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SUMMARY

The importance of thin shell structures has increased rapidly in
recent years, both in the civil engineering and aerospace fields. An
integral part of the design of most light shell structures is the vi-
bration analysis, pursuant to various stability and load studies.

This study investigates the transverse vibration of a thin canti-
levered circular cylindrical shell. A practical method of predicting
the natural freguencies of vibration is developed and evaluated
theoretically and verified experimentally.

The general approach is based on an energy principle. The strain
energy of the shell is formulated based on classical first order theory,
and the kinetic energy is similariy stated. A frequency determinant
results after applying the variational process. Results are presented
for eigenvalues as a function of geometry and mode number, Modal ampli-
tudes are obtained and an explanation of eigenvalue distribution with
mode number is made on the bagis of energy distribution. The fact that
for some shell lengths or axial mode numbers the modes having fewer
circumferential nodes possess higher eigenvalues seems contrary to in-
tuition, the reason for this behavior lies in the manner in which
bending and "stretching" energy is distributed with mode nunber.

The results of a brief experimental investigation are presented
and correlated with theoretical results. Sufficient agreement is found
to verify the theory; further testing is recommended both for verifica-

tion and to investigate boundary relaxation. In addition, analytical
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work on boundary relaxation is needed to further increase the practical

value of the method.
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NOMENCTATURE

normalizing constant for mth

circumferential displacement
normalizing constant for mﬁh
placement

axial mode, radial and
axial mode, axial dis-

Young's modulus of elasticity
constants occurring in frequency equation

modél constant for mth

axial mode
kinetic energy of shell

orthogonal displacementes in shell surface, as func-
tions of axial coordinate only

generalized coordinates for shell displacements
mean radius of shell

constants occurring in Ll, L., L3

shell thickness |

shell length

axial m;de number

circumferential mode number

constants occurring in Ll, L., L3

time

normalizing constant in mt

h characteristic function
of cantivelered beam '

bending parameter, h2/1232

shearing strain, referred to shell middle surface
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length ratic, a/g
general material strains, normal and shearing

normal strain in x,y directions referred to middle
surface

general material stresses, normal and shearing
shell strain energy

angular shell coordinate

ineremental curvatures and twist of middle surface

R . th . .
characteristic function, m ~ mode of uniform canti-
levered beam

mass density
equivalent wavelength parameter

radian frequency

porCi-1Y) ot

shell non-dimensional eigenvalue, =

Poisson's ratio
_ th .
modal parameter, m axial mode
e th .
modal parameter, m axial mode

energy factor for strain energy due to stretching
and shearing

energy factor for strain energy due to bending



CHAPTER I
INTRODUCTION

The free vibration of thin, circular cylindrical shells has been
the subject of considerable study in the past. Some analyses have been
carried to completion, notably those of Arnold and Warburton (h,S).*

The classical approach tc the problem proceeding from the equili-
brium equations, has consistently met with practical difficulties in
generating eigenvalues for complex boundary conditions (6). Scme
questions also exist with reference to application of the available
boundary conditions. The obvicus advantage of using equilibrium
equations is the generality available in obtaining solutions for any
boundary conditions. The resulting numerical computations are neces«
sarily tedious and lengthy. Several boundary conditions have been
studied in the literature by energy methods, resulting in practically
usable numerical methode for extracting eigenvalues. It 1s the purpose
of this study to provide a solution for the cantilevered cylindrical
shell, a problem not previously given detailed study, and to analyze
the distribution of eigenvalues with geometry and mode number. An
energy formulation is used, the kinetic and strain energies belng ob-
tained in terms of the shell displacements.

Considering a small element of the shell, as in Figure 1, the

strain energy may be written to the first order as

——
Numbers in parentheses after names refer to items in the Bibliography.
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Figure 1. Shell Geometry And Coordinates
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where, consistent with the Love-Kirchoff agsumption, the normal stress
and shearing stresses Gy, C%,, are neglected. Also the trapezoidal
shape of the faces perpendicular to the x axis have been neglected.

Applying Hooke's Law, the energy in terms of strain only becomes

ar R vby
o= E z;J [el+re) +2veE, + ¢ e,;Jad’sdea (2)
20-v ) 9

First order expansion of the strains in terms of average direct strains
and changes of curvature in the coordinate directions gives the

following equations, after Timoshenko (1);

€x = €,— 2K, e'y'_'ea'al'(z. (3)

Exy= T — 23 <,

Referring to displacements u, v, w, of the middle surface, the strains

and curvatures in Equations (3) are, to first order,

- - - —_ OV R (4
€=8 , =g¥-¥ =5 *338 8



Substituting Bquations (L) into Equations (3) and the resulting ex-
pressions into Equation (2) provides an expression directly integrable

in z. The strain energy then becomes,

1T g
S
= Eoh Liadu ¢ 2w ) 209 duf=2¥ ) (5)
{2 Q_Cl-f‘}f [ {o}( ox * PY=] w) o x(c)@ )
[=]
o (o 2y 2wl 4 5[—-‘—(@’* 2rwr 4 dlwr L ov )
+ 7_03( Soe +ae a* Xt 2 e S8

