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SUMMARY 
 

 

 The following dissertation contains research related to a new formulation for 

Computational Fluid Dynamics for modeling unsteady, turbulent, compressible flows in 

conceptual design.  The formulation is based on techniques from discrete differential 

geometry, discrete exterior calculus, Lie algebra, algebraic topology, and discrete 

variational integration and their applications in computational mechanics.  The language 

of discrete differential forms enabled an invariant preserving discretization of the 

governing equations on a discrete spatial domain.  Stokes' Theorem, among others, are 

only conserved in the limit of an infinitely refined mesh, a converged solution, and/or on 

average in conventional methodologies but are exactly preserved in this formulation.  Lie 

algebra and algebraic topology formed a bridge between abstract and applied concepts of 

geometric analysis and partial differential equations on a manifold.  Finally, discrete 

variational integration enabled exact preservation of energy, angular momentum, and 

other fundamental invariants in discretized space-time. 

 The motivation for this project had multiple sources.  The initial motivation came 

from a fuel slosh project the author was assigned while working as an intern at NASA 

Goddard Space Flight Center.  The goal was to create a higher fidelity fuel slosh model 

than the standard pendulum-based mechanical models with minimal sacrifice in model 

runtime.  The idea was based on papers by Stam who developed rapid, unconditionally 

stable fluid models for graphic design. Further papers by Elcott, Marsden, Mullen, and 

many others expanded on those ideas for accurately capturing the underlying physics of 
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incompressible flows.  These papers cited earlier works by Tonti, Truesdell, and others 

that were instrumental in further development of this dissertation's methodology. 

 Another source of motivation stemmed from the author's experience using CFD 

on research projects as a graduate research assistant, literature searches, discussions with 

experts at conferences and research sponsor meetings, class projects, and team design 

projects while in school.  CFD is a useful design tool but not without drawbacks.  

Turbulent flows, complex geometries, and multi-physics problems are difficult to model.  

Such problems require copious amounts of computational resources, wall time, and 

experts for problem setup and results interpretation.  Further, results from models can be 

inconsistent and/or model dependent.  For example, the same flow over an airfoil at a 

high angle of attack may have different results based on the turbulence model used, the 

choice of initial conditions, and/or the numerical integration scheme. 

 The final source of motivation came from the author's research into hypersonic 

vehicle simulation, flight testing, and design.  The initial research interest and goal was 

related to uncertainty quantification regarding this process.  The non-linearity of 

hypersonic modeling, the intense interdisciplinary coupling, and the inherent integrated 

nature of air-breathing hypersonic vehicles create vast amounts of uncertainty about a 

designed vehicle's final performance.   

 These motivations led to a deeper literature search into simulating compressible 

turbulent flows, computational mechanics, aerodynamic coupling with other disciplines, 

and the use of CFD in engineering design.  Many methods exist for turbulent CFD.  The 

problem is that few have shown promise in resolving the fundamental problems 

mentioned previously for a wide range of applications.  Further, the ones that show 
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promise have focused primarily on the novelty of the method, are useful for a narrow 

range of application, and/or require extensive computational resources.  Novelty alone is 

not enough.  New methodologies and codes must be capable of resolving fundamental 

problems with CFD and answering questions related to phenomena pertinent to industry 

problems over a wide range of possible flow conditions. 

 Thoroughly testing the methodology on a large collection of problems was 

beyond the scope of any one dissertation.  Instead, the methodology was tested on a set of 

problems of compressible, viscous flow over a 2D airfoil.  The focus was testing the 

feasibility of an extension of discrete exterior calculus-based solvers to handle viscous, 

compressible flows on a well known problem that is also pertinent to aerospace. 

 The three phases of experimentation tested a variety of Mach numbers, Reynolds 

numbers, and angles of attack up to incipient separation and in the compressible, but 

neither transonic nor supersonic regime.  The tests did not go up to or beyond the 

expected separation angle of attack would be because separation is a 3D phenomenon.  

The goal was to see if the method could make accurate predictions up until that point 

over a range of Mach and Reynolds numbers.  Shockwave prediction was scoped to 

future work, hence the desire to stay below transonic but above incompressible flow. 

 The results showed that the VIDEC-CFD Methodology was able to make 

comparable predictions to an industry solver for this limited 2D problem set.  These 

predictions were made on the same mesh, but without a turbulence model for VIDEC, 

while the industry solver, FLUENT, utilized the Spalart-Allmaras turbulence model. 
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CHAPTER I 
 

 

 

INTRODUCTION 
 

 

 

1.1 Opening Remarks 

Computational Fluid Dynamics (CFD) is the combination of computer science and fluid 

mechanics to analyze phenomena related to fluid flow.  The application of CFD to the 

design of aerospace systems has revolutionized the design process and has evolved since 

its earliest uses to today's application [6][214].  The capabilities of CFD have evolved 

from basic panel and potential methods for wing and airfoil design to complex numerical 

solutions for engine/airframe integration trade studies.  The applications and capabilities 

of CFD for analysis and flow visualization have been enabled by three synergistic areas 

of advancement: numerical mathematics, computer hardware, and software algorithms.   

 Techniques from numerical mathematics provide the means of approximating 

solutions to the governing equations of fluid mechanics.  The approximations lead to 

solving thousands or millions of simultaneous equations on a computer.  Advanced 

parallel computing on numerous processors greatly reduces the solver's runtime and 

enables solutions to problems with complex geometries on highly refined grids.  

Improved algorithms have supplemented this advancement by taking advantage of 

equation structure and parallel computing.  They have also enabled more precise 

solutions to the governing equations with fewer assumptions.  Domain decomposition 

and asynchronous and variational integration have enhanced all the above. 
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 Together, these advancements enable CFD to cover a wider range of applications, 

from the simplest flows in a duct to unsteady transonic flows over a wing 

[141][214][430].  But what value does CFD bring compared to physical experiments?  

What value do these tasks bring to the design process and the final product? 

 The answer to the first question is speed and flexibility.  Modifying geometry and 

testing configuration ideas is relatively simple and cheap on a computer.  Trade studies 

between more configurations are possible in a computational space versus a physical one 

and can be made early in the design process.  

 The answer to the second question is based on the customer's view of CFD [214].  

What does the application of CFD to a product enable in terms of reducing costs related 

to procurement, operation, etc?  What does CFD enable in terms of obtaining a product 

sooner?  According to Johnson, Tinoco, et al. [214][430], CFD has drastically reduced 

design cycle time and costs.  CFD provides capabilities such as correcting and/or 

extrapolating wind tunnel data where wall and/or mounting effects are significant, 

resulting in fewer required flight tests and wind tunnel tests and faster design and fluid 

studies.  These combined economic advantages and capabilities are in line with the prime 

motivations for CFD outlined by Fujii [141].  Additional value from CFD is the ability to 

answer questions the designer or customer has, observe and visualize phenomena that 

other methods cannot, and reduce any related uncertainty and risk. 

 CFD's ability to answer questions, however, is currently limited by an inability to 

resolve turbulent flows, accurate predictions of boundary layer transition from laminar to 

turbulent, and prediction of when and where flow separation occurs.  Turbulent flows 

dominate the majority of an aircraft's flight envelope, especially in maneuvering flight 
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[430][458].  Various instabilities in the flow can lead to the onset of turbulence.  

Turbulence is an inherently unsteady phenomena and is typically accompanied by other 

non-linear phenomena based on the flight conditions and system in question.  Some 

phenomena, such as flow separation, are inherently three dimensional and unsteady.  

Capturing these non-linear, high vorticity phenomena is the single largest bottleneck that 

must be overcome to improve CFD's value in design [141][214][430][458].   

 The CFD Vision 2030 is an N+3 Class Study to develop a comprehensive and 

enduring vision for CFD technology and capabilities for addressing that bottleneck, with 

equal emphasis on modeling, algorithms, and hardware.  The vision emphasizes physics-

based predictive modeling in conjunction with advanced massively parallel high-

performance computing with uncertainty quantification, error estimation, and adjoint-

based mesh adaptation.  The goal is for a 40% reduction in predictive error against 

standard test cases and difficult flow scenarios.  The ultimate grand challenge is the 

digital flight prediction of a flying, elastic, aircraft [266][371][409][415]. 

 The industry position on CFD is that it is far from a solved problem and would 

not be resolved by unlimited computing power.  There is not sufficient confidence in the 

mathematics and algorithms as they are today for robust, accurate representation of the 

fundamental physics [5][266][415].  Computing power will significantly reduce errors 

but not remove them.  More processors, better error estimators, etc., alone are insufficient 

to improve the state of CFD modeling for complex, turbulent flows and boundary layer 

transition.  The physics models themselves and discretization errors will be the main 

show-stoppers [5][266][409][415].  Johnson et al. [215] note that no solver, regardless of 

how powerful a computer it is run on, can overcome a bad discretization.  This refers to 
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both the grid and to the discretization of the governing equations.  Allmaras [5] adds that 

new CFD formulations must satisfy all relevant conservation laws, maximum principles, 

etc. at a discrete level without any non-physical oscillations.   

 Accurately capturing and resolving the physics behind turbulence, separation, and 

transition is a large problem.  There are issues of artificial dissipation of fluid momentum, 

angular momentum, energy, and other quantities that arise from the governing equations' 

discretization and integration on a discrete space-time domain [100][317].  The net result 

of these problems is the large discrepancies and uncertainty in predictions related to 

forces and moments on the system.  Various workshops on drag prediction, high-lift 

aerodynamics, shock-boundary layer phenomena, and uncertainty quantification have 

been conducted over the years [34][172][252][254][341][384][386][385][449][456][478].  

Their results illustrate CFD’s limited ability to handle highly turbulent, vortex dominated, 

and unsteady flows based on application. 

 The scope of the problems in CFD is beyond any single study.  Solving these 

problems necessitates a closer look inside CFD's black box.  The CFD Vision 2030 

emphasizes evolutionary approaches that improve current methodologies.  This 

dissertation focuses on a revolutionary approach.  Specifically, the focus is on preserving 

fundamental invariant structures from the continuous model on the discrete equations 

exactly without diffusion or dissipation.  Highly accurate methods that preserve these 

invariants at the discrete level have been developed for incompressible flows 

[55][60][100][115][143][191] [274][298][316][317][442].  These advances will now be 

applied to compressible, viscous flows. 
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1.2 Motivation 

The overarching research motivation, objectives, and terminology of this dissertation will 

be developed methodically through later chapters and is summarized here.  The 

motivating problem is improved CFD predictive capabilities by reduced discretization 

error and especially in early design phases, where many and potentially unconventional 

architectures need to be evaluated.  Unconventional architectures arise when attempting 

to capture synergistic interdisciplinary interactions and/or high order effects within a 

single discipline.  The current CFD technology lacks the ability to fundamentally ensure 

the discrete governing equations are proper analogs on discrete numerical spaces as their 

continuous counterparts, thereby introducing a form of discretization error that can only 

be meaningfully eliminated at solution convergence.  Current modeling methods do not 

address this fundamental limitation and its effects on properly modeling complicated 

non-linear physics, yielding one of a few gaps.  Addressing these gaps with a proposed 

methodology requires answering fundamental math and physics questions, which requires 

numerical experimentation to verify or falsify a hypothesis. 

 There will be three proposed studies.  Two of these directly connect to two 

research questions and hypotheses, while the last simultaneously relates to both. The 

metrics of interest in each experiment will be how well the proposed CFD methodology 

can predict pressure distribution, lift and drag coefficients, and viscous dissipation for 

viscous compressible subsonic flows over a NACA 0012 airfoil.   

 Let's simplify the previous statements to state this dissertation's overall goal:   
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Overall Research Goal: Provide a first step towards mitigating unavoidable 

discretization error and loss of topological information in governing equations when 

utilizing CFD to solve important non-linear aerodynamic and irreversible 

Thermodynamic problems, especially those where non-linearities and interactions are 

most prevalent and subject to uncertainty resulting from said error and losses. 

 

 

 This dissertation will cover a broad range of topics including Irreversible 

Thermodynamics, CFD, exterior calculus, and discrete differential geometry.  Another 

heavy emphasis will be on how these topics connect back to variational calculus, 

Hamilton's Principle, and ultimately Noether's Theorem.  To quote Ichiyanagi [207]:  

"The main reason of interest for Hamilton's Principle in irreversible Thermodynamics is 

for obtaining constants of motion and symmetry properties using Noether's Theorem."  

 Let's modify that quote slightly to state this dissertation's overall hypothesis:   

 

 

Overall Research Hypothesis: The use of variational statements and exterior 

calculus to abstract the governing equations of CFD will enable the derivation of 

symmetry properties with Noether's Theorem and enforce a discrete analog of Noether's 

Theorem on the discretized governing equations to reduce discretization error. 
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 A final note on scoping the problem for the proposed methodology.  As proposed, 

the method is a Direct Numerical Simulation (DNS) tested bare bones without a 

turbulence solver.  A discrete exterior calculus (DEC)-based turbulence solver is not 

considered for scoping reasons.  The method will be tested against an industrial solver 

that incorporates a turbulence model.  The comparison here is convergence to the real 

solution as a function of discretization.  A proper DNS study that reaches the 

Kolmogorov scale, discussed later, to capture every fluid motion and that is not done 

herein.  This dissertation's argument is that the proposed DEC-based formulation will 

show a high degree of accuracy even without a turbulence model to explicitly simulate 

those motions not captured in the discretization scheme.  As discretization becomes 

refined to the Kolmogorov Scale, the results of all CFD methodologies should converge.  

The difference is in who gets closer to that "real answer" on coarse grids.  This 

dissertation argues that DEC-based methods could be candidates for better 

approximations on coarser grids, without recourse to high order finite elements or 

additional empirical models which have their own limitations. 

1.3 Tangible Outcomes 

The proposed methodology is a Variational Integration of a Discrete Exterior Calculus-

based CFD Formulation, called VIDEC-CFD or simply VIDEC for short.  The VIDEC-

CFD Methodology is a downpayment on solving a larger problem within CFD modeling.  

The problem is the prevalent and seemingly unavoidable of discretization error in 

differential operators and loss of relevant topological information in the governing 

equations.  The discrete operators in conventional finite difference, volume, or element 

methods are not analogs of their continuous counterparts.  The discrete operators 
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approximate and converge to the continuous operators in the limits of infinite refinement 

and iterations.  They do not have the same properties without those limits and sufficient 

convergence rarely occurs in industrial practice on complex flows [266][371][409][415].  

The lack of these properties leads to an inherent loss of information and to adding 

requirements for highly refined meshes, high order spatial discretizations and integration 

schemes, and empirical tuning to capture relevant physics. 

 The VIDEC-CFD Methodology is part of mimetic or compatible spatial 

discretization families of numerical methods.  The main goal of the method is to utilize 

concepts of Discrete Exterior Calculus (DEC) to provide operators that are exact discrete 

analogs of their continuous counterparts.  The method goes further by addressing the 

integration scheme with variational time integrators to ensure these properties are 

maintained for unsteady simulations. 

 The VIDEC-CFD Methodology includes additional consistency requirements on 

variable definition.  The variables are defined as differential forms such that the resulting 

discrete formulation inherently preserves discrete analogs of the first two laws of 

Thermodynamics.  This additional requirement combines DEC-based methods with the 

General Equation for Non-Equilibrium Reversible-Irreversible Coupling (GENERIC) 

Methodology from Ottinger and Romero and Topological Thermodynamics from Kiehn 

[234][235][225][332][333][373][374][375][372].  The consistency requirements prevent 

spurious unphysical solutions from arising due to improper treatment of entropy, energy 

transfer, and energy dissipation. 

 The tangible outcome of this dissertation is conducting a feasibility study on the 

proposed methodology.  Specifically, can the methodology resolve qualitative and 
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quantitative aspects of fluid flow in a regime where such a formulation has not been 

tested before: a subsonic, viscous, compressible flow?  Does the methodology produce 

results that make sense?  Do operators in this mathematical formulation inherently 

preserve the proper symmetries within the governing equations on a discrete domain? 

1.4 Synthesis 

There are three distinct areas that are being synthesized for the VIDEC-CFD 

Methodology.  They are DEC, variational integration, and the GENERIC Methodology 

for Non-Equilibrium Thermodynamics.  The first two have been combined sporadically 

in the literature, but with a focus on symplectic integration for inviscid, incompressible 

governing equations.  Neither of the first two have been combined with GENERIC or for 

solving a viscous, compressible flow.  Variational integration's strengths and utility in 

computational mechanics are understood well enough and will be skipped in this section. 

1.4.1 DEC 

The DEC term throughout the proposal has been used as an umbrella term that includes 

tools from Exterior Calculus of Manifold, Lie Algebra, Differential Geometry, and 

Algebraic Topology.  These areas have been synthesized into various possible discrete 

theories 

[60][77][80][90][100][101][102][103][121][131][135][136][139][143][163][191] 

[234][274][286][289][304][317][319][322][332][333][345][348][349][373][374][375] 

[431][432][433][434][440][442][448][457][479].  The differences in these theories are 

based around natural versus derived specific definitions regarding important operators: 

the Lie Derivative,    
 , the Hodge Star,   , and the interior product,     

  . 
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 The natural form of these operators are defined in formulas similar to this one, 

             , or       which defines a bracket such as  
  

   

 
   

  

   
..  The matrix, 

   , is defined such that the bracket meets certain requirements including material 

properties, equation of state, (anti-)symmetry, satisfying identities, etc.  These natural 

definitions enable exact preservation of desired properties by construction.  The trick is 

that the property selection and definition is problem dependent. 

 The derived form of these equations relies on defining these operators in terms of 

other known operators.  Consider the Cartan Formula for the Lie Derivative,    
  

    
      

  or the interior product definition of    
                 

[100][121][191][317].  This formulation can enforce equations of state in a weak 

variational sense and uses the Hodge star to relate the quantities together.  The problem is 

that not all these operators are compatible or consistent with each other, nor do they all 

admit variational formulations.  Choosing a combination of natural versus derived Hodge 

Star, Lie derivative, and interior product is what makes each method distinct. 

 The VIDEC-CFD Methodology chose the derived forms of each of the operators.  

The derived forms all admit variational formulations and are based on known operators.  

Equations of state and constitutive equations are now formulated as hybrid constraint and 

closure equations that include said operators.  They are enforced exactly in the form 

given.  The problem now is that their accuracy relative to the physics, and by extension 

the crux of the method's accuracy, now resides within the Hodge Star operator and the 

Whitney form interpolation operator, both of which will be explained later. 
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1.4.2 GENERIC 

The GENERIC Methodology is described in the following citations 

[333][372][373][374][375] and is based on some of the bracket formulation ideas from 

Morrison [309][310][311][312] and Materassi [285][286].  There are two sources for the 

dynamics on a space: a Hamiltonian and an entropy functional.  Variations of these 

functionals are used to derive the equations of motion in terms of Poisson Brackets, 

Leibniz or Metric or Dissipation Brackets, and Helmholtz Free Energy. 

 The equations of motion are separated into two distinct parts.  The non-dissipative 

parts of equations are solely generated within the Poisson bracket, while the dissipative 

components are within the Leibniz or Metric bracket.  These two distinct parts can be 

visualized as two separate matrix vector products.  The vectors are related to energy and 

entropy functional derivatives with respect to different state vector elements.  The 

properties of these matrices, as well as their products with other parameters, are what 

define Thermodynamic Consistency: the Hamiltonian energies are non-dissipative, the 

entropy functional is always increasing, and that Onsager's reciprocal relations hold. 

 The latter conditions are a result of the dissipative bracket of the Hamiltonian 

with the state vector.  The result is not identically zero but leads to equations that relate to 

Onsager's reciprocal relations and the Clausius-Duhem Inequality.  These are not 

constraint equations.  They result from problem formulation.  The definition of variables 

as differential forms and which variables are used could result in a Thermodynamically 

Consistent formulation.  This is only known after the problem is set up and solved. 
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1.5 Dissertation Research Questions 

The proposed methodology in this dissertation is an exploration of what these solvers 

could provide as a down payment towards solving bigger problems within CFD's 

modeling capabilities.  The argument structure is based upon CFD's expanding role in the 

design process that has seemingly hit a bottleneck with fundamental weaknesses.  From 

there, the search is on what weaknesses can be addressed and what are the tools to do so. 

 

 

Figure 1: Dissertation Logic Diagram I - Main Argument 

 

 

Figure 2: Dissertation Logic Diagram II - New Method 
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 The questions this dissertation seeks to answer are based on observations and 

critical research gaps that will be described in the following chapters.  The first research 

question was formulated in regard to simultaneous thermodynamic, geometric, and 

variational consistency and compatibility.  This is a coupled problem based on the 

definition of fundamental physical quantities within the governing equations.  The focus 

of this question is on Thermodynamic Consistency because it can only be verified after 

the simulation, whereas the other two may be determined a priori. 

 

 

Figure 3: Dissertation Logic Diagram III - Structure 
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 The second research question is focused on the dissipation function.  It is one of 

the author's unique contributions and has never been used before in a DEC-based 

formulation.  Just because other operators were able to be defined by analogy doesn't 

mean there won't eventually come an exception.  Viscous dissipation is an incredibly 

complex process and so is the function that describes that process in the energy equation. 

1.6 Content and Structure 

The following dissertation is ultimately about demonstrating the feasibility of a new way 

of formulating CFD.  The formulation is not at the exploitation phase, as will be shown in 

later chapters, and is still much more about feasibility.  The main goal is to demonstrate 

the feasibility of a new formulation and what knowledge is needed to understand that 

formulation.  It is a down payment towards solving a larger problem that with work can 

become a valuable contribution and tool for CFD analysis. 

 The dissertation has been organized to address the research objectives in the 

following way.  Chapter 2 discusses CFD 2030, the limitations of CFD in the design 

process, and additional motivations for this research.    

 The governing equations are discussed briefly in Chapter 3.  The remainder of 

Chapter 3 is devoted to discussing conservation theorems and the formation of the 

viscous stress tensor.  The reason for an in-depth review on this stress tensor is due to its 

fundamental geometric representation.  Material presented in Chapter 5 and 6 are 

dependent on understanding the underlying geometric meaning to the viscous stresses. 

Chapter 4 focuses on a particular limitation of current CFD methodologies: 

turbulence modeling.  Current turbulence solvers are overviewed with adequate 

background material for the reader to understand the fundamentals of each turbulence 
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methodology's formulation and limitations.  The chapter is not meant to be an exhaustive 

source of turbulence models.  The chapter highlights the conceptual foundations and 

strategies that underline turbulence modeling strategies and the resulting limitations. 

 Chapter 5 transitions to alternative mathematical foundations of discrete exterior 

calculus.  The material in the chapter is a self-contained summary of the topics from 

discrete differential geometry, combinatorial topology, algebraic topology, and exterior 

calculus needed to understand the work in this dissertation. 

 Chapter 6 focuses on methodologies that utilize these new mathematical strategies 

and techniques.  The techniques' applications are based on analogies to other fields 

including electromagnetism, elasticity, and dynamic systems.  This is the final chapter 

describing background and motivational material.  The remaining chapters are about 

addressing identified gaps, the proposed VIDEC-CFD Methodology, the experimental 

plan and results, and future work. 

 Chapter 7 begins with an overview of the observations, gaps, and assertions made 

thus far in the dissertation.  This dissertation's research problem is then defined in 

specific detail.  The identified gaps, and the problem's more limited scope, leads to 

specific Research Questions and Hypotheses.  The remainder of the chapter details the 

research tasks for testing hypotheses and answering the research questions. 

 Chapter 8 focuses on the theory and derivation of the governing equations, an 

integrator for those equations, representation of the viscous stress tensor, and the 

boundary conditions.  The necessary theorems from aerodynamics, variational calculus, 

topology, geometric integration, and discrete mechanics have been described in detail and 
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are now combined to form the VIDEC-CFD Methodology.  The viscous force and 

dissipation function for a Newtonian fluid is represented using DEC-based operators. 

 Chapter 9 contains experimental test problem descriptions, setup, and data.  

Descriptions include what aspect of the methodology the problem tests, why this aspect 

must be tested, and the results of each case.  The last section is a discussion about how 

the results relate to each hypothesis, research questions, and overall research goals. 

 Chapter 10 concludes the dissertation with a brief re-iteration of the main results 

from Chapter 9.  These results are reconciled with the hypotheses, research questions, and 

research objectives.  The document concludes with a summary of the document's 

contributions, possible applications, and future work. 

 The first few chapters contain information that is relevant to a fundamental 

understanding of fluid mechanics and its place in the design process.  Readers that are 

more familiar with any of the methods presented in Chapters 2, 3, and 4 should consider 

reading only the Chapter Introductions and Chapter Summaries.  These sections provide a 

sufficient explanation of the main points that were included and any notes that were 

emphasized for their importance in CFD code development.  Chapter 8, with supporting 

material in Chapters 5 and 6, layout the proposed VIDEC-CFD and underlying 

mathematical theory.  All readers should read all of Chapter 8 and carefully go through 

Chapters 5 and 6 before proceeding to the research plan, numerical experiments, results, 

and conclusions in Chapters 7, 9, and 10. 
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CHAPTER II 
 

 

 

MOTIVATION 
 

 

 

2.1 Introduction 

The research motivation, goals, and objectives were stated in Chapter 1.   The combined 

material of this and the next two chapters are the necessary building blocks.  This chapter 

will review CFD, the design process, the combination of the two for aerospace systems 

design, and future outlook as specified in the Vision for CFD 2030.  This chapter is for 

setting up the dissertation's main argument summarized in Figure 1. 

 Three synergistic advancements have enabled CFD's increased use in the design 

process: computer hardware, software algorithms, and numerical mathematics.  The 

prime driver has been advances in computer hardware that enabled greater storage and 

processing of data for complex simulations.  Processors and parallel processing 

capabilities have advanced to the point of massively parallel simulations on numerous 

GPUs instead of multiple CPUs. 

 Software algorithms and numerical techniques for solving the governing 

equations were developed in parallel to computer hardware advances, from the most 

basic potential equations with early computers to full Navier-Stokes solvers with current 

state-of-the-art hardware.  These algorithms have and continue to be required to be 

designed to take advantage of the latest in high performance computing [215][371][415].  
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Figure 4 [360] illustrates the advancement of CFD algorithms over the decades as more 

advanced computing hardware became available. 

 

[360] 

Figure 4: CFD Algorithm Pyramid 

 

 Computational methods are required because there is no known analytic solution 

to the full set of governing equations of fluid mechanics.  Practical numerical solutions 

for complex systems that include all turbulent length scales could contain on the order of 

     or more degrees of freedom [214].  Such solutions are intractable with current 

hardware.  Assuming Moore's Law for computer advancement holds, such solutions may 

be possible towards the end of the century [394], however that rate of advancement may 

be slowing down [415].  Fully turbulent numerical solutions for complex elastic systems 

are the end goal for CFD application in design but they are not the only useful results that 

can be obtained [214][394][371][409][415]. 

 A more detailed look at CFD's role in the design process will be discussed in 

Section 2.2.  There are limitations in current CFD methodologies' predictive capabilities 
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that bottleneck CFD's application to the design process [141][214][358][360][394][371] 

[409][415][394][430][458][478][485].  These limitations and their implications will be 

discussed in more detail in Section 2.3.  Section 2.4 discusses a few workshops' results 

that are related to quantifying and improving CFD's predictive capability and uncertainty.  

Section 2.5 will summarize the major observations and assertions from this chapter. 

2.2 The Evolving Role of CFD in Design 

CFD has not always been part of the engineering design process.  At some manufacturers, 

such as Boeing, it started as a research curiosity [214].  The main aspects of aerodynamic 

design were completed using various physical experiments and flight tests.  Aerodynamic 

databases that were generated over time were also utilized in conceptual design for 

aerodynamic performance and control.  CFD showed its utility overtime by making 

predictions for cheaper than comparable physical experiments, providing flow 

visualization data of phenomena, and extending experimental predictions to flight 

Reynolds numbers.  This utility was valuable to customers and changed the design 

process. This section will go over the aerospace systems design process and eventually 

CFD's development and application to aerodynamic design. 

2.2.1 The Design Process 

Design is the process that synthesizes disciplinary to knowledge to create a product that 

fulfills a particular need.  It is characterized by having non-unique solutions and being 

systematic, iterative, interdisciplinary, and team driven.   The design process starts with a 

need or mission that cannot adequately be fulfilled by other systems.  This mission drives 

the initial requirements for what the intended product must be able to accomplish.  These 
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requirements drive all phases of design from product definition to development, 

manufacturing, and support [362][458].   

 The product definition phase is broken down into conceptual design, preliminary 

design, and detailed design [362][458].  This phase is the most important in the entire 

process of creating a system.  Any mistakes in the definition of the system are costly to 

fix because as much as 70% of costs are allocated by the end of product definition [458].   

 Classical conceptual design methods, such as found in Raymer [362], are low 

fidelity and are focused on finding bare bones answers to a system's basic shape and its 

performance for the required mission(s).  Conceptual design is characterized by many 

design variables, numerous trade studies, and alternative system architectures, 

configurations, and layouts.  The critical question this phase addresses is whether any 

system can be built that meets the requirements [362]. 

 The process is adaptable with changes being made rapidly as more information 

becomes available from trade study analyses, simulations, and any technology infusion.  

Unfortunately, the adaptability usually requires relatively low-fidelity modeling tools 

because so little information is available initially compared to what high fidelity tools 

need [362].  An aircraft wing, for example, is typically modeled as a single entity for 

structural analysis in this phase, rather than a collection of skin, spar, rib, stringer, and 

other components.  Design variables are slowly frozen, representing major system 

architecture configurations, throughout the conceptual design process at key decision 

points before eventually proceeding to the preliminary design phase [362]. 

 The preliminary design stage moves beyond the architecture decisions to the 

system's subsystems.  The goal of this phase is to further elaborate on alternatives and 
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reduce final system performance uncertainties such that full-scale development proposals 

are possible [362].  Disciplinary specialists and higher fidelity tools are required.  This is 

the phase where high fidelity CFD is typically introduced.   

 Detailed design begins when actual subsystems and prototypes are under 

development [362].  The results of this phase are highly detailed drawings and analyses 

for each subsystem and the end product, with most of the design variables frozen at this 

point.  Design sensitivities determined in previous phases are reduced to within 

acceptable levels for production and operation [458].  

 The classic design process described is sequential, manual, deterministic, data 

driven, centered around individual disciplines, and focused on maximum mission 

performance.  The costs and manufacturability associated with the system are considered 

late in the design process, while the decisions that drive such costs were made earlier.  

The system's design decomposition leads to an implicit decomposition of the physics 

disciplines involved and impedes quantification of interdisciplinary interactions [458].  

The classical design process has little overall design freedom, focusing on variations of a 

few alternatives rather than full exploration of all possible solutions.   

 The costs associated with the entire life cycle of systems, market competition, 

economic challenges, and the need for reduced costs, overhead, and design cycle times 

have slowly led to a new paradigm in the design process based on affordability versus 

raw system performance [362][458].  At the same time, there is a need for more 

information as early as possible in the design process, while delaying cost allocation.  

This affordability-based paradigm is different than the classical design paradigm on many 

points.  The differences that are most pertinent to this dissertation are as follows.  
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 The first difference is the parametric design of alternatives versus point design.  

This form of design necessitates exploration of the entire design space, rather than minor 

exploration around a few point designs.  It elaborates on all the possible design 

architectures, as opposed to only a few.  This form of design requires rapid generation of 

high fidelity information from all pertinent sources.  Parametric design increases overall 

design knowledge and freedom and enables decision makers to make more informed 

decisions related to cost allocation. 

 The second difference between the design paradigms is the focus on uncertainty 

and risk quantification, mitigation, and management [458].  This focus also enables more 

informed decision making based on predictions on a system's final performance and life 

cycle costs.  Further, it enables decision makers and designers to account for shifting 

requirements and operational environments in the design process.  

 The two key differences between design paradigms are enabled by advances in 

computational power, multidisciplinary design analysis and optimization (MDAO), 

automation, probability theory, and physics-based analysis formulations [458].  These 

enablers are also key necessities in the affordability design paradigm.  Meeting the 

competitive requirements in performance while minimizing costs has led to more 

integrated systems where interdisciplinary interactions are far more prevalent in 

occurrence and influential on system performance [458].  The integrated systems can 

capture synergistic interactions to enhance performance over conventional systems.  An 

example from aeronautics would be a distributed boundary layer-ingesting propulsion 

systems on blended wing body aircraft [63][250][362][458].   
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 Integrated systems have minimal experimental databases or historical knowledge 

to draw upon.  Further, these analyses are coupled due to interdisciplinary interactions.  

The integrated systems often have demanding, even competing, requirements that 

necessitate extensive design space exploration for decision making and optimization.  

Meeting such requirements necessitates physics-based codes, probabilistic analyses, and 

parametric geometry and exploration techniques.   

 Integrated aerospace systems design is highly reliant on computational design 

methods.  The computational design methods are not, relatively speaking, as time-

consuming and expensive to design, build, and test in comparison to physical models.  

Computational methods revolve around constructing a virtual multidisciplinary 

environment that can be used to conduct virtual experiments via computational 

simulation to assess system's performance, reliability, economics, etc. 

 

  
Figure 5: Notional Integrated Parametric Design Environment 

 

 Computational environments are typically known as integrated design 

environments (IDEs).  See Figure 5 for an example of an IDE for hypersonic systems 

from Bowcutt [63].  Bowcutt describes IDEs that combine parametric geometry, 
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automated data transfer routines between programs, design space exploration algorithms, 

and computational physics tools into one automated entity [63][458].  These IDEs are 

critical for Integrated Aerospace Systems Design. 

2.2.2 Integrated Aerospace Systems Design 

The design of next generation aerospace systems, see Figure 6 and Figure 7 from 

Bowcutt [63], is enabled by the affordability-based design paradigm and IDEs.  The 

design of such revolutionary aerospace vehicles involves highly coupled, non-linear 

physics and technologies that take advantage of such physics.  

 

 
Figure 6: Examples of Revolutionary Aerospace Vehicles 
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Figure 7: Boeing Examples of Highly Integrated Aerospace Vehicles

1
 

 

 Technologies, such as morphable structures, actively enable more integrated 

design approaches for aerospace systems.  Morphable structures actively deform their 

shape to optimally contribute to aerodynamics, propulsion, or control as needed.  

Advanced technologies like morphable structures exemplify interdisciplinary coupling.  

Obtaining the best performance and affordability from such systems necessitates 

quantifying synergistic interactions that arise from this coupling.  Shortcomings in 

understanding and quantifying interdisciplinary interactions accentuate the need for 

uncertainty quantification, MDAO, and physics-based solvers for most modern design 

problems.  This is stated concisely in the following observation: 

 

 

Observation:  Design of revolutionary system concepts is a complex undertaking 

that requires physics-based, multidisciplinary analyses due to interdisciplinary coupling 

and lack of historical data 

                                                 
1
 (Upper Right going Clockwise) BWB, sonic cruiser, bird of prey stealth flight demo, X-45 A unmanned 

combat air vehicle, and FASST reusable launch concept 
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 Another example that accentuates the intense coupling that occurs, the vast 

uncertainties present, and the necessity of computational models in future technologies is 

an air breathing hypersonic vehicle.  Hypersonic vehicles are highly integrated systems 

with vast interdisciplinary coupling and non-linear interactions between aerodynamics, 

thermodynamics, structural mechanics, flight dynamics, thermochemical reactions, 

energy relation and absorption, surface degradation, and control theory [63][398].  The 

coupling and non-linear nature of the physics involved in each discipline contributes to 

vast amounts of uncertainty about the system's performance and economic viability [15].  

Hypersonic flight tests are exorbitantly expensive and ground test facilities are not always 

able to sufficiently recreate the hostile hypersonic aerothermodynamic environment 

[63][398].  These shortcomings make high fidelity modeling capabilities even more 

important in hypersonic systems design, especially early on.  Efficient and accurate 

prediction of the harsh aerothermodynamic environment is a key driver for high-speed 

system design and analysis capabilities [398].  Shortcomings in modeling capabilities and 

experimental facilities have led to various efforts over the years to study the environment.   

 The Air Force Office of Scientific Research (AFOSR) and the Air Force Research 

lab (AFRL) fund efforts related to fundamental physics modeling for these flows in 

bottleneck areas of turbulence, boundary layers, boundary layer transition, shock-

dominated flows, and non-equilibrium flows.  Flight test programs such as HIFiRE, 

HyShot, and HyCAUSE have focused on how to shape economically efficient flight test 

programs for hypersonic vehicles, while also gathering data to enable future vehicle 
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design and CFD code validation and accurate prediction of boundary layer physics, 

turbulence, and shock-boundary layer interactions [398].  A long-term goal is to couple 

accurate multi-physics predictions of the boundary layer and aerothermodynamic 

environment with aerostructural and other interactions. 

 Not all the non-linear interactions of hypersonic flight are unique.  Many occur at 

lower Mach numbers.  An example that exemplifies the intense coupling that occurs in 

aerospace systems design is aeroelasticity [458].  These phenomena can occur in any 

aerospace system and are not limited to highly integrated systems.  See Figure 8 for the 

classic aeroelastic triangle that illustrates the interplay between disciplines [458].  

 

 
Figure 8: Aeroelastic Triangle 

 

 Aeroelasticity is the classic example of interdisciplinary coupling in aerospace 

systems between inertial, elastic, and aerodynamic forces [14][394][458].  An example of 

static aeroelasticity is when an aerodynamic load causes deflection in a surface and 

increases in magnitude as a result.  Dynamic aeroelasticity examples include flutter and 

buffeting.  Flutter is related to the positive feedback of a vibrating structure's deflection 

and the aerodynamic loads exerted on the structure.  The result is self-oscillation and 
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exponential growth in structural deformation until destruction.  Buffeting is related to 

high frequency airflow separation, re-attachment, and shock wave oscillations that lead to 

sudden impulse loads on an aerodynamic surface.   

 Studying static aeroelasticity is commonly accomplished by coupling CFD with a 

linear vibrations solver [458].  The dynamic case is more complex and represents far 

more intense coupling between aerodynamics, structural dynamics, and flight dynamics.  

Unsteady RANS or LES CFD with unsteady structural dynamics solvers show promise in 

studying the phenomena, especially when coupled with a flight dynamics program, but 

are typically too cost prohibitive in early design phases. 

 

  
Figure 9: High Fidelity Simulation Breakdown for Aeroservoelasticiy 

 

 Figure 9 from [458] indicates how the multidisciplinary analysis can be used to 

determine these interactions.  These interactions are typically determined in the detailed 

design phase [394][458].  Unfortunately, fixing any issues related to these phenomena is 

very expensive so late in the design process.  

 Aerospace systems design has always been multidisciplinary in nature, even if the 

organizational structure has not always reflected this.  There have always been 
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interactions between different disciplines that would be captured in design cycle 

iterations in classical design or in multidisciplinary simulations in the new design 

paradigm.  A key part of any analysis for aerospace vehicles relates to the vehicle's 

aerodynamics.  This importance contrasts with the cost related to aerodynamic design, 

which is typically less than 5% of the overall costs [458].   

 Regardless, a system's aerodynamics drives the design for each subsystem.  

Propulsion analysis needs to know inflow conditions.  Flight dynamics and control need 

to know stability derivatives and aerodynamic coefficients.  Structural analysis needs to 

know loads at key design and off-design conditions.  Accurate aerodynamic predictions, 

meaning CFD, is at the center.  These key statements lead to the following assertion: 

 

 

Assertion:  Computational Fluid Dynamics is a key enabler for the 

affordability-based design paradigm for aerospace systems to reduce physical testing, 

design cycle iterations, and overall design costs 

 

 

The next section will briefly go over the historical development of CFD and 

overview the basic methods used.  Section 2.2.4 will go over the modern application of 

CFD in integrated systems design before proceeding to a thorough discussion of CFD's 

limitations in Section 2.3, workshops to address these limitations in Section 2.4, and the 

chapter summary in Section 2.5. 
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2.2.3 Historical Development of CFD 

The advent of CFD has greatly affected the design process of aerospace systems.  CFD's 

application in aerodynamic design has increased as computer resources have increased.  

CFD has evolved from a research interest to a tool for basic predictions of pressure over 

airfoils to a tool for complex turbulent flow simulations over transport aircraft at flight 

Reynolds number [142][214][430][458].  At Boeing, CFD was initially used for research 

purposes with only 100-200 runs in 1973 [214].  As of 2002, over 20,000 CFD runs were 

made annually to support product development and existing product support.  Greater 

than 90% of the runs were by production engineers outside of the research group and 

provide results within in hours or days as opposed to weeks or months.  CFD's intense 

usage enabled Boeing to reduce the number of wings tested on aircraft from nearly a 

hundred on previous aircraft to less than a dozen on the 787 [214].    

 CFD's use did not start with the complex 3D wing-body-pylon geometries and 

wing design problems faced by aircraft designers and manufacturers.  The first numerical 

solutions from CFD for continuum fluids were to the linear potential equations.  The 

methods were for flows that were drastically simplified in comparison to what they were 

meant to represent over a real aircraft [14][16][214][458].  The simplification was a 

necessary byproduct for practical and timely analysis within the hardware restraints of the 

1950's and '60's [214].  Analytic methods were necessary prior to computers. 

 The earliest analytic methods for prediction of forces and pitching moment on an 

aircraft are based on Prandtl-Lancaster Lifting Line Theory (LLT), independently 

developed by the former in 1918 and the latter in 1907 [14].  Thin Airfoil Theory (TAT) 

followed in the 1920's.  It was devised by Max Munk and advanced by other authors in 
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organizations afterwards [14].  The Vortex Lattice Method (VLM) was developed in the 

1940's as an extension to LLT.  A well-known example VLM code is XFOIL [102]. 

 Methods developed in the 1930's took a different approach.  Conformal 

transformation techniques mapped the flow around an airfoil to the flow around a 

cylinder.  The method is based on traditional techniques to solve linear partial differential 

equations by mapping a generalized domain in two dimensions to a circle in the complex 

plane via a conformal mapping.  The governing equations are solved in the new domain 

and the results are transferred to the original domain via an inverse conformal map [6].  

Recent applications of these techniques include the PROFILE code that is used for 

inverse airfoil design [124]. 

 These models are for inviscid flows.  Some of the earlier potential flow 

techniques were for ideal flows that were inviscid, incompressible and irrotational.  

Viscous modeling was enabled by boundary layer methods, although they were not 

widely used in design until the early 1970's [458].  Most of these techniques do not 

resemble the solution to the conventional CFD methodologies known today.  They are 

primarily for inviscid flows or inviscid flows coupled with boundary layer methods.  The 

exception to the previous statement is the VLM method, which has been extended by 

various authors and organizations for use in conceptual design [14][458].   

 Neglecting viscosity in the governing equations leads to the conservation of mass, 

momentum, and energy of an inviscid fluid with the Euler Equations.  As with the Navier 

Stokes Equations, the Euler Equations were originally the inviscid momentum equations 

and only later used to refer to the full set of governing equations for an inviscid fluid 

[6][85][214].  Capturing viscous effects and boundary layers was enabled by coupling the 
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inviscid governing equations with a set of boundary layer equations.  This combined set 

assumed that the viscous effects were negligible in the global flow field outside of the 

boundary layer and greatly simplified the numerical solution procedure [6][85][214].   

 Further simplifications are enabled by introducing a velocity potential.  The 

velocity potential simplifies the set of non-linear governing equations into a single non-

linear partial differential equation.  The equations were able to resolve weak shockwave 

phenomena accurately.  Further simplifications are possible for thin vehicles that leads to 

the Linear Potential Equations for compressible and/or incompressible flows 

[6][85][214].  Additional applications for CFD in the design process and ranged from 

load distribution predictions on airfoils/wings at steady-state flight to augmenting wind 

tunnel test data with flight Reynolds number corrections to aerodynamic data.    

 Alternative methods were developed at Los Alamos in the 1950's and 1960's.  

These methods include the Vorticity Stream Function methods, Marker-and-Cell 

methods, and Fluid-in-Cell methods [338].  They were successfully applied to the 

supersonic Concord, Boeing transports, and the Space Shuttle Carrier [214][458].  

However, linear and non-linear potential codes do not account for the boundary layer 

around a vehicle.  They could not predict viscous effects without empirical corrections 

from wind tunnel testing and/or databases. 

 Boundary layer methods, such as analytic Blasius or Falkner-Skan solutions, were 

eventually coupled with potential flow codes for transonic analysis in the 1970’s.  The 

viscous flow near a surface was solved with boundary layer methods, while the outer 

flow was solved using potential codes.  The solutions were then stitched together to form 

a global solution.  The most successful example of this coupling is the Boeing TRANAIR 
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code obtaining accurate results in a day for full flight vehicles [214][458].  However, 

these methods were not able to accurately capture off-design flight conditions [214][458]. 

 Vector supercomputers enabled non-linear methods such as 2D Euler and coupled 

Euler-boundary layer methods in the 1980's [458].  Parallel computers and architecture at 

the end of the 1980's enabled analysis of steady flows using the Navier-Stokes equations 

and unsteady flows with Euler equations.  The Navier-Stokes methods developed in this 

time period are related to the finite difference and volume schemes discussed by Hoffman 

[193], Patankar [338], and Roache [362].  Finite Element, spectral element, and other 

numerical schemes have been developed for high order CFD analysis [92][362].  The 

differences between FDM, FEM, and FVM can be illustrated with a simple example 

involving the steady-state Heat Equation shown in (1). 
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 Finite Difference Methods (FDM) are based around discretizing the governing 

equations and derivatives with approximations based on the truncated Taylor series.  The 

derivatives are approximated with function values at neighboring nodes in the discrete 

domain as shown in (2) and (3).  Substituting those two equations into (1) yields (4).   

Utilizing that equation for every node in the domain with appropriate boundary 

conditions forms a set of simultaneous algebraic equations in terms of function values,   , 

at each node.  The first FDM solutions were by Lewis Fry Richardson in the 1940's for 

weather prediction [197].  The predictions failed, but the methodology set the basis for 

finite difference techniques that followed in later decades. 

 Finite Volume Methods (FVMs) are similar to FDM, but with a twist.  The FVM 

integrates the governing equations prior to discretization.  The steady state Heat Equation 

after one spatial integration is shown in (6).  Discrete cells are formed between nodes, 

each with potentially different sizes and material properties.  The equations are 

discretized over these cells with finite difference approximations and take the form of (7) 

for the discretized steady state heat equation. The discretized equations over all cells are 

combined in a global set of simultaneous algebraic equations and solved for   .  Note that 

(4) and (7) are very similar and could be identical with a few minor assumptions and term 

re-arrangement.  In general, FDM and FVM yield different discretized equations but will 

converge to the same solution. 
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 The Finite Element Method (FEM) takes a different approach to forming, 

discretizing, and numerically solving the governing equations.  FEM use basis functions 

that describe exactly how the independent variable behaves between nodes.  Recall, FVM 

and FDM use neighboring function values and truncated Taylor series.  The form of these 

basis functions vary.  An example of a polynomial basis function in terms of a 

generalized coordinate,  , is shown in (8).  The governing equations are usually derived 

from a conservation principle with variational methods.  This enforces conservation of 

mass, momentum, and other terms on average over each element in the mesh.  

 The prior descriptions of the FEM, FDM, FVM, and other methods are meant to 

describe the general flavor of conventional and historically significant methods that are 

still in use and/or highly influenced the aerodynamic analyses of today.  See Hoffman 

[193], Mattiusi [289][290], Patankar [338], and Roache [362] for a more thorough 

explanation of the FDM, FEM, and FVM methods and their implementation in a CFD 

environment.  The Galerkin method is also described in each of the previously cited 

references and is also highly used methodology for computational mechanics.  See 
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Anderson [14][16], Chorin, [85], and Emmanuel [123] for more thorough descriptions of 

panel methods, LLT, TAT, boundary layer, and analytic methods for fluid analysis.  

 These discretization methods all share a common weakness that is summarized in 

the following observation. 

 

 

Observation:  Conventional discretization methods inherently introduce 

numerical error, either truncation and/or functional approximation, to the numerical 

solution process. 

 

 

 Current research in Navier-Stokes methodologies has focused primarily on 

turbulence models for improved resolution of and faster solution time for turbulent flows 

[14][214][338][362][394][430][458].  Prominent Navier-Stokes solvers used in industry 

include Star-CCM, CFD++, FLUENT, ICEM, BCFD, NSU3D, NASA Lewis' PARC, 

and NASA Langley's FUN3D and OVERFLOW [214][394][430][458].  Each CFD 

methodology follows the same basic algorithm.  See Table 1. 

 The differences in CFD methodologies are the governing equations’ derivation, 

turbulence models, the type of grid, the form of the discrete governing equations, and the 

numerical solution procedure: structured vs. unstructured formulation, Finite Difference 

vs. Finite Element vs. Finite Volume Methods, etc.  Ultimately, they are all based upon a 

field formulation of the governing equations that pre-suppose differentiability and 

continuity requirements on the field functions for each unknown variable, if not globally 
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then at least locally in a cell or near a node.  Further, they are all solved with the 

aforementioned discretization methods, or hybrid thereof, that inherently introduce 

discretization error.  See Chapter 3, 5, & 6 and Mattiusi [289][290]. 

 Computer hardware has advanced enough such that Navier-Stokes analysis with 

RANS turbulence models is the industry standard CFD methodology for aerospace 

system design [214][254][384][405][458].  RANS and other turbulence models will be 

discussed in more detail in Chapter 4.  The next section will discuss the a few specific 

applications of CFD in the aerospace systems design process. 
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Table 1: CFD Methodology Algorithm 

 

 

 

 

 

 
 

 

 
  

Pre-processing: 

¶ Geometry Definition: Includes geometry of physical 

 objects in the domain and the overall volume 

 around the objects 

¶ Discretization: The volume is divided into discrete cells 

¶ Model Definition: The physical models are described 

 mathematically and discretized. 

 Ex: Equations of Motion, Energy Conservation, 

  Species Conservation, Mass Conservation 

 Iterative algorithm for what variables are  

 initially guessed vs. solved is selected.  

 Ex: SIMPLE, SIMPLER 

¶ Boundary/Initial Conditions: Appropriate boundary 

 conditions are applied at edges of defined space 

 and any initial conditions for transient solutions 

 are provided 

Simulation: Iteratively solve the equations in steady-state 

 or transient modes until satisfactory convergence 

 is obtained.  Order of unknowns solved first 

Post-processing: Raw-data analyzed and used to visualize 

 resulting solution and calculate parameters of interest 

 Ex: Lift and drag from pressure distributions 
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2.2.4 Modern Applications of CFD in the Design Process 

Today, aircraft design is an interdisciplinary activity where CFD is one aspect of the 

aerodynamics discipline.  The integrated design team will consist of experts from fright 

dynamics, control, propulsion, integration, acoustics, and aerodynamics.  The disciplines 

interact and MDAO is commonly used at varying fidelities throughout the design 

process.  Aerodynamic design does not represent a large financial cost [458], but it 

impacts all other parts of the design in some fashion.  Improvements in CFD modeling 

represent key driving and enabling factors for integrated design, design space 

exploration, parametric design, and MDAO of aerospace systems [394][458].  

Improvements in computer hardware have also been a key driver in enabling CFD and 

MDAO in aerospace system design [142]. 

 Aerodynamic design today consists of three complimentary parts: flight testing, 

physical testing, and numerical testing.  CFD comprises all the latter and can supplement 

the former two.  This part of design is also taking on increasing significance as businesses 

seek more integrated design solutions and analysis techniques [142][214][362][394] 

[430][458].  CFD's added value for such a central role is its ability to reduce uncertainty 

relating to system performance in advance of physical tests and flight tests.  Some 

manner of CFD is used in all phases of design at differing fidelity levels at all points in 

the system's flight envelope.  It is considered a key tool of the trade [214][394][430].  

Insufficient accuracy in aerodynamic predictions can lead to systems that are not 

controllable and/or are unable to meet various performance requirements. 

 Currently, CFD is unable to make accurate predictions for all of an aircraft's flight 

conditions.  Accurate predictions where the flow is highly turbulent are notoriously 
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difficult to obtain.  This is because CFD has difficulty predicting highly non-linear effects 

and interactions of shear layer mergers, wake formation and merger, multi-element 

bodies, off-body flow reversal, vortex-viscosity interactions, strong 3D viscous effects, 

strong compressibility effects such as those that occur on slats, boundary layer transition 

and separation, wake-boundary layer interaction of different elements, high angle of 

attack skin friction prediction, and wake velocity and kinetic energy deficits [262].  

Further, all of these need to be computed over a wide range of possible flight conditions 

and aircraft configurations.  Improved predictive capability for these phenomena at 

extreme flight conditions will help integrate CFD even further into the aerodynamic 

design process and reduce design cycle time and cost [262]. 

 CFD can accurately predict the force and moment trends with respect to Reynolds 

number at some conditions.  Overall flow mechanisms near maximum lift and cruise 

conditions are well predicted.  Designers currently use these strengths to augment wind 

tunnel tests' results to gain reliable data at difficult to simulate flight conditions at in 

flight Reynolds numbers [142][262][394][430][458]. 

 Control system analysis relies on CFD-augmented wind tunnel results.  The 

number of flight conditions and permutations in vehicle geometry and control surface 

deflections represents a significant amount of data that must be generated in the design 

process.  Many of these flight conditions for control system analysis require predictions 

that involve the aforementioned non-linear phenomena.  Accuracy aside, CFD 

simulations will have to improve runtime by two orders of magnitude compared to 

current runtimes to be able to fully simulate all of these conditions [394][430]. 



 41 

 Predicting aerodynamic forces and moments is ultimately about predicting 

pressure and skin friction distributions with CFD.  Predicting these loads for all manner 

of flight conditions for all manner of permutations and augmentations in geometry results 

in a database of force, moment, and stability derivative coefficients for other disciplines 

to use.  Another use is in control systems analysis.  Controls analysis coupled with high 

fidelity CFD can be used to screen out unsuitable designs early on if they are too difficult 

to control [142][394][430][458].  Another use of CFD is in flight simulation [394][430].   

 There are two paradigms in flight simulation.  Currently, a 'fly-by-the-database' 

approach is used.  The flight dynamics software simply calls the database for 

aerodynamic coefficients based on flight conditions.  The future is based on 'flying-by-

the-equations' where CFD is coupled with the 6-DOF flight dynamics equations solver.  

This latter form of simulation is paramount for simulating the effects of in-flight 

disturbances, complex aerobatic maneuvers, in enabling control system analysis in early 

design phases, and for future IDE of advanced systems [142][394][430][458]. 

 The examples discussed so far demonstrate that CFD results are increasingly used 

in all phases of design for numerical prediction and physical testing.  CFD results are 

used to extend the results of physical experiments to full flight Reynolds numbers.  The 

experiments and tests produce highly reliable data for improving and/or validating CFD 

models [142][214][394][430].  The interplay of these complimentary aspects of 

aerodynamic design is shown in Figure 10.   
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[458] 

Figure 10: Interplay of CFD M&S with Physical Tests 

 

 

Observation:  Computational Fluid Dynamics is used in all phases of 

aerodynamic design for an increasing number of aircraft types and components and 

enable analyses for complex flow fields and other disciplines. 

 

 

 The increasingly central role of CFD for reducing the number of physical and 

flight tests has led to an increased demand for reduced CFD simulation turnaround time 

and robust, accurate predictions.  There is a need for reduced amounts, or full removal, of 

numerical parameter tuning for models in favor of increased physics-based computations  

[142][214][362][394][430][458].  That means less reliance on lower fidelity, tuned 

coupled boundary layer-inviscid methods for CFD and more application of Navier-Stokes 

solvers [25][458].  The latter methods are currently unable to resolve highly turbulent, 

separated flows without significant tuning from experimental results. 
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 That shortcoming and computer advancement has led the development of 

improved CFD solvers, especially regarding using full set of viscous Navier-Stokes 

equations.  These methods have reached sufficient maturity and robustness for the 

analyzing aerospace systems at cruise, takeoff, landing, and some other conditions 

[381][384][405][458].  Improved analyses are still needed for highly turbulent, separated 

flows and for applications where there are strong 3D and/or compressibility effects or 

interdisciplinary coupling [15][63][262][458]. 

 The aerodynamic analyses described in this chapter are part of an IDE.  The CFD 

methods are one part of the aerodynamic analysis as mentioned earlier.  The CFD 

environment is not monolithic and can be broken down.  See Figure 11 for this 

breakdown.  The solver inside of a CFD environment is the focus of this dissertation. 

 The solver consists of four components.  There is the physical model of the 

phenomena under investigation that is formed based on assumptions of how the 

phenomena are represented mathematically.  There is the numerical model that represents 

how the physical model may be altered to obtain practical approximate solutions.  These 

two feed into the computer model that is then implemented on a computing platform.  

These components combine in simulation to predict the effects of aerodynamic processes. 

 The CFD solver's underlying mathematical model is a critical choice [458].  It 

must be able to match the complexity needed for the intended application, while meeting 

turn-around time and accuracy requirements appropriate for the design stage.  When 

higher fidelity codes are unavailable, lower fidelity codes with calibration are used.  This 

process then becomes part of the mathematical model and the uncertainty quantification 

and error propagation processes.   
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[458] 

Figure 11: Interplay of CFD M&S with Physical Tests 

 

 Turbulence modeling is the underlying cause of vast amounts of uncertainty and 

error in aerodynamic modeling and is the single most important bottleneck to be fixed for 

increased CFD application in the design process [142][214][362][394][430][458].  Part of 

the reason that some MDO applications have so much uncertainty is due to poor 

resolution of turbulent phenomena and the unknown effects that has on the results of the 

other disciplines.  The next section will talk in more detail about the limitations of CFD 

and how many of these limitations ultimately come back to inadequate accuracy with 

current CFD methodologies. 
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2.3 The Limitations of CFD 

CFD's continued and ever-expanding use in design is hampered by critical limitations 

related to hardware, software algorithms, and physics modeling.    Limitations related to 

hardware and efficient algorithms are beyond the scope of this text.  Critical physics 

modeling limitations include boundary layer separation and transition predictions, 

hypersonic aerothermodynamics, turbulence, vortex dominated flows, shock boundary 

layer interactions, multi-phase flows, aeroelasticity, and aeroservoelasticity 

[14][142][214][338][362][394][430][458].  The primary focus of this dissertation will be 

related to incipient turbulence and vortex dominated flows.  Turbulence characterizes 

significant portions of aerospace systems' flight regimes [430].  Accurate resolution of 

the boundary layer and its effects on the global flow field also critically affect a CFD 

methodology’s overall accuracy and utility in the design process. 

 Some alternative methodologies developed include variable fidelity methods.  

Variable fidelity methods utilize strategically located high fidelity experiments and CFD 

simulations to generate data for calibrating a low fidelity code.  The low fidelity code is 

then used in conceptual design space exploration and trade studies.  Methodologies for 

how to utilize these methods with CFD and in MDO can be found in [250].  These 

variable fidelity methods overcome the wall time problem, however, they do not address 

the fundamental limitations in physics resolution with regards to interdisciplinary 

coupling, turbulent flows, and boundary layers. 

 Predicting and accounting for turbulent flows requires high fidelity CFD codes 

that are more complex and time expensive to use [458].  Further, they require high 

fidelity geometric models for accurate predictions.  These requirements are too restrictive 
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for most conceptual design studies where turnaround time and minimizing costs are 

important driving factors.  Instead, such high-fidelity methods are reserved for later 

design phases, especially where more physical experiments and flight tests are available 

for model calibration and tuning.  CFD's speed and lack of accuracy in predicting more 

extreme flight conditions have other serious consequences to the design process. 

 One consequence is that control systems analysis must be done later in the design 

process, where more design variables are frozen [250][394][430].  Control systems 

analysis indicates whether the system is suitably stable and/or controllable.  Such stability 

analyses are critical for screening out alternatives.  Re-designs and augmentations this 

late in the process due to inadequate system stability or handling qualities are costly.  

Screening saves time and money by reducing the amount of physical testing and 

mitigating the risk of costly re-designs later on [214][394][430][458]. 

 The lack of such analyses is due to CFD's inaccuracy at more extreme flight 

conditions and its insufficiently low runtime for the number of cases to be analyzed.  As 

many as 200,000 cases could be required for a single system architecture [193][458]!  

These cases account for variations in Mach number, Reynolds number, angle of attack, 

side slip, and control surface deflections.  Further, this set of simulations is for a single 

point and will have to be repeated at other parts of the flight envelope.  The runtime and 

accuracy gaps cause increased uncertainty related to the system's performance.  This 

uncertainty is quantified later in the design process around a few architectures with minor 

variation in variables with expensive physical tests [458]. 

 The highly non-linear physics involved at the extreme flight conditions include 

buffeting, dynamic stall, aeroelasticity and limit cycle oscillations, delta wing 
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aerodynamics, propulsion system hammershock, shock interactions, and boundary layer 

transition prediction.  Buffeting is an unsteady phenomenon related to unsteady boundary 

layer separation and re-attachment.  It occurs due to localized extreme adverse pressure 

gradients or by vortex shedding and impingement from one aerodynamic surface to 

another that causes localized structural problems.  The interactions leading to buffeting 

are not always captured by turbulence models and are sensitive to grid spacing. 

 Dynamic stall can occur when a system rapidly changes angle of attack, where a 

large vortex forms over the leading edge, travels along the airfoil, and sheds over the 

trailing edge.  This phenomenon is highly geometry, Reynolds number, and Mach 

number dependent and is not adequately predicted by RANS-models.  LES-based models 

have shown some promise however [458].   

 Aeroelasticity, flutter, and limit cycle oscillations include coupled fluid-structure 

interactions that can lead to costly re-designs if not addressed in the design process.  

Flutter prediction and limit cycle oscillations in particular are difficult to simulate with 

CFD and structural solvers [458].  They are structural responses and dynamic feedback to 

unsteady flow conditions and are dynamic instabilities in nature.  High speed aircraft and 

helicopters are particularly vulnerable to these instabilities and require significant testing.  

The challenge of computationally testing these phenomena is threefold. 

 First, conventional CFD solvers with RANS-turbulence models, the industry 

standard, cannot adequately simulate the flow field and poorly predicted when and how 

flutter occurs.  Second, determining a structure's natural vibration modes is similarly 

computationally difficult and is only done on a few test models in physical experiments.  

This experimental data is then fed into the structural solver coupled with CFD.  Third, the 
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sheer volume of test cases at various flight conditions presents a computational runtime 

challenge [458].  Transonic flow physics further complicates these calculations.  

Unsteady, turbulent CFD methods are required because simpler methods simply fail to 

predict the oscillations in the flow that lead to the structural response [458]. 

 Vortices form on aerospace systems for numerous flight conditions.  The most 

common example is the vortex system that forms over delta wing aircraft.  The airflow 

curls over the top of the wing's leading edge forming a vortex that later re-attaches and 

separates from the aircraft forming a secondary vortex.  The result is a very low pressure 

distribution on the aircraft's top surface and significant lift generation at high angle of 

attack.  See Figure 12 from [458].   

