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SUMMARY

In this thesis, we investigate the quantum mechanical interaction of light with
matter in the form of a gas of ultracold atoms: the atomic ensemble. We present
a theoretical analysis of two problems, which involve the interaction of quantized
electromagnetic fields (called signal and idler) with the atomic ensemble (i) cascade
two-photon emission in an atomic ladder configuration, and (ii) photon frequency
conversion in an atomic diamond configuration. The motivation of these studies
comes from potential applications in long-distance quantum communication where it
is desirable to generate quantum correlations between telecommunication wavelength
light fields and ground level atomic coherences. In the two systems of interest, the
light field produced in the upper arm of an atomic Rb level scheme is chosen to lie in
the telecom window. The other field, resonant on a ground level transition, is in the
near-infrared region of the spectrum. Telecom light is useful as it minimizes losses in
the optical fiber transmission links of any two long-distance quantum communication
device.

We develop a theory of correlated signal-idler pair correlation. The analysis is
complicated by the possible generation of multiple excitations in the atomic ensemble.
An analytical treatment is given in the limit of a single excitation assuming adiabatic
laser excitations. The analysis predicts superradiant timescales in the idler emission
in agreement with experimental observation. To relax the restriction of a single
excitation, we develop a different theory of cascade emission, which is solved by
numerical simulation of classical stochastic differential equation using the theory of
open quantum systems. The simulations are in good qualitative agreement with

the analytical theory of superradiant timescales. We further analyze the feasibility

poel



of this two-photon source to realize the DLCZ protocol of the quantum repeater
communication system.

We provide a quantum theory of near-infrared to telecom wavelength conversion in
the diamond configuration. The system provides a crucial part of a quantum-repeater
memory element, which enables a "stored" near-infrared photon to be converted to a
telecom wavelength for transmission without the destruction of light-atom quantum
correlation. We calculate the theoretical conversion efficiency, analyzing the role of

optical depth of the ensemble, pulse length, and quantum fluctuations on the process.

xXxil



CHAPTER 1

INTRODUCTION

A quantum communication network based on the distribution and sharing of entan-
gled states is potentially secure to eavesdropping and is therefore of great practical
interest [1-3]. A protocol for the realization of such a long distance system, known
as the quantum repeater, was proposed by Briegel et al. [4, 5]. A quantum re-
peater based on the use of atomic ensembles as memory elements, distributed over
the network, was subsequently suggested by Duan, Lukin, Cirac and Zoller [6]. The
storage of information in the atomic ensembles involves the Raman scattering of an
incident light beam from ground state atoms with the emission of a signal photon.
The photon is correlated with the creation of a phased, ground-state, coherent excita-
tion of the atomic ensemble. The information may be retrieved by a reverse Raman
scattering process, sending the excitation back to the initial atomic ground state and
generating an idler photon directionally correlated with the signal photon [7-15]. In
the alkali gases, the signal and the idler field wavelengths are in the near-infrared
spectral region. This presents a wavelength mismatch with telecommunication wave-
length optical fiber, which has a transmission window at longer wavelengths (1.1-1.6
um). It is this mismatch that motivates the search for alternative processes that can
generate telecom wavelength photons correlated with atomic spin waves [16].

This motivates the research presented in this thesis where we study multi-level
atomic schemes in which the transition between the excited states is resonant with a
telecom wavelength light field [16]. The basic problem is to harness the absorption
and the emission of telecom photons while preserving quantum correlations between

the atoms, which store information and the photons that carry along the optical fiber



channel of the network. In this thesis, we theoretically study atomic cascade and

diamond configurations in this context.

1.1 DLCZ Protocol for the Quantum Repeater

A long-distance quantum repeater must overcome the exponential losses in the optical
fiber. To overcome this problem, the use of quantum memory was proposed [6]. For
a practical system, it is essential to maximize quantum memory time, to preserve
coherence during protocol operations, and connect the memory elements by light
signals in the low-loss window of the optical fiber medium. The telecom wavelength
range (1.1-1.6 pm) has a loss rate as low as 0.2 dB/km.

It is not common to have a telecom ground state transition in atomic gases except
for rare earth elements [17, 18] or in an erbium-doped crystal [19]. However, a
telecom wavelength (signal) can be generated from transitions between excited levels

in the alkali metals [16].
1.1.1 Correlated cascade emission in quantum telecommunication

The ladder configuration of atomic levels provides a source for telecom photons (sig-
nal) from the upper atomic transition. For rubidium and cesium atoms, the signal
field has the range around 1.3-1.5 pum that can be coupled to an optical fiber and
transmitted to a remote location. Cascade emission may result in pairs of photons,
the signal entangled with the subsequently emitted infrared photon (idler) from the
lower atomic transition. Entangled signal and idler photons were generated from a
phase-matched four-wave mixing configuration in a cold, optically thick ®Rb ensem-
ble [16]. This correlated two-photon source is potentially useful as the signal field
has telecom wavelength.

The temporal emission characteristics of the idler field, generated on the lower
arm of the cascade transition, were observed in measurements of the joint signal-

idler correlation function. The idler decay time was shorter than the natural atomic



decay time and dependent on optical thickness in a way reminiscent of superradiance
[20-24].

We will develop an analytical theory of the cascade emission in an atomic ensemble
in Chapter 3. The influence of electromagnetic dipole-dipole interactions between
atoms is important to account for the idler field’s temporal profile. By developing the
theory on the assumption of weak adiabatic laser excitation, we are able to calculate
the spectral characteristics of the signal and idler fields, and make a connection with
the traditional theory of superradiance.

In Chapter 4, , we develop a more elaborate theory of the cascade emission under
similar physical conditions to Chapter 3, but without the assumption of single atomic
excitations. The theory is based on numerical solutions of stochastic differential
equations derived using open-systems methods of quantum optics. We limit our
analysis to the confirmation of the superradiant emission of the idler field predicted
in the simple theory and observed experimentally.

In Chapter 5, we use this theory to discuss a potential application of the cas-
cade emission process in the DLCZ protocol, and discuss the role of time-frequency

entanglement.

1.2  Quantum Memory with Light Frequency Conversion

It is not sufficient to generate telecom wavelength light for quantum communication.
The light field must be quantum correlated with atomic excitations stored in memory
[16].

Recently there has been a breakthrough in this direction using a pair of cold, non-
degenerate rubidium gas samples [25]. A correlated pair of atomic spin wave and
infrared fields are generated by conventional Raman scattering in one ensemble. The
light field is directed onto a second ensemble where it is frequency converted to the

telecom range by four-wave mixing using a diamond configuration of atomic levels.



The experiments were designed to measure quantum correlations between the stored
atomic excitation and the telecom field.

The conversion scheme exploits an efficient low-noise parametric conversion process
that is facilitated by operating in the regime of high transparency [25]. This provides
a basic quantum memory element for a scalable, long distance quantum network. In
Chapter 6, we investigate conditions required to maximize the conversion efficiency
as a function of optical thickness of the atomic ensemble. The influence of the probe
pulse duration on the conversion efficiency is studied by numerical solution of the

Maxwell-Bloch equations.

1.3 Owutline

The remainder of this thesis is organized as follows.

In Chapter 2, we review some theoretical methods to provide background for the
theories developed in Chapter 4 and 6. In particular we discuss the derivation of
quantum Heisenberg-Langevin equations for the interaction of a group of atoms with
a quantized propagating electromagnetic field. We illustrate the connection of these
operator equations with related classical (c-number) stochastic Langevin equations.
The latter have the useful property that they may be numerically simulated, under
certain conditions, and we provide the Kubo oscillator as a numerical test case.

In Chapter 3, we present a theory of cascade two-photon emission in an atomic
ensemble. The radiative atomic dipole-dipole coupling is shown to influence the
emission of the idler photon, resulting in the appearance of superradiant time scales.
The theory is developed on the basis of Schrodinger probability amplitudes assuming
single atomic excitations. This approach allows a straightforward treatment of the
spectral entanglement properties of the signal-idler photons.

In Chapter 4, we relax the assumption of single atomic excitations and develop a

theory based on c-number stochastic partial differential equations, derived using the



methods reviewed in Chapter 2. Numerical solutions of the equations are used to
compare with the superradiant timescales derived in the analytical theory.

In Chapter 5, the analysis of Chapter 3 is used to discuss the behavior of the
cascade emission on the DLCZ protocol for the quantum repeater. Entanglement
swapping and quantum teleportation are investigated, and the influence of time-
frequency entanglement is discussed.

In Chapter 6, the use of the diamond configuration in frequency up and down
conversion is analyzed using quantum-Heisenberg Langevin and Maxwell-Bloch equa-
tion methods. We present results for the optimal conversion efficiency as a function
of optical thickness of the atomic ensemble. The role of pulse length and quantum
fluctuations are discussed.

In Chapter 7, we present some conclusions.

In Appendixes A-D, we present a great deal of supporting information on the theo-
retical derivations that are quite lengthy on account of both the multimode treatment
of the light fields and the complicated atomic level schemes and atomic dipole-dipole

interactions.






CHAPTER II

REVIEW OF THEORETICAL AND NUMERICAL

METHODS

In this Chapter, we review the derivations of quantum-Heisenberg equations and c-
number Langevin equations for light-atom interactions. The reason for focusing on
these methods is, in the first place that they are less familiar than Schrédinger picture
methods (see Chapter 3 and 5) and that our applications of these methods (Chapter
4 and 6) involve rather long derivations that may obscure the basic ideas.

We provide two methods of deriving the c-number Langevin equations and their
noise correlations. The equations may be found from the quantum Heisenberg-
Langevin equations using a "quantum-classical" correspondence [26]. Alternatively,
c-number Langevin equations are deduced by a Schrodinger-picture approach that
employs characteristic equation and coherent state phase space methods. In the
final step the Langevin equations are deduced from a Fokker-Planck equation for a
generalized statistical distribution. Such methods were initially applied in quantum
laser theory in the 1960’s by Haken [27]. The independent derivations will be used

to check the lengthy derivations involved in the case of cascade emission.

2.1 Quantum and C-number Langevin Equations

Langevin equations were initially derived to describe Brownian motion [28]. A fluc-
tuating force is used to represent the random impacts of the environment on the
Brownian particle. A given realization of the Langevin equation involves a trajec-
tory perturbed by the random force. Ensemble averaging such trajectories provides

a natural and direct way to investigate the dynamics of the stochastic variables.



Figure 2.1: The two-level atomic ensemble interacts with a classical and quantum
field. (a) An elongated atomic ensemble of length L is excited by a pump field of
Rabi frequency 2, and emits a propagating quantized field denoted by annihilation
operator E*. (b) Two-level structure for an atomic ensemble with the ground (]0))
and excited (]1)) state. The detuning of the pump field is A;.



In this section, we review quantum and c-number Langevin equation approaches
for a two-level atomic ensemble interacting with a quantized electromagnetic field.
As shown in Figure 2.1, the atoms are excited by a pump field of Rabi frequency €2,
and a propagating quantized field £ is considered to be emitted along the direction

Z of the ensemble with length L.
2.1.1 Quantum Heisenberg-Langevin equations

We consider the Hamiltonian of N two-level (ground and excited states |0), |1))
atoms interacting with one pump field and a multimode quantized fields with mode
annihilation operators ; that satisfy the commutation relation [a, d;f,] = O;p for the
[th section along the propagation direction. The propagation length L is discretized
into 2M + 1 elements [29]. In the electric dipole approximation and rotating wave
approximation, the interaction is given by —d-E , Appendix B.1. The Hamiltonian H
includes the free evolution (Hy) of atoms with transition frequency wy, the quantized

field of central frequency w, and the dipole interaction (H;),

H = Hy+ Hy, (2.1)
M M
Hy = Y hwioy(t) +hw Y af(t)a(t) + b wwa](t)an(t) (2.2)
=M l=—M Ll
M
H = -y [QL&ng(t)e“m—W+g\/2M+1&3*1@)@[(15)@%+h.c.] (2.3)
I=—M

where &5, (1) = Z,]jz 10, (1]

The Rabi frequency Q; = dio€(kr)/(2h) is one-

Tu=2

half the conventional definition. The dipole matrix element dyq = (1|d|0), coupling
strength g = dioE(k)/h where E(k) = \/hw/2¢V is the electric field per photon,
and z, = 5255, p = —M, ..., M. The matrix wy = M Eaen =) [(OM 4 1)
accounts for field propagation by coupling the local mode operators.

The dynamical equations including dissipation due to spontaneous emission can

be treated by introducing the reservoir field that interacts with the system [30]. After



introducing the coupling to the reservoir, we may write down by inspection the dissi-
pation terms. We define 7, to be the spontaneous emission rate from [1) — [0). In
the co-moving frame coordinates z and 7 = t—z /¢, the quantum Heisenberg-Langevin

equations are

0 . . . o~ - . . N E ~

50'01 = (ZAl — %)001 + ZQa(UOO — 0'11) + Zg(O'OO — O'11)E+ + f()l, (24)
0 . N o~ v~ Ltz e

Eau = —vu011 + ZQLJ(TH — 12001 + zgaglEJr —ig* 61 B + F1, (2.5)
0 -~ N g* ~

gt = Y oo1 + Fre+, (2.6)
0z c

where various Langevin noises F associated with atomic operators g1, 011 and field
operator ET are necessary to preserve equal time commutation relations. The detun-
ing of the pump field is A; = wy; — w; and the slowly-varying operators are defined
as 6oy = obekartivat N 5 =Gt /N, and Et(z,t) = V2M + 1a;e™* where we
let w = wy. The time evolution of atomic coherence (5¢;) depends on the popu-
lation difference (699 — &11), and in turn atomic population is influenced by atomic
coherence and the classical and quantized fields. The atomic coherence couples to
the quantized field along the propagation direction, z.

The noise operator correlations are related to the dissipation through the fluctuation-
dissipation theorem [30, 31]. If we have a quantum Langevin equation for variable
i

2(t) = Au(t) + Fu(t) (2.7)
where A, is so-called the drift term for 2, and the corresponding Langevin noise
operator is Fx, the quantum noise correlation functions can be derived from the

generalized Einstein relation,

d

(o (OF, (1) = —(@(0)A,(1)) — (A (0)5(1)) + pracd OO (2.8)

where the bracket denotes the quantum mechanical ensemble average.

10



With the above recipe, we have the non-vanishing normally ordered quantum noise

correlation function from Eq. (2.6),

Din = Y1611 (2.9)

where <.7}1T1(t, 2)Fu(t z’)> =L5(t —t)d(z — 2') <l§11,11>, and D is also referred to
as a diffusion matrix element by analogy with classical diffusion processes.

Even for this relatively simple light-matter interaction, there is no analytical solu-
tion possible. The c-number Langevin equation approach, below, provides a possible
way to attack the problem numerically by stochastic simulation and to calculate

normally-ordered quantities by ensemble averaging, although we will not pursue such

simulations here.
2.1.2 C-number Langevin equation

A c-number Langevin equation approach may be suitable for stochastic simulation
[28, 32], and utilizes the methods developed by Lax, Louisell, and Haken to describe
the dynamics of the interaction [26, 27]. Their recipe involves a normal ordering
procedure and a so-called "quantum-classical correspondence" to derive the c-number
Langevin equations [26, 31, 33]. The normal ordering chosen is 681, &1, Gor, B, E*
where the creation operators always appear to the left of the annihilation operators.
The population operator is put between the atomic coherence operators since it is
self conjugate.

The c-number Langevin equations are then derived from Eq. (2.6) by making the
quantum-classical correspondence that we denote as

Gl — a5, 611 — au, 6o — a3, BT — E7, EY — BT (2.10)

Similarly for the Langevin noises,

11



Fo = Fs, Fii — Fu, For = Fs, Fi- — Fa, Fpve — T, (2.11)

where the notation is chosen to facilitate the comparison with an alternative approach
that we will discuss in the next Section.
The classical noise correlation functions are also derived from an Einstein relation.

Consider the c-number Langevin equation for the variables x and y,

B(t) = A1)+ Fu(t), (2.12)

gt = A1)+ F ). (2.13)

From the requirement of equivalent time evolution of normally-ordered operators and

their c-number counterparts, we have for example

< a5) = - {ew) (2.14)

Classical noise correlations can be derived from the quantum ones using

~

(FLFy) = <Fxﬁy> + <‘%Ay> + <Aw@> — (zA) — (Azy). (2.15)

where the quantum and classical noise correlations are formally quite different. For

non-normally-ordered operators ZZ, we may use the commutator to substitute that
(z2) = (22) + ([, 2]). (2.16)

The drift term of the c-number Langevin equations are closely related to the corre-
sponding term in the quantum Heisenberg-Langevin equations. After the quantum-
classical correspondence is made, we derive the coupled equations with c-number

variables (E*, E~, a3, a4, as,) and Langevin noises (Fi345) that satisfy

0

5% = (1A — %)Oég + Q0 (g — aq) +ig(ap — ag) BT + F, (2.17)
0

5.0 = Tm +iQqas — iQaz +igasEY —igtazs BT + Fy, (2.18)
0 . Yo1 -y - 4 -

50 = (—iA; — 7)045 — i (g — ay) —ig"(ag — ) E~ + F5,  (2.19)
0 N g* 0 N

Tt = YA, L=+ A (2.20)

0z c 0z c
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The associated non-vanishing diffusion matrix elements, however look quite dif-

ferent to their quantum counterparts

D373 = —iZQaag—i2ga3E+,

D474 = iQaO[5 — ’L.QZOég + iOé5E+ — iong_ + Yo144- (221)

The diffusion matrix elements are defined as (F(t, z)F;(t', 7)) = £6(t — t')6(z —
2') (D;;) in the continuous limit. For the more complicated light-matter interactions
we will encounter in Chapter 4 involving four atomic levels interacting with two prop-
agating quantized light fields, the diffusion matrix calculation is much more intricate.
It is therefore important to have an independent check of the c-number equations
and the associated diffusion matrix. In the following Section we review the Fokker-
Planck equation approach based on a Schrodinger picture treatment of the quantized

light-atom interaction.

2.2 Fokker-Planck Equations and Stochastic Differential Equa-
tions

Here we review the alternative method, due to Haken [27], to derive the c-number
Langevin equations or equivalently stochastic differential equations via Fokker-Planck
equations [27, 32, 34, 35].

The Fokker-Planck equation is used to describe the fluctuations in Brownian mo-
tion [28], and its solution for probability distribution f(z,t) of Brownian particles in

space x and time t is determined by the drift and diffusion properties of the particles.
2.2.1 Characteristic functions in P-representation

The Characteristic function y is convenient for the derivation of Fokker-Planck equa-
tion, and it is the distribution function of the Fokker-Planck equation in Fourier space.
We follow the same procedure of P-representation laser theory [27].

. Ut~ .
The relevant operators of our system are atomic coherences (G, ), population

13



(6%,) and field operators (&;r, a;). The normally ordered exponential operator is

chosen to be

B = [0

l

N LTSV BRI I NI IS R s
El<)\> — 61)\500161/\401161)\300161)\2al 61)\1(117 (222)

where E(A) the complete exponential operator and is decomposed into products of
EY(\) for each section [ of the propagation direction. We note that the ordering of
operators is the same as we chose for the quantum-classical correspondence in the
previous Section. The complex parameters )\é are classical counterparts of operators
in Fourier space, as will become clear when we derive the Fokker-Planck equation.

Then characteristic function y can be calculated from a density matrix p,

x = Tr{EW)p}, (2.23)
1% dp ox
— = TrsE\N)—=—, = — =ALI 2.24
o {()at} ;(at m=ALlLsp (2:24)
and time evolution of p is
dp 1 dp
ot ’Lh[ ’p]—i_(at)sp’ o+ I,
M N,
oI\ _ Sy [2 S It GG, it
at ) . s 5 |“C01P%1 o1 901 o1 Oot | >

where Hy = Hq + Hy. Hj, is the Hamiltonian for atomic free evolution, Hj, is the
Hamiltonian for the pump field, and the dipole interaction Hamiltonian is H;. The
dissipation from spontaneous emission is denoted as sp.

The contribution from (%)Sp is calculated up to the second order in )\;. The
validity of truncation to second order is due to the expansion in the small parameter

1/N,. The dissipative contribution, identified by superscript (2), takes the form,

14



L1 1 (2)
Yo It {E()‘> l&m/}&m - 5(311[7 - 50611] } =

iNg O s O , ) (i)\4)2 9
%1{ 2 00N 2 3l Matw T2 ot ¢ (2.25)

where we drop the summation over spatial slices [, which we will retrieve later. Col-
lecting together all contributions to the characteristic function, we may proceed to

write down a Fokker-Planck equation that leads to the c-number Langevin equation.
2.2.2 A Complimentary Derivation of C-number Langevin Equations

The time derivative of the distribution function f is found from the Fourier trans-

form of the characteristic function 8f = 27r)" [ e i Aax +d\;...d\,. Separating the

different contributions we may write

of

5 =Lf= Z [La0uw + L+ Loy + Lspéw] f (2.26)

Ll
The details of the £ operators can be found in Appendix B. Here we show L; as

an example,

L; =

. ikq 2z —iw 82 9 —o2r . ikq 2z —iw
zQae kaz at [—W(Oéé) - W(—Q@i + Nz) +e 80‘51 (Oél5>‘| — zQae kaz “t(aé)
3 3 3
, 0? 0 o
FigVET T 1% | o) = 52 (<20l + ) + ¢ P (ad)| o
3

+ig*V2M + le” ™ (al) ( ) (2.27)

where C' is the correspondence that o < a5 o} < a4 o] < a2, and * denotes

complex conjugation. The results is a Fokker-Planck equation of the form

of 0 1@
o =gl = el + (fmaﬂ 9p0a )Dﬁf 229
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where A, g and D,s are drift and diffusion terms. The corresponding c-number
Langevin equations may be derived rigorously when D is positive definite, and take
the form

oo’ ap

— =As+ T4, —=A43+T 2.29

T tla, 5 =45+ 15 (2.29)

with a classical noise correlation (I, (t)T's(t)) = 6(t — #')Dop. Higher order deriv-
__o

atives (third order and higher, from the Taylor expansions of e 1) are ignored as

they involve the small parameter 1/N,. The corresponding c-number Langevin, or

stochastic differential, equations are

1 : Jo1y 1 i) ikez—iwat (] l
ay = (—iwy — 7)043 + iQq e F T (g — ay)
+igV2M + 1% (ol — al)al + T4, (2.30)
N I :O pikazi—iwat L _ oy —ikazitiwat
Ay = —ygay + Qe T el — Qe et ival o

+igV2M + le*alal —ig*v/2M + le-*akal, + T, (2.31)

o = —iwal — ZZ w”/o/l/ +ig*V2M + le ™ol + T, (2.32)
l/

We can retrieve the continuous limit with the slowly varying variables, as(z,t) =

abe~tkaztival IN oy (z,t) = ol /N,, ET(2,t) = V2M + 1ol e™=!| and note that

—i > wpal = —ca%all and o) = N, — af. Define also the slowly-varying
Langevin noises,
]:'3(2 t) _ 1 Fl e—ikuzl-i-iwat f4(2’ t) _ 1 Fl
) - - 4
N, ? CETYON,

Fi(z,t) = V2M + 1T, (2.33)

Finally, in the co-moving frame coordinates z and 7 = ¢t — z/c, the c-number
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Langevin equation becomes

0

50@ = (1A — %)ag + Q0 (g — ag) +ig(ap — ag) BT + F3, (2.34)
0

5.0 = Yoo + Q05 — iQas +igasET —igtasET + Fy, (2.35)
9 . o1 - ()* .k _

Eo% = (—iA; — 7)045 — i (g — ay) —ig" (o — ag) B~ + F5,  (2.36)
0 N g* 0 N

It = Y rm, L= 0 1 R, (2.37)

0z c 0z c

where Ay = w, — wy. The non-vanishing diffusion coefficients extracted from the

Fokker-Planck equation are
D373 = —i2Qa&3 - ’LQ&:;EZ—’_, D474 = iQa&5 - 292&3 + 1&5E7,+ - 2&3EZ_ —|—’701a4. (238)

Comparing with the results in the previous Section and Eq. (2.21), we find com-
plete agreement. As the c-number Langevin equations are derived from a Fokker-
Planck equation, they should be interpreted as Ito-type stochastic differential equa-
tions (SDE), and this is important in the numerical solution method [32]. In nu-
merical simulation it is common to first transform from the Ito equation to its corre-

sponding Stratonovich form.