T
—2CI-v) ‘51“’( ‘)LW e au*> 4= 2(11#)(;:’;3; s 3:{) ) de dx

where p}- _fii . Eguation (5) agrees with that given by Timoshenko (1).
It is noted that the result in Egquation (5) is not exact to first order,
sinee a first variation of the integral does not provide the accepted
equilibrium equations for a cirecular cylindrical shell, as given for
example by Flugge (8). Bleich and Dimeggio (9) have obtained an energy
integral which does provide the exact equilibtrium equations on appli-
cation of the extremum principle. In deriving Equation (5), the change
in length of circumferential fibers through the thickness of the shell
was neglected. Bleiech and Dimaggio included this effect and the re-
sulting energy integral appears different in some of the bending terms
when compared to Equation (5). For most practical purposes Equation (5)
is found to give good results. In particular, Arnold and Warburton (L),
made comparisons for thin shell vibrations and found a negligible effect

due to consideration of the change of circumferential fiber length



through the shell thickness. For the range of c¢ircumferential mode
nunbers considered in the present study, Equation (5) is considered to be
adequate to represent the strain energy.

Considering the mass of a shell element to be compressed into the
middle surface neglects only small inertial couples about the middle
surface axes, and these couples may be neglected for a thin shell with
a practical limit on the number of circumferential nodes. Thus, the

first order expression for kinetic energy is

T 2
T = yean| | (3 (3D (BE) pded (6)

o) Q

Equations (5) and (6), along with the boundary conditions, permit
analysis of the small vibrations of any thin circular cylindrical shell,
upon application of a variational principle, or eguivalently, direct use

of lagrange's equations.



CHAPTER IT

VIBRATION ANALYSIS OF THE CANTILEVERED SHELL

The variational principle to be applied is Hamilton's Principle,
5( - = 0. Configuration functionus are chosen which satisfy the
kinematic boundary conditions and are considered to give reasonable
approximations to the state of =train in the shell., General experience
with this procedure indicates that the eigenvalues are not greatly sen-
sitive to the detalled shape of such assumed functions, so long as the
boundary values are satisfied. Having established generalized coordi-
nates, Lagrange's equations may be applied directly.

The appropriate boundary conditions for the cantilever are:

I, = = gy = O AT < =0 (7)
WS
) o<

The displacements are assumed in the following separated form,

w = U(lx,t)tos ne (8)
v = V(ix,t) sin ne
w = W(xt)ceos ne

The strain energy in terms if U, V, and W then becomes,



m

ST =

1
W Al ! -w )= 2D utnv-w (9
zu-v*)j {O}(au +nv-w)- 200 ) )

+ G (avi-nU)t+ gl g(awi - AW s av)
20% &

- 201-Y) w”(r\ V- n‘W) +2c-v)( V' - HW’)LJ } A

The characteristic functions for a uniform cantilevered beam will
be used to approximate the x component of the shell displacements; these

functions are of the form

§,.= cosh A% _ cos %& - o, (sinh Lx — sin "-‘f) (10)

where f and d,,are known values for each m, (7).

= U a_ dJd&. (11)
U UBWA e
v = VAL &,
VN/ = ‘27 ‘;vh gium

vhere U, V, W, are generalized coordinates referred to x = 4. Am and Bm
are normalizing constants used for computational convenience in applying
the data of Young and Felgar (7). It 1s noted that the functions
representing V(x) and W(x) are orthogonal over the range (0,%), but the
derivative of these functions, while satisfying the boundary conditions

on U(x) and % , do not form an orthogenal set. However, consistent with
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the functions representing V and W, the functions d%x are a reasonable
approximation to U, and the cross terms resulting from the lack of

orthogonality will be neglected in computing the energy expressions.

The strain energy becomes,

gl
e
5

2
= *?‘—‘ETW"“L)( l('}é(%BmﬂU + nA. 2. V-A3,
_ i

<l

B[ LA (P BIW - W + n B .)"'

~20-vInALE 3/ (V-nW)W + 20-7) AL, §::(V—MW)‘}} dx
The kinetic energy is,

T = Lehra f{ B B BT A o
lagrange's equations are applied as follows

= 0 1{ (lh)

P S
E
+

o
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n

o
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Setting [w] (15)

I

S
-

gk <k ck
I

%

—
P

in Equations (14) results in a third order characteristic determinant.

Defining the frequency parameter,

A= PaCi-vHedt (16)
B

the following cubic in A is found,

As_L|AL+L1A_L;=O (17)
where
L, = I '\"Sn‘*'stz.*'&(bzl“"'bza) (18)
L; = Sy ¥ S+ SuSa— S S\ - N - Sia Sa, (19)
¥ ﬁ’(b-n.+ Sn_ b-;.\. + S, Eaa + S. baa "'znbz:-sB
bs = 818w - NS S, -~ NS, S-S, S, — NS, (20)

- 5!3 s'ﬂ 811 " ﬁ (ﬁn b‘t‘l.. " Slf S'l.'l. b!'l
+ S Sa ]9:..1 + S Sia lD:.; + ns, br.s

- Su1Sn2 baa — Sz S bn.}



and
2 2
6 = X Am 4 nt@=7) (21a)
" (-rm-hqmﬁ s
%Ia = VN M n g__[_:__‘V‘) (Elb)