 

  
Figure 12: Vortex Breakdown - LES Predictions 

 

 The airflow in this situation is inherently turbulent.  The stability and dynamics of 

this vortex system are difficult to simulate with conventional RANS-based turbulence 

methodologies.  Further, the results of where and if the vortex breakdown occurs are 

sensitive to the turbulence model used and the grid discretization.  Some models, such as 

the popular     model, are completely unable to predict this phenomenon [458].  

Predicting and understanding this vortex system is critical to predicting the induced 

rolling moments and other aerodynamic coefficients for systems that experience such 
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flow conditions.  Similar vortex dominated flows occur on non-delta winged aircraft at 

high angles of attack, such as transport aircraft in takeoff or landing configurations. 

 Hammershock and compressor stall are other examples of unsteady, non-linear 

phenomenon.  They occur because of a sharp pressure rise and adverse pressure gradient 

within propulsion systems.  The 3D effects, not to mention reflecting pressure waves in 

the system and tip effects, can decrease mass flow or cause structural loads that exceed 

the system's design load factor [458]. 

 CFD methodologies also struggle in the transonic flow regime, which is rich in 

non-linear phenomena that are difficult to simulate. Chief among them relates to 

shockwave-boundary layer interactions and moving shockwaves that create highly 

unsteady, turbulent flow around a system. These additional transonic phenomena also 

interact with aforementioned phenomena such as aeroelasticity [458]. 

 The information needed to calculate these non-linear phenomena is contained 

within the governing equations.  However, a sufficiently refined mesh to capture these 

effects with the governing equations alone requires significantly more computational 

power than is currently available for practical applications [14][15][142][194][214][262] 

[354][364][430][458].  Experimental corrections can take the CFD model the rest of the 

way for tuning on a specific problem.  However, the resulting models are empirical in 

nature, based on experimental data for specific experimental setups, and sometimes are 

providing only 2D data rather than 3D. 

 These calibrated models can improve a solver's accuracy when applied to some 

problems.  However, calibration data will not always be available for revolutionary 

systems, such as blended wing body aircraft.  Boundary layer transition and separation 
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prediction needs to shift more towards computation of relevant flow parameters and away 

from empirical modeling to improve CFD's utility in design [215][371][409][415][458]. 

 Each of the examples described in this section highlights underlying limitations 

that are related to flow separation, vortex phenomena, turbulence modeling, boundary 

layer modeling with large adverse pressure gradients, 3D effects, boundary layer 

transition, and the interactions of all these phenomena.  The predictions, especially 

without experimental calibration, do not have sufficient accuracy for design and some 

lack consistency [215][371][409][415].  The models can run the same flow problem 

multiple times and obtain different answers based on subtle changes in initial conditions, 

discrete domain, or turbulence model.  These observations are stated more concisely as: 

 

 

Observation:  Computational Fluid Dynamics has a consistent weakness in 

predicting high vorticity and turbulent flows, flows common to high-lift, angle of attack, 

and Mach number aerodynamics for all aerospace systems at their design and/or off-

design operating conditions 

 

 

 Many of the cited phenomena are currently modeled with RANS-based 

simulations, but sufficient accuracy is not always obtainable due to anisotropies and other 

phenomena in the flow that invalidate assumptions in RANS-based models.  Instead, 

DNS simulations and potentially LES simulations could be used [193][458].  However, 

these alternatives are not without their own drawbacks. 
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 DNS runtime cost scales with Reynolds number to the nine-fourths power and is 

inapplicable in most aerospace system design where the Reynolds number is on the order 

of millions.  LES does not scale as severely with Reynolds number, but it can still be as 

much as ten thousand to a million times more expensive than a RANS-based CFD model 

[458].  The Reynolds number scaling results from high grid density requirements needed 

to capture relevant boundary layer information.  Adaptive mesh refinement and hybrid 

RANS/LES methods have been proposed to mitigate the cost by only refining the grid 

where necessary for LES and using RANS in the coarser regions.  This couples geometry 

modeling and grid generation with the CFD solver, beyond the potential grid sensitivities 

that some models have [354][458].  Further, such refined methods do not address the core 

of the problem of slow models that inherently do not fully resolve all the fundamental 

physics [409].  They are evolutionary strategies that modify existing models, rather than 

revolutionary strategies that seek to address the underlying weaknesses [142]. 

 There are five hypotheses made by Hirschel [193] that postulate why current 

modeling strategies are insufficient for simulating turbulent flows.  These hypotheses will 

be listed here and discussed again in Chapter 4. 

¶ Turbulence models do not sufficiently consider flow topology 

¶ Transition phenomena are not sufficiently and/or properly accounted for by 

current turbulence models 

¶ Dynamic phenomena such as vortex shedding and dynamics may invalidate 

turbulence model assumptions and restrict their applicability 

¶ The influence of 3D effects on 2D experiments with strong separation is unclear  



 52 

¶ Applicability of turbulence model constants and boundary conditions obtained 

from said 2D wind tunnel tests for attached flows to the 3D attached or separated 

flows on physical aerospace systems has not been verified systematically 

 Further critiques include model dependence on normal-to-wall distances, complex 

source/sink terms, non-physically based boundary conditions that are needed for model 

closure, and empirical transition models [193].  These artifacts are described in more 

detail in Chapter 4.  For now, the reader needs only know that such parameters are 

present in turbulent flow models and contribute further to the model's empirical nature 

and complexity.  Properly calibrating and tuning these parameters for maximum accuracy 

necessitates an expert and a priori experimental data pertinent to the problem at hand. 

 There are three challenges that Hirschel [193], Salas [394], Vos [458], Johnson 

[214][215], Tinocco [430], NASA [412], and Schmisseur [398] either directly or 

indirectly cite that are necessary for CFD, computational mechanics, and MDO to address 

for the future of integrated aerospace systems design.  These challenges are: 

¶ Dynamic response of system's structure to aerodynamic and external forces and 

its aeroelastic stability 

¶ Determination of vortex flow, separation, and dynamic acoustic loads on elastic 

structures 

¶ MDO and virtual demonstration of a controlled, elastic aircraft 

 There is also a fourth challenge that rests with experimentalists for improving 

computational mechanics development [458].  That challenge is to provide sufficiently 

accurate, global data from experiments with uncertainty bars such that adequate 

validation studies can be performed on codes.  In turn, CFD must use this data to improve 
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its predictions and provide uncertainty bars for leaders to make decisions about the 

system's design with some degree of confidence. 

 All these challenges necessitate improving CFD's accuracy and runtime in the 

presence of unsteady, turbulent, and potentially separated flows that can occur at flight 

conditions throughout a system's flight envelope.  Further, it requires determining force, 

moment, and stability coefficients for an elastic aircraft with coupled aerostructural 

analyses.  All the computational tools used in integrated aerospace systems design will 

have to be integrated with a 6-DOF flight dynamics equation software suite.  The first 

step is addressing the fundamental limitations with CFD [215][371][409][415]. 

2.4 Addressing CFD Limitations 

The shortcomings and challenges described in the previous section have led to several 

workshops to further assess the state-of-the-art in CFD modeling and provide 

recommendations for future research.  These workshops go over issues unique to the 

numerical process that are fundamentally related to aforementioned CFD limitations.  

The workshops include drag prediction, high lift prediction, shock-boundary layer 

interactions, aeroelasticity, sonic booms, grid generation, and uncertainty analysis.  A key 

issue identified in each workshop is the onset and causal mechanisms of turbulence, 

resolution of turbulent effects, and separation.  These observations reinforce turbulent 

and separation phenomena as the largest sources of variability and uncertainty in CFD 

predictions and bottlenecks to CFD in more design phases [141][214][394][458]. 

 Many of the workshops provided meshes to mitigate issues comparing results 

between models.  Each workshop was attended by a variety of teams from industry, 

government, and academia.  Most of the attendees used RANS-based turbulence models, 
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with only a few using LES or hybrid methods.  The problems considered varied with each 

workshop.  Despite these differences, the workshops consistently pointed out limitations 

in RANS predictions of separation and stall, under predicting lift, over predicting drag, 

and lack of moment closure.  Further, prediction improvements with mesh refinement 

met an upper limit and did not consistently improve with refinement. 

2.4.1 Workshops 

The AIAA Drag Prediction Workshop (DPW) series was setup to assess the state-of-the-

art in computational predictions of drag in an impartial open forum.  The results would be 

open to rigorous analysis and discussion about areas that need research [66][68] 

[122][180][246][254][255][268][304][308][338][449][456].  Participants used a variety 

of turbulence models, industry codes, and custom variations of both.  The predictions 

have improved with each workshop but have been deemed inadequate than what the 

industry needs [5][214][215][254][266][408][409][415].  Industry would prefer a data 

spread of one drag count,           .  The spread is 20-30 drag counts as of DPW-5. 

 A common set of observations from each DPW is lack of resolution on separated 

flows, improved results at lower angles of attack and higher Reynolds numbers before 

stall, large amounts of variation limiting grid convergence, and minimal consensus on 

how digital comparisons should agree between codes and experiments due to 

aeroelasticity and wind tunnel artifacts.  The workshops have highlighted the need for 

improved turbulence models at higher angles of attack, for any amount of separation, 

transition, and/or in the presence of shockwaves and/or aeroelasticity.  

 The AIAA High Lift Prediction Workshop series is based on the success of the 

AIAA DPWs and focuses on the study of high lift aerodynamics around transport aircraft 
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[381][384][385][405].  The series is focused on state-of-the-art CFD predictive capability 

for aerodynamics at, near, and post-stall.  These conditions are especially important for 

aircraft takeoff and landing.  The goal is to determine what areas of CFD need work for 

improved predictions of stall and aerodynamic characteristics at and near stall. 

 The participants used a variety of codes and turbulence models, however, with a 

higher preference for the Spalart-Almaras algorithm [381][384][385][405].  On average, 

the codes underpredicted the magnitude of all force and moment coefficients on the 

aircraft with refined grids providing improvement up to a limit.  After this limit, the 

predictions did not significantly improve results nor reduce prediction variations around 

experimental values [381][384][385][405].  The workshops could not determine whether 

maximum lift coefficient prediction variation was due to gridding, having a good 

transition model, and/or artifacts within turbulence models. 

 Other problems in models included over-prediction of turbulent kinetic energy in 

the boundary layer, neglected cross-derivative viscous terms, and some turbulence model 

artifacts.  Premature stall prediction was mitigated by using converged CFD solution data 

from a slightly lower angle of attack [381][384][385][405].  Outboard wing and flap 

predictions contained significant variations in velocity that did not improve with mesh 

refinement.  In the third workshop, the drag was consistently over-predicted, and the 

pitching moment was not predicted very well at all on the high lift configuration [385]. 

 The overall recommendations of the high lift workshop series have lined up with 

the AIAA DPWs recommendations for improved turbulence models for flow separation, 

the need for including transition models, and better transition predictions.  The focus of 
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suggested research lines up with more efficient LES and hybrid RANS/LES methods due 

to RANS inability to correctly predict separation without significant tuning. 

 The AIAA Shock Boundary Layer Interaction Prediction Workshop series is 

focused on state-of-the-art modeling of interactions between shockwaves and boundary 

layers in viscous, supersonic flows [32][34][37].  The interactions occur in a variety of 

aerospace applications including wing aerodynamics and internal turbo-machinery flows.  

The interaction occurs by a shockwave forming or impinging near a solid surface causing 

an abrupt adverse pressure gradient within the boundary layer.  The result is a thickened 

boundary layer, larger momentum thickness, potential shockwave reflections, complex 

vortex structures and 3D unsteady phenomena, and potentially separation or recirculation 

region formation [32][34][37][92][115][146] [354][383][398][458]. 

 The workshop noted several improvements that were needed specifically in a 

physics-based approach to modeling the interactions.  Recommendations also echoed the 

prior workshops with a need for LES and hybrid RANS/LES for predicting separated 

flows due to shock-boundary layer interactions [115].  Another observation was that 

accurate prediction of one flow variable or stress by a given turbulence model did not 

guarantee accurate prediction for other flow variables. 

 The Aeroelastic Prediction Workshop series started to assess the state-of-the-art 

for unsteady aerodynamic behavior for transonic transport aircraft and supercritical 

airfoils and wings [184][399].  The goal was to assess where research directions are 

needed for the combination of unsteady aerodynamics, structural dynamics, and fluid-

structure coupling.  The consensus was that the former was the most difficult.  Most of 
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the participants used unsteady RANS (URANS) codes.  The overall results had large 

inconsistencies between CFD predictions for both of the presented test cases [184][399]. 

 There were non-linearities with respect to force excitation amplitude, flow 

separation, model proximity to wind tunnel walls, shock-induced and trailing edge 

separation, and oscillating upper surface shock waves that were difficult to handle.  The 

URANS codes were not able to capture separated flow or wall interferences for their test 

cases even with grid refinement [184][399].  Suggestions dealt with the need for 

capturing the static aeroelastic shape correctly, the need for time accurate simulations and 

time domain data from experiments, and the development of higher order solvers.  The 

latter is needed for capturing aerodynamic excitation sources on the structure [184][399]. 

 The AIAA Sonic Boom Prediction Workshop series was set up to assess state-of-

the-art for near-field pressure signatures needed for sonic boom prediction from CFD 

[341].  The near field signatures are propagated to the ground. The resulting acoustic 

noise is calculated from these signatures.  There were three geometries under 

consideration: an axisymmetric body, a non-lifting wing body, and a complex wing-tail, 

and flow-through nacelle. 

 The consensus was that there was a need for more available experimental 

validation data on a wider range of complex geometries and uncertainty quantification.  

Atmospheric conditions, near field CFD, and ground signatures can all affect the boom 

propagation and the overall noise measurement.  Issues with the CFD included 

insufficient iterative convergence, lack of a uniform criteria for iterative convergence, 

near field pressure fields are still not fully converged even once surface pressures have 

reached steady-state, and adaptive gridding [341]. 
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 Uncertainty Quantification (UQ), error estimation, and sensitivity analysis are a 

necessary consistent feature of robust CFD codes [215][214][409][415][430].  UQ is 

focused on quantitative characterization and reduction of uncertainties from 

unknown/inexact parameter values, model discrepancies, algorithmic inadequacies, and 

interpolation [116][117][118][119][181][365][366][371].  The uncertainty from these 

sources is split into epistemic and aleatoric uncertainty.  The former is reducible, while 

the latter is truly random, knowable, and non-reducible.   

 Note, uncertainty should not be confused with error.  Errors arise from how well a 

numerical solution approximates the solution to a continuous set of partial differential 

equations.  Uncertainty is how well the mathematical model describes the true physics, 

both what is known to be present and what is present but unknown.  Sources of 

uncertainty include geometry, initial & boundary conditions, model parameters, empirical 

equations of state, and equation structure.  The first three are collectively referred to as 

parametric uncertainty.  Model parameters are related to transport properties, reaction 

rates, etc.  Equation structure is related to inadequate knowledge in fundamental physics.   

 Aerodynamics contains a large degree of uncertainty due to limitations of 

governing equation, mesh, complex 3D flow mechanisms and flow variable interactions, 

separation, and constitutive equations.  The uncertainties are compounded in MDAO and 

can become confounded with uncertainties from other analyses.  Further, turbulence 

models' semi-empirical nature necessitate special treatment inside of UQ processes and 

analyses [117][118][119][365].   

 The Lisbon series of UQ workshops are devoted to improving CFD's credibility 

and end-user confidence.  These improvements are by applying rigorous statistical 
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analyses for Verification and Validation (V&V) of CFD codes on turbulent flows and 

determining research avenues for improved V&V implementation in CFD.  In short, 

V&V's purpose is to apply rigorous statistical analysis to reduce uncertainty ensure that 

the governing equations have been solved correctly, the values it predicts holds up to 

known experimental values, and that the right equations were solved to begin with.  The 

value of reducing these modeling uncertainties could lead to improved assessment of 

economic and performance risk with the overall products that rely on CFD for design. 

 The early Lisbon workshops focused on verification, with later workshops 

focused on validation.  The participants primarily used RANS, especially the Spalart-

Allmaras algorithm, and a few used LES models.  The results at the workshops found that 

different boundary condition implementations and turbulence models could lead to 

different results in magnitude, but not trends for slow separation and re-attachment. 

 The order of accuracy of turbulence quantities was found to affect the accuracy of 

mean flow quantities.  The chosen solvers were all able to reach an asymptotic solution, 

but they were not able to converge to their theoretical order of accuracy.  Further, some 

quantities reached the asymptotic reach quicker than others [116][117][118][119]. The 

conclusions of each workshop focused on the need for including V&V in CFD modeling 

as well as for improved, robust predictions from turbulent CFD.  Improving CFD's raw 

accuracy, especially regarding the mechanisms leading to boundary layer separation and 

transition, was cited as the top priority for improving CFD's capability and value 

[215][409][415][416].  These observations from the numerous CFD workshops described 

previously are included in the CFD 2030 Vision. 
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2.4.2 CFD 2030 

The CFD 2030 Vision set out to cultivate concepts and technologies, support and 

challenge strategic and tactical planning, and provide transformative advancements 

within disciplines and advanced methods to enable aviation transformation. It is an N+3 

class study that is meant to develop a comprehensive and enduring vision for CFD 

capabilities, with a focus on physics-based predictions of complex turbulent flows.  The 

end goal is that such predictions will be accomplished accurately, efficiently, and 

routinely with a tie-in to MDAO for a fully flying elastic aircraft by 2030 [371][415].  

Also, the goal is for a 40% reduction in predictive-error against standard test cases for 

turbulent separated flows, shear flow evolution, and shock-boundary layer interactions.   

 There is emphasis physics-based predictive modeling of boundary transition and 

separation, turbulence, flow unsteadiness, time accurate solutions, chemically reacting 

flows, radiation, heat transfer, acoustics, and constitutive models with UQ and advanced 

automation for geometry, pre-processing, and post-processing.  The models must also be 

able to work on next generation high performance computing methods [371].  Johnson et 

al. [214] and Spalart and Venkatakrishnan [415] further emphasize the need for improved 

predictive capabilities.  Their position is that CFD is not a solved problem and would not 

be resolved by unlimited computing power [415].  Generating aerodynamic databases for 

design requires accurate and timely prediction at off-design locations where CFD is 

currently unable to meet industry needs.   

 Another problem is solution uniqueness.  As stated earlier, the same CFD solver 

can predict vastly different results on different grids.  There are mathematically many 

possible solutions, however, physically there should only be one.  Part of the problem 
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here could be boundary condition implementations, as cited earlier.  The problem is that 

there is little known facts about physical uniqueness of the solutions without 

implementing entropy principles [415].  One of the avenues for research the CFD 2030 

vision mentions are entropy-stable and conservation methods [371]. 

 Allmaras et al. [5] mention many of the same issues from earlier when discussing 

robust CFD algorithms.  Four requirements for future CFD algorithm development are 

specifically cited by Allmaras et al. [5] with a fifth by Rogers and Malik [371].  These 

requirements and the Grand Challenges in the CFD 2030 vision also line up with the 

recommendations and hypotheses made by Hirschel [193]. 

1. Physically reasonable discrete solution on any coarse grid that converges to 

analytic solution with refinement.  The solution should become more refined 

analogous to a blurry image becoming more clearly visual. 

2. Minimal use of neighbor information for a given order of accuracy.   

3. Formulations that extend to high orders easily. 

4. Discrete formulation that inherently satisfies conservation laws, applicable 

maximum principles, etc., at a discrete level.  E.g. no entropy production in 

inviscid flows and no non-physical oscillations due to numerical formulation. 

5. Moment closure methods that yield reduced order solutions without sacrificing 

accuracy. 

 There is enough information in these challenges and the CFD 2030 Vision for 

numerous dissertations.  The research in this document primarily focuses on Allmaras' 

fourth requirement on discrete formulations and the physics-based predictions for non-

linear, vortex dominated, and turbulent flows over a wide range of Reynolds numbers. 
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2.5 Summary 

CFD has revolutionized the design process for aerospace systems.  Its application in the 

design process has evolved significantly from simple algebraic models and aerodynamic 

database relations to full Navier-Stokes simulations over full aircraft configurations.  It 

has helped quantify uncertainties, enable design cycle reductions, and reduce the amount 

of costly physical testing [142][214][458].  CFD is a key enabler for the affordability-

based design paradigm, integrated design environments, and the concurrent engineering 

and integrated design philosophies for aerospace systems.   

 There is a need for improved physics-based CFD modeling.  There are key 

bottlenecks present in CFD that inhibit its role in the design process and the net potential 

for IDEs and methodologies to improve the design cycle of aerospace systems.  The 

bottlenecks include the need for highly detailed discrete grids, high grid sensitivity, 

algorithm complexity, and the inability to fully resolve non-linear, turbulent phenomena. 

 Predicting turbulent flows is a key part of the puzzle in enabling CFD's role in the 

design process.  The cascade effect of accurate turbulent flow predictions is the numerical 

simulation of off-design flight conditions for controls and flight dynamic analysis, 

improved predictions for aerodynamic loads for structural analysis at off-design 

conditions, and improved numerical predictions of aircraft performance in early stages of 

design without needing physical test data.  Further, improved turbulence predictions will 

improve MDAO accuracy and reduce design cycle time.  The result will be reduced costs 

associated with the vehicle's design and reduced probability of costly re-designs.  The 

CFD challenges discussed herein are for both future air and space systems.  CFD with 
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accurate turbulence predictions is a key enabler to further applying integrated design and 

concurrent engineering philosophies and practices to aerospace systems design. 

 Based on various workshops and input from designers, accurate prediction of 

turbulence is the single largest, most difficult, and most important bottleneck to fix for 

more widespread application of CFD in aerospace systems design.  Whether a high-lift 

configuration aircraft at takeoff or a transonic aircraft at cruise, accurately resolving 

turbulent phenomena is the single biggest challenge.  These serious weaknesses affirm 

the following observation and assertion made by others [32][34][37][63][92][115] 

[142][146][214][246][254][255][362][383][394][430][449][456][458]. 

 

 

Observation:  Timely, accurate prediction of turbulent flows is the single, most 

important bottleneck to address for increasing Computational Fluid Dynamics' role in 

the design process and enabling the design of the revolutionary integrated aerospace 

systems of the future.  

 

 

 

 

Assertion:  Computational Fluid Dynamics with accurate turbulence 

predictions is a key enabler to further applying integrated design and concurrent 

engineering philosophies and practices to aerospace systems design. 
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 Resolving turbulent phenomena is typically accomplished with turbulence models 

rather than direct computations.  This is because direct numerical simulation requires 

computational resources that are beyond current hardware capabilities.  Turbulence 

models have demonstrated that accurately capturing the energy cascade, or sufficiently so 

for design purposes, does not require resolving all scales of turbulent flow down to the 

Kolmogorov scale.  However, they still require a dense grid.   

 The reason the dense grid is needed is partially because the conventional methods 

do not accurately conserve discrete quantities, namely energy and circulation, that are 

analogous to continuous, physical phenomena.  Accurate conservation of fundamental 

invariants could enable more direct computation of turbulent phenomena on coarser grids 

and discrete quantity conservation.  All the information needed to model turbulence is 

present in the governing equations alone. 

 There are alternative methods in development that are based on the mathematics 

of discrete differential geometry and topology.  These methods have been applied 

successfully in other fields of computational mechanics but have limited aerodynamic 

application at present.  The focus of this dissertation will be to extend these methods to 

more practical aerodynamic flows.  The underlying material for that can be found in 

Chapters 5 and 6.  The next two chapters will focus on the fundamentals of fluid 

mechanics and turbulence in Ch. 3 and 4 respectively.   
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Table 2: Summary of Observations & Assertions I 

Observations 

O1: Design of revolutionary system concepts is a complex undertaking that requires 

physics-based, multidisciplinary analyses due to interdiscplinary coupling and lack of 

historical data. 

 O2: Conventional discretization methods inherently introduce numerical error, either 

truncation and/or functional approximation, to the numerical solution process. 

O3: Computational Fluid Dynamics is used in all phases of aerodynamic design for an 

increasing number of aircraft types and components and enable analyses for complex 

flow fields and other disciplines. 

O4: Computational Fluid Dynamics has a consistent weakness in predicting high vorticity 

and turbulent flows, flows common to high-lift, angle of attack, and Mach number 

aerodynamics for all aerospace systems at their design and/or off-design operating 

conditions. 

O5: Timely, accurate prediction of turbulent flows is the single, most important 

bottleneck to address for increasing Computational Fluid Dynamics' role in the design 

process and enabling the design of the revolutionary integrated aerospace systems of the 

future. 

Assertions 

A1: Computational Fluid Dynamics is a key enabler for the affordability-based design 

paradigm for aerospace systems to reduce physical testing, design cycle iterations, and 

overall design costs. 

A2: Computational Fluid Dynamics with accurate turbulence predictions is a key enabler 

to further applying integrated design and concurrent engineering philosophies and 

practices to aerospace systems design. 
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CHAPTER III 
 

 

 

BRIEF OVERVIEW OF VISCOUS FLUID FLOW 
 

 

 

3.1 Introduction 

The primary research goal of the dissertation is on representation and integration of 

CFD's governing equations for improved modeling of vortex dominated, compressible, 

and turbulent flows in conceptual design.  This chapter provides an overview of the 

derivation of the governing equations and important related concepts.  This chapter 

expands on the main argument from Figure 1, specifically by providing the details of 

what those terms mean when applied to CFD.  What is "flow topology"?  Why is that 

important?  How does it relate to the governing equations?  

 This chapter contains two major sections followed by a summary.  Chapter 3.2 

derives the governing equations and states many related constitutive laws used for 

modeling a continuum, homogenous, equilibrium, single phase Newtonian Fluid.  

Chapter 3.3 discusses first integrals, Noether's Theorem, and conservation principles.  

Chapter 3.4 describes the shear stress tensor based on analogies to solid mechanics.  The 

final summary re-states some major points made throughout the chapter and the full set of 

governing equations with viscous dissipation expanded in terms of flow variables. 

3.2 Governing Equations 

There is no single set of governing equations for fluid mechanics.  The equations vary 

based on the nature of the flow being modeled.  Free molecular flow relies on different 
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equations than continuum flow.  The difference between a continuum-based flow and 

free molecular flow is based on the mean free path of the fluid.  If the mean free path is 

substantially less than the length scale used in the model, then the flow is a continuum.  

Otherwise, the flow is best characterized as a low density or free molecular flow.   

 The latter two flows are beyond the scope of this dissertation.  All fluids modeled 

by the methodology presented in later chapters are assumed to be a continuum.  The 

fluids are also assumed to be homogenous.  The domain consists of a uniform, non-

reacting mixture.  This does not mean that Thermodynamic properties such as density or 

mechanical properties such as viscosity are constant in all directions.   

 These assumptions are not restrictive on the applicable flow regimes for most 

aerospace systems.  Consider sea level air in Earth's atmosphere.  The average spacing 

between molecules is        m to        m, and the mean time between molecular 

collisions is on the order of       seconds [354].  The Knudsen number, a measure of 

how much a flow approximates the continuum assumption, is usually less than     .  So 

long as this value is much less than one, the continuum assumption is valid.  The 

continuum assumption enables molecular nature of fluid and molecular length scales to 

be ignored in most applications.  Ionization and disassociation of molecules at hypersonic 

Mach numbers would be a notable exception but are beyond this dissertation's scope. 

 The continuum, single phase, homogenous, non-reacting fluid assumptions have 

not scoped the problem to a single flow type, nor have they determined the form and 

number of governing equations.  Continuum flows still have several subdivisions.  First, 

the flow may either be viscous or inviscid.  This means that mass diffusion, viscosity, and 

thermal conduction from intermolecular interactions may be represented on the macro-
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level, continuum scale.  The fluids in this dissertation are Newtonian Fluids.  This 

assumption determines the form of the viscous tensor in the governing equations.  

Second, flows may be compressible or incompressible.  Compressibility is related to the 

volume of a fluid element per unit change in pressure acting on the element.  Normally, it 

is understood as the changes in fluid density, greater than 3-5%, relative to the Mach 

number.  A flow is usually considered compressible for Mach numbers greater than 0.3. 

 The governing equations for a compressible, inviscid flow without heat transfer 

are different than the equations compressible, viscous flows with heat transfer.  Each of 

the previous examples requires at least the continuity and momentum equations.  The 

equations’ form changes based on specific assumptions.  Further, the energy equation is 

needed for viscous compressible flows, with or without external heat transfer. 

Incompressible flows without heat transfer do not require the energy equation.  Inviscid, 

compressible flows may or may not need the energy or entropy equations depending on 

the presence of shock and expansion waves. 

 Note, all continuum flows are viscous and compressible.  Inviscid and 

incompressibility are assumptions that make modeling easier for certain applications with 

minimal loss of accuracy.  Incompressible and compressible flows are further subdivided 

into several smaller domains for physical and modeling reasons.  These domains include 

subsonic incompressible, subsonic compressible, transonic, supersonic, and hypersonic 

flows.  Refer to Figure 13 from [62] for regional decompositoin.  The modeling reason 

for this decomposition is for taking advantage of the presence of these phenomena and 

the absence of others to simplify the solution process. 
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Figure 13: Aerodynamic Flow Classification Diagram 

 

 Each of the following sections contains a brief description of one of the governing 

equations.  Note, the governing equations are commonly referred to en-masse as the 

Navier-Stokes equations for viscous flows and Euler equations for inviscid flows.  These 

names traditionally meant the different forms of the momentum equation.  There are three 

scalar equations, a two- or three-dimensional vector equation, and various constitutive 

equations needed for 2D or 3D CFD.  These equations are based on conservation 

principles for mass, energy, entropy, and momentum.  The conservation principles are 

represented mathematically in a control volume as the net effect of any fluxes, internal 

sources and forces, and external forces.  The flux is the transport of a conserved quantity 

through the boundary of a control volume.  The governing equations are supplemented by 

constitutive equations that are typically for equations of state, i.e. ideal gas law, and fluid 

material relations, namely density and viscosity.  The constitutive equations pertinent to 

this dissertation are shown and described in their own subsection but are not derived from 

empirical or first principles. 
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3.2.1 Continuity 

The continuity equation relates to the mass flow of fluid through a fixed finite control 

volume,  .  The mass of this finite control volume may change with time and space due 

to unsteady fluctuations within the flowfield.  Note that mass may neither be created nor 

destroyed.  The net mass flow,     , through a differential surface area element,   , of the 

control volume is an integrated quantity.  The net mass flow in and out of the control 

volume must balance with the net time rate of change of the control volume's mass.   

 

          
 

 
 

  
    

 
    

 

(9) 

 

[14] 

Figure 14: Finite Control Volume 

 

 

 The integral form of the Continuity Equation relates flow variables to phenomena 

over a finite region of space without precise point-wise details.  The differential form of 

the continuity equation relates flow variables to phenomena at a distinct point in space.  

Both forms of the equation hold for a continuum flow, regardless of any viscous, 

compressible, multi-dimensional, unsteady, or turbulent effects [14]. 
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(10) 

 

 The continuity equation may be simplified with the following two assumptions.  

A steady flow loses the time partial-derivative term, 
  

  
.  An incompressible flow has a 

constant density, both in time and space.  These requirements will also result in a 

divergence free velocity field, (11).  The physical interpretation is that the time rate of 

change of a volume of a moving fluid element per unit volume is constant.  Geometric 

interpretations will be discussed in Chapter 5. 

 

                  
   

   
       

   

   
             

 

(11) 

 

3.2.2 Momentum 

The momentum equation is a vector equation that represents the conservation of linear 

momentum in N-spatial dimensions.  There is one scalar equation for each spatial 

dimension.  The equations are based on conserving the net time rate of change of 

momentum in a control volume with the applied forces as per Newton's Second Law.   

There are two types of applied forces: body and surface.  Gravitational and 

electromagnetic forces are examples of body forces and are beyond this dissertation's 

scope [14].  The surface forces are pressure and shear forces that act normal and 

tangential to the control volume's surface respectively.   

 The shear force's representation will be the subject of the end of this chapter.  The 

rate of momentum change in the control volume is represented via the Reynolds 
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Transport Theorem, (16).  Combining these terms yields the integral form of the 

momentum equation.  Applying the divergence theorem, dividing by the fluid density, 

and combining terms yields the differential form of the equation, (17) [14]. 
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(17) 

 

 There are different forms of the momentum equation [14][193][322][354].  The 

equation can be simplified to the Euler equations by assuming an inviscid flow where the 
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shear forces are zero.  The vorticity form of the Navier-Stokes equations may be derived 

by taking the cross product of (17), resulting in (19).  Conservative body forces will 

cancel out, leaving only the non-conservative body forces,     .   
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(19) 

 

 This form of the Navier-Stokes equations is related to the transport of vorticity,     , 

in the flow field.  Vorticity is a measure of the local spinning motion at a point of a fluid 

continuum seen by an observer at the same point and travelling with the flow [14][322].  

The vorticity form of the Navier-Stokes equations is particularly useful in 2D modeling 

with vorticity-stream function methods.  Further, this form of the equations contains 

several terms with important physical interpretations.  These physical interpretations are 

vital to the underlying physics of turbulent fluid flows. 

 The baroclinic term, 
 

  
           , accounts for the changes in vorticity due to 

interactions between pressure and density contours [427].  The             is a measure of 

how misaligned pressure and density gradients are.  This term is zero for incompressible 

flows and can be zero for compressible flows if the fluid is barotropic, where the density 

is only a function of pressure.  Baroclinic fluid density depends on more than pressure.  

Baroclinic instability is related to vorticity generation perpendicular to density gradients 
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along contours of constant pressure [427].  These instabilities are also present in 

incompressible flows of inhomogeneous fluids and in compressible flows of non-

barotropic fluids.  They relate to entropy generation. 

 The next term,               , relates to vortex stretching due to compressibility.  A 

similar term,               , relates to vorticity stretching and tilting due to velocity field 

gradients.  Vorticity is amplified when velocity diverges in the direction parallel to     .   

Vortex stretching is related to the turbulent energy cascade from large to small scales that 

occur in turbulent flows [337][354].  Turbulent flow and transition modeling requires 

accurate computation of the vortex stretching, vortex tilting, and baroclinicity terms. 

 In the event of an inviscid, barotropic fluid without external body forces, (19) 

simplifies to (20).  This shows that an initially irrotional fluid will remain irrotational, 

whereas an initially roational flow will convect or amplify vorticity with stretching or 

volume change but not dissipate it.  In other words, the flow will remain rotational. 

 

      

  
 
     

  
                                              

 

(20) 

 

3.2.3 Energy and Entropy 

Energy and entropy will be discussed with the First and Second Laws of 

Thermodynamics, respectively.  This document is not meant to be an exhaustive analysis 

of Thermodynamics.  Topics discussed in Chapter 6 and the VIDEC-CFD Methodology 

are based on these two laws, rather than just conservation of energy.  Therefore, this 

section will briefly relate these laws to the Navier-Stokes equations. 
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 The First Law of Thermodynamics is represented by (21).  The change in energy 

with respect to time is equal to the rate of heat added to the control by the surroundings, 

heat generation and/or diffusion within the control volume, and rate of work due to all 

internal and externally applied forces within and on the control volume.  The total energy 

in the control volume also equals the sum of kinetic, internal, and potential energies.  The 

kinetic and internal energy terms are shown in (22).  Potential energy will be neglected. 

 

                                                 (21) 

 

 

                     
 

  
  

 

   
         

 
         

         

 
        

 

 

 

(22) 

 

 The heat transfer terms for convection, radiation, and chemical reactions will be 

discussed in the next section.  For now, they take the form of (23).  Work is broken into 

three different components:           ,       , and        .  The rate of work transfer by a 

force exerted on a moving fluid element is related to the product of the fluid's velocity 

multiplied by the force.  These energy or work fluxes may be calculated from a free body 

diagram in a similar manner to summing forces and their differential changes over a 

control volume.  The difference is that each component of a force is multiplied by a 

respective velocity component through a face [14][276]. 

 

 

      

 

      

 

(23) 
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 The differential form of the energy equation is (27).  It is formed by collecting all 

the associated terms described in this section thus far, converting the surface integrals to 

volume integrals via the divergence theorem, and then taking all terms to one side of the 

equation.  The resulting integral over the arbitrary control volume must be zero, implying 

the integrand is zero.  This equation has already made some fundamental assumptions 

about the fluid that will be elaborated on momentarily. 

 

 

    
 

  
     

         

 
         

         

 
      

                                                           

 

 

 

(27) 

   

 The internal energy,  , is a non-linear function of temperature and density based 

on the fluid's thermodynamic state.  It is the sum of several energy states based on the 

fluid's molecular composition: translation and rotational energy of molecules, potential 

energy from molecular bonds, electronic energy from electron motions, and vibrational.  
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The first two should not be confused with kinetic energy of the flow.  These two energies 

represent random molecular motion and not the macro-level flow of a differential fluid 

element.  The internal energy is not always left as a separate flow parameter.  It is related 

to other flow variables, usually temperature, based on the type of fluid present. 

 An alternative to internal energy is specific enthalpy,  .  Specific enthalpy 

represents the sum of internal energy and flow work by pressure.  The enthalpy equation 

is derived by substituting (28) back into (27) resulting in (29).  The enthalpy and energy 

form of the equations can be simplified by utilizing the mechanical energy equation,  

(30).  See (31) and (32) for enthalpy and internal energy respectively. 
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(32) 
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 The main consequence of using enthalpy, rather than energy, is the form that 

conservation principles will take when numerically solving the system of equations, 

separate sub-domains for multi-phase flows are not necessary, fixed grids are possible, 

and the confounding of effects due to heat transfer and flow work.  The form of the 

conservation principles varies because enthalpy is not a directly measurable quantity, 

only the change in enthalpy is measurable. 

 The energy equation is not always necessary for fluid simulation.  Incompressible 

flow without heat transfer is an example.  The focus of this dissertation is on simulating 

viscous, compressible flows.  Viscous dissipation,  , in the fluid causes temperature 

changes in compressible flows that result in pressure and momentum changes not present 

in incompressible flows.  Temperature changes from viscous dissipation also affect the 

entropy of the fluid with non-linear secondary effects on the flow field. 

 Entropy,   , is from the Second Law of Thermodynamics which states      

  .  It is defined as the number of microstates per macrostate and is associated with a 

loss of information regarding the exact arrangement of a system's elements at a given 

moment, with higher entropy corresponding to more possible arrangements.  Hence the 

sometimes shorter definition as "disorder" of a system. 

 Entropy has mathematical consequences as a Casimir that will be discussed in 

Chapter 5 and Chapter 6.  In Fluid Mechanics, entropy is important because unphysical 

numerical solutions and instabilities, as well as spurious numerical modes, can be 

obtained if entropy is not properly accounted for [193].  There is not always a single 

numerical answer, even if there is only one physically meaningful result.  This is a 

problem CFD 2030 wants future solvers to handle [371][409][415].   
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 The entropy equation is only sometimes used as a governing equation, as a 

substitute for the energy equation [193].  Recall that the energy equation is the 

mathematical representation of the First Law of Thermodynamics.  It governs how 

energy in a system is conserved.  However, the way energy is transformed is not 

determined.  An example from Anderson [14] is an ice cube on a hot metal plate.  The ice 

cube should warm up and melt as it absorbs heat from the hot plate.  Further, the hot plate 

should cool.  The energy equation does not impose such a condition on the system.  The 

ice cube could get colder while the plate gets hotter.  The energy equation will only 

govern that the energy of the system is conserved.  The entropy equation from the Second 

Law of Thermodynamics will ensure that the direction of the process is physically 

possible, e.g. that the ice cube melts and the hot plate cools.   

 For numerical predictions, consider the      relations.  Entropy is a function of 

temperature and volume, (33).  These derivatives, (34), are related to the specific heat 

capacities at constant pressure,   , and constant volume,   .  There are Maxwell relations 

that relate the pressure and volume related derivatives, (35), that help yield (36). 
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 The formulas in (37) provide constitutive relations between enthalpy, internal 

energy, and temperature using specific heat capacities.  The reference and formation 

values will be neglected.  The two parameters,   and  , are defined as the volume 

expansion and isothermal compressibility coefficients, (38).  Next, take the total 

derivative, 
   

  
, of (36) and substitute in these parameters.  The result is an alternative 

form of the internal energy and enthalpy equations, (40).   
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(40) 

 

 These equations can be simplified further for the purposes of this dissertation.  

One of the core assumptions in VIDEC-CFD Methodology is that the fluid's state can be 
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represented by the ideal gas law, (41).  Using this assumption in (38) yields   
 

 
 and  

  
 

 
.  Substituting this and (37) into (40) yields (42). 
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(42) 

 

 The energy equations in (42) are useful for calculations.  Further, they open the 

way to using two thermodynamic potentials, both fundamental to the VIDEC-CFD 

Methodology.  These potentials are related to entropy and are the Helmholtz and Gibbs 

Free Energies.  They can set constraints on numerical analyses to ensure physically 

realistic solutions and are also useful when dealing with non-homogenous and/or reacting 

flows.  While the latter is beyond the scope of this dissertation, the former is not. 

 The Helmholtz Free Energy,   , measures useful work obtainable from closed 

thermodynamic systems at constant temperature and volume.  If the volume is not 

constant, then there is boundary work used to expand the volume.  Gibbs Free Energy,   , 

measures the maximum amount of non-expansion work that can be extracted from a 

closed system.  It is minimized at chemical equilibrium at constant temperature and 

pressure.  Due to this principle, it is commonly used when chemical reactions are present.   

 The equations for    and    are shown in (43) to (46), including important 

relationships to pressure, temperature, and entropy.  (43) can include viscous effects by 
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adding 
 

 
        .  The    refer to chemical potentials and number of moles.  Another 

important consequence of entropy is that if the fluid is not at chemical equilibrium, then 

     .  The derivative terms in (45) and (46) will become important later when 

deriving equations using bracket operators discussed in Chapter 6 and Chapter 8. 
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 The Helmholtz and Gibbs Free Energies can lead to derivations of the energy 

equation as was done with entropy.  Further, they are related to another potential defined 

in Chapter 6 that includes kinetic energy.  This potential is for systems that conserve 

energy but redistribute some of their energy through irreversible mechanisms such as 

dissipation.  The generalized potential can lead to the derivation of the full set of 

governing equations and other thermodynamic potentials.  See Chapter 6. 

 Speaking of dissipation, there are two terms related to dissipation that have not 

been discussed.  The heat transfer terms,   , are important terms to expand upon for 

compressible fluids.  Same for viscous dissipation,  .  Viscous dissipation, heat transfer, 
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and their relation to fluid energy redistribution in a compressible flow is the main reason 

for this lengthy discussion on entropy and energy at all.  The next section will focus on 

heat transfer.  Viscous effects will be discussed in Section 3.4. 

3.2.4 Heat Transfer 

There are three main types of heat transfer that have been shown so far: convective, 

radiative, and chemical.  These quantities represent energy transfer by various 

mechanisms within a fluid: convection, radiation, and chemical reactions.  Convection is 

energy transfer due to bulk macroscopic fluid motion and random molecular motion.  A 

related term is flow advection which refers to the transfer of properties due to the fluid's 

bulk motion, or the collective motion of many fluid particles, alone. 

 Radiation is energy transfer via charged particles.  The associated radiative heat 

transfer is determined as the solution to a set of integro-differential equations for a range 

of electromagnetic frequencies.  This type of heat transfer, along with heat transfer due to 

chemical reactions, will be scoped from this dissertation and left to future work.  The 

main focus of this document will be including convective heat transfer into VIDEC-CFD. 

 Convective heat transfer occurs due to the motion of a fluid.  Note that convective 

heat transfer consists of heat transfer by advection and by conduction.  Conduction is 

energy transfer due to microscopic particle collisions.  It represents heat diffusion when 

dealing with macroscopic fluids.  Further, it represents the transfer of heat within and 

through a fluid as well as any objects the fluid is in contact with.  The equation for 

convective heat transfer is shown in (47) with updated energy equations, (48).   
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(48) 

 

 There is also heat transfer between a fluid and surface, (49), where    is the 

convective heat transfer coefficient.  It is a problem dependent quantity that relates how 

energy is transferred between a solid surface and a fluid.  The value of this parameter 

varies with geometry, fluid, laminar vs turbulent boundary layer, external vs internal 

flow, and free vs forced convection.  Note that this heat flux is normal to the surface 

because temperature itself is the driving potential of the heat flow,                   .  

Heat flux,   , is normal to isotherms by definition. 

 

 
                           

  

  

 

          
  

  

 

 
(49) 

 

 The equation for        is known as a kinematic equation, while              is 

known as a constitutive equation.  The constitutive equation is a necessary component 

that relates a fundamental quantity,   , to other primary flow variables, such as 

temperature, and is necessary for constructing a closed system of equations with the same 

number of knowns and unknowns.  There are other constitutive relations that connect 

flow variables to each other and to other quantities of interest.  Further, there are 
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similarity parameters that can be used to relate similar types of flows.  These important 

relations will be discussed in the next section. 

3.2.5 Constitutive Equations & Important Relations 

The governing equations shown so far are not closed.  There are more variables than 

equations.  Additional relationships are needed before proceeding to numerical analysis.  

These relationships include equations of state and non-dimensional parameters.   Several 

commonly used equations of state and non-dimensional parameters in fluid mechanics 

and thermodynamics are shown in the following tables.  This section will focus on key 

entries relevant to a viscous, compressible flow model for subsonic compressible flows. 

 Constitutive equations, or equations of state, are fundamental relationships for 

continuum mechanics that describe a state of matter.  These relationships are 

thermodynamic equations that relate fluid properties to flow variables, such as density to 

pressure and temperature.  The non-dimensional parameters are useful for establishing 

flow similarity, measures of different flow ratios, and studying qualitative flow behavior.  

A notable example would be studying when flow separation occurs and the vortex 

shedding or flow re-attachment patterns as a function of Reynolds number. 

 The important parameters for the VIDEC-CFD Methodology will be the ideal gas 

law, Reynolds Number, Mach Number, and force coefficients.  The Prandtl Number will 

essentially be constant.  The Eckert, Grashof, Brinkman, and Rayleigh numbers will vary 

a little but are not as important to the selected experiments and this dissertation's scope in 

Chapter 7.  Sutherland's Law is important in high temperature applications, however, the 

viscosity is assumed to be approximately constant for this document's scope.  See Section 

3.4. 
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 The Knudsen number relates the mean free path between molecules to the 

physical length scale of the problem.  It is the parameter that determines whether a fluid 

can be modeled as a continuum or not.  For this dissertation, the Knudsen number is 

assumed to be far less than one and therefore continuum theories are applicable.  Note, 

the Knudsen number does not explicitly enter the governing equations like the Reynolds, 

Prandtl, Nusselt, and Mach numbers can or close the system as per an equation of state. 

 The ideal gas equation is an equation of state that holds for many aerodynamic 

applications and can be derived from statistical thermodynamics.  The equation does not 

hold near phase transitions where the blurriness between phases makes intermolecular 

forces and spacing into important parameters.  High temperatures cause molecular 

dissociation, ionization, and/or chemical reactions that invalidate the ideal gas equation. 

These shortcomings will not be an issue for the selected application problems in Chapter 

7 but could be for supersonic and hypersonic applications. 

 The next most important parameter for this dissertation is the Reynolds number 

(  ).  It is the ratio of momentum to dissipative viscous forces in a fluid flow and appears 

explicitly in the governing equations.  It is one of the primary similarity parameters for 

dynamic similarity between two flows.  It is also used as an indicator for transition to 

turbulence.  Higher Reynolds numbers depict that viscous forces are very small in the 

global flow regime.  The    will shrink to a point at which viscous forces are on the 

same scale as inertial at sufficiently small length scales.  Kinetic energy is dissipated at 

such scales.  A large Nusselt number is also an indicator of a turbulent flow in a similar 

manner to a large   .  The Nusselt number measures the ratio of heat transfer conducted 
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between a solid boundary and a fluid to the convective heat transfer in the fluid.  See 

Chapter 4 for more on turbulent flows.   

 

Table 3: Equations of State 

Name Equation Brief Descriptor 

Ideal Gas Law             Relate fluid properties to 

fluid state 

Van der Waal Equation          
          Relate fluid properties to 

fluid state 

Sutherland's Law       (      )/(    ) Viscosity variation with 

temperature 

 

 

 The Mach number measures the ratio of the fluid flow's speed to the speed of 

pressure wave propagations and is a common indicator for fluid compressibility.  It is 

also used to characterize a fluid flow into different regimes as shown earlier in Figure 13.  

The transitions between these regimes are fuzzy, rather than discrete, with subtle changes 

happening as the Mach number increases.  The governing equations even change 

behavior mathematically from elliptic to parabolic to hyperbolic as Mach number 

changes.  This can be especially difficult in some problems where regions of each type of 

behavior can simultaneously exist in different parts of the domain. 
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Table 4: Important Non-Dimensional Relations I 

Name Equation Brief Descriptor 

Reynolds Number                 Inertia to viscous force ratio 

Prandtl Number          Viscous to thermal diffusion ratio 

Nusselt Number            Convective to conductive heat 

transfer ratio 

Mach Number                

              

Ratio of flow speed to the local 

speed of sound in a fluid 

Knudsen Number 
          

 

  
 
  

 
 

Relates distance between 

molecules to flow length scale 

Strouhal Number                Relates vortex shedding to mean 

flow 
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Table 5: Important Non-Dimensional Relations II 

Weber Number          
 
        Inertia to surface tension force 

ratio 

Eckert Number         
 
      Characterize heat dissipation.  

Ratio of kinetic energy to enthalpy   

Euler Number 
   

       

       
  

Characterize the ratio of local 

pressure difference to volumetric 

kinetic energy  

Brinkman Number          Characterize heat conduction from 

surface to viscous fluid 

Grashof Number 
   

               
 

      
 

Ratio of bouyance to viscous force 

acting on a fluid 

Rayleigh Number          Measure of heat transfer due to 

conduction vs. convection 

Force Coefficient             
 
     Ratio of force to dynamic pressure 

on a reference area 
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 Closing the governing equations simply requires an equation of state that relates 

the intense and extensive variables to each other.  There are geometric interpretations of 

this equation that will be discussed in Chapter 6.  The remaining non-dimensional 

parameters that have been discussed are important for setting up experiments, 

establishing flow similarity, and organizing flow regimes for different phenomena.  The 

VIDEC-CFD methodology will assume the fluid is an isotropic, homogenous, single 

phase, fluid with constant specific heats and viscosity whose state can be modeled by the 

ideal gas law.  The next section will look further into vorticity and its inherent 

relationship to conservation principles within fluid mechanics, entropy, equations of 

state, and the non-dimensional parameters discussed in this section. 

3.3 Conservation Principles 

The previous sections have focused on the governing equations for fluid mechanics.  

These are the primary equations used for simulation purposes, however, they are not the 

only conservation principles that are important.  There are several conservation principles 

and theorems that relate to macroscopic fluid motion, whether viscous or inviscid.   

 These additional principles are related to higher order moments of flow variables 

as well as important intrinsic connections between flow variables.  Understanding these 

phenomena will be key to addressing Hirschel's hypotheses and the challenges laid out by 

the CFD 2030 Vision.  This section consists of five sub-sections that are devoted to some 

specific entropy relationships to flow kinematics, Crocco's Theorem, Circulation 

Theorems, Discontinuities, and Noether's & Ertel's Theorems.  Each section is also 

related to vorticity,              .  Recall that vorticity is purely a kinematic phenomena of 
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a fluid flow and not a thermodynamic or state property.  This will be an important 

concept going forward. 

3.3.1 Clausius-Duhem Inequality, Onsager-Casimir Relations, and Entropy 

Normally, the namesakes for this section are better fit for citing from a reference.  They 

will be discussed here briefly because of topics covered later in Chapter 6 on Metriplectic 

Brackets and Thermodynamic Consistency.  These brackets also lead into the 

construction of the VIDEC-CFD Methodology in Chapter 8.  A consequence of the 

method's construction and convergence is satisfying a discrete analog of these relations. 

 The first topic is the Clausius-Duhem Inequality shown in (50).  This equation 

relates temperature and entropy production per unit volume to viscous dissipation, 

internal energy changes, and heat flux.  The inequality is an alternative way of expressing 

the Second Law of Thermodynamics and shows each source of dissipation within a 

continuum.  In a real fluid, this equation must hold.  It can be used to determine if a given 

constitutive relation for fluid dissipation is thermodynamically allowable.   Later, these 

sources of dissipation will be related to metric, or coordinate, dependent components of 

the governing equations that are not derivable from a Hamiltonian.  

 Normally, the time rate of change of entropy would only relate to heat transfer 

and temperature.  The relationship of entropy and heat transfer to flow advection, 

convection, and dissipation is more noticeable when written in (50).  
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(50) 

 

 The second topic is the Onsager-Casimir Relations.  They were originally derived 

by Lars Onsager [202][329][330] from a local expression of the second law for a 

thermodynamic system that is locally at equilibrium but globally out of equilibrium.  This 

is shown in a general manner from dissipated power densities from irreversible processes 

that can include shear, vorticity, electrical charge, and/or chemical reactions.  The related 

forces to these power densities will share the same symmetries.  Hendrick Casimir 

[78][202] further refined this concept by developing expressions so that the reciprocal 

relations hold under time reversal symmetries.  Said otherwise, the Onsager-Casimir 

relations express consequences of microscopic time reversal invariance for macroscopic 

quantities in a linear regime close to thermodynamic equilibrium. 

 

 
  
 
         

 

 
          

  

 
                  

                                     

 

(51) 

 

 These power densities are related to a flux,    , and a thermodynamic force,       , 

that are related to fluid velocity, diffusion and dissipation coefficients, chemical 

potentials,  , and thermodynamic temperature.  When combined with the second law of 

thermodynamics, the result is that the transport coefficient matrix must be positive semi-

definite, e.g. that          and its diagonal elements are non-negative,      . 
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(52) 

 

 

 The Clausius-Duhem Inequality and the Onsager-Casimir relations highlight how 

thermodynamic state properties, entropy, dissipation, and transport properties are related, 

even with the Onsager-Casimir Relations' limitations [202].   These transport properties 

are related to the fluid velocity field.  The connection between a flow's kinematics, such 

as velocity and vorticity, that are metric independent and a flow's thermodynamic 

properties, namely entropy, and metric dependent phenomena goes deeper. 

3.3.2 Crocco's Theorem 

Consider entropy along and across streamlines.  Now take the differentials in (53) and 

make them in partial derivatives along a streamline via the gradient operator.  The 

relationship between vorticity and entropy can now be established using vector calculus, 

(18), and (19) to obtain (54) and (55).  Note that      
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(55) 

 

 This relationship between vorticity and entropy is commonly referred to as 

Crocco's Theorem.  The theorem demonstrates that non-isentropic flows are inherently 

rotational flows or that rotational flows are inherently non-isentropic even when they are 

adiabatic, steady, incompressible, inviscid, and have no body forces.  Such flows will 

have a zero valued pressure gradient normal to the streamlines, zero valued enthalpy 

gradient, and a divergence free velocity field.  If the entropy varies normal to the 

streamlines, then there will be a non-zero vorticity vector in the flow field. 

 

                 

              
 

 
 

         

 
   

 

(56) 

 

 Consider an alternative formulation of Crocco's Theorem for an isentropic, 

steady, incompressible fluid without gravitational forces, (56).  The equation shows an 

intrinsic relationship between two field potentials in the flow, one related to temperature, 

through pressure, and the other to velocity and by extension vorticity.  These potentials 

interact with entropy and flow work by pressure to define the flow field and the 

complicated interactions within a general fluid flow.   

 Note that                 , meaning that gradients of 
 

 
 

         

 
 are perpendicular to 

the flow direction.  If the flow is irrotational or Beltrami, this quantity is invariant.  It is 
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conserved along streamlines for inviscid, incompressible, steady flows.  However, its 

value can change.  Any phenomena that change the quantity 
 

 
 

         

 
 will create vorticity 

that is not parallel to the fluid flow.  A primary example is a curved shock wave. 

 The interaction between vorticity and entropy is important conceptually and in 

engineering applications.  A re-entry capsule creates a bow shock wave during descent.  

The streamlines going through the bow shock wave experience an increase in entropy and 

changes in other properties immediately across the bow shock wave.  The change in 

entropy for each streamline varies depending on where the streamline intersects the 

shockwave.  The entropy gradient behind the shockwave leads to the creation of vorticity 

and rotation in the flow field that vary spatially, with Mach number, and with the 

geometry of the body behind the shock wave.  The important takeaway is:  

 

 

Observation:  Vorticity and entropy are linked quantities and sources of change 

of one can affect the other. 

 

 

 Another look at these connections can be seen visually by the various boundary 

layers over a solid surface.  There is the thin viscous momentum boundary layer, a 

temperature boundary, and an entropy layer shown in Figure 15 [14][16][15].  The rate at 

which each quantity reaches a free stream value, and how, varies from case to case.  The 

gradients in velocity, temperature, and entropy are related as described previously.  The 

pictures in Figure 15 show physically how these gradients can line up with each other.  
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The spatial variations in these profiles lead to non-linear effects.  Mathematically, this is 

the interaction of entropy as a Hamiltonian Casimir and dissipative dynamics generator 

interacts with flow work from pressure.  It is represented in terms of the effects of 

entropy and velocity potentials upon each other. 

 

 
Figure 15: Example Boundary Layer Comparisons 

 

 Physically, these effects take the form of phenomena such as Gortler vortices or 

Kelvin-Helmholtz instabilities.  The result is a complicated set of 3D interactions that 

characterize dissipative, turbulent, and separated flows.  Unfortunately, higher grid 

refinement only helps characterize these interactions up to a point.  In the end, more work 

on turbulence models and the modeling itself are needed [32][34][37][92][115][146] 

[214][215][354] [383][398][409][415][430][458].  More on the relationship between 

kinematics, thermodynamics, non-linear flow mechanisms, and conservation laws will be 

provided in the next two sections.   

3.3.3 Circulation Theorems 

The fluid domain may be thought of as being threaded by vortex lines everywhere 

tangent to the local vorticity vector.  Vorticity is related to the moment of momentum of a 

small spherical fluid particle about its own center of mass.  Vorticity does not require 
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curved streamlines to be present, and curved streamlines do not necessarily imply the 

presence of vorticity [14][405]. 

 Turbulent flows have vortex lines intersecting and tangled throughout the fluid 

domain.  The induced velocities from all of these tangled vortex lines can further 

exacerbate vortex stretching that leads to higher velocity gradients and more turbulent 

phenomena.  They can also lead to secondary flows.  These secondary flows may occur 

even if the fluid is primarily traveling in one direction, such as in a channel [14][405].  

The combined primary and secondary flows result in a complicated 3D velocity field.  An 

example would be the flow over a wing when an aircraft is at steady, level flight.  

Viscous effects along curved surfaces, such as a wing, will result in lengthened vortex 

lines and locally intensified areas of vorticity.  The vorticity results in momentum 

differences that will exacerbate the cross-flow on a wing [14][405].  

 The total vorticity within a fluid domain is an integrated quantity, (57).   The total 

vorticity in an inviscid or viscous incompressible fluid is constant in time so long as 

velocity, vorticity, and the gradient of vorticity vanish at infinity [451].  Local vorticity 

may not be constant at all times due to viscous effects, but the integrated quantity over 

the domain is.  The rate of change of total vorticity in a fixed volume is has dependence 

on viscous effects within the  
     

    
     term [451]. 

 

 

           

 

 

 

(57) 
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 These equations are valid so long as the velocity, vorticity, and 
     

  
 are 

continuously differentiable functions of position and integrable on the boundaries of the 

fluid domain [451].  The equations show that vorticity is transported across surfaces of 

constant density or pressure by convection alone for incompressible fluids or across 

surfaces of constant entropy or temperature in viscous compressible fluids.  Note that the 

products between         or         are tensor products that result in a matrix.  The resutling 

matrix is dotted with the surface normal vector with the result being a vector quantity. 

 

 
    

  
                       

  

  
    

  
  

     

 

(58) 

 

 
    

  
               

  

 

 

(59) 

 

 The exact mechanisms for convection and diffusion of vorticity for a given fluid 

flow are determined by substituting in the appropriate relations for 
     

  
,    , and      into (58).  

An example would be planar/axially symmetric motion [451].  The total vorticity of a 

material curve is changed by the diffusion term alone.  Alternatively, fluid accelerating 

only normal to itself or through a fixed surface through which fluid particles experience 

no tangential acceleration will transport vorticity by convection alone [451].  These 

vorticity and circulation equations show there is a relationship between vorticity transport 

and fundamental fluid state quantities.  The rate of change of vorticity and total vorticity 
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within an incompressible, inviscid fluid without body forces is constant at 0, making it a 

conserved quantity.  A general fluid flow does not conserve vorticity or its transport in a 

fluid domain [451].  However, vorticity transport's relationship with other quantities leads 

to the following assertion. 

 

 

Assertion: Conservation principles in general fluid flows are related and intrinsically 

linked to vorticity and/or the transport of vorticity within a fluid domain, even if vorticity 

and/or its transport is/are not individually conserved. 

 

 

 This assertion will be supported with some examples of vorticity's role within 

conservation principles for fluid mechanics.  First, however, vorticity will be related to 

some other fundamental quantities, such as circulation,  , and properties within fluid 

flow's geometry and governing equations.  Consider even in the case of viscous, 

compressible flows with externally imposed non-conservative body forces possess 

invariants and conservation principles [14][100][121][143][275][280][345]. 

 Circulation is a kinematic property of a fluid flow and a geometric relationship 

from mathematics that measures the momentum of fluid particles in a closed loop.  This 

'loop' simply means an enclosed shape [14][196][279][405].   By Stokes' Theorem, 

circulation may also be written in terms of vorticity, making circulation a measure of the 

vorticity on the surface enclosed by said closed loop.  Circulation was important in the 
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development of early aerodynamic theories, such as lifting line theory.  See Anderson 

[14], Johnson [214], and Vos [458] for more on these theories and their applications. 

 

 
                                             

(60) 

 

   

  
 
 

  
               

                                
 

  
                                                

 

 

(61) 

 

 The net change of circulation with respect to time leads to the complicated 

expression shown in (61).  The net change in circulation is a result of the different 

torques that may be applied to a fluid from vortex tilting and stretching, fluid expansion 

and contraction, non-conservative non-viscous forces, baroclinicity, and shear forces 

[14][196][279][405][427].  Further, all the sources that cause a net change in circulation 

also affect the vorticity vector. 

 The expressions in (61) simplifies to (60) in the limit of a steady, incompressible 

Newtonian fluid.  Only the fluid's pressure gradient, non-conservative non-viscous body 

forces, and viscous effects cause circulation changes for such a fluid.  If these are 0, such 

as in an inviscid incompressible flow, the result is Kelvin's Circulation Theorem.  This 

theorem states that the net change of circulation in an enclosed loop consisting of the 

same fluid particles is zero if the fluid is inviscid, incompressible, barotropic, and only 

acted upon by conservative forces.  Otherwise, for more general flows, (61) can represent 

circulation change along solutions to the Navier-Stokes equations [196][279].  



 101 

 

 

Observation:  Vorticity and circulation are inherently linked quantities and 

sources of change of one will affect the other. 

