ON POINCARE - TRESHCHEV TORI IN HAMILTONIAN
SYSTEMS

YONG LI AND YINGFEI YI

ABSTRACT. We study the persistence of Poincaré - Treshchev tori on a reso-
nant surface of a nearly integrable Hamiltonian system in which the unper-
turbed Hamiltonian needs not satisfy the Kolmogorov non-degenerate condi-
tion. The persistence of the majority of invariant tori associated to g-non-
degenerate relative equilibria on the resonant surface will be shown under a
Riissmann like condition.

1. INTRODUCTION

Consider a nearly integrable Hamiltonian system
(1.1) H(z,y) = N(y) + eP(z,y,¢),

where x € T¢, y € G C R? N and P are real analytic functions defined on a
complex neighborhood of a bounded, closed, connected region G and T% x G x
[—1, 1], respectively, and ¢ is a small parameter. Corresponding to the standard
symplectic structure on 7% x G, the unperturbed motion associated to (1.1) reads

{ @ =w(y),

y =0,

where w(y) = %—J;[

invariant d-tori {T}, = T x {y}} with the toral frequencies {w(y)}.
On one hand, with the Kolmogorov non-degenerate condition:
2
K) %7];](31) = g—uy}(y) is non-singular on G,

the celebrated KAM theorem [1, 8, 12] asserts the persistence of the majority of
unperturbed, non-resonant d-tori in the sense that there is a family of Cantor-like
sets G of almost full Lebesgue measure (i.e., |G\ G<| — 0) such that for any y € G.,
T, is non-resonant and persistent under small perturbations. The KAM theorem
is recently shown to be true even under the Riissmann non-degenerate condition:

R) rank{0%w(y): V|a| <d—-1}=d, on G
(see [16, 17, 20] for details). On the other hand, it is well known that the un-

perturbed, resonant d-tori tend to be destroyed via arbitrary generic perturbations
and give rise to a resonance zone containing both stochastic trajectories and regular

(y). Hence the phase space T? x G is foliated into unperturbed,
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orbits. To characterize regular orbits in the resonance zone, two important prob-
lems arise: 1) Whether the majority of resonant tori associated to a given resonant
type will be ‘completely’ destroyed via generic perturbations; 2) If not, then under
what mechanisms can certain fractions of the resonant tori survive under generic
perturbations.

To formulate the problems more precisely, we let g be a rank m (0 < m < d)
subgroup of Z%. Then the set

0(g9,G) ={y € G : (k,w(y)) =0,k € g},

referred to as the g-resonant surface with multiplicity m, characterizes a unique
class of resonant tori {7, : y € O(g,G)} associated to the resonance type deter-
mined by g. It is clear that if the Kolmogorov non-degenerate condition K) holds,
then O(g,G) is a n = d — m dimensional, real analytic sub-manifold of G (with
boundary). The group ¢ also determines a splitting of the resonant tori in the class

as follows. Let {71, 72, -+, T} and {71, 75, -, 7} be bases of g and the quotient
group Z%/g, respectively, such that
Ko = (K1, K2)

is unimodular, i.e., det Ky = 1, where

Klz(TjivTév"' 7-/)7 KQZ(TlaTQa"' ;Tm)-

r'n
Then the toral automorphism Ky defines a new coordinate (:ﬁ) = KJ x on T% where
=Kz €eT" ¢ =K,z €T™, under which the g-resonant surface becomes

0(9,G) ={y € G: K w(y) =0},

and moreover, for each y € O(g, G), the resonant torus T}, is foliated into invariant
n-tori

Ty(p) =T" x{o} x{y}, @eT™
corresponding to relative equilibria (¢, y) of the reduced system, each carries parallel
flow with the toral frequency K w(y).

With respect to the given resonance type determined by the group g, the above
problems become finding mechanisms under which the majority of the resonant
tori on O(g, @) will not be completely destroyed via generic perturbations in the
sense that certain classes of n dimensional sub-tori {7, (¢)} of T, for the majority
of y € O(g, G) will persist under generic perturbations.