5,, = (]';;T;]m) (21c)
S, = 7 N A wAm, - v f,ﬂ] (214)
Sy = ~ 7 7' A M (21¢)
Si= "+ 9t Q%l ( Pum M) (21f)
b, = n®+ 2% 2, (-v)( Ti-M.) (21g)
b,y = =n° + @-V7NAM = 20-7) P A T (21h)

b,, = b i ?“A: ER z(i-v)'?an/\mrM - 2921%.1 M, (2lh)

The parameter Aw\ the argument of the characteristic functions
evaluated at x =f, is obtained from the tabulated data for a canti-
levered beam as given in Reference 7; Tmis also obtained from the refer-

enced tables as twice the absolute value of the slope function,
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and Mm is defined as follows,

M_ = —’4-[(1401}.)5;% 2%_—1&,,&05‘\2)«_ (22)

—(i-a(::)'sin 2, — 24, Co5 22w

- 4o Au F 4°¢'~]

The parameters A, fm, Mn, Am, and B are presented in Table 1 for the
first five axial modes.

The frequency parameter A may now be computed from Equation (17,
given only the two geometric ratios Vi and ﬁ ; Where ‘? = Qj, and Poisson's
ratio, ¥ .

The modal amplitudes a.re determined from the frequency determi-
nant by substituting known values of A and solving any two of the equa-

tions for the ratios U/W and V/W. The resulting relations are

Y, = %% { 8,8 + B(%:bs~53ba) (23)

- 51,;3“ = N Sll ]

v/g;«: %{(&bu-n)A = 5,,((653,-"7) l (24)
where
D= a* = (su+8,+8 b )& (25)

+ Sns'u,- S:\ S'.l..l -+ ﬁsll bl'l.



Table 1. Parameters Representing Five Axial Modes

rn A T M m A B
1 1.87510 2,93638 45767 - 500 .68111
2 4,69410 4,07386 =3.33265 «500 249093
3 7.85480 3.99690 =6,34372 -500 .50038
4 10,99550 4,0Q0014 =9,49611 »500 +49998

5 14.13720 4.00000 =-12.63720 500 »50000

NOTE: For m=>5,

Avn = (2m-1) &
Y > 1.0000D
A= B, % .5oooo

£
b &= L0000 CO0
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For any m, n combination, Eguation (17) provides three real
positive values for /. Thus for each modal pattern three eigenvalues
are defined. However, the relative amplitudes of the three displace-
ment components is different for each value. For any practical case,
only one of the eigenvalues is of interest, the other two being ex-
tremely large. Typical numerical wvalues for these frequencies will be
presented in a later section. For the range of parameters considered
in this study, the terms ZEBand Lgﬁlin Equation (17) are small com-
pared to the other terms. The followlng relation, which is obtalned
as a second approximation from Equation (17), gives good approximations

to the lower value of 4,

Awn ks o LLaY (26)

Extensive calculations have been made for cylinders with various
thickness to radius ratios, h/a, and radius to length ratios,'? ;
Computations for h/a = ,002 and h/a = ,020 are presented here for analysis
and comparison. Figure 2 presents plotted data for the frequency factor
VA versus wavelength factor}x , with the circumferential mode number as
a parameter, for h/a = .020: The quantity/l does not directly indicate
the axial wavelength for an axial wave pattern, since the deformations
for a cantilevered shell are not simply sinusoidal. It is equivalent to

the factor fﬂiﬂ-occurring in the case of a simply supported shell, (L),

and is useful for presenting data. TFor a particular axial mode, the
value of,hmis known from Table 1 and/x 1s obtained as the product of

)L“and ? . From the standpoint of design usage, it may be desirable to
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Figure 2. Frequency Factor For h/a = .002.
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obtain frequencies as a function oi'? only, for given axial and circum-
ferential mode numbers. This is provided as additiconal information in
Appendix A for the thickness raticos previously mentioned. Table 2 (a, b)
presents sample calculations of modal amplitudes U/W for hfa = .002 at
? = ,100 and ? = ,500 respectively. Similar calculations are presented
in Table 3, (a, b) for h/a = ,020. Appendix A contains additional
computations for %}z .167 and 7 = ,250. It is noted that for all axial
mode numbers the ratio ?/ﬁ approaches 1fn as n becomes large. This is
expected since the modes approach the inextensicnal conditlon, for wnich
theory predicts V/ﬁ = l/n, ﬁ/ﬁ = 0. It is further noted that the

axial displacement ﬁ, which is the primary stretching displacement, is
significant for m = 1 at-? = .500 for the low wvalues of n, being of the
order of 10-15 per cent of the primary radial term w. This fact will
be related to certain experimental difficulties discussed in a later
section. The frequency "crossover" trend of modes with lower n, known
to exist for shells with other boundary conditions (%), is apparent

for the cantilevered condition from & study of Figures 2 and 3. Thus
for h/a = 002 at f(ﬂ 1.0, the frequency for the n = 10 mode is

about 30 per cent of that for n = 2. This phenomenon is more evident
for the thinner shell, as comparison of Figures 2 and 3 shows. The

fact that more complex modal patterns sometimes possess lower eigen-
values may be explained by considering the distribution of strain energy
in the various modes. Equation (11) reflects two basic mechanisms for
storing elastic strain energy. The first part is due to "stretching"
that results from membrane strain in the middle surface. The part

