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SUMMARY

Two methods of determining thermal stresses in a multiply con-
nected body are investigated and evaluated. One methed invelves the
solution of the governing equations for this type of problem using
Tinite difference approximations. The other method utilizes the dis-
location analogy of Bict to solve for the thermal stresses photoelastic-

ally. The development of each method is given and explained in detail.

problem was chosen to be solved by each method. A square flat plate
with a center circular hole was the geometrical configuration that was
used. The selected temperature distribution was assumed to be steady
state and to satisfy laplace's equation.

The results obtained by the two methods agreed quite closely.
These results indicated that both methods were practical and yielded
reliable results. It was found that to determine the thermal stresses
at a few isclated points in a body quickly the photoelastic method was
the best 1f the necessary equipment was available. However, if a stress
distribution over the entire body was needed, then the numerical method

was the preferred method.



CHAPTER I

INTRODUCTION

Thermal stresses are stresses which are induced when a body that
is subjected to temperature changes is restrained from contracting or
expanding. These stresses may result from external restraints such as
preventing a body from expanding when it is heated, or they may also
result from internal restraints. A temperature gradient within a body
may cause thermal stresses.

It can be shown that for a general simply connected body, for
which a plane stress or plane strain analysis can be used to calculate
the stress distribution, a temperature distribution which satisfies
laplace's egquation does not produce any thermal stresses. This assumes
that the material constants do not vary with temperature. However, for
a similar body which is multiply connected the presence of the same type
of temperature distribution can Induce thermal stresses.

It is the obJect of this study to investigate and evaluate two
methods of determining the two-dimensional thermal stresses in a multi-
ply connected body with a temperature distribution that satisfies Lap-
lace's equation. This investigation is swarried out for plane bodies,
but the results are easily adapted to long cylindrical bodies.

One of the methods used is analytical in nature and the other is
experimental. The analytical method involves the solution of the govern-
ing eguations by finite difference approximations. The experimental

method 1s the application of the dislocation analogy to a photoelastic



model from which stresses that are equal and opposite to the thermal

stresses are determined.

The Particular Problem

The particular problem is the determination of the two dimen-
sional plane elastic stresses in a flat square plate with a center cir-
cular hole., The dimensions of the plate are 6 in. by 6 in., and the
diameter of the hole is 3 in. There is no external loading on the
plate. All stresses are due entirely to the two-dimensional tempera-
ture distribution. The temperature distribution that is assumed for the
plate is steady state with the inside boundary at 100 degrees F and the
outside boundary at O degrees F. There is no internal heat source or

sink. All material constants used are those for steel.



CHAPTER II

MATHEMATICAL CONSIDERATIONS

The mathematical model of the general two-dimensicnal plane stress
problem is the so-called free slice. The free slice has cylindrical
boundaries, and the thickness is small in comparison to the other dimen-
sions. Also the two parallel bounding planes must be unstressed and
free to warp, and the loading must be distributed symmetrically across
the thickness so that the middle plane remains plane. Under these con-

ditions the state of stress given by

is obtained to a close approximation. The xy plane is the middle plane
of the slice.
The equilibrium conditions for internal stress for a two-dimensional

problem of this type, with no body forces, are

ch BTxy
+ = 0 (1)
5,
do 3T
I = o
% %

The strain-displacement-stress-temperature relations for a free

lice are

w
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In the absence of body forces the stresses may be expressed in

terms of Airy's stress function ¢ ag follows.

o ¢
K (3)
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It is easily seen that these relations satisfy the equilibrium equations
identically.

The compatibility equations for a plane stress problem are

826 826 2826 827
y + F‘Z [ O X = X‘y { LF )
622 Byc ? Azdy Axdz ;
2 2 . 2
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In general for plane stress all of these relations restrict the
g

function ¢ . However in the absence of body forces the Z dependence



of ¢ vanishes and only the condition

2 2 2
3 g . ) €y _ 3 (- (5)
Sy %" 9%y

Z

need be used
Using the stress-strain-temperature relations and the stress

function ¢ the compatibility equaticon becomes

a% 5 28% ; a”qa T (ag'r " ¥ 6)
oo o

This is the governing equation for the stress function ¢. For steady

state heat transfer where there is no heat source term, the temperature

13

distribution satisfies Laplace's equation; therefore; the compatibility

equation becomes

L i i
a¢?+25¢ +a¢

ax£+ Bxgayz Byk

= (7)

For a simply connected region this equation provides the necessary and

sufficient condition for the displacements u, v, and the rotation w

to be single-valued. For a multiply connected region the situation is
somewhat different in that the equation provides a necessary but not a

sufficient condition. See Appendix A.

Displacements in a Multiply Connected Slice

To insure that wu, v, and w are single-valued in a multiply

connected slice the following conditions must be satisfied:



i

f du=0 (8)
C _

where Ci 1s a curve that completely encircles any interval boundary.
These conditions must be satisfied around every internal boundary in the
slice.

Using these conditions along with the compatibility equation, the
stress-strain-temperature relations and Airy's stress function the fol-

lowing integral equations are obtained.

[ ¥a--m] Ta (5)
il i
3(Fe) L 3(Fe) .. f 3 ar
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i i
3T ar
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¢
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where
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These equations are usually referred to as Michell's equations.
From the above it is seen that a functionn ¢ which can be used

to determine the complete stress distribution must satisfy the equation



Tt ot _x=¢ (7)

and Michell's equations. Also ¢ must satisfy certain boundary condi-

tions at all of the boundaries.

Boundary Conditions of ¢

At a point on a boundary the function ¢ must satisfy the equa-

tions

3}

no

3 ¢ dy 8L¢ dx
= 4 — =X (10)
S;E ds S5y ds
> ax | > @ | ¥
ax2 ds ' dxdy ds '

where X and Y are the x and y components of boundary loading.
These conditions must be satisfied at all points on all boundaries. For
boundaries that are free from external loading X = Y = 0. Then the bourd-

ary conditions become

d 3

1 K 0 (11)
a Ao

as ox G

on each load free boundary. Integration of these equations yields

d6 30

Now

A0 A
d¢ = = ax + 5 dy

= adx + bhdy



Integration of this eguation gives
¢ = ax + by + ¢ (12)

where a, b, and ¢ are called boundary constants. The furnction
mist be of this form on each beoundary. For a region with two boundaries

¢ takes the form

¢ = a.x+by+cy on cne boundary

1
and

= a + 1, +
o} oX | bgy + ¢, on the other boundary

Determination of RBoundary Constants

Pragere has developed a method of using special solutions to
determine the a's, b's, and c¢'s for a doubly connected domain at
uniform temperature. Hclmsl2 extended the methed of Prager to regions
with more than one hole ard with temperature distributions present.

The solufion function ¢ 1s taken as a linear ccmbination of six

particular soluticns, that is

by & Bl Ty 8y Gy

for a region with one intermal boundary. The boundary conditions for

¢A 817t ¢C2 must be selected so that the complete scoluticn will

satisfy the boundary conditions on all beoundaries. Since the stresses

3 #

are given by the second derivative of ¢, the addition of a linear fun~-

tion of the cocrdinates to ¢ will leave fhe stresses uraltered. The



assumption is made that this addition is accomplished so that the bound-
ary constants are zero on one of the boundaries. For the particular
problem at hand the boundary constants for the internal boundary are
taken as zero. Then the problem is reduced 10 finding one set of bound-

b and c¢,. The method for accomplishing this is

ary constants 17 'y

81y
outlined in the following.

Consider a region with one internal boundary.