One such mechanism was proposed in a classical work of Poincaré ([13]) as fol-
lows. Define

h(p,y) = / P4, ¢, y)dv,

where,
P(¢7 2 y) = P((K(;r)il <:ﬁ) ' Ys O)

Then for a fixed y € O(g, G), h(-,y) is a real analytic function on the m-torus, hence
admits at least m+1 critical points and generically at least 2™ critical points which
are all non-degenerate. An n-torus {T,(¢)} is said to be Poincaré non-degenerate if
© is a non-degenerate critical point of h(-,y). For a given resonant surface O(g, G)
as above, we note that the Poincaré non-degeneracy is independent of coordinate
(1, ) on T™ and it is also a generic condition in the sense that for a fixed r > 0
there is a residual subset P of the set of real analytic functions on the complex
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r-neighborhood of 7% x G with the sup-norm such that for each perturbation p € P
h(-,y) : T™ — R is a Morse function (i.e., all its critical points are non-degenerate).

In [13], Poincaré considered the maximal resonance case, i.e., m = d — 1. With
respect to the terminology above, Poincaré’s theorem simply says that if rank g =
d — 1 then all unperturbed Poincaré non-degenerate 1-tori of (1.1) on O(g, G) will
persist if € is sufficiently small.

A breakthrough along the direction of Poincaré’s theorem was made by Treshchev
in [19] who considered the general multiplicity m = d — n of a resonant surface
O(g,G) and showed the persistence of all Diophantine, Poincaré non-degenerate,
hyperbolic n-tori on O(g, G). More precisely, Treshchev’s theorem states the follow-
ing: Assume that the unperturbed Hamiltonian of (1.1) satisfies the Kolmogorov
non-degenerate condition K). If a Poincaré non-degenerate n-torus {Ty,(¢o)} on
O(g, G) is Diophantine (i.e., its toral frequency K; w(yo) is Diophantine), and hy-
perbolic in the sense that

2 2
T) no eigenvalue of g—;(¢o, yO)K;%T];](yO)KQ is positive or zero,

then it persists under sufficiently small e with unchanged toral frequency. We note
that the condition T) implies the so-called g-non-resonant condition that
2
G) K;a—N(yO)KQ is non-singular.
Oy?

Similar persistence results for the multiplicity one resonant case (i.e., m = 1)
were later obtained in the works of Eliasson ([7]), Cheng ([3]), Chierchia and
Gallavotti ([4]), Rudnev and Wiggins ([15]). As h(-,y) is a function on the 1-
tours in these cases, the persisted d — 1-tori or their associated critical points of
h(-,y) are either elliptic or hyperbolic.

The case of general multiplicity and general toral types were recently studied by
Cong et al ([6]) and the authors ([10]). The result in [6] implies that if both the
Kolmogorov non-degenerate condition K) and the g-non-resonant condition G) hold
on O(g,G), then there exists a family of Cantor-like sets O.(g,G) C O(g, G) with
|O(g,G)\ O:(g,G)| — 0 such that for any y € O.(g, G) all Poincaré non-degenerate
n-tori Ty () will persist as € sufficiently small. The same result was shown in [10]
by the authors under the Kolmogorov non-degenerate condition K) only.

In this paper, we shall still consider the case of general multiplicity of the reso-
nant surface with respect to general toral types, however, allowing more degenerate
unperturbed Hamiltonian. More precisely, we first assume the g-non-resonant con-
dition on O(g, G), i.e.,

0*N . .

G1) K;8—y2(y)K2 is non-singular on O(g, Q).

Under this condition, the map Ky w : G — R™ is of maximal rank, hence O(g, G)
is an n dimensional, real analytic submanifold of G. Instead of the Kolmogorov
non-degenerate condition K), we then assume the following Riissmann condition on
O(g,G):

R1) rank{0$ K w(\) : V]a| < n —1} = n, where X is a local coordinate on

O(g,G).

It is clear that the Riissmann condition R1) on O(g, G) holds if N itself satisfies
the Riissmann condition R) on G.