multiplying ﬁ3 is composed of bending and twisting terms which are
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.1278
.0338
.0152
.0085
.0055
.0038
.0028
.0022
0017
.0014

v/

02367
. 144'6
.0626
.0383
.0255
.0181
.0135
.0104
.0083
0068

Table 2,
(a)
1 m= 2
Vg U5 VA
4994 ,1101 .5119
.3332 ,0512 »3372
«2499 ,0293 «2517
.2000 ,0819 .2009
.1429 ,0097 . 1432
.1250 .0074 1252
.1111 ,0059 1113
.1000 ,0048 .1001
(b)
m= 2
R T T
8465 ,0046 3716
4770 .1109 .4078
.3275 .1122 03312
2477 .0897 +2606
.1989 ,0686 .2099
.1661 .0526 1742
1425  ,0411 . 1484
.1248 .,0328 .1291
.1110 .0266 .1142
.1000 .0220 .1023

n = 100
m= 3
Uy Vg
.3665 1.1142
1515 5304
0773 L3447
0458  ,2552
0300  ,2028
.0211 ,1683
0157  .1439
0121 1257
«0096 .1116
.0078  ,1004
M = 500
m= 3
[
0416  ,1481
0074  ,2316
0429 2479
0572 ,2294
0581 ,2014
(0332 1744
0468  ,1515
0404  ,1329
0347  ,1179
.0299  ,1056

Relative Modal Amplitudes, h/a = ,002

m= 4
uly v/
<2807 1,0647
« 1652 +5435
0956  .3535
20597 .2601
« 0402 .2056
.0287 ,1701
0214  ,1451
0166  .1265
0132  ,1122
.0108 .1008
m=4
vy Yy
-,0399 .0793
0179 .1390
.0061 ,1710 =~

0244 1795
.0350 .1733
.0393 . 1604
.0397 » 1456
.0379 .1313
.0350 ,1184
.0320 .1072

16

m=5

U/

« 1737
«1567
» 1046
«0696
.0484
.0352
.0266
.0208
.0166
.0136

U

.0345
.0232
.0087
.0053
.0163
.0238
.0280
.0299
.0300
.0292

Vi

«9304
«5412
«3602
<2651
-2089
+1722
« 1465
«1275
«1129
.1013

viy

+0495
.0911
. 1202
«1360
<1410
+1385
.1318
.1232
. 1140
»1052
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Table 3, Relative Modal Amplitudes, h/a = ,020

(a)

m= 1

Uy

.1278
.0338
.0152
.0086
.0055
.0038
.0028
.0022
.0017
.0014

«2368
0627
.0384
.0256
.0182
.0136
.0105
.0069

vl5

- +9950

4995
.3333
.2502
.2003
.1670
.1433
.1255
1117
.1007

i

» 3466
.4781
.3277
.2480
+1922
« 1665
. 1430
+1253
.1115
« 1005

(b)

m= 2

gy Yy

»3628 1.0713
»1102 5120
0513 «3374
.0293 «2519
.0190 .2012
.0132 . 1676
0098 . 1436
.0075 #1257
.0060 L.1119
.0049 . 1008

m= 2

g vy

«0097 3720
.1112 .4083
«1125 3317
0901 02612
0690 .2105
.0531 » 1748
.0416 . 1491
.0332 .1298
.0271 «1149
0224 +1032

7 =.100
m= 3
UGV
3665 1.1142
.1516 +5305
0774 3449
.0459  ,2555
.0302 .2031
L0213  .1687
0158 1444
0122  ,1262
.0097 .1122
.0079  .1011

7 = .500
m= 3
Uy Uk
L0416  .1484
L0077  .2322
L0433 L2486
.0577  ,2303
.0587  ,2023
.0539  .1754
.0474  ,1525
L0411 ,1339
.0355 ,1189
.0307 1067

m= 4
U/ Vi
.2807 1,0648
+1658 +5436
.0958 «3537
0599 2604
.0403  .2060
.0289 «1705
0216  ,1456
.0168 «1271
0134  ,1128
.0110 .1015

m= 4
vy vy
.0399 «0796
.0178 » 1397
0064 1720
0249 « 1806
.0356 1745
0400 .1617
0405 . 1469
.0387 «1327
.0360 »1198
.0329  ,1086

17

m=5

g

«1737
«1569
«1048
«0699
.0%7
»0355
.0269
.0211
.0169
.0138

vy

-+0345
-.0232

.0085
.0056
.0169
»0245
.0289
.0309
.0311
.0303

L]

VA

.9311
.5419
.3605
#2655
.2093
«1727
1470
.1281
.1136
.1021

iy

«0498
.0918
.1212
.1373
1424
.1401
»1335
<1249
.1158
.1070
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assumed to produce no middle surface strains. Separating the two parts
and writing deformations in terms of the modal amplitudes U/W and V/W,

the following expression is obtained
S = v ;.;.CIT.T;‘)](CS-S +~ $e) (27)
where gs and 5; are energy factors for stretching and bending respectively,
_ a4 Qe ML) 1 E)*
8 = -’—-E{B»["ZAM+ z ”L}:—](w) (28)
—\Z
£ T 1 ~) aal - Vv
_Qfo?AMEJMMm(%) + A..-.[Y"\ ¥ €1=a- . AMCTM M")](W)

