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SUMMARY

The general purpcse of this study is to present a quantitative
method of solution to the expansion planning problem. This problem
appears at the time of plamning capital investments (or disinvestments)
to meet anticipated changes in demand. It is assumed that the
production-consumer system is made up of several manufacturing plants
which could ship their outputs simultaneously to different customers.
Thus, there exists a strong relationship between plants and their
markets. Some plants may send semifinished products to other plants,
as a way to increase the production capacity in a department.

Because of the fact that optimization of the size of each plant
does not optimize the production capacity of the system, it iIs necessary
to consider all plants {actual and proposed) and their markets together.
In this way, it is possible to ascertain if the increase in capacity of
one plant may make unnecessary an extra investment in another plant of
the system,.

In accordance with particular situations, four models are pre-
sented, each one having different assumptions. Model A, being the
simplest, introduces the basic concepts in the expansion of capacity
and considers only one period, Model B represents the situation when
the planning horizon is divided into several periods. Model C extends
Model B by allowing preducticn for inventory as a way to reduce extra

investments. Model D shows the case in which new investments change



the variable productions cost of a plant, i.e., when economies or
diseconomies of scale are present in new Iinvestments.

All models fit the framework of mixed-integer programming
problems. Some algorithms are discussed. It was found that Branch
and Bound methods have had good results when just a few integer
variables exist, as in this case. In particular, the algerithm
developed by Rebelin was proposed to solve the medels described in
this work.

In order to show the applicability of the models and their
solutions, a practical case was modeled and solved. The real problem
fits the conditions of Model B. The system contains seven plants and
nine regions. Although each plant may have four departments, only
their assembly department was included in the example, on the basis
that it was common for all plants. Each assembly department has a
number of lines, each one having the capability to produce one or
several products.

Initially, it was found that there were more than 30 different
products. However, some of these differences were not significant
for this study. Therefore, 12 representative products were defined in
order to reduce the dimensionality of the problem.

The variables in the model were divided in three groups, one for
each period of time of the planning horizons. Each period has 70 con-
straints (18 relating to production facilities and 52 relating to

markets regions) and 135 variables.
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A variable gives the name of the product, where it is produced
(plant and line), and the market where it is shipped.

Initially eight alternatives (zero-one variables) were proposed
to increase or decrease the production capacity of the system and
satisfy the forecast demand. One the optimal mixed solution was
obtained, a new set of alternatives was proposed.

The program was run on a Burroughs 5500 computer, using remcte
terminals. Each trial took around ten minutes, but it can reduced
easily by storing the optimal continuous solution.

The solution of this example gave two types of solution. COmne
involves long-term planning, that is, the selection of investments
(either decreases or increases in producticon capacity) for the next
planning horizon. The other type of solution cencerns medium-range
planning, that is, which plant should ship a given product tc a certain
customer in each pericd.

Some extensions of this work might consist of the following:

a) Separating total cost into three parts, namely, fixed-fixed,
fixed-variable, and wvariable cost.

b) Including a criterion of minimum rate of return on investment.

¢) Developing a methodology to inzlude intangibles and to
generate investment alternatives.

d) Considering the forecast demand as a probability distribution

rather than as certain data.



CHAPTER I

INTRODUCTICN

1.1 Background

The purpose of this study is to present a quantitative method for
solving the expansion planning problem of an operating firm. It is
assumed that the firm consists of more than one plant, manufactures
many products, and has customers located at many sites. The expansion
problem appears whenever management is planning capital investments to
meet anticipated demands. Typical examples of the plamning decisions
that management must make are the following:

a) when and where to allocate the capacity increases or

decreases;

b} whether or not a mew plant should be built and, if so,

where;

c) whether or not an existing plant should be partially

or totally closed and, if so, when; and

d) whether or not the firm should centralize or decen-

tralize its operations.

In a firm with only one plant, or with a few plants scattered
around a region so that there 1s nc interaction ameng them, decisions
can be made on the basis of a single plant. One method widely used
is to calculate the figure of merit (profit or cost) for each alterma-

tive and rank them in decreasing order of priority until some scarce



resource, €.g., capital, is depleted. In efforts te use this approach
in problems involving multi-plant firms, independence between plants
or projects is often assumed in order to facilitate computation, even
though the real situation indicates that strong interactions exist
between plants. In such a situation, the method will most likely lead
to a suboptimization. For example, expansion of one plant in the
system could make the construction of a new one unnecessary, or vice
versa, although an independent analysis indicates that both are equally
good investments. Therefore, the method of solution of the expansion
problem should take into account existing interrelaticnships between
plants, their resocurces, their markets, and the scheduling of alterna-
tives over the planning horizon.

The method also should permit the analysis of a decision, so
that management may evaluate some alternatives before the decision is

implemented in the real world.

1.2 The Problem

The initial idea for this research was suggested by officials
of the American Can Company, but the results of the study are useful
in the formulation and solution of expansion planning problems in
many multi-plant, multi-product firms. In this presentation, the
problems, the models, and the solution procedure first are described
in detail in general terms. There a particular case 1s presented in
order tc show the application of a model and its solution.

Assume first that a firm has many plants operating in a given

region. Each plant is able to satisfy the final demand of the customers



and/or the demand for intermediate products requested by other plants.
For a projected increase or decrease in the demand for each final
product, the management of the firm wants a producticn plan including
when and where to allocate capacity increases such that the total
profit is a maximum over a specified planning horizon.

The capacity of a plant or a department is measured by the
number of lines or pieces of equipment. In general, it is expressed
in discrete units. TFor example, the capacity of an assembly department
is specified by the number of assembly lines. It is assumed that
capacity increases are made by adding assembly lines in discrete units.

The problem of allocation of increases (or decreases) in pro-
ductive capacity requires the study of such factors as demand; price of
products; requirements and cost of raw materials and labor for each
reriod considered; number, size and cost of facilities; capacity for
different production processes; timing of the installaticns; location
of the plant and cost of transportation; and availability and cost of
capital funds.

A naive attempt to solve this problem would be to isolate each
plant and try to cptimize its size, However, optimizing the size
separately does not necessarily give the maximum profit for the system.
This approach may result in overestimating the investment required for
each plant. On the other hand, if the system of plants is examined as
a whole, management may obtain a solution near tc the optimum. (The
system is defined as the set of plants, customers, suppliers of raw

materials, and the interrelationships between them). In this case, for



example, the excess capacity in one plant may be used to satisfy the
shortage of a nearby plant, during a certain period of time, at a
lower cost than can be achieved by extra investment.

In the preceding discussion, it was assumed that a production-
consumption system is already in operation. The optimal configuration
of a nonexistent new system is not studied here. This distinction is
important for two reasons. The first reason is that with a system
already in operation, the decision maker is concerned only with incre-
mental costs. That is, the cost of operating the present system is
fixed. By specifying increases or decreases in plant capacities, the
system 1s modified and only the extra cost should be considered. The
second reason is that in a new system an extra dimension, the location
of the plants, is included. 1In the system already in operation this
variable is fixed. 1In the set of possible altermatives, to be described
later, new plants may be included, but their locatiens, which depend
upon the existing plants, are specified in advance.

Two types of investment decisiens to increase the capacity of
the system are generally made. The first occurs when there exist
economies (or diseconomies) of scale in the physical plant. Thus, an
increase in capacity will reduce (increase) the unit variable cost.

In this case, the decision maker is concerned with the size of the
equipment. Usually, several sizes of equipment are available from
which he selects the most appropriate. This situation is common in the

case of chemical equipment, where economies of scale often exist.



The second type of investment decisions applies to the situation
where economies of scale camnot be obtained by increasing the output
rate of producticen units. The increase in capacity is made by additions
of standard equipment. In this case, there is only one size, so the
management decision is concerned with the number of facilities, rather
than the size. That is, the increase in capacity of a plant is not
made by substituting larger and more efficient facilities, but by
duplicating equipment of the size already existing. This situation is

illustrated in a later chapter.

1.3 Objective

The objective of this study is twofold: (a) to develop a
production-capacity planning model which describes the operation and
expansion of a multi-product, multi-plant firm cver a planning horizoen,
and (b) to propose a method of solution of the model in order to deter-
mine the "best" allocation of capacity increases in the system, to
maximize the present value of the firm's profit, and to satisfy the
forecasted demand. The '"best" allocation refers to the selection of
the best alternatives from a subset of possible courses of action.
Thus, it cannot be claimed that the "best'" allocation contains the
true optimum. However, according to March and Simon [1], the decision
maker is usually more interested in working with satisfactory alterna-
tives than in working with true optimal alternatives.

There is a trade-off between these two objectives. On one hand,
it is recognized that the relevance of the model increases with its

complexity. On the other hand, there is obviously nc reason to



construct a very complex model which cannct be solved. Therefore, a
compromise exists between the complexity of the model and the
Practicality of its solution.

The development of the model starts with the basic assumption
that the decision maker has a set of feasible alternatives for expan-
sion from which he wants to select the most suitable subset. Several
factors affecting the expansion of a firm have been included in the
medel. Other factors may be taken into account in a later stage, or
may be tested in a sensitivity analysis. It is assumed that the
increases or decreases in capacity in a plant are made in discrete
steps (e.g., by adding a new production line or by closing an old
plant) and that the sizes of these increases or decreases are fixed
and known.

