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SUMMARY

Addressing constraints in optimization problems within robotics has posed a longstand-

ing challenge. Traditionally, researchers and engineers have tackled optimization problems

with constraints by either utilizing existing constrained optimization libraries or incorpo-

rating penalty/barrier functions into the cost function. However, these approaches often

fall short in addressing the speci�c nuances of robotic optimization problems, and can ad-

versely affect the optimization process by rendering objective functions ill-conditioned.

This dissertation proposes a novel approach by leveragingmanifold optimizationto

tackle constrained optimization problems in robotics. Moreover, it extends this frame-

work to handle a broader spectrum of inequality-constrained optimization problems with

enhanced ef�ciency. Initially, we introduce a framework to transform equality-constrained

optimization problems into manifold optimization problems. This is achieved by formu-

lating constraint manifoldsto represent variables linked by equality constraints. Subse-

quently, to extend the applicability of the framework to optimization problems with both

equality and inequality constraints, we deviseconstraint manifolds with cornersto capture

variable groups subject to both equality and inequality constraints. Finally, we enhance the

ef�ciency of the proposed frameworks by developing theinfeasible optimization methods

and thecost-aware retraction method.

The effectiveness of our proposed framework is demonstrated through extensive ex-

perimentation across diverse robotic inference and planning scenarios under various con-

straints. Results consistently illustrate that our approach outperforms traditional constrained

optimization methods, yielding solutions with higher optimality and faster convergence.

xv



CHAPTER 1

INTRODUCTION

1.1 Constrained Inference and Planning

Many important robotic planning and inference problems involve hard equality or inequal-

ity constraints. These constraints stem from diverse sources: fundamental physical laws,

such as rigid-body kinodynamic constraints, friction cone constraints for interactions in-

volving Coulomb friction forces [1], and complementarity constraints that model contact

dynamics [2]. Additionally, robotic design introduces constraints like joint angle limits,

speed limits, and torque limits, and robots with inner loop structures pose closed-loop

kinematic constraints. Task-speci�c requirements further impose constraints, such as task-

space limitations, collision avoidance criteria, and distance constraints within robot forma-

tions. The constraints can be classi�ed based on the variables involved in the constraints,

into holonomic constraints, constraints that only associate with the con�guration (i.e., joint

angles, link poses) of the robot, and nonholonomic constraints, constraints that also as-

sociate with other variables, e.g., velocities, forces. Constraints can also be classi�ed by

their expressions into equality constraints, which are expressed as equalities, and inequal-

ity constraints, which are expressed as inequalities. Figure 1.1 provides a few examples

of robotic scenarios and their associated constraints. It's noteworthy that some constraints

pertain to discrete-valued variables, such as integer-value constraints relevant in footstep

planning scenarios (see [3]), although they fall outside the scope of this dissertation.

Considerable effort has been devoted to addressing inference and planning problems

with constraints. A common strategy involves augmenting the overall cost functions with

penalty functions to penalize constraint violations. Quadratic penalty functions, for in-

stance, are employed in constrained trajectory optimization problems (see [4, 5, 6, 7, 8])

1



Figure 1.1: Common constraints in several robotics scenarios including (a) robot delivery
task with a drone; (b) industrial delta robot with inner loop structures; (c) home robot doing
housework; (d) quadruped robot exploring unknown environment.

and constrained state estimation problems of legged robots (refer to [9]). Alternatively,

advanced constrained optimization methods are utilized. For instance, [10, 11] propose

representing inference problems with equality constraints as constrained factor graphs and

solving them using the sequential quadratic programming (SQP) method. [12] applies the

Lagrangian multipliers method to solve a constrained SLAM problem, while [13, 14] em-

ploy primal-dual methods for incremental constrained smoothing in state estimation tasks.

In certain scenarios, elimination techniques are applied to remove constraints and part of

the variables, resulting in a lower-dimensional parameterization of the state space. For in-

stance, [15] utilizes a variable elimination strategy to solve an equality-constrained linear

quadratic regulator control problem.

State-of-the-art constrained optimization methods still face several challenges in solv-

ing large-scale constrained optimization problems. By imposing the constraints as added

penalty functions to the cost function, the optimization problem can become ill-conditioned,

and it is not guaranteed to generate exact feasible solutions. The penalty method and the

augmented Lagrangian method [16, 17, 18] require iteratively solving unconstrained opti-

mization problems and can lead to problems with bad numerical properties. For SQP and

interior point methods [16, 17, 19, 20], �nding a merit function that balances the dual ob-

jectives of reducing costs and satisfying constraints is nontrivial. The elimination approach

2



is mostly applied to linear equality constraints, and it can suffer from singularities in certain

con�gurations of the robot.

A compelling alternative to constrained optimization methods ismanifold optimiza-

tion, offering lower complexity and better numerical properties [21, 22]. In manifold op-

timization, manifolds are devised to represent feasible state spaces de�ned by equality

constraints. Optimization is then directly conducted on these manifolds, which constitute

a lower-dimensional state space compared to the embedding space of the constrained opti-

mization problem. The manifold optimization problem is constraint-free, as constraints are

enforced through the manifolds. Figure 1.2 illustrates a constraint manifold representing

the con�guration space of a robot arm subject to task-space constraints.

Figure 1.2: For a planar 2R robot arm with the task-space constraint that the end-effector
stays on a line (left); the feasible con�guration space can be represented by a smooth con-
straint manifold (right).

Nevertheless, the utilization of manifold optimization in robotics has been restricted to

conventional manifolds such as the special Euclidean group manifold SEp3q, which repre-

sents the pose of a rigid body, and bespoke manifolds. This limitation arises from the dif-

�culty in formulating manifolds de�ned by arbitrary constraints and the insuf�cient explo-

ration of optimization on manifolds incorporating both equality and inequality constraints.

In this dissertation, we delve into the potential applications of manifold optimization to

address robotic inference and planning problems with arbitrary constraints.
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1.2 Thesis Statement and Contributions

The dissertation puts forward the thesis statement

The manifold-based optimization approach advances the state-of-the-art in solving in-

ference and planning problems of robotic systems with complex constraints.

The dissertation proposes a framework that applies manifold optimization to solve robotic

inference and planning problems with complex constraints. It �rst formulate a frame-

work that transforms an equality-constrained optimization problem into an unconstrained

manifold optimization problem, then extends the framework to incorporate inequality con-

straints, and �nally proposes ef�ciency improvements to the framework.

Speci�cally, the dissertation contributes

1. We propose a general framework that transforms an arbitrary equality-constrained

optimization problem into a manifold optimization problem by automatically formu-

lating constraint manifolds to represent groups of variables connected by constraints.

2. We generalize the framework to incorporate inequality constraints by formulating

constraint manifolds with corners to represent the groups of variables connected by

both equality and inequality constraints. We further extend the manifold optimization

algorithm to work on manifolds with corners.

3. We improve the ef�ciency of the framework by proposing the infeasible optimiza-

tion method to reduce the amount of computation in retraction, and the cost-aware

retraction method to improve the convergence rate of constraint manifold optimiza-

tion algorithms.
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1.3 Overview

In chapter 2, we provide a brief review of the state-of-the-art works on solving constrained

inference and planning problems, and an overview of basic concepts in manifold optimiza-

tion. In chapter 3, we discuss the process of the problem transformation in the cases where

only equality constraints exist. Speci�cally, we illustrate the formulation of constraint man-

ifolds that represent groups of variables connected by equality constraints. In chapter 4,

we extend the framework to the general cases with inequality constraints by formulating

constraint manifolds with boundaries/corners, and extending the manifold optimization al-

gorithm to work on such manifolds. In chapter 5, we propose methods to improve the

ef�ciency of manifold optimization as applied to constraint manifolds. The computation

cost of performing retraction on the constraint manifolds can be alleviated by the inexact

retraction method, and the convergence speed of manifold optimization can be further im-

proved with the cost-aware retraction method. In chapter 6, we list a few limitations of the

framework and what we think is promising as future work.
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CHAPTER 2

BACKGROUND

2.1 Factor Graphs

Factor graphs [23, 24] have been broadly used in robotics applications. They were �rstly

explored in Simultaneous Localization and Mapping (SLAM) problems [25, 24] to rep-

resent a sparse nonlinear least-squares problem. Various optimization algorithms can be

interpreted as graph operations on the factor graphs. As an example, the matrix factoriza-

tion in solving a least-squares problem can be viewed as variable elimination on a factor

graph [24]. The factor graph representation also innovates the development of new data

structures and algorithms, such as the incremental inference algorithms [26, 27, 28] based

on the Bayes-tree like data structures. Constraint factor graphs have been proposed to ad-

ditionally incorporate hard constraints in [10]. Recently, the application of factor graphs

is also explored in representing and solving planning problems [29, 7, 30], trajectory opti-

mization problems [8, 31], and optimal control problems [15].

2.1.1 FactorGraphRepresentationof anNLP Problem

We use factor graphs as the graphical language to represent a Nonlinear Programming

(NLP) problem. A factor graph ( Figure 2.1) is a bipartite graph comprising variable nodes

Vv , factor nodesVc, and edgesE connected between two types of nodes. Variable nodesVv

correspond to optimization problem variables, while factor nodesVc encompass cost and

constraint factors categorized into cost factor nodesVf , equality constraint factor nodesVh,

and inequality constraint factor nodesVg. Each edgeEs � p Vv
i ; Vc

j qdenotes the involve-

ment of a variable in the corresponding cost function or constraint. Factor graphs reveal

the sparsity structure of the NLP problem, which innovates and provides a clear illustra-
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tion of the manifold-based optimization approach proposed in this dissertation. Figure 2.1

provides an illustrative example of an NLP problem represented by a factor graph.

Figure 2.1: The factor graph representation of an NLP problem. The variables of the
problemt x1; x2; x3; x4u are presented by the variable nodes. The overall cost function is
f 1px1; x3; x5q � f 2px2; x4; x6qrepresented by the cost factors. The constraintsh1px1; x2q �
0, h2px3; x4q � 0, h3px5; x6q � 0 are represented by the constraint factors.

The state space of the optimization problem is de�ned by the variable nodesVv . The set

of nv variables of the optimization problem is represented byX � p x1; � � � ; xnv q, where

x i P Rdv
i represents thedv

i -dimensional variable at nodeVv
i . Typically, the variablesx i

are physical quantities such as joint angles, joint velocities, torques, accelerations, etc. We

de�ne N �
° nv

i � 1 dv
i as the total dimension of the variables. The constrained optimization

problem is posed in the embedding spaceX PRN .

The cost function and constraints are encoded by the factor nodes. Each cost factor

nodeVf
j encodes a smooth cost functionf j pX I f

j
q, whereI f

j � t i : pVv
i ; Vf

j q PEurepresents

the multi-index set indicating the variables involved in the cost function. The overall cost is

the summation of all cost functions. Equality constraint factor nodesVh
k and inequality con-

straint factor nodesVg
` represent equality constraintshkpX I h

k
q � 0 or inequality constraints

g̀ pX I g
`
q ¥ 0, with multi-index setsI h

k andI g
` de�ned analogously toI f

j . The constrained
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optimization problem is de�ned as (2.1).

X � � arg min
X PRN

n f¸

j � 1

f j pX I f
j
q (2.1a)

s.t. hkpX I h
k
q � 0 for k � 1; : : : ; nh (2.1b)

g̀ pX I g
`
q ¥ 0 for ` � 1; : : : ; ng (2.1c)

2.2 Robotic Problems with Constraints

Robots are machines that can perform sense, think and act without human intervention [32].

Two broad categories of robotics algorithms central to the sense-think-act loop, planning

problems and inference problems, are frequently involved with constraints. We provide a

review of the planning and inference problems developed over the decades, and how the

state-of-the-art methods handle constraints in such problems.

2.2.1 Kinodynamicsof RoboticSystems

Robotic Systems

Category 1 We �rst consider a classical category of robotic systems, which are composed

of a serial chain of rigid links connected through rotational or prismatic joints, such as an

industrial robot arm (Figure 2.2a). It is trivial to de�ne a global generalized coordinateq

using the joint angles to parameterize the robot system, since the topology of the con�gu-

ration space is isomorphic to theTn � Rm , wheren andm are the number of rotational and

prismatic joints. If the robotic system has a �oating base, we can simply add the pose of

the base link into the generalized coordinateq. The same choice of generalized coordinates

is also feasible for any robotic system composed of rigid links and joints, and does not

possess any closed loop or contacts, such as a jumping quadruped during the in-air phase.
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Category 2 We then consider more complex robotic systems that can possess closed-loop

structures and contacts. Examples include the delta robot and a quadruped with its feet in

contact with the ground as shown in Figure 2.2b. Such systems can be modeled using the

same generalized coordinatesq, while we need to additionally incorporate the holonomic

and nonholonomic constraints. If we choose a subset ofq as the parameterization, singu-

larities and ambiguities can occur, because the con�guration space is no longer isomorphic

to Tn � Rm [1].

Category 3 The last category of robotic systems cannot be modeled using the classi-

cal rigid links and joints, such as soft robots, pneumatically actuated robots, cable-driven

robots, and robots possessing passive structures (Figure 2.2c). Lots of the constraints are

expressed in implicit form, and it is almost impossible to de�ne a generalized coordinate

for such systems.

