
A Robust Scheme for Direct ~ptive Control 
of Flexible Arms 

Bau-San Yuan Wayne J. Book 

George W. Woodruff School of Mechanical Engineering 
Georgia Institute of Technology " 

Abstract 

In exchange for light weight in the design of 
aras, one must accept" an increase in system 
flexibility and the associated difficulty in 
accurately controlling a flexible structure. Both 
rigid body motions and flexural vibrations are 
required to model the dynamic system. A robust 
feedback control which is constructed is based on the 
lyapounv fUnction for the analysis of unlfonl 
boundedness. The control signal is synthesized froa 
estimated states. This is accomplished by separating 
the system into two parts: linear and nonlinear 
(uncertainty in the linear model). Performance of a 
one-link flexible arm resulting from this control 
algorithm is compared with that of purely linear 
feedback control. 

1. Introduction 

In recent years, programmable multi-functional 
mani pul ators', or industri a 1 robots, have become 
increasingly important in automation. Robot control is 
one of the important ways to improve robot 
performance, especially robot motion. In the meantime, 
with the rapid development of computing ability, 
advanced strategies of robot control become feasible 
in a practical way. However, one of the major 
drawbacks of today's robots is that they tend to be 
slow. The robot "motion speed is severely limited by 
the weight of the manipulator arm. Furthermore, the 
excessive arm weight not only hampers the rapid motion 
of the manipulator arm, but also increases the robot's 
consumption of energy and the size of the required 
actuators. The reduction of the component weight has 
been proposed as one way to reduce the cost of 
industrial manipulators while improving high speed 
performance. In exchange for light-weight, however, 
one must accept an increase in syste~ flexibility 
along with the associated difficulty in accurately 
controlling a flexible structure. Meanwhile, increased 
manipulator performance (higher speeds) requires a 

controller which allows both nonlinear link dynamics 
as well as link flexibility. 

,The various algorithms for modeling and control of 
flexible structures are found in many works. Balas 
[1978] developed a feedback controller for a finite 
number of modes of the flexible system and the 
contro 11 abil ity and observabil ity conditi ons of the 
system necessary for successful operation were 
determined. A truncated mode series was used for 
finite element modeling of flexible manipulator arms, 
[Usoro, Nadira, and Mahil] while linear equations were 
derived for control from linearizing with respect to a 
prescribed reference motion [Truckenbrodt]. Schmitz 
[1984] discussed characteristics of a very flexible 
manipulator with an open truss construction operating 

,in the" horizontal plane and the end-point position 
measured by an optical sensor. The linear optimal 
control was imposed for designing the feedback 
controller. Moreover, three types of linear feedback 
schemes, joint angle and velocity feedback with and 
without cross joint feedback, and feedback of flexible 
state variable, were first proposed to show some 
results for the flexible arms by Book et al [Book, 
Maizza-Neto, and Whitney]. 

A modeling approach based on Lagrange's equation 
with assumed flexible modes [Book 1984] is used here 
in developing the accurate dynamic model for the 
flexible manipulator. This leads to a nonlinear 
equation with coupling terms without assumptions of a 
linear decoupled system. [eannon, SchmitzJ [Sakawa, 
Matsuno, and Fukushima] [Meldrum, Balas] The aim of 
our study is the construction of an estimated, state 
feedback control which guarantees the neighborhood of 
the pre-defined nominal state after a finite interval 
of time, including the effect of gravity. 

The implementation of a feedback composed of 
linear and nonlinear functions of the state, in a 
system with uncertainties can result in robust 
stabilization. [Gutman] [Leitmann] 'This approach is 
also the basis of the present work. The system first 
is separated into the linear nominal part and the 
uncertainty (nonlinear) part. The Lyapunov function 
for stability analysis results in the controller 
desi gn. 'The ,theory of uniform boundedness, whi ch 
permits more relaxed assumptions than that of 



asymptoti c stabl Ii ty, is utili zed' [Yoshi zawa]. The 
observer design will show a sufflci~ntly fast 
convergence rate on the difference between the state 
and the estimator. Therefore, the.estimated· state can 
be utilized in determining the actuating control 

, signal without the problem of the positive dynamic 
system eXisting in most output feedback controls 
[Siciliano, Calise; and Jonnalagadda] [Bossche, 
Dugard, and Landau]. Digital simulation results are 
presented to show that the guaranteed behavior of the 
system under this combined control is superior to that 
due to linear control in spite of nonlinearities or 
uncertainties. 