2.3 Kubo Oscillator

We present an example of the Kubo oscillator to illustrate numerical simulation of
a multiplicative noise stochastic differential equation. A Kubo oscillator provides
a good test case in the numerical solution of stochastic differential equations. The
Langevin equation of the dimensionless Kubo oscillator with amplitude z(t) is given

by the Stratonovich equation,

d

—2(t) = i€(1)z(t) (2.39)

where £(t) is a delta-correlated real Gaussian distributed noise with zero mean,

(&(t)y =0, and (£(t)&(t)) = 6(t—t'). The bracket denotes an ensemble average. The
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~t/2 . To numer-

exact analytical solution for the first moment is (z(t)) = (z(t = 0))e
ically simulate the Stratonovich equation (2.39), we use the following discretization

in time [36, 37]

At

2(tm) = zn—1 + 1&(tn_1)2(tm) 5

(2.40)

where z(t,,) is evaluated at the midpoint, t,, = (t, + t,-1)/2 and At = t,, — t,_1 is
the time step. In this specific case where the noise is linear in z(¢), we may solve Eq.
(2.40) to give z(ty,) = zn—1/(1 —i&(t,—1)At/2). Setting z(t,1) = 22(t;n) — 2(tn), we
use z(t,41) for the next time step of the integration.

The Langevin noise is numerically simulated as ¢(t) = randn(t)/v/At, where
randn(?) is a random number generated from a Gaussian distribution with zero mean
and unit variance. In Figure 2.2, we compare the analytical and numerical results for
the Kubo oscillator. The initial condition is set as z(0) = 1, and we use 1024 realiza-
tions for the converged numerical result (z(¢)) with At = 0.01. The numerical result
is in good agreement with the exact solution, z(0)e™*2. The temporal evolution of
one typical realization of the stochastic process fluctuates significantly, as shown.

We will use the approach demonstrated here to simulate the more complicated
c-number Langevin noises in our investigation of cascade emission from an atomic

ensemble in Chapter 4 (see also Appendix B).
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Figure 2.2: Kubo oscillator simulation. The time evolution of Re(z(t)) (dashed-red)
averaged from an ensemble of 1024 simulations. z(0) = 1. We compare with the
exact solution, z(0)e™"? (solid-black), and find good agreement. A demonstration
of one stochastic realization (dashed-circle blue) shows large fluctuation around the

averaged and exact results. Note that the imaginary part of the solution is almost
vanishing as it should be, and is not shown here.
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CHAPTER II1

SUPERRADIANT EMISSION FROM A CASCADE

ATOMIC ENSEMBLE: ANALYTICAL METHOD

In this Chapter, we use Schrodinger’s equation to investigate cascade emission from a
four-level atomic ensemble. Quantum communication has opened up the possibility
to transmit quantum information over long distance. Due to the transmission loss
in long distance fiber-based quantum communication, telecommunication (telecom)
wavelength light is important to maximize the transmission efficiency. The alkali
atomic cascade transition shown in Figure 3.3 is able to generate telecom wavelength
light, the signal, from the upper transition and a near-infrared field, the idler, from the
lower one. The telecom light can travel through the fiber with minimal loss, while the
near-infrared field is suitable for storage and retrieval in an atomic quantum memory
element. Their use in a quantum information system requires quantum correlations
between stored excitations and the telecom field.

We develop a quantum theory to characterize the properties of the correlated sig-
nal and idler photons and study how the laser excitation pulse modifies their spectral
profile. The wave packets of this entangled source are found, and Schmidt decom-
position provides the basis for engineering a pure photon source that is crucial in

quantum information processing.

3.1 Introduction

The spontaneous emission from an optically dense atomic ensemble is a many-body
problem due to the radiative coupling between atoms. This coupling is responsible

for the phenomenon of superradiance firstly discussed by Dicke [23] in 1954.
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Since then, this collective emission has been extensively studied in two atom sys-
tems indicating a dipole-dipole interaction [20, 21], in the totally inverted N atom
systems [38, 39], and in the extended atomic ensemble [22]. The emission intensity
has been investigated using the master equation approach [40-42] and with Maxwell-
Bloch equations [43, 44]. A useful summary and review of superradiance can be found
in the reference [45, 46]. Recent approaches to superradiance include the quantum
trajectory method [47, 48] and the quantum correction method [49].

In the limit of single atomic excitation, superradiant emission characteristics have
been discussed in the reference [50] and [51]. For a singly excited system, the basis
set reduces to N rather than 2V states. Radiative phenomena have been investigated
using dynamical methods [52-54] and by the numerical solution of an eigenvalue
problem [55-58]. A collective frequency shift [59, 60] can be significant at a high
atomic density [61] and has been observed recently in an experiment where atoms are

resonant with a planar cavity [62].

3.2 The example of two-state atoms interacting with a pump
field

The atomic dynamics of N two-state atoms interacting with a pump field generally
requires a basis of 2V orthogonal states. In this Section we investigate multiple ex-
citations by a laser by solving numerically the master equation for few atom systems
(N = 2,3,4), using the quantum optics toolbox [63]. The complete orthogonal states
may be chosen as 1 symmetric state and (C¥ —1) non-symmetric states for any excita-
tion number n where C¥ is the combination coefficient. It is natural to construct the
complete orthogonal states using this decomposition because the interaction Hamil-
tonian of the pump field, H; = [~ ny ]1><0|e“3';“ +c.c.] —hA ny |1)(1|, has the
same form for each atom.

For the example of two two-state atoms, there are 4 orthogonal basis states: the

ground state |00), the symmetric state of a single excitation (et |10) +eik T 01))/v/2,
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the associated anti-symmetric state (e“;"?l|10> - eiE‘FQ\OU) /v/2, and the state of two
excitations eiE'(F1+F2)|11>. Note that the spatial phase factor for different atomic
position 7 is included due to the pump field of the wavevector k that is directed along
the Z axis. If more atoms are involved, the complete states of multiple excitations
can be derived by extending the results of reference [52], and here we list the states

of four atoms (N = 4),

n = 07 |¢1> = |0707070>7
|pg) = \/Lﬁ ij:l 6ikﬂ|1>u|0>x\¢u§
— ﬂf» eﬂ;F
no= 19 g2 =00 <1+]\1/_\fﬁ - 5]1) e™Ti1)10)az5 — S L) 10)azn,

1=1,2,..N—1;
\

;

N N ik (Fu+7, .
O ya) = \/ﬁ 2 2oyt €I 1), 10)

N N—-2 { 1+1//N-: ik (7 7
|¢m+N+2> = Zl>j Zj:l ( +N2/\—/172 - 5m,(j,l)> € k(T l)|1>j|1>l|0>>\7fj,l

n = 2
eiﬁ.(F _1+7N)
#‘DNfI‘DN’O»\#NfLN; m=1,2,..Ny — 1,
where Ny = N(N —1)/2;
o \
®
[ ]
N —
no= N, o) = 1V ] e, (3.1)
j=1

where (j,1) in the subscript of the Kronecker delta function of two excitation states
is defined so that (1,2) = 1,(1,3) = 2,(1,4) = 3,(2,3) =4, and (2,4) = 5. Note that
the n = 0, |¢;), and n = N, |pyn), states are symmetric. For n # 0, N excitations,
the states are constructed from one symmetric state and CY non-symmetric states.
To investigate the probability of multiple atomic excitations in conditions of weak
off-resonant excitation, we choose a configuration of four atoms that sit on the vertices

of a square with side d,. The atomic density matrix includes a laser excitation term
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Figure 3.1: Single- and double-excitation populations as a function of distance d,. (a)
The populations of the symmetric state for a single excitation P} (dashed-red) and the
sum of non-symmetric single-excitation states P* (dashed-dotted black). (b) The
populations of the symmetric state for double excitations Ps (dashed-blue) and the
sum of non-symmetric double-excitation states Py® (dashed-dotted black). P;"™ and
Py ™ are normalized respectively by the solutions of non-interacting atoms Pl(o) (solid-
red) and P\” (solid-blue). P” = 1.58 x 1073 and P\”) = 9.4 x 107, are the single-
and double-excitation probabilities for independent atoms.

24



in addition to the one and two-atom dissipation terms; these arise from spontaneous
emission and radiative coupling due to dipole-dipole interaction [21]; see Eq. (A.15)
in Appendix A. We numerically solve for the time evolution of the density matrix.
The result of steady state single- and double-excitation populations are shown in
Figure 3.1 as a function of d;. We have assumed a continuous laser field with peak
Rabi frequency €2, = 0.2y and detuning A; = 57, where 7 is the single-atom sponta-
neous decay rate for the excited state. The populations of the symmetric states are
Py =Tr(p|oy)(¢,]) for a single excitation and Py =Tr(p|¢g) (¢g|) for double excitations
where p is the density operator of the atomic system. The total populations of the
non-symmetric excitation states are Pp* =Tr(p (2222 |¢.){(¢,])) , for a single exci-
tation, and Py* =Tr(p (Zilﬂ ¢.)(¢,])) . for double excitations, respectively. The
probabilities of three and four excitations are negligible under the weak excitation
conditions we consider.

As d, approaches and exceeds A (the transition wavelength), the populations tend
to the independent atom limit when dipole-dipole coupling is omitted. In this limit,
the probability of exciting any non-symmetric states goes to zero. The single and
double excitation probabilities, P; and Ps, are normalized to their independent atom
values, P’ = P,P3C} and P, = P?P?C4 where P, = Q2/(4A% +4?) [64], P, =
1—P,, and C}" is the combination coefficient. For d; < A, the populations of the non-
symmetric states are comparable to the symmetric ones, indicating the importance of
dipole-dipole interactions. We see no evidence of a dipole blockade effect in this limit
for four atoms, but we have observed it in the case of two atoms. Dipole blockade
refers to the predominance of single excitations as dipole shifts detune double and
higher excitation states.

In Figure 3.2, we show the time evolution of Pj(t) and P5(t) for ds = 3\ (this
corresponds to an atomic density 8 x 10!% cm™2). The period of the Rabi oscillation is

determined by 27 /A, and the asymptotic steady state value for P; is about 1.6x1073.
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This coincides with the approximate result [v/N€,/(2A1)|? that is found when we
truncate the basis to the ground state and the orthogonal states of a single atomic
excitation.

We also numerically solve a line of atoms (N = 2,3, or 4) with an equal separation
from d, = 1 to 5\, and the results of steady state populations indicate the condition for
truncation of the basis set at a single atomic excitation is valid when |A;| > v/ NQ, /2.
If the condition of a single atomic excitation A; > VNQ, /2 is relaxed, we will also
have dynamical couplings between symmetric and non-symmetric states (at least for
ds < 3)\). It is the dipole-dipole interaction that couples the non-symmetric and

symmetric states in the presence of the pump laser.

3.3 Theory of Cascade Emission

We consider N cold atoms that are initially prepared in the ground state interacting
with four independent electromagnetic fields. As shown in Figure 3.3, two driving
lasers (of Rabi frequencies €2, and €2;,) excite a ladder configuration [0) — |1) — |2).
Two quantum fields, signal a, and idler a;, are generated spontaneously. The atoms
adiabatically follow the two excitation pulses and decay through the cascade emission
of signal and idler photons. Based on the discussion in the previous Section, we permit
only single atomic excitations under the condition of large detuning, A; > v NQ, /2.
The Hamiltonian and the coupled equations of the atomic dynamics are detailed in
Appendix A.

To correctly describe the frequency shifts arising from dipole-dipole interactions,
we do not make the rotating wave approximation on the electric dipole interaction
Hamiltonian. The frequency shift has contributions from the single atom Lamb shift
and a collective frequency shift. The Lamb shift is assumed to be renormalized into
the single atom transition frequency distinguishing it from the collective shift due to

the atom-atom interaction.
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for the symmetric state for double excitations is Py (dashed—dotted blue).

Figure 3.2: Time evolution of populations for symmetric states P; and
condition is the same as in Figure 3.1 for dy, = 3.



Figure 3.3: Four-level atomic ensemble interacting with two driving lasers (solid)
with Rabi frequencies €2, and €2,. Signal and idler fields are labelled by a, and a;,
respectively and A; and A, are one and two-photon laser detunings.

3.3.1 Probability amplitudes for signal and signal-idler emissions

Writing the state-vector |i(t)) in a basis restricted to single atomic excitations, and

single pairs of signal and idler photons, we can introduce the probability amplitudes,

N
Cop(t) =D e ™7 (3,, 1,5,

p=1

»(t)) (3:2)

and

Dyi(t) = (0, Tg,ag, Lr

»(t)) (3:3)

defined in Appendix A. Note that C;y,(¢) is an amplitude for a phased excitation of
the ensemble of atoms subsequent to signal photon emission.

After adiabatically eliminating the laser excited levels in the equations of motion,
we are able to simplify and derive the amplitude Cyj, and the signal-idler (two-

photon) state amplitude D;; as shown in Appendix A,
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Con®) = 636, -0 25 [ aetermommant oSOy (3
I

Ds7i(t) = g:g:(621aAz ks,)\s Z i Tﬂ/ / dt/,dte_i_m&““ )(#'—t")

pilwi—ws)t! i(ws—was— A2)t//b(t”>. (3.5)

The factor 3, 2T reflects phase-matching of the interaction under conditions
of four-wave mixing when the wavevector mismatch Ak = Ea + /;b — Es — EZ — 0. The
radiative coupling between atoms results in the appearance of the superradiant decay

constant

Y = (Ng+ 1) (3.6)

where I'; is the natural decay rate of the |3) — |0) transition, and [ is a geometrical
constant depending on the shape of the atomic ensemble. An expression for the
collective frequency shift dw; is given in the Appendix A. As shown in Figure 3.4,
we numerically calculate the geometrical factor i, Eq.(A.12), to demonstrate how the
decay factor N+ 1 depends on the height and radius of a cylindrical ensemble. The
arrows in the figure point out the contour lines (yellow and green) of N+ 1 ~ 4 and

6 which are comparable to the operating conditions of the experiment [16].

Qa ()2 ()

In the above expressions for the probability amplitudes, b(t) = = ARy

is propor-
tional to the product of the Rabi frequencies. We use normalized Gaussian pulses
as an example where Q,(t) = ﬁflae’tz/#, D(t) = #Qbe’tzﬁz, so that the two
pulses are overlapped with the same pulse width. me is the pulse area, and let

Awy = wy—wag — Aoy —dw;, Aw; = w; —w3+dw;. We have the probability amplitude

for signal photon emission and atoms in a phased state,
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Figure 3.4: The superradiance decay factor Nu+1 (= 1) for a cylindrical ensemble
of length h and radius a in unit of transition wavelength A. The atomic density is
8 x 1019 ecm™3 and A = 795 nm corresponding to the D1 line of 8Rb. See the text

for the explanation of the arrows.
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and the two-photon probability amplitude is
Dygi(t, Aws, Aw;)
~ A oV
_ Q ngzgs< d ks As ZeZAk Tu E TeiTgt {
'LAw t+( +zAwS)2 2/8 (1 + erf( 4t — ( + ZAWS )
N _
R o (1 + erf{( o z(Aws - sz ) } (3.8)

where erf is the error function

erf(e) = == / (3.9)

Asymptotically Dy; approaches the value,

Qullogr gt (€, - di) (€ - dy) 3o, FOF T o~ )22

s

4A1A, V2T % —iAw; 7

(3.10)

indicating a spectral width T'y’ /2 for idler photon in a Lorentzian distribution mod-
ulating a Gaussian profile with a spectral width 2v/2/7 for signal and idler. Energy
conservation of signal and idler photons with driving fields at their central frequen-
cies corresponds to w, + w; = w, + wp, which makes Aw; + Aw; = 0; the collective

frequency shifts cancel.
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3.4 A Correlated Two-photon State

Using the asymptotic form of the two-photon state given in Eq. (3.10), the second-

order correlation function Gfi) is calculated as [30]

A

G = ((t — 00)| By (71, 11) B (o, t2) B (Fa, to) EF (71, 1) [ (t — 00)) = |42

)

(3.11)

(I) <0’E (’I“Q,tg E+ T17t1)|¢(t — OO)> (312)

Tl, tl E aka’keké,)\ Gst M—iwst (313)
\/ OV

Ej(F%t?) = E : \/ dkiv\gki,)\ielki.miw}ib (314)
Py 2€0V

where |¢)(t — 00)) denotes the state vector in the long time limit that involves the

ground state and two-photon state vectors. Free electromagnetic fields, signal and
idler photons, at space (7,7) and time (1,¢,) are ES and E;" where (4) denotes
their positive frequency part. For second order correlation function, only Dy;, derived

in the previous Section contributes to it, then we have,

= E E Ly + Eoun)Ean, X
2€0V 2€0V )
s, Xs ki)

QuQy 32, €AF T =Bt w8

Ek‘ ,)\) ki, A\ N
! ’ 14A AZ 27TT FT — ZAwi

Q0 2, €25 |4, |d| .
- A [d, — ko(k, - d
4017, 2T 46%06(271)6/ slds s(ks - dy)]

L. 3 .
/ 40 1ds — sl - )] / duoseode—itta= 250 (028 = B0 ity o= Tk

ik‘s 1 —iwst] eik‘i ‘T —iw;ts

(d;

ry .
- — i1Aw;
3

i (Bwi—dw;) (b~ 102 / dAw, e Bws(ti= At )~ Awit?/8 (3.15)

where we have used the change of variables in the first step, replaced w, = wa3 + Ay +

Awg + dw;, and changed the variable Aw, — Aw, — Aw;. Solid angle integration is
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denoted as df),; for signal (idler) photon. The divergent part of w? (which varies
relatively slowly) has been moved out from the integral of dAwg, and we replace w,

with the signal transition frequency ws3. We then have

q)si

Q. 20, €T |dy|diwiwd
- 4A AQ 2mT 46(2)66(27T)6

—lsz(Q—F ity Tk ks) P ok, P
Ay P st A0) (1= 8 —into= ) (e~ By 02

ﬂ — iAw; — idw;)

/ A d[dy — ky(ky - dy)][d; — ki(k; - d;)]

(3.16)

where we replace w; = ws + Aw; — dw; and change the variable Aw; — Aw; + dw;.
The divergent part of w? is again moved out from the integral of dAw; and replace

w; with the signal transition frequency ws. Finally we have

q)si

B

Q. |d ||d |lwdw3, AR / R
— AR d), dQ — ko(ks - d)l|d; — ki(K; - d;
AN A 2€3c572(27)6 Z ( ) ( )]

k

G_Q(tl_%)Q/Tze_i(w23+ﬂz)(tl— ot S)e_iwi”(t?_%)e( 3 b (ty— 2Ry 1 s
7 - ks 7 - kg
Oty — — t+ —2) (3.17)
where the complex integral with the pole at Aw; = —@'% — dw; in the lower half

plane leads to a step function © that shows the causal connection between signal and

idler emission. The emission time for the signal field (¢; — Flfs) is within the pulse
envelope of width 7, and the idler photon decays with a superradiant constant I'}’ /2.
Note that the collective frequency shift dw; appears in the signal (ws3 + Az + dw;) and

idler (w3 — (5wi) frequency consistent with energy conservation. Let Aty =1t; — ﬁ%

and At; =ty —
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T AA A 263572 (276 Z ( )l ( )]

G—Z(At5)2/7'2e-%(Ati—AtS)@(Ati — Aty). (3.18)

If we let At = At; — Atg and choose Aty = 0 as the origin in time (idler gating

time), then we have the second-order correlation function

GO (At) = |@,:(AL)]? oc e THA where At > 0. (3.19)

It resembles the result for the second-order correlation function in the case of single
atom, whereas here we have an enhanced decay rate due to the atomic dipole-dipole
interaction.

In Figure 3.5, we plot out the absolute value of spectrum Dy;(Aws, Aw;) and the
second-order correlation function G( /(Atg, At;). In (c), we show for I'sAt; = 0.2.

The width of 1/At; = 5T'3 corresponds to I'Y = (Nji + 1)I's = 5T ;.

3.5 Schmadt Decomposition

Correlated photon pairs may be generated by parametric down conversion (PDC) [65—
67]. The degree of entanglement can be quantified by Schmidt mode decomposition
[68, 69], allowing the influence of group-velocity matching [70] to be assessed. A
pure single photon source is a basis element for quantum computation by linear
optics (LOQC) [71], and it can be conditionally generated by measurement [72]. A
similar approach can be applied to the study of the transverse degrees of freedom
in type-II PDC [73] and PDC in a distributed microcavity [74]. In photonic-crystal
fiber (PCF), a factorizable photon pair can be generated by spectral engineering [75].
The spectral effect has been discussed in relation to a quantum teleportation protocol

[76] as a first step toward quantum communication.
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Figure 3.5: (a) Absolute value of the spectrum for two-photon state probability
amplitude D, ; and (b) the second-order correlation function GSB(AISS, At;). (c) A

normalized GSB(AtS = 0,At;) with I'y7 = 0.2. The exponential decay corresponds
to the superradiant decay factor Njz+ 1 = 5.
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We would like to perform an analysis of entanglement properties of our cascade
emission source. In addition to polarization entanglement, a characterization of
frequency space entanglement is required to clarify its suitability in, for example, the

DLCZ protocol [6].

In the long time limit, the state function is given by, Eq. (3.10),

) =10,vac) + > Dyil0,1; 1z ) (3.20)

EX)

where s = (ks, \s), @ = (ki, \;), and |0,vac) is the joint atomic ground and photon
vacuum state.

The spatial correlation of two-photon state in FWM condition can be eliminated
by pinholes or by coupling to single mode fiber so we consider only the continuous

frequency space. For some specific polarizations \; and \;, we have the state vector

),
) = / Flws,wi)al (ws)ah (wi)|0)dw,dw;, (3.21)
where
ef(Aws+Awi)27'2/8
flws,wi) = —5— : (3.22)
%—ZAWZ‘

The quantification of entanglement can be determined in the Schmidt basis where

the state vector is expressed as

) =/ Aabhel]0), (3.23)
o= / o (w3)h (w05) v, (3.24)
&= / &, (wy)al, (w;)dw;, (3.25)

where bl ¢! are effective creation operators. Eigenvalues \,, and eigenfunctions 1,

and ¢,,, are the solutions of the eigenvalue equations,
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/Kl(w,w')¢n(w')dw’ = i, (w), (3.26)
/K2(w,w’)¢n(w’)dw’ = Ao, (w), (3.27)

where K;(w,w') = [ f(w,w)f*(W w1)dw; and Ky(w,w') = [ f(w2,w)f* (w2, w’)dws
are the kernels for the one-photon spectral correlations [68, 69]. Orthogonality of
eigenfunctions is [ ¢;(w)v;(w)dw = d;5, [ ¢;(w)¢;(w)dw = 05, and the normalization
of quantum state requires )\, =

In the Schmidt basis, the von Neumann entropy may be written

= Aaln),. (3.28)
n=1

If there is only one non-zero Schmidt number A\; = 1, the entropy is zero, which
means no entanglement and a factorizable state. For more than one non-zero Schmidt
number, the entropy is larger than zero and bipartite entanglement is present.

The kernel in Eq. (3.22) has all the frequency entanglement information, entan-
glement means f(ws,w;) cannot be factorized in the form g(w;)h(w;), a multiplication
of two separate spectral functions. By inspection the Gaussian profile of signal and
idler emission is a source of correlation. The joint spectrum Aws + Aw; is confined
within the width of order of 1/7. The Lorentzian factor associated with the idler
emission has a width governed by the superradiant decay rate.

In Figure 3.6, we show the Schmidt decomposition of the spectrum. We use a
moderate superradiant decay constant N+ 1 = 5, comparable to the reference [16],
and a nanosecond pulse duration 7 = 0.25 (= 26/4 ns), and I's/2r = 6 MHz. Due to
slow convergence associated with the Lorentzian profile, we use a frequency range up
to £1200 (in unit of I's) with 2000 x 2000 grid. The numerical error in the eigenvalue
calculation is estimated to be about 1% error. In this case, the largest Schmidt

number is 0.8 and corresponding signal mode function has a FWHM Gaussian profile
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Figure 3.6: Schmidt mode analysis with pulse width 7 = 0.25 and superradiance
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functions, ¢; and ¢,. (d) The absolute spectrum |f(Aws, Aw;)|.



41/2 In(2)/7 ~ 19T'3. The idler mode function ¢, reflects the Lorentzian profile in

the spectrum at the signal peak frequency (Aw, = 0),

ewa?‘fj/S

J(Aws =0, 80i) = VT 5 —iAw,

(3.29)

where a relatively broad Gaussian distribution is overlapped with a narrow spread of
superradiant decay rate [FWHM > (Nu + 1)I'3/2].

Figure 3.7 shows that the cascade emission source is more entangled if the super-
radiant decay constant, or the pulse duration increases. We note that the Gaussian
profile aligns the spectrum along the axis Aw, = —Aw; and the spectral width for
signal photon at the center of the idler frequency distribution (Aw; = 0) is determined
by pulse duration 7. For a shorter pulse 77! > (Nji+1)I'5/2, the joint Gaussian pro-
file has a larger width, and the spectrum is cut off by the Lorentzian idler distribution.
A larger width leads to a less entangled source and distributes the spectral weight
mainly along the crossed axes Aw, = 0 and Aw; = 0. A narrow Lorentzian profile

(Aws+Awi)*72/8 tilting the spectrum along the

cuts off the entanglement source term e~
line Aw,+Aw; = 0. In the opposite limit, 77! < (Nu+1)['3/2, the spectrum is highly
entangled corresponding to tight alignment along the axis Aws = —Aw; (Figure 3.7
(©)).