The stress function ¢ for this region 1s given by

o = ap, + be, + ca, (15}

where

i - ¢A is a soluticr to the equation

with boundary ccnditions.

éq:A 6%

o = = =O'D
B Gy S T B 1 &

0 5¢A

A
b- ¢-A-—XJ '-5;{'— = ] W-—O Qr, Bl
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B
U
V =
¢B 0
with boundary conditions
a o = %B- &B =0 on B
B~ =&  dy 2
]
fo o =y 5¢B = 0 ’ z =1 on B
B ? Ox ! Dy 1
A ¢C is a solution to the equation
4
v ¢c =0
with boundary conditions
a ¢—a¢c=?&—00nB
VT D dy 2
A 3%

C E
o Ly -l 5;— = 0 on Bl.

o
A
|

From these conditions particular values for ¢A’ O and o, can be
obtained. Then the function
o = a0, + boy + co (13)

can be substituted irto the integral equations (9). This gives a system
of % equations with three unknowns, =&, b, and c. This system can be
solved for a, b, and c¢. It is seen then that ¢ 1s the reguired
solution, since this total ¢ satisfies the differential equation (7),
satisfies the integral equations (9), and has the proper values at the
boundaries as given by equation (12).

This method can be extended to the case where the temperature



distribution 1s not steady state by letting

o = as, + b¢B t con + °
¢A, ¢B’ and ¢C are obtained as before. ¢D is the seolution to the
equation

VLFQJD = w: BLE V2T

with boundary conditions

o0 9o
P = 2 . L. 0 on B and B
D o = 3y 1 )

The constants a, b, and ¢ are cbtained by the same method as for

the steady state case.

11



CHAPTER IIT
THE METHOD OF SOLUTION

The solution of two-dimensional thermal stress problems of the
type being considered reguires the sclution of the homogeneous biharmonic

and ¢.. When

eguation three times for the stress functions ¢ ¢B, c

A}

the solutions are found a function ¢ given by

¢ = a¢A + b¢B + cwc

is formed. This function ¢ must be substituted in the integral equa-
tions (9) to yield values for the boundary comstants a, b, and c.
When this is accomplished the function ¢ may be used to calculate the
stresses from equations (3).

To carry out the steps of the particular problem finite difference
approximations were used. The biharmonic eguation was solved using a
numerical relaxation procedure. The integral equations were evaluated
using Simpson's Rule and the stresses were calculated by numerical differ-

entiation.

Finite Difference Formulation

In order to use the finite difference approximations a rectangular
array of grid points are superimposed on the upper half of the plate. The
symmetrical and antisymmetrical properties of the stress functions and the
temperature distribution allow the calculations for the lower half of the

plate to be carried out in terms of the upper half. The grid spacing h
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has been set equal to 0.25 in. Indices 1 and J are used to locate

the grid points. See Figure L. Using the notation

o 2
VX o, ., = o, .- 20 .+ 6, o . 1k
x ij i+13 i ¢1—¢,J (1%)
VW2¢ = ¢ 20, + ¢
B Teggdl. Ty Ly ded
and
vxu¢ = ¢ -ho, . .+ 60, - bo +o. (15)
13 T Y142, i1, 1J 10, 8" hel g
th¢ o= O s = AL s 66, = WO, oo,
alig| i,J+2 i,j+1 id i,j-1"1,3-2
the finite difference form of the biharmonic equation is
h 2., 2 b
V ; + V = 0
X0, + 2Vx"Vy ¢ij t Vy ¢ij (16)

The boundary conditions which are used to solve the above equation

depend on whether the equation is being solved for ¢ or ¢

A’ ®p? ¢

On the outside boundary the boundary and the grid points coincide,
however since the inside boundary is curved the grid points do not neces-
sarily fall on the boundary. In order to try and obtain the best approxi-
mation to the boundary conditions on the curved boundary a third degree
polynomial approximation has been used. A complete discussion of this
method is given in reference 1l4. Only a brief outline is given here.

To use the method of the third degree polynomial four grid points

near the boundary are used. The stress function 1s assumed to be of the

form

2x2 4 a5x5 (17)

¢ =a +aXx+a



Integration
paths

Figure 1. Grid Configuration for Finite Difference Formulation
Showing Paihs cf Integration.



where x 1is measured from the boundary. It is easily seen that

Yt

By
k

0 oy

\

The value of the stress function at the four grid points is given by:

0= 0, + 1 %%,b - ag(h-hb)2 5 ai(h—hb)B (18)
_ . 6 2 .3
Py = °b + h, SE . + aehb + d§hb
o, = 0 + (hb+h)-g% Y + a2(hb+h)2 + ai(hb+h)5
6, + ¢+ (h +2h) =L (n,+2h)° + a,(h +2h)>
5 T Oy T ERTER 5% g T bt

If the third and fourth equations are solved for a, and 35 and the

expressions substituted back into equations one and two, the equations

for ¢0 and ¢l become.

- Co. - Dn &

= A¢b +Bd~2 3 %

®o

b

- o + Fo, - Go_ + Hn 2®
¢l E¢b + -¢2 - u¢3 + Hh Bx\b

where the constants A, B, C, D, E, F, G, and H are in terms of



hb/h. For the particular problem all the boundary conditions for the

¢'s on the inside boundary require that

30 ¢|
i = —_— = = O
b 3% B Yy b
Thus the egquations for ¢O and ¢l become
¢, = Be, - C¢5 (20)

S = - G
@l F¢2 ¢5

and ¢ are found by the normal

e 5

and @l are calculated from these

To use these eguations the values for ¢
relaxation procedure, and then ¢0
egquations.

Figure 2 shows a section of the curved boundary with the grid
superimposed on it. The stress function ¢ 1is calculated at points such
as (19,6) and (18,7) by using the polynomial in both the x and y direc-
tion and then using the average value of the ¢'s calculated.

On the outside boundary the boundary conditions are easier to apply
However, to apply these conditions use must be made of auxiliary grid
points outside the plate.

The method used for solving the biharmonic egquations was the

Gauss-Seidel relaxation method. For this method the equation is written

in the form.

L 2_2 N e 5
X ¢iJ + 2Yx"Vy ¢>ij + Uy ¢ij = Rij (21)

where the Ri,'s are called the residuals. The Causs-Seidel method is
started by making an initial guess for the values of ¢ at all the grid

points. If the initial guess reduces all the Rij's to zero the equation



L6

e

|

3:

17 18 19 20 21 22 23 24 25 26 27

Figure 2. Relation of Grid to Curved Boundary.
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is solved. If the initial guess does not reduce all the Rij's to zero,
then the value of the stress function ¢ij is adjusted at each point so
that Ri' is zero at that point. This is done at each point of the grid.
This procedure is used over and over until the Rij‘s become very small.
The temperature distribution has also been determined numerically.

The governing eguation here is laplace's equation. The finite difference

form for this equation is
VT + VygT = 0 (21)

The boundary conditions are T = 100 on the inside boundary and
T =0 on the outside boundary.

The approximation for the curved boundary used for this case was
much simpler than that used for ¢ since only the value of the function

T 1s specified at the boundary and not the normal derivative.

qu, _ l
N
_l
0| iﬂ q %
h-F
To® My + kLb (Tb o Tl) (22)

The method used for solving the finite difference form of Laplace's
equation was also the Gauss-Seidel method.

