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SUMMARY

Addressing constraints in optimization problems within robotics has posed a longstand-
ing challenge. Traditionally, researchers and engineers have tackled optimization problems
with constraints by either utilizing existing constrained optimization libraries or incorpo-
rating penalty/barrier functions into the cost function. However, these approaches often
fall short in addressing the speci ¢ nuances of robotic optimization problems, and can ad-
versely affect the optimization process by rendering objective functions ill-conditioned.

This dissertation proposes a novel approach by leveragiagifold optimizatiornto
tackle constrained optimization problems in robotics. Moreover, it extends this frame-
work to handle a broader spectrum of inequality-constrained optimization problems with
enhanced ef ciency. Initially, we introduce a framework to transform equality-constrained
optimization problems into manifold optimization problems. This is achieved by formu-
lating constraint manifold4o represent variables linked by equality constraints. Subse-
guently, to extend the applicability of the framework to optimization problems with both
equality and inequality constraints, we devismstraint manifolds with cornets capture
variable groups subject to both equality and inequality constraints. Finally, we enhance the
ef ciency of the proposed frameworks by developing thieasible optimization methods
and thecost-aware retraction method

The effectiveness of our proposed framework is demonstrated through extensive ex-
perimentation across diverse robotic inference and planning scenarios under various con-
straints. Results consistently illustrate that our approach outperforms traditional constrained

optimization methods, yielding solutions with higher optimality and faster convergence.

XV



CHAPTER 1
INTRODUCTION

1.1 Constrained Inference and Planning

Many important robotic planning and inference problems involve hard equality or inequal-
ity constraints. These constraints stem from diverse sources: fundamental physical laws,
such as rigid-body kinodynamic constraints, friction cone constraints for interactions in-
volving Coulomb friction forces [1], and complementarity constraints that model contact
dynamics [2]. Additionally, robotic design introduces constraints like joint angle limits,
speed limits, and torque limits, and robots with inner loop structures pose closed-loop
kinematic constraints. Task-speci ¢ requirements further impose constraints, such as task-
space limitations, collision avoidance criteria, and distance constraints within robot forma-
tions. The constraints can be classi ed based on the variables involved in the constraints,
into holonomic constraints, constraints that only associate with the con guration (i.e., joint
angles, link poses) of the robot, and nonholonomic constraints, constraints that also as-
sociate with other variables, e.g., velocities, forces. Constraints can also be classi ed by
their expressions into equality constraints, which are expressed as equalities, and inequal-
ity constraints, which are expressed as inequalities. Figure 1.1 provides a few examples
of robotic scenarios and their associated constraints. It's noteworthy that some constraints
pertain to discrete-valued variables, such as integer-value constraints relevant in footstep
planning scenarios (see [3]), although they fall outside the scope of this dissertation.
Considerable effort has been devoted to addressing inference and planning problems
with constraints. A common strategy involves augmenting the overall cost functions with
penalty functions to penalize constraint violations. Quadratic penalty functions, for in-

stance, are employed in constrained trajectory optimization problems (see [4, 5, 6, 7, 8])



Figure 1.1: Common constraints in several robotics scenarios including (a) robot delivery
task with a drone; (b) industrial delta robot with inner loop structures; (c) home robot doing
housework; (d) quadruped robot exploring unknown environment.

and constrained state estimation problems of legged robots (refer to [9]). Alternatively,
advanced constrained optimization methods are utilized. For instance, [10, 11] propose
representing inference problems with equality constraints as constrained factor graphs and
solving them using the sequential quadratic programming (SQP) method. [12] applies the
Lagrangian multipliers method to solve a constrained SLAM problem, while [13, 14] em-
ploy primal-dual methods for incremental constrained smoothing in state estimation tasks.
In certain scenarios, elimination techniques are applied to remove constraints and part of
the variables, resulting in a lower-dimensional parameterization of the state space. For in-
stance, [15] utilizes a variable elimination strategy to solve an equality-constrained linear
guadratic regulator control problem.

State-of-the-art constrained optimization methods still face several challenges in solv-
ing large-scale constrained optimization problems. By imposing the constraints as added
penalty functions to the cost function, the optimization problem can become ill-conditioned,
and it is not guaranteed to generate exact feasible solutions. The penalty method and the
augmented Lagrangian method [16, 17, 18] require iteratively solving unconstrained opti-
mization problems and can lead to problems with bad numerical properties. For SQP and
interior point methods [16, 17, 19, 20], nding a merit function that balances the dual ob-

jectives of reducing costs and satisfying constraints is nontrivial. The elimination approach



is mostly applied to linear equality constraints, and it can suffer from singularities in certain
con gurations of the robot.

A compelling alternative to constrained optimization methodmanifold optimiza-
tion, offering lower complexity and better numerical properties [21, 22]. In manifold op-
timization, manifolds are devised to represent feasible state spaces de ned by equality
constraints. Optimization is then directly conducted on these manifolds, which constitute
a lower-dimensional state space compared to the embedding space of the constrained opti-
mization problem. The manifold optimization problem is constraint-free, as constraints are
enforced through the manifolds. Figure 1.2 illustrates a constraint manifold representing

the con guration space of a robot arm subject to task-space constraints.

Figure 1.2: For a planar 2R robot arm with the task-space constraint that the end-effector
stays on a line (left); the feasible con guration space can be represented by a smooth con-
straint manifold (right).

Nevertheless, the utilization of manifold optimization in robotics has been restricted to
conventional manifolds such as the special Euclidean group manifqiggSkhich repre-
sents the pose of a rigid body, and bespoke manifolds. This limitation arises from the dif-
culty in formulating manifolds de ned by arbitrary constraints and the insuf cient explo-
ration of optimization on manifolds incorporating both equality and inequality constraints.
In this dissertation, we delve into the potential applications of manifold optimization to

address robotic inference and planning problems with arbitrary constraints.



1.2 Thesis Statement and Contributions
The dissertation puts forward the thesis statement

The manifold-based optimization approach advances the state-of-the-art in solving in-

ference and planning problems of robotic systems with complex constraints.

The dissertation proposes a framework that applies manifold optimization to solve robotic
inference and planning problems with complex constraints. It rst formulate a frame-
work that transforms an equality-constrained optimization problem into an unconstrained
manifold optimization problem, then extends the framework to incorporate inequality con-
straints, and nally proposes ef ciency improvements to the framework.

Speci cally, the dissertation contributes

1. We propose a general framework that transforms an arbitrary equality-constrained
optimization problem into a manifold optimization problem by automatically formu-

lating constraint manifolds to represent groups of variables connected by constraints.

2. We generalize the framework to incorporate inequality constraints by formulating
constraint manifolds with corners to represent the groups of variables connected by
both equality and inequality constraints. We further extend the manifold optimization

algorithm to work on manifolds with corners.

3. We improve the ef ciency of the framework by proposing the infeasible optimiza-
tion method to reduce the amount of computation in retraction, and the cost-aware
retraction method to improve the convergence rate of constraint manifold optimiza-

tion algorithms.



1.3 Overview

In chapter 2, we provide a brief review of the state-of-the-art works on solving constrained
inference and planning problems, and an overview of basic concepts in manifold optimiza-
tion. In chapter 3, we discuss the process of the problem transformation in the cases where
only equality constraints exist. Speci cally, we illustrate the formulation of constraint man-
ifolds that represent groups of variables connected by equality constraints. In chapter 4,
we extend the framework to the general cases with inequality constraints by formulating
constraint manifolds with boundaries/corners, and extending the manifold optimization al-
gorithm to work on such manifolds. In chapter 5, we propose methods to improve the
ef ciency of manifold optimization as applied to constraint manifolds. The computation
cost of performing retraction on the constraint manifolds can be alleviated by the inexact
retraction method, and the convergence speed of manifold optimization can be further im-
proved with the cost-aware retraction method. In chapter 6, we list a few limitations of the

framework and what we think is promising as future work.



CHAPTER 2
BACKGROUND

2.1 Factor Graphs

Factor graphs [23, 24] have been broadly used in robotics applications. They were rstly
explored in Simultaneous Localization and Mapping (SLAM) problems [25, 24] to rep-
resent a sparse nonlinear least-squares problem. Various optimization algorithms can be
interpreted as graph operations on the factor graphs. As an example, the matrix factoriza-
tion in solving a least-squares problem can be viewed as variable elimination on a factor
graph [24]. The factor graph representation also innovates the development of new data
structures and algorithms, such as the incremental inference algorithms [26, 27, 28] based
on the Bayes-tree like data structures. Constraint factor graphs have been proposed to ad-
ditionally incorporate hard constraints in [10]. Recently, the application of factor graphs

is also explored in representing and solving planning problems [29, 7, 30], trajectory opti-

mization problems [8, 31], and optimal control problems [15].

2.1.1 FactorGraphRepresentationf anNLP Problem

We use factor graphs as the graphical language to represent a Nonlinear Programming
(NLP) problem. A factor graph ( Figure 2.1) is a bipartite graph comprising variable nodes
VY, factor node¥/¢, and edge& connected between two types of nodes. Variable notes
correspond to optimization problem variables, while factor noadfeencompass cost and
constraint factors categorized into cost factor nodlegquality constraint factor nod®4,

and inequality constraint factor nod#8. Each edgéss p V/'; VPqdenotes the involve-

ment of a variable in the corresponding cost function or constraint. Factor graphs reveal

the sparsity structure of the NLP problem, which innovates and provides a clear illustra-



tion of the manifold-based optimization approach proposed in this dissertation. Figure 2.1

provides an illustrative example of an NLP problem represented by a factor graph.

Figure 2.1: The factor graph representation of an NLP problem. The variables of the
problemtxy; X,; X3; X4u are presented by the variable nodes. The overall cost function is
fapX1; X3;X5q  T2oX2; X4; Xeqrepresented by the cost factors. The constrdifs; ; X>q

0, hopx3;x4q 0O, hspXs; Xeq O are represented by the constraint factors.

The state space of the optimization problem is de ned by the variable nddéhe set
of n, variables of the optimization problem is representedXby p X;;  ;Xn, G Where
xi P RY represents thd)-dimensional variable at nodé’. Typically, the variable;
are physical quantities such as joint angles, joint velocities, torques, accelerations, etc. We
deneN o . d” as the total dimension of the variables. The constrained optimization
problem is posed in the embedding spXc® RN .

The cost function and constraints are encoded by the factor nodes. Each cost factor
node\/jf encodes a smooth cost functiQrpX,ij wherel jf ti: p\/i";\/jf g PEurepresents
the multi-index set indicating the variables involved in the cost function. The overall cost is
the summation of all cost functions. Equality constraint factor ndfesnd inequality con-

straint factor node¥? represent equality constrairftgpX ng Oor inequality constraints

g pX,sq ¥ 0, with multi-index setd ! andI? de ned analogously tcbjf. The constrained

7



optimization problem is de ned as (2.1).

Nt

X argmin’ f;pX,q (2.1a)
XPRN g )

s.t. hkpxlkhq 0 for k 1;:::;ny (2.1b)

opX,9q¥0 for °~  1;:::;ng (2.1¢)

2.2 Robotic Problems with Constraints

Robots are machines that can perform sense, think and act without human intervention [32].
Two broad categories of robotics algorithms central to the sense-think-act loop, planning
problems and inference problems, are frequently involved with constraints. We provide a
review of the planning and inference problems developed over the decades, and how the

state-of-the-art methods handle constraints in such problems.

2.2.1 Kinodynamicsof RoboticSystems

Robotic Systems

Category 1 We rst consider a classical category of robotic systems, which are composed
of a serial chain of rigid links connected through rotational or prismatic joints, such as an
industrial robot arm (Figure 2.2a). It is trivial to de ne a global generalized coordigate
using the joint angles to parameterize the robot system, since the topology of the con gu-
ration space is isomorphic to tie® R™, wheren andm are the number of rotational and
prismatic joints. If the robotic system has a oating base, we can simply add the pose of
the base link into the generalized coordingtd he same choice of generalized coordinates

is also feasible for any robotic system composed of rigid links and joints, and does not

possess any closed loop or contacts, such as a jumping quadruped during the in-air phase.



Category 2 We then consider more complex robotic systems that can possess closed-loop
structures and contacts. Examples include the delta robot and a quadruped with its feet in
contact with the ground as shown in Figure 2.2b. Such systems can be modeled using the
same generalized coordinaigswhile we need to additionally incorporate the holonomic
and nonholonomic constraints. If we choose a subsqtasf the parameterization, singu-
larities and ambiguities can occur, because the con guration space is no longer isomorphic

toT" R"™[1].