Our main result states as follows.
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Theorem. Consider (1.1) and let O(g,G) be a fized n (< d) dimensional resonant
surface. If both the g-non-degenerate condition G1) and the Rissmann condition
R1) hold on O(g,G), then there is a family of Cantor-like sets Oc(g9,G) C O(g,G)
with |O(g,G) \ O:(g,G)| — 0 as ¢ — 0 such that for any e sufficiently small and
any y € Oc(g,G), all Poincaré non-degenerate n-tori Ty, () will persist. Moreover,

for each fized € small, the perturbed n-tori form a finite number of Whitney smooth
families on O(g,G).

Combining the above result with that in [10], one concludes that the majority
of Poincaré non-degenerate tori on a resonant surface will persist either under the
Kolmogorov non-degeneracy K) on G or under the g-non-degeneracy G1) together
with the Riissmann non-degeneracy R1) on O(g,G). After perturbations, the fre-
quencies of Poincaré non-degenerate tori in the former are kept unchanged due to
the Kolmogorov non-degeneracy, which is not necessarily true in the later due to
the Riissmann non-degeneracy.

The above theorem will be proved based on the normal form reduction procedure
introduced in [19] and a linear KAM iterative scheme contained in [11].

Through the paper, we shall use the same symbol |- | to denote the sup-norm of
vectors and its induced matrix norm, the standard [; norm of a lattice ZP, absolute
value of functions, and measure of sets etc.. Also, [-] will denote both the average
of a function on T™ and the integral part of a real number. For any (vector, matrix
valued) function f defined on a domain D, |f|p stands for supp |f], and, for any
two complex column vectors &, ¢ of the same dimension, (£, () means the transpose
of ¢ times (.

The remaining sections are devoted to the proof of the Theorem. In Section 2,
we reduce (1.1) to a normal form on a resonant surface by using the Treshchev
reduction technique ([19]). In Section 3, we describe the linear iterative scheme for
one KAM step with respect to (1.1) and give necessary estimates for the symplectic
transformation and the new Hamiltonian. In Section 4, we state an iteration lemma
which checks the validity of all KAM steps and complete the proof.

2. NORMAL FORM

In the sequel, we let g, G, h,m,n,0(g,G), Ko, K1, K2 be as in the introduction.
If there is no Poincaré non-degenerate n-torus for any y € O(g,G), then there is
nothing to be proved in the Theorem. Otherwise, it follows from the compactness,
connectness of O(g, @), and the implicit function theorem that the Poincaré non-
degenerate n-tori form a finite number of real analytic families {T}(¢;(y)) : y €
O(g,G)}, where for each j, ¢; : O(g,G) — T™ is a real analytic function and ¢;(y)
is a non-degenerate critical point of A(-,y) for any y € O(g, G).

We first consider the persistence problem for a fixed family of Poincaré non-
degenerate n-tori {T,(¢(y)) : y € O(g, G)}, where ¢ = ¢; for some j.

Let T'11(y), T12(y), T21(y), Ta2(y) be the n x n,n x m,m x n,m x m blacks of

2 . . 2
I(y) = KOT%TJ;[(y)KO, respectively. In particular, T'ao(y) = KQT%T];](y)KQ. For any
yo € O(g,G), the Hamiltonian (1.1), up to a constant, admits the following Taylor

expansion
O*°N

H(z,y,e) = <W(yo),y—yo>+%<y—yo, a—yQ(yo)(y—yo» +eP(z,y,€)+O(ly—yol*).
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Consider the symplectic transformation y — yo = Kop,q = K, (z — x9), where z
is such that Ky £ = ¢(yo). Then the above Hamiltonian becomes

(21) H(g,p,e) = (w*(yo),p') + %<p7l“(yo)p> +eP(q,p) + O(e*) + O(Ip]*),

where w*(yo) = K{ w(yo), p’ and p” are the fist n and the last m components of p
respectively, and P(q,p) = P(xo + (Kg )~ q,y0 + Kop,0). We also let ¢’ and ¢” be
the first n and the last m components of ¢ respectively.

We fix lp > n,7 > max{n(n—1) — 1,0} and let v = e®77(o7T . Consider the set
O of yo € O(g,G) such that w*(yo) is Diophantine of the Diophantine type (v, 7).
Since the frequency map w* : O(g, G) — R! satisfies the Riissmann non-degenerate
condition R1), it follows from [20] that |O(g, G) \ O] = O(’yﬁ) —0,ase — 0.