Figure 2.2: Examples of robot systems in each category.
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Lagrange Formulation with Generalized Coordinates

For robot systems of Category 1, we can utilize the Lagrange formulation to express its

kinodynamics (Table 2.1). The con�guration, velocity, and acceleration of the system can

be parameterized asq, 9q, :q, respectively. Letf be a vector composed of the actuation at

each joint, the Lagrange equations of dynamics can be written in the form of (2.2), where

M pqqrepresents the generalized mass matrix,cpq; 9qqrepresents the Coriollis and centripetal

terms, andgpqqrepresents the gravitation term.

f � M pqq:q � cpq; 9qq � gpqq (2.2)

Similar representation can be generalized to robotic systems of Category 2, while we

need to additionally impose the constraints resulting from contacts or closed-loop struc-

tures. The constraints can typically be expressed as (2.3) on con�guration variables, (2.4)

on velocity variables, and (2.5) on acceleration variables. The Lagrange formulation of the

dynamics, however, will no longer be valid, becauseq is an over-parameterization of the

con�guration. Various simpli�ed dynamics methods [33, 34, 35] have been proposed to

approximate the dynamics of the system instead.

hpqq � 0 (2.3)

Jpqq9q � 0 (2.4)

Gpqq9q � Jpqq:q � 0 (2.5)

Sometimes, we need to query variables that are not included in the generalized coordi-

nateq, such as the pose and velocity of the end-effector. Query on con�guration variables

can be computed using forward kinematics (2.6); query on velocity variables can be com-

puted using the space Jacobians (2.7); query on acceleration variables can be computed

using space jacobian and its time derivatives (2.8). However, it is nontrivial to generate an
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expression of dynamic variables such as internal or constraint forces.

Ti � fk i pqq (2.6)

Vi � Ji pqq9q (2.7)

A i � Gi pqq9q � Ji pqq:q (2.8)

Newton-Euler Formulation

The Newton-Euler formulation expresses all the kinodynamic quantities in the robotic sys-

tem, and imposes all the kinodynamic constraints at each joint and link within the system.

• Con�guration: the parameterization variablesC include the posest Ti u of all links

and the anglest � j u of all joints. The con�guration constraints (2.9) are imposed at

each jointj connecting linksi 1, i 2, whereM i 1 i 2 represents the relative frame of link

i 1 andi 2 at qj � 0, Sij represents the screw axis of jointj expressed in the frame of

link i .

Ti 2 � Ti 1 M i 1 i 2 erSi 2 j s� j (2.9)

• Velocity: the parameterization variablesV consist of the twistst Vi u of all links and

the angular/linear velocities
!

9� i

)
of all joints. The twist constraints (2.10) are im-

posed at each joint, whereAd stands for the adjoint of a transformation matrix.

Vi 2 �r AdTi 2 i 1
sVi 1 � Si 2 j

9� j (2.10)

• Acceleration: the parameterization variablesA include the twist accelerations
!

9Vi

)

of all links and the angular/linear accelerations
!

:� i

)
of all joints, with the constraint
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(2.11) imposed at each joint, wheread represents the adjoint of a twist.

9Vi 2 �r AdTi 2 i 1
s9Vi 1 � r adVi 2

sSi 2 j
9� j � Si 2 j

:� j (2.11)

• Dynamics: the parameterization variablesF include the actuation wrenches
 
F i;`

(

and internal wrenchest F i;j u between the links in the system. We useF i;` to denote

the `th external wrench acting on linki , andF i;j to express the internal wrench on

link i through jointj . The internal wrenches at a jointj acting on the two linksi 1, i 2

are related by (2.13) according to Newton's second law. Then, the dynamics of each

link are expressed using the Euler-Newton formulation of rigid bodies as in (2.12),

wheremi denotes the mass,Gi denotes the inertia matrix of the link, andg is the

gravitational coef�cient.

Gi
9Vi �

¸

j :epi;j q

F ij �
¸

l

F i` � mi RT
i g � adT

Vi
pGi Vi q (2.12)

F i 1 ;j � � r AdTi 2 i 1
sT F i 2 ;j (2.13)

The query of kinodynamic quantities is straightforward, since they are explicitly ex-

pressed in the parameterization variables. The torque at each joint can be retrieved from

the wrench by projecting it on the screw axis (2.14).

� j � F T
i 2 ;j Si 2 j (2.14)

Table 2.1 provides a summary of the Lagrange and the Euler-Newton kinodynamics

formulation on different categories of robotic systems. The Euler-Newton formulation is

general, and can easily be adapted to robotic systems of all categories, and enables fast

query of all kinodynamic variables within the system. However, it results in higher dimen-

sions of parameterization and constraints as compared to the Lagrange formulation with
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generalized coordinates.

Table 2.1: Kinodynamics formulation of various types of robotic systems.

Formulation System Quantity Parameterization Constraints Query

G-L

Type 1

con�guration q - Ci � fk i pqq

velocity 9q - Vi � J i pqq9q

acceleration :q - A i � Gi pqq9q � J i pqq:q

dynamics f f � M pqq:q � Cpq; 9qq � gpqq N.A.

Type 2

con�guration q hpqq � 0 Ci � fk i pqq

velocity 9q Jpqq9q � 0 Vi � J i pqq9q

acceleration :q Gpqq9q � Apqq:q � 0 A i � Gi pqq9q � J i pqq:q

dynamics f simpli�ed dynamics N.A.

E-N Type 1,2,3

con�guration C hpCq � 0 Ci P C

velocity V hpC; Vq � 0 Vi P V

acceleration A hpC; V; A q � 0 A i P A

dynamics F
°

j F ij � M i A i F i P F

2.2.2 Planningwith Constraints

The planning problem aims to �nd a (collision-free) path/trajectory from the starting con-

�guration to the goal con�guration [36]. Two main categories of approaches to solving

constrained motion planning problems are the sampling-based methods [37, 38, 39, 40, 41,

42, 43] and the optimization-based methods [4, 5, 6, 29, 7, 44, 45, 46]. Other approaches

include the search-based methods [47] and the learning-based methods [48].

Sampling-Based Methods

Sampling-based methods generate samples, i.e., collision-free con�gurations of the robot,

and connect the samples with paths to obtain solutions to path-planning problems [36].

The probabilistic road map (PRM) method [49] and the rapidly-exploring random tree

(RRT) method [50] are the two most common sampling-based planning methods. The

PRM method consists of a construction phase and a query phase. In the construction phase,

a roadmap, represented by an undirected graphG � t V; Eu, is constructed. The vertices
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in V are samples representing the feasible con�gurations of the robot. The edges inE are

viable paths connecting neighboring con�gurations. In the query phase, the algorithm �rst

connects the initial and goal con�gurations to two nodes in the roadmap, and performs a

graph search in the roadmap to generate a path consisting of edges connecting the start

node to the goal node in the graph [36]. In the RRT method, a tree rooted at the initial con-

�guration qinit is incrementally constructed. In each iteration, a random sample of robot

con�guration qrand is generated. The nearest con�gurationqnear in the tree is found, and

an attempt is made to make progress fromqrand to qnear . The tree keeps expanding until a

node close enough to the goal con�gurationqgoal is added, and the path is found as edges

connectingqinit to qgoal [36].

Sampling-based methods have been extended to address planning problems with con-

straints. In classical sampling-based planners without constraints, con�gurations are typi-

cally parameterized by Euclidean-space variables. However, in constrained planning sce-

narios, the robot con�guration lies on certain “constraint manifold” de�ned by the con-

straints. This introduces several challenges as outlined by Kingston et al. [41], including

the need for samplers to generate samples on the constraint manifold, adjusting the distance

metric to suit the manifold, and modifying the local planner to navigate paths within the

implicit space de�ned by constraints. Various approaches have been proposed to tackle

these challenges. Berenson et al. [37], utilized projection methods for generating sam-

ples on the constraint manifold, while Kim et al. [51] leveraged the tangent bundle of the

constraint manifold within the construction of Rapidly-exploring Random Trees (RRT).

Jaillet et al. [40] constructed an approximate atlas to represent the constraint manifold, and

Kingston et al. [42] proposed a general framework for integrating constraints into sampling-

based methods. Additionally, Bordalba et al. [43] extended sampling-based methods to

solve planning problems with nonholonomic constraints.

Sampling-based methods, however, come with several limitations. One challenge is the

dif�culty in specifying an objective function, as these methods typically do not optimize
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one. Moreover, the sample ef�ciency tends to decrease as the dimensionality of the con�gu-

ration space increases. While sampling-based methods are applicable to planning problems

with generalized holonomic constraints, their effectiveness diminishes when dealing with

non-holonomic and dynamic constraints [52]. Despite these challenges, sampling-based

methods remain attractive due to their probabilistic completeness and ef�ciency in solving

a wide range of planning problems [53].

Optimization-Based Methods

The planning problem can be solved using trajectory optimization methods [54, 55], which

optimize a continuous-time trajectory and actions along the trajectory with problem-speci�c

cost functions and constraints along the trajectory as in (2.16). The variables are modeled

as robot statesSptq and controlsUptq over the duration of the trajectory fromt0 to t f .

Assuming a set of generalized coordinates is available, the robot state can be expressed

as a tuplepq; 9qq. Therefore, both state and controls can be modeled as vectorsSptq PRn

andU P Rm . The dynamics can be expressed using the Lagrange's equation [1] as (2.15),

whereM pqq is the generalized mass matrix of the system, the term� pq; 9qq collects the

generalized gravity, Coriolis and friction forces.

M pqq:q � U � � pq; 9qq (2.15)

The cost is composed of a running cost� p�qand a terminal cost function� p�q. The system

dynamics are modeled by the constraint (2.16b), which incorporates (2.15). (2.16a, 2.16b)

constitute the unconstrained trajectory optimization problem. When additional constraints

(e.g., collision-free constraints, non-holonomic constraints) exist, they can be added to the
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problem as equalities (2.16c) and inequalities (2.16d).

arg min
Sp�q;Up�q

» t f

t0

� pSptq; Uptq; tqdt � � pSpt f q; t f q (2.16a)

s.t. 9Sptq � f pSptq; Uptq; tq for t0 ¤ t ¤ t f (2.16b)

h pSptq; Uptq; tq � 0 for t0 ¤ t ¤ t f (2.16c)

gpSptq; Uptq; tq ¥ 0 for t0 ¤ t ¤ t f (2.16d)

Transcription Methods Transcription methods [54, 56] are used to transform the in�nite-

dimensional variational problem (2.16) into a �nite-dimensional nonlinear programming

(NLP) problem (2.17). Notice that the constraints (2.17d, 2.17e) are ignored for uncon-

strained trajectory optimization problems.

arg min
S0 ;:::;SK PRn

Ķ

i � 0

� i pSi ; Ui q � � � pSK q (2.17a)

s.t. 9Sk � f pSk ; Ukq for k � 1; : : : ; K (2.17b)

Sk� 1 � Sk � 0:5� tp 9Sk � 9Sk� 1q (2.17c)

hkpSk ; Ukq � 0 for k � 1; : : : ; K (2.17d)

gkpSk ; Ukq ¥ 0 for k � 1; : : : ; K (2.17e)

The most broadly used transcription method in robotics is thecollocation method. The

variables are formulated as the robot state and controls at discrete time instances, the so-

called knot points. The overall trajectory can be interpolated as polynomials in the in-

tervals between consecutive knot points. We mainly use the Trapezoidal collocation [56]

method, because the knot points are the same as the collocation points. The dynamic con-

straints (2.17b) and additional constraints (2.17d, 2.17e) are only imposed on the robot

states and controls at the collocation points. The collocation constraints are enforced on

the states at consecutive collocation points, e.g., (2.17c) for Trapezoidal collocation. An
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factor graph representation of the transcribed trajectory optimization problem is shown

in Figure 2.3. Higher order collocation methods such as the Hermite-Simpson and the

Runge-Kutta methods [54, 56] can be used to achieve better precision, with a cost of higher

computation load. Shooting methods [54] are another category of transcription methods,

and they differ from collocation methods in that they only model the controls as variables,

and use forward integration to simulate the trajectory. The multiple-shooting method is

an improvement over the single-shooting method, which breaks the trajectory into smaller

segments. It is similar to the collocation method, as it additionally models the robot state

at the start of each segment, and enforces additional constraints so that the segments join at

the boundaries.

Figure 2.3: The factor graph representation of a trajectory optimization problem. The
holonomic constraints, nonholonomic constraints, and actuation constraints are ignored in
the unconstrained trajectory optimization problem.

Direct vs. Indirect Approaches The direct approach and indirect approach are the two

strategies mainly used to solve the trajectory optimization problem. The direct approach

solves the optimization problem directly. Numerical methods such as �nite difference

methods can be applied to solve the variational problem (2.16); various NLP methods can
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be used to solve 2.17, which will be discussed in more detail in section 2.3. The indi-

rect approach solves for the optimality conditions instead. The optimality condition for

the variational problem (2.16) is given by Pontryagin maximum principle [57] and can be

solved as a boundary-value problem; the optimality condition for the NLP problem 2.17 is

given by the KKT condition, and the indirect method will behave similarly to applying a

speci�c category of NLP methods (in subsection 2.3.3) in the direct approach. The direct

approach is preferable in most robotics applications since the direct approaches typically

have a larger region of convergence, while indirect approaches typically require a good

guess of the solution to converge properly.

DDP & iLQR Differntial Dynamic Programming (DDP) [58] is a classical method for

solving the unconstrained discrete-time trajectory optimization problem (2.18), which is a

variant form of (2.17) that combines the collocation constraints and dynamic constraints.