The sclution of the model will provide a production-expansion
plan. Thus, one part of the solution indicates which plant should
satisfy the demand for which zone, in a given period of time. That
is, it indicates what product mix each plant in the system should
produce. The other part of the solution selects those alternatives for
capacity expansion that will provide the best investment planning during
a planning horizon. In summary, some of the questions which will be
answered, provided that there is a set of possible altermatives, the
following are: How many plants should be built? What size? What
should be the product mix of each plant? What is the effect of closing

an existing plant?



1.4 Importance of the Problem

The amount of literature published in the past decade indicates
the concern of researchers and management zhout ascertaining the
optimal plant size. However, most of the cases reported assume the
operation of & single-plant, single-product firm. Reports of studies
involving the more general situation of the multi-plant, multi-product
firm have appeared only recently--mainly because of the limitations of
methods to solve the models. A procedure usually used to handle the
multi-plant, or in general a multi-product, investment is to calculate
the figure of merit for individual projects without taking into con-
sideration their Iinterrelationships and the desirability of scheduling
them over a period of time. As stated previously, this procedure has
the cobvious defect of ignoring the effect each investment has on the
rest of the system, thus producing a suboptimization. Therefore, a
method is needed which indicates those projects which are most likely
to fit the available resources of a firm and at the same time serve to
maximize profit. The model should take into account the interactions
between alternative projects and, in particular, the opportunity cost
of using rescurces in one alternative rather than ancther. The time
alsc should be considered because the act of building a plant is irre-
versible, and alsc because the model should anticipate future expan-
sions in which the ideal plant size concept will be included.

The fact that many Investment decisions are made on a purely
subjective basis indicates that a quantitative model of the nature

described above will be useful to scveen the set of possible



alternatives. This does not mean that the solution of the model repre-
sents the optimal solution in a real-world problem. However, the use
of this model will permit the management to see the effects of some
alternatives on the system. In this way, management will have more

facts to aid it in making a decision.

1.5 Method of Procedure

The main developments concerned with planning for expansion of
a multi-plant, multi-product firm were classified by means of a litera-
ture search., Once the literature survey was finished, the models were
developed. It was convenient to begin with the simplest case, and then
relax the assumptions to include more general situations. Four models
were developed. Model A represents the situation for an expansion in a
single period. Model B shows the case when a planning horizon divided
in several periods is considered. An extension of Model B permits pro-
ducing for inventory; this is Model C. Finally, Model D represents a
situation when the investments change the variable cost of a plant.

It was observed that all meodels fit the framework of mixed-
integer problems. Therefore, a survey was made to look for an efficient
algorithm to solve this type of problem. It was found that the branch
and bound methode have had good results in mixed problems, where there
are just a few 0-1 integer variables. This i1s the case for the expan-
sion planning problems. In particular, the algorithm by Rebelin was
used to solve the example presented in the last chapter of this work,
where a real situation was modeled and solved. The effects on the

system of assigning capacity additicns to different sites, the closing



of existing plants, and an increase in demand in some region were
studied., In a similar fashion, the management of a firm may ascertain,
to some extent, the change in profit or cost resulting from different

decisions made to meet the demands in the market.

1.6 General Limitations

1. The follewing data are assumed to be known:

a) The forecasted demand for each product during each
period of the planning horizon.
b) The cost of a new plant and of additions.

2. A set of feasible alternatives is available for either
increases or decreases in the capacity of plants. Locatlons for new
plants are fixed, i.e., the location problem is not considered.

3. The planning horizon is divided in time pericds. Within
each period, all parameters (costs, activity coefficients, etc.) are
assumed to be constants. But they may be different from pericd to
period.

4. Those products with similar characteristics are grocuped
together into a representative product category.

5. There are no limitations in the size of the labor force.

6. The tax structure of the firm is not included. Thus, all

decisions are made before taxes are calculated.



10

CHAPTER II

LITERATURE SURVEY

2.1 Introduction

Since the beginning of management science, there has been a keen
interest in the development of models and solution algorithms for
capacity expansion and production planning problems. In order to
facilitate discussion, the work which has been published has been
grouped into three major classes on the basis of the type of decisien
as characterized by the planning horizon. The classes are as follows:

a) Short~term decisions. Considers planning for days or weeks.

b) Medium-term decisions. Considers planning for weeks or

months. Sometimes these decisions are called tactical
decisions.

c) Long-term decisions. Considers planning for years. Some-

times these decisions are called strategic decisions.

Figure 2.1 shows the relationships between these types of
decisions,

Short-term decisions are generally made by lower management.

One of the first systematic attempts in this area was advanced by Gantt
at the beginning of this century. His Gantt-charts have been used by
foremen, supervisory personnel and managers since then.

Te use the above or similar techniques, one first has to know

what to de. That is, these techniques help management determine how to
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schedule a series of Jjobs in the best, or at least in a satisfactory
manner. They do not answer what to do, but when to do it, provided

that a given sequence is satisfied.

2.2 Medium-Term Planning Decision Models

In a medium-range decision, management is more interested in
combining production capacity, inventory and work force in an optimal
manner so that the forecasted demand is satisfied. That is, fluctua-
tions in orders may be followed by changes in production rate, inven-
tory level and/or employment level. Holt, et al. [2] have reported
a series of models to deal with this medium-term type of decision.

The decisions to be made are tactical, in the sense that they may change
the operation of the system, but the size of equipment, the number of
plants, the number of lines and, in general, the kinds of equipment
remain fixed. The decisions setting production rate and work force,

and then inventory levels, do not involve a permanent commitment, but
rather, frequent review and revision. Usually these decisions are made
at regular time intervals, e.g., monthly.

The models developed by Holt, et al. [2] considered a quadratic
function made up of the following costs: regular payroll, hiring and
layoff of labor, overtime production and inventory. Each of these
costs is weighted to override the uncertainty of the future. The sum
of these weighted costs during a planning horizon is minimized, subject
to a non-negative inventory constraint for each perieod. The authors
do not consider the discount factor under the argument that a future

beyond a 12-month forecast horizon has a negligible influence on the
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current decisions of the factory. However, if the planning horizen
covers several years, the interest discounts should be considered.
Two decisions can be obtained from these models. One is the
aggregate production rate and the other is the work force, both being
set at the beginning of each period. TFortunately, the decision rules

can be expressed in a linear equation of the type

T-1
P =K +
£ = K .g CiSppn TG P KL
and
T-1
e =t 7 iél DiSppy T 0Meg T B0

where P_ is the number of units to be produced during the period t

t

Wp is the number of employees at the beginning of peried p

Ip is the number of units of net inventory at the beginning
of period p

Sp is the sales forecast for period p, and

Ki, Ci’ Di’ L.l are constants.

It was noted that the constants Ci and Di tend to zero as the
period recedes from the actual date. Thus, the weight of future sales
in the actual decision diminishes as the forecast extends farther into
the future.

The inventory level at the beginning of a period is a link

between the two decisions Pt and Wt. The precduction in one month
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affects the inventory in the next month. This in turn changes the
work force in the second month, which then affects the production rate
in the third month. The inventory level produces a feedback in both
decisions.

The analysis of these models shows that the employment level is
affected only by long-term changes in orders, while production rate
responds faster to immediate changes in sales and inventory. The model
was applied to a single product. For those plants producing different
items, a representative product was defined and the demand, standard
time, etec., for each item were expressed in terms of this representative
product.

One of the first models for production planning related te the
medium-range decision was presented by Bowman in 1956 [3]. The model
fits in the framework of the transportation medel of linear programming.
Thus, the sources of production may be different plants in each period
with a specified capacity, and the sinks are the aggregate demand for
each pericd. The output of the model gives the production of each
plant in each periced; some of them may be to inventory.

The mathematical model is represented as follows:

T T n

Minimize cost c= 3 7 3} (Ci + CI(q—t)]P

t=1 q=1 i=1 itq
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9 m
Subject to the ) Piig = Sqp 2% LyuewnT
production constraints: t=1 i=1 4 q

)

P S K.31=1,...,.0
q=t 1tg 1
=0 if gst

and P.

9 1> o if gt
Where

C. is the unit production cost of plant i

CI is the cost 'per pericd of holding one unit in inventory

q and t represents time periods

P. is the number of units produced by plant i during period
t to be s0ld in period q

S is the number of units to be so0ld in period g

K, is the capacity of the plant i (assumed to be equal for

all periods).

Different approaches to the above problem have also heen reported
by Manne [4], Wagner and Whitin [5], and Zangwill {6]. In particular,
the first two models deal with single-product production and inventory
without backlogging problems. With the assumptions that the demand is
known and the production and inventory cost functions are concave, the
optimal production schedule is found for the next n periods, such that
the cost of producing and holding inventory is minimized. Zangwill's

model extends the above models to permit backlogging and to include
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multi-products and multi-facilities. Two algorithms are presented, one
for the parallel facilities case and the other for the series facili-
ties case.

New algorithms to obtain the optimal production plan {(minimize
costs) are presented by Lippman, et al. [7]. The general assumptions
are that all costs are described by linear functions; the demands for
the next n periods are known and are either monotonic, increasing or
decreasing with time; there exist regular-time and overtime labor
costs; the amount of overtime is restricted, not to exceed a fraction

of the regular time utilized in any peried.

3.3 Long-Term Decision Models

While the medium-term decision models give the tactical alter-
natives, there is a need to evaluate strategic alternatives which
permit changing the structure of the system. For example, the pre-
dicted sales of a firm may indicate that an increase in output capacity
of the system will be required in the next planning horizon. At this
time the management of the firm may have a set of alternatives such
that the system will be able to satisfy the forecasted demand.

