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SUMMARY

The objectives of this thesis are to derive a mathematical model
for laser velocimeter signals and to find a means to estimate the fre-
quency of the signals. Expressions for the signals from the two types
of velocimeters, namely the laser Doppler velocimeter (LDV) and the laser
interference velocimeter (LLV), are derived through the use of the
Fresnel-Kirchhoff integral. The sources of noise in both systems are
identified and their contributions to the total noise are assessed.
Velocimeter systems were built and experiments were carried out to verify
the signal and noise models. It is shown that under most conditions,
velocimeter signals are discrete sinusoidal pulses with Gaussian enve-
lopes and that the noise is white and Gaussian. An estimator, called
the "Fourier transform estimator,' is motivated and statistically ana-
lyzed. The estimator is found to perform well when the velocimeter sig-
nals are changing rapidly in frequency and when noise levels are high.
Experiments were carried out which demonstrated the estimator's per-

formance.



CHAPTER 1

INTRODUCTION

Fluid Velocity Measurement

Need for a Reliable Means to Measure Fluid Welocity

In order to understand the flow around an airfoil in a wind tunnel
test section, an aerodynamicist would like to know the pressure, tempera-
ture, density, and velocity of the air at every point in the test section.
These quantities are in general time varying and may be either determinis-
tic or random. The devices by which these parameters are measured should
interfere with or alter the flow as little as possible.

Pressure is generally measured by inserting a small pitot tube into
the flow. The tube is either connected to a manometer or a pressure trans-
ducer which give a direct readout of the pressure. There is a considerable
art in designing the tubes so that they give correct pressure readings
and do not change the flow by a significant amount. To make accurate
pressure measurements, the effect of the tube on the flow must be esti-
mated and accounted for. Quite often, the ends of the tubes are mounted
flush with the model so they do not alter the flow. However, when they
are mounted this way, they only measure the pressure at the model's sur-
face.

Temperatures in wind tunnel flows are measured by thérmocouple

probes. These probes can be made quite small and, like pitot tubes, are



inserted into the flow at the point where temperature is to be measured.
Thermocouples also alter the flow and this alteration must be accounted
for to obtain good estimates of temperature. Thermocouples can be em-
bedded into the model teo measure surface temperature of the model without
altering flow. Although there is room for improvement in temperature

and pressure measuring techniques, the present techniques are generally
thought to be adequate for most steady and time varying flows.

Density is measured by a technique known as 'interferometry." A
wavefront of collimated coherent light is passed through the tunnel. The
beam is then interfered with a beam that has not passed through the tun-
nel. From the resulting interference pattern, the phase variation im-
parted to the beam by the flow can be determined. The phase variation is-
related to index of refraction variation which is in turn related to
density. Interferometry has the distinct advantage of not altering the
flow. However, the phase variation of the wavefront passing through the
tunnel is only related to density if the flow is two-dimensional, i.e.,
varies only in two dimensions. In the special case of axially symmetric
flow, the density can be found from the phase variations by means of the
Abel transformation.1 Statistics of random density variation in three
dimensional flows can be found by means of a related technique called
"cross-beam Schlieren."2 Due to the restriction of interferometry to
special flow symmetries, there is a pressing need for a device to mea-
sure air density in arbitrary flows.

Velocity is the parameter most difficult to measure by conventional



means. The only device which measures velocity directly is the "hot wire
anenometer.”" The hot wire is a very small wire, usually less than one
mil in diameter, with a small current flowing through it. This wire is
placed in the flow and the cooling effect of the flow alters the resistance
of the wire. The resulting variation in the current is directly related
to velocity. The hot wire anemometer is very difficult to install due

to its small size and its tendency to break. Also, the wire is likely

to be broken if there is much dust or particulate in the flow or if the
flow is very fast. The quantity measured is velocity magnitude rather
than direction. Due to the limitations caused by the fragile nature of
the hot wire, it is seldom used in wind tunnel measurements. Because of
the inadequacy of the hot wire anemometer, a reliable, non-interfering
means of measuring wind tunnel velocities is needed.

Application of Laser Velocimeters to the Fluid Velocity Measurement

Problem

The laser velocimeter, when fully developed, has the potential of
solving the fluid velocity measurement problem. The velocimeter can make
non-interfering measurements of specific velocity components at any point
in the test section. It can be made rugged, insensitive to a noisy en-
vironment, and easy to operate. The first major problem in the velocim-
eter development, namely the design of an efficient and stable optical

system, has been solved.3’4’5’10

The problem of estimating velocity from
the laser velocimeter signals still remains.