Category 3 The last category of robotic systems cannot be modeled using the classi-
cal rigid links and joints, such as soft robots, pneumatically actuated robots, cable-driven
robots, and robots possessing passive structures (Figure 2.2c). Lots of the constraints are
expressed in implicit form, and it is almost impossible to de ne a generalized coordinate

for such systems.

Figure 2.2: Examples of robot systems in each category.



Lagrange Formulation with Generalized Coordinates

For robot systems of Category 1, we can utilize the Lagrange formulation to express its
kinodynamics (Table 2.1). The con guration, velocity, and acceleration of the system can
be parameterized ag @ g, respectively. Let be a vector composed of the actuation at
each joint, the Lagrange equations of dynamics can be written in the form of (2.2), where
M pggrepresents the generalized mass matpy; @represents the Coriollis and centripetal

terms, andypggrepresents the gravitation term.

f Mpog cm;§  gpg (2.2)

Similar representation can be generalized to robotic systems of Category 2, while we
need to additionally impose the constraints resulting from contacts or closed-loop struc-
tures. The constraints can typically be expressed as (2.3) on con guration variables, (2.4)
on velocity variables, and (2.5) on acceleration variables. The Lagrange formulation of the
dynamics, however, will no longer be valid, becagss an over-parameterization of the
con guration. Various simpli ed dynamics methods [33, 34, 35] have been proposed to

approximate the dynamics of the system instead.

hpog O (2.3)
Jpoga® O (2.4)
Gma9 Jp O (2.5)

Sometimes, we need to query variables that are not included in the generalized coordi-
nateq, such as the pose and velocity of the end-effector. Query on con guration variables
can be computed using forward kinematics (2.6); query on velocity variables can be com-
puted using the space Jacobians (2.7); query on acceleration variables can be computed

using space jacobian and its time derivatives (2.8). However, it is nontrivial to generate an
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expression of dynamic variables such as internal or constraint forces.

Vi Jipgo® (2.7)
Ai Gipa9 Jipar (2.8)

Newton-Euler Formulation

The Newton-Euler formulation expresses all the kinodynamic quantities in the robotic sys-

tem, and imposes all the kinodynamic constraints at each joint and link within the system.

» Con guration: the parameterization variabl€snclude the posestT;u of all links
and the angles ju of all joints. The con guration constraints (2.9) are imposed at
each jointj connecting links,, i,, whereM,,;, represents the relative frame of link
i;andi; atq 0, S; represents the screw axis of jojnexpressed in the frame of

link i.
Tiz -I-illvlilizersizjsj (29)

* Velocity: the parameterizafion variablgsconsist of the twist$V;u of all links and
the angular/linear velocities9  of all joints. The twist constraints (2.10) are im-

posed at each joint, whefal stands for the adjoint of a transformation matrix.

Viz r AdTizils\/il Sizj 9] (210)

!
» Acceleration: the parameterization variab/Pe;sinc)Iude the twist accelerations?

of all links and the angular/linear accelerations of all joints, with the constraint
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(2.11) imposed at each joint, whead represents the adjoint of a twist.

\le r AdTizils\QM r adVi2§izj 9] Sizj :j (2.11)

« Dynamics: the parameterization variabResnclude the actuation wrenche§ ;-
and internal wrenches=;; ubetween the links in the system. We Wsg to denote
the “th external wrench acting on link andF;; to express the internal wrench on
link i through jointj . The internal wrenches at a jointacting on the two links,, i,
are related by (2.13) according to Newton's second law. Then, the dynamics of each
link are expressed using the Euler-Newton formulation of rigid bodies as in (2.12),
wherem; denotes the mas§; denotes the inertia matrix of the link, agdis the

gravitational coef cient.

GM ~ F;  Fy mR[g ady, pGViq (2.12)
jepijq I

Fil;j r AdTiZilSTFiz;j (213)

The query of kinodynamic quantities is straightforward, since they are explicitly ex-
pressed in the parameterization variables. The torque at each joint can be retrieved from
the wrench by projecting it on the screw axis (2.14).

i FiySiy (2.14)

Table 2.1 provides a summary of the Lagrange and the Euler-Newton kinodynamics
formulation on different categories of robotic systems. The Euler-Newton formulation is
general, and can easily be adapted to robotic systems of all categories, and enables fast

guery of all kinodynamic variables within the system. However, it results in higher dimen-

sions of parameterization and constraints as compared to the Lagrange formulation with
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generalized coordinates.

Table 2.1: Kinodynamics formulation of various types of robotic systems.

Formulation System Quantity Parameterization Constraints Query
con guration q fkipag
velocity ) Ji pgo®
Type 1
acceleration q Gipgg9 Jipg
dynamics f Mpagg Cpa;& gpaq N.A.
G-L
con guration q hpag O fk i pag
velocity (] Jpag® O Ji paa®
Type 2
acceleration q Gpgo® Apgg O Gipgo® Jipgm
dynamics f simpli ed dynamics N.A.
con guration C hpCqg O G PC
velocity \% hpC,vg O Vi PV
E-N Type 1,2,3
acceleration A hpC,V;Aq O A; PA
dynamics F i Fi MiA; Fi PF

2.2.2 Planningwith Constraints

The planning problem aims to nd a (collision-free) path/trajectory from the starting con-
guration to the goal con guration [36]. Two main categories of approaches to solving
constrained motion planning problems are the sampling-based methods [37, 38, 39, 40, 41,
42, 43] and the optimization-based methods [4, 5, 6, 29, 7, 44, 45, 46]. Other approaches

include the search-based methods [47] and the learning-based methods [48].

Sampling-Based Methods

Sampling-based methods generate samples, i.e., collision-free con gurations of the robot,
and connect the samples with paths to obtain solutions to path-planning problems [36].
The probabilistic road map (PRM) method [49] and the rapidly-exploring random tree
(RRT) method [50] are the two most common sampling-based planning methods. The
PRM method consists of a construction phase and a query phase. In the construction phase,

a roadmap, represented by an undirected gfapht V;Eu, is constructed. The vertices
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in V are samples representing the feasible con gurations of the robot. The edgese

viable paths connecting neighboring con gurations. In the query phase, the algorithm rst
connects the initial and goal con gurations to two nodes in the roadmap, and performs a
graph search in the roadmap to generate a path consisting of edges connecting the start
node to the goal node in the graph [36]. In the RRT method, a tree rooted at the initial con-
guration g,;; is incrementally constructed. In each iteration, a random sample of robot
con guration Gang IS generated. The nearest con guratigq,, in the tree is found, and

an attempt is made to make progress frggrq t0 Ghear - The tree keeps expanding until a

node close enough to the goal con guratiqy, is added, and the path is found as edges
connectingnit t0 Ogoar [36].

Sampling-based methods have been extended to address planning problems with con-
straints. In classical sampling-based planners without constraints, con gurations are typi-
cally parameterized by Euclidean-space variables. However, in constrained planning sce-
narios, the robot con guration lies on certain “constraint manifold” de ned by the con-
straints. This introduces several challenges as outlined by Kingston et al. [41], including
the need for samplers to generate samples on the constraint manifold, adjusting the distance
metric to suit the manifold, and modifying the local planner to navigate paths within the
implicit space de ned by constraints. Various approaches have been proposed to tackle
these challenges. Berenson et al. [37], utilized projection methods for generating sam-
ples on the constraint manifold, while Kim et al. [51] leveraged the tangent bundle of the
constraint manifold within the construction of Rapidly-exploring Random Trees (RRT).
Jaillet et al. [40] constructed an approximate atlas to represent the constraint manifold, and
Kingston et al. [42] proposed a general framework for integrating constraints into sampling-
based methods. Additionally, Bordalba et al. [43] extended sampling-based methods to
solve planning problems with nonholonomic constraints.

Sampling-based methods, however, come with several limitations. One challenge is the

dif culty in specifying an objective function, as these methods typically do not optimize
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one. Moreover, the sample ef ciency tends to decrease as the dimensionality of the con gu-
ration space increases. While sampling-based methods are applicable to planning problems
with generalized holonomic constraints, their effectiveness diminishes when dealing with
non-holonomic and dynamic constraints [52]. Despite these challenges, sampling-based
methods remain attractive due to their probabilistic completeness and ef ciency in solving

a wide range of planning problems [53].

Optimization-Based Methods

The planning problem can be solved using trajectory optimization methods [54, 55], which
optimize a continuous-time trajectory and actions along the trajectory with problem-speci ¢
cost functions and constraints along the trajectory as in (2.16). The variables are modeled
as robot stateSpqand controlsUpq over the duration of the trajectory froig to t; .
Assuming a set of generalized coordinates is available, the robot state can be expressed
as a tuplgx;§ Therefore, both state and controls can be modeled as ve&pagsPR"

andU P R™. The dynamics can be expressed using the Lagrange's equation [1] as (2.15),
whereM pgq is the generalized mass matrix of the system, the tepmdy collects the

generalized gravity, Coriolis and friction forces.

Mpm U o (2.15)

The cost is composed of a running coptgand a terminal cost functionp q The system
dynamics are modeled by the constraint (2.16b), which incorporates (2.15). (2.16a, 2.16b)
constitute the unconstrained trajectory optimization problem. When additional constraints

(e.q., collision-free constraints, non-holonomic constraints) exist, they can be added to the
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problem as equalities (2.16c¢) and inequalities (2.16d).

» t

arg min pSpqg Uptg tapt Spigtiq

SpaUpg to

st. Shq fSpqUpgtq for tom t o t
hpSpg Uptgtqg O for too to

gPSpg Upgtq¥ 0 for too ta t;

Transcription Methods Transcription methods [54, 56] are used to transform the in nite-
dimensional variational problem (2.16) into a nite-dimensional nonlinear programming

(NLP) problem (2.17). Notice that the constraints (2.17d, 2.17e) are ignored for uncon-

strained trajectory optimization problems.
ngr:gsinlgn: i ifSi; Ug Sk
st. 9§ fpS; U  for k100K
Sk1 S 05 tpR g
hepSc; kg 0 for kK 1;:::;K

kPSk;Ukq¥0 for k 1;:::;K

(2.16a)

(2.16h)
(2.16¢)

(2.16d)

(2.17a)

(2.17b)
(2.17c)
(2.17d)

(2.17e)

The most broadly used transcription method in robotics iscthilocation method The

variables are formulated as the robot state and controls at discrete time instances, the so-
called knot points. The overall trajectory can be interpolated as polynomials in the in-
tervals between consecutive knot points. We mainly use the Trapezoidal collocation [56]
method, because the knot points are the same as the collocation points. The dynamic con-
straints (2.17b) and additional constraints (2.17d, 2.17e) are only imposed on the robot
states and controls at the collocation points. The collocation constraints are enforced on

the states at consecutive collocation points, e.g., (2.17c) for Trapezoidal collocation. An
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factor graph representation of the transcribed trajectory optimization problem is shown
in Figure 2.3. Higher order collocation methods such as the Hermite-Simpson and the
Runge-Kutta methods [54, 56] can be used to achieve better precision, with a cost of higher
computation load. Shooting methods [54] are another category of transcription methods,
and they differ from collocation methods in that they only model the controls as variables,
and use forward integration to simulate the trajectory. The multiple-shooting method is
an improvement over the single-shooting method, which breaks the trajectory into smaller
segments. It is similar to the collocation method, as it additionally models the robot state
at the start of each segment, and enforces additional constraints so that the segments join at

the boundaries.

Figure 2.3: The factor graph representation of a trajectory optimization problem. The
holonomic constraints, nonholonomic constraints, and actuation constraints are ignored in
the unconstrained trajectory optimization problem.

Direct vs. Indirect Approaches The direct approach and indirect approach are the two
strategies mainly used to solve the trajectory optimization problem. The direct approach
solves the optimization problem directly. Numerical methods such as nite difference

methods can be applied to solve the variational problem (2.16); various NLP methods can
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be used to solve 2.17, which will be discussed in more detail in section 2.3. The indi-
rect approach solves for the optimality conditions instead. The optimality condition for
the variational problem (2.16) is given by Pontryagin maximum principle [57] and can be
solved as a boundary-value problem; the optimality condition for the NLP problem 2.17 is
given by the KKT condition, and the indirect method will behave similarly to applying a
speci ¢ category of NLP methods (in subsection 2.3.3) in the direct approach. The direct
approach is preferable in most robotics applications since the direct approaches typically
have a larger region of convergence, while indirect approaches typically require a good

guess of the solution to converge properly.