The organization of the paper is as follows. The 
dynamic model is derived in Section II. Control 
properties of the system are presented in Section III. 
Sections IV and V show the controller and the observer 
designs respectively. In Section VI, we present a case 
of simulations for the one-link flexible arm and the 
final remarks are in Section VII. 

II. Dynamic Model of Flexible Arms 

In this section, the formulation of a state space 
model for flexible arms is derived and the output 
measurements form the output matrix. First of all, the 
position of every point along the flexible arm is 
described as a linear combination of vibratory modes 
and rigid body motion. (Figure 1.) The flexible 
deflection is assumed· to be an infinite series of 
separable modes which are the product of admissible 
functions I(~) and time~dependent generalized 
coordinates q(t). 

• 
L liW qi(t) (2.1) 
i=1 

where Z{~,t) satisfies the Bernoulli-Euler beam 
equation [Meirovitch] 

EI = Flexural rigidity 
(2.2) 

with clamped-mass boundary conditions. [Hastings] 
However, the first few modes will be accurate enough 
to describe the flexible deflection while the 
amplitudes of higher modes of the flexible link are 
small compared to them. [Hastings] [Hughes] The first 
two modes will be imposed here from a practical point 
of view. 

Next, the-potential and kinetic energies can be 
constructed to compute the Lagrangian for the entire 
system. Due to the distributed character of the 
flexible arms, the kinetic energy K.E. is taken into 
account by integrating over the entire system. 

K.E •• 1/2 J ReR dm (2.5) 

R is the absolute velocity vector of the pOint along 
the flexible arms. The potential energy P.E. includes 
the gravity and the "stored energy· which is 
attributed to the modal stiffness Kjl 

Kjl = EI J L(lj·i(~»2 d~ ,for 1 = 1,2 
o (2.4) 

where L Is the length of the arm an j means the jth 
Ii nk. 
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Then, the differential equations of motion can be 
formed through Lagrange's equation 

~t(ll~i~') - Il~i~' + Il:i~' = Ui (2.5) 

where Zi(t) are the generalized coordinates and Ul are 
the generalized forces. Note that the generalized 
coordinates are classified as rigid body variables 
B(t) associated with rigid body modes and flexible 
variables q(t) associated with flexible modes. 

Finally, a state space form will be easily 
organized through the dynami c differenti a I equati ons. 
Equation (2.5) can be written as 

where 

.' 

[
f1(9,q,B,Q)] [g 0] [~i] 
f2(9,q,B,q) . + 0 Kq + ~2 

(2.6) 

M is the inertia matrix. 

[~] 

fl .and f2 are vectors containing the nonl inear 
coupling terms of rigid body variables and flexible 
variables with their derivatives. 

g is the graVitational force matrix. 
K = diag(KU, KI2, K21, Kn2) is the 

modal stiffness matrix. 
U is the vector of the generalized force. 
~1 and ~2 are uncertainty vectors caused by 

friction, backlash, unmodeled modes and etc. 
The set of nonlinear equations (2.6) is formulated as 
the following state equation 

~t[::] = [Al~XP) A2(X;,XV)][::] + [B2(:P)] U +/~lL 
A A(X) X + B(X] U + ./~/ ' ~ (2.7) 

where XV = reT , qT]T = xP (2.7a) 

Al(XP}xP = M-l [8 ~q] (2.7b) 

(2.7c) 

B2(XP} = M-1 [~] (2.7d) 

(2.7e) 

Furthermore, the system cannot be controlled 
without signal measurements of the output. Since not 
every state in this system is available, the output 
measurements which construct the output matrix are 
described in the following: 1. Joint rotational angle, 
2. Joint rotational angle rate, 3. Flexible modes 
measured by strain gauges. [Hastings, Book] So, there 
1s 

where 

y = C X + W 

Y is the output measurement. 
C is the constant matrix. 