The two principal kinds of laser velocimeters are the laser Doppler



3,6 To use

velocimeter (LDV) and the laser interference velocimeter (LIV).
either velocimeter, the wind tunnel must first be "seeded" with small
particles such as smoke which move along with the flow. Under certain
conditions, a wind tunnel contains enough natural particulate such as
dust so that artificial seeding is not necessary.? The LDV system measures
the velocity by illuminating the flow with a laser beam and detecting the
light scattered by the particulate in the flow. The scattered light has
a Doppler frequency shift which the velocimeter measures and relates to
the particulate or fluid velocity. The LIV measures velocity by creating
a very small sinusoidal interference pattern in the test section. As
particles move through the interference region, they scatter light whose
intensity is proportional to the intensity of the interference pattern at
the point where the particle is passing. By detecting and measuring the
waveform of the scattered light, the particulate velocity can be deter-
mined. Both types of velocimeters have certain advantages and disadvant-
ages which will become apparent.

The LDV system was first presented by Cummins and Yeh.8 A sche-

? is shown in Figure 1 and

matic of the LDV system presented by Foreman
illustrates the basic principles of operation. A continuous wave laser
beam is focussed inside the wind tunnel test section by lens Ll1. Par-
ticles passing through the focal region scatter light in all directions.
Light scattered through an angle of B with respect to the original beam

is imaged by lens L2 and reflected by mirror Ml tc a PMT. The unscattered

light is imaged by lens L3 and reflected by mirror M2 and a beam splitter

to the PMT. The scattered and unscattered beams interfere at the PMT and
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Figure 1. Schematic of the Laser Doppler Velocimeter
as described by Foreman



the resulting beat frequency of the mixed signals is the Doppler frequency
shift imparted to the light by the velocity of the particles in the flow.
The velocity of the air in the test section is given by the well known

Doppler relation,g’11

% =~ fDx/(zn[sine/zl) (1)

where Vo is a specific velocity component, )\ is the wavelength of the

laser, f_ is the Doppler frequency shift, and n is the index of refraction

D
of air.
Although the LDV system of Figure 1 is conceptually workable, it
is very difficult to align and very easily misaligned by ambient wvibra-
tions common around wind tunnels. In order for the PMT to produce a time
varying current, it is necessary that the scattered light from mirror M1
and the reflected light from mirror M2 be parallel when they strike the
PMT. Micrometer adjustments are required on the mirrors and beam splitter
to achieve parallel beams. Once the mirrors and beam splitter are ad-
justed, they can be misaligned by vibrations. For these reasons, the LDV
system described above is not very practical for wind tunnel measurements
although it is an improvement over the hot wire anemometer.

The LDV system shown in Figure 2, proposed by Mayo and Brayton,S
has become standard and is used by most investigators. By means of its
simple design and self aligning optics, it is very easy to set up and it
operates well around noisy wind tunnels. The beam from the laser strikes

a glass plate whose back surface is silvered. Part of the beam (usually

five percent) is reflected by the front surface of the plate. The re-
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Figure 2. Schematic of Self Aligning LDV System3’5



mainder of the beam is transmitted by the first surface of the plate and
totally reflected by the second surface. The net result is two beams,
one about 20 times stronger than the other, leaving the glass plate. If
the sides of the plate are parallel, the two beams are parallel. The
two beams pass through lens L1 and are focussed inside the test section
in the focal plane of the lens. Since the two beams entering the lens
are parallel, they are focussed at the same point. Particles passing
through the focal region will scatter light from both beams, but the scat-
tered light from the strong beam will be much stronger than the light
scattered from the weak beam. Lens L2 images the focal region of the
weak beam to a PMT. Also, light from the strong beam which is scattered
by the particles in the direction of the weak beam will also be imaged
to the PMT. The images of the scattered and unscattered light interfere
with each other at the PMT and produce a current whose frequency is the
Doppler frequency shift.

In order for the scattered and unscattered light to be parallel
when they strike the PMI, it is necessary that the two beams entering the
test section be focussed at the same point. The beams always focus at
the same point if the beams entering lens Ll are parallel which is assured
by the sides of the glass plate being parallel. Since the sides of the
plate are always parallel regardless of vibrations, the system is auto-
matically aligned and insensitive to vibrations. The essential element of
the self aligning LDV system is that its alignment depends only on the
sides of the glass plate being parallel while the alignment of the LDV

system in Figure 1 depends on the beam splitter, and the two mirrors being



precisely aligned and remaining aligned in a noisy environment.

The advent of the self aligning LDV system motivated the discovery
of the laser interference velocimeter (LIV) depicted in Figure 3.3’6’12
The first surface of the glass plate is coated as a beam splitter and the
second surface as a mirror so that two equal intensity parallel beams
leave the plate. The two parallel beams are equal in intensity in con-
trast with the LDV system in which one beam is much stronger than the
other. The two equal intensity beams are brought to focus at the same
point in the wind tunnel forming a sinusoidal interference pattern at
that point. The interference pattern has high contrast since the two
beams are equal in intensity. When a particle passes through the inter-
ference region, light is scattered every time the particle passes through
a reinforcement., Hence, the scattered light varies sinusoidally in time
at a frequency determined by the geometry of the system and the wvelocity
of the particle. Lens L2 images the scattered light to the PMI. It is
shown in Chapter II that the velocity of a specific component, Vo is

given by the relation
v, = fol/(Zn sinl6/2]) (2)

where f0 is the frequency of the received signal.