 

 

   

  
   

  

 
            

 

 
            

 

(62) 

 

   

  
  

 

 
            

 

(63) 

 

 

 

 

 

 

 

 

 

Figure 16: Viscous Stresses on Fluid Particle 

 

 The terms     and     are shear stresses on a fluid and are related to 

              , and by extension related to 
 

 
        for a Newtonian fluid.  Figure 16 

shows how viscous stresses produce torques on a fluid.  This means that viscous effects 

within the boundary layer cause changes in the local circulation.  Specifically, the viscous 

effects result non-uniform momentum differences that cause changes in flow circulation 

in the bounding circuit [14][196][279][405][427].  Fluid flow around a sharp edge will 
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begin forming concentrated vortices due to pressure and viscous forces in the boundary, 

resulting in flow reversal and eventual separation [14].  An example technology that 

intentionally utilizes this effect is a sharp leading edge on a strake or on a delta wing. 

3.3.4 Discontinuities - Shockwaves 

The equations shown for circulation so far are valid for the specified flow regimes 

without discontinuities.  There are several possible discontinuities that result in the flow 

field such as shockwaves, detonations, deflagrations, contact discontinuities with a 

surface, and slip streams.  The treatment of all of the discontinuities, save one, is beyond 

the scope of the work presented in this dissertation.  Shockwaves are an exception and the 

way they affect a flow field's vorticity will be discussed here.  An overview of the effect 

of shockwaves on flow parameters is provided in Anderson [15][16] and will not be 

reproduced in its entirety here.  Certain relations or outcomes of the material presented in 

Anderson [15][16] about shockwaves will be briefly described. 

 The vorticity along a shockwave is not constant.  The effects of the shockwave on 

other parameters, primarily density and velocity, result in a change in the vorticity 

tangential to the shockwave that is independent of the equation of state [182][223][257].  

The change is based purely on the kinematics and dynamics of the continuous fluid 

medium due to applied torques from a fluid passing through a shockwave 

[182][223][257].  Truesdell [451] was the first to derive the resulting change in vorticity 

across a shockwave.  The authors Hayes [182], Lighthill [257], and Kevlahan [223] 

would generalize the result from a steady, uniform, 2D flow to a non-uniform, unsteady, 

viscous, 3D flow with applied distributed and impulse body forces.  The interested reader 

is forwarded there for the exact derivations and equations in all cases.  The remainder of 
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this section will provide a conceptual understanding of how a shockwave affects vorticity 

and the consequences in fluid modeling. 

 Consider a curved shockwave around some surface in a 3D supersonic flow.  

Next, define three unit vectors at an arbitrary point on this shockwave:   ,   , and   .  The 

first two are tangential to shockwave and perpendicular to the direction of the two 

principal curvatures,    and   ,  on the shockwave.  The last unit vector is normal to the 

shockwave.  This system of vectors is independent but not necessarily mutually 

orthogonal.  Lighthill derives the change in the vorticity through the shockwave in each 

of the three directions defined.  The vorticity through the shockwave does not change for 

an inviscid flow, but the tangential vorticity does [182][223][257][451].  This is exactly 

the opposite case from the velocity vector [15][16].   

 

 
      

      

 
           

 

(64) 

 

 
     

      

 
           

 

(65) 

 

 

 
    

                 

                      
 

 

(66) 

 

 Truesdell's and Lighthill's analyses initially assumed Crocco's Theorem and a 

specific equation of state, however, they discovered such assumptions were not necessary 

[182].  The change in vorticity is a result of the dynamics of the flow and does not 
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directly involve the fluid's thermodynamic state [182][223][257][451].  Hayes derived a 

general relation for the vorticity change across a moving shockwave for an 3D, inviscid, 

unsteady flow [182].  The relation simplifies to the results obtained by Lighthill and 

Truesdell in the limit of a steady, uniform flow with a non-moving shockwave. 

 The results of Hayes' derivation are shown from (67) to (71).  The final result in 

(71) is invariant under velocity transformations to other unaccelerated reference frames 

[182].  Any term with a subscript 't' is defined exactly as it would be for a conventional 

vector, albeit the component in the    direction is ignored.  
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 Kevlahan would later generalize these equations to an unsteady, non-uniform, 

viscous flow [223].  He applied the result to a variety of different flow scenarios.  The 

conclusions he obtained via his model had previously only been obtainable from 

experimental observation [223].  A list of his conclusions and observations include: 

¶ Vorticity production due to baroclinic effects is very strong as flow Mach number 

increases 

¶ Irrotational flow ahead of a shockwave may still generate vorticity once passing 

through the shockwave 

¶ Vorticity across a shock can increase dramatically, even for a weak shock, if the 

shockwave is highly curved 

¶ Strength of the vorticity increase is primarily due to the magnitude of the velocity 

tangential to the shockwave and the shockwave's curvature 

¶ Compression of a fluid upstream and through a shock wave generates a torque on 

fluid elements that generates vorticity by conservation of angular momentum 

¶ Acoustic effects may also lead to vorticity generation through a shockwave 

 Later work by Warsi [462] would expand on the equations from Hayes [182] and 

Kevlahan [223] for a more generalized surface coordinate formulation.  An interesting 

result related to this formulation was derived by Truesdell [449].  The curl of the curl of 

the vorticity vector is tangential to any walls in a flow, even in curvilinear coordinates 

because of the no-slip condition.  Any surface integral of                      vanishes due 

to     being normal to the surface in question. 

 A weakness to all of these methods is that they only apply to an instantaneous 

change in vorticity based on a known shockwave shape and strength.  The formulas and 
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analyses are unable to simulate the time evolution of the fluid that occurs as a result.  

Further, the relations are indirectly related to a fluid's thermodynamic state due to the 

complex interplay of processes that leads to shockwave formation and motion. 

 The mathematical formulas derived by Truesdell [451], Lighthill [257], Hayes 

[182], and Kevlahan [223] show that the change in vorticity across a shockwave is based 

purely on the dynamics of flow and the shock itself.  However, these dynamics can also 

be related to other physical processes occurring in the fluid domain that are functions of 

the fluid's thermodynamic state.  There are two main takeaways from the math and 

physics just described.  These observations will be key to the development of the 

VIDEC-CFD Methodology in later chapters. 

 

 

Observation:  The instantaneous change in vorticity across a shockwave is not 

directly dependent on a fluid's thermodynamic state, rather it is directly dependent on 

underlying fluid flow dynamics and geometry 

 

 

 

 

Observation:  The time evolution of the change in a vorticity field due to the 

presence of a shockwave is dependent on the fluid's thermodynamic state due to the 

complex physical processes governing shockwave formation, shockwave dynamics, and 
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instantaneous change and time evolution of other parameters through a shockwave that 

are related to vorticity. 

 

 

 The changes in vorticity due to discontinuities or other flow parameters relate 

directly back to the discussion on circulation.  Circulation and vorticity are fundamental 

in that they represent the inherent 'turniness' and fluid-like motion that can be visually 

observed in non-uniform and turbulent flows. They are also intrinsically linked to 

conservation principles for other variables of interest.  More about vorticity and 

conservation principles in fluid mechanics will be discussed in the next section. 

3.3.5 Noether's and Ertel's Theorems 

Conservation laws are mathematical statements that a measurable property of a system 

does not change as the system evolves over time.  These conservation laws describe 

fundamental processes that occur in nature.  Notable examples applicable to all systems 

would be conservation of energy or momentum.  Conservation principles are represented 

as partial differential equations that relate the transport of a quantity throughout a domain 

and the overall amount.  The traditional form is 
 

  
    if the generic property,  , is a 

conserved quantity [400].  The conserved quantity is usually referred to as an 'invariant' 

or a 'constant of motion' of the system. 

 These constants can be further classified by their explicit dependence on vorticity 

or velocity, pressure, and density [7][8][9][10][11][12].  The former are odd under spatial 

reflections, while the latter are even in the same manner as odd and even functions.  

Circulation and enstrophy are examples of the former in 2D, helicity in 3D, while mass 
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and volumetric entropy as examples of the latter in ND.  The formula for potential 

vorticity,   , is (72), when used in a rotating frame.  For systems in this dissertation,      

will simplify to temperature,  , or potential temperature,        
 
   .  Enstrophy,  , 

also plays a large role in turbulence models.  See Chapter 4. 

 

 
   

 

 
                          

 

(72) 

 

 The mathematical structure of conservation principles and laws also relates the 

conserved quantity to a particular symmetry, or invariant, of the system according to 

Noether's Theorem.  Noether's Theorem states that the action of a physical system is the 

time integral of a Lagrangian function and that the behavior of this system can be 

determined by the principle of least action.  A symmetry of a physical system is some 

physical or mathematical feature that remains unchanged under transformations applied 

to the system.  These transformations and symmetries may be continuous or discrete. 

 Noether's Theorem gives a formula for obtaining conservation laws using 

symmetries of a variational action.  The problem is knowing which symmetries and 

resulting laws are important to the flow at hand.  Anco and Bluman [8][9][10] show that 

the reverse is also possible.  A problem with known invariance conditions on flow 

variables can be reverse engineered to obtain functional forms for invariants, symmetries, 

and the resulting conservation laws directly for that problem up to arbitrary order.   

 Invariants and geometric symmetries play a role in mechanics.  If a quantity 

underlying the response of a dynamic system is invariant under the action of a 

transformation, then this quantity can be used to determine relations between system 
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variables that determine the mathematical form of a conservation principle [340].  

Further, the invariant can be used to find solutions to the dynamic system's governing 

equations [340].  Ericksen did this with an energy balance and its invariance under rigid 

body motions to derive the conservation and balance laws of continuum theory.  Later 

authors went further and derived the classical momenta balances in mechanics for an 

elastic medium.   These actions were represented by continuous symmetries.  

 Consider some examples from fluid mechanics that meet the definitions provided 

for symmetry, conserved quantities, and conservation principles.   Recall circulation for 

an adiabatic,     , inviscid,            , incompressible,           , flow that has zero 

or only conservative body forces,            .  This limit leads to Kelvin's Circulation 

Theorem.  The conceptual importance is that circulation is related to fundamental 

geometric properties of the governing equations via vorticity for adiabatic, inviscid, 

incompressible flows. 

 A closer look at the conservation of circulation in this case reveals that the 

circulation and volume of a closed vortex tube is conserved, as well as the ratio of the 

two [323].  A vortex tube is formed based on a series of lines of constant circulation or 

vorticity that enclose some volume or area in a 3D or 2D space.  The ratio of circulation 

to vortex tube volume is known as the volume density of circulation.  This property is an 

invariant along the vortex lines comprising a given a vortex tube [323].  

 Consider the volume integral in (73).  These are volume integrals of circulation 

density raised to some power and are related to inertial angular momenta intervals within 

a flow domain [323].  These integrals are related to the turbulent motion of fluids at 

different length scales within a fluid flow.  The integrals represent the 3D motions of 
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vortex tubes within a flow domain.  The change in circulation density, and consequently 

these integrals, occurs at all scales and is due to viscous effects that cause vortex tubes to 

break apart, reconnect, or otherwise change the length of vortex lines comprising vortex 

tubes [323].  These integrals are conserved properties at different length scales in a 

viscous, turbulent flow and are representative of higher order invariants.  There are two 

pertinent follow up questions: 

1. Are there other general, i.e. irrespective of length scale, conservation principles 

for viscous, compressible fluids? 

2. How is circulation and/or vorticity related to these principles, if at all? 

 

 

     
 

 
 
 

   

 

(73) 

 

 The answer to both questions is yes and the details will comprise the rest of this 

section before moving on to constitutive equations and other important relations in fluid 

flow analysis.  For now, consider the motion of a compressible, inviscid, barotropic fluid 

in a potential field,  .  Also, consider a Hamiltonian action,  , in (74).     

 

 
      

 

 

                         
 

 

                
  

 
    

 

 

 
 

(74) 

 

 Recall, earlier that circulation, and by extension vorticity, is not directly 

conserved in such a fluid.  Ertel [126] demonstrates that the transport of potential 

vorticity is conserved but not in the direct form such as in Kelvin's Circulation Theorem 
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from earlier.  See (75) which is known as Ertel's Vorticity Theorem.  This theorem shows 

that potential vorticity transport, or advection, in a compressible, barotropic, inviscid 

fluid is a conserved property [126].  

 

  

  
 
    

 
                

 

(75) 

 

 The derivation of Ertel's theorem is beyond the scope of this dissertation.  The 

derivation requires multiple change of variable formulations, Cauchy integrals, numerous 

vector identities, and a significant amount of vector algebra.  See Ertel [126] for details.  

The main takeaway is that there is a conservation principle for vorticity even within a 

compressible fluid flow.  The main limitation of Ertel's Theorem, at least in this form, is 

that it is not applicable to viscous fluids, fluids with non-conservative body forces, across 

discontinuities, and/or to fluids with heat transfer. 

 Ertel's Theorem is not limited to potential vorticity [400].  The general derivation 

is relevant to any invariant,   , that satisfies 
   

  
  .  This    could be a scalar, vector, or 

tensor property.  Potential temperature for adiabatic processes or polytropic temperature 

for polytropic processes are two scalar examples.  The invariant may not have the same 

value for every fluid element, but its functional form over the domain defines surfaces 

across which the value is constant [400].  See (76) for the functional form of this version 

of Ertel's Theorem.  Note, if   is a conserved quantity then 
  

  
   and the equation 

simplifies.  Total vorticity,      , of fluid flow includes additional terms for rotating 

coordinate systems in addition to the usual terms for vorticity [400]. 
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          (76) 

 

 Let's rewrite (76) in a new form with new operators.  This new form is related to 

the form of a quantity known as a Lie Bracket, or more generally a Poisson Bracket.  The 

details of these brackets will be discussed in Chapter 5 and 6.  The operators    and    

are multiplied together as a product as shown in (79) [400].    
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                                (79) 

 

 Alternatively, the product in (79) can represent the vorticity equation, 
  

  
.  In this 

case,    , the    operator would be a dot product between velocity and     , and    

would simply be the curl operator.  In general, the operators    and    do not commute, 

meaning the value of          does not equal zero in general.  However, it can in special 

cases such as homogenous barotropic fluids, an inviscid piezotropic fluid, or any time the 

term             
 

 
         is identically equal to 0 for all time in the fluid [400].  The 
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importance of having these operators commute for now is related to the conservation 

principle related to the quantity  . 

 The interpretation of Ertel's Theorem for a general invariant is similar to Bjerknes 

Theorem for circulation.  In fact, Bjerknes Circulation Theorem, as well as other vorticity 

and circulation conservation theorems for inviscid flows, are special cases of Ertel's 

Theorem [400].  The fluid domain may be broken into solenoidal systems that are defined 

by planes of constant value for   ,  , and  .  The number of cells of unit volume formed 

by these planes is equal to the time change of the specific volume multiplied by the scalar 

product of the vorticity vector and gradient of the conserved property [400].  This is an 

important observation to note.  

 

 

Observation:  The equation governing the time rate of change of a conserved 

quantity within an inviscid, compressible or incompressible fluid flow, with or without 

heat transfer is functionally dependent on the vorticity vector. 

 

 

 Based on this observation, vorticity's role in aerodynamic analysis is not limited 

to previous incompressible, inviscid analyses.  It is intrinsically related to the 

conservation and advection of any aerodynamic invariant so long as the flow is inviscid 

and is not acted upon by non-conservative body forces.  Ertel in a later paper 

demonstrates that higher order invariants can be constructed from the lower order ones 

discussed so far [400]. 
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 This observation appears to be in contrast with observations by Anco et al. 

[7][8][9][10][11][12].  There, the conserved densities are directly functions of either 

vorticity or other flow parameters such as velocity, pressure, and density.  The 

conservation laws are ultimately related to Casimirs of the Hamiltonian that generates the 

flow.  These Casimirs are densities that yield 0 when multiplying the Hamiltonian.  They 

are related to circulatory entropy (                             ), mass, and generalized 

entropy (        ) for non-isentropic inviscid flows and to dissipative mechanisms in 

viscous flows.  Circulatory entropy is ultimately related to enstrophy in 2D and helicity, 

             , in 3D.  Both terms are functions of vorticity. 

 The first takeaway is that there is no actual contrast.  In fact, there is confirmation 

of an earlier assertion regarding the intrinsic link between conservation laws of general 

fluid flows to vorticity and/or its transport.  This link could include helicity, enstrophy, 

potential vorticity, or just the vorticity vector's direction.  The link is present regardless of 

whether any of the previously stated quantities are themselves constants of motion. 

 This intrinsic link can be leveraged when considering higher order non-linear 

flow behavior and invariants.  Consider three fluid invariants for a given system      , 

and   .  These may be scalars, vectors, and/or tensors and may be combined to form a 

fourth invariant    as per (80).  Note the term     represents the gradient of the ith 

invariant [400].  So long as the quantities used are all invariant, the resulting    will also 

be invariant, 
   

  
  .  The proof of this is provided in the tenth translated paper in 

Schubert [400].  More on the applications of Ertel's Theorem and many of the 

conservation principles and topics discussed in this section can also be found in many of 

the papers contained within Schubert [400]. 
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(80) 

 

 Ertel's Theorem, as it has been discussed so far, has pertained to inviscid fluids 

with only conservative body forces.  General fluid flows may contain viscous effects and 

non-conservative body forces.  The primary applications of interest, as discussed in 

Chapter 2, for a new CFD methodology will need to include viscous effects to properly 

model turbulent and vortex dominated phenomena. 

 Truesdell found a more general form of Ertel's Theorem that governs the 

advection of quantities in a flow domain and if a particular quantity if an aerodynamic 

invariant [449].  First, he notes that all vorticity theorems are ultimately related to  (81).  

Further, the general form for Ertel's Theorem for a viscous, compressible fluid is shown 

in (82).  Rather than focusing on a Hamiltonian action, Truesdell used      
     

  
 instead, 

which is related to all applied forces on a fluid.  See (83) and (84).  See Truesdell [449] to 

see how Ertel's Theorem may be derived from here.  The derivation of the general 

theorem and its relation to Ertel's work is quite involved, requiring a large amount of 

vector calculus to accomplish, and beyond the scope of this dissertation. 
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(83) 

 

 
     

    

  
               

    
 
             

 

 
                   

 

(84) 

 

 Truesdell's addition to Ertel's Theorem accomplishes two goals. First, it extends 

Ertel's theorem to viscous flows with body forces, albeit also in an incompressible flow.  

This extends to quantities that are invariant or are advected in a flow.  This goal was 

discussed in detail earlier.  Second, Truesdell's work identifies higher order invariants 

related to vorticity. The quantity   is related to a higher order invariant if it is some 

function with contours of constant regions within the flow domain, the projection of 

     
     

  
 on these contours is always zero, and 

 

       
 is a substantially constant function 

[449].  The term 
 

       
 represents the derivative in the direction of the vorticity vector.  The 

higher order invariant takes the form in (85) [449]. 

 

 
    

 

  
    
   

     

       
 
    

 
      

    

 
        

    

      
       

 

(85) 

 

 The higher order invariant in (85) may be a scalar, vector, or tensor quantity.  This 

quantity is exactly conserved for inviscid fluids.  The integral of this quantity over the 
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flow domain, a weaker condition, is conserved for homogenous, viscous, incompressible 

fluids [449].  These latter two statements are powerful.  Truesdell notes that (85) ceases 

to hold exactly for even the smallest amount of viscosity present, yet it's integral over an 

incompressible flow domain is constant even for large viscosities [449].  Recall, the 

conserved properties are implicitly related to viscosity through the vorticity vector. 

 These equations are kinematic relations that are part of the underlying geometry 

of the governing equations.  These relations note what properties are constant and in what 

directions.  The formulas rely on 
 

       
 representing a substantially constant function, e.g. 

there are regions of the flow where the vorticity vector's direction is not changing and can 

be used to define contours or planes within the fluid domain.  Vorticity may vary through 

a compressible flow domain, especially if a shockwave is present.  That would mean the 

integrated form of (85) for a viscous, supersonic flow holds up to and behind a 

shockwave, but not through it.  Duyunova et al [114] covers more of the differential 

invariants that are unique to viscous compressible flows. 

 The theorems and discussion from Ertel to Truesdell have demonstrated that there 

are conserved properties in a general fluid flow.  Vorticity is intrinsically related to these 

conserved properties.  Furthermore, even a compressible viscous flow subjected to non-

conservative forces and dissipation will still have conserved properties relative to the 

Generalized Hamiltonian action describing the flow.  Vorticity is inherently a kinematic 

phenomenon related to the flow dynamics and the underlying geometry of the governing 

equations.  Also, by vorticity's relationship to entropy, these conserved properties are 

ultimately related to the fluid state in some fashion. 
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Observation:  Conservation properties even for the most complicated flows are 

ultimately related underlying kinematic dynamics related to the geometry of the 

governing equations. 

 

 

 

 

Assertion:  Appropriate conservation of invariants in a fluid flow is 

tantamount to appropriate treatment of entropy and the 2
nd

 Law of Thermodynamics 

within a fluid domain by entropy's intrinsic link to vorticity and vorticity's intrinsic link to 

the underlying symmetries and geometric properties of the governing equations of a fluid. 

 

 

 This dissertation is far from the first work to recognize or determine the previous 

observations and assertions.  The collected works by Mattiusi [289][290], Tonti 

[432][433][434][436][437][439][440][442], and Morrison [309][310][311][312] have 

determined that there is an algebraic-topological structure that is common to all field 

theories, including fluid mechanics.  More on this structure is presented in Chapters 5 and 

6, with application to the VIDEC-CFD Methodology in Chapter 8. 

 So far, all of the focus has been on the individual field variables, their relationship 

to the governing and constitutive equations, and how they relate to different parts of a 
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control volume and vorticity.  The remaining variable, and one of the most important for 

practical applications, that needs to be discussed in detail is the viscous stress tensor. 

3.4 Viscous Stress Tensor 

The picture depicted in Figure 17 is a free body diagram of the shear and normal stresses 

present on a fluid element whose dimensions are   ,   , and   .  There are nine total 

stresses, however, only six are independent since         for     due to balance of 

angular momentum.  The depicted stresses are molecular in origin [14][322][354]. 

 The stresses relationship to molecular motion is encompassed through constitutive 

relationships and viscosity.  Viscosity measures the sensitivity of a fluid to momentum 

differences that exist in directions normal to the flow direction [326].  For this 

dissertation, this sensitivity is modeled by the theory of a perfect gas when flowing in the 

presence of transverse velocity gradients.  The gas molecules are rigid, non-attracting, 

spherical molecules with a 2D velocity profile.  This profile is an average of the gas 

molecules' random molecular motion.  The flux of momentum due to random molecular 

motion and momentum exchange from collisions is proportional to the velocity gradient 

of velocity profile.  The constant of proportionality is viscosity [326].  Additional 

information on molecular viscosity may be found in Anderson [14], Boresi and Chong 

[55], Chorin [85], and Nunn [326]. 
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Figure 17: Stress Diagram 

 

 Viscosity relates the momentum transport due to random molecular motion to the 

forces acting on the fluid element.  Fluid momentum may also be transferred by other 

means, such as eddies or vortices in the flow.  An eddy viscosity that relates this type of 

momentum transfer are the basis of some turbulence models discussed later in Ch. 4 

[14][322][354].  This type of momentum transfer is not based on a gas' thermodynamic 

state or molecular properties but is an artifact of the flow itself [326]. 

 The crux of viscous flow and turbulence modeling is resolving the effects of these 

viscous shear stresses.  Resolving these effects is based on answering the following four 

questions.  What flow variables are these shear stresses a function of?  What is that 

functional form?  How are the governing equations and the numerical solution method 

affected?  What is the Reynolds number?  The last two questions will be discussed in 

Chapter 4, while the remainder of this chapter focuses on the first two questions. 
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 The problem addressed in this dissertation must be scoped before answering these 

questions.  The type of fluid must be specified.  Newtonian fluids exhibit shear stresses 

that are proportional to the local 2D velocity gradient.  This is analogous to Hookean 

solids where stress is proportional to strain.  Think of the velocity profile as a strain rate 

for fluids.  Other fluids may exhibit non-linear behavior, such as shear thickening / 

thinning fluids or Bingham plastics.  Blood is an example of a shear thinning fluid.  More 

on these fluids can be found in Ch. 10 of Nunn [326].  The applications of interest for this 

dissertation primarily are in air which can be approximated as a Newtonian Fluid.  

Therefore, the problem will be scoped to include only Newtonian Fluids.  Further, the 

fluid will be isotropic, meaning its mechanical properties are the same in every direction. 

 The constitutive relations for an isotropic fluid will be derived based on the work 

presented in Ch. 2-4 of Boresi and Chong [55] and Ch. 10 of Nunn [326].  Similar 

derivations are present in [14][85].  This derivation of the viscous stress tensor is 

included here to prepare the reader for later material in Chapter 5, 6, and 7.  Further, the 

inclusion keeps this dissertation’s material more self-contained. 

Consider the diagram in Figure 17 of a continuum element.  The sum of the shear 

forces in this diagram are based on the surface forces acting on faces of a fluid element 

and are expressed in terms of stress.  The sum of these forces in each direction is given in 

(86).  Consider that the element’s volume is          .  Dividing through by this 

product and taking the limit of a differential fluid element yields (87). 

 The conventional notation for normal stresses and shear strains,    and     

respectively, will be used in place of     and     from here on.  The physical 

interpretation of normal stresses on a fluid will be described and used later.  For now, the 
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continuum element could be a solid or a fluid.  There are two fundamental 

approximations that will be used: small displacement assumption and Hooke's Law.  The 

first approximates that the strain from deformation may be approximated by the linear 

terms in the Greene-St. Venant Tensor.  Higher order, non-linear relations between 

displacement and strain are not captured when relating strain to displacement.  In fluids, 

this approximation is used because these terms are negligible at the scales where viscous 

dissipation occurs.  So long as flow stresses and strain rates are not too high, this 

assumption works well for Newtonian Fluids.  Here, the   terms represent displacement. 
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                                    (89) 

 

 Hooke's Law is the second approximation, and it states that the stress components 

acting on each face of the continuum element are linear functions of the strains.  The 

elastic coefficients,    , may vary with position in the body, temperature, and direction in 

the material.  Hooke's Law is not really a law but an approximation that has proven valid 

for small strains for a set temperature and location in the continuum element [55].  If 

there are two mutually orthogonal planes of elastic symmetry, then many of these 

coefficients are zero.  Namely,                                      

              for        .  This also holds true for isoptropic materials, where 

there are infinitely such planes available [55].   

 

                               

                               

                               

                               

 
 
 

 

(90) 

 

 Hooke's Law may also be written another way in terms of Lame parameters.  

First, note that the strain energy density of a linearly elastic, isotropic continuum is a 

function of principal strains.  Based on the symmetry conditions described in the previous 

statement, this equation may be simplified from an equation with several coefficients to 

an equation of two coefficients, the Lame parameters   and  . Taking partial derivatives 
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and equating terms yields an alternative formulation for the stresses in terms of Lame 

parameters and strains.  See (91) and (92).      is the 3x3 identity matrix.   
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 At this point, consider the analogy between a Hookean Solid and a Newtonian 

Fluid.  Whereas the displacements and strains,    and  , are used in a solid, a fluid will 

utilize velocities and strain rates.  These strain rates may be represented as spatial 

derivatives of the velocity field,     , similar to how strains are derivatives of the 

displacement field.  The form of the equation for                is now shown in (93).  

The second viscosity coefficient,  , is represented as per (94). 
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 The first Lame parameter,  , is the shear modulus for solid materials.  For fluids, 

it is related to the dynamic viscosity,  , from earlier.  It relates momentum transport to 

shear forces acting on a fluid and has been more thoroughly described in the previous 

section.  It is primarily a function of temperature at the macroscopic scale of continuum 

mechanics [14][16][322].  Compressible fluid viscosities also vary weakly with pressure 

[16].  The common relation between temperature and viscosity is Sutherland's Law. 

 The second Lame parameter,  , is known as the bulk or volume viscosity 

[14][322].  For fluids, it is denoted by  .  This coefficient makes mechanical pressure no 

longer equal to thermodynamic pressure in the flow.  It is a form of internal friction that 

resists flow motion when a fluid is compressed or expanded, regardless of the presence of 

shear.  It is the primary cause of energy loss in shockwaves as a fluid is expanded or 

compressed. It is commonly neglected in compressible flow simulations based on the 

Stokes Hypothesis,    .  Incompressible fluid simulations do not contain this 

coefficient at all because the velocity field is divergence free [14][193]. 

 The formula for the viscous shear force shown earlier is the most common form 

from textbooks.  It is also highly convenient for discretization methods such as finite 

differences and finite elements.  There is an alternative form that is pertinent to the 

VIDEC-CFD Methodology that is based on (95) substituted into (93) to yield (96).  This 

form of the equation demonstrates there are two fundamental sources of viscous shear.  

The first is the advection of compressibility effects via bulk viscosity and the second 

from rotation.  These two sources are fundamentally tied to the flow's geometry and will 

be utilized later in the VIDEC-CFD Methodology. 
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Table 6: Newtonian Dissipation Function Components 

[475] 

 

 The constitutive relations so far have focused on the viscous shear force in the 

momentum equations.  The viscous shear term in the energy and enthalpy equations from 

earlier,                      , is a highly complicated product whose individual terms 

demonstrate the various viscous mechanisms by which energy is dissipated.  Table 6, 

taken from [475], shows how viscous dissipation in a compressible fluid is represented in 

the literature.  These equations are frequently represented assuming a particular 

coordinate system [475]  and/or in tensor notation [197], rather than with specific vector 
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identities in mind [237].  The coordinate-based representations are convenient for 

conventional discretization techniques with FDM, FVM, and FEM.  They will not suffice 

for the geometric approach needed in the VIDEC-CFD Methodology. 

 Lamb [247]  and Koh [237] derive a vector identity based representation of 

viscous dissipation for an incompressible Newtonian fluid.  Specifically, they derived a 

vector identity representation for the dissipation function,  , and not the viscous power 

dissipation term,                   .  This identity was re-derived for a compressible 

Newtonian fluid and is shown in (101).  This form of the equation can be readily adapted 

into a geometric-based approach due to its reliance on gradients, divergences, curls, and 

vector products.  These operations have continuous and discrete geometric analogs that 

will be described in Chapter 5 and applied in the VIDEC-CFD Methodology.   
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(101) 

 

 The scalar dissipation function, when written as (101), has several distinct terms 

corresponding to the different viscous dissipation mechanisms.  The first is due to 

compressibility effects and bulk viscosity.  The second term, with the square of the 

vorticity field, represents dissipation due to any solid body-like rotation of fluid elements 

in the control volume.  The third term represents dissipation due to the advection fluid 

compressibility within the flow.  The final two terms are more complicated.  Individually, 

they represent the viscous dissipation due to the interaction of the velocity and vorticity 

fields and dissipation of kinetic energy.  The final two terms of   are both related to 

momentum advection as shown in (102).  The composite result is that these final terms 

represent viscous dissipation due to momentum transport in a fluid. 

 

 
          

 

 
                              

 

 
                            

 

(102) 

 

 Another way of viewing the past three equations is as the viscous heating occurs 

by two mechanisms - density variation and that of an incompressible fluid [306].  See 

(103).  The usefulness of this representation is that it explicitly separates viscous 

dissipation due to thermodynamic state from dissipation due to flow kinematics. 
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(103) 

 

 Consider how fluid density is represented as a function of pressure and 

temperature in an ideal fluid in (104) and that           
 
 

 

  
 
  

  
 
 

 [306].  The result upon 

substitution into (103) is (105).  If substituted into the energy equation, the result is a 

more general equation of thermal energy for an ideal Newtonian Fluid, primarily in terms 

of state variables [306]. 
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 A final note about the viscous effects.  The lame parameters related to viscosity 

     and   vary with temperature and sometimes weakly with pressure.  In all the 

equations given so far, these parameters have been assumed constant and have been 

removed from derivative terms.  They are not constant and can vary spatially and 

temporarily due to temperature and pressure fluctuations.  Fully accounting for this 

variability is currently beyond the scope of this dissertation. 
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3.5 Summary 

The objective of this chapter was to provide a brief overview of viscous fluid flow, with 

emphasis on some of the underlying theory with regards to conservation principles and 

the effects of vorticity, viscosity, and entropy.  Vorticity was identified as a fundamental 

term known as an invariant for inviscid, incompressible flows.  There are other, higher 

order invariants related to vorticity that Truesdell [449][450][452][453] and Anco 

[7][8][9][10][11][12] identified.  There are also invariants within the stress tensor [427]. 

 Some of these invariants were for viscous, compressible flows and demonstrate 

the importance of vorticity calculations within fluid simulations [114].  Regardless of 

source, invariants are intimately related to the underlying geometry of and the solutions 

to the governing equations for a given problem.  The relationship of these invariants to 

numerical fluid simulation will be discussed in Chapters 5 and 6.   

 This chapter also sets some scoping guidelines for the rest of this dissertation.  

The VIDEC-CFD Methodology assumes that the fluid is a homogenous, viscous, 

compressible, non-reacting Newtonian fluid whose viscosities are constant and whose 

state can be described by the ideal gas law.  Stokes' approximation will not be used to 

approximate the second coefficient of viscosity and instead reference values will be used 

for both viscous coefficients.  This means that the viscous terms will introduce some 

inherent error due to not properly tracking them.  However, this would have been the case 

anyway, given that they are constitutive relations based on empirical observation.  Future 

work should revise the derivations of the viscous forces and dissipation to account for 

spatially varying coefficients of viscosity and associated constitutive equations. 
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Table 7: Summary of Observations & Assertions II 

Observations 

O6: Vorticity and entropy are linked quantities and sources of change of one can affect 

the other. 

O7: Vorticity and circulation are inherently linked quantities and sources of change of 

one will affect the other. 

O8: The instantaneous change in vorticity across a shockwave is not directly dependent 

on a fluid's thermodynamic state, rather it is directly dependent on underlying fluid flow 

dynamics and geometry. 

O9: The time evolution of the change in a vorticity due to the presence of a shockwave is 

dependent on the fluid's thermodynamic state due to the complex physical processes 

governing shockwave formation, shockwave dynamics, and instantaneous change and 

time evolution of other parameters through a shockwave that are related to vorticity. 

O10: The equation governing the time rate of change of a conserved quantity within an 

inviscid, compressible or incompressible fluid flow, with or without heat transfer, is 

functionally dependent on the vorticity vector. 

O11: Conservation properties even for the most complicated flows are ultimately related 

to underlying kinematic dynamics related to the geometry of the governing equations. 

Assertions 

A3: Conservation principles in general fluid flows are related and intrinsically linked to 

vorticity and/or the transport of vorticity within a fluid domain, even if vorticity and/or its 

transport is/are not individually conserved. 

A4: Appropriate conservation of invariants in a fluid flow is tantamount to appropriate 

treatment of entropy and the 2
nd

 Law of Thermodynamics within a fluid domain by 

entropy's intrinsic link to vorticity and vorticity's intrinsic link to the underlying 

symmetries and geometric properties of the governing equations of a fluid. 
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CHAPTER IV 
 

 

 

BRIEF OVERVIEW OF TURBULENCE 
 

 

 

4.1 Introduction 

The reader should understand the nature of turbulence in fluid mechanics and how 

turbulent flows are modeled in engineering design.  There are a variety of different 

modeling strategies at varying fidelities.  A comprehensive overview of all turbulent 

modeling strategies is beyond the scope of this dissertation.  This section serves as an 

introduction to turbulent flows and the commonly used turbulence modeling strategies.  

This chapter is primarily about the middle column of Figure 1 regarding this dissertation's 

main argument structure. 

 This introduction could have been accomplished with a few specific references.  

The following information on turbulence was included as a separate chapter to facilitate a 

necessary conceptual understanding of the underlying phenomena that occur in turbulent 

flows.  The turbulence model is the crux of any CFD methodology and is considered the 

primary bottleneck for enhancing CFD's accuracy and utility in the design process [458]. 

 A CFD methodology's accuracy is partially based on its ability to adequately 

resolve and capture turbulent phenomena without adding numerical instabilities and/or 

physically invalid assumptions.  There are many interacting non-linear turbulent 

phenomena that can occur based on the flow domain and boundary and initial conditions. 
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 A second problem with the turbulence model is resolving these phenomena with 

increasing Reynolds number.  As this section will describe later, the relevant length 

scales for the flow shrink with Reynolds number.  The shrinking scales necessitate 

additional grid points as well as careful modeling of viscous effects near walls to 

adequately capture any phenomena, especially any complex interactions that occur. 

 Turbulence models are not always able to capture these phenomena for practical 

problems due to computational restrictions and model imperfections.  Regardless, any 

proposed CFD model must have a plan on how to model turbulent phenomena and flows. 

4.2 Turbulence 

4.2.1 Basic Overview 

Turbulent flow is present in very simple and complex situations.  Examples include rising 

cigarette smoke, waterfalls, rocket plumes, flow around an aircraft, and flow inside 

turbomachinery.  The objective of CFD is to obtain accurate results for parameters of 

interest from a tractable, quantitative model.  Turbulent flows are an obstacle to that 

objective.  Turbulence is notoriously difficult to simulate and describe due to its 3D, time 

dependent, random, and non-universal nature across multiple length and time scales.   

 Flows in aerospace systems design are usually turbulent, although some may be 

approximated as laminar.  Laminar flows are characterized by ordered streamlines, with 

adjacent layers of fluid flow sliding past each other easily with no cross currents 

perpendicular to the flow direction, lateral mixing, or eddies.  Laminar flow primarily 

contains one scale of motion with the flow moving primarily in one direction.  Laminar 

flow can and often does transition to turbulent flow. 
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 Turbulent flows are characterized by irregular and rapid space-time dependent 

changes in the velocity field and other flow parameters, eddies, and lateral mixing [354].  

Further, turbulent flow is characterized by high sensitivity to perturbations and motion at 

multiple scales of varying size.  Perturbations include small changes in geometry, initial 

conditions, boundary conditions, and fluid properties.  Experiments have shown that the 

larger scale motions, on the order of the global flow, are geometry dependent whereas 

smaller scale motions, on a length scale much smaller than the global flow, are geometry 

independent [354].  Further, global large-scale motions are less dependent on Reynolds 

number while the small-scale motions are highly dependent on Reynolds number.  The 

nature of turbulence is also based on model dimensionality.   

 The unsteady motions present in turbulent flows are not the only important 

component of turbulence.  The energy cascade and the processes present in that cascade 

greatly affect turbulent fluid motion.  The energy cascade involves the transfer of energy 

from the largest to the smallest scales of fluid motion.  Kinetic energy at the largest scales 

is transferred by inviscid processes to subsequently smaller scales until the energy is 

dissipated and motion stabilized by molecular viscosity at the smallest possible scales, 

the Kolmogorov scales.  The energy transfer is somewhat two-way.  Energy is transferred 

between large and small scales.  However, the overall transfer is downward from larger to 

smaller scales [354] as shown in Figure 18. 

 Turbulence is an inherently vortical phenomenon and the energy cascade between 

scales is intimately related to 3D vortex stretching [487].  The volume changes due to 

compressibility and velocity gradients that are present in a flow influence the type of flow 
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mechanisms and instabilities that form that can lead to the onset of turbulence, 

separation, and/or exacerbate either of the two. 

 

 
 
 

Figure 18: Energy Cascade Illustration 

 

 From a streamline perspective, these gradients lead to changes in vorticity along, 

normal, and bi-normal to the streamline.  The latter two specifically change the direction 

the vorticity vector points relative to a streamline's center of curvature and normal to the 

plane formed by the streamline's tangent and normal vectors.  The result is a change in 

conserved properties, based on Ertel's Theorem, and energy transfer within the fluid.  

This result is why turbulence is said to be a vortical phenomenon and why it is related to 

3D vortex stretching.  Flow separation is the ultimate culmination of these mechanisms 

when the instabilities are not sufficiently dissipated.  It is this reason, in addition to 

empirical observation and comparison of numerical to experimental results, that flow 

separation is said to be a 3D phenomenon [263][487]. 

Energy 

Overall 

Energy 

Transfer 

Energy Dissipation 

Large 

Scales 

Kolmogorov 

Scales 

Energy 

Transfer 

Between 

Scales 



 136 

 Other important factors governing turbulent flow are related to vorticity 

advection, non-linear instabilities by the mean flow, and flow discontinuities.  These 

phenomena interact in a complex, non-linear fashion that further complicates numerical 

simulation.  A pertinent example to this dissertation relates to compressible turbulent 

boundary layers interacting with shockwaves. 

 This introduction has identified a variety of turbulent phenomena for the rest of 

this chapter.  The next objective is to describe the basic modeling strategies and their 

prospects at being able to resolve a wide range of turbulent flows.  According to Pope, 

there is little prospect for a simple analytic theory to describe turbulent flows that will 

have widespread application [354].  Models developed so far have application ranges 

where they are valid.  These models are evaluated on several criteria. 

 First, what assumptions do they have?  Assumptions will simplify the solution 

process and limit its ability to handle general flows as particular interactions or 

phenomena are suppressed.   

 Second, is the model defined by material properties and flow variables or are 

there constitutive equations that require other properties to be specified and/or solved for?  

Are these properties empirical?  Note, these constitutive equations impose assumptions 

about flow behavior and can alter how some phenomena are modeled. 

 Third, how computationally costly is the model? 

 Fourth, how accurate is the model?  Ultimately, CFD needs to have adequately 

accurate answers, an ability to identify the primary trends in flow parameters and obtain 

solutions in a reasonable time frame.   
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 Discrepancies between CFD solutions and measured values from experiments are 

due to inaccuracies in the CFD and turbulence models, numerical error due to how the 

model is implemented, measurement error on part of the experiment, and discrepancies in 

the boundary conditions between the numerical and physical experiments.  Accurate 

comparisons between the numerical and physical results require that the latter two 

sources of discrepancy are small in magnitude. 

4.2.2 Vorticity and Turbulence 

Supersonic and hypersonic turbulent flow applications have non-linear interactions and 

instabilities that occur between turbulent phenomena, shockwaves, high temperature gas 

dynamics, and other basic flow parameters.  The interactions significantly affect the 

turbulent boundary layer locally, downstream flow evolution, aerodynamic drag due to 

separation, enhanced heat transfer, and localized higher pressure.   

 The topology of shock and expansion waves that occur downstream of such 

phenomena are also affected.  Incoming turbulence will also cause distortions in a 

shockwave that cause unsteady shockwave motion that dampens streamwise flow 

velocity.  All of the described interactions have ramifications and depence on acoustic, 

entropic, and vortical quantities [407].  Further, they are all a complex interplay of 

different physical processes.  Such processes can be further complicated by high 

temperature gas dynamic effects such as gas dissociation or chemical reactions.  

Capturing and quantifying all of these interactions is essential to accurate surface 

property prediction and vehicle design uncertainty reduction.  The main component of 

interest all comes down to the turbulent phenomena.  The high temperature gas dynamics 

are beyond the scope of this text. 
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 There are common measures of turbulence within a flow including turbulent 

kinetic energy due to velocity fluctuations, dissipation rate, and enstrophy.  Enstrophy is 

the mean square of the vorticity fluctuations and can be related to the dissipation rate in 

wall bounded, compressible shear flows.  Turbulent flows are marked by high levels of 

fluctuating vorticity [407].  Vorticity, as described previously, is intrinsically related to 

several important conservation properties, entropy, and the underlying kinematics and 

geometry of the governing equations.  As such, this section will focus primarily on 

enstrophy as a measure of turbulence due to its functional relationship with vorticity. 
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 Shockwaves cause discontinuities in many flow parameters.  The vorticity 

discontinuity is caused by three mechanisms: shock focusing, baroclinic torques, and 

conservation of angular momenta at the shock.  This discontinuity can be further 

exacerbated by unsteadiness ahead of the shockwave [223].  Turbulent fluctuations in a 

compressible boundary layer ahead of a shock are primarily due to entropic and vortical 

fluctuations.  Mean pressure field fluctuations are usually a negligible component [407]. 

 Recall earlier that non-linear interactions and instabilities convected by the mean 

flow can cause unsteady shock motion.  The shock speed then becomes coupled with the 

streamwise velocity and has a dampening effect on that velocity.  The thickness of a 

shock is then affected due to changes in the normal principal components of the viscous 

shear tensor as well as changes in bulk flow compression.  There are also baroclinic 
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torques that get generated due to misalignment of pressure and density gradient contours 

through the shockwave and in the small region in which a shock oscillates.  These 

phenomena all generate vorticity fluctuations and ultimately enstrophy.  As enstrophy is 

produced, the flow becomes more turbulent.  In essence, the non-linear interplay of these 

processes causes the flow to become more turbulent. 

 Sinha [407] discusses a model that accounts for baroclinic variations that causes 

enstrophy variations and includes enstrophy as a fundamental component of the 

turbulence model.  He was primarily modeling shockwave-boundary layer interactions in 

homogenous, isotropic turbulence with a normal shockwave.  These inclusions and 

modifications to a standard two equation model lead to far improved numerical accuracy 

on a given mesh than if such modifications were not included [407].  This result, among 

others described in this chapter, highlights the importance of vorticity in CFD models. 

 The following section will elaborate a little more on turbulent length scales and 

common assumptions within a turbulent flow before discussing turbulence models.  

These length scales and assumptions are highly relevant to how the methodologies 

described later operate.  Further, they are intrinsically related to vorticity and the 

conservation properties described in Chapter 3 via the energy cascade.  How the energy 

cascades between different turbulent length scales is fundamentally important to flow 

evolution, its resolution in CFD, and the overall accuracy of turbulent CFD simulations. 

4.2.3 Kolmogorov and Boussinesq Hypotheses 

Length scales in turbulent flows are based on Kolmogorov's hypotheses of how turbulent 

flows behave at very high Reynolds numbers.  The first is that the statistics of small-scale 

fluid motions are universally and uniquely determined by kinematic viscosity,  , and 
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average kinetic energy dissipation, ε.  This leads to an expression for the Kolmogorov 

length scale as         
 

.  This is where the smallest turbulent motions occur and is 

the maximum spacing allowed between grid points in a DNS solution.  Viscous effects 

dominate this flow regime and diffuse kinetic energy.  The flow becomes isotropic and 

homogenous, as opposed to the large anisotropic motions at larger scales where the 

kinetic energy dominates over viscous effects [354]. 

 The large-scale fluid motions that are moderately coherent and deemed turbulent 

are known as eddies.  The larger eddies break up due to their unstable nature, transferring 

their kinetic energy to smaller eddies.  This process continues as part of the energy 

cascade, with net energy transfer to smaller scales, until viscous dissipation finally 

stabilizes the motions [354].  Geometric flow information from the larger scales is lost in 

this process until the flow motions at the Kolmogorov scale becomes independent of this 

geometric information.  This part of Kolmogorov's hypotheses and the derived results are 

highly utilized in LES models.  For more on the math that leads to these conclusions, see 

Pope [354].  The Kolmogorov hypotheses are not directly linked to the governing 

equations, but other works that are based on the governing equations have derived similar 

predictions [354].  Despite the apparent support, there are shortcomings.   

 The hypotheses are for sufficiently high Reynolds number flows, but there is little 

guidance on when the Reynolds number is high enough without physical testing on a 

case-by-case basis.  There is no also guidance for lower Reynolds number applications.  

The hypotheses predict a one-way transfer of energy from the largest to smallest scales.  

The net transfer has been determined to be towards smaller scales, but there is some 

interaction and transfer of energy from small length scales to larger ones.  The 
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hypotheses predict that higher order moments of velocity derivatives are universal 

constants, which experiments do not support [354]. 

 Another issue deals with the Kolmogorov length scale itself.  This length scale is 

ultimately related to the Reynolds number,             
          .  As 

Reynolds number increases, the size of this length scale shrinks dramatically.  This 

means that the needed spacing between nodes in a simulation shrinks dramatically, 

regardless of what turbulence model is used.  The length scale where the flow 

mechanisms can be modeled universally vs calculated on a case-by-case basis shrinks.  

Inappropriately capturing the appropriate length scale as Reynolds number increases is 

one of many driving factors behind inaccuracies in turbulence models and experiments 

for high Reynolds number aerospace applications [354].  Capturing the effects of small 

turbulent motions is as important a part of capturing flow topology as the macroscopic 

motions.  The consequence is summarized in the following observation:  

 

 

Observation:  Any methodology that attempts to address Hirschel's hypotheses on 

turbulence models or the CFD 2030 challenges must resolve the issue of capturing the 

effects of small turbulent motions at high Reynolds numbers. 

 

 

 The Kolmogorov hypothesis is one of the major hypotheses that have influenced 

turbulent flow modeling methodologies.  Another important one is the Boussinesq 

Hypothesis.  Boussinesq postulated that momentum transfer of turbulent eddies could be 
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modeled with an eddy viscosity, analogous to the momentum transfer due to molecular 

motion of a gas being described by a molecular viscosity.  This hypothesis is used 

extensively in eddy-viscosity models described later in this chapter to form mathematical 

expressions for Reynolds stresses in terms of this eddy viscosity and mean strain rates. 

 The problem is that Reynolds stress is balanced by production, dissipation, 

redistribution, and turbulent transport.  The first three occur at comparable length scales 

while the latter most varies with the problem.  Further, the anisotropies in the Reynolds 

stress are not determined solely by local mean strain rates, nor do they rapidly adjust to 

mean straining.  These differences are contrast to the molecular motion of a gas that is 

modeled by viscosity.  The Boussinesq Hypothesis enables mathematical constitutive 

relations to be constructed for the Reynolds stresses, but its general validity is limited to 

when velocity gradients and turbulence characteristics evolve slowly [354].  

4.3 Direct Numerical Simulation 

Direct Numerical Simulation (DNS) is the most conceptually simple method to discuss.  

There is no auxiliary turbulence model to consider, as per the methods discussed in later 

sections.  The governing equations are discretized and solved on the domain directly after 

using boundary and initial conditions.  However, DNS is also the most expensive 

computationally.  Its current, limited applications were unheard of until the advent of 

supercomputers in the 1970's [14][141][193][214][354][458].   

 The spacing between space nodes must be small enough to capture all scales of 

turbulent motion.  As stated earlier, this scale shrinks with Reynolds number.  The 

number of nodes increases related to   
 
   on a uniformly spaced grid.  The cost of the 
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floating point operations needed to solve the equations numerically increases 

approximately with the     [354].  Note that most transport aircraft fly at Reynolds 

numbers on the order of millions or tens of millions, making the cost of DNS far beyond 

the computational resources available.  The majority of these nodes and 99% of the 

computational cost are related to resolving effects in the Kolmogorov ranges where 

viscous dissipation occurs [354]. 

 The DNS approach has unparalleled accuracy when it can be applied [354].  The 

problem is that its computational cost prohibits its use beyond the simplest of viscous 

flow problems.  Practical application of DNS to the design of an aerospace system is 

beyond even the most advanced supercomputers as of the writing of this dissertation 

[14][142][193][214][354][458]. 

 

 

Observation:  DNS methodologies fully resolve the fluid flow for unrivaled 

accuracy, but with an impractically high computational cost for application in 

engineering design. 

 

 

 Practical application of DNS to modeling a complete aircraft may be beyond 

current computing capabilities, but that does not mean DNS is useless in the design 

process.  DNS can be applied to various boundary layer simulations quite effectively,  

even turbulent hypersonic boundary layers [110][111][283][284].  The studies 

[110][111][283][284] were motivated by using the results to help better design thermal 
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protection systems for hypersonic vehicles.  The authors were interested in tracking skin 

friction and heat transfer changes because of changes in freestream Mach number and the 

ratio of the wall temperature to the free stream temperature.   

 What these studies found was that increased free stream Mach numbers, in the 

range from 0.3 to 12, lead to higher viscous dissipation and temperature gradients near 

the wall, larger fluctuations in thermodynamic variables, and smaller streamwise 

turbulent structures that are more tightly packed.  There was little variation in stress 

tensor anisotropy, dilatation and dilatational dissipation, and pressure strain rate 

[111][283].  The net result is that there is more heat transfer and skin friction as the Mach 

number increases, but no change to the amount of energy transfer between streamwise, 

spanwise, and wall-normal flow momenta.  

  At a fixed Mach number of 5, increasing the ratio of wall temperature to free 

stream leads to a maximum temperature location closer to the wall, increasing turbulent 

Mach number and compressibility effects, and increased stress tensor anisotropy.  The 

wall temperature changes primarily affected turbulent fluctuation mechanisms that are 

also present in incompressible flows and only slightly affected fluctuation mechanisms 

unique to compressible flows [110][283].   

 The stress tensor anisotropy is related to energy exchange between streamwise, 

spanwise, and wall normal directions.  More energy exchange, such as described 

previously, leads to more chaotic and less coherent vortex structures in the boundary 

layer.  The net result is more unsteady fluid motions [110][283].  Further, the vortex 

structures are more closely spaced together, leading to more fluid mixing and interactions 
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that can lead to instabilities in the boundary layer, increased skin friction and heat 

transfer, and flow separation [110][283][354]. 

 These previous studies demonstrated that DNS, though limited to boundary layers 

at lower Reynolds numbers, was able to help determine various underlying flow 

mechanisms that govern different effects important to vehicle design.  The importance of 

describing the major findings was to demonstrate the importance of capturing underlying 

fluid phenomena in turbulent flows.  The studies had to perform careful grid making 

strategies and convergence studies to ensure that all relevant turbulent flow information 

was captured and physically meaningful.  The spacing on a grid in all directions is 

important for DNS, not just streamwise.  Spanwise and height related dimensions are also 

incredibly important in capturing turbulent phenomena as they travel in 3D space.   

 The studies also had to consider that there are many interactions that occur in the 

boundary layers, regardless of Mach number or secondary effects such as non-

equilibrium chemistry, that are related to fundamental fluid motions and energy transfer 

mechanisms.  Higher Mach numbers lead to more of these unique energy and momenta 

transfer mechanisms, but the main hitters are still the ones that are important even in 

incompressible flows [110][111][283][284].  Capturing these flow mechanisms is critical 

to a CFD Methodology's accuracy.  Further, all of these mechanisms are highly related to 

anisotropy measures, such as vorticity and enstrophy  [283][354].  

 The downside of the cited studies is that they utilize a DNS methodology.  DNS is 

too computationally expensive for practical use despite its high accuracy.  There are other 

turbulence modeling methodologies that do not have DNS' relative simplicity or severe 

computational cost.  Instead, alternative discretization schemes, additional constitutive 
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equations, and additional assumptions about flow characteristics are utilized to directly 

resolve larger turbulent motions while the smaller scale motions are modeled indirectly.  

Modeling these smaller scale motions, rather than computing them, drastically reduces 

the number of nodes needed in viscous regions and the overall computational cost.  The 

two most common archetypes are the Reynolds-Averaged Navier-Stokes (RANS) and the 

Large Eddy Simulation (LES) methods. 

4.4 Reynolds-Averaged Navier-Stokes 

The Reynolds-Averaged Navier-Stokes (RANS) methods are primarily an eddy viscosity 

model that attempts to model turbulent structures via the Boussinesq Hypothesis.  

Mathematically, this hypothesis is used to relate so called 'Reynolds Stresses' to mean-

flow parameters and an eddy viscosity. 

 The Reynolds Stresses that occur in RANS models are based on a simple, but 

important decomposition of flow parameters.  Each flow parameter,    , is separated into a 

mean flow component,   , and a fluctuating component,   .  See (107).  This 

decomposition leads to a new form of the governing equations.  The incompressible 

momentum equation without body forces is shown in (108) as an example.   

 The additional term 
 

   
          is the symmetric Reynolds stress described 

earlier.  This is a non-linear term coupling the mean flow parameters to the fluctuating 

velocity and velocity gradient.  This approximation adds unknown quantities for the 

fluctuating velocity components, fluctuating pressure, and the Reynolds stresses.  The 

system of equations is no longer closed because of these additional parameters. 
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 Common algebraic approximations to close the system of equations include the 

uniform turbulent viscosity, (109), and mixing length model, (110).  These are the 

simplest form of algebraic models.  There are others, such as the popular Baldwin-Lomax 

model, that can be found in the literature [193][354].  The stress tensor is related to flow 

parameters with a constant of proportionality, the turbulent viscosity.  From here, the 

algebraic models specify the viscosity and close the system of equations.  The methods 

also require a user-specified geometry and problem dependent mixing length,   , and 

turbulent Reynolds Number,    .  Specifying the constants requires an expert CFD 

analyst and/or experimental input. 
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                (110) 

 

 The algebraic models are simple and based on examination of simple flows.  They 

avoid the cost and difficulty of more elegant models, but also require specification of 

additional parameters to calculate an eddy viscosity.  These models treat the boundary 

layer as a single coupled entity.  This inherent assumption is violated when the flow 

separates or if multiple shear layers are present. 

 Other methods attempt to model shear stress transport (SST) in the fluid, see 

(111).  These methods utilize the Boussinesq Hypothesis and Kolmogorov's specific and 

intrinsic assumptions to create relationships between the Reynolds stress and the mean 

flow parameters [14][85][193][354].  The relationship is analogous to viscous stress in a 

Newtonian Fluid.  The   term is related to the turbulent kinetic energy [354]. 
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 These relations do not fully close the system of equations but provide a useful 

first step towards doing so.  Further, they are based on analysis of simple turbulent flows 

and carry some insight into the problem.  Unfortunately, this insight is not applicable to 

any general turbulence problem and inherently leads to numerical inaccuracies when 
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applied to problems inappropriately.  Regardless, several eddy viscosity methods have 

been applied successfully in aerospace system design. 

4.4.1 Single Equation Models 

The algebraic models are trying to find expressions for the turbulent eddy viscosity that 

relates Reynolds stress to mean flow parameters without involving any partial differential 

equations.  They are known as 'Zero-Equation' models.  They avoid directly modeling the 

mechanisms involved in turbulence, such as fluctuating kinetic energy. 

 Single Equation models rely on one PDE to model turbulent flows with increased 

accuracy and more generality.  Two common methods are the Turbulent Kinetic Energy 

(TKE) method and the Spalart-Allmaras (SA) method.  The TKE method improves on the 

mixing length methods discussed in the previous section by adding a transport equation 

for turbulent kinetic energy [354].  They are based on suggestions from Kolmogorov and 

Prandtl for modifying the characteristic velocity to be proportional to the turbulent kinetic 

energy rather than the gradient of velocity normal to a surface.  This kinetic energy,  , is 

treated as a space-time fluctuating variable that is coupled with the fluctuating velocity 

and pressure parameters.  The   term is a constant that varies within the boundary layer. 

 The value of the mixing length must still be specified throughout the space-time 

domain.  From here, the method solves for   to find   .  The main turbulent governing 

equations are solved once this coefficient is known and its relation to the Reynolds 

stresses is specified.  The latter is typically through the Boussinesq Hypothesis.  The 

transport equation for   and its associated parameters is shown in (115) and (116).  The 

   term is a constant used to tune the model. 
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 The TKE model does not require much more computational horsepower than the 

algebraic models.  It shows improved accuracy and numerical stability when combined 

with the rest of a CFD methodology [354].  However, it is not able to resolve shock-

boundary layer phenomena very well and requires careful tuning near wall and surface 

boundaries [412].  Further, the model is not complete without some specification of an 

empirical mixing length parameter. 

 The SA method attempts to alleviate the difficulties that the TKE and other 

turbulence models share while remaining as simple as possible.  The SA method is very 

common in aerospace systems design and has been used in various forms at AIAA 

aerodynamics workshops and has had better correlation with experimental results than 

many other conventional methods [383][384][386][412][449][456].  It contains one 

equation and several empirical constants for how to treat wall-type boundary conditions 

accurately.  Further, it has shown improved capability, relative to the k-epsilon and k-
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omega methods discussed in the next section, in resolving shock-boundary layer 

interactions and phenomena [377][412].   

 The SA model works differently than the TKE and multi-equation models.  It 

models the transport of a pseudo-turbulent eddy viscosity through the flow domain [412].  

There are correlation functions and regressions that relate constants and coefficients to 

transported pseudo-viscosity and vorticity.  The functions' forms vary to ensure smooth, 

physically meaningful solutions are obtained [377][412]. 

 The standard representation of the SA model for an incompressible flow is shown 

in (117).  The forms of the various constants are not given but may be found in 

[377][405] and cited references.  The    term is the pseudo-viscosity, the   terms are the 

regression functions,    is related to vorticity, and the remaining terms are constants.  The 

model was calibrated based on dissipation and energy data from various experiments. 
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4.4.2 Two Equation Models 

The two equation models model more aspects of turbulent energy transfer.  They improve 

on the previously discussed models by being complete.  Complete means that mixing 

length and turbulent time scale,  , are specified in terms of   and  , rather than user 

specified [354].   However, the two-equation models contain a few constants that are user 

specified and used to calibrate the model to the problem [354]. 
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 The two most common families of two equation models belong to the k-  and k-  

methods.  These methods model the transport of turbulent kinetic energy and its 

dissipation in the flow domain.  The  -  methods model turbulent dissipation,   [354].  It 

has fewest constants and has a large range of applicability to simple turbulent flows.  It is 

considered one of the easiest, non-algebraic turbulence models to use [297][354].  The 

equation for   transport is (120).  The method is simple and can obtain reasonable 

accuracy for simple problems.  It has lower accuracy for complex flows where it predicts 

mean flows inaccurately both numerically and qualitatively [297][354].  Examples 

include flows with high adverse pressure gradients and flows with shock-boundary layer 

interactions.  The methods tend to overpredict the level of shear stress in the flow, 

consequently causing an artificial delay in flow separation or even preventing flow 

separation [297][354].  Flow separation affects inviscid-viscous interactions that affect 

pressure distributions [297]. 
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 The  -  methods tend to over-predict the spread of a round jet of turbulent air, 

which has consequences for modeling shock-boundary layer interactions [297][354].  
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Some of these interactions create super-heated jets of air that may reflect back towards a 

wing surface, drastically increasing heat transfer and skin friction in a local area.  A CFD 

model's applicability to supersonic and hypersonic flight prediction is based on accurate 

resolution of shock-boundary layer phenomena and associated sub-phenomena that occur. 

 The inaccuracies in the  -  methods stem in part from the turbulent-viscosity 

hypothesis.  The    -  and  -  methods assume the turbulent eddy viscosity is isotropic.  

Isotropic viscosity means that the Reynolds stress to rate of fluid deformation ratio is the 

same in all directions.  The models also assume that the Reynolds stress tensor is 

anisotropic.  These assumptions are not always valid, such as in turbulent mixing. 

 Other inaccuracies in  -  methods include near wall boundary condition 

sensitivities and empirical constants.  Near wall and wall boundary conditions require 

careful gridding and numerical discretization of the governing equations.   The empirical 

constants add error as the problem diverges from the calibration data used to determine 

their values.  The remaining inaccuracies in the k-  methods are due to their scoped 

nature.  They only model two phenomena related to turbulence and do not directly model 

the transport of shear stress in the flow domain.  Some  -  methods suffer from 

numerical stiffness due to equation format in the boundary layer's viscous sublayer.  The 

higher stiffness can lead to numerical complications [297][354]. 

 The  -  models were designed to improve upon the  -  methods.  The governing 

equation for the second turbulence parameter was made to more accurately account for 

shear stress transport in an adverse pressure gradient [297][354].  Further, there are 

improved relations for handling near wall regions and other boundary conditions.  The 

method shows improved results for flows with adverse pressure gradients, but the results 
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deteriorate if the gradients become severe [297].  The governing equation for   is (121).  