For yo € 0, we separate the first order resonant terms from the perturbation of
(2.1) by considering the symplectic transformation

_ 05(¢,Y)

x = 98eY)

(p, gmod2m) — (Y, X mod2r) : 5y

where S is a generating function defined by

V=1 (q",90) = 1imgy
S=@ate > Togm
kezn\{0} ’
with

hi(q”, yo) =/ P(g,yo)e VIR gq,

m
Since

P=Y +V=le Y kSpeV IO, pl =y 4 0(2)7 X =q,
kezn

the transformed Hamiltonian, up to a constant, becomes
1 €
H(X,KE) = <w*(y0)7yl> + §<Y,1—‘(y0)Y> + §<X/I783;h((p(y0)uy0)XH>
2
+(O(XP) + OCIY]) +0(=) + O(Y ),

where X = (X', X"”) € R™ x R™ (mod 27), Y = (Y',Y") € R"* x R™. Using the
Whitney extension theorem, the above transformation can be extended to depend
C" smoothly on yo € O(g, Q).

Consider the rescaling Y = /Y. Then the rescaled Hamiltonian reads

axy) = TEVED) e v+ Ym0 )

NG 2
+ (X7, 02h(e(h0), 50) X)) + VEO( X ) + ﬁw(%w
+ 0(%) +VEO(IV*)).

By passing to a new symplectic transformation

(Y, X mod2r) — (Y, X mod2n)
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using the generating function W (Y, X) = (V, X) — (Y, T12I'5, X”'), we obtain the
Hamiltonian

HOEY) = (00 7+ (7, Alo) ) + (77 D) V)
0ol ) X)) + VEO(X'T)

N \/§(£0(|?|)+O(%)+\/EO(IYIS)%

~y
where Y/, Y”, X', X" are defined similarly as Y',Y"”, X', X", respectively, and,
O*’N
Ayo) = K == (yo) K
(%0) L5 (yo) K1
0°N O*’N O*’N
T T 15T T
(2.2) — (K, a—yQ(yo)K2)(K2 a—yz(yo)Kz) (K a—yz(yo)Kz) :

Now, treating yo as the parameter A € O and replacing w*(y0), Yo, X'y,
Y, X" by Q(X\), A, z, y, z, respectively, we arrive at the Hamiltonian normal
form

(2.3) H =e(\) + (w(\),y) + §<(Z) L M()\) <Z>> +VEQ(2,\) + P(,y, 2,6, \),

where (z,y,2) € T" x R" x R*™ X € O, Q(z,\) = O(|z]3),
M) = diag{A()\), Maz(\)},
Maxn(A) = diag{T'2(X),02h(p(A), )},

P - ﬁ<§0<|<y,z>|> +0(5)+ VEO(uP).

Q, P are real analytic in (y,2z) € D(s) = {(y,2) : |y| < s,|2| < s}, (z,y,2) €
D(r,s) = {(z,y,2) : [Imz| < r|y| < s,|z| < s}, respectively, for some r,s > 0,
Whitney smooth in A € O(g, G), and e,w, M are Whitney smooth in A € O(g, G).
By the g-non-degenerate condition, Mas is clearly non-singular on O(g, G). Due to

the Whitney smoothness, we assume without loss of generality that e, M, @, P are
Chin X € O(g, Q).

3. KAM STEP

We consider KAM iteration to the normal form (2.3) in which all terms are
assumed to be C' in A € O(g,G). To begin with the induction, we initially set
NQ = ]\77 €y = €, QQ = Q7 MO = ]\47 M202 = Mgg, QQ = Q7 PQ = P7 OQ = O(g,G),
ro=r,fo0=8"Y%=7= 548’”2210*”, a=4m?(lo+0o9), o = vgaﬁ, and sg = %38
for a fixed oo € (0, 3).