Note that the short pulse duration (7 > 0.25 (6.5 ns)) should not violate the
assumption of adiabaticity 7 2 1/A; or 1/A,.

The Schmidt analysis and calculation of von Neumann entropy shows that signal-
idler fields are more entangled if the ensemble is more optically dense, corresponding
to stronger superradiance. For the DLCZ protocol, we wish to avoid frequency
entanglement. The superradiance may be reduced with smaller atomic densities but
good qubit storage and retrieval efficiency require a moderate optical thickness [16].

A better approach involves using short pulse excitation 77! > (N + 1)I's. We will

investigate the spectral properties in more details for the DLCZ scheme in Chapter
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CHAPTER IV

SUPERRADIANT EMISSION FROM A CASCADE
ATOMIC ENSEMBLE: NUMERICAL APPROACH

In this Chapter, we investigate the cascade emission (signal and idler) from an atomic
ensemble using a numerical approach. In Chapter 3, we studied the correlated emis-
sion using Schrodinger’s equation assuming single atomic excitations. To relax the
assumption of single atomic excitations, we derive a set of c-number stochastic differ-
ential equations derived using the quantum statistical methods reviewed in Chapter
2. We solve numerically for the dynamics of the atoms and counter-propagating
signal and idler fields. The signal and idler field intensities are calculated, and the
signal-idler correlation function is studied for different optical depths of the atomic

ensemble, and compared with the analytical results of Chapter 3.

4.1 Introduction

To account for multiple atomic excitations in the signal-idler emission from a cascade
atomic ensemble, the Schrodinger’s equation approach becomes cumbersome. An
alternative theory based on c-number Langevin equations as discussed in Chapter
2, is suitable for solution by stochastic simulations. An essential element in the
stochastic simulations is a proper characterization of the Langevin noises. These
represent the quantum fluctuations responsible for the initiation of the spontaneous
emission from the inverted [44, 77-79], or pumped atomic system [80, 81] as in our
case.

The positive-P phase space method [29, 32, 82-86] is employed to derive the

Fokker-Planck equations that lead directly to the c-number Langevin equations. The
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classical noise correlation functions, equivalently diffusion coefficients, are alterna-
tively confirmed by use of the Einstein relations reviewed in Chapter 2. The c-number
Langevin equations correspond to Ito-type stochastic differential equations that may
be simulated numerically. The noise correlations can be represented either by using
a square [87] or a non-square "square root" diffusion matrix [84]. The approach en-
ables us to calculate normally-ordered quantities, signal-idler field intensities, and the
second-order correlation function. The numerical approach involves a semi-implicit
difference algorithm and shooting method [88] to integrate the stochastic "Maxwell-
Bloch" equations.

Recently a new positive-P phase space method involving a stochastic gauge func-
tion [89] has been developed. This approach has an improved treatment of sam-
pling errors and boundary errors in the treatment of quantum anharmonic oscillators
[90, 91]. Tt has also been applied to a many-body system of bosons [92] and fermions
[93]. In this Chapter, we follow the traditional positive-P representation method
[94].

4.2 Theory of Cascade emission

The complete derivation of the c-number Langevin equations for cascade emission
from the four-level atomic ensemble is described in detail in Appendix B. After
setting up the Hamiltonian, we follow the standard procedure to construct the char-
acteristic functions [27] in Appendix B.2 using the positive-P representation [32]. In
Appendix B.3.1, the Fokker-Planck equation is found by directly Fourier transforming
the characteristic functions, and making a 1/NV, expansion.

Finally the Ito stochastic differential equations are written down from inspection
of the first-order derivative (drift term) and second-order derivative (diffusion term) in
the Fokker-Planck equation. The equations are then written in dimensionless form by

introducing the Arecchi-Courtens cooperation units [115] in Appendix B.3.2. From
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Eq. (B.73) and the field equations that follow, these c-number Langevin equations in

a co-moving frame are,
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(4.1)

where (I) stands for Ito type SDE. m;; is the stochastic variable that corresponds to
the atomic populations of state |i) when i = j and to atomic coherence when i # j,
and F;; are c-number Langevin noises. The remaining equations of motion, which
close the set, can be found by replacing the above classical variables, 77, — W}k,

(wh)® = m, (BL)* — E

EX) 8,17

(E;Z)* — ET

S, )

and F7 — ]:]Tk Note that the atomic
populations satisfy 77, = m;;. The superscripts, dagger (t) for atomic variables
and (—) for field variables, denote the independent variables, which is a feature of the

positive-P representation: there are double dimension spaces for each variable. These
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variables are complex conjugate to each other when ensemble averages are taken, for
example (7j;) = <7rjk>* and (E},) = (B, ). The doubled spaces allow the variables
to explore trajectories outside the classical phase space.

Before going further to discuss the numerical solution of the SDE, we point out
that the diffusion matrix elements have been computed using Fokker-Planck equa-
tions and by the Einstein relations described in Appendix B.3.3. This provides the
important check on the lengthy derivations of the diffusion matrix elements we need
for the simulations.

The next step is to find expressions for the Langevin noises, and the details are
given in Appendix B.3.4 in terms of a non-square matrix B [35, 84]. The matrix B is

used to construct the symmetric diffusion matrix D(a) = B(a) B () for a Ito SDE,

det = At w)dt+ S By(t, m)dwi(n) (1) (4.2)

where &dt = dW{(t) (Wiener process) and (&,(t)¢,(t')) = 6;;0(t —t'). Note that
B — BS, where S is an orthogonal matrix (SST = I), leaves D unchanged, so B is
not unique. We could also construct a square matrix representation B [28, 32, 87].
This involves a procedure of matrix decomposition into a product of lower and upper
triangular matrix factors. A Cholesky decomposition can be used to determine the B
matrix elements successively row by row. The downside of this procedure is that the
B matrix elements must be differentiated in converting the Ito SDE to its equivalent
Stratonovich form for numerical solution.

The Stratonovich SDE is necessary for the stability and the convergence of semi-
implicit methods. Because of the analytic difficulties in transforming to the Stratonovich
form, we use instead the non-square form of B [84] that is shown explicitly in Ap-
pendix B.3.4.

In this case a typical B matrix element is a sum of terms, each one of which is a

product of the square root of a diffusion matrix element with a unit strength real (if
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the diffusion matrix element is diagonal) or complex (if the diffusion matrix element
is off-diagonal) Gaussian unit white noise. It is straightforward to check that a B
matrix constructed in this way reproduces the required diffusion matrix D = BBT.
As pointed out in the reference [86], the transverse dipole-dipole interaction can
be neglected and nonparaxial spontaneous decay rate can be accounted for by a single
atom decay rate one if the atomic density is not too high. We are interested here
in conditions where the ensemble length L is significant and propagation effects are
non-negligible, and the average distance between atoms d = {’/V/_N is larger than
the transition wavelength A\. The length scales satisfy A < d < L, and we consider a
pencil-like cylindrical atomic ensemble. The paraxial or one-dimensional assumption
for field propagation is then valid, and the transverse dipole-dipole interaction is not

important for the atomic density we focus here.

4.3 Numerical Stmulation

In this Section, we discuss the numerical integration of the atomic and field equations
derived given in the last Section.

There are several possible ways to integrate the differential equation numerically.
Three main categories of algorithm used are forward (explicit), backward (implicit),
and mid-point (semi-implicit) methods [88]. The midpoint method is in a sense
between the explicit and implicit methods, and we will use an algorithm of this type

in the following. Let t,, =t,+ % for nth segment and iterate (m denotes mid point)

At

- (4.3)

T(tm) = 2(tn) + fltm, (tm))

until convergence is reached. Then step forward with x(t,1) = 2x(t,;,) — x(t,).
The forward difference method, which Euler or Runge-Kutta methods utilizes, is
not guaranteed to converge in stochastic integrations [37]. There it is shown that the

semi-implicit method [95] is more robust in Stratonovich type SDE simulations [36].
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More extensive studies of the stability and convergence of SDE can be found in the
reference [96]. The Stratonovich type SDE equivalent to the Ito type equation (4.2),
is
dii = (A7) - 505 Badt, m;&k(t, )dt
, xJ
+ Z By;(t, 7;)dW} (Stratonovich), (4.4)
J

which has the same diffusion terms B;;, but with modified drift terms. This "cor-

ij>
rection" term arises from the different definitions of stochastic integral in the Ito and
Stratonovich calculus.

At the end of Appendix B 3.3, we derive the Stratonovich SDE with the (under-
lined) "correction" terms noted above. We then have 19 classical variables including
atomic populations, coherences, and two counter-propagating cascade fields. With 64
diffusion matrix elements and an associated 117 random numbers required to represent

the instantaneous Langevin noises, we are ready to solve the equations numerically

using the robust midpoint difference method.
4.3.1 Shooting and secant method

The problem we encounter here involves counter-propagating field equations in the
space dimension and initial value type atomic equations in the time dimension. The
initial value problem is addressed by the difference method discussed in the previous
Section.

The counter-propagating field equations have a boundary condition specified at
each end of the medium. This is a two-point boundary value problem, and a numerical
approach to its solution, the shooting method [88], is illustrated in Figure 4.1.

Consider the set of differential equations dX;(z)/dz = gi(z,X). A subset A of
{X;} satisfy boundary conditions at z = 0, and the complementary subset B satisfy

boundary conditions at z = L.
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Figure 4.1: Schematic illustration of the principle of the shooting method for two-
point boundary value problems.
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The shooting method augments the set A with a set of "guesses" A’, so that AU A’
enable the differential equations to be integrated as an initial value problem (from
z =0to z = L). The idea is that A" is the correct choice when the integrated
values at z = L reproduce the true boundary conditions, set B, within a permissible
tolerance. The set A’ is updated to enable convergence of the output at z = L to
the set B.

The secant method that is used to update each element of A’ takes two guesses

x1 and x5 for each variable of A" and returns an updated value x;,

T; = T — f2 . (45)

where f; and f; are the differences between the required values of that variable in
set B and the numerically computed values assuming x; and xy values at z = 0.
This method is iterated until convergence to all values in B is obtained. The secant

method is illustrated in Figure 4.2.
4.3.2 Outline of the numerical solution

We use Matlab to perform the numerical integrations. For simplicity, we label the
atomic and field variables as a; and e;. The counter-propagating field (—z direction)
variables are e; and ey (signal fields) and e3 and ey (idler fields) propagate in the +z
direction. We set the local time 7 — ¢ in the following description of the algorithm.

We initialize 15 a;(z,t), 4 e;(z,t) in time ¢ € (0,7") and space z € (0, L), and select
19 Gaussian random numbers n;(z,t). Set time and space grids with spacings At, Az
respectively. For each realization among R statistical ensemble averages, we update

the variables governed by the symbolic equations of motion,



o4

H(x)

Figure 4.2: Secant method. The root is bracketed by two initial guesses of x; and
2o and an updated guess z; is located at the intersection of two straight lines.
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where P; and A; are in general the functions of variables that are denoted as vectors
€ and @. FEach variable has its own stochastic source term as n., or n,.
The algorithm proceeds by using the midpoint difference method for the evolutions

in space and time and the shooting method for e;,

ei(zm,t) = ei(z,t)—i—%Pi[é(zm,t),@(z,t),nei(z,t)],

a;(z,ty) = ai(z,t)—k%Ai[é'(z,t),&’(z,tm),nai(z,t)],

where 2, = z + Az/2 and t,, = t + At/2. The two guesses required in the secant
method used in the shooting method are chosen as z1 = {e1(0,1),e2(0,¢)} and x5 =
{es(L,t),eq(L,t)}.

Any normally-ordered quantity (Q)) can be derived by ensemble averages that
(Q) = 2%, Qi/R where Q; is the result for each realization. Note that the update
for field variables in space precedes the update for atomic variables, which takes into
account that field variables evolve faster than atomic variables. The order should

not matter when finer grids are used.

4.3.3 Results for signal, idler intensities, and the second-order correlation
function

In this subsection, we present the second-order correlation function of signal-idler
fields, and their intensity profiles. We define the intensities of signal and idler fields
by

L(t) = (B, (OEL (1)), 1i(t) = (B (E] (1)), (4.8)

respectively, and the second-order signal-idler correlation function

Gsi(t,T) = <E; ()E; (t+7)E(t + T)E:(t)> (4.9)
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where 7 is the delay time of the idler field with respect a reference time t of the signal
field. Since the correlation function is not stationary [64], we choose ¢ as the time
when G ; is at its maximum.

We consider a cigar shaped 8°Rb ensemble of radius 0.25 mm and L = 3 mm.
The operating conditions of the pump lasers are (24, 5, A1, Ag) = (0.4, 1, 1, 0)7,4
where 2, is the peak value of a 50 ns square pulse, and €, is the Rabi frequency of
a continuous wave laser. The four atomic levels are chosen as (|0), |1), |2), [3)) =
(15S1/2,F=3), |5P3/2,F=4), |5P3/5,F=4), |4D5,2,F=5)). The natural decay rate for
atomic transition |1) — |0) or |3) — [0) is 791 = Vo3 = 1/26 ns and they have a
wavelength 780 nm. For atomic transition [2) — [1) or [2) — |3) is 715 = 735 =
0.1567,3 [97] with a telecom wavelength 1.53um. The scale factor of the coupling
constants for signal and idler transitions is gs/g; = 0.775.

We have investigated four different atomic densities from a dilute ensemble with
an optical density (opd) of 0.11 to a opd = 4.35. In Figure 4.3, 4.4, and 4.5, we
take the atomic density p = 10 cm™3 (opd = 2.18) for example, and the grid sizes
for dimensionless time At = 4 and space Az = 0.0007 are chosen. The convergence
of the grid spacings is fixed in practice by convergence to the signal intensity profile
with an estimated relative error less than 0.5%.

The temporal profiles of the exciting lasers are shown in the left panel of Figure
4.3. The atomic density is chosen as p = 10*° cm™3, and the cooperation time 7, is
0.35 ns. The right panel shows time evolution of atomic populations for levels |1),
|2), and |3) at z = 0, L, that are spatially uniform. The populations are found by
ensemble averaging the complex stochastic population variables. The imaginary parts
of the ensemble averages tend to zero as the ensemble size is increased, and this is a
useful indicator of convergence, see Appendix B.2 for a discussion. In this example,
the ensemble size was 8x10°. The small rise after the pump pulse €2, is turned off is

due to the modulation caused by the pump pulse €2, which has a generalized Rabi
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Figure 4.3: Time-varying pump fields and time evolution of atomic populations.
(Left) The first pump field €2, (dotted-red) is a square pulse of duration 50 ns and
) is continuous wave (dotted-blue). (Right) The time evolution of the real part
of populations for three atomic levels 017 = (@13) (dotted-red), oag = (@12) (dotted-
blue), o33 = (A1) (dotted-green) at z = 0, L, and almost vanishing imaginary parts
for all three of them. indicate convergence of the ensemble averages. Note that these
atomic populations are uniform as a function of z.
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Figure 4.4: Temporal intensity profiles of counter-propagating signal and idler fields.
(a) At z = 0, real (dotted-red) and imaginary (diamond-red) parts of signal intensity.
(b) At z = L, real (dotted-blue) and imaginary (diamond-blue) parts of idler intensity.
Both intensities are normalized by the peak value of signal intensity that is 7.56 x 10712
E2. Note that the idler fluctuations and its non-vanishing imaginary part indicate a
relatively slower convergence compared with the signal intensity. The ensemble size
was 8x10°, and the atomic density p = 10%cm~3.

frequency \/m . This influences also the intensity profiles and the correlation
functions.

In Figure 4.4, we show that counter-propagating signal (—Z) and idler (+2) fields
at the respective ends of the atomic ensemble. The plots show the real and imaginary
parts of the observables, and both are normalized to the peak value of signal intensity.
Note that the characteristic field strength in terms of natural decay rate of the idler
transition (v,3) and dipole moment (d;) is (d;/h)E, ~ 36.37,3. The fluctuation in the
real idler field intensity at z = L and non-vanishing imaginary part indicates a slower

convergence compared to the signal field that has an almost vanishing imaginary part.
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The slow convergence is a practical limitation of the method.

In Figure 4.5 (a), we show a contour plot of the second-order correlation function
Gsi(ts,t;) where t; > t,. In Figure 4.5 (b), a section is shown through t; ~ 75 ns
where G ; is at its maximum. The approximately exponential decay of G ; is clearly
superradiant consistent with the theory of Chapter 3 and the reference [16]. The
non-vanishing imaginary part of GGs; calculated by ensemble averaging is also shown
in (b) and indicates a reasonable convergence after 8x10° realizations. In Table 4.1,
we display numerical parameters of our simulations for four different atomic densities.
The number of dimensions in space and time is M; x M, with grid sizes (At, Az) in
terms of cooperation time (7.), length (L.). The superradiant time scale (7%) is
found by fitting G ; to an exponential function (e7t/Tr), with 95% confidence range.

In Figure 4.6, the characteristic time scale is plotted as a function of atomic den-
sity and the factor N, and shows faster decay for optically denser atomic ensembles.
We also plot the timescale T) = o5 /(Nu + 1) (ns) that is derived from the theory
of Chapter 3, in which [i is the geometrical constant for a cylindrical ensemble, Eq.
(A.12). The natural decay time 5, = 26 ns corresponds to the D2 line of 57Rb.
The error bar indicates the deviation due to the fitting range from the peak of G ;
to approximately 25% and 5% of the peak value. The theory and simulations are in
good qualitative agreement, approaching independent atom behavior at lower densi-
ties. For larger opd atomic ensembles, larger statistical ensembles are necessary for
numerical simulations to converge. The integration of 8x10° realizations used in the

3 consumes about 14 days with Matlab’s parallel computing tool-

case of p = 10 cm™
box (function "parfor”) with a Dell precision workstation T7400 (64-bit Quad-Core

Intel Xeon processors).
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Figure 4.5: Second-order correlation function G ;(ts, ;). The 2-D contour plot of the
real part of G,; with a causal cut-off at ¢; = t; is shown in (a). The plot (b) gives a
cross-section at t; = t,, =~ 75 ns, which is normalized to the maximum of the real part
(dotted-blue) of G,;. The imaginary part (diamond-red) of G ; is nearly vanishing,

and the number of realizations is 8x10° for p = 10*%cm=3.
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Figure 4.6: Characteristic timescales, Ty and 77 vs atomic density p and the super-
radiant enhancement factor Np (= ). T (dotted-blue) is the fitted characteristic
timescale for Gg;(ts = tm,t; = t,, + 7) where t,, is chosen at its maximum, as in
Figure 4.5. The errorbars indicate the fitting uncertainties. =~ As a comparison,
Ti=vo3 /(Np + 1) (dashed-black) is plotted where 75 = 26 ns is the natural decay
time of D1 line of 8Rb atom, and p is the geometrical constant for a cylindrical
atomic ensemble, as discussed in Chapter 3. The number of realizations is 4x10° for
p=>5x10%5x 10° cm™ and 8x10° for p = 10, 2 x 10 cm~3.
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Table 4.1: Numerical simulation parameters for different atomic densities p. Corre-
sponding optical depth (opd), time and space grids (M; x M,) with grid sizes (At, Az)
in terms of cooperation time (7,) and length (L.), and the fitted characteristic time
Ty for Gy, (see text).

At(T,), T.(ns), fitted T (ns
plem™) | opd | My x M. Az((Lj) Lc((m)) [95% conﬁdefl(ce zange]
5x10% | 0.11 | 101 x 44 | 0.9, 1.5x10~* | 1.55, 0.46 24.6 [24.2, 25.0]
5x10° | 1.09 | 101 x 42 | 2.8, 4.5x107* | 0.49, 0.15 14.8 [14.4, 15.3]
Ix10™ [2.18 | 101 x 42 | 4, 7x10* | 0.35, 0.10 9.4 9.2, 9.7]
2x101° | 4.35 | 101 x 42 | 5.5, 1x1073 | 0.24, 0.07 5.0 [4.6, 5.5]

4.4 Conclusion

We have derived c-number Langevin equations in the positive-P representation for the
cascade signal-idler emission process in an atomic ensemble. The complete c-number
Langevin noise correlations are derived and confirmed by an alternative theoretical
method. The equations are solved numerically by a stable and convergent semi-
implicit difference method, while the counter-propagating spatial evolution is solved
by implementing the shooting method.

We investigate four different atomic densities readily obtainable in a magneto-
optical trap experiment. Signal and idler field intensities and their correlation func-
tion are calculated by ensemble averages. Vanishing of the unphysical imaginary
parts within some tolerance is used as a guide to convergence. We find an enhanced
characteristic time scale for idler emission in the second-order correlation functions
from a dense atomic ensemble, consistent with the superradiance timescales predicted

by the analytical method in Chapter 3, and observed experimentally [16].
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CHAPTER V

SPECTRAL ANALYSIS FOR
CASCADE-EMISSION-BASED QUANTUM
COMMUNICATION

Cascade emission in alkali atoms is a source of telecommunication photons. In this
Chapter, we investigate the DLCZ [6] scheme using the cascade emission from an

atomic ensemble.

5.1 Introduction

Long distance quantum communication based on atomic ensembles was proposed by
Duan, Lukin, Cirac, and Zoller [6]. This scheme involves Raman scattering of light by
the atoms. The cascade transitions investigated in Chapter 3 and 4 provide a source
of telecommunication wavelength photons. It is interesting to assess the cascade
scheme in the DLCZ protocol given that it could potentially reduce transmission
losses in a quantum telecommunication system. The DLCZ scheme is based on
entanglement generation and swapping and quantum state transfer.

In this Chapter, we first discuss entanglement generation and then investigate how

frequency entanglement of the cascade photon pair influences entanglement swapping.

5.2 DLCZ Scheme with Cascade Emission

In the DLCZ protocol, a weak pump laser Raman scatters a single photon generating
a quantum correlated spin excitation in the ensemble. By interfering the Raman
photons generated from two separate atomic ensembles on a beam splitter (B.S.), the

DLCZ entangled state (|01) + |10))/+/2 [98] is prepared conditioned on one and only
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one click of the detectors after the B.S. Hence |0) and |1) represent the state of zero or
one collective spin excitations stored in the hyperfine ground state coherences. This
state originates from an indistinguishable photon paths. The error from multiple
excitations can be made negligible if the pump laser is weak enough.

As shown in Figure 5.1, we consider instead that one of the ensembles employ
cascade emission. The idea is for cascade emission to generate a telecom photon (af)
for transmission in the optical fiber, and an infrared photon that interferes locally
with the Raman photon generated in the A-type atomic ensemble. In this way

interference of the infrared photons generate the entangled state,

1
= E(|01>a,s + |10>a,s)7 (51)

similar to the conventional DLCZ entanglement generation scheme. Now, however,

¥)

instead of a stored spin excitation, we generate a telecom photon.
The entanglement swapping with the cascade emission may be implemented as
shown in Figure 5.2, and will be discussed in detail in the next Section. The initial

state is a tensor product of two state vectors generated locally at the sites A and B.

= (VT =114l0) + /Al D)D) @ (V1= 12410) + /24l D21 D@
\/ —1150) +\/@|1 B|1 \/ — 195/0) +\/@|1>B|1> ), (5.2)

where (s, i) represent the signal and idler photons from the cascade emission, and (r,
a) are Raman scattered photon and the collective spin excitation. Here 7, and 7, are
efficiencies to generate cascade and Raman emission. Since 77; and 1, < 1, multiple

atomic excitations or multi-photon generation can be excluded.

5.3 Entanglement Swapping

Consider the product state generated from A and B, Figure 5.2,
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Cascade ~ 4

Figure 5.1: Entanglement generation in the DLCZ scheme using the cascade and
Raman transitions in two different atomic ensembles. Large white arrows represent
laser pump excitations corresponding to the dashed lines in either cascade or Ra-
man level structures. Here af represents the emitted telecom photon. B.S. means
beam splitter that is used to interfere the incoming photons measured by the photon
detector D. The label A refers to the pair of ensembles for later reference.
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Synchronous XN i
single click :

Figure 5.2: Entanglement swapping of DLCZ scheme using the cascade transition.
The site A is described in detail in Figure 5.1 and equivalently for the site B. The
telecom signal photons are sent from both sites and interfere by B.S. midway between
with detectors represented by CJ{ and c; Synchronous single clicks of the detectors
from both sites (mb, nb) and the midway detector (cb) generate the entangled state
between lower atomic ensembles at sites A and B. The locally generated entanglement
is swapped to distantly separated sites in this cascade-emission-based DLCZ protocol.