See [297][354] for a more thorough discussion of this parameter.   
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 The  -  models are limited by the turbulent eddy-viscosity hypothesis and the 

empirical constants present in the method, similar to the  -  methods.  Further,  -  

models are still sensitive, though not to the same degree as  -  methods, to adverse 

pressure gradients and do not accurately predict flow separation. 

 There is one final two equation model that will be discussed before proceeding, 

the k-ς model [92][93][368].  The term, ς, represents enstrophy.  The equation for 

enstrophy is defined in Chapter 3 and simplifies to   
 

 
           

 

 
   in the limit of 

an incompressible flow.  The main purpose of the k-ς model is to address conventional 

RANS turbulence schemes inability to simultaneously model free shear and bounded 

shear flows with the same set of model constraints and constants [92][93][368].  

 The reason for this weakness is related to inadequate length-scale equations.  The 

first equation in these two equation models is usually related to turbulent kinetic energy.  

The second equation, whether it is epsilon, omega, or enstrophy, is about capturing 

appropriate artifacts from different turbulent length scales [92][93][368].  The models, 

other than k-ς model, are based upon an assumption related to high turbulent Reynolds 

numbers.  The assumption is that at large turbulent Reynolds numbers the large-scale 
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fluid motions are not affected by viscosity and that small scale fluid motions are not 

affected by mean and large-scale motions [368].  

 Fine scale motions govern the details of dissipation processes in turbulent flows.  

Further, they control the phenomena at transition regions or near turbulent / non-turbulent 

interfaces [368].  The fine scale motions are captured by the length scale equation in 

RANS models.  Recall, from earlier that the integral,      
 

 
 
 

  , is related to 

conserved properties at turbulent length scales.  Enstrophy is related to the square of 

vorticity and ultimately to the square of circulation.  That makes enstrophy indirectly 

related to    and, by extension, turbulent motions and conserved quantities at multiple 

turbulent length scales.  Therefore, the enstrophy transport equation in the model related 

to fine-detail motions and partially independent of the underlying assumption that limits 

the conventional RANS methods.  So, how well does the model perform? 

 The k-ς model has primarily been tested on multi-element airfoil flows similar to 

the airfoils on airliners when deployed for a landing or take off configuration.  It is 

similar to the multi-element McDonnel-Douglas model presented in Lynch [262].  There 

is a leading edge slat, a main airfoil, and a flap [92][93][368].  The main reason for using 

this example is due to the presence of confluent boundary layers, the interaction of wakes 

and boundary layers from one element with another element.  A physical example would 

be the wake on a slat with the boundary layer on the main airfoil.  Conventional two 

equation RANS turbulence models are not always able to properly model the complex 

flow physics involved without significant calibration.   

 The k-ς model did not predict perfect results, but it did outperform other two 

equation turbulence models.  Further, the k-ς model was able to capture the essence of the 
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complex flow physics involved for high angle of attack aerodynamics over a multi-

element airfoil  [92][93][368].  The k-ς model performed just as well or better than other 

conventional two equation models for general problems. 

4.4.3 Other Models 

The preceding models use two or fewer transport differential equations and correlation 

functions to model turbulence.  They improve the mixing length model by approximating 

or indirectly modeling the Reynolds stress tensor and accounting for the transport and 

diffusion of turbulent energy.  The additional equations add accuracy at the cost of 

complexity and empirical tuning.  There is also a three equation model found in the 

references cited in [146][380].  This model includes another transport equation for an 

undamped eddy viscosity,   .  The additional equation was added to maintain inflow 

turbulence levels in an undecayed state all the way to a given rigid surface [146]. 

 There are other methods that model all six independent Reynolds stresses directly 

via transport equations.  Fully modeling the stress tensor avoids all of the described 

problems with the two and three equation models but adds significant computational 

expense and overhead.  Two SST models from the literature are found in [365][379] and 

the references contained therein.  Each consists of modeling the six Reynolds stresses and 

the turbulent dissipation rate with coupled, non-linear transport equations.  The turbulent 

dissipation rate is used to determine turbulent length scales appropriate to the problem.  

The full set of equations are found in [365][379]. 

 The cited SST models are useful because they include turbulent convection and 

production, molecular diffusion, turbulent diffusion, fluctuating pressure, rate-of-

dissipation, and compressibility effects.   Models such as these have been used in AIAA 
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workshops and have shown sufficient maturation in accuracy and consistency of 

predictions for application in engineering design on reasonably complex, turbulent flows 

[384][386][394][405].   

 RANS-based models contain several similarities.  The non-algebraic models add 

equations that must be solved with the main fluid solver.  Further, they consist of 

numerous regressions and/or constants that are tuned based on experimental data and 

problem-dependent heuristics.  They are not directly modified based on underlying 

physical principles.  They are only indirectly modified when calibrated with experimental 

data.  Even then, the calibration confounds numerous different physical phenomena into 

the model.  The takeaway is the following observation: 

 

 

Observation:  RANS-based modeling requires solution to additional constitutive 

equations and sub-functions whose forms are empirical and consist of constants whose 

values are based on heuristics instead of underlying physical principles. 

 

 

 RANS-based models are not able to model all flows that aircraft encounter in 

their flight regime.  Flows with high amounts of separation or are dominated by vortex 

dynamics, such as high angle of attack flight at high lift conditions, are difficult to model 

with these methods [394].  Eddy viscosity models rely on the Boussinesq Hypothesis 

cannot render fundamental physics around bluff bodies without empirical modification 

[262].  Eddy viscosity models do not always capture the interaction of turbulent stresses 
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and the mean flow.  LES methods have been applied to such conditions with some 

success and will be discussed in the following section [141][394][405].  

4.5 Large Eddy Simulation 

Large Eddy Simulation (LES) is the name for a broad family of turbulence models that 

separate turbulent motions in two ways.  First, the largest scales of turbulent motions are 

directly represented.  Second, the smaller scale turbulent motions are modeled [354].  The 

approach is based on experimental observations of turbulent phenomena at different 

length scales.  The largest scale phenomena are affected by flow geometry and global 

flow dynamics that are problem dependent.  The smaller scale motions are not [354].   

 These observations are implemented computationally by filtering the velocity 

field into distinct fields.  The decomposition results in a similar structure of governing 

equations to RANS models.  The differences lie in the physical interpretation and the 

calculation of the different parameters.  These differences also enable LES to more 

accurately model unsteady aero-structural loads and acoustic propagation [354]. 

 The filtered velocity field,     , for large scale motions represents approximately 

80% of the turbulent kinetic energy in the flow field [354].  The residual velocity field,    , 

is the difference between the global velocity field and the calculated filtered velocity 

field.  This computation for the residual velocity field is analogous to the Reynolds 

decomposition.  The difference is that the filtered velocity field is a random field, and the 

mean of the residual velocity field is non-zero in general [354]. 
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 There are many possible filter functions,  , see Ch. 13.2 of Pope [354].  The 

different filters and widths are used to resolve       with fewer resources than is necessary 

to resolve the global velocity field,    .   LES' accuracy and the flow information provided 

vary with the filter [354].  The filter widths are quantified relative to the turbulence 

integral reference length.  If the filter width to integral length scale tends towards infinity 

on a coarse grid, then the equations resemble RANS models.  A more refined grid is 

needed as this ratio shrinks because more of the turbulent motions are modeled [354].   

Increasing the ratio by a factor of 2 will increase the computational cost by 16 [354]. 

 The previous description is a conceptual summary of how LES works.  The 

application, information captured, numerical accuracy, numerical round-off stresses, and 

sensitivity to computational grids and Reynolds number vary with each filter method, the 

selected filter width, and the computational grid [354].  The magnitude and net effect on 

flow resolution are method and problem dependent [354].  The filter width for each 

method may vary with time and space for unsteady problems.  The balance of all of these 

factors to model turbulent flows is problem dependent and necessitates an expert.  

 

 



 160 

 

 

Observation:  LES-based modeling relies on appropriate understanding and 

implementation of filter models and widths and sub-grid scale models for application, 

analogous to knowledge of heuristics for RANS-based turbulence models 

 

 

 A full discussion of LES models is beyond the scope of this dissertation.  The 

remainder of this section will be devoted to assessing the accuracy and cost of LES 

models from a high-level viewpoint, especially in comparison to the other two main 

families of turbulence models.  The computational cost of LES varies with the filter and 

filter width.  These two determine how much of the turbulent motion is resolved.  The 

cost can vary to two orders of magnitude more computational cost than RANS for free 

shear flows to a factor of sixty for each order of magnitude increase in Reynolds number 

[147][354].  An LES simulation on wings could require as much as      nodes and 

      time steps due to thin boundary layers near the leading edge and separation 

regions [414].  These high costs, however, could be a tenth or fiftieth of the cost of DNS.  

That makes LES range of application wider than DNS for the time being.  However, 

modeling a turbulent flow over a complex aircraft at flight Reynolds number is infeasible 

with current computer power for LES and may not be possible for another century 

[354][458].  The costs can be mitigated at the expense of accuracy by reducing the 

number of turbulent phenomena that are resolved, especially near wall boundaries.   
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 Alternatively, LES is combined with other methods to form hybrid modeling 

strategies to address its shortcomings.  Detached Eddy Simulation (DES) uses an 

adaptive algorithm to determine regions where a boundary layer is present and where the 

flow is separated.  RANS-based equations are used to resolve the former while LES is 

used to resolve the latter.  Methods such as DES, as well as Very Large Eddy Simulation 

(VLES) and Unsteady RANS (URANS), aim to address the shortcomings of both LES 

and RANS.  RANS methods are not accurate in separated flow regions, around bluff 

bodies, and where rotation, curvature, vortex shedding, dynamic loaded, and bouyancy 

related effects are strong.  Meanwhile, LES models can be used in those instances but is 

too expensive for practical application on aircraft [180][262][370][414].   

 Various authors have compared the different turbulence models for different 

applications.  Hattori [180] provides an application of RANS, LES, and hybrid models as 

they relate to turbulent heat transfer.  Rodi [370] uses a variety of these methods to model 

vortex shedding past a square cylinder and 3D flow around a cube.  Overall, the models 

predict main features well.  Runtime aside, it was the little details of the flow where the 

methods predicted flow features and trends differently.  See Figure 19 for a comparison 

of different turbulence models for flow over a cylinder at Re = 50,000.  Boudier [62] 

focuses on combustion-related applications.  LES better predicts combustion instabilities 

relative to RANS, providing more accurate data for exit temperature, flame-turbulence 

interactions, flame-acoustic coupling, and mixing.  The improved accuracy was at the 

expense of even more refined grids than usual for LES due to boundary conditions. 

 Breuer [66] uses DES, RANS, and LES for separated flow over a sharp leading 

and trailing edge airfoil.  The RANS models led to steady-state results and had trouble 
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resolving 3D structures.  DES captured many of the flow features, but not as many as 

LES did.  Part of the study noted that the wall functions were not properly calibrated in 

the LES model and much better results were obtained after calibration.  Breuer concluded 

that in depth knowledge of the problem and the specific turbulence model being used 

were needed for successfully modeling a turbulent flow [66].  Rumsey [377] noted that 

RANS methods did not account for streamline curvature and could not capture the 

Coanda effect for circulation control airfoils.  Inadequately accounting for streamline 

curvature, among other shortcomings with RANS, led to higher circulation predictions, 

stagnation point locations, and different flow accelerations.  Ju-Yeol You [483] provides 

additional comparisons between URANS and hybrid RANS/LES models. 

 

[416] 

Figure 19: Turbulence Model Comparison over Cylinder at Re=50000 

 

4.6 Conservation Principles in Turbulent Flows 

The past few sections have covered the basic archetypes that are primarily used 

turbulence modeling. DNS aside, all of the models rely on additional equations and 
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tuning parameters to resolve fundamental phenomena.  Their mathematical 

implementation can also cause other numerical errors to arise due to how non-linear and 

derivative terms are discretized.   

 So far, research has focused on evolution of these modeling paradigms than 

revolution.  The methods are patched up to work for a given situation.  The underlying 

method did not suddenly become more general or lose its fundamental weaknesses.  

Those weaknesses have been addressed for a particular application with correction 

factors.  The weakness is that discrete implementation of the governing equations and 

turbulence models do not inherently preserve secondary conservation properties and 

invariants.  The goal of this dissertation is to tackle that weakness.  This section will 

continue the discussion of Chapter 3.3 and its relevance to turbulence. 

 Yakhot [478] and Nazarenko [323] confirmed that turbulent flows have 

invariants.  These invariants are not part of the turbulence models discussed in this 

chapter but are still related to the fundamental governing equations from Chapter 3.  Even 

very strong turbulent flows are characterized by complex interactions between local and 

non-local phenomena that result in anisotropic small-scale structures [478].  There are 

fluctuations in local kinetic energy dissipation rate values that are not always captured by 

turbulence models.  Further, the way the dissipation rate scales between different inertial 

ranges is also difficult to capture.  This is due to the inability of turbulence solvers to 

accurately obtain information reltaed to higher order momenta that are related to these 

dissipation rates and scaling that govern the complex physics  [478].   

 How can these higher order momenta be obtained, represented, and modeled?  

Circulation and vorticity were two important parameters discussed in Chapter 3 that are 
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highly related to invariants in incompressible fluid mechanics, regardless if they are 

invariants for a given scenario.  Truesdell showed that invariants can be described by  

     

 

  
     

 
       

       
 

     

 
      

     

 
        

     

       
      .  Further, he showed that constructing higher 

order invariants can be accomplished with known lower order invariants [449][452][453].  

The equation is exactly true for inviscid fluids, whereas its volume integral over the flow 

domain is constant for flows with even the slightest amount of viscosity. 

 Another important equation from Nazarenko [323]  that was mentioned in 

Chapter 3 is      
 

 
 
 

  .  The volume density of circulation, 
 

 
, is a Lagrangian 

invariant for integrals taken along vortex lines passing through points of interest in an 

incompressible, inviscid fluid.  Integrals of circulation density to some power, however, 

are related to turbulent flow dynamics at different inertial scales.  It is related to energy 

spectra determined by the flux of this integral in the domain [323].  These integrals are 

specifically related to energy cascade between different scales of motion.  All of these 

integrals are not necessarily an invariant at any arbitrary point in time and space due to 

non-local dependence of the integral in 3D and vortex reconnection kinematics related to 

viscosity [323].  Yakhot [478] uses a Clebsch variable formulation to determine that each 

range of turbulent motions has a separate set of invariants.   

 Think of    as a higher order set of pseudo-invariants.  Specific    may be an 

invariant at different length scales.  Energy cascade from different turbulence scales may 

not be captured if these quantities are not properly modeled.  This conclusion is 

supported by the earlier statements from cited sources about the complex interaction of 

non-local and local phenomena that govern turbulent flows.  Further, appropriately 
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modeling these integrals inherently requires appropriate discretization and modeling of 

higher order momenta within the flow domain. 

 The follow-up questions to these assertions include: How high order of a 

momenta needs to be conserved?  Do some of the lower order ones need to be conserved 

as well?  Yakhot [478] argues that not all of the conserved quantities at different 

turbulent length scales are dynamically relevant.  They may be a conserved quantity, but 

they may not be an important component of the dynamic processes in that inertial range.  

The dynamically relevant conserved quantities will have an external source or production 

mechanism that affects the integral of motion for that invariant.  Viscous mechanisms act 

as an energy sink at different scales of motion.  The invariants that are not dynamically 

relevant can still be numerically modeled and conserved for a small boost in accuracy, 

however, their inclusion is secondary to the dynamically relevant invariants. 

 One particular dynamic property is enstrophy.  Czerwiec [92] built a two equation 

model for high-lift aerodynamic simulations that involved using enstrophy.  Robinson 

and Hassan [368] also worked on a two equation model that utilized enstrophy in lieu of 

turbulent kinetic energy.  The equations both papers presented for enstrophy transport 

contained various constants and utilized an eddy-viscosity.  Both noticed improved 

accuracy over traditional RANS models for their application [92][368].   

 Recall,    is related to the integral over the volume of circulation density to a 

particular power.  It is related to the energy cascade.  Circulation is related to vorticity 

and ultimately enstrophy.     is not an exact conservation property but it is ultimately 

related to invariants.  That means appropriately handling the transport of enstrophy is 
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further helps model    and related turbulent motions.  The enstrophy transport equation 

acts as a pseudo-conservation principle to improve accuracy in these models.   

 Honein and Moin [198] focus on higher entropy conservation in compressible 

flows without shockwaves.  The authors note that non-linear instabilities are a major 

hurdle in turbulence simulations, especially for high order turbulence simulations.  

Incompressible turbulent flows have had the instabilities suppressed by ensuring 

simultaneous discrete, or at least semi-discrete, conservation of mass, momentum, and 

kinetic energy in the limit of zero viscosity.  Enstrophy conservation was shown to 

reduce errors and artificial instabilities from occurring due to discretization and aliasing.  

 Honein and Moin's [198], Yakhot's [478], Czerwiec's [92], and Robinson and 

Hassan's [368] results all lend credence to the assertion made in Chapter 3 about the 

importance of conservation properties.  Successful conservation or at least reduction in 

dissipation of vorticity and entropy leads to improved numerical solutions for turbulent, 

compressible flows.  This is re-stated in the following observation. 

 

 

Observation:  Reduction in artificial diffusion/generation of vorticity, entropy, 

energy, and high order invariants and/or momenta leads to increased accuracy and 

reduced artificial instabilities, both numerical and simulated. 
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4.7 Context of Present Work 

This chapter so far has provided a very high level overview of turbulence modeling 

strategies as well as a few observations and critiques.  This section aims to provide some 

context to the reader regarding what state of the art turbulence models are capable of and 

where the present work sits relative to that.  This section's cited sources represent 

nominal examples of the current state of the art rather than an exhaustive list of every 

high fidelity turbulence model in existence. 

4.7.1 Hybrid Models 

The cost of LES is staggering, however, the relative inexpense of RANS-based methods 

begs the question:  is it necessary to take LES all the way to the wall?  The expense of 

LES primarily is because of the sheer number of grid points required, especially near wall 

boundary conditions.  RANS methods do not require nearly as many.  Further, the main 

problem of computational cost and complexity within CFD models occurs when the flow 

separates.  Attached flows, regardless of turbulence methods, are able to solved very 

quickly.  These observations are the driving force behind hybrid RANS-LES methods. 

 The survey paper by Heinz [185] discusses the underlying theory of hybrid 

models at length, their potential, and the associated challenges.  RANS and LES models 

have a similar structure.  However, they have differences in resolution requirements and 

how the length and time scale information is modeled.  The fluctautions produced within 

an LES model create an inconsistency when moving over to RANS, which are not 

designed to handle those fluctuations.  This results in incorrect predictions of wall 

physics and separation. 
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 Wall modeled LES, detached eddy simulation or DES, and many other methods 

attempt to address this issue.  Heinz [185] states the only way to overcome the issue is to 

find the balance in resolved and modeled motions explicitly, especially where there are 

significant grid and Reynolds number changes.  Further, factors like the grid that 

determine the interaction of resolved and modeled motions must be handled explicitly. 

 Heinz [185] states there is a balance of physical realizability and mathematical 

realizability.  The former is based on how each method handles the turbulent velocity 

fluctuations in order to ultimately determine the mean velocity field and to derive 

transport equations for the stress tensor.  Mathematical realizability is related to the stress 

tensor and is about that stress tensor being positive semi-definite, having non-negative 

diagonal components, a non-negative determinant, and a few other factors [185].   

 Terzi et al [426] talks about strategies for achieving this hybridization and found 

good results by explicitly enforcing mass conservation between subdomains governed by 

the different models.  They used RANS near the wall and in areas of the flow where low 

resolution was possible, and LES in vortex dominated and/or separated regions.  There is 

a resulting complicated coupling condition for velocity, and potentially pressure, to 

handle but if done correctly, the results are excellent [185][426]. 

 Heinz [185] asserts that the best hybrid strategy needs to be applicable over a 

wide range of Reynolds numbers and grids, that there is a continuous variation of the 

distribution of modeled and resolved motions as Reynolds number increases and the grid 

coarsens, and that there needs to be a known relationship between flow resolution and 

grid.  This relationship implies a resolution that must also agree with the resolution seen 
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in simulations.  What he found is that not all hybrid methods hit all of those marks, but 

the more of those marks that are hit, the more likely the model will keep its promise. 

 That promise being that the hybrid model is more accurate than RANS and more 

efficient than LES.  Another method Heinz [185] proposes is Continuous Eddy 

Simulation (CES), which adapts the hybrid model to not be affected by filter width like 

traditional LES and hybrid LES-RANS methods [129]. 

 The takeaway is that the proposed VIDEC-CFD Methodology has to be able to 

compete with these hybrid models, especially as they become more refined and less 

dependent on empirical parameter tuning [129][185].  Further, many of the open 

questions these models pose, see Heinz [185] and Hirschel [193], may apply to a future 

version of VIDEC that does include some kind of turbulence model. 

4.7.2 Lattice Boltzmann Methods 

The Lattice Boltzmann Method was not discussed in detail in this dissertation but it is 

discussed in more detail by Wolf-Gladrow [476] and summarized by Horvat [200].  The 

basic idea is to subdivide each cell within a mesh to control volumes.  These control 

volumes are treated stochastically as representing the various parameters as probability 

density functions.  The integral of these functions yields the traditional values of density, 

pressure, velocity, etc.  There have been recent advances in turbulence modeling for 

rotorcraft that utilizes the Lattice Boltzmann Method with the Blade Element method [48] 

and within GPU related frameworks [23][200].   

 The latter combination of massively parallel computing with the Lattice 

Boltzmann method enables a model that captures turbulent phenomena innately.  

Furthermore, no additional turbulence models are required.  The results from the cited 
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sources show good agreement with known data even for complicated scenarios, such as 

rotorcraft near the ground [48] or near a ship [23]. 

4.7.3 Problem Scoping 

The purpose of the present work is not to create a model that will upset or dethrone the 

current state of the art in CFD and turbulence modeling.  CFD methodologies are 

comprised of multiple technologies.  The purpose of this dissertation is to make a first 

step towards the exploration of CFD solver technology. 

 Each component of a CFD solver is its own technology with its own lifecycle and 

capability.  Each technology requires a certain amount of investment before its capability 

can start to be realized, at which point it matures and even marginal effort need be 

applied for significant increase in capability.  After a time, however, the return on 

investment becomes marginal.  For CFD, the technologies of interest include the 

turbulence model, but also the gridding software, the simultaneous equation solver, and 

the fundamental mathematical formulation of the equations to be solved. 

 The component of interest in this dissertation is the mathematical formulation 

itself.  The purpose of this dissertation is to provide more work for a specific type of flow 

solver formulation, discussed in the next few chapters.  The goal is to conduct a 

feasibility study on an alternative methodology and framing of the problem of CFD.  It is 

a tiny first step.   That's what the work in this dissertation should be understood as.  A 

significant investment will be required for formulations such as the one in this work to 

compete with the current state-of-the-art.   
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4.8 Summary 

There are high economic stakes in finding solutions to these flows.  This chapter has been 

devoted to describing the theoretical underpinnings of fluid turbulence and the most 

common turbulence modeling methodologies. Turbulent flow models rose to prominence 

to fill a need within computational fluid modeling.  The study of turbulent flows and their 

effects on an aerospace system’s design necessitated simulations of these flows.  

Conventional methodologies were unable to meet the necessary accuracy threshold 

within a practical computational budget.  This led to deeper thinking of the core elements 

of turbulence and in modeling their effects on the macro-scale.  Some of these effects 

were universal and could be modeled with a system of equations that do not vary from 

problem to problem, while others still required some direct computation.  The resulting 

turbulent flow models were able to obtain sufficient accuracy within the allotted budget.  

Further, they reduced design uncertainty.   

 All the turbulence methodologies discussed are empirical at some level.  A few 

utilize physical principles to improve fidelity, but the model of those principles is still 

empirical and relies on experimental calibration.  These empirical models are subject to 

closure constraints and pitfalls based on their form.  Additional, sometimes flawed, 

assumptions are relied upon to enable model closure. 

 Overcoming shortcomings of these models is needed to enable CFD's utility in 

design [141][214][394].  Evolutionary models will improve upon and/or alter the families 

of methods described in this chapter.  Revolutionary methods, on the other hand, rely on 

answering the following questions.  Are more elegant tools or more elegant applications 
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of current tools available for turbulence fluid modeling?  Can they significantly improve 

computational time and/or accuracy? [141] 

 A CFD methodology for engineering and aerodynamic design applications must 

have a plan and a set of tools for turbulence modeling.  The tools used in the methods 

shown herein have relied on statistical interpretation of physical processes, Newton-

Leibniz Calculus, truncated Taylor series, and Fourier Analysis.  Current turbulence 

models are more complicated than what has been described in this chapter, but 

fundamentally work on the same principles with the same pitfalls. 

There are additional tools that have become available since the turbulence model 

archetypes described herein were conceived.  There have been advances in and 

applications to numerical analysis and mechanics in recent decades of geometric 

integration, discrete differential geometry, and the calculus on manifolds.  These 

advances have important applications to discrete mechanics and will be described in 

Chapters 5 & 6.  Further, their combination in numerical fluids analysis will yield a 

discrete geometric archetype for fluid modeling that will be described in Chapter 8. 
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Table 8: Summary of Observations & Assertions III 

Observations 

O12: Any methodology that attempts to address Hirschel's hypotheses on turbulence 

models or the CFD 2030 challenges must resolve the issue of capturing the effects of 

small turbulent motions at high Reynolds numbers. 

O13: DNS methodologies fully resolve fluid flow for unrivaled accuracy, but with an 

impractically high computational cost for application in engineering design. 

O14: RANS-based modeling requires solution to additional constitutive equations and 

sub-functions whose forms are empirical and consist of constants whose values are based 

on heuristics instead of underlying physical principles. 

O15: LES-based modeling relies on appropriate understanding and implementation of 

filter models and widths and sub-grid scale models for application, analogous to 

knowledge of heuristics for RANS-based turbulence models. 

O16: Reduction in artificial diffusion/generation of vorticity, entropy, energy, and high 

order invariants and/or momenta leads to increased accuracy and reduced artificial 

instabilities, both numerical and simulated. 
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CHAPTER V 
 

 

 

EXTERIOR GEOMETRY, ALGEBRA, & CALCULUS 
 

 

 

5.1 Introduction 

The following contains the underlying mathematics to VIDEC-CFD.  Material from 

Chapter 6 and cited sources demonstrate the application of the mathematics presented in 

this chapter. There are not any sections on the current numerical methods of CFD 

analysis.   See Chapter 2 and cited sources.  The mathematical tools presented in this 

chapter are critical to the VIDEC-CFD Methodology in Chapter 8.   

 The prior chapters all focused on the main argument from Figure 1.  This chapter 

and the next are the first to move on to the new method outlined Figure 2.  This chapter 

focuses especially on the first two columns, while Chapter 6 will handle the last column 

on Thermodynamic Consistency.  Ultimately, the material of the following chapters 

elaborates on what is in the new method in Figure 2 and how that material will address all 

of the issues presented in Figure 1. 

5.2 Underlying Mathematics 

The following section is meant to provide an introduction for all the pertinent 

mathematics that build into DEC.  The topics covered are usually taught and found in 

different classes and references.  However, they are simultaneously combined in 

application and in literature.   
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5.2.1 Differential Geometry and Algebraic Topology 

Differential Geometry and Algebraic Topology provide powerful tools for solving 

equations [72].  The mathematics of differential geometry remove reliance on linear and 

affine structures and metrics for constructing geometric objects and deriving systems of 

equations.  These structures are common to classical analysis methods [72].  The 

generalized structures are commonly referred to as forms. 

 Continuous structures are not always conserved exactly on the discrete domain in 

conventional numerical analyses [60][100][120][143][191][274][275][442][470].  

However, some can be.  Consider a plane curve.  There are increasing orders of 

approximation of this curve based on a point, P, on the curve, its tangent, and curvature, 

 .  Consider the Turning Number Theorem.  The integral of signed curvature over a 

curve, r, is shown in (125).  The turning number is related to how many times a curve can 

be 'wrapped' around the unit circle counterclockwise: 0 if not at all, 1 if once, 2 if twice, 

etc.  The number would be negative if the curve were 'wrapped' clockwise [100].  Can it 

be preserved in a discrete setting?  Are there discrete analogs? 

 

   
 

         

(125) 

 

 The answers are yes.  Consider a continuous curve, r, that has a sequence of line 

segments used to approximate it that will be collectively labeled, p. These line segments 

are connecting n-distinct vertices, V, located on the curve.  The length of p is simply the 

summation of the length of each individual line segment.  The largest value of this length 

can be used as a measure of mesh size,  , assuming that it is not substantially larger than 
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the smallest length.  In the limit that this value shrinks to zero as there are infinitely more 

points, then the length of the discrete and continuous curves will be identical [100].   

 The curvature of the discrete and continuous curves can be measured in similar 

ways.  See Figure 20.  The curvature on the circle is continuously varying, while the 

curvature of the discrete curve is constant up until a vertex where it exists as a 

distribution.  The inscribed curvature is measured at these vertices by finding the angle 

between the normal vectors to the lines that intersect at a vertex.  The sum of these 

inscribed curvatures over the discrete curve is the total inscribed curvature.  In the limit 

of an infinitely refined mesh size, this total inscribed curvature will identically match the 

curvature of the continuous curve [100].   

 What happens if the discrete and continuous curve are wrapped around the unit 

circle to find the turning number?  The turning number theorem holds exactly for both 

cases [100].  The discrete curve will form a series of inscribed polygons inside the unit 

circle.  For each one of these that is a closed polygon, the total inscribed angle is simply 

  .  The number of inscribed polygons is the turning number.  Notice that the turning 

number theorem is held exactly.  The structure is preserved exactly with the selected 

discrete analogs.  Careful construction, selection, and application of discrete analogs to 

other operators are the heart of the proposed VIDEC-CFD methodology. 

 

[100] 

Figure 20: Discrete and Continuous Curvature Example 
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 The first set of important discrete topological elements are simplices and 

simplicial complexes.  What is a simplicial complex?  First, consider a simplex, or 

specifically k-D simplex or k-simplex.  Informally, it is the simplest geometric object in 

k-dimensional space [100][322].  It is composed of (k+1)-vertices and has (k+1)-faces on 

its boundary that are of dimension (k-1). 

 

 

Def. (k-Simplex,   ):  The convex hull of k+1 geometrically independent points 

        

                  
 

   
                  

 

   
    

 

 

 Simplices are denoted as an ordered set of geometrically independent vertices or a 

tuple.  That means no (k-1)-D hyperplane contains all of the (k+1)-vertices [322].  The 

vertices for the simplices may be combined with normalized weights to form barycentric 

coordinates of a point within that simplex. 

¶ k = 0 :      : vertex 

¶ k = 1 :        : line 

¶ k = 2 :          : triangle 

¶ k = 3 :            : tetrahedron 

¶ k =  r :           : r-simplex 
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[322] 

Figure 21: Examples of Simplices 

 Informally, a simplicial complex is a triangulation of a continuous 2D domain or 

tetrahedralization in 3D.  It is set up such that any shared faces are not shared in a split 

manner, with part of a face hanging off like a cliff.  The simplicial complex defined here 

has a dimension, N, meaning that only simplices of that dimension or lower may appear. 

 

 

Def. (Simplicial Complex, K):  A set of simplices in    such that every face of a simplex 

from K is in K and the intersection of any two simplices in K is either a face of each 

simplex or is empty.  Further, the largest dimension of any simplex in K equals  . 

 

 

5.2.1.1 Orientation  

The next building block is orientation.  The right-hand rule is one representation of 

orientation within 3D space.  However, the spaces where physical systems are defined are 

not always 3D and an analogous right-hand rule may not be straightforward to define. 

 Orientation is a concept of order in a system of space elements.  Formally 

defining orientation requires knowing what space the physical system is acting on.  

Eventually, that will be a manifold.  For now, consider just a vector space.  This vector 
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space has a certain number of basis vectors from which the other objects in the space can 

be defined.  The orientation determines what ordering of these basis elements is 

considered positive or negative.  Further, if two bases have different orderings, they will 

have the same orientation if they differ by an even permutation.  Differing by an odd 

permutation means they are a different orientation. 

 

 

Def. (Orientation):  Let V be a real vector space that is non-zero with       as two 

ordered bases for V.  The linear map, A that takes    to   , is a linear transformation 

     .  The bases have the same orientation if the determinant of A is positive.  

Otherwise, they have opposite orientations.   

There are two equivalence classes determined this way.  An orientation is the assignment 

of +1 to one of these classes and -1 to the other. 

Can talk about orientation on a simplex in a similar manner.   

If    is written as          , the orientation of     is understood to be the equivalence 

class of this ordering. 

 

 

 Simplices are orientable objects.  Consider       .  It denotes a directed line 

segment with    as the tail and    as the head.  The triangle formed by          denotes 

three possible line segments:       ,       . amd       .  The latter line segment may 

also be written as        .  These tuples may also be represented in literature by the 
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notation         for an edge or                          for a triangle.  The 

definition of an oriented simplex is: 

 

 

Def. (Oriented Simplex):  A simplex,   , with the vertices          , and a specified 

orientation defining the positive ordering of those vertices or the vectors formed by 

                            

 

 

 There is one glaring issue to address before moving on.  Recall the triangle 

example from earlier.  Why was        considered a positive line segment, whereas 

        is negative?  The negative sign represents that the edge's orientation does not 

agree with the triangle's orientation when represented as          [100][322].   

 The reason for the change in sign is that the edge has an induced orientation based 

on the parent triangle.  The internal orientation of the triangle, based on its representation 

as         , dictates that the positive direction is from    to   ,    to   , and then    

back to   .  Therefore, the edge        is positive because it agrees with the orientation 

of the triangle, while         is negative.  Note that internally oriented objects induce an 

internal orientation on their boundaries, and the same for externally oriented objects 

inducing an external orientation on their boundaries.  The concept of orientation gets 

more complicated when considering space-time, but that is left to future work [348]. 
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Def. (Induced Orientation): Let    =           where    .  Each face of    may be 

written uniquely as               where     is omitted.  The induced orientation on 

this face is the same as parent    if i is even, and is opposite the parent if i is odd. 

 

 

 For applications in physics, there is one extra level to consider beyond which 

order is positive / negative based on selected orientation.  In what way are we travelling 

around the simplex?  Are we travelling along the edges of a triangle or going straight 

through the triangle?  This physical difference in interpretation leads to the ideas of 

external and internal orientation, also referred to as inner and outer orientation or straight 

and twisted.  They define a positive direction when moving along or around a k-simplex.  

Informally, an internal orientation is a type of orientation that denotes the positive or 

negative direction along a simplex.  External orientation denotes a positive direction 

through or around a simplex [72][290][348][437][439][440]. 

 Earth's rotation axis is an example of outer orientation of a line, while a one way 

street is an example of inner orientation of a line [441].  For a visual depiction, see Figure 

22, Figure 23, Figure 24, and Figure 26 from Mattiusi [290] and Figure 25, Figure 27, 

and Figure 28 from Tonti [441]. 

 

[290] 

Figure 22: External vs Internal Orientation on a 2D Surface 
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[290] 

Figure 23: Internally Oriented Geometric Objects 

 

[290] 

Figure 24: Externally Oriented Geometric Objects 

 

[441] 

Figure 25: External Orientation in Different Dimensions 
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[290] 

Figure 26: Internal vs External Orientation I 

 

[441] 

Figure 27: Internal vs External Orientation II 
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[441] 

Figure 28: Internal vs External Orientation III 

 

 The simplicial complex is a representation of a computational mesh that 

represents the discretized domain of interest for analyzing a dynamic system 

[153][154][318].  More specifically, the simplicial complex will be an oriented manifold-

like simplicial complex, however, for simplicity it will be referred to as a simplicial 

complex or as the 'primal complex'. 

 

 

Def. (Coherent):  Orientations of two simplices,    and   , that share a common face, 

    , are defined to be coherent with respect to      if: 

                      

Where           is the incidence number between    and      on whether their 

orientations agree, +1, or disagree, -1. 

A set of orientations for all k-cells of K is coherent if it is coherent in the above sense for 

any pair of k-cells sharing a common (k-1)-face.   
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K is orientable if it can be given such a set of orientations. 

 

Def. (Oriented Manifold-like Simplicial Complex, K):  A simplicial complex, K, of 

dimension N, paired with a coherent orientation that is passed on to all simplices within 

the simplicial complex.  The underlying space of K is a polytope.  All simplices of 

dimension           must be a face of a simplex of dimension N in K. 

 

 

 Tonti emphasized that physical quantities have a natural association with oriented 

geometric space-time objects in every physical field theory [290][437].  For example, 

scalar magnetic and electric potentials are functions on points with outer and inner 

orientations respectively.  These orientations, when paired with the basic concepts of 

simplices, and chains, are what form the building blocks of DEC. 

5.2.1.2 Primal and Dual Complexes 

The primal and dual complexes are the two discrete spaces of interest.  The dual complex 

is dual to the primal complex.  What does that even mean?  The mathematical definition 

of duality is too abstract for the purpose of this dissertation.  There are two kinds of 

duality that are of interest.  The first is from linear algebra and relates to vector spaces.  

The second, and the subject of this section, relates to geometry.  

 Duality here refers to dual polygons and dual polyhedrons.  A polyhedron can be 

associated with a dual polyhedron.  The vertices of the former correspond to faces of the 

latter, while edges between pairs of vertices of the former correspond to edges between 

pairs of faces of the latter. 
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 This idea can be extended one step further.  Rather than just switching the points 

and lines, we can switch the role of points with the polygon itself.  In this case, the node 

is associated with a dual polygon, the original polygon's edges with dual edges, and the 

original polygon itself with a dual vertex on a dual polygon.  In 3D, the polyhedron 

would associate with a dual vertex, the original faces with dual edges on some dual 

polyhedron, the original edges corresponding to dual faces, and a vertex on the original 

polyhedron to a dual polyhedron [100][101][121][318].  See Figure 29. 

 

[318] 

Figure 29: Duality Example 

 

 The user-defined grid or mesh represents the primal complex 

[121][154][267][318].  The dual mesh's structure is a consequence of the primal complex 

setup and the selected manner in which dual polyhedrons are formed.  There are many 

ways to form the dual grid, but they are left for future work to consider [318].   

 The two methods pertinent to the VIDEC-CFD Methodology are barycentric and 

circumcentric sub-division.  Barycentric places a dual vertex at the barycenter of each 

primal N-simplex.  Dual edges are formed by connecting dual vertices whose primal N-

simplex share an (N-1)-boundary.  This process proceeds until all dual (N-k)-D cells, 

    , are formed.  The circumcentric method proceeds in the exact same manner, save 

that the dual vertices are placed at the circumcenters,      , of primal N-simplices 

[100][102][191].  The dual mesh will not be simplicial in general even if the primal mesh 

is.   
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Def. (Dual Cells,     ):  The associated n-k-dimensional cell that is homeomorphic to 

an open ball of dimension n-p, is a sub-division of    and in the same hyerplane, and the 

sub-division of      and    are transverse 

 

 

[441] 

Figure 30: Circumentric vs. Barycentric Duality 

 

 [191]      [318] 

Figure 31: Circumcentric Duality 

 

 The matrices    ,    ,    , and     relate to the number of vertices, edges, faces, 

and tetrahedrons respectively on the primal complex.  Each matrix includes numbers that 

correspond to particular vertex entry in    .  These entries are stored upon the rows of the 

other matrices.  These rows correspond to particular edges, faces, and tetrahedrons 

respectively for    ,    , and    .  The length of a column in any of the matrices 
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described denotes the number of simplicial elements and is represented by    ,    ,    , 

and    .  When referenced in abstract, the length would be represented by      or later by 

       .  See Figure 32 and (126). 

 

[100] 

Figure 32: Two Tetrahedron Mesh 

 

 

  

 
 
 
 
 
 
 
 
 
  
 
 
 
 

    

 
 
 
 
 
 
 
 
 
  
  
 
 
 
 
 
 
 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 

   

 
 
 
 
 
 
 
   
   
 
 
 
 
 

 
 
 
 
 

 
 
 
 
  
 
 
 
 
 
 

     
    
    

    

 

 

 

 

(126) 

 

 The dual complex,      or   , is represented with the addition of the Hodge 

star operator,  .  Dual vertices, edges, faces, and cells are denoted by     ,     ,     , 

and     .  In the literature, the difference is sometimes maintained by labeling one 

complex with   or  .  The number of each dual object is represented by     ,     , 

    , and     .  Desbrun [100][102], Elcott [120], and Hirani [191] have diagrams 

depicting these concepts.  The dual complex is oriented opposite the manner of the primal 

mesh and is a consequence of the primal complex's orientation [191]. 
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[441] 

Figure 33: Primal and Dual K-Cells 

 

[102] 

Figure 34: 2D Simplex, Dual Cell, and Support Volume Diagram 
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[102] 

Figure 35: 3D Simplex, Dual Cell, and Support Volume Diagram 

 

 In applications, circumcentric duality is used by Desbrun [100][102] and Hirani 

[191] to form a dual mesh.  Chapter 7 and 8 of Desbrun [100] describe algorithms for 

obtaining       when needed explicitly.  Circumcentric duality is typically used to 

ensure discrete analogs to vector fields inherently satisfy Stokes' and Noether's 

Theorems, albeit at some possible numerical difficulties if there is significant skew in 

discrete primal or dual elements. Other applications that used Barycentric duality or 

avoided a duality structure altogether will be described later. 

 

[420] 

Figure 36: Example of 2D Circumcentric Dual Cell 
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 Before moving on to the next section, consider the last columns depicted in Figure 

34 and Figure 35.  This is known as the support volume.  The support volume is formed 

by the union of primal vertices and circumcenters and form distinct, non-intersecting 

regions of the dual mesh [100].  The union of these support volumes return the volume of 

the primal cell.  Dual cells formed near the boundaries of a primal domain require special 

care in determining their overall shape and associated support volumes.  The support 

volumes of each dual cell and associated primal cell are needed when formulating the 

Hodge Star.  The Hodge Star,  , will be defined more formally later, but for now, know 

that it relates quantities between the primal and dual grids. 

5.2.1.3 Chains and Co-Chains 

Informally, chains represent the weighted sum of k-cells in a discrete space.  Each cell is 

weighted by an integer coefficient.  Every element of an oriented k-chain group is 

represented as a finite linear combination of ordered k-simplices. 

 

          
 
     (127) 

 

 

Def. (Chain):  A k-chain is a linear combinations of k-simplices in K.  Primal k-chains 

are defined on the primal complex and dual (n-k)-chains are defined on the dual complex.  

The k-chain group on the primal complex is a vector space denoted by      .   

On the dual complex, it is denoted by          and the chains there are linear 

combinations of n-k-cells in   . 
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A chain is represented as a column vector whose length is equal to the number of k-

simplices (n-k-dual cells) on the primal (dual) complex. 

 

 

 The k-chain is only part of the puzzle.  In order to successfully make a numerical 

method, the integrated values stored on simplices within a chain need to be brought back 

to  .  This requires a homomorphism: 

 

 

Def. (Homomorphism):  A structure preserving transformation between two algebraic 

structures or sets of the same type that preserves the operations of the structures. 

 

 

 An isomorphism is a homomorphism that is one to one and onto.  A 

homeomorphism is a topological isomorphism that represents a continuous function 

between two sets with a continuous inverse.  Further, it preserves the topological 

properties of the space the sets are embedded in.  These transformations will be needed 

later when looking at differential forms, the de Rham complex, and Whitney maps. 

 Which homomorphism is used then?  A co-chain.  Informally, a co-chain is a 

function that takes chains as input and returns a real number as an output. 
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Def. (Co-Chain):  A k-co-chain,  , is a linear mapping,          .  It is represented 

as a column vector of equal length to   .  The action of   on    is defined with matrix 

multiplication as            where       is a scalar.   

The k-co-chain group on a simplicial complex is denoted by      . 

The integral of a k-co-chain   over the k-chain   is defined as the evaluation of   on  : 

  

 

          

It is also denoted by:        

 

 

 Chains and co-chains may exist on both the primal and dual mesh.  The space of 

dual k-chains is represented by         .  Primal or dual, the k-chains denote the 

domain of integration.  The k-co-chain is the weighted sum of integrated discrete 

quantities stored on elements within a k-chain.  These numbers will be the primary 

unknowns of a numerical method.  The concept of a k-co-chain leads to the definition of 

a discrete form or discrete differential form [100][191][316][359].   

 

 

Def. (Discrete Form):  A discrete k-form is the homomorphic map from the space of k-

chains to  .  It is defined here to be synonymous with a k-co-chain. 
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 A more formal approach and proof for why representing a discrete differential 

form as a co-chain is okay is made by Whitney [470].  Whitney establishes an 

isomorphism between the co-homology of sharp simplicial co-chains and the co-

homology of bounded Lipschitz differential forms.   

 The main take-aways are that discretized physical parameters will be represented 

as chains and co-chains, which themselves are simply column vectors.  These building 

blocks will be supplemented by operators that can relate chains and co-chains that are on 

different simplices together.  This is because variables may be stored on different 

simplices but are related in the governing equations. 

5.2.1.4 Boundary and Co-Boundary Operators 

The boundary operator for    on the primal mesh is denoted by   .  It is a linear operator.  

When applied to a chain group it will result in a (k-1)-chain group of (k+1) number of 

weighted boundary elements [57][72][100][102][191][316][322][348][470].  The tuples 

returned relating to the boundary elements are signed +1 or -1 according to whether the 

orientation of the boundary element matches the   's orientation.  Note, the boundary of a 

boundary is an empty set.  Some examples: 

¶        : boundary of a vertex is empty 

¶                 

¶                                                      

 

 

Def. (Boundary Operator,   ):  The homomorphism from       to         such that, 

where     denotes a missing vertex, when it operates on a simplex   : 
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The boundary operator is represented as a matrix of size                   where 

        is the number of k-simplices in  . 

 

 

          
 
     

               

 
 

(128) 

 

 There is a duality between the boundary, co-boundary, and exterior derivative 

operators on the discrete domain [72][191][322][470].  The latter operator will be 

discussed later.  In the discrete setting, Hirani [191][192] and Desbrun [100][101][102] 

show that the co-boundary and boundary operators, which are represented as matrices, 

are related:      .  From here on,    will refer to the co-boundary operator. 

 

 [53] 

Figure 37: Boundary vs Co-Boundary Depiction 

 

 

Def. (Co-Boundary,   ):                     defined by duality to boundary operator, 

for a co-chain          and a chain             : 
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More narrowly, the co-boundary operator is the transpose of the boundary operator, 

     .   It is represented as a matrix of size                   and satisfies discrete 

Stokes' Theorem as shown above in bracket notation. 

 

 

  There are dual boundary and co-boundary operators.  Note, the dual boundary 

operator does not necessarily represent the geometric boundaries of the primal domain.  

In literature, the former is represented by   
         or sometimes by  , which is the 

same symbol for the co-differential.  The difference between the two is considered 

obvious by context [57][72][100][102][191][322][470].  The dual (n-k) co-boundary 

operator is defined as the transpose of the k-th co-boundary operator multiplied by       

to account for changes in orientation between dual and primal grids [154]. 

 In practical application, the boundary operator is represented as a sparse 

adjacency matrix whose non-zero elements are valued at +1 or -1 [100][120][359].  The 

non-zero entries correspond to whether a (k-1)-simplex on row 'i' is present and agrees 

with the orientation of the k-simplex on column 'j'.  For vertices, this is whether a vertex 

is on an edge head or tail.  Edges will either be going in the counterclockwise orientation 

around a triangular face's outward normal vector or not. 

 The following example is from Elcott [120] and Desbrun [100].  Consider the 

simple mesh shown in Figure 32 from earlier.  It consisted of five vertices, nine edges, 

seven faces, and two tetrahedrons.   The corresponding boundary operator matrices are 

shown in (129).  If all elements are consistently labeled as has been described, then    
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will have two -1’s and two +1’s,    will have two +1’s and one -1, and then    will have 

one +1 and one -1 for a tetrahedron. 

 

 

   

 
 
 
 
 
            
               
                 
                    
                    

 
 
 
 

   

   

 
 
 
 
 
 
 
 
 
             
           
         
                
              
         
                
           
           

 
 
 
 
 
 
 
 

          

 
 
 
 
 
 
 
   
     
   
      
     
   
      

 
 
 
 
 
 

  

 

 

 

 

 

 

 

(129) 

 

 The definitions for the co-boundary and boundary operator lead to cycles, co-

cycles, the chain complex, and the co-chain complex.  A k-cycle is a closed k-chain.  A 

co-cycle is a co-chain whose co-boundary vanishes.  This discrete property is a 

mechanism by which certain continuous identities, such as the curl of the gradient or the 

divergence of the curl of a vector vanishing, will be enforced on a discrete space 

[322][437].  Note, the co-boundary of the co-boundary of a co-chain is a co-cycle, 

however, not all co-cycles are made this way. 

 

 

Def. (Cycle):  A closed chain:         Said another way, a cycle is a chain whose 

boundary vanishes. 



 198 

Def. (Co-cycle):  A closed co-chain:          Said another way, a co-cycle is a co-

chain whose co-boundary vanishes. 

 

 

 

 

Def. (Chain Complex):  The sequence of chain groups and boundary operators, where the 

former is Abelian and the latter homomorphism.  It is a sequence of       and 

  indexed such           

        
              

              

 

Def. (Co-Chain Complex):  The family of co-chain groups and co-boundary operators 

that form a sequence such that     
   

     

            
 
    

 
          

 
    

 
        

 

 

5.2.2 Manifolds and Products 

Informally, manifolds are generalizations of familiar ideas about curves and surfaces to 

arbitrary dimensional objects [322].  There are multiple types of manifolds.  What are the 

differences?  The answers to this question as it pertains to this dissertation is found in this 

section and can also be found in more detail in the literature [57][100][101][102] 

[103][121][127][139][143][153][154][167][173][179][191][192][220][243][274][275] 
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[276][280][303][304][316][317][319][322][345][348][359][421][433][434][437][439] 

[440][441][470][487].  Before defining a manifold there are some precursor concepts that 

must be briefly defined. 

5.2.2.1 Topological Spaces 

The most commonly used spaces for numerical analysis are vector spaces.  They provide 

a convenient, coordinate-free method for representing different mathematical and 

physical quantities corresponding to physical laws [322].  A vector space is a linear space 

that contains vectors that may be added together and multiplied by scalars.  Vector spaces 

of interest here are of finite dimension. 

 Topological spaces will serve as the high level space of interest.  Defining a 

topology as a mathematical structure and a topological space go together.  A topological 

space is a set of points along with neighborhoods for each point that satisfy axioms that 

relate the points and neighborhoods.  These axioms are ultimately related to structures set 

down by the topology.  An informal example would be a metric space's topology.  It 

includes a function, known as a metric, that defines some concept of distance between set 

members.  A formal definition of a metric is provided by Nakahara [322]. 

 

 

Def. (Topology):  Consider a set of points, X, and a collection of open subsets, τ, of X.   

Then τ is a topology if the following hold: 

1.) The empty set and X are elements of τ 

2.) An arbitrary finite or infinite union of members of τ still belong to τ 

3.) The intersection of any finite number of members of τ still belong to τ 
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Def. (Topological Space):  A set of points, X, and a subset, τ, of X that form an ordered 

pair (X, τ) where τ is a topology satisfying the points mentioned above. 

 

 

 Members of topological spaces may be operated on by functions and 

transformations.  Topological spaces may contain properties that are invariant.  These 

topological invariants are important identifiers of the space and relate to its key 

properties.  Examples include the cardinality of a space, number of connected elements in 

a space, whether or not and how a space is connected and/or compact, the Euler 

characteristic of a polyhedron, and the winding number of a closed curve 

[100][102][322].  

5.2.2.2 Manifolds and Vector Spaces 

Informally, a manifold is a topological space that locally resembles Euclidean space near 

each point.  Examples include lines and circles in 1D, 2D planes, and 3D spheres.  The 

manifold enables complicated structures to be understood locally in terms of simpler 

structures from Euclidean space, E
N
. There are several types of manifolds with specific 

properties and definitions.  The majority of these, and their formal definitions, are beyond 

the scope of what is needed in this dissertation. 

 The most pertinent examples are differentiable manifolds which can have calculus 

done on them, manifolds with a Riemannian metric that allows distance and angles to be 

measured, Symplectic Manifolds that are the phase spaces in Hamiltonian formulation of 

mechanics, and 4D Lorentzian manifolds for spacetime in general relativity.  Other 
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examples from Burke [72] and Marsden [280] include the configuration space of a rigid 

body in free fall and the distributions of temperature, energy, entropy, pressure, and 

volume that define a thermodynamic system. 

 In practical application, this manifold has finite dimension N, can be oriented, is 

connected or is all in one piece, and has an (N-1)-D boundary.  It is a differentiable 

manifold, informally meaning it is locally similar enough to a linear space to allow for 

calculus.  Further, it is represented in the discrete domain by the primal complex defined 

earlier.  The primal complex is the discretization that approximates this manifold.  The 

manifold represents the space of spatial variables and functions of interest are defined on 

this manifold.   The formal definitions can be found in the literature [72][280][322].  

From where on, when referring to the manifold,  , it is implied to be a finite 

dimensioned, oriented, connected, differentiable manifold. 

 There are two specific vector spaces of interest that can be defined at each point, 

p, on manifolds.  They are the Tangent Space,     , and its dual the Co-Tangent Space, 

   
 
 .  They are referred to with    to distinguish them from thermodynamic temperature, 

 , while still maintaining a similar notation to convention found in literature.  For this 

dissertation's purposes, they are real vector spaces with the same dimension as M. 

 The tangent space at a point on M consists of the directional derivatives at that 

point. For a set of non-singular local coordinates,   , at the point, the directional 

derivatives with respect to these coordinates define a basis set of vectors for the tangent 

space at that point.  In literature, tangent vectors will sometimes be referred to by 
 

   
.   

 The vectors in the co-tangent space, which are called co-tangent vectors or co-

vectors or dual vectors in the literature [72][322], are real valued linear functionals on 
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tangent vectors.  This is analogous to the discrete case, with co-chains as linear 

functionals on chains.  The co-tangent vectors in this dissertation will typically be 

referred to as dual vectors since the co-tangent space is the dual vector space to the 

tangent space.  The dual vectors may also be represented in terms of a non-singular set of 

local coordinates with      and form a basis set within the co-tangent space.   

 This is interesting, but why do these vector spaces matter?  Differential forms, 

defined later, are members of a manifold's co-tangent space.  The discrete differential 

forms are co-chains that act on chains, similar to how differential forms from the co-

tangent space will on tangent vectors.  The Lagrangian is also a functional on tangent 

vectors.  Therefore, it is good to have at least a basic idea of how these concepts relate to 

each other and eventually to the improved discretization of PDEs. 

5.2.2.3 Tensors and Tensor Product 

The previous material will ultimately be translated to a numerical method on computers 

that work with scalars, vectors, and tensors.  Tensors are linear or multilinear operators 

and are represented in a variety of ways. 

 Scalars, vectors, and matrices are types of tensors, but that does not mean ALL 

scalars, vectors, and matrices are tensors.  Only those that are coordinate independent are 

considered tensors [238].  A tensor of order  
 
   in N-dimensional space has      

components and may be represented in (130) or (131) [220][238][280]. 

 (130) represents a tensor in terms of vectors and dual vectors.  (131) represents a 

tensor in terms of lower order tensors.  In the discrete setting, it may be interpreted as a 
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map that takes p vectors and q dual-vectors to ℝ  [72][238][280][322].  The space of  
 
   

order tensors at a point p on a manifold M is     
      

 

   
               (130) 

 

                                        

                                                                      

        
 
 
 
        

      
      
      

    
  

 

 
 
 

(131) 

 

 There are many physical examples of vectors and tensors from engineering 

mechanics defined over fields.  Examples include [220][238][280]: 

¶ Magnetic Flux Density - Vector - Electromagnetism 

¶ Permeability of Free Space - 2nd Order Tensor - Electromagnetism 

¶ Electrical Conductivity - 2nd Order Dual Tensor - Electromagnetism 

¶ Electric Current Density - Dual Vector - Electromagnetism 

¶ Velocity, Acceleration, Force - Vector - Dynamics 

¶ Angular Velocity - Twisted Vector - Dynamics 

¶ Pressure, Temperature - Scalar - Fluid Dynamics and Thermodynamics 

¶ Elasticity - 4th Order Tensor - Solid Mechanics 

¶ Stress/Strain - 2nd Order Tensor - Solid Mechanics 
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 Tensors obey axioms regarding commutativity and associativity 

[72][220][280][322].  Scalar multiplication and addition occur on a component-by-

component basis.  Multiplication is more complicated and may occur in a few ways.  

They include the commonly known dot and cross products for vectors.  Then there are the 

tensor product and contraction. 

 The tensor product of vectors or tensors results in a higher order tensor.  It is 

sometimes known as the 'outer product'.  It is denoted by   or just by placing the two 

inputs next to each other as shown in previous equation.  The tensor product of a tensors 

of order  
 
   and  

 
 
  will result in a tensor of order  

   
      [72][238][280][322].   

 Contractions between different terms in a tensor may be used to reduce the 

tensor's order by one, resulting in a different tensor based on where the contraction 

occurs.  Pre- and post-multiplication of tensors of first order or higher will lead to 

different results in general.  Scalar products with tensors are commutative, but the inner 

product of two tensors or a tensor with a vector is not [72][238][280][322].  

 The good thing about tensor objects is that they are coordinate independent 

representations until a chosen basis set of vectors is selected [220][238].  Selecting a 

basis set of vectors can be considered as assigning an observer or reference frame. 

5.2.2.4 Cup Product 

The idea of the tensor product defined in the previous section can be defined for discrete 

co-chains.  There are some limitations on this definition, and it more accurately pertains 

to what is known as an exterior or wedge product that will be discussed in Chapter 5.3.  
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 Recall the primal complex, K, defined earlier on which there are spaces of chains 

and co-chains,        and      .  According to Ptackova [359], this complex is a 

special type of orientable CW n-pseudomanifold with a boundary.  The important 

properties can be found in his thesis, however, the consequences will be discussed here as 

it regards the cup product. 

 The cup product is defined on co-homology groups for co-chains.  Homology and 

co-homology groups are defined formally in the literature 

[100][101][102][121][191][280][322][359][441][471].  For here, an informal definition is 

that the nth (co-)homology group on the primal complex K is just the group of (co-

)cycles modulo (co-)boundaries of degree n. 

 Consider the following co-chains over K:   ,      ,   .  The cup product allows 

for two co-chains to be multiplied together to form a higher order co-chain on a higher 

order simplex on K.  Informally, the cup product of two co-chains of arbitrary degree p 

and q returns a (p+q)-co-chain defined on (p+q)-cells [359]. 

 The cup product defines a bilinear, skew commutative, and associative operation 

when used for elements of co-homology spaces.  Further, note that (4) and (5) in the cup 

product definition are only satisfied on co-homology spaces,      , under certain 

circumstances that will be described later in this section. 

 

 

Def. (Cup Product,   ):  Given a cell complex, K, and for co-chains    and    defined 

on          respectively, the cup product is a bilinear operation that satisfies the 

following on Co-Homology Spaces,      : 
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1.)          ,            , then         is a (p+q)-co-chain in              , 

where        is the union of all cells in which    is a face and     is the union of all 

cells in A and B. 

2.) Satisfies Leibniz rule for exterior differentiation 

                                   

3.) If K is connected, then there exists a real number,  , such that there is a constant unit 

0-co-chain,   , that takes the value of 1 on 0-cells of K that satisfies               

         

4.) Skew-Commutative:                          

5.) Associative:                               =                

           Associativity in 2D and 3D is only maintained under certain conditions: 

1.                 associative always 

2.                 associative if       or       

3.                 associative if       or       

4.                associative if       

 

                
        

  

 

 

                           

                
 

 
              

         

                  
 

 
                    

           

 

 

 

 

(132) 



 207 

                  
 

 
          
 
                            

 

 The cup product formulas are derived and proved by Ptackova [359] and are the 

same forms as derived by Hirani [191] for discrete wedge products when applied to a 

simplicial complex.  A more general equation for non-simplicial complexes is shown in 

(133).  Figure 38 provides a visual representation of a cup product. 

 The formula for general polygons will be useful when considering the cup product 

between dual co-chains on the dual mesh.  The cells on the dual grid are not simplices in 

general even if the primal grid is a simplicial complex.  The value p in the summation 

indices refers to the degree of the polygon, e.g. 3 for a triangle, 4 for a square, etc.  The 

value    refers to the ith edge of the polygon.   Note the   refers to the modulo operation 

and  
   

 
  refers to the floor of  

   

 
.  If p is odd, it returns 

   

 
 directly.  If it is even, it 

returns 
   

 
 instead.  Ptackova [359] also shows how to form this product with matrices. 

 

              
 

 
       

   
                               

               
 

 
 

 

 
 

 
   

 
 

   
        
                            

                         

 

 

 

(133) 

 

[359] 
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Figure 38: Cup Product on Simplices 

 

 The main question is, how well do the formulas translate to general co-chains that 

may not be in co-homologies?  The answer is derived and proved by Ptackova [359].  All 

of the relations given in the prior formal definition hold exactly, save the last two: skew-

commutativity and associativity.  Ptackova proves that skew-commutativity is recovered 

for all discrete forms, represented as co-chains, on the oriented CW n-polygonal pseudo-

manifolds.  This includes K.  However, the cup product's associativity varies as 

mentioned in the previous definition and in Ptackova [359]. 

 The main requirement is that the 0-co-chains defined over vertices must be exact.  

This is equivalent to the action of the co-boundary operator on a 0-co-chain being 0.  In 

other words, the 0-co-chains must be co-cycles.  If this is not the case, then the cup 

product is not associative.  

 Whether or not a cup product is associative has an important ramification for the 

VIDEC-CFD Methodology.  The cup product will be the discrete implementation of the 

exterior or wedge product between differential forms.  As such, its use must match the 

properties of the wedge product, or the resulting formulation will be inconsistent.  The 

ramification revolves around the definition of variables as differential forms and later as 

discrete co-chains.  They must be defined such that any cup products, esp. if they are of 

the form               , will be associative. 

5.3 Exterior Calculus 

The preliminaries of Chapter 5.2 will be extended here based on the theory developed by 

Cartan [77] on Exterior Differential Systems (EDS) and exterior calculus described in 
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numerous references [57][72][102][191][274][275] [289][290][348][359][361]. EDS and 

exterior calculus are the generalization of vector calculus and differential equations to 

differential forms and manifolds [72][100][280][322].   

5.3.1 Preliminaries 

5.3.1.1 Differential Forms 

Differential 1-forms are members of a manifold's Co-Tangent space.  They are linear 

functionals on tangent vectors in     .  An informal definition of a differential form is 

simply a quantity to be integrated [72][100][280][322][322][348].  An example 

differential 1-form would be       , which can be integrated over an interval in     's 

domain. 

