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SUMMARY

This thesis consists of two parts. In the first part, we study stability properties
of Hamiltonian systems on the Wasserstein space. Let H be a Hamiltonian satisfying
conditions imposed in [2]. We regularize H via Moreau-Yosida approximation to get
H, and denote by ., a solution of system with the new Hamiltonian H,. Suppose H.
converges to H as 7 tends to zero. We show p, converges to 1 and p is a solution of
a Hamiltonian system which is corresponding to the Hamiltonian H. At the end of
first part, we give a sufficient condition for the uniqueness of Hamiltonian systems.

In the second part, we develop a general theory of differential forms on the Wasser-
stein space. Our main result is to prove an analogue of Green’s theorem for 1-forms
and show that every closed 1-form on the Wasserstein space is exact. If the Wasser-
stein space were a manifold in the classical sense, this result wouldn’t be worthy of

mention. Hence, the first cohomology group, in the sense of de Rham, vanishes.

viil



CHAPTER 1

PRELIMINARY

In this preliminary chapter, I will fix notations and introduce terminology and some

already known facts which I will use later(cfr.[3])

1.1 Notations
- P(RP) = {u|u is a Borel probability measure on RP}
- Let M be the subspace of P(R?) with bounded second moment, i.e.

M::{MEP(RD):MEO,/

dp = 1,/ 2| dp < o0}

RD RD

- Let € P(RP) and let f : RP? — R* be a Borel map. Then v := fuu is a Borel
measure on R¥ characterized by v[B] = p[f~*(B)] for all Borel sets B C R¥. In this
case, we say f pushes p forward to v.

- C>(RP) is the collection of all infinitely differentiable functions with compact sup-
port.

- We denote Cy(RP) the collection of all continuous and bounded functions.

- C,(RP) := {f|f : RP” — R} where f is continuous and f(z) — 0 as z — oc.

- Id : RP — RP is the identity map i.e Id(z) = x for all x € RP.

- Diff,(RP) denotes the set of diffeomorphisms of R” with compact support, i.e. those
which coincide with the identity map Id outside of a compact subset of R”.

- Let X, denote the space of compactly supported smooth vector fields on R”.
- Let € P(RP) and let f: RP — R* be f € L?(u). We denote the L% norm of f by

1 fllu e
11T = 11 2o = /RD |f (x)*dp(z)



- Let € P(RP), we define VO=" as the closure of {V¢ : ¢ € C°(RP)} in the L2(u)
topology.

- Let u € P(RP), we denote the support of u by supp(u).

- Let r > 0 and x € RP then B,(z) denotes the ball in R” of center z and radius r.

- Let f: RP — R* be a Lipschitz function then we denote the Lipschitz constant by
Lip(f).

1.2 Wasserstein space

Recall that M is the subspace of P(R”) with bounded second moment.

Definition 1.2.1. Let u, v € M. Consider

Walp)i= (nf [ e aPdrten)” 1)

vl (p,v)
Here, I'(u, v) denotes the set of Borel measures v on R? x R? which have y and
v as marginals, i.e. satisfying 7@(7) = pu and 7@(7) = v where 7! and 7% denote
the standard projections 7!, 7% : RP x RP? — RP defined by 7!'(x;,25) = x; and
72 (z1, 9) = To.
Equation (1) defines a distance on M which is called Wasserstein metric. It is
known that the infimum in the right hand side of equation (1) is always achieved. We

will denote by T',(u, ) the set of 4 which minimize this expression. We also denote

Lo(y, 1) = {fu € PR*™) i m*u =7, 7 ueTo(rhy, 1)} (2)
where 712 713 : RP x RP x RP — RP x RP are defined by 7%2(x1, 29, 23) = (71, 22)
and 713 (xq, 19, 23) = (21, 23).
Remark 1.2.2. In the equation (2), I',(y, 1) has nothing to do with any cost functions.
It is a conventional notation.

Recall that u is absolutely continuous with respect to Lebesgue measure £, writ-
ten p << LPif it is of the form pu = p(z) LY for some function p € LY(RP). In this

case for any v € M there exists a unique map 7" : R? — R” such that Tiyu = v and



Wuw) = [ 1o =T(@)Pduta), Q

cfr. e.g. [3] [5] or [15]. One refers to T as the optimal map that pushes p
forward to v. It can be shown that (M, W>) is a separable complete metric space,
cfr. e.g. [3] Proposition 7.1.5. The following theorem is an important result from

Monge-Kantorovich theory

Theorem 1.2.3. [3] or [29] Let i, v € M, we have

W2(u,v) = sup {/ ud,u+/ vdv . u(x) +ou(y) < |z —y[*Vz,y € RD}. (4)
RD RD

u,veC(RP)
Definition 1.2.4. [3] Let p,v € M and let v € I',(p, v). The barycentric projection

S RP — RP of v with respect to the first marginal yu is characterized by

[veni@n = [ vy voea (5)

where Cj, is a collection of all continuous and bounded functions. Similarly, the

barycentric projection 3* : RP — RP of v with respect to the second marginal v is

defined by
[owitar) = [ vy e (6
Theorem 1.2.5. [3] If v € I',(po, 1) then the curve t — py = ((1 — t)m + tme) 4y

s a constant speed geodesic connecting pg to py. Conversely, any constant speed

geodesic jy : [0,1] — M connecting po to py has this representation for a suitable

v € Lo(tto, 11)-

Definition 1.2.6. [24] Let H : M — (—o00,00) and A € R. We say that H is \-
convez if for every pg, p1 € M and every optimal transport plan v € T',(po, 1) we

have
H () < (1= )H (o) + tH(m) = 511~ W30, ) St 0.1] (1)

Here pip = ((1 — t)my + tme) 4.



Remark 1.2.7. In [3], A- convexity is defined in a weaker way.

Definition 1.2.8. Let F : M — R be a function on M. We say that £ € L?(u)
belongs to the subdifferential O_F () if

Fo) 2 P+ sw [[ (elo).y—a) drte.n) +oWalu )

v€lo (p,v)
as v — u. If =& € _(—F)(u) we say that & belongs to the superdifferential
O F ().
If £ € 0_F(u) N O+ F(u) then, for any v € I'y(p, v),

Fo) =P+ [ €@u—adien) +oWaur). )

If such ¢ exists we say that F' is differentiable at p and we define the gradient
vector V,F = m,(§) where 7,(£) is the projection defined by the equation (116).

Using barycentric projections one can show that, for v € I'y(u, v),

//RDX]RD (€(x),y —x)dy(z,y) = //RDXRD (7, (&)(x),y — x) dy(,y) 9)

Thus 7, (&) € O_F(u)NOtF(pu)NT,M and it satisfies the analogue of equation (8). It

can be shown that the gradient vector is unique, i.e. that O_F(u)NoTF(u)NT,M =
{mu(&)}-

Remark 1.2.9. (i) Let v € T',(i, v) then

//RD RD(f(:)s),y —x)dy(z,y) = /RD(f(x),VZ(g;) — 2) du(z) (10)

- [, (@) 7)) dito)

_ / / o Tl€))y = ) dr(ay)

We used the fact 4}, — Id € T, M(cfr. [3]) in the second equality in equation (10).

(ii) Let ¢ € C°(RP) then  — |z|?/2 +td(x) is a convex function for small ¢ € (0,1).



Define vy(z) := o + tV(x) and let vy = vy p then v, is an optimal map that pushes
forward p to vy i.e (Id x v)pp € T'p(u, 1) for all small .
Suppose &,n € O_F(u) N 0T F(u) then by equation (8), we have
Fo) = F) +t [ (600, V0() dule) + ool ). (1)
RD
for all small ¢ € (0,1). Similarly, we have
F() = F(p) +t/RD (n(x), Vo(x)) du(x) + o(Wa(p, 1r)). (12)

for all small ¢ € (0,1). We combine equations (11) and (12) to get

0= /]RD (n(x) —&(z), Vo(x)) du(x) = /RD (mu(n)(z) — 7,(€)(x), V(a)) du(x). (13)

Since ¢ is arbitrary, equation (13) gives m,(n) = m,(§). This shows the uniqueness of

the gradient vector.

Lemma 1.2.10. Let H : M — (—00,00) be lower semicontinuous and \—convex for
some A € R and let p € M. Then the following statements are equivalent:

(1) § € O_H(n)
(i) For allv € M

H(v) > H(u)+ inf /RD<§($),y—:v>d7(fv,y)+0(Wz(u,V))

Y€l o (p,v)
(iii) For allv € M
Ao
H(v) > H(pn)+ sup <£(x),y—x>dfy(x,y)+§W2 (u,v)
v€lo(p,v) JRP

Proof. Proposition 4.2 of [2] O

Lemma 1.2.11. [3] Let v'2,413 € P(R?*P) such that 7yy'? = 7y = p'. Then
there exists u € P(R3P) such that ﬁ;fu = 72, and ﬁ#?’u = 413, Moreover, if > =

T =y € Moand v € To(ut, p?), 7" € To(ph, p?) then u € To(y', %)



Proof. Let ~'? = fRD W;fdul,vlg = fRD W;i”dul be the disintegration of 2, '3 then

the measure u whose disintegration w.r.t x; is

/ 22 5 B ()
]RD

has the required property. Let us denote this u by 2 x 3. O

Definition 1.2.12. [3] Given u € M, let T, M denote the closure of VO in L?(p).
We call it the tangent space of M at pu. The tangent bundle T M is defined as the

disjoint union of all 7), M.

Following [3] we now provide an analytic justification for the above definition of
tangent spaces for M.

Suppose we are given a curve o : (a,b) — M and a Borel vector field X :
(a,b) x RP — RP such that X; € L?*(o;). Here, we have written o; in place of o(t)

and X, in place of X (t). We will write

oo ,
e + divy(X) =0 (14)

if the following condition holds: for all ¢ € C%°((a,b) x RP),

/bAD(g—f+v¢-Xt)datdt=o, (15)

i.e. if equation (14) holds in the sense of distributions. Given oy, notice that if
equation (14) holds for X then it holds for X +W, for any Borel map W : (a,b) xR —
RP such that W, € Ker(div,,) i.e [ Vo -W,do, = 0 for all v € C°(RP) and t € (a,b).

The following definition and remark can be found in [3] Chapter 1.

Definition 1.2.13. Let (S, dist) be a metric space. A curve t € (a,b) — o, € S is

2-absolutely continuous if there exists 3 € L*(a,b) such that

dist(oy, 05) < /tﬁ(T)dT (16)



for all a < s <t < b. We then write 0 € ACy(a,b;S). For such curves the limit
0’| (t) = lim,_; dist(oy, 05) /|t — s| exists for L'-almost every ¢ € (a,b). We call this

limit the metric derivative of o at t. It satisfies |o'| < 3 L'-almost everywhere.

Remark 1.2.14. (i) If o € ACs(a, b;S) then |o’| € L?(a, b) and dist (o, 0;) < f; |o’|(T)dT
for a < s <t < b. We can apply Holder’s inequality to conclude that dist®(oy, 0;) <
c|t — s|, where ¢ = f; |o’|?(T)dT.

(i) It follows from (i) that {oy| t € [a,b]} is a compact set, so it is bounded. For

instance, dist(og, 0,) < 1/c|s — al.

We now recall [3] Theorem 8.3.1. It shows that the definition of tangent space

given above is flexible enough to include the velocities of any “good” curve in M.

Proposition 1.2.15. If 0 € ACs(a,b; M) then there exists a Borel map v : (a,b) X
RP — R? such that &2 + divy(v) = 0 and v, € L*(0y) for L'~almost every t € (a,b).
We call v a velocity for o. If w is another velocity for o then the projections m,,(v;),
7o, (wy) coincide for L'-almost every t € (a,b) where T4, is defined by the equation
(116). One can choose v such that v, € VCOX'" and ||vy||s, = |0’|(t) for L' -almost
everyt € (a,b). In that case, for L'~almost everyt € (a,b), v; is uniquely determined.
We denote this velocity o and refer to it as the velocity of minimal norm, since if
wy is any other velocity associated to o then ||64||,, < ||willo, for L'—almost every

t € (a,b) and so dist(oy,0,) < [ ||o:]|o,dT < [ |[we||o,dT for alla < s <t <b.
We also recall [3] Proposition 8.4.6. which gives another taste of tangent space.

Proposition 1.2.16. If 0 € ACy(a,b; M) and let v, = 6, € T,, M be the velocity of
minimal norm. Then, for L'— a.e. t € (a,b) the following property holds: for any

choice of v, € Uy(pie, fean) we have

. 1 .
lim (', (" =) o = (dx vy in Po(RPxRP) - (17)

The following remark can be found in [3] Lemma 1.1.4 in a more general context.



Remark 1.2.17 (Lipschitz reparametrization). Let o € ACs(a,b; M) and v be a
velocity associated to 0. Fix a > 0 and define S(t) = fj(a + ||vr||o,)dT. Then
S : [a,b] — [0, L] is absolutely continuous and increasing, with L = S(b). The inverse
of S is a function whose Lipschitz constant is less than or equal to 1/a. Define

Os i= 0g-1(s), Vg 1= 5’_1(5)0571(5).

One can check that ¢ € ACy(0, L; M) and that ¢ is a velocity associated to &.

Fix t € (a,b) and set s := S(t). Then v, = S(t)vg) and |||

_ _lwilley
o = Tl

< 1.

Now we introduce some preliminary lemmas which will be used in the construction

of Hamiltonian flows.

Lemma 1.2.18. Suppose {f,}>2, weakly converges to f in L*(0,T) then we have

f(t) <limsup f,(t) for a.e te(0,t)

n—~o0

Proof. By slightly modifying theorem 2.13 in [19], we have a sequence {F,}>2; of

convex combinations of f,, converging to f a.e t € (0,t) i.e
F,:=Y X'f; where Y A'=1\'>0
i=n i=1
converges to f a.e t € (0,t). So we have

limsup f, = lim sup f; > lim F,, = f

n—00 n—00 j>n

O

Lemma 1.2.19. Let f : RP? — R be a Borel map, p € P(RP), and let v €

L%(u; RP). Then, setting v = fup, we have fy(vp) = wv for some w € L*(v) with

|wl|z2w) < [|v]|L2e



Proof. Lemma 7.1 in [2] O

Lemma 1.2.20. Let T > 0, C > 0, u? : [0,7] — M and v : RP? — RF. Let
ol € L?(u; R¥) be satisfying

(a) pi — py narrowly as n — oo for allt € [0, 7]

(0) vl 2(uprey < C for a.et € [0,T]

(c) The R* valued space-time measures v urdt are weakly* converging in (0,T) x RP

to o.

Then, there exists v, € L*(pg; RF) with ||vg|| 250y < C for a.e t such that o = vydt

Proof. Lemma 7.2 in [2] O



CHAPTER 11

HAMILTONIAN SYSTEMS

In contrast to the theory of gradient flows on the Wasserstein space [3][9][17][25],
the theory of Hamiltonian systems presents many more additional difficulties which
have not yet been well understood. The first systematic study addressing evolution
problems on M of the Hamiltonian type was made by Ambrosio and Gangbo [2]. In

2], they studied Hamiltonian systems of the form

%Mt + V- (Jupe) = 0, te(0,7)
Vs € 8H(,U/t> N T,utM7

(18)

where the given function H : M — R is referred to as a Hamiltonian. Here J : RP —
RP is a matrix satisfying Jv_Lv for all v € RP. When D = 2d then we can simply
set J to be the (2d) x (2d) canonical symplectic matrix. The theory in [2] covers a
large class of systems which have recently generated a lot of interest, including the
Vlasov-Poisson in one space dimension [6][30], the Vlasov-Monge-Ampere [7][12] and
the semigeostophic systems [4][10][11][12].