DDP iteratively updates a nominal trajectory, and each iteration is composed of a back-

ward pass and a forward pass. In the backward pass, the value function is approximated

by a quadratic function around the nominal trajectory, and a linear state-feedback control

law is computed using the value function. In the forward pass, the nominal trajectory is

updated by forward simulation using the control law computed in the backward pass. As

compared to solving the KKT conditions of problem (2.18) directly with Newton's method,

the DDP approach ensures the satisfaction of dynamics constraints by forward simulating

the trajectory with nonlinear dynamics, and is less prone to divergence by using a feed-back

law of the control variables. DDP achieves quadratic convergence, while it requires second

derivatives of the dynamics. Iterative Linear Quadratic Regulator (iLQR) [59] is a variation

of the DDP method that ignores the second-order terms of the dynamics in approximating
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the value functions [60] to achieve better computational ef�ciency.

arg min
S0 ;:::;SK PRn

Ķ

i � 0

� i pSi ; Ui q � � pSK q (2.18a)

s.t. 9Sk� 1 � F pSk ; Ukq for k � 0; : : : ; K � 1 (2.18b)

Transcription Methods with Constraints Works that solve the constrained trajectory

optimization problem differ in the way to formulate and solve the NLP problem. As of

kinematic planning, including the renowned STOMP [4], CHOMP [5], TrajOpt [6], TEB-

g2o [61] and GPMP2 [29, 7]. As dynamics are absent from kinematic planning problems,

the robot state is represented simply by the con�gurationq, and the control variables are

ignored. The collocation constraints (2.17c) are replaced with a cost term in the form of

�nite difference between consecutive states, that encourages smoothness of the trajectory.

Generalized holonomic constraints [52], including collision-free constraints and task-space

constraints, can be imposed directly on the robot states. The DynamicGPMP [44] and GT-

Dynamics [8] further extend optimization-based methods to solve kinodynamic planning

problems, by further paramterizing the velocities, accelerations, and control variables at

the collocation points, and imposing dynamic constraints and collocation constraints. It is

noteworthy that GTDynamics utilizes the Newton-Euler dynamics [1] instead of the La-

grangian formulation with generalized coordinates, which is more general in expressing a

broader variety of robot systems with non-holonomic constraints and actuation constraints.

It is noteworthy that non-holonomic constraints such as loop-closure and rolling-contact

constraints are also considered in DRICON [62] and [63], with utilize bespoke methods for

constrained collocation. Most approaches use quadratic penalty functions to relax the hard

constraints and solve an unconstrained optimization problem instead. Approaches that use

a second-order optimizer such as the Levenberg-Marquardt (LM) method achieve faster

convergence than the gradient-based methods.
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DDP & iLQR with Constraints The DDP and iLQR methods can be extended to incor-

porate various types of constraints [64, 65, 66, 67, 46, 62, 63]. In the backward pass, the

control law is computed from the KKT condition of a local quadratic programming prob-

lem that incorporates the linearized constraints. Various approaches have been developed to

enforce the trajectory to always remain feasible in the forward pass, including relineariza-

tion [67], projection [46, 63], constrained collocation [62, 63], path following methods [66]

and multiple shooting techniques [65]. It is noteworthy that cross-timestep constraints are

incorporated in [15] that use a variable elimination method to derive the feedback control

law.

We provide a summary of state-of-the-art optimization-based constrained planning meth-

ods in Table 2.2. We list the domain of problems, parameterization (q for con�gura-

tion variables,9q for velocity variables,:q for acceleration variables,U for control vari-

ables), kinodynamics formulation (L for Lagrangian formulation with generalized coor-

dinates, N-E for Newton-Euler formulation), constraints (H for generalized holonomic

constraints, N for nonholonomic constraints, A for actuation constraints), and optimiza-

tion methods (GD for gradient descent, LM for Levenberg-Marquardt, BFGS for Broy-

den–Fletcher–Goldfarb–Shanno). Notice that all the methods with NLP formulation avoid

solving the constrained problem by relaxing the constraints using penalty functions.
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Table 2.2: Optimization-Based Methods for Constrained Planning Problems

Method Domain Parameterization Constraints Optimization

STOMP [4] kinematic q H NLP(GD)
CHOMP [5] kinematic q H NLP(GD)
TrajOpt [6] kinematic q H NLP(GD)

TEB-g2o [61] kinematic q H NLP(GD)
GPMP2 [29, 7] kinematic q H NLP(LM)

DynamicGPMP [44] kinodynamic q; 9q; :q;U (L) H, A NLP(LM)
GTDynamics [8] kinodynamic q; 9q; :q;U (N-E) H, N, A NLP(LM)

MINCO [68] kinodynamic q; 9q; :q;U (L) H NLP(BFGS)
EC-iLQR [64] kinodynamic q; 9q; :q;U (L) H iLQR
Crocoddyl [65] kinodynamic q; 9q; :q;U (L) H DDP
Bi-iLQR [66] kinodynamic q; 9q; :q;U (L) H, A iLQR
CDDP [67] kinodynamic q; 9q; :q;U (L) H DDP
ALTRO [46] kinodynamic q; 9q; :q;U (L) H, N, A DDP

DRICON [62] kinodynamic q; 9q; :q;U (L) H, N, A NLP, DDP
C-Collocation [63] kinodynamic q; 9q; :q;U (L) H, N NLP, DDP

2.2.3 Inferencewith Constraints

The robotics inference problems estimate the states of the robot based on the measurements

from various sensors. Filtering and smoothing are two common approaches to solving

inference problems.

Filtering Approach

In the �ltering approach, an estimate of the robot state and its associated covariance is

incrementally updated over time, as the state changes and new measurements are gathered.

For linear systems with Gaussian noise, the Kalman �ltering method (KF) [69] derives

a closed-form expression for updating the robot state and its covariance. The extended

Kalman �ltering method (EKF) [69] applies to nonlinear systems by linearizing the state

transition and measurement functions using the Taylor series. The �ltering approach is

less accurate than the smoothing approach when applied to large-scale nonlinear inference

problems, as the linear approximation of the nonlinear models is only accurate around the
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linearization points. The particle �ltering method (PF) [69] applies to nonlinear systems

by incorporating Monte Carlo sampling, while it requires keeping a large set of samples of

the state to ensure convergence.

State constraints have been incorporated into the �ltering approach. Constraints in the

form of linear equalities can be incorporated in KF by model reduction methodologies [70].

Nonlinear constraints have also been incorporated in the EKF approach through various

constrained optimization methods [71]. Figure 2.4 provides a factor graph representation

of the �ltering NLP problem, and the EKF method can be seen as incrementally solving

the NLP problem with variable elimination.

Figure 2.4: The factor graph representation of a constrained inference problem. The robot
state at each time step is represented asX k . The likelihood induced by the state transi-
tions and sensor measurements are represented as cost factors. The state constraints are
represented as constraint factors. (b) The constrained KF method can be interpreted as per-
forming variable elimination in chronological order on the factor graph, and the elimination
results induces a marginal factor representing the mean and covariance of the previous state.
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Smoothing Approach

A classical smoothing problem can be formulated as an unconstrained optimization prob-

lem over the current state and all historical states of the robots, as well as other variables

relevant to the measurements (e.g., landmarks). The optimization objective corresponds

to the likelihood of sensor measurements. The smoothing approach is broadly applied to

large-scale inference problems with non-linearity, and it generates more accurate results

compared to the �ltering approach. Recent developments in incremental smoothing [72,

26, 28] also speed up the ef�ciency of the smoothing approach, which makes the smooth-

ing approach more preferable.

The classical smoothing algorithms face the challenge of hard constraints in various

robotics applications. In distributed SLAM applications [73], consistency constraints are

enforced to enforce the consistency of common variables across robots. Multi-robot state

estimation scenarios also impose constraints such as the frame of reference constraints [10]

and the range constraints [74] among robots. In state estimation problems [13, 75], hard

constraints can be imposed by the physics of the environment such as collision-free and

non-penetration constraints. The constraints can also be introduced by certain sensors such

as contact measurements [13]. Measurements from sensors with high �delity can also be

incorporated as constraints to avoid formulating an ill-conditioned optimization problem.

In legged robot state estimation, the kinematic constraints imposed by legs in contact with

the ground are imposed as quadratic penalty functions [76, 77, 9]. Dynamics constraints

are incorporated in the autonomous navigation problems [11, 12].

Recent developments in smoothing algorithms have extended to incorporate nonlinear

constraints. The constrained smoothing problem has been represented as a constrained fac-

tor graph since [10]. Common NLP algorithms can be adapted to solve the constrained

smoothing problems, including the penalty method, dual ascent methods, and SQP meth-

ods. A detailed review of such algorithms will be presented in section 2.3. Constrained

smoothing can be adapted to an incremental setting as in [13], enabling ef�cient updates
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in the primal and dual steps in the augmented Lagrangian method. [14] further extends

the incremental constrained smoothing framework by making it compatible with the Bayes

tree structure to enable more ef�cient updates. In pose graph optimization problems, the

Lagrangian duality can also be utilized to assess the quality of a candidate solution[78,

79]. We provide a summary of state-of-the-art constrained inference frameworks in Ta-

ble 2.3. We list the domain of the inference problem, the constraints involved (“E” stands

for equality constraints, and “I” stands for inequality constraints), and the method to solve

the constrained optimization.

Table 2.3: Constrained Inference Methods

Method Domain Constraints Optimization

DDF-SAM [10] multi-robot SLAM frame of reference (E) penalty
ADMM-SLAM [73] distributed SLAM consistency (E) dual ascent

Constrained-iSAM [80] incremental SLAM loop closure (E) SQP
InCOpt [13, 14] incremental smoothing contact (E), obstacle-free (I) dual ascent

Tactile-iSAM [75] tactile sensing contact (E) penalty
Humanoid-Estimation [76] humanoid state estimation contact (E), kinematics (E) constrained KF
Legged Estimation[77, 9] legged state estimation contact (E), kinematics (E) penalty

Estimation-MPC [11] estimation and MPC dynamics (E) SQP
Constrained-Nav [12] autonomous navigation dynamics (E) dual ascent

PGO [78, 79] pose graph optimization manifold (E) Lagrangian duality

2.3 Nonlinear Programming

We review the state-of-the-art methods for solving a Nonlinear Programming (NLP) prob-

lem (2.19). The objective is to minimize a cost function (2.19a) over the vector-valued

variablex PRn , while satisfying the equality constraints (2.19b) and inequality constraints

(2.19c). We assume the constraint functionsf : Rn Ñ Rp, g : Rn Ñ Rq and the cost
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functionf : Rn Ñ R are smooth and continuously differentiable.

arg min
xPRn

f pxq (2.19a)

s.t. hpxq � 0 (2.19b)

gpxq ¥ 0 (2.19c)

The state-of-the-art constrained optimization algorithms can be classi�ed into three

main categories. The �rst category generates a sequence of feasible points by searching

along the descent directions [16]. The second category uses a penalty or a barrier function,

and it converts a constrained optimization problem into a sequence of unconstrained prob-

lems, which involve an added high cost corresponding to infeasibility or approaching the

boundary of the feasible region [16]. The third category solves the necessary optimality

conditions, viewing them as a system of equations and inequalities involving the problem

variables and associated Lagrange multipliers [16]. We provide a brief overview of each

of the categories. Detailed explanations of the constrained optimization algorithms are

available at [17, 16, 81, 82, 83].

2.3.1 FeasibleDirectionMethods

A feasible direction method starts at a feasible pointx0 and generates a sequence of feasible

points
 
xk

(
. A point x P Rn is feasible if it satis�es all the constraints, and we use

X to denote the set of all feasible values as (2.20). The optimization problem can be

rewritten in the form (2.21) as an optimization over the feasible state space [16]. The

updatesdk � xk� 1 � xk are chosen such that it descents the cost function, while the updated
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value remains in the feasible set (2.22).

X � t x PRn : hpxq � 0; gpxq ¥ 0u (2.20)

arg min
xPX

f pxq (2.21)
$
''&

''%

r f pxpkqqT dpkq   0

xpk� 1q � xpkq � � pkqdpkq PX
(2.22)

Conditional Gradient The conditional gradient method (also called the Frank-Wolfe

method) computes the feasible direction by solving an optimization problem (2.23) with

a linear cost. Notice that it is mostly applied to the problem with linear inequality con-

straints such that (2.23) is computationally ef�cient to solve.

�xpkq � min
xPX

r f pxpkqqpx � xpkqq

dpkq � �xpkq � xpkq

(2.23)

Gradient Projection The gradient projection method [84, 85] �nds the update step by

�rst taking a step along the negative gradient of the cost function, then projecting the re-

sulting value into the feasible set. The projection can be found by solving the optimization

problem (2.24) with a quadratic cost, where� k is a scalar representing the step size.

xpk� 1q � arg min
xPX




 x �

�
xpkq � � pkqr f pxpkqq

� 


 2

(2.24)

2.3.2 Barrier,PenaltyandDualAscentMethods

The methods discussed in this section solve the constrained optimization problem by solv-

ing a sequence of unconstrained optimization problems. The basic idea is to eliminate the

constraints by adding to the cost function additional terms that penalize constraint violation

(in penalty methods) or approaching the boundary of the feasible set (in barrier methods).
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Instead of starting with a strong penalty/barrier, which can result in ill-conditioned prob-

lems hard to solve, the weight and shape of the penalty/barrier functions are adjusted over

the iterations, and the solution of the previous iteration will be used as the initial value for

the next iteration. The solutions of the unconstrained optimization problems converge to a

local optimum of the constrained optimization problem.

Barrier Method The barrier methods apply to problems with inequality constraints.