The evaluation of Michell's equation, equations (9), is now con-
sidered. The symmetry of the region, the temperature distribution, and
the stress functions makes this task somewhat easier than it may first

appear to be.
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The determination of the stress functions Oy O and ¢,

involves the solution of the homogeneous biharmonic equation. From the

and ¢ the symmetry, if any, can

boundary conditions for Ons c

GJA,
be determined for each of these stress functions. Using these consid-

erations it can be seen that:

1. o is antisymmetrical about the y axis and symmetrical about

2. ¢ is gymmetrical about the y axis and antisymmetrical
about the x axis.

B @c is symmetrical about both the x and y axes.

Since the Laplacian of a function involves the second derivatives of the
function, it possesses the same symmetrical properties as the function.

A similar argument for the temperature distribution shows that
it is symmetrical about both the x and y axes.

Now if a path of integration is chosen that is symmetrical about
both the x and y axes it can be shown that, when integrating around
such a path, the value of the integral will be zero if the integrand is
antisymmetric about either the x axis, the y axis, or both. A non-
zero value results only when the integrand is symmetric about both the x
and y axes.

From these considerations it can be shown that only the following

integral from Michell's eguations are non-zero.
- [ AFe) 3T ey)
o B TR g é\y_?is— B g ) 08
L;i i

AFay) 3oy 3(Fog)
g'\’IT'X—*&“ ds, /;Tds

l i
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Substituting these integrals into equations (9) it is seen that the
boundary constants a and b are zero. This is not necessarily true
for other temperature distributions. Therefore only the value of the

integrals

are needed to determine boundary constant c¢. The values of these
integrals are equal to twice the values obtained when the integration
is carried out over the curve shown in Figure 1.

It is seen also in Figure 1 that the curve is rectangular in
ndture and always coincides with the grid points. A curve of this type
makes the task of evaluating the derivatives d/dn and Jfds easier
since they may always be taken as x or y derivatives,

The finite difference form for the laplacian of the stress func-
tions is the same as for the temperature distribution

Vo g4 T Vy2¢i .

_ J J
v2¢i,j = X (23)

For evaluating the derivatives numerically the forms are

3 A T 3. . : e
"3 - *141,5 ~ %3-1,5 *1 - *1,541 i,3-1 (2l)
X 2h ? QY 2h

Since x and y derivatives are used for normal derivatives and since
the integrals are line integrals, the sign of the derivatives must be
kept consistent with the direction of integration.

The actual integration is carried out using Simpson's Rule



7
/ﬁf(x)dx . {f{xo] + hf(xl) + 2f(x5} + .ot 2f(xn—2)+hf(xn-l)+f(xn§}

where n 1is an even number.
The stress distribution is determined from the solution function

¢ using the finite difference forms of equations (%). These forms are

2

T W R TRE W

Ox I

o -

Fosg _ Ca,gr T P03t % g

3y° e
o Ut V¥t oaad ¥ sl 50 0T e
oxay Lhe

The entire numerical procedure was programmed for and carried out
on the Burrough's 220 digital computer. The programs used to carry out

this numerical procedure are given in Appendix C.

Results
The results of the numerical procedure are given in Figures 16, 17,
18, 19, and 20. Figures 16, 17, and 18 give the values of the stress

functions ¢ o and ¢C. Figures 19 and 20 give the values of the

A’ B’

Oy and gy stresses respectively.

Figure % is a plot of gx and gy versus the distance across sec-
tion AA'. The two points which give the gy stress at the inside bound-
ary tend to scatter due to the difficulty in approximating the boundary
gconditions on the curved boundary. Since the second point is away from
the boundery it is reasonable to suspect that this point is the more
accurate of the two. By drawing the best average curve to fit the data

points, the stresses at the inside and outside of the plate at section AA'
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g = 16,000 psi

o] 9)500 psi

yO

The point at which the 0, and gy curves cross is the point
where the maximum shear stress is zero. A graph of twice the maximum
shear stress versus the distance across section AA' is given in Figure
I,

There is no check on the accuracy of this numerical procedure
against a closed form analytical solution for this problem. However,
in Chapter V there is a comparison of these stresses against stresses

obtained experimentally.
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CHAPTER IV
THERMAL STRESSES BY PHOTOELASTICITY

There are several ways of determining thermal stresses photoelas-
tically. In this study the method which employs the dislocation analogy
has been used. This method may be used to determine the thermal stresses
in a multiply connected body that has a steady state temperature distribu-
tion. Stresses equal and opposite to the thermal stresses are mechanically
induced in a model by cutting a slit in the model to form a simply con-
nected region and then displacing the cut edges relative to each other,

The amount of the displacements are determined from the particular temper-

ature distribution that is being considered. The dislocation analogy was

5

introduced by Biot” and was first used by Weibel.6 The results obtained
by Biot which make up the dislocation analogy are given in the following
SUMMATY .

l. There are no stresses in an elastic solid in which a steady
state two-dimensional heat flow condition exists, except for a multiply
connected body such as a flat plate with a hole in it.

2. For the case of a simply connected body, if the longitudinal

stresses are zero (plane stress), the thermal expansion € 1is given by
e = AT (26)

The gquantity € and the corresponding rotation w satisfy the following

equations
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For a derivation of these equations see Appendix B.
3. The change in rotation between two points Pl and P2 is

given by

= e dw dw
f]_dw:f &dx‘!-&dy

Wy, - W, =
2] 1 1
2
A€ e
2 ar T ar
= & . E&(—dx)‘fﬁdy:a —&ds

where n 1s the direction normal to the path of integration. Hence
the change in rotation from point 1 to point 2 is proportional to the
heat flow.

k. The stressed multiply connected body may be changed to an
unstressed simply connected body by a cut between the inner and outer
boundaries. Displacements u and v of a point at the free edge of

the cut are given by the equations

=

I
é?““v

ja T

(=

I

Au du
_j;gzdx+5§ dy

v v

where € is a closed curve that encloses the inner boundary. See Fig-

<
il

I

ure 5.
5. Displacements u and v, and the rotation w, when calcu~

lated from a knowledge of the temperature distribution may be applied to
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Figure 5. u and v Displacements at the Free
Edge of a Slit.
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a photoelastic model giving stresses which are proportional te, but oppo-
site in sign from the thermal stresses in the plate.

Evaluation of the Displacements u and v, and the Rotation w

Determination of u, v, and w consists of carrying out the

integration in the equations

In order to get the integrands in a more convenient form some rearranging
is necessary.

Using the equilibrium equations for internal stress, equations (1),
the compatibility equation for strain, equation (5), the stress-strain

relations, equations (2), and letting

By definition
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Combining the last two equations gives

Then

0 /ﬁ edx - ody (29)

or
du = €dx - uwdy

dv = wdx + €dy

du}:a% ds

or the above equations in finite difference form become

M= €AX - WAY (30)

n

Av = wWhx - €y

o EE PANS

AN 0

I

Consider Aw which is proportional fo the heat flow Ag. Any method
which can be used to solve for the heat flow in the plate can also be
used to solve for the rotation. The method of curvilinear sguares may
be used to give a network of constant temperature lines and heat flow
lines.

Figure 6 shows a plane body with the curvilinear squares drawn,
Now using the fact that the rotation w«w 1s propeortional to the heat flow

it can be shown that
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Figure 6. Plane Body with Curvilinear Squares.
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Aw =CX%&P
for %% 8
Hw = O bt

and for a curve C that surrounds the inner boundary the rotation at

the free edge of the slit is given by

n
W = Z‘ Awi (31)
d=il

&u& represents the change in rotation from where € crosses one heat

flow line to where C crosses the next heat flow line.