DDP & iLQR Differntial Dynamic Programming (DDP) [58] is a classical method for
solving the unconstrained discrete-time trajectory optimization problem (2.18), which is a
variant form of (2.17) that combines the collocation constraints and dynamic constraints.
DDP iteratively updates a nominal trajectory, and each iteration is composed of a back-
ward pass and a forward pass. In the backward pass, the value function is approximated
by a quadratic function around the nominal trajectory, and a linear state-feedback control
law is computed using the value function. In the forward pass, the nominal trajectory is
updated by forward simulation using the control law computed in the backward pass. As
compared to solving the KKT conditions of problem (2.18) directly with Newton's method,
the DDP approach ensures the satisfaction of dynamics constraints by forward simulating
the trajectory with nonlinear dynamics, and is less prone to divergence by using a feed-back
law of the control variables. DDP achieves quadratic convergence, while it requires second
derivatives of the dynamics. Iterative Linear Quadratic Regulator (iLQR) [59] is a variation

of the DDP method that ignores the second-order terms of the dynamics in approximating
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the value functions [60] to achieve better computational ef ciency.

argmin ~ pS;Ug pS«q (2.184a)

So;::;; Sk PRM i 0

st. 8, FpSc;Uq for k 0;:::;K 1 (2.18b)

Transcription Methods with Constraints Works that solve the constrained trajectory
optimization problem differ in the way to formulate and solve the NLP problem. As of
kinematic planning, including the renowned STOMP [4], CHOMP [5], TrajOpt [6], TEB-
g20 [61] and GPMP2 [29, 7]. As dynamics are absent from kinematic planning problems,
the robot state is represented simply by the con guratgpand the control variables are
ignored. The collocation constraints (2.17c) are replaced with a cost term in the form of
nite difference between consecutive states, that encourages smoothness of the trajectory.
Generalized holonomic constraints [52], including collision-free constraints and task-space
constraints, can be imposed directly on the robot states. The DynamicGPMP [44] and GT-
Dynamics [8] further extend optimization-based methods to solve kinodynamic planning
problems, by further paramterizing the velocities, accelerations, and control variables at
the collocation points, and imposing dynamic constraints and collocation constraints. It is
noteworthy that GTDynamics utilizes the Newton-Euler dynamics [1] instead of the La-
grangian formulation with generalized coordinates, which is more general in expressing a
broader variety of robot systems with non-holonomic constraints and actuation constraints.
It is noteworthy that non-holonomic constraints such as loop-closure and rolling-contact
constraints are also considered in DRICON [62] and [63], with utilize bespoke methods for
constrained collocation. Most approaches use quadratic penalty functions to relax the hard
constraints and solve an unconstrained optimization problem instead. Approaches that use
a second-order optimizer such as the Levenberg-Marquardt (LM) method achieve faster

convergence than the gradient-based methods.
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DDP & iLQR with Constraints The DDP and iLQR methods can be extended to incor-
porate various types of constraints [64, 65, 66, 67, 46, 62, 63]. In the backward pass, the
control law is computed from the KKT condition of a local quadratic programming prob-
lem that incorporates the linearized constraints. Various approaches have been developed to
enforce the trajectory to always remain feasible in the forward pass, including relineariza-
tion [67], projection [46, 63], constrained collocation [62, 63], path following methods [66]
and multiple shooting techniques [65]. It is noteworthy that cross-timestep constraints are
incorporated in [15] that use a variable elimination method to derive the feedback control
law.

We provide a summary of state-of-the-art optimization-based constrained planning meth-
ods in Table 2.2. We list the domain of problems, parameterizatijoior( con gura-
tion variables,@for velocity variables,q for acceleration variableg) for control vari-
ables), kinodynamics formulation (L for Lagrangian formulation with generalized coor-
dinates, N-E for Newton-Euler formulation), constraints (H for generalized holonomic
constraints, N for nonholonomic constraints, A for actuation constraints), and optimiza-
tion methods (GD for gradient descent, LM for Levenberg-Marquardt, BFGS for Broy-
den-Fletcher—Goldfarb—Shanno). Notice that all the methods with NLP formulation avoid

solving the constrained problem by relaxing the constraints using penalty functions.
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Table 2.2: Optimization-Based Methods for Constrained Planning Problems

Method Domain Parameterization Constraints Optimization
STOMP [4] kinematic q H NLP(GD)
CHOMP [5] kinematic q H NLP(GD)
TrajOpt [6] kinematic q H NLP(GD)

TEB-g20 [61] kinematic q H NLP(GD)
GPMP2 [29, 7] kinematic q H NLP(LM)
DynamicGPMP [44] kinodynamic q;&@q;U (L) H, A NLP(LM)
GTDynamics [8] kinodynamic q;&q;U (N-E) H, N, A NLP(LM)
MINCO [68] kinodynamic  q;§q;U (L) H NLP(BFGS)
EC-ILQR [64] kinodynamic  q;§q;U (L) H ILQR
Crocoddyl [65] kinodynamic q;&q;U (L) H DDP
Bi-iLQR [66] kinodynamic  q;&q;U (L) H, A ILQR
CDDP [67] kinodynamic  q;§q;U (L) H DDP
ALTRO [46] kinodynamic  q;§q;U (L) H,N, A DDP
DRICON [62] kinodynamic  q;§q;U (L) H, N, A NLP, DDP
C-Collocation [63] kinodynamic q;&q;U (L) H, N NLP, DDP

2.2.3 Inferencewith Constraints

The robotics inference problems estimate the states of the robot based on the measurements
from various sensors. Filtering and smoothing are two common approaches to solving

inference problems.

Filtering Approach

In the Itering approach, an estimate of the robot state and its associated covariance is
incrementally updated over time, as the state changes and new measurements are gathered.
For linear systems with Gaussian noise, the Kalman Itering method (KF) [69] derives

a closed-form expression for updating the robot state and its covariance. The extended
Kalman Itering method (EKF) [69] applies to nonlinear systems by linearizing the state
transition and measurement functions using the Taylor series. The ltering approach is
less accurate than the smoothing approach when applied to large-scale nonlinear inference

problems, as the linear approximation of the nonlinear models is only accurate around the
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linearization points. The patrticle Itering method (PF) [69] applies to nonlinear systems
by incorporating Monte Carlo sampling, while it requires keeping a large set of samples of
the state to ensure convergence.

State constraints have been incorporated into the Itering approach. Constraints in the
form of linear equalities can be incorporated in KF by model reduction methodologies [70].
Nonlinear constraints have also been incorporated in the EKF approach through various
constrained optimization methods [71]. Figure 2.4 provides a factor graph representation
of the ltering NLP problem, and the EKF method can be seen as incrementally solving

the NLP problem with variable elimination.

Figure 2.4: The factor graph representation of a constrained inference problem. The robot
state at each time step is represente as The likelihood induced by the state transi-

tions and sensor measurements are represented as cost factors. The state constraints are
represented as constraint factors. (b) The constrained KF method can be interpreted as per-
forming variable elimination in chronological order on the factor graph, and the elimination
results induces a marginal factor representing the mean and covariance of the previous state.

22



Smoothing Approach

A classical smoothing problem can be formulated as an unconstrained optimization prob-
lem over the current state and all historical states of the robots, as well as other variables
relevant to the measurements (e.g., landmarks). The optimization objective corresponds
to the likelihood of sensor measurements. The smoothing approach is broadly applied to
large-scale inference problems with non-linearity, and it generates more accurate results
compared to the Itering approach. Recent developments in incremental smoothing [72,
26, 28] also speed up the ef ciency of the smoothing approach, which makes the smooth-
ing approach more preferable.

The classical smoothing algorithms face the challenge of hard constraints in various
robotics applications. In distributed SLAM applications [73], consistency constraints are
enforced to enforce the consistency of common variables across robots. Multi-robot state
estimation scenarios also impose constraints such as the frame of reference constraints [10]
and the range constraints [74] among robots. In state estimation problems [13, 75], hard
constraints can be imposed by the physics of the environment such as collision-free and
non-penetration constraints. The constraints can also be introduced by certain sensors such
as contact measurements [13]. Measurements from sensors with high delity can also be
incorporated as constraints to avoid formulating an ill-conditioned optimization problem.

In legged robot state estimation, the kinematic constraints imposed by legs in contact with
the ground are imposed as quadratic penalty functions [76, 77, 9]. Dynamics constraints
are incorporated in the autonomous navigation problems [11, 12].

Recent developments in smoothing algorithms have extended to incorporate nonlinear
constraints. The constrained smoothing problem has been represented as a constrained fac-
tor graph since [10]. Common NLP algorithms can be adapted to solve the constrained
smoothing problems, including the penalty method, dual ascent methods, and SQP meth-
ods. A detailed review of such algorithms will be presented in section 2.3. Constrained

smoothing can be adapted to an incremental setting as in [13], enabling ef cient updates
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in the primal and dual steps in the augmented Lagrangian method. [14] further extends
the incremental constrained smoothing framework by making it compatible with the Bayes
tree structure to enable more ef cient updates. In pose graph optimization problems, the
Lagrangian duality can also be utilized to assess the quality of a candidate solution[78,
79]. We provide a summary of state-of-the-art constrained inference frameworks in Ta-
ble 2.3. We list the domain of the inference problem, the constraints involved (“E” stands
for equality constraints, and “I” stands for inequality constraints), and the method to solve

the constrained optimization.

Table 2.3: Constrained Inference Methods

Method Domain Constraints Optimization
DDF-SAM [10] multi-robot SLAM frame of reference (E) penalty
ADMM-SLAM [73] distributed SLAM consistency (E) dual ascent
Constrained-iSAM [80] incremental SLAM loop closure (E) SQP
INCOpt [13, 14] incremental smoothing  contact (E), obstacle-free (1) dual ascent
Tactile-iSAM [75] tactile sensing contact (E) penalty
Humanoid-Estimation [76] humanoid state estimation contact (E), kinematics (E) constrained KF
Legged Estimation[77, 9] legged state estimation contact (E), kinematics (E) penalty
Estimation-MPC [11] estimation and MPC dynamics (E) SQP
Constrained-Nav [12] autonomous navigation dynamics (E) dual ascent
PGO [78, 79] pose graph optimization manifold (E) Lagrangian duality

2.3 Nonlinear Programming

We review the state-of-the-art methods for solving a Nonlinear Programming (NLP) prob-
lem (2.19). The objective is to minimize a cost function (2.19a) over the vector-valued
variablex P R", while satisfying the equality constraints (2.19b) and inequality constraints

(2.19¢). We assume the constraint functibns R™ N RP, g : R"™ N RY and the cost
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functionf : R” N R are smooth and continuously differentiable.

arg minf pxq (2.19a)
xPRN

st. hxg O (2.19b)

gxq¥0 (2.19¢)

The state-of-the-art constrained optimization algorithms can be classi ed into three
main categories. The rst category generates a sequence of feasible points by searching
along the descent directions [16]. The second category uses a penalty or a barrier function,
and it converts a constrained optimization problem into a sequence of unconstrained prob-
lems, which involve an added high cost corresponding to infeasibility or approaching the
boundary of the feasible region [16]. The third category solves the necessary optimality
conditions, viewing them as a system of equations and inequalities involving the problem
variables and associated Lagrange multipliers [16]. We provide a brief overview of each
of the categories. Detailed explanations of the constrained optimization algorithms are

available at [17, 16, 81, 82, 83].

2.3.1 FeasibleDirectionMethods

A feasible direction method starts at a feasible prfdand generates a sequence of feasible
points x"(. A point x P R" is feasible if it satis es all the constraints, and we use
X to denote the set of all feasible values as (2.20). The optimization problem can be
rewritten in the form (2.21) as an optimization over the feasible state space [16]. The

updatesi* xX ' xkare chosen such that it descents the cost function, while the updated
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value remains in the feasible set (2.22).

X t xPR":hmxq O;gmxq ¥ Ou (2.20)
arg minf xq (2.21)
$ xPX

& rfpxXagd*e 0
, (2.22)
% xPK g ykq agka p X

Conditional Gradient The conditional gradient method (also called the Frank-Wolfe
method) computes the feasible direction by solving an optimization problem (2.23) with
a linear cost. Notice that it is mostly applied to the problem with linear inequality con-

straints such that (2.23) is computationally ef cient to solve.