They add to the cost a barrier function for each inequality constraintgpxq ¥ 0. The barrier

functionB : R� Ñ R is a continuous monotonic function that approaches in�nity while

the input approaches 0 from above, as shown in (2.26). The log-barrier function (2.27) is

a broadly used barrier function. Since the barrier functions are only de�ned over the posi-

tive values, the iterations must remain within the feasible set throughout the unconstrained

optimization process. Therefore, it is also called the interior-point method.

arg min
xPRn

f pxq � �
¸

j

Bpgj pxqq (2.25)

lim
gÑ 0�

Bpgq � 8 (2.26)

Bpgq � � lnpgq (2.27)

Penalty Method The penalty method uses penalty functions to penalize constraint vio-

lations. In problems with equality constraintshpxq � 0, quadratic penalty functions of

the form}hpxq}2 are most commonly used, and the unconstrained optimization problem

(2.28) is solved in each iteration. For problems with inequality constraintsgpxq ¥ 0, we

can either introduce auxiliary variablesz to transform them into equality constraints as in

(2.30), or use penalty functions corresponding to inequality constraints as in (2.28), where

p�q� � maxp0; �q. The penalty functions are de�ned overRn , and no feasibility check is

required during unconstrained optimization iterations. Therefore, the solution to each un-

constrained optimization problem can be an infeasible point. As we increase the penalty
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weight over the iterations, the solutions will converge to a regular value, which is a lo-

cal optimum of the constrained optimization problem. Yet, exact constraint satisfaction is

guaranteed only if the penalty weight is increased to in�nity, and the problems will become

ill-conditioned with extreme penalty weights.

arg min
xPRn

f pxq � � }hpxq}2 (2.28)

arg min
xPRn

f pxq � � }hpxq}2 � �
q¸

j � 1

p� gj pxqq2� (2.29)

arg min
xPRn ;zPRq

f pxq � � }hpxq}2 � �
q¸

j � 1

�
gj pxq � z2

j

� 2
(2.30)

Dual Ascent The dual ascent method draws intuition from solving the Lagrange dual

problem to (2.19). The Lagrangian is de�ned as (2.31), where� P Rp; � P Rq are the

Lagrangian multipliers. The Lagrange dual function (2.32) minimizes the Lagrangian over

x, while the dual problem (2.33) maximizes the Lagrange dual function [83].

L px; � h; � gq � f pxq � � T
h hpxq � � T

g gpxq (2.31)

f � p� h; � gq � min
xPRn

L px; � h; � gq (2.32)

max
� h PRp ;� g PRq

f � p� h; � gq � max
� h PRp ;� g PRq

min
xPRn

L px; � h; � gq

s.t. � g ¥ 0

(2.33)

The dual ascent method can be interpreted as performing gradient ascent on the dual prob-

lem. In each iteration, the Lagrange dual function is evaluated by solving an unconstrained

optimization problem (2.34). Then, the Lagrangian multipliers are updated using the gradi-

ent as (2.35) and (2.36). As compared to the penalty method that requires in�nitely increas-

ing the penalty parameter, the optimization result of (2.34) is the solution to the original

constrained optimization problem as the Lagrangian multipliers approach the solution to
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the dual problem.

xpk� 1q � arg min
xPRn

f pxq � � pkq
h

T
hpxq � � pkq

g
T
gpxq (2.34)

� pk� 1q
h � � pkq

h � �h pxpk� 1qq (2.35)

� pk� 1q
g �

�
� pkq

g � �g pxpk� 1qq
�

�
(2.36)

Augmented Lagrangian Method The augmented Lagrangian method (also referred to as

the method of multipliers) is an improvement to the dual ascent method by adding quadratic

penalty function to speed up convergence. Notice that the addition of quadratic penalties

do not alter the minimizer of the original constrained optimization problem. Therefore, the

iterates in (2.34) is updated with (2.37). Various approaches vary in the method of updat-

ing the Lagrangian multipliers� and penalty parameter� throughout the iterations [16].

It is noteworthy that the ADMM [86] method enables parallel updates in the augmented

Lagrangian method, and has been broadly used to solve NLP problems in a distributed

manner.

xpk� 1q � arg min
xPRn

f pxq � � pkq
h

T
hpxq � � pkq

g
T
gpxq � � khpxqk2 � �

q¸

j � 1

p� gj pxqq2� (2.37)

Methods in this section still have several disadvantages. The requirement of solving

a sequence of unconstrained optimization problems greatly hinders ef�ciency. The un-

constrained optimization problem becomes increasingly ill-conditioned with the update of

penalty/barrier parameters. The choice of the penalty/barrier parameters and their update

schedule can greatly in�uence the performance of the method, and need to be tuned for

speci�c problems.
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2.3.3 MethodsthatSolvetheKKT Conditions

Methods discussed in this section solve the Karush-Kuhn-Tucker (KKT) conditions(2.38)

rather than the original constrained optimization problem (2.19). Two common methods of

this category are the Sequential Quadratic Programming (SQP) method and the primal-dual

Interior Point (IP) method.

r f pxq � r hpxq� h � r gpxq� g � 0 (2.38a)

hpxq � 0 (2.38b)

� ggpxq � 0 (2.38c)

gpxq ¥0 (2.38d)

� g ¥ 0 (2.38e)

Sequential Quadratic Programming The SQP method solves the necessary optimality

conditions by iteratively solving quadratic programming problems. In equality-constrained

problems, each update in the SQP method can be viewed as one step of applying Newton's

method in solving the system of equations. The update step inx is also equivalent to the

solution to the quadratic programming problem (2.39).

ppkq � arg min
p

r f pxpkqqT p �
1
2

pT r 2
xx Lpxpkq; � pkqqp

s.t. r hpxpkqqp � hpxpkqq � 0

(2.39)

To incorporate inequality constraints, there are two ways of designing SQP methods. the

inequality-constrained QP (IQP) approach solves a QP subproblem (2.40) in each iteration.

The equality-constrained QP (EQP) approach selects a subset of inequality constraints at

each iteration to be the so-called working set by rules based on Lagrangian multiplier esti-

mates or by solving an auxiliary problem [17]. They then solve only equality-constrained
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QP subproblems that treat the working set as equality constraints and ignore the rest of the

inequality constraints.

ppkq � arg min
p

f pxpkq � r f pxpkqqT p �
1
2

pT r 2
xx Lpxpkq; � pkq

h ; � pkq
g qp

s.t. r hpxpkqqp � hpxpkqq � 0

r gpxpkqqp � gpxpkqq ¥ 0

(2.40)

Primal-Dual Interior Point Method The interior point method also generates iterates

by solving the necessary conditions, while it differs from the SQP method in terms of

handling the inequality constraints. It adopts a slightly modi�ed formulation (2.41) of

necessary condition (2.38) by introducing auxiliary variabless that represent the slackness

of the inequality constraints, and relax the constraint (2.38c) with a positive parameter� .

r f pxq � r hpxq� h � r gpxq� g � 0 (2.41a)

hpxq � 0 (2.41b)

gpxq � s � 0 (2.41c)

� gs � �e (2.41d)

s ¥ 0 (2.41e)

� g ¥ 0 (2.41f)

The modi�ed KKT condition can also be viewed as the KKT conditions of the barrier

problem (2.42). Similar to the interior point method, the perturbed KKT condition is solved

with a sequence of barrier parameterst � ku that converges to 0, and the solutions will

converge to a solution of the KKT system (2.38). In each iteration, the updates ofx; s; �

are computed by solving the system of equations (2.41a� 2.41d) with Newton's method.

Certain update rules are applied to keep variabless; � g positive. Various approaches are
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developed to update the barrier parameter� over the iterations.

min
x;s

f pxq � �
¸

i

logsi (2.42a)

s.t. hpxq � 0 (2.42b)

gpxq � s � 0 (2.42c)

Globalization techniques are required for both SQP and IP methods to converge in non-

convex nonlinear problems [17, 16]. Globalization techniques will ensure convergence

of Newton's method, and direct the optimization progress away from the solutions of the

KKT system which are not the solution to the original constrained optimization problem.

Trust-region methods and line-search methods are two categories of commonly adopted

globalization techniques, and they both require a merit function. The merit function is

nontrivial to design, since it needs to trade-off the dual objective of minimizing the objec-

tive function and satisfying the constraints, and it can introduce additional local minimums

which are not solution to the KKT system.

2.3.4 PracticalOptimizers

Multiple practical optimization packages are developed for solving NLP problems based

on the NLP algorithms (mostly SQP and IP methods). We provide a brief overview of the

state-of-the-art NLP solvers which are commonly adopted in robotics applications.

General purpose optimizers including Gurobi [87] and MOSEK [88] possess the ability

to solve certain types of NLP problems, yet their applications are mostly limited to convex

problems.

Specialized NLP solvers have been developed to solve more challenging and non-

convex NLP problems, including the SQP-based optimizer SNOPT [89], the IP-based li-

brary IPOPT [90], the augmented-Lagrangian-based solver ProxNLP [91], and the NLOpt [92]

package that implements multiple NLP algorithms.
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Certain toolboxes have been developed to solve speci�c NLP problems in speci�c

robotics applications. Drake [93] has been developed to model kinodynamics of robot

systems, and it integrates multiple algorithms to solve the robotics planning, control, and

estimation problems. OCS2 [94] is a toolbox tailored for Optimal Control for Switched

Systems with implementations of multiple algorithms for solving the trajectory optimiza-

tion problem. The ICS [13] and InCOpt [14] are developed to perform ef�cient incremen-

tal constrained smoothing, which has been broadly applied to constrained state estimation

problems.

2.4 Manifold Optimization

Manifold optimization provides a powerful alternative to solve constrained optimization

problems with geometric constraints. It generally has lower complexity and quite often

also better numerical properties than classical constrained optimization techniques [21]. In

manifold optimization, manifolds are formulated to represent the feasible values subject

to constraints, and unconstrained optimization is performed on the manifolds instead of

the original variables. A brief overview of the development of manifold optimization is

provided in Figure 2.5. We mostly refer to [21, 22] for manifold optimization concepts

and algorithms. Meanwhile, several manifold optimization libraries including gtsam [95],

Manopt [96], McTorch [97], have been developed to perform manifold optimization on

common manifolds.

2.4.1 Conceptsin Manifold Optimization

We review some manifold-related concepts which are crucial for minimizing a real-valued

function de�ned on manifoldsM , with an illustrative example in Figure 2.6. Detailed

explanations are available in Boumalet al. [22], Absil et al. [21], Gallier et al. [98] and

Leeet al. [99].

33



Figure 2.5: A brief history of manifold optimization .

Manifold An n-dimensional smooth manifold is a setM which is locally diffeomorphic

to Rn .

Tangent Space & Tangent Vector Let x be a point on manifoldM . We consider the

set,Cx , of smooth curvescptqpassing throughx at t � 0 (2.43). Two curves are equivalent

c1 � c2 if they passx with the same velocity. A tangent vectorv to M atx PM is de�ned

as a class of equivalent curves (2.44), and the tangent space,TxM , is de�ned as the set of

all equivalent classes (2.45) [22]. As the tangent space is a linear space, we can de�ne its

basis asBxM � p b1; : : : ; bnq, a horizontal concatenation of basis tangent vectors, and any

tangent vector can be expressed as a linear combination of the basis (2.46), with� PRn .

Cx �t c|c : I Ñ M is smooth; cp0q � xu (2.43)

v �r cs � t ~c PCx : c � ~cu (2.44)

TxM �tr cs : c PCxu (2.45)

v �
n¸

i � 1

� i bi � BxM � � (2.46)

Retraction A retraction on manifoldM at a pointx PM is a smooth mapRx : TxM Ñ

M with properties(2.47) [22]. The purpose of retractions in manifold optimization is to
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maintain a feasible sequence of iterates on the manifolds.

Rxp0q � x (2.47a)

D Rxp0qrvs � v (2.47b)

Figure 2.6: Illustrative sketch of tangent space and retraction operations of a manifold.

Local Coordinates Let x; x1 P M be two points on the manifold. The local coordinate

Lxpx1qevaluates the relative location ofx1 with respect tox as expressed in the local coor-

dinates parameterized by the tangent space basisBxM . It can be viewed as the inverse of

the retraction operation as expressed in (2.48).

Lx pRxpB � � qq � � (2.48)

Differential of Smooth Maps on Manifolds The differential of a smooth mapF : M Ñ

M from manifoldM to manifoldM , is a linear operatorDF pxq: TxM Ñ TF pxqM that

maps a tangent vectorv � r t Ñ pcptqqsof manifold M to the tangent vectorv � r t Ñ

F pcptqqsof manifoldM (2.49) [22], as analogous to directional derivative in the direction

of rvs. It can be computed numerically with (2.50). It can be formulated as (2.51) using
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retractions by pickingcptq � Rxptvq.

D F pxqrvs � v (2.49)

D F pxqrvs � lim
t � 0

d
dt

F pcptqq

�
�
�
�
t � 0

(2.50)

D F pxqrvs � lim
t � 0

d
dt

F pRxptvqq

�
�
�
�
t � 0

(2.51)

Jacobian of Function on Manifolds Let manifoldsM , M be equipped with the tangent

space basesB, B, short-handed forBxM , BF pxqM . Their tangent vectors can be parame-

terized using vectors� PRm , � PRn as

v � B� (2.52)

v � B� (2.53)

We can then express the differential in matrix formJF pxq PRn� m such that (2.54) holds.