(2.a) 

w is the uncertainty vector containing 
disturbances, unmeasurable modes and etc. 

Due to the flexural character, the motion of 
flexible modes must be restricted within certain 
bounds around the motion of the rigid body modes. 

• 



Therefore, equation (2.7) can be separated into the 
nominal parts and the uncertainty parts, the nominal 
parts being dominant in this system. In other words 
equation (2.7) is linearized about 'the equilibri~ 
point to get the nominal parts and the higher order 
terms are attributed to the uncertainty parts. 

III. Properties of the Dynamic Equations 

, Before applying the control algorithm, SOllIe 
control properties need to be verified 'for the dynamic 
equations of flexible arms. Without loss of 
generality, let us rewrite equations (2.7) and (2.8) 
as 

X(t) = [Ao + A(t) + AA(u(t»)]X(t) 

+ [BO + 6B(u(t»] U(t) + ~ (3.1) 

yet) = Co X(t) + w (3.2) 

where 
X(t) E Rn is the state, U(t) E Rm is the control 

input, and yet) E Rl is the measured output. 
AO. BO. and Co are the nominal matrices which are 

constant. 
A(t) E Rnxn is linear and time-varying. 
AA(u(t» E Rnxn and AB(u(t» E Rnxm are the 

system uncertainties. 
Note that there exists A(t) in the system in order to 
reduce the boundedness of AA. Therefore, the following 
properties have been proven: 
i) (Ao+A(t) • 80) is differentially controllable. This 
implies that (Ao • BO) is controllable. [Chen] 
ii) (AQ ' CO) is observable. 
iii) Alt) = BO KIA(t). which is called the "Par.ameter 
matching condition", is satisfied, where KIA(t) 1s a 
linear integral gain.[Siciliano, Yuan, and Book] 

Now, let us impose more restrictive conditions for 
this system (3.1) and (3.2) ,with the following 
assumptions: [Leitmann] 
iv) 6A(u) and 6B(u) depend on the parameters u (t) E 
RP a~d are prescribed functions which are continuous 
on R • 
v) Uncertainty parameters: 

u{e~ : Rl + D C RP 
~. : Rl + VeRn 
we: Rl + W C Rl 

are Lebesque measurable, where 0, V, and Ware 
prescribed compact subsets of the appropriate spaces. 
vi) The "matching, conditions· are met: There exist 
continuous matrix functions (of appropriate 
dimensions) D(e) and E(e) such that 

AA(u) = BO O(u) 
AB(u) = BO E(u) 

(3.3a) 
(3.3b) 

vii) maxi IEII < I, where Ilell is an induced matrix 
norm. (3.4) 

Remark 1): Physically, the dynamic system of flexible 
arms is composed of rigid body modes and flexible 
modes, while the linear combination of flexible modes 
is used to specify the deflection of any point along 
the arm from the motion of assumed rigi~ body modes. 
If the dominant dynamics is' related to the rigid body 
modes,[Siciliano, Book, and De Maria] then the 
flexible modes will contribute the most to the system 
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uncertainties which are continuous and bounded. 
However, those properties meet requirements iv), v) 
and vi i) • 

Remark 2): From the controls point of view the 
signal-synthesis adaptation implemented here as~umes 
the satisfaction of the matching conditions described 
in vi). These conditions guarantee that the 
uncertainty vector does not influence the dynamics 
IIIOre than the, control input U does. [Gutman] Instead, 
the perfect model following condition is satisfied 
[Landau], condition Vi) also indicating that the 
uncertainties can be compensated, while AA, 6B belong 
to the range space of 80' 

Remark 3): Equation (2.7d) shows that the uncertainty 
AB is associated with the variation of the inverse of 
the inertia matrix. Consequently, condition vii), it 
is claimed, will be satisfied when the variation of 
the inertia matrix is comparatively small and the 
magnitude of the inertia matrix is comparatively large 
in the system. 