For the u and v displacements

>
&
]

Efﬁxi - wfﬁyi (32)

>
=
1]

wAx, + €8y,

From the first eguation consider the term wi’—\yi

[
plf
&
I

ml(yl-yo) 1 wg(}fg‘yl) * wﬁ(yg_y2)+‘"+wn(yn_'yn-l)

Now

w, = W

b l'}-&w,iu::m -i—cflw:...,{un:w + Aw

5 2
If the At's between the isotherms are constant for all of the isotherms

then the Aw's are constant since

D 7= A



Then
w, = Ay, Wy = 2hw, w, + 3Dw, ..., w = nAw
and
a
Z Wwdy, = dw(y, - ¥g) + 20wy, - yi) + .o+ nouly, -y, )
1
= ~&w;yl &my?_ - . - .ﬁ}wyn_l - f_\.wyo ot n&wyn
But
Iy =¥g =10
s0 that
n n
Z wly, = - Z ¥y A (33)
1 1

Now consider the term eﬁﬂmi

4 L

e. =QT, , Ox, = AL, cos ¢,
1 A X 1 €L

The equation for the u displacements becomes

FANSI
i

;:ai.,OﬂJ_. C . .

FAN'S

I

éLiaTi sin ¢, - &wxi (35)

It should be kept in mind when using these final equations that Aw was

set up to be a constant and that the curve C should always cross two



different heat flow lines when passing through a curvilinear square. It
is usually more convenient to choose an isotherm for the curve C when
this is possible.

Then the final displacements which are to be imposed on the model

are given by

2

w= ) fu = no (36)
L
n
= |

u = 24 (&LiaTi cos o, + &wyi)
i
n

s §ﬁ (AL.QT, sin o, - Auwx, )
r : Sl i i
1

Digplacements for the Particular Problem

For the particular problem of the square plate with a center cir-
cular hole and with a steady state temperature distribution of Ti = 100
degrees F and TO = 0 degrees F, the get of curvilinear sguares is given
in Figure 7.

rom the symmetry of the temperature distribution and from the

choice of orientation of the x and y axes, the u displacement is
zeroc. Likewise the first term of the equation for the v displacement
vanishes., Then for the particular problem the equations for calculating

the displacements are



Figure 7. The Curvilinear Sguares for the
Particular Problem.
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n
v =) (du)
7

The curves used for calculating the displacements were the 100,

80, 60, 40, 20, and O degree isotherms. The values calculated were

Voo = 7.8% x 1672 4n
Tay = 8.93 x 1077 in
Veo = 10.15 x 1072 1m
Vo = 11.87 x 107 in
v = 13,70 x lO_5 in
20 Ll LA
vy = 15.60 x 107 in

The slit was cut in the model as shown in Figure 8. A plot of the v

displacement versus position along the slit is given in Figure 9. The
slope of the curve drawn through the points is calculated to be

51T % 10-5. This is the numerical value for Jv/dx along the slit.

An independent calculation of a value for w gives a value of

_ av

5.20 % 10_5. Since w = there is good agreement between the values.

The Experimental Procedure

The photoelastic plastic used for the experimental investigation
was CR-35. The selection of this material was based on photoelastic
properties and availability.

The photoelastic model had dimensions one and one-third times as

large as the dimensions of the particular problem. The purpose of using



Figure 8.

Location of the Slit
Particular Problem.
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a large model was to decrease the error. Models larger than the model
used would have been too cumbersome to manage.

The calculated displacements were applied to the model by means of
& photoelastic deformeter. Using the deformeter the displacements could
be applied with very small error. The deformeter, shown in Figure 10 was
gimilar to the one used by Weibel. Loasding was accomplished by driving
taper pins into the 90 degrees V grooves. The deformeter can easily be
adapted to give u displacements also, but this was not necessary for
this particular problem.

If the calculated displacements given on page 35 were applied
to the model the stresses induced would probably not give a useable
gstress pattern. For most cases a factor K must be used to give dis-
placements that will induce the best stress pattern. This factor K
mist be determined by trial and error. Also if the model is not the same
size as the prototype, this must be taken into account by a factor S.
If the linear thermal coefficient of expansion « of the model has been
used to calculate the displacements, then this must be taken into account
when determining the actual stresses in the prototype. Then the actual

stresses 1n the prototype are given by

) = nf { EP oaP 1 1

(o - of (&P o9 L .34
O " T g \mfm¥*E TS

where n is the fringe order, f is the fringe constant (1b/in-order),

and 4 dis the thickness of the material.



}

L i 7 TRV R ST et

Figure 10.

Photoelastic Deformeter.

AN R W e T

6%



Lo

Results

A typical stress pattern is given in Figure 11. A plot of the
fringe order versus the distance across section AA' is given in Figure
12, It is seen In this figure that the experimental data points have a
slight scatter, but that there is no difficulty in fitting a curve to
the points. This scatter is probably due to the fact that the isochro-
matic lines, which give the stress, appear as broad black lines on the
photograph. This makes the exact determination of the lines' relative
positions difficult.

Although the fringe orders determine the magnitude of the dif-
ference in the principal stresses, they may be used to give the stresses
at the inside and outside boundary at section AA' directly for this par-

ticular problem. These stresses are calculated to be

= 10,800 psi

(=1
1

3,000 psi

a
I

The shear difference methodall which is based on the eguations

o] = (o ) - _Fy_dx (5?)

where (gx)o and (g_) represent the values of o, and oy at &

oy .
given location, may be used to calculate the stresses at any point across
section AA'. However, looking at the isoclinies, Figure 1%, it is seen

that the isotropic point in section AA" will make this calculation diffi-

cult. The use of equations (37) depends on the calculation of the shear



L1

stress Txy across some section close to and parallel to section AA'.

The shear stress is given by

where and o, are the principal stresses and 6 18 the acute angle

%

between the direction of g

1 and the plane on which Txy acts. Across

a section close to section AA' the quantity sin 20 is very small when

(o is large and the quantity (gl - 02) is very small when

1'“2)

sin 28 1is large. This causes one to suspect that the g, stresses gilven

by
BTX
% = (Ux)o - /ﬁ_§§g a

would be small also, since Txy is small at a section close to section
AA" and Txy = 0 along section AA'. If this is true, then approximate

values for gy can be obtained directly from the stress pattern.



Figure-11

Typiecal Stress Pattern
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CHAPTER V
DISCUSSION

Conclusions

Figure 14 shows a graph of the principal stress difference versus
distance across section AA' by the two different methods. As is seen in
the figure there is a close correlation of the stresgses determined by the
two methods. Although no closed form analytical solution has been avail-
able to use for a comparison, the close correlation between the two dif-
ferent methods tends to establish that the stresses calculated are reason-
ably good approximations to the actual stresses.

It is believed that both of these methods for calculating the ther-
mal stresses in multiply connected bodies are practical and will yield
reliable resulfts. Boeth of the methods have advantages and disadvantages.

The numerical methods offers the advantage that it gives the
stresses; a_s 9, and T;y at many points in the body directly ard no
additional computations are needed. The entire problem can be carried
out with one computer program if the computer used bhas sufficient memory
space. Another advantage of this method is that 1t can be used to solve
for thermal stresses even when the temperature distribution is not steady
state.

The major disadvantage of this method is the computer time neces-
sary to carry out the solution. The computer time for this problem is
about 2 hours and this will increase as more general shapes are used. The

computer time will also increase with refinement of the grid size. Most
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of the computer time is used in solving the biharmonic eguation. If some
method could be found for solving the bilharmonic equation in a multiply
connected region more gquickly, then the usefulness of this method would
be greatly increased,

The photoelastic method offers a relatively easy way of calculating
the thermal stresses in & multiply connected region with steady state heat
transfer if the eguipment is available. As pointed out in Chapter IV
this method cannot be used if the temperature distribution dces not sat-
isfy laplace's equation. The primary disadvantage of this method is the
difficulty in calculating the stresses at particular points in the body.
Although there are several methods for doing this most of them are time-
consuming and reduce the accuracy.