Some alternatives for increasing the capacity of the system are:

a) additions of new plants or expansion of existing plants

b} changes in type and size of production equipment

¢) changes in system configuration to improve operating

efficiency.
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Examples are: (a) changes in product mix, (b) concen-

tration of initial operaticns in a few centers with final

production operation to be performed in satellite plants.
The selection of a satisfactory, if not optimal, alternative is a
decision of far-reaching consequences. It is, in general, irreversible
and its selection may interfere with the initiation of other alterna-
tives.

The models in this section may be subeclassified into two groups.
The first group of models seeks to answer the strategic decision, i.e.,
how large a plant should be, without considering the tactical decisioms.
The second group of models considers both tactical and strategic deci-
sions simultanecusly. The models of the first group are suitable when
the new project is independent of the existing system and are, in
general, easier to apply. Some of these models are described below.
Hess and Weber [B] reported a model to find the cptimal size of

a one-product plant when there are economies of scale. The demand is
considered probabilistic, and it is assumed that all variables can be
expressed as a function of capacity. Calculus techniques are then used
to determine the size of a new plant which maximizes the expected
profit. A model to find the cptimal plant size when the product demand
growth follows the S-shaped Gomperz curve was presented by Coleman and
York [9]. The demand curve is estimated with two parameters: one is
the estimate of rate of growth demand, and the other the estimate of
the ultimate demand level. The economies of scale are taken into
account in both initial and additional investments. Thus, given the

cost of a plant or an expansicn as a function of its size and the
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parameters which define the growth of demand, the authors describe how
to construct a model and a method of solution to find the initial
capacity and the size of future additions so that the present value of
the total cost is minimized. The uncertainty of demand is handled by
running several cases with different growth parameters and then
analyzing the increments in the total cost functions.

The above and similar models answer the question of the size of
one plant under some given conditions. A fundamental assumption is
that such a plant is independent of other plants in the system. The
consideration of the interaction of several plants introduces the
problem of production planning. For this reason, some research has
been conducted on methods to simultaneously solve the tactical and
strategic alternatives.

One of the first approaches for handling the expansion of a
multi-plant, multi-product firm was advanced by Bowman [11}. A regres-
sion model was developed with the basic assumption that a relationship
between unit cost of production and labor versus area servad and
product mix can be found and is representative of all sizes of plants.
The particular system under study consisten of ten plants which
supplied many products to customers located in a given region. It was
desired to establish the optimal size of each plant. Some simplifica-
tions considered in the model were as follows: The production of any
item was converted to units of a "product equivalent"; the total demand
and product mix remained fixed; no time factor was considered. The

measure of effectiveness was the cost per unit of product equivalent.
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It was found that the wvariables with major influences on differences in
the cost per unit between plants were: volume of product manufactured
in each plant (V), area served by each plant {(A), product mix in each
plant (M), and labor (L). Since most of the cost of transformation

was labor cost, the first three variables mentioned above would
increase as labor costs increased. Then the mathematical model may be

expressed as

C = L(a+b/V+chteM)

where a, b, ¢, e are constants and

C = annual cost of manufacturing and distribution {(not

including raw material) per unit of product equivalent

L = labor rates (average hourly wage payment)

V = annual volume manufactured and distributed (units of
product equivalent)

A = area serviced (square miles)

M = product mixz, expressed as a ratio of the average "labor

content" of the plant's product to the labor content of

the company's least costly product.

The underlying rationale of the analysis is that the set of
plants examined is a small sample from an infinite number of similar
(possible) plants. Therefore, the parameters a, b, ¢ belong to all
the systems of possible plants. In particular, they were estimated by

a least squares multiple regression. Once these parameters have been
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established, the minimum cost for a plant can be calculated by setting
the values of (L,V,A,M).

The model was used to predict the cost of the plant in operation
and then compared with the actual cost. Once it was determined that
the model could predict the cost per unit of product equivalent for a
given set of variables L,V,A, and M, the next step was to see how the
variables of the model could be manipulated to minimize the unit cost.
In case of changing the volume of a plant, the labor rates and product
mix would not necessarily vary, but this is not true for the area
served, because the greater the volume, the greater the number of
customers required to absorb the additional increase of volume. The
relation between volume and area was established K = V/A and called
"sales density" and was assumed as a constant within each plant's

territory. By substituting A = V/K in the model and taking the

derivative dC/dV and equating it to zero, the optimum volume is found

v o L/3 2/3

(2b/c) The optimum value is thus a function of the sales
density and the parameters b and c¢. The application of this formula
in the existing plants resulted in the conclusion that most of them
were too small (the ratio of actual size to optimum size varying from
.15 to .72), and therefore for the given or fixed demand, a better
number of plants would be half of the actual number, each operating at
optimum volume.

A sensitivity analysis of the cost vs. volume showed that a

plant that was as much as 50 per cent too small incurred an increased

cost of 5§ to 8 per cent, while one 50 per cent larger than the optimum
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size increased costs by only 1 tc 2 per cent. Therefore, the analysis
indicated that the plants should be larger and that if an error is
made, it is better to make it on the large side.

The author pointed out that while the optimum size of the plants
would not be recommended as precise answers, the model indicated that
the company's plants were too small and that a system with fewer and
larger plants would be a less costly one.

Another model using regression analysis was reported by Lawless
and Hass [11]. With quite different objectives from the above model,
the authors identified significant variables affecting the problem of
size of a one-plant, one-product firm, They found the equations for
the present value of cash flows incurred in the investment in new
plants and their expansions during a period of time. Based upon these
equations, a series of nomographs was presented which provided a means
for graphical soluticn. It was assumed that the sales forecast cof cne
product for a planning horizon was known and could be expressed as a
compound percentage increase for a year. They later studied the situa-
tion in which the actual demand was different from that forecasted,.

The problem was stated as "to choose the most economic of the
alternatives which will provide the capacity needed to satisfy the
actual sales requirements (which may or may not be equal to the sales
forecast)." The set of possible courses of action was reduced to four,
namely,

a) Build a plant to match the six-year sales forecast.
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b) Build a plant teo match the three-year sales forecast and
add one increment of expansion during the third year to satisfy the
six-year requirement, if needed.

c¢) Build a plant to match the two-year sales forecast and then
build additicnal increments during the second and fourth years, if
needed.

d) Build a minimum-size plant for the first-year demand and

add an increment each year for five years, if needed.

Decisions b, ¢ and d provided flexibility so that the cost of
new expansion might be avoided if the demand did not develop as fore-
casted.

By comparing the differences among the four alternatives, those
economlc factors which were egual for all altermatives could be ignored.
Accordingly, income from sales and the cost, which vary directly with
volume, did not need to be considered. Since the timing of expansion
was included, the present value method was chosen to compare the
alternatives,

Ten variables which affected the present value of the cost of
the alternatives were examined. They are: 1) project life, considered
as 15 years; 2) taxes, 52 per cent; 3) depreciation, double declining
method at 10 per cent; 4) construction time, 18 months for a new plant
and 12 months for an addition; 5) projected growth rate, a range between
5 and 20 per cent; 6) actual growth rate, six comparisons vs. projected
growth rate; 7) scale-up factors, ratio cost = (ratio capacity)a, with

.6 < a < 1; 8) scale-up factors for subsequent additions, 9) capital



23

cost, 10 to 20 per cent of the total cost; 10) interest rate of return,
a range of 10 to 20 per cent.

For each of the four possible alternatives and each of the six
differences in growth rate, a factorial design layout was formed and
the present value was calculated for three values of each variable.
Then a linear model was fitted to the data obtained. It was found that
by transforming present values to their logarithms, the model accounted
for 96 to 99 per cent of the total variations. Tor example, an equa-
tion to find the present value of a decision, given some growth rate, is

of the type

PV = antilog (3.27 + .99g - .54k + .037m)

These equations were drawn in a nomograph form for easier use.

In 1958, a model for the planning of an optimal structure of the
French cil industry was reported [12]. Before World War II, the French
0ll refineries were located along the Atlantic and Mediterranean ccasts.
Due to the new sources of crude o0il in the Middle East and the increase
in demand for oil products, it was felt that the French oil industry
needed to plan for expansion. Since the need for additions in capacity
was evident, the problem was where to allocate these ilncreases, Two
types of alternatives were studied. The first was *to expand the coast
refineries and ship the final products to the consumer centers. The
other alternative was to construct new refineries inland near consumer

centers. This involved the selection of refinery location and size,
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and alsc the type of distribution network which should be used to
transport the crude oil. Of course, an additional alternative was to
use a mixed type of decision, that is, expansion of existing coast
facilities and constructicen of new refineries inland.

The planning horizen was established at one decade. The
critericn used was to minimize the total cost of making the refined
products available at consumption points. Instead of working with
different periods of time during the planning horizon, the mcdel was
simplified to find the optimal structure of the oil refinery systems
at half of the planning horizon. Thus, a dynamic problem was converted
to a static problem. Other simplifications were made by censidering
only a part of the total market where, it was believed, a large
increase in demand was evident. There were 30 centers in this critical
zone. Also, instead of working with many final products, four brcad
categories of final products were defined, and only four scurces of raw
material were considered.

There were two types of decisions. Strategic decisions specified
the location of new refineries and the pipeline to distribute the
refined products or the addition in capacity in existing plants. The
other type of decision was called a tactical decision. While the tac-
tical decisicns are described by continucus variables, the strategic
decisions are discrete variables.