XX minr f X x*9
XPX (2.23)
dd(q erq Xqu
Gradient Projection The gradient projection method [84, 85] nds the update step by
rst taking a step along the negative gradient of the cost function, then projecting the re-
sulting value into the feasible set. The projection can be found by solving the optimization

problem (2.24) with a quadratic cost, whergis a scalar representing the step size.

x® 19 argmin x  xk9 B f ka2 (2.24)
xPX

2.3.2 Barrier,PenaltyandDual AscentMethods

The methods discussed in this section solve the constrained optimization problem by solv-
ing a sequence of unconstrained optimization problems. The basic idea is to eliminate the
constraints by adding to the cost function additional terms that penalize constraint violation

(in penalty methods) or approaching the boundary of the feasible set (in barrier methods).
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Instead of starting with a strong penalty/barrier, which can result in ill-conditioned prob-
lems hard to solve, the weight and shape of the penalty/barrier functions are adjusted over
the iterations, and the solution of the previous iteration will be used as the initial value for
the next iteration. The solutions of the unconstrained optimization problems converge to a

local optimum of the constrained optimization problem.

Barrier Method The barrier methods apply to problems with inequality constraints.
They add to the cost a barrier function for each inequality constgakd ¥ 0. The barrier
functionB : R N R is a continuous monotonic function that approaches in nity while
the input approaches 0 from above, as shown in (2.26). The log-barrier function (2.27) is
a broadly used barrier function. Since the barrier functions are only de ned over the posi-
tive values, the iterations must remain within the feasible set throughout the unconstrained

optimization process. Therefore, it is also called the interior-point method.

arg minf pxq | B pg xqq (2.25)
XPR" j

glhjm Bpg 8 (2.26)

B g Inpyq (2.27)

Penalty Method The penalty method uses penalty functions to penalize constraint vio-
lations. In problems with equality constrairiigxq 0, quadratic penalty functions of

the form}hpxgy are most commonly used, and the unconstrained optimization problem
(2.28) is solved in each iteration. For problems with inequality constramig ¥ 0, we

can either introduce auxiliary variablego transform them into equality constraints as in
(2.30), or use penalty functions corresponding to inequality constraints as in (2.28), where
pg max; g The penalty functions are de ned ovBf", and no feasibility check is
required during unconstrained optimization iterations. Therefore, the solution to each un-

constrained optimization problem can be an infeasible point. As we increase the penalty
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weight over the iterations, the solutions will converge to a regular value, which is a lo-
cal optimum of the constrained optimization problem. Yet, exact constraint satisfaction is
guaranteed only if the penalty weight is increased to in nity, and the problems will become

ill-conditioned with extreme penalty weights.

argminfxq  }hpxg¥ (2.28)
XPR"
q
argminf g }hpxay p gmad (2.29)
xPR" i1
. bq 2
argminfxq  thpxa¥ gmq 2z (2.30)

xPR";zPRY i1

Dual Ascent The dual ascent method draws intuition from solving the Lagrange dual
problem to (2.19). The Lagrangian is de ned as (2.31), wher@ RP; P RY are the

Lagrangian multipliers. The Lagrange dual function (2.32) minimizes the Lagrangian over

X, while the dual problem (2.33) maximizes the Lagrange dual function [83].

LpG n o g phxg  1oxq (2.31)

fpn o0 MALPG no o (232

hF’Iggiaz}(Pqu P o hPm;aZ(F’ngFIQLp(; o (2.33)
st. 4¥0

The dual ascent method can be interpreted as performing gradient ascent on the dual prob-
lem. In each iteration, the Lagrange dual function is evaluated by solving an unconstrained
optimization problem (2.34). Then, the Lagrangian multipliers are updated using the gradi-
ent as (2.35) and (2.36). As compared to the penalty method that requires in nitely increas-
ing the penalty parameter, the optimization result of (2.34) is the solution to the original

constrained optimization problem as the Lagrangian multipliers approach the solution to
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the dual problem.

x* 19 argminf iq Equhp(q g‘ngpxq (2.34)
XPRN

MR hopt g (2.35)

pola A g 19 (2.36)

Augmented Lagrangian Method The augmented Lagrangian method (also referred to as
the method of multipliers) is an improvement to the dual ascent method by adding quadratic
penalty function to speed up convergence. Notice that the addition of quadratic penalties
do not alter the minimizer of the original constrained optimization problem. Therefore, the
iterates in (2.34) is updated with (2.37). Various approaches vary in the method of updat-
ing the Lagrangian multipliers and penalty parameter throughout the iterations [16].

It is noteworthy that the ADMM [86] method enables parallel updates in the augmented
Lagrangian method, and has been broadly used to solve NLP problems in a distributed

manner.

q
X9 argminfxg FThxg  Bgxq  khpdé  C p gpad (2.37)

XPRD i1

Methods in this section still have several disadvantages. The requirement of solving
a sequence of unconstrained optimization problems greatly hinders ef ciency. The un-
constrained optimization problem becomes increasingly ill-conditioned with the update of
penalty/barrier parameters. The choice of the penalty/barrier parameters and their update
schedule can greatly in uence the performance of the method, and need to be tuned for

speci ¢ problems.
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2.3.3 MethodsthatSolvethe KKT Conditions

Methods discussed in this section solve the Karush-Kuhn-Tucker (KKT) conditions(2.38)
rather than the original constrained optimization problem (2.19). Two common methods of
this category are the Sequential Quadratic Programming (SQP) method and the primal-dual

Interior Point (IP) method.

rfxqg rhxgn rogxqg O (2.38a)
hpxg O (2.38b)

ggXq O (2.38c)

gxq ¥0 (2.38d)

g ¥0 (2.38¢e)

Sequential Quadratic Programming The SQP method solves the necessary optimality
conditions by iteratively solving quadratic programming problems. In equality-constrained
problems, each update in the SQP method can be viewed as one step of applying Newton's
method in solving the system of equations. The update st&gsralso equivalent to the

solution to the quadratic programming problem (2.39).
. 1
p? argminr fpcig’p  Spr L Lpc g
P

(2.39)
st r hx®%p hx™* g 0

To incorporate inequality constraints, there are two ways of designing SQP methods. the
inequality-constrained QP (IQP) approach solves a QP subproblem (2.40) in each iteration.
The equality-constrained QP (EQP) approach selects a subset of inequality constraints at
each iteration to be the so-called working set by rules based on Lagrangian multiplier esti-

mates or by solving an auxiliary problem [17]. They then solve only equality-constrained
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QP subproblems that treat the working set as equality constraints and ignore the rest of the

inequality constraints.

pad argpminfrx'ﬂkq r f ™ p %IOTV BLpcker 1 igp

st. r hpx™ip hpx™*%q 0 (2.40)

r gox™p  gx™ % ¥ 0

Primal-Dual Interior Point Method  The interior point method also generates iterates
by solving the necessary conditions, while it differs from the SQP method in terms of
handling the inequality constraints. It adopts a slightly modi ed formulation (2.41) of
necessary condition (2.38) by introducing auxiliary varialslésat represent the slackness

of the inequality constraints, and relax the constraint (2.38c) with a positive parameter

rfexqg rhxgn rogxqg O (2.41a)
hxg O (2.41b)

gxq s O (2.41c)

¢S € (2.41d)

S¥0 (2.41e)

g ¥0 (2.41f)

The modi ed KKT condition can also be viewed as the KKT conditions of the barrier
problem (2.42). Similar to the interior point method, the perturbed KKT condition is solved
with a sequence of barrier parametérsu that converges to 0, and the solutions will
converge to a solution of the KKT system (2.38). In each iteration, the updates;of

are computed by solving the system of equations (2.42a41d) with Newton's method.

Certain update rules are applied to keep variableg positive. Various approaches are
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developed to update the barrier parametewer the iterations.

minfmxq  logs; (2.42a)

X;S .

|
st. hxg O (2.42Db)
gxqg s O (2.42c)

Globalization techniques are required for both SQP and IP methods to converge in non-
convex nonlinear problems [17, 16]. Globalization techniques will ensure convergence
of Newton's method, and direct the optimization progress away from the solutions of the
KKT system which are not the solution to the original constrained optimization problem.
Trust-region methods and line-search methods are two categories of commonly adopted
globalization techniques, and they both require a merit function. The merit function is
nontrivial to design, since it needs to trade-off the dual objective of minimizing the objec-
tive function and satisfying the constraints, and it can introduce additional local minimums

which are not solution to the KKT system.

2.3.4 PracticalOptimizers

Multiple practical optimization packages are developed for solving NLP problems based
on the NLP algorithms (mostly SQP and IP methods). We provide a brief overview of the
state-of-the-art NLP solvers which are commonly adopted in robotics applications.

General purpose optimizers including Gurobi [87] and MOSEK [88] possess the ability
to solve certain types of NLP problems, yet their applications are mostly limited to convex
problems.

Specialized NLP solvers have been developed to solve more challenging and non-
convex NLP problems, including the SQP-based optimizer SNOPT [89], the IP-based li-
brary IPOPT [90], the augmented-Lagrangian-based solver ProxNLP [91], and the NLOpt [92]

package that implements multiple NLP algorithms.
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Certain toolboxes have been developed to solve specic NLP problems in specic
robotics applications. Drake [93] has been developed to model kinodynamics of robot
systems, and it integrates multiple algorithms to solve the robotics planning, control, and
estimation problems. OCS2 [94] is a toolbox tailored for Optimal Control for Switched
Systems with implementations of multiple algorithms for solving the trajectory optimiza-
tion problem. The ICS [13] and InCOpt [14] are developed to perform ef cient incremen-
tal constrained smoothing, which has been broadly applied to constrained state estimation

problems.

2.4 Manifold Optimization

Manifold optimization provides a powerful alternative to solve constrained optimization
problems with geometric constraints. It generally has lower complexity and quite often
also better numerical properties than classical constrained optimization techniques [21]. In
manifold optimization, manifolds are formulated to represent the feasible values subject
to constraints, and unconstrained optimization is performed on the manifolds instead of
the original variables. A brief overview of the development of manifold optimization is
provided in Figure 2.5. We mostly refer to [21, 22] for manifold optimization concepts
and algorithms. Meanwhile, several manifold optimization libraries including gtsam [95],
Manopt [96], McTorch [97], have been developed to perform manifold optimization on

common manifolds.

2.4.1 Conceptsn Manifold Optimization

We review some manifold-related concepts which are crucial for minimizing a real-valued
function de ned on manifoldM , with an illustrative example in Figure 2.6. Detailed
explanations are available in Bountlal. [22], Absil et al. [21], Gallier et al. [98] and

Leeet al.[99].
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Figure 2.5: A brief history of manifold optimization .

Manifold An n-dimensional smooth manifold is a 9dt which is locally diffeomorphic

toR".

Tangent Space & Tangent Vector Let x be a point on manifoldM . We consider the
set,Cy, of smooth curvesptqpassing throughk att  0(2.43). Two curves are equivalent
C G ifthey passx with the same velocity. A tangent vectotoM atx PM is de ned
as a class of equivalent curves (2.44), and the tangent spgak, is de ned as the set of

all equivalent classes (2.45) [22]. As the tangent space is a linear space, we can de ne its

tangent vector can be expressed as a linear combination of the basis (2.46)Pith

Ci t cc:1 N M issmoothc0gq xu (2.43)
vrc tePCi:c eu (2.44)
T«M tr cs:cPCyu (2.45)
v . b ByM (2.46)

i1
Retraction A retraction on manifoldM ata pointx PM is a smooth maR, : TxM N

M with properties(2.47) [22]. The purpose of retractions in manifold optimization is to
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maintain a feasible sequence of iterates on the manifolds.

Rx@Pg X (2.47a)

DR,fgvs v (2.47b)

Figure 2.6: lllustrative sketch of tangent space and retraction operations of a manifold.

Local Coordinates Letx;x'P M be two points on the manifold. The local coordinate
L, pxgevaluates the relative location xfwith respect tox as expressed in the local coor-
dinates parameterized by the tangent space Basik. It can be viewed as the inverse of

the retraction operation as expressed in (2.48).