Our goal is to study the stability properties of the system (18) for Hamiltonians H
satisfying properties imposed in [2]. More precisely, we replace H by a Hamiltonian
H, and denote by g, the solution of the system with the new Hamiltonian. We
suppose that H, converges to H and p, converges to p as 7 tends to zero. The
topology used for these convergences are to be made specific soon. Our stability
property is that the limiting solution u solves (18). There are not so many natural
way to regularize a function H on an infinite dimensional manifold to obtain a new
function H,. The Moreau-Yosida regularization is one way of regularizing in that

context. In this study, we keep our focus on the Moreau-Yosida regularization.

10



The main result of this chapter is Theorem 2.3.4. In Theorem 2.3.3, we show
there exists a solution p” of equation (18) where H is substituted by H, and subdif-
ferential is replaced by superdifferential. Here we don’t need the condition (H2’) on
H. Theorem 2.3.4 says that {u”},~o converges to the solution u of equation (18) by
imposing the condition (H2’). This result establishes the stability property linking
the solution of H, to those of H.

We view our study as a preliminary step for gaining enough insights which could
be exploited to extend the above results to Hamiltonian systems where H fails to

satisfy properties imposed in [2].
2.1 Moreau-Yosida approximation

Definition 2.1.1. Let H : M — (—o00, 00| be a lower semicontinuous functional. For

7 > 0, the Moreau-Yosida approximation H, of H is defined as

Ho(n) = inf H(r, i) = inf (W2 (0,0) + H(¥)) (19)
where
H(r, i) = o Wi(n,0) + H() (20)
We also set
Jo[p] = {pr  H(7, ps pr) < H(T p5v) Vv € M} (21)

Lemma 2.1.2. If H-(11,) = 5= W3 (o, vo) + H(v) i.€ v, € J:[p1,] then

ld— WZZ n 1 2
H‘F(:u) - H‘r(,uo) < < 7($)a y—r> dvuo(:)s,y) + _W2 (ILLO’ :u) v K
R4 x R4 T 2T
(22)
where i, € Uy, it). In particular, % belongs to the super-differential of H, at

v

to- Here 7y is the barycentric projection of vye € Up(pho, Vo) with respect to pi, which

is defined by equation (5).

Proof.

1 1
Hy(po) = 5= Wy oy vo) + H(vo),  He(p) < Wil vo) + Hvo) ¥ p

11



So we have

1 1
_ < 2 _ w2
H,(u) — Hy (o) 5 W3 (14, Vo) 5 W5 (105 Vo)

T — Y0 (@) 1
< /<%w—x>dvﬁo(af7y)+§W§(uo,u)

The second inequality follows from (-1)-convexity of u — —3W3(u,v,) and Proposi-

tion 4.2 and 4.3 of [2] O

Lemma 2.1.3. Suppose ¥ : M — (—o0,00|, A € R and for every i € M, there

exists & € TyM such that

A
wl) 2 6(0) + [ < &)y - > diflay) + 5 W) (23)
Then 1 1s A- converz.

Proof. Let p,,pu1 € M and t — pu; be a geodesic between u, and p;. We want to

show
A
V() < (1= (po) + 10 (1) = (1= W5 (p1o, 1)
Let v € Co(po, pt1), we define h = (1, (1 —t)m + tﬁg)#’}/ﬁ; and 4! = (1 -

t)ﬂ'l + tﬂ'g, WQ)#’VZ; then

Voo € Uoltho, i)y Vit € Tolpte-pia),

So
A :
(1=000() 2 (1= () +(11) [ < &)= > )+ 501 =OWE s )
(24)

and

t(pr) > th(pu) +t/ <&(2),r —z>dylh (2,7) + %thz(ﬂla [ht) (25)

12



We combine equations (24) and (25) to conclude

(1= () + t6(m) = V)~ (1=t [ < &1+ )y — 2> B
(= OFTWE o ) + 151 = W3 1)
+ t(l—t)/<§t((1—t):£+ty),y—:£>d7jj§(:)§,g)
= Y)W 1)
O

Corollary 2.1.4. Let H : M — (—00,00] be a lower semicontinuous functional and

H, be the Moreau-Yosida approzimation of H. If J.[u] # 0 for all u € M then H, is

% - concave.

Proof. Equations (22) and (23) give that —H, is —2 convex which means that H, is

% - concave. Ol

Remark 2.1.5. Suppose H is lower semicontinuous. If H is bounded below or A-convex

then J,[u] # 0 for all up € M [3].

Lemma 2.1.6. Let H : M — (—00,+00) be a A- convex continuous functional and

H. be the Moreau-Yosida approximation of H. Let v, € J[u,] i.e
Lo
H(pr) = §W2 (ftryvr) + H(vy)

Suppose there exists a function S; such that (Idx S;)up, € Uo(ptr, vr) for each T, and
W and v, have uniformly bounded support(independent on T) i.e supp(j.), supp(v,) C
B,.(0) for some r > 0. Define

Id—7"  Id—S,
= /7“7 = ~ 8+HT(MT) N THTM

(I
T T

Suppose ji; — fiin (M, Ws) and ||[v-||r2(.) < C for all T then v, — fi in (M, Ws).
Furthermore, if

Vil € m co({vq, for, :m > M?})
M=1

13



where co denotes the closed convex hull with respect to weakx- topology, then

Vil € ﬂ co({&,vr, i m > M})
M=1

where &, := M €0_Hw.)NT, M.

Proof. By Lemma 2.1.2, we have for all

r — () 1
o) — Ho () < / < Ty s )+ 5 W p)

1
= [ <ulny - o) W (26)
1
where v} € I'y(ptr, 1) and

1 1
H(v) = H(v:) = =5 Wypr,v) + 5= Wy (pr, vr)

To — X1 N 1
> /< n ,$3—$1>dﬂ—ZW22(VT,I/)

Vr(r) —x 1
= / < Ty > 2 (z,y) — EWQQ(VT,V)

1
— [ <&@y-1> by - LW (27)
where 4, € To(vy, pir),72 € To(vy,v) and 1 = 4, x 72 € [4(%+, V) constructed as in
lemma 1.2.11. Define &, () := w then the equation (27) says &, € 0_H (v,) and
trivially & € T,, M. Since H is X - convex, Proposition 4.2 of [2] gives

H(v) - H(v,) > / <& () y o> dy2ay) + Wi ) (28)

Notice that {H(v;)}r0 is bounded below. Otherwise H, (i) = inf,{5=W3 (i, v) +
H(v)} = —oo for all 7 > 0 and this is a contradiction to the fact that {H.(i)}r>o

converges to H(ji) > —oo as 7 — 0. Since v, € J|[u,],

W22(/~LT7 VT) = QT(HT(NT> - H(VT))

< 27—(H(,u'r) - H(VT))

this together with H (v, ) is bounded below and { ., },~¢ converges to fi in W5 gives that

{v: }r0 also converges to fi in Wy as 7 — 0. Next, let v, = (Id x S;)upr € Uo(pir, vr)

14



then

[<vew>an) = [<uw,
/

< U(2) + Vi (Eay) - (y = 2), — > dn(ay)

Y's dye(x,y) (29)

where £, ,, is in the line segment between x and y.

Since 1 € C°(R%; R?)

‘/ < vqﬁ(&m@) ) (y - SL’), g > d%(x,y)‘ < C/}< (y - LL’), g >‘d77(x7y>

We combine equations (29) and (30) to get

[ <v@e) > anw = [<v@. s by +0o@) @
= [ <@ o) > dus(o) + O()

Similarly,

m(n)

Z)\/ & (y) > dus (y ZA/ vy, () > dptr, + O(7)

Notice that O(7) is independent of convex combination of v, p,, because of uniform

bound on ||vy,||z2(4,.). And
m(n)
/ < (@), v(z) > dji(z) = lim Z A / v (2) > djts, + O(7)
m(n
:hmZA/ £ > duly)  (32)
This concludes proof. O
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2.2 Variational problem in connection with the Moreau-
Yosida approximation

We first introduce some notation which will be frequently used through this section.
Recall M is the space of probability measures on R” with finite second moment. We
define

M, = {p € M : supp(u) C B.(0)} (33)

2.2.1 A special class of Hamiltonian

For a given A € R, we define

H(p)=— sup { [ vdu+ B} (34)
(v,B)eC

where C C {(v, B); ’\‘2‘2

v(x) is convex, B € (—o0,00)}. Without loss of generality,

we may assume v(0) = 0. Let 7 € (0, 1), we define Moreau-Yosida approximation of

H
Ho(n) = inf (o W3 v) + H) (35)
From the definition of H,., we have
H.(u) = inf { I/V2 p,v)— sup { [ vdv+ B}} (36)
veM (v,B)eC
= (vlgfec{ulen/{r{ W3 (p,v) + /—Udl/} — B}
The problem in the equation (36) suggests that we need to well study problem of
the form

Vlg/a{ W2(u, v) + /—’Udl/} (37)

Lemma 2.2.1. For given p € M and (v, B) € C, problem (37) has a minimizer .
Further more there exists a convex function ¢, such that p, = T, p where T, = V¢,

and T, is Lipschitz continuous with Lip(T,) < P which is independent of v. So

1- )\
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we have
1
inf (o W3e) + [ —vdv) = W o) + [ —odTpn (39)
= /(_U)Td,u

where (—v), is defined by equation (41). This implies

= inf {/ )-dp — B} (39)

(v,B)eC

Proof. For given (v, B) € C and u € M, we have

Vi&f/{ %Wg(ﬂa v) — /vdu = Vléa/a Ver111f / ly =" (y)dy(z,y) (40)
Set
(o)ole) = inf (L (a1)
yERD 2T
Trivially we have
inf s W) - [oirz it i [o@aey  (2)

— nf it / (o). (2)dp(z)

veM el (u,v

= / (—v)-dp

Let us study (41) more carefully. We fix 2 € R” and define ¢, : RP — (—o0, 00)

as

ly —af?
—uly) =T

ly — x|?

¢x(y) = o

)‘ 2 >\ 2
Z Zlyl? — 4
2|y| + 2|y| v(y) (43)

Since v is A— convex, ¢, is strictly convex if 1/7 — X > 0 and ¢,(y) — oo as

y — o00. So equation (41) has a unique minimizer y, ie,

(~o)ela) = EBE oy (44)
Next
B |, o s
(ool = me2E BT 2 (45)
o



So

~(co)a) = Tsupfeey+ o) - 2 (46)

1 *
= ;w (x)
where ¥(y) := % — 71v(y) and ¥* is the Legendre transform of 1. Since

wy) = o) = (1= xn)

L+ (Gl - o)) (47)

if 1 — A7 > 0 then ® is strictly convex function and V% (y) > I(1 —7\). This implies
Y* € Ct and Lip(Vy*) < 1/(1 — A7).

From equation (46), we have

(—0), €CY, Lip(V(=v).) < ﬁ +z (48)
We combine equations (44), (45) and (48) to get
V(=o)(a) =5 - F =y = 2—7V(-0), (@) (49)
= v @) = v

Let us define T, (z) := x — 7V(—v),(x) = 1/7Vy*(x) then T, is the gradient of a
convex function. This says T, is the optimal transport map between p and T, ,p i.e

(Id x T,,) g € Lo(p, Togpt)-

Furthermore, from equations (44) and (49) we have

o TP

(o)) =

—v(T(2)) (50)

Define ¢, := 1¢* where ¢* is defined as in (46). Then the rest of the statement
in Lemma 2.2.1 was already proven and we only need to show that the equation (38)

holds. Since (Id x Ty,)up € To(p, Toppt),

inf in(u, V) —/vdu < inf /W — (T, (x))du(zx)

veEM 2T v=T,#u
~ [Conte)duta) 61)
We combine (42) and (51) to conclude proof. O
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Remark 2.2.2. For later use, we estimate the minimizer of —v,(0) in the equation

(41).
()0 = inf (22 )y = inf o) ()
yeERD ~ 2T yeRD
Let o be the minimizer then , recall that v(0) = 0
0=00(0) > dul) = (5=~ ol + ol ~ v(vo) (53)
> (5~ Dl < &0 >

where ¢ € 9_1(0) and ¥(y) = 3|y|* — v(y). This means

2T
1—7A

T, (0)] = lyol < €l (54)

Next, ¢o(yo) = (—v),(0) together equation (53) gives an estimate

€l

02 (~0):(0) > (5= — D)lonl” ~ [ellvol = ~(-17)2 (59)
So we have

2.2.2 Properties of minimizers

Now we impose an extra condition on C in equation (34) namely ” locally uniform L,
bound” condition ;

For every compact K C R?, there exists a constant M (K) only depending on K such
that [, |v|dz < M(K) for all (v, B) € C.

Lemma 2.2.3. Let H : M — (—00,00) be defined by equation (34). If, for every
compact K C R?, we have a constant M (K) only depending on K such that [, |v|dx <
M(K) for all (v, B) € C then |Vv|p=(s, ) < Ci(r) for all (v,B) € C and H : M, —

(—00,00) is continuous w.r.t Wy distance.
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Proof. 1If f € C is convex then we have (Theorem 6.3.1 of [13] )

c, 1
ess sup |Vf] < — | fldx
B, (0) r B (0)| Jg,. 0
Since %x'z — v is convex, we have
Co 1 |2/?
ess sup |Vu| < |A|r + — / |v — —|dx := Cy(r) (57)
B.(0) B (0)] /5,0 2

So |V'U|LOO(BT,(O)) S Cl(’l“) for all v € C.
Suppose

H(ul) = /vld,ul + Bl

then

Hwa—Hwos/mum—dmngzmquMgsomw%whm>
]

Lemma 2.2.4. Let p € M and (v, B) € C then the problem 37 has a minimizer .
Further more there exists a convex function ¢, such that p, = T, .p where T,, = V¢,
and T, is Lipschitz continuous with Lip(T,) < ﬁ which s independent on v.
Suppose C satisfies ” locally uniform Ly bound” condition and p has a bounded support

i.e supp(p) C Bgr(0) then there exist constants Cy and Cs which are independent on

v such that for all x € Bg(0) i.e |z| < R
T, (2)| < O, [9u(2)] < C5 (58)

and supp(p,) C Be, (0).