It should be noted that, although the self aligning LDV system and
the LIV system appear similar, there is at least one fundamental differ-
ence between them. The LDV system makes use of optical heterodyne detec-
tion since the scattered light from the particles is heterodyned by the

PMT with the unscattered beam. The LIV system makes use of direct detec-
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tion since the scattered light it detects is time varying in amplitude.
Hence, the PMT for LDV systems must be placed so that it intercepts the
light scattered in the same direction as the unscattered light as indi-
cated in Figure 2. However, the PMT for the LIV system need only inter-
cept the scattered light. For this reason, the PMT and lens L2 can be
placed in any arbitrary direction since light is scattered by the par-
ticles in all directions. Due to the many various shapes and locations
of wind tunnel test sections, it is extremely convenient at times to place
the PMT and lens L2 in arbitrary positions. The LDV system has the ad-
vantage of producing a larger output signal due to the conversion gain
produced by optical heterodyne detection. When the particles in the flow
are small or few in number, the intensity of the scattered light is small.
The amplification produced by conversion gain makes the signal portion of
the PMT current from the LDV larger than the current from the LIV.

Most of the development work in laser velocimeters has been directed
toward the design of a stable, self aligning system which can be used in
a real wind tunnel enviromment. Now that such a system has been developed,
the major problem area in the development of a practical velocimeter is
the frequency estimation system. This problem is described in more detail

in the next section.

The Laser Velocimeter Signal Estimation Problem

Description of Laser Velocimeter Estimation Problem

The output current from the PMT in both the LDV and LIV systems
consists of a train of sinusoidal pulses as illustrated in Figure 4. A

pulse is produced every time a particle passes through the focal region
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of the two beams. Since the laser beam generally has a Gaussian intensity
distribution, the envelope of the pulses is also a Gaussian function. The
amplitude of the pulses depends on the size and composition of the par-
ticles. 1In general, the bigger particles produce larger amplitude signals.
The particles arrive in the scattering region at random times producing a
randomly spaced pulse train. The frequency of the pulses is denoted by

fD for the LDV system and fo for the LIV system. Although there are some
differences between LDV and LIV signals which become apparent in Chapters
ITI and III, the signals from both systems are essentially as described
above. The velocimeter estimation problem is the estimation of the fre-

quency £ or fO of the pulses.

D

Relationship to the Pulse-Doppler Estimation Problem

It should be noted that the velocimeter estimation problem is re-
lated to the Doppler radar estimation problem. The relationship is most
apparent in the case of the LDV system. Both Doppler radar and LDV mea-
sure velocity of objects by illuminating them with a coherent beam of
radiation and detecting the Doppler frequency shift of the scattered
radiation. However, the problems differ from each other in certain sig-
nificant respects which have a great influence on the estimation systems
used. The first difference is that Doppler radar receivers must operate
in real time for most applications. In contrast, there is no pressing
need for time estimation of laser velocimeter signals since velocimeters
are used in experimental wind tunnel tests. Since velocimeter estimators
need not be real time, there is more flexibility in their désign. In fact,

the estimator proposed in this thesis does not operate in real time.
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The signal transaitted by Doppler radar systems can be designed to
optimlze performance. If only velocity information is needed, a very long
or continuous signal is produced to give maximum frequency resolution.

If position as well as velocity is needed, pulse-Doppler techniques are
used in which a specially designed signal is transmitted. The signal is
designed so that it is long in duration for good velocity resolution and
also has gnnd autocorrelation properties for range resolution. Velocity
information only is estimated from the laser velocimeter signal. The
location of the particles which scatter light is determined from the
geometry of the velocimeter system. Since only velocity information is
required of the velocimeter signal, it is desirable for the velocimeter

to use long or continuous pulses to obtain good velocity resolution in the
same manner as Doppler radar. However, the pulse width is controlled by
the size of the scattering volume which is specified by the requirements
of the particular wind tunnel tests being carried out. Hence, the velocim-
eter signal from which the velocity is to be estimated is not optimum ac-
cording to the principles of radar signal design.

Another important difference between Doppler radar estimation and
velocimeter signal estimation is the ;mount of a priori information avail-
able about the shape of the return signal. If a coded pulse (Figure 5)
is transmitted by a Doppler radar, its return shape is known within a
time delay and a Doppler frequency shift. The delay and frequency shift
are estimated from the return by well known correlation techniques. How-
ever, the detailed structure of the return signal (Figure 4) from a laser

velocimeter is unknown. Not only is the frequency unknown, but the
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relative amplitudes and spacings of the individual pulses are also unknown.
Hence, the velocimeter signal cannot simply be correlated with another
signal shifted only in frequency and time as is done in pulse-Doppler
radar estimation.