Lx R«B  qq (2.48)

Differential of Smooth Maps on Manifolds The differential of a smooth map : M N

M from manifoldM to manifoldM | is a linear operatoDF pxq: TyM N TgpM that
maps a tangent vector r t N pcptggof manifoldM to the tangent vector r t N

F peptggof manifoldM  (2.49) [22], as analogous to directional derivative in the direction

of rvs It can be computed numerically with (2.50). It can be formulated as (2.51) using
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retractions by pickingptg Rypvg

DFpgvs Vv (2.49)

DFmxqwvs lim EFmptqq (2.50)
t odt to

DFpxgvs  |im EFrRXp:qu (2.51)
todt t o

Jacobian of Function on Manifolds Let manifoldsM , M be equipped with the tangent
space baseB, B, short-handed foB,M , Be xqM . Their tangent vectors can be parame-

terized using vectorsPR™, PR" as

v B (2.52)

<
il

(2.53)

We can then express the differential in matrix fodmpxg PR" ™ such that (2.54) holds.
Therefore, the differential in (2.49) can be rewritten as (2.55) using the ndatpxg The
matrix Jg pxq is called the jacobian matrix with respect to tangent space BasisdB.

Each element of the Jacobian matrix can be computed numerically with (2.56).

Jepxq (2.54)
DFmxgB s B Jemxq (2.55)
xDF b
Jr X Ff(q_rq S BYepa (2.56)
Xh, k'-\prxq

Gradient of Function on Manifolds Letf : M N R be a real-valued function de ned
on a manifold. LeByM be the basis of the tangent space at a poiRtM . The gradient
is a vectorr f pxq PR" such that each entry corresponds to the differentidl afong a

basis tangent vector direction as in (2.49), which can be computed as the transpose of the
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jacobian.

rfpXq DfpXaghs (2.57)
rfpXg JipXd (2.58)

Embedded Submanifold A subsetM of a manifoldM is an embedded submanifold of
M if and only if for some xed integek ¥ 1 and for each poink P M , there exists a

neighborhoodJ of x in M and a smooth functioh : U N R* such that (2.59) holds.

Furthermore, the dimension ® is given by (2.60), and the tangent spaceMfis a

subspace of yM given by (2.61) [22].

h 'og M XU (2.59a)
rankDhpxq Kk (2.59Db)
dmM dimM  k (2.60)
TxM  kerDhmq, TM (2.61)

2.4.2 Manifold OptimizationAlgorithm

Manifold optimization addresses optimization problems whose domain is composed of
manifold variables. It can be formulated as 2.62, whdreis a manifold,f : M N R

is a real-valued function de ned on the manifold.

arg minf xq (2.62)

xPM

A classical optimization algorithm that works on the Euclidean space can be extended
to operate on manifolds through the formulation of tangent spaces, retraction operations,

and function differentials of the manifolds. An example rst-order manifold optimization
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algorithm, the Riemannian gradient descent algorithm is provided in [22]. It operates by
iteratively computing the update as a tangent veetas in (2.63, 2.64), where*d denotes
the manifold values &kth iteration. The updates are then applied to manifolds through

retraction operations as in (2.65).

r f ™9 (2.63)
\ Bxpqu (2.64)
X 10 R wapvq (2.65)

2.4.3 Manifold Optimizationin Robotics

Manifold optimization has been applied in solving robotics problems. A well-known ex-
ample is the optimization of 3D rotations/orientations. A classical approach is to represent
the 3D rotation with Euler angles, while this parameterization suffers from singularity is-
sues. Another approach is to represent the rotation with a rotation matrix or Quaternion.
However, additional constraints need to be enforced. The manifold optimization approach
directly operates on the $8g manifold, which avoids both redundant parameterization
and additional constraints.

Apart from the common manifolds, roboticists have also de ned manifolds specic
to their problems. In [100], & S? manifold is developed to represent the state of a
guadrotor subject to eld-of-view constraints. In [101], a manifold is proposed to represent
fully physically consistent inertial parameters. In [102], the SLAM manifold is proposed
to represent the SLAM problem with a symmetric structure. In [103, 104], manifolds are
developed to represent ground vehicle motion. For such manually de ned manifolds, it
requires expert knowledge and engineering work to study the manifold structure and de ne
their tangent spaces and retraction operations in order to perform manifold optimization on

them.
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2.4.4 ConstraintManifold

We are also able to formulate manifolds that represent variables subject to various types
of or arbitrary constraints, and such manifolds are called "constraint manifolds”, rst
proposed by Dean in 1988 [105]. Recently, constraint manifolds have been applied to
sampling-based planning algorithms [37, 40, 106, 107], reinforcement learning [108] and
robot design optimization [109]. To my best knowledge, there is a lack of work that applies
manifold optimization to constraint manifolds formulated by arbitrary constraints.

Though the concept of constraint manifold to represent the feasible state space has been
widely applied in sampling-based methods, it is less explored in optimization methods. By
formulating constraint manifold in trajectory optimization problems, we have the oppor-
tunity to formulate the original problem as an unconstrained optimization problem on a

reduced dimensional state space, and apply manifold optimization to solve the problem.

2.4.5 Manifold with BoundariesandCorners

A manifold with boundary is a topological space that is locally isomorphic either ®"an
orto a half-spacél” t x PR"|x, ¥ Ou. A manifold with corners is a topological space
that is locally isomorphic t&R" or a corner spackl;,. Optimization on manifolds with

boundaries and corners is still an active research area [110].

H" t PR": ,¥ Ou (2.66)

Hf t PR": . ;i n ¥ 0u (2.67)
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CHAPTER 3
CM-OPT: OPTIMIZATION ON (AUTOMATIC) CONSTRAINT MANIFOLDS
FOR CONSTRAINED INFERENCE AND PLANNING

3.1 Problem Formulation

We rst consider an NLP problem in robotics with equality constraints only as shown in
(3.1). We rst assume that all variables are Euclidean space variableg; iRR% , and we

will later generalize the framework in whichcan be manifold variables, e.g., a 3D pose
variable on the S@Bqmanifold, in 3.2. We assume that all cost functicbn@(,ijand con-
straint functionsh,pX nqare continuously differentiable. The factor graph representation

exposes the structure of the NLP problem, with an example shown in Figure 3.1.

Nt

argmin’ f;pX,rq (3.1a)
XPRN g )
s.t. hklekhq 0 for k 1;:::;n (3.1b)

Figure 3.1: Factor graph representation of an equality-constrained optimization problem.
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3.2 Constraint Manifold

We consider the state space constrained by equality constraintNLie¢ the embedding
spaceh : RN N R™ be functions representing the complete set of equality constraints.

The constrained state spade is then expressed as a subset of the embedding space (3.2).

M X PRN :hpX q o( (3.2)

Under the assumption that the Jacobian matrix of the constraint functions is always full
rank (3.3), the constrained state spMteforms a sub-manifold of the embedding space
RN. When the Jacobian matrix is rank de cient at certain points, the constrained state
space may no longer have the smoothness structure around such points, and we leave the

discussion of such scenarios in Appendix D.

@ PM :rank hpXxd nj (3.3)

We therefore call the constrained state space a “constraint manifold”, i.e., a manifold de-
ned by equality constraints. The dimension of the constraint manifold is the dimension of

the embedding space subtracted by the total dimension of the equality constraints (3.4).

n: dmM N n, (3.4)

Several attributes of the constraint manifolds, e.g., tangent space basis and retraction
operations, need to be properly de ned so that manifold optimization algorithms can be
applied to them. As an example, to apply the Riemannian gradient descent algorithm on
the manifolds, gradients are computed as tangent vectors in the tangent space by taking the
differentials of functions on the manifolds. In each update step, retraction is performed to

apply the gradient to update the manifold values.
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For certain constrained optimization problems, we can utilize domain knowledge or
certain global parameterization techniques to manually de ne the constraint manifolds
by specifying the tangent spaces and retraction operations in closed form. Examples of
manually speci ed constraint manifolds are provided in Appendix A for range-constrained
points/poses, and in Appendix B for the con guration manifold of a robot without contacts
or closed loops.

A more general approach is to derive the tangent spaces and de ne the retraction oper-
ations according to submanifold properties. The tangent space can be found by performing
matrix factorization, and the retraction operation is de ned by solving an optimization sub-
problem. The following subsections provide detailed illustrations on automatically de ning

a constraint manifold with tangent space basis and retraction operations.

3.2.1 TangentSpace

According to submanifold properties, at a poitP M , the tangent spacéx M of the
constraint manifold is the kernel space of the constraint function Jacobian, shown in (3.5),
which forms ggN  npgdimensional linear space. The tangent space represents the locally

feasible directions that enables one to move smoothly on the maMfoidoundX .

TxM vPRN :r hpXd'v 0( (3.5)

Tangent Space Basis

The tangent spacEx M can be parameterized usipgy  nnqlinearly independent basis
vectors. We can express the basis vectors using a full-rank nBatRRN PN "d such

that each column is a basis vector. The basis matrix therefore satis es the property (3.6).

rhpXq B 0 (3.6)
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Even though the tangent space is uniquely de ned, we have the freedom to specify its
basisB. In the following paragraphs, we propose two methods of de ning and numerically
constructing the basis matri of the tangent space. Figure 3.2 provides an example of the

tangent space and basis vectors of a unit sphere manifold.

Figure 3.2: Tangent space basis of a unit sphere manifold. For the parameterized basis,
the parameterization variables are chosenx amdy. Therefore, the basis vectors are
orthonormal when projected into tke y plane.

Parameterized Basis Since the tangent vectersatis es the constraint hpXg'v 0,

we can use the constraint to eliminate a subset of dimensionsaind use the remaining

for all dimensions of the embedding space, and et | denote the index set of chosen
dimensions to parameterize the tangent space, the index set of the eliminated dimensions
isle 12zl,. The elimination process can be perceived as performing partial elimination
of dimensionsy;, on a linear constraint factor graph de ned byhpXg'v 0, and the

result is the conditional (3.7), which expresses the eliminated dimengjprs a linear

combination of the parameterization dimensions whereA PR™ P N ha,

\ A v P (37)

e
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The elimination process can also be viewed as perforr@Rgfactorization on the ma-
trix r hpX P as (3.8), wherd® is a permutation matrix that moves the parameterization

dimensiond , to the back. The conditional matri& can be constructed as (3.9).

rhXdP Q R M (3.8)

A R M (3.9

We can show that such a matixensures satisfaction of the constraints as in (3.10).

0 r hpXdv
T le

0O r hpXgqP

V|p

Vi, (3.10)
0 QR M

V|p
0 RV|e '\/|V|p
Vie R l|\/|V|p

Finally, the elimination basis matriB can be expressed as (3.11). Therefore, each ba-
sis vector corresponds to an update of one parameterization dimension, while all other
parameterization dimensions remain xed. The eliminated dimensions are updated corre-

spondingly to satisfy the linear constraints.

B P (3.11)
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Orthonormal Basis The orthonormal basis refers to the basis such that the columns of
B are orthonormal. Let (3.12) be the QR decomposition of the Jacobian matrix of equality
constraints, wher®,, Q, refer to the rstN  n columns and the last columns of matrix

Q, respectively. The basB is constructed as the lastcolumns of matrixQ (3.13).

R
r hpXq Q. Q, . (3.12)

B Q (3.13)

It can be veri ed that the basB satis es the properties (3.6) as in (3.14).

rhpXg B pQiRdQ, R'Q[Q; 0 (3.14)

In our implementation, we utilize the SPQR [111] library, which provides ef cient QR
decomposition of a sparse matrix, and enables retrieving the last col@pwghout ex-
plicitly computing the full matrixQ.

The parameterized basis and orthonormal basis each have their pros and cons. When the
constraints are sparse, the parameterized basis can largely preserve the sparsity structure,
by generating a sparse matix while the matrixB of an orthonormal matrix is almost
always dense. The parameterized basis has a well-de ned interpretation by parameterizing
the constraint manifold locally using the parameterization dimensiprishe orthonormal
basis, on the other hand, is typically hard to bestow with a meaningful interpretation. The
orthonormal basis is typically favored in numerical optimization. If we use the same set of
parameterization dimensions globally, the parameterized basis can suffer from parameter-
ization singularity (Appendix D). Therefore, a change of parameterization dimensions is
needed at certain points on the constraint manifold, causing an abrupt change of the basis

matrixB.
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3.2.2 Retraction

A retraction on manifoldM at a pointX PM is a smooth mafRx : TxM N M with
properties (2.47) [22]. The purpose of retractions in manifold optimization is to maintain

a feasible sequence of iterates on the manifolds. We have noticed that (2.47) does not
uniquely de ne a retraction operation for a manifold. We provide several common meth-
ods of formulating the retraction operations. Figure 3.3 shows several possible retraction

operations for the S@qgmanifold.