It appears that the choice of method would depend on the applica-
tion since the strong points of one method are the weak points of the
other and vice versa. If a stress distribution over an entire region is
needed, then the numerical methods appear best, however, if only the
stress at several isolated points is needed, the photoelastic method is

the easiest and quickest.

Recommendations

The numerical method should be investigated further by:

l. Changing the grid size to see what this effect will have on the
stressess

2. Employing different approximations for the boundary conditions
on the curved boundary to determine if a simpler approximation will give

satisfactory results.
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3. Investigating and/or refining other methods of solving the
biharmoric equation in order to reduce ccmputer time.

Although the photoelastic methods are well established it is
believed that the sclution of more problems by this method will provide
additional understanding that will help to iron ocut some of the diffi-

culties.
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APPENDIX A

ROLE OF THE COMPATIBILITY EQUATION (5) IN DETERMINING THE

SINGLE-VALUEDNESS OF THE DISPLACEMENTS u AND v

Consider the line integrals

where (€ is any closed curve in a free slice

& -/ fou . ., du
jc du-/{l(aax+a—ydy>

I

How
{ =3 - au
x . x
and from the eguations
oV N du
Txy d3x  dy
2(,\} — aV au
e v
we get
ou _ 1 "
Y T 7 Txy

.
#
|
nof
~Z
=
<
E
£



Then
fdu = /ﬁ{exdx +J-;:7 dy) -f wdy
c g % c
1 i r
Now
[uﬁyzymf dw-[ydw
C - , C
3 £ T 1=
vhere y, 1is the y coordinate of the starting point of integration on
C s
r
_ ' Aw dw
erdr“"yrf(j (ﬁ dx+§§ dy
r
S g 5 —
~ f[- 1 ayxy _du ax + J v 1 a‘yxy i
T 7 T T Ry X T 7 dy YJ
-
. fl Brxy ) o s aey 1 Iéyxy N
")z ™ T > "2 o )Y
Similarly
SR Py PR B P
Then

o, 1 [
/;j du = /; (exdx + 5 7xydy) + /; ylw = Jr/ duw

o

[
NaE
c

L

o

Bex
?‘xy + (v - YT,)<&~— -

roj

o

C

r 3y de \1
1 Xy bs

Yo y\

oy

7

\\I ! dy
f‘_‘l
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Applying Green's Theorem %o this equation gives

2 2 2 | -
J € € 37 ‘
du = f/ [(y-»yh) g 4 ¥ s X_y] dxdy - > [ du
/; R =\ 3 2 Bye 0x 0y i)

X ¥
r ;4 i

where Rr iz the region encleosed by Cr and the summaticn is over all

interral bcundaries Ci enclosed hy C .

If the region enclosed by C_ Is simply connected the summation

Z / du
* ey
i

deoes not exist. Then if

&) €, , 3 fx ) 3 -
% 552 OxJy

The integral

and the displacements u is single-values. Then for a simply connected
region the compatibility equation provides a necessary and sufficient con-
dition for the u displacement to be single-valued. For a multiply con-
nected region the summation of the integrals around the internal bound-
aries must also be equal to zero to guarantee that the u displacement
is single-valued. Then the compatibility equation provides a necessary
but not a sufficient condition for the u displacement to be single-valued
in a multiply connected region.

A similar result can be cbtained for the v displacement and the

rotation (.
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APPENDIX B

DERIVATION TO THE EQUATIONS RELATING THE ROTATION

w TO THE THERMAL EXPANSION

The strair-displacement-stress-temperature relations for a plane

stress case are

Bu 1.
= = = - Ll aT

- S 1
-._uv = Eﬁ il f_f_'fy - uo ) + QT
204 o By . W
Yy i) xy Oy X

For a simply connected region with a steady state heat flow condition

the fellowing condfition 1s known to exist.

Then
_ou _ -
rX = e i aT = ¢
v .
€y—-— 'a—y‘ = QT = ¢
v du
Txy T = B Sy ©
The reotation w is given by
- }_c E)V - au [y
W = ) 5§' 5§ /



Combining the eguations

yields

Then

and

By = v _ du
X Jy
ov du
-a; + "55; = O
v du

#
¢

duw v _ o€
Sy Xoy  ox
N 3%u de



sl

APPENDIX C
COMPUTER PROGRAMS FOR CARRYING OUT TEE NUMERICAL PROCEDURE

The first program is the program used In solving for the temper-
ature distributicn. The second is the one used in sclving for the special

stress functions Ops Ops and $C° The third program evaluated the
integrals of Michell's equations which involve the special stress function

¢C’ and the fourth program calculates the boundary constants a, b,

and ¢ and the thermal stresses.



COMMENT

COMMENT

INTEGER

ARRAY

BEGIN

DETERMINATION OF THE STEADY STATE TEMPERATURE DISTRIBUTION

STUART STARRETT ME

Is Js Ks 2Z

T(27,16)

FOR K=(151,150}
TU1947)=(0e193){T(1948)+T{20s7)1+317651}
T(19+8)1=(0e501¢T120+8)+T(1957))

T(2093)=100.0
T(20+4)=(0s0645)(T(20951+T12154)1+135040)
T(20s51=(0e1T73)1{T{20s6)+T(21s51+T(20+41+277+81
T(20+6)=(0e2353)1(T{20s71+T(2196)+T(2055}+12540}
T(20s7)={0e25) (T(20583}+T{2096)+T(217)1+T(19+711
T(20:8)=(0e25)({T(2059)+T{2097)4T(21s7)1+T(19581})
T(20+9)1=(0e50)(T(20s8)+T(19591}1}

FOR I={2151425}

FOR J=(351s1-11)

TCIoJ)=(0e25 ) (I TIIoJ+1)+T{ToJ=114T{ 1419 JI+T(I=-1sJ)}
Tile2)=T{1s&}

Tiled)=T(I+1sJ~1} END END

FOR Z={1,1+8]

01
02
03
04
05
06
07
08
09
10
11
12
13
14
15
16
17
18
19

20



INPUT
OUTPUT

FORMAT

FOR 1=(16491,1742)

FOR J=1(8,y1414)
T(IeJ)=T(J+11sI-11)
FOR I=(3451513)

FOR J=1(2s1s14)
T(I,J}=T(28*I;Jl
WRITE ($3SANSFMT)
READ ($$DATA)

DATA (NONE)

ANS{ FOR I=(3s1,26) $
FMT(#5%,B82 45F15.8,W0)

FINISH

FOR J=(2+1415)

$

T(IsJd))

21

22

23

24

25

26

27

28
29
30
31

32



COMMENT
COMMENT
INTEGER
ARRAY

BEGIN

BEGIN

INPUT
OUTPUT
FORMAT

DETERMINATION OF THE STEADY STATE TEMPERATURE DISTRIBUTION

STUART STARRETT ME

Is Jds Ks Z

T(27s16)

FOR K=(1s19150)
T(19s7)={0e193)(T(19+8)+T(20s7)+317:5)
T(19+8)=(0e50) (T(20s81+T1194,7))

T(20+3)=10040
T(20s4)=(0+0645)(T(20:5)+T(2194)1+1350.0)
T(20s5)=(0e173)(T(20+6)+T(21+5)+T(20s4)+277.8)
T(2066)=(0e235)(T(20+s7)1+T(2146)+T{20+5)+12501
T(20eT)=(0e25)(T(208)+T(20s6)+T(2197)1+T(19:7))
T(20+8)=(0e25}(T(209)+T(20sT7)+T(21sT7)+T(19,8))
T(20+s9)=(0e50) {T(20,8)14+T(19591))