Then it is easy to see that

108 Po D(ro,50)x 00 < VEVG G0, 1] < lo.

Suppose that after a vth KAM step, we arrive at a real analytic, parameter-
dependent Hamiltonian

(3.1) H=H,=N+P,
N =, = e+ @)+ () 0 (Y) + VR .

z
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where (z,y,2) € D =D, = D(r,s), r =1, <719, =8, < S0, 7 =7 < 7Y, A €
O =0, C 0O, e(N) = e, (), QN = Q,()\) are C' smooth on O, M(\) = M¥(\)
is real symmetric and C* smooth on @ whose right lower 2m x 2m block M = MV
is non-singular on O, Q = Q,(y,z,\) = O(|(y, 2)|?), Q and P = P,(z,y, 2, \) are
real analytic in (y,2) € D = D(s) = {(y,2) : |y| < s,|2| < s} and in (x,y,2) € D
respectively and C% smooth in A € O, and moreover,

(3.2) |8 P|pxo < Vey's?u, |l < lo,

for some pu = p, > 0.

We now construct a symplectic transformation ®, = ®,., 1, which, in smaller fre-
quency and phase domains, transforms the Hamiltonian (3.1) into a similar form but
with a smaller perturbation term satisfying an inequality similar to (3.2). There-
after, quantities (domains, normal form, perturbation, etc.) in the next KAM cycle
will be simply indexed by + (=v 4 1). All constants ¢;, i = 1,2,--- ,5, below are
positive and independent of the iteration process. For simplicity, we also use ¢
to denote any intermediate positive constant which is independent of the iteration
process.

Let b, 0,9 be positive constants such that

0<1l, 0—(b+0)(20+30) >0, 6(1+b+0)>1

and define
52
ry = 57’—&—(1—5)(1—?)7"0,
s, = slttto
g = B4
T+ = g—f—%,
Ki = (log ]+ 1),
Dy = D(B),
Dy = D(ry,s4),
Dy = D(T++§(T—7’+)aﬂ+)7
D, = D(T++i_1(r—r+),is+),i:1,273,47
D) = Dlrs+ L(r—ri)n),
P = Y e,
0<|K <K+

where n > 0 and x = 2(lp + 1)(4m? + 1)7.
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3.1. Truncation and linear equations. Let R be the truncation of the Taylor-
Fourier series of P up to quadratic order, i.e.,

R = Yo pryyteY
K| <K L Jal+p]<3

- Z (Proo + (Pr10,y) + (Pro1, 2) + (¥, Praoy)
Kl<K
+(z, Penny) + (2, Prog2))eV~10a),

If
sy < = / Ate= AT AN <s, (A)
167 ik,
then it follows from a standard argument (e.g., [10]) that there is a constant ¢; such
that

3
(33) AP = B)lp, < er/ay"(s* + F)p, Il < lo.

We first seek for an averaging transformation as the time-1 map ¢} of the Hamil-
tonian flow ¢% associated to a Hamiltonian of the form

(3.4) F = Z (Fkoo + (Fk10,y) + (Frot, 2)
0<|k|<K4
+<ya Fk20y> + <Z, Fk11y> + <Z7Fk022>)6\/__1<k’w>7

in which Fj;;, 0 <i+j <2,0< |k| < K, will be solved from the linear homological
equations

(3.5) Lok Froo = Proo,
(3.6) Lok Fr10 = Prio — VeMi2J Fror,
(3.7) L1y Fro1 = Pro1,
Ve T

(3.8) Lok Fr20 = Pr2o + T(FkllJMm — M2 J Fyy),
(3.9) LipFrin = Pot — Ve(Fygg + Fro2)JJ Moy,
(3.10) Loy Fro2 = Proz,
where

Lo = V—1{k,Q),

Ly, = \/—_1<k, D) Iom — VeMaad,

Loy = V=1(k, Q) Lum2 — VE(Ma2J) ® I, — Vel @ (Mas J),

M1, My, Ma1, Moy are n X m,n X 2m,2m X n,2m X 2m blocks of M respectively,
and, ® denotes the standard tensor product of matrices.
Consider the set

2m
O, —O(K,) = {N€O:|Lo|> W \detLyy| > —IIZIW’
4m?
|det Loy| > W for all 0 < |k| < K.}