_2030(E) + 70 AuBul M. - (- T J(B(E) + AL}

Ss = 2LPAL i [ At + zc..v)ozl,\,.,cr,,.m.,)] (%)" (29)

+ [-z.m" + 2vIn P AL Mo A0V n gt A, T“‘]C%)
¢ [n*x A 4 20NN Y A T 200 A M }

Evaluation of Ss and 5‘ permits a comparison of the straining
actions involved in any mode. Figure L (a, b) shows the energy factor
distribution with circumferentiel mode number n, for h/a = .002 and
two values of length factor, 7 In Figure 4 (b) there 1s a sharp
distinction between S‘ and 5. except at n = 6, there the total energy

factor is a minimum. Referring to Figure 2, the minimum value of VA&
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Figure 4. Energy Factor Versus Circumferential Mode Number
For h/a = .002, m = 1.
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at/l = .938 1s found to be on the n = 6 curve. The same result is found
for Figure 4 (a), at A = .188 the minimum VA is at n = 3. These results
are better defined in Appendix A, referring to Figure 8 and Figure 12,
for ? = .1 and % = .5 respectively. The results in Figure 4 apply only
at integral wvalues of n, the continuous lines in the graph being used for
convenience of representation. An obvious result of Figure 5 is the
sharp distinection between nodal patterns consisting primarily of bending
deformations and those consisting primarily of stretching deformations.
For shorter wavelength, that is for larger/i and‘7 ; stretching de-
formation predominates for progressively higher n. Figure 5 (a) demon-
strates this for h/a = .002, n = 3, and for n = 6 in Figure 5 (b). Tt
is noted that even for n = 6 the deformation is primarily stretching if
the wavelength is sufficiently short.

Approximately 1000 computations of frequency factor, modal ampli-
tudes and energy factors were made, for a range of thicknesses and
lengths. An IBM 7094 digital computer was used for the computations.
Appendix B presents sample calculations resulting from the computer
study, showing values of all input parameters and for the three values

of &.
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CHAPTER IIT
EXPERIMENTAL INVESTIGATION

A limited experimental investigation was incorporated to determine
the accuracy of the theoretical results. Since the higher modes in m
and n converge to known results for a long simple supported shell, the
purpose here i1s to verify the lower modes for relatively short shells.

An aluminum test article of h/a = ,010 and a = 2.50 inches was
constructed, using an Aluminum base plate. An aluminum bonding material
was Tound satisfactory for attaining the built-in condition, with the
shell resting in a thin slot in the base plate. Initial tests for this
specimen were for ? = ,100. Iater tests were Tun with the shell
reduced in length to attain a value of‘? such that;/itbr m= 1 was
equal tO}L for m = 2 of the 9= .100 shell. The frequencies were found
to be identical for high axial mode numbers, consequently only the test
data for %:= . 100 are presented in the summary graph. One test shell
was constructed of stainless steel, for h/a = .010 and ? = ,500. 1In
order to represent the clamped boundary a circular yoke and plug two
inches thick was machined to fit one end of the shell.

The experimental setup used to survey the shell modes is shown
schematically in Figure 6.

The modes detected in all the shells were in the low audio range
and were considered to be sufficient to compare with theoretical re-
sults. The electromechanical driver was found to severely disturb

mode patterns at fregquencies heyond 1000 cycles per second and, as
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Figure 6. Schematic Diagram of Experimental Arrangement
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experience now indicates, 1s not the most desirable method of excitation
even for the lower frequencies. Testing with the steel shell was handi-
capped because of the higher frequencies involved.

The test results for all models are presented in Figure 7, where
the solid lines are theoretical values for h/a = .010. In general the
agreement between theory and test is fair, the theory generally giving
higher values, as would be expected for any approximate energy approach,
The highest percentage of error is in evidence for the low values of n.
The author is convinced that this error is primarily due to the 4iffi-
culty in representing the clamped boundary for the n = 2 and n = 3
modes. As stated in a previous section these modes are primarily
stretch modes, and the clamping mechanism was not sufficient to en-
tirely stop linear straining at the base. The effect of the clamp
would then be to effectively increase the shell length. It is clear
from Figure 7 that, due to the steep slope of the n =2 and n= 3
curves, only a small decrease in'7 would shift the test points toward
the origin, into better agreement with theory. A much better model
would result from machining the shell integrally with the base. If
such shells were constructed of steel, an electromagnetic device could
be used to drive the vibrations and the modal pattern would then be
undisturbed since no mechanical contact would be involved. Even under
these conditions it would not be possible to verlfy the existence of
the two higher eigenvalues predicted by theory, since they lie far out-
side the audio range, as indicated in Appendix B. Elaborate test
methods would be required for detection, and, to the writer's knowledge

this has not been done for any type of shell.
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CHAPTER IV

CONCLUSIONS AND RECOMMENDATLONS

A theoretical method has been developed to predict the eigenvalues
for a cantilevered circular cylindrical shell. The variation of eigen-
values with modal pattern is found to be complex, the "cross over"
effect being more evident for thinner shells. This phenomenon is ex-
plained on the tasi. of energy distribution., It is shown that the
method of determining eigenvalues is reduced to & practical engineering
computation, not requiring the use of a high speed computer. Test re-
sults are considered sufficient to validate the analytical method.