IV. Robust Adaptive Controller 

The goal of adaptive control is to ,eliminate the 
state error between the plant and the reference model 
so that the behaviour of the plant and the model 
follow each other. Therefore, consider the reference 
model first 

Xm = Am Xm + 8m Um 

and let Am = Ao + BO KA 

8m=BOKB 

(4.1) 

(4.1a) 

(4.1b) 

where KA and KS are constant matrix gains and there 
exists a Lyapunov matrix function 

AmT p + Am P + Q = 0 (4.2) 

where p. Q are positive definite and symmetric 
matrices. 
Simply stated, the reference model is chosen as the 
controllable and stable system related to the plant in 
order to .reduce the tracking error.[Siciliano, Yuan, 
and Book] 

However, the signal-synthesis method is 
implemented here to control the system by adjusting 
input U which is described in the following equation 

'( 
U = KA X + KS Um + KIA X + .t'(e) (4.3) 

where KIA is an integral gain which will be defined 
later, and the function ;(e) : Rn + RM is such that 

'( 
;(e) 

/ 

(4.4) 

here e = Xm - X and function /v(e) Rn + R+l will 
also be specified subsequently. 

As usual, the error dynamics is derived from the 
difference between equations (4.1) and (3.1) 

(4.5a) 

~ (ArnXm + 8mUm) - [(AO + A + AA)X + (So + 6B)U] 

Substituting (4.3), (3.3a,b) and (4.1a,b) into the 



above, yields 

e ~ Ame - 2BOKIAX - Bo(1 + v) 

where v A .E(KAX + KaUm + KIAX + I) -i-- D "­

(4.4) and (4.5c) give the following inequality 

Itvll ~ 

(4.5b) 

(4.5c) 

aaxllEl1 (maxIIKAXII+maxIIKBUmII+maxIIKIAXII+Pv) +\) ){!i 

A Pv (4.6) 

The definition of Pv in (4.6) is valid, i.e. (4.6) can 
be solved since (3.4) is satisfied. Therefore, we have 

Pv '" (1 - maxIIEII)-l(maxIIEII(maxIIKAXII 

(4.7) . 

Now, the objective is to show that the error dynamics 
(4.5b) is stable by Lemma 1.[Yoshizawa] 

L~mma 1 : Given the dynamic equations (3.1) and (4.1) 
wlth the feedback input (4.3), we have the error 
dynamics (4.5b). If the properties i) - vii) (Section 
III) are satisfied, then the error dynamics is 
uniformly bounded. 

Proof: Choose a positive definite function V as the 
Lyapounv function 

V = eTpe + tr ( AT SA) (4.8) 

where S = ST > 0 and tr (e) means the trace of the 
matrix. 
Then, consider the Lyapunov derivative with equation 
(4.5b) and property i i 1), namely . 

V = eTPe + eTpe + 2tr ( AT SA) 

= eT(PAm + AmTP)e - 2tr [(BoKlAX)TPe 

- (BOKIA)TSBoKIA] - 2 eTPBO(1 + v) 
(4.9) 

(4.10) 

F)'om equation (4.2) 

VI = eT(PAm + AmTP)e = - eTQ~ < 0 (4.11) 

V2 = -2 tr [(BOKIAX)TPe - (BOKIA)TSBOKIA] (4.12) 

= -2 tr [(BOKIA)T(PeXT - SBOKIA)] 

. So, we have V2 = 0 , if KIA = S-I(BOTBO)-IBOTPeXT 

From equations (4.4) and (4.6)_ 

V3 = - eTPBo(1 + v) (4.13) 

BoTPe 
= - BoTPe( Pv + v) 

II BO TPe II 
~ - IIBOTPel1 Pv + IIBoTPel1 v 

~ 0 

Therefore, 
Q.E.D. 
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Remark 1): The convergence speed in this error 
dynamics can be compared' by a positive value -V/Y. 
This implies that the state error approaches zero as 
time tends to infinity, i.e. the state tracks the 
reference model more closely as time continues. . 