Then, on O, equations (3.5)-(3.10) can be solved uniquely to obtain solutions
Flij, depending C' smoothly on A\ € O, and satisfying Fii; = F_;, for all
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0 < |k| < K4, 0<i+j <2, which uniquely determine the Hamiltonian F in (3.4).
Moreover, it is easy to see that there is a constant ¢ > 0 such that

|k|(2m)q7+(2m)q—1

-1
|qu lo, <c ~@m)7

for all ¢ =0, 1,2, from which it follows that there is a constant co > 0 such that
(BAVAF, 104 Ful, sIhFyl, slhFL] < cos?ul(r 1), 1| < Lo, onD(s) x O
(3.12)[0800, . F| < canl(r = 14), [i < 4, I < Lo, on D(B) x O

Let

) v_1 )
Q = —Vev-1 Z (k, M1y + M2z + a—Q)(Fkoo + (Fk10, y) + (Frot, 2)
0<|k|<K 4 Y
+{y, Fraoy) + (2, Fra1y) + (2, Fropz))eY B2
a - T
(3.13) —Ve Z <8_§7J(Fk01 + Fri1y + Frooz + Fipyz))eY " 1E),
0<|k| <K

Then
(3.14) (N,F}+R—[R] -0 =0.
We note that Q consists of all terms in {N, F'} of size O(SBM) and of order O(y'2?)
for |2 + [y = 3.

It follows that

Hopp = (N+R)opp+ (P—R)oyp
= Ny + Py,
where
N—l‘ = N+[R]a
1
Po = [ {RuF)oghdt+ (P-R)oph+Q,
0
with
Ri=(1—-t){N,F}+R=(1-1)(Q+[R]—R) +R.
If

1
0L (M — M®)|o < Vergug, 11l <lo (B)
holds, then by the implicit function theorem, there is a zg € C' (O, R?™) such that

(dla’g(oa MQQ()\)) + a?y,z)Q((L 20, )\)) ( 0 > + 8(y,z)Q(07 20, A) = _L < 0 ) 5

20 Ve \Poor
and moreover, there is a positive constant, again denoted by cz, such that
(3.15) 10420|0, < cav®su, |I| < lo.

This defines a translation
prr =T, Y=y, 2—2+2

so that &4 = ¢} o  will transform H into the Hamiltonian H in the next KAM
cycle, i.e.,
H+:HO(I)+:N++P+,
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where
€ (Y Yy
Mo = et @+ () (V) + vEQu e,
= Y Po2o  Poit 0)
P, = Prop+2([Y),
+ + oY <<z> (PoTu Pooa ) (Zo )
with
ey = e+ Pyo+VeQ(0,z0,\) + (Poor, 20)
1,70 Poao o1t ><0>
+= ) 9
2<(Zo) <P0T11 Pooz2 20 )
Q+ = Q+P0107
2 P, P
M+ = M+ = 020 011),
Ve ( Pyi1 Pooz

Q+ = Q(ya z + 20, A) - Q(07 20, )\) - <8(y,z)Q(Oa 20, )\)v <Z>>

5 (Z) 0, Q(0,20,A) (Z) )

It is clear that there is a constant c¢3 > 0 such that

\/5637(152#5 |l| < 107
LMY — 0L M|o, < +eesy'n, |U] <o,

0.0,/ @+ — 0,0}, QI <0,
By [11], Lemma 3.6, we have that if

IN

|8£)€+ - ai)e|(9+

INIA

esytu, 171 <lo, |l < lo.

_ 2m _ A 2m am? _ _4m?
3CSILLK-8‘Fm2T+8m2 < mln{ Y T+ , Y Qmﬁ)/-‘,- , Y 4m;y+ }’
"o 80 Yo

then for all 0 < |k| < K1, w € O4,

2
7"
|k|4m2‘r :

phg
|k|2m7’ ’

T+
k|’

(3.16) |Ldl > |detL,| > |det Ly, | >

3.2. Estimates on the transformation and new perturbation.

Lemma 3.1. If
r—r
copl'(r —ry) 3 -,

cosul(r —ry) <S4,
copl'(r—ry) +ep < B-p54,

then the following holds.
1) Forall0<t<1

¢t D3 — Dy,

(Y23 Dl — D3

are well defined, real analytic and depend C' smoothly on X € O, .
2) &, : D, x Oy — D x O can be extended to a C't1 function @ :

O+ — D(r,3) x O.
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3) There is a constant cq such that for all 0 <t <1, |I] <o,

o C4S,UF(7’ - TJr)v |Z| + |j| :.07 W Z 17
10007, 1O\ Dsx0y < capl(r —ry), 2 < I+ Ji] + 15| < lo,
Cyq, otherwise,

98, A @y —id)| 5, o, < espl(r =7y, |pl < lo - 1] +1,

|‘9lASD|D+ x0, < c37'sp.