Proof. With Lemma 2.2.1, we only need to show equation (58). From equations (54)

and (57), we have
2T

T, <
T.0)] < =

01(7”)

where 7 is any fixed number between 0 and R. So for |z| < R,

27 1
1 _)\7_01(7’)4—7_71:{ = Cg (59)

T.(2)| < [T,(0)] + Lip(T,)Ja] < T

20



Similarly we have

|0u(@)| < 10 (0)] + [V Pu(y)] 2] (60)

where y is on the line segment between0 and x. Equations (56), (59), (60) together
T, = Vo, give

TCY(7)

1_ >\7_)2 + CQR = Cg (61)

|6u(2)] < (

O

Theorem 2.2.5. Let H : M — (—o00,00) be defined by equation (34) and let u € M

have a bounded support. Then

inf (W () + H()} (62

(62) has a minimizer v, and there exists a Lipschitz function T = V1 where ¢ is a

convex function such that v, = Typ, Lip(T) < ﬁ and |T'(x)| < Cy if v € Bg(0).
Proof. Let

L= (s W2<u, v)+ H(v)}

= inf 1nf{ W3 (p,v) — /UdV—B}

(v,B)eC vEM ~ 2T
Define L(v, v, B) := 5-W3(u,v) — [ vdv — B, then there exists a minimizing sequence
(Vk, Vg, Bk) such that
[ =lim i(l)ﬂf L(vy, vk, By) (63)

—

Let 7, be a minimizer of equation (37) w.r.t vy i.e I satisfies the following,

1 _ _
W) — [odm = it (W)~ [ )}
< —Wg(u, Vi) —/deyk (64)
2T
By Lemma 2.2.4, there exists a convex function ¢, such that o, = Tj,.u where

Ty = V¢ and T}, is Lipschitz continuous with Lip(7}) < Py TA . And Lemma 2.2.4
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also says |T}| < Cy(independent on k) on the bounded set Bg(0). Equations (63) and
(64) give
| < L0, vk, Bi) < L(vk, vk, Bi)

and

1
[ < EW;(ILL, l?k) + H(l?k) S L(l?k,’l}k,Bk) S L(l/k,’l}k, Bk)

Since supp () are uniformly bounded, up to a subsequence {7}32, converges to
v, € M. Since T}, and ¢;, are equi-Lipschitz and equi-bounded, up to a subsequence
{T}}32, (respectively { ¢y }72 ) converges uniformly to T'(respectively ¢) and T = V.
Uniform convergence preserves Lipschitz constant and from Tp.p = 7, we have

T#,u = 1y. ]
2.3 Hamualtonian flow

Definition 2.3.1. Let H : M — (—00, 0] be a proper, lower semicontinuous func-
tion. We say that an absolutely continuous curve p; : [0,7] — D(H) is a solution
of the Hamiltonian system relative to H, starting from g € M, if there exist

vy € L*(py) with [|vg]|12(.) € L(0,T), such that

L+ V- (Jug) =0, po=p te(0,7)
v € 0H(uw)NT,M ae te(0,T)

(65)

Here J : R” — RP” is a linear map such that Jv_Lv for all v € RP. In other words,
we need to find ¢ — p;, ¢ — v, satisfying (65) in the sense of distribution: For

any n € C>(0,T) and ¢ € C>*(R?), we have

/0 /R )+ 0(t) < TC(@) = To@) > dula)dt =0

Now we are ready to construct a Hamiltonian flow in M where Hamiltonian
H is given by (34). The aim of Lemma 2.3.2 is to show that the Moreau-Yosida
approximation H, satisfies assumption which was imposed in [2] to ensure existence

of solutions in equation (18) where subdifferential is replaced by superdifferential.
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Let p,v € M and v € Ty(p,v). Recall from the definition 1.2.4 that 5; is the

barycentric projection of v with respect to u.

Lemma 2.3.2. Let H be of the form in the equation (34). Suppose supp(p,) C Br(0)
and recall that by Theorem 2.2.5, for each n there exists v,, such that v, is a minimizer

of (35) w.r.t puy, i.e v, € J:[pn]. Let p, — pin Wy, Then K, C K, where

ﬂ@ —— i n > m})

and

1
2

. Id —~" .
Ko :={wp:w=—"=+€dH,(n), vely, Llp(w)gT }.

T

Further more 7, = V4 for some convex function 1 such that (Id X V)ypu € To(p, v).

Here ¢o denotes the closed convex hull, with respect to weak® - topology.

Proof. By Theorem 2.2.5, v,, also has uniformly bounded support. So

supp(fin), supp(vy,) C Br(0) ie  fin, v, € Mg

where My is given as in the equation (33). Let H and H, be as in equations (19)
and (20)
1
H(r, p;v) = =Wy (v) + Hv),  Hr (i) = inf H(7, 1, v)

Since
HT(:U’TL) = H(Tv :unv VTL)

using Lemma 2.1.2, we have

T — Ty (2) 1
H<  Hiu)+ [ < Ty s dy o)+ oW
where v € T',(ptn, i£). So
Id— A
0 e 9 H ().

T
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Let u € IC, then,

i(n) 7,/2 I(n)
= i 3 iy 3

=n

T

Wherezan—IWIthAn>O §Vw,-§T—12andwi:
From assumption

lim p; =p in Wo

i—00
We define

l(n) I(n) I(n)

Z)\nﬂl, ZA Vi, Vi € I (,quVZ ZAZ Vi

i=n

Set

E(p) ={(Idx V¢)y, € Ty, v): Y — conver,v e Mg, H(r,pu,v) = H (1),

ld—vy e H (1) and — é < V(M) < %}

T T T

Claim 1. For any i, there exists n; € E(u) such that d(n;,v;) — 0 as i — oo, where
J is the metric of Remark 5.1.1 of [3] whose topology coincides with the narrow con-

vergence.

(proof) Suppose there exist ¢, > 0 and a subsequence {v;, }32, such that 0(n, ;) > €
for all n € E(p). Since j;; and v;; have uniformly bounded supports, v;; € I'o(ps;, ;)

also have uniformly bounded supports. This implies, up to a subsequence we have

v, — U, Yi; =Y in Ws (66)

J

Notice that the cyclical monotonicity gives v € T',(u, 7). Recall H(, p;, v;) = H (1)

and (9,7)4p; = v; which means

1 1

ZW;(Miw vi,) + H(v;) < ZWZ?(“”’ v)+ H(v) YveM (67)
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We combine equations (66) and (67) to get
1 2 ~ ~ 1 2
Wl o) + Hw) = - Wylunv)+ H{y) VveM (68)

So we have H (u) = H(7,u, 7). This together with v € T'y(u, ) gives v € E(u)

which contradicts the fact that §(n,v;;) > €, for all n € E(u).
Claim 2. @ = wp where w € 0" H, () and Lip(w) < %

(proof) Set 7, = Zﬁ(:ng AI';, then

I(n)
&%ﬁdﬁ}:ﬁ&m%hﬁgﬁWﬂﬁﬁo as n— oo

1=n

By definition,

ni € FO(,u, ﬁi) H(Tnuv ﬁi) = HT(N) ni = ([d X V¢i)#u

Set v, = El(") AP); then 1, is convex and —TLQ < V(M) < L. We extract a

i=n "

subsequence {t,, } such that

Id — Vb, unif Id— V1 Id — V), wnif Id— V1

T T T T

(69)
on the bounded set Bg(0). Since @ € 0" H,(u) for all i and 0" H, () is convex,
we have w € 0T H, for all n. The uniform convergence in equation (69) implies
Id%w € 0T H,. By abusing notation, we rename {1,, } by {1, }

So, for any continuous function F' with compact support, we have
i(n)
L@FWZA%EV@FWM
i(n)

. " r—y
= Jim SN [ @) T

= lim F(:L’)~x_y

=0 JRD xRD
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Since we know 6(%,,7,) — 0 and supports of y, and v, are uniformly bounded,

r—y -y

lim F(z) - dyn(z,y) = lim F(z)- dn,(x,y)
00 JRP xRP 00 JRP xRP
l(n) z—y
— i [ R dn(z,
ggOZ/ () Z=Yan(z.y)
Since n; € E(p), we combine this with (69) to conclude
I(n) l(n)
‘ r—y . x — V()
1 o P@) T an(a,y) = 1 A [ Rz TR
i o [ e = i SO [ S
= lim F(z)- * = V(@) dp(z)
n—oo RD T

S RGeS

Recall that Hamiltonian H : M — (—o00, 00| is given by

H(p) =— sup { [ vdp+ B} (70)
(v,B)eC

where C C {(v, B); %m'z —v(x) is convex, B € (—00,00)} and A is a given real number.
Also recall that we imposed ” locally uniform Ly bound” condition on C :
(H1’) For every compact K C RP | there exists a constant M(K) only depending on
K such that [, |v|de < M(K) for all (v, B) € C.

By combining Lemma 2.3.2, Theorem 2.3.3 follows directly from a result in [2]

but for the completeness we give a full proof.

Theorem 2.3.3. Let H : M — (—o0, 00| be defined by equation (70) and let H, be
Moreau-Yosida approzimation of H. Suppose C satisfies the (H1’)” locally uniform
Ly bound” condition. If i € M has a bounded support, then we have a Hamiltonian

flow satisfying

G + V- (Juu) =0,  te(0,T) )
vf €OTH (uf) N Ty M Lip(v]) < %, pp =

72
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Proof. Step 1 : Construction of a discrete solution
We build discrete solutions ,ui\fT satisfying :

%Mi\,fr +V- (']UN :U’ﬁr) = 07 te (07 T)

t,T

’Ut{\; Ea—i_HT(Mi\,fT)ﬁTui\;_M? t:nh7 n:(],l’... ,N

with the following conditions :
(a) The Lipschitz constant of t — 1", is less than for some fixed C,
(1) Walll i) < €,

(c) The delayed Hamiltonian equation

d
S+ (wlgi) =0 (72)

holds in the sense of distributions in (0,77) x RP.

Id—

T

75, where 1 € J.[f1] i.e

We build first the solution in [0, h] by setting w(, = .J

Hf) —  inf {—

vEP(RD) 2T

1 2
= —W2(i,p) + H(ji
5> (f, fr) + H ()

W3 (i, v) + H(v)} (73)

By Theorem 2.2.5, we have ji = Vix i for some convex function 1, that is 7,; = V.

We then set

_ (Id + twg ) (w, 2)
lu’i?f'r = (Id + t’UJé\;_)#,u, wt]?{r = ,U7N :
t,T

, t € [0, h]

We claim that wQ’T is an admissible velocity field for ui\fT. Indeed, for any ¢ €

C>(RP), we have

d N _ d N\ -
%/qﬁd:utﬂ'_ dt/¢(ld+two,7>dM

= / < Vo(x +tw) ), wl. > dp = / < Vo, wp, > duy,
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Since ¢ is arbitrary, equation (72) is fulfilled in [0, h]. Notice also that Lemma 1.2.19

[t < [P = [ 1o Fa

and Jensen’s inequality gives

gives

[t = [ L < SWE( ) (74)

Let’s estimate W3 (i1, ). From equation (73), we have for all v € P,

1, ) 1,
el )+ H(p) < =Ws(pv)+ H(v)

If we choose v = [i then

1 . . _
Wi @)+ H() < H(p)
By lemma 2.2.3
1 . _
Wi () < H(p) — H(jr) < CWa(f, j2)

and so, Wa(ii, ft) < 27C. We combine this with (74) to conclude

[ 1wt < [ g P < 20y

Hence by the Proposition 1.2.15, the Lipschitz constant of ¢t — ,uiYT in [0, h] is bounded

lu‘h T
by 2C. We can repeat this process, setting wh =J e ’Y“h = where
Ho(ns) = inf (Wi jur, ) + H())
1 . .
= ZW2 (,uh,-ra ,uh,'r) + H(Nh,T)

and introduce the following extension on (h, 2h]

(Zd + (t = h)wy )4 (wp i)
N

/J“QTT = (Id + (t - h’)wh T) (/J“h 7') UJQC_ =



As before, we have

[P < [t P, < oy

and for any ¢ € C°(RP), we have

d d
& [odnt =5 [otdr = muant, = [ < Vol + (¢~ i) ol > da

= / < Vo, thYT > d,uiYT

For t € [h, 2h], the Lipschitz constant of t — p;"_ is bounded by 2C" and the continuity
equation (72) holds in (h, 2h]. By iteration, we have obtained ¢t — pul¥_ satisfying ;
(i). For any ¢ € C°(RP),

%/qﬁduiﬂ:/<v¢,wﬁ>duiﬂ for t#0,h,2h,--- ,Nh (75)

Since equation (75) holds point wise sense in (0,T) except finite points,(75) holds in
the distribution sense in (0,T). which gives equation (72) is true in R” x (0,7
(ii). u have uniformly bounded supports and ¢ — pl¥ has a lipshchitz constant

bounded by 2C

So we have that ¢ — p;". is a solution of equation (72) with Lipschitz bound Cy = 2C

Step 2. N — o0

By (ii), t — ,uiYT are equi-bounded in M and equi-Lipschitz continuous. Further-
more we have a uniform Lipshcitz bound Cy which is independent of 7 and N. Since
uN_ have uniformly bounded supports, we may assume(up to a subsequence) that
,uiYT — puf in Wy as N — oo . This gives that the Cy— Lipschitz bound independent
of 7 in (a) and the distance bound in (b) are preserved in the limit.

It remains to show that p] solves the equation (71). To this aim, taking into ac-
count Lemma 1.2.20 and possibly extracting a subsequence we can assume that
there exist w] € L*(uj), with |Jw]||z2ry < Co for a.e t, such that the space-

time measures {w,", 1" dt}¥_, weak* converge to wjpjdt. We have to show that
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w] = Jv] for some v € 0TH (u]) N T,y M. To this aim, notice that for all

€ C(0,7T), ¢ € C(RP; R”) we have

N—oo

T T
lim [ 0(t) < ol > dt = [ 0(t) < o.ufii > de

0 0
For ¢ fixed, this means that the maps t —< ¢, wiﬂui\g > weakly converge in L*(0,7T)
to < ¢, w]puy >. Lemma 1.2.18 gives

< ¢, wipy ><limsup < ¢, w,’ ) > (76)

for a.e t € (0,7). Let {¢,}°°, be a countable dense subset of C>°(R”;RP) in the
sup norm. Since C®°(RP;RP) is dense subset of C,.(R”;RP) in the sup norm, {¢,}
is dense in C,(RP; R?) and Cy(RY; RP)(the closure, in the sup norm of C,(RP; RP)).
Let A, C (0,T) be such that equation (76) holds with ¢, for ¢t € (0,7)\A, and
A, is Lebesgue negligible. Define N' = UA, then N is Lebesgue negligible and if
t € (0,7)\N then equation (76) holds for all ¢,. Since {¢,}>°, is dense subset of
Co(RP; RP), equation (76) holds for all ¢ € Co(R”;RP) and ¢t € (0,T)\N.

Now, fix t € (0,T)\N where equation (76) holds for all ¢ € Cy(RP;R”) and apply

Hahn-Banach theorem to obtain that
wipg € N3y_ycof{wl . : N > M}

where co is the closed convex hull with respect to the weak* topology on C,(RP; RP).
Indeed, fix M and assume by contradiction that wj i does not belong to c‘o{wi}@,uiﬂ :
N > M}. Then we can strongly separate wfp; and co{w;,pu. : N > M} by a
continuous linear functional induced by some function ¢ € C.(RP;RP) to obtain a

contradiction with equation (76). As

w iy = (Id + (t — [Ni] /N)w[Jth]/N,T)#(w[Jth]/N,T”fVNt]/N,T)

AN ~N
Id — ﬁﬂj[\zr\rt]/zv,f Id — f—yMJ[VNt]/N,T

_ PNt /N~ HPiNg/N7 N

= (Id+ (t = [Nt]/N)J ———==5) (T ——— g vr)
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We obtain also that

s
Id — 5

T T oo - s \T
(HTHNS ﬂleco{J#,ufYVﬂNj N > M}
Id-7t
Hence Lemma 2.3.2 gives that w] uj = Ju] pu] for some v] = — € 0" H(u])NT;;; M

where ] € J{u7] and Lip(v]) < 5.