The Doppler shift frequencies produced by velocimeters can range
from about 100 mHz in the free stream of a supersonic tunnel to about 100
kHz or less in the boundary layer of the airfoil. 1In low speed wind tun-
nels, the Doppler frequencies can be as low as 100 Hz. Hence, a laser
velocimeter estimator must be capable of estimating frequencies over a
much wider frequency range than required for Doppler radar receivers. It
is not desirable to heterodyne down high frequency signals in velocimeter
systems since the bandwidth to center frequency ratio is relatively high
before any heterodyning is applied. If heterodyning is applied, the band
width to center frequency ratio becomes much larger making it difficult
to estimate the center frequency.

There are flow conditions in wind tunnels in which the flow is
very transient. Such conditions occur around shock waves and leading
and trailing edges of airfoils. The flow is so transient that it can
change from particle to particle or change in less than a millisecond.
The rapidly changing nature of certain flows makes it necessary for the
estimator to be able to track the changing velocity. In contrast, it is
seldom necessary for a Doppler radar to track such a rapidly changing
frequency.

Aspects of the Doppler radar estimation and the velocimeter esti-

mation problems are certainly conceptually similar. However, the wide
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range of frequencies to be estimated (10,000 to 1), the rapidly changing
signal frequency, and the random amplitudes and spacings of the velocim-
eter returns make the problems very different.

Requirements of a Velocimeter Signal Estimator

Certain requirements of a velocimeter signal estimator are evident
from the preceding discussion. The arrival time of the particles in the
focal regions of the two beams is a random process. There are instances
when many particles are in the focal region at once producing an almost
continuous signal. The more common case is the one in which there are
few particles present in the test section resulting in gaps between the
signal pulses. An estimator must effectively turn itself off when no
particle is present or else it will estimate the frequency of noise only,.
The gaps between the pulses can be thought of as a severe case of fading.

The velocity in a test section can be either steady or time varying
as pointed out. In the free stream or in laminar boundary layers, the
velocity is steady. Near the trailing or leading edge of the airfoil,
the flow is time varying. Therefore, a velocimeter signal estimator should
operate well for steady and time varying velocities,

Often the small size of the particles and the small number of par-
ticles can make the signal quite small. Also, the photon shot noise,
discussed in Chapter III, due to both the scattered and unscattered light
can produce a large amount of noise. Under these conditions, signal to
noise ratios less than unity are common. A good velocimeter signal esti-
mator should operate satisfactorily when the signal to noisé ratios are

low.
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Flow velccities in wind tunnels can vary widely as pointed out
earlier. The free stream flow in a supersonic tunnel can have velocities
corresponding to frequencies in the 100 mHz region in the free stream to
the 100 kHz region or lower in the boundary layer. It is therefore neces-

sary that the velocimeter estimator operate over a wide frequency range.

Approach Taken in Thesis

The goals of this thesis are to systematically define the velocim-
eter estimation problem and to establish the feasibility of an estimation
technique which will be useful in a number of applications. In Chapter II,
mathematical models of LDV and LIV signals were derived and experiments
have been carried out to verify the models. The noise sources in velocim-
eter systems are outlined in Chapter III and the manner, in which the noise
enters into LDV and LIV systems is discussed. The analysis is supported
by experiments. In Chapter IV, an estimator named the "Fourier Transform
Estimator” is motivated and analyzed. Chapter V describes the experimental
evaluation of the Fourier transform estimator. Steady and time varying
flows were produced in a low speed smoke tunnel. LDV and LIV systems were
built and the signals produced by these systems were used to test the
estimator. The estimator tracked the changing frequency of LDV and LIV
signals under high noise conditions with performance superior to conven-
tional estimation techniques. Chapter VI summarizes the thesis and recom-

mends future development of the estimator.
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CHAPTER II

SIGNAL MODELS FOR LDV AND LIV SYSTEMS

Introduction

The LDV and LIV systems were described qualitatively in Chapter I.
Both systems require the wind tunnel to be seeded with particles which
move along with the flow. The LDV system measures the velocity of the
particles by illuminating them with a laser beam and measuring the re-
sulting Doppler frequency shift. The LIV system creates a small inter-
ference pattern in the wind tunnel. Velocity is determined by measuring
the frequency of the waveform of light scattered by the particles as they
move through the interference region.

In this chapter, quantitative mathematical models are derived for
the signals produced by LDV and LIV systems. A brief general discussion
of the signals produced by a laser beam of arbitrary spatial distribution
is given first. Then detailed expressions are derived for the most impor-
tant case, a laser beam with a Gaussian amplitude distribution. Experi-
ments involving both LDV and LIV systems are described. These experiments

verify the key features of the mathematical models.

Simplified Analysis of Signals from an LDV System

The following derivations are based on the self aligning LDV system

shown in Figure 6. The self aligning LDV system is used since it has be-

12,13

come standard in the field and its analysis can be extended to other
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LDV systems. Figure 6 illustrates an LDV system designed to measure the
x-component of velocity. Referring to Figure 6, the beam leaving the laser
passes through a glass plate with parallel sides and with one side silvered.
The net effect of the glass plate is to transform the beam entering the
plate into two parallel beams, one about 20 times stronger than the other.
Both beams pass through lens L1 and are subsequently focused inside of
the wind tunnel test section. The fact that both beams are parallel im-
plies that their focal regions intersect as illustrated. The volume in
which the two beams intersect is called the "detection volume" since, as
it will be seen, only the velocity of particles passing through this region
will be estimated.