FOR I=({2191,+25)

FOR J=(3s1e=11)

TCIsd)=(0e25 ) (T(Tad+1)+T (I J=1)+T(I+1,J)+T(I1=-1sJ))
T(Ie2)=Tl1e4)

TlIsd)=T(I+19J=1) END END
FOR Z=(1s148)

FOR I={14414517+2)

FOR J=(Bs1s14)

T(IeJ)=T(J+11s1-11)

FOR I=({351513)

FOR J=(2s1s14)

TUIsd)=T(28=1+5J)

WRITE (33ANSsFMT)

READ ($$DATA)

DATA (NONE)

ANS( FOR I={3s1526) $ FOR J=(251515) % T(IsJ))
FMT(#5%,B255F15.,8,sW0)

FINISH

A A A AR EH RO AR A PRANABDAAD OO AR ARG



COMMENT
COMMENT

ARRAY

INPUT
INPUT
INPUT

BEGIN

DETERMINATION OF THE STRESS FUNCTION PHE AND THE

EVALUATION OF THE THERMAL STRESSES

STUART STARRETT ME

INTEGER TsJ

PHEA(27316)s PHEB(27s16)s PHEC(27316)s PHE(27316)

SIGMAX(27s16)s SIGMAY(27516)s TAUXY(27+16)

EALPHA=(30e01(6¢50)

INGRL1T=-513.06888

INGRL2T=0.000

INGRL3T=0,000

INGRLIPHEA=0.000

INGRLZPHEA=0.000

INGRL3PHEA=-5.8947916

INGRL1PHEB=0.000

INGRL 2PHEB=-548946088

INGRL3PHEB=0.000

INGRLIPHEC==2T74384760

INGRL2PHEC=0.000

INGRL3PHEC=0+000

C==(EALPHA) (INGRL1T)/{INGRL1PHEC)

B=—(EALPHA) (INGRL2T)/(INGRL2PHEB)

A=—(EALPHA) ( { INGRL3T)~(C)H(INGRL3PHECY)/(INGRL3PHEA)

READ($SDATAL)

READ($SDATAZ2)

READ($$DATA3)

DATAL( FOR I=(1s1527) % FOR J=(1s1416) & PHEA(IsJ))

DATA2( FOR I=(1s1+27) $ FOR J=[1s1916) $® PHEB(Is+J}))

DATAZ( FOR I=(1s1+27) & FOR J=(1s1516) % PHEC(Is+J))

FOR I=(1s1+27)

FOR J=11+s1+16)

PHE(Il s J)1=APHEA(] s J)+BaPHEB(IsJ)+CePHECII s J)

FOR 1I=(2s1926)

FOR J=(3+1415)

SIGMAX (I s JY=(AY{PHFA(I3J+1)—2ePHEA(I4JY+PHEA(TsJ-1))/(0,0625)
(BY(PHEB(I9J+1)=2.PHEB(I4J)4PHEB(1sJ=1)}/{0s0625)
(CY(PHEC(I9J+1)=24PHEC(14J)+PHEG(14J=1)}/(0s0625)%

SIGMAY (I J)2(A) (PHEA(I+15J)~2aPHEA(TIsJ)I+PHEA(I=1sJ))/(0.0625)
(BY(PHEB(T1+19J)=2«PHEB(IsJ)+PHEB(1-15J)1/(040625)
(CI(PHEC(I+15J)=2ePHEC(TIsJ)+PHEC(I-16J))/(0s0625)%

A B

PP A O AR ARROD PR ARAPDANRAARNAA



ouTPUT
QUTPUT
FORMAT
FORMAT

FORMAT

FORMAT

TAUXY(T9J)==(A) (PHEA(I+1sJ+1)+PHEA(I=-19J=1)—-PHEA(I+1sJ-1)=
PHEA(I-1sJ41))/((4a0)(00625))
~(B)(PHEB(I+13J41)+PHEB(I-1sJ-1)=-PHEB(1+1,J-1)~
PHEB(I=-1sJ4+1))/((440)1(00625))
—{C)(PHEC(I+13J+1)+PHEC(I-19J=-1)—-PHEC(I+14J-1})-
PHEC(I-1sJ+1))/((440)(0a0625)) END
WRITE(SSTITLEL)
WRITE(SFANS] oFMT1)
WRITE(SSTITLE2)
FOR I=(141427)
FOR J=1{34s1,416)
WRITE({SSANS2sFMT2])
ANS1(As By C)
ANS2(1s Js PHE(IsJ)s SIGMAX(IsJ)s SIGMAY{IsJ)s TAUXY(IlsJ))
TITLEL1(B1Os*STRESS FUNCTION CONSTANTS*,s W&4)
TITLEZ2(B7 o %1 ¥ 3BT 9% % 3B19s¥PHE (T s J)*sB13:*¥SIGMAX (T s J) %
BB s #STIGMAY (14 ) *3BBs*TAUXY( I o J)¥*4W4)
FMTI(Bl0o*¥A=%#9S14,83Whs (BlDs*¥B=%,3514,83Wh
(B10s¥C=#9S1448,4W4)))
FMT2(B6s12sB6s129B8,452084W4)
FINISH

PR AR AR
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COMMENT EVALUATION OF THE LINE INTEGRALS INVOLVING THE LAPLACIAN
OF PHEC

COMMENT STUART STARRET ME

PROCEDURE SIMPS({N.DELXsF())

BEGIN INTEGER 14N
5“0.0
S=F(LI+F(N+1)
FOR I=(2+24N)
S=S+ (4«01 (F(I))
FOR I=(3,2sN=-1)
SES+(240)(F(IV)
SIMPS{)=({DELX/3.0)(5S)}
RETURN END SIMPSI(}
INTEGER I1+J

ARRAY PHEC(27+16)s D2PHEC(25914)s XDD2PHEC{254+14)s YDDZPHEC(254+141}
X1(9)s X2(9)s X3(9)s X4(9)s Z21(9)s 22(9)s Z3(9)s Z24(9)
Al(11)s A2(11)s A3(11)s A4(11)
READ(SEDATA)

INPUT DATA(FOR I=(1s14+27) $ FOR J={1s1516) $ PHEC(I,J))
FOR I=(3,14+25)
FOR J=(24+1s14)
D2PHEC (14 J)=(PHEC(T41 sJ)+PHEC({I=19JI+PHEC{ I3 J+1)+PHEC(14J-1)

~4 4PHEC(TI9J))/(0e0625)

FOR I=(44146)
FOR J=(241»13)

BEGIN XDD2PHEC(TI9J)=(D2PHEC(1-14J)1-D2PHECII+1J))/(0450)
YOD2PHEC([4J)=(D2PHEC(1sJ=-1)-D2PHEC{T9J+1))/(0+450) END
FOR I=(4s1924)
FOR J=(11s1+13})

BEGIN XDD2PHEC(14J)=(D2PHEC(1-14J)=DZ2PHECI(I4+15sJ))/(0450)
YOD2PHEC(TI4J)=(D2PHEC(1+J+1)-D2PHEC(I4J-1))/(0e50) END
FOR 1=(2241424)
FOR J=1(2+15913)

BEGIN XDD2PHEC(I 9 J)=(D2PHEC(I4+14J)—=D2PHECII=15J))/(0450)
YOD2PHEC(I J)=(D2PHEC(IsJ+11~D2PHEC(IsJ~1))/(0e50) END
FOR J=(3s111]