So we have obtained a Hamiltonian system satisfying the equation (71). O
2.3.1 Stability of Hamiltonian flows

We impose a condition on H :

(H2) If Wa(ptn, pt) — 0, then

ﬂ co{vpptn 2 v € O_H (1) N T, M,n > m} C{wp:w e 0_H(p)NT,M} (77)

m=1
Theorem 2.3.4. Let H : M — (—o0, 00| be defined by equation (70) and g € M
has a bounded support. For each T € (0,1), let u™ be the solution of equation (71) in
Theorem 2.3.3. Suppose H satisfies condition (H2'). Let T converge to 0 then {1 }=o

converges to a Hamiltonian flow p which satisfies

%,th + V . (JUt,U/t) = 0, te (0, T) (78)

v € 8_H(,ut) N TMM ae te& (O,T), Mo = U

Proof. By step 2 in the proof of Theorem 2.3.3, ¢ — pj are equi-bounded in M and
equi-Lipschitz continuous. Hence we may assume that pu" — py in Wy as 7, — 0 for
some sequence 7,. This gives that the Cy— Lipschitz bound in (a) and the distance
bound in (b) are preserved in the limit. By the same reasoning as in step 2 in the

Tn ,,Tr

proof of Theorem 2.3.3, {Juv™ pu;"dt}> , weak™ converges to Juyudt. So pu, satisfies

%,Ut + V- (JUt/.Lt) = 0, te (O,T)

Ho = K
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It remains to show v, € 0_H (p;) N1, M. As in step 2 in the proof of Theorem 2.3.3,
for a.e t € (0,7)

wpe € () e ui 0> M)
M=1
From Lemma 2.1.6, we have vy € (3, co{&"v" : n > M}, where v] € J,[u7] and
Y
Tn — ”tT € 0_H(v") N T, M. From (H2’) condition, we get v; € O_H (u;) N
T,, M. So we have

%,U/t + V- (JUt,U/t) = 0, t e (0,T>
Vs € 8_HT(ut) N TMM ae te (0, T) Mo = /_L

2.3.2 Examples

(i) Let H be a potential energy functional defined as follows

H(p) = / o(x)du(z) (79)

where v : RP — (—o00,00] be a C!, \— convex function. Then it trivially satisfies
(H1")” locally uniform Li bound” condition and (H2’) also holds since 0_H () = Vv

for all p.

(i) Let H : M — (00, 00) be a Hamiltonian defined as follows
|
H(p) = =5 W5 (1, mo) (80)
where mg € M has a bounded support. Then by the duality formula 4, we have

1

~W3(mo, ) = sup { udmo—i-/vd,u} = sup { vdu—l—/udmo} (81)
2 udv<c (u,v)eV

where V be the set of pairs (u,v), such that z — |z|*/2 — u(2), |z|?/2 — v(z) are

Legendre transform of each other and so, are convex. Let

|Ix\2

C:={(v,B) 5

v = w0 =0 8= [ —sam)} (2
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where ¢ = oo outside the convex hull of the support of mg. As a consequence, if
(¢, B) € C then (Id — Vv) C Bg(0) where Bg(0) is any ball containing the support
of mgy. Thus

v(z)| < [0(0)] 4 Lip(v)|z| < (1 + R)|z| (83)

So equations (81) and (82) gives
H(p)=— sup { vd,u+B:B:/udmo} (84)
(v,B)eC
and if p has a bounded support then equation (83) says C satisfies the ” locally uniform
Ly bound” condition in Lemma 2.2.3. (H2’) is satisfied from the fact 0_ H () NT,M =

{¥—1Id:~ €Ty(p,mo)} together the Lemma 7.6 in [2].

Remark 2.3.5. As another interesting Hamiltonian, suppose H : M — (00,00) is

given by an interaction energy as follows

1= [[,  wle—yduaut) (55)

where w : RP — R is given.

We expect we can do analysis similar to that in subsections 2.2.1 and 2.2.2 to
characterize the minimizers of Moreau-Yosida approximation equation (19) by show-
ing

H () = / / wr(z — y)dp(x)dpu(y)
RD xRD
In this case, Vw, * p, € 0" H (1) NT),, M and we let 7 converge to 0 and might

get the stability result Vw % p € 0_H(p) N T, M which gives the Hamiltonian flow

satisfying equation (78).
2.4 Uniqueness of Hamiltonian flows

Lemma 2.4.1. Fori = 1,2, let u* € AC5(0,1 : M) and v* € L*(u') be velocity for

ut e

o' + V- (p'v') =0
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Set a(t) = sW3(ui, 1) then a € WH2(0,1) and
o< [ <oble) = Ru)o > duley) € Lalud ) (56)

Proof. Let w® be the velocity of minimal norm of u*. We know there exists a Lebesgue

measure zero set N C [0, 1] such that for ¢ € [0,1] \ V| we have

: - N i i
lim (! x ———)y, = (Id x wiypy ¥ 3 € Lolpty, pisn) (87)
and
~1 i
h—0 h

where fi, = (Id + hw})gp;. Define b(t) := Wa(u;, pf) then

bt +h)—b(t) = W2(:u%+h7 :u?-i-h) — Waluy, pu?)
= Wa(tyin Hern) — Walttyons 1) + Wolpyn, 17) — Wy, 117)

< W2(:u§+h> 1) + W2(:ui+ha 1)
t+h

< / F(r)dr
¢

where F(7) = |[v}]|,n + [[v2||,2. Notice that b € L*(0,1) and F' € L*(0,1). This

implies b € H'(0,1) and a(t) = b(t)b(t) € L? = a € H'(0,1)

b2(t + h) — b*(t) W3 (Bans i n) — W3 (e, 17)

L h )
L W22(/“’Lt1+h’ ,Uz%-l,-h) - Wg(ﬁ%—l—ha ,U?Jrh)
= lim
h—0 h
. W22 (/:ltl—l—h? N§+h) - Wg(ﬁ%+h> ﬁ?—l—h)
+ lim
h—0 h
. W22 (/]’tl—i-hv ﬂ%—i—h) - W22 (:u%u :ut2)
+ lim
h—0 h
First,
. W22 (:u%—i-hv :u?—i-h) - W22 (ﬂ%—i—hv :u?—i-h)
Jm| | (90)
h—0 h
. W2(,u1 alal ) ~
< }Lli)f(l) t+}? Lth (WQ(Mi—i—hv /~L§+h) + W (M%Jrha /"Ll%-i-h)) =0
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Similarly, we have

Wg(ﬁ%+ha :Uz%+h) - VV22 (/:ltl—l—h’ /2?+h)

i ; -0 o
and
lim W2 (ﬂ%—khv ﬂ%—i—h) - W2 (:uz%u :ut2) (92)
h—0
<mlﬁwa ~ (g b ) ~ o = yPdu(e. )
= 2/ <wy(x) —wi(y), x —y > dy(r,y)
Notice that
[ <wt@.a—y>duey = [ <ul)ro-a@ > die 0
=/< 5u(x) > dyid(x)
= / < —y > dy(z,y)
Similarly we have
/ <wi(y),r —y > dy(z,y) / <vi(y),x —y > dy(z,y) (94)

Combining (92)(93) and (94), we have

W2(il,,, @2, ) — W2(ul, 12
;llii% 2(Mt+h Mt+h})L 2(/% :U’t> < 2/ < Utl(x> —vf(y),x—y > d%(x,y) (95)

We combine (89),(90),(91) and (95) to get (86). This concludes proof. O

Corollary 2.4.2. Fori=1,2, let u* € AC5(0,1: M) and v' € L?(u*) be velocity for

ut e

o' + V- (p'v') =0

Suppose

!ﬂ#m—ﬁ@MM%wsmWWM®OH% D)

1
W3 (i, i3

for fized nonnegative constant C and pul = pd then ut = p? for all t € [0,1].
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Proof. Let a(t) = 1W3(u, 17) then (86) gives

1
a(t) < VCW2(ul, 1i2)4 |1 4 log ——
e A AT

< Calt) (1+1log m)

Since a(0) = 0, this together with (97) concludes proof. O

In general, it is hard to expect conditions like (96) on arbitrary velocity. Further-
more with minimal norm condition on velocity, we have an example of Hamiltonian
system which has multiple solutions (cfr. Example 2.4.4). So we restrict Hamiltonian

system on some subset Q of M.

Corollary 2.4.3. Let Q C M and suppose H : M — (—o00,00] is subdifferentiable
on Q.
(i) Suppose H satisfies, for all pu,v € Q

1
vy, — v, |dy(z,y) < CWE(u,v)(1 + log ———
[ 1= vddr(e.9) < CWE ) (14108 )

where v, and is the minimal subdifferential of H at p in the sense of v, € 0_H ()

and ||v,|| < |[€]] for any & € O_H(p). Then there exists at most one solution pn € Q

of

d
%Mt + V- (JUt,LLt) = 0, Mo € Q (98)

where vy 1s the minimal subdifferential of H at pu.
(ii) Suppose H 1is differentiable and its exterior derivative i.e 1-form is reqular in

the sense of (126) on Q then there exists at most one solution p € Q of

d

etV (IVH(u) =0, poe@ (99)

Proof. (i) follows directly from Corollary 2.4.2. To prove (ii), it is enough to show

V H satisfies (96). Actually, regularity assumption (126) implies

[ IVt - V0)Pa < W) ¥ pveQ
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where v € I', (i, v). This concludes proof. O

Example 2.4.4. Non-uniqueness

Let vy = (—=1/2,1/2)|1, define M : [0,1] x R — R by

x—cos(t— 1)z tel0,]

M(t,z) =< 0 telt 2

274

x—cos(t—3)z tel2 1]

We denote M,(-) := M(t,-) and define p, = (M; X Mt)#yo € P,(R?) then p; solves

d )
%Mt + V- (Juy) =0, po = (Mo x My)x1p (100)

where v; is the minimal subdifferential of H at y; and H is defined by
L
H(p) = 5 W3 (1) (101)

where v = 1y X 9.

Define M : [0,1] x R — R by

(¢ 2) x —cos(t—z)r te]0, 3]
0 te s 1]

Similarly, we denote M,(-) := M(t,-) and define i, = (M, x Mt)#uo € Py(R?) then

fiz also solves (100).

Proof. (1) Let us show p, satisfies

et 8y (€p) = O(~, + i) (102)

where p(t,y) = [ du(y,€), 7, € Tolp, ).

To see the equation (102) is true, it is enough to show for a.e t € (0, 1)

for any ¢ € C°(R?). We may choose ¢(y,&) = g(y)h(§) with g, h € C*(R).
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(a) For ¢ € (0, 1), we have

e = (11— cos(t — %)]x, sin(t — 2)2) v,

2
1 1—cos(t—2%) 1—cos(t—3)
pP= 1 (_ ’ )|£1
1 —cos(t — 3) 2 2
B )
oY) = /R ady(y,v) = /R , Dufeos=) X W) = TG

By direct computation, we have

% - 9(W)h(&)dp(y, §) = %/Rg([l — cos(t — %)]I)h(sin(t - %)x)duo(:z) (104)
_ /R g/ ([1 — cos(t - %)]x) sin(t — %)xh(sin(t _ %)x)duo(x)
+ /Rg([l — cos(t — %)]x) W (sin(t — %)a:) cos(t — %):Edl/o(:c)
From the definition of y;, we have
. §9' (Y)h(&)du(y, &) = /Rsin(t — %)xg’([l — cos(t — %)]x)h(sin(t - %)x)dl/o(x)
(105)

and

[ Gutw) = gt ). = [ costt = Sag([1 = cos(t = )} (sintt = 5)a) o)

R
(106)
We combine (104),(105) and (106) to show (103)holds for all ¢ € (0, 3).
(b) For t € (1,3), we have
1/2
pe =00 X 0o, p=20do, 7,(0)= /R2 xzdy,(0,z) = /_1/2 xdr =0
So
d d
& a9 = Za(0)h©) =0 (107)
and
&g (Ol = [ 09/ O)hO)dn(x) =0 (108)
R? R
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[00) = 99 (€. = [ 09(0)10)dn(x) =0 (109)

From (107),(108) and (109) we have (103) is true for all ¢ € (3, 2).
(c) Similarly, for ¢ € (3,1), we can show (103).
(2) Define H(p) = —3W3(p, v) where v = 1y X §y then

H(p) = __Wz ) /5 dp*(€)  pt=mhp, P =Thp
=: Hy(p') + Ha(p®)

(a) For t € (0,1), since gy = ([1 — cos(t — 2)]a) 41 is absolutely continuous

72

with respect to the Lebesgue measure, we do the same calculus as in (112) with

. 1 V|
= (id, T:‘Ltl ,Tug)#ug then we have

1 1 ) (y—=2)?*
Hl(:u )_Hl(:ut)z <Y—rz—r>-— 2 du($7yvz) (110)
R3

y 1
= / <y—u; TP (x) — x> dy(z,y) — W5 (i, ')
R3 1 2
This says 7' —id € O_H;(py) and it is easy to see T = 7,. For v € To(uf, 1°)

()~ Ha(ud) = =3 [0 - £arien (111)

= /<—5;77—5>dv(£,n)—%W§(u2,u?)

We combine (110) and (111) to get (,(y) —y, =) € O—H (j1).

(b) For ¢ € (3,32), we define fi := py x pu' X v then, since pf = do, we have

1 1
Hi(nh) = Hilpd) = =5 WE (et ) + 5 W2 il o) (112)

> /Rg RUAL L Z)Qdﬁ(fv, Y, 2)

2 2
2
:/ <y—:)3;z—:£>—(y ?)
R3 2

1
— [ <we > dint) x () - WGk )
R

dii(z,y, 2)

1
= —§W§(ui,u1)
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and

Ha(p) ~ Ha(ud) = =5 [ Pdaty) = ~5W3 ) (113)
From (112) we have 0 € 0_H;(u}) and (113) gives 0 € 0_Ho(p?). This implies
(0,0) € 0_H () which coincides with (5,(y) — y, —&) at g = 0 X do.

(c) For t € (3,1), similarly we have (3,(y) —y, —§) € 0_H (11;).

It is well known that 74, — ¢d € T, which means there exist a sequence ¢, € C°
such that V¢,, — 7, — id in L*(p) so we define ¥, (y,&) = ¢,(y) + £2/2 then Vi, —
(Yp(y) =y, =€) in L?(p)

From (1) and (2), we know (102) is equivalent to

%Mt + V- (JUt,U/t) = 0, t e (0, 1)
v € 8_H(,ut) N T,LL;:M Ho = (M(] X Mo)#VO

where H(p) = —2W3(p,v) with v = vy x &

(3) Now, let’s check the minimal norm property.

(a) For t € (3,3), we have v, = (3,(y) — y, =€) = (0,0) and trivially (0,0) has
minimal L?(j;) norm among all subdifferentials of H.