Proof. The proof easily follows from (3.11)-(3.12) and the Whitney extension the-
orem. 0

ap(p — 3
Lemma 3.2. Let A = w(
r—r4

cs > 0 such that |8§\P+|D+X(9+ < esveEA, || < lo. Thus, if

s2u? + sy s%pn). Then there is a constant

C5A < Visiﬂﬁ-u (E)

then |0\ Py|p, xo+ < VEYEsipg, |1 <lo.

Proof. The proof follows from (3.2), (3.3), (3.11)-(3.15), and Lemma 3.1. See [10,
11] for details. O

4. ITERATION LEMMA

Let 70, 80, k0, Y0, Oo, Ho, No, o, 0, M®, M3, Qo, Py be defined at the beginning
of Section 3 and define DO = D(ﬂo), DO = D(To,ﬂo), DO = D(To,So), K() = 0,
®y = id. For any v = 0,1, we index all index free quantities in Section 3 by
v and index all “+ ”-indexed quantities in Section 3 by v + 1. This yields the
following sequences:

TV7 SIJ7 MU? KVu Olju DU7 DV7 DIJ7 HIJa NV7
v v v v v
ey, by, MY, M3y, Loy, LYy, Loy, Qu, Py, @y
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for v =1,2,---. In particular,
HI/ = NU+PI/7
€
N = et @+ 5(Y) o (V) + vEQu(na ),
MY, MY
MY = g 12 >7
<(]\412)T M3,

Lgk == V _1<I€,Qy>,
Iljlc =V _1<kﬂQV>12m - \/EM;?]’

Ly, = V=Uk, Q) Lim2 — V(Mg J) @ Loy — Velom @ (MssJ),
1 - i+1
o= =003V
S, = slljtlfra,
1
By = Bo(1=) o).
i=1
Hy = COSIG,’_l,vala Co :max{l,cl,~-~ 565}7
"1
Yo = 70(1 - 2i+1)’
i=1
1 3
K, = ([log 1+ 1)°,
Sy—1
2m
_ rr—1 L -1 v—1 !
Oy = {A S Oy71 : |L0k | > W, |detL1k | > |k|2m7”
4m?
|det L5t | > |]Z|';;j27, 0< [k < Ky_1),
DV = D(ﬁu)u
D, = D(T,/,S,/),
- 5
D, = D(ry,+ <(ro—1—1v),0,).

8

Lemma 4.1. (Iteration Lemma) For sufficiently small o = po(ro, Bo,lo), the
KAM steps described in Section 3 are valid for all v = 0,1,---, and the following
holds for allv =1,2,---.

1) e, = e,(N), Q = Q,(\) are C smooth on O,, MY = MY()\) is real
symmetric, C'o smooth on O, with the 2m x 2m lower right block MY, being
non-singular on O,, Q, = Q,(y,2,\) = O(|(y,2)|?) and P, = P,(z,y, z,\)
are real analytic in (y,z) € D, and in (zx,y,z) € D, respectively and C*
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smooth in A € O,. Moreover, for all || <o,

1

2(1+00)a+auz
14 l 0 0
|8)\ev_a)\eu71|(9,, S ;
v
l l 2(14+00)a+a %
|0\er — Oxeolo, <o Ko 5

(14-00)a+a 1
Ho

|a§\Qu - 8§\QU—1|OU S OTa
1
104(2 —id)|o, < A8 g,
1
Lagv Al - 6 o
|O\M" — O\M 1|OV < %7
1
|0A MY — 0\ Mo, <A,
%
0

j WoHo
|5f\5gy7z)(Qu = Qu-1)|p,x0, < 02l, , il < lo,

1 .
105 (Qu — Qo)lp, x0, <A5ud, 1il < lo,
18Py D, x0, < VEVESti.