Therefore, the differential in (2.49) can be rewritten as (2.55) using the matrixJF pxq. The

matrix JF pxq is called the jacobian matrix with respect to tangent space basisB andB.

Each element of the Jacobian matrix can be computed numerically with (2.56).

JF pxq �� � � (2.54)

D F pxqrB � � s � B �
�
JF pxq ��

�
(2.55)

JF pxqij �
xD F pxqrbj s; bi yF pxq

xbi ; bi yF pxq
(2.56)

Gradient of Function on Manifolds Let f : M Ñ R be a real-valued function de�ned

on a manifold. LetBxM be the basis of the tangent space at a pointx P M . The gradient

is a vectorr f pxq PRn such that each entry corresponds to the differential off along a

basis tangent vector direction as in (2.49), which can be computed as the transpose of the
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jacobian.

r f pX qi � D f pX qrbi s (2.57)

r f pX q � J f pX qT (2.58)

Embedded Submanifold A subsetM of a manifoldM is an embedded submanifold of

M if and only if for some �xed integerk ¥ 1 and for each pointx P M , there exists a

neighborhoodU of x in M and a smooth functionh : U Ñ Rk such that (2.59) holds.

Furthermore, the dimension ofM is given by (2.60), and the tangent space ofM is a

subspace ofTxM given by (2.61) [22].

h� 1p0q � M X U (2.59a)

rankDhpxq � k (2.59b)

dim M � dim M � k (2.60)

TxM � kerDhpxq „ TxM (2.61)

2.4.2 Manifold OptimizationAlgorithm

Manifold optimization addresses optimization problems whose domain is composed of

manifold variables. It can be formulated as 2.62, whereM is a manifold,f : M Ñ R

is a real-valued function de�ned on the manifold.

arg min
xPM

f pxq (2.62)

A classical optimization algorithm that works on the Euclidean space can be extended

to operate on manifolds through the formulation of tangent spaces, retraction operations,

and function differentials of the manifolds. An example �rst-order manifold optimization
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algorithm, the Riemannian gradient descent algorithm is provided in [22]. It operates by

iteratively computing the update as a tangent vectorv as in (2.63, 2.64), wherexpkq denotes

the manifold values atkth iteration. The updates are then applied to manifolds through

retraction operations as in (2.65).

� � r f pxpkqq (2.63)

v � Bxpk qM � � (2.64)

xpk� 1q � Rxpk qpvq (2.65)

2.4.3 Manifold Optimizationin Robotics

Manifold optimization has been applied in solving robotics problems. A well-known ex-

ample is the optimization of 3D rotations/orientations. A classical approach is to represent

the 3D rotation with Euler angles, while this parameterization suffers from singularity is-

sues. Another approach is to represent the rotation with a rotation matrix or Quaternion.

However, additional constraints need to be enforced. The manifold optimization approach

directly operates on the SOp3q manifold, which avoids both redundant parameterization

and additional constraints.

Apart from the common manifolds, roboticists have also de�ned manifolds speci�c

to their problems. In [100], aR3 � S2 manifold is developed to represent the state of a

quadrotor subject to �eld-of-view constraints. In [101], a manifold is proposed to represent

fully physically consistent inertial parameters. In [102], the SLAM manifold is proposed

to represent the SLAM problem with a symmetric structure. In [103, 104], manifolds are

developed to represent ground vehicle motion. For such manually de�ned manifolds, it

requires expert knowledge and engineering work to study the manifold structure and de�ne

their tangent spaces and retraction operations in order to perform manifold optimization on

them.
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2.4.4 ConstraintManifold

We are also able to formulate manifolds that represent variables subject to various types

of or arbitrary constraints, and such manifolds are called ”constraint manifolds”, �rst

proposed by Dean in 1988 [105]. Recently, constraint manifolds have been applied to

sampling-based planning algorithms [37, 40, 106, 107], reinforcement learning [108] and

robot design optimization [109]. To my best knowledge, there is a lack of work that applies

manifold optimization to constraint manifolds formulated by arbitrary constraints.

Though the concept of constraint manifold to represent the feasible state space has been

widely applied in sampling-based methods, it is less explored in optimization methods. By

formulating constraint manifold in trajectory optimization problems, we have the oppor-

tunity to formulate the original problem as an unconstrained optimization problem on a

reduced dimensional state space, and apply manifold optimization to solve the problem.

2.4.5 Manifold with BoundariesandCorners

A manifold with boundary is a topological space that is locally isomorphic either to anRn

or to a half-spaceH n � t x P Rn |xn ¥ 0u. A manifold with corners is a topological space

that is locally isomorphic toRn or a corner spaceH n
m . Optimization on manifolds with

boundaries and corners is still an active research area [110].

H n �t � PRn : � n ¥ 0u (2.66)

H n
m �t � PRn : � m� 1; : : : ; � n ¥ 0u (2.67)
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CHAPTER 3

CM-OPT: OPTIMIZATION ON (AUTOMATIC) CONSTRAINT MANIFOLDS

FOR CONSTRAINED INFERENCE AND PLANNING

3.1 Problem Formulation

We �rst consider an NLP problem in robotics with equality constraints only as shown in

(3.1). We �rst assume that all variables are Euclidean space variables, i.e.,x i PRdi , and we

will later generalize the framework in whichx can be manifold variables, e.g., a 3D pose

variable on the SEp3qmanifold, in 3.2. We assume that all cost functionsf j pX I f
j
qand con-

straint functionshkpX I h
k
qare continuously differentiable. The factor graph representation

exposes the structure of the NLP problem, with an example shown in Figure 3.1.

arg min
X PRN

n f¸

j � 1

f j pX I f
j
q (3.1a)

s.t. hkpX I h
k
q � 0 for k � 1; : : : ; nh (3.1b)

Figure 3.1: Factor graph representation of an equality-constrained optimization problem.
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3.2 Constraint Manifold

We consider the state space constrained by equality constraints. LetRN be the embedding

space,h : RN Ñ Rnh be functions representing the complete set of equality constraints.

The constrained state spaceM is then expressed as a subset of the embedding space (3.2).

M �
 
X PRN : hpX q � 0

(
(3.2)

Under the assumption that the Jacobian matrix of the constraint functions is always full

rank (3.3), the constrained state spaceM forms a sub-manifold of the embedding space

RN . When the Jacobian matrix is rank de�cient at certain points, the constrained state

space may no longer have the smoothness structure around such points, and we leave the

discussion of such scenarios in Appendix D.

@X PM : rankr hpX qT � nh (3.3)

We therefore call the constrained state space a “constraint manifold”, i.e., a manifold de-

�ned by equality constraints. The dimension of the constraint manifold is the dimension of

the embedding space subtracted by the total dimension of the equality constraints (3.4).

n :� dim M � N � nh (3.4)

Several attributes of the constraint manifolds, e.g., tangent space basis and retraction

operations, need to be properly de�ned so that manifold optimization algorithms can be

applied to them. As an example, to apply the Riemannian gradient descent algorithm on

the manifolds, gradients are computed as tangent vectors in the tangent space by taking the

differentials of functions on the manifolds. In each update step, retraction is performed to

apply the gradient to update the manifold values.
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For certain constrained optimization problems, we can utilize domain knowledge or

certain global parameterization techniques to manually de�ne the constraint manifolds

by specifying the tangent spaces and retraction operations in closed form. Examples of

manually speci�ed constraint manifolds are provided in Appendix A for range-constrained

points/poses, and in Appendix B for the con�guration manifold of a robot without contacts

or closed loops.

A more general approach is to derive the tangent spaces and de�ne the retraction oper-

ations according to submanifold properties. The tangent space can be found by performing

matrix factorization, and the retraction operation is de�ned by solving an optimization sub-

problem. The following subsections provide detailed illustrations on automatically de�ning

a constraint manifold with tangent space basis and retraction operations.

3.2.1 TangentSpace

According to submanifold properties, at a pointX P M , the tangent spaceTX M of the

constraint manifold is the kernel space of the constraint function Jacobian, shown in (3.5),

which forms apN � nhqdimensional linear space. The tangent space represents the locally

feasible directions that enables one to move smoothly on the manifoldM aroundX .

TX M �
 
v PRN : r hpX qT v � 0

(
(3.5)

Tangent Space Basis

The tangent spaceTX M can be parameterized usingpN � nhqlinearly independent basis

vectors. We can express the basis vectors using a full-rank matrixB P RN �p N � nh q, such

that each column is a basis vector. The basis matrix therefore satis�es the property (3.6).

r hpX qT � B � 0 (3.6)
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Even though the tangent space is uniquely de�ned, we have the freedom to specify its

basisB . In the following paragraphs, we propose two methods of de�ning and numerically

constructing the basis matrixB of the tangent space. Figure 3.2 provides an example of the

tangent space and basis vectors of a unit sphere manifold.

Figure 3.2: Tangent space basis of a unit sphere manifold. For the parameterized basis,
the parameterization variables are chosen asx and y. Therefore, the basis vectors are
orthonormal when projected into thex � y plane.

Parameterized Basis Since the tangent vectorv satis�es the constraintr hpX qT v � 0,

we can use the constraint to eliminate a subset of dimensions inv, and use the remaining

dimensions to parameterize the tangent space. LetI � t 1; : : : ; Nu denote the index set

for all dimensions of the embedding space, and letI p „ I denote the index set of chosen

dimensions to parameterize the tangent space, the index set of the eliminated dimensions

is I e � I zI p. The elimination process can be perceived as performing partial elimination

of dimensionsvI e on a linear constraint factor graph de�ned byr hpX qT v � 0, and the

result is the conditional (3.7), which expresses the eliminated dimensionsvI e as a linear

combination of the parameterization dimensionsvI p , whereA PRnh �p N � nh q.

vI e � A � vI p (3.7)
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The elimination process can also be viewed as performingQR factorization on the ma-

trix r hpX qP as (3.8), whereP is a permutation matrix that moves the parameterization

dimensionsI p to the back. The conditional matrixA can be constructed as (3.9).

r hpX qT P � Q
�

R M

�
(3.8)

A � � R� 1M (3.9)

We can show that such a matrixA ensures satisfaction of the constraints as in (3.10).

0 � r hpX qT v

0 � r hpX qT P

�

�
�

vI e

vI p

�

�
�

0 � Q
�

R M

�
�

�
�

vI e

vI p

�

�
�

0 � RvI e � Mv I p

vI e � � R� 1Mv I p

(3.10)

Finally, the elimination basis matrixB can be expressed as (3.11). Therefore, each ba-

sis vector corresponds to an update of one parameterization dimension, while all other

parameterization dimensions remain �xed. The eliminated dimensions are updated corre-

spondingly to satisfy the linear constraints.

B �

�

�
�

I

A

�

�
� P (3.11)
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Orthonormal Basis The orthonormal basis refers to the basis such that the columns of

B are orthonormal. Let (3.12) be the QR decomposition of the Jacobian matrix of equality

constraints, whereQ1, Q2 refer to the �rstN � n columns and the lastn columns of matrix

Q, respectively. The basisB is constructed as the lastn columns of matrixQ (3.13).

r hpX q �
�

Q1 Q2

�
�

�
�

R

0

�

�
� (3.12)

B � Q2 (3.13)

It can be veri�ed that the basisB satis�es the properties (3.6) as in (3.14).

r hpX q �B �p Q1RqT Q2 � RT QT
1 Q2 � 0 (3.14)

In our implementation, we utilize the SPQR [111] library, which provides ef�cient QR

decomposition of a sparse matrix, and enables retrieving the last columnsQ2 without ex-

plicitly computing the full matrixQ.

The parameterized basis and orthonormal basis each have their pros and cons. When the

constraints are sparse, the parameterized basis can largely preserve the sparsity structure,

by generating a sparse matrixB , while the matrixB of an orthonormal matrix is almost

always dense. The parameterized basis has a well-de�ned interpretation by parameterizing

the constraint manifold locally using the parameterization dimensionsI p. The orthonormal

basis, on the other hand, is typically hard to bestow with a meaningful interpretation. The

orthonormal basis is typically favored in numerical optimization. If we use the same set of

parameterization dimensions globally, the parameterized basis can suffer from parameter-

ization singularity (Appendix D). Therefore, a change of parameterization dimensions is

needed at certain points on the constraint manifold, causing an abrupt change of the basis

matrixB .
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3.2.2 Retraction

A retraction on manifoldM at a pointX P M is a smooth mapRX : TX M Ñ M with

properties (2.47) [22]. The purpose of retractions in manifold optimization is to maintain

a feasible sequence of iterates on the manifolds. We have noticed that (2.47) does not

uniquely de�ne a retraction operation for a manifold. We provide several common meth-

ods of formulating the retraction operations. Figure 3.3 shows several possible retraction

operations for the SOp2qmanifold.

Figure 3.3: Various retraction operations on the unit circle manifold. (a) The standard
projection �nds the closest point on the manifold by metric distance. (b) Parameterized re-
traction projects iny direction, while keepx unchanged. (c) Orthogonal retraction projects
in the direction orthogonal to the tangent space. (d) Geodesic Retraction is formulated as
the exponent map.

Standard Metric Projection A common way to de�ne the retraction is through metric

projection. We initially add the tangent vectorv directly to the original pointX . However,

since the resulting valueX � v may not lie withinM , we then apply a projection step to

�nd the closest point inM based on the standard metric distance in the embedding space.

The retraction is performed by solving an NLP subproblem (3.15).