Figure 3.3: Various retraction operations on the unit circle manifold. (a) The standard
projection nds the closest point on the manifold by metric distance. (b) Parameterized re-
traction projects iry direction, while keex unchanged. (c) Orthogonal retraction projects

in the direction orthogonal to the tangent space. (d) Geodesic Retraction is formulated as
the exponent map.

Standard Metric Projection A common way to de ne the retraction is through metric
projection. We initially add the tangent vectodirectly to the original poinX . However,

since the resulting valu€ v may not lie withinM , we then apply a projection step to

nd the closest point irlM based on the standard metric distance in the embedding space.

The retraction is performed by solving an NLP subproblem (3.15).

Rxpvgq argminkY p X vk
VPRV (3.15)

sit. hpyg O
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Parameterized Projection In certain scenarios, we prioritize to keep speci ¢c dimensions
unchanged, and retract back onto the manifold by only changing the rest of the dimensions.
We again use, to denote the index set of dimensions that we hope to keep unchanged,
andl. 1zl, to denote the rest of the dimensions. The retraction operation solves the
NLP subproblem (3.16), whet¢ PRN " is an indexing matrix such that each column is

a canonical unit vectaog with i Ple.

Reprgq argmin KTpy pX vaq®
YPRY (3.16)

st. hpyg O

Orthogonal Projection The projection can be speci ed to only move in the direction
orthogonal to the tangent space, formulated as solving the NLP subproblem (3.17), where

B is the basis matrix of the tangent spdceM .

R«p/q argmin BTpY pX vaq®
YPRY (3.17)

st. hpyg O

Geodesic Following Another method to perform retraction is by following a geodesic in
the direction of the tangent vector. The geodesic is represented as accutvéN M

satisfying the properties (3.18).

cDg X
cog v (3.18)
g 0

Then, the retraction is formulated as a point on the geodesic as (3.19).

Rxpvq  cplg (3.19)
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Choosing Retraction

The standard metric projection is most commonly used and can be easily adapted to any
manifold due to its straightforward formulation. In lots of problems, the cost function

of the NLP problem only relates to a subset of the variables. Therefore, we aim to keep
the updates on those variables the same as the corresponding components in the tangent
vectors, so that the parameterized retraction can be helpful. For certain manifolds, the
orthogonal projection is easier to solve and can have a closed-form solution. Notice that the
geodesic for an arbitrary manifold with general de ning functions does not have a closed-
form expression. However, for manifolds that belong to Lie groups, the geodesic retraction

can be performed with the exponential map as (3.20), whe&¢he group operation.

Rxpvg X expoq (3.20)

Retraction in Practice

In practice, projection-based retraction operations can be performed by numerically solving
the corresponding NLP problem with any constrained optimization method. The parame-
ters of the constrained optimization, e.g., the number of iterations in the iterative penalty
method, can be tuned to trade-off between the retraction accuracy and computational cost.
To ensure returning feasible values, we additionally solve a nonlinear least squares problem
(3.21) with the Levenberg-Marquardt optimizer, using the constrained optimization result

as the initial values.

arg minkhpx ok (3.21)

X PRN

When the solution to (3.21) does not have zero error, it indicates that the step size is too
large for the retraction with numerical optimization to fall back onto the manifold. There-

fore, the optimizer will reduce the step sizes to ensure feasible retractions.
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3.2.3 Differential of Functionson ConstraintManifolds

Jacobian Consider a smooth map : M N M from ann-dimensional manifoldV
embedded ifRN to ann-dimensional manifoldM embedded iRV, the differential of the
smooth map (2.50) can be elegantly expressed using a “Jacobian niktrigk g as in
(3.22). The matriX8 PRN " andB PRN ™ are the basis matrices of the tangent spaces
TxM andTgx M, respectively. Let : RN N RN be the smooth extension Bf into

the embedding space, the Jacobian matrik afan be computed from the Jacobian matrix

of f by (3.23).

DFpXgB s B rF pXqd (3.22)

rF pXqd B rfpXq B (3.23)

To show that (3.22) holds for the Jacobian de ned in (3.23), we have (3.24), where we have

used the propertB B v v for a vector that can be expressedias B~

DFpXgB s DfmxgB s

rfpXq B
BBrfpXdB

(3.24)

B rF pxq

Gradient LetF : M N Rbe areal-valued function de ned on a n-dimensional manifold
M embedded iRN. Letf : RN N R be its smooth extension into the embedding space.
At a pointX P M, let the tangent spacEx M be equipped with a basis matri, the

gradient can be represented usingrdimensional vectorF pX q(3.25).

rF pXq BTr fpXq (3.25)
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The gradient corresponds to tNedimensional tangent vector (3.26). Using the Rieman-
nian metrich; i, (3.27) of the tangent space, the gradient (3.25) is equivalent to the Rie-
mannian gradient, because it satis es the property (3.28). When theBhas@thonormal,

the Riemannian metric becomes the Euclidean méatxiov.i Vi Vo,

gradcpXq BrF pXq BB'r fpXq (3.26)
h‘ll;VZix VI BBT : \'/) i.e., hB 1, B 2iX I 2 (327)
DFpXqgwvs hv;grad- pX gy (3.28)

We then derive the Jacobian and gradient of several functions de ned on constraint

manifolds, which will be used for optimization in the next section.

Recover Function Let us consider a function : M N RN that recovers the original
variables in the embedding space from the constraint manifold variable as in (3.29). Its
smooth extension in the embedding space is the identity map. Therefore, the Jacobian of

the recover function is (3.30).

r;Xg X (3.29)

rr;Xxg | BB (3.30)

Equivalent Function on Constraint Manifolds Letf : RN N R be a real-valued func-
tion de ned in the embedding space. LEt: M N R be its equivalent function, but

con ned to the constraint manifold as (3.31). The gradierfe as (3.32).

FpXqg pf rgXgq (3.31)
rF pXq rrpXq r fppXaq
(3.32)
BT fpXq
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3.2.4 Extensionto Manifold EmbeddingSpace

We then extend the formulation of constraint manifolds to more general cases, where the
variables in the embedding space can be established manifold variables, e.g., a pose variable
in the SEBq manifold. Consider a set of variables t Xi;:::;XpU, such that each
variable is de ned on a manifold; P M ; embedded iRMi. We assume that ead¥
is pre-de ned with its tangent space baBig M ;, retraction operatiofR,,M ;, and local
coordinate operatiob,, pxlg A set of constrainta : M ; ::: M , N R"™ are imposed
on the variableX as vector-valued functions on the manifolds. We consider the constraint
manifold (3.33) that represents the feasible state space.

# +

i p

M XP M;:hXq O (3.33)

i1

Embedding Space

We rst consider the embedding spalfe of the constraint manifol . The embedding
space is no longer a Euclidean space, but a product malrﬁfoK<$.34), and its dimension is

the sum of the dimension of all manifolds (3.35). The product mani¥blis embedded in

o

RM, whereM : P M;isthe total dimension of the embedding space of each individual
manifoldM ;.
iP
¥ M | (3.34)
i1
N: dmM ~ dimM; (3.35)

Tangent Space offi  The tangent space of the embedding space mariffoldt X P ¥

is the product space of the tangent space on each original manifold (3.36).
iP
Tx ¥ TuM (3.36)

i1
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The basis matriBx M of the tangent space of the product manifold can be constructed as
a block-diagonal matrix consisting of the basis matrix of each manNbldas in (3.37).
Therefore, any tangent vector of the product manifold can be represented B M

with P RN as expressed in (3.38). We uketo denote the set of indices inthat

corresponds to manifolil ;.

BX1M 1 O O
0 ByM 0
By I e 2 (3.37)
0 0 Bx,M p
BX1M 1 1
By ¥ : (3.38)
Bi,Mp 1,

Retraction of ¥  The retraction on the product manifol at a pointX P [ can
be formulated as performing retraction on each individual maniblg with their corre-

sponding tangent vector component as in (3.39).

o}
Rx pvq Ry, v, (3.39)

i1

Local Coordinates of The local coordinate on the product manifold can be formu-
lated as performing the local coordinate for each individual manifold, and vertically con-

catenating the resulting vectors as in (3.40).

LX1 p(%q
Lx pX Yo : (3.40)

Ly %50
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Constraint Manifold Embedded in Another Manifold

Tangent Space The tangent space of the constraint maniféldM can be found using

the submanifold properties (2.61). At a point on the constraint manXolé M , the
tangent spacé@ x M is a subspace of the tangent space of the product marnifold |

de ned as the kernel space of the constraint function differential (3.41). Utilizing the basis

By [ , we can express the tangent space using the paramterization vest(8.42).

TxM t vPTx® .: DhpXgvs  Ou (3.41)

tv BxM :rhpXd Ou (3.42)

Therefore, a basis for the constraint manifBiggM can be found as a linear combination
of the basis vector of the embedding space product manifold (3.43) utilizing a full-rank
matrixB PRN PN Madgatisfying (3.44). Notice that the matriX in (3.44) is in the same

form as in (3.6), while the only difference is thats now a function de ned on manifolds.

BxM BxN B (3.43)

rhpXqd B 0 (3.44)

Retraction The retraction operation of the constraint maniféfd can be de ned as
(3.45). We rst perform retraction on the product manifolg ] pvg then project the
point onto the constraint manifolsl using the distance metric formulated by the local

coordinates in (3.40).

2
RxM prq argmin Ly M pRx ¥ prog

X P

st. hpXg O (3.45)
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3.3 CM-Opt: Optimization on Constraint Manifolds

3.3.1 ProblemTransformation

Our goal is to transform the original equality-constrained nonlinear optimization problem
(Figure 3.1, (3.1)) into an unconstrained manifold optimization problem. In the manifold
optimization problem, the constraints and variables connected to constraints are replaced
with constraint manifold variables that represent the feasible state space de ned by the
constraints. Therefore, the state space can be dendfl asM ; ::: M, RNu,
whereM ; represents a constraint manifold variable, &hdis the total dimension of the
unconstrained variable in the original NLP problem. The manifold optimization problem
can be formulated as (3.46), whdfe represents the cost function equivalent towhile

con ned to the constraint manifold variables, alrfd is the set of indices of new variables

involved in thej th cost term. Figure 3.4 demonstrates the problem transformation process.

ng
argmin’ Fjp - q (3.46)
PE 1 !

Figure 3.4: (a) Factor graph representation of an equality-constrained optimization prob-
lem; the constraint-connected components (CCC) are marked with dotted ellipses. (b)
Factor graph representation of the transformed unconstrained manifold optimization prob-
lem. Notice that each CCC is replaced by a constraint manifold variable, and cost factors
on constrained variables are replaced with ones on constraint manifold variables.
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We formulate the steps that can realize such problem transformation:

1. We start with identifying sets of variables connected by constraint factors by ana-
lyzing the graph connectivity. We de ne the tuple of a set of such variables and the
constraints among them asanstraint-connected compong@CC), represented by
C (3.47), wherd ¢ is the index set of variables within tleth CCC, andl ! is the

index set of constraints in theth CCC.
G Xig hppXieq 0 (3.47)

2. Each constraint-connected compon€ris then replaced by aonstraint manifold

variableM  representing the feasible state space satisfying the constraints (3.48).

! )
Mc¢  Xie PR hppXicq O (3.48)

3. Each cost ternt; leijof the original problem that involves constrained variables
needs to be updated as an equivalent faefor IF g(3.49) on the constraint manifold
variables. The Jacobian of the new cost functibn; can be computed from the

Jacobian of the old cost functionsf; using (3.32).

FJ | F f] X|f (3'49)

3.3.2 Manifold OptimizationAlgorithm

A general gradient-based unconstrained optimization algorithm in the Euclidean space can
be modi ed to operate on manifold variables. The modi cations are made regarding gra-

dient computation and updates of variable values. The gradient and all update vectors are
computed as tangent vectors of the manifolds, while the actual updates to variable values

are performed using the retraction operation.
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In lots of robotics problems, the cost functions are expressed in the nonlinear least-
squares form (3.50). For such problems, the cost function can be approximated as a

guadratic function (3.51) arourXl without explicitly computing its Hessian.

N¢ 2

fXa ~ gXq (3.50)
i1

fX  a Qpag ~ rgXgd  gpXq 2 (3.51)
i1
The Levenberg-Marquardt (LM) algorithm [112, 17] emerges as a widely embraced
technique for addressing such problems. To ensure convergence, the LM algorithm main-
tains a trust region throughout iterations, con ning step sizes to ensure the proximity of
the quadratic approximation to the original cost function. The updatese computed as
(3.52), where PR is a parameter that controls the size of the trust region. Tiperam-

eter is updated in each iteration according to the evaluation of model de(8y53).