Remark 2): Since the control input (4.3) 1s 
discontinuous at I I BOTPe I I • 0 ,it may excite the 
higher modes in a system of flexible links and 
equation (4.5b) may not have a solution in the usual 
sense. [Gutman] To overcome this problem, equat1on' I 
(4.4) can be modified as [Leitmann] '{" I HOTPe h(e) , when I I HOTPel I >~/ 

• II BoTPell 
/~(e) = T (4.14) 

So Pe 
--- 'vee) , when II BOTPel I ~/P ~ 

1 ~ 
''1) 

where .1'is a prescribed positive constant. 

Remark 3): If AA, AB .. 0, the adaptive controller is 
derived in the same formula as the previous 
work.[Siciliano. Yuan, and Book] 

IV. Robust Observer 

From the last section, the state of the system 
converges to a certain bound by an appropriate choice 
of the Lyapunov function, that is , IIXII < 6 for all 
t L O. where 6 is a positive constant. Moreover, the 
contro 11 er desi gni s dependent on the full states 
which are physically measurable. These lead to the 
proposed observer design for the nonlinear dynamic 
system subjected to bounded non1inearities or 
uncertainties. 

Consider the dynamic equations (3.1) and (3.2) 
with property ii) (Section III) and the observer 
equation [Luenberger] 

Xo = AOXo + BOU + L(Y - CoXa) (5.1) 

where Xa E Rn is the estimated state and L E Rlxn is 
the constant matrix. 
Again, the "observer" error dynamics is 

eo=X-Xo (S.2) 

= (AQ - LCo) (X - Xo) + Ax + !AX + ABU 

= Aeeo + p 

where Ae = AO - LCO 
): 

p = Ax + AAX + lIBU 

Note that-p is bounded. sinco/ IIXI 1< 6 • and lIA. liB, 
lIC, and A are bounded f~ properties iv) and v) 
(Section III), i.e. there exists a constant 7 , such 
that IIp(t}11 < 7 for all t L O. Also, there is a 
transition functlon t(t) for the linear equation eo • 
Aeeo, then t(t) = exp(Aet). Considering that A is the 
maximum eigenvalue of Ae, we have the following Lemma' 
2. [Vi dyasaga r] 

Lemma 2: p is bounded. If A has a negative part, 
then the observer error dynamics (5.2) is uniformly 
bounded. 



Proof : Fi rst, there 1 s an 1 nequa l1ty for the 
transition function t{t), such that Ilt(t)11 < me -it 
for m > 0 and 0 > -a > real part(X). Then, we express 
equation (5.2) as the equivalent nonlinear integral 
equation 

eo(t) = t(t)eo(O) + I~.{t - T) peT) dT 

Ileo(t) II ~ 111(t) 1IIIeo(O) II+I~III(t-T) 1IIIp(T) IldT 

~ me -at Ileo(O)11 + I~ me -a(t-r) 7 dT 

= me -at I leo(O)11 + ~ (1 - e -at) 

Since a> 0, Ileo(t)11 < N, for all t l a 
where N is a positive constant. 

Q.E.D. 

Remark 1): If a +., then Ileo(t)1 I + a as t + •• 
Therefore, the state X approaches the estimator Xo as 
1n the case of a linear system. [Luenburger] From the 
physical point of view, we would like to have the 
convergence rate of the ·observer" error faster than 
the rate of variation of the uncertainties in the 
dynamics so that the estimated state can be utilized 
as the actuating control signal. 

Remark 2): The separatiort principle which exists in 
the linear time-invariant system may also appear in a 
dominantly linear system with uncertainties. Many 
works [Galimidi, Barmish] [Hollot, Galimidl] were 
attributed to the result, while Lemma 2 is another 
approach. 