Tor a given strategic altermative a linear programming model was
developed. Its objective function was to minimize the total cost of

the system subject to: a) supplying the demand at the consumer point,
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b) the existing availability of raw material, and c¢) the capacity of
each refinery.

The method used to solve the problem was partial enumeration.

A 1ist of the most promising strategic alternatives was set up, and
for each one the optimal tactical decision usable was obtained by
running a standard linear programming model., The strategic alternative
with minimum cost was then the optimal solution. This approach was
used because at that date (1957) no efficient mathematical techniques
were available to solve this mixed-integer problem.

The problem to find the best plant location from a given set of
locations, under increasing returns of scale, has been studied by
Manne (13) and Bergendahl (14). The method of solution seeks to
answer guestions of where and how much capacity should be installed by
a firm in order to minimize the sum of transportation and annual
investment costs. The method of solution by Manne, called SAOPMA
(steepest ascent one-point move algorithm), works well for small
problems, but as the number of plant sites and markets grows the
method becomes very efficient.

Bergendahl proposed a recursive application of separable
programming to solve the plant location problem. Multiple levels of
fixed investment are introduced in each plant to find how different
ratios of transportation costs and plant investments influence the
solution of the problem. The relation between annual investment costs
and plant size is represented by a plecewise linear function with three

points. Point 0 indicates no investment, point 1 that the investment
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has been made but not yet utilized, and point 2 that the plant is
fully utilized.

Three methods are compared with two examples. The first
applies the commonly used separable programming algorithm and gives a
local optimum very far from the global optimum. The second method,
called the two-phase soclution method, consists of solving first the
transportation part of the problem, then taking its optimal solution
as the initial basis of the second phase. This phase is then solved
by the normal separable algorithm. The results indicate that the
two-phase methed gives a near-to-global optimal solution for those
cases in which the fixed charges are relatively small with respect to
the transportation costs. Since in many cases the investment charges
take a larger part of the total cost, this method is not generally
applicable.

The idea of solving the problem in several phases is extended in
the third method, called marginal cost parameterization. The initial
concept was advanced by Day in his work on recursive programming. In
a few words, this method consists of applying the separable programming
algorithm many times, with the feature that the optimal solution of
one phase is the basis for a starting point in solving the next.
Between successive phases, the problem is slightly modified. In the
initial phase, no fixed cost is considered. That is, the plant invest-
ment costs are made variable costs over the whole peossible size of the
plant. In this case, the investment costs are not covered, since the

total size of the plant is not fully utilized. In the successive
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phases, the fixed costs are covered by fewer and fewer units of output
until a point in which the first unit will pay for the whole plant
investment. Thus, the indivisible investment is made divisible in the
early phases until it becomes indivisible again in the last phase. The
results indicate that this procedure gives the optimal, or at least
near optimal, solution. (The optimal solutions of the examples were
found by total enumeration so that they were known previously to the
application of these methods.) However, the above approaches do not
solve the planning problem of a multi-product firm.

An investment model which considers multi-periced planning was
reported by Kendrick [15]. The model considers a firm with many plants,
each one able to produce many articles. Emphasis is placed upon the
idea that the planning should include space and time factors. The
space factor means that the actual location of plants, the transporta-
tion costs of raw material and final products, the intershipment of
intermediate products, competition and complementation of plants, etc.,
are considered in the model.

The time factor means that multi-period planning is selected
so that the desirability of scheduling projects may be calculated.
However, since the data for demand, costs, technological changes, etc.,
have to be forecasted, a long multi-pericd duration may give unrealistic
results,

An outcome of this model is that management may be able to study
the effects on the firm of various combinations of projects and the

effects of different schedules of investments over time. The purpose
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of the investigation was to develop a computaticnally feagible invest-

ment model for analyzing groups of interdependent projects and to apply

the model to the steel industry in Brazil. The problem under study was

defined as follows:

A plamner responsible for investment analysis in an industrial
sector sends to the plants projections of the requirements for
the industry's products for the next decade. He receives from
the plants feasible studies on a group of investment projects,
some of which are for additions to capacity and others for the
establishment of new plants. The planner must then choose from
among the projects and schedule them over time in such a way as
to minimize the total investment, production and transportation
cost and at the same time continually fulfilling the market
requirements.

The author started with the description of single-period model

in which three major steel plants and their markets were included.

The factors considered in the model were:

a)
b)

c)

d)
e)
£)
g)
The
areas:
a)
b)

c)

production requirements for each preduct in the market
the capacity of zll major productive units in the system
the cost of production for each of the preducts in every
plant

the cost of transportation

the cost of importing the product teo the market areas
expected profits on exports, and

cost of shipment of intermediate products between plants.

tactical decisions in this model were concentrated in three

the intershipment of intermediate products
the importing of final or semifinished products, and

the exporting of final products.
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These decisions were set because of the strong economies of scale
present in the steel industries. Thus, a decision might be to import
a final or semifinished product up to the peint that additional
capacity was economically desirable.

The author then explained the scolution of a single-period
model. An extension was introduced with the time factor. The time
horizon was divided into several periods of time, within each of which
the data were assumed constant. Two additional complexities were added
when the time factor entered into the model; first, the cost and demands
for each product should be forecast and, secondly, the time discounting
for cost should be applied in each period of time.

The author pointed out the relationships between spatial and
time investment decisions with economies of scale. Thus, in spatial
planning, strong economies of scale and low transportation cost would
suggest the establishment of few large plants, whereas, weak eccnomies
of scale and high transportation cost would suggest many small plants
located near the customer. In time planning, strong econcmies of scale
would imply investment in large plants separated over time.

Kendrick's multi-period model fits in the framework of mixed-
integer programming. The author solved the problems using Driebeek's
algorithm.

Some assumptions underlying Kendrick's model are:

a) The model is deterministic.

b) The variable cost does not change with investment decisions

or with the level of production.
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c} No inventory from one period to another is alleowed.

d) There is no limitation of available funds feor investment.
e) The price elasticity of the demand is zero.

f) There is ng limitaticn in exportation or importaticon of

product.

An application of the expansion model involving aluminum pro-
ducticn has been reported by Kaiser Aluminum [16]. The aluminum
process consists of two stages. The first stage produces pure aluminum
oxide (alumina) from a bauxite ore. The sources of this raw material
are scattered around the world. The second stage reduces the alumina
to pure aluminum. Thus, the firm can be considered as a multi-plant,
one-product firm. The total demand for the final product is concen-
trated in 38 regions. A major assumption is that the demand is known
and that the facilities should be expanded sufficiently tc meet this
demand.

Because of the power and space restrictions on expanding
existing sites, and because of the growing world demand for aluminum,
the management felt that development of new veduction sites was
desirable. The entry of a new site criginates costs such as develop-
ment of roads, power lines, etc., and new overhead costs such as plant
management, accounting staff, insurance, etc. The site development
cost and the present value of the fixed overhead cost are lumped in a
figure which is called a site-entry cost. This cost occurs only once

for each new reduction site.
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Since economies of scale are present in the investment of
alumina facilities, and & reduction of weight is obtained in the
process, the trend is to have very few large plants, near the source of
raw materizl. The significant question is which alumina plant should
be expanded to supply the reduction plants at least cost. The authors
described the past procedure used by the firm, which is valued con-
sidering each site independently by assuming 1) an expansion of the
site by a given amount, 2) a '"logical™ alumina source, and 23} a
"logical destination” of the aluminum output. Then, the cost for each
possible alternative was determined and the sites were ranked accord-
ing to the rate of return. That approach had the defect of ignoring
the interrelationships of each expansion on the rest of the system.

Hinomoto [17] has studied the case of expansion of productive
capacity in discrete steps when equipment is subject to technological
improvements. The basic assumptions of this model were that techno-
logical improvement is continuous over the planning horizon and that it
decreases the operating costs, that the size of the facility can be
treated as a continuous variable, and that the future demand is
expressed as a function of time and price. The author then applied
calculus to find the necessary conditions for optimum values of the
following decision variables: the sizes of facilities to be added,
the timing of purchases of these facilities, the length of the planning
horizon, and the volume of production at each moment. The criterion
to be optimized is the present value of the profit over the planning

horizon.
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CHAPTER III

MODELS FOR EXPANSION PLANNING

1. Intreduction

As stated in Chapter I, the problem set forth in this study is
to obtain the optimum expansion plan for an operating producticn system
over a given planning horizon and with a given set of exogenous condi-
tions. The operating system i1s understood to consist of socurces of
raw material (mills) and scurces of semifinished and final products
(plants}, along with a set of sinks (markets) and the relaticnships
ameng them. Some of the exogenous conditions that directly affect the
system are the increase (or decrease) in the demand for each product;
the production and delivery cests for each product manufactured in each
plant; technolegy changes in the manufacturing processes; and the cost
cf the capital,

In order to gimplify the solution of the problem, the planning
horizen is divided into a finite number of periods. It is assumed that
within a period the exogencus and internal conditions remazin constant.
In some production systems, it will be necessary to include many
pericds in order to have a realistic representation of the real world;
in others, a few pericds are sufficient to have a good approximation
of the real situation. The more pericds considered, the better is the

approximation of the real problem, but the more difficult it is to
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solve, There is a trade-off between number of periods and time
required to amass the data and solve the problem.