Consider the light scattered from the strong beam, called the

"'in the detection volume. Light scattered from the

"scattering beam,
weak beam, usually called the "reference beam," and light scattered from
portions of the scattering beam outside of the detection volume are dis-
cussed later. Light scattered from the portion of the scattering beam

comprising the detection volume has a Doppler frequency shift £ given

byll

D
£o2 e 0 - Ry 1)
D 21 s o

where ks is the wave vector of the scattered light, ko is the wave vector
of the incident light, and v is the velocity of the particle. For velo-

cities encountered in wind tunnels ‘ES|” IE;I and Eq. (1) reduces to

@ -a)-v (2)
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where ) is the wavelength of the laser, n is the index of refraction of
air, and ;s and ;; are unit vectors in the Eg and Es directions, respec-
tively. From Eq. (2), the Doppler frequency shift of light scattered

from the scattering beam in the direction of the reference beam is

2nv_ sin6/2

D A
where Yo is the x-component of the particle velocity and 6 is the angle
between the scattering beam and the reference beam. For air, n is very
close to unity so that the above equation is usually written

2v_ sinB/2
i S .
D A

From this equation, the component Y of the particle velocity can be

determined from the Doppler frequency shift fD as follows

Ve, = ka/ZsinB/Z

Lens L2 images to a PMT the unscattered light from the reference
beam and the light from the scattering beam which is scattered through
an angle of 8. The reference beam and the scattered light coherently
interfere at the PMT.

Consider light scattered from sources other than the portion of
the scattering beam inside of the detection volume. Light scattered from
the reference beam to the PMT is not Doppler shifted since its scattering

angle is effectively zero. Light scattered from portions of the scatter-
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ing beam outside of the detection volume may be neglected for several
reasons. First of all, the light in the detection volume is much more
intense than elsewhere in the beam. Hence, light scattered from elsewhere
is much lower in intensity than light from the detection volume. Since
lens L2 is imaging the detection volume to the PMT, light scattered from
places other than the detection volume is out of focus and reduced in in-

4,15 that two in-

tensity. Also, it is shown in a number of references,l
terfering time modulated beams striking a PMT produce a time varying
current only if they are very nearly parallel. It is apparent from Fig-
ure 6 that only light scattered from the detection volume is parallel to
the reference beam. For this reason, only light scattered from the portion
of the scattering beam in the detection volume produces a time varying
current. In addition, an aperture is generally placed at the PMT which
is the size of the imaged detection volume to block out light from other
sources. Therefore, the only Doppler shifted light of consequence at the
PMT is produced by particles passing through the portion of the scatter-
ing beam in the detection volume.

Let the complex amplitudes of the scattered light and the reference
beam in the plane of the PMT be described, respectively, by

janDt
b (x',y',t) = A_(x',y",t)e (4

and

U'r(x' ,yf ,t) = Ao(xl ,yt)

The intensity Id(x’,y',t) of the field at the PMT is then
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1l

I Gy 'e) = fu Gyt +u x| )

It

2 1 ' 2 r T
A &Lyt + A TGy

1 T 1 1
+ ZAS(x A Ao(x , v cos 2ﬂth

In general, the intensity of the scattered light is much less than the

intensity of the reference beam, hence,

A 'y, | Pec 28 (27 ,yT,6) A (x',y ") 6)
+|eos 2mfyt|e<|A (x',y") |2

The current iD(t) produced by the PMT is proportional to the integral of

the intensity over the surface of the PMT and is given by

@ = [ [ ey atey 7

area of
PMT

2 1 1 2 1 ] 1 1] 1 T
) | [ 1A 26yt v a2y’ + 28 ('y") A Gy 0
cos 2ﬂth] dx'dy'

=i +dp+ ID(t) cos 2nth

where KD is proportional to the gain of the PMT,

It is apparent from Eq. (6) that

is < ID(t) cos 2ﬂth << iD (8)
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The current iD(t) is primarily a dc current with a small ac ripple. The
Y component of the flow can be determined by estimating the frequency of
fD of the ac component and applying Eq. (3).

The coefficient ID(t) of the cosine term in Eq. (7) is important
in the velocimeter signal estimation problem. In order to attack the
velocimeter estimation problem, a specific expression for ID(t) must be
obtained in the case of a laser beam with a Gaussian spatial intensity
distribution. Since the equations derived up to now cannot be straight-

forwardly extended to the Gaussian case, a more detailed derivation of

this case is now presented.