RX pvq � arg min
Y PRN

kY � p X � vqk2

s.t. hpYq � 0

(3.15)
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Parameterized Projection In certain scenarios, we prioritize to keep speci�c dimensions

unchanged, and retract back onto the manifold by only changing the rest of the dimensions.

We again useI p to denote the index set of dimensions that we hope to keep unchanged,

andI e � I zI p to denote the rest of the dimensions. The retraction operation solves the

NLP subproblem (3.16), whereK P RN � n is an indexing matrix such that each column is

a canonical unit vectorei with i P I e.

RX pvq � arg min
Y PRN




 K T pY � p X � vqq




 2

s.t. hpYq � 0

(3.16)

Orthogonal Projection The projection can be speci�ed to only move in the direction

orthogonal to the tangent space, formulated as solving the NLP subproblem (3.17), where

B is the basis matrix of the tangent spaceTX M .

RX pvq � arg min
Y PRN




 B T pY � p X � vqq




 2

s.t. hpYq � 0

(3.17)

Geodesic Following Another method to perform retraction is by following a geodesic in

the direction of the tangent vector. The geodesic is represented as a curvec : I Ñ M

satisfying the properties (3.18).

cp0q � X

c1p0q � v

c2p0q � 0

(3.18)

Then, the retraction is formulated as a point on the geodesic as (3.19).

RX pvq � cp1q (3.19)
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Choosing Retraction

The standard metric projection is most commonly used and can be easily adapted to any

manifold due to its straightforward formulation. In lots of problems, the cost function

of the NLP problem only relates to a subset of the variables. Therefore, we aim to keep

the updates on those variables the same as the corresponding components in the tangent

vectors, so that the parameterized retraction can be helpful. For certain manifolds, the

orthogonal projection is easier to solve and can have a closed-form solution. Notice that the

geodesic for an arbitrary manifold with general de�ning functions does not have a closed-

form expression. However, for manifolds that belong to Lie groups, the geodesic retraction

can be performed with the exponential map as (3.20), where� is the group operation.

RX pvq � X � exppvq (3.20)

Retraction in Practice

In practice, projection-based retraction operations can be performed by numerically solving

the corresponding NLP problem with any constrained optimization method. The parame-

ters of the constrained optimization, e.g., the number of iterations in the iterative penalty

method, can be tuned to trade-off between the retraction accuracy and computational cost.

To ensure returning feasible values, we additionally solve a nonlinear least squares problem

(3.21) with the Levenberg-Marquardt optimizer, using the constrained optimization result

as the initial values.

arg min
X PRN

khpxqk2 (3.21)

When the solution to (3.21) does not have zero error, it indicates that the step size is too

large for the retraction with numerical optimization to fall back onto the manifold. There-

fore, the optimizer will reduce the step sizes to ensure feasible retractions.
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3.2.3 Differential of FunctionsonConstraintManifolds

Jacobian Consider a smooth mapF : M Ñ M from ann-dimensional manifoldM

embedded inRN to ann-dimensional manifoldM embedded inRN , the differential of the

smooth map (2.50) can be elegantly expressed using a “Jacobian matrix”rF pX qT as in

(3.22). The matrixB P RN � n andB P RN � n are the basis matrices of the tangent spaces

TX M andTF pX qM , respectively. Letf : RN Ñ RN be the smooth extension ofF into

the embedding space, the Jacobian matrix ofF can be computed from the Jacobian matrix

of f by (3.23).

D F pX qrB� s � B � rF pX qT � � (3.22)

rF pX qT � B
:

� r f pX qT � B (3.23)

To show that (3.22) holds for the Jacobian de�ned in (3.23), we have (3.24), where we have

used the propertyBB
:
v � v for a vector that can be expressed asv � B � � .

D F pX qrB� s � D f pxqrB� s

� r f pX qT B�

� BB
:
r f pX qT B�

� B � rF pX qT � �

(3.24)

Gradient LetF : M Ñ R be a real-valued function de�ned on a n-dimensional manifold

M embedded inRN . Let f : RN Ñ R be its smooth extension into the embedding space.

At a point X P M , let the tangent spaceTX M be equipped with a basis matrixB , the

gradient can be represented using an-dimensional vectorrF pX q(3.25).

rF pX q � B T r f pX q (3.25)
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The gradient corresponds to theN -dimensional tangent vector (3.26). Using the Rieman-

nian metrich�; �i X (3.27) of the tangent space, the gradient (3.25) is equivalent to the Rie-

mannian gradient, because it satis�es the property (3.28). When the basisB is orthonormal,

the Riemannian metric becomes the Euclidean metrichv1; v2i X � vT
1 v2.

gradF pX q � BrF pX q � BB T r f pX q (3.26)

hv1; v2i X � vT
1

�
BB T

� :
v2 i.e., hB� 1; B� 2i X � � T

1 � 2 (3.27)

D F pX qrvs � hv;gradF pX qi X (3.28)

We then derive the Jacobian and gradient of several functions de�ned on constraint

manifolds, which will be used for optimization in the next section.

Recover Function Let us consider a functionr : M Ñ RN that recovers the original

variables in the embedding space from the constraint manifold variable as in (3.29). Its

smooth extension in the embedding space is the identity map. Therefore, the Jacobian of

the recover function is (3.30).

r pX q � X (3.29)

r rpX qT � I � B � B (3.30)

Equivalent Function on Constraint Manifolds Let f : RN Ñ R be a real-valued func-

tion de�ned in the embedding space. LetF : M Ñ R be its equivalent function, but

con�ned to the constraint manifold as (3.31). The gradient ofF is (3.32).

F pX q �p f � r qpX q (3.31)

rF pX q � r rpX q �r f prpX qq

� B T � f pX q
(3.32)
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3.2.4 Extensionto Manifold EmbeddingSpace

We then extend the formulation of constraint manifolds to more general cases, where the

variables in the embedding space can be established manifold variables, e.g., a pose variable

in the SEp3q manifold. Consider a set of variablesX � t x1; : : : ; xpu, such that each

variable is de�ned on a manifoldx i P M i embedded inRM i . We assume that eachM i

is pre-de�ned with its tangent space basisBx i M i , retraction operationRx i M i , and local

coordinate operationLx i px
1
i q. A set of constraintsh : M 1 � : : : � M p Ñ Rnh are imposed

on the variablesX as vector-valued functions on the manifolds. We consider the constraint

manifold (3.33) that represents the feasible state space.

M �

#

X P
p¡

i � 1

M i : hpX q � 0

+

(3.33)

Embedding Space

We �rst consider the embedding space€M of the constraint manifoldM . The embedding

space is no longer a Euclidean space, but a product manifold€M (3.34), and its dimension is

the sum of the dimension of all manifolds (3.35). The product manifold€M is embedded in

RM , whereM :�
° p

i � 1 M i is the total dimension of the embedding space of each individual

manifoldM i .

€M �
p¡

i � 1

M i (3.34)

N :� dim €M �
¸

i

dim M i (3.35)

Tangent Space of€M The tangent space of the embedding space manifold€M atX P €M

is the product space of the tangent space on each original manifold (3.36).

TX
€M �

p¡

i � 1

Tx i M i (3.36)
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The basis matrixBX
€M of the tangent space of the product manifold can be constructed as

a block-diagonal matrix consisting of the basis matrix of each manifoldM i as in (3.37).

Therefore, any tangent vector of the product manifold can be represented asv � BX
€M � �

with � P RN as expressed in (3.38). We useI i to denote the set of indices in� that

corresponds to manifoldM i .

BX
€M �

�

�
�
�
�
�
�
�
�

Bx1 M 1 0 � � � 0

0 Bx2 M 2 � � � 0
...

...
...

...

0 0 � � � Bxp M p

�

�
�
�
�
�
�
�
�

(3.37)

BX
€M � � �

�

�
�
�
�
�

Bx1 M 1 � � I 1

...

Bxp M p � � I p

�

�
�
�
�
�

(3.38)

Retraction of €M The retraction on the product manifold€M at a pointX P €M can

be formulated as performing retraction on each individual manifoldM k with their corre-

sponding tangent vector component as in (3.39).

RX pvq �
p¤

i � 1

Rx i pvI i q (3.39)

Local Coordinates of €M The local coordinate on the product manifold can be formu-

lated as performing the local coordinate for each individual manifold, and vertically con-

catenating the resulting vectors as in (3.40).

LX pX 1q �

�

�
�
�
�
�

Lx1 px1
1q

...

Lxp px1
pq

�

�
�
�
�
�

(3.40)
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Constraint Manifold Embedded in Another Manifold

Tangent Space The tangent space of the constraint manifoldTX M can be found using

the submanifold properties (2.61). At a point on the constraint manifoldX P M , the

tangent spaceTX M is a subspace of the tangent space of the product manifoldTX
€M ,

de�ned as the kernel space of the constraint function differential (3.41). Utilizing the basis

BX
€M , we can express the tangent space using the paramterization vector� as (3.42).

TX M �t v PTX
€M c : DhpX qrvs � 0u (3.41)

�t v � BX
€M � � : r hpX qT � � � 0u (3.42)

Therefore, a basis for the constraint manifoldBX M can be found as a linear combination

of the basis vector of the embedding space product manifold (3.43) utilizing a full-rank

matrix B P RN �p N � M q satisfying (3.44). Notice that the matrixB in (3.44) is in the same

form as in (3.6), while the only difference is thath is now a function de�ned on manifolds.

BX M � BX
€M � B (3.43)

r hpX qT � B � 0 (3.44)

Retraction The retraction operation of the constraint manifoldM can be de�ned as

(3.45). We �rst perform retraction on the product manifold RX
€M pvq, then project the

point onto the constraint manifoldM using the distance metric formulated by the local

coordinates in (3.40).

RX M pvq � arg min
X P €M






 LX

€M pRX
€M pvqq








2

s.t. hpX q � 0 (3.45)
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3.3 CM-Opt: Optimization on Constraint Manifolds

3.3.1 ProblemTransformation

Our goal is to transform the original equality-constrained nonlinear optimization problem

(Figure 3.1, (3.1)) into an unconstrained manifold optimization problem. In the manifold

optimization problem, the constraints and variables connected to constraints are replaced

with constraint manifold variables that represent the feasible state space de�ned by the

constraints. Therefore, the state space can be de�ned asE � M 1 � : : : � M p � RNu ,

whereM i represents a constraint manifold variable, andNu is the total dimension of the

unconstrained variable in the original NLP problem. The manifold optimization problem

can be formulated as (3.46), whereF j represents the cost function equivalent tof j , while

con�ned to the constraint manifold variables, andI F
j is the set of indices of new variables

involved in thej th cost term. Figure 3.4 demonstrates the problem transformation process.

arg min
� PE

n f¸

j � 1

F j p� I F
j

q (3.46)

Figure 3.4: (a) Factor graph representation of an equality-constrained optimization prob-
lem; the constraint-connected components (CCC) are marked with dotted ellipses. (b)
Factor graph representation of the transformed unconstrained manifold optimization prob-
lem. Notice that each CCC is replaced by a constraint manifold variable, and cost factors
on constrained variables are replaced with ones on constraint manifold variables.
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We formulate the steps that can realize such problem transformation:

1. We start with identifying sets of variables connected by constraint factors by ana-

lyzing the graph connectivity. We de�ne the tuple of a set of such variables and the

constraints among them as aconstraint-connected component(CCC), represented by

C (3.47), whereI C
c is the index set of variables within thecth CCC, andI h

c is the

index set of constraints in thecth CCC.

Cc �
�
X I C

c
; hI h

c
pX I C

c
q � 0

�
(3.47)

2. Each constraint-connected componentC is then replaced by aconstraint manifold

variableM c representing the feasible state space satisfying the constraints (3.48).

M c �
!

X I C
c

PRdC
c : hI h

c
pX I C

c
q � 0

)
(3.48)

3. Each cost termf j pX I f
j
q of the original problem that involves constrained variables

needs to be updated as an equivalent factorF j p� I F
j

q(3.49) on the constraint manifold

variables. The Jacobian of the new cost functionrF j can be computed from the

Jacobian of the old cost functionsr f j using (3.32).

F j

�
� I F

j

	
� f j

�
X I f

j

	
(3.49)

3.3.2 Manifold OptimizationAlgorithm

A general gradient-based unconstrained optimization algorithm in the Euclidean space can

be modi�ed to operate on manifold variables. The modi�cations are made regarding gra-

dient computation and updates of variable values. The gradient and all update vectors are

computed as tangent vectors of the manifolds, while the actual updates to variable values

are performed using the retraction operation.
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In lots of robotics problems, the cost functions are expressed in the nonlinear least-

squares form (3.50). For such problems, the cost function can be approximated as a

quadratic function (3.51) aroundX without explicitly computing its Hessian.

f pX q �
n f¸

j � 1






 cj pX I f

j
q







2
(3.50)

f pX � � q � QX p� q �
n f¸

j � 1






 r cj pX I f

j
qT � � � cj pX I f

j
q







2
(3.51)

The Levenberg-Marquardt (LM) algorithm [112, 17] emerges as a widely embraced

technique for addressing such problems. To ensure convergence, the LM algorithm main-

tains a trust region throughout iterations, con�ning step sizes to ensure the proximity of

the quadratic approximation to the original cost function. The updates� � are computed as

(3.52), where� PR� is a parameter that controls the size of the trust region. The� param-

eter is updated in each iteration according to the evaluation of model �delity� (3.53).

