the radius of the
container. Therefore, the hext'question that arises is aimed at the in-
fluence of an elastic container:bottom upon the response of the liquid.
The interaction between 1liquid propellant and elastic structure
has been studied by many authors. Bhuta and Koval studied the coupled
free oscillations of liquid in a rigid circular cylindrical container

with a flexible bottom. In their analyses, the bottom was treated as s
[13]

membrane and as a plate.[lh] Taking into account the surface tension

and low gravity, Siekmann and Chang[l5] investigated the coupled free
oscillations of the liquid in a rigid circular cylindrical tank with a
flexible bettom.l Bauer,'Hsu, and Wang[;6] treated the coupled free os-
cillations of a long, elastic rectangular tank and a cylindrical con-
tainer witﬂ elastic ﬁalls. The 1iquid.5103hing in en annulat-cylindrical
tank with elastic walls and a rigid bottom was also studied by Bauer,
Siekmann, and Wang;[lTJ The forced longitudina; osciileﬁions of ligquid
in e-rigid circeular cylindrical tank with a thin membrane bottom was
investigated by Tong and FUng.[lB] |
All snalyses concerned with the hydroelastic problem were based oﬁ
linear liqﬁid and elastic eqﬁations._.Fbr a rigid'eontainer, however, the
behavior of the liquid differe markedly from that predicted by the line-

[10,19]

arized theory. Therefore, a nonlinear analysis of liquid motions




in a circular cylindrical container with elastic bottom and being sub-
| Jected to longitudinal excitation shall be carried out in the following
investigation.

For this reason, the basic equﬁtions are derived for incompressible
and nonviscous liquid. The container bottom is.treated.as a thin plate,
while the dynamic and kinem&tic frég surface conditions of the liquid are
represented.by nonlinear equations. The gnalys{s shﬁll be restribted to
. the axisymmetric case and shall present subharmonic and harmonic responses
of the system, as well as some of the mechanical values, such as_liquid

elevation, liquid forces, and moments.
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CHAPTER II
STATEMENT CF THE PROBLEM

A circular cylindrical container with.rigid side walls and elastic
bottom contains a liquid with a free surface. The tank walls are sub-
jected to a longitudinal excitation of sinusoidal fbrm as shown in Fig-
ure 2. The problem is to determine the motion of the liquid as well as
the liquid elev;tion, and the 1liquid force and moment for various values
of the excitation amplitude Z, and forcing frequency .

The liquid is assumed to be irviscid end incompresgsible. In addi-
tion, the motion is congidered to be irrotational. The defiection of the
elastic bottom from static equilibrium is considered small so that the
linear theory of the plate may be applied. The mean_free surface of the
liquid is assumed tp be a plane pefpendicular to the'leinder'axis. All
equétions are given inla container-fixed codrdinate éystem which has its

origin at the center of the undisturbed liquid free surface.-
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CHAPTER ITI

 MATHEMATICAL FORMULATION

A circular cylindrical container of radius .a as shown in
Figure 2 is filled to a height H with iﬁviséiﬁ and incompressible
ligquid. The cohtainer-fixed cyliﬁdriéal polar coordinate system is
.chosen such that the origin is fixed in the center of the mean free sur-
_face, and thé positive z-axis'is'directed'upward.- The deflection w. of
the elastie bottom is positive in the upward direction. |

Since we consider the motion to be irrotational, the velocity
vector of a fluid particle can Be expressed by the gradient of a velocity

potential &, i.e., the velocity componeﬁts u, Vv, and w are given by

i1 = Ead@ N _1_ __El. ' Ty = Jélgi_ '
w=-=r . VU=F38 £ W7T3 =2

The continuity egquation leads to the fact that the veipcity poten~

tial ¢ must be a solution of the Laplace equation in the liquid domain, i.e.

o 0 £r< a (2)
2 .
Ve =0 for 1 0<ocom
| “Htwgz < 7

The kinematic conditions at the rigid tank walls and at the liquid

free surface are
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=28 _ at r=2a - (3)
U=5r=° | |
K (re3¢)= 2L 2222 1 o8 57 98 _o W

Y ar ' ri 50 96 93

at 2=17 |

where W(r,9,t) denotes the liquid free surface elevation.
At the free surface, the dynamic condition (Bernoulli's equation)

yields (p=0)

D(re}f)- +(9+z(t))5+2(v@) 0 atz=p

where g is the gravitational acceleration, and Z{t) is the longitudi-
nally excited acceleration.

The kinematic condition at the tank bottom is given by

dw 2% suw _Laééw'_é_ﬁi_.—_ 6
-Kz(l’ﬁéf)— ar_ar+r=5§3§ 23 0 ©

at 3=—-H'+w~.

where w(r,0,t) is the deflection of the elastic bottom, as shown in Figure
2.
The liquid pressure p on the elastic bottom can be deteérmined from

Bernoulli's equation as

Plyecseo ™ 2[5+ 30D, RGBS
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where pg denotes the density of the liquid, and H denotes the liquid
height.
Since we consider the tank bottom as & thin elastic plate with

clamped edges, the equation of motion of the bottom is given by

DV'V’w=—fZ atz+Z(f)+?]-P|§=-H+ar. B (8)

where D is the flexural riéidity'of the plate

is the mass density of the plate per unit area

ol

=g

is the thickness of the plate, and
p is the liquid pressure.

The boundary conditions at the elastic bottom are

;W _ o '
3 = © at r=a _ (10)

‘Substituting equation (7) into equation (8) gives the equation of

motion of the elastic bottom:

DVV&)"—""f{ ] [gf | | (11).

+4-(38) ]3__ £ (grE0) (Hw)
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'CHAPTER IV

. METHOD OF SOLUTION

General Case

By using the method of separation of variables, a solution of the
Laplace equation (2) satisfying the wall boundary condition (3) is ob-

tained in the form

D = od® 3 + Bo® + 2. 3. Sinh AmaH [dm‘f’- SinhAmH  (12)

Mwul Nx=f

. 57 hAmz‘ |
+Bon @ m J J,,,.(;L,,,,, r)cos mé

where ao(t), Boolt), Qﬁn(t)’ and an(t) are unknown time furictions.
J (A_r) is the Bessél function of the first kind and nt? order, and

(A__a) are roots of the derivative of J (A_'r) with respect to r, i.e.,
mit m" mn

Jé(lmnr) =0 for m=0, 1,2, ... n=1, 2, 3, e (13)

r=a

The free surface of the liquid is expressed as Fourler-Bessel

geries

7 =ii a,,® 7, ()L,,,,,f) cos m 6 | | (1)

m=0 n={

where the-amn(t) are unknown time functions.
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' Substituting ? and 1) from equations (12) and (14) into the dynamic
and kinematic conditions of the liquid free surface, equations (4) and
(5), and evaluating 2z at the free surface z = 1, yields for the dynamic

condition of the liquild free éurface the expression

@) @ ' coshAm? (15)
o( 7 +ﬂ~ +m§§,(6_nﬁAmH) o(m“ bt

o 4O oD oo

*ﬁm @) SrhAmT \Sm/ilm’t’ ]Jn(hmr)cwme +(? +Zﬁ5)),7 1 YYYY

2 nud rraf p=o ’-l

. cxuﬁﬂ*ni \ﬁnﬁ 2
(si /,AMH)(J,M,,H){AMA”[W’ A T b d ]

[ ”( Ca.sﬁlpg,/z ‘8"!'0 .Smbl”f ]..Z:(Mnf).];(}\”")

J/n,éa cas/m,,,H
-cas me Cospe + - CoshAm T SinhAm 2 ]
P r mf’[o(,,,,,(t‘) Sih AnH] +'3m(t) cshaH
. ' M SinhArg 7
[dﬂ'ff Sink AP?H + p’f“) coshApsH ] I Amn f')]}-(ﬂ-rf r)

anb Aum 2’

@ Cosh Amn’l

SmﬁlBSmPQ + An ;\»ﬁ[dmn‘ﬂ + (B Co5h AmaH ]

..LN?7QD¢”hbﬂ11_. fz7ﬂ9-Eeaéaftz]~Z;C&mm19JLCA4?n)CUSW&9CU£P6 }

Sinh ApgH coshApH
;L_ 2 = & . Jhmﬁ)Lﬂﬂf | CXNSAJMn;Q
+3 20 +ol b CoshAm?
2 | d"#m;;;ﬁ” [dmtt) S/nh AmnH +ﬁm CoshAmH |

‘ (Sf"ﬁm,.H)\In(Mn r) cosme =

_and for the kinematic condition the expression
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Z 5 am(tJ (Amal) COSTRO + Z ZZZ (5,,,5 A H) (16)

mepn=| m=0 ne( pey g=1
i CO\SA lng Sinh A.mn?
{ Z—mn Aﬂ [O(mn (f) S/ﬂﬁ lmnH + ﬂmn &) CoS /? A,mnH ]

- y , | |
'af’f(f)‘]r—n (Amnr)j; (7%,;') cas me cos P6 + wZl mp

¢ COSA ?\,am 7 ¢ Sl'nb Amn Z
[ dmn ) Lfl'ﬂﬁ ;\.man ¥ /8”"‘( ) COSA A-mnH

C?.,,f (f)] (R.m,, r')\];,(lfgr) 51/)7729 Slﬂpe}

- o(oo(t) Z Z A (.smﬁ AmnH)

m=0 n=t

Jff)A Amn ﬁ,m,{f) COSA Ann 7 ]

" +
[ o (;..) Sinh AmaH COSAAmH

T (Amat) COSMO = O

In these expressions one can see that 1) occurs as the argument of
hyperbolic functions. Since T} itself is a double infinite series, we
expand s:L_nh?anT], coshlmn'l] into serles of lmnT]. Hence

my 3 B
(M (M)

~osinhh M= A T+ TR syt et (17) '

| (x_M* n)‘ o
coshA_ M= 1 + mg! + mﬁ!' + m—eme (18)

Introducing equation (14) into equations (17) and (18), and substituting

" them into equations (15) and {16) yields for the dynamic condition,
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3 [o?,,,,,(f’ +(g +Zw) a,,,,,-(f)] T Amal) COS O (39)
M=o h=l '

-+ F ( r: 8, doo;doi,ﬂgl'ﬁu’d")--_, 0?00, ‘éw,oio!,ﬁ'y,_" a‘”) a”,--—:) = 0

By considering the time functions as parameters, F can be expanded

into the Fourier-Besgel series,

M= N=|

F = Z Z {:nn (O(oo, d"’"’ ﬁ"')dlh ﬁn;---; ﬁ:ﬁoro'?""))é”v_--’ (20)