Nt

argmin’ Qxp q k K (3.52)
PRN i1

f X ™g  Qyuap ™%

f pX P|<Qq f px pk lag

(3.53)

The LM algorithm can be generalized to solve optimization problems on constraint
manifolds. LetB be a block-diagonal matrix of the basis matrices of the tangent spaces of
all constraint manifolds, the updates can be expressBd aas tangent vectors of the con-
straint manifolds. The quadratic approximation is rewritten as (3.54). We formulate the LM
algorithm extended to solve optimization problems on constraint manifolds in algorithm 1.

N

5 2
fpRxMB aa Qp g ropXd  GpXq (3.54)

j 1
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Algorithm 1: LM-based CM-Opt

GivenXPIPM : PR ; o P ®;1q initializek 0.
while not convergedio
a).forj 1l:nfdo
Compute the Jacobianc; pX ij'f‘qq
b) do
1). Solve (3.52) for the linear update
2). for each constraint manifol¥ € do
Apply retractionx * 1 R maPBi ;g
3). Compute model delity usiné (3.53)
4). Update based on and g
while 0,
c).k k 1

3.3.3 Bi-level OptimizationPerspective

The manifold-based optimization approaches can be conceptualized as bi-level optimiza-

tion frameworks [113], as demonstrated in Figure 3.5. The upper-level optimization ad-

dresses the manifold optimization problem, while the lower-level optimization manages

manifold-based operations, including the construction of tangent space basis and the re-

traction operation. If the lower-level optimization problems could be executed in parallel,

it would lead to a signi cant reduction in the iteration time for CM-Opt methods.

Figure 3.5: Diagram of the bi-level optimization framework for CM-Opt. The information
passed between the upper-level and lower-level optimization is shown by the arrows.

57



3.3.4 Relationshigo ConstrainedptimizationMethods

Relationship to Gradient Projection Method

Notably, both the constraint manifold optimization method and the feasible direction meth-
ods in 2.3.1 require that each update step remains within the feasible state space de ned by
the constraints. Especially, the projection step adopted in the gradient projection method is
analogous to the retraction operation of constraint manifolds.

However, there are fundamental differences between the CM-Opt and the gradient pro-
jection method. Firstly, the gradient projection method computes updates on the embedding
space, while CM-Opt operates in the tangent spaces of constraint manifolds; the update vec-
tor is computed as the gradient of the function in the embedding space, while the update
vector in CM-Opt is computed as tangent vectors in the tangent spaces of constraint man-
ifolds. Secondly, the gradient projection method suffers from the computation load of the
projection step, which operates on the entire embedding space; the CM-Opt also enables
retractions to be performed for each individual constraint manifold, which are of a much
smaller problem scale and can be performed in parallel. Lastly, as opposed to the gradient
projection method that only uses the rst-order information, the CM-Opt can be adapted to
higher-order optimization algorithms and globalization techniques such as the trust-region
methods.

For constrained optimization problems with only linear equality constraints, the update
steps of the gradient projection method and the CM-Opt approach (assuming orthonormal
tangent space basis) with the Riemannian gradient descent algorithm generate the same up-
date steps. In such scenarios, the constraint manifolds de ned by linear equality constraints
are Euclidean spaces. The Riemannian gradient direction is the projection of the gradient
into the tangent space as shown in (3.26), which is equivalent to the update by the gradient

projection method.
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Relationship to SQP Method

It is shown in [114] that at a feasible point, the manifold optimization algorithm with the
Riemannian Newton's method generates the same update step as the SQP method. Yet, the
CM-Opt approach extend naturally to methods with globalization techniques such as the
trust-region methods, while the SQP struggles with de ning a proper merit function that

balance the dual objective of minimizing cost and satisfying constraints.

Relationship to Nonlinear Variable Elimination

In certain cases, variable elimination can be applied as an alternative approach to solving
constrained optimization problems. The constraint functiggéq 0 are rewritten into

(3.55) through analytical transformation, such that a subset of varighlas expressed as

a function of the parameterization variablg . The variable(,, can then be eliminated

by substituting them witlgpX, g in the cost function, so that the cost function can be

rewritten as (3.56) which solely dependsXn.

Xie  99Xi,9 (3.55)
f'oX,.q fpXi.;90X,.qq (3.56)

We notice that when we adopt the elimination basis and the parameterized projection
as retraction with the same set of parameterization dimensjpriee behavior of mani-
fold optimization is similar to performing unconstrained optimization on the problem after
nonlinearly eliminating the variables, ., with a proof in the Appendix. We notice that in
certain cases, nonlinear variable elimination can result in ambiguity, singularities. In man-
ifold formulation, such problems can be resolved by changing the set of parameterization

variables. The detailed proof is provided in Appendix C
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3.4 Kinodynamic Constraint Manifolds for Inference and Planning

3.4.1 Scenarios

Range-Constrained State Estimation

We consider a two-vehicle state estimation problem as in [115]. Two vehicles collect
odometry measurements and inter-vehicle measurements while navigating through the en-
vironment. Two types of inter-vehicle measurements are considered: (1) relative pose
measurements (“Connected Poses”) (2) range measurements (“Range Constraint”). The
inter-vehicle measurements are precise, and therefore treated as constraints. The goal is
to nd the maximum a posterior (MAP) estimate of the trajectories that satisfy the inter-
vehicle constraints. A factor graph representation of the constrained optimization problem

is shown in Fig. 3.6.

Figure 3.6: Factor graph for multi-vehicle estimation problem. The poses of the two vehi-
cles at time step are represented as variablgsh,, respectively. Inter-vehicle constraints

are enforced for each time step, while odometry measurements are imposed across time
steps.

Legged-Robot State Estimation

We consider a quadruped state estimation problem on simulated trajectories as in [9]. The
quadruped is equipped with IMU measurements on the torso link, joint angle measurements
with uncertainty ofL at each joint, and contact measurements on each foot. When contact

happens, we assume the contact point is static with small uncertainties that counts for

slippery and rolling contacts. We explicitly model as variables the link poses, joint angles,
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contact points at each time step, and enforce the kinematics constraints at each joint [1],
and the relative position constraints of the contact points with respect to the foot links. The

constrained MAP inference problem has a factor graph representation in Fig. 3.7.

Figure 3.7: Simpli ed factor graph for the quadruped state estimation problem. The joint
angles, link poses, contact points at time dtepe represented by, P, C;, respectively.

Joint measurements are imposed on the joint variables at each step; integrated imu measure-
ments are imposed on the torso poses in consecutive time steps; contact invariant objectives
are imposed on contact points in consecutive time steps if contact happens.

Robot Kino-dynamic Planning

The kinodynamic trajectory planning problems of (1) a cart-pole system, (2) a cable-driven
parallel robot [116], and (3) a quadruped with contact are considered. The goal for the
trajectory planning problem is to nd the trajectory that achieves a nal target state with
minimum accumulated motor torques. The target state for the cart-pole system is to rotate
up the pole and balance it, while the target states for the cable robot and quadruped are
the speci ed end-effector/torso poses as shown in Figure 3.8a. The continuous trajectory
is represented using discrete time steps with Trapezoidal collocation [54]. For each time
step, we explicitly model as variables the pose, twist, and acceleration of each link; the
angle, velocity, and acceleration of each joint; and the torque and wrench on each joint.
The constraints of the problems include the kino-dynamic constraints as in [8], as well as
the constraints specifying the initial state. The costs include the costs for achieving the

nal state, minimizing motor torque actuations, and satisfying the collocation scheme. A

61



factor graph representation of the problem is shown in Figure 3.8b.

Figure 3.8: (@) Initial state (red) and target nal state (blue) for (1) cart-pole system, (2)

cable-driven parallel robot, (3) quadruped with contact. (b) Simpli ed factor graph repre-

sentation of the constrained optimization for trajectory planning problem. The poses and
angles, velocities, accelerations, wrenches and torques at time atepepresented with

Qi, V4, Ay, Fy, respectively. Kinodynamic constraints and min-torque costs are enforced
for each time step. Collocation is imposed across consecutive steps.

3.4.2 Benchmark

We evaluate the CM-Opt approach against the most commonly adopted constrained opti-
mization methods in inference and planning problems. We have listed the set of algorithms
that we benchmark in experiments below. All methods are implemented using the GT-

SAM [95] library with LM algorithm to solve optimization subproblems.

» The soft constraintmethod solves an unconstrained optimization that minimizes a
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merit function (3.57) that adds penalty terms to the cost function.

argminfpXq  khpX o (3.57)

X PRN

» Thepenalty methodteratively solves the unconstrained optimization problems (3.57)
with a sequence of increasing penalty paramdtensusing the result of the previous

iteration as the initial values of the next iteration.

» Theaugmented Lagrangian methddratively solves the unconstrained optimization
problems (3.58). The Lagrangian multipliersare updated using the dual descent
method (3.59) over iterations, and the step sizesnd penalty parameters are

updated according to [18].

mpXq fxa  EUhxg o khpdd (3.58)

Bola pa o log (3.59)

* The SQP methodolves a constrained QP sub-problem in each iteration. We adopt

the trust-region variation of the algorithm, with a merit function of form (3.60).
mpXq fpXg khpXck o khpX &k (3.60)

3.4.3 Results

For all scenarios, we show the optimization problem size (as function dimensianable
dimension), optimization time, number of nonlinear iterations, total constraint-violation
(as the norm of constraint violation vector in Sl units), nal cost and “projected cost”,
which represents the cost evaluated at the point where the solution is projected into the
feasible state space, in Table 3.1. In multi-vehicle state estimation scenarios, the trajectories

generated by all methods are similar, and have the same average pose error (APE). In the
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guadruped state estimation scenario, the trajectories with manifold optimization achieve
a smaller APE of 0.307 compared to 0.316 with the soft constraints, as evaluated on 4
different simulated trajectories. The detailed information on the size of manifolds and the

retraction operation is shown in Table 3.2.

3.4.4 Discussion

The manifold optimization method with constraint manifold is overall more ef cient than
the other methods. First, the manifold optimization method has a smaller problem size,
since the enforcement of constraints within the manifolds reduces both the dimension of
factors and the dimension of variables. Second, the manifold optimization method does not
require iteratively solving unconstrained optimization problems compared to the penalty
method and the augmented Lagrangian method. Third, the manifold optimization method
converges faster than the soft constraint method due to its better numerical properties, as
indicated by its smaller number of nonlinear iterations. The soft constraints, on the other
hand, may suffer from scaling issues [17], since the large weighting facassigned to

the constraint factors can result in a poorly conditioned problem.

The manifold optimization also provides results with better optimality than the other
methods. The constraint violation is much smaller with the manifold optimization, since
the constraints are enforced in each retraction operation. In the cart-pole and quadruped
planning scenarios, the manifold optimization manages to generate solutions with both
smaller costs and smaller constraint violations, which implies that the manifold optimiza-
tion problem is better conditioned with fewer local minimums.

For future work, we aim to evaluate the constraint manifold optimization on real-world
large-scale problems, study how to formulate the constraint manifold around the rank de-
cient conditions of the constraint Jacobian(i.e., when (2.59b) does not hold), nd ways
to further improve the ef ciency in retraction operations, and incorporate inequality con-

straints.
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CHAPTER 4
CMC-OPT: OPTIMIZATION ON CONSTRAINT MANIFOLD WITH CORNERS
FOR PROBLEMS WITH INEQUALITY CONSTRAINTS

4.1 Problem Formulation

In this chapter, we generalize the CM-Opt approach to problems with inequality constraints.
We consider an NLP problem with both equality constraints and inequality constraints as

in (4.1). Figure 4.1 shows the factor graph representation of an example problem.

ng

X argmin_ f;pXq (4.1a)
XPRN g .

s.t. hkpXHqu 0 for k 1;:::;n (4.1b)

opX,9q¥0 for °~  1;:::;ng (4.1c)

Figure 4.1: Factor graph representation of an NLP problem with both equality and inequal-
ity constraints.
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4.2 Constraint Manifold with Corners

We consider the state space constrained by both equality and inequality constraints, embed-
ded inRN. Leth : RN N R™ andg : RN N R"s be functions representing the complete
set of equality and inequality constraints, respectively, the constrained stateMp&ce

then expressed as (4.2).