 The space of differential k-forms is referred to by       to distinguish it from 

the rest of     [72][100][280][322][322][348].  Differential k-forms may be thought of 

as the kth tensor product of the co-tangent space, with the resulting tensor also being 

alternating.  An example,                  would represent a 3-form integrated 

over a region in 3D space. 

 

[72] 

Figure 39: Mass Flux Density 
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  Consider the following examples for 3D space.  Mass and energy can be 

represented as 3-forms [348].  The circulation of velocity may be represented as a 1-form 

along edges.  The curl of velocity, vorticity, may be represented as a 2-form on a face.  

The divergence of a 2-form, such as vorticity, will yield a 3-form.  Alternatively, a 2-

form can be thought of as measuring how much flux is crossing a 2D area.  If the 

divergence of the vorticity was zero, then the vorticity would remain divergence free, a 

useful property to exploit in application [100][120][143][191][316][317][345].  Some 

additional examples include [72]: 

¶ Thermodynamics - 3-forms carry heat content of the 1
st
 Law 

¶ Electromagnetism - 2-forms represent magnetic flux 

¶ Hamiltonian Mechanics - 2-forms represent density in Liouville's Theorem 

¶ Mechanics - 1-forms are represented by line integrals 

 Discrete forms are defined on discrete manifolds, such the primal complex, at 

specific k-simplices.  They are distributed over the entire element on which they are 

defined and are represented as a single number.  Discrete forms were defined earlier as 

synonymous with co-chains [348]. 

 Discrete 0-forms have scalar functions assigned to them [348].  A discrete 1-form 

represents integration along an edge.  In 2D, discrete 1-forms can also represent fluxes 

through an edge that is a face to a 2D cell.  A discrete 2-form is evaluated over a bounded 

2D surface.  For this dissertation, said surface will be a triangular cell.  The discrete form 

represents a flux through a 2D face in 3D or a density in a bounded area in 2D [348].  A 

discrete 3-form represents a volume density in a tetrahedron for this dissertation. 
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 So, a differential k-form can informally be thought of as an object that can be 

integrated over a k-D submanifold.  They measure an infinitesimal oriented kD length or 

a kD density.  These discrete forms force the user to inherently distinguish between 

different quantities based on their representation.  Forms related to vector quantities 

suggest line or face averages as discrete unknowns, rather than point-wise unknowns.   

 Physically, this makes sense because some physical quantities are measured the 

same way, such as through line integrals or surface integrals of another intermediate 

quantity [100][348].  Analyzing them as such enables enhanced approximation and 

reduced error and uncertainty with regards to numerical predictions [100][348].  An 

example would be electromotive force in a wire to measure an electric field. 

5.3.2 Products 

The last section defined DEC operators.  The discrete operators discussed are constructed 

and implemented based on the concepts of chains, co-chains, and boundaries.  This 

section goes to the next step of defining products between discrete forms.  The following 

section will go over the wedge product, interior product, and Lie derivative. 

5.3.2.1 Wedge Product 

The wedge product defined in terms of the tensor product by             is 

valid for vectors.  The definition in terms of differential forms will require a bit more 

formality.  The wedge product,  , of a p-form and a q-form on an ND manifold will 

result in a tensor of type  
 

   
  or 0 if       .  The formal definition and equations 

for the wedge product are from Ptackova [359], Nakahara [322], and Marsden [280].   

For the second formula in the definition, note that even permutations have           
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while odd permutations have          .  Some properties of the wedge product of k-

forms include [72][280][322][345][359]: 

¶ It is zero if a basis vector appears more than once 

¶ Bilinear 

¶                                      

¶ Anti-commutative :                       

¶ Associative:                             

 

 

 

Def. (Wedge or Exterior Product,  ):  The product of a differential p-form,   , with a 

differential q-form,   , on a smooth ND Differentiable Manifold,  , defined at a point 

    with basis tangent vectors,                      ,  and dual basis vectors, 

                  
    , by the sum over all permutations of   of          : 

                   
 

                             
 

 

                                           

                                       

 

                                

 

 

  The discrete implementation of the wedge product is straightforward.  It comes 

down to an ordered, signed sequence of multiplication between forms stored on adjacent 
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simplices.  The resulting product is stored on the appropriate higher order simplex, e.g. 

wedge product of a 1-form and a 0-form would be on an edge while the wedge product of 

two 1-forms is on a 2D face.  Hirani [191] and Desbrun [102] provide formal definitions 

of the discrete wedge product while Ptackova [359] derived the more general expressions 

for cup products defined earlier.  Hirani [191] and Desbrun [102] also reference the 

wedge product between primal and dual forms.  The formula for the cup product on 

general polygons from Ptackova [359] is used instead for dual-dual wedge products and 

any primal-dual cases.  The continuous equation for the wedge product can be found in 

any Algebraic Topology text or within Hirani [191]. 

 

             
 

        
                            

  (134) 

 

 The VIDEC-CFD Methodology presented in this dissertation needs only a few 

special cases.  These cases are the wedge product between primal 1-forms and 0-forms on 

an edge, the product between two 1-forms on a triangle, and the product of dual 1-forms 

on dual surfaces [192][304][359].  See (135), (136), and (137) respectively.  Note that 

           simply refers to the value of the 1-form,   , on the edge defined by endpoints 

     .  The term      in (137) is the dual 1-form defined on edge    that has vertices 

            on a dual polygon surface of degree p.  The modulo term   is used for 

computational efficiency and returns the remainder.  It is used to help only include 

vertices from   to     [359]. 
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(135) 

 

                         
        

        

          
        

         
        

        
        

 

 

(136) 

 

 
        

 

 
 

 

 
 

 
   

 
 

   
     
   
                            

           

 

 

(137) 

 

 Hirani and Desbrun's discrete wedge products are still anti-commutative and 

satisfy the Leibniz rule.  However, their discrete wedge products are similarly not 

associative even on simplicial grids, just like Ptackovas, except for special cases.  

Associativity is held up to a limit that is proportional to the grid's characteristic length.  

The consequences of this were discussed earlier but are also discussed by Hirani [191].   

5.3.2.2 Interior Product 

The interior product pairs a differential k-form with a vector field defined on the 

manifold.  In application, this vector field will define a flow on the manifold that 

ultimately relates to the governing equations.  An example would be fluid velocity.  This 

dissertation will focus on using      to denote the interior product with respect to a vector 

field   .  Nakahara [322] and Marsden [280] provide more formal definitions and 

formulas for the interior product that are not necessary for this dissertation [359]. 
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 The formula in the definition is from Hirani [192] and Mohamed et al. [303][304].  

The discrete formula has the same form as the continuous formula, albeit with discrete k-

forms and the discrete 1-form representation of   .  The discrete formula will be utilized 

in the VIDEC-CFD Methodology.  The use of the discrete Hodge Star makes the product 

grid dependent, however, it enables a more straightforward representation of the interior 

product within the governing equations. 

 

 

Def. (Interior or Inner Product,   ):  The operation taking a k-form,   , and a vector 

field,   , to yield a (k-1)-form on a ND Differentiable Manifold. 

                                   

     
                      

 

 

5.3.2.3 Lie Derivative - Cartan Formula 

The exterior derivative, wedge product, and interior product may be combined to form a 

useful Lie derivative expression for applications.  It is known as Cartan's Identity or 

Cartan's Homotopy Formula [72][102][143][191][280][316][322][345][348].  An 

example application of this is the advection of a differential k-form by a fluid velocity 

field, such as in  the incompressible Euler solvers derived by Gawlik et al. [143] and 

Pavlov [345].  An informal definition of the Lie derivative is that it is the generalization 
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of the directional derivative to consider the derivative of a form in the direction of a 

vector field [100][101][102][154][191][348]. 

  Physically, the Lie derivative represents the advection of a quantity    by a 

vector field    [191][284[348].  Cartan's formula is in (138) with special cases resulting 

from properties of the exterior derivative and interior product.  The first only holds if   or 

  are closed differential forms [359]. 

¶                                  

¶                     

¶                 
                    

      

¶              
    

¶                          

¶                         

 

      
            

           
   

     
         

          
          

   

     
         

          
          

   

 

 
 

(138) 

 

5.3.3 Operators 

The following sections will build up the definitions of the main operators of interest 

within exterior calculus that will be used in VIDEC-CFD.  These include the exterior 

derivative, Hodge star, Sharp, Flat, and Co-Differential.  These operators extend concepts 

such as divergence, gradient, and curl from vector calculus to differential forms. 
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5.3.3.1 Exterior Derivative 

Informally, the exterior derivative operator is the coordinate independent analog to a 

gradient of a scalar function, the divergence of a vector field, and the curl of a vector 

field.  It is applied to k-forms and represents differentiation on M.  It is commonly written 

in literature without the subscript, k.  Below are some 3D properties [280][322][348]: 

¶     
         

     
  

¶       
                  

         

¶             

If the 0-form is interpreted as a scalar function, the exterior derivative may be thought as: 

¶             

¶      
  

  
   

  

  
   

  

  
   

If the 1-form is defined as                                       , then 

think of the exterior derivative as: 

¶       
   

  
 

   

  
        

   

  
 

   

  
        

   

  
 

   

  
       

If the 2-form is defined as                                    

               , then think of the exterior derivative as:  

¶       
    

  
 

    

  
 

    

  
          

If the form is a 3-form, then: 

¶                        

¶        

 The exterior derivative of a 3-form is 0 because the dimensionality of         

has a value of k = 4 which is greater than the dimensionality of the space, 3.  This may 
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not always be the case, such as if there is a time component regarding the manifold's 

configuration.  The exterior derivative is nilpotent,  analogous to the curl of a gradient of 

a function or the divergence of a curl of a vector is 0 [280][322][348]. 

 Forms that are both exact and closed are related to potentials on manifolds 

[72][280][322][345].  Forms that are only exact or only closed are related to Co-

Homology spaces on the manifold.  If the form,  , is exact and there is a vector field,   , 

such that the action of the former on the latter is 0, then the flow F associated with that 

vector field is constant for all time.  This relates to volume preserving forms that are 

exploited in the works by Gawlik et al. [143] and Pavlov et al. [345] for modeling 

inviscid, incompressible flows.  It enables direct and exact satisfaction of Kelvin's 

Circulation Theorem if       , the fluid's velocity field.  A definition for the exterior 

derivative, exact form, and closed form are as follows: 

 

 

Def. (Exterior Derivative,   ):  The map from differential k-forms to (k+1)-forms, 

     
      , that is linear and satisfies         .  The discrete exterior derivative 

is defined here to be the co-boundary operator on co-chains,   . 

                      

 

Def. (Exact Form):  A differential k-form,   , that can be expressed as the exterior 

derivative of a differential (k-1)-form,     . 
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Def. (Closed Form):  A differential k-form,   , whose exterior derivative is 0. 

   
    

 

 

 For the discrete forms, the discrete exterior derivative operator is simply the co-

boundary operator matrix as mentioned in the definition :      
 
.  It is a matrix of size 

            and operates on a k-co-chain [72][191][316][322][470].  See (139) for how 

is implemented.  That representation is useful for numerical purposes when forming 

systems of equations based on integrated quantities on manifolds.  The integrated 

quantities,   
   

, are the unknowns to be solved for.   

 

    
     

   
        

   
      

      
   

  (139) 

 

 Consider the following examples from Desbrun [100][102] and Hirani [191] 

depicted in Figure 40 and Figure 41.  The quantities in the center of each triangular cell 

near the curved arrow represent the sum of components on the edges.  The quantities near 

each edge represent line integral values stored on that edge.  The value in the center is the 

resultant integrated value on the surface when broken down into separate line integrals as 

per (139).  If the result is 0, then the differential form is closed, meaning      [100].  

Note the operators depend only on the connectivity information.   
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[100] 

Figure 40: Exterior Derivative Example Part I 

 

[191] 

Figure 41: Exterior Derivative Example Part II 

 

 Now look at Figure 41.  Note that the value of '34' on the mesh corresponds to a 

vector that does not agree with the triangular face's counterclockwise orientation.  As 

such, when formally added it is represented as a -34.  Their sum is carried out by part of 

the    matrix when applied to the vector of line integral values.  This multiplication of  

        forms an array of 2-form values stored on the primal mesh's triangular faces.  

Note, these operations take place over the entire mesh when implemented numerically. 

 This section has focused on the exterior derivative operator applied to the primal 

mesh.  It is possible to have an exterior derivative operator on the dual mesh.  Note that 

the numerical representation of the exterior derivative on the dual mesh is based on the 

primal k-simplex it is associated with.  The exterior derivative operator for dual (n-k)-

forms is represented by     
            

 
. 

 The exterior derivative's analog to the conventional divergence, gradient, and curl 

operators requires some additional help for implementation.  The quantity that the 

operator acts on may be represented by a different form depending on the physical field 
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theory and selection of variables.  Further, some applications require higher order 

derivatives but the exterior derivative is nilpotent [280][322][348].   

 There are two issues for application that are addressed in the literature 

[143][337][345][348][349].  The exterior derivative of a differential N-form is 0.  

Further, the exterior derivative itself is nilpotent.  However, what if said differential N-

form does NOT have a 0 valued derivative?  What if a higher order derivative is needed 

to form governing equations for another k-form?  There are auxiliary methods of taking 

derivatives in such cases.  However, understanding these methods requires understanding 

the Hodge Star, Sharp, and Flat operators. 

5.3.3.3 Sharp and Flat 

The two domains of interest in the VIDEC-CFD Methodology are the primal and dual 

meshes.  Both domains will have scalar and vector fields defined over them that will need 

to be converted into differential forms.  The conversion between vector fields to 

differential forms and back are handled by the flat and sharp operators,  and  .  The 

flat is a mechanism on how a vector field quantity is converted into a differential form 

and a sharp how a vector field is reconstructed from differential 1-forms.  The formal 

definitions can be found in the literature [191][359].  

 What about the discrete flat and sharp operators?  Hirani [191], Desbrun [102], 

and Ptackova [359] go into detail on the equations for formulating the discrete flats and 

sharps for different types of discrete vector fields and where they are defined.  The 

relations in (140) and (141) are from Ptackova [359] for converting a vector to a 1-form 

and back.  The edge,  , has two points,        .  The edge is defined parametrically 

when defining the flat of a vector stored along that edge. 
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(140) 

 

 The definition of the discrete sharp requires a little more geometric information.  

See the figure and equations from Ptackova [359].  The term      represents the number 

of faces adjacent to a specific vertex where the sharp is being defined.  In 2D,               

simply results in a vector orthogonal to the ith edge of a face.  Note, if a flat and a sharp 

are defined on the same vector in succession, the result will have the same direction but 

only approximately the same magnitude of the original vector.   

 

                        

        
   

     
              

 

 
            
   
     

         
 

    
  

          

         

                

         
 

          

         

                

         
      

 

 

(141) 

 

[359] 

Figure 42: Diagram for Defining a Sharp 
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5.3.3.2 Hodge Star 

The Hodge star establishes a unique isomorphism between k-forms and dual (n-k)-forms, 

                   .  The numerical implementation of this transformation is related 

to the discrete Hodge star.   Examples in 3D [72][100][348]: 

¶ Hodge star of 0-forms makes a dual 3-form 

¶ Hodge star of 1-forms makes a dual 2-form 

¶ Hodge star of a 2-form makes a dual 1-form 

¶ Hodge star of a 3-form makes a dual 0-form 

 

 

Def. (Hodge Star,  ):  For the manifold whose dimension is N, the map :      
       

for      .  The discrete Hodge star is the map between primal k and dual (n-k)-co-

chains on the primal complex,   ,       
            .  It is a matrix of size 

          whose diagonal entries are the ratios of cell volumes: 

       
      

     
  

And enforces the relationship:  
 

     
         

 

    
       for a k-simplex,   , and a 

discrete k-form,  .  The volumes of vertices and dual vertices are 1. 

 

 

 The need for the Hodge star operator is related to the use of exterior calculus for 

deriving governing equations.  First, higher order exterior derivatives require an 
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intermediate operator, such as   , because successive applications of the exterior 

derivative are nilpotent.  Further, the need for    is also related to constitutive equations. 

 The governing equations' derivation will result in more unknowns than equations 

and will require constitutive equations to form a closed system [348].  These constitutive 

equations are related to material relations, such as a metal's elastic modulus or a fluid's 

thermodynamic state.  These equations relate quantities that are on the primal complex to 

those on the dual.  Their implementation requires the Hodge star operator.  This is where 

discretization and other errors in exterior calculus-based numerical methods re-enter 

[348].   First, the constitutive equations tend to be empirical.  Second, the Hodge star is 

not coordinate independent.  It is based on the discretization of the continuous domain. 

 The Hodge star may be applied to a differential form multiple times.  Multiple 

applications of a Hodge star do not necessarily return the original differential form.  The 

Hodge star is its own inverse up to a sign difference.  In 3D,          
  .  In 4D 

space-time,                      
    [280][437]. 

 

                      (142) 

 

 The discrete Hodge star is a grid dependent operator that relies on information 

from the primal and dual grids.  The boundary operators are related to the connectivity 

between mesh elements on the primal complex. The discrete Hodge star, on the other 

hand, contains information relating to cell size and other length-based information related 

to the grid discretization [57][72][102][120][191][274][280][348][424][437]. 
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 The VIDEC-CFD Methodology uses discrete Hodge stars based on the ones used 

by Hirani [191],  Desbrun [102], and Elcott [120].  These Hodge stars are the diagonal 

matrices from the previous definition.  The inverse Hodge star is trivial to compute for 

this case.  There are higher order and non-diagonal Hodge stars that are research topics 

for specific applications and increased accuracy.  They are left to future work. 

 The Hodge star is part of constitutive equations and is a fundamental component 

of any proposed DEC methodology.  The Hodge star provides the connection between 

quantities on the primal and dual grid.  However, it is a source of metric dependent 

information.  Perot [348] goes so far as to say that the discrete Hodge star can define the 

baseline accuracy of the numerical method!  This is based on his assertion that a well-

developed method's discretization errors will enter solely through the discrete Hodge star.  

Tarhassaari et al. [424] further support this assertion that the discrete solution is 

characterized by the metric dependent data that is primarily contained within the Hodge 

star operator.  The following assertion goes a step further based on the information earlier 

on discrete flats and sharps: 

 

 

Assertion: The primary sources of discretization error in discrete geometric 

numerical modeling methodologies will be from the discrete Hodge star, discrete flat, 

and discrete sharp operators. 
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 Recall, that the main argument against current generation CFD methods is that 

they contain empirical elements, metric dependent information, grid dependence, and 

assumptions about how physical parameters vary in the discrete domain.  The discrete 

Hodge star, flat, and sharp appear to be the exterior algebra and exterior calculus 

equivalent or embodiment of these observations.   

 Does this fact not destroy the main arguments for the VIDEC-CFD Methodology?  

The answer is no.  Recall that current generation CFD methodologies have far more 

sources of discretization error than their empirical constitutive equations.  The 

discretization of derivative terms and operators such as the divergence curl contain error 

in FEM, FVM, and FDM methodologies.  The VIDEC-CFD Methodology uses the 

exterior derivative for these terms.  There is no discretization error in that part.  The 

fundamental preservation of geometric invariants, such as Stokes' Theorem, at the 

discrete level reduces these errors further. 

 These rebuttals do not refute one important observation.  The Hodge star, flat, and 

sharp operators are the Achilles' heel of the VIDEC-CFD Methodology.  They are a 

source of grid and metric dependence, as well as empiricism that creeps in via empirical 

relationships.  Future work should consider different types of discrete Hodge stars, 

sharps, and flats for improving numerical accuracy and convergence. 

5.3.3.4 Co-Differential 

The co-differential, also referred to as the coderivative [154], is not a uniquely defined 

operator like the exterior derivative.  Note, the co-differential is not an antiderivation. 
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Def. (Co-differential,  ):  Map from differential k-forms to (k-1)-forms,     
      . 

                          

It is defined adjoint to the exterior derivative by the following relationship: 

                          

 

 

 The sign difference in the formula is to take into account the changes in 

orientation.  The co-differential is nilpotent in the same manner as the exterior derivative 

:         .  Just as the exterior derivative of an N-form on an ND manifold is 0, the 

co-differential of a 0-form on a manifold is also 0.   

 The diagram from Nakahara [322] depicts how the co-differential, depicted as   , 

the Hodge star, and the exterior derivative map between the different spaces of 

differential forms, denoted by   here, on a manifold.  Consider the following example 

from Marsden [280] that demonstrates the computation of the co-differential of a 2-form: 

 

                        

   
                 

     
                                            

   
           

                                

 

 

 

 

(143) 

 

 

 The co-differential operator for the discrete domain has the same equation as the 

continuous case [191].  The discrete formula is (144).  The discrete co-differential is 

represented as a sparse matrix whose size is                  .  
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    (144) 

 

[322] 

Figure 43: Diagram of Exterior Calculus Mappings 

 

 Consider an example of fluxes passing through 2D faces on the primal mesh.  The 

array of all fluxes on 2D faces is operated on by the co-differential operator one at a time.  

The Hodge star relates each flux to the corresponding quantities on dual edges.  If these 

fluxes were momentum, then the dual edge quantities would be measures of circulation.  

The exterior derivative operator sums these quantities on dual edges around dual faces.  If 

these quantities were circulation, then the new summed value would represent the net 

circulation on the dual face.  The final inverse Hodge star matrix would map this value 

back to the integrated value of vorticity around a primal node. 

5.3.2.5 LaPlace-de Rham Operator 

The LaPlace and Poisson Equations are fundamental equations.  They are formed via the 

LaPlacian Operator                    .  Solutions to LaPlace's equation relate to 

potentials on a manifold.  Example applications are heat conduction, electrostatics, and 

potential flow. There is also a vector Laplacian, such as for the shear term in the Navier-

Stokes Equations from Chapter 3. 

 The Laplace operator is difficult to define using exterior calculus because of the 

exterior derivative's nilpotence.  This is avoided by utilizing the co-differential operator 
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to form what is known as the LaPlace-de Rham operator.  The final definition resembles 

the Vector Laplacian definition from earlier.   

 The LaPlace-de Rham operator is a map from the space of differential k-forms 

onto itself.  A harmonic differential form is closed and co-closed, meaning that    
  

 ,    
   , and    

    [72][322].  The equation for the operator is shown next 

[72][100][101][102][121][191][280][322].  Recall                
      

   . 

 

                  (145) 

 

         (146) 

 

[102] 

Figure 44: Laplacian of Primal 0-Form Function at Primal Vertex 

 

 All of the fundamental operators needed for an exterior calculus-based approach 

to analyzing field theories have been provided.  These operators are purely spatial 

operators for the VIDEC-CFD Methodology.  This is a direct result of assuming that the 

discrete domain is fixed and does not vary with time [348]. 

5.3.4 Model Reduction and Reconstruction 

This section is about model reduction, model reconstruction, Whitney forms, mimetic 

methods, and compatible spatial discretizations.  The main citations relevant to this 
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section are from Bochev [50][51][52][53], Palha et al. [337], Gotay, [158][159], Hiptmair 

[190], Hyman and Scovel [205][206], Whitney [470][471], Wilson [473][474], Gillete 

[154], Lax [248][249], Tonti [440], Salamon et al [395], Bossavit [57][58][59], Rapetti 

and Bossavit [361], Trapp [448], and Wilson [473]. 

 The solution to the governing equations in the VIDEC-CFD Methodology at the 

continuous level is accomplished by the integration of differential forms on a 

differentiable manifold.  The discrete level involves formal sums of co-chains on 

simplices.  These processes are connected by the concepts of Model Reduction and 

Model Reconstruction.  The same goes for other methods such as FDM, FVM, and FEM, 

albeit their specific implementations will differ. 

 The model reduction and reconstruction steps are accomplished with their 

respective operators,   and  .  The reduction operator is a map             that 

can be used to pair differential forms with integration on discrete simplices [154][337].  

This is accomplished for              ,         ,         , and a 

homemorphism       from the primal complex to the continuous manifold with 

(147).  The term         represents the image of the      on the manifold [154].  Given    

on the manifold, the    on the primal complex obtained after reduction is: 

 

                
       

  

                                     
    

     
  

  

 

 

(147) 
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 The reconstruction operator,  , is a map such that            
    .  The 

subscript h means that the reconstruction is within the range of the operator.  It is related 

to the length scale of the grid spacing.  The operator is injective, but not surjective [337].  

The reconstruction operator represents interpolation. 

 

       

      

 

(148) 

 

 One important question regards whether or not these operators commute.  Ideally, 

they both should.  For this dissertation, both commute with exterior differentiation.  This 

means that it makes no difference whether a continuous derivative is taken on a 

parameter before it is discretized or if the parameter is discretized and then a discrete 

derivative is taken on the result.  The end result should be the same.  Likewise, the 

reconstruction operator can happen before taking a continuous derivative or can happen 

after having already taken a discrete derivative on a parameter.  The end result should be 

the same differential form [337]. 

 That begs the question of how are   and   related to each other.  Are they exact 

inverses?  Ideally, the answer to this question would be yes.  The truth is no.  They can be 

selected to be the right inverse of each other,      , however they will be only 

approximate left inverses,            .  The former measures consistency, while 

the latter is a measure of approximability [337].  In the case of the De Rham Map defined 

later, this situation arises because   is not invertible.  The term    is related to the mesh 
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partition size [50][51][52][53][154][337][473].  The exponential,  , is related to the 

numerical method's convergence rate.   

 Another take is that being right inverses of each other means that discretization 

can be an exact process.  It does not have to be an approximation 

[50][51][52][53][154][337][473].  Know that while they may not be right or left inverses 

of each other in naive discretization approaches, it is impossible for them to be both right 

and left inverses [50][51][52][53][154][473]. 

 Recall from Chapter 2 that conventional discretization methodologies inherently 

introduce error to the numerical solution process.  This is because the discretization and 

reconstruction maps are not right inverses of each other.  They are not left inverses of 

each other either.  The discrete operators do not encode the analogous continuous 

structures on the discrete domain [50][51][52][53][440][448][473].  If the discretization 

is not exact, then this leads to loss of topological information that inherently introduces 

error in the simulation and renders it simply unable to fully capture some of the 

dynamics, structure, and evolution within the governing equations. 

 Methods that do have       are referred to by several names in the literature.  

The primary two are Mimetic Methods and Compatible Spatial Discretizations (CSD).  

Part of what CSD and Mimetic Methods are doing is enforcing a duality structure 

between the continuous structures and their discrete analogs using tools from algebraic 

topology and differential geometry [50][51].  When the discrete equations are 

numerically integrated, the update and convergence rules can be set such that these same 

structures are still preserved.  Variational integrators are a particular enabler for this form 

of compatibility and are discussed later [50][51].   
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 There is one potential problem.  Line and surface fields may co-exist at the same 

point in continuous space.  They are part of different vector spaces at the same point.  

This is not the case for discrete spaces.  There are two ways of combating this problem 

and one primary difference in CSD methodologies is based on which way is employed. 

 The first is a generalized staggered grid formed by co-volume methods.  Different 

quantities are stored at different locations on the discrete domain based on their 

definitions as k-co-chains.  There are primal and dual grids in this approach.  The 

staggering employed here leads to geometrically compatible discretizations. 

 The second approach utilizes an inner product operator and the use of a single 

grid.  The dual grid is no longer needed, however, k-co-chains must still be stored on 

appropriate k-D grid objects.  Co-located discrete operators will not encode the 

continuous geometric structures that enable the discrete equations to mimic their 

continuous counterparts.  The resulting non-compatible schemes are not guaranteed to 

converge to weak solutions of conservation laws [50][51]. 

 Multi-physics simulations can develop unphysical modes in one field that causes 

instabilities in others.  Compatible discretizations aim to yield stable, accurate, and 

physically consistent approximate solutions by not losing as much information [52][53].  

The algebraic topology tools described in this chapter that underly CSD and Mimetic 

methods show that model reduction can be exact up to machine precision.  There are still 

two remaining sources of numerical error.  The first is in the Hodge stars, flats, and 

sharps as discussed earlier as well as alternate approaches that utilize inner products.  The 

second is in the interpolation scheme used for model reconstruction. 
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5.3.4.1 Inner Products 

Inner products and Hodge stars are related to each other, and more than just by the 

formulas presented earlier.  A discrete Hodge star itself can be induced from an inner 

product between two co-chains.  Alternatively, a Hodge star may be defined such that 

said inner product is induced [154].  The Hodge stars and inner products defined earlier 

and utilized in VIDEC-CFD are examples of the latter case. 

 The inner product of k-co-chains is defined by                   for 

         .  From here, there are two forms of discrete Hodge stars that can be 

induced, natural and derived.  The inner products are sometimes referred to as natural or 

derived based on said Hodge star that is induced.  The natural case is defined such that 

                      and implies       [53][154][190][205][206].  The 

derived case is induced by               and implies             

[53][154][190][205][206].   Note, the implications of one are not the implications of the 

other and are only satisfied to within some        [53][154][190][205][206]. 

 This description is informal but still abstract.  How would this be implemented?  

It is done by re-posing the problem as a constrained optimization.  The constitutive 

equations, duality structure, and so on are all encoded into this inner product.  It is 

enforced as a constraint on the problem.  This was used in applications, such as Gawlik et 

al. [143] and Pavlov et al. [345].  Also, it removes the need for a dual mesh.  Defining the 

inner product in this manner means that properties such as fluid incompressibility are 

able to be satisfied by construction. 

 The discrete stencils or basis functions of conventional methods only converge 

within some error bound based on mesh refinement.  There is no guarantee this structure, 
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or others, will be encoded and enforced at all times.  In some methodologies, 

incompressibility is a convergence criterion itself!  This is unlike either defining velocity 

as an exact differential form from the start or by modifying the inner product to include 

the incompressibility condition as part of the problem's fundamental structure.  

Incompressibility, in this example, is enforced from the beginning 

[50][51][52][53][440][448].  

 The differences in CSD methodologies are ultimately related to the natural versus 

direct representation of the inner product and the Hodge star, as well as which one 

induces the other.  They will preserve fundamental symmetries by construction.  This 

choice affects the formulation of interior products, Hodge stars, and Lie derivatives.  It 

also affects the applicability of the resulting methodology to a physical theory and the 

applicability of numerical integrators, such as variational integrators [443][444][445]. 

 

 

Observation:  Conservation of fundamental symmetries, such as 

incompressibility, are possible to achieve by construction 

 

 

 

 

Observation:  The over-arching differences in Compatible Spatial Discretization 

Methodologies arise from the definition of the inner product and by extension the Hodge 

star, and Lie Derivative 
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 The question now is which form of the inner product to use?  The answer to this 

question is in two parts.  First, what definition of the inner product admits a variational 

form?  Second, what definition leads to a numerical method that can be analyzed with 

conventional error analysis to determine order of accuracy?  The first question is 

necessary because variational integrators are a necessary part of ensuring the structure 

preserving nature of the VIDEC-CFD Methodology.  The second question is important 

for broader application purposes beyond this dissertation.  The adoption of methodologies 

like VIDEC-CFD will be easier if its accuracy can be measured by conventional means. 

 The answer to the former is the direct definition of the inner product via the 

Hodge Star operator.  The alternative definition does not admit a variational form in the 

specific case of compressible fluid dynamics.  The velocity field is not divergence free, 

whereas it must be divergence free in order to define a natural inner product.  The 

extrusion process that expands the natural inner product to account for compressibility is 

what specifically does not admit the variational formulation [50][51][52][53][440][448].  

 The answer to the second question comes from Hiptmair [190], Bochev and 

Hyman [53], and Hyman and Scovel [205][206].  The direct inner product definition 

induced by a Hodge Star may be analyzed with conventional variational error analysis.  

See Hiptmair [190] and Hyman and Scovel [205][206] for the details of this analysis as 

they are beyond the scope of this dissertation and are left to future work.  
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5.3.4.2 Interpolation 

Reconstruction is where additional numerical errors regarding primal mesh definition 

arise.  It is an interpolation routine where the discrete solutions are mapped back to the 

continuous manifold.  Interpolation is achieved in three different ways: co-volume, 

mimetic, and Whitney.  See Figure 45.  The first, second, and third figure accordingly 

refer to co-volume, mimetic, and Whitney forms of reconstruction.  Whitney 

reconstruction will be described in more detail in the next section. 

 

[53] 

Figure 45: Co-Volume, Mimetic, and Whitney Interpolation 

 

 Co-volume reconstruction uses an operator that maps 1-co-chains to 1-forms with 

an associated vector field that is piecewise constant on each support volume.  Results in 

an inner product matrix that is diagonal, but contingent on circumcenter location [53].  If 

using a non-Delaunay triangulation, the circumcenter may not be within the triangular 

element and will lead to a poorly defined inner product matrix.  This non-Delaunay 

triangulation is almost guaranteed to occur within boundary layer elements, which are 

typically heavily skewed in the streamwise dimension [410]. 

 Mimetic reconstruction is based on the space of 2-co-chains and is constructed in 

a similar manner to co-volume reconstruction.  It leads to a non-diagonal inner product 

matrix that is not contingent on circumcenter location.  Further, conventional variational 
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tools for error analysis may be used as mimetic methods do admit variational 

formulations [53].  The downside is that the space of 2-co-chains leads to expressions of 

operators that are non-local.  This makes their application broader than the co-volume, 

but their non-locality leads to global satisfaction of principles without guarantee of local 

satisfaction until solution convergence. 

 The co-volume reconstruction's reliance on Delaunay triangulations and 

circumcentric sub-division are too much of a hindrance.  The mimetic reconstruction 

relies on natural inner product definitions described in the previous section, rather than 

the direct definition and Hodge stars.  The resulting non-local nature of mimetic 

reconstruction, and lack of variational form, means that the integral of conservation 

equations will be enforced entire domain, rather than each simplex [52][53][190][205]. 

 Whitney forms do not have these drawbacks.  Whitney forms are able to be used 

consistently with Hodge stars, admit a variational form, and used regardless of sub-

division or gridding method [52][53][59][60].  

5.3.4.3 Whitney Forms 

The Whitney Form is the type of Reconstruction Operator used in the VIDEC-CFD 

Methodology.  It is used as a method of interpolation for differential forms at arbitrary 

locations.  The main question now is: what are Whitney forms?  Whitney [470][471] and 

Bossavit [57][58][59] describe the Whitney k-form as mappings that take the discrete 

differential k-forms to the continuous manifold. 

 The informal answer is that they are the generalization of barycentric coordinates 

to higher dimensioned simplices and objects other than vertices.  What are barycentric 

coordinates?  Consider interpolating a function,         , on a tetrahedron,   , with 
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vertices,           and   .  Each    has coordinates         .  This scalar function has 

been numerically solved and has its results stored at each vertex location.  Obtaining the 

results for this function at non-vertex locations within   is accomplished with (149).  The 

barycentric coordinates,   , have values that vary linearly from 1 to 0, being 1 at the 

vertex they are defined on and 0 at any other vertex.   

 

                         
 
                             

 
      (149) 

 

 This process may also be used on a triangle.  The barycentric coordinates for a 

triangle in 2D can be determined in (150).  Alternatively, the equations can find an     

based on known barycentric coordinates, see (151).  Each vertex has a position,    , with 

components    and   .  A general position within the triangle is    with components    .  

These coordinates are defined in terms of the vertex positions and barycentric 

coordinates.  Since these barycentric coordinates sum to 1, can substitute         

  .  Form these equations into     and solve the system for    and   .  

 

                            
          
          

  

 
  
  
                

 

 

(150) 

 

 

 
      
      
   

  

  
  
  

   
 
 
 
  

 

(151) 
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Figure 46: Triangle Barycentric Coordinates 

 

 A visual depiction of barycentric coordinates is in Figure 46 [30].  These 

barycentric coordinates that form the interpolation basis functions within simplices are 

the same interpolation functions used with Whitney 0-forms.   Whitney 0-forms 

interpolate discrete differential 0-forms and are akin to interpolating scalar functions 

[100][101][158][191].  Whitney k-forms generalize this process to k-simplices. 

 The Whitney k-form,      
 , is defined on a k-simplex,   , in terms of the 

barycentric coordinates,   .  The general equation for a Whitney k-form interpolation is 

shown in (152).  It is derived in [100][101][154][191][192][459][470][471].  Note the 

'hat' operator indicates that a particular     is missing.  Geometrically, the Whitney k-

forms are defined as piecewise continuous along the k-simplex they operate on and are 

not continuous in between different simplices.  For a k-cochain,        , the Whitney 

interpolant is                       
. 

 

               
 
                      (152) 

 

 Whitney forms do not require additional information from other cells and are 

defined locally on each cell within a discrete domain [57][58][59][100][101][158][191] 

[459][470][471].  Each cell has its own conservation principle enforced upon it by 
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construction of the discrete governing equations.  Whitney forms respect this structure, 

but they are not able to fully enforce or keep the conservation properties exactly due to 

containing grid information in the form's definition.  This property is what also makes the 

Whitney form useful for linear interpolation of differential forms on simplices. 

 Higher order interpolants and Whitney forms exist but are beyond the scope of 

this dissertation [361][471].  The main applications from the literature use linear Whitney 

forms and the authors have not noted any resulting egregious errors  

[100][101][470][471].  They primarily cite the need for higher order and more accurate 

Hodge star operators, which could be built from said higher order Whitney forms.  

Further, the scope of this dissertation is on the application of these tools and techniques to 

CFD. 

 Whitney forms can be a limiting factor of an integration method's ability to 

preserve geometric invariants when integrating in time.  Future work on Whitney forms 

that still preserve fundamental geometric invariants should focus on the multi-symplectic 

variational integration techniques and space-time operators presented in Salamon et al 

[395].  The interested reader is forwarded to Rapetti and Bossavit [361], Whitney 

[470][471],  and Bossavit [57][58][59] for formal derivations and theorems associated 

with Whitney forms.  The rest of this section will be about application. 

 How are Whitney k-forms implemented?  Whitney 1-forms interpolate discrete 

differential 1-forms and transform them into conventional vectors.  Consider a discrete 1-

form,  , representing the flux of a vector field,    , through an edge in 2D or along an edge 

in 3D.  The edge is represented as     and is the curve between two vertices,    and   .  
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The quantity,   , is the Whitney 0-form.  The equation for the Whitney 1-form within an 

ND simplex,     , is (153) and (154), for     and            .  

 

                                 (153) 

 

 

     
   

  
                  
                 
                           

  

 
 

(154) 

 

                             
       

           
       

       

                                                   

 

 

(155) 

 

 The equivalent vector field analog to (153) is shown in (156).  The term   
       

 

is often written as       .  The same for   
       

 written as       .     The equations for 

the Whitney 1-form are written in 3D but are valid in 2D as well. 

 

                             
       

  

                                                           

 

 

(156) 

 

 What does the gradient of a barycentric coordinate look like?  De Goes, Desbrun, 

and Tong [96], Gillette [153], Fisher et al. [137], Kramer et al. [240], Rapetti and 

Bossavit [361], and Wang et al [459] provide formulas relating to Whitney 1-forms used 



 243 

in reconstructing a vector in 2D or 3D.  (157) to (159) are for a differential 1-form,   , 

with values     on edge     reconstructed as a vector,    , with Whitney forms [96][137].  

The circulation of     along     will exactly match     [96].  The triangle has area       . 

 

                   
 
                                           (157) 

 

     
 
                        (3D) 

    
 
  

   
  

          (2D) 

 

 

(158) 

 

                              
 
                  

 
                  

 
   

       
 

 
                                                             

(159) 

 

 

                                  

                                             

                                   

                                  

 

 

 

 

(160) 

 

 The 2-form,  , is defined on the triangle,     , in 3D.  Now let’s form      for a 

given triangle and barycentric coordinates,  , to get the vector analog     for this 2-form.  
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The  final     integrated over      will exactly match         for a given triangle on the 

tetrahedron containing      [96][137]. 

 

                                     

                                                   

                                        

                                        

 

 

 

 

(161) 

 

5.3.5 De Rham Co-Homology 

The material in this chapter so far has been disccusing material that underlies DEC 

methods.  These are the co-chains, chains, and co-boundary process from algebraic 

topology and the differential forms, exterior derivative, and Lie derivative from Exterior 

Calculus.  They are linked by De Rham Co-Homology.  An informal definition of the de 

Rham Co-Homology group is that it is a homology group of the de Rham Complex.  It is 

defined similar to the chain and co-chain complexes from earlier.   

 

 

Def. (de Rham Complex):  The complex is a sequence of exterior derivative operators,  , 

for some natural number, k, and the vector space of differential forms of degree k on M, 

   such that          , with    as the space of smooth functions and: 
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[100][420] 

Figure 47: Geometric Operations on the Discrete Domain 

 

 A physical representation of these different complexes is provided in Figure 47 

and Figure 48.  Another depiction of this concept is from Mohamed [304] in Figure 49.  

The space        is his notation for the space of discrete forms on the dual grid.  The 

De Rham Theorem establishes that the action of the co-boundary on co-chains is 

analogous to exterior derivative acting on a differential form  [100][101][102][191].  This 

can be related to integration with a generalized Stokes' Theorem.  This integration of 

differential forms on a sub-manifold is replaced by the discrete evaluation of co-chains 

on chains on the discrete grid [191].  This is because there is an isomorphism between De 

Rham Co-Homology and Singular Co-Homology.  For the latter, this relates to chains 

and co-chains on the primal complex.  Wilson [473] covers the connection and 

convergence between these co-chain algebras and exterior calculus operators in more 

detail and with formal proofs. 
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[337] 

Figure 48: De Rham and Co-Chain Complexes 

  

[304] 

Figure 49: Discrete Spaces and Operators 

 

 Salamon et al [395] and Bossavit [57][59][60] note that Whitney forms and the de 

Rham complex of differential forms go well together.  Together, they provide a unified 

geometric setting for formulating numerical methods such as geometric integration for 

solving differential equations.  The takeaway is that the de Rham and Co-Chain 

complexes and their connection via the de Rham and Whitney maps demonstrate that a k-

co-chain is a discrete counterpart to a differential form [57][58][59][100] 

[191][316][470][471][473]. 

 Numerical integration schemes may require information on these forms at other 

locations on the grid that may not be on specific simplicial elements.  Obtaining their 

values at other locations requires interpolation.  This is where Whitney forms play an 

interpolation role as discussed earlirer [57][58][59][100][101][158][191][470]. 
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5.4 Geometric Integration Theory 

Geometric Integration Theory encompasses numerical integration methods that preserve 

fundamental geometric features of differential equations.  These fundamental invariants 

have deep physical significance in addition to mathematical importance.   The content of 

this section is based primarily on the works of Hassler Whitney [470][471] and Ernst 

Hairer [172][173] and the applications to discrete mechanics [20][58][59][60][100][101] 

[102][103][121][135][143][154][160][161][169][170][171][175][191][192][203][220][25

3] [274][303][304][316][317][345][347][348][352][418][419][432][440][479][480][481]. 

 Integration may only occur on oriented manifolds.  The orientation requirement 

ensures that an m-form volume element that never vanishes on the manifold.  The volume 

form plays a measurement role when integrating functions over the manifold.  Should it 

vanish, then the integral vanishes [280][290][322].  The focus of this dissertation is on 

applying geometric integration methods to fluid mechanics.  Geometric integration is not 

a new field and there are plenty of references available for proofs and derivations 

[172][173][274][275][280][401][470].   

5.4.1 Integral Invariants 

Symmetries are related to physical invariants like those that were discussed in Chapter 3.  

This section will briefly go over the mathematical side of invariants of differential 

equations.  The first questions to be revisited are what is a symmetry and why is it 

important both physically and mathematically?  Informally, a symmetry is some aspect of 

a system of governing equations that remains unchanged under transformations.  
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 Symmetries are also related to what is known as a 'first integral'.  Knowing a first 

integral of a system of differential equations essentially reduces the number of unknowns 

by 1.  Method's such as Charpit's or Monge's method can utilize knowing one or more of 

these first integrals to construct general solutions to non-linear partial differential 

equations.  Symmetries and first integrals, in the literature, are given a catch-all name of 

'geometric invariant'.  Geometric invariants of differential equations are linear or non-

linear first integrals [72][172][173].  That means a geometric invariant,      will satisfy 

                  and                    .   

 

           

  

  
 

  

  
     

 
 

(162) 

 

 A system of differential equations governing the reactions of different chemical 

species would have the sum of those individual species as a linear invariant.  The rotation 

of a rigid body about its center of mass has angular momentum as a quadratic invariant 

[172][173].  There are other invariants that may not be first integrals [172][173].   

 A functional of a Lagrangian,   , describes the action along a curve for a 

Lagrangian   with a positive definite quadratic form at each tangent space on the 

manifold [69].  If   
    for all variations of the curve  , then the curve is an L-critical 

curve.  Euler-Lagrange equations derived from this functional can be used to find these 

L-critical curves. 
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Def. (Lagrangian on a Manifold): A smooth function        for any smooth curve, 

          we can define a functional    as  

                 
 

 
  

This Lagrangian is non-degenerate if in local coordinates,       the functions 

        
  

   
   

  

   
 have everywhere independent differentials. 

 

 

 These critical curves can also be obtained if   is a smooth differential form, 

    , and there is a vector field,  , that leaves this form invariant,      .  This 

vector field is a symmetry of   and    by extension [69].  This means that the critical 

curves define first integrals on the manifold.  A particle moving under a conservative 

gravitational field has total energy and angular momentum as constants [69]. 

 The symmetries associated with these curves are not always conserved by 

numerical integrators.  This inhibits a method's accuracy because symmetries are 

inexorably related to conservation principles.  If an observed phenomenon has a 

conservation property, then the associated equations of that process contains a symmetry 

that relates to that conserved property [69].  Symplectic geometry, in the next section, 

restricts analysis to a special set of manifolds with a specific structure that takes 

advantage of known symmetries to obtain solutions to differential equations [69]. 

 Symmetries, first integrals, and related differential equations are all tied together 

back to physical systems by Noether's Theorem [72][172][173].  All of these are about 

building a variational setup, where the goal is to find critical points of an action integral 
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defined in terms of a Lagrangian.  These critical points ultimately relate to the governing 

equations that define the system being analyzed. 

 

 

Def. (Noether's Theorems):  

Every continuous symmetry of the action of a physical system has a corresponding 

conservation law.   

Ex.) For a Lagrangian,  , defining an action,  , and a generator that leaves the system 

dynamics invariant,  , the components of a conserved field,  , can be found: 

                 

          

          
 

   

 

   

         
 

   

 

   

 

               
  

   
 

 

   

       
 
  

   
 

 

   

 

   

 

   

   
   

 

 

 The geometric perspective on invariants is twofold.  First, what integral curves, 

ultimately linked back to vector fields, are advected on the manifold?  Second, what 

functionals are invariant along the integral curves on a particular manifold?  The majority 

of the text so far has focused on the latter and the physical interpretation thereof. 
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5.4.2 Symplectic Geometry 

This section will briefly go over symplectic geometry and manifolds.  The application of 

interest may not be exactly described by a canonical Hamiltonian system, however, this 

section highlights several key concepts that relate back to conservation of geometric 

invariants in integration.  Readers interested in symplectic geometry can read more from 

Bryant [69][70], Burke [72], Cotter [90], Hairer [172], and Markewicz [271]. 

 Symplectic geometry and Lie groups started from the study of the symmetries of 

and integration techniques for ordinary differential equations.  The work of Elie Cartan is 

an extension of the latter to partial differential equations.  Cartan's pseudo-groups are Lie 

group transformations that were local solutions to partial differential equations. 

 The Lie Groups of interest in this dissertation ultimately tie back to the general 

linear group and its associated Lie algebra.  Specifically, the main interest is on matrix 

groups and Lie groups that can be represented as such.  The matrix commutator forms the 

Lie bracket for the associated Lie algebra in this case. 

 A Lie group's action on a manifold can ultimately be related to the action of a one 

parameter group of diffeomorphisms which is ultimately related to the matrix 

exponential, a flow, a vector field, and one or more differential equations [69].  The 

action of this Lie group is typically computed by considering its Lie algebra, which is a 

vector space rather than a complicated object like a Lie group, and associated elements.   

 What is symplectic geometry then?  How does it relate to Lie algebra? What 

about a manifold?  Consider the following definitions.  
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Def. (Symplectic Vector Space): A vector space,  , paired with a non-degenerate, skew-

symmetric, bilinear pairing on   denoted by  .  The space of skew-symmetric pairings 

on   is      .    is non-degenerate if for every     and     there is a     such 

that         . 

Def. (Symplectic Structure (or Form),  ): A non-degenerate closed differential 2-form 

        on a smooth manifold,  , of even dimension. 

Def. (Symplectic Manifold): The pair,     of a smooth manifold of even dimension and 

a symplectic structure 

Def. (Symplectic Vector Field): A vector field,  , on a symplectic manifold whose Lie 

derivative is 0.  Said another way, if     is closed on a symplectic manifold with 

symplectic structure,  , then   is a symplectic vector field. 

 

 

 The volume form on a smooth orientable surface defines a symplectic surface.  

The exterior derivative of a canonical or Liouville 1-form on the cotangent bundle creates 

a symplectic form on the cotangent bundle.  The symplectic form   defines Lagrangian 

sub-manifolds that are half the dimension of the original manifold and   vanishes on 

them.  These sub-manifolds are where symmetries reside [69][72]. 

 Darboux's Theorem enables the definition of a 2-form on a manifold as the sum of 

a sequence of wedge products in terms of indepedenent local coordinates in local 

neighborhoods at every point on a manifold [69]. 

 Consider a physical example such as a pendulum.  The configuration space of the 

pendulum's motion is represented by a smooth manifold.  The co-tangent bundle of the 
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manifold has a canonical symplectic 2-form on it that is an exterior derivative of the 

canonical one form.  Given that the manifold represents positions of the dynamical 

system, then the co-tangent bundle and this canonical symplectic 2-form will be related to 

the system's phase space, that is position and momentum. 

 A Lie group's action on a symplectic manifold is symplectic if the action 

preserves the symplectic structure.  A Lie group action that preserves a non-degenerate 

Lagrangian on that manifold will also preserve the associated symplectic 2-form 

[69][201].   This property is incredible.  That means physical quantities that are related to 

a conserved Lagrangian can still be conserved.  Symmetry reduction using Hamiltonian 

vector fields uses this property to generate conservation principles that simplify the 

solution process.  This symmetry reduction process requires a Hamiltonian system, which 

does not include viscous compressible fluids [72].    

 This discussion leads to the following observation: 

 

 

Observation:  Lie group that acts on a manifold and preserves a non-degenerate 

Lagrangian on that manifold will inherently preserve the associated 2-form to that 

Lagrangian on the manifold by construction 

 

 

 This observation shows that preservation of invariants is achievable at the 

continuous level.  If the appropriate discrete analogs are set up between the Lie group that 

acts on the continuous manifold and the discrete action on the primal complex, then the 
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resulting discrete equations and the numerical method for solving said equations will 

have been constructed in such a manner that analogous symmetries will be preserved on 

the primal complex.   

 The numerical theory presented in several of the sources on discrete variational 

and discrete geometric mechanics mentioned in this dissertation relates to 

multisymplectic forms.  They are related to the generalization of the idea of a symplectic 

form.  Symplectic theory primarily applies to ordinary differential equations, while 

multisymplectic theory applies to partial differential equations. 

 A symplectic integrator for differential equations represents a method that 

preserves the symplectic 2-forms.  A discrete variational principle with an affine 

Lagrangian will lead to a set of Euler-Lagrange equations that conserve symplectic 

forms.  Depending on the discretization scheme, however, some conservation laws not 

associated with these symplectic 2-forms may not be exactly conserved during 

integration.  The use of DEC in combination with these symplectic principles is meant to 

overcome that shortcoming. 

 All of this sounds incredible.  What is the catch?  The catch is based on what 

vector field affects the transport or advection of quantities on the manifold.  What vector 

field is one of the main generators of the flow on the manifold defined by said governing 

equations?  The symplectic action of a Lie group is represented from Least Action 

Principle or Hamilton's Law of Varying Action. 

 Only symplectic actions preserve the additional structure of the symplectic form 

on the manifold.  For an action to be symplectic, the generating vector field must also be 
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symplectic.  For fluid mechanics, this would mean that the velocity field would have to 

be divergence free or incompressible. 

 So, despite the advantages provided by symplecticity, that structure will not be 

usable within the VIDEC-CFD Methodology.  This is unfortunate, because the 

symplectic form adds structure to variational integrators that improves convergence as 

well as conservation properties.  It is not a necessary additional structure, but it is useful 

[172][173].  This means that integrators, discussed in the next section, must be selected 

such that they are variational but not symplectic. 

 

 

Observation:  The need for the advecting vector field to be divergence free to be 

symplectic means that a fluid simulation would have to be for incompressible flow 

 

 

5.4.3 Integrator 

Geometric structure invariants and energy are not always preserved during numerical 

integration.  There are a variety of techniques that have been designed to preserve these 

invariants and exhibit good energy behavior.  Good energy behavior entails neither 

dissipating, nor injecting energy into the solution.  If the system naturally has some 

dissipation or injection, then the variational method will oscillate around what the energy 

state would be after accounting for that.   

 Techniques for geometric integration include some classical methods, splitting 

and composition methods, backward error analysis, asymptotic expansions, and structure-
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preserving projections.  The equations of interest can be in a state-space, an acceleration, 

or an Euler-Lagrange form.   

 

                   (163) 

 

            (164) 

 

 There are many examples of geometric integrators.  The Newmark Algorithm is 

an example of a variational integrator applied to computational mechanics [219][282].  

Asynchronous variational integrators, such as in Lew et al. [253], have also been used for 

their detailed local conservation properties in each discrete cell as well as a global 

balance of conserved properties for the entire system.  These integrators preserve energy 

and local momenta and discrete multisymplectic structures.   

 Runge-Kutta methods can also be examples of geometric integrators.  If the 

Runge-Kutta constants are selected carefully, the integrator can satisfy quadratic 

invariants of a system and is also symplectic under those conditions.  Runge-Kutta 

methods can also conserve up to third order invariants [172][173].   

 The implicit midpoint rule solves a system of equations in the form given in 

(165).  Its geometric properties are in Hairer [172][173] and Fetecau [135][136].  Due to 

its simplicity in application when setting up the numerical integration of governing 

equations, it was selected for use in the VIDEC-CFD Methodology.  The use of Runge-

Kutta methods, in addition to asynchronous integrators and the Newmark algorithm, are 

left to future work. 
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                       (165) 

 

5.5 Summary and General Remarks 

This chapter covered a very large amount of material.  It started from the basics of 

differential geometry and algebraic topology, moved up to exterior algebra and discrete 

exterior calculus, and then finished with a brief overview of geometric integrators.  The 

main takeaway is the continuous and discrete differential forms can be used in 

formulating and solving a system of continuous or discrete partial differential equations 

[100][120][143][191][274][275][280][289][290][316][322][345][348][400][431][432] 

[435][437][439][440][442][470][488].  The impetus for this entire chapter is based on the 

observations and assertions from Chapters 2, 3, and 4. 

 Computational Fluid Dynamics is a key component of aerodynamic design.  

However, CFD is mired by an inability to accurately represent phenomena related to 

turbulence and vortex dominated flows without significant experimental data for tuning.  

These limitations are intrinsically part of the numerical methodologies employed by 

conventional solvers.  These limitations are not solely a result of inadequate mesh 

resolution.  Rather, the limitations are also a result of discretization and numerical 

integration techniques that do not preserve fundamental mathematical structures.  The 

loss of this structure inherently limits the practical application of CFD. 

 Calculus is intimately related to topology and dimension at the discrete level.  

Examples of this intimate entanglement include Gauss' and Stokes' Theorems and the 
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Fundamental Theorem of Calculus.  Differential forms from algebraic topology and 

exterior calculus make the connection between geometry, calculus, and topology more 

noticeable in the notation and innately built-in to the operators' structure in application.    

 The discrete theory is built upon the idea of chains, co-chains, and limit cycles.  

These cycles will eventually yield a null result.  This final result demonstrates a 

conservation principle.  These operations exactly discretize the space and equations.  

Further, these operations can naturally create discrete statements that are equivalent to 

Hamilton's Law of Varying Action over a given cell.  This leads to the derivation of 

governing equations that naturally enforces equations locally and globally on the domain. 

 The primary governing equations, when written without constitutive laws using 

discrete forms, are exact inherently discrete representations on a discrete space as their 

continuous counterparts on the continuous manifold.  The discrete versions inherently 

represent the same conservation principles on individual cells from which the continuous 

equations are also derived [289][290][432][437][439][440][442].  The constitutive 

relations and interpolation are where discretization and approximation errors still reside.  

 The next chapter will go over specific applications of this chapter's material. 

 

 

Table 9: Summary of Observations & Assertions IV 

Observations 

O17: Conservation of fundamental symmetries, such as incompressibility, are possible to 

achieve by construction 

O18: The over-arching differences in Compatible Spatial Discretization Methodologies 

arise from the definition of the inner product and by extension the Hodge Star and Lie 

Derivative. 

O19: Lie group that acts on a manifold and preserves a non-degenerate Lagrangian on 

that manifold will inherently preserve the associated 2-form to that Lagrangian on the 
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manifold by construction. 

O20: The need for the advecting vector field to be divergence free to be symplectic 

means that a fluid simulation would have to be for an incompressible flow. 

Assertions 

A5: The primary sources of discretization error in discrete geometric numerical modeling 

methodologies will be from the discrete Hodge star, discrete flat, and discrete sharp 

operators 
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CHAPTER VI 
 

 

 

DISCRETE GEOMETRIC MECHANICS 
 

 

 

6.1 Introduction 

This chapter is focused on the applications of Chapter 5 to physics and engineering 

mechanics.  Chapter 5 was primarily focused on the mathematics with examples placed to 

clarify physical interpretations of different concepts.  The material ties back all the way 

to the original inspiration for this dissertation. The aerospace industry's requirements on 

new aircraft designs require more accurate physics-based simulations.  The crux of 

aerospace design is aerodynamics, specifically CFD. 

 Chapter 2 highlighted key weaknesses in CFD modeling, with turbulence and 

flows with instabilities being particularly noteworthy [458].  Advances in turbulence 

modeling over the years have primarily fallen into one of two categories: evolutionary or 

revolutionary [141].  Evolutionary techniques are based on advancing and adapting 

current turbulence modeling methodologies.  Revolutionary techniques are based on 

alternative formulations of CFD.    

 Chapter 5 went over a broad set of mathematical tools that can address CFD's 

shortcomings and provide an alternative formulation.  This chapter will go over how 

those concepts have come together so far in the literature in a variety of field theories, as 

well as address just what is Thermodynamic Consistency from Figure 2.  The final 
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section contains important observations before proceeding to a testing plan Chapter 7 and 

overview of the VIDEC-CFD Methodology in Chapter 8.  

 This is the first chapter that will not just make observations or assertions, but will 

finally start noticing real gaps in capabilities, mainly with regards to DEC formulations.  

The main thrust of this dissertation is that these DEC formulations have potential for 

application in key areas of interest for the aerospace industry.  The gaps pointed out in 

this section will start to see why the formulations have not been applied yet and help set a 

course for what work and investment is needed to overcome those gaps. 

6.2 Mathematical Field Theory 

6.2.1 Fundamental Problem 

Mathematical Field Theory (MFT) is the study of fields that exist within different 

topological spaces.  The goal is to understand the relationship between fields, the space 

they exist on, and the different variables that characterize and alter these fields.  

Algebraic topology is the study of topological spaces using abstract algebra.  The goal is 

to find the particular invariant parameters that classify topological spaces up to a 

homeomorphism or homotopy equivalence.  These two areas of study go in hand in hand 

in the study of physical theories using Exterior Differential Systems (EDS) and DEC. 

 Field equations can refer to any type of field present on a domain, whether it is 

mass, momentum, electric charge, etc.  The field equation is a general term referring to 

numerous equations that have a particular structure.  According to Tonti [432][437], the 

fundamental problem of MFT is as follows: 
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Given the field domain topology, spatial and temporal distributions of field sources, 

nature of materials that fill the domain, boundary conditions that summarize the action of 

external sources on the domain, to find the configuration of that field in space and time. 

 

 

 This fundamental problem is expressed in terms of a fundamental equation that 

relates a source and a potential of a field.  A fundamental equation can take the form of a 

variational action that yields Euler-Lagrange equations.  This fundamental equation can 

be decomposed into three different equations: Balance, Kinematic, and Constitutive.  

Sometimes these equations are referred to as Topological, Definition, and 

Phenemonelogical equations respectively.  The Navier-Stokes equations are an example 

of balance equations with associated kinematic and constitutive equations for variables 

relating to intermediate variables and for relating primal and dual variables.   

 Balance equations relate source variables, such as forces or impulse, of a field to 

intermediate variables in the form of time derivatives and/or divergences.  They are a 

local formulation to a cell of a global balance principle.  Kinematic equations define 

intermediate variables with first order partial or total derivatives in terms of configuration 

variables, such as displacement or temperature, usually in the form of a gradient.  

Constitutive equations are links between configuration and source variables.  Constitutive 

equations alone carry information such as material constants and reference a metric.   

 The kinematic and balance equations are inherently referring to the topology of 

the field and do not reference such information.  The equations may also relate to energy 
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variables, such as the 2
nd

 Law of Thermodynamics, that are products of source variables 

with configuration variables.  Examples are work, power, Lagrangian or Hamiltonian 

actions, Gibbs free energy, and enthalpy [432][433][434][436][437][439][440][442].  An 

example of the different types of equations is presented in Figure 50 from Tonti [439]. 
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[439] 

Figure 50: Examples of Balance, Constitutive, and Kinematic Equations 

 

 There are also different types of variables that reside within these equations: 

configuration, source, and energy [432][433][434][436][437][439][440][441][442].  

Configuration variables that detail the system's configuration at a point in space and time.  

Configuration variables include geometric and kinematic variables of continuum 

mechanics, generalized coordinates, and field potentials.  Specific examples are 
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displacement, displacement gradients, strain, strain rates, temperature, temperature 

gradients, velocity, circulation, and vorticity.  These variables are usually linked to 

internally or inner oriented surfaces.  

 Source variables describe the sources of the field in the system.  Specific 

examples of source variables include forces, moments, impulse, mass content, density, 

mass current, mass current density, mass flow, momentum content, momentum current, 

angular momentum, stress tensor, pressure, surface force, heat flux, Airy's Function, 

Traction, entropy, momentum current, and heat sources.  These variables are usually 

linked to externally or outer oriented surfaces. 

 The product of configuration variables with source variables leads to energy 

variables.  They include kinetic potentials, internal energy, enthalpy, work, power, 

Lagrangian and Hamiltonian actions, energy current, energy current density, action, 

Gibbs and Helmholtz Free Energy, and energy densities.  These energy variables can 

exist on the primal or dual domain.  The location varies with theory and selection of 

independent variables.  Regardless, the combination of energy, source, and configuration 

variables are needed for the system description. 

 There can be dual source, dual configuration, and dual kinematic variables as well 

as dual balance and dual kinematic equations.  There are no dual constitutive equations.  

Regardless if the field in question is primal or dual, the underlying structure of the 

fundamental equations can ascertain the existence of the action principle they are derived 

from [289][290][432][433][434][435][436][437][439][440][441][442]. 