Qoot, Qn, - -~ ) Jm(Amal) COS O

where

P , .rfo‘er'r COS MBIm{Amnl) O dr

(21)
m . 2 pran
L[ rcos’me T (Amar) d60r

Substituting equation (20) into 'equétion {(19), results in

22 [5(” @+ (g + 7 @) Amnlt) + -E,.,,cﬂ]z,,(amr) cosm9=0 (22)

m=0 N=l

Since the functions Jm(lmnr)cosme form an orthogonal set, we obtain

a8 + (g + B(8) a () T () =0 (23)

a
mr

for allm and.n, where_the fﬁn(t) are noniinear functions of & 0 an,

. a . » 3 iy )
a an, and o Similarly the kinematic condition is expressed as
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ii [ Q@ = Amn ( fan/mmH) ,em;,&c)]J,,;,(Am-,.r) cosme (24)

mayp n=i

+G(r;le, O(oo, O(m’ﬁm,of;,, ﬁ"’ "——’.éo"’é“,___) iy

. B

where the function G may be expanded into

G =32 G (Oloor0lot, By~~~ Chat, Cty===) Jon (Amal) COS 7O (25)

mel A= -
with

f, a,[ "6'!’ cos me Jm{(Amat’) do dr

R it @
fof r o9 Jm (Amn1") 98 II°
Thus we obt"a.in
agn(t) = A (tankA_H) B_(t) + g (t) =0 (27)

for all m and n.

| I+ is of interest to note that in the case of the rigid tank botfom,
equation (6) yields: %g = 0 at z = -H and then from the velocity poten-
“tial (12) one obtains - ozl’;h(t) = 'an(t). In that case, two sets of unknown
time functions, ohn(t)\and amn(t), have to be determined from equations
(23) and (27). These represent two sets of ﬂonlinear ordinary differential
.equations for afm(t) and a;mn(t). Tn the case of an elastic Ib.o‘b‘.c.om, how-
ever, there are three sets of unknown time functions, amn(t), an(t), and

amn(t), that have to be determined. In order to solve this problem com-
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pletely, it is ébvious that.one:additiopél relation (or one set of equa-
tions) has to be derived from the kinematic condition of the bottom
(equation {6)) with the deflectioﬂ w as obtained from the equation of
motion of the.elastic bottom.: Then three equations for phe unknown ahn(t)’
an(t),.and amn(t) may be reduced to two equations by writing amn(t) in
terms of an(t) or an(t) in terms of aﬁn(t)'

Introducing the velocity potential ¢ (equation (12)) into equation

(11}, the equation of motion of the elastic bottom yields

DVV'w =-FZ a_tg — (£H +f.£)(‘? +Z®) (28)
+f [—&oo(t)H+,é,,(t)+-2i- )] +J‘jii

( Sinh lm,,H){[ Omn (€) COTAN ppH — ,6 (3 fan/: AmaH ]
+ A Q(w(t)[ Bra(?) -o(mn(t)] }J,',,(Am rycosmé

ol o ab OO

t+ £ (—') Y 22 (Sinh Amnl])(sink PLI?H)

m=0 Nzl p=p g-l

{ A A g [d,,,,, ) COTh AmaH — Bnt®) Tanh ?LmHJ
| [ OCJP} &) coth AP}.H - ﬁr?ff)faﬂfl A P H]J; (M r )J;(ﬁﬁ?f )

-CaSmo cospo + —,'.—, mP[o(,,,,,(t) Coth A maH
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o ﬂmn{ﬂ fa”,’ AmnH ][O[P, @) CO?%A,ﬂH

= Bpstt) fanh 7%“] T O ) Ty (Apgr) Sinme sin P8

+ Amn 7\”,[ ﬁmqfﬂ - O(mn("f)] [ ﬂ!?(‘ﬁ) -—o(f,z,(t)]
\L(Amn r)J;"()LP}r) cos me Cos 1’9 }

where V¥ is the Laplace cl>perator v = 'az;z L X C + l—a _Big_ .
or r or r° a6
Since the deflection of the plate is considerably smaller than
that of the liquid free surface, the kinematic condition of the elastic

bottom may be linearized and written as

_ 3 | |
Ko (r,0,2,8) =S5 -2~ 0 st 7= H (29)

-~
v

_ ) _
Differentiating equation (29) with respect to time +t yields

W 9,38
at? — ot (ag )

: | _ d.m © + Z Z Aonn (th/’ AmnH) (30)
Z==H m=0 Nei ‘

[ Bontt) = S} T () COSTIE

After substituting equation (30) into equation (28); the governing

- differential egquation of the elastic bottom is given by the expression
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vzvzw - _(ﬁH +FR) [ 3 +2ft) +0:,oo(t)] +-_F‘L[B“(0 -f-zLo(:’(ﬂ] (31)

mud h=i

+55 (SIﬂMmH){ L4 Am(dm(t) Brat®) + £

(Glmatt) CothAmoH = Bpfrfanh AmaH) + o(.,(ﬁ

=1

o (Bt ~ O(mff))}.jm(ﬁmr)msma +-5 2L ;g ;o

(Sinh AmaH) (Sinh Aﬁn){ Amnan[&mm cofba...mH
= Bott) Tarh MH] [o(,,,zt) cothApH = Bpe) tfanh M;H]
T (Ama ) J;(k"r) ca.smécmf’e + "r'-_z-mﬁ

[ cton®) COthAmH ~ Bna®) Tanh AmaH |

|otpgtrcothnpgH - Byt tank ApgH] JnAm) Jp g )
5;}; 16 Sin P6 + Amn Agy| ﬁ;n &) = clmilt)] [pﬁw —dﬁfﬂ]

. ;Tm('amrﬂ%(err) cosme COSPG} |

which can be rewritten in the following form

o (LH+FPE) N B |2 |
Vi = [--—-——b———( G+ZW +0loof®)) + B—( ﬁ,ﬁ)-{— fz—-o(,,ct;)]_ (32)
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m=g p=i

+ZZ (Sm/JlmnH){ :——A (o(,,,,(‘t) ﬂm(f)) + 3 £

(Gl t®) COth A moH ~Ba®720b Aspo) + 2 A g 0test®
(Bar®s —o(m.,tt))} To(Amal) COSTE + K(¥, 8, er, Bur, S, B ~~)

where K is a nonlinear function. We consider the functioens of time as

parameters and expand K into a Fonrier-Bessel series of the form

K= ZZ Py (o, ‘3,,,0(,,) ,6,,, N Ampr) COSME  (33)

m=0 x|

where

a ran
L l Kr Cas?ﬂﬁln(lm!‘)dedf
f f " oS MO T () dOT

(34)

mn

i

Thus equa.tion (32) yields

VU w -_-[- M_( g +Zt) +o'(.,w) v G+ -;—-ok,ift})] (35)
+ %%I(Sﬂ?;l AmnH){ E—— A,m (O.(m,, (‘f) - {émn d)) + _:gﬁ_

(o) COPh A~ FarbArolt) 4 Ernett

(ﬁm»ff) ~ Olmatt)) + %m} In{(AmnT) COSME
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In what follows wé will neglect the gravitational térm g in the
first bracket of equation {35). This means that the deflection of the
elastic bottom w will be measured from the static equilibrium position.
In other words, w will be represented as-the additional deflection of
the elastic bottom due fo dynamic effect or the excitation of the tank.

It is to be noted that the only unknown time functions in the
right hand side of equation (35) are two seés of unknown time functions,
ahn(t)'and an(t), and their derivatives. If ‘w, the deflection of the
elastic bottom, could be found from:equation (35) in terms of ohn(t) and
ﬁmn(t), then the relation between a (%) and an(t) could be determined

from the kinematip-condition of the elastic bottom (equation (29)) as
B )~ 8 (8) = 8, (0 (36)

where ﬁmn(t) ig a dynamiec forcing function including the‘elastic propexrty
of the tank bottom. |

For practical reasons, ouly a finite number of terms in the equa~
tions (15) and_(i6) may be retained for an approximaté solution.' If the
liquid mode under consideration grows from therm;@nmde.(linear théorj),

it is reasonable to assume that o, B
mn’ “mn

, and a ., are the predqminant
amplitudes in the series expansions of & and 1.

In what follows we will restrict ourselves to the invesfigation of
%the liquid axisymmetric motién. By using the samé'procédure, the liquid
motions of anti-symmetric modes in a c;rcular'cylindrical cdntainer with

the elastic bottom may be treated in a very similar fashion,




Axisxmmétric Case

In the axisymmetric case we have m = 0, thus ¢, 1, and v are
independent of the angular coordinate 8. The solution of eguation (2)

is given by

B =clitrd + A0 +2 (SinhAsH) ottty L2222 3
+ n( Slﬂﬁln} |
ﬂ v cosh AnH ] Je(Aar)

where Jb(lnr) is the Bessel function of first kind and zero order.
% (t), Bo(t), an(t), and Bn(t) are unknown time functions, and the
(lna)_are the roots:of '

Jl(lnr)' =0 n=1, _2: 3._9 e . (38)

r=a

We assume that. the liquid free surface is of the form of -
(rt) = 2 & (8)J9(A 7) N € )
. =1 )
where an( t) are unknown time functions which have to be determined later.
We substitute &1 from equations (37) and (39) into the Mic
and kinematic conditions of the liquid free surface ( equati_or;s (L) and
(5)) and evaluate z at the liquid free surface z = 1.

The dynamic condition at the liquid free surface yields



ot.it

23

Co.sﬁ Anl SinAa'd mﬁ/\.a 4 .
Lot 7 + o +Z(6m/m~H)[°‘ ® St O MM»H] "
Cmﬁﬁﬂme
Tar) + 5 z'}?: Anlg (Smh/\,nH)(.Sm/I)LgH)[o{nfﬁ) )
SinhAnT . Coshagq SinhAg
+ﬁ”” cosh AnH ][dfw Sl'n/l/"\.xH +ﬁ;{;‘) cosh AgH ]

J(Ml’)J(?x,r) + -——{oe ) + 2 o) ZA,., (Smﬁ/lnH)

nu=j

SinhAn? coshAn’l ]J()L,,r) :

[dn (t) Sinh A,H + ,60 ) coshAnH

sinhAs T
+ ZZ l,,lf (S:nﬁ?LnH)(anﬁth)[dnm m

n=i §=|

| Cosf)?m'z sinhAg 4§ - _coshAgl
+f8 © cosh AnH ]'[dfw Sinh AgH +t@;‘t) coshAgH ]

J;(FLJ)JJ(?L,:’J} (g8 +E0) =0
and the kinematic :éondition- at the l-iciuid free surface is |
i a.n(t)z(Anr)"' d (t) + Z A.n (JH?/?;LHH) o (J-I-l) |

L
=i

anh;\m COSA;\,:: '
'[d”w sinhAdH t@d ‘coshAH ]I’(&"O_ |

- o Mg (Sinh Ay —Af_
;E‘h ¢ (s 6/'\.3,}-{)[1:-(2(#)5 /)&}H

th, ¢ %] 2,0 T, (Anr) Ty (A3 1)
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Expanding again in equations (40) and (41) sinhhnﬂ and coshknﬂ-

into power szeries of knﬂ

(M, (1)