LDV Systems with Beams of a Gaussian Spatial

Intensity Distribution

Although it is conceptually possible to have a laser beam with
almost any spatial amplitude distribution, most continuous wave lasers
available operate in the TEMO0 mode and have a Gaussian spatial amplitude
distribution. Mayo3 demonstrates that a Gaussian distribution is optimum
for both LDV and LIV systems since a Gaussian beam produces the narrowest
bandwidth signal for a given detection volume size. A narrow band signal
is desirable since it enables one to get a better estimate of the center
frequency fD. Since Gaussian laser beams are readily available and are
optimum for velocimeter application, detailed expressions for the signals
produced by velocimeters using Gaussian beams are derived.

In order to simplify the following derivation as much as possible,
the analysis is divided into the following sections. First of all, with

reference to Figure 7, the amplitude distributions in the focal plane of
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lens L1 are derived. Next, expressions for the light imaged to the PMT
surface by lens L2 are presented. Finally, an expression for the current
from the PMT is stated and interpreted.

Light Amplitude Distribution in the Focal Plane of Lens Ll

Referring to the self aligning LDV system of Figure 7, the amplitude
distribution of the beam leaving the laser is given by

Dy
T
C, e

1
Vﬁ/ZD

uD(xl,yl) = (9)

where C1 and D are constants. The two parallel beams leaving the glass

plate have amplitude distributions in plane Pl of the front focal plane

of lens L1, given by

—D[(xz-d)2+y§]
02 e
Ugp(Ry-dsyy) = —= (10)
and —D[(x2+d)2+y§]
C, e
W
url(x2+dsy2) - (11)

vr/2D

where usl(xz-d,yz) and url(x2+d,y2) are the scattering beam and reference
beam, respectively, separated by a distance 2d. The path length differ-
ences of the two beams caused by the glass plate are ignored because they
are generally negligible compared to the coherence length of the laser.
The path length differences can be compensated by a second glass plate

if they become important.5 In the previous section, it Was-demonstrated

that
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o, Gpmdiy ) |2 % 20[u_) (eprdiy,) |2 (12)

The two beams pass through lens Ll and are focused in the detec-
tion volume. It can be shown that, if a beam entering a lens is colli-
mated with a Gaussian spatial amplitude distribution, the amplitude dis-
tribution of the light leaving the lens is also Gaussian.3’16 More spe-
cifically, if the scattering beam entering the lens has an amplitude

distribution given by Eq. (10), it has the following amplitude distribu-

tion usz(x3y3z3) when it leaves the lens3’16
: 2 2
oo (Rg,¥4524) = ———=x @ e (13)
$ v ﬂ;23(23)
Y2
. 3 2 2 ;
J 2 (x3+y3) | 6(23)
Q2 e
where
Az --1
_ a2 3)
Bz = [6® (1 + — . (14)

<
y(zS) = k [23(1 + [n/thD]z)]

1l

5(2,) = 1/2 tan™ (z/mG2)

G = 2FVD'/k

F = focal length of L1

and the coordinate system (xa,y3,23) is defined in Figure 7.
By a similar line of reasoning, the reference beam after it has passed

through lens Ll is given by
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. 2 2
C3 sz4 —B(za)(x4+za)

> ’ = Tr—_— 15
urz(x4 A 24) =72 ) e (15)

ejv(zé)(x§+y§) -3oz,)

where the (x4,y4,24) coordinate system is defined in Figure 7.

Amplitude Distribution of Light in the Plane of the PMT

Now that the expressions for the light amplitude in the focal re-
gion of lens L1 have been stated, expressions for the light in the PMT
plane are obtained. The function of lens L2 is to image the detection
volume to the PMT. It is assumed that the imaging is done with unity
magnification. If the magnification is not unity, the following results
are altered by a scale factor. With unity magnification, essentially all
the reference beam passes through L2 and the image ur(xi,y&,zé) of the

portion of the reference beam in the detection volume can be described byW
1 T r 2 s 1 1 1
Ur(xaaY4sza) - urz(x4:YQ,24) (16)
The light scattered to the PMT by particles passing through the

detection volume is now derived. 0il smoke, which generally ranges in

diameter from 0.01 to 1 micron,l7 was used to seed the flows in the ex-

*Strictly speaking, the magnification is unity only in the xg and
y& directions since a lens images nonlinearly in the zi direction, It
can be shown that, if the length of the detection volume in .the z& direc-
tion (about .1 mm) is small compared to the focal length of lens L2
(several hundred millimeters), the magnification in the zé dimension of
the detection volume is differentially close to unity.
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periments carried out in this thesis. The light scattered by particles of

diameter d in this size range is governed by Rayleigh scattering when the

quantity
a = md/A (17)

is less than 0.3 and by Mie scattering18 when the quantity o is greater
than 0.3. For helium-neon lasers, which have a wavelength of 0.6328 mi-
cron, @ is 0.3 for a particle diameter of 0.06 micron. Rayleigh scatterers
scatter as much light in the forward as in the backward directions whereas
Mie scatterers scatter light primarily in the forward direction. It was
obvious by viewing the laser velocimeter used in this thesis that much

more light is forward-scattered than backward-scattered. Therefore, the
signals most dominant in a velocimeter are likely produced by particles
larger than 0.06 micron and close to a micron in size.