 The physical variables contain more information than numerical values.  They 

include dimension, space-time element association, and orientation.  The focus on 
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material elements is a Eulerian perspective that associates variables with geometric 

objects such as lines and points.  Every variable is then split into content and flow 

components, such as mass flow through a surface and mass content in a volume.  This 

also makes the variables global from a topological perspective.  Global variables include 

line integrals, fluxes, and volume contents, whereas field variables are usually space 

densities of these global variables.  Electric potential and temperature are field variables 

that are not densities of a global variable [441]. 

 Field formulations start with field functions and introduce integral variables to 

ultimately obtain global variables and principles [441].  However, not all global variables 

can be formulated from integrable variables.  Global variables associated with points are 

a notable example.  Global variables are related to set functions that are manipulated via 

algebraic options, much like the discrete quantities.  They are continuous through an 

interface of two different media.  Physically, this is similar to flow through a shockwave.  

Mass content is continuous, but density would not be as the fluid compresses.  The 

former is a global variable, while the latter is a field variable. 

 The field versus global variable discussion is a matter of approach.  The equations 

that are obtained and solved for in the end are the same.  However, the path to getting to 

these equations in terms of specific variables is what matters.  Along the way, 

information can be retained or lost based on choices in the formulation as a differential 

field or an algebraic set function on a topological complex [441]. 

 The three equation and variable types correspond to different geometric entities 

and connections on the physical domain in question [289][290][432][433][434] 

[436][437][439][440][441][442].  See Figure 50.  Consider the heat equation for heat 
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conduction.  The balance equation there simply relates a source of heat inside the domain 

to the flow of heat through the boundaries.  This balance equation requires no 

assumptions regarding uniform fields, homogenous materials, or other conditions from 

holding in general on an infinitesimal sub-domain.  It is a topological equation that is 

invariant under arbitrary homeomorphic transformations.  It asserts the equality of two 

quantities, one associated with a geometric object and the other associated with said 

geometric object's boundary.  As a topological equation, there is no need to work with 

field averages over cells nor to involve topological extensions to other cells.  Everything 

is self-contained [432][433][434][436][437][439][440][441][442].   

 The kinematic equation for heat conduction defines how the different 

configuration variables are related.  The equation shows how thermal tension on an 

oriented line is a combination of temperature potentials associated with oriented points on 

the line.  This equation is also topological in nature and holds on discrete cells 

[289][290][432][433][434][436][437][439][440][441][442].  The kinematic equations 

and balance equations do not naturally contain physical constants or material parameters. 

 The constitutive equation that links the configuration and source variables to each 

other by relating the temperature gradient and heat transfer coefficient matrix to the heat 

flux on a surface.  The product of the temperature gradient and the heat transfer 

coefficient matrix define a heat source constitutive equation.  The divergence of this heat 

source is present in the original balance equation [289][290][432][433][434] 

[436][437][439][440][441][442].   

 The formulation of field theories via the fundamental equation and the three field 

equations it decomposes to leads to a direct discrete formulation of the governing 
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equations on a discrete manifold.  This discrete formulation does not require jump 

conditions between cells that correspond to different materials.  Said condition is a 

consequence of the derivation of continuity of the global variables and the balance 

principles and constitutive relations within each cell. 

 The direct discrete formulation assumes a potential that does not have to be 

differentiable [432][433][434][435][437][442].  The direct formulation has an 

indispensable and intrinsic link to the domain geometry.  The direct formulation enables 

obtaining solutions and observing topology different properties that are lost in 

conventional methods [432][433][434][435][437][442]. 

 Mattiusi [289][290] and Tonti [432][433][434][436][437][439][440][441][442] 

make use a classification diagram that provides a visual resource of the topics discussed 

so far.  An example classification diagram, sometimes referred to as a Tonti Diagram, is 

in Figure 51.  Each set of columns refers to different relations present on the domain.  

The dotted lines that connect vertical columns together represent the balance and 

kinematic laws.  The dotted lines that connect two columns together represent 

constitutive equations.  The circles refer to quantities stored on the domain.  These can be 

further sub-divided into points, lines, surfaces, and volumes at time instants on one side 

and points, lines, surfaces, and volumes over time intervals on another.  
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[441] 

Figure 51: Tonti Diagrams for Partial Differential Equations 

 

 Regardless of the chosen field theory, the mathematical structure remains 

remarkably similar [289][290][432][433][434][436][437][439][440][442].  A more 

thorough set of examples are given in the next chapter as well as in the previous citations.  

A given set of physical laws are expressed directly in the form of an action principle.  

Alternatively, a set of governing equations are the Euler-Lagrange equations of such an 

action principle.  These physical laws assert a physical quantity, represented as a p-co-

chain, is a bounding co-cycle.  Consider the following examples from electromagnetism.  

Electric charge is the co-boundary of electric fluxes.  Electric voltage is the co-boundary 

of electric potential.  The co-boundaries of electric charge and electric voltage are both 

zero, representing the conservation of electric charge and energy respectively.   

 These concepts are re-started in the following observation: 
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Observation  Physical laws expressed as part of Hamilton's Principle Action or 

as systems of differential equations that are admissable Euler-Lagrange equations of 

such represent conservation principles with geometric invariants that assert some 

quantity can be expressed as a differential p-co-chain that is a bounding co-cycle 

 

 

 The following sections will expand on this observation.  First, action principles 

will be briefly reviewed.  An action principle is usually in the form of a variational 

statement.  That leads directly to the concept of Variational Compatibility and whether 

the integrators from the previous section can be used or not. 

6.2.2 Action Principle 

The material provided in this section is by no means comprehensive.  It is meant as a 

quick refresher on the material and preparation for how it is relevant to differential forms, 

DEC, and the VIDEC-CFD Methodology.  There is additional information on Hamilton's 

Principle and classical mechanics in Aris [19], Fetecau [135], Gawlik [143], Kane [219], 

Kolecki [238], Meirovitch [295], Yin [482], or Zhong and Marsden [488].   

 This dissertation has mentioned the word 'action' in conjunction with generating 

differential equations several times without providing a formal definition.  Informally, an 

action is the integral of a differential 1-form corresponding to a potential on the manifold.  

This potential is ultimately related to a flow of one or more parameters on said manifold.   
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Def. (Action):  Attribute of a physical system's dynamics from which equations of motion 

can be derived.  Its units are of energy-time. 

                 

 

 

 The variation of this action across time is ultimately what leads to Hamilton's 

Hamilton's Law of Varying Action (HVLA), Hamilton's Extended Principle, and 

Hamilton's Principle shown in (166), (167), and (168).  Here, the potential is the 

Lagrangian of a dynamic system,  , not to be confused with the Lie derivative,  .  See 

Table 2.4.1 in Yin [482] for specific conditions under which each form of HLVA may be 

used to derive the Euler-Lagrange equations of motion based on the applied forces and its 

configuration before and after an arbitrary variation.   

 HVLA in (166) shows the total work increment of the system over any finite time 

interval vanishes for arbitrary, geometrically admissible variations of the system 

configurations.  It holds for holonomic and non-holonomic systems [482].  These 

variations are defined by system constraint equations.  Geometrically admissible motions 

are always geometrically compatible, but do not necessarily satisfy the dynamic force 

requirements at all times.  Natural motions are geometrically admissible motions that also 

satisfy force requirements [478]. 
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 Classical mechanics focuses on finding extrema to dynamic behavior that are 

described by a Lagrangian action:                       
 

 
.  It is possible for   to 

define a Riemannian metric that restricts each member of     to be a positive definie 

quadratic form.  The associated functional then describes the shortest curves joining the 

two endpoints [69][280].  

 The classical method is to derive Euler-Lagrange equations from the variations of 

an action and then discretize the resulting differential equations.  Alternatively, the action 

can be discretized first.  Here,   is the continuous action, the discrete action is   , and    

represents a mass matrix while   represents potential energy. 
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 Discrete geometry-based methodologies principles take the variations of the 

discrete action    to find extrema.  The conditions ultimately lead to the discrete Euler-

Lagrange equations [172][173][219][274][282][443][444][445].  

 

                      
   
     

    
                    

                     

 

 

(174) 

 

                              
             

             

   
 

     
         

 

   
 

 

 

(175) 

 

 These equations are examples of a steady-state system.  Adding time dependence 

requires adding time dependence to the discrete Lagrangian and discrete forcing terms.  

The continuous case has a continuous one-form,   
  

   
  , defined on the manifold 
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while the discrete version multiple one-forms that represent the same thing:    

   

     
      ,     

   

   
    , and         .  The exterior derivative of   forms 

a symplectic two-form that is conserved by integration.  The exterior derivative of either 

discrete one form leads to the same discrete two-form and is analogously conserved by 

geomtric integrators [172][173][219][274][282][443][445][444].  The reason for the two 

one-forms as well as the two discrete forces is because one is for the variations of system 

state at    while the other is at     . 

 The takeaway is that non-linear differential equations related to the conservation 

of physical phenomena can be derived from a variational principle.  Further, the use of a 

discrete action principle using variational methods is a viable method for obtaining 

discrete governing equations.  These equations are different only in form from 

conventionally derived Euler-Lagrange equations, but not in content. 

 

 

Observation:  May obtain discrete or continuous solution to a system of 

differential equations from its associated discrete or continuous least action principle 

 

 

   

 

Observation  Discrete formulations of physical field theories can be made using 

algebraic topology and the de Rham complex and then solved numerically as extrema of 

an underlying discrete variational principle 
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6.2.3 Variational Compatibility 

Linear and non-linear differential equations could be the result of a stationary variational 

statement [443][444][445].  Tonti describes the process of determining the specific 

variational statement in detail in [443][444][445].  He also describes a method for 

determining if a given functional or operator admits a variational form.  He applies this 

method to a large set of linear and non-linear equations and individual operators from 

different physical theories, including the Newtonian Fluid's viscous force operator, 

   
 

 
                            and the compatibility conditions for linear elasticity. 

 The questions that Tonti ask [445]: "Is there a variational statement that admits 

the system of differential equations        as a set of Euler-Lagrange equations?  

What are the conditions in order that the solutions of a non-linear differential equation 

will make a functional stationary?  Once these conditions are known, how can this 

functional be found?  The search for this solution is akin to finding the solution to 

       such that   vanishes."  In this case,   and   are vectors with the system of 

equations,  ,  as a transformation between the two vector spaces.  The system may also 

be considered a vector field, given that it assigns a vector   to   according to a set of 

rules.  Note, that   and   can be arbitrary tensors or geometric objects, so long as they are 

the same type.  The conceptualization of these functions as vectors that are related via a 

vector field and are residing on different parts of a non-linear manifold connects back to 
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the exterior algebra and calculus tools described earlier 

[172][173][219][274][282][443][444][445]. 

 Tonti [443][445][444] further adds that these methods show promise in fluid 

mechanics.  Various components of the governing equations of fluid mechanics admit the 

symmetric forms Tonti [443][444][445] describes.  The question is whether the full set of 

governing equations of fluid mechanics admit such a form.  Biot's [38][41][43][44][45] 

determination of that form will be described later.  For now, the cited material provides 

justification for the following assertion: 

 

 

Assertion: May apply variational integration techniques to obtain the solution to the 

governing equations of fluid mechanics for a viscous, homogenous, single-phase, 

compressible Newtonian fluid if those equations can be derived from a variational 

principle 

 

 

6.2.4 Poisson, Leibniz, Dissipative, & Metriplectic Brackets 

This section is based on the work by Morrison [309][310][311][312][313][314], Grmela 

[162][163][164], Materassi [286], Holm [195][196], Kaufman [222], Ottinger [332][333], 

and Tonti [439][440][441].  These references primarily utilize traditional vector calculus 

in their resulting formulas.  This does not need to be the case [166].  

 Dissipative systems and systems whose convective vector field is not divergence-

free are not symplectic, even if they admit a variational form.  Practical engineering 
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design requires being able to account for dissipation, diffusion, and other effects that are 

not part of Hamiltonian systems.  A Hamiltonian system can be represented as the Lie 

derivative of a function along a Hamiltonian vector field.  This ultimately relates back to 

a Poisson Bracket operation that is related to an action statement.  Action statements that 

represent Hamiltonians can be discretized as described earlier in order to form a discrete 

set of Euler-Lagrange equations, and therefore connect to an innately discrete 

representation of that bracket. 

 The citations for this section sought to extend this principle from canonical 

Hamiltonian systems to non-Canonical Hamiltonian Systems and ultimately to dissipative 

systems.  The goal was to be able to represent a more general class of systems, using the 

same tools of Lie derivatives and brackets, that can be formulated from a least action 

statement that is composed of separate Hamiltonian and dissipative parts. 

 Morrison [309][310][311][312][313][314] coined this class as Metriplectic 

Systems.  They are composed of a symplectic component, related to the Hamiltonian, and 

a metric component that is related to dissipation.  The former is related to a contravariant 

tensor known as a co-symplectic form,    , which itself is the dual of the symplectic 2-

form utilized in prior theories.  The latter is described by a metric 2-form,    , that is 

related to the co-symplectic form and a defined metric representing a reference frame.  

Topologically, the system here consists of connected components relating to Hamiltonian 

mechanics and the disconnected components relating to dissipative mechanisms.  The 

Hamiltonian is the generator of the flow, while a Casimir that is later related to entropy 

generates dissipative mechanisms in the system.  The two individual brackets, when 

referenced together, are usually called a Metriplectic Bracket. 



 278 

 Morrison [309][310][311][312][313][314] and Grmela [162][163][164] derive 

governing equations for any system that can be posed as a convection-diffusion problem 

or an isolated thermodynamic system based on the concept of generalized free energy, 

     , a combination of a Hamiltonian and a dissipation potential.  For fluids, this 

would be          for entropy at a reference equilibrium temperature.  The governing 

equations are shown in terms two brackets operating on a tate vector,      The Poisson 

Bracket is represented by       , while the dissipative bracket is represented by       .  

The equations for the Poisson and Dissipation Brackets in terms of a general set of field 

functions,   , are in (176) and (177) respectively.  The term 
  

    represents a Frechet 

derivative of a functional.  In some sources, the Poisson Bracket may be referred to as a 

Generalized Poisson Bracket or Lie-Poisson Bracket.  Consider the definitions from 

Grmela [162][163][164], Ottinger [332][333], and Romero [372][375]. 

 

 

Def. (Poisson Bracket,      ): A map for two functionals that takes          for a 

state space z into            that is bilinear, skew-symmetric, and satisfies Leibniz 

and Jacobi identities  

Def. (Dissipation Bracket,      ): A map for two functionals that takes          for a 

state space z into            that is bilinear, symmetric and positive semi-definite  

Def. (Metriplectic Bracket,      ): A map for two functionals that takes          for a 

state space z into            that is bilinear and defined as                   
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(176) 

 

 
       

  

   
   

  

   
 

 

(177) 

 

 Casimirs are constants of motion built within the phase space of any Hamiltonian.  

They span the null space of the co-symplectic form,    .  The Poisson Bracket of any 

Casimir with the Hamiltonian is zero.  The phase space of the metriplectic form is 

interpreted as entropy if the dissipative bracket of the Hamiltonian with any other 

observable,  , is 0 and        .  This results in the Casimir always being increased by 

the dynamics of the metriplectic bracket.  Hence its interpretation as entropy in such a 

case and the dynamics of the system are considered irreversible from a thermodynamic 

perspective.  The gradients within this phase space are the null eigenvectors of the metric 

tensor associated with the metriplectic form [309][310][311][312][313][314].   

 The governing system of equations is formed in terms of the Metriplectic Bracket 

shown in (178).  It consists of the Poisson Bracket and Dissipative Bracket of the state 

vector with respect to a measure of Free Energy, Hamiltonian, and entropy.  Note, for 

isentropic systems the equation simplifies to               .  There is not a 

dissipative component and the bracket simply represents Hamilton's Principle.  For 

example, consider inviscid fluid mechanics.  Deriving equations from (178) simply yields 
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the momentum equation, the divergence free condition on velocity, and an energy 

equation that simplifies to an equation of state for pressure [309][310][311][312]. 

 

                      

                             

                             

                             

 

 

 

 

(178) 

 

 A metriplectic structure on a smooth manifold may be represented by a skew-

symmetric tensor and a symmetric metric tensor, such as   and   mentioned earlier.  

Dynamics of purely dissipative systems are defined by geometry induced on a phase 

space via the metric tensor.  The Hamiltonian dynamics are defined by the other tensor.  

The skew-symmetric nature means that the Hamiltonian is a constant of motion of its 

generating vector field.  For the Poisson bracket,        , that means that the quantity 

  is constant along flows of the system corresponding to the Hamiltonian [166].   

 Grmela and Morrison's Metriplectic Bracket is what Guha [166] calls a Leibniz 

bracket.  The system is expressible in terms of the free energy,  , so long as the   and   

are functions on the manifold and are related such that:               .  The 

dissipative elements of motion are described by motions that are transverse to level 

surfaces of  .  So long as   is positive definite, then   can be represented as an entropy 

functional, with dissipative behavior interpreted as an increase of entropy [166]. 

 The strength of defining a formulation using these brackets is that the different 

combinations of state variables within   when paired with   yield both the governing 
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equations and relevant consistency criteria [332].  All information about a 

thermodynamic system is contained within a single potential.  All equations can be 

obtained through partial derivatives, the structure of the equations and any consistency 

conditions are readily available, symmetries and first integrals are readily obtainable, and 

expressions for entropy and other terms are easier to determine.  The formulation is both 

compact and transparent, requiring only two potentials such as   and    and two linear 

operators to specify all equations [332].  This formulation forms the bedrock of the 

GENERIC Methodology and leads to a concept known as Thermodynamic Consistency, 

which will be discussed in the next section. 

6.3 Applications from Literature 

6.3.1 Field Theories & Analogs 

The statement of a physical law in the form of a variational statement is just one 

commonality that many field theories share.  There are other underlying structures that 

are common to field theories.  Different physical theories contain many mathematical 

similarities even though these theories may be profoundly different in their physical 

interpretation [442].  The analogies are based on one-to-one constructions between 

physical quantities and their form in a set of governing equations to those in another 

theory.  Sometimes the analogy may not be exactly one-to-one, such as if one physical 

variable is a scalar and the other vector.  Analogies may not be used for solution purposes 

in this case, although they do still may offer conceptual insights [442].   

 Analogies from solid mechanics, dynamics, and electromagnetism are all used in 

the discrete fluid solvers and the VIDEC-CFD methodology.  The primary analogies of 
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interest for this dissertation are between solid mechanics, thermodynamics, and fluid 

mechanics.  Solid mechanics analysis typically relies on variables related to 

displacement; fluid mechanics variables are usually related to velocity in a similar form.   

Consider the analogy between Hookean solids and Newtonian Fluids [55][322][442].  

Hookean solids have a linear relationship between their strain and stress terms.  Likewise, 

Newtonian Fluids have a viscous stress that is linearly proportional to the local velocity 

gradient.  This viscosity relates viscous shear stress to spatial derivatives of velocity that 

can be interpreted as a strain rate. 

 Analogies between physical theories are employed as a problem-solving device to 

obtain a solution to one problem given that a solution to an analogous problem is readily 

available.  For example, two sets of non-dimensional governing equations from different 

physical theories may both be hyperbolic/elliptic/parabolic in nature.  If a non-

dimensional solution is readily available for one, then this same solution can be used for 

the other, with the appropriate substitution of non-dimensional parameters [6]. 

 The origin of the analogs is based on the foundations of each physical theory.  

Measurable quantities are introduced at the foundation of each theory and other quantities 

are derived afterwards.  All of these quantities are related based on how they are 

measured - at spatial points, along lines, through surfaces, in volumes, at time instants, 

time intervals, or some combination [442].  Examples include: mass or electric charge 

contained in a control volume at a single point in time; electric potential or displacement 

of a point at a time instant or interval respectively; and the electric or momentum flux 

through a surface during a time interval.  Each of these different physical quantities are 

associated with the same geometric location, i.e. points and lines. 
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 Each physical theory consists of a set of physical laws stated mathematically as a 

set of M variables on an ND manifold related to a set of quantities on the boundary of 

that manifold [442].  Examples of these laws include the continuity equation, equations 

of motion, compatibility equations, and circuital equations [442].  Consider a more direct 

example from magnetic fields and solid mechanics.  The sum of magnetic fluxes through 

a volume vanishes, whereas the sum of forces acting on the boundary of a volume and 

external forces acting on the volume must also vanish. 

 More examples of analogies between physical theories can be found in papers by 

Tonti [432][433][434][436][437][439][440][442] and Mattiusi [289][290].  Mattiusi 

[289][290] also describes how these methods relate to the Finite Element, Volume, and 

Difference methods.  The main analogy, as described earlier, is that these theories all 

have a similar structure that can be visually represented by Tonti diagrams.  The 

diagrams depict where quantities are defined spatially and temporally, with relationships 

up/down columns being topological in nature while relations across columns require 

constituve equations.  This recreates the duality structures discussed earlier between 

Tangent and Co-Tangent or Chain and Co-Chain spaces. 

6.3.2 Electromagnetism 

There is a plethora of electromagnetism related applications that utilize discrete exterior 

calculus and algebraic topology.  A handful are included in this section from Tonti 

[437][438][440][447], Stern [420], Marsden [274][275], and Bossavit [57][58][60].  In 

electromagnetism, the variables of interest include: 

¶ Electric Field,  , primal 1-form 

¶ Magnetic Field,  , dual 1-form 
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¶ Electric Flux Density,  , dual 2-form 

¶ Magnetic Flux Density,  , primal 2-form 

¶ Current Density,  , primal 2-form 

¶ Charge Density,  , dual 3-form 

¶ Electromagnetic Potential,  , primal 0-form 

¶ Gauge,  , dual 2-form 

These quantities are related via Maxwell's Equations [57][58][60][420][479].  These 

equations are written in the notation for discrete differential geometry and represent the 

local conservation properties within some small control volume.  The directly measurable 

quantities are magnetic and electric flux, electric charge flow and density, and electric 

and magnetic tension impulse [437][438][440][479]. 

 The diagrams from Tonti [437][438][440] show how these equations are written 

in conventional differential form and in their discrete formulation.  See Figure 52 and 

Figure 53.  The latter is in tensor notation, rather than DEC, however the systems of 

equations are equivalent.  The constitutive equations for current density, magnetic flux 

density, and electric flux density include the Hodge star operator. 

 

 
  

  
            

  

  
                   

  

  
   

                                                           

 

 

(179) 

 

 Maxwell's equations, (179), are made by a direct application of the analogies from 

conventional vector mechanics to discrete geometry.  Alternatively, the equations may 

also be derived from a set of symplectic two forms,   and J, and a variational principle.  
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The equations for    and    are derived from extremizing an action principle in terms 

of the Lagrangian density for electromagnetism,  .  This is a 4-density and is defined 

over space-time.  See Stern [420] for this derivation. 
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[440] 

Figure 52: Tonti Diagram for Differential E&M 
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 The second set of equations are more concise but contain the same amount of 

information as the other form of Maxwell's equations.  The discrete variational 

formulation shown implicitly includes the gauge condition,     , in the governing 

equations without having to supply this from other phyiscal considerations.  Further, 

 J   is automatically enforced by the form of the equations.  The Euler-Lagrange 

equations for J      are also automatically satisfied and included.  These properties 

mentioned in this paragraph are not always able to be maintained in conventional 

simulations, but are automatically preserved when using DEC-based formulation 

[57][58][60][420][437][438][440]. 

 

[440] 

Figure 53: Tonti Diagram for Discrete E&M 
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6.3.3 Elasticity 

The electromagnetism equations exhibit a structure that enables a naturally discrete 

representation via discrete exterior calculus and permits derivation of governing 

equations from variational principles.  This structure enables relation between different 

invariances with conservation laws.  The structure is not unique to E&M but is a feature 

native to linear and non-linear field theories described by divergences, curls, and 

gradients [447].  This section will consider elasticity. 

 The material in this section is primarily from Kanso et al [220], Angoshtari et al 

[17], Fetecau [136], Yavari et al. [479][480][481], Panoskaltsis [340], Marsden and 

Hughes [276], Marsden et al. [278], Marsden [274][275], and Tonti 

[437][440][445][446].  The material provided in those sources is the most relevant to this 

section and to the theoretical underpinnings for the VIDEC-CFD Methodology.  Many of 

these same references also contain overviews of discrete exterior geometry, algebraic 

topology, and discrete exterior calculus. 
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[440] 

Figure 54: Tonti Diagram for Large Elastic Deformations 

 

 

 Figure 54, Figure 55, and Figure 56 show the Tonti diagrams for various elastic 

theories, from strings to beams from Tonti [437][440].   Note the natural structure that 

pervades each theory.  The structure for all of these elastic theories is strikingly similar to 

the other field theories mentioned so far.  They all also admit variational formulations. 
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[440] 

Figure 55: Tonti Diagram for Small Displacement Elasticity 

 

 

[440] 

Figure 56: Tonti Diagram for Thermoelasticity 
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 The Tonti diagrams illustrate that physical parameters have a natural association 

with different parts of a discrete mesh.  Chapter 5 mentioned examples of physical 

parameters as different types of differential forms.  The Tonti diagrams help further 

illustrate why these variables are associated the way they are.  They are all conjugate to 

global variables, such as mass, that are represented or measured as integrals with respect 

to volumes, surfaces, lines, and points [441].  Consider the thermoelasticity example.  

Temperature is measured via thermometer at points, with gradients along lines, and are 

related to fluxes of heat on surfaces on a volume containing heat.  The forces are 

volumetric forces that are conjugate to deflections at nodes.  Forces are measured in part 

due to the deflections they induce, while deflections are measured in gradients along 

lines.  This leads to the following observation: 

   

 

Observation:  Physical variables are defined on discrete spatial elements 

primarily based on physical association due to how they are measured 

 

 

 The numerical theory presented in several of the other sources mentioned earlier 

in this section relates to multisymplectic forms described earlier.  The multisymplectic 

formulations are natural extensions of symplectic theory to partial differential equations.  

Marsden et al [278] provides a multisymplectic variational formulation of incompressible 

and compressible continuum mechanics with holonomic constraints.  It falls short in one 
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category - it only considers hyperelastic materials, or materials whose constitutive laws 

can be derived from a stored energy function.  Marsden does not consider dissipation.  

 Marsden's theory defines a jet-bundled value Lagrangian.  The Lagrangian density 

here is a smooth bundle map from a manifold's first Jet bundle to higher dimensional 

spaces on the manifold [278].  The multisymplectic forms that lead to the governing 

equations are derived from this Lagrangian and represent the conserved symplectic forms 

on the manifold [278].  Marsden uses these to derive governing equations for continuum 

from a Hamiltonian action of these jet-valued Lagrangian densities.  Conditions of 

incompressibility take the form of constraints on these jet bundles and multisymplectic 

manifolds with Lagrange multipliers are used to enforce the constraint [278]. 

 Fetecau [136] builds on this for a more thorough multisymplectic theory for 

continuum mechanics.  Theory from Feteacau et al [135], Lew [253], and Kane et al 

[219] are also adapted into the formulation.  The methodology and the derived 

multisymplectic integrators are applicable when various discontinuities are present within 

the manifold.  The methodology can handle material interfaces, elastic collisions, fluid-

structure interactions, and shockwaves.  The weakness is that Fetecau [136] considers 

only the incompressible, inviscid equations.  His theory proceeds in the same manner as 

Marsden using Lagrangian density, the jet bundle, and dual jet bundle to derive a set of 

governing equations.  He then determines the jump conditions for momenta and energy 

and the associated kinematic compatibility conditions needed for obtaining solutions to 

these problems.  These formulas are generalizations of similar formulas that Truesdell 

had derived for the same discontinuities. 
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 Kanso [220] uses bundle valued exterior forms to represent the equations of 

continuum mechanics.  These bundle valued differential forms are the generalization of 

differential forms to the fiber bundles of a manifold.  This combination is meant to 

overcome the fundamental weaknesses of multisymplectic theories that use difference 

schemes in their discrete theory.  Kanso [220] argues that the Euler-Lagrange equations 

derived from a variational principle are naturally in terms of forms on manifolds and 

coordinate independent at the local level.  The use of forms allows for a natural 

association of kinetic and kinematic variables with certain forms and for their products to 

form scalar energy variables.   

 Kanso notes that the traction on a continuum is really an exterior 1-form.  The 

pairing of this 1-form with a velocity vector field forms a metric independent measure of 

power delivered by traction.  Yavari [480] later notes that the discrete balance of angular 

momentum requires the traction on a dual cell to be parallel to the corresponding 

deformed primal 1-cell associated with that dual cell.  He notes that stress, on the other 

hand, is a bundle valued two form.  These concepts combine with the information 

provided in Chapter 5 to reformulate the laws of continua on Riemannian spaces.  Kanso 

derives the governing equations from a covariant balance of energy for body deforming 

on a general Riemannian manifold.  He did this without having to reference stress as a 

tensor or its constitutive equation.  On the contrary, he derived said constitutive equation 

later on based on the covariant balance of energy [220].   

 Yavari et al [479][480][481] builds yet further on this concept of covariant energy 

balance and multisymplectic, variational theory for continuum mechanics.  His derivation 

requires energy balance under time dependent rigid translations and rotations of the 
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ambient space.  Yavari uses much of the same convention as Kanso with one difference.  

Yavari represents stress as a co-vector valued 2-form, or a dual 2-form, that associates a 

force with an oriented dual surface. 

 The equations Yavari derives are from covariant balance of energy.  These 

derivations rely on a pairing of primal and dual forms that are conjugated such that their 

product is an energy variable.  The energies are defined over cells, or dual cells, as the 

weighted sum of powers of respective 'forces' on the boundary of said cells with 

'velocities' defined elsewhere on the cells.  For example, internal energy is defined on 

support volumes and kinetic energy is a dual p-form defined on dual p-cells.  Kinematic 

quantities, such as velocities, are on the primal complex while kinetic quantities, such as 

forces, appear on the dual complex.  Constitutive equations relate these different 

quantities together via Hodge stars.  This is a theme already described earlier by Tonti 

that will be used in the VIDEC-CFD Methodology. 

 Yavari states that the invariance of a quantity, such as a Lagrangian density, under 

some group of transformations can yield governing equations that describe physical 

phenomena and conservation laws.  Physical laws are independent of coordinate 

representation - a quality respected in geometric formulations.  Stress rates are all 

ultimately related to the same Lie derivative at the geometric level and none are 

ultimately 'more objective' than the other in a coordinate setting - merely different 

representations of the same concept [479][480][481]. 

 Panoskaltsis [340] attempts to form an alternative representation of tractions and 

forces based on the previous material.  Specifically, he is looking for methods of 

representing constitutive equations in a coordinate-free manner that respect the second 



 294 

law of thermodynamics.  He builds a theory of micro-forces and micro-transactions that 

would represent internal dissipative responses of a material.  These responses are not 

covariant and would not work in a covariant balance of energy as the previous theories 

did.  The theory he builds can model a material's response to external forcing in the 

elastic and plastic deformation regions.  The micro-force system is qualitatively 

indistinguishable from the stress tensor in the reference configuration.  After 

deformation, the system takes a different form.  The method he uses could be useful in 

future work that formulates non-Newtonian fluids' stress tensors. 

 Angoshtari [17] builds on all of the previously cited works in this section, save 

those by Tonti and Panoskaltsis, for a geometric structure of linearized, incompressible 

elasticity.  The method does not rely on constraints and Lagrange multipliers to enforce 

the incompressibility condition.  Instead, the discrete action principle he uses is over the 

space of divergence-free vector fields on a simplicial, discrete domain.   The unknowns 

of interest are pressures and nodal displacements.  The important component of his work 

is that he does not require the Lagrange multipliers and the idea of a constrained 

manifold, like the previous sources do.  That means the VIDEC-CFD Methodology must 

be formulated in such a way that in the incompressible limit, the discrete action principle 

used simplifies to one defined over divergence free vector fields. 

 These previous theories all focus on the multisymplectic aspect of continuum 

mechanics.  Further, they are typically for simplified forms of continuum mechanics and 

do not consider non-linear operators that can appear.  What about the more general non-

linear terms?  Do they admit similar formulations? 
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 Tonti [445] demonstrated that non-linear operators in governing equations can 

admit variational formulations under certain conditions.  By extension, these formulations 

could be made multisymplectic.  The operator                     for non-linear heat 

conduction admits a variational form, with an integrating factor, so long as   represents 

temperature or the derivative of temperature [43][443][445].  The operators present in the 

equation for large deflections of elastic bars, relativistic equations of motion of a particle, 

and the relativistic motion of particles moving in a electromagnetic field admit variational 

formulations.  The operators in these equations are all non-linear.  Further, Tonti 

[444][445] mentions several operators that admit variational formulations, such as for the 

viscous forces of a Newtonian fluid and some operator combinations present in the 

viscous dissipation function. 

 Tonti [446] also shows that the principle of minimum potential energy, Ressiner's 

principle, Hu-Washizu's principle, Manabrea's principle, Saint-Venant's compatibility 

equations, and some combinations of their associated functionals all admit variational 

principles.  Tonti [446] also has a diagram depicting how these principles are all related 

to each other and the variational form they take.  The strength of this is that the operators 

present in the functionals and resulting governing equations are all highly non-linear.  

They are able to do this because the adjointness of the operators of solutions to 

compatibility and equilibrium equations with the operators of the equilibrium and 

compatibility equations respectively.  These operators are highly related to the same 

operators used in fluid mechanics, albeit with displacement replaced with fluid velocity 

and strain replaced with strain rates. 
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 This intrinsic, geometric relationship provides the needed structure for 

constructing variational formulations in fluid mechanics and thermodynamics.  The 

formulation could build upon the aforementioned multisymplectic theories in continuum 

mechanics with those analogous geometric structures.  The relationship of this knowledge 

with the material in this dissertation is summarized in the following: 

   

 

Observation:  The linear and non-linear operators and equations of static 

elasticity admit variational formulations for equilibrium and compatibility equations. 

 

 

 

 

Assertion:  The underlying geometric structure of elasticity and continuum 

mechanics that admit variational formulations can be used by analogy to construct 

variational formulations of viscous, compressible, Newtonian fluid mechanics 

 

 

6.3.4 Thermodynamics 

The aim of this section is two-fold.  First, it is a follow up to the final assertion of the 

previous section regarding the underlying geometric structure of continuum mechanics 

and formulating the governing equations of fluid mechanics.  This section will provide an 
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overview of thermodynamic material that supports that assertion.  Secondly, the material 

will provide applications of discrete calculus methods specifically to thermodynamic 

problems related to heat transfer. 

6.3.4.1   Topological Thermodynamics 

Topological Thermodynamics is a term coined by Kiehn [225][226][227][228][229] 

[230][231][232][233][234][235][236] after connecting Eli Cartan's exterior calculus of 

manifolds to a topological equivalent form of the 1
st
 Law of Thermodynamics.  He 

focuses on a sequence of differential 1-forms starting with an action,  .  The Pfaff 

sequence is as follows:                        .  The terms  ,  , and   

refer to topological vorticity, torsion, and parity respectively.  The sequence members are 

related to geometric structures of the Euler-Lagrange equations of  .   

 These are ultimately related to a collection of three finite topological spaces, 

denoted by  ,  , and   for action, work, and heat respectively.  The collection of these 

spaces forms what he calls Topological Thermodynamics.  The maps that map the action 

to the heat represent a generalized thermodynamic process in a topological setting and are 

represented by Cartan's formula for the Lie differential when applied to an action that is a 

generator for a thermodynamic system.  The formula is inherently topological and 

represents the 1
st
 Law of Thermodynamics on a topological level [227][234][235][236].  

There are three additional equations involving other members in the Pfaff sequence.  The 

set of equations determines the system's evolution. 

 

                             (181) 
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(182) 

 

 One of the major outcomes of Kiehn's work in topological thermodynamics is 

related to turbulent fluid motions and dissipative fluid structures.  Navier-Stokes 

equations are formulated in conventional methodologies as continuous field functions 

with continuous first derivatives.  These methods can describe the decay of turbulence 

but not how turbulence is created.  This is because they preclude the possibility of 

discontinuities.  The Pfaff sequence of forms is a disconnected Cartan Topology.  The 

first pair of forms are connected, the second pair are connected, but the two pairs 

themselves are not.  The connected portions of the topology correspond to equilibrium 

thermodynamic hypersurfaces.  The disconnected parts of the topology correspond to 

irreversible processes and turbulent fluid motion [225][226][227][228][229] 

[230][231][232][233][234][235][236].   

 The velocity field describing the fluid flow is composed of two parts.  One is 

related to a disconnected topology and the other a connected topology, or said otherwise, 

one that is dissipative and another that is Hamiltonian.  Consider the Pfaff sequence 

again.  The components of   relating to the Hamiltonian component of the velocity field 

do not contribute to topological torsion.  The dissipative component alone contributes to 

topological torsion.  Said another way, it is processes that occur in the direction of this 

topological torsion that are irreversible [226]. 
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 The decay from and transition to turbulence involve topological continuous and 

discontinuous changes of the velocity vector field.  The vector field here represents the 

convective process in Kiehn's formulation.  Turbulent decay can be continuous but is not 

reversible.  Turbulent motions leading to transition are transformations from a connected 

to disconnected topology.  They are not continuous but could be reversible.  Transition 

mechanisms that are discontinuous involve shockwaves or other mechanisms that cause 

tangential discontinuities in vorticity [227][229] [230][231][232][233][234][235][236].  

 Kiehn proves that turbulent flows inherently support non-zero topological torsion 

and parity,   and  .  Topological torsion is represented as a vector by      
  

  
     

         

 
                                 and has density         .  This is a measure of topological 

defects due to lines associated with this term crossing in space-time.  Topological parity 

is proportional to        .  Torsion evolves according to          
 

  
                      .  

Note that if     then there is no change in     and by extension,  , meaning there is no 

turbulence because the system would be free of defects in space-time.  The transition 

from laminar to turbulent flows requires evolution in   which requires a tangential 

discontinuity, such as the shearing of translational and/or rotational accelerations 

[225][227][234][235][236].  These terms are also related to vortex stretching. 

 Another important result from Kiehn [226][227][228][229][230][231][232] is the 

connection between entropy production and topological changes within a dynamic system 

without recourse to statistical thermodynamics.  The 1-form action,  , and its associated 

Pfaff sequence are ultimately used to define a system on a space of dimension 2n+2.  

Isentropic processes take place on a Lagrangian sub-manifold of this space.  The non-
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equilibrium manifold inherently undergoes topological changes due to irreverisible 

thermodynamic processes.  These irreversible processes are related to space-time 

expansions and contractions of   [226].  The expansions and contractions are related to 

an interior product between non-canonical momenta and differential velocities.  The non-

canonical momenta arise in   from a non-Hamiltonian component that allows for 

kinematic and other imperfections.  These imperfections are the dissipative processes. 

 Changes in topological dimension due to defects, when a term in the Pfaff 

sequence is locally 0 somewhere, are related to phase changes.  The Lie differential can 

capture these non-adiabatic and/or non C2 differentiable processes, as well as as turbulent 

wakes and shockwaves [226][227][228][229][230][231][232]. 

 A final important result from Kiehn is on the limitations of local differential 

methods, i.e. the conventional vector-tensor approach to continuum mechanics vs 

differential forms and exterior calculus [226][227][228][229][230][231][232].  

Differential methods are constrained by a limiting process that impose geometric 

constraints in the form of metric and connection tensors.  There is also induced linearity 

of derivatives that suppresses the ability to determine global, non-geometric properties 

due to non-linear effects without special modifications.  Differential forms do not require 

this prescribed limiting process, as described earlier in Chapter 5.  Their integration 

requirements are sufficient for being well defined, while still allowing for non-linear 

effects to be present within the domain [100][101][316]. 

 This section has introduced the topological idea of thermodynamics and applied 

the theoretical concepts to fluid mechanics.  Kiehn also provides examples of 

electromagnetism and MHD.  The takeaways are that Kiehn derived equations for fluid 
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motion from an action 1-form and a sequence of other forms built on that one form, its 

exterior derivative, and the wedge product.  Further, he determined theoretical quantities 

that can measure if a flow will transition to turbulence and related it back to this 

fundamental sequence of forms based on a 1-form action principle.  The next section will 

continue further with an example related to discrete diffusion equations.  

6.3.4.2   Discrete Calculus and Diffusion 

The methods of this section are related to discrete calculus methods discussed so far to 

the diffusion equation, 
 

  
                       , for a perfectly caloric gas.  The 

discrete representation of this equation can take multiple forms depending on how 

temperature is allocated on the discrete domain.  This allocation is based on temperature's 

association with internal inergy,       .   

 Note, the discrete calculus approaches do not inherently require unknowns placed 

at particular locations beyond what is needed to yield a consistent equation - i.e. one in 

which all quantities are the same type of differential form.  Physical considerations are 

what inform the decision of where to place variables and these will be discussed later.   

 Perot [348][349] considers two primary places for temperature - nodes and cells.  

Venkataraman [457] considers these locations and on cell faces.  The change in the 

equations results in how boundary conditions are applied.  For nodes, heat flux boundary 

conditions are applied in the diffusion equation.  For cells, temperature boundary 

conditions are applied directly to the constitutive equation for heat current,        .  The 

face-based method described by Venkataraman [457] leads to a system of equations 

requiring a coupled Keller-Box form of integration with non-symmetric system of 
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equations.  Venkataraman [457] defines velocities at face centers as momentum fluxes 

and pressure at cell centroids for general convection-diffusion problems. 

 Application of the boundary conditions for face or cell-based methods requires 

some interpolation on the dual mesh and leads to a system of equations in terms of 

temperatures and fluxes, rather than a single equation in terms of temperature as with the 

node based method [348][349][457].  See (183), (184) and (185), and (186) for the 

relevant equations for the nodal, cell, and face-based methods respectively.  The term    

is an averaging operator for temperature on a k-cell,   is a matrix of face normal vectors, 

and   is a matrix representing cell to face center relative positions in the last equation.   

The mass matrices,    and     , are defined based on a natural inner product.  They are 

similar to Hodge star matrices save with physical parameters for enforcing constitutive 

equations added in.  See Perot [348][349] and Venkataraman [457].  

 

    

  
              

                                    (183) 

 

    

  
              

                  
     

                                         

 
 

(184) 

 

 
 
           

   
    

    

  
   

       
              

  
    

 

(185) 

 

 
 
          

      
  
    

  
         

  
 
          

 

            
  

 

(186) 



 303 

 

 Each of these equations are geometrically and variationally compatible. The 

choice of face vs node vs cell-based discrete geometry methodologies is based on 

application, governing equation, and underlying physics.  Each method has advantages 

and disadvantages for numerical solution and resolution.  See de Goes [96].   

 These methods lead to an update of an earlier observation regarding the 

overarching differences in compatible spatial discretizations.  The methods are 

differentiated by the natural vs direct inner products, the use of Hodge stars, 

reconstruction operators, and based on their variable definitions on discrete domains.    

This set of methodologies for a single equation leads to the following observation. 

   

 

Observation:  Physical variables can be defined in a geometrically consistent 

Compatible Spatial Discretization on spatial elements based on numerical methodology 

 

 

 Note that discretizing the PDE's in the cases presented so far is an exact process.  

Solving the PDE's is an approximation due to constitutive equations and equations of 

state are needed to close the system of equations.  These equations relate quantities on 

different parts of the discrete domain leading to an interpolation problem that is 

inherently mesh dependent.  The exact discretization prevents any solution from violating 

the physical mathematical principles used in equations by construction. 
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 Perot [348][349] and Venkataraman [457] also talk about the advantages of 

unstructured meshes regarding problems with discontinuities.  Unstructured grids can 

follow discontinuities relating to material changes, free surfaces, and shocks and capture 

these discontinuities without smearing.  Perot [347] also comments on unstructured 

staggered meshes and resolving turbulent flows.  He demonstrates that conservation of 

turbulent kinetic energy, dissipation, and enstrophy is more important than all of the 

exact details of small scale fluctuations.  These properties govern the energy cascade and 

are the dominant players in resolving turbulent fluid motion. 

 Lax [248][249] and Perot [347] both comment on finite volume methods ability to 

locally conserve properties and their advantages for resolving shock phenomena.  

Conservation laws as integral relations can be satisfied by functions that are not 

differentiable or continuous, so long as the functions are measurable and bounded.  This 

is in contrast to conventional field theory which presupposes continuous functions.   

 The final hurdle is identifying which selection of variables is the most physically 

meaningful and consistent.  Lax [248][249] covers the importance of entropy as a means 

of ensuring physically meaningful solutions.  He also restates without recourse to the 

discrete calculus methods that conservation laws as integrals ultimately assert the total 

amount of a substance in a domain is equal to the flux of a substance across a domain 

boundary, just like the co-boundary process on discrete domains.  This topic on variable 

definitions as well as the idea of consistency will be expanded on later when discussing 

Thermodynamic Consistency and the GENERIC Methodology. 
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6.3.4.3   Classical Thermodynamics 

This section focuses on non-equilibrium thermodynamic systems.  The flow of a viscous, 

compressible flow is an example of such a system.  Such systems undergoing 

transformations in the direction of increasing entropy according to the 2
nd

 Law of 

Thermodynamics.  These transformations are a result of being displaced from some 

reference state by application of forces.  Irreversible processes started by these 

generalized forces,   , lead to non-vanishing rates of entropy production that are 

described by Onsager's Principle in (187).  Note,    are elements of the state vector that 

describe the thermodynamic system's state. 

 Biot [38][39][40][41][42][43][44][45] derives an expression for the entropy of a 

thermodynamic system characterized by the state variables    that is adjoined to a second 

system that is a large reservoir at some constant temperature,  , shown in (188).  This 

equation is representative of a generalized concept of free energy.  The equation is in 

terms of the    and system's internal energy  .  The generalized forces are paired with 

states they are conjugate to.  A system affected only by pressure would have:         

    .  From here, he derives the governing equations of the system's evolution and are 

remarkably similar to a set of Euler-Lagrange equations.  The term,  , is energy 

dissipation and is proportional to the rate of entropy production associated with different 

state velocities,    . 
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                (188) 
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 Biot [39][41][45] later derives the least action statement based on a generalized 

d'Alambert's principle to the virtual dissipation within a fluid, (190).  The variations of 

this equation will yield the continuity and momentum equations and then an entropy form 

of the energy equation.  The equations will be for convective heat transfer of an unsteady 

viscous, compressible, heat conducting fluid.  The fluid is not necessarily Newtonian.   

The equations were shown earlier in Chapter 3 for the specific case of a Newtonian Fluid. 

Biot [40] goes over additions that can include other forms of heat transfer with intended 

application to flight structures, especially at supersonic flows.   

 

 
            

 

 
  

 

 
             

     

  
                          

 
    

           
 

 
                  

 
    

 

 
 

(190) 

 

 Biot's concepts were lated expanded and generalized by Djukic and Vujanovic 

[105] for deriving dissipative variational statements.  Their formulation also enabled the 

associated dissipative coefficients to obey Onsager's reciprocal relations by construction 

[207].   Furthermore, there is a connection between the fundamental variational 

statements that would be made at the microscopic scale for particle motion all the way to 

variational statements made at the macroscape for continuum fluids as pointed by 
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Ichiyanagi [207].  This is more fully formalized by Ruppeiner in his work on connecting 

a measure of Thermodynamic Curvature, based purely on thermodynamic state variables, 

to the metric on Riemannian manifolds that represent the state of a Thermodynamic 

system [390][387][391][388][392][389], as well as by Janyszek and Mrugala [213].  This 

metric is invariant at a given point but varies from point to point.  Other authors would 

expand on these topics on variational methods in irreversible thermodynamics 

[195][196][216][217][315][320].  

 These concepts lead to a follow-up observation to a previous assertion: 

   

 

Observation:  The equations of viscous, compressible flow admit a variational 

formulation. 

 

 

 The next section will build on this observation, the concept of a generalized free 

energy for an isolated thermodynamic system, and the relation of the dissipative 

component of governing equations to entropy and entropy production.  The flow may 

admit a variational formulation, but it is not Hamiltonian as mentioned earlier.  

Therefore, the next section presents a modified approach that takes into account 

dissipation and other metric dependent information using Metriplectic Brackets. 

6.3.4.4   Thermodynamic Consistency 

This section is based on the work by Morrison [309][310][311][312][313][314], Grmela 

[162][163][164], Materassi [285][286], Materassi and Morrison [287], Holm [195][196], 



 308 

Kaufman [222], and Tonti [439][440][441], which in turn inspired the GENERIC 

Thermodynamic Methodology in Ottinger [332][333] and Romero [372][373][374][375].  

It is based on the material for Metriplectic Brackets. The idea is that the equations of 

motion for a system generated by the Metriplectic Bracket can be represented as an 

isolated, thermodynamic system, called a Metriplectic System.   

 The Metriplectic Bracket's structure mirrors the structure from Kiehn's 

Topological Thermodynamics and is built upon a formalization of the same content as 

Biot's variational formulations for isolated thermodynamic systems.  The system must be 

what Morrison coins as a complete system - one which describes the dynamics of both 

energy and entropy within an isolated system and reservoir.  These systems conserve 

energy when accounting for dissipation, produce entropy, and are a dynamic extension of 

the first two laws of thermodynamics.  Topologically, they consist of connected 

components relating to Hamiltonian mechanics and the disconnected components relating 

to entropy producing mechanisms, such as discontinuities and dissipation.  The 

discontinuities and dissipative components are ultimately related to gradients of the 

entropy functional,   .  The Hamiltonian,  , is the generator of the flow, while the 

entropy is the generator for the dissipative elements. 

 Morrison [309][310][311][312][313][314] and Grmela [162][163][164] derive 

governing equations for any system that can be posed as a convection-diffusion problem 

or an isolated thermodynamic system based on the concept of generalized free energy,  .  

This is the combination of the Hamiltonian and entropy at a reference equilibrium 

temperature.  The governing equations are shown in terms of a state vector,      The anti-

symmetric Poisson Bracket is represented by        while the symmetric dissipative 
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bracket is represented by       .  The equations for the Poisson and Dissipation brackets 

for the viscous fluid mechanics state vector,             , is in (191) and (192), the latter  

may also be written in the form of (193).  See Morrison [311].   
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 Grmela [162][163][164] and Morrison [309][310][311][312][313][314] both 

argue that the state vector for a general fluid described by the Navier-Stokes equations 

that has any heat transfer component are uniquely determined by that state vector 

            .  Other functionals, such as temperature, pressure, and chemical potential, 

are ultimately related to gradients of those states.  Solving equations may be more useful 

in terms of one of those other functionals, but the general formulation is based upon the 

entries in   .  See (196).  The brackets discussed so far can uniquely determine the 

continuity, momentum, and energy equations, with the latter being in terms of entropy. 
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 This structure for formulating the governing equations of a thermodynamic 

system was formalized into the GENERIC Methodology by Ottinger [332][333] and 

expanded upon in more detail by Romero [372][373][374][375].  These authors were 

asking a different question than how to represent the equations on a continuous manifold.  

The discrete numerical methods presented in this dissertation and citations so far, save for 

Tonti [436][437][439][440][441], do not provide a framework for what set of variable 

definitions on a manifold will result in a methodology that is physically meaningful and 

consistent.  Further they do not provide any clear definition of what consistent means or 

what defines a consistent discrete system.   

 So far, consistency has been about ensuring that a conservation law of an n-form 

that is composed of multiple components should have each component also be an n-form, 

regardless of what kind of operator and other form are in that component.  There is also 

consistency with respect to defining variables on discrete space-time from Tonti [439].  

The problem is that multiple physical interpretations are viable for some variables, and 

some formulations can utilize other variables to get equivalent governing equations.  

Alternatively, consistency referred to variational consistency where equations and/or 

operators admitted a variational form.  

  The question is then, consistent with respect to what?  Ottinger answered that 

question with the GENERIC methodology [332][333].  Consistency is related to the first 

two laws of thermodynamics.  A set of variables must be defined such that when the 
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discrete governing equations are formulated via the brackets discussed above, they yield 

a system of equations with two properties.   

 First, all energy when accounting for dissipation is conserved.  Second, the 

entropy functional is never decreasing.  A continuous system represents this as in (200).  

The constraints         , and          are degeneracy conditions within the co-

symplectic and metriplectic forms that constrain the directions of gradients within these 

forms phase spaces to be as described earlier. 

 Note, the requirement in particular for          means that    is a Casimir of 

the Hamiltonian functional.  This was described in more detail earlier and is partially why 

   can be interpreted as entropy in the first place.  Previous example equations in terms 

of brackets were for systems relating to continuous field functions, such as in fluid 

mechanics.  A discrete system described by GENERIC will use (201). 
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 Note,                corresponds to       ,                 corresponds to       , 

                to       , and                to      .  Romero [372][373][374][375] tests 

the GENERIC methodology on a variety of problems.  He uses the conditions for         
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and       to determine consistency.  The other constraints are enforced by construction, 

while these two are not.  They also cannot be imposed on the system of equations without 

over-determining the system.  They can only be measured after variable definition has 

been done.  If the values for those brackets are as they are supposed to be, then the 

resulting discrete equations are Thermodynamically Consistent.  Romero found 

formulations that violate these constraints, despite being geometrically or variationally 

compatible, could result in behavior inconsistent with experimental observations.  The 

thermodynamically consistent systems would match experimental observations. 

 This definition of Thermodynamic Consistency will be used when building the 

VIDEC-CFD Methodology.  However, there is one question and one noticeable gap.  

   

 

Question:  What variable(s) will be used for formulating a consistent, 

compatible DEC Methodology?  Where are they defined on a discrete grid? 

 

 

   

 

Gap:  There has been no adaptation of DEC and Algebraic Topology within the 

GENERIC Methodology 
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 Perot used temperature as the main variable for simulating a diffusion problem.  

Romero also varied definitions of temperature.  A general convection-diffusion problem 

must deal with velocity, pressure, temperature, internal energy, and entropy.  Where 

should all of these quantities be placed?  What are the main ones under consideration?  

The answers to these questions and the formulation of this dissertation's research 

questions will be covered in the next section on fluids. 

6.3.5 Fluids 

The geometric structure of fluid mechanics has been studied in the past by Chorin and 

Marsden [85], Marsden [274][274][275][280][281], Elcott [120], Gawlik [143], Pavlov 

[345], Mamdouh et al [267][303][304][305], Mullen [316][317], Stam [414][419], Tonti 

[437][440][442], and Wilson [473][474].  Most of these authors have focused on vorticity 

representations of the Euler equation.  A discrete analog of Kelvin's theorem is used in 

the formulation to ensure exact preservation of circulation.  The following sections will 

go over the work by Stam, Elcott, Gawlik, and Pavlov to show how all of the topics 

covered in this document so far have been combined into numerical methods for inviscid, 

incompressible fluid mechanics.  Elcott, Mullen, and Wilson's work contain some 

material on viscous incompressible flow.  None of the cited authors have a proposed 

method for viscous compressible flows. 

6.3.5.1   Stable Fluids 

The discrete fluid solvers discussed herein were inspired by the initial work by Jos Stam's 

Stable Fluids algorithm presented in [419].  The algorithm was created specifically for 

the computer graphics community.  Stam wanted a solver that was unconditionally stable 
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and computationally efficient, not unlike many aerodynamic designers.  The overall 

accuracy of the fluid solver was not a requirement, so long as it captured the majority of 

‘fluid-like’ behavior.  An animator at a computer graphics station would utilize the code 

and interact with it to produce fluid flows that appeared realistic [414][419]. 

 The only problem with the algorithm was that it contained an excessive amount of 

numerical diffusion.  The diffusion arose based on Stam’s solution method.  The flow 

would be advected after adding body forces, diffused via viscosity, and then projected 

onto a divergence-free vector field domain.  The final projection step resulted in a 

Poisson equation to solve.  This final step is where much of the numerical diffusion arises 

and prevents practical use for engineering purposes.  The diffusion is not a problem for 

the computer graphics community but is not suitable for CFD. 

6.3.5.2   Simplicial Fluids 

The contents of this section are primarily about the work presented by Elcott in [115] and 

Chapter 9 of [100].  This reference is the first known application of the concepts of 

Discrete Exterior Calculus (DEC) to fluid modeling.  Several more publications have 

been published since then and will be discussed in the next section.  The common theme 

that unites these solvers is presented by Elcott in [115].  The impetus of using DEC-based 

methods in fluid modeling was to exactly preserve fundamental fluid properties,  

circulation in particular, at the discrete level [115].   

 Conservation of energy, circulation, and entropy are fundamental components of 

any numerically stable and accurate simulation [115][274].  Circulation is a primary 

indicator of swirliness in a fluid and forms the underlying structure of fluid motion, 
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especially in turbulence [14][85][115].  Improper conservation of circulation affects 

vorticity and formation of vortices, thereby altering and invalidating a solver's results.   

 Elcott's method for conserving circulation was based on a discrete analog to 

Kelvin's Circulation Theorem that preserves circulation, and vorticity by extension, in 

arbitrary discrete loops in the discrete domain [100].  The methodology was used on an 

unstructured grid.  Vorticity was modeled as an advected parameter via the momentum 

equation and the divergence-free nature of the velocity field was maintained by the 

continuity equation.  Particulate transport and other quantities that could be advected 

were handled with a scalar advection equation.  Elcott did not use the energy equation.  

For the exact details of each step and computations involved, see [115].  

 Elcott's method handled vorticity advection by backtracking the vorticity in a 

tetrahedron (or triangle in 2D) based on the current velocity on the tetrahedron's faces 

(triangle's edges) [115].  This was done for each simplex separately before finally 

forming a vector of vorticities and integrating with a first order accurate Euler integrator.  

It was this form of integration, though simple and direct, that prevented his method from 

conserving energy in time.  Additional methodologies have arisen that attempt to rectify 

the energy dissipation phenomena from numerical integration.   

 Elcott's Simplicial Fluids Methodology suffers from one severe drawback: energy 

dissipation [115][317].  The dissipation is inherent due to the backwards advection 

strategy and the first order Euler integration of Circulation.  Elcott's method may not have 

preserved energy [317], however, it was capable of exactly preserving, advecting, and 

diffusing vorticity for viscous, incompressible flows [100][115].  The solver was capable 

of modeling two impinging vortices and turbulent flow over a cylinder [100][115], the 
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results of which were within 5% of conventional solvers.  The next section will cover 

other applications that attempt to improve the integrator such that the discrete equations 

satisfy invariants based on their discretization and integration. 

6.3.5.3   Variational and Lagrangian Fluids 

The goal of Elcott's method was to provide a geometric-based CFD formulation that 

preserved fundamental invariants and the governing equations' geometric structure.  The 

formulation of the variables and governing equations were based on this concept, but the 

methodology relied on conventional integration methods.  As such, integration in time 

could artificially affect the governing equations' underlying geometry and symmetry if 

appropriate care was not taken.  Variational integrators were found to preserve this 

structure without artificially affecting fundamental invariants [79][420][488]. 

 The next set of geometric-based CFD methodologies are based on the work 

presented by Mullen et al. [317], Cotter [90], Gawlik et al. [143], Pavlov et al. [345], 

Hirani et al. [192], and Mohamed et al. [304].  The methodologies draw upon 

applications of variational integration theory to dynamic systems and electrodynamics 

[79][420][488].  The underlying mathematics of these works still include the differential 

geometric operators and Lie Algebras from [57][60][115][191][316][431][470] 

[143][172][173][274][345]. 

 Mullen et al. [317], Gawlik et al. [143], and Pavlov et al. [345] build further on 

Elcott's method.  Before proceeding to them, however, let's consider an earlier work by 

Cotter [90] that also focuses on using improved integrators and a geometric formulation 

of CFD.  Cotter [90] proposes a multisymplectic formulation of fluid mechanics shown in 

(202), (203), and (204).  His method focuses on using an inverse map of a fluid system's 
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Lagrangian.  Multisymplectic one-forms and closed two-forms are related to each 

independent variable and are used to derive conservation laws for energy, momentum, 

and mass.  Further, the method inherently also accounts for changes in the discrete 

manifold with an additional set of scalar conservation equations and some extra terms in 

the momentum equation.  See Cotter [90] for the details.  The continuous Lagrangian 

map, using Cotter's notation, is shown in (205).   
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 The Lagrangian Cotter uses is placed within a variational least action principle.  

From here, variations with respect to the velocity field, density, pressure, and Lagrange 

multipliers for any constraint equations are taken to derive governing equations.  Partial 

derivatives of Cotter's Lagrangian form the components of the typical fluid Lagrangian.  

 Cotter's [90] conservation principle is based on a two-form for the system 

symplecticity.  Pullbacks of this principle can lead to vorticity conservation and help 

construct a multisymplectic Noether's Theorem.  See Cotter [90] for the details.  His 
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numerical method, however, only preserves this multisymplectic two-form.  It does not, 

in general, conserve the other two-forms related to independent variables or associated 

one-forms.  This means that Cotter’s method, while it will preserve energy, it may not 

conserve linear and/or angular momenta and cannot in general preserve higher order 

invariants.  The failure of this method to do so is not solely on the integrator - the 

discretization scheme that Cotter used is similar to conventional methods. 

 Recall, Elcott's method presented a circulation preserving formulation of fluid 

mechanics based on DEC.  Part of what it accomplished, despite not conserving energy, 

was that it preserved other invariants.  Mullen et al. [317] proposed an improved 

integrator that improved energy conservation over Elcott's method while maintaining the 

other desirable properties.  Energy was either exactly conserved or contained small 

oscillations with time.  The only energy diffusion that was present was due to the effects 

of viscosity.  The integrator was also time-reversible [317].  The methodology consisted 

of a non-linear system of equations based on the velocity form of the incompressible 

Navier-Stokes and equations.  The underlying discrete geometry is the same as Elcott’s, 

but the resulting system of equations and the solution method are different.   

 Mullen et al. [317] used various explicit integrators to update the fluxes in time.  

The explicit integrators were selected to avoid the numerical diffusion typical of most 

implicit integrators.  Further, the alternative methodology's momentum advection was 

based on a local average of the cross product of the velocity and vorticity fields.  The 

variational integrators were derived from Hamilton's Principle of Least Action. 

 The method presented by Mullen et al. [317] was for viscous or inviscid, 

incompressible flows without heat transfer.  The incompressibility condition was not 
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enforced as a boundary condition, but as part of the governing equations that would 

constrain all of the velocity fluxes in the domain.  The momentum equations themselves 

were partially simplified.  Specifically, the matrices that would multiply the velocity 

fluxes were diagonalized.  This approximates that the advection of each component of a 

velocity vector primarily takes place along the axis that component is located on.  For 

example, it approximates that         

 
 
 
 
 
  

  
  

 
  

  
 

  
  

   
 
 
 
 

 for Cartesian coordinates.  The cross 

derivative terms are approximated to be 0.  This simplification would not be applicable to 

highly turbulent flows where such cross derivatives are non-negligible due to turbulent 

energy distribution and cascading mechanisms described in Chapter 4. 