2)
1 TYv—1 1 7o
O, = {weO,_1:|L5 | > T |detLy, " | > o
,.)/Alm2
v— v—1
|detL2k 1| > W, for all Kl,71 < |I€| S Kl,}

3) &, : D, x0, — D,,_l,f),j x O, — D,_1 is symplectic for each A € O,,
real analytic in (x,y,z) € D, and C"*1 smooth in \ € O,, and,

H,=H, 10®,=N,+P,.

Moreover,

N

(4.1) 1030, .2y (@ = i) 5, 0, < G Pl 11 < lo + 1.

("E7y7z)

Proof. Similar to [10, 11], one can verify the conditions (A)-(E) inductively. Hence
the KAM step described in Section 3 is valid for all v.

The estimates in 1) follow from the definition of e,,Q,, M",Q,, P, and
Lemma 3.2, 2) follows from the induction and (3.16), and 3) follows from Lemma 3.1
(see [10, 11] for details). O

5. PROOF OF THEOREM

We first consider (2.3). Let

U, =Ppodi0---0d,: D, x O, — Dy,
HOO\IJv:Hu:Nv+PU;

N, = ey + (Qu,) §<<Z>,M”<i>>+ﬁ@,
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v=20,1,---, and,

O = ﬁ 0,.
v=0

Using the Whitney extension theorem, the frequencies €2, can be extended C™
smoothly on Oy = O(g,G) and the extended frequencies also satisfy the corre-
sponding estimates in Lemma 4.1 1). It follows that €, satisfies the Riissmann
condition R) on Oy as ¢ sufficiently small, and therefore from the measure estimate
in [20] (see also [5, 9]) that |O(g, G) \ Ose| — 0 as e — 0. Hence if O, = 0o N O,
then |O(g,G) \ O.| — 0 as e — 0.

By Lemma 4.1, we obtain the uniform convergence of ¥, on D(%, %) X Oy,
say, to U, which is uniformly close to the identity, real analytic in (z,y, z) and
C™ Whitney smooth in A. Also, on D(%) X Oy, @, is uniformly convergent to a
function Qoo = O((|y| + |2])?) which is C in (y, 2) and C' Whitney smooth in .

It follows that, on D(%, %) x Oy, N, converge uniformly to a function

N = e+ () + 5 (1) 2200 () + vEQ

which is real analytic in (y, z) and C' Whitney smooth in \. Hence
P,=HyoV¥,—-N,
can be extended to D(7, %) x O, and converge uniformly to the function
P =HyoVW, — Ny
which is real analytic in (z,y, z) and C™ Whitney smooth in A.

Forany v € Zy, A€ A, j € Z, k € Z3™ with |j| + k| < 2, by applying the last
inequality in Lemma 4.1 1) and Cauchy’s estimate on D(r,, %s,,), we have that

005 P,| < 27240,
Hence
DIOE P (y,2)=0 = 0

forallz € T", A€ A, j € Z%, k € Z¥™ with |j|+|k| < 2. Thus, for each A € O,, the
system (2.3) admits an analytic, quasi-periodic, invariant torus with the Diophan-
tine toral frequency 2o (), which is slightly deformed from the unperturbed torus
corresponding to 2o(\). Moreover, these perturbed tori form a C' Whitney smooth
family. Tracing back to the normal form, we then obtain a Whitney smooth family
of invariant, analytic, quasi-periodic n-tori {T}, - (¢?(y)) : y € O.} corresponding to
the family of Poincaré non-degenerate, unperturbed n-tori {7, (¢’ (y)) : y € O} on
O(g,G). ‘

Denote 04 = O,. Since by the compactness and connectness of O(g, G) there
is only a finite number of such real analytic families of Poincaré non-degenerate,
unperturbed n-tori {T,, (¢’ (y)) : y € O(g, G)} over O(g, G), the proof of the theorem
is now complete by taking O.(g, G) as the intersection of all the 0Js.
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