(b) For t € (0, 3), we have v; = (3,(y) — y, —§). Since 4 is absolutely continuous
with respect to the Lebesgue measure, 7, —id = T :t? — id is the only element of
OH,(u5)NT,z (see for instance Proposition 4.3 in [2]) that means 7, —id has minimal
L*(p;) norm among all subdifferentials of H; at p. And Remark 10.4.3 in [3] says
that —id has the minimal L?*(u?) norm among all subdifferentials of Hy at p?. So
v = (3,(y) —y, —€) has the the minimal L?(y,;) norm among all subdifferentials of H

at ;. Finally, (1),(2) and (3) says p; solves

d .
%Mt + V- (Jvt,ut) = 0, Ho = (MO X Mo)#l/o (114)

where v; is the minimal subdifferential of H at p;. Similarly, we can show that fi,

also solves (114). O
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CHAPTER II1

CALCULUS OF DIFFERENTIAL FORMS ON THE
WASSERSTEIN SPACE

As we saw in chapter II, many interesting classes of PDE’s can be viewed as Hamil-
tonian flows on M. Developing this idea ,however, requires a rigorous symplectic
formalism for M. In a joint work with Gangbo and Pacini [14], we provide the basis
for a framework to define and to study Hamiltonian systems on M and we achieve
two main goals. First, we developed a general theory of differential forms on M.
Next, we show that there exists a natural symplectic and Hamiltonian formalism for
M which is compatible with this calculus of curves and forms. This chapter is part
of [14]. One of our result is an analogue of Green’s theorem for 1-forms( cfr. The-
orems 3.2.3 and 3.2.33 ). A corollary of that is that every closed 1-form on M is
exact(cfr. Corollary 3.2.35 ). Hence, the first cohomology group, in the sense of de
Rham, vanishes. We point out the recent paper by Gangbo-Tudorascu [16] showing
that if we replace RP by m although Py(7”) remains a convex set its first de Rham
cohomology is not trivial. Hence the fact that the first de Rham cohomology group

of M is trivial is not a mere consequence of the convexity of M.

3.1 Tangent and Cotangent bundles
3.1.1 Tangent space

Recall that X, denote the space of compactly supported smooth vector fields on RP.
And also recall, for given u € M, T, M denote the closure of VC in L?*(p) and we

call it the tangent space of M at p.

Definition 3.1.1. Given p € M we define the divergence operator
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divy : Xy — (CV, (divg(X), f) = — /R df(X)dp.
Notice that the divergence operator is linear and that (div,(X), f) < ||V f|].|X]||,-
This proves that the operator div, extends to L*(u) by continuity; we will continue
to use the same notation for the extended operator, so that Ker(div,) is now a closed

subspace of L?(u).

It follows from [3] Lemma 8.4.2 that, given any u € M, there is an orthogonal
decomposition
L*(p) = VX" @ Ker(div,,). (115)
We will denote by
m: L(n) — VO (116)
the corresponding projection. Notice that each tangent space has a natural Hilbert
space structure.

Remark 3.1.2. Decomposition 115 shows that 7, M can also be identified with the
quotient space L?(u)/Ker(div,): the map 7, provides a Hilbert space isomorphism

between these two spaces.

Lemma 3.1.3. If ¢ : RP — RP is a Lipschitz map with Lipschitz constant Lip ¢

then ¢ M — M s also a Lipschitz map with the same Lipschitz constant.
Proof. Let u,v € M. Note that if u(z) + v(y) < |z — y|? for all z,y € RP then
w0 6(a) +vo 6(b) < |6(a) — B)* < (Lipd)*la— bl
This, together with equation (4) yields
/]RD udppr + /RD vdppy = /RD wo ¢dp + /RD vo¢dy < (Lip ¢)*Wi(u,v). (117)

We maximize the expression at the left handside of equation (117) over the set
of pairs (u,v) such that u(z) + v(y) < |z — y|? for all z,y € RP. Then we use again

equation (4) to conclude the proof.
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The next results concern the lifted action of Diff.(R”) on T M.

Lemma 3.1.4. For any p € M and ¢ € Diff.(RP), the map ¢, : X.(RP) —
X.(RP) has a unique continuous extension ¢, : L*(n) — L*(¢pu). Furthermore
R (Ker(divu)) < Ker(divw#u). Thus ¢. induces a continuous map ¢, : T,M —
Ty M.

Proof. Let p € M, ¢ € Diff (RP), f € C>°(RP) and let X € Ker(div,). If C is the
L>*-norm of V¢ we have |[¢. X ||, < Cyl|X]|,. Hence ¢, admits a unique continuous

linear extension. Furthermore
|t eXiaopu= [ Fropoxonin = [ (V500 Tex)n
= [ (2" 00 Xy
= [ (vl el Xydu =0

O

Lemma 3.1.5. Let 0 € ACy(a,b; M) and let v be a velocity for o. Let ¢ € Diff.(RP).

Then t — @u(0y) € ACy(a,b; M) and .v is a velocity for guo.

Proof. If a < s <t < b, by Lemma 3.1.3, Wa(px0y, ppos) < (Lipp) Wa(or, o). Be-
cause 0 € AC5(a, b; M) one concludes that dp (o) € ACy(a,b; M). If f € C*((a,b)x

RP) we have

[ [ s apoen)aouorn = |
-/
0.

To obtain the last equality we have used that (¢, z) — f(¢, p(z)) is in C((a, b) x

b/RD o @+ (dfi(¢p.vp)) o )datdt
b/}RD d(fogo>t(vt>)d0tdt

RP). O
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3.1.2 Differential forms on M

Recall from Definition 1.2.12 that the tangent bundle "M of M is defined as the
union of all spaces T, M, for n € M. We now define the pseudo tangent bundle T M
to be the union of all spaces L?(u1). Analogously, the union of the dual spaces M
defines the cotangent bundle T*M; we define the pseudo cotangent bundle T*M to
be the union of the dual spaces L?(u)*.

It is clear from the definitions that we can think of TM as a subbundle of 7 M.
Decomposition 115 allows us also to define an injection T*M — T*M by extending
any covector T, M — R to be zero on the complement of 7, M in L*(x). In this
sense we can also think of 7% M as a subbundle of 7*M. The projections 7, combine
to define a surjection 7 : TM — TM. Likewise, restriction yields a surjection
T*M — T* M.

Definition 3.1.6. A 1-form on M is a section of the cotangent bundle T*M, i.e.
a collection of maps p +— F, € T;M. A pseudo I-form is a section of the pseudo
cotangent bundle 7*M.

Analogously, a 2-form on M is a collection of alternating multilinear maps

pw— AN, T M T,M—R,

continuous for each g in the sense that |A, (X7, Xo)| < ¢, || X1, - || X2l ., for some

cu € R. A pseudo 2-form is a collection of continuous alternating multilinear maps

o= Ny LP(p) x LP(p) — R,

For k = 1,2 we let A* M (respectively, A¥ M) denote the space of k-forms (respec-

tively, pseudo k-forms). We define a 0-form to be a function M — R.

For k = 1,2, the continuity condition implies that any k-form is uniquely defined

by its values on any dense subset of T, M or T, M x T, M. For instance we can
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take the dense subset defined by smooth gradient vector fields. The analogue is
true for pseudo k-forms. Once again, using Decomposition 115 yields an injection
A*M — A*M and, by restriction, a surjection A*M — A*M. In this sense every
pseudo k-form defines a natural k-form.

Since T,,M is a Hilbert space, by the Riesz representation theorem every 1-form
A, on T,M can be written A,(Y) = [or(A,, Y)du for a unique A, € T, M and all

Y € T, M. The analogous fact is true also for pseudo 1-forms.

Example 3.1.7. Any f € C2° defines a function on M, i.e. a 0-form, as follows:

o= [ fdu
RD
We will refer to these as the linear functions on M, in that the natural extension

to the space (C2°)* defines a function which is linear with respect to .

Any A € X, defines a pseudo 1-form on M as follows:

AJX) = / (A, X)dpu.
RD
We will refer to these as the linear pseudo 1-forms. Notice that if A = Vf for
some f € C then A is actually a 1-form.

Any bounded field B = B(z) on R? of D x D matrices defines a linear pseudo

2-form via

B(X,Y) := / B(X,Y)dy.

Recall that Diff,(RP) denote the set of diffeomorphisms of R? with compact sup-
port, i.e. those which coincide with the identity map Id outside of a compact subset
of RP. The action of Diff.(R”) on M can be lifted to forms and pseudo forms as

follows.
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Definition 3.1.8. For £k = 1,2, let A be a pseudo k-form on M. Then any ¢ €

Diff.(R?) defines a pull-back k-multilinear map ¢*A on M as follows:

(¢*A>H(X17 e oy Xk) = A¢#H(¢*X17 ey (b*Xk)

It is simple to check that ¢*A is indeed continuous in the sense of Definition 3.1.6
and is thus a pseudo k-form.

It follows from Lemma 3.1.4 that the push-forward operation preserves Decom-
position 115. This implies that the pull-back preserves the space of k-forms, i.e. the

pull-back of a k-form is a k-form.

Definition 3.1.9. Let F': M — R be a function on M. Suppose F' is differentiable
and let V,F" be the gradient vector at u € M as defined in the definition 1.2.8.

If the gradient vector exists for every pu € M, we can define the differential or
exterior derivative of F' to be the 1-form dF determined, for any p € M and Y €
T,M, by dF (u)(Y) := [on(V,E,Y) dp. To simplify the notation we will sometimes
write Y (F') rather then dF(Y).

Remark 3.1.10. Assume F : M — R is differentiable. Given X € VC®(RP), let ¢,
denote the flow of X i.e ¢, = X(¢y), po = Id. Fix p € M.
(i) Set v := (Id + tX)4xp. Then
F(v) = F(p) +t/ (V. F, X)dp+ o(t).
RD
(i) Set py == ¢ppp. If ||V, F(1)|], is bounded on compact subsets of M then
F(u) = F(p) —|—t/D<VuF,X>du + o(t).
R
Proof. The proof of (i) is a direct consequence of equation (8) and of the fact that, if
> 0 is small enough, (Id x ([d+tX))#,u € I'y(p, 1) for t € [—r,r] which was shown

in Remark 1.2.9.
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To prove (ii), set
A(s,t) = (1 —s)(ld +tX) + s¢y s €[0,1]

Notice that ||¢; — Id — tX||,, < ?*||(VX)X||e and that (s,t) — m(s,t) = A(s, ) xp
defines a continuous map of the compact set [0, 1] x [—r, r] into M. Hence the range of
m is compact so ||V, F'(1)||, is bounded there by a constant C. It can be shown that
F'is Lipschitz on the range of m. Once we have this, let 5, := ((Id + tX) x qbt)#,u.
We have 3, € T'(vy, ) s0 Wa(pur, v) < ||y — Id — tX]|,, = 0(*). We conclude that

[F () = Fp)| < CWape i) = 0(2).

This, together with (i), yields (ii).

It remains to prove that F' is Lipschitz on the range of m.

Claim 1. If there is a compact set £ C M which contains the range of m and
all the constant geodesic between any two elements of it, then F is Lipschitz on the
range of m.

(proof) Let pp and pq be in the range of m and suppose that ¢ — p; is a constant

speed geodesic between py and pq. Then

1d 1 .
Flo) = F(u) = [ GPidt = [ < PG i >, at
1
:/ dt/<VF(ut),vt>dut
0
1
;Amwmwwm

Since u; € K and K is compact, ||V F(j)|| is bounded by a constant Cx. So we have

1
NM—HMSQJWMWZ%%Wwﬁ
0

This concludes Claim 1.
Claim 2. There exists a compact set K C M satisfying the assumption in the claim

1.
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(proof) Let us denote the range of m by R. Notice that R C M is tight and R has

uniformly integrable 2-moments i.e

lim \z|?dp(z) =0 uniformly w.rt. peR
=0 JRD\B(0,n)

Define C to be the union of R and all the constant geodesic between any two elements
of R. It is easy to see that C is tight and R has uniformly integrable 2-moments.
This implies C is relatively compact. Finally we define I to be the union of C and all
the limit points of it. Then K is a set satisfying the assumption in the claim 1.

We combine claim 1 and claim 2 to get F'is Lipschitz on the range of m.

O

Example 3.1.11. Fix f € C* and let F' : M — R be the corresponding linear
function, as in Example 3.1.7. Then F' is differentiable with gradient V,F = V f.

Thus dF is a linear 1-form on M. Viceversa, every linear 1-form A is exact. In other

words, if A, (X) = [5p (A, X)dp for some A = V f then A = dF for F(u) := [op [ dp.

Definition 3.1.12. Let A be a pseudo 1-form on M. We say that A is differentiable
with exterior derivative dA if (i) for all X € VC°, the function A(X) is differentiable

and (ii)for all X|Y € VO
dA(X,Y) == XA(Y) - YA(X) - A([X,Y)) (118)
yields a well-defined pseudo 2-form dA on M (see Definition 1.2.8 for notation).

Example 3.1.13. Assume A is a linear pseudo 1-form, i.e. A(-) = [pr (4, )du for
some A € X,. Then A is differentiable and dA(X,Y) = [, (VA — VAT)X,Y)dp.
In particular dA is a linear pseudo 2-form. Furthermore if A is a linear 1-form, i.e.

A = Vf for some f € C, then dA = 0.
3.2 Calculus of pseudo differential 1-forms

Given a 1-form « on a finite-dimensional manifold, Green’s formula compares the

integral of da along a surface to the integral of o along the boundary curves. In
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Section 3.2.1 we show that an analogous result for M is rather simple when strong
regularity assumptions are imposed on the surface in M. However, from the point
of view of applications it is important to establish Green’s formula under weaker
assumptions. This is the main goal of this section which we achieve this mainly

working with pseudo 1-forms.
3.2.1 Green’s formula for smooth surfaces and 1-forms

Let S : [0,1] x [0,T7] — M denote a map such that, for each s € [0,1], S(s,-) €
AC5(0,7; M) and, for each t € [0,7T], S(-,t) € AC5((0,1); M). Let v(s,-,-) denote
the velocity of minimal norm for S(s,-) and w(-,t,-) denote the velocity of minimal
norm for S(-,¢). We assume that v,w € C?([0,1] x [0,7] x RP,RP) and that their
derivatives up to third order are bounded. We further assume that v and w are
gradient vector fields so that 0;v and d;w are also gradients.

Let A be a differentiable pseudo 1-form on M such that A,(u) = 0 whenever
uw € L*(u) and div,u = 0. Because of this, we may view A as a 1-form on M.
Assume that

sup [ A, ]| < oo (119)
per

for all compact subsets K C M, where ||A,|| = sup,{A,(v) :v e T ,M,|v]], <
1}. We also assume that for all compact subsets K C M there exists a constant Ci
such that
Ay (u) = Au(u)] < CeWa(p, v)([[ulloo + [|Vull) (120)
for u,v € K and u € Cy(RP”,RP) such that Vu is bounded.
Using Remark 1.2.14, Proposition 1.2.15 and the bound on v,w and on their
derivatives, we find that S is 1/2-Holder continuous. Hence its range is compact so
|Ass,p)|| is bounded. We then use equations (119), (120) and Taylor expansions for

w;,, and vit" to obtain that

O(Aso(wp)) = vi(Asu(wh) + Asis (O] (121)

|s=5,t=t
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where we use the notation of Definition 1.2.8. Similarly,

Sl

O (Ason(0)) = wi(Asian(0])) + Asisin(9si)joms: (122)

|s=3,t=t

Now suppose that S(s,t) = p(s,t,-)LP for some p € C1([0,1] x [0, T] x RP) which

is bounded with bounded derivatives. Then the following lemma holds.