In crder to meet the changes in demand, it is necessary to
supply some alternatives by means of which the production system will
be able to satisfy these requirements in an "optimal manner. Usually,
these alternatives consist of projects that have passed several tests
and are the most promising as evaluated by management cr the people who
make the decisions. Thus, the word "optimal" is used in a restricted
sense, because the optimization is made on the set of proposed alterma-
tives, and there is no assurance that the true optimal will be an
element of such set.

This procedure of selecting altermatives agrees with the
hypothesis advanced by March and Simon [1], who state that the decision
process of an individual is more concerned with the discovery and
selection of satisfactory alternatives than with the discovery and
selection of optimal alternmatives.

The alternatives considered in the models to be described later,
can be classified in the following groups:

a) New Investments. Either new plants or additions to the
existing ones may be added to the system. Usually these altermatives
require a large investment of money, and are long-range decisions.

b) Intershipments between Plants. The excess in capacity in
a given department or in a "surplus" plant may be used to produce a

semifinished material needed by a "deficit" plant in the system.
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c) Rented Equipment. This alternative differs from new invest-
ments in that this project is more flexible and may require less
investment in equipment. In some cases it may be considered as a
short-range decision.

d) Imventory. Goods produced in one period may be carried over
to the next period. In iIndustries that work on request, the inventory
buildup may not be econcmically feasible because of the high risk
involved in keeping a product which may not be requested in cother
periods.

When a decrease in demand in one or several products is fore-
cast, the following additional alternatives are considered:

e) Close a Faeility. The facility to be closed may be a
plant, a department, a line, etc.

f) Reallocate Facilities. Some equipment may be utilized in
cther types of production.

Four models are presented in this chapter. Model A is the
simplest because the time factor is not included. However, the
development of this model will be used to define most of the variakbles
and parameters of the system. Model B describes the situation in
which the planning horizon is divided into several time periods. In
each period a set of investment projects is proposed, but no inventory
is carried from one period to another. This restriction is relaxed in
Model C, which includes several time pericds and also provides for
inventory in order tec satisfy some demands in subsequent periocds.

Finally, Model D considers the case in which the unit variable coest
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depends upon the output of a plant and upon capacity changes resulting

from investment decisions in a given time period. Model D is a variant

cf Model C.

A more general model would be a combination of Model D

and Model C.

The models are called as follows:

A.

B.

C.

D.

Single-Period Model
Multi-Period Model
Multi-Period with Inventeory Model

Multi-Period with Changes in the Unit Variable Cost Model

The relationships between the models are described below:

Model A

Medel C
/inventory )

Model B

(single-period) (multi—periéajh“‘*-hﬁﬁﬁﬁ‘h\“*
Model D

(change in
unit variable
cost)

Figure 3.1 Relationships between the Four Models

3.2 Subsystems, Variables and Parameters

Before presenting the models, it is convenient to define the

system, its variables and parameters. All models consider the produc-~

tion-consumer system of at least the following elements:

al

b)

a set of sources of raw materials,
a set of existing plants (within each of which there exists

a given set of departments or processes),
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c) a set of markets or centers of consumption,
d} a number of different products,
e) a given demand for each product in each market for each
period,
f) a set of alternatives for expansion from which a subset is
to be chosen.
The total system, including vendors, plants, satellite plants
and consumers, may be represented as in Figure 3.2,
Consider now an isolated plant. It receives raw materials from
vendors and semifinished products from other plants. Its production
is shipped to other plants and/or consumer markets. Figure 3.3 repre-
sents the inputs and output of a plant p. The amount of raw material f
shipped from source i to plant p is indicated by the varilable Wfip'
The amount of semifinished product m' received from plant p' is shown
e The

PP

former indicates the amount of finished product m shipped to market r.

by variable Um'p'p' The outputs of plant p are Smpr and Um”

The latter represents the amount of semifinished product m" shipped to
the other plant p".

Thus, a plant may receive input in the form of raw materials or
semifinished products, and send its output to consumer centers and cother

plants.

3.3 Notation

Table 3.1 shows the symbols used to designate the subsystems
and elements of the system. These symbols appear as subscripts in the

parameters and variables shown in Tables 3.2 and 3.3, respectively.



Sources of Manufacturing Satellite
Raw Materials Plants Plants Consumers
Figure 3-2. The Production-Consumer System
u}fi]_:) Smpr
Source i
of Raw Material £ market-r
Process
A
Plant p' Plant p"

Figure 3-3,

An Isolated Plant in the Production-Consumer System

37
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Table 3.1 Subsystems and Elements of the
Production-Consumer System

Sources of input: i=1,2,...,k (raw material)

p = k+l,...,I (plants)

Departments or process

within a plant p, 2(j): j = l,2,...,Jp

Raw materials: £f=1,2,...,F
Intermediate products: m=1,2,...,Hu

Final products: m = utl,...,M

Consumer centers: r=1,%7,...,R (markets)

FProjects for expansion
at plant p: (Alternatives) vy T 1,2,...,v!

Projects for renting
equipment at plant p: v_ = vﬁ +1,...,V
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Tahle 3.2 Parameters of the Productien-Consumer

System (One Period)

NED

B ..
P(])VP
mr

amp(j)

mpn
qfin

mr

= Capacity of department or process j in plant p

= Capacity created or reduced in process j at

plant p by project vp

Requirements of product m in market {(consumer
center) r

= {apacity required per unit m, in plant p,

process 7j

Units of raw material f used to produce a unit
of product m

Cost of preducing a unit or product m, in plant p
and shipping to region r (cost of product f.o.b.
in market rj not real cost if shipments of inter-
mediate product are involved)

Additicnal cost of using intermediate product m,
in plant m, which was produced at plant p

= Cost of raw material f shipped from source i to

plant n

Price of product m, in market r
Cost of investment of project vp, in plant p
Capital recovery factor for investment project vp,i.e.

p(l+p)L/{(l+o)L-l}, where p is the interest rate of
the firm and L is the expected life of project.




Table 3.3 Variables of the Producticn-Consumer System

Sm . Amount of units m produced at plant p and
P shipped to market r

o - Amount of intermediate units m produced at

5 plant p and shipped to plant n

X = Investment or renting decision variable for

D project vp at plant p (this variable can only
take value 0, 1)

W = Amount of raw material f shipped from source 1
to plant p

A first step in the expansion planning of the production-
consumer system is to define 1) the sources of input, either raw
materials or semifinished products; 2) the sources of cutput, i.e.,
the number of plants and departments within each plant; 3) the number
of products, raw materials, semifinished and finished products; and
4) the proposed increases or decreases in the capacity of the system.
Any parameter or variable to be considered must specify at least one
of these elements.

In general, capital letters are used to indicate variables and
limits in the subscripts. ©Small letters represent parameters and

subscripts.

3.4 General Assumptions Underlying All Models

40

The general assumptions applying to all models are given below.

Those applicable to a particular model are presented just before its

development.



41

1. The models are deterministic. That is, the parameters and
variables within a given periocd of time are invariant. But they may
change from one period to another.

2, The terms associated with continuous variables are linear.
That is, if the production cost of a unit m, is ¢, and of a unit m, is

1 1 2

Cpa then the total cost of producing kl units of m, and k2 units of m

1 2

is klcl + k202.

Also, the total cost of the system is represented as
the sum of the total costs of its plants, i.e., the total cost function
is a separable function.

3. The capacity of a process within a plant is defined as the
ability to satisfy a given requirement. The potential capacity of a
process is the sum of the manufacturing capacity plus inventory on
hand, plus additional equipment. For example, if the original
capacity of process A is 100 units/year and there is an initial inven-
tory of 20 units, the potential capacity of the process is 120 units.

4. The additicnal capacity added in a process hy new invest-
ment remains constant during the minimum of the planning horizon and
the life of the equipment. The life of rented equipment is egual to
one period. If a plant or a process 1s closed down, the capacity of
the system will be diminished by the corresponding guantity for the
remaining periods.

5. All decisions are made at the beginning of a period.

6. The cost of a given alternative is charged as a discounted

uniform arnual cost over the expected life of the eguipment.
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The objective function in each model is to maximize the profit
of the system, and the variables are subject to six general groups of
constraints:

Market Group

The demand for each product in each region must be satisfied.
If the original capacity of the system is not sufficient, additional
capacity in the form of new investments, rented equipment, inventory,
etc., will be introduced in the model.

Raw Materials Group

There is a limited amount of raw material available at a
particular securce. However, total material from all sources is suffi-
cient for production requirement.

Availability of Funds Group

Funds expended for capital expansion in any periocd must not
exceed the money available for investment in this period.

Capacity Group

The original capacity plus the additions or reductions in
capacity made as a result of capital investment decisions must be
sufficient to meet the forecast demand.

Integer Group

The decisions to be made concerning new investments and rented
equipment are designated by zero-one variables.

Inventory Group

The amount of material used from inventory must not be greater

than the inventory available at the beginning of a pericd.
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3.5 Model A: Single Period

The single-period model represents a simple situation in which
the decisions are made for one single period.
Assumptions

1. Single period.

2, The increase in capacity in this period may be made by new
investments or rental of equipment.
Parameters

Same as Table 3.2,
Variables

Same as Table 3.3.
Objective

The c¢bhjective function is a profit equation as follows:

R M I

A= 21l

r=1 m=u+l p=k+1

|
i

w S
mr mpr
(total revenue obtained by total sales)

R I M

-1 L L e,s
r=1 p=k+l m=p+1 BT MY

(total cost of production of final products)

I I "

-1 L
n=k+1l p=k+1 m=1
p*n

h U
mpn mpn

(total additicnal cost for shipping imtermediate products)



uy

7§ o3
- Q.. W_,
n=k4l i=1 go1 Lin fin

(total cost of raw materials)

-1 1 b, g, x
i=k+1 vp=l vp vp vp

(total capital cost for investments)

The wvariable Smpr in the first term is the number of units m
scld at market r from plant p. The sum over all plants times the
price gives the total sales (in dollars) of product m in market r.