BEGIN X1{J=2)=XDD2PHEC(22,J!}
X4 (J=-2)1=XDD2PHEC(64+J]
Z21(J=2)1=1J=-2){0e25)(YDD2PHEC(22st))+({2«0) iXDD2PHEC(229J})
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BEGIN

BEGIN

BEGIN

QUTPUT
FORMAT

24(J=2)=(J=3)(0e25) (YDD2PHEC(65sJ))=(2e0) (XDD2PHEC (& 2J))
FOR J=1(3s1513)

Al(J=2)=XDD2PHEC( 24+ )

A4 (J=2)=XDD2PHEC(4sJ) END
FOR I1=(14,1422)

X2(1-13)=YDD2PHEC(I,11)

22(1-131={2.0) {XDD2PHEC(15s11))+(1-14){(0Qe25) (YDD2PHEC(1411))

END
FOR I=(14+41524)
A2(J=13)=YDD2PHEC (1,13}
FOR I=(69191%)
X3(1-5)=yYDD2PHEC(Is11)
Z3(1-5)=(240) (XDD2PHEC(14511))—=(14-1)(0e25)(YDD2PHEC(I911))
END

FOR I=(4s1914)
A3(J-3)=YDD2PHEC(I+13)
INGRLIPHEC=(2e0)(SIMPS(8504259X1())+SIMPS{8s04259X2())
SIMPS(850625sX3())+SIMPS(8s0425sX4()1))
INGRLZPHEC=0.00
INGRL3PHEC=(240)(SIMPS(850425521())+SIMPS(8+0425+22¢())
SIMPS(89042592Z3())+SIMPS(8350e25457241()1))
INGRL4PHEC=({240) (SIMPS(1050¢255A1())+SIMPS({1090e254A2())
SIMPS(10:0e255A3())+SIMPS(10s064255A411)))
WRITE(SSANSSFMT)
ANS(INGRL1PHEC, INGRLZPHEC, INGRL3PHEC, INGRL4PHEC)
FMT(®*INGRLIPHEC=%4F 148 9yW4 o (*INGRL2PHEC=%3F1448,W4,
(#*INGRL3BPHEC=%4F 148 sW4 5 (¥ INGRL4PHEC=#43F1448,W4))))
FINISH
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COMMENT
COMMENT

INTEGER
ARRAY

BEGIN

BEGIN

INPUT
INPUT

BEGIN
BEGIN

BEGIN

DETERMINATION OF THE SPECIAL STRESS FUNCTIONS PHEAs PHEB,

AND PHEC BY THE GAUSS SIEDEL RELAXATION METHOD
STUART STARRETT ME

TsJdsKeN

PHEA(274316)y PHEBI(27s16)s A1(5)s B1l(5)s C1l(5)s D1(5)»
F1(5)s G1(5)s B(5)s C(5)s F(5)s G(5)sPHEC(27+16)
Al(1)=0.08

Al(2)=0436

Al(32)Y=0,80

Al(4)=0,72

FOR N=(1s155)

BLIN)=((2+A1(N)YZ((1+AT(N)Y(14AT(NY)Y)
CLINI=((1+A1L(N)) Z((2+AT(N))(24A1(N)I))
DL(N)=((3+2(AL(N)I Y)Y /Z((1+AT(N) I (2+ATE(NYYY)
EL(N)I=(BL(N))I/(2+A1(N))

FI(N)=(CLIN))/(1+A1(N))

GL(N)=(DL{(N))/(3+2(A1(N))) END
FOR N=(1s1s5]
B(N)=(1-A1(N))(1-AL(N))(BI(N)+(1-A1(N))(EL(N)))
C(N)=(1-A1(N))(1=A1(NI)(CL(N)+(1=-AL(N)Y)(FL(NI})
FINY=(AL(N)Y)Y(AL(N)Y)(BLI{(N)={ALI(N))(ELT(N)))
GINY={AIT(N))(AL(NY)(CLIN)=(ALIN)){FLINI)) END
READ(S$SDATAL)

READ($$DATAZ)

DATAL( FOR I=(1s1+27) $ FOR J=1(1s1s16) % PHEA(IsJ))
DATA3l FOR I=[(1491427) % FOR J=(1919s16) $ PHEC(IsJ)}
FOR K=(1515200)

FOR 1=1{1451+26)

PHEA(T15)=(1=-14)(0.25)

PHEA{I»16)=PHEA(T414)

PHEA(I+1)=PHEA(T1:+5)

PHEA(TI +s2)=PHEA(Ts4) END
FOR J=(3515151)

PHEA(269d)=300

PHEA(2T7 s J)=PHEA(265J)+0:25

PHEA(12sJ)==(PHEA(165J1]

PHEA{13+J)==(PHEA(155J)) END
PHEA(19s3)i=PHEA(21+3)

E1(5)s
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PHEA(14,8)=PHEA(14+10)

FOR I=1(144+1520)

FOR J=(10s1414)

PHEA{I JIZ0 OS5 (B(PHEA(I+]1 s J)+PHEA(I~-1sJ)+PHEA(T »J+1)
PHEA (T 3J=1))1=2(PHEA(T+1,J+1)+PHEA[1+1,4JU-1)
PHEA(I-=13J41)+PHEA(I=-19J=-1))=(PHEA(IJ=-2)
PHEA(1-24J)+PHEA(TsJ+2)4+PHEA(I42sJ)))

FOR I=(21+1,25)

FOR J=1(341514)

PHEA(T sJ)=0e05 (B(PHEA(I+1sJ)+PHEA(I~14J)+PHEA(IyJ+1)
PHEA(TI 3J=-1))=2(PHEA(I+14J+1)4+PHEA(I+14J-1)
PHEA(I-1sJ+1)4PHEA(T-15sJ=1))—(PHEA(I s+J=2)
PHEA(I=25J)+PHEA(TsJ+2)+PHEA(I+24J)))

FOR I=(20s14+20)

FOR J=({Ts1s9)

PHEA(1+J120405(B(PHEA(TI+1sJ)+PHEA(I=-13J)}+PHEA(T yJ+1)
PHEA(T oJ=1))—=2(PHEA(T+1sJ+1)+PHEA(TI4]1yJ-1)
PHEA(I-1sJ+1)+PHEA(T=-1sJ=1))=(PHEA(I}4J-2)
PHEA(I=23J)+PHEA( T s J42)+PHEALTI#24J)))

FOR I=(18%1,520)

FOR J=(95149)

PHEA(T43J)=005(8(PHEA(I+1sJ)+PHEA(I-14J)+PHEA(I sJ+1)
PHEA(T4J=-1))=2(PHEA(I+14J+1)+PHEA(I+1,J-1)
PHEA(I=13J+1)+PHEA(I=-1sJ-1))=(PHEA(I »J-2)
PHEA(I1=23J}+PHEA(I s J+2)+PHEA(TI%24J)))

PHEA{19+8)=005(8(PHEA(19,9)+PHEA(20+8))-2(PHEA(18,9)+

PHEA (2049 )+PHEA(2047))—(PHEA(19s101+PHEA(2148)))

PHEA(20+4)=(F(1)ePHEA(21s4)+G(1)ePHEA(224+4))

PHEA{1934)=(B(1)«PHFA(2154)+C(1)PHEA(2254))

PHEA(20s5)=(F(2)«PHEA(2]1:5)+G(2)«PHEA(22+5))

PHEA(1995)=(B(2)ePHEA(21s5)+C(2)«PHEA(22+5))