The mathematics involved in evaluating the expressions which follow
are simplified if it is noted that the variation of the amplitude of the
light in the detection volume over distances of the same magnitude as the
particle diameter is negligible. 1In the experimental work, the angle 8
between the two beams in the detection volume was 2.54° . The fringe spac-

ing p for the LIV system follows a532

A/siné (18)

o
I

1l

14.3 microns
where ) = 0.6328 micron. Since the particles have diameters much smaller
than p, the amplitude of the light falling on a particle in a given in-

stant is constant in space over the extent of the particle. Since there
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are nc interference fringes in the LDV system, the amplitude of the light
varies more slowly in space in the detection volume of the LDV system than
does the light in the LIV system. Therefore, the approximation made above
is even more valid for the LDV system.

Consider a particle of diameter d moving through the point
(x3,y3,23) in the detection volume with a velocity v = Cvx ,vy WV, ) and
3 °3 73
a position at t = 0 specified by (xg,yg,zg). The amplitude of the light

falling on the particle in the z plane is given by

3

uS3(x3,y3,z3) = usz(x3,y3,23)circ [Zr(xB,yB)/d] (19)

where
Gy (o]
x3 = x3 + vx t
3
- _ .o
Vg =g VZBt
= B
23 = z3 + vz3t
) = Jx)? + 5yr°
rlEyty) =y % Y53
and
éize [2r(x3,y3/d)J = 1 r(xs,yB) = d/2

0 elsewhere

1l

The particle in plane E3 is imaged to the PMT by lens L2. The image is
not as bright as the particle itself since the light is scattered by the
particle in all directions and only a small portion of the light passes
through L2. The amplitude of the particle's image at the PMT, taking

into account the loss of light due to scattering, is given by
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b, (x3y3.7,) = eu s (x3.y3,2,) (20)

where ¢ < 1.

An estimate of the magnitude of ¢ is now made. The light falling
on the oil particle is either absorbed or scattered. Since the oil used
was extremely clear, it is assumed that all the light is scattered by the
0il droplet. The index of refraction of oil ranges from about 1.4 to

42

L Ss A computation using Mie theory has been carried out for a 0.5

micron particle with a refractive index of 1.5 in visible light.18

This computation demonstrates that almost all of the light is forward
scattered by the particle into a cone whose half angle is 600.18 The lens
used to gather the scattered light in the experimental work had a two inch
aperture and was positioned about 16 inches from the detection volume.

For this arrangement, €2 is approximately given by

2

2w solid angle subtended by lens

solid angle subtended by a 60" cone

(21)

ﬁlz

m(16 tan60)2

=

Current Produced by the PMT

Now that the light amplitude distribution on the PMT surface has
been found, the current from the PMT can be obtained. The intensity of
the light in the PMT plane is derived and then the current is obtained by

integrating the intensity over the PMI surface. The resulting expression
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is complicated and simplifications and approximations are made to obtain
a more meaningful result,

The intensity ID of the light in front of the PMT is given by

2
1 o | i T ol et
w5 lur(x4, V4020 + uS(X3,y3,23)| (22)

—
|

2 2 *

o ] T 1 1 ] 1 T 1 1
= Iur(xaay4124)| * luS(XB!Y3:Z3)l o uS (KBsY3sZ3
E i ' I | 1 1 1

Ur(x4:Y4,za) + Us(x3,Y3’z3) Ur(xaiYQsza

where (x3

s yé, zi) and (x&, y&, zé) are the same point in different coor-
dinate systems. The current iD(t) from the PMT is proportional to the
time variation of the integral of the intensity over the surface S of

the PMT as follows

i (6) = Ky J"Sj I da' (23)
=%y [ ] ooz 1® ant e i [ [u oz
iy [ e egaimy v e at v i [ e ogs 3
ui(x&,yi,zi) dA'

%
ST

= KD[I =T P T %
r s 5T

where KD accounts for the PMT quantum efficiency and gain.

The first integral Ir represents the intensity of the reference
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beam. Since the integrand is defined in the (x',y&,za) system, its eval-

4

uation is simplified if the integration is carried out in that system over

the surface Sl’ the projection of the surface S into the zi = 0 plane.

The integral Ir becomes, with the aid of Egs. (15) and (16)

H
Il

L] o
1

11 c, )2 e-za(zg)(xgz 7o

J _ 1 dx'dya
T TN

4

The integration utilizes the fact that the integrand is a product of two
Gaussian functions whose area is unity. As one would expect, the total
power in the reference beam is time invariant. The second integral is

the intensity in the image of the particle and is a function of time since
the particle is moving. The integration is simplified if it is carried
out in the projection S2 of the PMT surface in the z! plane. Using Egs.