Lemma 3.2.1. For (s,t) € (r,1)x(0,T) we have (Qyw; —05v§ ) —|w;, vi] € Ker(divg(sy)).-

Proof. We have, in the sense of distributions,

O +V - (pi}) =0, Dup} + V- (pfws) =0 (123)
and so
V- 0s(pjvi) = —0s0ip; =V - (Opjwy).
We use that p, v and w are smooth to conclude that
V- (vl + p10n0; ) = V- (widp} + pio).
This implies that if ¢ € C>°(RP) then
[ (Voo + o) = [ (Vewio+ o). (124)

RD

We use again that p, v and w are smooth to obtain that equation (123) holds

pointwise. We use this fact on equation (124) to obtain

/ (Yo, —0}V - (p}}) + p0s05) = / (Vo —usV - (5507) + g0,
RD

RD

Rearranging, this leads to

| (V0 —oui)pide? = [ (Ve i)V () = (T i) - o)
Integrating by parts and substituting p; £P with S(s,t) we obtain
/RD<V<p, Osvf — Oywy)dS(s,t)
- /RD (<V2g0wf + (Vi) 'V, vf) — (Vou; + (Vo)) Vi, wf>>dS

- /RD<V<;), [vf,wf]>d5(s,t).

Since p € C>°(RP) is arbitrary, the proof is finished. O
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We combine equations (121) and (122) and use Lemma 3.2.1 to conclude the

following.

Proposition 3.2.2. For each t € (0,T) and s € (a,b) we have
Oh <A3<s7t> (wf )) — O, (AS(s,t) (v} )) = dAg(s (V] wy). (125)

Next, we define ||dA,|| to be the smallest nonnegative number A such that |dA,(X,Y)] <

MIXal[Y]] for XY € VOZ(RP).

Theorem 3.2.3 (Green’s formula for smooth surfaces). Let S be the surface in M
defined above and let its boundary OS be the union of the negatively oriented curves
S(r,-), S(-,T) and the positively oriented curves S(1,-), S(-,0). Suppose that p —

|dA,|| is also bounded on compact subsets of M. Then

Jan=[
S s

Proof. Recall that v;, w; and their derivatives are bounded. This, together with
equations (119) and (120), implies that the functions (s,t) — Agen(vf) and (s,t) —
Ag(sp(wy) are continuous. Hence, by Proposition 3.2.2, (s,t) — dAge(v], wy) is
Borel measurable as it is a limit of quotients of continuous functions. The fact that
p — ||dA,|| is bounded on compact subsets of M gives that (s,t) — dAg(s ) (vf, w;)
is bounded. The rest of the proof of this theorem is identical to that of Theorem

3.2.33 when we use Proposition 3.2.2 in place of Corollary 3.2.31. O

3.2.2 Regularity and differentiability of pseudo 1-forms

Definition 3.2.4. Let y — A, = [pr(A,, )du be a pseudo 1-form on M. We will
say that A is regular if for each y € M there exists a Borel D x D matrix valued
function B, € L>(R” x RP, i) and a function O, € C(R) with O,(0) = 0 such that

oo [ 1) = Ad0) = Bu(a)ly = o) Par(a.n). 7 € Tl }

< W3 (1, v) min{ O (Wa(p, v)), e(A)}*. (126)
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where I', (14, ) is the set of v minimizers in equation (1) and ¢(A) > 0 is a constant
independent of p. We also assume that || B,|| () is uniformly bounded. Taking c¢(A)

large enough, there is no loss of generality in assuming that

sup || Bu|| ey < c(A). (127)
HEM

Remark 3.2.5. Assumption 126 could be substantially weakened for our purposes. We
only make such a strong assumption to avoid introducing more notation and making

longer computations.

Example 3.2.6. Every linear pseudo 1-form is regular. In other words, given A € X,
if we define A,(Y) := [,n(A,Y)du then A is regular. Indeed, setting B, := VA we
use Taylor expansion and the fact that the second derivatives of A are bounded to

obtain equation (126).

Remark 3.2.7. Let A be as in Example 3.2.6. Then the restriction of A to TM gives
a 1-form A defined by

ALY) = /RD (mu(A), Y'yYdp VY € T,M.

It is not clear what smoothness properties the projections y — 7, might have with
respect to p € M. This is one reason why in this context it seems more practical to

work with A rather than with its projections.

From now till the end of Section 3.2 we assume A is a regular pseudo 1-form on

M and we use the notation flu, B,, as in Definition 3.2.4.

Remark 3.2.8. If p,v € M, X € L*(u), Y € L*(v) and v € T,(p1, v) then
A =80 = [ ()Y () = X (@) + (Bula)y = 2). Y () )ar(.)

N /RD WA ) = Au@) = Bu(@)y — 2), Y W) dy(e,y). - (128)

By equation (126) and Holder’s inequality

\/RD ) = Auf@) = Bu(e)(y = ), Y ()| < Wal e ® 1Y Il (129)
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Similarly, equation (127) and Hélder’s inequality yield

\/RD By = ). Y )| < Wl )e(A) 1V, (130)

We use equations (129) and (130) to obtain

M) =80 = [ (@)Y ) = X@he.)| < 248Walie ) V]
(131)

Remark 3.2.9. Let Y € CY(RP) and define F(u) := A,(Y). Then
Fw) — Pl < Walonn) (I ALV | -+ 208V
Proof. By Hélder’s inequality

)/RD RD<Zm(a:),1v(y) — Y(:)E)MV(:E,y)‘ <AL VY || Wa(v, 1)

We apply Remark 3.2.8 with ¥ = X and we exchange the role of p and v to

conclude the proof. O

Lemma 3.2.10. The function
M =R, e ||All,

is continuous on M and bounded on bounded subsets of M. Suppose S : [r,1] x

[a,b] — M is continuous. Then
sup [ As(ep|ls(sn < 00
(s;t)€lr1] x[a,b]

Proof. Fix pi9p € M. For each u € M we choose v, € I',(j0, 11). We have

| A = 1A llo| = [ 1AW = Ao @) | < N Au(y) = Ao (@)l (132)

where

A2 = / 1A, () Pduy) // D)z, y) = AW,
RD RDXRD
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Similarly
1l = [ 1@ = [[ (A @F e = 14,0E,
RD RDXRD
Equation (132), together with equations (126) and (127), yields

141, — 114

< IBuo(@)(y — @)l + (M) Walpo, 1) < 2¢(A)Wh(pao, 1)

po Lo

To obtain the last inequality we have used Holder’s inequality. This proves the
first claim.
Notice that (s,t) — [|Ass|ls(s is the composition of two continuous functions

and is defined on the compact set [r, 1] X [a,b]. Hence it achieves its maximum. [J

Lemma 3.2.11. Let Y € C2(RP,RP) and define F(u) :== A, (Y). Then F is differ-

entiable with gradient V,F = 7, (VY™ (x)A,(x) + BL (2)Y (x)).
Furthermore, assume X € VCO?(RP) and let ¢i(x) = x + tX(x) + tOy(x), where
Oy is any continuous function on RP such that ||Oy||w tends to 0 as t tends to 0. Set

pe == p(t, ) gp. Then
Flu) = P+t [ [(A4,(0). VY @)X (@) +(Bul) X 0), Y ()] dite) o). (133)
Proof. Choose p,v € M and v € I'g(u, v). As in Remark 3.2.8,

LOV=8,0) = [ (). Y0) =Y @) + (Bule)y = 2).Y (1) )ar.0)

_ / ) = Au(e) = Bu(a)ly = 2), Y () ).

By equation (126) and Holder’s inequality,

\/RD Auy) = Aul@) = Bu(a)y = ), Y @) < o(Wa(a, ) [V

Since Y € C*(RP,RP) we can write Y (y) = Y (2)+ VY (2)(y—z)+R(z, y) (y—z,y—z),
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for some continuous quadratic form R = R(z,y) with compact support. Then

[, Ay -Yaen = [ (A, 9V @) - )i
[ Ade) Ry = 2. = D))
(134)

We now want to show that the term in equation (134) is of the form o(Wa(u,v))
as v tends to pu. For any € > 0, choose a smooth compactly supported vector field

Z = Z(z) such that |4, — Z||,, < e. Then, using Hélder’s inequality,

[ A Bl < [ 2R (= o))
<[ M=o R (o) = 2.y = s ()
<y~ )" R e Walp, ) + | B 2ol ,0).

Since € and ||Z]|» are independent of v, this gives the required estimate. Likewise,

L, B@e-aYWdie) = [ (Bu@— .Y 0) - Ya)da)
[ B =Y @)

- /RD RD(BM(x)(y —x),Y(x))dy(z,y)
+o(Wa(p, v)).

Combining these results shows that

B =80+ [ OV A0 + BL@Y (0).y — 2)dr(a9) + o Walpov).
RD xRD
As in Definition 1.2.8, this proves that I is differentiable and that
VuF =m (VYT (2)Au(x) + Bl (2)Y (2)).

Now assume that ¢; is the flow of X. Notice that the curve ¢ — p; belongs to

ACy(—r,r; M) for r > 0. We could choose for instance r = 1. Hence the curve
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is continuous on [—1,1]. By Lemma 3.2.10, the composed function ¢t — ||A,,||,, is
also continuous. Hence its range is compact in R, so there exists C' > 0 such that
|A )] < C forall t € [—1,1]. We may now use Remark 3.1.10 to conclude.

The general case of ¢, as in the statement of Lemma 3.2.11 can be studied using

analogous methods. O

Lemma 3.2.12. Any reqular pseudo 1-form is differentiable in the sense of Definition

3.1.12. Furthermore, VX,Y € T, M,

dA,(X,Y) :/ (B, — B)X,Y)dp. (135)

Proof. We need to check the validity of Definition 3.1.12. Choose X,Y € C?(RP).
By Lemma 3.2.11, A(X) and A(Y) are differentiable functions on M. Using the

expression given in Lemma 3.2.11 for their gradients, it is simple to check that

XA(Y) - YA(X) — A([X,Y]) = / (B, — B)X,Y)dp. (136)

RD

Since the right hand side of equation (136) is continuous, multilinear and alternating,

dA(X,Y) is a well-defined pseudo 2-form on M. O
3.2.3 Further continuity and differentiability properties of regular forms
We collect here various other regularity properties of regular pseudo 1-forms.
Corollary 3.2.13. Choose o € ACy(a,b; M). Forr >0 and s € [r,1], define

D, :RP” = RP, D,(z):= sz.

Set 07 = Dsyoy. Then there exists a constant Cy(r) depending only on o and r

such that || As||ss < Co(r) for all (s,t) € [r,1] x [a, b].

Proof. By Remark 1.2.14 (i), o : [a,b] — M is 1/2-Hélder continuous: there exists a
constant ¢ > 0 such that W3(oy,,04,) < c|ta — t1]. Together with lemma 3.1.3 and the

fact that Lip(Ds) = s < 1, this gives that ¢t — o7 is uniformly 1/2-Hélder continuous:

sz(an,afl) < W22(Ut2agt1) < C|t2 - t1|'
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Remark 1.2.14 (ii) ensures that {oy| t € [a,b]} is bounded and so there exists ¢ > 0
such that Wy(oy, dg) < ¢ for all t € [a, b].

One can readily check that v := (Ds1 X D32)#Ut € (o}, 0/?), so

Wioror) < [ o—yPdy = [ |Dos— Dasdoa)
R

RD xRD

= sy — 51 /D \z|?doy(z) < €|sy — s1]°.
R

Thus s — o7 is 1-Lipschitz. Consequently (¢,s) — o} is 1/2-Hélder continuous.
This, together with Lemma 3.2.10, yields the proof.
]

Lemma 3.2.14. Assume {fic}ccp C M and v, € L*(pc) are such that C := sup g ||ve| | 2(u)
is finite. Assume {p.}tecp converges to p in M as € tends to 0 and that there exists
v € L*(u) such that {vepc}ecr converges weak- to v, as € — 0. If v € To(p, ptc)

then 1im5—>0 Ge = 0; where Ge = fRD «RD <AM(I)a UE(y) - U(z)>d76($v y)

Proof. It is easy to obtain that ||v||;2(,) < C. Let 7. € I'o(p, pte) and § € X.. Then

there exists a bounded function C¢ € C(RP x R”) and a real number M such that

¢(@) = &(y) = VEW) (@ —y) + v — y[*Ce(z,y),  |Ce(z,y)| < M, (137)

for z,y € RP. We use the first equality in equation (137) to obtain that

(Au(2),ve(y) — v(@)) = (Au(2) — &(2), ve(y) — v(@)) + (E(Y), vely)) — (§(2), v(2))

+(VEW)(z —y) + |z — yI*Ce(x, ), ve(v))- (138)

Hence,

lac] < |[Au(2) — €(@)] 2200

+1 (VEW) (@ —y) + |z — y*Ce(, y))dve(z, y)]. (139)

RD xRD

Ve(y) — v(@)|]L2(30) + be
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Above, we have set be == | [pp po ((€(¥),ve(y)) — (£(2),v(z)))dye(x, y)|. By the

second inequality in equation (137) and by equation (139)
lac| < 2014, = &llzag + be + I VE]loWalp, pe) + MW3 (1, pre). - (140)

By assumption {Ws(u, pte) }eep tends to 0 and {b.}.cp tends to 0 as € tends to 0.
These facts, together with equation (140), yield limsup,_q |ac| < 2C||A,, — €12, for
arbitrary £ € X,. We use that X, is dense in L?(u) to conclude that lim._, a. = 0.

]

Corollary 3.2.15. Assume {jc}ecr C M, p, ve € L*(ue) and v satisfy the assump-

tions of Lemma 3.2.14. Then lim._oA,_(v.) = A,(v).

Proof. Let . € T'y(p, pte). Observe that

(A (W), ve(y)) — (Au(x),v(2)) = (Au(@), vely) — v(2)) + (Bu(@)(y — 7), ve(y))

+ (A () = A(@) = Bu(@)(y — @), vely)). - (141)

We now integrate equation (141) over RP? x RP and use equations (126)—(127)

and the fact that 7. € T',(u, pte). We obtain

|‘/_\/1/6(,U5) - /_\M(U” < lad + ||Bu||L°°(u)W2(NaNE)||UE

pe T+ o(Walp, 1)) ||ve

<l + Ol Bl oo Walp. 1) + C o Walp, ). (142)

He

Letting € tend to 0 in equation (142) we conclude the proof of the corollary. [

Lemma 3.2.16 (continuity of A, (X;)). Suppose 0 € ACs(a,b; M). If X € C((a,b)x
RP RP) such that sup, || Xi||s, is finite then t — Ay, (X;) =: A(t) is continuous on

(a,b).
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Proof. Fix t € (a,b) so that t belongs to the interior of a compact set K* C (a,b).
Let ¢ € C.(RP,RP) and denote by K a compact set containing its support. Observe

that X is uniformly continuous on K* x K so

limsup | (p(@), Xesn(2)=Xe(2))dorrn ()| < limsup [|@l|o sup [Xisn(z)—Xe(x)] = 0.
h—0 RD h—0 ceK
(143)

Since (X, ) € C. and o is continuous at ¢t by Remark 1.2.14, we also see that

lim [ (p(x), X;(x))doyn(z) = / (p(x), Xi(x))doy(x). (144)

h—0 JpD RD
Since ¢ € C.(RP,RP) is arbitrary, equations (143) and (144) give that {X; . 01 b0
converges weak-x to 0,X; as h tends to zero. Corollary 3.2.15 yields that A is contin-

uous at t. ]

Lemma 3.2.17 (Lipschitz property of A, (X;)). Suppose that o € ACy(a,b; M) and
v is a velocity for o. Let X € C'([a,b] x RP,RP) and C > 0 be such that

Sup [ Aoy llos [0ellors [[Xellors [18:Xil[oos [[VXe|oe < C- (145)

tela,b]

Then t — Ay, (X;) =: \(t) is L-Lipschitz for a constant L which is an increasing

function of C.
Proof. By equation (145)

1

| X (t+h,y)—X(t,z)| = ’/ (RO X+VX-(y—2))(t+lh, a+l(y—2))dl| < C(|h|+|y—z]).
0

(146)

Let vy, € ['y(0y, 041n). We exploit equation (131) where we substitute Y by X,

and use equations (145) and (146) to obtain

A(E+h) = A)] < | S (Ao, (1), Xeyn(y) — Xo())dyn(z, y)]

+ 2c(M)Walor, ovn) [ Xexnlloy
< C3(|h] + Wa(oy, 014n)) + 2¢(M)W(ov, 0010) C

< 2|h|C*(1 + C + 2¢(A)). (147)
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The last inequality in equation (147) is a consequence of equation (145) and Re-
mark 1.2.14, which yield Wy(0y, 044) < C|h|. Thus X is L-Lipschitz with L :=
C?(1 4 C +2¢(A)). O

One can identify points where A is differentiable by making additional assumptions
on X. We next show that the set of differentiability of A contains (a, b) \ N. Here, N/
is the set of ¢ € (a,b) for which there exists v, € I'y(0¢, 0441) such that (7! x (72 —
wl)/h)#fyh fails to converge to (Id x ¥y)xo; in Po(RP x RP) as h tends to 0. The
derivative of \ at ¢ will be written in terms of the projection #; of v; onto the tangent

space Ty, M, i.e. Uy := Ty, (Vy).