' sinhd T = A M + o B+ e (h2)~
(x M2 (M
S coshh M= 1 + -—%! * E! 4 mmmen— (43)

and substituting T from equation (39) into equations (40) and (41), one
obtains the dynamic and kinemsatic conditions of the liquid free surface,

the expression

Z { odalt) + (g + iw)) Qa,@ }*J,(Anr) | (k)

+ F(r e, b, d, by, oy clrfly, =, 1,8, ===) = 0
F may be expanded into a Fouiier-Bessel'series
F ;i{, (oo, oty B, ===, O, o001, B, =, a,,a,;--)l(anr) (15)
ne o
where‘

. [ rET(anr)ar - e

[ “rTAAr)dr

The dynamic condition yields then
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i { Lt + (g + im) An) + £, 1) }J;(;L,,r) =0 (47)
" A=t ' :

which, due to the orthogonality of the Bessel function is satisfied by
S o () + (g + 2(t)a (t) + £ =0 (48)

 for all n. The functions fn(t) are nonlinear functions of Qs Bn’ ah,

én’ and a - "Similarly, one obtains for the kinematic condition (equation
(41))
Z{ Q,t — Kn(*a"/’»’th)ﬂnff)} Jo(Anr) (49)
Nl :

+ G(r; O(O: D‘], ﬁl;_"_“) éh d;,-."—) = 0

which with the Pourier-Bessel series expansion

G '—'Z ?n(dho{'» ﬁl?--—: d’) éz;---)JO(a'nr) (50)
T on=1 .
where .
[ G Tndr _
G (51)
Lr Taarydr
yields

2, (8) = A (tannh H) B (%) + g (%) = O (52)
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To obtain the third set of equatidns for determination of the
unknown functions crn-(t) , Bn(t) , and a.n('t) s We have to solve the equation

for the axigymmetric motion of the elastic botton.

DV Ve =-7% & P —(fH+ )(Z(t))+f’{-a{ ©H +40 (53)

+ Z (sinhAnH) [ o{,,tt) Coth AaH pﬂ(t) fanﬁ %H]j (Anr)}

=]

f o+ £ (-%-)Jl ot + 2o{,(t)nz A (5inh A H)(Bott) —Aelt)) J (Anl)

+ Z Z Anlg (sinhAnt)(Sinh AgH) (BAE)—olntt) ) (‘Bfﬁ -

nul Fol

o) TANT (Agr) + 2N A, (SinhAnH) G ASH)

Nuf g=}

(et Coth AnH ~Bottrfanh Aot Yol CothAgH -—@mﬁ;\,ﬂ)x(wl(kff)}
here V° = :3 + % g—r- is the Laplace operator for the axisymmetric cage.
By considering the kinematic condition (29}, as in 'bhe previous .
 case, the kinematic condition is differentiated with'lrespec':t to i:ime in
order to eliminate the value %E% in equation (53). Now the right hand

gide of this equation depends only on the velocity potential and is given

by the expression

VVar=- Q'}.H_g&.f).[;—_}m,r&m] + f’-(,é,ca +tolty) - (54)
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+5 (SmﬁhnH) £t 7L., (oot =) + ‘b&(a?,,ff) CothAH

nx{

- otenbaqH) + {ﬁagm)(ﬂnw -oz,,@}l,(an r)

+K (1,06, 8,0, A,

where K is a nonlinear function given by

K = % —) Z‘ z;'(\s,nha,,H)(s;nM,H){ n,a,[o{,(t)cafﬁm,u (55)

-, @mﬁ;\,H][oz,w)com,H ~ )fmbafH]J Aa)T (A1)

+ 7\,.7\3[ ﬁncb - ot,m][ By —-ot;w] J DI040 }

Expanding K into a Fourier-Bessel series

":'Z ‘ﬁ (dhﬁl, O(z, ﬁz; )J;(R.nr) | (56)

where

KTuwr dr
k = -f°ar K;T(JL ) —_ (573
J r X ounar

and substituting it into equation (Sh), yields for the equatlon of motion

of the elastic plate

UVtwe[- ﬂ%@( i +e,0) '+'-§(3w+2La;¢,)] (58)
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Haf

+5° (b R, (0~ ,0) + & Ghcp cothnt

- B,,(z‘)v‘anﬁanl-l) + ég'-?t,.ot,ra(ﬁ,,m —olit)) + #n Jo(An r)

It is to be noted again that the only unknown functions on the
right hand side of eqnﬁtion (58) are oh(t) and Bn(t) as well as their
derivatives. A solution of equation (58), w(r,t),.is then in terms of
ah(t) and Bn(t) and shall yield with the kinematic condition (29) a rela-
tion between ah(t) and Bn(t). For an approximate solution ohly a finite
number of terms are retained. In the following analysis, both uncoopled
fundamental axisymmetric mode and those coupled with the second axisym-
metric mode will be considered.

The orders of A Bn,_and a, are assumed to be

o - 0(), w=0a®), oo™y (59
B = 0(a), Bs = 0al®)), B, = o(a‘®y
a = 0(a), & =0y, .a = o™

where A is the amplitude corresponding to the first axisymmetric mode of
the free osclllatlon (11near)

From previous studies of rectangular and cylindrical containers, it
appears that terms at least up to third order must be-retalned 1n'order to
determine the fiﬁité, steady.sﬁate amplitude.of the liquid response.

According to the assumption of orders which were made in equation
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(59) and by using the power series expansion of sinhlnﬂ and coshlnﬂ,
the dynamic and kinematic conditions of the liguid free surface, after.

truncating up to .third order, can be written explicitely g8 follows.

~ The dynamic condition is
{[&,(ﬂ + ('3 + i(tJ)a.m]J;(A,r) + [&2({)  (60)

+(? + i(ﬂ)agft)]l(h.:r)]'l' F- =0
where |

F=gw +_—‘.£-'ozj¢;+o?,wa,rt).r(hgf) +&ﬁ)dz¢i£(7\2 PD+ER (o)
| -afw&mff&.d +'.7L, (fdnm.ﬂ)a,(%wf(m) + [Mfanﬁi.-H)
-_aaft)ﬁ.(ﬁ 2, (T2hAaH) 200 | TN T (Aa1) + %A’.oc,’m |

A (7(,!;) + A0l OT (DT (A2t) +7c’j (fanh.H)@,&ff) é;f_f’

:T,(A.r_)I ‘(A.k)-+2£.(fenﬁ AHIAGBOT (M) + A, (faﬁf:aaH)doff) |

B .m_a,a + z;d.,@'oe,wamm,a + 5 X, (fank x.'H)’;sfca

LT+ M, (FanhAH)(Fanh At) BOBOTAOT (A
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+ N (FanhAH) St 8,8 QO T, ()

and the kinematic condition is

{[ &t = A (TarhAH)B®) TN +[ a0 G

- Az(mnm.,n)ﬁzm]-;m,r)} +G =0

where

5 = — NI D ~( Koy 0,8 + X0t BD) (63)

TN (D) = £ (Fanh AW BOGOT A0 + K 2t
-oly(t) ff.z(A,'r). + ( AN, Ayl + AP a,d)o(,tt))J,' (A0 (A1)

+ X (FanhaH) BOBGHL (T (ur)

In the above equations (60) and (62), the nonlinear functions F
and E have fo 53 expanded intp Fourier-Bessel series yieldihg the expres-
sion of the form equations thB) and {50}, of whicﬁ & third order apﬁroxi—
mation may be obtained easily.

- The equation of motion of the elastic bottom is then given by

Vit = - PR 150 0] + —g'—(‘é,rtn%oc:m) (64)

0




3

+{[ P2, (et -geo) + 2 = ( S t) Coth A H - fttrtanhA )
+ (A o) (smar) IuD + [ B,

. (o’gzcc) - éz{t)) + —g ( oly(#) Coth A;H —,ézrz)fanb ?\zH)

+ 22 A L0t (B4t —clst) )] (.s;‘nbA:H)I(A;!’)} +K

where

‘P#
c:r-o

{ X (smha,n)z(ﬁ,rt>-oe,a;)zj;’(h;r) +AA (sinhAH)(SinhAM) (65)
( B o)) (Bt -—o{,(t;).Z (AL (A1) + —;l_,-/‘(". (sinbAH) (O COthAH

B fan/ﬁh H )2I3(;\‘ 1)+ Ay Az (SinhAH)(SinhAsH) (dlw CothAH
- ﬁ#"faﬂﬁ;\{H) (0{20!) coth AzH -ﬁ’(t)-fanﬁsz)J" (A-Ir)n);(h.:r)

The kinematic condition at the elastic bottom is

oW

57 = %@ + Al(&ﬂﬁ?l H)( B — c(,m)J'()L,r) | (66)

+ Az (Sinh &H Y(Battr~ ole®)) Jo (A2)

To solve equation (64), we expand K into Fourier-Bessel series s

thus giving for the equation of the plate
(.
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Vzvzﬁr = 'zla_{ 4@ + g,(-oJ;(x.:-r) + gztt)J;(-Agr) } o (67)
where |
w(t) = —(LH+PA) £0 +3,0] +£ (5,0 rlalty) (68)

+£(o. 162.2151) —2'-';6, .(Sf.nﬁ A.H).‘(p. (tj —_;J. )’ + f (0.1622594)
%A:(S;‘nbh.l'l)z (o(,ftj M/;A,H —ﬂ,'fanhi.l-l)z o
als) = PE2, (anbmH)(ot.ct) —4®)+p (.s}m,H) (4 céﬁsa,u | (69)-
. "ﬁ:‘ﬂ W”’MH) + f’h.(smﬁa,u)o(.m(ﬁ, -d.(lf)) +£ (03522303)
—}\. (Smlm,.l-l) (ﬁ,ct) —oe,as)) +f’(o 266!404):\.5\; (s,nﬁ,x,uj

'(J‘mhiuH)(ﬁ,tt) o(,rf))(ﬁ,(‘f) ot,ft)) + f’ ( 01?6I056)-L7L.

. (.Sm/m;l-l)I(ol,c't)COfﬁ?L.H.—ﬁ,m'th?uH)--+£(0.2436875)

Auns (sinhAH) (SinhAsH) () CothAd = Beortanhaii)

(ol2) CothAsH — B,tt Fanh A H)
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g2 (t) = ff?ts(ﬁfn(!h:H)(o?,ft) ~B,t8) + £ (sinhAM) (s CothasH  (70)
=, farbAH) + £, (SinhAH)SL (Bt - oth) + £ (04793192)
-%h’. (sinh A,H)’( B-oth)’ + £ (0.3019649) A2z (Sinh AH)
(SinhA:H) (86 -0 N Botd ctsts) — £ (03241766) 1 (siphA M)

(0 CothAH -Brotanbadt)’ + £ (0.0824566) Az (sinhAH)(SinhAM)
(b ot~ By Tanb AN ) (LD COHAN - By tanhAH )

A solution of equation (67), w(r,t), which is bounded in the region

O=r 23 and satisfying ‘bou.nd.a.ry conditions w = 0 and g—-:,i =0 is
: r=a r=a
given by
@)
w(nt)= ,_’) { A (a ?' r)- J'ma)) (71)

y B ( J;(azr)' '*\);(7\2‘2))} |
Az |
With this result and equation (37), the Kinematic condition yields
?‘*’(a 20’ +r‘)+ (J(A.r) -J(ma)) +4 (J(w) ~hnm) - (72)

= Dolof®) + DA, (Btt) - 4®) T (A1) DA, (Bat - )T, (AsF)
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Expanding the terms r° and r* on the left hand side of equation (72)
into Fourier-Bessel series of Jb(lnr) and comparing the coefficients of
Jb(knr) on both sides yields a set of equations between Qh(t) and, Bn(t).