It is recommended that more refined test procedures be developed
to extend experimental results. For example, integral models would
provide precise representation of the cantilever for the lower modes.
Application of an electromagnetic driver would eliminate the coupling
of the forcing mechanism with the shell, For larger models, acoustlcal
forcing would be applicable, since a larger impingement area would ab-
sorb more sonic energy.

Due to the sensitivity of boundary clamping, a combined theoretical
and experimental study 1s desirable to determine the relaxing effect of
various structural ties, such as flanged ends, on the predicted canti-

levered frequencies.
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APPENDIX A
ADDITTIONAL FREQUENCY AND MODAL DATA

Figures 8 through 11 present graphs of frequency factor, V&,
versus radius to length ratio,'? ; with circumferential mode number,
n, as parameter. The thickness ratio is h/a = ,002, the axlal mode
number is specified and varies from m = 1 to m = 4 successively, Simi-
lar information is provided in Figures 12 through 15 for h/a = .020.
This manner of presentation is desirable for use in practical computa-
tions, especially for short shells where primary response is in the
first axial mode. Tables 4 and 5 present modal amplitudes for in-
termediate values of radius to length ratio,’? = ,167, .250, for h/a =

.002 and h/a = ,020 respectively.
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Figure 8. Frequency Factor Versus Radius To Length
Ratio, h/a = .002, m = 1.
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Frequency Factor, VA
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Figure 10. Frequency Factor Versus Radius To Length
Ratio, h/a = .002, m = 3.
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Figure 12. Frequency Factor Versus Radius To Length
Ratio, h/a = .020, m = 1.
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Figure 1. Frequency Factor Versus Radius To Length
Ratio, h/a = .020, m = 3.
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Ratio, h/a = .020, m = k.
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Table 4. Relative Modal Amplitudes, h/a = .002
‘? = ,167

m=1 m=2 m=3 m= 4 m=5

Ul Tr/w-j G Vi Ul g Uk Wy Uy Vg

.1898 ,9854 ,4169 1.0940 .2298 .9517 .0695 .6801 -.0075 .4588
.0545 .4982 .1600 .5248 ,1689  .5351 ,.1322 5052 ;0849 .4445
.0249 ,3328 ,0801 ,3427 .1051 .3547 .1075 .3583 .0938 ,3480
0142 ,2498 L0471 .2543 .0678 .2617 ,0784  ,2682 ,0789 ,2698
.0091 ,1999 .0307 .2023 ,0464 .2068 ,0572 .2119 ,0623 ,2156
.0064 ,1666 .0216 .1680 ,0334 .1709 .0428 .1745 .0488 .1779
.0047 ,1428 .0160 .1437 .0251 .1456 .0330 .1482 .0387 .1509
.0036 ,1250 ,0123 ,1256 ,0195 ,1269 .0260 ,1288 ,0312 ,1309
.0028 ,1111 .0098 ,1115 ,0156 1125 .0210 ,.1139 .0255 .1155
.0023 ,1000 ,0079 ,.1003 .0127 1010 .0172 .1021 .0212 .1033

92 e I2 50

m=1 m=2 m=3 m= 4 m=5

Ui Vg U Vi Ul Vi ulg 7 ) A

.2350 .9649 .3339 ,9905 .0519 ,5873 -,0290 ,3300 -.0458 ,2053
.0766 ,4957 ,1860  .5288 .1277  .4814 .0586  ,3930 ,0156 ,2898
.0363 .3321 .1058 .3490 ,1090 .3521 ,0825 ,3273 .,0511 ,2846
.0209 ,2495 ,0656 ,2582 .0812 ,2664 .0769 2642 ,0613 ,2490
.0135 ,1998 .0440 .2047 .0599 .2114 0642 ,2148 .0590 ,2113
.0094 ,1665 ,0313 ,1695 ,0451 ,1744 .0521 .1786 .0522 ,1794
.0070 .1428 .0234 ,1447 ,0348  .1482 0422 »1520 ,0449 1541
.0053 ,1250 ,0181 ,1263 ,0275 .1288 .1345 ,1318 .,0382 ,1343
.0042 ,1111 .0144 ,1120 .0223 .1139 .0285 .1163 ,0325 ,1186
.0034 ,1000 ,0117 .l1007 .0183 .1021 ,0239 ,1040 .0278 ,1060
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APPENDIX B
SAMPLE CALCULATIONS FRCOM DIGITAL COMFUTER PROGRAM

Tables 6 through 1% present complete input and output data, for
several representative cases, from a digital computer program (Fortran
language, IBM 7094 scientific computer). The "Geometric element"

comment identifies the parameters h/a and ? respectively, thus the

array
h/a\7%  .100 167 .250 . 500
.002 1 -1 1«2 1l =3 1 -4
.010 2 = 1 2 -2 2 -3 2 -4
.020 5 L 3 -2 3«3 3 %k
.0Lo o~ 1 L. 2 b -3 h - 4
identifies for each geometric element the value of h/a and’? + The

axial and circumferential mode numbers are identified, the examples
given are all for m= 1, n = 2,4, TInput data is listed, along with
the computed coefficients occurring in the frequency equation. Study
of the numerical walues of these coefficients reveals that Sl5 and
Sjl are small compared to the other s and b coefficients, however, it
cannot be recommended that they be neglected in general since Ll, LE’
and L5 are dependent on small differences in most cases. When using

a desk calculator it is recommended that ten significant figures be

retained in computing L 12, and 13'