VI. Case Study 

In the following, a case study is developed for a 
one-link flexible arm moving in the operating space of 
gravity, where a prototype exists. in the Flexible 
Automation Laboratory at Georgia Tech. Specification 
of this system and the dynamic model (2.6) can be 
found in the previo,us work. (Sc11 iano, Yuan, and Book] 

In equation (3.1), AO and. BO are derived from 
linearizing the model (2.7) around the nominal point 
of zero, while the other terms represent the 
uncertainties. The measurements of jOint angle, rate, 
and strains due to the deflection of the link form the 
output matrix (3.2). Computer simulation will show 
that the one-link flexible arm moves with high-speed 
motion and fast vibratory-setting time from 900 to 00 

. (Fig. 1) 
In order to have the reference model (Am. Em) 

stable (4.1), the constant gains KA and KB are chosen 
according to the optimal regulator with a prescribed 
degree of stability a, whose performance index is 

I = I; exp(-at) (XTRX + rU2) dt (6.1) 

where R is an identity matrix and r is 1. The integral 
gain KIA is zero here, due to the simplicity of the 
dynamic system and motion trajectory. In equation 
(4.14) Pv is taken as 1 and p is 0.1. Then, two 
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different sets (a· 1 • a • 5) of simulations have 
been carried out, while the maximum eigenvalue of the 
·observer" error dynamics (5.2) is chosen as -10, 
results in sufficient convergence rate for recovering 
the unmeasurable states. 

With the feedback input (4.3), Runge Kutta-Verner 
method is implemented to solve the nonlinear 
differential equation (2.7) at a sampling rate of l.s. 
Fig. 2 to Fig. 9 show that the controller indeed 1s 
capable of tolerating the uncertainties in the 
parameters with the given actual bound. Obviously, we 
noti ce that well damped responses wi th the combi ned 
linear and nonlinear controller are obtained but the 
responses with the linear controller are oscillatory. 
(Fig. 2 - Fig. 4) Due to the dominance of Ao and Do 
in the system, the higher-speed motion is attained in 
the case of higher linear gain (a = 5). (Fig. 5 - FiO. 
8) Figure 9 shows the control input U. 

VII. Conclusions 

A dynamic model has been derived by Lagrange's 
equations and the assumed mode method and the 
measurements form the output matrix. Moreover, the 
required control properties of the signal synthesis 
method are satisfied by the dynamic model. A robust 
adaptive controller has been developed for flexible 
arms, and a full order state. observer has been 
presented to recover the states which cannot be 
measured. However, the feedback input is a control 
signal composed of a proportional (linear) , an 
integral and a nonlinear (saturated) part, which 
tolerates a larger variation in uncertainties than a 
linear controller as shown in the example. A modified 
controller has been introduced to avoid the 
discontinuity when the state error reaches the region 
of the boundedness. Due to high gain of the observer, 
the error dynamics of the observer is guaranteed to be 
stable. But the separation prinCiple of controller­
observer in a system with nonlinearity or uncertainty 
is still an open question. 

Simulations in the case of a one-link flexible 
arm have shown the robustness of the system control to 
the uncertainties. However, the bound of the 
uncertainty has not been addressed in this paper. For 
multi-link flexible arms, we should take into account 
that the nonlinear coup11ng terms between rigid modes 
and flexible modes are the uncertainties with 
boundedness; consequently, it 1s expected that th1s 
control approach is superior to most present 
algorithms • 

Acknowledgement 

This material is based on work supported by the 
Computer Integrated Manufacturing Systems Program at 
Georgia Institute of Technology. 

References 

Balas, M. J. Feedback control of flexible systems. 
IEEE Trans. Auto. Contrl., Vol. AC-23, no. 4, April 
197B. 

Book, W. J., Maizza-Neto, D.,and Whintney, D. E. 
Feedback control of two beam, two joint systems with 
distributed flexibility. ASME, J. of Dynamic Systems, 
Measurement and Control, Dec. 1975. 



Book, W. J. Recursive -Lagrangian dynamics of flexible 
manipulator arms. Int. J. Robotics Research, Vol. 3, 
no. 3, 1984. 

Bossche, E. V. D., Dugard, 
Mode 11 i ng and i denti fi cati on 
Proceedings of JACC, 1986. 

L., and Landau, I. D. 
of a flexible arm, 

Canon Jr.,R. H., Schmitz, E. Initial experiments on 
the end-point control of a flexible one-link robot. 
Int. J. Robotics Research, Vol. 3, no, 3, 1984. 