� � � arg min
� PRN

n f¸

j � 1

QX p� q � � k� k2 (3.52)

� �
f pX pkqq � QX pk qp� pkqq
f pX pkqq � f pX pk� 1qq

(3.53)

The LM algorithm can be generalized to solve optimization problems on constraint

manifolds. LetB be a block-diagonal matrix of the basis matrices of the tangent spaces of

all constraint manifolds, the updates can be expressed asB � as tangent vectors of the con-

straint manifolds. The quadratic approximation is rewritten as (3.54). We formulate the LM

algorithm extended to solve optimization problems on constraint manifolds in algorithm 1.

f pRX pB� qq � Qp� q �
n f¸

j � 1






 r cj pX I f

j
qT � � � cj pX I f

j
q







2
(3.54)
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Algorithm 1: LM-based CM-Opt

GivenX p0q PM ; � PR� ; � 0 P p0; 1q, initialize k � 0.
while not convergeddo

a). for j � 1 : nf do

Compute the Jacobianr cj pX pkq
I f

j
q

b) do
1). Solve (3.52) for the linear update� �

2). for each constraint manifoldM C
i do

Apply retractionX pk� 1q
i � R

X pk q
i

pB i � �
i q

3). Compute model �delity� using (3.53)
4). Update� based on� and� 0

while �   � 0;
c). k � k � 1

3.3.3 Bi-level OptimizationPerspective

The manifold-based optimization approaches can be conceptualized as bi-level optimiza-

tion frameworks [113], as demonstrated in Figure 3.5. The upper-level optimization ad-

dresses the manifold optimization problem, while the lower-level optimization manages

manifold-based operations, including the construction of tangent space basis and the re-

traction operation. If the lower-level optimization problems could be executed in parallel,

it would lead to a signi�cant reduction in the iteration time for CM-Opt methods.

Figure 3.5: Diagram of the bi-level optimization framework for CM-Opt. The information
passed between the upper-level and lower-level optimization is shown by the arrows.
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3.3.4 Relationshipto ConstrainedOptimizationMethods

Relationship to Gradient Projection Method

Notably, both the constraint manifold optimization method and the feasible direction meth-

ods in 2.3.1 require that each update step remains within the feasible state space de�ned by

the constraints. Especially, the projection step adopted in the gradient projection method is

analogous to the retraction operation of constraint manifolds.

However, there are fundamental differences between the CM-Opt and the gradient pro-

jection method. Firstly, the gradient projection method computes updates on the embedding

space, while CM-Opt operates in the tangent spaces of constraint manifolds; the update vec-

tor is computed as the gradient of the function in the embedding space, while the update

vector in CM-Opt is computed as tangent vectors in the tangent spaces of constraint man-

ifolds. Secondly, the gradient projection method suffers from the computation load of the

projection step, which operates on the entire embedding space; the CM-Opt also enables

retractions to be performed for each individual constraint manifold, which are of a much

smaller problem scale and can be performed in parallel. Lastly, as opposed to the gradient

projection method that only uses the �rst-order information, the CM-Opt can be adapted to

higher-order optimization algorithms and globalization techniques such as the trust-region

methods.

For constrained optimization problems with only linear equality constraints, the update

steps of the gradient projection method and the CM-Opt approach (assuming orthonormal

tangent space basis) with the Riemannian gradient descent algorithm generate the same up-

date steps. In such scenarios, the constraint manifolds de�ned by linear equality constraints

are Euclidean spaces. The Riemannian gradient direction is the projection of the gradient

into the tangent space as shown in (3.26), which is equivalent to the update by the gradient

projection method.
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Relationship to SQP Method

It is shown in [114] that at a feasible point, the manifold optimization algorithm with the

Riemannian Newton's method generates the same update step as the SQP method. Yet, the

CM-Opt approach extend naturally to methods with globalization techniques such as the

trust-region methods, while the SQP struggles with de�ning a proper merit function that

balance the dual objective of minimizing cost and satisfying constraints.

Relationship to Nonlinear Variable Elimination

In certain cases, variable elimination can be applied as an alternative approach to solving

constrained optimization problems. The constraint functionshpX q � 0 are rewritten into

(3.55) through analytical transformation, such that a subset of variablesX I e is expressed as

a function of the parameterization variablesX I p . The variablesX I e can then be eliminated

by substituting them withgpX I p q in the cost function, so that the cost function can be

rewritten as (3.56) which solely depends onX I p .

X I e � gpX I p q (3.55)

f 1pX I eq � f pX I e ; gpX I eqq (3.56)

We notice that when we adopt the elimination basis and the parameterized projection

as retraction with the same set of parameterization dimensionsI p, the behavior of mani-

fold optimization is similar to performing unconstrained optimization on the problem after

nonlinearly eliminating the variablesX I e , with a proof in the Appendix. We notice that in

certain cases, nonlinear variable elimination can result in ambiguity, singularities. In man-

ifold formulation, such problems can be resolved by changing the set of parameterization

variables. The detailed proof is provided in Appendix C
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3.4 Kinodynamic Constraint Manifolds for Inference and Planning

3.4.1 Scenarios

Range-Constrained State Estimation

We consider a two-vehicle state estimation problem as in [115]. Two vehicles collect

odometry measurements and inter-vehicle measurements while navigating through the en-

vironment. Two types of inter-vehicle measurements are considered: (1) relative pose

measurements (“Connected Poses”) (2) range measurements (“Range Constraint”). The

inter-vehicle measurements are precise, and therefore treated as constraints. The goal is

to �nd the maximum a posterior (MAP) estimate of the trajectories that satisfy the inter-

vehicle constraints. A factor graph representation of the constrained optimization problem

is shown in Fig. 3.6.

Figure 3.6: Factor graph for multi-vehicle estimation problem. The poses of the two vehi-
cles at time stept are represented as variablesat , bt , respectively. Inter-vehicle constraints
are enforced for each time step, while odometry measurements are imposed across time
steps.

Legged-Robot State Estimation

We consider a quadruped state estimation problem on simulated trajectories as in [9]. The

quadruped is equipped with IMU measurements on the torso link, joint angle measurements

with uncertainty of1� at each joint, and contact measurements on each foot. When contact

happens, we assume the contact point is static with small uncertainties that counts for

slippery and rolling contacts. We explicitly model as variables the link poses, joint angles,
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contact points at each time step, and enforce the kinematics constraints at each joint [1],

and the relative position constraints of the contact points with respect to the foot links. The

constrained MAP inference problem has a factor graph representation in Fig. 3.7.

Figure 3.7: Simpli�ed factor graph for the quadruped state estimation problem. The joint
angles, link poses, contact points at time stept are represented byQt , Pt , Ct , respectively.
Joint measurements are imposed on the joint variables at each step; integrated imu measure-
ments are imposed on the torso poses in consecutive time steps; contact invariant objectives
are imposed on contact points in consecutive time steps if contact happens.

Robot Kino-dynamic Planning

The kinodynamic trajectory planning problems of (1) a cart-pole system, (2) a cable-driven

parallel robot [116], and (3) a quadruped with contact are considered. The goal for the

trajectory planning problem is to �nd the trajectory that achieves a �nal target state with

minimum accumulated motor torques. The target state for the cart-pole system is to rotate

up the pole and balance it, while the target states for the cable robot and quadruped are

the speci�ed end-effector/torso poses as shown in Figure 3.8a. The continuous trajectory

is represented using discrete time steps with Trapezoidal collocation [54]. For each time

step, we explicitly model as variables the pose, twist, and acceleration of each link; the

angle, velocity, and acceleration of each joint; and the torque and wrench on each joint.

The constraints of the problems include the kino-dynamic constraints as in [8], as well as

the constraints specifying the initial state. The costs include the costs for achieving the

�nal state, minimizing motor torque actuations, and satisfying the collocation scheme. A
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factor graph representation of the problem is shown in Figure 3.8b.

Figure 3.8: (a) Initial state (red) and target �nal state (blue) for (1) cart-pole system, (2)
cable-driven parallel robot, (3) quadruped with contact. (b) Simpli�ed factor graph repre-
sentation of the constrained optimization for trajectory planning problem. The poses and
angles, velocities, accelerations, wrenches and torques at time stept are represented with
Qt , Vt , A t , Ft , respectively. Kinodynamic constraints and min-torque costs are enforced
for each time step. Collocation is imposed across consecutive steps.

3.4.2 Benchmark

We evaluate the CM-Opt approach against the most commonly adopted constrained opti-

mization methods in inference and planning problems. We have listed the set of algorithms

that we benchmark in experiments below. All methods are implemented using the GT-

SAM [95] library with LM algorithm to solve optimization subproblems.

• The soft constraintmethod solves an unconstrained optimization that minimizes a
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merit function (3.57) that adds penalty terms to the cost function.

arg min
X PRN

f pX q � � khpX qk2 (3.57)

• Thepenalty methoditeratively solves the unconstrained optimization problems (3.57)

with a sequence of increasing penalty parameterst � u, using the result of the previous

iteration as the initial values of the next iteration.

• Theaugmented Lagrangian methoditeratively solves the unconstrained optimization

problems (3.58). The Lagrangian multipliers� are updated using the dual descent

method (3.59) over iterations, and the step sizes� and penalty parameters� are

updated according to [18].

mpX q � f pxq � � pkq
h

T
hpxq � � h khpxqk2 (3.58)

� pk� 1q � � pkq � �h pxpk� 1qq (3.59)

• TheSQP methodsolves a constrained QP sub-problem in each iteration. We adopt

the trust-region variation of the algorithm, with a merit function of form (3.60).

mpX q � f pX q � � 1 kh pX qk � � 2 kh pX qk2 (3.60)

3.4.3 Results

For all scenarios, we show the optimization problem size (as function dimension� variable

dimension), optimization time, number of nonlinear iterations, total constraint-violation

(as the norm of constraint violation vector in SI units), �nal cost and “projected cost”,

which represents the cost evaluated at the point where the solution is projected into the

feasible state space, in Table 3.1. In multi-vehicle state estimation scenarios, the trajectories

generated by all methods are similar, and have the same average pose error (APE). In the
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quadruped state estimation scenario, the trajectories with manifold optimization achieve

a smaller APE of 0.307 compared to 0.316 with the soft constraints, as evaluated on 4

different simulated trajectories. The detailed information on the size of manifolds and the

retraction operation is shown in Table 3.2.

3.4.4 Discussion

The manifold optimization method with constraint manifold is overall more ef�cient than

the other methods. First, the manifold optimization method has a smaller problem size,

since the enforcement of constraints within the manifolds reduces both the dimension of

factors and the dimension of variables. Second, the manifold optimization method does not

require iteratively solving unconstrained optimization problems compared to the penalty

method and the augmented Lagrangian method. Third, the manifold optimization method

converges faster than the soft constraint method due to its better numerical properties, as

indicated by its smaller number of nonlinear iterations. The soft constraints, on the other

hand, may suffer from scaling issues [17], since the large weighting factor� assigned to

the constraint factors can result in a poorly conditioned problem.

The manifold optimization also provides results with better optimality than the other

methods. The constraint violation is much smaller with the manifold optimization, since

the constraints are enforced in each retraction operation. In the cart-pole and quadruped

planning scenarios, the manifold optimization manages to generate solutions with both

smaller costs and smaller constraint violations, which implies that the manifold optimiza-

tion problem is better conditioned with fewer local minimums.

For future work, we aim to evaluate the constraint manifold optimization on real-world

large-scale problems, study how to formulate the constraint manifold around the rank de-

�cient conditions of the constraint Jacobian(i.e., when (2.59b) does not hold), �nd ways

to further improve the ef�ciency in retraction operations, and incorporate inequality con-

straints.
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CHAPTER 4

CMC-OPT: OPTIMIZATION ON CONSTRAINT MANIFOLD WITH CORNERS

FOR PROBLEMS WITH INEQUALITY CONSTRAINTS

4.1 Problem Formulation

In this chapter, we generalize the CM-Opt approach to problems with inequality constraints.

We consider an NLP problem with both equality constraints and inequality constraints as

in (4.1). Figure 4.1 shows the factor graph representation of an example problem.

X � � arg min
X PRN

n f¸

j � 1

f j pX I f
j
q (4.1a)

s.t. hkpX I h
k
q � 0 for k � 1; : : : ; nh (4.1b)

g̀ pX I g
`
q ¥ 0 for ` � 1; : : : ; ng (4.1c)

Figure 4.1: Factor graph representation of an NLP problem with both equality and inequal-
ity constraints.
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4.2 Constraint Manifold with Corners

We consider the state space constrained by both equality and inequality constraints, embed-

ded inRN . Let h : RN Ñ Rnh andg : RN Ñ Rng be functions representing the complete

set of equality and inequality constraints, respectively, the constrained state spaceM is

then expressed as (4.2).

M �
 
X PRN : hpX q � 0; gpX q ¥ 0

(
(4.2)

The constrained state spaceM exhibits “boundaries” and “corners”1 where one or

more inequality constraints are active, thus termed aconstraint manifold with corners

(CMC). At a pointX P M , we classify the inequality constraints into active constraints

gA � gI A
X

(4.3) and inactive constraintsgI � gI I
X

(4.4) based on the evaluation of the

constraint functiongpX q. X is termed aninterior point X Int if no inequality constraint is

active; otherwise, it is termed acorner pointX B.

I A
X �

!
` P t 1; : : : ; ngu : g̀ pX I g

`
q � 0

)
(4.3)

I I
X �

!
` P t1; : : : ; ngu : g̀ pX I g

`
q ¡ 0

)
(4.4)

We assume that at any pointX P M , all the active constraint functionshpX q, gA pX q

and the cost functionsf pX qare continuously differentiable. In addition, the Jacobian ma-

trix of the equality and the active inequality constraint functions are always full rank as in

(4.5). We provide a brief discussion of the conditions violating (4.5) in Appendix D.