 Gawlik et al. [143] focused on a methodology for magnetohydrodynamics.  The 

method must simultaneously preserve the underlying structures from electromagnetism 

and fluid mechanics at the same time - such as divergence-free nature of velocity field for 

incompressible fluids and the divergence free nature of the magnetic field.  They propose 

that variational integrators are one part of a needed fix.  The other part is a geometric 

interpretation via exterior calculus.  The authors prove that their integrator preserves 

discrete, symplectic two-forms related to conservation of physical quantities [143]. 

 Their method is restricted to magnetohydrodynamics of inviscid, incompressible 

fluids.  Gawlik et al's method is based on discretizing a volume preserving 

diffeomorphism group instead of Lie advection of forms.  The Lie algebra of this Lie 

group is the space of divergence free vector fields and is also in the tangent space of this 

group if treated as a manifold.  The Lie derivative represents the pushforward of vector 
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fields and one-forms, rather than Cotter's inverse map which is a pullback.  These 

structures inherently preserve the divergence-free nature of the fluid flow and the 

magnetic field simultaneously [317].   

 Gawlik et al.'s methodology is summarized in a table [143].  They derive a set of 

Euler-Poincare equations from a discrete Lagrangian that is formed based on discrete 

approximations to the Lie group and Lie algebra for volume preserving diffeomorphisms.  

From here, an approximation of the matrix exponential is used to derive a discrete time 

set of update equations.  The result is a method that inherently preserves the 

multisymplectic nature of the equations as well as the symplectic two-forms related to 

fundamental conservation principles.   

 The only downside of this method is its restriction to incompressible, inviscid 

fluids.  The authors state that Mullen's work [316] could extend this method to more 

general cases with Lie advection of forms.  This is based on earlier work by Hirani [191] 

that defines interior products and Lie derivatives by extrusion.  These quantities are 

defined on flowed out portions of a manifold where different k-forms reside.  This 

representation helps with hyperbolic conservation laws of arbitrary discrete k-forms.  

Further, these extrusion-based definitions are metric independent, as opposed to the 

earlier definitions of interior products and Lie derivatives that utilize the Hodge star and 

are therefore metric dependent.  However, these extrusion-based definitions are not 

naturally derived from nor admit to a variational principle or formulation [316].  The 

Hodge-star based definitions, on the other hand, do admit variational formulations. 

 Pavlov et al. [345] is a hybrid of the methods presented so far.  The method is 

primarily for incompressible, inviscid fluids.  It is based on a finite approximation to the 
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volume preserving diffeomorphism group, as earlier with Gawlik et al.  The formulation 

presented in Pavlov et al. [345] is derived from Hamilton's Principle of Least Action that 

uses constrained variations of a divergence-free velocity field to derive governing 

equations.   The governing equations are very similar to those in Gawlik et al. [143] with 

a few differences.  The flat operator takes the form of a Hodge star, similar to its 

representation in [192].  The interior product and Lie derivative are defined as a sequence 

of matrix multiplications between antisymmetric matrices and/or vectors representing 

discrete k-forms.  The definitions are piecewise constant over each cell on the domain 

and are metric independent [345].  

 These definitions are enabled by an alternative definition of differential k-forms 

and discrete exterior calculus operators.  Differential k-forms are represented as 

antisymmetric tensors.  Operators such as the exterior derivative do not explicitly 

multiply these matrices.  Rather, the resulting product itself is stored in a higher order 

antisymmetric tensor.  See Pavlov et al. [345] for more. 

 The rest of the formulation follows the same steps outlined by Gawlik et al. [143] 

and presents a very detailed set of equations for numerical analysis.  The latter sections 

derive a basic set of integrators from the least action principle.  One of these is based on 

the midpoint rule which preserves Lie group structures of the configuration space as 

described earlier.  Further, it preserves symplecticity and variational structures.  The 

resulting formulation preserves discrete invariants, energy, and is time reversible.  All of 

the structures admit variational formulations.  The main drawback is that the method is 

limited to incompressible flows by construction. The energy equation and related 
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phenomena are not considered beyond whether the method's integrators artificially 

diffuse energy or not [345]. 

 The final methods to be considered are by Hirani et al. [192] and Mohamed et al 

[304].  These two both represent direct applications of DEC from Hirani [191] to fluid 

applications and are incredibly similar.  Mohamed [304] has applications for a lid driven 

cavity, vortex impingement on planar and spherical surfaces, and double periodic shear 

layers.  Hirani et al. [192] focuses on Darcy flow.  Darcy flow is a viscous, 

incompressible flow through a porous medium.  Both works provide very concrete 

examples of how to calculate wedge products, interior products, and sharps and flats for 

fluid mechanics applications.  Hirani [192] and Mohamed [304] describe how to use 

Whitney forms for interpolation in detail.  Further, both 2D and 3D applications are 

presented with separate descriptions of quantities for each case. 

 Hirani et al. [192] and Mohamed et al [304] both use velocity and pressure as the 

primary variables.  The former uses velocity fluxes on edges and faces in 2D and 3D 

respectively, while the latter uses velocity as 1-forms on primal edges.  The authors note 

the convergence rate for velocity, pressure, and kinetic energy.  See the respective 

citations for the rates.  The resulting methodologies conserve mass, vorticity, and energy 

locally and globally up to machine precision.  The only diffusion is due to the presence of 

viscosity and machine precision.   

 Note, both methods do not derive the governing equations from a Least Action 

Principle.  Instead, the governing equations are presented in conventional vector calculus 

notation.  Each variable is identified as a particular type of differential k-form.  From 
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here, the DEC operators are substituted into the equations by analogy to their vector 

calculus counterparts.  This will be the primary approach demonstrated in Chapter 7. 

 One observation that Pavlov et al. [345] make is that the major reason that current 

CFD Methodologies fail to capture phenomena is due to the loss of Lagrangian structures 

within the formulation.  This is an important concept.  These structures are intrinsically 

related to the physical phenomena that are being modeled.  Further, conservation 

principles are represented in the form of or are derivable from these structures.  The loss 

of these structures, as has been demonstrated with the references in this section and 

earlier, is related to naive discretization schemes and integration methods that do not 

recreate discrete analogs to the continuous concepts.    

 An important concept that separates the methods described by Elcott [121], 

Mullen [317], Hirani et al. [192], and Mohamed et al [304] from Cotter [90], Gawlik et 

al. [143], Pavlov et al. [345], and the methods discussed by Arnold [21][22] and Mattiusi 

[289][290] is the Hodge star operator.  In particular, the difference is whether a Hodge 

star was utilized and the form it takes when used.  Elcott [121], Mullen [317], Hirani et 

al. [192], and Mohamed et al [304] all use a DEC-based discrete Hodge star described by 

Hirani [191] that is a diagonal matrix of ratios of primal to circumcentric dual cell 

volumes.  Arnold [21][22] uses a Hodge star based on Whitney form interpolation but is 

otherwise mostly in the same vein as the previous statement's citations.  Pavlov et al. 

[345], Gawlik et al. [143], and Cotter [90] do not explicitly use the Hodge star. 

 The merits of using a DEC-based Hodge star derived from circumcentric duality, 

as opposed to the other methods, is that it is coordinate and embedding invariant 

[192][304].  Further, it can be used in variational formulations.  The reason is because 
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each Hodge star is computed based on quantities local to each individual cell, rather than 

on global quantities.  The VIDEC-CFD Methodology will use the DEC-based Hodge star. 

 The main difference between the methods presented by Mohamed et al [304] and 

the other sources comes down to the interior product and wedge product.  By extension, 

these differences extend to the Lie derivative, therefore any advection related 

phenomena, as well.  Mohamed et al [304] use a definition of the interior product that is 

related to the Hodge star operator and the wedge product.  The wedge product is based on 

the formula from Hirani [191].  The other methods use direct representations of 

advection, extrusion, or other finite volume or Lie algebra approaches to represent 

interior products, wedge products, and Lie derivatives. 

6.3.6 Unifying Structure and Gaps 

A concept that unites all of the cited references is that they are all based on the use of co-

chains and a geometric focus on the numerical solution process.  They are all focused on 

preserving fundamental Lagrangian structures that relate to conservation of fundamental 

invariants in order to improve a solver's ability at representing fluid motion.  The 

VIDEC-CFD Methodology will also be similar on the same points.  The primary 

difference will be a focus on viscous, compressible fluids and the inclusion of the energy 

equation and thermodynamic phenomena.   

 Tonti [440] provides diagrams for numerous different field theories.  These 

different field theories interact in different ways depending on the application.  The 

diagrams from Tonti [440] relevant to this theis are shown in the following figures. 
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[440]  

Figure 57: Tonti Diagram for Inviscid, Incompressible Fluids 
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[440]  

Figure 58: Tonti Diagram for Irreversible Thermodynamics 
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[440] 

 [440] 

Figure 59: Tonti Diagram for Viscous Fluids 
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[441] 

Figure 60: Tonti Diagram for Potential Flow 

 

[441] 

Figure 61: Tonti Diagram for Viscous Flow 

 

 The information provided in the Tonti diagrams, the applications from various 

sources in literature, and the concept of thermodynamic consistency will now be 

discussed simultaneously.  The literature has demonstrated time and again the following 

important observation: 
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Observation:  DEC and Lie Algebra-based CSD Methodologies are capable of 

accurately resolving vortex dynamics for viscous or inviscid flows without spurious 

numerical dissipation, additional turbulence models, or DNS-level of grid refinement. 

 

 

 The strength of these CSD methodologies is that they conserve the fluid kinetic 

energy, accurately account for viscous forces without spurious diffusion, and conserve 

enstrophy via vorticity.  The results validate the earlier statements cited from Lax and 

Perot about the need for accurately resolving those fundamental phenomena first before 

trying to resolve smaller scale motions.  There is one complication - all of the 

applications shown so far are for incompressible flows and lack many other important 

flow phenomena related to the future technologies described in Chapter 2. 

 Another problem with these CSD methodologies is that - which ones are 

consistent?  Elcott's method is geometrically compatible but not variationally.  Therefore, 

his method dissipates energy as Mullen [317] pointed out.  Mullen's [317] method is both 

geometrically and variationally compatible.  However, is his method thermodynamically 

consistent?  The same question applies to each of the fluid solvers cited in this chapter.  

The only way to know would be to understand more about what parts of a discrete 

manifold fluid variables correspond to. 
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Observation:  Fluid applications of CSD/DEC methodologies in literature have 

focused on inviscid incompressible flows with a few applications to viscous 

incompressible fluids and a textbook derivation for inviscid, compressible fluid without 

shockwaves. 

 

 

   

 

Gap:  There has been no application of CSD/DEC-based methods for viscous 

fluid dynamics with the energy equation, entropy equation, heat transfer, external flow 

work, compressibility, and/or shockwaves. 

 

 

 Tonti [441] provides an exhaustive table not repeated here for this correspondence 

for a variety of different field theories.  The association between the physical quantities is 

not arbitrary.  Recall, differential forms are represented as integrated quantities on k-D 

manifolds and that this integration is an abstraction of the measurement process.  The 

association with these spatial elements is then based on how the variable is measured 

[441].  There are two choices of spatial elements - those with inner or outer orientation.  

Tonti notes that an empirical rule is that the configuration variables are associated with 

inner orientation while source and energy variables are associated with outer orientation.   

 The summary for fluid mechanics is that pressure and the stress tensor correspond 

to dual surfaces, temperature to primal or dual points, mass content and flux to dual 
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volumes and surfaces respectively, forces to dual surfaces, energy and entropy to dual 

volumes, the strain rate tensor to primal edges, momentum content and flux to dual 

volumes and surfaces respectively, velocity potential to primal points, and circulation to 

primal lines.  Temperature may also correspond to primal surfaces if time averaged. 

 Velocity is the wild card.  Velocity may be associated to the formula     .  

The trick is the interpretation.  If this formula is momentum density, then velocity is 

associated with primal points like a potential.  However, if this formula is interpreted as 

mass flux, then velocity is associated with primal lines like a circulation.  The reason is 

that velocity must be conjugate or dual to  .  Momentum densities are on dual volumes 

while mass fluxes are on dual surfaces [441].  See the following figures. 

 Note that in the literature - the fluid velocity regularly can correspond to either of 

these definitions.  Some treat it as a stand-in for mass flux and treat it as a 2-form on the 

primal grid, while others treat it as a circulation along dual edges.  Which is it? Another 

problem is that the fluid velocity field is the main mechanism other fluid properties are 

transported by in a fluid.  Indeed, the inner product operator within the Lie Derivative is 

with respect to a fluid velocity field [441].  

 

 

Observation:  Fluid velocity is unique among physical variables for having 

multiple consistent physical associations with spatial elements and for its dual role as 

configuration variable and main form of advection within fluid mechanics 

 

 



 333 

 The gaps and observations in this section will be addressed on two fronts.  First, 

note that velocity's treatment as different types of primal or dual 1- or 2-forms will have 

consequences for other terms in the governing equations, such as pressure.  Including the 

energy equation in a fully coupled system of equations will include temperature as well.  

Perot and Romero demonstrated there are various compatible and consistent formulations 

that involve temperature.  To simplify things for this dissertation and differentiate it from 

prior work, the following scoping will occur: 

 

 

Scoping:  The focus on a thermodynamically consistent, geometrically and 

variationally compatible methodology will be on definitions of fluid velocity while the 

other physical quantities will be defaulted to their primary physical association. 

 

 

 The final question of the previous section will now be revised with this section's 

observations and gaps into the following research question: 

   

 

Research Question 1:  What definition of fluid velocity as a primal or dual 

differential k-form will yield a thermodynamically consistent, geometrically and 

variationally compatible DEC-CFD Methodology of the governing equations? 
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 The hypothesis to test for this research question relates back to the fundamental 

configuration, source, and energy variables of the fluid system and the fundamental state 

vector defined by Morrison and Grmela for general convection-diffusion equations.  The 

primary configuration variables are mass flow and mass density, source variables are 

pressure and body forces, and energy variables are internal energy and entropy.  The 

fundamental state vector is momentum, mass density, and entropy.  Momentum of the 

fluid is related to the mass flow.  Further, Lax [248][249], Anderson [13], Hoffman 

[194], Roache [364], and Patankar [343] have all stated that CFD formulations in terms 

of mass flux have demonstrated better accuracy for compressible fluid simulations.  

Consider now the following hypothesis: 

   

 

Hypothesis 1:  If mass flow and density are the primary configuration variables, 

body forces and pressure are the primary source variables, and internal energy and 

entropy are the primary energy variables, and velocity is derived from these quantities, 

then velocity's definition on spatial elements may be determined by association to mass 

flow to form a thermodynamically consistent, variationally and geometrically  compatible 

DEC-based Methodology for numerically solving the full set of governing equations of 

Computational Fluid Dynamics - Continuity, Navier-Stokes, and Energy/Entropy 

 

 

 This hypothesis will be tested based on the metrics set by Romero 

[372][373][374][375] and Ottinger [332][333] in addition to the conventional CFD error 
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metrics related to convergence [13][194][343][364].  See Chapter 8 for specifics.

 However, there is one nagging problem.  The DEC-based CFD Methodologies 

provided so far in literature have never dealt with the energy equation or viscous 

compressible fluids.  The logical question is why?  What is the impediment to 

implementing such a solver using the DEC and CSD tools discussed in Chapter 5?  This 

dissertation asserts that the impediment is related to determining a coordinate-free 

representation of the viscous dissipation function,  .  Viscous dissipation in the energy 

equation is a function of the matrix velocity Jacobian and viscous tensor matrix, itself 

also a function of the velocity Jacobian.  Coordinate-free representations of this term, or 

even a dissipative potential that could generate this term if working directly with discrete 

action statements, is a field of active research!   

 

 

Gap:  Coordinate free representation of the viscous tensor for a general fluid 

and covariant derivative of fluid velocity field are unknown and are currently fields of 

active research. 

 

 

 This gap leads to this dissertation's second research question. 
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Research Question 2:  If the viscous dissipation function is a product of 

tensors without known coordinate-free representation, how can viscous dissipation be 

modeled in a DEC-based CFD Methodology? 

 

 

 The applications in this chapter derived a viscous force term by analogy between 

differential forms and vector fields.  Further, this quantity is based on the final product of 

the divergence of the viscous stress tensor of a Newtonian fluid - not the individual terms.  

 One of the contributions of this dissertation was determining this coordinate free 

form of the dissipation function of a Newtonian Fluid back in Chapter 3.  The coordinate-

free form was for the dissipation function itself, not the velocity Jacobian.  This choice 

was made based on the applications presented earlier in this section, leading into a 

hypothesis for Research Question 2. 

 

 

Observation:  Can derive a coordinate-free representation of viscous force for 

Newtonian Fluids using vector calculus based on the final product of viscous tensor and 

divergence operator and analogies to exterior differential forms. 
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Scoping:  The fluid modeled by the VIDEC-CFD Methodology must be a 

Newtonian Fluid - modeling of general viscous fluids is left to future work 

 

 

   

 

Hypothesis 2:  If there is a known representation of viscous dissipation of a 

Newtonian Fluid in the language of vector calculus, rather than as a tensor product, then 

a DEC equivalent representation may be derived based on the analogies between 

differential forms and vector fields. 

 

 

 This section marks the conclusion of the literature review.  It provided the field 

theory applications of DEC and algebraic topology-based methodologies to fluid 

mechanics, thermodynamics, and other areas.  These are applications of mathematics that 

can potentially address the fundamental shortcoming of CFD, especially regarding 

discrete invariants.  Addressing fundamental shortcomings is key to increasing CFD's 

role in aerodynamic design.  Chapter 8 will focus on the VIDEC-CFD Methodology 

based on the integration presented by Pavlov et al. [345] and Mullen [317],  the 

derivation and discretization presented by Hirani et al. [192] and Mohamed et al [304], 

and the GENERIC algorithm for thermodynamic systems presented by Romero 

[372][373][374][375] with additional material on bracket theory from Morrison 



 338 

[309][310][311][312] and Materassi [285][286][287][288], and the variational field 

theory cited by Tonti [437][439][440][443][444].   

6.4 Summary and General Remarks 

This chapter covered applications of exterior calculus, variational integrators, and 

brackets to elasticity, electromagnetism, thermodynamics, and fluid mechanics.  The 

impetus for this entire chapter is based on the observations and assertions from Chapters 

2, 3, and 4.  Computational Fluid Dynamics is a key component of aerodynamic design, 

but has fundamental limitations from discretization and numerical techniques, not simply 

inadequate mesh resolution.  Loss of topological structure when discretizing the 

governing equations fundamentally limits what phenomena CFD can capture and model. 

 The tools of Chapter 5 have shown to be able to recover that structure on the 

discrete grid but are primarily geared towards PDE's that can be derived from a 

variational action.  Not every system of PDE's admits a variational form.  It turns out that 

the operators and governing equations for a homogenous, compressible, viscous, single 

phase, non-reacting Newtonian Fluid do.  This opens the door to new solution strategies. 

 The applications in this chapter provided example solution strategies as well as 

observations regarding the underlying geometry of field theories and their discrete 

geometry representations.  Some constraints may be enforced, such as incompressibility, 

as constraint equations or inherently via definition of Lie advection and inner products.  

Further, some of the constructions are only variational in their current form - extensions 

to other types of fluid flows would necessitate complete reformulation or extensions that 

do not admit variational statements. 



 339 

 The discrete theories presented in this chapter can be built upon the concepts of 

chains, co-chains, and limit cycles related to successive applications of the boundary and 

co-boundary operators.  Ultimately, these cycles will eventually result in a null result, 

demonstrating a discrete conservation principle of some kind.  These operations can 

naturally create discrete statements that are equivalent to Hamilton's Law of Varying 

Action or a set of Euler Lagrange equations over a given cell.  This leads to the derivation 

of governing equations for each cell that forms a system of equations that naturally 

enforces equations locally and globally on the discrete domain. 

 The VIDEC-CFD Methodology will be covered in Chapter 8.  Before covering 

that, this dissertation's proposed research plan will be presented in Chapter 7. 
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Table 10: Summary of Observations & Assertions V 

Observations 

O21: Physical laws expressed as part of Hamilton's Principle or as systems of differential 

equations that are admissible Euler-Lagrange equations of such represent conservation 

principles with geometric invariants that assert some quantity can be expressed as a 

differential p-co-chain that is a bounding co-cycle. 

O22: May obtain discrete or continuous solution to a system of differential equations 

from its associated discrete or continuous least action principle. 

O23: Discrete formulations of physical field theories can be made using algebraic 

topology and the de Rham complex and then solved numerically as extrema of an 

underlying discrete variational principle. 

O24: Physical variables are defined on discrete spatial elements primarily based on 

physical association due to how they are measured. 

O25: The linear and non-linear operators and equations of static elasticity admit 

variational formulations for equilibrium and compatibility equations. 

O26: Physical variables can be defined in a geometrically consistent Compatible Spatial 

Discretization on spatial elements based on numerical methodology. 

O27: The equations of viscous, compressible flow admit a variational formulation. 

O28: DEC and Lie Algebra-based CSD Methodologies are capable of accurately 

resolving vortex dynamics for viscous or inviscid flows without spurious numerical 

dissipation, additional turbulence models, or DNS-level of grid refinement. 

O29: Fluid applications of CSD/DEC methodologies in literature have focused on 

inviscid incompressible flows with a few applications to viscous incompressible fluids 

and a textbook derivation for inviscid, compressible fluid without shockwaves. 

O30: Fluid velocity is unique among physical variables for having multiple consistent 

physical associations with spatial elements and for its dual role as configuration variable 

and main form of advection within fluid mechanics. 

O31: Can derive a coordinate-free representation of viscous force for Newtonian Fluids 

using vector calculus based on the final product of viscous tensor and divergence operator 

and analogies to exterior differential forms 

Assertions 

A6: May apply variational integration techniques to obtain the solution to the governing 

equations of fluid mechanics for a viscous, homogenous, single-phase, compressible 

Newtonian fluid if those equations can be derived from a variational principle 

A7: The underlying geometric structure of elasticity and continuum mechanics that admit 

variational formulations can be used by analogy to construct variational formulations of 

viscous, compressible, Newtonian fluid mechanics 
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Table 11: Summary of Gaps, Questions, and Hypotheses 

Observations 

G1: There has been no adaptation of DEC and Algebraic Topology within the GENERIC 

Methodology 

G2: There has been no application of CSD/DEC-based methods for viscous fluid 

dynamics with the energy equation, entropy equation, heat transfer, external flow work, 

compressibility, and/or shockwaves 

G3: Coordinate free representation of the viscous tensor for a general fluid and covariant 

derivative of fluid velocity field are unknown and are currently fields of active research. 

Research Questions & Hypotheses 

RQ1: What definition of fluid velocity as a primal or dual differential k-form will yield a 

thermodynamically consistent, geometrically and variationally compatible DEC-CFD 

Methodology of the governing equations? 

H1: If mass flow and density are the primary configuration variables, body and pressure 

are the primary source variables, and internal energy and entropy are the primary energy 

variables, and velocity is derived from these quantities, then velocity's definition on 

spatial elements may be determined by association to mass flow to form a 

thermodynamically consistent, variationally and geometrically compatible DEC-based 

Methodology for numerically solving the full set of governing equations of 

Computational Fluid Dynamics - Continnuity, Navier-Stokes, and Energy/Entropy. 

RQ2: If the viscous dissipation function is a product of tensors without known 

coordinate-free representation, how can viscous dissipation be modeled in a DEC-based 

CFD Methodology? 

H2: If there is a known representation of viscous dissipation of a Newtonian Fluid in the 

language of vector calculus, rather than as a tensor product, then a DEC equivalent 

representation may be derived based on the analogies between differential forms and 

vector fields. 
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CHAPTER VII 
 

 

 

OVERVIEW & PROPOSED RESEARCH FORMULATION 
 

 

 

7.1 Introduction 

The paradigm for more knowledge earlier in design has led to an increasing focus on 

performing digital tests of equivalent rigor and accuracy of physical tests.  This design 

paradigm puts a requirements pull on improved numerical analysis when applied to 

unconventional systems with limited prior knowledge and high order multi-physics 

interactions.  The bottleneck of this vision in aerospace design is CFD [142][214][415].  

 The CFD Vision 2030 has laid out challenging goals for improving CFD's ability 

to enhance the design process [142][214][215][409][415][430][458].  The CFD Vision 

2030 goals are based on CFD's fundamental inadequacies and establish a requirements 

pull to fix existing or create new CFD Methodologies.  Discretization errors within 

differential operators lead to the loss of relevant topological information regarding the 

continuous governing equations.  The discrete equations and conservation laws are not 

the analogs of their continuous counterparts.  The inherent loss of information leads to 

more highly refined mesh and higher order integrator requirements to capture physics. 

 Unlimited computing power alone for highly refined meshes is considered 

inadequate for solving this problem [415].  The fundamental algorithms and methods for 

discretizing the physics must be improved.  The evolutionary fixes are about fixing 

current methods.  However, there is a need for revolutionary approaches with new 
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methodologies that do not have the fundamental shortcomings of the current paradigm 

[142][415][430][460]. 

 The VIDEC-CFD Methodology is a downpayment on mitigating the problem of 

discretization errors and loss of topological structure.  It can be classified as part of a 

family of Compatible Spatial Discretization or Mimetic numerical methods.  The main 

goal is to utilize concepts of DEC to provide mimetic operators that are exact discrete 

analogs of their continuous counterparts with analogous properties on discrete grids.  The 

method goes further by addressing the integration scheme with variational integrators to 

ensure these properties are maintained during temporal integration. 

 The VIDEC-CFD Methodology includes additional consistency requirements on 

variable definitions.  The variables are defined as differential forms such that the discrete 

formulation inherently preserves discrete analogs of the first two laws of 

Thermodynamics.  VIDEC-CFD is a combination of DEC methods [50][51][52][53][59] 

[60][77][100][102][121][154][172][191][192][274][280][303][304][317][348][349], the 

GENERIC Methodology from Ottinger and Romero [162][163][164][165][332][333] 

[372][373][374][375], mathematical field theory from Tonti [432][433][434][437] 

[439][440][442][443][444][445], Metriplectic Dynamics [286][309][310][311][312], and 

Topological Thermodynamics from Kiehn [225][227][234][235][236].  Concepts from 

Topological Thermodynamics and GENERIC are used to properly handle entropy and 

ensure spurious unphysical solutions are not obtained.  The former is considered a 

necessary component for future robust CFD predictions [5][415]. 

 The following sections will connect the main observations of this thesis to gaps 

and research questions, before outlining an experimental plan to answer those questions. 
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7.2 Recap of Findings 

The observations, assertions, and gaps made so far in this dissertation are summarized in 

Table 2, Table 7, Table 8, Table 9, Table 10, and Table 11.  The observations started with 

the need for physics-based high-fidelity modeling in the aerospace design process.  From 

here, the focus shifted specifically CFD.  CFD has been identified as the bottleneck 

towards improved virtual experimentation within aerospace systems design. 

 CFD solvers have a particular weakness in predicting high vorticity and turbulent 

flows.  Vorticity is fundamentally linked to entropy, conservation laws, and invariants 

within the structure of the Navier-Stokes equations.  Furthermore, these structures are lost 

when discretizing the equations.  Turbulent models, aimed at mitigating the lack of 

insufficient grid resolution, have the same inherent weakness and are limited in the upper 

bound of accuracy that they can provide. 

 What then can address these weaknesses and align with CFD 2030 goals?  

Alternative formulations and representations were investigated.  These include discrete 

exterior calculus, variational mechanics, and differential geometry.  Did the reformed 

discrete equations possess the new desired mimetic structure?  The final observations 

determined that, yes, even the general equations for a viscous, compressible, fluid with 

discontinuities could be reformulated such that it could be variationally integrated, all 

variables could be represented as differential forms, and the discretization is mimetic. 
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Figure 62: Dissertation Logic Diagram IV 

 

 The observations from earlier lead to a set of gaps, shown in Figure 62.  These 

gaps lead to two particular research questions and hypotheses that the rest of this 

dissertation will seek to answer.  These capability gaps regard the lack of any DEC-based 

CFD Methodology for the full set of governing equations for compressible flow that 

includes a framework for thermodynamic consistency.  Additionally, there has not been a 

Metriplectic Framework or a method similar to GENERIC adapted to include concepts 

from DEC.  Connecting these gaps was how to properly define variables on a discrete 

grid, leading directly to the first research question. 
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 The lack of any coordinate-free representation of a viscous tensor for a general 

fluid, the scope of this problem for viscous compressible flows, and observations 

regarding DEC's inherently coordinate independent operators are what collectively lead 

to the second research question regarding viscous dissipation.  The viscous dissipation 

function is highly non-linear and consists of terms that lack an exact, coordinate free 

representation on discrete domains.   An equivalent function was derived by analogy for 

the VIDEC-CFD Methodology which did have an innately discrete representation since it 

consisted solely of operators that can be represented by differential forms in the 

continuous case and by boundary operators and chains in the discrete case.  The second 

research question tests this final result. 

 The hypotheses for these research questions are tested by three experiments.  

These experiments are each looking for a nugget of truth as they seek to verify, or 

possibly falsify, the hypotheses.  These experiments are ultimately related to real 

problems, both in numerical methods and to predicting real world results using those 

methods.  The experiments are over airfoils as they are the simplest aerodynamic object, 

other than a cylinder or sphere, that has yet to be tested in the literature using a DEC 

methodology.  Further, they most highly relate to one of CFD's main goals as far as the 

aerospace industry is concerned - the prediction of aerodynamic drag and other 

coefficients via accurate prediction of pressure and shear on an aerodynamic surface.  

Each experiment is perturbed in angle of attack, Reynolds number, and Mach number to 

establish a range of predictive capability and to ensure the method captures physically 

observed trends in airfoil aerodynamic performance. 
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Figure 63: Dissertation Logic Diagram V 

 

 The chosen experiments in this chapter must also connect back to the overall 

research goal.  They connect math and physics back to that motivation.  See Figure 63.  

The first experiment must be a broad assessment of the methodology, demonstrating its 

ability to handle fundamental symmetries and the exact discretization methodology for 

the governing equations analyzed in this dissertation.  The second experiment must 

address the elephant in the room regarding viscous energy dissipation in a DEC-based 

methodology that requires coordinate independent representations of all terms.  These 

experiments demonstrate the method's feasibility.  The final experiment must 

demonstrate its ability to make that downpayment towards simulating vortex dominated 

and turbulent flows, by analyzing the methodology's predictive capability regarding 

incipient stall and nonlinear effects that manifest at moderate to high angles of attack. 

ORG: Use variational statements and exterior calculus to abstract governing equations before using exact 

discretization method with analogous discrete structures to the continuous case

OHyp: Compatible Spatial Discretizations combined with Thermodynamically Consistent variable and 

operator constructions will enable exact preservation of invariants at all times, not just at model convergence

Fundamental symmetries functionally 

dependent on vorticity

Discrete operator construction and variable 

definition are key for symmetry preservation

Defining variables on mesh elements 

removes coordinate dependence

Viscous forces can be derived from 

differential forms instead of tensors

Variational formulation key enabler to ID’ing and 

preserving symmetries via Noether’s Theorem

Variational formulations represent conserved quantity 

as differential k-co-chain that is bounding co-cycle

RQ2: Coordinate free representation of 

Newtonian fluid viscous dissipation?

H2: Derive from differential forms 

instead of tensors

RQ1: Velocity definition as primal or 

dual k-form?

H1: Base it on definition of mass flow 

and density configuration variables

Exp 3: Evaluate method at incipient 

separation at high angles of attack, 

assessing ability to handle high vorticity

Exp 1: Broad assessment of VIDEC-CFD 

performance and predictive capabilities for 

compressible subsonic flow conditions

Exp 2: Test dissipation over Reynolds 

number, see if it is higher at low Re and if 

it becomes Re-independnet at high Re
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 The results from each experiment are in two batches.  The first batch is simply the 

raw pressure, shear, velocity, and other field data that a CFD solver is expected to 

produce.  This data can be compared to other numerical solvers and the pressure data can 

be compared to experimental data from AGARD [294]. 

 The second batch of data relates to the proposed methodology's unique focus on 

geometric and thermodynamic consistency and compatibility of variable definitions on a 

simplicial complex grid.  This data is primarily numerical and relates to the 

methodology's overall formulation as the numerical implementation of a mathematical 

model of how a continuum, Newtonian, compressible, homogenous, single phase, non-

reacting, subsonic fluid behaves.  The numerical strategy and motivation of VIDEC-CFD 

Methodology is based on the same mimetic finite difference schemes and compatible 

spatial discretizations that seek to find discrete analogs to fundamental physical 

symmetries in the continuous governing equations.  The addition of thermodynamic 

consistency with respect to the 2
nd

 Law of Thermodynamics is meant to help close the 

method's design by helping determine where variables should be defined.  This will be 

determined by calculating two unique residuals derived from degeneracy conditions in 

the bracket formulation of this Methodology.  See Chapter 8. 

7.3 Problem Scoping 

This document has discussed the full spectrum of continuum fluid mechanics for less 

than hypersonic Mach numbers.  The problems discussed so far are applicable even at the 

hypersonic flight regime, however, they are magnified, coupled, and/or accompanied by 

other phenomena that have not been discussed herein.  The problem discussed so far has 

a wide range of Mach numbers, Reynolds numbers, fluid compositions and states, and 
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possible geometries to consider even for canonical test problems, much less practical 

engineering problems.  Further, the solution method using DEC and variational 

integrators adds numerous discretization options and formulations. 

 The problem being addressed is too large in scope for a single dissertation to 

handle.  There are too many flow regimes and formulations to consider, some of which 

require additional models or considerations that are beyond resolving fluid convective 

motion.  The problem will be scoped as follows. 

 The VIDEC-CFD Methodology assumes that the flow is viscous, compressible, 

and subsonic.  The fluid is assumed to be a homogenous, single phase, Newtonian fluid.  

This defines the form of the equation of state and stress tensor.  The bibliography 

contains a variety of DEC, mimetic, and compatible spatial discretization applications to 

subsonic, incompressible flow.  Re-visiting that area would not provide a novel 

contribution, even with the synergy of DEC, variational integration, and GENERIC. 

 The primary application of this method to the flow regime defined previously 

would be to transport aircraft.  Therefore, the application problem has been scoped to 

airfoils.  The angle of attack range is scoped to the airfoil's linear range of its lift curve.  

Flow separation that occurs at and after stall is an inherently 3D phenomenon with spatial 

instabilities occurring in 3D that do not occur in 2D, leading to earlier separation than a 

2D code would predict.  Instead of trying to correct for this, the problem scope is simply 

limited to predicting airfoil properties at incipient stall.  Further, the Mach number range 

is limited to being below the expected drag divergence Mach number for that airfoil. 

 The selected application problem will consider stationary airfoils that are 

completely rigid and do not deform due to applied loads.  The discrete grids will also be 
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stationary and will not contain any form of mesh adaptation or motion.  Any refinement 

must occur in between simulation runs.  This limitation is due to fundamental 

assumptions within the VIDEC-CFD Methodology for discrete operator formulation.  

Any form of grid motion would violate operator definitions. 

 The goal of this dissertation is to be more demonstrative of the DEC-based 

methods, the extent of their mathematical applicability, and to understand how they 

provide an alternative way of thinking about the fundamental problem CFD is solving.  

The formulation itself, especially in its extension beyond incompressible flow, is the 

main emphasis.  The experiments are about the feasibility of these methods, rather than 

exploitation of what capabilities they may or may not have.  Significantly more time and 

work will need to be invested before VIDEC-CFD, or any DEC-based methodology, can 

compete with the current state-of-the-art software. 

 As stated earlier in Chapter 4, each component of a CFD solver is its own 

technology.  The specific goal here is to test the feasibility of a DEC-based methodology 

of being capable of addressing the overall research goal stated in Chapter 1.  The overall 

hypothesis is that this is the case, and that has been what the argument in Chapters 1-6 

have been making. 

7.4 Research Plan 

The first research question's hypothesis is directly quantifiable via Bracket Metrics shown 

by Romero [372][373][374][375].  These brackets verify that the Hamiltonian remains 

constant, and that entropy is always increasing for the system.  Quantifying these 

brackets is based on a simple calculation of the Hamiltonian as was defined in Chapter 6.  

Entropy is similarly calculated based on its relation to temperature, heat transfer, and 



 351 

dissipation.  The Hamiltonian and entropy are quantifiable metrics that determine 

whether a selection of variables, velocity in particular, have been defined on a discrete 

domain in a thermodynamically consistent manner. 

 The second research question's hypothesis has a less clear method of 

quantification.  The direct simulation of a problem that contains viscous dissipation has 

too many other factors that could confound the results.  This confoundment prevents 

accurately assessing the viscous dissipation function's accuracy.  The way forward is 

based on the bracket formulations determined by Morrison [309][310][311][312], Grmela 

[162][163][164][165], and Materassi [285][286][287][288].  The brackets,       and 

     ,  reduce to expressions related to the Onsager-Casimir and Clausius-Duhem 

relations.  They are related to dissipative mechanisms within a fluid.  Therefore, test 

problems are selected such that there is no external heat transfer but there is viscous 

dissipation due to compressibility.  The measures of how well the results match the result 

these two brackets require will be a measure of how physically meaningful and correct 

the derived dissipation function is. 

 The last measures used to quantify each hypothesis are the standard error metrics 

for any CFD solver for numerical convergence based on residuals.  How well the 

VIDEC-CFD Methodology as a whole matches or differs in these trends is indicative of 

whether the formulation is geometrically and variationally compatible, 

thermodynamically consistent, and whether the dissipation function is accurate.   

7.4.1 Overview of Plan 

The plan is to conduct three phases of experimentation using the VIDEC-CFD 

Methodology and a trusted other solver.  The results of both will be compared to 
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available known data.  The phases are not meant to imply a sequence beyond the order in 

which they are conducted.  Each phase is testing separate phenomena unique to the 

selected tested problem.  The selected test problem is the prediction of lift and drag over 

an airfoil within a subsonic, viscous, compressible flow at various angles of attack. 

 These airfoil experiments are not canonical experiments for fluid solvers.  They 

are a culmination of several test problems into a few phases.  There are adverse and 

favorable pressure gradients, curved surfaces similar to a cylinder, a sharp point at the 

trailing edge, vortex formation, viscous effects, compressibility, and Reynolds Number 

effects.  These experiments are necessary steps toward determining that the proposed 

solver is suitable for analysis of aerospace systems.  The airfoils will be tested at 

subsonic, compressible Mach numbers at various Reynolds numbers. 

 Note, that airfoil problems typically involve separation effects once they are at a 

high enough angle of attack.  Separation itself is a 3D phenomenon.  The formulation 

here has been scoped to 2D as part of simply testing the feasibility of DEC-based 

methods towards compressible viscous flow problems.  That means, the method cannot 

be expected to actually test separation.  Instead, the problem will be scoped to incipient 

separation and stall.  This fits in with the goal of conducting a first step feasibility study 

and is still within the realm of what a 2D solver could be expected to predict. 

 The experiment design of the next section varies slightly with phases.  One 

overall setting is that the boundary layer will be tripped on the airfoil.  The primary set of 

overall variables under consideration are Reynolds Number (  ), Mach Number ( ), and 

Angle of Attack ( ).  This list could be expanded further in future work to include 

varying ambient conditions, rather than being set at standard sea level. 
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 Another set of variables to consider are the inflow boundary conditions for this 

problem.  Nominally, they can be set to a uniform incoming free stream flow.  They can 

also be set to fully turbulent with a turbulent intensity level representing a notional wind 

tunnel.  The latter case tests the solver's ability to accurately predict unsteady fluid 

motion, while the former would also require predicting transition to turbulence unless the 

flow is tripped on the airfoil. 

 Turbulence is an inherently 3D, unsteady phenomena.  So, by stating the methods 

are resolving turbulent flows what is being stated is that the methods are attempting to 

resolve a flow field in two spatial dimensions that is unsteady and includes rapid 

variations in flow field parameters and high vorticity.  In particular, high values of the 

vortex stretching and tilting term:                                                          .  

7.4.2 Experiment Design 

There will be three experiments.  The first will be an assessment of the methodology's 

predictive capability for basic compressible flows over an airfoil.  The second will focus 

on the effects of dissipation vs   .  The third will fix    and  , and vary  , testing the 

methodology's ability to handle increasing vorticity-based effects and predict incipient 

stall [211][294][410]. 

 The experiments will all be on the NACA0012 airfoil.  The values for Mach 

number,   , and   are based on ranges from McCroskey [294], Thibert et al [428], 

Ladson et al [244], Ladson and Johnson [245], Gumbert and Newman [168], Critzos et al. 

[91], and Smith et al. [410].  McCroskey [294] states the drag divergence Mach number 

for the NACA0012 is around 0.76 to 0.78.  Data from Thibert et al [428], Ladson et al 

[244], and Ladson and Johnson [245] indicates the number could be slightly higher.  
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Regardless, the Mach number will remain below 0.6 for compressible flow that is 

subsonic but not transonic.   The setup for each experiment is: 

¶ Angles of Attack :          ,  Mach Number           ,         

¶ Reynolds Number:                  by varying dynamic viscosity,   

¶ Incipient Stall :           at       and            

 Overall experimental results of interest will be non-dimensional coefficients 

plotted vs Mach,   , and  .  Plots vs   will include curves for different   and   .  

Pressure distribution data vs      is analyzed for comparison purposes to see how the 

fields themselves are approximated and not just the overall integrated values of those 

fields [263].  Data of interest includes: 

¶        vs.   for a given combination of      

¶    vs.     for different combinations of        

 The final set of results will measure if the VIDEC-CFD Methodology maintains 

Thermodynamic Consistency by calculating an entropy residual defined in Chapter 8.   

7.4.2.1 Experiment 1 

The results of the first experiment relate to both research questions and hypotheses.  It 

tests the methodology over a set of conditions that should not result in a highly non-linear 

flowfield, nor even a truly time-varying solution.  While simulated using an unsteady 

formulation, the results should themselves be steady.  The available data from Thibert et 

al [428], Ladson et al [244], and Ladson and Hill [245] for the selected airfoil and 

experimental conditions will be used for validation.  The flow was not tripped to 

turbulence and was instead allowed to naturally transition in the CFD and experimental 

setup.  The experimental data in [428] was corrected for wall interference effects, while 
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the others were not in their original publication but were in a separate publication by 

Gumbert and Newman [168].  McCroskey [294] considered these data sets useful.  In his 

comparison to other sets, the data in [428][244][245] closely matched what he considered 

higher quality datasets for the test conditions under consideration here.  It was only near 

drag divergence at Mach 0.8 and higher where noticeable differences arose. 

 The conditions tested in this dissertation do not run up to the transonic limit, that 

was scoped out.  It does cover a modest range of subsonic compressible Mach numbers 

that a practical aerospace vehicle would fly through, even if temporarily.  The Reynolds 

number range from 1.8 million to 3 million represents a realistic set of conditions.  

Lastly, the varying of angles of attack represent a small set of the nice range of operation 

and flow conditions around conventional aerospace vehicles at cruise. 

 Should the VIDEC-CFD Methodology be unable to replicate the results of Thibert 

et al [428], Ladson et al [244], and Ladson and Hill [245] for these conditions, that would 

immediately falsify both hypotheses.  The expected results are a linear lift curve, a 

parabolic drag polar, and slight increases (decreases) of the 2D lift curve (drag) curve and 

slope as Reynolds number increases [294].  Also, it is expected that the lift curve and 

slope will have a slight increase as Mach number increases [294]. 

7.4.2.2 Experiment 2 

The main point of comparison for this experiment will be the data sets from Ladson et al 

[244] and Ladson and Johnson [245] who cover a large range of both   and    cases 

over a NACA0012 airfoil.  Despite the titles of these sources, their tested range was not 

          , but instead was           .  Their    varies from 500,000 to as 

high as 45 million. 
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 Experiment 2 investigates the second hypothesis regarding the viscous dissipation 

component of the VIDEC-CFD Formulation.  The drag coefficient should slightly 

decrease as the Reynolds number increases and the Mach number is held constant  

[244][245][294].  Compressibility effects at subsonic Mach numbers are not as severe as 

hypersonic cases, but they do affect the data enough to matter.  This includes how 

viscous dissipation in the energy equation will affect flow parameters near the airfoil's 

stagnation point and the resulting consequences in flow parameter distribution, turbulent 

kinetic energy, and shear stresses on the solid surface.  The effect of Reynolds number on 

the 2D drag coefficient is very small but non-negligible.  Therefore, a large range for 

Reynolds number is needed for testing purposes.   

 Practically speaking, aerospace vehicles would most likely not fly at such a wide 

range of possible    at a fixed  .  However, they can be tested at these contrived 

conditions within an experimental facility.  Therefore, numerically testing at these 

conditions could still yield valuable insight into underlying physics. 

7.4.2.3 Experiment 3 

As stated throughout this dissertation, high angle of attack aerodynamics are difficult to 

simulate with modern CFD.  Therefore, an experiment that goes up to modestly high 

angles of attack is an absolute necessity, even for a 2D study.  Also, there is an intrinsic 

set of connections between flow kinematics and the fluid's state.  Higher amounts of 

vortex stretching and other non-linear phenomena are expected at these higher angles of 

attack.  That is the way in which this methodology tests back to the first hypothesis 

regarding the definition of the velocity field as a discrete differential form. 
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 The dual nature of the velocity field has been discussed at length in this 

dissertation, by Ottinger [332], and in many other cited sources.  As both the primary 

means of how flow variables are convected and as a flow parameter itself, its definition is 

key for determining the various forms of consistency, including Thermodynamic.   

 The data of interest here primarily comes from Thibert et al [428] and Ladson and 

Hill [245].  The expected   for separation to occur over a NACA0012 airfoil could be as 

low as 12° [91], as such the study here will pick up where Experiment 1 left off and go as 

high as 10°, at a fixed Reynolds number and Mach number.  This will provide a 

sufficiently broad range to see even the 2D flow patterns that are indicative of stall, even 

though they only provide an incomplete picture here without a fully 3D flow. 

 Failure to adequately predict relevant pressure and force coefficients in this 

regime would indicate that the formulation is not able to handle the practical flows of 

interest.  Further, it would indicate that the set of definitions for variables, including 

velocity, are perhaps not extendable to the compressible regime, where the mathematics 

become innately dissipative, non-isentropic, and non-symplectic. 

7.4.3 Procedure 

A simple representation of the procedure is as follows: 

1. Select Phase 

2. Select relevant initialization data 

3. Generate initial mesh 

4. Run simulation until converged 

5. Tabulate data is grid converged, otherwise refine grid and repeat from 3 

6. Start from 3 with next case until no more cases in phase 
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7. Start from 1, going to next phase 

This will be done for the VIDEC CFD Methodology and FLUENT on the same meshes. 

7.4.3.1 Problem Setup 

The test problems were solved on three successively more refined grids.  The boundary 

conditions for each case were the same.  The test domain consisted of a velocity inlet on 

the left of the domain, velocity inlets on the top and bottom of the domain, a pressure 

outlet on the right of the domain, with an airfoil in the domain.  The airfoil boundary 

conditions were set as a non-permeable wall with the no-slip condition and constant heat 

flux.  Turbulent intensity will not be considered and is for future work. Future work 

should also include verification via the Method of Manufactured Solutions (MMS) 

[116][117][118][119][365][327][328][363][365][366][367][393][402].   

 The airfoil was closer to the inlet than the outlet to enable wake formation and 

capture before settling down to a nominal free stream value represented by the pressure 

outlet.  The initial conditions were set based on the values of the freestream inlet.  The 

grid used a spacing of 2 chord lengths to separate the leading edge of the airfoil from the 

inlet and 8 chord lengths from the trailing edge to the outlet.  The vertical dimensions of 

the domain above/below the airfoil were symmetric and measured 3 chord lengths each. 

 The boundary layer mesh was set first before proceeding to the outer flow.  The 

boundary layer consists of the viscous sublayer, the buffer layer, and the log-law region 

before finally reaching the outer flow around the airfoil.  These regions are denoted by 

approximate ranges of a dimensionless wall height,   .  This value is typically not 

known precisely in advance and instead is based on empirical approximations from 

observations of boundary layers over flat plates.  Determining where to place the first 
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node a height    above the airfoil is based on   .  For a more thorough discussion of 

these parameters, their relation to fluid and anticipated flow quantities, see Pope [354]. 

 The value of    is set such that at least one point is set within a specific part of 

the boundary layer.  A height scaling method from this data point upwards in the 

direction normal to the plate is set until hitting an effective value of       .  The outer 

boundary layer mesh begins thereafter.  The ranges for    are as follows: 

¶      - viscous sub-layer 

¶          - buffer layer 

¶            - log-law layer 

 Turbulence models that utilize various wall functions can get away with setting 

only a few points in any given region.  Their placement and number are based on the 

turbulence model in question.  The VIDEC-CFD Methodology does not utilize a wall 

function method for treating shear stress, momentum, and other boundary layer 

quantities.  As such, the    value must be set very low.  The coarse vs fine meshes in the 

boundary layer region will be based on the growth rate of the height increments from this 

first data point until reaching the        value for   .  

 Selecting    this way also determines the number of points along the surface of 

the airfoil.  The goal is that any triangle formed in the boundary layer will not have an 

aspect ratio exceeding approximately 288 [267].  Triangles with higher aspect ratios than 

this have not been thoroughly tested for their accuracy within a DEC formulation and 

such testing is beyond the scope of the current research. 

 For testing the VIDEC-CFD Methodology, the value of    was set at 1.  The 

interface between the boundary layer mesh and outer mesh region was defined by a point 
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at       .  Interior points were set for      and      .  Each region, from 

      ,         , and            contained the same number of interior 

points spread uniformly.  This selection was meant to simplify the boundary layer mesh 

generation process and keep the same number of points within each important layer of the 

boundary layer for numerical computation purposes. 

 The outer mesh was defined more coarsely than the boundary layer mesh.  Less 

resolution is needed outside of the boundary layer and further away from the airfoil. 

7.4.3.2 Convergence 

The grid convergence was determined based on the    error between time steps and the 

residuals of predicted quantities.  The method moves on from a given case once these are 

sufficiently small, on the order of     .  

7.4.3.3 Comparison 

The gridding software used by the VIDEC-CFD Methodology has to be able to generate 

unstructured, 2D, simplicial meshes that are easy to parse manually or through Tecplot.  

The software must be automatable and readily available.  The creation of such software is 

beyond the scope of this dissertation, would not add anything to this dissertation's overall 

research goal, and is redundant based on the amount of commercial and opensource 

gridding software available.  The meshing software available include Cart3D's meshing 

software, Gmsh [150], ANSYS geometry software, CATIA, and Chimera.  Amongst 

these choices, ANSYS was selected, specifically the mesher for ICEM-CFD.   

 Only experimental results can validate the VIDEC-CFD Methodology.  However, 

it is also useful to do code to code comparisons, as described earlier in this dissertation.  
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Similar to the gridding software, a CFD solver that is automatable and readily available is 

preferred.  The creation of a traditional solver is also beyond the scope of this 

dissertation, would not add anything to the overall goal, is redundant, and does not match 

industry practice of using commercial codes.  The CFD analysis software that was used 

for comparison was ANSYS FLUENT.  This code was also readily available to the 

author and had already been validated on cases of interest for this dissertation. 

 Validation involves comparison of computational to experimental results.  This is 

answering whether the correct equations were used for the problem at hand.  A true 

validation of VIDEC-CFD will not be done in this dissertation.  The selected test cases 

are all 2D and only go up to incipient stall.  They do not account for any 3D effects that 

could occur prior to stall and are incapable of accurately resolving the inherent 3D nature 

of a turbulent flow.  Furthermore, MMS [363][366][367] requires extension beyond the 

scope of this dissertation to account for a DEC formulation of the physics.  Instead, the 

focus will be on comparison to physical experiment results of NACA0012, numerical 

results from FLUENT, and the VIDEC's predictions. 

 FLUENT's settings were set for a viscous ideal gas, utilizing Sutherland's Law to 

solve for viscosity, with the energy equation and viscous dissipation enabled.  The 

turbulence model was the Spalart-Allmaras model.  

7.4.3.4 Grid Refinement 

The AIAA and ASME Guidelines for Verification and Validation [1][327][328] 

[363][366][367][393][402] establish a set of guidelines for systematic verification and 

validation of codes, the former in CFD and the latter in CSM.  Verification is sub-divided 

into code verification and calculation verification.  The former is about quality assurance 
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and removing programming and logic errors in the program itself.  Alternatively, it can 

be viewed as solving the equations correctly.  The latter, and the subject of this section, is 

about estimating numerical errors due to discretization.  It is more about grid refinement.   

 For this study, the code is run to residuals convergence on at least three 

sequentially refined grids with a refinement ratio,  , defined between each grid.  There is 

an associated error between meshes,    , for a given quantity of interest,  , on two 

meshes i and j.  The rate of grid convergence to the continuum solution is  .  The relative 

error between the coarse to fine grid, assuming grid 2 is more coarse than grid 1, is 

   
      .  The relative error between the fine to coarse grid is    

    .  The measure of 

the grid convergence is    .  The     is relative error   multiplied by a factor of safety, 

  .  Roache [367] suggests a value of 1.25 to 1.5. 
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 There needs to be at least three grids to assess whether a solution is approaching 

the asymptotic range [328].  Salari and Knupp used five for their viscous, incompressible 

and compressible flow tests [393].  If the finest grid is Grid 1 and the coarsest is Grid 3, 

then the following formulas can be used to determine and verify  .  These formulas are 

valid so long as the refinement ratio is constant when refining from Grid 3 to Grid 2 and 

then from Grid 2 to Grid 1.  This value does not have to be 2, however that is the 

common guideline [328][343][363][365][366][367][393].  If the value of     , then   
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is most likely correct.  Noise in this calculation can be caused by meshes that are not 

refined to be geometrically similar to their coarser predecessor.  See Roache 

[363][366][367] for more details on how to handle mesh refinement that is not uniform 

between subsequent grids. 

 

      
     

     
          (208) 

    

  

 
 

     
    

     
      

 

(209) 

    

7.4.3.5 Post Processing 

Post-processing was done with Tecplot, Matlab, and Excel.  The VIDEC-CFD data was 

interpolated to nodes by Whitney forms.  The post processing focused on the pressure 

distributions, the Thermodynamic Consistency residuals, and the lift and drag coefficients 

for different Mach Number, Angle of Attack, and Reynolds Number combinations.  Said 

distributions and coefficients were graphed in Excel and Tecplot. 

 Thermodynamic Consistency residuals, defined in Chapter 8, were handled within 

Matlab.  The main output was the magnitude of the relevant entropy residual state 

vectors.  Tracking these residuals and observing that their magnitudes are 0 to machine 

precision is how the following metrics of Thermodynamic Consistency were determined: 

¶ Entropy increases in time 

¶ Hamiltonian components of the flow field are not dissipative 

¶ Clausius-Duhem and Onsager relations hold. 
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7.6 Summary 

This section covered the proposed testing plan for the VIDEC CFD Methodology on 

NACA 0012 airfoils in subsonic, viscous, compressible flows.  In summary: 

¶ Three distinct test phases 

o Broad assessment varying Angle of Attack, Reynolds Number, and Mach Number 

o Increasing and only varying Reynolds Number 

o Vary only Angle of Attack and test solver accuracy at incipient stall 

¶ Perform a grid convergence study 

¶ Have results compared to experiment and ANSYS FLUENT 

¶ Post Process relevant data in Tecplot and Excel 
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CHAPTER VIII 
 

 

 

OUTLINE OF VIDEC-CFD METHODOLOGY 
 

 

 

8.1 Introduction 

This chapter presents the VIDEC-CFD Methodology.  The mathematical tools needed 

were all described at length in Chapter 5 and the cited references.  The physics regarding 

fluid mechanics was described in Chapter 3.  This chapter will combine those 

mathematical tools with the underlying fluid physics to reformulate the governing 

equations of fluid mechanics and boundary conditions.  The reformulated equations will 

then be discretized, have boundary conditions applied, and be numerically integrated 

based on variational integration methods presented in Chapter 5 and 6. 

 As stated previously, the VIDEC-CFD Methodology is based on the numerical 

integration presented by Pavlov et al. [345] and Mullen [317],  the equation derivation 

and discretization presented by Hirani et al. [192] and Mohamed et al [304], and the 

GENERIC algorithm for thermodynamic systems presented by Romero 

[372][373][374][375] with additional material on bracket theory from Morrison 

[309][310][311][312] and Materassi [285][286][287][288], and the variational field 

theory cited by Tonti [437][439][440][443][444].  These are combined and extended to 

include compressible flows, the energy equation, and viscous dissipation. 

 Section 8.2 will show the DEC formulation of the viscous shear force and 

dissipation function.  These formulations are based on the vector calculus formulas from 
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Chapter 3 for these terms and are reformulated based on analogies between vector 

calculus and DEC, similar to various citations from Chapter 6.  Section 8.3 goes over the 

basic numerical integrators and how they will be implemented.  Section 8.4 will present 

the continuous and then discretized governing equations in terms of DEC operators.  

Section 8.5 presents boundary conditions in terms of DEC operators.  Section 8.6 goes 

over a basic discussion of stability and convergence.  Section 8.7 provides a summary of 

important limitations.  Section 8.8 provides a Chapter summary. 

8.2 Viscous Shear Force and Dissipation 

Chapter 5 discussed the various aspects of continuous and discrete exterior calculus 

pertinent to this dissertation.  One particularly noteworthy exception would be the 

covariant derivative of the velocity field or the matrix            .  Marsden [276] 

discusses the continuous representation of this rate of strain term and        for deformation 

at length.  The individual terms are related to various generalized gradient derivatives in 

the tangent space of manifolds and the connection.   

 Representing the covariant derivative and the connection in a coordinate-free way 

is an ongoing topic of research that is beyond the scope of this dissertation.  So far, there 

are two main approaches taken according to de Goes [95].  The first approach is to find 

approximations for these terms, see Liu [259] and Azencot [20].  Gilbert [152] attempted 

to come up with a representation of the shear tensor using DEC for a 2D incompressible 

fluid.  The result is metric dependent.  Kanso [220] came up with a metric-dependent 

form of the covariant derivative in terms of the Lie derivative.  
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 The second approach, and the one taken in this dissertation, is not to approximate 

these terms at all.  If the terms do not appear by themselves, but only as part of various 

products and operations, the second approach relies on finding a coordinate-free 

representation of the final result.  This has been done by other authors, see Elcott [121] 

and Mullen [317], for the viscous shear force in a fluid.  The final form of the shear force 

in the momentum equation as shown in Chapter 3 entirely in terms of gradients, 

divergences, and curls, all of which have analogs in DEC.   

 Recall, that the viscous dissipation function,  , is also commonly represented as 

the scalar product of the shear tensor and the covariant derivative of the velocity field.  

The shear tensor is also a function of the velocity field's covariant derivative.  The 

ultimate product, however, was represented in Chapter 3 as a series of gradients, 

divergences, curls, and other vector operations that have DEC analogs.  

 The vector-based representation of shear force and dissipation will be used to help 

derive the form these quantities should take in a DEC-based numerical method.  The 

remainder of this section is devoted to determining and geometrically interpreting the 

form of the viscous shear force and dissipation for a DEC-based methodology. 

 The shear force within a Newtonian fluid in Chapter 3 was represented as the sum 

of the gradient of the divergence of velocity and the curl of the vorticity.  The discrete 

equivalent of the divergence of the 2-form velocity field is   , while the curl is   .  The 

gradient of    now relies on the co-differential operator and is represented as    .  The 

curl of    is accomplished with an exterior derivative operation,    .  These operations 

would be reversed for a velocity 1-form.  The DEC form of the shear force is in (210).  

This result simplifies to a similar form of viscous force derived by Elcott [121] and 
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Mullen [317] in the limit of an incompressible fluid.  The analogous force for a 1-form 

velocity field is presented in (211) and (212).  The former is if velocity is a 1-form and 

the viscous force is a 1-form, while the latter is if velocity is a 1-form, but the viscous 

force is a 2-form. 
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 The dissipation function,  , from Chapter 3 is more complicated.  The first term 

represents the divergence of the velocity field squared.  The second term is the vorticity 

squared.  The third term involves the gradient of the divergence of the velocity field 

dotted with the velocity field.  The final term is the divergence of the velocity field's Lie 

Derivative.   This term can be simplified via Cartan's formula from Chapter 5.  The final 

DEC result for how to represent the viscous dissipation function is shown in (214) for a 

velocity 2-form and (215) for a 1-form.   
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 The equations for the viscous dissipation can be further expanded based on the 

definitions of the Lie derivative, interior product, and wedge products from Chapter 5.  

They can be simplified even further in the limit of an incompressible fluid where      

or      for 2-form or 1-form velocity fields respectively.  The next section will 

present how the integration schemes are implemented in the VIDEC-CFD Methodology. 

8.3 Numerical Integration 

The main purpose of this dissertation is to develop a new CFD Methodology that does 

not artificially affect the fundamental geometric aspects of the governing equations when 

numerically solving them on a discrete domain.  The focus is not on deriving an entirely 

new integration method as well unless otherwise necessary.  Based on the literature 

search, there are compatible integration schemes available. 

 The material covered in Chapter 5 and 6 focused on underlying mathematics for 

an alternative approach to spatially discretizing the governing equations.  There was also 

a brief look at variational integration schemes.  However, the overall idea was describing 
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a new discretization scheme and slowly arguing the total spatial discretization error could 

be reduced by using DEC operators versus conventional discretization schemes.   

 The follow up question is what about when discretizing and integrating in time?  

Numerical time integrators can still artificially dissipate energy or fundamental 

invariants.  According to Mullen [317], Elcott's simplicial fluids algorithm [121] 

artificially dissipates energy due to the time integrator.  Mullen then proposes an 

improved set of integrators that do not artificially dissipate energy.  Marsden and West 

[282], Gawlik et al. [143], and Pavlov et al. [345] propose a set of integrators based on 

discrete variational principles for electrodynamics and inviscid, incompressible 

magnetohydrodynamics that also focus on preserving fundamental invariants when 

integrating in time.  Hairer [172][173] also goes into detail on various numerical 

integrators and discusses their ability to preserve fundamental geometry of differential 

equations.   The main purpose of these integrators is to avoid artificially dissipating 

energy, linear and/or angular momenta, or other higher order invariants. 

 Heumann [188], Romero [373][374][375], and Portillo [356] went one step 

further by formulating the integrator and variable selection and discretization such that 

the first two laws of thermodynamics are intrinsically satisfied.   The literature 

demonstrates that invariant-preserving integrators exist, but they must be utilized in the 

formulation as early as possible.   

 The primary numerical integration method based on information from Hairer 

[172][173], Heumann [188], Hirani [192], Mohamed [304], and Mullen [317] will be a 

variational midpoint integrator, such as the one presented in Chapter 5.  The form of the 

equations, however, will be based on DEC analogs to the equations derived via the 
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Hamiltonian and Dissipation brackets discussed by Romero [373][374][375] and 

Morrison [309][310][311][312].  These integrators are semi-implicit and resemble the 

Arbitrary Lagrangian Eulerian methods.  The integrators can be modified to be fully 

implicit while maintaining variational and geometric consistency based on Eulerian 

integrators in Heumann and Hiptmair [189].  This integrator is also used by Mullen [317].  