64



110) 45 + |01) 45 [10)4s + |01) 45
e )A® (————F=—)B
V2 V2
1
= §(|1010>m5 + 11001) gsas + [0110) asas + [0101) gsas), (5.3)

) =

where the subscript (a) represents a stored local atomic excitation, and (s) means a
telecom photon propagating toward the B.S. in the middle. We can tell from this
effective state that the first component (|1010),4,s) contributes no telecom photons
at all (two local excitations) and can be ruled out by measuring a "click" at one of
the middle detectors. The second and the third components have components of the
entangled state of quantum swapping, and the fourth one is the source of error if the
photodetector cannot resolve one from two photons. The error could be corrected
by using a photon number resolving detector (PNRD) if other drawbacks like dark
counts, photon losses during propagation, and detector inefficiency are not considered.

Now we will formulate the entanglement swapping including the spectral effects
discussed in Chapter 3. We ignore pump-phase offsets, assuming 50/50 B.S. and a
symmetric set-up (7,4 = Mg = M1, Naa = Nap = 7y) for simplicity. Expand the
previous joint state, Eq. (5.2) and keep the terms up to the second order of 7, , that

can contribute to detection events (mLQ, ﬁh),

[W)ers
=0 (1 =) |DADAD 21N E + 0y (1 — ) 1A EIDE D E+

V(1 =) (1= np) (D7) + Ve (1= n0) (1= no) (1) EIDT 1T

(5.4)

where the cascade emission state |1)4]1); = ff(ws,wi)d:r\s (ws)dii (wi)|0)dwsdw; has
the spectral distribution f(ws,w;) as derived in Chapter 3.
As shown in Figure 5.2, entanglement swapping protocol is fulfilled by measuring

three clicks from the three pairs of the detectors respectively (T?Lb, ﬁh, 612) The
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quantum efficiency of the detector is considered in the protocol, and we describe a
model for quantum efficiency in Appendix C.1. We then use this model to describe
photodetection events registered by non-resolving photon detectors (NRPD). Starting
with the input density operator p;, = |U).sr(¥|, we derive the projected density
operator, Eq. (C.16), conditioned on the three clicks of mi, ﬁ{, and éI in Appendix
C.2. We use the Schmidt decomposition of the projected density operator and assume
a single mode for the Raman scattered photon. We find the un-normalized density

operator ﬁ(z) given in Eq. (C.16),

out

~(2) _

out —

2 2

il —n Ml —n)d —n

RO (o oty (1430 02) o) W=D e),
J

{(S;\())(oyég + Sj,\oxoySA) + Z A / b (wi) &% (w]) B (wi) B* (] ) duw; d
(SHiop 0184+ 8310 0135) | (5.5)

where 7, and 7, ;; are quantum efficiencies of the detectors at the telecom and infrared
wavelengths respectively. The first term in Eq. (5.5) is the atomic vacuum state at
sites A and B and contributes an error to the output density operator. The second
term contains the components of the DLCZ entangled state.

We can define the fidelity F', the success probability Ps of entanglement swapping
of the entangled state |¥) pro, = (ST, +51,)[0)/v/2, and the heralding probability Py

for the third click as

Te(Pel|0) proz ()

F = , (5.6)
Tr(p,()i)t)
T (D)
Py = P+ P, PP=F= Nu , (5.7)
PS = P1><F1—|-P2XF2, F1:F2:F, (58)
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where P 5 is the heralding probability of the single click from the midway detector
(612) as shown in Figure 5.2, and a trace (Tr) is taken over atomic degrees of freedom.

The normalization factor A is calculated in Eq. (C.9) and is given by

2 2
ni(l—n mne(L—n)(1—n na(l —n
N: 1( 4 2) niff—i_ 1 2( 21)( 2)neff+ ( 4 1) 775ff~ (59)

We have used the following properties for the calculation of pfj}t and N,

/dwsdwi|f(ws,w,~)|2 =1, (5.10)

where orthonormal relations in the mode functions are used, and
/dwsdw;dwidwéf(w; wy) (W, wi) f(ws, wi) ¥ (ws, w Z S (5.11)

Note that the single mode spectral function for the Raman photon satisfies [ dw|®(w)[* =

1.
The fidelity, heralding, and success probability become
LA S 6,06 @D )@ () 1)
n,(2 - m)(1+2j A)/2+2 ’ '
012 =) (1420, A3)/2 + 21,
Py = 5 , (5.13)
(Vi +1/ \/777)
L4305 A7 | &5(wi) @) (wi) @ (w;) 2% (w)) dwidw;
Pg = un f ’ (514)
van + 1/ Vi)?
where 1 2 ~ 1 and 1, =ny/n,-

The fidelity depends on a sum of square of Schmidt numbers in the denominator
and the mode mismatch between the idler and Raman photons in the numerator. Let
us assume that the Raman photon mode is engineered to be matched with the idler
photon mode of the largest Schmidt number (¢, (w;) in our case), which is required
to have a larger fidelity (so is the success probability) compared to other modes. We
may also compare the NRPD with the performance of PNRD in the midway detectors,

then we have the fidelity, heralding, and success probability,
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LAy , NRPD
A BERCEAICES SR VIEES (5.15)

140
L )+, A2’ PRND

)
0,1, (2=0,) (1432, A7) /2+2n,

Py = (\/WJrl/\;WJ)Q , NRPD (5.16)

nmt(lfm)(HZj )\32‘)+277t PRND

\ VCIESVN L

(

n: (1+A1)
py = ] W NP (5.17)

N (1+A1)
\ (\/7T:+1/\/W)2’ PRND

When the relative efficiency is made arbitrarily small, the fidelity approaches

(1+X1)/2 for both types of detectors. It reaches one if a pure cascade emission source
is generated (von Neumann entropy £ = 0 and A\; = 1). When 7, = 1 with a pure
source using NRPD with a perfect quantum efficiency, F' = 2/3, Py = 3/4, Ps =1/2,
which coincide with the results of the reference [99] (with perfect quantum efficiency).

We discuss the frequency entanglement for various pulse widths and superradiant
decay rates in Chapter 3.4. We find that for shorter driving pulses and smaller
superradiant decay rates, the cascade emission source is less spectrally entangled.
That means when 7, is fixed, a shorter driving pulse heralds a higher fidelity DLCZ
entangled state.

In Figure 5.3, we numerically calculate the entropy and plot out the fidelity from
Eq. (5.15), the heralding probability from Eq. (5.16), and the success probability
from Eq. ( 5.17) as a function of the relative efficiency n,. With a perfect detection
efficiency (n = 1), we find that at a smaller 7),, the less entangled source gives us a
higher fidelity DLCZ entangled state but with a smaller success probability. Small
generation probability for cascade emission (7, < 1) reduces the error of NRPD from
two telecom photons interference, but it reduces the successful entanglement swapping
at the same time.

The optimal success probability occurs by using the same excitation efficiency

for both cascade and Raman configurations. For PNRD, the fidelity is higher than
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Figure 5.3: Fidelity F, heralding Py, and success Ps probabilities of entanglement
swapping versus relative efficiency 7, with perfect detection efficiency 7, = 1. Col-
umn (a) NRPD and (b) PNRD. Solid-red, dashed-blue, and dotted-green curves
correspond to the pulse width parameters 7 = (0.1,0.5,0.5) and superradiant factor
Np+1=(5,5,10) (see Chapter 3 and Appendix A). The von Neumann entropy is
S = (0.684,2.041,2.886), respectively.
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NRPD, and the heralding probability is the same independent of the degree of fre-
quency space entanglement. The success probabilities for both types of detectors are
equal. The advantage of PNRD shows up in the fidelity of quantum swapping.

In Figure 5.4, we show that the measures improve monotonically with the quantum
efficiency (n = n,) of the detector at telecom wavelength, with 7, = 0.5. The success
probabilities for both types of detectors are the same and again the advantage of

PNRD shows up in the fidelity.

5.4 Polarization Mazximally Entangled State (PME State)
and Quantum Teleportation

In Figure 5.5, we illustrate schematically a scheme for probabilistic PME state prepa-
ration and quantum teleportation. Four ensembles (ABCD) are used to generate
two entangled pairs of DLCZ entangled states, and another two ensembles (Iy, I5)
are used to prepare a quantum state to be teleported.

With the conditional output density matrix from Eq. (C.16), we proceed to con-
struct the PME state |U) pyp = \%(SLgTD—i-S'TBSéﬂm where (C, D) represents another
parallel entanglement connection setup, Figure 5.5 (a). This PME state is useful in
entanglement-based communication schemes [6], and we will here calculate its success

probability. The normalized density matrix for the AB system is from Eq. (5.5) (let

Ny =1),

”\(2)7“5 _ <AT Q AT Q
out,n 1| >< | 1 B| >< | B A| >< | A

+ ASLI0)(0]S4 + A1SL|O><O\§B), (5.18)

where the largest Schmidt number (\;) of mode overlap is chosen and a = n,(2 —

n) <1 +27; )xf)
A parallel pair of entangled ensembles (C,D) is introduced, and the joint density

(2),AB (2),0D

outn. @ Poutn - The latter expression is developed mathematically in

operator is p
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Figure 5.4: Fidelity F', heralding Py, and success Pg probabilities of entanglement
swapping versus telecom detector quantum efficiency 7 for the case of (a) NRPD and
(b) PNRD. Solid-red, dashed-blue, and dotted-green curves correspond to the same

parameters used in Figure 5.3.
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Figure 5.5: PME projection (a) and quantum teleportation (b) in the DLCZ scheme.
Four atomic ensembles (A,B,C,D) are used to generate two DLCZ entangled states
at (A,B) and (C,D). PME state is projected probabilistically conditioned on four
possible detection events of (DY, or DL) and (D} or D}) in (a). In the quantum
teleportation protocol (b), another two ensembles (Iy,I5) are used to prepare a quan-
tum state that is teleported to atomic ensembles B and D conditioned on four possible
detection events of (D;, or D4) and (Dy, or D¢).
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Appendix C.3.
With projection of the PME state, we have the post measurement success proba-

bility [a click from each side; the side of (A or C) and (B or D)],

Pspue = <‘I”ﬁ¢()i){,ﬁ3 ® ﬁﬁi)tﬁl)!‘l’)PME,

_ 41+ 2D
N 1,.(2 =n,) (1 + Zj )\3) + 42 (5.19)

For n, < 1, Ps pyp reaches the maximum of 1/2 when a pure source (A, = 1) is

used.

For an arbitrary quantum state transfer to long distance, quantum teleportation
scheme may be used. Another two ensembles (1, I5) are introduced [6], and the
quantum state can be described by |¥) = (doS}, + d1S])[0) with |do|? + |di[* = 1.

The joint density matrix for quantum teleportation is

Par = (doS], + diS])[0)(0](dsSr, + diSn,) ® puyn” @ Dl (5.20)
Atomic ensembles (A,B) in parallel with (C,D) provide a scheme for PME state
preparation. Retrieve the quantum state [ensemble (I, I5)] into photons and interfere
them at B.S., respectively, with photons from A and C. We have the teleported
quantum state at B and D conditioned on the single click of (D;, or D) and (Dy, or
De).
Consider single detection events at 1511 and 15[2 as an example. With the NRPD
measurement operators M, 1, = (11, —10)p1(0])®]0) p,, (0|@ (11, —0) p2(0)) 10 p. (0]

(we use Dy, Do for Dy, Dy,), the density matrix after the measurement becomes
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P = Tr(ﬁQT,efth,Iz) =

a-+2 4 <‘d0|2

2
l0hame 0]+ |

~ ~ d A A
3310) 0155 + L3510y 013+

2(a+4 (a+4)2\ 4 4
Ndods L A, s .
S5 10)(018p + S22 5 [0) (0195 ) (5.21)

where por . is calculated in Eq. (C.18), and the trace is taken over the electromag-
netic field degrees of freedom.

For a successful transfer of the quantum state |®) = (do S, +d;.51))|0), the fidelity
Fy = (®|p,|®)/Tr(p,), and the heralding probability is P; = Tr(p,), with the trace
over all atomic degrees of freedom. Except for the detection event we consider here,
there are three other detection events including (D4, D¢), (Dr,, D¢) and (Da, Dy,).
The teleported state from the detection events (D, D¢) and (Dy,, Da) requires a
7 rotation correction on the relative phase (dy — do, dy — —dy).

The fidelity and heralding probabilities conditioned on the other three pairs of

clicks are the same as F; and P, respectively, so the success probability is

4
Psqr = Y PF;=4PF,

2

_ (1f—Al>2[1 + (202 = 2)|do 2| 2], (5.22)

where F' is the fidelity of entanglement swapping for NRPD, Eq. (5.15). For PNRD,
the success probability for quantum teleportation is unchanged.

The success probability for quantum teleportation depends on the probability
amplitude of the quantum state and the fidelity F' of the entanglement swapping. In
Figure 5.6, for , = 0.5 and 7, = 1, we can see in the region |dy| =~ 0.3 ~ 0.9, higher
success probability requires a less entangled cascade emission source. Outside this
region, it prefers a more entangled source. When a pure source is used (A\; = 1) and

let n, < 1, n, = 1, we can achieve the maximum of the success probability Psqor = }1
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Figure 5.6: Success probability of quantum teleportation as a function of the prob-
ability amplitude of teleported quantum state with 7, = 0.5 and a perfect detector
efficiency 1, = 1. Solid-red, dashed-blue, and dotted-green curves correspond to the
same parameters used in Figure 5.3.

when F' = 1, which is also achieved in the traditional DLCZ scheme with perfect

quantum efficiencies [99].

5.5 Conclusion

We have described probabilistic protocols for the DLCZ scheme implementing the
cascade emission source. We characterize the spectral properties of the cascade emis-
sion by Schmidt mode analysis and investigate the fidelity and success probability

of the protocols using photon resolving and non-resolving photon detectors. The

75



success probability is independent of the detector type, but photon number resolving
detection improves the fidelity.

The performance of the protocol also depends on the ratio of efficiencies in gen-
erating the cascade and Raman photons. The success probability is optimized for
equal efficiencies while the fidelity is higher when the ratio is smaller than one for
non-resolving photon detectors.

The frequency space entanglement of telecom photons produced in cascade emis-
sion deteriorates the performance of DLCZ protocols. The harmful effect can be
diminished by using shorter pump pulses to generate the cascade emission. A state
dependent success probability of quantum teleportation was calculated, and in some
cases a more highly frequency entangled cascade emission source teleports more suc-
cessfully. An improved performance could be achieved if the error source (vacuum
part) were removed. This could be done by entanglement purification [3] at the stage
of entanglement swapping and then using the purified source to teleport the quantum

state.
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CHAPTER VI

EFFICIENCY OF LIGHT-FREQUENCY CONVERSION

IN AN ATOMIC ENSEMBLE

In this Chapter !, the efficiency of frequency up and down conversion of light in an
atomic ensemble, with a diamond level configuration, is analyzed theoretically. The
conditions of pump field intensities and detunings required to maximize the conversion
as a function of optical thickness of the ensemble are determined. The influence of
the probe pulse duration on the conversion efficiency is investigated by the numeric
solution of the Maxwell-Bloch equations. The set of equations are similar to those
in Chapter 4, but a c-number version of the interaction is considered here. The
properties of absorption and dispersion of fields are extracted from the steady state
solutions to demonstrate the parametric coupling between the fields. We will show
that, in calculating conversion efficiency, a quantum version of the equation including
Langevin noises is equivalent to the c-number one. Frequency conversion provides
the bridge for transmitted qubit (telecommunication wavelength) and local quantum
memory (near-infrared light), in which a large scale quantum communication can be
fulfilled.

In Section II, we discuss the four-wave mixing process and present solutions for
the up- and down- converted fields. The dressed state picture is used as a guide to
understand the characteristic features of the absorption and signal-idler field coupling.
In Section III, we present the results of an optimization in conversion efficiency as a
function of the optical depth of the atomic ensemble. In Section IV, we investigate

the effects of a finite pulse duration by numerically integrating the Maxwell-Bloch

IThis Chapter is based on reference [100].
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equations. Section V demonstrates the results of Langevin noise correlations and
we conclude in Section VI. The derivations of the Maxwell-Bloch and parametric

equations are relegated to the Appendix D.

6.1 Introduction

The frequency conversion of light fields has been an important theme in optical physics
for around half a century. In quantum information physics the conversion of single
photons to and from the telecom wavelength band is a topic of more recent vintage,
and is motivated by the desire to minimize optical fiber transmission losses when
distributing entangled states over distant quantum memory elements in a quantum
repeater [4].

An associated technical problem is that telecom light is not readily stored in
ground level atomic memory coherences. Retrieval processes in atomic ensembles, for
example using electromagnetically induced transparency [101], or more specifically
the dark-polariton mechanism [102, 103], generate shorter wavelength radiation cor-
related to the stored atomic excitation by Raman scattering. Such radiation, optically
resonant to the ground level of typical atoms and ions, has been retrieved in numerous
experiments [7—11, 13-15, 104, 105]. An important advance would involve generation
of atomic memory coherences quantum-correlated with telecom wavelength radiation,
thereby minimizing transmission losses over long distances. Recently there has been
a breakthrough in this direction using a pair of cold, non-degenerate rubidium gas
samples [25]. The stored excitation is correlated with an infra-red field (idler) in
one gas sample, and the idler is then frequency converted to a telecom wavelength
signal field in the other ensemble. The frequency conversion mechanism involves the
diamond configuration of atomic levels shown in Figure 6.1.

In a probabilistic protocol it is important to maximize all efficiencies, e.g., fiber

transmission, single-photon detection, and quantum memory lifetime [106]. In the
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Figure 6.1: The diamond configuration of atomic system for conversion scheme.
Two pump lasers (double line) with Rabi frequencies ,, €2, and propagated probe
fields (single line) E, E;" interact with the atomic medium. Various detunings are
defined in the Appendix D, and the atomic levels used in the experiment [25] are
(10). [1),]2), 13)) = ([5S1/2, F = 1), 5P/a, F = 2), (6812, F = 1), 5Py, F = 2)).

present work we investigate the efficiency of frequency up- and down- conversion in
the diamond atomic configuration [16, 107], as a function of the ensemble’s optical
thickness, and the intensity and detuning of the pump fields involved in the near-

resonant, four-wave mixing process.

6.2 Theory

We consider a cold and cigar-shaped 8"Rb atomic ensemble with co-propagating light
fields similar to the experimental setup in the reference [25].

The conversion scheme shown in Figure 6.1 involves two pump lasers with fre-
quencies w, and wy, respectively; their Rabi frequencies are given by €2, and §2,. Two
weak probe fields, signal and idler, with frequency w, and w;, respectively, propa-
gate through the optically thick atomic medium. Unlike the cascade driving scheme,

where two-photon excitation generates a photon pair spontaneously [16], pump laser
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b experiences a transparent medium if both the signal and idler fields are in the vac-
uum state. With an incident signal field, four-wave mixing with the pumps generates
an up-converted idler field, while an incident idler field generates a down-converted
signal.

The Maxwell-Bloch equations for the interacting system of light and four light
fields is derived in the Appendix D. By linearizing the equations with respect to
the signal and idler field amplitudes, and adiabatically eliminating the atoms, one
arrives at coupled parametric equations for the signal and idler fields. We discuss
their solution in this section, and leave numerical solutions of the Maxwell Bloch
equations to Section IV.

The calculation of conversion efficiencies can also be carried out with the quan-
tized Heisenberg-Langevin version of the coupled parametric equations, which we will
show in Section V. The resulting conversion efficiencies are identical to the semiclas-
sical treatment; the additional quantum noise contributions vanish as the |2) — |3)
transition driven by pump laser b has vanishing populations and atomic coherence. A
similar simplification occurs in the calculation of the storage efficiency of spin waves
in a system of atoms in the A configuration [108, 109].

The co-moving propagation equation for c-number signal and idler fields (respec-
tively, Ef and E;") under energy conservation (Aw = w, + w, — wp — w; = 0) and

four-wave mixing conditions (Ak = k, — ks + k, — k; = 0) are

0

ool = OB+ RES
z

0

z

The coupled equations are similar to those found for the double A system [110,
111]. The self-coupling coefficients (3, a; and parametric coefficients k;, k; are defined

in Appendix D. The set of equations can be simplified as
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ax(z) = Ax (6.2)
where
E} s Ks
T = l,4A= p , (6.3)
Ej R; Q4

The equations are solved by considering a similarity transformation S that A =

S~1AS is diagonalized and y = S~'x such that

% = Ay (6.4)
y(z) = My (z) (6.5)

where y(29) is the boundary condition. With the known boundary condition z;(0)

and z4(0) where we choose the input face of propagation as zy = 0, we have
z(z) = Set*S71x(0). (6.6)

And the diagonalized and transformation matrix are

«; + s 2+w 0
0 (i +B4)/2 —w
q+w Ks
S = , (6.8)
K; —q—w
1 +w K
§7 = g I (6.9)
w(w + q) ki —q—w

where w = /¢? + kski, and ¢ = (—a; + 5,) /2.

The solution of fields from down conversion is
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B _ GAL g1 _ B (0)elotoIL2 G
EN(L) E;"(0) 2w —(wiq) [ksrie"l + (q + w)?e L]
(6.10)
Similarly, the solution of fields from up conversion is
XD o || Br@etr s | Ghllt wle + wome
Ef (L) 0 2w Kki(eWt —evl)
(6.11)

We define the down conversion efficiency 7, and transmission of input idler field

Ty as

EH(L) Ks (o 2
_|E _ | Fs @i+B)L/2wl _ —wL ’ 12
& ‘Ej«)) 2w€ (e ) (6.12)
Ef(L)|*  |eletBors2 ’
T _ 7 = |——[ksK; wl 2,~wlL 6.13
| ‘Ef(()) Zw(w—l-q)[ﬁﬁe + (¢ +w)e 7] ( )

is

EF (L) Ki 2
_ |4 _ | B @Bz et _ —wL) 14
o= | = [pmeers et - (6.14)
E+(L) 2 elaitBs)L/2 2
Tu _ s — 2 wL oK —wlL 6.15
%0 = g gto e ] e

The above is the central result of this section. The up and down conversion
efficiencies differ only in the parametric coupling coefficients x; and ks. In the
strong parametric coupling regime where |k;|, |xs| > |ail, |8,|, the coeflicients can
be simplified to 7, ~ \/:: sinh(y/FariL), g ~ \/g: sinh(/fyL) and T, = Ty ~
cosh(y/ksk;L). Under the further assumptions o; = 3, = 0 and &;, K, are pure imag-

inary, we find n, = ny = sin*[Im(k,L)] and T, = Ty = cos?[Im(x,L)]. This result
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3)

Figure 6.2: Dressed-state picture from the perspective of the probe idler transition
between atomic levels |0) and |3). Two strong fields 2, €2, shift the levels with energy
AFE,; and wavy lines represent the idler field resonances.

was recently derived by Gogyan using a dressed state approach [112], in the case of
resonant pump fields A; = A, = 0 [113]. In this ideal limit there is a conservation
condition n,+71, = n4+714 = 1. The parametric coupling coefficients are not identical,
but in the regime of strong coupling they approach each other. As noted by Gogyan,

when the pump-a intensity is large (2, >> |Ay],vy3) the |0) < |1) is saturated, the

QO
To2

atomic coherence is negligible and ks ~ k; & Fqp s( + Qi‘:f?’) Alternatively, in the

limit Q, >> Q,, 73, and |A;| >> 7, the atomic coherence of |0) < |1) dominates

i |)258,

T Note that this scheme is also similar to the
13402

and once again kg X~ K; X
frequency conversion in nonlinear materials [114].

The ac-Stark splitting induced by the pump lasers shifts the resonant absorp-
tion condition for the idler and signal fields. The idler and signal experience reso-

nant absorption at the transition frequency of the dressed atom. The corresponding

transitions for the idler are shown in Figure 6.2. The bare states are shifted by
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AE, = )Al + /A% + 402 /2, respectively. Note

/2 and AE, = ‘Ab + /AT A

that our Rabi frequencies are smaller by a factor 2 than the standard definitions to
avoid a plethora of prefactors in the equations of the Appendix.

For resonant pump fields, AE,;, = £€,; . The idler transition resonances are
at Aw; = —(Q + )y — Q0 — Q|5 [0 — D], (e + ) and these delineate three
windows separated by these four absorption peaks. For 2, > €0, the centers of these
windows are at —§2,, 0, and §2,, respectively. Choosing the idler detuning Aw; = +,
as in Ref. [113], the idler interacts with the atomic medium at the center of the left
or right window.