3
(19) and (20), the integral is evaluated as

o
- 1 ' 1 ! 1 1
Is ISI ‘us(XS’YB’ZB)‘ dx3dy3
&

Il

2 1 Y =i 2 1 1
. J J |ug3(x3syy,23) |7 axydy]
= 62 J I Iu (x ; z.)cirel 2r (x! y')/d]|2 dx!dy!
3 2737373 3’73 33
2

2 - = = 2 5o 2 i i Fort
= e iusZ(XB’y3’24)| i;j51rc [Zr(x3,y3)/d] dx3dy3
2
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From Eq. (19), the integral above is the area 52 of the cross section of
the particle of diameter d which is given by ﬁdz/d. Substituting from

Eq. (13), Is becomes

2. 2. 2 s - 2 - 2
e O Cz 'ZB (23) (X3 + Y3 )

's =7y © (25)

The contribution due to IS is an exponentially shaped current
pulse. The magnitude of Is is now compared to the magnitude of Ir' The
exponential factor in IS is maximum when the argument of exponent is zero

which occurs when

X, =y, =0 (26)

The coefficient of the exponent is maximum when B(EB) is maximum which

occurs when 23 = 0. From Eq. (l4)
= 2
B(zy) = 1/6 27y
and it follows from Eq. (25) that
23202C22
Is = —;T—G-'Q— (28)

The value of the bound on IS given above is now estimated. From
Eq. (21)

e2 o 117390

For a 0.5 micron particle, typical of the sizes used in the experimental

; . ;
work, the cross-sectional area g is given by
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g = ﬂd2/4
= 0.5 x 107> mm)2/4

= 0.195 ¥ 10'6 mm2

For most LDV systems, C22 ~ 20032 as pointed out earlier in the chapter.

From Eq. (14), G is given by
G = 2F JD/k (29)

F is the focal length of lens Ll which for the experimental work was 24
inches. D is approximately the inverse of the square of the radius of
the beam entering lens L1, as is apparent from Eq. (9). Since the beam
entering lens Ll in the experiments had a 4 mm radius, a typical value of
Dis (4 mm)_z. The value of k for a helium-neon laser is Zﬂ/k where } =

0.6328 micron. Substituting these values into Eq. (29), one obtains

2F VD/k

_ 2(26) (25.4) |4~

21/0.6328 x 107>

w
il

= 0.031 mm

Substituting the above values into Eq. (28), the bound on IS becomes

22, 2
2e o C2
s nGZ

H
1A

(30)

2(1/770)90.195 x 10“6)(20032)

WA

m(0.031) %

3.36 x 107° 032

1A
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Since Ir is equal to 032, it is clear from the above expression that
I >>1.

r s

The third and fourth integrals of Eq. (23) represent the cross

products of the scattered light and the reference beam. These terms are
the ones which contain the Doppler frequency shifts imparted to the light
by the particle velocity. The integration is simplified if it is carried
out over the surface S, defined earlier as the projection of S into the

2

[
z3 Zg plane

- L 1 1 ! 1 ' 1
B = L%; Yg (x3,y3,z3) ur(xﬂ’yh’z4) dx3dy3
Substituting Eqs. (17) and (20) into the above equation, ISr becomes

L
(x5,Y4,24) cirel2r(x],y))/d) u (x,y;,2;) dxidy}

Isr - L%J g2
It is demonstrated earlier in the chapter that the extent of the particle's
cross section represented by the circular function in the above equation
is small enough that the light falling on it is effectively constant in
amplitude over the surface of the particle. With this simplication, ISr
becomes

. e e o
Isr —RE U‘52(x3’y3’23) ur(xé’y4’zé) (31)

where (x3,§3,;3) and (E@,}A,Eg) are the same point in different coordinate
systems. Note that the first factor is defined in the (xg,y3,23) system
and the second in the (Xh’y4’z4) system. In order to further evaluate the

term, both factors are expressed in the (x,y,z) coordinate system by
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standard anal ytic geonetry.
The transformation into the (x,y,z) is cunbersonme and is outlined

briefly below. By substituting Egqs. (13) and (15) into the expression

for | , one obtains
Sr
CnCneCl _PAaAx + A A vka
| _ 2-3 ~ S 3 3 3 o 3 (32)
St y/ TT/ [ 2p(z3) 3(Z4) ]
=, — 2 —2,. . — — W  — 2 - 2
-1 Y(z3) (X3 +y3 ) j6(z3) -P(za)(xXsa +ya)
e € e e
. . 2 2 .
Jkzs jy(za)(xs + ys ) -j6(z4)
e € e e

Before proceeding further, a few sinplifications are made in the phase
of the above expression. The strongest contributors to the phase of lsr
are the linear phase conmponents ki s and Kk'z', Every time the distance
traversed by the particle along the z and z, coordi nates equals one wave>
| ength, the phase changes by 2TT. Another conponent is 6(z ) given by Eq.
(14) as
1 ~2Q
6(zJ = U2 tan"* —% (34)
J -nG
Since the value of 6(z~) changes from -TT/2to rr/2 as the distance z
traversed ranges from -coto co the contribution to the phase of 6(z ) is
negligi ble conpared to the contribution of the l|linear phase terns. By

simlar reasoning, the contribution nade by &(z,) is also negligible.

The addition to the phase nmade by

Y(z3) (X32 + Y32)