They are given by

4 ! Ll - - -
o, (B = —%- [ (0.005208) 4. + (0.001868) 28 — (0.000/24) §,) ] (73)

| a’ . .
~oll) = = (t) 1211) 6 }
Blr-ot) = &) = —— yeyT [(o.oomos) g0+ (0.001211) §; ] (74)

£ ’ - :
By ~clyth) = B28) = EE%IF [(o.oooms)ﬁ‘f’ + (0.000059) 5‘2"”] (75)

where the values of (A;a) = 3.8317060, (Aza) = 7.0155867, Jb(lia) =
-0.4027594, and Jo{Aga) = 0.3001158 have been used.
- For a rigid container bottom (D.* =) one obtains the values

o {t) = 0, Bz(f) = op(t), Ba(t) = (%) as expected. From the sbove we
find that the diffefence of ah(t) from ﬁn(t) is decreasing a8 n 1increased.
For example, ﬁhen n = 3, the value Bs(t) ~ 05(t) = O indicating that for
higher modes the effeét of an elastic bottom does not appreciably differ
from that of a rigid bottom.

The procedure of solving this problem (for axisymmetric case) can

be summarizéd as followé:

(1) The assumed form of & 1 from equations (37) and (39) is sub-

stituted into the dynamic and kinematic conditions of the liquid free sur-

face (equations (%0) and (41)).
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(2) In equations (4O) and (41) sinh) 1 and coshh 1) are expanded
into a power series of lnﬂ.

(3) Using the assumed orders of o, Bn’ and an'in equation (59),
terms in equations (%0) and (41) up to third order are truncated.

(4) Those terﬁs of F, G, and K in equations (61), (63), and (65)
aré expanded into Fourier-Bessel series of Jb(lnr), ne=1x 2, 3, sesr, Ye-
spectively. This is valid since the set of functions Jo(hnr) forms an
orthogonal complete set in 0 &= r & a.[eo]

| (5) In equation (60) all terms of Jb(lnr) for each n are col-
lected and let the coefficient corresponding to each Jo(lnr) be zero,
from which we obtain a set of simultaneous nonlinear ordinary differential
equations with undetermined time functions of ah(t), Bn(t), and an(t) as
shown in equation (48). The same procedure is performed in equation (62)
to get a set of equations as shown in equation (52).

(6) According to the assumption of orders which were made in equa-
tion (59), those tefms on the right hand side of equation (58) are trun-
cated up to the third order and try to find a solution from equation (64)
in terms of ah(t)'and En(t),.wﬁich satisfies equation (64) as well as the

boundary conditions w = 0 and %% - = 0.

~ |r=a r=a )
(7) The kinematic condition of the elastic bottom is used to find
the relation beﬁween-ﬂn(t) and qh(t) as Bn(t) - ah(t) = Gn(t) whe?e én(t)
is some external forcing function involving the elastic property of the
bottom (plate rigidity). _
(8) The relation of an(t) “and pn(t) is substituted into the kine-

matic and dynamic conditions of the liquid free surface (equations (60)

and (62)), which after their elimination yield coupled eguation for an(t).
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One nonlinear ordinary differential equation of &, (t) is obtained for
uncoupled axisymmetric liguid motion. Two coupled nonlinear brdinary
differential equations of ay(t) and ag(t) are obtained for coupled axisym-
metric liguid motion.

(9) After an(t), Oh(t)’ and Bn(t) are determined, the velocity po-
tential §, the elevation of the liguid free surface T, the pressure dis-
tribution p, and the liquid force and moment can be obtained withouﬁ'any
further difficulties.

In the following we restrict the longitudinal excitation function

to be

Z(1) = Zo coslt (76)

where Z, is the excitation amplitude, and ( is the forcing fréquency.
The range of Z, is restricted to a smail value only.

Experiﬁents have shown that, wheﬁ a liquid in a circular cylindri-
cal container is subjected to langitudinal excitations, the free surface
of the ligquid may exhiblt a plane surface or it may have a periodic motion
of'finife amplitude depending on the excitation parameters, Z, and (I as
well as the elastic effect of the bottom. -Furthermore, the liquid motion
might be a subharmonic, harmonic, or superharmonic and can be composed of
a variety of modés depending oﬁ the excitation parameters. In the follow-
ing, two majdr cases will be considered. First, we azsume that the fluid
motion exhibits no.coupling of modes, meaning that all other modes may be
" neglected. In the second case, w; assume fhat coupling is allowed. TFrom
the dynemics point of view, the first symmetric mode and first antisymmetric

mode are the most important to the stability of the space vehicles, ZEspeci-
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ally the first symmetric mode is of some detailed interest for the inter-
action problem of pump-, combustion-, feedline-, propellant-, and struec-
 tursl dynamics.

Uncoupled Motion (First Symmetric Mode)

As e first approximation we assume that there is no coupling of
modes. Then the dynamic condition of the liquid free surface_from equa~

tion (48) with n = 1
(o (6) + (g + 2(6)) ‘s (£)} + £ = O 77

where

£1(1) = SlOA) + A, (fanhAH)ol BB + (0.3522803) (78)

| A (F2nh A1) O8O + N ottty @t + L2 (Fankany 670

+ (0761056 5 2564i10) +(043TAT4BIN (Tanha 1) KOS 2D

+(04138998) [ £ @030 + 3 (Farh Ak Yol OB 0 2t

The kinematic condition of the li@uid free surface follows from

equation (52) and for n = 1 is given by

{81 (t) - Ay (tambhH) B (3)} + g = © (79)
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where

e = —(0.3522803) X\olf®) Q0 + (0.476/056) X atycdt) (80)

— (0.4138998) 5 X (farbAH) Bt GXO

+ (0.1379748) A (TanhA ) GitO) B,)

The above equations (77) and (79) together with eguation (74)
constitute the system of equatioﬁs for the determination of the o (t), -
B (t), 2nd & (t).

- Combining these eguations and neglecting terms of higher than

| third order yields an equation in terms A,(t) = Elﬁﬁl of the form
CA®+ ) (1= %Q’C&SQU[A‘(&+G.Afd)+@,ﬁ€,(f)] (81)

+0,A%0 + QuADAD + QADA D +Qu A AY
= (PG, 2.Q) COSQEAWD — (P Qs Z Q) 5inQt A
=-(axPZ.0") cosQt

where the excitation function has been taken as
Z = Zgeosiit and X = Ajtanh()H)

The coefficients of the nonlinear terms Q; through Qg are listed in
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. Appendix B. They all depend upon the liquid height H and the radius a

of the tank. The expression
©§ = Ly g tanh(AH) (82)

is the square of the linearized natural frequency of the liquid for the
fundamental axisymmetric mode in a rigid circular cylindrical container.

Furthermore, P, is given by

| (0.001906)a> (poH+PR) | '
Py = D{einmgH) (83)

and depends on the liquid density, the liquid height, the density of the
plate, the thickness of the platé, and the stiffness of the bottom.

- It is of interest to note that the nonhomogeneous term appearing on
the right hand side of equation (81) is due to the elasgtic effect of the
bottom. For the limiting case of the piate rigidity, D~ ;, approaching
infinity, the value of P, = C, exhibifing that the nonhomogenéous term on
the right nand side of equation {81) is becoming zero. Equation (81)

" then coincides with that for the case of a container with a rigid bottoﬁ.
However, in the case of an elastic bottom, the nonhomogenecus term with
inecreasing radius becomes more zignificant, even though the excitation
amplitude is restricted to a range of small values.

If equation (81) is linearized, it yields

A,(f) + o (| -%—'— Q*cosQt)A, @) = -—(axplzoﬂ‘)casn; (84)

[21]

which represents a nonhomogeneous Mathieu eqﬁation. To investigate
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the solution of equation (81), the nonlinear uncoupled one-half subharmonic
and harmonic liquid responses will be analyzed.

Cne-half Subharmonic Response. A solution of equation (81) may be

written as . ;

Bkl

A (5) = § sin Kt ey

After substituting this expression into equation (81), the response

function yields

5{['-7’2”(—?)&).2?%(80.,-403)E2,mfr-4] (86)

+3°[ 20, + 20: (5P + (L0, —_%Qé)Fz]}_=o

where

a
7= (2) N

or

=P+ 2(F)ui +(89,-405)RZ. 0774]

[%Qz +2Q, ("?_" wffg + (4LQ5 - %‘Qs )I-"zl

2

(88)

Another approximate solution of equation (81) can be written as

A (t) = § cos #0t | (89)
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We substitute equation (89) into equation (81), then the response

function yields

?{[""'2-2(‘%‘)w.’F’—(Say-Ma)Rz,w,’F‘] | (0)

+37[ 40~ 20: (FIIF + (40, 0] [ =0

I

Thus either

or

=2 _ [I'-F‘z—2(-'?'2-)wffz_(aa?_4aa)ezow'zf_4]

: (91)
3 Zoy, 2 i - '

[-+a. '262:(?)60,’(2 + (785~ %Gs) F*]
The terms of P, which appear in équations (88) and (91) are due to

the elastic effect of the bottom. For a rigid bottom these terms vanish.

Harmonic Response. For the determination of the harmonic response

an approximate solution of equation (81) can be presented as

By(8) = ¥+ E cosOt - (92)

where E is of the Pirst order and ¥ is of the second order.
Substituting equation (92) into equation (81) and neglecting terms

of higher than third order yields

KE + BE +Ki+K =0 | (93)




ho

ez
E{(-i-a,-ar)ﬁr [ "}(@'3@6) -6 (0= Fan}Fy Y
+[ F0.(@s-a0) + (Fa - Fa) (7wt ](F)
-[(e0 - FaarEFu] T}
K a{[-z‘-a. (%ﬁ)w,‘](l‘f’)+[(a.-a.+-};a,)(?',%)w’+ a.(%a., (95)

~Q)B(Z)0F [P +[ £ (8,0~ 2870 +@485)R (L)} ](T"J}

% = {I—?’— ‘é‘ (%,)zw,‘(r*)_.[a,,——;—a, +@,(a)()](%)w,"(?f)} (96)
L = Plax)(Z)w (7)) C 9D
Ep— {[-,;-(%)w:m%(a,-a,)mz,wfm]i (9

[n-a.(%bf?"g] _
C o[La+ 2(as 03 +[Fa:()0i7]3 }

with

- (—) | (99)

If we let the plate rigidity approach infinity, then P, = 0, and
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consequently, there will be no constant term in equation (93), i.e.,
Ko = 0, and equation (93) yields the resﬁoﬁse equation for the case of

rigid bottom.