As an example of the strong coupling windows created by intense pump lasers,
we show in Figure 6.3 the self and cross coupling coefficients for the signal and idler
fields as a function of the idler frequency. Note that the corresponding frequency of
signal field is determined by Aw, = Aw; — A; + A,.  The dimensionless quantities
a; L, L and kgL are shown under the conditions of maximum conversion efficiency
to be discussed in the next section. We choose the optical depth (opd) poL = 150
where p is the number density, o = 3\?/(47) the resonant absorption cross-section,
and L the atomic ensemble length in the propagation direction. Three parametric
coupling windows are separated by two strong absorption peaks on the left and two
relatively weak ones on the right. The imaginary part of the self-coupling coefficients
are seen to vanish in each window at a certain point, while the real parts are small
away from resonances. At the same time the cross-coupling coefficients have a large
imaginary part. The positive gradient of (8,L) and §(«;L) inside the windows is

indicative of normal dispersion.

6.3 Optimal Conversion Efficiency

It is important to ascertain the parameters that allow maximum efficiency of conver-

sion due its potential in practical quantum information processing. In principle we
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Figure 6.3: Self-coupling coefficients [, a; and cross-coupling coefficient xs. Dimen-
sionless quantities (a) 5,L, (b) oL and (c) ksL with real (solid blue) and imaginary
(dashed red) parts are plotted as a dependence of idler detuning Aw; [same label
in (b)] showing four absorption peaks to construct three parametric coupling win-
dows. A black dashed-dot line of the constant 7/2 is added in (c) to demonstrate
the crossover with (kL) indicating the ideal conversion efficiency condition in the
left window. The parameters we use are (€., , A1, Ay, Aw;) = (33, 20, 39, 2,
—21)7,3 for optical depth poL = 150 with L = 6mm. Various natural decay rates are
Yoz = 1/27.7n8, 74, = 1/26.24n8, v15 = 73/2.76, and 35 = 743/5.38 [97].
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Figure 6.4: Down conversion efficiency 7, vs optical depth (opd) from 1 to 600. Each
dotted point is the maximum for five variational parameters ,, Qp,, A1, Ay, and Aw;.

need to search the three parametric coupling windows to find the optimum conditions
for an atomic ensemble of a given optical thickness.

In the previous section we have discussed how three parametric coupling windows
appear for some particular values of pump laser parameters. In the search for the
maximal conversion efficiency, five parameters €,, 2, A1, Ay, and Aw; are varied to
maximize the conversion efficiency for a fixed optical depth of atomic ensemble, using
functional optimization.

The optical depth poL appears through the dependence on atomic number N in

the Arecchi-Courtens cooperation time 7. [115]
T2 = N|g[* = 2% pol.

In Figure 6.4, we show the maximum of down conversion efficiency using Eq. (6.12)

86



for different optical depths from 1 to 600. The maximum is found by varying five pa-
rameters mentioned above and the conversion efficiency reaches 100% asymptotically
when the optical depth becomes larger. In the strong parametric coupling regime
as we discussed in the previous section, 1, ~ sin®[Im(k,L)] and it has a maximum
when Im(x,L) = 7, see Figure 6.3. Since Im(x,L) is proportional to optical depth
and inversely proportional to the Rabi frequencies of the driving lasers, an order of
magnitude estimate of the optical depth necessary for near unit conversion efficiency
is opd=~ T4 5/7v03 >> 1.

The behavior of the cross-coupling coefficient Im(x,L) as a function of idler de-
tuning indicates where large conversion is to be found, as a comparison with Figure
6.5 shows. The maximum efficiency of about 0.92 is located in the left parametric
coupling window at the intersection of Im(#,L) and 5. Inside the windows the trade-
off between conversion and transmission is clear. In the region where absorption is
large, on the sides of the window (especially for the left window), the efficiency and
the transmission are both low although the valley in conversion efficiency corresponds
to a peak in transmission as expected in parametric coupling. The transmission ap-
proaches unity when the incident idler field is far off-resonance.

We note that the symmetry (A, Ay, Aw;) — —(A1, Ay, Aw;) gives degenerate
optimal conversion conditions.

Moreover, for the region where absorption is large on the sides of the window
(especially for the left window), the efficiency and the transmission are both low
but the valley of efficiency corresponds to a peak for transmission indicating the
feature of parametric coupling. The plateau for efficiency in absorption region can

? where a;fB, ~ ksk;. Based on the study of finding the

be estimated as 1y ~ |5=
maximum efficiency for frequency conversion, we will investigate the situation when
the input is a pulse and numerical integration of full equation of motion is required

in the next section.
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Figure 6.5: Conversion efficiency 7,4, 1, and transmission Ty vs Aw; for opd=150. 7,
and 7, are indistinguishable and shown in solid red line, and 74 is in dashed blue line.
High transmission efficiency corresponds to low conversion efficiency indicating the
approximate conservation condition within each parametric coupling window. The
maximum conversion efficiency is found in the left window at around Aw; = —207v,3

and other relevant parameters are the same as in Figure 6.3.
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6.4 Pulse Conversion: Solution of the Maxwell-Bloch Equa-
tions

The effect of finite-duration input probe pulses, which are often employed in practice,
can be assessed by numerically solving the Maxwell-Bloch equations for the coupled
atoms-fields system. The characteristic scales of time and length are given by the
Arecchi-Courtens time T, and L. = T, respectively, which are inversely proportional
to the square root of the opd. The cooperative electric field is the product of the
atomic number and the idler electric field per photon, i.e., F. = \/m .
Scaling the space, time, electric field amplitude, various detunings, and natural
decay rates accordingly, indicated by tildes, the Maxwell-Bloch equations of Eqgs.
(D.4,D.6,D.7) under energy conservation (Aw = w, +w; —w, —w; = 0) and four-wave

mixing conditions (Ak = k, — ks + k, — k; = 0) become

0 . % Yoy~ A s . ALt E
EO’(H = (ZAl — %)O’Ol + ZQa(Uoo — 0'11) + ’LO'UQES — ZO'J{?’E;F,
0 . n Yor + Vo ~ s . SO &~
EUIZ = (ZACUS — %)012 — ZQa002 + 2(0'11 — O'QQ)E: —+ ZQbO'13,
0 . X Vo - LA - E . -
%O’OZ = (ZAQ — %)002 — 20'12Qa + ZO'OlEIL:r —+ 20'0391, — ZO’32EZ~+,
0 . - - P s b= N
%Ull = —Y01011 t+ V12022 + ZQaagl — zQaam — MIQE: +iol,,
3522 = —A,Fs 4+ i, BT — 61 BT + 5L, — iQ 53,
a7~_ 2 125 s 32 »% 32,
0 . o - e e Lt N
Eagg = —Y03033 + V32022 — ngng + 1,032 + w;g?,E;“ —1003E;
9 5 5 s 5 s 3
S=o1s = (A0 — i, — W)&lg — G0y — iGL, EF + QG + i6, B
=
0 . T P ks - N
§003 = (iAQ; — %)003 — Q4013 + Q5002 + 1(Too — F33) E;,
0 . X Yoz + V2 - e El e N -
%U;’r’z = (—iQ, — W)U;’Q — i613E7 4 i (5op — G33) + 160, B, (6.16)
and
0 - s> 0 -
—EF =i5,-2-, —FE'=i5 6.17
0z T PgP ooz " (6.17)

where 2 = 2/ Lo, 7 = 7/Ts, Qup = Qb T, Ejl = Ef/E., and |g,|*/|gi|* is a factor of

unit transformation from signal to idler field strength. Natural life time [97] for signal
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and idler transitions is used to calculate the ratio of coupling strength g¢,/g; = 1.035.
The above equations were integrated with a semi-implicit finite difference method
[95].  The midpoint integration method is stable and has high accuracy without
sacrificing memory for finer grids [88]. The algorithm has been tested by comparing
with the parametric equations’ solutions in appropriate limits, and these solutions
are recovered when fine enough grids are employed.

To illustrate the influence of finite pump pulse duration, we compute the down

conversion efficiency
_JIES(z=L,7)Pdr
"B G =0m)Pdr

(6.18)

In Figure 6.6, we show the computed values of n,; for two different input idler
pulse durations. We fix the opd=150 and use the near optimum parameters (£2,,
Dy, A1, Ay, Aw;) = (33, 20, 39, 2, —21)7,3 determined from the coupled parametric
equations. The temporal shape of the pump laser intensities is also shown. Pump
laser b is taken to be continuous wave, while pump a is a square pulse with duration
large enough to completely overlap the input idler pulse. To compare with the
steady state solutions, we choose the Rabi frequency of idler as 0.17,3, which is small
compared to those of the pumps. We find that the conversion efficiency is reduced for
shorter idler pulse inputs. A 100 ns idler pulse is long enough that it has a almost the
same maximum conversion efficiency of 0.92 as in Figure 6.4 for opd=150. While for
the shorter idler pulse of 15 ns, the signal develops significant temporal modulation,
and this reduces the conversion efficiency, although it is still quite appreciable. The
modulation frequency is at the generalized Rabi frequency of pump-a \/m .
We note the characteristic time and space scales of the calculations are T, = 0.086 ns
and L, = 26 mm for a moderate atomic density p = 1.7 x 10''¢cm™3 and L = 6 mm.
The grid size for dimensionless time Af = 0.5 and space AZ = 0.001 were chosen
for both 100 and 15 ns idler pulse durations, and the convergence is reached with an

estimated relative error less than 1%.
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Figure 6.6: Time-varying pump fields of Rabi frequencies 2, ;(¢) and down-converted
signal intensity (|Ef(¢,z = L)|?) from an input idler pulse (|E; (t,z = 0)|?). Here
we let ¢ = 7 that is the delayed time in co-moving frame. Pump-b (dotted green)
is a continuous wave and pump-a (dashed black) is a square pulse long enough to
enclose input idler pulse with (a) 100 ns and (b) 15 ns (dashed-dot blue). Output
signal intensity (solid red) at the end of atomic ensemble z = L is oscillatory due to
the pump fields. The square pulse in rising region (¢, — % <t<t.+ %) has the form

of 3[1 + sin(™="1)] that in (a) (t,,t,)=(10,10)ns for pump-a and (t,,%,)=(20,20)ns
for input idler; (b) (¢,,ts)=(10,5)ns for pump-a and (¢,,ts)=(15,10)ns for input idler
where ¢, is the rising time indicating the center of rising period ¢;. Note that the

falling region of square pulse is symmetric to the rising one.
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Figure 6.7: Three-dimensional line plots of converted signal and input idler intensities
in ¢ (ns) and L (mm). Here we let ¢ = 7 that is the delayed time in co-moving frame,
and the parameters are the same as in Figure 6.6 (a).

Moreover, we show in Figure 6.7 of three dimensional plots of signal |Ef (2, t)|* and
idler intensities |E; (z,¢)|?. A 100 ns input idler pulse is demonstrated in time-space

propagation which is converted to signal pulse at the output surface of the ensemble.

6.5 Discussion of Quantum Fluctuations

In this Section, we derive quantized Heisenberg-Langevin equations by adding corre-

sponding Langevin noises to the coupled equations. Similar to the results of Appendix
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D, we have

%E* = B.Ef +kEF + f,, (6.19)
%E+ e liiE;_ +OéiEZ-+ +ng' (6.20)

where signal and idler fields (respectively, EF and E;') are now quantized, and

Langevin noises (fs and f;) in linearized equations are

. iNg* ]Qa|2 |2 QQ, Q,
— s o
Js cD [(Tos + = Tis T02 T et (= Tos + T ) Fos
i 12 — |2~ i )2 — |2, ~ .
42 (Tps + PR YV Fa 0 (T + PR Y Fo] + F,
T13( 03 °F Too JFis T02< 0 T3 7o
(6.21)
) iNg: Qa2 Q. 12 ayﬁ [oA
- J T
Ji cD I Tos + Ty P+ (T + Tos T13 7o) Fo
iQ, 2 — Q2. ~ i )2 — |2, - 8
Ty 4 20 Pral Ty, + 200 Pral Fi
+ Tlg( 1o + T )F13 + T —2(T12 + T ) Fo2] +
(6.22)

where various atomic and field Langevin noises ]}y are associated with coupled equa-
tions of atomic operators &, and field operators Ejl when y = s, 1.

Note that various normal correlation functions of quantum Langevin noises have
<.7}Z-T(t, 2)F5(t, z’)> = L5t —t')6(z— 2"YD,; in continuous limit. If ensemble average
is taken over the above field equations, with the property of Langevin noises that
<.7:"J(t, z)> = <.7:"i(t’ , 2 )> = 0, the field equations are reduced to c-number ones where
fluctuations due to Langevin noises do not matter. For calculation of normally-
ordered operators, semi-classical approximation is valid even in quantum regime. We
demonstrate in the following and include Langevin noises in derivation of solutions
of field operators.

The set of equations can be written as

0
oou(e) = Av + f (6.23)
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ES(2) fo(2)

where z(z) = and f = |
E(2) fi(z)
Consider a similarity transformation S that S™'AS = A and y = S~ 'z, then we

have
R (6.24)
82 - Y ) .
y<2) _ eA(Z*ZO)y(zo) +/ dzleA(Z7Zl)Silf<Z/). (6.25)

20

With the boundary condition x;(0) and x5(0), we have

z(z) = Se** Sz (0) +/ d2' SerE==) 871 f (), (6.26)

0

So we have correspondingly

s Ks o; + B,)/2 +w 0
PO R N RN
Ki 0 (a; +B,)/2 —w
q+w Ks 1 q+w Ks
S = ,5—122 (6.27)
ki —q—w LG WP —

where w = /2 + kski, and ¢ = (—a; + 5,) /2.

The solutions of fields from down conversion for example are
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E;"(L) q + w Kg e[(ai+ﬁs)/2+w]L 0 1
_ — X
Ef (L) Ki —q¢—w 0 ellewtp)/2—uin | 2w(w + q)
qtw Ks 0
Kq —q—w| |E(0)
L el(@it+B,)/2+w|(L—2") 0
+/ dz'S ST,
0 0 el(ai+Bs)/2—w|(L—2")
&(e[mﬂrﬁs)/?ﬂv@ — 6[(ai+ﬁs)/2*w}L)
- Z EX(0)
ﬁ[lis,{ie[(ai+ﬁ.s)/2+w}[/ + (q + w)ze[(ai+/gs)/27w]L]
w(w-+q
L cl(@i+8,) /24w (L—2) 0
+/ dz'S ST,
0 0 el(ai+Bs)/2—w|(L—2")
7 et arg(,/mq) L £S o fs o +€Z‘ o fz o
= |V Ej<o>+/ 4z ()A() <>A() (6.28)
VT et resVT 0 G2 () + Gi(2) fi(Z)

where 1, and T} are conversion efficiency and transmission for down conversion as
derived in Section II, arg represents the argument for complex numbers, and we see

that extra terms involve Langevin noises. §; and (,, are defined in the below,

1 2, [(0i+8,) /24 w] (L—2') [(@i+8,)/2-w)(L—2")
s = ——[(w+ q)7elt* TP ETURETE) g kel AT RETE) (6,29
3 20w 1 q) [(w+q) J; (6.29)
£ = ;_;[e[(aiws)/ﬂw]w—z') — ellaitB)/2—ul(L-=)] (6.30)
(= pllellentarzrli=s) _ ks /2wl (6.31)
1 ! /
¢ = [ rjel(CatB2Hul(=2) o 4 gy2elleitBo)/2=wl(L=2"] = (6 32)

' 2w(w + q)

The down conversion efficiency 7,4, i defined as
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o (B OE (0)

= T 0)E )

(2

< [ et + 6@ [ aeenien + fi<z">ﬁ-<z">]>
(6.33)

in which expectation value of normally-ordered operators involves contributions from
semi-classical treatment and normally-ordered noise correlation functions. The rele-
vant normally-ordered quantum diffusion coefficients Dij from Einstein’s relation are

A

(note that D;; = L)

(i) D212 = 701 (022) = V010225 = 0;

D12,03 = D12,02 = 0;

Dig13 = 7g (023) ~ Y01023,s = 0;
Diss = Dig;=0; (6.34)
(ii) B03,03 = Y33 (022) ~ V32092,s = 0;

Doz o2 = b03,13 = 0;
Ds,s = Dos; = 0; (6.35)
(ili) Dogoe = b02,13 = 0;
= D02,1‘ =0; (6.36)

D02 s
(iV) E13,13 = 701 (033) + V32 (F22) ~ V010335 + V32020, = 0;
Z513 s

(V) Dye = Dy, =0; (6.38)
(Vi) Di; = O0; (6.39)

where we have approximated various nonvanishing quantum diffusion coefficients by
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zeroth order properties of atomic operators (the steady state solutions). The above
normally-ordered correlation functions give zero contributions in the linearized equa-
tions of motion, so c-number Langevin equation is sufficient to derive the conversion
efficiency. The normally-ordered noise correlations are zero because the population
(G294, 033,5) and coherence (5,3 ,) properties are zero for the atomic level driven by
pump-b. The linearized field equations in diamond structure have similar noise prop-
erties to A system in which most atoms are on the ground state, and Langevin noise
can be neglected if normally-ordered quantities, say storage efficiency, are considered

108, 109].
6.6 Conclusion

We have studied light frequency conversion in an atomic ensemble with a diamond
configuration of atomic levels such as 8"Rb. The motivation stems from the need to
efficiently convert light resonant with ground state transitions (storable in the sense of
quantum memories) to and from the telecom wavelength band for low-loss quantum
network communication. The optically thick atomic sample is driven by two strong
co-propagating pump fields, and a probe idler or signal field depending on whether
we consider down- or up-conversion. Parametric equations for the probe fields are
derived and used to compute conversion efficiencies. They can be understood by
dressed-state picture where we can visualize four absorption lines due to two strong
pump lasers and thus three parametric coupling windows are created. There are two
major contributions to the conversion efficiency, which are related to atomic popula-
tions and coherences in the lower arm of the diamond level driven by laser pump-a.
When this transition is saturated by a large pump Rabi frequency or when the co-
herence dominates due to a large pump-b Rabi frequency in the upper transition, the

cross-coupling coefficients and hence the conversion efficiencies are equal.
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By performing a global parameter search we find conditions of pump Rabi frequen-
cies, detunings, and signal /idler input frequency to maximize the conversion efficiency
as a function of optical depth of the ensemble. Only in the limit of very large optical
depth does the maximum efficiency approach the ideal strong coupling result [113].
Under conditions routinely obtained in cold, non-degenerate rubidium gas, with opd
~ 100 — 200, optimal conversion efficiencies of the order 80% to 90% are predicted.
Numerical solution of the Maxwell-Bloch equations confirms the solution of the para-
metric equations in the limit of long pulse duration, and indicates that for shorter

pulses, pump pulse induced modulation may reduce the conversion efficiency.
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CHAPTER VII

CONCLUSION

We provide a theoretical study of light-matter interactions in cascade and diamond
type atomic ensembles. A correlated two-photon (telecom signal-infrared idler) state
vector is derived in the long time limit within the adiabatic approximation. The
second-order correlation function is calculated, and shows a superradiant time scale
in the infrared idler emission. The entanglement in frequency space for such a two-
photon state is analyzed by Schmidt decomposition. We are able to derive the mode
functions and investigate the influence of pump pulse duration and superradiant decay
rate that depends on optical density and ensemble geometry.

To investigate multiple atomic excitations on the correlated emission from the
atomic cascade transitions, we use the coherent state positive-P representation and
derive an equivalent Ito type stochastic differential equation (SDE). The equations
are solved numerically by a stable and convergent semi-implicit difference method,
while the counter-propagating spatial evolution is solved by implementing the shoot-
ing method. We find an enhanced characteristic time scale for idler emission in
the second-order correlation functions, consistent with the superradiance timescales
predicted by the analytical method in Chapter 3, and observed experimentally.

In Chapter 5, the correlated two-photon state derived in Chapter 3 is used to
investigate the spectral effects on DLCZ protocols involving entanglement generation,
swapping, and quantum teleportation. We analyze the performance of the protocol
using, photon-number resolving and non-resolving photon detectors. We find that
a more genuine and high fidelity protocol requires a source with reduced frequency

space entanglement.
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In Chapter 6, we present the analytical results on the efficiency of light-frequency
conversion in a diamond atomic configuration. We find the optimum efficiency as a
function of optical density. We find the maximum conversion efficiency by studying
parametric coupling windows that are created by strong pump fields, and provide

numerical solutions for the pulse conversion.
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APPENDIX A

DERIVATION OF A SCHRODINGER WAVE EQUATION
FOR SPONTANEOUS EMISSIONS FROM A CASCADE
TYPE ATOMIC ENSEMBLE

In this appendix, we derive the Hamiltonian for the cascade emission (signal-idler)
from a four-level atomic ensemble. ~We use Schrodinger’s equation to study the
correlated two-photon state from a two-photon laser excitation. Apart from the ro-
tating wave approximation, non-rotating wave probability amplitudes are introduced
to take into account the proper frequency shift. The adiabatic approximation on
laser-excited states is used to simplify the atomic dynamics and solve for the signal-

idler probability amplitude.

A.1 Hamailtonian and Equation of Motion

Consider an ensemble of N four-level atoms interacting with two classical fields and
spontaneously emitted signal and idler photons as shown in Figure 3.3. These iden-
tical atoms distribute randomly with a uniform density. Use dipole approximation
of light-matter interactions, —d- E where E is classical or quantum electric field, and
include non-rotating wave approximation (RWA) terms in the interaction of quantum

fields, the Hamiltonian in interaction picture is
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Vi(t) =

—hi Z [Du(l] = hA, Z 202l - 5 Z (1), 0] 4 0 [2) (1|0

WE

. 2: - A —iwpstike T S | iwgst—iks T | 3
+hc:| - Zh gks |:€k57)\sa’k57)\se ° = 61@57)\5&]{3_9;)\36 ’ o ds

ks,\s p=1
203180 o [3) 20 = iR S g [f e
ki, N
. N
b2, 0| Z ) (0[5! + [0}, (3l 1], (A1)

where the time dependence of laser frequency is absorbed into interaction terms of
signal and idler fields. Single photon detuning A; = w, — w1, two-photon detuning
Ay = wy + Wy — wy, and Wy = wy — w3. Rabi frequencies are Q, = (1||d|]0)E (k,) /A,
Q, = (2]|d|[1)E(ky) /R, and coupling coefficients are gy, = (3||d||2)E (k) /R, gri =

(0[|d||3)E(k;)/h. The double matrix element of the dipole moment is independent, of

hkc

the hyperfine structure, and (k) = T

Polarizations of signal and idler fields
are €, ., €k, and the unit direction of dipole operators are ch, CZZ

In the limit of large detuned and weak driving fields, A; > ‘/NQQ“ , that is discussed

in Chapter 3.2, we consider only single excitations and ignore the spontaneous decay

during the excitation process. The state function can be written as

¥ (1)) =
E(1)[0,vac) + Y A, ()1, vac) + Y Bu(t)|2.vac) + )Y CHB)[3.. 15 )

N N
+ ) DaaI0 L L) + D> OB 1,,) + D CH(1)13,)

ks, s w=1k;,\; pu=1

ki,)\' ~ _
N
+ZZB“ N2 1)+ DD > CH(1)13,,30, 15 0 1) (A.2)
pn=1 ks As v<p p= 1k§,)\§
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m = 1,2,3 and [3,,3,) = [3,)[3,)]0)52, .. The probability amplitudes coupled

where |vac) is the photon vacuum state, s = (ks, As), ¢ = (ki, \i), [m,) = [m,)|0)

from rotating wave terms in the Hamiltonian are £(t), A,(t), B,(t), C¥(t), Ds(t),
which indicate the complete cycle of single excitation process from the ground state,
intermediate, upper excited state, intermediate excited state with emission of a signal
photon, and the ground state with the signal-idler emission. Note that the states
underlined are coupled through non-RWA terms that describe a transition from upper
excited state to intermediate one by absorbing a photon for B%(t) and C*(t) and a
transition from the ground state to the intermediate one by emitting a photon for
Cl'(t) and £(t) or C¥(t) and C¥(t). Apply the Schrodinger equation ihg|i(t)) =

Vi(t)]1(t)), and we have the coupled equations of motion,
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J/

-~

The Lamb shift for the atomic transition |3) — |0) with the optical frequency w3
and spontaneous decay rate I' is [ dwo-[P.V.(w — w3) ' —P.V.(w + w3)~!] that can
be identified partly within the substitution of these non-RWA terms. We substitute

C{ into &, C{7 into C¥, and B into C),, and they are

; Q0 , /
E = 27(1 Z —ika TMA . NZ |g2| | d*)|2/ dt/ez(wi-i-wa)(t _t)g(t/)
0
o
12" i P 14 oo hw; |d;|?
- a zar#A —N dgzl— k1d12— dkll{?2 ’ :
2 #e g g% 1= )]@mSA 9V 2
x[rd(w; + ws) — iP.V.(w; + ws) ™
1Q* i ) & I, B
= = taTn A N —P.V.(w; ! A4
5 ;e u 5/0 dculZ7T V.(w; +ws) ™, (A.4)
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Cl = gi(e-dy)e o T giWhs —was 2)B“—E gi(€, - df)eiTne W 3)DSZ
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= gi(e - dy)e R Tugilenwan—to)ip Zgz ¢hi e ilwimwaltp
I
+z‘(N—1)C’5/ de—PV(mecug Zlgz! G
0

t N
/ At et witws)(t'=1) Z eiki'(ﬂ*?y)cg@’), (A5)
0
VEL

where we have used the symmetric property of Qf (&) = Qf (&) = >, lg:*|(€ -

d)|? [ dteiwites) =) etk (=) [21]. The spontaneous decay rate for the idler tran-

sition is I'; = ?‘jﬁ‘ﬁ % [30, 116], and the same thing for signal transition I'y = z‘;jrsrio;
that
. . ° T, .
OM = 1(]# deZ—P.V.(CUS + Wwaos + AQ) . (A6)
0 T

It is now clear the contribution from non-RWA terms to the Lamb shift of the

idler transition resides in £ and C*,

which are proportional to N and N — 1. The
difference of the level shifts then gives rise to — fo dw —P.V.(w4ws3) ', and the other
part can be derived from substitutions of RWA terms. The signal transition has the
same effect as shown in Ou- The frequency shift due to dipole-dipole interaction also
appeared in C’g‘ that has the contribution of interactions from other atoms. There
also will be contributions from RWA terms, and we will show the complete expression
for collective decay rate and frequency shift.