@X PM : rank

�

�
�

�

�
�

r hpX qT

r gA pX qT

�

�
�

�

�

 � nh �

�
�I A

X

�
� (4.5)

1In differential geometry, boundaries typically refer to the space where only one inequality constraint
is active; corners refer to the state space where one or more inequality constraints are active. Therefore,
boundaries can be considered as special corners.
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At an interior pointX Int, the constrained state spaceM is locally identical to a con-

straint manifoldM solely de�ned by equality constraints (4.6) [117]. Hence,M is locally

homeomorphic toRn at X Int, wheren � N � nh. Thus, aroundX Int, M can be locally

parameterized with� PRn using a chart' : Rn Ñ M .

M �
 
X PRN : hpX q � 0

(
(4.6)

At a corner pointX B, moving in any directionv � B� such thatr g̀ pX BqT �   0 will

violate the inequality constraint, therefore going outsideM . The constrained state space

M is homeomorphic to the model spaceH n
m (4.8), resembling a corner [99, 118], where

m � n � dim I A
X B. Therefore, aroundX B, M can be locally parameterized with� P H n

m

with a chart' : H n
m Ñ M . For a boundary point where only one inequality constraint is

active, it can be parameterized by a half-space (4.7).

H n �t � PRn : � 1 ¥ 0u (4.7)

H n
m �t � PRn : � 1; : : : ; � n� m ¥ 0u (4.8)

We further de�ne the connected subset ofM where a subsetI of inequality constraints

remain active as acorner (4.9), which is locally identical to the constraint manifoldM
I

(4.10). When|I | � 1, the corner is also a boundary.

CI � t X PM : hpX q � 0; gI pX q � 0u (4.9)

M
I

�
 
X PRN : hpX q � 0; gI pX q � 0

(
(4.10)

Figure 4.2 shows examples of constraint manifolds with corners, and their boundaries

and corners.
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Figure 4.2: (a) Example CMC de�ned by constraints1 � x2 � y2 � z2 ¥ 0, z ¥ 0,
z � x3 � 0:1 ¥ 0. The corners de�ned by 1 inequality constraint (i.e., boundaries) are
shown by the surfaces of different corners. The corners de�ned by 2 inequality constraints
are shown as black curves. The CMC consists of the corners and the region enclosed by
the boundaries. (b) Example CMC de�ned by constraints1 � x2 � y2 � z2 � 0, z ¥ 0,
z � x3 � 0:1 ¥ 0 is shown in grey. Its two boundaries are shown in red and blue curves.

4.2.1 TangentSpace

We de�ne the tangent space ofM following the tangent space de�nition of a regular mani-

fold (2.45). The tangent space ofM at a pointX PM is the set of velocities of all smooth

curvesCX onM starting atX (4.11), which can be derived as the set of vectors satisfying

the linearized equality and active inequality constraints (4.12). Notably, the tangent space

TX M is a linear space at interior points, and a convex cone (a subset of the tangent space

TX M of the constraint manifold) for corner points, as depicted in Figure 4.3.

CX � t c : r0; 1q Ñ M is smooth; cp0q � X u (4.11)

TX M � t c1p0q: c PCX u

�
 
v PRN : r hpX qT v � 0; r gA pX qT v ¥ 0

(

„
 
v PRN : r hpX qT v � 0

(
� TX M

(4.12)
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Tangent Space Basis

General Basis The tangent vectors of the CMCM can be parameterized with a basis of

TX M . Let the full-rank matrixB P RN � n represent a basis matrix forTX M . Using the

property (3.6), any vector expressed asv � B� satis�es (4.13).

@v � B� : r hpX qT v � 0 (4.13)

Therefore, the tangent spaceTX M can be rewritten utilizing the same basisB with ad-

ditional linear inequality constraints as (4.14), where the matrixK can be computed from

(4.15). Therefore, any tangent vectorv P TxM can be parameterized using� P 
 as

v � B� , where
 is a convex cone de�ned in (4.16).

TX M �
 
B � � : � PRn ; r gA pX qT B� ¥ 0

(

� t B � � : � PRn ; K� ¥ 0u

� t B � � : � P 
 u

(4.14)

K � r gA pX qT B (4.15)


 � t � PRn : K� ¥ 0u (4.16)

Corner Basis We can construct a speci�c basis matrixB , such that the tangent space

TxM can be parameterized with� P H n
m as in (4.17). The �rstpn � mqdimensions of�

are constrained to be non-negative, while the remainingm dimensions are unconstrained.

TX M � t B � � : � PH n
mu (4.17)

Such a basis matrixB needs to satisfy (4.18) in addition to (3.6).

K � r gA pX qT B �
�

I 0

�
(4.18)
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The basis matrixB can be constructed from an arbitrary basis matrixB of the constraint

manifoldTX M in the form of (4.19), whereE PRn� n is an invertible matrix.

B � BE (4.19)

Then, the property (4.18) can be rewritten into (4.22), where the matrixK P Rpn� mq� n is

computed in (4.21).

K � r gA pX qT B � r gA pX qT BE � KE �
�

I 0

�
(4.20)

K � r gA pX qT B (4.21)

The matrixE can be solved by performing Gaussian elimination on matrixK
T

as in (4.22),

andE T is the product of row operation matrices during the Gaussian elimination process.

KE �
�

I 0

�

E T K
T

�

�

�
�

I

0

�

�
�

(4.22)

Numerically, we can �rst performLU decomposition on matrixK
T

(4.23). Then, the

matrixE can be constructed by (4.24) so that it satis�es (4.22).

K
T

� L

�

�
�

U

0

�

�
� (4.23)

E T �

�

�
�

U� 1 0

0 I

�

�
� L � 1 (4.24)

Notably, the basis matrixB constructed using this method is not guaranteed to be orthonor-

mal.
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Figure 4.3: Tangent space of example CMCs in Figure 4.2. The corner basis vectors of the
tangent space are shown at various points. The vectors corresponding to the constrained
dimensions are shown in red, while the unconstrained dimensions are shown in blue.

4.2.2 Retraction

Similar to the de�nition of retraction operation of a standard manifold [22], we de�ne the

retraction on a manifold with corners atX P M ãÑ RN as a smooth mapRX : TX M Ñ

M such that the zero tangent vector maps toX , and its differential at the zero tangent

vector is the identity map (4.25).

RX p0q � X

DRX p0qrvs � v
(4.25)

We de�ne the metric projection as a retraction operation, which solves an optimization

subproblem (4.26). In the retraction operation, we initially add the tangent vectorv directly

to the original pointX . However, since the resulting valueX � v may not lie withinM , we

then apply a projection step to �nd the closest point inM based on the metric distance in the

embedding space. For speci�c cases, closed-form solutions for the retraction optimization

problem can be derived manually. For general scenarios, we resort to the penalty method

to address the retraction optimization problem. Figure 4.4 illustrates the retraction process
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for an example manifold with a boundary.

RX pvq � arg min
Y PRN

kY � p X � vqk2

s.t. hpYq � 0

gpYq ¤ 0

(4.26)

In practice, the retraction operation can be found by solving the retraction optimization

problem with any constrained optimization method. Notice that to ensure returning feasible

values, we additionally solve a nonlinear least squares problem (4.27) with the Levenberg-

Marquardt optimizer, using the penalty optimization result as the initial values ofX . The

result will be strictly feasible if the cost function of (4.27) is reduced to zero. In the case that

the solution to (4.27) does not have zero error, it indicates that the step is going too far that

the retraction with numerical optimization fails to fall back onto the manifold. Therefore,

the optimizer will reduce the size of the trust region to produce smaller step sizes.

arg min
X PRN

khpxqk2 �



 � gA pxq�




 2

(4.27)

Figure 4.4: Retractions of example CMCs in Figure 4.2. The tangent vectors are repre-
sented in blue, while the retraction projection process is represented in green.
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4.2.3 Differential of FunctiononCMCs

We de�ne the differential of functions on CMCs, which is essential for gradient-based

optimization algorithms. Let's consider a real-valued function de�ned on a CMCF : M Ñ

R; the differential of the functionF at X P M is represented as a mapdF : TX M Ñ R,

indicating the rate of change of the function value when moving fromX in the direction of

a tangent vectorv PTX M , as de�ned in Equation (4.28).

DF pX qrvs �
d
dt

F pRX pt � vqq

�
�
�
�
t � 0

(4.28)

Given a parameterization� of the tangent space with the basis matrixB , the differential

can be elegantly expressed in matrix form as in (4.29). Here,f : RN Ñ R denotes a smooth

extension ofF to the embedding space. Therefore, the differential ofF in the direction of

any tangent vectorv � B� PTX M adheres strictly to the property (4.30).

rF pX q � B T r f pX q (4.29)

DF pX qrB� s � rF pX qT � � (4.30)

The gradient of functionF seeks a direction in the tangent space that can most rapidly

decrease the function value. It can be computed by solving a convex QP problem (4.31).

� � � arg min
� P


krF pX q � � k2

gradF pX q � B � � �

(4.31)

Notably, when the tangent space of the CMC is parameterized with the corner basis (4.17),

we can simply set the constrained negative entries of� to zero as (4.32).

� � �

�

�
�

�
� r1:n� ms

�
�

� rn� m� 1:ns

�

�
� (4.32)
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4.3 CMC-Opt: Optimization on Constraint Manifolds with Corners

4.3.1 ProblemTransformation

We can transform the NLP problem (4.1) into an unconstrained optimization problem on

constraint manifolds with corners. The steps to realize the problem transformation are

similar to the steps formulated in subsection 3.3.1. The Constraint-Connected Component

now includes the inequality constraints, so it is formulated as (4.33), whereI g
c represents

the index set of inequality constraints in thecth CCC. Each CCC is then formulated as a

constraint manifold with corners as (4.34). Therefore, the transformed state space can be

de�ned asE � M 1 � : : :� M p � RNu , whereM i represents a constraint manifold variable,

andNu is the total dimension of the unconstrained variable in the original NLP problem.

Cc �
�
X I C

c
; hI h

c
pX I C

c
q � 0; gI g

c
pX I C

c
q ¥ 0

�
(4.33)

M c �
!

X I C
c

PRdC
c : hI h

c
pX I C

c
q � 0; gI g

c
pX I C

c
q ¥ 0

)
(4.34)

Figure 4.5: (a) Factor graph representation of a constrained optimization problem. (b) Fac-
tor graph representation of the transformed unconstrained optimization problem on con-
straint manifolds with corners.
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The outcome is an unconstrained optimization problem (4.35) formulated on the con-

straint manifolds with corners, whereI F
j is the set of indices of new variables involved in

the j th cost term. Figure 4.5 illustrates the problem transformation process using factor

graph representations.

arg min
X PE

n f¸

j � 1

F j pX I F
j

q (4.35)

4.3.2 OptimalityCondition

We derive the optimality condition for an unconstrained optimization problem on a mani-

fold with cornersM . Let M be a manifold with corners de�ned by (4.2), and consider a

cost functionF : M Ñ R. The optimization problem is formulated as shown in (4.36).

X � � arg min
X PM

F pxq (4.36)

A local minimumX � P M is attained when the objective function cannot be decreased

along any tangent vector direction inTX � M . This leads to the derivation of the �rst-order

optimality condition given by (4.37), which can be equivalently written as (4.38) and (4.39).

@v PTX � M : DF pX � qrvs ¥0 (4.37)

@� P 
 X � M : rF T pX � q� ¥ 0 (4.38)

gradF pX � q � 0 (4.39)

We demonstrate that the �rst-order optimality condition (4.37) is equivalent to the KKT

condition of the original NLP problem (4.1) with a detailed proof in Appendix F.
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4.3.3 First-OrderAlgorithms

First-order manifold optimization algorithms iteratively update their estimates based on the

gradient of the cost function, exempli�ed by the Riemannian gradient descent algorithm

[22]. The algorithm starts with initial valuesX p0q P M . In each iteration, the descent

direction � � is computed as the negative gradient of the function, which is expressed as

a tangent vector of the manifold (4.40). Utilizing a chosen step size� , retraction is then

performed on the manifold to complete the iteration (4.41).

gradf pX pkqq � B � r f pX pkqq (4.40)

X pk� 1q � RX pk q

�
� � � gradf pX pkqq

�
(4.41)

The Riemannian gradient descent algorithm can be extended to operate on CMCs. The

gradient of the cost function on CMCs can be computed from (4.31), while the retraction

on CMCs can be performed as (4.26). When a cost functionF : M 1 � : : : � M p Ñ R is

de�ned on multiple CMCs, the gradient can be computed by projecting the corresponding

components ofrF into the tangent space of each CMC separately as in (4.42), whereI i

represents the set of dimensions inrF that corresponds to thei th CMC.

� � �

�

�
�
�
�
�
�
�

arg min
� P
 x 1 M 1

krF pX qI 1 � � k2

...

arg min
� P
 x p M p




 rF pX qI p � �




 2

�

�
�
�
�
�
�
�

(4.42)

We present the generalized Riemannian gradient descent algorithm on CMCs in Alg.2.

A commonly employed approach for determining the step size is through line search, as

demonstrated in [22, 17]. An illustrative example of Riemannian gradient descent applied

to a simple manifold with corners is depicted in Fig. 4.6. It is noteworthy that the optimiza-

tion process can enter and leave the boundaries and corners throughout the iterations. We
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