FRP +KRE+Rl =0 (100)

From this we find that either

€=0

or

K€ + K& +K =0 (101)

Comparison of the results of the elastic bottom (equation (93))
with that of the rigid bottom case (equation (101)) shows that, in the
case of an elastic bottom, a solution yielding a plane free surfaée does_
not exist in gontrast to the liquid response in a container with rigid
bottom. For the determination of ¥ froﬁ eqﬁation (98), the value £ has
to be obtained from equation (93). Thus the response curve may be pre-

*
sented in the (=1 ) plane.

Coupled Motion_LFirst and Second Axisymmetric Modes)

In actual ligquid motion all modes come into play and are coupléd
ﬁith each qther. This élso could be observed in the experiments of an
oséillating liquid. To ﬁbtain a theoretically better fesponse of the
liquid motion, two coupled modes ﬁill be considered in the analysis. The
liquid motion will be considered as a primary mode plus a secondary mode.

Since we are interested in the lower-frequency region, the first axisym-
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metric mode will be considered as a primary mode and the second axisym-
metric mode will be a secondary mode,
The dynamic condition of the liquid free surface from equation (60)

withn =1, 2 is then given by

{og (t) + (g+Z{t)) ay (£)} + £, = O (102)

where

£, = -c;c‘.,m aw + 7;.(-(anha.n)bt,ft)ﬁ,(t) + (9;3522303)[ A.(rank;a,nj (103)
a0be + X, o@oe.e; aqt + 2l7€, (tanha, H)’p,"éé)] +(0.1761056) -+
A c_gfm +( ?,2661406) [A1(Farb A ) ZOB + s (Tanhah)
QOO+ A, (FarhAH) Tarh AM)BIOG 0] + (024368 T A,
ol )y +(0.1379 748) A3 (fank ;L.H)o?, (t)ﬂft) Q) +(0.4I38'?98)

[ 2 A2 dfolitt) + AS (fan/m.ﬂ)dnﬂ-‘"ﬁr‘f’“'“’]

and

{3 (8) + (g+2(t)) a(t)} + £ = 0 (0w
where

ta = LDt + A (FarhAH)LBBH +(04743192) . (105)

[ A (FanbA) GLOA® + Al clitr bt &(8) + 122 (Fanbap) B10)]
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45,

—(03241766) —g-éf.ozf@ +(0.301964 D) A, ( FanhAH) dz(f)ﬁm. |

+ A f@ﬁa,a) QO + A FanhAp )(ﬁ_znbizn)ﬁm,azw] |
4 (0.0824586) A, Azd,(f)dzﬁ) - (0.0/8530/ YA (fanhAH)
B4 T (03156144) [ TA: afrt)-é(,ft) + A

- (FanhAH)oih fitd 2]

The kinematic condition of the liquid free surface from eguation

(62) is with n = 1, 2 given by

(82 () = Ay (tanhh,H) By ()} + g1 = O (106)
where |
g1 = —(0.3522803) X2, t2 Q) +(0.1761056)A2 Afbl(® (107)
~( 0.266:404)[7@;04.%)@2@+A’2a<,wa.af)]+(0.2436375)1.?\2 -
[areytt) + Qatt)elyt] —(0.0689781) X (FanhAd) Bit) Bi &)
and '

{az(t) - o (temhhgH) Ba(t)} + g2 = O | (108)
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g = —(04793192) X LB AE) — (0.3241766) X, AL (109)
—(0.3019649)[ R ottt B2t8) + Xyttt A,(6)]

+(0.0824586 )[ A, A2 @@®)ol2tt) + M2 Qa0

~(0.1763373) A\ (FanhAH) Bt 2110

The relation between ﬂn(t) and ah(t)'can be obtained from the kine-

matic condition of the container bottom, equations (74) and (75) as

£

B@® o) = 8,t) = 5(—6:;-—-[(0001406)?&)+(aaotzu)?m] (110)

Batt) = olatt) = 3,t0) = 5—(;%@ [(0.000195)850) + (0000050 $yt0] 311
qo(t), qy (t), and gp(t) are defined in equations (68), (69), and (70).
Combining equatlons (102), (10k4), (206}, (108), (110), and (111)
and neglecting higher order terms yields two coupled nonlinear ordinary
differential eguations in al(t)'And ag (t) with 4, (%) = éléﬁl and Ag(t) =
Eﬂéﬁl and the excitation fﬁnction z(t) = Zocosllt we obtain the expres?

gions:

At + i () - Z"Q Cwﬂf)[A O+GA @+ G, Art)A ® (12

G, A &) +GA® + G-,'A.wA,w +GiAOAD + 6, ADAD
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+ Gy AA LD+ GADAL +G A AR + G R Z, Qs At)

+GaP Z, PsinQtAt) = —(aXP,Z,0) cosnt

Astt) +3 () - %O’C‘“Df)[A,m +H.A,A;d)] +H,A ©) (113)

+H,AGA ) +H,AAD +H, AAOAL + H A A +H, AAD
+Hs A AL +Hy B Z, Q*CosQEA) +HoR 2, $inQt A

= -(aYR Z,Q*) cosat

The coefficlents of the nolnlinea.r terms Gy through Gy; and Hy, through H1§
are listed in Appendix B. All of these'coefficieﬁts are dependent upon
the liguid height H and the tank radius a. The values X and Y are
defined as X = i,(tahmln) and Y = Aa(tmxaﬂ}. w§ = xg(tanhi,H) and
®w: = Apg(tanhizH) are the square of the first and second 1inearized
axisymmetric natural frequencies of the liquid in a rigid container.

 The values of M\ja and hpa are defined by equation (38). Furthermore,

_ (0.001006)8° (poH+3h) |
P o= S ETTTIN) y (11k)
end
Py = (0.000195)a® (p Hiph)

D( Sin_h)\z Hj
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P, and P, depend upon liquid density, liquid height,.plate density,

| plate thickness, and its elastic property.

' With increasing plate rigidity, D, the values of P, and P, approach
- zero. Then equations (112) and (113) coincide with the equations of mo-
tion for the case of a container with a rigid bottom. In the caée of a
tank with an elastic botiom, the nonhomogeneous tenﬁs in equations (112)
and-(ll3)_becpme more significant for the lérger tenk diameters.

If equations (112) and (113) are linearized, they yield

A® + o} (I - -;—- Q’;‘osnt YA® = —(aXR Z.0¢) cos;if (115)

At + w3 (1 - T2 Qlcosat ) A = (2 YRLL) Cost (116)

These represent two uncoupled nophomogéneOus Mathieu equations.
In the following analysis, the coupled one-half subharmonic and harmonic
motions will be investigated.

El

One-half Subharmonic¢ Response. According to the theory of the

Mathieu equation and experimental observation, the first approximation

of. the ‘coupled equations,(112) and (113), 1z written as

A (t) = € sin iﬁp + L sin*gﬂt.. : (117)

{!g(_t)' = Y cqs_ﬂﬁ - (118)

where € is assumed to be of first order, while { and Y are of second order.

Introducing these expressions into equations (112) and (113) and




49

after some manipulation and truncation up to third order, the equation of

the response function is given by

N2 8% + NE =0 : (119)

where

{u-;r-%r 2(29)0? 2+(4e,, 86,)PZ, WiF* (120)

[8PG;(aY)z w’( )r +16R@aY) 2,0

+ ;
[i- 4(9' ]
9@;.)-(@4- ;—G‘ —26, + 26,(%)50.’ )'—"]}

- {%Ga 7"[263('%"')03?"':!1_((;'“367)] Ff o (121)

_ | N . ‘
] S G ()6

+6, - +6, - 6,50} (8]

- | _ 'WZz .
g ™ )

and.

L= |- 2( 7’ +(86,-/12G.)F Z,0} r‘]{;{-c{,_ | (ieé)

+[($6GoHy +GaHy — Gy )() - (A 6y + 4G
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—%Gj(%‘)wf]?z-r[G,,+G,,—66,(’—§-')mf—(H,+H,)
(F6:+6y+ 6, - F6,(F)al ] (&) F‘}

% = [5G, ~5H) (B - (F &, + 26— Gy —26,(F)u}) 129
(3H-sw)EDP) 2590t =8I0 (8 + (56
+46a )R L0 - BGsz(dY) Z.wf(-‘“-’f)] e [( (6 Gy .
+8G. )P - (4e‘+;se,+sc+ 3&(—)wi)

R @] 207 (F r-*}

Furthermore,

T =

Epio

) s (124)
["7(':""]'{’ RENZL(EP 5 b+ 2“3)(5’)"2_ -

+ |
- -97)- 4( D7

B0 - SR @)L (66 +860R (06

(it [8(2")w.‘(~r)+(36..+46.,)

1660+ 86 -06,FUDREN| i) 3|

e
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and
- __"1__ - Z ., | _

T -9t {[“‘2(7)‘0. P*+(86,+4G)R L0743 (226)
L Zoy, 2 o =27 !
+[2G2+(Gz(?)w| 26:6 263“64)(r)]§'r+[7z€5

. . . ’ . z° _ |
(&6 + 360~ 363 )T ] 3’}
The soluﬁion of -equation (119) is either
§I= 0
L2 )i |
LA ~ | (127)

After E is obtnned then Y and T ma.y be determined from equations
(125) and (126).
The second approximate solution for the above coupled nonlinear

ordinary differential equations, (112} and (113), may be written as

A (%) = T cos %t + T cos int | (128)

Az () = ¥ costit ' E (129)
giving finally the equé,tion of the response function
NE + ME = | (130)

where
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n {'“F’—Z(&)wi’r”-—(46.:-3@..)92 w7 o

8 2v2
T 4(w‘)_,][ R.Gy(aY) Z.u ()T +/6P(cm

RZCNCE: f”ﬁ”?ezé)@fﬁ‘l} '

&I

= ..3._ \ Z.- 2 ' -2 ' -
{ 2 Gt [-26, (—)wl +3I-'(Gm_367)] r+ [1_4(%)?21 (132)

..l§

(H, +Hs)[2:? (w )t (I'G‘fes_é_eq_i_@(%_o)wi

LY)

N | _ M
o+ (.—4?’)[: -4(%’})?’] (7,4 [1-4(7] )}
- and | |

= (220 (06, - fze.,)Pz,m.‘"]{ 16 +[(H6H, | )
-ulezm-_ea)(z“;;"-)—(ée,+g-e.o+%ea(%)wfjf’
+[(Gy+6'»)f"663 2= (Hz+H3)(4G‘+Gg r 16,

+3 Gz(})wl )](w‘ -‘} : .' x

&l

* [26:(34-51,)&h 7 56+ 26,- e—q+za(ljaf) (13“)

(He-sh)EDT - z(éJw. 7 4] 8(,)@.( )
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+(8G, +4G,)RZ.4} - 8G:R(aY) Z.ui(Sh] P*

-[(IGG..*‘ 8G.)P ;.(4G‘+I6GS +8G, +86',(%2)wf)

B(@Y)] 27}

Furthermore,
Y- [ _;(:_‘j_;)-?z] { ~18E,(aY) Z,wf(%) T +3 (M +54,) (135)
o 23; =2 | 2 Zoy, 224 Loy 2y
(wg)r + (I.‘-q?z)[l-‘l-(%)?’] ( (9 )(0, r +[8(? )a_)f(w;) +(BG',.