_LJ
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The three roots of the frequency equation are listed, along with
the square root of the smalles! of these, VA . Finally the modal ampli-
tudes U/W (UBAR) and V/W (VRAR) are listed, and the energy factors,
6;(DS) and 5;(Iﬂﬂ. For the cases shown the large difference between
the experimentally verified frequency factor and the other two roots
is apparent. The smallest difference between the frequency Tactors

occurs for the short shell st low wvalues of n. The smallest
difference being a factor of ten on the frequency. However, for a
reasonable size of shell model the lowest root already lies close to

the audio limit (approximately 16 KC).



Table 6.

GECMETRIC ELEMENT ONE-ONE

=1

aaaaaaa

nnnnnnn

811 =
s1l2 =
813 =
821 ==
ge2 =
831 =

0.1L265978E 01
-0.58921576E 00
-0.55392118E-01
-0.27585741E-01

0.4%0162673E 01
-0.25745309E-02

LRI L I B I O I O

B23
B33

ROOTS ARE
0.50162985E 01
0.62763691E-0k4
0.14265104E 01

SORT. MIN. POS.

UBAR =

m =

-33329999E-06

18750999E 01

.29363800E 01

50000000E 00

0. L40E50695E 01
-0.81249900E 01
0.16240918E 02

IR NN N NN R

DELTA

0.792235539E-02

0.33752856E-01
0.755T4908E-07

VBAR

DB =

c@r B e s aen T DL LR

N ou

Computed Data for Element One-One, m=1l, n=2

S8 0D R R AT RS RE s

0.30000000E-00
0.09999999E-00
0.45767000E-00
0.68110999E 00

0.644287198 01
0.71562068E 01
0.44755175E-03

0.49938960E-00

0.30460878E-08



Table 7. Computed Data for Element One-One, m=1l, n=l4

GEOMETRIC ELEMENT ONE-ONE

NU = 0,30000000E-00
ETA = 0.09999999E-00
MM = 0..45767000E-00
BM = 0.68110999E 00

LU RC I I B B R I R B I R R B LRI B LI R A B B N A

L1 = 0.226L42956E 02
12 = 0.95696989E 02
I3 = 0.72058346E-02

=1
N = 2 BETA = 0.33%29999E-06
IAMBDA = 0.18750999E 01
ZETA = 0.29563800E 01
AM = 0.50000000E 00
S11 = 0.56265979E 01 B22 = 0.16065069E 02
812 = -0.11784315E 01 B23 = -0.64249980E 02
S13 = -0.55392118E-01 B33 = 0.25695996E 03
§21 == -0.54771481E-01
822 = 0,16016267E 02
831 = -0.25745309E-02

ROOTS ARE
0.17020538E 02
0.76174736E-0k
0.56223404E 01
SORT. MIN., POS. DELTA
0.87278139E-02
UBAR = 0.85614734E-02

DS = 0.47606828E-08

VBAR

DB

0.24992753E-00
0.75271294E-07



Table 8. Computed Data P'or Element One-Four, m=1, n=¢

GEOMETRIC ELEMENT ONE-FOUR

M=1

R I R R T R R A I R R I R R B R I R R U B R B A T N I N R R R N BN NN O A ]

il =

2 BETA = 0.%3%329999E~06
IAMBDA = 0.18750999E 01

ZETA = 0.29363800E 01

AM = (0.50000000E 00

NU = 0.300000008-00
ETA = 0.50000000E 00
MM = 0.45767000K-00
BM = 0,68110999E 00

LA B AL N B O A I B B B L I B O L B B B B LA B L B O B O I BN L B BB I O B R BB LI B B L

511
512
815
521 ==
522
531

Ionou

nu

0.2064GLTBE 01  B22
-0.58921576E 00  B23
-0.55392118E-01 B33
-0.6846L3535E 00
0.44066849E 01
-0.64363275E-01

nun

0.56267401E 01
0.11124753E 02
0.2276L695E 02

L1 = 0.74716422E 01
L2 = 0.11164279E 02
I3 = 0.26901304E-00

L R N R I A R I R R N R R R B I R T N B R A S A I B R O A O A ]

ROOTS ARE
0.54215551E 01
0.24496526E-01
0.20255905E 01
SORT., MIN. POS. DELTA
0.15651365E-00
UBAR = 0.11455801E-00

DS = 0.,30961119E-04

VBAR

DB

= 0. W7795666E-00
0.447125658-08



Table 9.