Future work could focus on slightly more advanced linear energy-preserving integrators 

by Cohen and Hairer [89].  These integrators simplify to the midpoint integrator. 
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 Maintaining thermodynamic consistency will be achieved by the choice of 

differential form for the velocity field.  So long as quadrature rules for forms are first 

order consistent, this integrator will maintain geometric and variational consistency 

according to Heumann and Hiptmair [189].  The quadrature is based on the use of 

Whitney form interpolation and Hodge star operators, both of which as used in the 

VIDEC-CFD Methodology are at least first order consistent.  Heumann [188] provides a 

detailed overview of the convergence rates.    
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8.4 Mathematical Formulation 

The next few sections contain the continuous and discrete governing equations of fluid 

mechanics written using tools from differential geometry, algebraic topology, and 

exterior calculus.  Section 8.4.1 talks about general forms of the governing equations 

from least action statements.  Section 8.4.2 provides an overview of the continuous 

governing equations.  Section 8.4.3 provides the discretized equations.  The next section, 

8.4.4, will go over Whitney interpolation on the discrete grid. 

8.4.1 Continuous Equations 

The continuous equations for fluid motion and constitutive equations were derived in 

Chapter 3.  Each equation contains a convection or advection term that can be 

represented as a Lie derivative.  The Lie Derivative's general form was shown in Chapter 

5, but it is not as useful here.  Instead, consider (218), (219), and (220),  which uses 

Cartan's Formula and some identities for different quantities.  The inner products can be 

represented in terms of wedge products as shown in Chapter 5, whose discrete 

implementation is described in the literature [192][304][359].  
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 Pressure and temperature are both represented as a dual 0-form stored at dual 

vertices.  Mass density is represented as a 3-form/2-form on primal tetrahedrons/triangles 

in 3D/2D.  The velocity is represented as a dual 1-form circulation term along dual edges.  

Momentum is represented as a primal 2-form in 3D and a primal 1-form in 2D.   

 The final forms of the equation for viscous dissipation are shown in (221) and 

(222), where identities for the interior product, the wedge product, and the exterior 

derivative of a wedge product have been substituted in.  The former has velocity as a 

primal 2-form flux while the latter has velocity as a dual 1-form circulation. 
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 These relations are substituted into the governing equations.  See (223) for the 

continuity equation, (225) and (226) for the momentum equation, and (224) for the 

energy equation after substitution for temperature.  (225) is the momentum equation in 

terms of momentum, while (226) is the momentum equation in terms of velocity as a one-

form circulation.  
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(224) 

 

 These equations are valid for a homogenous, viscous, compressible, Newtonian 

fluid with constant coefficients of viscosity,   and  , constant heat transfer coefficient,  , 

and constant specific heat capacities,    and   .  The equations also assume that the 

fluid's state can be accurately represented by the ideal gas law.  Note that the k-

superscript denotes a k-form parameter, while the scalar k multiplying temperature 

related variables is the heat transfer coefficient. 

 (226) can simplify to a similar set of equations derived by Elcott [121], Gawlik et 

al. [143], Marsden [280], Mullen [317], Mohamed [304], and Pavlov et al [345] in the 

limit of an viscous or inviscid, incompressible flow without heat transfer.  In some cases, 

the equations presented here may differ by a factor of an exterior derivative operator with 

the cited sources.  The difference depends on whether a source used a vorticity 
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formulation or not for the momentum equation and incompressibility forcing the velocity 

to be divergence free. 
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 Alternative formulations for an inviscid, isentropic, compressible flow may utilize 

the energy equation that can relate pressure and density to internal energy.   See Ch. 9.2 

of Marsden [280].  The energy equation may not always be simultaneously solved with 

the other equations.  Unless the flow is viscous and/or compressible, the energy equation 
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is de-coupled from the rest of the governing equations.  That means the temperature field 

can be solved for in post-processing. 

8.4.2 Discrete Equations 

The previous section presented the governing equations in DEC notation.  This section 

will show the discrete equations using the discrete analogs discussed in Chapter 5 to the 

continuous operators in the governing equations. The primal mesh is given outer 

orientation such that primal 2-forms represent flux through a surface, while the dual mesh 

has inner orientation as a result and has circulations represented along dual edges.  The 

dual mesh is a circumcentric dual as mentioned earlier.  The systems of equations 

presented are in the format shown in (227).  The primary variables of interest are density 

( ), mass flux    , and temperature    .  Constitutive equations for velocity     and 

pressure     are also provided.  The general equations for a momentum formulation are 

shown in (228).  A velocity formulation is (229). 
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(229) 

 

 The individual terms inside of these matrices are formulated based on 

discretizations of the governing equations.  They are formulated by discretizing the time 

derivative as a first order difference, with        being the state vector at the next time 

step and    at the current time step.  The spatial terms are evaluated at midpoints, or 

      , which corresponds to        
 

 
         .  The dissipation function,  , is 

solely evaluated at the current time step.  The      in the energy equation is evaluated 

at the midpoint, but solely for the pressure term, the velocity term is not split.  The terms 

     and      in (228) and (229) respectively are holding terms to represent an 

alternative representation where such non-linear terms are also discretized at the       

time step.  In this document, they are 0. 

 The 2D Governing Equations used for this dissertation are as follows.  Velocity is 

a dual 1-form, mass flux is a primal 1-form, mass density is a primal 2-form, pressure is a 

dual 0-form, and temperature is a dual 0-form.  The tangential velocity is a primal 1-form 

along edges.  The dual 1-form velocity field, when the Hodge star is applied to it, is 

related to the flux through the primal edge.  There are a variety of matrices provided in 
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this section that look odd.  Further the discrete equations do not contain any wedge 

products.  There are new matrices that are the matrix representations of wedge products 

[102][121][191][192][267][303][304][305].       is representative of the wedge product 

between primal 0-forms and the tangential velocity on primal edges.           represents the 

wedge product between two dual 1-forms on a dual surface, which can be a variety of 

types of polygons.           represents the wedge product between dual 0-forms and the 

velocity on dual edges.  See Mohamed [303][304][305], Hirani [191], and Chapter 8.5 for 

applying boundary conditions to these equations.   
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 The preliminary equations are shown in (230).  There are useful constructors in 

(231), (232), and (233).  The operator    closes dual cells that are on primal boundaries.  
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The boundary matrix    is defined in 8.5.3.  The matrices     ,         , and          are 

matrix implementations of wedge products of the velocity dual 1-form,   , or the 

tangential primal 1-form,   
 , with other differential forms.  Specifically, they represent 

the primal 1-form w/ primal 0-form wedge product, the primal 1-form w/ primal 1-form 

wedge product, and the dual 1-form w/ dual 0-form wedge product respectively.  They 

are the matrix implementation of wedge product formulas from Chapter 5, based on 

[191][192][304][305][359]. 
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(239) 

 

 The matrices in the preceding equations do not include the boundary closing 

form,       
 , and this is left purely on the forcing side of the equation  [304].  The 

wedge product matrices are updated between integration steps but not during integration.  

However, it is a potential improvement for future work to incorporate a two step 

integration scheme, a first explicit step to get a better approximation of the tangential 

velocity 1-forms, and then a second fully implicit step [304].  Assume     as per 

Stokes' Hypothesis. 

 The tangential velocity primal 1-forms,   
 , are calculated through Whitney 

interpolation, similar to Mohamed's method [304].  The velocity vector field at each 

triangle is reconstructed using the dual velocity 1-forms with Whitney form interpolation.  

The tangential velocity 1-forms are calculated afterwards on primal edges by averaging 

velocity vectors in triangles that share a common edge.  This average is then multiplied 

by the edge length.  This is a discrete analog to          
  

 on a 1 simplex or edge,   .  

Note that the     
            in (243).  See Chapter 5. 
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 The main differences between the equations shown in this section and the 

references that inspired the method are the inclusion of the energy equation, lack of 

incompressibility, and not using velocity or vorticity potentials.  The latter cannot be used 

here because the flow is not incompressible.  A compressible potential flow model would 

require barotropic, inviscid, irrotational, isentropic flow conditions. 

8.4.2.1 Discrete Residuals 

The naive method of calculating a residual would be to simply calculate the magnitude of 

           .  There are a few main residuals of interest being calculated for this 

dissertation.  The first is shown in (244).  This can further be separated for sub-

components of the state vector, namely  ,  ,  , and   by using (245), where    refers to 

the sub-set of    containing the values for variable  .  This enables comparing what 

variables, and by proxy what equations, are converging and how fast.  Lastly, as done by 

Mullen [317], there is      in (246).  This is simply the    norm of the 2D governing 

equations with the N+1 time step solution substituted into the left-hand side of the 
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equations and then subtracting off the right-hand side forcing terms containing 

parameters from the previous time step, N. 
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(246) 

 

 The last residual is related to Thermodynamic Consistency.  This can be 

calculated and tabulated during the simulation, but the most important value is when the 

simulation converges.  For this dissertation, this residual related to Thermodynamic 

Consistency will be called the bracket or entropy residual.  Ottinger and Grmela [333] 

and Romero [372][373][374][375] refer to these criteria as degeneracy conditions. 

 The main degeneracy conditions are               corresponding to           

and              corresponding to          .  There is also the noteworthy conditions 

that               ,            , and             where   in this context is 

an arbitrary functional [311][312][332][372][373][374][375].  The variables in the state 

vector,   , for this part of the analysis includes  ,  , and   where velocity could be 

substituted with momentum and temperature could be substituted with specific internal 

energy or specific entropy. 
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 The first degeneracy conditions from the Poisson Bracket are identically zero, 

yielding nothing to work with.  However, two equations arise when the terms are 

substituted into the dissipative bracket, shown in (247) and (248).  These residuals will be 

calculated as state vectors,     and    , with their magnitudes, min, and max values. 

 For Thermodynamic Consistency, these residuals should be zero, either exactly or 

to machine precision.  At worst, they should be   .  The former is a theoretical 

possibility, as the discrete boundary operator acting on another discrete boundary 

operator is exactly 0 by construction, mimicking on the discrete domain a property of the 

exterior derivative on a differential manifold.  However, the latter is also acceptable. 

8.4.3 Interpolation & Flow Visualization 

The discrete equations return values for state variables at their corresponding locations on 

the mesh.  The forms represent a magnitude on an oriented simplicial surface, but not a 

conventional vector.  The mass flux,  ,  lives in a different space, both on the continuous 

manifold and the mesh.  Typical flow visualization and data results, however, requires 

vector representation.  So does interpolation for the tangential velocity form,   , during 

simulation.  The vector representation can be recovered at arbitrary locations within each 
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cell with an appropriate transformation by using Whitney forms described in Chapter 5.  

Whitney forms also enable interpolating other scalar and vector fields of interest. 

 The formulas for the Whitney forms from Chapter 5.3.4.3 go from (153) to (161).  

These equations are needed to interpolate the velocity field within each triangle.  Once 

this     is obtained per triangle, it is multiplied by the vector corresponding to a given 

triangle edge and then that edge's length to obtain the tangential velocity circulation 

value,   .  A similar procedure could be done by multiplying by the vector normal to that 

edge instead to get a primal 1 form velocity flux.  However, VIDEC-CFD uses a 1-form 

dual velocity circulation for that normal component.  That value is obtained by 

multiplying the obtained     by the vector normal to an edge and then by the length of the 

associated dual edge to obtain a circulation.  The pressure, density, and temperature 

forms are all scalar functions are are interpolated using Barycentric coordinates 

[121][143][150] [154][172][173][188][189][192][280][304][317][304][345].   

 The main question comes down to how are the forms in Whitney interpolation 

understood on a per triangle basis?  The velocity forms are simply stored on edges in 

accordance with how they match the edge's intrinsic orientation.  However, when 

interpolating in this manner it also matters how that edge matches the triangle's intrinsic 

orientation.  As such, the interpolation equations in practice are modified to include the 

associated entry from the boundary operator associated with that triangle and edge.  This 

value multiplies the circulations.  The velocity field can then be recovered regardless of 

whether the form used is the tangential velocity 1-form or the normal velocity 1 form. 

 The Whitney maps are used primarily as part of post-processing data and are not 

currently part of the integration scheme, aside from calculating tangential velocity 1-
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forms.  More advanced integrators may necessitate using Whitney forms to obtain more 

data points for numerical integration.  Example applications of the Whitney forms for 

numerical quadrature and field visualization can be found in [121][143][150] 

[154][172][173][188][189][192][280][304][317][304][345].  Boundary conditions 

needed to implement the VIDEC-CFD Methodology will be discussed in the next section.   

8.5 Boundary Conditions 

Each of the following sections will go over a specific set of boundary conditions for 

conventional vector calculus approach and exterior calculus approach to numerical 

analysis.  The result will be applied to an example system of equations, itself also shown 

in matrix-vector and differential form format 

 The main boundary conditions of interest here are the no-slip condition, inlets and 

outlets, adiabatic walls, constant temperature walls, freestream pressure, and no pressure 

gradient.  Other boundary conditions are left to future work.  See [192], [267], [304], 

[305], [317], and [349] for more details.  All boundary conditions presented are 2D. 

 The boundary conditions are either Dirichlet or Neumann, specifying a value of a 

function on the boundary or its derivative.  In the former case, consider the following 

example equation with a mass matrix,    , a state vector,   , and a force vector,   .   

 

          (249) 

 

 Dirichlet Boundary conditions are applied by first writing a temporary state 

vector,    , whose value is the column in     corresponding to where the specified value in 
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   is located.  This vector is scaled by the value of the Dirichlet boundary condition,  .  

Then, a new force vector is made,              .  The corresponding row where the 

boundary value in X is specified is then removed from     and      , and the 

corresponding column in     is also removed.  If the    , then         . 

 The Neumann boundary condition is slightly more involved and will be covered 

by example in 8.5.2 and 8.5.3. 

8.5.1 No Slip Condition 

The no slip condition amounts to a zero valued Dirichlet boundary condition on the dual 

1-form velocity form on the boundary edges corresponding to where the no slip is 

applied.  Symbolically, it is represented in (250).  Practical implementation is as 

described earlier for Dirichlet boundary conditions. 

 In addition to setting   on the boundary to 0, the corresponding values of    are 

also set to 0.  The combination of these two boundary conditions also has the effect of 

making the location a non-permeable wall. 

 

                (250) 

      

8.5.2 Momentum Inlet and Outlet 

Momentum inlet and outlet boundary conditions prescribed a Dirichlet boundary 

condition on the velocity 1-form, not unlike the previous no-slip condition.  The 

difference is that here, the value of the boundary 1-form is set to a non-zero value  .  The 

tangential velocity form is not necessarily set to 0, nor is   set to the value of the mass 
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flow divided by the density.  They must be set considering the desired freestream velocity 

conditions for     and the angle of attack of the airfoil,  , in next chapter's test cases.   

 

                (251) 

      

 The value of   and    are the respective integrals         
  

 and         
 

.  The 

value of the former is not just            , unless     happens to be the unit vector in the 

local y direction.  The local primal boundary edge makes an angle    with the local x 

direction.  The value of    is                      , while               

        .  This gets the value of what these boundary conditions should be. 

 From here, take the absolute value of both   and   .  If the condition is an inlet, 

then multiply   by    to account for the outward normal vector of the edge disagreeing 

with the inlet velocity vector.  If an outlet, then keep   as it is.  The sign of    depends on 

if it agrees with the local direction of that edge's unit tangent vector - the relative position 

vector of its vertices,   .  If        for a given boundary edge unit tangent vector is positive, 

then    is positive.  If not, multiply the boundary value of    by   . 

 Consider the Poisson Equation in (252) and (253).  Here    is representing a 

primal differential 1-form related to a vector field     .  Consider boundary conditions 

     and    
    on the boundary.  Note that    

  and   here represent dual 1-

forms.  What follows is analogous to treatment needed if specifying normal and 

tangential velocity on the boundary. 
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    (253) 

 

 In this case, the proper treatment of the boundary conditions is not a simple 

straightforward Dirichlet substitution.  The actual treatment is shown in (254).  The 

boundary matrix,   , is defined in the next section for 2D.  Its purpose is to close the dual 

cells that contain primal elements.  Multiple of these matrices will be needed in 3D. 

 

      
      

        
    

       
        

      (254) 

 

 In practice for VIDEC-CFD, this means many operators have additional terms 

that account for closing dual cells on the domain boundary.  See the governing equations 

in the previous section. 

8.5.3 Pressure and Temperature 

Pressure and temperature are both represented as dual 0-forms.  As such, their boundary 

conditions take the same form and are applied in similar ways.  Consider the following 

Poisson equation for a scalar function in (255).  Here, the function   is just an arbitrary 

function and is not necessarily related to pressure.  See (256) if   represents a primal 0-

form and (257) if   represents a dual 0-form. 

 

                (255) 



 390 

 

        
      

       
    (256) 

 

            
    

      (257) 

 

 The Dirichlet boundary conditions are applied as described at the beginning of 

8.5.  The Neumann conditions for specifying          are more involved.   Note that,  , 

represents the 1-form equivalent to   .  For the primal 0-form and dual 0-form, see (259) 

and (260) respectively.  The boundary matrix    is defined in (258).  The vector     is a 

vector of 1's that has a number of elements equal to the number of triangles on a 2D grid.  

The operator      simply forms a matrix whose main diagonal are the entries of the 

vector   
     .  The matrix    

   is the same as   
 
, except all values are set to positive.  

The matrix   
 
 is the matrix   , except only the boundary edges have non-zero entries.  

All other entries are 0. 
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8.6 Stability and Convergence 

The VIDEC-CFD methodology is built upon the combination of a variety of DEC-based 

solvers, the GENERIC methodology, and additional concepts of mathematical physics.  

All of these solvers have been proven to be stable solutions and their mathematical 

underpinnings have possessed the elements needed for stability.  Regardless, a rigorous 

analysis of VIDEC-CFD's stability will be left to future work. 

 The convergence criteria in this section does not refer to grid convergence 

discussed in Chapter 7, the convergence of discrete to continuous operators discussed in 

Chapter 5, or a measure of rate of convergence.  Nor does it include bracket residuals for 

thermodynamic consistency.  Those are about whether a converged solution is consistent 

with the laws of thermodynamics.  They are not criteria for stopping a simulation. 

 Convergence criteria in this section strictly refer to whether or not a given 

numerical simulation procedure needs to be terminated due to small residuals.  The test 

problems discussed in Chapter 7 are primarily steady flows.  The VIDEC-CFD 

Methodology is inherently formulated as unsteady.  This means that part of a simulation's 

numerical convergence is about driving the time derivative calculation to zero. 

 The remaining part of numerical convergence will be assessed by Roache's 

suggestion [365][366] of reducing the magnitude of residuals by three orders of 

magnitude from the initial set of residuals, measured by the L
2
 error norm.  Roache 

considers a value of residuals in the range of        to be too lenient and that the former 

three order of magnitude reduction in initial residuals to provide qualitatively better 

results.  It is a rule of thumb that will be adjusted if needed when performing the virtual 

experiments.  The residuals will be calculated by an   -error norm between the current 
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and previous (sub)-iterations.  When comparing the newest time step to the previous, the 

first sub-iteration of the new time step will be compared to the last sub-iteration of the 

previous time step. 

 The final convergence criterion is actually a stopping criterion.  Each time step 

will only contain a certain number of sub-iterations before proceeding to the next time 

step, regardless if the residuals have been sufficiently reduced.  Further, there will only 

be so many overall timesteps allowed before the simulation is prematurely terminated and 

labeled unconverged.  There will be a total of 50 sub-iterations per time step and a total 

simulated time of 10 seconds for testing the VIDEC-CFD Methodology.  The reported 

results will be for the converged solution at the step it converges. 

8.7 Methodology Shortcomings 

The VIDEC-CFD Methodology is not without shortcomings.  The first limitation is that 

the fluid has been limited to a homogenous, non-reacting, viscous, compressible, 

isotropic, Newtonian Fluid whose thermodynamic state can be predicted by the Ideal Gas 

Law.  Further, heat transfer is assumed to follow Fourier's Heat Conduction Law.  These 

assumptions inherently define the form of the stress tensor, the relationship between 

thermodynamic variables and density, and the inability to model any problems that 

involve mixing, atomized flows, chemical reactions, phase changes, and different forms 

of heat conduction.  Further, the problem's Mach number range has been defined such 

that no shockwaves should appear in the problem.  Future work will have to address how 

well the VIDEC-CFD Methodology actually performs in the presence of such complex 

physical phenomena.  Multi-phase, non-equilibrium, and/or non-homogenous fluid 

applications will require modifying the methodology to account for new phenomena. 
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 The next shortcomings involve the Hodge star and the Whitney form.  The 

methodology's discretization error resides in these operators, and the operators are 

prevalent throughout the equations and solution process.  There are higher order 

definitions available for Whitney forms [361] that could be used. The Hodge star 

operators are also prone to high condition numbers for small dual cell areas or dual edge 

lengths.  These do not appear to affect the resulting accuracy of the solution so long as 

the simultaneous equation solver can handle such condition numbers [267], such as 

LSQR [239], and so long as the cell aspect ratios remain below 288 [267].   

 Simplicial cells with high aspect ratios tend to have primal or dual components 

that are nearly parallel [263].  This could exacerbate dispersion-dissipation errors that can 

be inherent in conventional unstructured methodologies, particularly at and near 

stagnation point locations.  Turbulent flow predictions, which have significant crossflow 

and/or reversed flow as well as strain tensor principal directions that vary significantly, 

could also be impacted.  Same for predictions of transition to turbulence, flow separation, 

shockwave location, and smearing. 

 According to Mamdouh, Hirani, and Samtaney [267], even for Navier-Stokes 

equations on grids where as many as 15% of all of the cells were skewed to the point of 

having their circumcenters lie outside of their boundaries, the resulting of    error norm 

and convergence rate was not greatly affected.  Furthermore, Suzuki [422][423] 

considered a bluff body case while using a DEC formulation and having non-Delaunay 

triangulations.  They also even had the equations in the GENERIC formalism.  With the 

appropriate integrator, the conservation properties still held and no increased errors were 

noticed in the regions with many cells with high aspect ratios. 
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 The next shortcoming is the use of simplicial chains and co-chains that limits the 

methodology to a grid that is a simplicial complex.  Using simplicial chains and co-

chains greatly facilitates the definition of products between differential forms, the Hodge 

star, and Whitney forms.  Future work based on chainlets [176][177][178] and polyhedral 

products [359] could enable the methodology to work on non-simplicial complexes.  This 

includes the ability to have prism elements in the boundary layer region and then a 

simplicial grid everywhere else. 

 The final set of problems all hinge around the stationary, unchanging, 

unstructured, simplicial mesh that is part of the theoretical underpinnings of the VIDEC-

CFD Methodology.  There is no way to account for a flexible structure if the mesh cannot 

change.  Aeroelastic analysis will require accounting for grid changes during simulation.  

Additionally, shockwave location prediction may be affected and/or smeared if the grid is 

not initially refined in the region where a shock should appear.  Future work could focus 

on addressing this shortcoming with additional terms in the governing equations that 

account for changes in grid geometry similar to Cotter's method [90]. 

 General fixes to these shortcomings include higher order Hodge stars and 

Whitney forms in the boundary layer region [361], using the polyhedral chainlets and 

products [176][177][178][359], using a barycentric set of operators instead of 

circumcentric [303], or using locally constructed DEC that has been proven to work on 

non-Delaunay grids [127][128].  

8.8 Summary 

This section contained all of the necessary discrete equations for formulating the VIDEC-

CFD Methodology.  This includes which discrete operators are used, boundary condition 
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implementation, and the implicit variational midpoint integrator.  The resulting equations 

are solved by the LSQR method [239][335][336].  Convergence is handled in two parts.  

The first is when the residuals are suitably small, while the second is grid convergence. 

 This section also discussed the derivation by analogy of the viscous dissipation 

function in terms of DEC operators as part of Research Question 2 and its hypothesis.  

The value of this function will be tested on each problem at the airfoil leading edge.  

Comparison solvers typically do not report this value, and it will instead be calculated in 

post-processing from a converged solution from another solver. 

 Finally, this section mentioned several possible areas of future work based on the 

presented methodology's known possible shortcomings.  These shortcomings limit the 

methodology's applicability to problems involving moving grids or otherwise violates its 

underlying assumptions for the fluid. 

 The next chapter will describe the tests and results of the method.  Each section 

will describe what one of these tests are, why the methodology must be subjected to that 

test, and how the test corresponds to the Research Questions and overarching problems of 

CFD modeling.  Each section will contain data from physical experiments and/or 

conventional fluid solvers in addition to the VIDEC-CFD solver. 
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CHAPTER IX 
 

 

 

RESULTS AND DISCUSSION 
 

 

 

9.1 Experiment I - Mach-Alpha 

DEC-based solvers have primarily been tested on incompressible flows, both inviscid and 

viscous, but none tackling viscous compressible flows.  The experiments in this chapter 

will see how well such a formulation can make predictions in that regime.  This first set 

of experiments will generally perturb the possible ambient conditions for viscous, 

subsonic, compressible flow around an airfoil.  The conditions will represent a general 

test of the VIDEC Methodology.  The results of this test are the most basic, but most 

important.  There are no additional effects that could complicate the model. 

 The range of testing parameters: 

¶ 0.3 < Mach Number < 0.5 

¶ 0° < Angle of Attack < 6° 

 The parameters of interest are the airfoil pressure distribution, the 

Thermodynamic Consistency measures defined in Chapter 8, and the lift and drag 

coefficients.  The distributions and coefficients will be compared to validation data. See 

Chapter 7 for the full experiment breakdown and reasoning. 

 Validation data on lift and drag will be from McCroskey [294], Thibert et al 

[428], Ladson et al [244], Ladson and Johnson [245], and FLUENT.  The three simplicial 
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grids used in each experiment for VIDEC-CFD and FLUENT had approximately 5900, 

10000, and 37000 nodes respectively. 

 

Table 12: Experiment I Cases 

Case # α (°) Mach number Re/10^6 

1 0 0.3 1.86 

2 0 0.5 2.39 

3 6.05 0.5 2.93 

4 6.07 0.299 1.85 

5 3.93 0.401 2.34 

6 1.93 0.401 2.34 

7 4.04 0.3 1.86 

8 4.06 0.504 2.93 

 

 Solution convergence and the grid refinement methodology was described in 

Chapter 7.  A simplified table denoting observed convergence rate will be used.  

9.1.1 Experiment I VIDEC Results 

Results in this section are the pressure coefficient distributions over the airfoil, the 

section lift and drag coefficients, and Thermodynamic Consistency residuals for each 

case.  Also included is a table for VIDEC's grid convergence for these cases. 
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Figure 64: 2D Pressure Distributions I - VIDEC 

 

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1
-C

p

X/C

Pressure Distributions - Exp 1 Case 1 

AGARD

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

-C
p

X/C

Pressure Distributions - Exp 1 Case 2 

AGARD

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1

-C
p

X/C

Pressure Distributions - Exp 1 Case 3 

AGARD

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1

-C
p

X/C

Pressure Distributions - Exp 1 Case 4 

NASA

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3

-1.5

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1

-C
p

X/C

Pressure Distributions - Exp 1 Case 5 

NASA

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

-C
p

X/C

Pressure Distributions - Exp 1 Case 6 

NASA

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3

-1.5

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1

-C
p

X/C

Pressure Distributions - Exp 1 Case 7 

AGARD

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3

-1.5

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1

-C
p

X/C

Pressure Distributions - Exp 1 Case 8 

AGARD

VIDEC Grid 1

VIDEC Grid 2

VIDEC Grid 3



 399 

 
Figure 65: 2D Lift and Drag Curves I - VIDEC 

 

Table 13: Experiment I - Thermodynamic Consistency 

Case #         

1                       

2                       

3                       

4                       

5                       

6                       

7                       

8                       
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Table 14: Grid Convergence Chart I - VIDEC 

Convergence Rate (p) α (°) Mach number Re/10^6 

2.290 0 0.3 1.86 

2.280 0 0.5 2.39 

2.040 6.05 0.5 2.93 

2.051 6.07 0.299 1.85 

2.095 3.93 0.401 2.34 

2.106 1.93 0.401 2.34 

2.055 4.04 0.3 1.86 

2.040 4.06 0.504 2.93 

 

 

 The results from VIDEC are a close match with experimental data.  As the angle 

of attack increases, the coarser grid is not as close of a match, but the medium refined and 

highly refined grids are much closer.  There is some variation in predicting the pressure 

distribution near the airfoil trailing edge at higher angles of attack. 

 The coarse grid was not able to predict the lift and drag coefficient well, but the 

medium and highly refined grids both did, despite the preceding observation on the 

trailing edge pressure distribution.  Grid convergence was achieved. 

9.1.2 Experiment I Validation Data 

The results in this section are the pressure coefficient distributions over the NACA 0012 

airfoil and the section lift and drag coefficients for each case at specified Mach-alpha-Re 

combinations.  There is also a table for assessing FLUENT's grid convergence. 
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Figure 66: 2D Pressure Distributions I - FLUENT 
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Figure 67: 2D Lift and Drag Curves I - FLUENT 

 

Table 15: Grid Convergence Chart I - FLUENT 

Convergence Rate (p) α (°) Mach number Re/10^6 

2.690 0 0.3 1.86 

2.680 0 0.5 2.39 
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2.471 6.07 0.299 1.85 
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2.650 4.04 0.3 1.86 

2.460 4.06 0.504 2.93 
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 Much like with VIDEC, the pressure distribution on the airfoil predicted by 

FLUENT closely matches the experimental data.  As the angle of attack increases, the 

coarser grid is not as close of a match initially, but the medium refined and highly refined 

grids are much closer.  There is some variation in predicting the pressure distribution 

towards the rear airfoil at higher angles of attack. 

 The same results hold for predicting the lift coefficient, with the medium and 

highly refined grids predicting the section lift coefficient very well, while the coarse grid 

is slightly off.  The prediction of the drag coefficient on the coarse grid is further off than 

the lift coefficient, however, there is much closer match to validation data on the medium 

and highly refined grids.  Grid convergence was achieved for the refined grid. 

 Observations for high Reynolds number data will be saved for later. 

9.2 Experiment Set II - Reynolds Number 

The following numerical experiments are related to the Reynolds Number's effect on the 

airfoil's aerodynamic characteristics and whether the VIDEC methodology can obtain 

accurate solutions at higher Reynolds Number viscous compressible subsonic flow, given 

that many DEC solvers cited earlier have primarily been used on lower Reynolds number 

incompressible flow problems.   

 This second test phase will fix all variables save Reynolds Number, which is 

varied from                 .  Mach and   are set at 0.5 and 0° respectively.  

The Reynolds number is varied by varying the dynamic viscosity, while the fluid 

otherwise has the same properties as air at sea level conditions. 
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 Validation data on lift and drag will be from Mach and Reynolds number 

combinations that matches data available from McCroskey [294], Thibert et al [428], and 

FLUENT data at selected Reynolds Numbers. 

 

Table 16: Experiment II Cases 

Case # α (°) Mach number Re/10^6 

1 0 0.5 0.17 

2 0 0.5 4.13 

3 0 0.5 8.102 

4 0 0.5 12.068 

5 0 0.5 16.034 

6 0 0.5 20 

 

 

9.2.1 Experiment II VIDEC Results 

Results plotted in this section are the lift and drag coefficients at specific Reynolds 

numbers and the residuals of Thermodynamic Consistency.  There is also a chart 

assessing VIDEC's grid convergence.   
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Figure 68: 2D Lift and Drag Curves II - VIDEC 

 

Table 17: Experiment II - Thermodynamic Consistency 

Case #         

1                       

2                       

3                       

4                       

5                       

6                       

 

Table 18: Grid Convergence Chart II - VIDEC 

Convergence Rate (p) α (°) Mach number Re/10^6 

2.123 0 0.5 0.17 

2.097 0 0.5 4.136 

2.098 0 0.5 8.102 

2.006 0 0.5 12.068 

1.989 0 0.5 16.034 

1.950 0 0.5 20 
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9.2.2 Experiment II Validation Data 

Results plotted in this section are the airfoil lift and drag coefficients at specified 

Reynolds numbers and a table of FLUENT's grid convergence. 

 

 
Figure 69: 2D Lift and Drag Curves II - FLUENT 

 

Table 19: Grid Convergence Chart II - FLUENT 

Convergence Rate (p) α (°) Mach number Re/10^6 

2.451 0 0.5 0.17 

2.3143 0 0.5 4.136 

2.257 0 0.5 8.102 

2.18 0 0.5 12.068 

2.129 0 0.5 16.034 

1.93 0 0.5 20 
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0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0 5 10 15 20 25 30

D
ra

g 
C

o
e

ff
ic

ie
n

t

Reynolds Number (10^6)

Drag Coefficient vs Reynolds Number

NASA

FLUENT Grid 1

FLUENT Grid 2

FLUENT Grid 3



 407 

aerodynamic data characteristics [211][294][410].  The methodology presented herein is 

2D and cannot predict the actual 3D mechanisms of stall.  However, predictions just prior 

to stall are possible.  The first experiment varied angle of attack in a narrow range.  Here, 

it will be varied as high as         .  The Mach Number and Reynolds number are 

approximately 0.5 and 2.9 million respectively.  The parameters of interest are the lift and 

drag coefficients versus angle of attack. 

 Validation data on lift and drag will be from McCroskey [294], Thibert et al 

[428], and generated FLUENT data at selected angles of attack. 

 

Table 20: Experiment III Cases 

Case # α (°) Mach number Re/10^6 

1 6 0.503 2.93 

2 7 0.503 2.9 

3 8 0.503 2.85 

4 9 0.502 2.83 

5 10 0.502 2.82 

 

 

9.3.1 Experiment III VIDEC Results 

Results of interest in this section are the airfoil lift and drag coefficients versus α and the 

residuals for Thermodynamic Consistency.  There is also a table included for VIDEC's 

grid convergence for these cases.  Look at Figure 65 from 9.1.1.  That dataset included 

the high angle of attack data, but that portion was not commented on. 
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 The VIDEC Methodology predicts the lift and drag coefficient for the airfoil quite 

well until around 9-10 degrees angle of attack.  This is where the experimental data sees a 

larger rise in the drag and is indicative of phenomena leading to incipient stall. 

 

Table 21: Experiment III - Thermodynamic Consistency 

Case #         

1                       

2                       

3                       

4                       

5                       

 

Table 22: Grid Convergence Chart III - VIDEC 

Convergence Rate (p) α (°) Mach number Re/10^6 

2.002 6 0.503 2.93 

2.000 7 0.503 2.9 

1.988 8 0.503 2.85 

1.991 9 0.502 2.83 

1.892 10 0.502 2.82 

 

 

9.3.2 Experiment III Validation Data 

The results of interest in this section are the airfoil lift and drag coefficients versus α, as 

well as a table for FLUENT's grid convergence.  Look back at Figure 67 from 9.1.2.  
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Included in that data set is how FLUENT predicted NACA0012 lift and drag data at 

higher angles of attack. 

 

Table 23: Grid Convergence Chart III - FLUENT 

Convergence Rate (p) α (°) Mach number Re/10^6 

2.242 6 0.503 2.93 

2.199 7 0.503 2.9 

2.228 8 0.503 2.85 

2.256 9 0.502 2.83 

2.038 10 0.502 2.82 

 

 The conclusion of section 9.1.2 was that FLUENT did a reasonable job predicting 

lift and drag coefficients across a range of Mach, Reynolds number, and angle of attack.  

There was a comment about commenting on the high angle of attack data later.  The 

FLUENT prediction typically slightly overpredicts drag at all angles of attack except 

around 9-10 degrees, at which point the experimental data increases much faster.  Then 

on, FLUENT underpredicts.  This could be of a result of initial phenomena related to 

incipient separation that a purely 2D formulation is not fully able to predict. 

9.4 Discussion and Summary 

9.4.1 Experiment Set I 

This first set of experiments was perturbing all of the variables at once, albeit in moderate 

ranges.  No extremely high Mach number that would potentially cause shockwaves, no 
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high angle of attack where separation effects may happen, and at a moderate Reynolds 

number comparable to a small aircraft in flight. 

 Both solvers were able to accurately predict the pressure distributions at grid 

convergence, as well as the lift and drag coefficients.  Even on the coarse grid, both 

solvers were able to predict the general patterns while not matching the experimentally 

observed values. 

 The pressure coefficient predictions generally matched available experimental 

data.  Even the coarse grid results nearly overlay on the experimental data.  The only 

noticeable trend for both solvers was on the trailing edge at higher angles of attack where 

the predicted distributions did not as closely overlap the experimental data.  The net 

difference, when integrated, did not seem to affect the prediction in lift coefficient 

greatly, as there was good agreement between both solvers and experiment. 

 The grid convergence for both solvers was second order.  The exact convergence 

order was not the same and seemed to vary slightly with the angle of attack. 

9.4.2 Experiment Set II 

The VIDEC and FLUENT solvers were both able to predict the relevant quantities for 

this set of experiments, even as the Reynolds number was greatly increased at constant 

Re and  .  Both predicted the relevant trends that were observed experimentally in terms 

of changes in the lift and drag coefficients.  There is still a trend of higher predictions of 

drag coefficient on the coarse grid before the more refined grids return a lower calculated 

result for both solvers.   

 The overall trend of drag coefficient vs Reynolds number at fixed Mach number 

from Ladson and Johnson [245] is that it slightly resembles a parabola.  Over long 



 411 

stretches of Re, the drag slightly ticks up until around ~9-10 million, and then goes down 

slightly as Re is further increased so long as the angle of attack is small, less than 10°.  

The results of both solvers recreate this trend. 

 The grid convergence for both solvers was second order.  The exact convergence 

order was not the same, and seemed to vary slightly with Reynolds number.  This is not 

as noticeable in the first experiment set where the differences in Reynolds number 

between cases are smaller than the very large jumps in this experiment set. 

9.4.3 Experiment Set III 

The FLUENT and VIDEC solvers used in this dissertation are purely 2D and seemed to 

struggle in this particular area, where 3D effects would start to matter for predicting 

incipient stall and related phenomena.  The experimental data showed that incipient 

separation phenomena over the airfoil would start to happen around an angle of attack of 

9-10 degrees, as noted by the increase in drag coefficient.  This increase was consistent 

near this angle regardless of Mach or Reynolds number. 

 Neither solver predicted this.  However, both solvers were able to accurately 

predict the lift and drag coefficients at lower angles.  VIDEC underpredicted the drag at 

the higher angles of attack by less than FLUENT did. 

 The solutions converged and so did the grids.  The grid convergence for both 

solvers was second order.  The exact convergence order was not the same and seemed to 

vary with the angle of attack.  This variance was more noticeable than in Experiment Set 

1, likely indicating that more complicated phenomena were occurring.  The grids in this 

study do not adapt.  Additionally, the prime concern in creating each grid was for placing 
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nodes for sufficient resolution in the boundary layer.  This may have led to a grid that 

was able to obtain a solution but was not optimal. 

 An obvious improvement would be to go to a 3D formulation for VIDEC and to 

use the full 3D FLUENT solver for comparison.  Perhaps add in more refinement in the 

region immediately around the airfoil and outside of the boundary layer, while also 

potentially refining the boundary layer grid as well.  Another improvement includes 

conducting more studies comparing how the solvers behave in a fully turbulent oncoming 

flow, a flow tripped some distance ahead of the airfoil, and finally with no trip at all. 

9.4.4 Summary of Discussion 

The goal of this chapter was to present data and to answer the following questions: 

¶ What happened in each set of experiments? 

¶ What were the major observations? 

¶ What do the results mean in regard to the VIDEC-CFD Methodology's ability to 

resolve particular phenomena or combinations of phenomena? 

¶ How well did the proposed methodology capture different effects numerically? 

Qualitatively? 

¶ Were the results consistent?  Did the solver consistently over/under predict a 

particular quantity and what was the consequence? 

¶ What improvements are needed / possible to improve the solver? 

Ultimately, were the hypotheses substantiated or not?  Can victory be declared? 

¶ Grid convergence was achieved with a rate near 2
nd

 order, but the rate seemed to 

vary slightly with Reynolds number and angle of attack, indicating either the 

limits of the 2D solvers' accuracies for extreme cases and/or non-optimal grids 
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¶ VIDEC-CFD has comparable results to a 2D industry solver 

¶ Numerically was able to match nearly all experiment and validation data at grid 

convergence, qualitatively picked up on expected patterns 

¶ Neither solver picked up separation occurring at 10°, or whatever caused the jump 

in drag coefficient in the experimental data 

¶ There was a consistent initial overprediction of section coefficients on the coarse 

grid that improved on refined grids with a slight underprediction 

¶ Predictions in the pressure coefficient generally matched experimental data in 

magnitude and trend, except near the trailing edge as angle of attack increased, for 

both FLUENT and VIDEC 

¶ Thermodynamic Consistency was achieved at solution convergence 

¶ Numerous possible improvements will be discussed in Chapter 10 

 There are some weaknesses.  While VIDEC was able to predict the drag at higher 

angles of attack better than FLUENT in this purely 2D formulation, it still did not achieve 

100% accuracy.  Further, the NACA0012 airfoil would not be expected to experience full 

flow separation at 10° angle of attack, merely the onset of phenomena that would lead to 

separation as angle of attack increased.  These phenomena would be in part related to 

vorticity, but also in part related to 3D effects. 

 The hypotheses seem to be substantiated.  Defining the formulation based on 

mass flux, a primal 1-form in 2D, led to a consistent set of equations that were able to 

reproduce experimental data for the majority the experimental cases, even without a 

turbulence model or a DNS-level refined grid.  This was in the presence of minor 

amounts of viscous dissipation within compressible flows. 
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 Limiting the problem to 2D for scoping reasons may have unfortunately limited 

the breadth of conclusion that can be drawn.  That being said, the results demonstrate a 

first step, however small, towards advancing what could be a new S-curve for CFD 

modeling methods.  DEC-based solvers need not be restricted to incompressible flows 

and can be applied to a broader range of problems.  The underlying strengths of DEC-

based methods may provide solutions to some of the problems cited for CFD 2030. 
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Table 24: VIDEC-CFD Algorithm 

 

 

 

 

 

 
 

 

 
  

Pre-processing: 

¶ Generate simplicial grid 

o Grid refined based on decreasing    and maintaining 

cells less than critical aspect ratio  

¶ Calculate discrete boundary, co-boundary, and hodge star 

operators from grid connectivity data 

Simulation: 

1. Update state vector,     , from previously calculated        

a. For    , use initial conditions 

2. Calculate inner product matrices (e.g.         ) 

3. Assemble discrete equations,               

4. Apply boundary conditions 

5. Calculate        using LSQR 

6. Whitney form interpolation to calculate     and    from      

7. Calculate residual,  , and check convergence 

a. If converged, stop 

b. If not, iterate from 1 

Post-processing:  

¶ Calculate N-form entropy residuals,    

¶ Use Whitney forms to interpolate velocity to nodes 

¶ Interpolate all N-form scalar quantities to nodes 

¶ Export data to Tecplot and Excel 

o Calculate and plot   ,   ,    vs   ,  ,   

o Plot grid refinement metrics per grid   cases 
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CHAPTER X 
 

 

 

CONCLUSIONS 
 

 

 

10.1 General Remarks 

The initial inspiration and aim of this research were not to design a variational integration 

scheme or to re-formulate the governing equations of fluid mechanics for a fluid 

continuum.  The initial inspiration was to address the uncertainties prevalent in 

hypersonic aerothermodynamics and hypersonic vehicle design.  The developed 

methodology would mitigate that uncertainty and enable flight tests to gather meaningful 

data where ground facilities and/or numerical models are inadequate.  The methods 

would have built on the work by Lee [250] with Bayesian modeling in the design and 

optimization processes.  Instead, the research took a different turn. 

 Hypersonic aerodynamics is saturated with non-linearities.  Many of these non-

linearities are related to interactions between disciplines, i.e. aerothermodynamics, 

aeroservoelastodynamics, etc.  A few key non-linearities are inherent aerodynamic 

phenomena.  They appear more pronounced at hypersonic speeds due to the previously 

mentioned interactions, but they are not unique to hypersonic flows.  These phenomena 

are related to boundary layer transitions, separation effects, wake effects, turbulence, and 

interactions between the entropy, temperature, and momentum boundary layers.  The 

latter interactions actually lead to an increase in vorticity due to the interactions of 

entropy, pressure, and density gradients.  The high vorticity and vortex dynamics create 
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modeling uncertainties in addition to the phenomena that are more unique to hypersonic 

aerodynamics.  Learning about these non-linearities led to a deeper literature search 

regarding aerodynamic modeling and the aerospace vehicle design process. 

 The literature search confirmed that computational aerodynamics is plagued by a 

similar set of weaknesses related to turbulence models, vortex dynamics, and separation 

and wake effects.  They are major sources of uncertainty that conventional models either 

are unable to resolve with the degree of accuracy needed for design, are too time 

cumbersome to provide any benefit, and/or are empirical with limited application to 

revolutionary aerodynamic concept modeling.  The discrete fluid solvers the author was 

familiar with from previous internship work appeared to not have these same weaknesses.   

The discrete fluid solvers exactly preserved fundamental quantities related to fluid 

flow on a discrete domain.  Refinement of a mesh was not solely necessary to capture 

non-linear effects related to vorticity and turbulence.  Grid refinement simply enabled 

more accurate results.  Previous methodologies needed refinement for capture / resolution 

of non-linear phenomena at all and to improve results.  The only problem with the 

discrete solvers was their limited application to incompressible and inviscid flows. 

The research presented in this dissertation focused on extending the application 

range of discrete exterior calculus-based fluid solvers to viscous compressible flows.  The 

extension will be a first step towards addressing and mitigating the uncertainty related to 

the inherent non-linearities that plague current CFD methodologies.  But what was the 

proper scope of this dissertation's goal? 

The initial motivation of this dissertation was a much broader problem within 

CFD modeling and simulation.  However, the methodology that could potentially address 
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that higher level goal is in the earliest phases of development.  Any methodology 

developed in a single dissertation could not be expected to compete with the state-of-the-

art but could be expected to make a downpayment towards that higher level goal.  In the 

end, the goal became conducting a feasibility study on a highly simplified viscous, 

compressible flow formulation utilizing DEC. 

After formulating the research goal, new questions arose that would eventually 

lead to the research questions addressed in this dissertation.  Designing a variational 

integrator, formulating viscous dissipation functions, and the remaining tasks in this 

dissertation were necessary by-products of answering the research questions and 

achieving the research goal. 

The starting point was with the solvers by Elcott, Mullen, and Mohammad 

alongside the mathematics provided by Tonti.  What was actually accomplished?  What 

are the next steps?  What does the future beyond that hold? 

10.2 Summary of Contributions 

The VIDEC-CFD Methodology combines various analytic techniques from the calculus 

on manifolds with discrete geometry for computational analysis.  The method is meant to 

extend the discrete fluid methodologies proposed by many authors [100][115][143][345] 

to include the effects of the energy equation, entropy equation, compressibility, and 

viscous shear stresses for a single phase, equilibrium, continuum, homogenous, non-

reacting Newtonian fluid.  

 The energy equation, prior to now, has never been used in a discrete fluid solver.  

Energy was considered as an integrated quantity on the domain that would measure 

dissipation, both intended with viscous effects and unintended via numerical artifacts.  
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Temperature effects were not considered at all.  This was a severe limitation that would 

prevent the cited discrete solvers from ever being applied to viscous compressible flows, 

where viscous dissipation causes fluctuations in temperature that in turn causes 

fluctuations in pressure, density, momentum, and other variables. 

 Compressible flows, whether viscous or inviscid, contain another artifact once 

they exceed the speed of sound – shockwaves.  Shockwave related phenomena 

necessitated including the entropy equation. The entropy equation, much like the energy 

equation, has not been used in a discrete solver as of the time of this dissertation.  

Including it enables accurate resolution of shock phenomena and an additional indicator 

of the methodology’s conservation principles.  Entropy and vorticity are inherently 

connected via Crocco’s theorem.  Conserving one enables conservation of the other. 

 Vorticity conservation is an important aspect of discrete fluid solvers because of 

its relationship to circulation.  The cited solvers attempt to exactly satisfy some form of 

Kelvin’s Circulation Theorem.  Unfortunately, satisfying that theorem inherently 

prevents compressible fluid modeling.  This method utilized Bjerknes Circulation 

Theorem instead and enabled accurate conservation of circulation for compressible flows. 

 Circulation is also affected by fluid viscosity.  The VIDEC-CFD Methodology 

accounts for these changes via dissipation functions in the governing equations and 

enables modeling of viscous flows and flows with turbulent effects.  Bjerknes Circulation 

Theorem is also modified to account for the change in circulation due to viscous 

dissipation and is preserved exactly through the underlying mathematics.   
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The sum of the parts is the VIDEC-CFD Methodology that is potentially capable 

of accurate resolution of a 2D subsonic, compressible, viscous flow of a homogenous 

Newtonian Fluid.  These parts include: 

¶ Energy Equation for Discrete Differential Geometry-based Fluid Solvers 

¶ Representation of viscous shear stress through Dissipation Function 

¶ Thermodynamic, Geometric, and Variational Consistent formulation 

 Potentially capable because that is the limit of what the feasibility study 

conducted within this dissertation can actually say.  More testing is required before more 

definitive statements can be made.  The method attempts to shrink the gap between the 

mathematical physics model and the numerical implementation for analysis with discrete 

analogs to continuous operators and forms.  The analogs are able to exactly preserve the 

underlying geometric structure of the continuous model on a discrete space-time domain. 

 The results shown in this feasibility study in this dissertation means that DEC-

based solvers are not merely academic curiosities but have the potential for development. 

10.3 Future Work 

The VIDEC-CFD methodology as it stands is a first step for more accurate prediction of 

turbulent and vortex dominated aerodynamic data in conceptual design with DEC-based 

solvers.  The preservation of key physical invariants at the geometric level and the 

preservation of the underlying continuous geometry with discrete analogs on a discrete 

space-time domain are the fundamental blocks that enable the methodology’s success.  

However, the VIDEC-CFD methodology as it stands is incomplete. 

 Why?  While the material presented in this dissertation covers a wide variety of 

mathematical and engineering fields, the result  was primarily a feasibility study.  That 
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feasibility was whether a DEC-based methodology was feasible for compressible, 

homogenous, Newtonian flows.  Significant investment is required before DEC-based 

methodologies can see practical application within the aerospace field. 

 So what is the next step?  The next dissertation that should be considered?  First, 

would be a fully 3D formulation.  At that point, test the same problems again.  This time, 

when the flow separates at high angle of attack, see how well the methodology captures 

when separation occurs and how well it predicts the resulting drag. 

 From there, consider some basic flows in pipes.  This can be viscous 

incompressible all the way to viscous compressible flows, such as Rayleigh and Fanno 

flows.  These are very basic flow types with well known solutions.  They are also 

building blocks for the next example. 

 The next most important step would be some kind of test for how well the method 

can handle shockwaves and expansion fans.  This could be compression corners, diamond 

airfoils, or many other canonical problems that involve these phenomena. 

 If the methodology is properly able to model all of the above, then the next steps 

can be done in parallel. 

¶ Investigate Upwind Schemes for DEC formulations 

¶ Investigate grid adaptation inclusion within a DEC formulation 

¶ Investigate what a DEC-based turbulence model would include 

¶ Investigate parallelizable algorithms for DEC formulations 

¶ Investigate alternative Hodge Stars and Whitney Forms, especially for 

higher order schemes 

¶ Investigate non-homogeneous fluids and multi-phase flows 
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 The aforementioned cases are all tiny steps that build upon the material within 

this dissertation.  They are all necessary steps before meaningful progress can be made 

towards DEC-based formulations competing with the current state-of-the-art in CFD 

modeling.  One thing that should be considered in all of those steps, not just the parallel 

algorithm step, is the CPU and wall time of these formulations.  That was not done here.  

As mentioned earlier in the text, however, this was done in the literature by other authors 

for incompressible and inviscid formulations and showed promising results. 

 These steps, in addition to being necessary for validation and general application 

purposes,  are necessary to answer several open questions and problems.  These problems 

nominally fall into a few groups.  The first group of problems is about how VIDEC-CFD 

should be used in the design process.  CFD’s current use in the design process was the 

subject of Chapter 2.  However, such solvers were limited in what parts of the design 

envelope they could simulate.  Additionally, design is a multidisciplinary activity. 

 CFD is not used by itself.  How does VIDEC-CFD perform in MDAO, such as 

with aeroelasticity?  How well does the methodology predict fluid-structure interactions, 

i.e. a vibrating wing or fuel slosh in a tank with a diaphragm?  How about 

magnetohydrodynamics?  If properly augmented with the equations from Bossavit 

[55][58][60], can the methodology simultaneously satisfy the divergence-free nature of 

the magnetic fields, while potentially NOT doing so for the velocity field?  This latter 

example would be a full extension of the VIDEC-CFD methodology to the methodology 

presented in [143][345]. 

Resolution of important interdisciplinary phenomena is only half the battle.  

Recall, the VIDEC-CFD Methodology is meant to be used in conceptual design, where 
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most solvers are either lower fidelity or are high fidelity but with lenient convergence 

criteria.  Speed has higher priority during design space exploration so long as the 

available tools have sufficient resolution to capture the main physical effects.  Can the 

total number of design iterations be reduced with higher fidelity results at a reduced 

speed?  Can the total simulation time for exploring the design space and a particular 

design be reduced?  The questions relating to interdisciplinary interaction resolution, 

meta-effect on convergence in MDAO, and those relating to improved algorithms for 

VIDEC-CFD, both alone and in MDAO, are left to future work. 

 The second group of problems relate to the fundamental assumptions in creating 

the VIDEC-CFD Methodology.  These assumptions are a continuum, single phase, 

equilibrium, Newtonian Fluid that is inviscid/viscous and (in)compressible on a 

stationary discrete manifold.  What if any ONE of those assumptions are not valid for the 

problem at hand?  What about several?  There are key extensions that are necessary for 

the VIDEC-CFD methodology to be used in the conceptual design for a system immersed 

in an arbitrary fluid.  This list includes: 

¶ Dissociation of fluid into particles 

¶ Multi-phase flows 

¶ Ionization and transport of particles 

¶ Multi-species fluid mixtures 

o Fuel-air mixtures in jet engines 

o Liquid fuel pressurized by a gas in a rocket fuel tank 

¶ Non-equilibrium, re-acting flows 

¶ Low Density and/or Free Molecular Flow 
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¶ Acoustics 

¶ Surface Roughness 

¶ Generalized, non-Newtonian Fluid 

¶ Dynamic and/or Adaptive Meshing Techniques 

 The first four items on the list are relevant for modeling combustion or the flow 

around a hypersonic vehicle.  Also includes multi-fluid simulations where the two fluids 

do not mix but are present within the same domain, such as in fuel slosh on a rocket 

engine or spacecraft.  In this latter case, the simulation would also have to consider 

surface tension of the liquid and liquid-air boundary interactions and mechanics. 

 The sixth bullet is relevant to hypersonic vehicles at high altitudes, rockets, and 

low altitude satellites.  Acoustic modeling is pertinent for systems such as space capsules, 

where aeroacoustic interactions affect the transfer/transport of turbulent kinetic energy.   

 Surface roughness would add some empiricism to the methodology.  A model of 

how the fluid ‘should’ behave in cells near a non-smooth surface is used when the mesh 

is not refined enough to capture the non-smooth nature of a domain feature.  Surface 

roughness modeling is pertinent for systems such as space capsules, where ablation 

effects may cause surface imperfections to form that drastically alter the boundary layer.  

Appropriate consideration of these phenomena is critical to improving CFD accuracy.   

The second to last bullet point relates viscous effects.  The form of the viscous 

stress tensor greatly simplifies for Newtonian fluids and enables an elegant solution via 

dissipation functions inside the Euler-Poincare equations.  Not all fluids are Newtonian!  

How should the dissipation functions that form the shear tensor be formed for a 

generalized fluid as opposed to a Newtonian fluid?  Industrial processes commonly rely 



 425 

on the transport of various polymers that have drastically non-linear elastic behavior.  

The generalized Cauchy-stress tensor will have to be formulated utilizing Discrete 

Differential Geometry and Lie Algebra in future work to address such non-linear fluids. 

The final bullet point is another key enabler for generalizing the VIDEC-CFD 

Methodology.  A fundamental assumption is that the continuous domain can be 

approximated by a discrete group of volume preserving diffeomorphisms that defines the 

discrete mesh.  Further, the mesh itself is completely stationary.  These assumptions 

enable constructing the discrete exterior derivative operators as sparse adjacency matrices 

that do not vary.  If those assumptions are gone, more general operators are required, 

such as those presented by Mullen [316], Perot [348], and Salamon et al [395].  Further, 

the discrete equations and their integrator would have to be re-derived with the new 

space-time operators in mind.  The methodology presented by Misztal [300][301] would 

be a good starting place for handling the new deformable grid. 

Another area of future work would briefly relate to the material provided by 

Kiehn [225][227][234][235][236].  Specifically, he describes the idea of a Torsion Vector 

and a general dissipation term that is proportional to 
     

  
           .  He proves that this 

term will always be greater than 0 if the flow is turbulent.  In fact, a necessary condition 

for no turbulent flow is that this term is identically equal to 0.  Aerodynamic shape 

designers could utilize the material he provides to improve the design of laminar flow 

promoting airfoil and wing-systems. 

The set of vorticity lines that permeate and interact in a turbulent flow field could 

be related to Knot, Tangle, and Braid theories.  These theories have their own 

fundamental geometric invariants related to the properties of the knots.  These theories 
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with their additional framework could form the basis of a new class of topology-based 

turbulence models for CSD CFD methodologies. 

There is one final group of problems that relate back to the fundamental 

mathematics used in the derivation of the VIDEC-CFD Methodology, specifically the 

operators and the mesh.  The specific operator in question is the discrete Hodge star 

operator.  The Hodge star is what includes mesh, metric, and coordinate-dependent 

related information in an otherwise coordinate independent methodology.  This is where 

cell size and shape can enter to influence a solution and create mesh dependent answers.  

In effect, the Hodge star is a source of discretization error that otherwise is not present 

when using the other geometric operators and their discrete analogs. 

The Hodge star operator used by the VIDEC-CFD Methodology was a diagonal 

Hodge star, whose entries were related to a ratio of volumes of the primal cells and their 

associated dual cells. The Hodge Star operator was used in the constitutive equations and 

in the interpolation functions.  Its effect is to act more as a linear scaling operator. An 

avenue for future work would be the use of other kinds of Hodge stars, especially in 

boundary layer regions, that can relate to non-linear interpolation and/or that are less 

sensitive to cell geometry.  Another avenue is to combine the linear Hodge stars with the 

more advanced non-linear Hodge stars.  This implementation could be done a priori or 

even using mesh adaptation techniques and strategies.  Also, higher order Hodge Stars 

constructed by Whitney Forms that are not diagonal could be investigated. 

The mathematics related to the mesh assumed a static mesh.  That enabled the use 

of differential forms whose dimensionality matched the dimensionality of the space 

where they were stored.  This simplification will not suffice for dynamic meshes where 
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the mesh elements are moving and potentially deforming in space-time.  The work in 

Cotter [90], Perot [348], Mullen [316], Marsden [280], Ivancevic [209], and Nakahara 

[322] describes the differential forms for space-time.  The main applications are in 

electrodynamics, quantum mechanics, relativity, and string theory.  A potential avenue 

for future work would be to utilize these strategies for dynamic and adaptive mesh 

applications in fluid and solid mechanics, such as dynamic aeroelasticity and engine-

airframe integration simulations for propeller and open rotor engines. 

Another avenue of future work in this category relates to the convergence 

properties of these DEC-based methods based on the Hodge star construction.  This has 

been done in the past and was even extended to consider how well these models handle 

high aspect ratio elements.  However, the runtimes and convergence rates were compared 

to conventional solvers.  The problems were all at relatively low Reynolds numbers.  The 

study should be repeated, albeit this time including high Reynolds number cases and 

compressible cases.  Further, the results should be compared to conventional solvers and 

to solvers that utilize non-DEC compatible spatial discretizations and mimetic finite 

difference methods. 

A final avenue of future works considers what would a turbulence model for 

DEC-based methodologies look like?  Higher order hodge stars and Whitney elements 

can only take the methodology so far for highly turbulent cases, such as those 

encountered on the edge of an aircraft's flight envelope.  Consider the work done by 

Whitehouse and Boschitsch [466][467] with their VorTran-M and VorTran-M2 solvers.  

These solvers are vorticity-based formulations of the governing equations that 

incorporate an LES solver.  They also attempt to ensure satisfaction of some invariants by 
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construction and are all related to vorticity.  They also have a means of resolving the 

velocity field in that formulation in          instead of      .  This formulation has 

been augmented with more efficient gridding technology, called CGE, as well that helps 

with turbulent phenomena resolution [56][468][469]. 

This section outlined numerous areas of future work.  Not every covered in this 

section needs to be completed before pursuing applications, like those mentioned in the 

next section.  The key ones that are needed are Upwind schemes for DEC methods, DEC-

based turbulence model, grid adaptation, and parallelizable algorithms. 

10.4 Potential Future Applications 

The material presented in this dissertation covers a wide variety of mathematical fields 

that have had little application, as of this writing, to fluid mechanics.  There were many 

different smaller steps that were taken to fully formulate the VIDEC-CFD Methodology.  

However, the previous section outlined that many more steps will be required before 

there is potential practical application for the methodology.  The investment does not stop 

there, with more work being required before the methodology can compete with or 

supercede the current state-of-the-art. 

So, after conducting the future work outlined in the previous section, what are 

some potential future applications and publications?  Each of the latter are about one or 

more of the steps needed to improve the methodology.  The publications fall into broad 

categories: mathematical fluid analysis, CFD, and design. 

Mathematical Fluid Analysis 

¶ Generalized Ertel's Theorem for Inviscid Compressible Flows 
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¶ Derivation of Viscous Energy Dissipation Function for Differential Geometry-

based Fluid Analysis 

¶ Exterior Calculus-based Derivation of Screw Motions in a Navier-Stokes Fluid 

CFD 

¶ Modeling Viscous Effects in Incompressible Newtonian Fluids Using a Discrete 

Exterior Calculus-based CFD Environment 

¶ Modeling the Energy Equation in Incompressible Flows in a Discrete Exterior 

Calculus-based CFD Environment 

o Inviscid Fluid 

o Viscous Fluid 

¶ Modeling Compressible Flows in a Discrete Exterior Calculus-based CFD 

Environment 

o Inviscid Compressible Flow 

o Viscous Compressible Flow 

o Compressible Flow with External Heat Transfer 

¶ Modeling Transonic Flows in a Discrete Exterior Calculus-based CFD 

Environment 

¶ Modeling Supersonic Flows in a Discrete Exterior Calculus-based CFD 

Environment 

Design 

¶ Aerodynamic Shape Optimization Using a Discrete Exterior Calculus-based CFD 

Solver 

o Inviscid 
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o Viscous 

o With aero-structural interactions 

¶ Application of a Discrete Exterior Calculus-based CFD Solver to MDAO of 

o Rocket or Missile 

o Re-entry Capsule in the Lower Atmosphere 

o Aircraft Stability and Control Off-Design Flight Conditions 
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