+4Ga)RL.07 - 8GR (@Y) LT[ (/166, +86. )R ~(46i

+166,+8G, +8GEWDBEY| Z6(DT) 3]
and | | '

-1 |
(1-97*%)

T= {[ 2(":;:9)‘0??2— ( aGn +4G’")RZ¢&JTF4] z +['2LG'2 -(13.6)

+(aEu-16,-26-6)T13 T + [-+6,+ (46,

. ._l_ 3 Z, —=21%3
7 Got 5G(FI0)T]3 }
The response fun’ction iz either

E=0
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or

g2 (137)

Pz

The values of ? and E may be obtained from equations (135f and
(136) by introducing the value for E.

.Harmonic Responée;' For the harmonic response, an approximate so-

lution of equations (112) and (113) may be written as

A(t) = € coshit + Y (138)

Aa(t) = T cos2nt (139)

where we assume E is to be of first order, and Y and E are of second order.
By substituting these solutions into equations (112) and (113) and
neglecting terms of higher than third order; the eguation for the response

function is obtained. Thus,
BT + P + ME+ M =0 (140)

where

|
W

= [(4Gs -6+ [£ Gy 2G,- G.(G4 2G5)+4G(H3 (w1
-+H3)—(aea—4c+3(§;)]?*+[--:'?—es<e;-eo+(—e.o+3e?

—6G|GJ +4G| 2 (H2+H3)(-LG6 +2Gs Gq))(;.d—r) +(--_
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fan- 26+ 26 ()BT [26,(66)
%‘j—;) + (=2 GH ~ FH(Ge=Gs) + 7 GsHy + (~F Gy~ £ GiHs
+3+36,-360E)GI ' +(G. G +dem) - LGh
(660 - L 6,(62-G))RL(EIWA P + [5G (G
~Gs) - 7 GH (G, = G) +H(F GG (Hy +Hy) + £ GGy
(HytHo) - 26, + -g-Ga (G- Gu) -. -_,f—_G.(H, +Ho)
($6c+26- 61 GIute? |
% e BT (G e bamG 0
+ G0+ (6.(6a~F6) 2 GalHy + Ho) G ))PZ
W |P+[(~4G,+ 2RG'-(G;—G4)+2&})(-§-°)“.’ (%) +(G.G
;—;—G.,e; —%G,G.:JRZJ.wf + (66,6, 46,Ge + £ (H,
+ H..)(%e; +2G,- Gq))(%:)ﬁ Z,0] -]?°+ [(26,6G.

-4GSGII+ 2&56“ PZ w| )] -8}
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W = {I-[|+4( 7 +[4( ) _L(L)w 17 w3)
+[-3GaP Zo(f)wf + 2(52})(%)2# 17

+[2(Gl2 "Gu)RZo(%:)w:(gt;)] Fs} |
% = { @ORL6IT - 4@ORLEHT] ()

Furthermore,

2]
]
—
Kdls
~—~

|
{[144(%)?‘]-%H.(-§-’) V3
EDP + T mET ]}

-

}{ g[z(Heﬁ'Hm)PZw - ()

and

(146)

- ‘ =&
{| + §[-G.(-;,Z-')wf?2] + 5’[3—6‘,.,_ +(%G@f67)?’] } '[4-
.(f)wfr?g-zg-_[g-(—;*-'-)mfr*+-g<e.,—a;.>EZ.w?_F‘]3{%6. |
+ (6 GITIET + (5 “""”g} ' .

If the tank bottom is rigid, then My = O and then equation (th)

yields

g [Mao€° + Mook + Myl = O | (147)
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and exhibits thé form of the equation for the response of the liquid sys-
tem with a rigid bottom. The values Myo, Mao, and Mao are obtained from
the above expressions (1kl) through (143) by setting P, = 0. The solution

of this equation is either

vn|
i
o

or

Fool® + FooE + Myo = O, (148)

Thé.diffEreﬁce of .the responéé of the liqﬁid in a container with a
" rigid bottom or an elastic bottom may be suﬁmarized in the following way.
-Inlfhe éése of a rigid bottaﬁ;ithe response is either zerd (plane free
'surface)_or;it exhibits a finite amplitude. In the case of a céntainer
with an elastic Bottom, however, a finite amplitude response 1s always
-present. After the vslue E has ﬁeen obtained from equation (140), the

expressions for C and ¥ may be determined from equations (145) and (146)..
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CHAPTER V

FREE SURFACE ELEVATION, FORCES AND MOMENTS

Liquid Free Surface

For a given value of the forcing frequency { and the exeitation
amplitude ZO; the free surface amplitude for an axisymmetric case can be
approximately calculated from the following expressions.

One-half Subharmonic Response

Uncoupled Mode.

=3
"

a2 ()00 (A7) = & Ay (£)76(0er) (149)

(o € sin &t)Jo(hr)

where a is the tank radius and £ is the response amplitude which was

obtained from equation (88).

Coupled Modes.

M= a1 (£)Jo(Ayr) + a5 (£)Jo(Aer) - (150)
= a(§ sin #30t + { sin 30t)Je (A 1)

+ a(y cosﬂt)Jb(lgr)

wheré‘ a is the tank radius, €, v, and { are the amplitudes which were



59

obtained from equations (119), (125), and (126).

In thé case of a one-half subharmonic response, the second set of
solutions for bdfh uncoupled and coupled motion correspond to unstable
motions which were not observed in the experiments.

Harmonic Resgponse

The approximation for the elevation of the liquid free surface for
harmonic liquid motions for both uncoupled and coupled motion can be ex-
'pressed as follows.

Uncoupled Mode.

T = al¥y + € coslit)Jo(A,v) (151)

where a is the tank radius, E and ¥ are the amplitudes which were cb-
tained from equations (93) and (98).

Coupled Mode .

"M = a(€ coslt + Y)Jo(Ay 1) (152)

+ a(T cos2t)Jy(Aer)

where & is the tank_radius; E, Z, and ¥ are the amplitudes which were
obtained from equations (140), (1L5), and (146).

An apprdximate expression for the deflection of the elasfic hottom
w(r,t) can also be obtained from equation (71) for'cqupled or uncoupled

liquid motion as
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w(r,t) = _IID_{ -g":—)(az- Y + '?,'LT(T')(J;(M") ~Jne)

+ ?;;‘(‘t) (T (A2 —J;aea))}

where qo(t), q.(t), and gz (t) are defined in equations (68), (69), and
(70). For their determination, one needs the terms 4, (t) an& Ag (t) which
are.obtained from equationj(Bl) for uncoupled and from equations (112) -
and (113) for the coupled iiquid motion. It should be pointed out here
that, in order to gét spproximate expressions for B, (t) - oy (t) and

Ba(t) - o(t) from equation (72), the assumption has been made that the
difference between B _(t) and ¢ (t) for each n is a small value such that
all higher order terms on the left hand side of equation (72) may be
neglected. A more aécurate_éxpression could be obtained for Bn(t) - ah(t)
from equation (72) by empioying an iferation procedure, i.e., using the
results which have been obtained in the analysis as a first approximation.
Substituting these results of ah(t) and Eh(t) (which are consequently in:
terms of an(t)) into the left hand sidé of eqqation (72) and retaining

higher order terms, we obtain a more accurate expression for Bn(t) -

oh(t).

In general, the difference between Bn(t) and ah(t) iz of a small
magnitude only if the ratio of liguid height H to the radius a 1is greater
than 1 (g = l), or if the container bottom is of moderate thickness, for

example,_% = 5%3 . For

o ko

Z ¢, the value of By (t) - oy (t) ~ 107 or

less for different bottom thicknesses. For the case of a rigid bottom,

Bn(t) is equal to oh(t).
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- Foreces. a.nd' Moments

Since the forces and ﬁomen_‘bs exerted by the liquid motion play an
impo:(:'tanf role in .the overall sté.ﬁility behavior of thé space veh_iclle,
therefore, the components in .the X, ¥, z directions shall be presented.

The pressure distribution is given by Bernoulli's unsteady flow

eq_ﬁation as
p= - po[2E+ (@H(6))z + B(99?] (153)

The velocity potential ¢ from equation (13) is substituted into

equation (153) to obtain

by |
p=- f{ol (£)3 +ﬁ,.(t) +ZZ. (.s:n/)A..aH)[o(,,.,,ffJ Smha,,.,.H" (154)

mad Dm}

+,<i,,,ft) g;’ﬁ;:m 1Jn(Amat) COSTRE +(4+ Z(t))}

t37 ZZY}Z (Sinh AMH)(Smha,.,H)[xm Agp (Olmnt®

m-o ne=t pup §=1

COSA A.mn 3 3| anh&ﬂlﬂ
e — d
Sinh AmaH (ﬂ At ) ( ﬂ -S'Mﬁ A’LHH ﬂ‘ !

- SinhAn3 y 5 " OSPO +=3 M
CoshagH )%(Mr)%(anr)casm pe + M

Coshagpd
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SinhAmn3 COShAmRy (o o SibARE | o CoshAd
“StnbAmatt T8 Coshnmtt e 5, hA,,H Thr? thlnﬂ)

TRl Jp (Agg) COS MO COSPE] + F0keat®

+ 0loo(®) 2. 2 A (Sinh AmaH ) (Omalt) f':::’:::

=0 N=i

CoShAmn}

Bnel® 5 Tt )J..(Amr) cwma}

If én is a unit vector outward normal to the tank walls and éq is
a unit vector in the direction for which the liquid force is required,

then .