M X PRN :hpX q O;ngq¥O( (4.2)

The constrained state spabk exhibits “boundaries” and “corners” where one or
more inequality constraints are active, thus termecbastraint manifold with corners
(CMC). At a pointX P M , we classify the inequality constraints into active constraints
g? 94 (4.3) and inactive constraintg O (4.4) based on the evaluation of the
constraint functiorgpX g X is termed arinterior point X '"t if no inequality constraint is

active; otherwise, it is termedaprner pointX B,

! )

1 “PtL:iinguigpX;sq O (4.3)
! )

ly  “PtLiiinguigpX;eqi 0 (4.4)

We assume that at any poiXt P M , all the active constraint functiortgoX g g*pX q
and the cost functionlspX gare continuously differentiable. In addition, the Jacobian ma-
trix of the equality and the active inequality constraint functions are always full rank as in
(4.5). We provide a brief discussion of the conditions violating (4.5) in Appendix D.

r hpX o
@ PM : rank Pa nn, 1% (4.5)

r X d

1in differential geometry, boundaries typically refer to the space where only one inequality constraint
is active; corners refer to the state space where one or more inequality constraints are active. Therefore,
boundaries can be considered as special corners.
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At an interior pointX ", the constrained state spalek is locally identical to a con-
straint manifoldM solely de ned by equality constraints (4.6) [117]. Henb#,is locally
homeomorphic tdR" atX '™, wheren N np. Thus, arounK '™, M can be locally

parameterized with PR" using achart : R" N M .

M X PRN :hpXq o( (4.6)

At a corner pointX B, moving in any directiov B such thatr gpXB8  Owill
violate the inequality constraint, therefore going outdidle The constrained state space
M is homeomorphic to the model spaldé, (4.8), resembling a corner [99, 118], where
m n dimlg,. Therefore, aroun& ®, M can be locally parameterized withP Hf}
with a chart : H? N M . For a boundary point where only one inequality constraint is

active, it can be parameterized by a half-space (4.7).

HMt PR": ;¥ Ou (4.7)

HY t PR": ;000 0 m ¥ 0u (4.8)

We further de ne the connected subset\df where a subset of inequality constraints
remain active as aorner (4.9), which is locally identical to the constraint manifdi’

(4.10). Whenl| 1, the corneris also a boundary.

C t XPM :hpXxg O;gpXqg Ou (4.9)

M' X PRY:hpXq 0,gpXq o (4.10)

Figure 4.2 shows examples of constraint manifolds with corners, and their boundaries

and corners.

69



Figure 4.2: (a) Example CMC de ned by constrairits x> y?> z2 ¥ 0,z ¥ 0,

z x3 0:1¥ 0. The corners de ned by 1 inequality constraint (i.e., boundaries) are
shown by the surfaces of different corners. The corners de ned by 2 inequality constraints
are shown as black curves. The CMC consists of the corners and the region enclosed by
the boundaries. (b) Example CMC de ned by constraits x> y2 z> 0,z ¥ 0,

z x® 0:1¥ 0isshown in grey. Its two boundaries are shown in red and blue curves.

4.2.1 TangeniSpace

We de ne the tangent space bf following the tangent space de nition of a regular mani-

fold (2.45). The tangent spaceldf at a pointX PM is the set of velocities of all smooth
curvesCyx onM starting atX (4.11), which can be derived as the set of vectors satisfying
the linearized equality and active inequality constraints (4.12). Notably, the tangent space
Tx M s alinear space at interior points, and a convex cone (a subset of the tangent space

Tx M of the constraint manifold) for corner points, as depicted in Figure 4.3.

Cx t c:r0;1gN M is smoothcp0gq Xu (4.11)
TxM tc0g: cPCxu
VPRN :r hpXqv  O;r g*pX v ¥ 0( (4.12)
( _

., VPRV :rhpxdv 0O TxM
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Tangent Space Basis

General Basis The tangent vectors of the CM@ can be parameterized with a basis of
Tx M . Let the full-rank matrix8 P RN " represent a basis matrix fdrk M . Using the

property (3.6), any vector expressedvas B satis es (4.13).

@ B :rhpXqv 0 (4.13)

Therefore, the tangent spatg M can be rewritten utilizing the same ba8iswith ad-
ditional linear inequality constraints as (4.14), where the matrizan be computed from
(4.15). Therefore, any tangent vectorP T,M can be parameterized usingP  as

v B ,where isaconvexcone de nedin (4.16).

(

TxM B : PR rg"pXqB ¥0
tB : PR™K ¥ Ou (4.14)
t B P u
K rg*pXdB (4.15)
t PR":K ¥ Ou (4.16)

Corner Basis We can construct a speci ¢ basis mati# such that the tangent space

TxM can be parameterized withP H as in (4.17). The rstn  mqgdimensions of

are constrained to be non-negative, while the remaimirdjmensions are unconstrained.
TxM tB : PHJu (4.17)

m

Such a basis matri® needs to satisfy (4.18) in addition to (3.6).

K rg®XdB | 0 (4.18)
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The basis matri® can be constructed from an arbitrary basis ma®ief the constraint

manifoldTx M in the form of (4.19), wher& PR" " is an invertible matrix.

B BE (4.19)

Then, the property (4.18) can be rewritten into (4.22), where the mi&trixR™ ™9 " js

computed in (4.21).

K rg*sXdB r g"pXgdBE KE | O (4.20)

K rg"pXdB (4.21)

The matrixE can be solved by performing Gaussian elimination on ma&ras in (4.22),

andET is the product of row operation matrices during the Gaussian elimination process.

(4.22)

Numerically, we can rst performLU decomposition on matrif ' (4.23). Then, the

matrix E can be constructed by (4.24) so that it satis es (4.22).

- U

K L (4.23)
0
uto

ET L ! (4.24)
0 |

Notably, the basis matri® constructed using this method is not guaranteed to be orthonor-

mal.
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Figure 4.3: Tangent space of example CMCs in Figure 4.2. The corner basis vectors of the
tangent space are shown at various points. The vectors corresponding to the constrained
dimensions are shown in red, while the unconstrained dimensions are shown in blue.

4.2.2 Retraction

Similar to the de nition of retraction operation of a standard manifold [22], we de ne the
retraction on a manifold with corners tPM & RN as a smooth maRy : Tx M N
M such that the zero tangent vector maps<tpand its differential at the zero tangent

vector is the identity map (4.25).

RxpOgq X
DRy pOgwvs v

(4.25)

We de ne the metric projection as a retraction operation, which solves an optimization
subproblem (4.26). In the retraction operation, we initially add the tangent wedtaectly
to the original poinX . However, since the resulting valXe v may not lie withinM , we
then apply a projection step to nd the closest pointinbased on the metric distance in the
embedding space. For speci c cases, closed-form solutions for the retraction optimization
problem can be derived manually. For general scenarios, we resort to the penalty method

to address the retraction optimization problem. Figure 4.4 illustrates the retraction process
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for an example manifold with a boundary.

Ryepvg argminkY p X  vd®

Y PRN

st. hpyYg O (4.26)

oY qe 0

In practice, the retraction operation can be found by solving the retraction optimization
problem with any constrained optimization method. Notice that to ensure returning feasible
values, we additionally solve a nonlinear least squares problem (4.27) with the Levenberg-
Marquardt optimizer, using the penalty optimization result as the initial valu¥s. afhe
result will be strictly feasible if the cost function of (4.27) is reduced to zero. In the case that
the solution to (4.27) does not have zero error, it indicates that the step is going too far that
the retraction with numerical optimization fails to fall back onto the manifold. Therefore,

the optimizer will reduce the size of the trust region to produce smaller step sizes.

arg minkhpxok? Pxq ° (4.27)

X PRN

Figure 4.4: Retractions of example CMCs in Figure 4.2. The tangent vectors are repre-
sented in blue, while the retraction projection process is represented in green.
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4.2.3 Differential of Functionon CMCs

We de ne the differential of functions on CMCs, which is essential for gradient-based
optimization algorithms. Let's consider a real-valued function de ned on a GMQM K

R; the differential of the functioff atX PM isrepresentedasamdp : TxM N R,
indicating the rate of change of the function value when moving ¥om the direction of

atangent vectov PTx M , as de ned in Equation (4.28).

DF pX qivs %F pRx pt vqq (4.28)

t 0

Given a parameterizationof the tangent space with the basis maBixthe differential
can be elegantly expressed in matrix form as in (4.29). Her&®N N R denotes a smooth
extension of to the embedding space. Therefore, the differentid af the direction of

any tangentvector B PTxM adheres strictly to the property (4.30).

rlF pXq BTr fpXq (4.29)

DFpXgB s rF pXd (4.30)

The gradient of functiofr seeks a direction in the tangent space that can most rapidly

decrease the function value. It can be computed by solving a convex QP problem (4.31).

argminkrF pXq K
P (4.31)

gradcpXq B
Notably, when the tangent space of the CMC is parameterized with the corner basis (4.17),

we can simply set the constrained negative entriestofzero as (4.32).

rl:n ms

(4.32)

m m 1lns
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4.3 CMC-Opt: Optimization on Constraint Manifolds with Corners

4.3.1 ProblemTransformation

We can transform the NLP problem (4.1) into an unconstrained optimization problem on
constraint manifolds with corners. The steps to realize the problem transformation are
similar to the steps formulated in subsection 3.3.1. The Constraint-Connected Component
now includes the inequality constraints, so it is formulated as (4.33), wiiaepresents

the index set of inequality constraints in tba CCC. Each CCC is then formulated as a
constraint manifold with corners as (4.34). Therefore, the transformed state space can be
denedasE M ::: M, RNv, whereM ; represents a constraint manifold variable,

andN, is the total dimension of the unconstrained variable in the original NLP problem.

G Xie hppXieq 0 gopX,cq ¥ 0 (4.33)
! )
Mce  Xie PR :hppXicq O; gepX cq ¥ 0 (4.34)

Figure 4.5: (a) Factor graph representation of a constrained optimization problem. (b) Fac-
tor graph representation of the transformed unconstrained optimization problem on con-
straint manifolds with corners.
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The outcome is an unconstrained optimization problem (4.35) formulated on the con-
straint manifolds with corners, Wherfé is the set of indices of new variables involved in
thejth cost term. Figure 4.5 illustrates the problem transformation process using factor

graph representations.

n¢
argmin_ F; Xr g (4.35)

X PE i1

4.3.2 Optimality Condition

We derive the optimality condition for an unconstrained optimization problem on a mani-
fold with cornersM . LetM be a manifold with corners de ned by (4.2), and consider a

cost functionF : M N R. The optimization problem is formulated as shown in (4.36).

X arg minF pxq (4.36)
X PM

A local minimumX P M is attained when the objective function cannot be decreased
along any tangent vector directionTrx M . This leads to the derivation of the rst-order

optimality condition given by (4.37), which can be equivalently written as (4.38) and (4.39).

@PTx M : DFpX qws ¥0 (4.37)
@P x M :rF "X q ¥0 (4.38)
gradcpX q O (4.39)

We demonstrate that the rst-order optimality condition (4.37) is equivalent to the KKT

condition of the original NLP problem (4.1) with a detailed proof in Appendix F.
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4.3.3 First-OrderAlgorithms

First-order manifold optimization algorithms iteratively update their estimates based on the
gradient of the cost function, exempli ed by the Riemannian gradient descent algorithm
[22]. The algorithm starts with initial value$™ P M . In each iteration, the descent
direction is computed as the negative gradient of the function, which is expressed as
a tangent vector of the manifold (4.40). Utilizing a chosen step sjzetraction is then

performed on the manifold to complete the iteration (4.41).

grad pX % B r f pXx ™9 (4.40)

X1 Rk grad pX % (4.41)

The Riemannian gradient descent algorithm can be extended to operate on CMCs. The
gradient of the cost function on CMCs can be computed from (4.31), while the retraction
on CMCs can be performed as (4.26). When a cost fun¢tiorM ; ::: M, N Ris
de ned on multiple CMCs, the gradient can be computed by projecting the corresponding
components ofF into the tangent space of each CMC separately as in (4.42), Wwhere
represents the set of dimensionsgkn that corresponds to théh CMC.

argminkrF pXq, Kk

P M1

(4.42)

argmin rF pXq,

P xpMp

We present the generalized Riemannian gradient descent algorithm on CMCs in Alg.2.
A commonly employed approach for determining the step size is through line search, as
demonstrated in [22, 17]. An illustrative example of Riemannian gradient descent applied
to a simple manifold with corners is depicted in Fig. 4.6. It is noteworthy that the optimiza-

tion process can enter and leave the boundaries and corners throughout the iterations. We
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