Lemma 3.2.18 (Differentiability property of A, (X;)). Suppose that o, v and X are
as in Lemma 3.2.17. We further suppose that X € C?([a,b] x RP,RP) and

192Xl oer 90X oo 192, < C. (148)
Ift € (a,b) \ \V then

N(t) = /RD<AUt(x),8tXt(:c)+VXt(x) dat / (By, () 0(2), Xo())doy(2)
(149)

Proof. We shall show that equation (155) holds by establishing a series of inequalities.
First, by equations (145) and (148)

(X (t+hyy) = X(t,x) = hdX(t,2) = VX (t,2) - (y —2)| < CORP* + |y —2f*). (150)
We exploit equation (150) to obtain

’/RDXRD (<A0t (7), Xiynly) — > h<A0't L0 Xy (2) + VX (2) - %»d%(x, y)‘

< @2(\h\2 + W2(on, O—Hh)).
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This, together with the fact that ¢ € (a,b) \ N yields

A, (), Xt+h(y)h— Xy() >d”yh(x, y)

lim <
h—0 JrD xRD

- /R ) <A0t(:c), 8,X,(x) + VX, (x) -z?t(x)>dat(:c). (151)
By equations (145) and (150)
X (t+h,y) — X (t,2) <C(h| + |y — 2|+ [b* + |y — z[?)

So Holder’s inequality yields

[ (Ba@) (0= 0. Xewaly) = Xila) Y.
RD xRD
< Bl @MWl 004n) - (1114 (B 4+ Walor, o10n) + W01, 0001)

< c(R)C?[1| (1] + B2 + Clh] + C2|nf). (152)

To obtain equation (152) we have used equation (127) to bound || By, ||s,. As before,
we have also used Remark 1.2.14 to control Wy (ay, 0y4s) with C|h|. By equation (152)

and the fact that ¢ € (a,b) \ N

. — X
}llI% <Bgt (x) - yT, Xt+h(y)>d7h(1', Y)
—YJRD xRD
. y—=z
= lim <BO',5 (l’) . —,Xt(l')>d’yh(xay)

h=0 JrD xrD h
_ /R (Bou@) - ae), X,(2))dor (). (153)

If we substitute v by oy.p, pt by oy, Y by X;1p and X by X; in equation (129) and
as before control Wa(oy, o4pp) with C|h|, we obtain

gﬁAN@&M@—%@—&mm—m&M@Wmmwﬂxuw

We make the same substitution in equation (128) and use equation (154) to obtain

. - X — Xi(z -
N =tim [ (A, 2 @) LT ) ) )
h—0 RD xRD h h
(155)
Thanks to equations (155), (151) and (153) we obtain equation (149). O
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3.2.4 Mollification of absolutely continuous paths in M

Throughout this section we suppose that n,, € C®(RP) is a mollifier : n%(x) =
1/€Pn(z/e), for some bounded symmetric function n € C*(R”) whose derivatives
of all orders are bounded. We also impose that n > 0, [, |z[*n(z)dr < oo and
Jepn = 1. We fix 4 € M and define f(z) := [op nH(x — y)du(y). Observe that
[ e C>(RP) is bounded, all its derivatives are bounded and [, f¢ = 1.

We suppose that n{ € C>°(R) is a standard mollifier: n{(t) = 1/en,(t/¢), for some
bounded symmetric function 7, € C*°(R) which is positive on (—1,1) and vanishes
outside (—1,1). We also impose that [, 7 =1 and assume that [e| < 1.

Suppose o € ACy(a,b; M) and v : (a,b) x RP? — RP is a velocity associated to
o so that t — ||v],, € L*(a,b). Suppose that for each t € (a,b) there exists p, > 0
such that o, = p, L.

We can extend ¢ and v in time on an interval larger than [a,b]. For instance,
set 6, = 0, for t € (a — 1,a) and set 6, = o, for t € (b,b + 1). Observe that
g€ ACy(a — 1,0+ 1; M) and we have a velocity ¥ associated to & such that v, = v,
for t € [a,b]. We can choose © such that ||7;||Z, = 0 for ¢ outside (a,b). In particular,
fab__ll 0|2, dt = fab |[ve||2,dt. If o is time periodic i.e 0, = 03, and v, = v, then we
set 0y = Oyqp—a (vespectively 0y = vipq) for t € (a — 1,a) and 6, = 04_(p—a) (
Uy = Ui—(p—q)) for t € (b,b+1). In the sequel we won’t distinguish between o, & on the
one hand and v, ¥ on the other hand. This extension becomes useful when we try to
define pf as it appears in equation (156). The new density functions are meaningful
if we substitute o by & and impose that € € (0,1).

For e € (0,1), set

hile) = / Hi(t - T)pe(@)dr, of = piLP, p(x)v(z) = / i (t = )y () (2)dr.
(156)

Note that p$(x) > 0 for all ¢t € (a,b) and x € R and p¢ is a probability density.
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Also, v¢: (a,b) x RP? — RP is a velocity associated to o°.
In the sequel we set
C? = / |z|*n(z)dx, C) = /nl(T)TdT, C,:=  sup ||vs]ls,-
RD R re(a—1,b+1)
Lemma 3.2.19. We assume that for each t € (a,b) there exists py > 0 such that
oy = pLP. Then o¢ € ACy(a,b; M). Fora < s <t <b,

(i) Walp, fLY) < eC, (id) ||vf

oe < Cy and (i1i) Wy(oy,00) < €C1C,.

Proof. We denote by U the set of pairs (u,v) such that u,v € C(RP”) are bounded
and u(z) +v(y) < |z —y|* for all z,y € RP. Fix (u,v) € Y. By Fubini’s theorem one

gets the well-known identity

/RD u(z) f(x)dr = /RD du(y) /RD u(z)ne(z — y)da. (157)

Since v(y) = [pp v(y)ne(z — y)dzx, equation (157) yields that

/R (@) f(@)do + / u(y)duty) = / dp(y) / e~ y) (o) + (o) dr
< /RD du(y) /RD ne(x —y)|x — y|*dx (158)

_ i B2, 22
= [ aut) [ Go)lzpas = e

To obtain equation (158) we have used that (u,v) € U. We have proven that
Jep w(@) f(z)dz + [op v(y)du(y) < C*e* for arbitrary (u,v) € U. Thanks to the dual
formulation of the Wasserstein distance equation (4), we conclude the proof of (i).

Note that for each t € (a,b) and z € R”, n{(t — 7)p,(x)/pS(x) is a probability

density on R. Hence, by Jensen’s inequality

i@ = [1/7@) [ e =Py (ohde|| < 1/pita) [ aite = rp@)lon (0P

We multiply both sides of the previous inequality by pf(x). We integrate the

subsequent inequality over RP and use Fubini’s theorem to conclude the proof of (ii).
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We use (ii) and Remark 1.2.14 (i) to obtain that o€ € ACs(a, b; M).
We have

/RD u(x)doy(z) = /RD u(x)dx/Rnf(T)pt_T(x)dT — /RUT(T)C[T /RD w(@)doy_r ().

Hence, using that v(y) = [, 7{(7)v(y)dr, we obtain

/RD u(x)dot(x) + /RD v(y)doy(y) = /R?ﬁ(f)df(/RD udo,_. + /RD Udo‘,r> (159)
< AUE(T)WE(Ut—T,Ut)dT (160)

< /77{(7‘)7‘2050[7' = 620105. (161)
R

To obtain equation (160) we have used the dual formulation of the Wasserstein
distance equation (4) and the fact that (u,v) € Y. We have used Remark 1.2.14 to
obtain equation (161). Since [, udof + [;p vdo, < eCC, for arbitrary (u,v) € U, we

conclude that (iii) holds. O

Remark 3.2.20. Assume that for each t € (a,b) there exists p; > 0 such that oy =
pLP. Let ¢ € C.(RP). Setting I4(t) := [o0 (), ve) pdLP, we have

[ (0002l =+ 10 < [l Co. (162

Corollary 3.2.21. Suppose that for each t € (a,b) there exists p, > 0 such that
oy = pLP. Then, for each t € [a,b], {0}es0 converges to oy in M as € tends to zero.

For L'-almost every t € [a,b], {ofvf}eso converges weak-x to oyv; as € tends to zero.

Proof. By Lemma 3.2.19 (iii), {of }¢~o converges to o, in M as € tends to zero.

Let C be a countable family in C.(R”). For each ¢ € C.(RP), the set of Lebesgue
points of I is a set of full measure in [a, b]. For these points n{ * I4(t) tends to I,(t)
as € tends to zero. Thus there is a set S of full measure in [a, b] such that for all ¢ € C

and all t € S, 0§ * I4(t) tends to I4(t) as € tends to zero. Fix ¢ € C.(RP) and choose
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d > 0 arbitrary. Let ¢ € C be such that || — ¢||s < J. Note that

i Lo (t) = Lo ()] < [y Lo (8) = Lo(8)] + |07+ Lo (D)] + [T (D).

We use inequality 162 to conclude that
05 * Lp(t) — Lo (0)] < [nf + Lo (t) — Lo(t)] 4 20C,.

If t € S, the previous inequality gives that limsup,_q 7§ * I,(t) — I,(t)| < 26C,.

Since 0 > 0 is arbitrary we conclude that lim._.q |n{ * I,(t) — I,(t)] = 0. O

Corollary 3.2.22. Suppose 0 € ACy(a,b; M) for all a < b, v is a velocity associated

to o and 0o > C' = supygiqy ||Vl |o, - Define

fr@) = [ able=ndn(). of = L7 Fani) = [ maeputde)

As in equation (156), we define for 0 < e < 1,

ﬁ%%zé%%ﬂﬂ@W,ﬁ“:fT?ﬁWMW%%:éﬁWﬂﬂmﬁmﬁ~

Then,

(i) V" is a velocity associated to o” and, for each t € (a,b), {0} }. converges to oy
in M as r tends to zero. For L'-almost every t € (a,b), |[v]||or < C and {v]o}}r~0
converges weak-x to v,0, as r tends to zero.

(i1) v&" is a velocity associated to o and, for each t € (a,b), {o}"}c converges to

o in M as € tends to zero. For everyt € (a,b), |lv;"

sor < C while for L' —almost
every t € (a,b), {v; 07" }r=0 converges weak-x to vio] as e tends to zero.

(iii) The function t — /_\ogw(vf’r) is continuous while t — A, (v;) is measurable on
(0,7).

(iv) Suppose in addition that o and v are time—periodic: o, = oy, Vg = Up.

er _ 6T er _ 6T
Then oy" = o0, and v" = v, .
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Proof. It is well known that |[vf|[or < [|ve]ls, < C (see [3] Lemma 8.1.10) so, by
Remark 1.2.14 (i), 0 € AC5(a,b; M). One can readily check that v" is a velocity
associated to o”. Lemma 3.2.19 shows that, for each ¢ € (a,b), {o]}, converges to

oy in M as r tends to zero. Let ¢ € C.(RP RP). Set ¢" := 0}, * ¢. Since {¢" },~0

converges uniformly to ¢,

lim <g0,vf>daf:/ (vy, p)doy.
RD RD

r—0

Thus {v]o} },~0 converges weak-* to v;0; as r tends to zero. This proves (i).

We next fix » > 0. For a moment we won’t display the dependence in r. For instance
we write v¢ instead of v;”" as in equation (156). Note that p¢ € C'([a, b] x RP), p >0
and pf is a probability density. Also vf € C*([a,b] x RP,RP) and v¢ is a velocity

associated to o¢. Fix t € [a,b] C (a,b). Lemma 3.2.19 gives that ||vf]

oe < C for all
e > 0 small enough. By Corollary 3.2.21 {vio{ }.~o converges weak-x to v,0; as € tends
to zero. This proves (ii).

By Lemma 3.2.16, t — Ay (vf) is continuous in (a, b). Hence by (ii) t — Ay (vy) is
measurable as a pointwise limit of measurable functions. We then use (i) to conclude
that ¢t — A,,(v;) is measurable as a pointwise limit of measurable functions. This

proves (iii). The proof of (iv) is straightforward. O
3.2.5 Integration of regular pseudo 1-forms

We can now study the properties of regular pseudo 1-forms with respect to integration.

Corollary 3.2.23. Let 0 € AC5(a,b; M) and let v be a velocity associated to o.
Suppose t — ||vy||,, is square integrable on (a,b). Thent — A,,(v;) is measurable and

square integrable on (a,b).

Proof. Let ¢ be the reparametrization of o as introduced in Remark 1.2.17 and let

v be the associated velocity. By Corollary 3.2.22 (iii), because sup,ejo 1) |[0s]ls, < 1,
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we have that s — A, (7,) is measurable. But A,,(v;) = S(t)As (s)). Thus t —

S(t)

Ay, (v¢) is measurable.
By Corollary 3.2.10 there exists a constant C,, independent of ¢ such that ||A4,, ||, <

C, for all t € [a,b]. Thus

sl = | [ (o] < Aol < Colorlo

Since t — ||vy]|,, is square integrable, the previous inequality yields the proof. [

Corollary 3.2.24. Suppose {0" }o<r<c C ACs(a,b; M), v" is a velocity associated to
0" and 00 > C = sup e |[Vf||o; where E = [a,b] x [0,c]. Suppose that, for L'~
almost every t € (a,b), {vio} },~o converges weak-x to vioy and {0} }.~o converges in
M to oy as r tends to zero. If (t,r) — o} is continuous at every (t,0) € [a,b] x {0}

then lim,_ f; Agr (V") dt = f; A, (v)dt. Here we have set oy := o?.