-] ve, 80 (155)
S.

where the integration is performed over the wetted surface.
-For the circular cylindrical container, the forces acting on the

container walls due to liquid oscillations are
' Fx Jznjnlwall cosb :
= ap . dbdz (156)
_ F& o ¥ |r=a sin@

The force in the z direction is due to the preésﬁre dlstribution

on the tank bottom and is cobtained from

_le"r p' rdbdr (157)

Z==H
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_ The liquid moment about axes parallel to the x, y, z axes and

through the point (0, O, -3H) are

HE T z>(ap|m>['zi:§] o

Jznr 5 ~ginb
' o orp|z=-H cose | 49
and

M = 00
2

(158)

(159)

An approximation of the forces and moments is obtained by using

the linearized Bernoulli equation. The fluid forces and moments are then

" Cot.
= ‘nh Aan _"""'{ t) — m‘t)
7, = £ (10%) 2, (Sinh A ) 55 Bul®) ol

Siﬂﬁa;m.? lyaa

- [d'qtt)' SiohAmB CoshAuh

o (graH) (g Ee),

. Awnlra
+ 6,8 Cosh Amfle “]} J,(Ant0)

(160)

(161)
(162}

(163)
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a ' Sm() A.lnH] + ﬁ.m(t) (fdﬂ/llm H) [%ﬁ SinhAmH — ";"'(‘il-") (l +C_0563\.,.H)

: ]} +(£ lm’)(smmnH){Jé,,,ct) FanhAunH -4 cvfﬁa,nH](hlm)J;(AsaJ _

The forées and moments due to the liquid motion, which have been |
derived 'é.s shown in equations (160) through (164), can be expressed as |
free surface displacements a@(t) by using the dynamical condition of the
liquid free surface and the; relations for B mn(t) and cemn(t)' which were
derived in equa.tioh {36) by considering the motion of the elastic bottom

assoclated with its kinematic condition. It is from equations (23) and
(36).

|

o (8) + (g42(t)) a_ (%) = O (165)
whgre the nonlinear terms have been neglected.
B (8) - o (%) = & () (166)

where 6m(t) are functions of the excitation parameters and the elastic

| a (t) |
property of the tank bottom. With 2(t) = Zy cosOt and Am(t) =22 thus
@ (t) = - (g8 ~ Z2oPeoslt) A (t)a | (167)
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Bt =a (t)+8 (t)=- (g - ZolPcosilt) Amn(t)a + amn(t).(168)
are obtained.

It should be pointed out that oo (t) and Boo(t) are third order
terms, which can be obtained from the dynamical and kinematic conditions

of the liquid free surface in terms Of'ahn(t)’ (t), and amn(t) and

their derivatives. If the values of amn(t), ohn(t)’ and an(t) are de-
termined, then abo(t) and éog(t) may be obtained. Therefore the forces
and momenta of the liﬁuid motion can be obtained by 1nserting.the_liquid
surface responée Amﬁ(t) into the expreégions of the forces and moments
(equations (160) through (164)). _

In the overall st&bility analyéis of a space vehicle, it is ad-
vantageous to provide an equivalent mechanical model which would describe -
the liquid motion. For the case of a longitudinally exclted, circular
cylindrical container with rigid walls and bottom, an egquivelent non-

[22] This model may be modi-

linear mechanical model has been derived.
 fied slightly to describe the liguid motion in a container with an

elagtic bottom. .
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CHAPTER VI

DISCUSSION OF THE RESULTS AND CONCLUSIONS

For the mumerical evaluation of the analytical results, it has

‘been restricted mainly to a container LOO inches in diameter with an
elastic bottom of thickness Hi: 0.195 inch. The container is filled
with liquid to a helght of H = 2.0a or 0.2a. The responses_have been
determined for various excitation amplitudes 2, (Z, = 0.00la, 0.005a,
0.0la}. In each case the uncoupled one-~half Subh&nmonic and harmonic
responses as well as the coupled cne-half subharmonic and harmonie re-
spﬁnses have Eeen determined. These results correspond to one of the
booster tanks of the Saturn V space vehlcele. To show the difference of
_the response of fhe liquid in a coﬁtainer with rigid bottom (D = =),
the above cases for such a container have been obtained also and are
represented in the figures as dotted lines. Thus the influence of the
"_ elagticity of the container bdttam can be lucidly demonstrated. In
addition, for the cohparison of the influence of the various bottom thick-
nessges upon the liquid responses, the numerical calculation for a con- W
tainer L0O iﬁches in diameter with a bottom thickness of one inch have
also been cérried out.

o compare the calculated results with experimental and other

(10,11] the radius of the -

available analytical.results for a rigid bottom,
container is chosen to be a = 2,86 inches. The liquid heights are

H = 2a or 0.5a, and the excitation amplitudes are Z, = 0.00903a, 0.00451a.
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In the numerical evaluation of this cese,-it has been restricted
to the axisymmetric‘response. All response curves represent the surface
elevation ﬂ versus the ratio of the forcing frequency # (for one-half
subharmonlc response) or { (for harmonlc response) to the fundamental

natural circular linearized frequency of the liquid w.

One-half Subharmonic Response

% .
The mean liquid amplitudes 7| for the axisymmetric case are calcu-

lated from
=§{|7(r=0-——-——)|+|7(r= -‘3—=%’£)|} (169)

where T is given in equations (149) and (150) for uncoupled and coupled
modes, respectively.

,Ih all of the numerical examples, the liquid is water and the
elastic ﬁottom is aluminum. A schematic represenfation'of the one-half
subharmonic response of the liquid is shown in Figure 3. For a giﬁen |
excitation amplitude Zy, the ppper curve correspoﬁds to the first solu-
tion of the liquid response which is the stable solution and can be ob-
served frqm the experiment. The responses of the liquid in_a container
of 40O inches diameter with various liquid helghts, bottom thicknesses,
and excitation amplitudes are shown in Figures &4 throuéh 9 for beth un-
coupled and coupled_(coﬁpled modes) liquld motions. The solid lines
express the liquid responses in a container with elastic boftom, whiie
the dotted lines represent the regponses of liquid in =z conteiner with

rigid bottom. There are two response curves for a given excitation

r
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amplitude-zo, one corresponds to the stable solution and fhe oﬁher to the
unstable golution. The stable liquid response is obtained by substituting
either equation (149) or equation (150) into équatiqn (168) for uncoupled
or coupled liquid ﬁotion, reépectively. For a given excitation amplitude
- Zy, the range of ﬁhe unstablé plane surface of the liguid in a container
with the elastic bottom decreases somewhat in comparison with the case of
a rigid bottom {for example, see Figure 4). Furthermore, for a given
liquid height, say % = 2, the influence of tﬁe elastic bottom upon the
range of the unstable plaﬁe surface and the ligquid response are greater

as the thickneas of the bottoﬁ_decreases. This méy be seen from Figures
4 and 5. With the tank diaméter 400 inches,and'the bottom thickness one
inch, for example, the difference of the liquid response between the cases
of the elastic bottom and the rigid botéom is almost negligible. .But

for the same tank diameter with a different bottom thickness, say 0.195
inech, the influence of the elastic bottom upon both the liquid response
and the range of the unstable plane surface ig more significant when we
compare it with the case of the rigid bottom (see Figure 4). In general,

- for the ratio of the tank bottam thickness to the tank radiﬁs E = 5%5 ;
and the ratiolof the liquid height to the tank radius E'E 1 ,.the in-
fluénce of the elastic bottom upon both the liquid respbnse and.the rangé
of the unstable plane surface 1s not large. With the same taﬁk_di&meter,
excitation amplitude, and 5ottom thickness (say a = 200 inches, %?-= 0.005,
h=1 inéh), the elastic effect is more significant as the:liquid height
H is decreased. Thig can be seen from Figures 5 and 6. The excitation

- amplitude Zo is alsb 8 factor which affects the liquid response as well

as the range of the unstable plane surface. In general, the stable
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regponse of a liquid in a container with an elastic béttom is smaller than
that of the rigid bottom. Finally, it should be pointed out that the re-
sponses for both uncoupled and coupled liquid motiop exhibit softer ﬁon-
linear characteristics,[23l the coupled motion is softer than the uncoupled
liquid motion. But with the'parametér g decreasing to a certain number,
say -g'='0.2, fhe response of the coupled liquid motion exhibits hard

nonlinear characteristics (see Figure 9).

Harmonic Response

The harmonic response means that the pericd of fhe feSponse of_fhe
liquid motion is exactly the same as the period of the tank excitation.
Thé harmonic response has beéen observed experimentally. However, the
liquid amplitude was found to be smaller than that of the one-half sub-

harmonic iiquid motion. In comparison with experiﬁental fesults (for the
| cagse of rigid bottom), it was.foﬁnd that the theoretical prediction of

the range of the unstable plane surfacé is much smaller than that observed
experimentally. Furthermwré,-the theoretiéai predlction of the ligquid
respense is much larger than that obtained'fl'rom _experir'neﬁtal work.[lO]

The'haxmbnié fa#ponse af.the liquid in a container with an elastic
bottom is quite intereéting. Because of the fact that the-nonhomogeneéus
term with hgrmonic éxcitaﬁion appears on the right.hand gide of equation
(81) for the uncoupled liquid mofidn, an approximate steady solﬁtion of
equation (81) msy be obtained as shown in equation (9@). Similarly, be=-
cause the nonhomogeneous terms with harmonic excitation appear on the
right hand sides of equations (112) ahd.(ll3) for the coupled liquid mo-

tion, an epproximate steady solutiontmay also be obtained as shown in
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equations (128) and (129).

* : o
The mean liquid amplitudes 1| for the axisymmetric case were cal-

culated from
T = a{|0(r=00¢=0)| 4] 2(r-0, at-n)} o)

ﬁhere'ﬂ is given in equations (151) and (152) for uncoupled and coupled-'
modes, respectively. o |
The harmonic responses of the liquid.in a éontainer-of h00 inche$
diametef with various 1iqu%d ﬁeights, bottom thicknesses, and excitation
~amplitudes are shown in Figures 10 through 15 for both wncoupled and
coupled liguid motions. The solid liﬁes represent the responses of the
ligquid in = container with an-alﬁstic bottom. The dotted lines représent
the responses of:the liguid ih ﬁ container with a riéid bottom. 1In the
case of an elastic bottom, 1t can be seen that the amplitudes of the har-
monic liquid motion always exist throughout the forcing frequency range
ffor exﬁmple; see Figure 10) even though the liquid respoﬁse might be a
small vglue.only in some range. This means, in the case of the elastic
boftdm, that there is no plane'sﬁrfaée in the range of forqing frequenqy
at all in contrast to the one-half subharmonic responée in which a plané
surface exists in certain ranges.of the forcing ffequencieé (see-Figﬁre 3}.
For ‘a given liquid height (say % = 2.0),ﬁ'_.-the infi_uénee of the !
elastic bottom upon .the iiquid.responsé ié more signifiea#t when the
thickness.of the bottom decreases (for example, when. h = 0.195 inch

and h=1 inch, see Figures 10 and 11). For a given tank diameter with -
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the seme bottom thickness snd the excitation amplitude Zo, the elastic
effect upon the liquid responée_is more obvious as the liquid-height dé—
creases (for example, when g = 2, and 0.2, see Figures 11 and 12). The
excitation ampiitude is also a factor which affects the liquid response.
Both uncoupled and coupled harmonic responses are exhibiting softer non-
linear characteristics. The coupled motion is softer than the uncoupled
liquid motion. In general, the harmonic response is smaller than the one-
half subharmonic response (by comparison of Figures.lo through 15 with
Figures ! through 9). | |
| Figures 16 'l';hrough 23 show the one-half subharmonic and harmonic
fesponses of the liquid in a container of 2.86 inches.diameter with both
rigid bottom and eiastic bottom thickness of h = 0.003 inch. The liquid |
helghts are chosen as g = 2;6 or 0.5 while the excitation amplitudes are
%ﬁ = 0.00451 and 0.00903. The expgrimental data are for the response of
the liquid in a contsiner with a rigid bottom. For the case of the one;
" half subharmonic response,_the_coupled liquid motidn glves ﬁ good com-
parisan w;th thenexperimental results for small ﬂ*.