PHEA(20s6)=(F(3)«PHEA(2136)+G(3)PHEA(22+6))

PHEA(1956)=0+50((B(3)«PHEA(2136)+C(3)PHEA(22:6))+

(B{4)ePHEA(1958)+4C(4) « PHEA(19s9)))

PHEA(1G937)=0e50((F{4)ePHEA(1G+8)+G(4)PHEA({1959))+

(F(5)«PHEA(20s7)+G(51«PHEA(21»7)))
PHEA(18s7)=0e50((B(5}ePHEA(20s7)1+C(5)«PHEA(21s71} 1)+
' (Bi{5)«PHEA{1859)+C(5)PHEA{185101))
PHEA{1898)=0¢50({(F(5)ePHEA(18:;9)+G(5)sPHEA(18510) J+
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BEGIN

BEGIN
BEGIN

BEGIN

(Fla)«PHEA(19s8)+G(4)PHEA(204+8)))
PHEA(1798)=0e50((B(4)sPHEA(19+¢8)+C(4)sPHEA(20+8) )+
(B(3)ePHEA(1T7510)+C(3)PHEA(1Ts11)))

PHEA(L1739)=(F(3)ePHEA(17s10)+G(3)sPHEA(17411))}

PHEA(1698)=(B(2)«PHEA(16s10)+C(2)ePHEA(16511))

PHEA(1639)=(F(2)«PHEA(16510)+G(2)ePHEA(16911))

PHEA(1S5+8)=(B(1)«PHEA(15+10)+C(1)ePHEA({15911))

PHEA(1549)=(F(1)«PHEA(15510)14+G(1)«PHEA(15+11}) END

FOR I=(14s1s14)

FOR J=({1s1916)

PHEA(IsJ)=={PHEA(28=1sJ])

FOR I=(14s1,27)

FOR J=(3s1416}

PHEB(I sJ)=PHEA(J+11sI=-11)

FOR I=(1s1513)}

FOR J=1(351+16)

PHEBR({ I »J)=PHEB(28=1,4J)

FOR I=(1s1+27)

PHEB(Is1)==(PHEB(Is5))

PHEB(Is2)==(PHEB(I+4)) END

FOR K=(1514500)

FOR T1=(14451,26)

PHECtI4315)=1.00

PHEC(I416)=PHEC({]1514}

PHEC(T1+1)=PHECI(Ts5)

PHEC(142)=PHEC(1s4) END

FOR J=(241+15)

PHEC(264sJ)=1.00

PHEC(279J)=PHEC(254J)

PHEC(124J)=PHEC(16sJ)

PHEC(13,J)=PHECI(15J) END

PHEC(19s3)=PHEC(21,3)

PHEC(14,8)=PHECI(14s10)

FOR I=1(1451520])

FOR J=(10s1514}

PHEC({I14J)=0.05(8(PHECII+1sJ)+PHEC(I=1yJI+PHEC{]IJ+1)
PHEC{T 3J=1))=2(PHEC{I+1sJ+1)1+PHECII+15J-1)
PHEC(I=1sJ+1 i +PHEC{[~13d=1)1=(PHEC(IsJ=-2}
PHEC(I<2¢ J)+PHEC{T1sJ 42 )+PHECIT4249J) )}

Ll
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FOR I=(2191+25)

FOR J=(3s1514)

PHEC(TsJ)=0e05(8(PHECII+1 4J)+PHECII=-15J)+PHEC({IsJ+1)
PHEC( 1 9J=1))=2(PHEC(I+1sJ+1)4PHEC{I+1yJ=~1}
PHEC(I~14J+1)4+PHEC(T-1+sJ-1))=(PHEC(14sJ-2)
PHEC(I=~24J)+PHEC( 14 J+2)+PHEC(I%24J)})

FOR 1=12051,420)

FOR J=(T+149)

PHEC(13J)=0e03(8(PHEC(I+1sJ)+PHEC(I=13J)+PHEC(I4J+1)
PHECI(T $J=1))=2(PHEC(1+1sJ+1)+PHEC(1+1,4J-1)
PHEC(I=14J+1)4+PHEC(I-19J-1))=(PHEC(IyJ=-2)
PHEC(I=24J)+PHEC(IsJ+2)+PHEC(I4245J)))

FOR I=(18+1,20)

FOR J=(9414+9)

PHEC({TI3J)=005 (B(PHEC(I+1 3 J)+PHECII=1sJ)+PHEC(I »J+1)
PHECIT $J=1)1)1=2(PHEC(I+]1¢J+1)+PHEC(I+1sJ-1)
PHEC(I-14J+1)4PHEC(I=-1sJ-11)1={PHECITI»J=-2)
PHEC(1=24J)+PHEC(IsJ+2)1+PHECII+2,4J)))

PHEC(1948)=0e05(8(PHEC(1999)+PHEC{204+8))-2(PHEC(18,9)+

PHEC(2049)4PHEC(20,7))—(PHEC(194+10)+PHEC({214+8)))}
PHEC(20+4)=(F(1)ePHEC(21441+G(1)ePHEC(22+4))
PHEC(1944)=(B(1)ePHEC(2154)+C(1)ePHEC(224%))
PHEC(2045)=(F(2)ePHEC(21,45)+G(2)«PHEC(2245))
PHEC(19,5)=(B(2)ePHEC(2145)+C(2)ePHEC(22,5))
PHEC(2046)=(F(3)ePHEC(2146)+G(3)+PHEC(2246))
PHEC(1956)=0650((B(3)«PHEC(21s6)+C(3)«PHEC(224+6))+

(B(4)oPHEC(1958)+C(4)«PHEC(1959)))
PHEC(1957)=0e50((F(4)ePHEC!1958)+G(4)4PHEC(19+9) )+
(FI5) ¢PHEC (204 7)+G(5) «PHEC(21+7)))
PHEC(18357)=050((B(5)«PHEC({20s7)+C(5)«PHEC(21s7))4+
(B(5)«PHEC(1B39)+C(5)«PHEC(18+10)))
PHEC(18+8)=0e50((F(5)«PHEC(1839)+G(5)«PHEC(184+10))+
(Fl4)«PHEC({1958)+G(4) «PHEC(204+81)))
PHEC(17+8)=0e50((B(4)sPHEC(1958)+C(4)PHEC(209s8) )+
{B(3)«PHEC(17510)+C(3)«PHECI(17511)))
PHEC(1799)={F({3)ePHEC(17s101+G(3)«PHEC(17511))
PHEC({1638)=(Bi{2)ePHEC(16510)+C{2)ePHEC{16911))
PHEC{1659)=(F(2)ePHEC(16510)+G(2)«PHEC{16511})
PHEC(1548)=({B(1)ePHEC{15510)+C(1)«PHEC{15511}})
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QUTPUT
OUTPUT
QUTPUT
FORVAT

PHEC(15»9)=(F(1).PHEC(15,10)+G(1)»PHEC(15*11)) END
FOR |«(1*1t]4)

FOR J»<1»1*16)

PHEG( | »J) * PHEC( 28- | , J)

WR TE( $$ANS1»FMI>

VRl TE( $$ANS2»FMT)

WRISKE! BERANG3>FMT) 271 $ FCR J=( 1»1»16) S PHEA(I »JJ)
ANS2( FOR 1=(1,1,27) $ FOR J=(1»1.16) S PHEB{ i JM
ANS3( FOR | = (1»1,27) $ FCR J=(1»1»16) $ PHEQ(I#J)J
FMT( *5*, B2»5F15. 8, W01

FI NI SH

wHBLBLOBhLBBRBe DN