Chen, C. T. Linear system theory and design. Holt, 
Rinehart and Winston, 1984. 

Galimidi, A. R. and Barmish, B. R. Robustness of 
Luenberger observers: Linear systems stabilized via 
nonlinear control. Proceedings of JACC, 1984. 

Gutman, S. Uncertain dynamical systems - a Lyapunov 
min-max approach. IEEE Auto. Contrl. Vol. AC-24, no. 
3, June 1979. 

Hastings, G. G. Controlling flexible manipulators, an 
experimental investigation. Ph. D. thesis, School of 
Mech. Engr, Georgia Institute of Technology, 1986. 

Hastings, G. G., Book, W. J. A linear dynamic model 
for flexible robotic manipulators. IEEE Control System 
Magazine, Vol. 7, no. 1, 1987. 

Hollot, C. V. and Galimidi, A. R. Stabilizing 
uncertain systems : Recovering full state feedback 
performance via observer. Proceedings of JACC, 1986. 

Hughes, P. C. Space structure vibration modes: how 
many exist? which ones are important? IEEE Control 
System Magazine, Vol. 7,no. I, 1987. 

Landau, I. D., Adaptive control - the model reference 
approach, Dekker, 1979. 

Leitmann, G. On the efficacy of nonlinear control 
control in uncertain linear systems. ASME J. of 
Dynamic Systems, Measurement and Control, Vol. 102, 
June 1982. 

Meirovitch, L. Elements of vibration analysis. McGraw­
Hill, 1975 

Meldrum, D. R., Balas, M. J. Application of MRAC to a 
flexible remote manipulator arm. Proceedings of JACC, 
Vol. 2, 1986. 

Sakawa, Y., Matsuno, F., and Fukushima, S. Modeling 
and feedback control of a flexible arm. J. Robotics 
System, Vol. 2, no. 4, 1985. 

Schmitz, E., Cannon, R. H. Further experiments on the 
end-point control of a one-link robot. ASME J. of 
Dynamic Systems, Measurement and Control, 1985. 

Siciliano, B., Book, W. J., 
integral manifold approach to 
flexible arm. Proc. of IEEE 
Control, 1986. 

and De Maria, G. An 
control of a one-link 
Conf. on Decision and 

Siciliano, B., Calise, A. J., and Jonnalagadda, V. R. 
P. Optimal output fast feedback in two-time scale 
control of flexible arms. Proc. of IEEE Conf. on 
Decision and Control, 1986. 

6 

Siciliano, B., Yuan, B. S., 
reference adaptive control 
arms. Proc. of IEEE Conf. 
1986. 

and Book, W.J., Model 
of a one-link flexible 

on Decision and Control, 

Truckenbrodt, A. Modeling and control of flexible 
man i pu 1 a to r s t ructu res • ~Pr~0~c;.:.._...::!4C!:t!!.h _..:::C~IS::::M.!..--=I.!..F.:..;T o:.:,MM,::..: 
Ro.Man.Sy, Warszawa, Poland. 1984. 

Usoro, P. B., Nadira, R., and Mahil, S. S. A finite 
element/Lagrange approach to modeling light-weight 
flexible manipulators. ASME J. of Dynamic Systems, 
Measuremant and Control, Vol. 108, 1986. 

Vidyasagar, M. Nonlinear system analysis. Prentice 
Hall, 1978. 

Yoshizawa, T. Stability theory by Liapunov's 
secondmethod, Gakujutsutosho Printing Co. Ltd. Tokyo, 
Japan. 1966. 

y 

o 

o 

. . 

Fig. 1. Flexible manipulator. 
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Fig. 2. Position response of rigid body mode (a =1). 
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Fig. 3. Position response of first flexible mode (a;1). 
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Fig. 4. Position response of second flexible mode (a =1). 
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Fig. 5. Position response of rigid body mode (a =5). 
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Fig. 6. Velocity (rotational rate) response of rig;d body mode (a=5) . 
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Fig. 7. Position response of first flexible mode (a =5). 
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Fig. 8. Position response of second Oexible mode (a =5). 
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Fig. 9. Control input (a=5). 
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