The double summation over final products and over markets gives the
total revenue.

The second term ("total cost of production of final products')
includes only the cost added during manufacturing; it does not include
the cost of raw materials.

The additienal cost for intershipment and intermediate product
is the difference in unit cost of the receiving plant, minus the unit
cost f.o.b. the supplier plant, plus transportation costs. Summation
over products and a double summation over plants gives the third term.

The cost of all raw materials used in the system is given in the
fourth term. Finally, the fifth term represents the portion of the
investment g, corresponding to this period. The sum over all projects
gives the totgl cost of investments.

Note that once a project vp is selected, the parameters Dv and

P
g, are completely defined. The parameter DV is the recovery factor

P p
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and depends only on the rate of interest and the life of the project
vp. The total cost of the project g, includes not only the cost of
equipment, construction, etc., but alzo the cost of planning.

It should be stressed that only the portion DV g, of the
total cost of a project is charged in a period. Thag ig, the system
will pay only for the time it uses the investment. If vp is an alter-
native corresponding to rental of a piece of equipment, the recovery
factor Dv is i, and g, is the rental cost per period. If the renting

P

p
contract includes fixed ($/period) and variable costs ($/hour) then

g, corresponds to the fixed cost. Then the additional term g; Hv

P P P
must be added to the objective function where g; is the variable cost
P
and Hv the hours worked in a pericd by the rented equipment vp. Also
p

a new constraint should be inciuded to guarantee that the equipment may

be used only if the equipment is rented. That restriction is:

< B X
v (§)v “v
Pl b 'p

where B .,
p(])vp

hours/period) and is an upper bound on the value of Hv .

is the total capacity added by project Vp (i.e.,

p
Note that Xv = 0 if, and only if, Hv = 0. The "if" part is

P p
obvicus, since no utilization implies that the equipment should not be

rented. The "only if" part says that if no equipment is available

(Xv = 0),it cannot be used. In either case, no costs are incurred.

P
Now H_ > 0 if and only if Xv = 1, the sufficiency follows
p P
from the restriction. (0f course, Hv cannot be greater than the upper

P



e

. . i X =1. I =
bound sp(j)xp) The necessity part assumes v 1 f Hv 0, then

P p
Xv = 0 as shown above, which is a contradiction; therefore, Hv > 0.
P p
Constraints

This model contains four groups of constraints, namely, capacity,
markets, raw materials, and integer constraints. The non-negativity
constraint is assumed to be implicit in all models.

Capacity Constraints

The general constraint for a process j at plant i is given by

the inequality below:

Y2 .o U
Tn:]E.:H'l rgl amP(]) mpr * mzl n=]§+l aml(j) mpn
n#p
(£) (g)
o I Vp
U - ... X  ££b_,.
mgl n=£+l amp(j) mp vzzl Bp(j)vp Vp p(3)
n®p p
(h) (i)

For all p, 7J.

r = k+tl,...,I (plants)

Lls
1§

1,2,...,Jp (departments).

There are (I x Jp) equations.

This inequality states that the capacity utilized to produce
intermediate and final products in process j, at plant i must not
exceed the capacity avallable. In order to relax the bottlenecks of

the process, two decisions can be made: 1) receive intermediate
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products from other plants, and 2) increase the capacity by a new
investment, These relaxations in the constraints are indicated by the
negative terms in the left side of the above inequality.

The term (f) represents the capacity used to produce the final
products shipped to markets » = 1,...,R. The capacity utilized to
produce intermediate products is indicated in term (g). One way to
ease the capacity restrictions of process j, at plant i, is by
receiving some amount of intermediate products from other plants
which are the same as those produced in this process. Such inter-
shipments are represented by the term (h). TFinally, the addition of
capacity obtained by the construction and installation of a new
project at department or process J at plant 1 is indicated by the
term (i). The algebraic sum of these four terms must be less than or
equal to the available capacity of the process bp(j)'

Market Constraints

The sum of production over all plants for each product and each
market must be enough to satisfy the demand of this product in a

market. Thus the demand of product m at market r is satisfied by

E Smpr = dmr For all
p=k+l
m= u+l,...,M (final products)

r=1,...,R (markets)

There are (M x R) equations.
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Raw Material Constraints

The total of raw material f utilized at plant m to produce
intermediate and final products is equal to the total received from

all sources of raw material, that is,

R M I U k
rzl m=1§+lefmsmir i p=E+l mzlefmUmip ] Lgl wai
(3) (k) (m)
For all
f=1,...,F {(raw material)
i=1,...,k (source of material).

There are (F x k) equations in this group.

The term (J) represents the raw material f consumed in producing final
products and the term (k) that consumed in making intermediate products,
at plant p. The term (m) gives the total raw material f received by
plant p, in this period. A total of (F x k) equations are in this
group.

Integer Constraints

The variables which represent the decision of executing or not

executing a given project can take only values 0 or 1.
X = 0,1y forp = ktl,...,I; v_ = 1,...,V

There are (I x Vp) equations.



49

Non-Negativity Constraints

Smpr’Umpn’wfin z 0; for all f,i,p,r,m,n.

3.6 Model B: Multi-Period

Assumptions

1. The planning horizon is divided into several periods, not
necessarily equal. The interest rate on capital remains the same for
all periods.

2. The increase in capacity in each pericd may be made by new
investments and/or rented equipment,

3. In each period there is a limited amount of money available
for investments.

4, The cost of production in a given period iz not affected by
decisions made in that period or prior pericds. This cost, however,
may change from period to period; for example, forecasted increases in
cost of raw material, labor, etc., may be included here. However, if a
new project would change the operating cost, then this model does not
apply.

5. UNo inventory can be carried from one period to another.
Parameters

Same as Table 3.2 with the additional superscript "t" to indicate
time period (t=1,...,T). For example, b;(j) iz the capacity of depart-

ment j, plant p, during time period t. Other parameters are:
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al = outlay of money required at time t by investment (or
3
rental) project vp
Yt = total money available to spend in investment and rental
projects
st = the present worth factor. If the interest rate is p,
then 80 = l/(l+p)t
L t
n, = present value of project vp; equal to E ) Dv g, »

P t=1 P P
where L is the minimum of the life of the equipment
and the planning horizon, Dv is the capital recovery

P
factor, and g, is the cost of project v_.
P p
Variables

Same as Table 3.3 with the additional éuperscript "t" to indicate
time. For example, S;pr represents the units of product m, produced at
plant p and shipped to market r during time period t.

Because of the changing value of money over time, the cost and
profits of several periods cannot be added directly. It is necessary
to calculate their equivalent value at a given time. In this thesis
the Present Value criterion is used. That is, all costs and profits
will be converted to their equivalent values at the beginning of the
first period.

Since the constraints are given for each period, the discount

factor is not applied to the constraints.
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Objective

Similarly to the Single-Period Model, the Multi-Period Model
maximizes the profit of the system. The new objective function,

which includes time, is:

T M I R £t Total revenue from sales
Zy = ¥ Dt{ ) ) ¥ M oS o ...during the horizon
t=1 m=u+l p=k+l r=1 P planning period.
Total cost of final
R I M products f.o.b. each
_ Z Z Z Ct St market. It does not
r=1 p=k+1 m=u+l mpr mpr 1nclude.raw materials
nor capltal cost for
new projects.
I I Additional cost for
_ z Z % ot Ut shipping intermediate
n=k+1 pek+l m=1 mpn  mpn products from plant
to plant.
p=n
k F I total cost of raw
t t s s
- 3 Z Z des Wfi 1 ,..materials consumed in
i=1 f=1 p=k+1 P TP all plants.
Vt
T I D . total cost of all addi-
- Z Z z n, Xv ...tlonal investment made
t=1 p=k+l Vp=l PP in the horizon pericd.

Constraints
Capacity. The capacity restriction of department j at plant p
during the pericd t is:

M R 1 I

t t
Z Z a .\ S + Z Z a L\ H
m=pt+l r=1 mp(j) mpr m=1 n=k+1 mp(]) mpn
n#p
Capacity used at department j, plant p, Idem, to produce inter-

during periocd t to produce final product mediate products.
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t

Z z - (j)Um

m=1 n=k+1 P P
n#p

Capacity '"received"
from other plants
through intermedi-
ate products

For all p, j, t.

Market

1

I Smpr
p=kt+1 P

Total units of product m
received at market r during

period t.

For all m, r, t.

Raw Material

k M

t
z E efmSmpi

i=1 m=u+l

Raw material f consumed at
plant p at time t to produce

final products.

v
L P

P18 .
T=1 vbzl p(])vp

Increased capacity
due to investments
up To time t

52

T t
X <b .

v (1)

D P
Capacity available in
department j, plant p
at time t.

Demand for preduct m at market r
during period t.

b
+ e_ U
p=k+l m=1 T PA
Idem, to produce intermediate
preoducts.
k
= 1 Wg =W
j=1 P P

Total vaw material f available
at plant p, at time t.