Proof. By Lemma 3.2.10 we may assume without loss of generality that ||Agy||or is
bounded on E by a constant C' independent of (¢,7) € E.
We obtain

sup |Agr(vf)| < sup || Az |[or||vf]loy < CC. (163)
(t,r)eE (t,r)eE

Corollary 3.2.15 ensures that lim,_o Asr(v)) = A, (v) for L'-almost every ¢ €
[a, b]. This, together with equation (163) shows that, as r tends to 0, the sequence of
functions ¢ — A, (vy) converges to the function ¢ — Ay, (vy) in L*(a,b). This proves

the corollary. O

Definition 3.2.25. Let 0 € ACy(a,b; M) and let v be a velocity associated to o.
Suppose t — ||v||,, is square integrable on (a,b). By Corollary 3.2.23, t — A, (v;)

is also square integrable on (a,b). It is thus meaningful to calculate the integral

fab ‘/_\Ut (Ut)dt
We will call fab A, (v,)dt the integral of A along (o,v). When v is the velocity of

minimal norm we will write this simply as f; A and call it the integral of A along o.
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Remark 3.2.26. Suppose that r : [c,d] — [a,b] is invertible and Lipschitz. Define
0s = Ops)- Then 7 € ACs(c,d; M) and v4(x) = 7(s)vy)(x) is a velocity for 7.
Furthermore, fcd Ag, (0)dt = f; A, (v;)dt.

Proof. Let 3 € L*(a,b) be as in Definition 1.2.13. Then

r(s+h)

Wa0r et 0r00) < | amar] where 5= [i(9)]305).

(t)dt) -

r(s)
Because 3 € L%(c,d) we conclude that & € ACy(c,d; M). Direct computations

give that, for £! a.e. s € (c,d),

Wi W (0r(sn), 0r(s))/ [] = [7(s)] |0”|(r(5))-

Thus |57|(s) = |[7(s)| |0'|(r(s)). Let ¢ € C>(RP) and let v be a velocity for o (see
Proposition 1.2.15). The chain rule shows that, in the sense of distributions,

d

dS ¢d0r (s) ( )<V¢a Ur(s) >0’T(6) <V¢a Us>05>

where U5(x) = 7(s)vy(s)(x). Thus ¥ is a velocity for &. Using the linearity of A we have

d d b
//_\Us(vs)ds:/ f(s)/_\ar(s)(vr(s))ds:/ A, (vy)dt.

This concludes the proof. O

3.2.6 Green’s formula for annuli, the first cohomology of regular pseudo
1-forms

Let 0 € ACy(a,b; M) and let v be its velocity of minimal norm (see Proposition
1.2.15). The following proposition is extracted from [3] Theorem 8.3.1 and Proposition
8.4.5.

Proposition 3.2.27. Let N be the set of t such that v fails to be in T,, M. Let Ny
be the set of t € [a,b] such that <7r1 x (m% — 7r1)/h>#nh fails to converge to (Id X v;),,
in the Wasserstein space M(RP x RP), for some n, € Ty(0s,004n). Let N be the
union of Ny and Ny. Then LY(N) = 0.

68



As in Section 3.2.3, for r € (0,1) and s € [r, 1] we define

Dyz := sz, o(s,t) =0} := Dsyoy (164)
and

w(s,t,:) =w;(z) := z

= D'z, wv(s,t,-) =0 = Dy (165)

According to Lemma 3.1.4, for each s € [r, 1], (s, -) € ACs(a, b; M) admits v(s, -)
as a velocity. For each ¢t and ¢ € C>°(RP), in the sense of distributions,

d d
o oot =5 [ stsarioa) = [ (Votsa)aaoto) = [ (Vo.uidr

Thus w(-,t) is a velocity for o(-, ).

We assume that

|0'||o := sup ||v¢]|o, < 00.
tela,b]

By Remark 1.2.14,

¢y = sup Wa(oy,dp) < 0.
te(a,b]

By the fact that Dss0, = 0] we have

Wi(os,80) = s°Wi(oy, ) < 572 < Oy (166)

Here, we are free to choose C, to be any constant greater than c2.

Remark 3.2.28. Note that (1 + h/s)Id pushes o} forward to oi ™ and is the gradient

of a convex function. Thus

N (M < (1+ h/s)ld> KA NG A

For v"—almost every (z,y) € RP x RP we have y = (1 + h/s)x, so

s Y hy sc_SY hy s
o) = s+ R = (4 D) = (1 + D). (167)
Using the definition of o; and v; we obtain the identities
11d]lo; = s[|1d[lo, < 5Co,  [V7]]o; = sllvielloy < 8]|0"[|o0- (168)
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We use the first identity in equation (168) and the fact that (1 4 h/s)Id pushes

o forward to of ™" to obtain

2 h h2
Wi (o3, 0*") = S 11d

i;‘ = W2||1d][5, = h*W3(a1,d0) < h*C3. (169)

Set
V(S>t) = ‘/_\Uf(vf)> W(Sat) = ‘/_\Jts(wzf)

Lemma 3.2.29. For each t € (a,b) \ N, the function V(t,-) is differentiable on
(r,1) and its derivative is bounded by a constant Li(r) depending only on o and r.

Furthermore

s

0.V (5.) = [ (). W aoi(o) + [ (Blahuilo), ep(w)aoi(o).

S RD

Proof. Let C,(r) be as in Corollary 3.2.13 and let C, be as in equation (166). We

use equations (131), (167) and then Holder’s inequality to obtain

op + 26(M)Wa(o}, 077 [y

h -
V(s +ht) = Vs < =l Al Il Jeene (170)

We combine equations (168), (169) and (170) to conclude that
|V (s+ h,t) — V(s,t)] < hCy(r)|]|0"||s0 + 2hc(A)Cy(s + R)||07]]so- (171)

This proves that V(-,¢) is Lipschitz on (r, 1) and that its derivative is bounded by
a constant Li(r). As in Remark 3.2.8,

hmV(s + h,t) =V {(s,t)
h—0 h

. - ) —vl(x
— }ILH% <Agf (I), t (y)h t( )>d’}/h($, y)
—YJRD xRD

y—x
s B e ) )
RP xRP h

+ % /]RDXRD <A0ts+h (y) — Aof (:L’) — Bgts (x)(y _ x), Uts+h(y)>’7h(x, y) (172>

By equation (129), the last inequality in equation (168) and equation (169) we

have

i [ () = Ag(o) = Bry(o)ly =), @) ) 0. (17

h—0 ¢
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We use equations (167), (172), (173) and the fact that, for ~"—almost every

(z,y) € RP x RP, y = (1 + h/s)z to conclude that

V(s+ h,t) —V(s,t)

= [ @, S a0ty + i [ (B2, (4 Dypopaoi o

RD S h—0 RD

— [ (. ™ 2o () + [, Byt )i o o) (174)
This proves the lemma. O

Lemma 3.2.30. For each s € [r,1] and t € (a,b) \ N, the function W (s, -) is differ-
entiable at t and its derivative is bounded by a constant Ly(r) depending only on o

and r. Furthermore

o

o (s.0) = [ (s, " ydop(o)+ [ (wito). Bus i) do (o),

s RD

Proof. We would like to apply Lemmas 3.2.17 and 3.2.18 with X, substituted by w}
and o, substituted by o7. It suffices to show that if ¢ € (a,b)\N and v} € T'o(07, 07, )
then <7r1 X (m? — 7r1)/h>#7fl converges to (Id X vf)ys in M(RP x RP) as h tends to
0. Set

Y = (Ds_l X Ds_l)#'yfl.

where Dy is given in equation (164). Since
o (D' x DYy =D 'or' and w0 (D;'x D;') =D, or?

we conclude that vy, € I'(oy, 01p,). By the fact that the support of 4; is cyclically
monotone, we have that the support of 7, is also cyclically monotone. Hence v, €
Ly(oy, 0¢4n). We have

7T2—7T1 7T2—7T1

(Wle)#’yZ = (DSXDS)#<(7T1>< h )#%) — (DyxDy)o(Idxuv;) go, = (Idxv}) oy

O

71



Corollary 3.2.31. For each s € (r,1) and t € (a,b) \ N we have
0 (Aos (w)) = 0 (Ray (07 ) = Ay (7, 7).
Proof. This corollary is a direct consequence of Lemmas 3.2.12, 3.2.29 and 3.2.30. O

Remark 3.2.32. Notice that, unlike in Proposition 3.2.2, in Lemma 3.2.29 and Corol-

lary 3.2.31 we don’t assume that v € C*((r, 1]x (a, b) x RP  RP). Although possibly nei-

ther Vo nor d,v] exist, equation (167) ensures that |[vj ™ on2 —vf o mt||,n < h|0”||oo-
That inequality was crucial in the proof of Lemma 3.2.29.

Theorem 3.2.33 (Green’s formula on the annulus). Consider in M the surface
S(s,t) = Dgyo for (s,t) € [r,1] x [0,T] and its boundary OS which is the union of

the negatively oriented curves S(r,-), S(-,T) and the positively oriented curves S(1,-),

/dA:/ A
S oS

Proof. We use Corollary 3.2.31 to obtain

T 1
/Sd/_\:/() dt/r dAss . (vf,wi)ds
= [ [ o (swotun)) - o (s D) s

1 T
- / (Astom(wy) = Koo (w) ) ds - /0 (Asa(0]) = s (7)) dt

_ /{)S A (175)

O

S(-,0). Then

Corollary 3.2.34. If we further assume that A is a closed pseudo 1-form and that

o9 = or, then fOT A, (v)dt = 0.

Proof. For s € [r,1] define
T ~ 1
l(s) :/ AS(S,t)(Uf)dt, I(t) :/ AS(S,t)(wf)dS.
0 r
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Since w§ = wy and 05 = Dsuor = Dsupoy = of, we have [(T') = [(0). This,
together with equation (175) and the fact that dA = 0, yields fOT Ao, (v)dt =1(1) =
I[(r). But

T T
[ Ass,llses.e Vil ses,pdt < 7’||<7'||oo/ | Ass,l 5,0,
0

(176)

T
1(r)] < / Ry (0]t < /

where we have used the last inequality in equation (168). The first inequality in
equation (166) shows that, for » small enough, {S(s, t) };ex[o,r) is contained in a small
ball centered at dp. But Lemma 3.2.10 gives that p — ||A,]|, is continuous at do.
Thus there exist constants ¢ and ry such that |[Ags sy < ¢ for all t € [0,7] and

all 7 < r9. We can now exploit equation (176) to obtain
11(1)] = limiélf [1(r)] < limiglfrTcHa'Hoo =0.
U

Corollary 3.2.35. Let A be a reqular pseudo 1-form on M. Let A denote the cor-
responding 1-form on M, defined by restriction. Assume A is closed, i.e. dA = 0.

Then A is exact, i.e. there exists a differentiable function F' on M such that dF = A.

Proof. Fix p € M. Let ¢ be any curve in ACy(a, b; M) such that o, = dy and o3, = p.
Assume that v is its velocity of minimal norm and that sup, |[vill,, < oo. By
Corollary 3.2.34, fa A depends only on y, i.e. it is independent of the path o. Also,

Remark 3.2.26 ensures that fo A is independent of a, b. It is thus meaningful to define

F(p) := /U]\.

We now want to show that F' is differentiable. Fix p,v € M and v € T',(p, v). Define
oy = ((1 — )7 +t7x?)yy. Then o : [0,1] — M is a constant speed geodesic between

i and v. Let vy denote its velocity of minimal norm. Clearly,
1 —
P) = Flp) = [ Ko (o). (177)
0
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Let 4 : RP — R denote the barycentric projection of . Set v := 4 — Id. Then

v = (mh, (1 — )7t + t7?)y € To(09, o) and

R = Ras®) = [ (o) o) = v(o) + (B @)y = ), u(0)) ()
[ ) = A (o) = Buy(a)(y — 2), )l ).

By equation (126) and Holder’s inequality,

| /R ., RD@m(y) — Aoy (2) = By ()(y — ), ve(y))dve(. y)| < o(Wa(00, 00)) (00|

It is well known (cfr. [3] Lemma 7.2.1) that if 0 < ¢ < 1 then there exists a unique

optimal transport map T}' between o; and oy, i.e. Tp(oy,01) = {(Id X T}})40y}. One

can check that v, (y) = Ttll(q“i)t_y and ||v||s, = Wa(oy, 01)/(1 —t) = Wa(0og, 01). Thus
L, Ga@) ) = v@hdute.y)
= [, =Y — (50) — tn)

t

= /(Aao(x)a ° ((11__23: +12) — (z—x))dvy(x, 2)

Similarly,

[, By =) utdutzn = ¢ [ (Baf@)e - ).z = adray)
= o(Wz(00,01)) = o(Wa(p, v)).

Combining these equations shows that

Ag,(01) = Mgy (v) = o(Wa(p, ). (178)

Notice that (178) is independent of t. Combining (177) and (178) we find

Fv) = F(u)+ Aolo) + / R (00) — R (0)dt
= F() + By (0) + 0o Waljs, )
_'_

A,
/ 2y (e, y) + o(Walu, ).

RD
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As in Definition 1.2.8, this proves that F' is differentiable and that V,F = m,(A,).
Thus dF' = A. O

3.2.7 Example: Restriction of 1-forms to the space of discrete measures

Fix an integer n > 1. Given z1,---,2, € RP set x := (x1,-+,2,) and py =
1/nY 0 0z Let M denote the set of such measures and T'M denote its tangent
bundle. It is easy to see T,,, M = L*(ui5). Choose a regular pseudo 1-form A on M.
By restriction we obtain a 1-form « on M, defined by ay := A,

Let A : R"P — R"? be defined by

A) = (A1), An(x)) = (A ), Ap(a)).

Let X = (X1,---,X,,) € R"Y be such that X; = X whenever z; = x;. We identify
X with X € L?(j1) defined by X (z;) = X;. Note that ay(X) = 1(A(x), X). Now

define a nD x nD matrix B(x) by setting

Bioyinss = (Bux(xkﬂ)) L fork=0,--n—1, ij=1---.D,  (179)

[

Bim:=0 if (I,m)&{(k+ik+j):k=0,--n—1 ij=1.---,D} (180)

Proposition 3.2.36. The map A : R"P — R"P s differentiable and VA(x) = B(x)

for x € R"P.

P’f’OOf. Let x = (zla U 7$N) € RND‘ Set r = minxi?éxj |x1 - [L’]| Ify = (y1> e ayn) €
R™” and |y —x| < r/2 then I',(pix, pty) has a single element vy, = 1/nY "1 | 8¢, 4, and

nWi(pux, tty) = |y — x|?. By equation (126),
IAly) = A(x) — By = 0)f = n o X =2L, (181)

This concludes the proof. O
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Lemma 3.2.37. Suppose X = (x1,---,2,) € R and X = (X1,---,X,), ¥ =
(Y1,---,Y,) € R are such that X; = X;, Y; =Y, whenever x; = x;. Recall that by
abuse of notation, define X with a vector field we still denote X € L*(uy). Similarly,
we identify Y with a vector field we still denote Y € L*(py ).

dA,, (X,Y) = doy (X, Y).

Proof. We use Lemma 135 and equations (179)— (180) to obtain

dA,, (X,Y) = Z<(Bux (21) — B (x1)") Xs, Yk> = dax(X,Y).

k=1
[
Corollary 3.2.38. Suppose that v = (ry,---,1,) € C*([0,T],R"P) and set o; =
L/nYy o0 O If A is closed and oy = or then fgoz =0.
Proof. This is a direct consequence of Corollary 3.2.34.
U

Remark 3.2.39. One can check by direct computation that the familiar identity
O (ax(05x)) — Os(ax(0sx)) = dax(0ix, dsx) holds. Together with Lemma 3.2.37 this

shows that
at (j_\af (wf)) - as (j_\af (Uf)> = dj_\ats ('Ufa wf)>
which we used to prove Theorem 3.2.34.

Remark 3.2.40. Notice that the assumption oy = o7 is weaker than r(0) = r(7).
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