Define Cs g, = >, Cre~i@ T substitute D,; into C*#, and we have
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t - JRN
/ dt! et witws)(t' =) [Z ei(ki’qi)'r“CS,ki - Cs,ql}
0
o

+i(N —1)Cs / dw; —P.V.(w; + w3)
0 2

x( % g —i(Rs )T i(wps—waz— 3 v LE
= g _ds)zl;e (Rt i) Ty gilns—was=Ba)l B o A1 — (k; - 2)2}7

xzei@*q‘%m Co i +137{d9i[1—(l%i-c2i)2] /Oodwi&

p Bi|=ky  SF3ki 8 0 2T
|:PV((,UZ — CL)3)_1 + PV(wl + W3)_1:| |:Z €i(Ei_(ﬁ).FMOs,ki - Cs,qi:|

w

+iC /Ood FiPV(w w3) !

S.0; W, —r.v.(w; —
tUs,qi ; o 3
+i(N —1)Cy / dwi%P.V.(wi—i—wg)_l. (A7)

0

Renormalize the Lamb shift (last two lines in the above) and use ) Cj g e/ =

NC? then we have
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X / o [P.V.(w — w3) "' + P.V.(w; + ws) 1] L DI
0 ' ™ ’ N /
122 q;
[Z Tk Ty ei@”%)'ﬁ‘] Cs - (A.8)

Due to the summation of exponential factors from the above, the coupling from

the other modes ¢/ is significant only when ¢, = k; = ¢;, so finally we have

. ~ I N T
087(11: = g:(g: . ds) Z 6—2(195"!‘%')4‘”el(LUks—w23—A2)tB'u o ?3(]\7[// + 1)087%
m

—i—iéwiCS,qi (Ag)

where the collective decay rate is [22]

F T 3 ~ a 1 (ki —@ ) (7, —7,
5 (Na+1) = 2= d[L = (k- di)?) 15 Y i), (A.10)

JTR”

and the collective frequency shift expressed in terms of the continuous integral over

a frequency space is
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(A.11)

The geometrical constant pi for a cylindrical ensemble (of height h and radius a)

is

k) = e | e sl B - LA - (A2

where H = ksh and A = ksa are dimensionless length scales, and circular polarizations
are considered [22]. J; is the Bessel function of the first kind.

The alternative way to express the collective decay rate and shift is [21]

ry r .
g-:§Wm4———Z@mwyw ), (A.13)
I's 2 i (P
ow; = W Z U
HVFLL
I < dk k3 G (7))
= ¥ / Gy —— Z Fo(kr)e (A.14)
IRz
where
3 o sin & L cosé  siné
Fop(§) = 5{[1 — (P Pap)’] +[1=3(p - Pap)’l(—~ — )}
g § §
3 o cos& o siné  cosé
Gas(€) = 7 —[1 = (P 7ap)] ¢ +[1—3(p-7‘a5)2](§—2+ & )} (A.15)

and note that § = ksrag.

A.2 Adiabatic Approximation

Under the conditions of large detuned laser excitations, we may use the adiabatic
approximation to eliminate the laser-excited states and solve for the signal-idler prob-
ability amplitude. Before proceeding to the adiabatic approximation, we solve Cj ;.

first and substitute it to solve B,,.
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C&qi (t) — g:(ej . ds) Z efz(kerqz').m /0 dt/ez(wsfwzszz)t e(f%Jﬂ&wi)(t*t )B/,L<t/>‘ (A16)
m

Let By, 1, =2, e~ Whatk)Tu B and Ay, = > e~*aTu A, we have

t
Bka—i-kb _ ZA2Bka+kb +Z_Aka Z ‘gs| | Sy ds|2/ dt/el(wks*w23*A2)(t —t)
0

ks,As
(fﬂJri&ui)(tft’)B /
€ 2 ka+kb (t )
Q r o I
= ZAQBka—I—kb +1 bAka — ;Bka+kb + /LBka"Fkb\/ deQ— X
0 ™
P.V.(ws — Wa3 — A2>_ (A]_?)

where the Weisskopf-Wigner approach is used to derive the decay rate for the signal
transition, and in conjunction with the result of C’M, the Lamb shift is also derived as
the difference of level shifts that [ dw,£=[P.V.(ws — wag — Ag) ' =P.V.(w, + was +
As)7Y. We then renormalize it and apply the adiabatic approximation.

When the detunings are large enough that

Ay, |[Ag]| > |§; o |S;b|, 22
We can solve the coupled equations of motion by adiabatically eliminating the
intermediate and upper excited states in the excitation process. The adiabatic ap-
proximation requires that the driving pulses are smoothly turned on, and we will
show under what condition of the pulses that the approximation is valid.
First we use integration by parts to solve the probability amplitudes in the adi-

abatic approximation (zeroth order) and their first-order correction. Note that we

allow time-varying Rabi frequencies.

109



l

¢ ot
Ap, (t) = eiAlt[Z/ emlt/Qa(t/)g(t/)dt'—i-%/ e Qs (t) Bl (¢t

s _NQ;(At)lg<t) i QZ(t)fgal-Hfb (t) + 22% % (Q(Z(t)g(t))
+a s (OB ®). (A18)

. t
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(A.19)

where higher order terms involving a second derivative of the fields are neglected due

to their feature of slow variation. The initial conditions are used in the below,

Brosnl—o0) = An (=o0) =0, 5 (0u)e@)| _=o.
A (EO0)| = (00a )] =0
With conditions in the following (i) to (iii),
o a(umen) A
U Aemen | <" (A.20)
. % (QZ (t) Broth, (t))
(1) MO DOBn® | <h (A.21)
4 (2t (1) A
W& s <" (A2

we can derive Ay, (t), By, 1k, (t), and £(t) in the adiabatic approximation,

NQa(H)E(H)
— ¥00E(0) NOQW(t)
2A1 ~ a
A, () = it E(t), (A.23)
4A1(Ax+iT'2/2)
_ 4 t (24! N ¢
E(t) = e iar [ RalIPd 1- [ Iu@rd,  (A24)
1J-c0
NQa(t)Qb(t)(C/’(t) NQ (t)Q
_ 4A1A2 ~ a b(t) —
Biyii, (1) = p— o N AA, = Nb(t), (A.25)
1(Ax+il'2/2)
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where the probability amplitude of the first excited state follows the first laser field,
and the upper excited state follows the products of two laser fields. The AC Stark
shift is present in the ground state that can be ignored if A; > N f Q. ()2t /4.
This condition is also required for the assumption of single excitations states we
consider.

Finally, we have the probability amplitudes associated with the signal Cj . (f) and

signal-idler photons Dj ;(t),

CSJ% (t)
t N N .
_ g: (6: d ) / dtl i(ws—waz— Ag)t/e(fl—‘T‘u’JritSwi)(t*t/) Z eiAk-ﬁLe*i(ka+l€b)'F,uB#(tl)
0 B
_ Z iAk- T/L/ dt/ i(ws—waz—A2)t (—7+15w1)(t t/)Bka-f-kb(t/)’ (A26)
Ds,i(t) _ g:g:(ezu)\l . (j )( ZS’)\S ZAk T / / dt”dt e *74’25&!1 t/ t//)
ei(wi_"J3)t/ei(“’s_“’z?‘_Az)t”b(t ’)‘ (A.27)

Note that e‘i(E“+Eb)'F“BH(t’ ) does not depend on the atomic index g under the
adiabatic approximation, and Ak = Ea + Eb — Es — /Zl is the phase mismatch.
The above expressions are the main results of this Appendix and we proceed to

investigate their properties when Gaussian pump pulses are used in Chapter 3.
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APPENDIX B

DERIVATION OF A C-NUMBER LANGEVIN EQUATION
FOR THE CASCADE EMISSION

In this appendix, we show the details in the derivations of c-number Langevin equa-
tions that are the foundation for numerical approaches of the cascade emission in
Chapter 4. First we describe how to quantize the free electromagnetic field [29],
and we formulate the Fokker-Planck equation for our system using the positive P-
representation. We derive the Fokker-Planck equations by characteristic functions
[27], and the corresponding c-number Langevin equations are derived. The noise

correlations are found from the diffusion coefficients in Fokker-Planck equations.

B.1 Quantized Electromagnetic Field

To describe the propagating quantum fields in one dimension, we take the approach
of the reference [29]. Before proceeding, we specify the positive frequency of a free

propagating field operator in the discrete space,

At [ = . / hwg . ik-z
E+($) =1 Z 260‘];ak’A€k’Ae k (Bl)
kA

where €, and 6(/2) specify polarizations of the field, and the interchange of discrete

and continuous space has relation,

Vol o [V
3= G ] =g [ B

where creation and annihilation operators satisfy commutation relations,

[a’k,)\a &]TC/’)\/] = (5/\,)\,5’6,]6/' (BQ)
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For the purpose of describing one-dimensional propagating field (paraxial approxi-
mation), we discretize the space along the propagation (£) and denote 7 as the vectors
on the cross section. We then have

Et(z,7) = i Z e Msn i) ZZ Fni g, N (B.3)

N koo

2
o = %n’ Wsn = Ws + hnC, ws=kse, n=-M,..M

where L is the length of propagation that is equally split into 2M + 1 elements,
and the center of the interval is z = z,, = % with m = —M, ..., M. kg is the
central longitudinal mode of the field. Note that the polarization €y with paraxial
approximation has k ~ k,.

The next step is to characterize the transverse mode of propagating field, and we

introduce a set of orthonormal transverse mode functions (fix,, ) that 2, f5  fir,, =

di;- A longitudinal annihilation operator is defined as

~ _ * ~
Cn,ix = E fi,knlak,)\;
knl

which also satisfies commutation relations [¢,; », 6;,% /\,] = Opnr0i50,x.  We can sub-

stitute dk,)\ = Zl én,i,)\fi,knj_ that

Z T’ =1 Z A\ sn z(ks+lcn LV;Z ik, J"H n,)\fz',km_én,i,)\- (B4)

knL

Let the spatial transverse mode function

= g ”““ sz k, » Where /dQszu;‘ui =1

= \/_
Z P i(ks+hn)z €km)\cnz/\ul( 7). (B:5)

An approximation of a single transverse mode can be applied if only single mode

and we have

is collected for the experiment, and a flat transverse mode can be assumed (u; = \%V)
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if the collected mode has a narrower spatial bandwidth than the mode function.

Finally, we have

M

- —» hwsn i z - A~

Et(z,7) = Z \/ﬁe (kstkn) Zekn,Aan. (B.6)
n=—M A

For a demonstration of deriving an interaction Hamiltonian and Maxwell-Bloch
equations, we use a two-state system (]0) and |1)), and the polarization is not con-
cerned here. The free field and interaction Hamiltonian (interacting with atomic

ensemble with N atoms) is

N M
Vo= =X dEl) = | =hg)y ] Y, o ee B e (BS)
p ponm=—M RWA
d [ hws = - - ~
= - L d' =6+ E=EY+ B B.9
9= 3\ 2wy o+, + (B.9)
where > , Sums over % atoms in the cross sections and the index m on raising and

lowering atomic operators ¢ characterizes the position of the atoms. The rotating
wave approximation (RWA) is made in the interaction Hamiltonian and slowly varying
coupling constant ¢ is taken out of the discrete mode sum and is assigned a central
frequency, which is the narrow band assumption for the field.

Now we introduce a new operator

M
o 1 .
b = — éneFn® 1= —M, ... M, B.10
T VeM 1 RZ_:M (B.10)
which satisfies commutation relations [61, l;lT,] = 4y, and the Hamiltonian can be re-
expressed as
Hy = hwe» blbi+1> wwblby + hwi|1)(1], (B.11)
!

i
Vo= —hg» V2M +16"1he™* 4 hec.. (B.12)
w,l
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The Heisenberg equation of slowly varying field operators (l;l = Elei”St) is

L - . . k., .
by = —i Z wrby + ig* Z oM + 15l e ikszitivst L = Z ﬁezkn(zlle,)7
14 o n

(B.13)

and we may use the limit of M — oo that

L d
mn \/ bl — E Z f} —szwby +1— —Cd—E+<Z t)

“m = oN 11
(B.14)

where the derivative can be shown from

—1 lzlwll’gl’ = —1 Z Z M;%eikn(zlzl/)gl/ _ _2MC+ . lz/ Z diZl[eikn(lel/)]EZ’

= —c; Eé,,,él, = —co b (B.15)
In the end, we have
0 d | =4 . sl —iksz+iwst
(at + c%)E (z,t) = ig"limp; oo (2M + 1) zﬂ:a"’ g s s’ (B.16)
and use the limit,
limp; oo 2M + 15”/ — (2 — 2),
then we have (define slowly varying atomic operators G+l = gt!e=ihsativst)
TN i 16| - S (e, — )L = o ia (B.17)
The field propagation equation in Maxwell-Bloch equations becomes
o 9 LN A
(815 +C&) =ig 20“5 ZQ*E;UM' (B.18)

B.2 Positive P-representation

The phase space methods [32] that mainly include P-; Q-, and Wigner (W) rep-

resentations are techniques of using classical analogues to study quantum systems,
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especially harmonic oscillators. The eigenstate of harmonic oscillator is a coher-
ent state that provides the basis expansion to construct various representations. P
and Q-representation are associated respectively with evaluations of normal and anti-
normal order correlations of creation and destruction operators. W-representation
is invented for the purpose of describing symmetrically ordered creation and destruc-
tion operators. Since P-representation describes normally ordered quantities that
are relevant in experiments, we are interested in investigating one class of generalized
P-representations, the positive P-representation that has semi-definite property in the
diffusion process, which is important in describing quantum noise systems.
Postive-P representation [35, 94] is an extension to Glauber-Sudarshan P-representation

that uses coherent state () as a basis expansion of density operator p. In terms
of diagonal coherent states with a quasi-probability distribution, P(a, o*), a density

operator in P-representation is

p:/D|oz>(a|P(oz,oz*)d2a, (B.19)

where D represents the integration domain. The normalization condition of p, which

200 =1.

is Tr{p}= 1, indicates the normalization for P as well, [, P(a,a*)d
Positive P-representation uses a non-diagonal coherent state expansion and the

density operator can be expressed as

b= /D Aa, B)P(a, B)dpu(a, B), (B.20)

where

o) (5]
(%)

and (5*|a) in non-diagonal projection operators, A(«, 3), makes sure of the normal-

du(a, B) = d*ad?B and A(a, B) =

(B.21)

ization condition in distribution function, P(«, 3).
Any normally ordered observable can be deduced from the distribution function

P(a, B) that
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(ahymamy = / 80" P(ar, B)dp(ar, B). (B.22)
D
A characteristic function x,(As, Ag) (Fourier-transformed distribution function in

Glauber-Sudarshan P-representation but now is extended into a larger dimension)

can help formulate distribution function, which is

0 da) = [ NP9, B)du(a, 9). (B.23)

D

It is calculated from a normally ordered exponential operator E()),

Xp (e Ag) = Tr{pE(N)}, B(\) = e’ gihaa, (B.24)

Then a Fokker-Planck equation can be derived from the time derivative of char-

acteristic function,

ox, 0 o Op
by Liouville equations,
dp 1
5% =H, pl. (B.26)

In laser theory [27], a P-representation method is extended to describe atomic and
atom-field interaction systems. When a large number of atoms is considered, which
is indeed the case of the actual laser, a macroscopic variable can be defined. Then
a generalized Fokker-Planck equation can be derived from characteristic functions
by neglecting higher order terms that are proportional to the inverse of number of
atoms. It is the similar to our case when we solve light-matter interactions in an
atomic ensemble that the large number cuts off the higher order terms in characteristic

functions, which we will demonstrate in the next subsection.
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B.2.1 Hamiltonian

The Hamiltonian is in Schrodinger picture, and we separate it into two parts where
Hy is the free Hamiltonian of the atomic ensemble and one dimensional counter-
propagating signal and idler fields, and H; is the interaction Hamiltonian of atoms
interacting with two classical fields and two quantum fields (signal and idler). Dipole
approximation of —d - E and rotating wave approximation (RWA) have been made to

these interactions. Similar to the previous Appendix, we have

H = HO+H17

3 M
HO = Z Z 77/.«)@ —|—77w Z Slasl+h2wl/laslasl/

=1 |=— L

—l—hw Z CLZ lazl + hz w”/al lal oy (B27)
Ll
M
H = -y [Qa@)a—gleikamwat + Qy(1)Gh ekt | h.c.} (B.28)
=M
M
—h Z [ 1032(1316 thsz 4 g.\/2 1003a”e’k S h.c.]
-M
(B.29)

where &, = Y, 6h, = 32,7 [m),(nl

Qa(t) = fa(t)dro€(ka)/(2h), and [, is

slow varying temporal profile without spatial dependence (ensemble scale much less

than pulse length). g, = do3&(ks)/h, E(k) = Vhw/2¢V and z,, = #_LH, m =
—M, ..., M, and L is the length of propagation. Note that the Rabi frequency is half

ru—zl

of the standard definition.

The normally ordered exponential operator is chosen as
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B = [[E'O.

B N N e R L P R R R N R e
El()\) — el)\lgaoTl€1A1801Tzel)\17‘702el)\1601g€”‘15‘701;€’)‘14‘732el)‘13011el)‘12‘722€’)‘11‘73361)‘10032

Nl =1yl =l L=l oyl =l L=l ayLat s LAt T s

ez)\9003 61)\801361/\7002 61)\6012 61)\5001 6’>‘4“.s,l62)‘3“s,le’>‘2ai,lel>‘1ai,l' (B30)

Aside from the atom-field interaction %§ = —[H, p|, when dissipation from vacuum
is considered (single atomic decay), we can express them in terms of a Lindblad form

where we have for the four-level atomic system,

M N

dp S (V01 poamd aplt At Apl sl Al

(50, = 2 o { eativati - abiohis — potiTat]
=M pn

Tz

1 ol Al ol Al
_|_2 wolt bt ~p uTu]

TS
20705 p0715 — 015 0150 — PO 019
820 sl splt st sl LSS
+ 2 |:20-32 p0_32 - 0-32 0-32 p - p0_32 0-32:|

Y03 1o Al Apl AUt Al TR NN
1 26t ot — ol totilo — poty ot . (B.31)

The characteristic functions can be calculated,

x = Te{E(\)p}, (B.32)
2= 2y = (29,4 (2,
(o) a5 (B39
ai%)A _ Tr{Em%[HA,p]}, %;;Tr{E(A%[fgzpn,

(g = T{ENZHar o} (57), = THEN(5),,}  (B34)

where Hy = Hy + Hp, H,4 is the atomic free evolution Hamiltonian, H; is the
Hamiltonian for laser fields, and H4_; = H;. Now we continue to derive the time

derivative in each part of characteristic functions.

B.2.2 Characteristic function - atomic part

The atomic part in characteristic function is deduced from (8—’t’) A
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Q

x dp
1
<a—f> = s

S| = iwi(Fhip = p5h) — iwalGhop — pihy) — itosl(Ghep — pi%)| (B.35)
l

so various components in (%) 4 are

T{EN) Y anpy = Y T{ENG)p}

0 . 0 ‘ 0 0
— XZ:[Z)\S 8(2A5) 2)\6 - - Z>\8 i + . )]lXa

o 0 0 0
~1 - . s - _4
Tr{E(\) ; Py}t = ;[2)\19—8(0\19) Z/\188(M18) Z>\168<i/\16) + (‘3(2’)\13)]ZX7

. 0 0 . 0 0
Tr{E(N) Z Ty} = Z[Z)\G (i + At tidog + 5= )]IX,
l

l o) d(iA7) A(iro)  O(ira
Tr{E()\)zl: pil,} = zl:[mg%mn a(zin) + A1 3(314) + a(z'im)]lx’
TEN A = Sl g~ Mg * s
Tr{E(A);p(}gg, = ;[mﬁ% +M15ﬁ — A (314) + 8(311)]“

where the subscript [ on the bracket reminds us the derivatives inside the bracket

operate on [th component of the characteristic functions.
B.2.3 Characteristic function - field part

The field part in characteristic function is deduced from (%f) .
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dp
(5r)e = T{EN(G))
1

(E)L = %[HLW]:Z[ iws(a Tzaslp paslasl) iw;(a ;rlazlp P%l%l)}*’
!