GEOMETRIC ELEMENT ONE-FOUR

0.17626739E 02
0.70249507E 02
0.28074086E 03

-------

M=1
N = 2 BETA = 0.33329999E-06
IAMBDA = 0.18750999E 01
ZETA = 0.29363800E 01
AM = 0.50000000E 00
S11 = 0.62649478E 01 B22 =
sl2 = -0.11784315E 01 B23 =
513 = -0.55392118E-01 B33 =
521 == -0.13692870E 01
Se2 = 0.,1640668LE 02
831 = -0.6L4363275E-01
ROOTS ARE

0.17515662E 02
0.25739670E-02

0.615349L6E 01

SORT. MIN. POS. DELTA

UBAR 0.38269

DS

0.50734278E-01
595E-01

0.26666603E-05

VBAR

DB

Computed Data for Element One-Four, m=1, n=i

------------------------

NU = 0.30000000E-00
ETA = 0.50000000E 0O
MM = 0.45767000E-00
BM = 0.68110999E 00
Ll ‘= D.2367L731E 02
12 = 0.10784345E 03
I3 = 0.27729826E-00

0.24773393E-00
0.82526&05E~07



s

Table 10. Computed Data for Element Three-One, m=1, n=2

GEOMETRIC ELEMENT THREE-ONE

<]
N = 2 BETA = 0.33329999E-0k NU = 0.30000000E-00
IAMBDA = 0.18750999E 01 ETA = 0.09999999E-00
ZETA = 0.29363800E 01 MM = 0.45767000E-00
AM = 0.50000000E 00 BM = 0.68110999E 00
S11 = 0.14265978E 01 B22 = 0.40650695E 01 Ll = 0.64435420E 01
S12 = -0.58921576E 00 B23 = -0.81249900E 01 I2 = 0.71583767E 01
S13 = -0.55392118E-01 B33 = -0.16240918E 02 I3 = 0.21700286E-02

21 == -0.27385741E-01
S22 0.40162673E 01
S31 -0.2574S309E-02

(O B AR B O B B R S B B O N O B I L L B O L B B R LU B B B B B B B B A .«

ROOTS ARE
0.50167261E 01
0.30350685E-03
0.14265122E 01
SORT., MIN. POS., DELTA
0.1742144TE-01
UBAR = 0.3%3763133E-01 VBAR = 0.49947008E-00

DS = 0.7541845LE-06 DB = 0.30457608E-05



Table 11.

GEOMETRIC ELEMENT THREE-ONE

M=1
N = L BETA = 0.33%3%29999E-04
IAMBDA = 0.18750999E 01
ZETA = 0.293%63800E 01
AM = 0.50000000E 00
S11 = 0.56265979E 01 B22 = 0.16065069E 02
812 = -~0.11784315E 01 B23 = -0.64249980E 02
813 = -0.55392118E-01 B33 = 0.25695996E 03
8§21 == -0.54771481E-01
822 = 0.16016267E 02
S31 = -0.25745309E-02
ROOTS ARE

SORT

0.17022551E 02
0.70880651E-02
0.56223442E 01
. MIN. POS. DELTA

0. 8419064 TE-01

UBAR = 0.85789125E-02 VBAR

DS = 0.54163011E-07 DB =

Computed Data for Element Three-One, m=l, n=i

= 0.30000000E-00
ETA = 0.09999999E-00
= 0.45767000E-00
= 0.68110999E 00

= 0.22651964E 02
12 = 0.95867047E 02
= 0.67828704E 00

0.25016153E-00

0.75261901E-0k



Table 12.

GEOMETRIC ELEMENT THREE-FOUR

h8

Computed Data for Element Three-Four, m=1l, n=2

=],
N = ) BETA = 0.3%3%29999E-0k NU = 0.30000000E-00
IAMBDA = 0.18750999E 01 ETA = 0.50000000F Q0
ZETA = 0.29363800E 01 MM = 0.45767000E-00
AM = 0.50000000E 00 BM = 0.68110999E 00
811 = 0.20649478E 01 B22 = 0.56267401E 01 - L1 = O.74725790E 01
812 = -0.58921576E 00 B23 = -0.11124753E 02 12 = 0.11168241E 02
S13 = -0.55392118E-01 B33 = 0.22764695E 02 13 = 0.27286813E-00
521 == -0.68464353E 00 .
g22 = 0.LLo668LIE 01
831 = -0.64363275E-01
ROOTS ARE

0.54220959E 01
0.248444G9TE-01
0.2025638LE 01

SORT. MIN. POS,..DELTA

0.15762137E-00

UBAR 0.30960412E-0%

DS = 0.30960412E-03 DB

VBAR

0. 47806678BE-00

0.44706373E-05
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Table 13. Computed Data for Element Three-Four, m=1, n=i

GEOMETRIC ELEMENT THREE-FOUR

=1

511 =
512 =
513 =
521 ==
S22 o=
831 =

0.626U94T8E 01  B22
-0.11784315E 01 B23
-0.55392118E-01 B33
-0.13692870E 01
0.16406684E 02
-0.64363275E-01

ROOTS ARE
0.175

0.33%29999E-0L
.18750999E 01
.23363800E 01
. 50000000F 00

= 0.17626739E 02
= .0.70249507E 02
= 0.28074086E 03

L7759E O2

0.10220349E-01
0.61535963E 01

SORT. MIN. POS. DELTA

0.101095T4HE-00

UBAR = 0.38349856E-01 VBAR

DS = 0.26620561E-04

DB

= 0.30000000E-00
ETA = (.50000000E 00
=  0.45767000E-00
= 0.68110999E 00

L1 = 0.23681577E 02
12 = 0.10803916E 03
I3 = 0.11016332E 01

0.2479908LE-00

0.82315123E-04
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