For all £, p, t.
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Availability of Money

I Vp

I T Wi -
p=k+l v.=1 'p p

p

Total outley of money Available money for
required by investment investments at
and rental projects at period t.
period t.
For all t.

If different monetary limits exist for investment and for
renting equipment, then two constraints are needed, one for the invest-

ments and one for the rented equipment.

Non-negativity

W.. . 8 . U 2z 0 for all p,r,m,n,t.

Integer

XV = 0,1 for p=k+l,...,1
P
v. =1 ..V
P TTTp
t =1, .T

The matrix layout of this model is shown in Figure 3.4. Note
that the only equation commen to all periods is the objective functien.

The letter inside a block corresponds to a vector of variables
or a vector or matrix of parameters defined previously. TFor simplicity,
the only subscript used is the time period t+. Thus,

s is a vector of continuous variables; each element gives

T the amount of a final product which each plant produces
and sends to a given market.



Variables:

Sl Ul Wl

| o

(2)

(T)

b ]

o4

Tigure 3.4 Matrix Layout of Model B
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Figure 3.4.
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is a vector of continuous variables; each element gives
the amount of a raw material shipped from a source to
a plant.

is a vector of continuous variables; each element gives the
amount of an intermediate product shipped between plants.

is a vector of 0-1 variables corresponding to the invest-
ment decisions.

is a vector of costs; each element gives the cost of
producing the amount in 8.

is the cost vector for intershipment between plants.
is a cost vector for raw materials.

is a matrix of zeros and ones; each row indicates all
possible plants that can be used to satisfy the demand
of a final product in a zone, or of an intermediate

product in a plant.

is a matrix of coefficients; each element gives the amount
of raw material used by variables St and Vt'

ig a matrix of zerces and -1, whose elements give the
possible sources of raw materials.

is a matrix of coefficients; each element gives the amount
of capacity consumed by a variable St or Vt'

is a matrix of coefficients relating the increases or
decreases in capacity when an alternative Xp is in the
solution. An addition in capacity corresponds to a
negative element; a decrease, a positive element.

is a row vector with elements representing the outlays of
money required by the projects.

is a vector of original capacities of each process in
each plant.

is the limit of capital available in period t.
is the vector of demand.
integer and non-negative constraints are not included in

When a project vp is paid in a stream of payments



€185+ s&ps then its present value is n, If the project is paid
p

during the planning stage, then g, represents the portion of the

initial capital outlay corresponding to period t, by applying the

recovery factor.

3.7 Model C: Multi-Period with Inventory

Assumptions
1-4,. Assumptions 1 to 4 from Model B (Section 3.4) hold.

5. Some inventory may be carried from one period to another.
The input to and output from inventory is considered as a constant
rate within a period of time.
Parameters

Same as Model B, plus the following:

1

Nm = units of product m in inventory at plant p at the
P beginning of period one
T+1 . R
Nm = desired inventory of product m at plant p at the
P end of the planning horizon
0; = cost of holding one unit m in inventory during time
periocd t
c; = cost of producing a unit m at plant p, process j,

P during time period t. Note that CEP( ) is not equal
to ct p Decause the latter includes tge transportation
costmgo deliver the product in region r.

a;pr = cost of transporting one unit m from plant p to market

T during the period of time t. WNote that without

t o0 ), where J_ is the
mp(i) —p -
number of process § at plant p, that produces the

product m.

inventory ef = et 4 (Z c
mpr mpr

56
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Variables

Same as Model B, plus the following:

t . . ..
Nm = units of product m in plant p at the beginning of
P period t; equal to the inventory at the end of period
t-1
§; - = units of product m, sent from inventory at plant p to
P market r during time period t
t . .
Ymp(j) = units at product m, manufactured at plant p, process 7j,

during time period t,and sent to inventory.

Objective Function

The objective function for Model ¢ contains the same terms as
those in Model B, i.e., ZB, plus three additional terms corresponding
to the cost of producing for inventory, the cost of carrying inventory,
and the cost of shipping units from inventory.

In Models A and B, the cost of production and shipping were
concentrated in one figure, c;pr' It was implicitly assumed that
production and transportation occurred in the same period of time.

In Model C, this is not the case. Units may be produced in
the first period, kept in inventory during the next two periods, and
sold in the fourth period. Therefore, here the cost, c;pr’ is broken
down into its components, which are added to the total cost of the
system. When a unit is produced for inventory, two costs are incurred
in the system--the cost of production and the cost of ecarrying inven-
tory. For this reason, the cost associated with variable éipr is enly
the cost of transportation 8;

The total cost of producing to inventory during a time period t

is:
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Jd
M I D + t

t
CPI- = } J ) o .Y ..
mel p=k+l =1 "P(3) mp(3)
The total cost of shipping units from inventory during a peried

of time t is:

v 5 TR st
csEp* = J ) L oS-
m=1l p=k+l r=1 pT mp
S8ince the input and output inventory rates are assumed constant,
the cost of carrying inventory may be set proportional to the average

inventory in a given period of time.

The total cost of carrying inventory in one period of time t is:

MoI
cInv® = (0.5) ] on(N Nt
m=1 p=k+l PP

The variables N; generate a new set of inventory constraints
to be discussed below.

Thus, the objective function of Model C is:

7. =7 -3 D_(cPI® + csup® + cInvY),
C B t

t
where ZB is the objective function of Model B; D_t is the present worth
factor; cpIt is the total cost per period t for producing for inven-
tory; CSHPt is the total cost per period t for transporting units from

inventory.
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Constraints
As stated above, a new set of constraints should be included

in Model C. These constraints are described below,

Inventorz
Nip > 03 no shortages are allowed.
J
t+1 t P ot
N = N + yoys .
mp mp 321 mp(])

Inventory of product m, Idem, at the Units of product m produced
plant p, at the beginning beginning of +to inventory by plant p

of period £t + 1 period t during time t
R at
- I Snpr
r=1 P

Units of production
consumed from plant
p during time t

For: t = 1,...,T

m=1l,...,M

I

P k+1,...,I.

Note that both the initial and final inventory levels of each product
. 1 T+1 . .

m at plant p (i.e., Nmp and Nmp » respectively) should be given. If

there exist any limitations on the level of inventory, for example,

because of space, capital investment, etc., then additional new con-

straints, such as
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should be included, where UB;;P is an upper bound on units of product m
to be held in inventory during peried t, and UB; is an upper bound on
inventory at plant p, period t.
Capacity

The left-hand side of the capacity restriction in Model B,
called LCAPB, is modified because of the use of the facilities to

produce for inventory; this restriction becomes

M

t t
LCAP, + .y €D,
B mgl Tmp(3) T Pp(3)

Market

I
) (S; . st o) 2 d;r
p=kt+l % mp
Raw Material
Same as Model B.
Availability of Capital
Same as Model B.
Non-negativity
Same as Model B, plus
Yt ) Nt R gt z2 0

Integer Constraints

Same as Model B.
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3.8 The Effect of Increasing or Decreasing
Variable Cost with Investments

In previous models, it was assumed that the variable cost of
production was iIndependent of the investments chosen. That is, no
matter how large a plant or a process may be or how many investments
are made, the variable cost per unit remains constant. Thus, if in
a given plant, a decision is made to increase capacity, then the cost
of the capacity increase in a given period is the part of the cost
of investment corresponding to that pericd. The variable cost, how-
ever, remains the same. Figure 3.5 illustrates this for one plant
in the system.

The slope of each line segment represents the variable cost
{(in this case, all are the same), and the intersection with the
vertical axis gives the present value of the investment cost or rental
cost of a new piece of equipment.

The polint Ul is the upper bound under the present investment

(INVl). An output below U, affects only variable cost, since the fixed

1
costs of the equipment and facilities already in operaticn are con-
sidered as sunk costs. That is, nc matter what the level of operation,

these costs will be on the system. The total cost (TC) for an output

(S8) on this range is

TC = c83 0 < S £ U,

where ¢ is the unit variable cost.
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Figure 3.5 Total Cost vs. Qutput of a Plant p During

a Period, When Variable Cost Does Not Change
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When an output, S, greater than Ul but lower than U, 1s required,

2

an additional investment is made with a fixed cost (present value) equal
to fz. The wvariable cost remains the same as above. Thus, the total

cost in this plant for a given pericd is:

TC = f2 + c8: Ul < 5 < U2

Similarly for an output greater than U2 but lower than US’ the

total cost in this period is given by:

C =f_, +cS: U, <858=0U

Thus, in order to minimize the cost of a system in this time
period we set the following equations:

minimize TC = ¢S + fQX + fsx + OT

2 3

subject to capacity constraint of plant p

S < Ul + U2X2 + U3X3

or
- - <

2 1

capacity constraints for all plants;
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integer constraints;

non-negativity constraints;

S > 0 (other variables = 0)

Where OT represents other terms in the objective function, such
as profit and cost for other plants in the system, ¢i are the capacity
constraints of plant i and ¢$r are the demand constraints per each
product m and each market r.

Note that the capacity constraint for this plant and the initial
terms of the objective function TC have the same form as the capacity
constraints and investments costs, respectively, Included in Models A,
B, and C.

The assumption that the variable costs are independent of the
level of investments or size of the plant is not always true. A new

investment may reduce the unit variable cost of operation {(economies
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of scale), or perhaps, it may increase with greater capacity (dis-
economies of scale). These two cases will be studied separately
below.