3 [ — i@l iy p — pal s p) — i (@l aipp — paj,lai,,,)} . (B37)
Ll

and various components in (%) ; are

0? , 0
THED) 2 it} = D st Nt
0? 0
T{EN)S pil i) = Y oo + id=— Y,
2_ridsy = 3 g ag t M e ™
TN it = Yl auy * Mo

TF{E()\)EI:pCALZldi,l} = Z[mj%)\z%]l% (B.38)

l

and

0? ;0
TI‘{E()\) wl/ldi &s,l’l)} = wm[ﬁ + i)\l 7 ]
,; ! ; O(INDA(EN,) P O(iNg)

5 9
Tr{E(A /ATASI = I—,—i_')‘l— )
HBQ) D wnpilydse} = ) wnlzoims s + idgamx

LU Ll

2 G,
Te{E(\ /ATAZ'/ — /—/—i_.)‘l !
r{ E( );wu Qi P} ;““ B o)

0? 0
Te{E(\ pal ai ) = [————— +iN,———]x.  (B.39
r{ £ )%;wllpaz,la,l} ;Wu [(‘3( ) i 28(i/\l2)]x (B.39)

B.2.4 Characteristic function - atom-field part

The atom-field interaction part in characteristic function is deduced from (%) AL

and we denote part (a) for the classical field interaction.
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IX\ (a) Ip\ (
(E)A—L = Tr{E(N)(5; It )A Lh
9p\ (@ 1 = U ikaz—iwat I ik ¢
(E)AfL A [ - hz:ZM [Qa(t)Ggh ™o ™wat 4 (1) G\ he " et 4 e, P]a
(B.40)
and various components in (%—X)(A) | are

(B0 Y 50} -

l

Ze%km[ (106)? 2+ (1As) (M) =2 — (IAs)(IA) =2 + (i5) (iAs) =2

A(iAs) 9(iXe) d(iA7) 9(is)
0 0 0 0 0
A5 (2 IAg—— — I\ 21\ + A5 N, — i
—(02s)( 9)a(m9) °0(iA11) "0(id) CO(iNg) T9(iXg)
Z)\g a + Z.)\166M13 + i)\lgeiA13 8 + €i)\13 8

a(l)\g) 8(2)\15) 8(@)\17) @(Z/\lg) l

Tr{E(\ Ze Hafigl p} = Ze o [ Z)\g))}
Tr{E()\) Z Pemazla” = Z e [8 (iA19) }
l

TI‘{E()\) Z peiikaZlO-Ol} = TI'{E( ) Z ZkaZlO-lT 10} A5 =19 A§ > —A18, Ay = —A17, Ag>— 16,
l

l A§—A15, AT = —A11, Afg = —A12, AT3—A13

(B.41)

where a correspondence that we denote as C' later is A\; « —Ajg, A\g < —Aig, A7 <
—/\177 )\g — _/\16, )\;; < —/\157 /\il — —/\117 )\){2 — —)\127 )\T3 — —)\13, can be observed

to help calculate the characteristic function. Also
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T{EN) Y e 16t} =

l

S [~ AG)Q@(Z S - () (38) — (iAe)(iA7) 8(27) (B.42)
_(Z‘)\6)(2’)\10)8(510) + (z‘)\7)(i)\6)8(g\7) + i) 8(513) z)\(;a( iu) + ZA?@(?)\E,)
+(i)\8)<i/\10>(8(f\12) _ 8(2’)\11)) - Ms(”wofﬁ — @')\Seihz—uu%
+z’)\106“““13ﬁ + ((idao) (IAag) e 78 eiAIQiAIS)a(f\ls)] N

) )
ikyzy ikyz; ) -
Tr{ E(\ >Z 500} = Z [ St a(M7)]l><
Te{E(A Zpef”“”z“”} Tr{E )Y R H5,p}e
l
Tr{E(\ Z petrl,} = Tr{E(N) Y e 5l ply, (B.43)
l l

and the atom-field interaction characteristic function for quantum fields, which we

denote as part (b), is

X (v) NO)
(E)AfL = TI'{E()\) (E)A,L )
ot’A-L — inl T = V2M + 1530,
+g; 2M+16§)T3&”e””l+h.c.],p]. (B.44)
For the part of fields only,
Tr{E\)asp} = [—a Ix, Tr{E\)pa }—[—(9 + A}
s,lp - 8(2)\;) X Y s,ly — 8(2)\;[3) 4] X
0
Tr{F - + Xy, Tr{E = [———]x,
r{E(\)a! o} [8(A) iNglx, Tr{E(N)pal,} [3(iAi)]X
a )
Tr{E()\)a; = , Te{E(\)pa;,} = [——— + i\,
0 0
Tr{E(\)a! = +iMy, TH{E\)pal,} = , B.45
r{E(A)a;,p} [a(mg) inlx, Te{E\)pa;,} [amé)]x (B.45)
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and for the part of atomic operators associated with signal field,

T {E\Ghp) = [W 5 &5) 4N ﬁ . (mwf%
+M10(8(£\11) - 8(2'(2\12) + eim_m%}ﬁ“

Te{E(\)5,,p) = [Mg a(g@ + a@iw) +M9%LX,

T{EW\)poh} = Tr{E\)hp}e,

Tr{E(\)pst} = Tr{E(\)dho}e, (B.46)

and for the part of atomic operators associated with idler field,
Tr{E(N)5h0}
= [(Mﬁ)(z’/\g)Z 5 (38) + (25 (i26) (iXs) 5 (36) - (@\Q(M@(ﬁ o5 (gg)

+(iM10) 5 (310) -3 (Z,in)) + (MQ(M@% — i)\5e“‘“_m3%
—(zAg))(z‘AM)eMH—”wm — (iXs)(iXg) 5 (35) (iA7) (i Xg) 5 (36) mm
—(iM7)(iNg) 5 (5;7) +iXgN. — (i)g)? 3 (gg) +idg[—(i)g) 5 (gs) + i)\meMBW
+iA18eMI3% + e“”’ﬁ] + e““% + m[-% — z‘Am%
—% + 2iAgg 3 (310) - 25 (311)] + MMeMnm l

THEW a0} = [ 55 1
Te{BO)ooth) = TH{EO) 0l

Tr{E(N)pdos} = TH{E\)Gsp}e

B.2.5 Characteristic function - dissipation part

We calculate the characteristic function from (ap ) up to the second order of various

ot

AN's (where we denote (2)) that account for drift and diffusion terms in Fokker-Planck

equation. Below we drop the summation over spatial slices [, which we will retrieve
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later,

Tr{ E(\)601p60, }
= Tr{[(z)\g)(z)\w)612 + (i)\G)(i)\14)613 -+ (i)\g)(i)\lg,)a'lo -+
(i)\g)(i/\w)&n + (@')\6)(2')\17)610 + €_i>\130A'11 — i)\lge_iA13a'10

+(i)\6)<i)\18)(3'11 — i)\ge*M“&lg — Z‘>\6€7i/\126’12]E()\),0}(2) (B48)

where various properties of tracing can be found in previous sections, and the one we

did not have before is (up to first order)

Te{513E(\)p}"
9 9 9 9
= [tAig=——— — 1A . - — — A ‘
g B (i) 16<a(mn) a(mlg)> i)
) 9
iA11—1A13 -

Put everything together, and for the dissipation of first laser transition we have

. 1, 1
Yor TH{E(\) [601p68; — J0up - §P<711]}(2) =

i)\5 0 _ i)\lg 0 Z)\ﬁ 0 _ i)\lg 0 Z)\g 0

%1[_78(2')\5) 2 0(idg) 2 O(iNg) 2 O(idig) 2 O(iXg)
)

78(1)\16) N 2)\138(2')\13) + (Z/\13)<Z)‘18)m + (2)\13 (Z/\IG)

+(i)\13)(i}\16)ﬁ + (z’)\lg)(z’)\g)a(g\g) + (2’)\8)(@'}\18)% + (i)\ﬁ)(z‘)\w)%
A (Dhi0) 35 + ()i a@in) + ) 8(313) Y. (B.50)

And for the second laser,

TY{E()\)&mpﬂz}(Z) = Tr{|(iA14)(i\15)020 + (iA16)(iA14) Gy + eP3A02 <522 — tA17020

—iA4Bas — iAysBor + (Mlg)(mg)am)} EO\p®@. (B.51)
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The above requires

Then we have

A 1, .
’Y12T1"{E(>\)[012ﬂ<712 - 50220 - §PU22]}(2) =
% 8 . 7:)\18 (9 . & 8 . 7:)\17 (9 . 7;)\10 (9
2 9(ix¢) 2 O(ihig) 2 9(iN) 2 O(idiz) 2 O(ido)
iy O . . 0 . . 0 (idig —iA2)> 0
2 Blng P T i) g £ () An) s + R WL

(B.52)

712[_

And the dissipation for the signal transition,

TY{E<)\)63206£2}(2) =

Tr{[(iAs)(iA16)022 + (iA9) (1A15)F22 + (iA14) (1A15)F20 + (A1) (1A16)621

e (LGN G0 — iMaGas + oy — iA1sFa1 + (iM19)(iM18)Fa0)] E(N)p},
(B.53)

so we have

L L, I

Va2 Tr{ E(X)[G52p6 5, — S0P - §PU22]}(2) =

[_% 0 i 0 Y 0 iy 0 iAo 0
72T 00e) 2 0invg) 2 O6ia) 2 9lide) 2 9(id)
——————— F (tA11 — A 12) =——— + (2A5) (1A 19) =——— + (iAg) (2

2 3(1)\14) ( 1 12)6(7,/\12) ( 5)( 19)8(7)\12) ( 8)( 16)

(i)\ll — i)\12>2 0

+ 5 5(2')\12)])(. (B.54)

J(iA12)

And for idler transition,
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Te{E(\)6o3pihy ) =
Tr{[(iA10)(iM18)F31 + (iA10) (1A14)F33 + (1A10) (1A17)F30 — iA10€ 12673

e M (633 — iMi6031 + (1M16) (1A19) 530 — Z')\15<330]E()‘)P}(2)- (B.55)

The above needs

0 0
{ 31 ( )IO} [8(@>\16) 196(2)\15)]X
then we have
PC R LIVRRENG)
Yos Tr{E(A)[Go3pbo3 — 5033,0 - §PU33]}

. [_& 8 . i)\16 (9 . @ 8 . i)\15 (9 . i)\lg (9
T 900e) 2 06ide) 2 0(ide) 2 Olidg) 2 9(id)

g O ) o ) )
T2 a0y My T W“)(M“)aml@ G )W”)a(mm)
+(id10) (iA14) o . (iA)* 0 (B.56)

J(iA12) 2 J(irn) X

B.3 Stochastic Differential Equation

A distribution function can be found by Fourier transforming the characteristic func-

tions,
(@) = — / / SEA (X)dAy...dA (B.57)
a) = .. [e " .
(2m)" .
then
3X
—ia-A
— d)\ Ay B.58
t 27T / / b ( )
If a_x = i/\g%ﬁf), use integration by parts and neglect the boundary terms, we
have ‘3{ = 8&3 av f where a minus sign is from 7\g. Correspondingly, if ax = e
we have af ‘9(0‘6).
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B.3.1 Fokker-Planck equation

Let

0 a
8_{ =Lf= Z[ﬁ,ﬂsuf + L+ ﬁ&;lﬁu' + ﬁff)_L(Su' + L0l f, (B.59)
I

then we have for the atomic part,

_ 0 0 0
La = —Zwl[w(—oéé) - W(_aé) - W(_aéﬂ
5 6 8
0 0 0
aﬁ“é(—aé) + 67/7(_@[7) + 87110(—0430)]

0 ! 0 l 0 !

_ZW3[87./8(_058) + aT.[é(—ozg) — ale(—am)] + (c.c. with C") (B.60)

—iWQ[

where C" is af < aig, 0 = g, F — a7, OF < Qg O > Qqp, O < g, A < a1,
Qfy < (g, O3 <> Qi3 Q] <> Qo <> g, and c.c. is complex conjugation. Also for

the field part,

0 0
L = liws—-al —iws—-al + iw,—a} — iw;——al]oy
[ daly ? dal dal dal, 2
0 0
. v . l . v . 1
Fiwp Qg — Wy QW O — W Q. (B.61)
das Ja Jay 0o,
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The atom-field interaction part (a) is

E(XzL -
dakdak (a5) + dakdal (@) - dakdal (az) + dakdal (@)
0 0 O ay_ 9

- — (=t =t — 248 N,)— —(— B
aaéaagmg) 80({5( Q) — Qg Q3 + ) (90/7( a6) aag( as)

a2 o o]

iQ eikazl—iwat [_
a

bage P (caly) £ 5ome T aly) ¢ (aly)] - gt ol
i o)~ ol - D (el

+8%“é(—al13 + Oéllg) + 370/7(_0/5) + —8&582a110 (al12 - alll) - 80/852;80/10 (alm)
—%eiﬁlﬁwil(_ah) + a%lloe_ailJrai?’(_allﬁ) + (ﬁ;ahe_aﬁlﬁﬁs
+e_ﬁ+ﬁ)(o/18)] — Qe RET [l oy i(—ozl”)] + (c.c. with C"),(B.62)

7
Jadg

and let Eg’l L = Cffl Ls T Lﬁi’l 11> Which are the terms for signal (S) and idler (I)

parts,

G 0 o?
L(b) = g, oM 1 —iksz [~ (1 YAy l
A-L,S tg + le [aaé( aS) + 60447( Oég) 80/10806110 (alo)
o o 4 o . s
+gar (0 +ala) ke P alal gl VI T
[i(—al) + oy + i(—al)](al - i) + (c.c. with ¢")  (B.63)
dalk 6 17 9l PR 90k o '

and
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: 1k;z 83 83 02
000 = BT IR () + (b + )

daldakdak
82 ! 82 ! a ! a ! l
—m(%) - m(%s + (‘9_’9 9~ M%o —aq;)
e B T B *
_674556 %m0 13(—0416) - me %11 9 (0418) - m( 6)
S RN R
ookt 1 9akdal T 0abdal P “0al  dak
0 0 0
_8%( aé) * aallﬁe s <_all5) + 80/186 o (—0/17) Fem allg)
__0 6 a a
4o oa 0/15 3 19( l13 + M(O‘llo) 04112 + 2@( allo)
“2al) + =0—e P (o)l
da,
- 0
+igiV/2M + le ™ (ab) (ab — W) + (c.c. with C"). (B.64)
aq

The dissipation part L, can be derived accordingly and the above equation, which
involves higher order derivatives (third order and higher), is neglected. The validity
of truncation to second order is due to the expansion in the small parameter 1/N:..

If the Fokker-Planck equation is

1, 9? 0?

P
Aof = 55487 + 55055 T 850a

of _ 9
ot O

)Das f (B.65)

where A and D are drift and diffusion terms then we have a corresponding classical
Langevin equation
0 0
@y Ié]

= A+ Ty, = = Ag+T B.66

with a correlation function (I';)I's) = §(t — t')D,s. So we have according to various
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L’s,

-l Yo1 ikgzi—iwat [ 1 * _ikpzitiwpt 1
ay = (—iwy — o Jak +iQ,e (ah — aly) +iQe ax
—ig;V2M + 1e*i#al ol + T
gi 16¢1 59
Ny . o1 T V2 0 oyx —ikeztiwat Ly s0y. a—ikyzi—iwpt( 1 !
aG = Z(w1 - (JJQ —|— ZT)QG - ZQae ! O{7 “I‘ /LQbe b=l b (a13 - Oé12)

+igeV2M + le”* 2 akal + Tk,
-l . Y2\ 1 . ikaz—iwat 1 . —ikpz —iwpt |
&, = (—iwg — ?)047 — QeI T o i Qg
), 2M+1—ikszl [N 2M+11]ﬂzl l Z+Fl
195 e Ol — 10; e a0 7
. _ l l . ikgzi—iwat 1 cOyx  —ikgzitiwat 1
Az = Y013 T V12002 + 182,67 “agg — il e Yoy
—sze tkpz— ZLUbta —|—ZQ* zkbzz+zwbta _|_1"137
) _ l . —tkpzp—iwpt I yx jikpzitiwpt 1 . —ikszy 1 l
Gy = —790 + i e aqg — e g + 19,V 2M + le "y, 05
- ox iksz
—ig"V/2M + 1™l ol + T,

. ! ! . Cikezy 1 Ly ikszy 1 1
Gy = o301 T V32072 — 19sV2M + le” a0 + 1gsV2M + 1™ aq 0y

+igiV2M + 1e®i#al ol —igivoM + le *#alal + T, |

¥ + y . . . . . .
01 03 )Oéls . Qze zkazl—l—zwatag o ZQbe ikpz zwbtal14
2

+ig*V2M + 1™ ko, +igivV/2M + 1e*#alyal + T,

dg = i(w —ws+1

O{é = ( ng — %)ag Z‘Qaeikazz*iwataé T Zg: /9 M 4 1€ikszl&,l7ai
+igiV2M + 1™ (af — ofy)af + T,

Yoz T Y2\ i -k iky 2wt
Y Jaq, — ifde ag

+igivV2M + 161’“““"”(0/12 — o/n)ozfl +19;V2M + lethi Zloz17041 + F14,

Y/ —ikszy ] !
& = iwgad, i E wway — igo/2M + e 2ol + T,

ayy = i(wy—ws+i

& = —iwol — Zwmalﬂgmw +1le Mag + T, (B.67)

where v, = 715 + 735 We postpone the derivations of diffusion coefficients after the
scaling is made in the next section, and note that the complete equations of motion

are found by making complex conjugate of the above with correspondence C’ and
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changing Langevin noises correspondingly, say I't — I'yo.
B.3.2 Slowly varying envelopes and scaled equations of motion

Here we introduce the slowly varying envelopes and define our cross-grained collective
atomic and field observables, then finally transform the equations in a dimensionless

form for later numerical simulations. We note that

: / d , : 0
i g wpd, =c—al, =iy wpal = —c=——al, (B.68)
2l

and o}, = N, — al; — al, — al;. Define slow varying observables that

1 . . 1 4 4
~ — I —ikqzi+iwat - — I ikpzi+iwpt
as(z,t) = N e @ o ag(z,t) = N % ,
z z
1 . ) ) ) 1 ) ) . )
~ — I —ikqzi+ikpziHiwpt+iwat < — I —iwgt+iwst+ikez;—ik;z;
ar(z,t) = e o ag(z,t) = N s s TImEL
z z
~ t) = ]' I —ik;zj+iwst ~ t) = ]' l
ag(z,t) = N e yaqi(z,t) = N
z z
1 1
_ ~ — !
az(2,t) = ﬁalmoﬁs(%t) = N Y
z z
1 ) ) ) )
_ I —i(was+A)t ikqz—ikpz;—ik;z
ap(z,t) = N Qae ( )t ikazi—ikoz—ikiz (B.69)
z

E; (z,t) = dgjh 2M + lake ™ Ef(z,t) = dg/zh 2M + lake™it, (B.70)

where we use the idler dipole moment in signal field scaling for the purpose of scale-
free atomic equation of motions, so we need to keep in mind that in calculating signal
intensity or correlation function, an extra factor of (d;/d,)? needs to be taken care of.

We choose the central frequency of signal and idler as wy, = wo3 + Ao, w; = w3
where A; = w, —w; and Ay = w, + wp — wy.  With a scaling of Arecchi-Courtens
cooperation length [115], we set up the units of field strength, time, and length in the

following,
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E. Nlgl|? 1 d?nw; nhw; 1 1

L.=cl,, - = ,
d;/h “eoT 2heo

E, = (B.71)

260 - Edz/h

Compared with optical density and superradiant time scale, we have (in terms of

single atomic decay rate )

3\ N
Iy N=Tyn= (B.72)

Nlgl|? = 2~ =

Now the slowly varying and dimensionless equations of motion with Langevin

noises in Ito’s form are

%as (1A — %)&5 + Q4 (g — a3) +1Qar — ZawE;r VT
%aﬁ i(Agy — Ay + i%lTw>a6 — i ay + i (a3 — agg) + iasE;re—iAkz LT
%&7 (1Ag — %)&7 — iQad6 + 10 + iagEFe 8% — jay B + Fr,
%am —Yo1013 + V19012 + €latrg — UL a5 — W hons + a6 + Fus,
%&12 8 + 10 — 10T + i ET e AR — i@ 0BT et 4 Fy,
%all — Vo301 F V39012 — i1 BT e TN 4 iq 0B e 1 ians B — iag By + Fua,
%&8 —(i1A; + W)ag — iy — Qi + Z'a(iES—eiAkz i i&lgEj -
%&9 _f%ag — Q05 + ia7 By e 1 i(ag — an) B + Fo,
%&14 — (il + %374_%)&14 — i Ay + i(Gg — G ES €% 4 i@ B + Fa,
(B.73)

and field propagation equations are

(% - %) s = —i&me_m’”% + Fu,

(% " %)Ef =t A (B.74)
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lgs |

where TAE is a unit transformation factor from the signal field strength to the idler

one. For a recognizable format of the above equations used in the text of Chapter 4,

we change the labels in the below,

Q5 < To1, Qg <= T12, Q7 <> To2, (g <> T13, (g <= To3, (V19 <> 732, (V11 <~ 733,
a Nd o < o < T o < T a < T a < T
12 22, (13 11, Q14 T39, (15 To3; (16 T3, Q17 To2s

Gis < Ty, O1g < Ty, (B.75)

where ;; is the stochastic variable that corresponds to the atomic populations of
state |¢) when ¢ = j and to atomic coherence when i # j. Note that the associated
c-number Langevin noises are changed accordingly.

The Langevin noises are defined as

Fs(z,t) = Nizrée_ikazmwat,f@(z,t) _ Nizréeikbzl—l—iwbt,

Frlert) = Nizrée_ikazmkm+iwht+iwat7]:13(Za t) = Nizrlmaflz(zﬂf) - Nizrll%
Ful(z,t) = N%Fl“’fs(z’t) — NizFge—iwatﬁ-iwgt—i—ikazl—ikizl7

Fo(z,t) = Ninge—i’“izl+iw3t7jfl4(z,t> — Nizrll46—i(w23+A2)t€ikazl—ikbzl—ikizl7
Falz) = dffh\/mewﬂ,fl(z,t) = JpVAM e (B0

where other Langevin noises can be found by using the correspondence similar to C”,
for example, F7 < Fig.
Before we proceed to formulate the diffusion coefficients, we need to be careful

about the scaling factor for the transformation to continuous variables when numerical
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simulation is applied. Take (FsF5) for example,

(Fo(z, 1) Fs(2', 1))

_ ezkbzl—f—zwbte—zkazl/—l—zwat’ <1—1é1—\l5’>

NZ
— mezkbzl—l—zwbte—zkazl—l—zwat[iQaezkazl—zwataé + Zgz IM + 1€zkizlal10al1]5(t o t,)éll’
1 .Q(z ~ dz ~ E;r L
= E Z?CTCOCE; -+ Z%ECCHOE} (S(t — t')(S(Z — Z/) M1
‘ ~ o~ 1 L N, 1
= |:Z<QaTc)Oé6 + ZOél()(E;r/EC)} Fgé(t — t,)Tc(S(Z — Z,)LCL_CWFZ
I o~ 1
- ¥ [i(QT2)a + icao(E;/E,)] ﬁ(S(zs —t"T.6(z — 2')L. (B.77)

c

where we have used limy;_, o 2ML+15”/ =0(z—2),2M+1= N%? and N, = NLLC is the

cooperation number. Then we have the dimensionless form of diffusion coefficients.

1
T2 (Fo(z, ) Fs(2, ) = FD6,55(?5 —t)0(z — 2) (B.78)
D675 = [iQaa6 + z&loEj] . (B79)

The dimensionless diffusion coefficients D;; are
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—’LQQ(Z&5; D576 = i(Qaa@; + &10Ei+>; D5,7 = —iQa&7;

i(Qudis + (@11 — a13)E"); Dsg = —i(Qatig + asE;);

—iawE;r; D5,13 = ial(iE;r; D5,14 = _i&18Ei+§ D5,19 = ’712a12§
—12Qa; D g = —1Sha8; D10 = — 18000105

—18007 + Y1065 Do 16 = —i0rE; + Yg1010; Deis = Yo1012;
_Z&ﬁEj, D77g = —z”oz}Ef,

—iasE; Dg1o = (12 — an1); Dsa1 = i0%004;

—in&14; D8713 = —iQZ&g + 2&19EZ+ + 701&8;

W05 E;" — idgE; 4 701011 + V590025 Dsis = i0ir B} + g0
—i209 B Dg 1o = ia10E}T; Do 15 = Y300012;

—i2a10E e Digay = i(Qyine — arE;) + Yo3000;

—i 163 Diopa = 118 — 120 + Yoz3012; Dio1g = 1o ;
i&14Eje_iMz — i&loEs_GiAkz + 2&15E;L — ZagEZ_ + ’732&12 + ’703&11;
ialoE;GiAkz — Z'a14E:€7iAkZ — ’}/32a12;
Z'Qbals — 292&6 — Z'aloEs_eiAkz + ia14Ej€_iAkz + 72&12;
—inalg + ZQZ&(, — "}/12&12;

iQaalg — ZQZ&{, + ’in&lg — ZQZ&G + 701513 + 7125412;

lgs” .~ iNkz. _ [N
—iage ™" Dyg = 1aet "z, (B.80)

|9 |9:?

(2

B.3.3 Alternative method to derive diffusion coefficients by Einstein re-

lations

Before going further to set up the stochastic differential equation, we show here

how we derive the diffusion coefficients from the Heisenberg-Langevin approach with

Einstein relations, and it provides the important check for Fokker-Planck equations.
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We note here that a symmetric property of the diffusion coefficients is within Fokker-
Planck equation, whereas the quantum diffusion coefficients in quantum Langevin
equation do not have symmetric property simply because the quantum operators do
not necessarily commute with each other.

The approach involves a quantum-classical correspondence in deriving c-number
Langevin equations and requires a chosen normal ordering of quantum operators. We

use the same ordering as we use for deriving Fokker-Planck equations in Eq. (B.30),

P B S e T (T EEPSERP SN
00170127002a013700370327011a02270337032a003701370027012a0017aLasaaivai

and its classical correspondence is a9 as. ...Q1.

We take Dgi13 = Di3g for a demonstration. We first calculate the quantum
diffusion coefficient, 7513,8, using Einstein relations where we attach the hat to it, and
then we can find D;33g, a classical diffusion coefficient, which is reviewed in Chapter 2.
Note that in calculating the quantum coefficients, we take advantage of Eq. (B.73)
where the drift terms are directly corresponded to quantum Langevin equations. For
clarity, 1513,8 = 15&11,&13 with ay3 — 611, a8 — G13 representing a correspondence to
quantum Langevin equations. The index in the classical variables & represents the
ordering we choose as defined above, and in various quantum operators 7, the index
represents the atomic levels for atomic coherences or populations. We should find
2513,8 = D133 = Dg 13, and the proof is illustrated below by the Einstein’s relation,

Eq. (2.8),
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= (Y01013) , (B.81)

where the term 2 (511613) = 2 (G13) is the drift term of the quantum Langevin

equation that can be found from Eq. (B.73),

0
— 513 = —(iA] + w

o )13 — i Gog — ik, + 1512 B 2% +igl EF. (B.82)

From Eq. (2.15), we have

(Di3g) =

<,ZA)1378> + { < |:—"}/015'11 + ’}/125'22 + iQaé'gl — ?:Qza'(n — ZQb&J{z + 292512] 5'13> +
- . + - N i~ ~ . — iMkr e~

<O’11 |:—(ZA1 -+ w)O'lg — ZQULO'O?, — ZQbO';)Q + ZO'lgEs € Ak + ZO'[ngEj:| >

— classical counterpart}
= <701&8 — ZQZ&Q + ZalgEf> s (B83)

where classical counterpart represents the last two terms of Eq. (2.15). We have

used the commutation relations for non-normal correlation functions that

[Go1,013] = Gos,
[G12,013] = 0,
[&11,&:12} — 0,
[&11,5—31} — &l (B.84)
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and use the correspondence o3 — a9 and 651 — 19 in D3 5. The rest of the diffusion

coefficients are confirmed by the method of Einstein relations illustrated above.
B.3.4 Ito and Stratonovich stochastic differential equations

The c-number Langevin equations derived from Fokker-Planck equations have a di-
rect correspondence to Ito-type stochastic differential equations. In stochastic sim-
ulations, it is important to find the expressions of Langevin noises from diffusion
coefficients.