| In sumsary, fhe liquid surface résponsg'in a circular cyliﬁdrical
. container when subjected to a ibngitudinal excitation is very complex in
general.. In the lower range of frequencies, it was found.experimentally
that the first antixymmetric and axisymmetric modes.could-be sdmewhgt
isolated. From the design of the space vehfcle point of view, the liquid
motion in'the lower frequency range is mofe importént. Tﬁérefore, in this
dissertation, it has been restricted to the anslysis of the 1imit of the

lower frequency range. A third order theory was presented in order to
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minimize the difficulties in the camputaﬁion. More accurate results could
be obtained by extending the analysis up to fhe £ifth or:higher orders.
With the consideration of the effect of thé elasticlboﬁtom, first, tﬁe
liquid motion was considered to he c0mppsed of one primary mode only
{(first axisymmetric mode) and no coupling was allowed; second, the analy-
sis has been extended to the coupled liquid mbtion in which the first
axisymmeﬁric mode was consi@eréd as a primery mode, while the second
axisymmetric mode was assumed to be a secondary mode. Both one-half sub-
-haimonic and harmonic liquid'fesponses were investigated in more detail
with respect to the uncoupled as well ds the coupled liquid motions.

| Finally, it is recommended that the same analysis be used to inves-
tigate the liquid moticn of the antisymmetric modes. Additional experi-

mental data for the case of the elasgstic bottom are needed in order to

compare with theoretical results.
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- APPENDIX A
MATHIEU-HILL EQUATION

~ The Hill equation may be written as

&#r B
=+ (8 - 2e4(t))E = 0 (4-1)
where 6§ and ¢ are parameters, Y{t) is a periodic function with period T. I

If we take (i) = cos t in (A-1), the result is a gpecial case of

Hill's equation called the Mathieu equation:
a3r . '
==+ (6 ~2¢e cos t)f =0 : (A-2)
dt _

Any solution of the Mathieu equation will be khown as a Mathieu
function. Depending on the parameters ¢ and 6 the solution of the equa-
tion will be bounded or unmbounded. In the parameter plane of ¢ and O,
the regions of unboundedly increasing soiutions é.re separated from the
region of stability Ey the periodic_ solution with period 2m and 4m, The

curves denoted by ay and i;i , ag shown in Figure 2L are given by[ 24]
2 &

BT YR 6=£+e-52—.--5~+0(.e4)'

1 .32 ea 4.
i-e-F++ole)

o
il

b

ny : 6=1+%+0(e"')
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The curves of &, and bn with the same subscript number bound the
region of instability, i.e., the cross-hatched regions as shown in Fig-

ure 24. The curves of b and a

- for n;l, 2, 3 ... bound the region of

stability. Since 8 is alwsys positive in this analysis, only the first
quadrant of the parameter plane is shown in the figure. When é= O, the
-eurves of ah.and b coincide at the points 6=3n° for n=1, 2, 3, «e. along
the b-axis. .The regions of instability.are'denoted by Roman nmumerals with

the number of the region increassing ss § increases.

. Some properties of the Mathieu function can be summarized as
follows. _” - | |

(1) Por values of the parameﬁers-which corfespond to points on
the curves with-odd'suﬁscfipts; the Mathieu funcfion is a periodic fune-
tion Wlth the period of hm, i. e., twice that of the fbrcing function.

The form of the Mathieu function is given by

f= Z | (Ak cos ‘bkt + Bk sin gkt) (A-3)

k=1,3,8,°°"




- Here k 1s an odd number, Ak and Bk are constants.
(2) For values of the parameters which correspond to points on
the curves with éven subscripts, the Mathieu function is a periodic func-

tion with the period of 2m. The form of the Mathieu function is given by

f =4 + E; : (Ak cos gkt + Bk sin gkt) (A-1)
k=2’4,5, ...

with Aq, Ak’ and Bk as constants, and k as an even number.
(3) For values of the parameters which correspond to points in

the reglqns of instabllity with odd numbers, i.e., the regions bound by

cﬁrves with odd sﬁbscripts, the Mathieu function grows exponentially.

The form of the Mathieu function is glven by

=3
£=o®p(t) = e® ) (A cos Bkt + B sin Ekt) (A-5)
k=1,8,8y**"
where « is a constant, 0'< o< 1, and #(t) is a periodic function with
the period of bm. If the unstable point lies in the mth region, the domi-
nating term is A cos st + B sin fmt.

(4) For values of the parameters which corr93pond to points in the
regions of instability W1th even numbers, i. e., the regions bound by
curves with even subscripts. The form of the. Mathieu function is given by
f=e #t)=e }i (Ak cos Bkt + B, sin $kt) (A-6)

. k = OyRy4ye~- . .
where @(t) is a periodie function with the period of 2n. If the unstable

point lies in the m#h region, the dominating term is Ah cos ﬁmﬁ + Bm sin fmt.
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APFENDIX B
VARIOUS RELATIONSHIPS

For the sake of clarity, various relationships which have been

represented in the previous chapters will be tabulated in this sppendix.

1. Uncoupled Motion (equetion (81))

X = A\ tanhiH
_2(C,8®
o = - Bl
'Qa . (c:,a{“)3 _2(c,a®
aX gaxj

(5,0) - (a8

Q= (0182 (Ere) + (Bra®) 2(C42°)
s - {aX)

£

oy (Cea®) + (Cya®)(Ea)
G = (ma?) - Qe (s

Q = (€;a%) - (Era)(aX) k

Qe = - (G1a°) - 2(Ea®)




8, (t) = 5T§§§;i;ﬁ7 [~ (0.001906) (poti+ph) Z(t)}

where
¢, = - (0-1761747)4%
Cy = - (0.0689751)A3x
B, = (0.3522803)X
Fy = (0.1761402)%K% + 0.088052823
By = 0.206.91b99?tf
E, .=. 0.55187%}3‘}:.

2. Coupled Motion (equations (112) and (113))

X = A tanh\,H

Y = XytanhiH

29
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Gs = .(E.ys.) --L%;%? _2% a%a?!_
G = (Ra) - (G .

G = (E;a”)- _ {Cee®) +(§§3.§2_)(E_:,3')_ , (De? . ) - 2(Dea®)(Ei8)

aY)

2(.01a3')(n,sa.i) - Ig,\la‘.")g_n, a.-'*'). a®)?
YT @o(sy) e

' 3y
o= {BE s me) )
. \a'a .8..3 +..Ea.-a
& =yt + Lathghed

Go = (C,aal(_E_la) +(_(a%a.3)_+ E_(-C‘_a.s? oL a:Y a)

Cas B ) + ()
- [(016®) - Be)(ax) + 2B |
.:é-cma).?'z(%‘é)" - : S
L . = : ggxﬁ)il - g(%a%l |
H = %;_h%%gl ._ ..

5
[ ]

e
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a .
n - BESE
a
He « (De®) + (Fiaa)(ag_f) + (Da®)(Fea) =~ 2(Dia)(Ma)
& (ax .

 (c1a®)(De?) + (c%a?)(Fls)(azJ  (Dye?)(Des®)
(aX) () (a¥)

e G - H) . ()

§ (D,a%) (Fea) + 2(D4a2) -
Ho = (eX)

. SC,a.a!!F;'a;!!_a.Y! + (an‘?’“é.Y['+ (D,82) (Fga®) - 2(Dya®) (Fpa®)

(aX)?
By = (Dya?) + (Fye)(aY)
2(Fo8°)(aY

Ho = o + (Dzaa_)

0.001906)a® (p H4FH) =/ .
T D(simmgH) 2%

o {0.000195)8" (B oHePR) .y
bat) = - (00009802 Qalielh) gy

where

8;(t) = -
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€, = = 0.1761747A%

G = - (o.eééluoh)xf + (0.2436875) A1 hg
Csg = - (0.2661hou512 + fo.2h36875)111a
C = - (0.0689751)}§x

Dy = - (0.8034958)A%

D = - (d.solgshé)#f + (0.082h586)11x; |
D = - (6.30;96h9)1§ + (0.0824586)2 Ao
Lh.= . (@.1578072)%§x

E; = (0.3522803)X

By = (0.1761402)X® + (0.0880528)13

Es =-f0.2661hdu)x
E, = (0.266140k4)Y
 Es =_(9.é661ho#)x2 + (0.2436875) M\ Mg
% = (0.2069k99)\%

B, = (0.5518746)A{X




(0.4793192)X

(0.2396596)X% - (0.1620883))2

= {0.4793192)X

= (0,3019649)Y

(0.3019649)XY + (o.q82h586)111g

0.1578072)A%

= (0.2970843)A7X
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APPENDIX C
. LONGITUDINALLY EXCITED PINNED-END BEAM WITH ITS

INTTTAL CURVATURE

Let a beam of length £ having an initial curvature we(x) be
subjected to a parametric excitation of the form Py + P cos(it (Figurg 25,
page 97). We agsume that the_beam is restricted to oscillate in the first

mode and that the dynamic deflection and initial curvature are given by

wix,t) = £{t) sin = (c-1)
and .
Wo (%) = fo sin E;F— | (c-2)

where w(x,t) is the dynamic'deflection measured from the curved exis of

the beam. The time fumction f£(t) is found from

- ’ ’ - 3
£+ (1 - 2u cos(lt)f + of® + 2KF(fF + £°) = ‘E—I-,EO- (Pg+P cosQt)(C-3)

1

PE eu.'a,d.ﬁ"'a denote the Euler buckling load and natural frequency of the

first mode, respectively, i.e.,

i
Py = TE (c-4)
o8 mEL

- LE o (c-5)
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where m ig the mass per unit length. The parameters in the differen-

tial equation are

3 . _ B | |
| w =.m=(1 - f,;) N (.0'6_)
and
P : '
.u = & i) - (c-7)

of® is the nonlinear elasticity term and 2Kf(ff + fa) is the nonlinear
inertia term. .The procedures for determining the constants o and K
are discussed by ﬁolotin.[251 |

| The differential equation (C-3) with nonhomogeneous term is very
-éimilar to tﬁe nonlinear equation of motion for the uncoupled liquid os-
cillations in a container with an elastic bottom. This similarity was of
conslderable value to the problem which we have investigated, since the
problem of g parametrically excited beam with initial curvature has been

investigated extensively.
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