For any symmetric diffusion matrix D(«), it can always be factorized into

D(a) = B(a)B"(a) (B.85)

where B — BS (an orthogonal matrixS that SST = I) preserves the diffusion
matrix so B is not unique. The matrix B is in terms of the Langevin noises where
&dt = dW} (Wiener process) and (&;(t)€;(t')) = 6;;0(t — ') and the &; below is just
a random number in Gaussian distribution with zero mean and unit variance.

In numerical simulation, we use the semi-implicit algorithm that guarantees the
stability and convergence in the integration of stochastic differential equations. So a
transformation from Ito to Stratonovich-type stochastic differential equation is nec-

essary,

drj = At 7)dt+ Y Bij(t,7;)dW; (Ito) (B.86)
J

i 1 )
dr; = [Ai(t, ) — 5 2]: %:Bjk(ty E?)@Bik(t, z;)|dt

+ Z By;(t, 7;)dW] (Stratonovich) (B.87)

J

where a correction in drift term appears due to the transformation.
Here we have the full equations with 19 variables in the positive-P representation,

64 diffusion matrix elements, and 117 noise terms (random number generators). A
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correction in drift term is underlined and we have (S for Stratonovich)

0 - Qo . ~ e~ . —
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aZ s Za10| Z|2 + 3
8 2
_8_E8_ = —za14‘g| + Fu,
z |g:]?
o .
&Ez = 1Qq9 + .,/tl,
0 -
%E; = —iags + Fo. (B'88)

The Langevin noises are formulated as a non-square form [35, 84]

:Fl = .7:2:0'

/D- - /D /D
Fs = Dss5¢; + Ds19 19 (€19 +1€43) + %(614 +iy5) + %(516 + i)
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+ Dlglg’(gmﬁ—islm)ﬂ/@ (€110 = €111) + VDiaas
+\/m(5114+%€115)

22 (6o — i) + Dl;m (€38 — i€s9) + \/@(5114 —iu15)
/D120 + \/m(fuﬁﬂém)

\/m(g% i) + \/Tgﬂ(@m i) + D82’”(678 )
+\/m(§m i€117) + /Db

\/DT?’(gSO i€sy) + \/DT?’(SQS i€99);

\/m (€y — i€03) + \/E (102 — €103)- (B-89)

In numerical simulations, we have a factor \/;7 for Langevin noises F and

1
NAtAz

N AtAz

for correction terms.
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APPENDIX C

MULTIMODE DESCRIPTION OF CORRELATED
TWO-PHOTON STATE

In this Appendix, we introduce a general model for quantum detection efficiency
for multimode analysis in various quantum communication scheme. Based on this
detection model with the spectral description of correlated two-photon state, we derive
the effective density matrix conditioning on the detection events of entanglement
swapping, polarization maximally entangled (PME) state projection, and quantum

teleportation.

C.1 Quantum Efficiency of Detector

To account for quantum efficiency of detector and the affect of its own spectrum
filtering, we introduce an extra beam splitter (B.S.) with a transmissivity 7(w,wo)
[117] before the detection event. 7 models the quantum efficiency of the detectors
in the microscopic level (response at frequency wg) and the macroscopic level (time-
integrated detection). One example of conditioning on the single click of the detector,

the output density operator becomes

o0

ﬁout = / dwoﬂlTrref [UBSﬁZnU;S} 1211 (Cl)

o0

I / h dw|w) (w] (C.2)

v o
Vi —VT=n

145



7(¥,, W)

0)
Figure C.1: Model of quantum efficiency of detector.

where T, ¢ is the trace over the reflected modes mzﬂ,, and the flat spectrum projection
operator I, (only photon number is projected and no frequency resolution) is con-
sidered in the measurement process [76]. In Figure C.1, mi is the incoming photon
operator before the detection, mg is the reflected mode, and ml is now the detec-
tion mode with a modelling of spectral quantum efficiency and an effective quantum

efficiency is defined as

/_ " s wo)dwo = (). (C.4)

o)

C.2 Multimode Description of Entanglement Swapping

From Eq. (5.4), we use single mode ®(w) for Raman photon and a multimode de-
scription f(ws,w;) for cascade photons and rewrite the effective state. Note that a
symmetric setup is considered so the mode description is the same for both sides A

and B in the scheme of entanglement swapping.
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(W)err = m (1 —1ny) X

/f(ws>wz‘)di’A(ws)dj’A(wi)dwsdwz‘/f(w;awé)di’B(w;)&I’B(wé)dwédwé|0> +
(1 — 771)/@(w)dde’A(w)SL/@(w’)dw’di’B(w’)S’L]()} +/n (1 —n;) x
VT ) [ )t < )il ) [ @)alal>(@8h10) +

i@ =) / & (w)dwithA ()5 / F( )l B (W)l (o) dut et 0).

(C.5)

Lt ot St St ot
. At A mytmy AT, B Nty At A Ty Ab B Ty
With the B.S., we have a," = o A = R apt = S a4y = S

where dz is the creation operator for idler photon and af is for Raman photon. The

input density operator is p;, = |¥)esr(¥| and conditioning on the pair of single

click (mb, ﬂi’z), we are able to generate maximally entangled singlet or triplet state

tgt
W) proz = SA\%SB |0).4,5. Without loss of generality, we consider a triplet state along

with a pair of clicks (7!, 7]) and use the model of quantum efficiency in Eq. (C.1)

with tracing over the detection modes (1, al). Note that m! = /T — il + \/ﬁmj1
and ﬁi = 1- nﬁg + \/ﬁﬁi as we model the quantum efficiency in the previous

Section.

pout = / dwOTrm4,n4{Trm3,n3[Ugsﬁéspin(j;?ﬁgg}]\z‘lfl} (CG)
Mya = (I], = 10)ma(0]) ® |0)m2(0] @ (£}, — 0)a(0]) @ [0)2(0]  (C.7)

where the unitary B.S. operator is denoted by both sides (A and B) and NRPD
projection operators are used [99]. These operators project the state with single
click of the detected mode without resolving the number of photons. Iis identity
operator. The un-normalized output density operator after tracing out these modes

becomes
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ni(1 _772)

pout -

/dw dwmeff Widleg s (@ /f ws,wi)ahH (ws dws/f (w)de]
0)(0 / Pt [ 1 )l )t

e =) = ) { [ g / flowswidu, [ el
[ 2@ neffwdw} (a1 () $510) {01 () +

a1 @S0 018408 W) + [ [ Fles 0o, (r)g oo

[ [ @)l @ wiin, i) (a4 ) Shi0) 0l a8 w2) +

103410/ 018m02(0)) } + €8

where 7, ;,(w) is introduced after integration of wy, and we denote it as an effective
quantum efficiency for idler field w; or Raman photon at frequency w (wavelength
780 nm for D2 line of Rb atom). p. , includes the terms that won’t survive after
the interference of telecom photons in the middle B.S. (conditioning on a single click
of detector). They involve operators like al4al2|0)(0|a2Sg, al4al?|0)(0/S4S5 and
STASEB|0Y(0|5455.

The normalization factor is derived by tracing over the atomic degree of freedom.
Tr(pout) = N -
2(1 — 2
i ( . 112) /dwsdwmeff(wmf(ws,wi)|2 / dwdwime s (Wi (W wi) P +
1— 1—
17 ( 71)( 12) /dwsdwmeff(wi)|f(w87 w;)|? / |(I)|2(w)neff(w)dw +

2
BUZIE [ jopyn,gylonts [ 1076 n,e) €9

which will be put back when we calculate the heralding and success probabilities.
Next we interfere telecom photons with B.S. that af4 = Gt alB = G
p M s - \/i 9 s - \/5 )

and again a quantum efficiency 7(w,wp) for telecom photon is introduced. Use
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&= T—nél + \/7_]éj1 and trace over the reflected mode & conditioning on the click

of éjl from NRPD. The effective density matrix becomes

W = [ duTra (T 059,051 31

—00

_ / dop) (o), (C.10)
P8 (wo) = Traa{ P2 (wo)} (C.11)
My = (Il —10)e4(0]) @ |0)ea (O] (C.12)

) = B0 [ it g )]

[t = )05 6.) [ f( VI I0)0]

[ e () + [ 1= w007 (s.) %

[ @ VN0 [ e T (5. 7)

[t = @657 [ (o0 V/ e )]0} 0] %

[ e £ (i) + [ (= (1) %

[ ot i I00) [ dules(w) AT )

/dw;\/Tsfs,z /dws\/nTsfszc4ws ()I0)(0] x

/ A /(W) f(s", / dw'/n(w!) (5" 7 )c4<w;”>}+

L= [ sy [ o) [ 17500,

[ el g (@) VaGn)ed ) (Sh10) 013 + 511010154 )
(v | / P50, 1)1 g 1)

[ [ £ e win, e d/nnelw.) x

(sg|o><orsA+ero><owsB)a4<w;> =) (€13)
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where a brief notation for spectrum f(s,7) = f(ws,w;) and quantum efficiency n(w) =
N(w,wp). This quantum efficiency refers to the telecom photon. We proceed to trace
over the detected modes and the density matrix can be simplified by interchange of

variables in integration.
201 2
ﬁﬁ(%) = M/dwidw;neff(wi)neff(w;){
/ Qo1 — (s, w0)) (e 03) f* (@ 1) / Q) () i) (W wo) +
/ Qo1 — (s, w0) | f (@ 1) ? / 0| () ) (e o) +
- / du (e wo)| (), ) / (e )| F (@0 ) P+ 3
/dw/sn(wlsvwo)f(w/svw;)f*(w,sawi) /dwsn(w&wo)f(w&Wi)f*(wsaw;)}|O> <O|
1—n)(1 -
L= WEZI] i) [ ool o) P

/dW|q)(w)|277@ff<w) (S*g|0><o|g3 n 3L|0><0|SA) N

/ / (0 0) (0, 03) e (601 (00, / F (@an ) D@, (), X
(S;|o><o|5g + SL|0><0|§B)} (C.14)

where the trace over two photon states requires the commutation relation of photon

operators.

Trfrin] (ws )rinh () |0) (Olrina (&) riva ()]

s

= (Ofra(w)[6(ws, ') + ik (ws)ha (W) ik () |0)

s

= B(wan B ) + B ), ). (C.15)

S

The above is the general formulation for the un-normalized density matrix condi-
tioning on three clicks of NRPD’s.  We’ve included spectral quantum efficiency of the

detector either for near-infrared (1), ) or telecom wavelength (n, = [ 1(w,wo)dw)
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To proceed, we assume a flat and finite spectrum response (1, ;(w) = 7.7 f, (W) =
n,) with the range wy € [ — A, Q + A] centered at Q (near-infrared or telecom)
and w € [wo — 0,wy + 6]. The widths 2A and 26 are large enough compared to
our source bandwidth so these detection events do not give us any information of
spectrum for our source. A perfect efficiency also means no photon loss during
detection.  Note that the integral involves multiplication of two telecom photon
efficiency |7 n(w,wo)n(w’, wo)dwy = n7(w) that is valid if the source bandwidth is
smaller than detector’s.

After the integration of wg, we have

. 2 1 — 2 .

pfu)t = %nsz/dwidwg{<l - nt) /dwsf(wsawz)f (wsaw;’) X

[ s @) + (0= nn, [ dodfaw)? [ dsle, )P+
n i

L[ i@ [ oo+ % [ dd fhuf wow)

[ ot iy popol 4 DO,

{/dwi/\f(ws,wi)|2dws/dw|<I>(w)’2(S;f3\O)<O]3B+5‘L\0>(0|§A> +

[ [ enwidod @ido [ £onuppis

(S;yo><0|§A+SL|0><0|SB)}. (C.16)
C.3 Density Matrix of PMFE Projection and Quantum Tele-
portation
In Chapter 5.4, we have the normalized density operator p,(m)t ., of the DLCZ entan-

gled state through entanglement swapping. With another pair of DLCZ entangled

~(2),CD

out,n

state, p the joint density operator for these two pairs constructs the polarization

maximally entangled state (PME) projection and is interpreted as
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A(2)7143 A(z)ucD —
out,n ® outn T

{ 210){0] + %7 1004501 (SLI0) 01+ Sb10) 0185

(a+b)?
+15:10)(01Sp + D\o><orsc) + 100 (0] (S510) (0155 + $510) (0154
it 5 3 3 b ( I ;
+218510) (0184 + 218410)(0185 ) | + = (SE10)(015c + $510) (01S

EXSLI0) 0[S0 + X8I0y 01Se) © (Sh10) (0185 + 5410} (013

A S8E10Y(0[8 4 + )\15’L|0)(0|§3) } (C.17)

which is used to calculate the success probability after post measurement [a click from
each side, the side of (A or C) and (B or D)]. a=1n,.(2—17) (1 +2; A?),b =4, and
Ny = M1/Mas M =N, Aj is Schmidt number that is used to decompose the two-photon
source from the cascade transition.

In DLCZ protocol, quantum teleportation uses the similar setup in PME projec-
tion and combines with the desired teleported state, [®) = (doST, S )]O> which is
represented by two other atomic ensembles /; and I,. The requirement of normaliza-
tion of the state is dg|> +|d;|?> = 1, and the density operator of quantum teleportation
is por = |2)(®| ® pou)t ® pgu)t(;:D. Conditioning on clicks of D;, and Dy,, the
effective density matrix for quantum teleportation is (using 5”}1 = (D;, + Da)/V2,
5‘}2 = (Dy, + D¢)//2 for the effect of beam splitter)
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. d EAL .
paress = (2L 04 0)01D1) + AL (D] 10y 01D,
dody i 1 9 ab
+ UL (D],0)(01Dy)] ® W{ 0)(0] + 510040
(DL|0><0|D12
2

dody | » A
+ 288(D],0)(0] D)

A

DT
¢§

+ S110Y(0|Sp 4+ Ay

D
015 + 08h10) (072
. . Dijoy0|Dy, . D Dl
H0)eo{01($510) 013 + ZEELEEE 1851000128 + 0, 0) 018

b2 /DL |0Y(0|Dy, . . Di D,
+Z(%+sgyo><0|sl)+xlf|o><oySD+A1 Sh10)(0 |ﬁ)®

ons00 2 o Zees)] o
1B \/— B .

D} 10)(0|Dy,

(810)(01355 + 2

\/_

which is used to calculate the success probability for teleported state.
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APPENDIX D

HAMILTONIAN AND EQUATION OF MOTION FOR
FREQUENCY CONVERSION IN A DIAMOND TYPE
ATOMIC ENSEMBLE

In this appendix, we derive the Hamiltonian and the Maxwell-Bloch equation for
frequency conversion in ladder-type transition. The steady state solutions for atoms
are solved, and the solution to the field equations are discussed in Chapter 6. Similar
to the derivation in Appendix B where the cascade emissions are investigated, the
conversion scheme here also involves four-wave mixing with two classical driving lasers
and two quantum fields, signal and idler. The driving lasers are applied in a way
that signal or idler is converted only when an idler or signal is put into interaction
with the atoms (see Figure 6.1). We will use the same quantization procedure for

electromagnetic fields as discussed in Appendix B.2.1.

D.1 Hamailtonian and Maxwell-Bloch Equation

To derive the coupled Maxwell-Bloch equations it is convenient to employ a quan-
tized description of the electromagnetic field [29] and use Heisenberg-Langevin equa-
tion methods, and then invoke a standard semiclassical factorization assumption. The

propagation length L is discretized into 2M +1 elements. The positive frequency com-

: . : [+ _ M hwsin i(ks+kn)z A
ponent of the electric field operator is given by E™(z) = >, _ 1/ 5.57€ Cn
where [¢,,¢5,] = Spry kn = E2 W = Wy +kpc, n= =M, .., M and w, = kyc is

A iknzl

the central frequency. Define the local boson operators a; = \/ﬁ 224:_ 2 Cne
where [ay, d;r,] = §yy. Similar definitions hold for the signal, s, and idler field, i, which

carry an additional index in the following.
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The Hamiltonian for the interacting system, H =-d-E , depicted in Figure 6.1
is given by, (we ignore the interactions responsible for atomic spontaneous emission

for the moment)

H = Hy+ Hj, (D.1)
where
3 M M
Hy = > > hwidh+hw, > aljag +hY  wwil jag
i=1 1=——M =M L
M
—l—hwz Z dl’ildi,l -+ hzwll’d;ldi,l’a (DQ)
I=—M L
and
M
H[ — _h Z {Qa(t>6_gfleikazlfiwat + Qb(t)a_é];efikbzlfiwbt
=M
+ goV2M + 160,675 4 gi/2M + 1680, 0™ + h.c.} (D.3)
where 6! =~ = Zﬁ[z ol = ZLVZ m),(n| , the Rabi frequencies €, () =
Tu=2]

fa,)(t)di0,(23)E (Ka,5y)/(2R) is half the standard definition, and f, ) is a slowly vary-
ing temporal profile without spatial dependence (ensemble scale much less than pulse
length). The dipole matrix element d,, = (m|d|n), coupling strength Jsii) =
dor,30)€ (ki) /B, E(K) = /hw/2eV, and 2, = 325~ p = —M,... M. The ma-
trix wy = M kpe*nm20) /(2M 4 1) accounts for field propagation by coupling
the local mode operators.

The dynamical equations including dissipation due to spontaneous emission may
be treated by standard Langevin-Heisenberg equation methods [30], and we define 7, ;
as the natural transition rate from |j) — |i). Since we are interested in a semiclassical

description, we replace the field operators by c-numbers in the Langevin equations,
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and drop the zero-mean Langevin noise sources. All atomic spin operators are also
replaced by their expectation values. Finally, in the co-moving frame coordinates z

and 7 =t — z/c the atomic equations are

0 . . Yo+ ~ - N e e

Eam = (1A, - %)001 + Q4 (G00 — 011) +ig;00b, — zgia];?)E;',

0 . +

Ealg = (ZACUS — Joi 5 72)0’12 — ZQ 002 + ’lgs<0'11 — 0'22)E + ZP nglg,
0 . . N - . ke e -
EO‘OQ = (ZAQ — %)002 — 20129,1 + zgsamEj + 1P O'ong —P gi0—32Ei+a
0 _ N N - v~ . e e
5701 = TYun T V12022 + ZQaU(Tn — {2,001 — ZQsUIQE: +ig;012E
D Gy = a4 igu BB — igEs + 5, — 056

or 2 sY 125 sV 128 32 Y32

0

50'33 = —"}/030’33 + ’7320'22 — 291,0'32 + ’lQbO'gg + ZgZO'O3E ’lg,L 0'03E

0
8—5'13 = (zAwl — ZAl — w>5’13 — 7;925'03 — ’ipg5032E -+ ’LPQba'lg
T

+i91001E
0 . . Y03\ ~  ~ ek~ L . "
EUO:S = (ZA%’ - 7)003 — 2,013 + ZPQ{,002 + Zgi(Uoo - 033)Ei )
0 , + . e~
87'0-3;2 = (—ZAb W) — ZP gsO'lgE —+ ZQ (0'22 O'33> + ZP gZO'[Jg2E’1+

(D.4)

where vy = Y15 + V39, P = e!2F*718% the four-wave mixing mismatch wavevector
Ak = ky — ks + ky — k;, the frequency mismatch Aw = w, +w, —wp —w; = A1 — Ay +
Aw,; — Aw;, and various detunings are defined as Aw; = w; — w3, Aw, = wy — wya,
Al = w, — w1, Ay = wy +ws —wy = A1+ Aw, , Ay = wp — waz. The slow-varying

atomic operators are defined

~ — I —ikgzjt+iwat =~ — I iksz+iwst — I —ikezit+ikszj+iwst+iwgt

0-01 = N 0—016 [ %) a ) 0-12 = N 0126 s s , 0-02 = N 0-026 a<] s<] s a ,
z z z

~ _ |  —iwgttiwit+ikezj—ik;z; ~ 1 —ikizj+iwit ~T _— It —dwpt —ikpz

013 = _N O'l e @ * azl 11,0'03:_]\[ 0'036 %l 1,0'32:_N 0326 be bl,
z z z

G9 = 15 G33 = 1 511 = ) (D.5)

N, N, ¥ N, H
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where N,(2M + 1) = N.

The field equations are

0 iNg*
—FEF = =) D.6
0z ° c @ (D-6)
0 'Ngf
—FE" = Lo D.7
5.2 O3 (D.7)
where the field operators are defined as
E; (z,t) =V2M + 1&;16_"”“, Ef(z,t) = V2M + la; ™. (D.8)

Langevin noises are not concerned here for we are interested in the normally-
ordered quantity, frequency conversion efficiency, of input field and additional quan-
tum noise corrections vanish as the |2) — |3) transition driven by pump laser b has
vanishing populations and atomic coherence. For energy and momentum conserva-
tion (P = 1), and in the weak field limit, we solve atomic operators in steady state

after linearizing with respect to the probe fields

To1601 = i2a(1 — 2611 — G2 — F33),
T§25;2 = Z'QZ(522 - 533)a
ToaGo2 = —iQ0aG12 + 19001 EF + Q603 — igi032 B},
~ ___sO*= o ~ 7 + C OV ~ . '~T +
T130'13 = ZQaO'()g Zg50'32Es + ZQbO'lg + 291001E7; ,
TiaG12 = —i¥Go2 +1i9s(G11 — T2) ES + 5130,
Tosoos = —iQ013 + 1002 + 1gi(Go0 — T33) ;" (D.9)

where T01 = % —’iAl, T?;k2 = w—i_ZAb; T02 = 772 —iAQ, T13 = %1TW+ZA1—ZACU“

Tis = 701;’72 —iAw,, Toz = 25* — iAw;, and note that 6oz, 713, G12, Go3 are expressed
in first order of fields and &g, 532 in zeroth order. For population operators, we
solve them in the zeroth order of fields and the nonzero steady states of population

and coherence operator are (s denotes steady state solution)
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5 2[* So0s = 1 — G114, G a1 _95,.). (D10)
O11,s = y 000,s — 1L — 0115, O01,s = 757 A~ L —4011,5)- .
11, A%—i—%—l—Q\QaP 00 11 01 WA, 11

Substitute the above back into Eq. (D.9) and solve for 612 and 7¢3. The parametric

coupling equations for the signal and idler fields become

0
—Ef = BB +kEf
0z
0
where
_]\]|.gs|2 ~ |Qa|2 |Qb|2 iQ*601 s |Qa‘2 - |Qb|2
= —F s(1 — — (T — )},
B cD Frs(Tos + T3 i Th2 ) T2 (Tos + T3 )
(D.12)
* * * ; ~f 2 2
—Ngigt . 0, Q. 10 17 — ||
. = 5 (500, -2 a (T + 2l el (p13
K D [Go0,s( Tos + Trs )+ Trs (Toz + Ton )] ( )
—Ngsgi . % Q% Q5501 > — Q]

L= 98y S (T + 0l —Plaly o1y
K D [G11,5( Toy + Tis ) + Toy (Th2 + T )] ( )
—Nlgil? [ N T Q]2 — [

;= 2l T - S (Tyy + e B0

a D [G00,s(Th2 + T, - Ty ) T, (T2 + ™ )]
(D.15)
Q7 |7 Q7 B2, (197 — []?)?
D = T.7; T T, .
12Tty + Tha T3 N To2 )+ Toa( T2 * T3 )+ To2T13
(D.16)

The absorption coefficient for idler field is the real part of (—c;) and phase velocity
v, = w/k(w) = ¢/n(w) that k(w) = n(w)w/c. The wavevector is related to coefficient
a; that k(w) = Im(o;) + w/c so n(w) = 1+ Im(ey)/(w/c). The group velocity
is v, = dw/dk(w) = ¢/(n + wdn/dw) where n ~ 1, and it is this steep slope of
refractive index that makes a large group delay (dn/dw > 0 inside EIT window).
As an example in Figure D.1, we demonstrate the real and imaginary parts of self-

coupling coefficient «; with the optical depth (opd) poL = 150 (see Chapter 6 for
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Figure D.1: Self-coupling coefficient ;. A dimensionless quantity «; L is plotted with
real (solid blue) and imaginery (dashed red) parts as a dependence of idler detuning

Aw; showing a normal dispersion inside the EIT window.

more details on other parameters). The dispersion curve (Im(a;L)) inside the left
parametric coupling window bounded by two absorption peaks (Re(a;L)) shows a
normal dispersion indicating a group delay at the center of the window (see Figure
6.3 for complete parametric coupling windows). Note that we plot out unitless «; L
where L is in the order of millimeter for regular cold atomic ensemble, and see Sec.

IT and III for detail discussion of various coupling coefficients in Eq. (D.11) and

efficiency dependence on optical depth.
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