3.8.1 Decreasing Variable Costs with New Investments

a) No Discontinuities in the Total Cost Function

The simplest case of decreasing variable costs occurs when
the cost function (here assumed piecewise linear) is non-increasing
and there are no "jumps." For example, in Figure 3.6 the total cost
line for new investments (INV2) intercepts the total cost of the
present investments (INV1) at an output less than the upper bound
(Ul) of the present capacity of one plant.

Similarly, the interception of line INVZ2 with INV3 falls in
the operating range of the facilitles defined by INV2. This situation
appears when a substitution of equipment is made or when the capacity
of present facilities may be expanded without additional fixed costs.

The total cost funetion of the system to be minimized is:

TC = ¢, 8, + (f2X2 + 0282) + (f3X

151 + CBSS) + OT

3

subject to:
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< to_ ot
0 = SS s (U3 U2)X3
The following equation guarantees that only cne interval will

be selected:

Xl + X2 + X3 = 1; X

1°
The term OT represents additional income and costs which are
explained in the discussion of Model D.
Other inequalities, such as capacity and market constraints
for other plants and products, alsc must be included here. Of course,
the non-negativity set of constraints are implicit in the model. One
may write the equation S = SO + Sl + 82 to have in one variable S the

output per period, regardless of what investments are chosen,

b) Total Cost Function with Discontinuities

The more general situation occurs when there are jumps in the
total cost function. In this case, a fixed charge is required in
order to increase the present capacity of a plant and reduce its vari-
able cost. TFigure 3.7 shows the total cost for a plant in a pericd.

If an output greater than U., the upper bound capacity of the present

1

facilities, is required, then an investment with charge f2 will increase

the capacity of the plant up to U2 and at the same time reduce the unit

variable cost from ¢y to Cye
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The total cost TC for an output 0 =< Sl < Ul is simply

1€ = For an output S, Ul £8 < U2, the plant total cost function

clSl.

to be minimized is:

TC = clSl + (f2X2 + 0232)

subject to:

[vp]
IA
e
e

(=}
1A
(7p)
i

(U U, )X

2 7 Y172

>
1}

0 or 1.

If S is the total output of the plant, i.e., S = Sl + 82,

then the total cost may be expressed as TC = clS + le2 + (02 - cl)SQ'
Similarly, for a system of plants, cne of which, say plant p,
has the cost pattern shown in Figure 3.7, the model for a single period
would be:
minimize TC = clS + £

Xy ¥ ey = e))8,

+ fSXS + (c3 - cl)S3 + OT



subject to: S, =0

In order to guarantee that 82 > 0 only if § = Ul’ and that

53 >0 only if S = U,, the following constraints are added:

2!

The term OT stands for the income and cost of other plants,

¢

1 represents the capacity constraints of the system, and ¢mr repre-

sents the market restrictions for each product in each market.
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An example of the application of this model is the case of buy-
ing extra facilities which make the present ones more efficient
(econcemies of scale).

3.8.2 Increasing Variable Costs with New Investments

It is possible that an increase in capacity will result in an
increase in variable costs (diseconomies of scale). Here, again, two
cases will be discussed. In the first, the total cost of a plant is
represented by a broken line, without "saltus." The second case
describes the situation in which a fixed cost is added to the system
whenever an increase in the plant capacity is made, creating jumps in
the total cost function.

Increasing variable costs may appear when an addition in plant
capacity is obtained by paying premium costs. Some examples are (1)
overtime labor cost premiums and (2) equipment rental costs. In such
cases, fixed charges may or may not exist.

&
a) Increasing Costs Without Discontinuities

The total cost vs. output of a plent having increased costs
without jumps is shown in Figure 3.8.
The working region is divided into three secticns: Define

0 =85, < Ul’ 0<sS,=<0U0, -U,, and 0 = S3 =U, - U

1 5 5 1 3 0> where Ul is the

upper bound of the capacity of the present facilities, U2 is an upper
bound of the capacity when an additional increment of (U2 - Ulf has

been added, etc.

ot
The type of models described here are also used as an approxi-
mation in problems of a class called separable convex programming.



The slope of each segment line represents variable costs, and
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c, < ¢, < c,. Because of this property, only one integer 0-1 variable

1 2 3

is required in this model. Thus, a system with a plant or process

which has a total cost function as in Figure 3.8 can be modelled as

follows:
minimize TC = clSl + 0282 + c383 + OT
subject to 0= Sl < Ul
0 = S2 < U2 - Ul
and
Sl + 82 + 83 < USX’ X=0orl
plus other constraints concerning other plants

in the system and demands for each
product in each region.

The term OT represents other terms in the objective function,

such as the income, variable cost, and delivery cost, for each

product to be manufactured by the system.

If, in the optimal solution, this plant is to be
the integer variable X should take the unit value. The
defines the upper bound in the plant capacity. Because

variable costs, the method of solution will select that

in operation,
term U_X
erm Ys

of increasing

interval in
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Figure 3.8 Total Cost vs. Output of a Plant
Having Increasing Variable Costs
Without Discontinuities

73



TH

which the contribution of the plant to the system is optimal. Thus,
only one integer variable is required for each plant having a similar
pattern to that shown in Figure 3.8.

b) Total Cost Function with Discontinuities

Increasing the capacity in one plant not only may increase
the variable cost, but also may add a fixed cost to the system.
Figure 3.9 shows this situation for one plant in the system. 1In
order to have a capacity greater than the present upper bound Ul’ a
fixed cost fl is required. At the same time, an increase in the
variable cost (slope) from ¢, to c, is observed.

Defining, again, the output of a plant for each interval as

0 <8, <40, -1U,
1 1

L for 1 = 1,2,3 where UO = 0, the model can be

written as

minimize TC = clSl + (f2X2 + 0252) + (f3X3 + 0383) + OT
subject to
= < - -
the total S Sl + 82 + 83 < Ul + (U2 Ul)x2 + (U3 UQ)X3
output
and XQ, Xs =0, 1
0 €8, 21U

O
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w3

w
1A
Lo
c

(&%

!
=]

N

p—s
>

w



TOTAL COST

Hy

€2
=
-—f_- :
f2 :
s '
1
QUTPUT IN PERIOD t
1 A |
T T L4
Ul U2 U3

Figure 3.9 Total Cost vs. Qutput in a Period of a Plant
Having Increasing Variable Cost with Charges
in Each Investment
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plus other constraints of the system.

The term OT represents the income and cost of all activities in
the system. Other constraints to be included are the capacity con-
straints for each plant, the demand for each product in each market,
and other pertinent restrictions.

If u, > (u, - Ul) > (U3 - U,) > ..., then the last constraint

2 2

in the above model, which defines the upper bound on $., is redundant,

3
Note that the set of constraints of the above model does not require
that INV3 can be made only if INV2 is selected previously. Suppose,
for example, that (US_UQ) > (UQ-Ul), that is, the increase in capacity
by investment INV3 is greater than the increase corresponding to INV2,
In that case, there exists a region where INV1 and INV3 give a lower
cost, without requiring the investment INV2, This region (Ué—UQ) is
shown in Figure 3.10.

For example, if the system will need an output U2 £ 8 < Ué
from this plant, then the total cost of the systems with investments
INV3 and INV1 is less than the cost of INV1 + INV2 + INV3. But if the
plant output isg greater than Ué, then a sequence of investments INV1,
INV2, and INV3 will be the best choice.

If, for technological reasons, the investment INV3 requires
investment INV2, the additional constraint X3 < X2 should be included

= Q3 but if X2 =1, then X_ = 0 or 1).

in the model. (If X2 = 0, then X 5

3
The situation in which there are some plants in the system with
decreasing variable costs and saltus in the total cost function (see

Section 3.6.1-a) is presented in the following section. Other cases

may be adapted from the discussion just presented.
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Total Cost vs. Output of a Plant.
Sequence of Investments

a) INV1, INV2, and INV3
b) INV1 and INV3
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3.8 Model D: Multi-Period with Decreasing Variable Costs
and Saltus in the Total Cost Function

AssumEtions

1-2. Assumptions 1 and 2 from Model B, Section 3.5, hold.
3. The variable cost in some plants (p = k+l,...,I'; where
I' < I) will decrease at the time when new investments are made. Also,
each increase in capacity incurs a fixed cost.
Parameters

Same as Model B plus

UB(S) = upper bound on the variable S. The variable S repre-
sents output of a plant or a process under given
conditions

ci (3)y = Dew variable cost of producing one unit of product

P p in plant p, process j, during period t, if the
project vp is chosen

Bt(.)v = additional capacity added to plant p, process j,

ptJ P at the beginning of period t, if project v_ is
selected P

Act = ct ct

mp(§)v. ~ Tmp(ikv. ~ Tmp(id,v_-1
pl] D PL] D pl] D
= difference in variable cost by changing the invest-
ment in plant p from project v. - 1 to project v_.
Note that this quantity is non*positive. The
present facilities at time t = 0 are considered as
project v_ = 1.
P
Variables

Same as Model B plus

t

Smp(j)v = additional units of production produced at plant p,
P

process j, during time period t, if project v_ is
chosen. It is evident that P

t ks t
amp(j)smp(j)vp . Bp(j)vp

Also,
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PY 51 v sl

b
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m (.)V

Objective Function

Assume that a plant p has Vp projects to be undertaken at the
beginning of period of time t. When a new addition to capacity (i.e.,
a new project) is chosen, a fixed cost (g: } is charged, but at the
same time the variable cost decreases. Thg total cost function is
similar teo that shown in Figure 3.11 for VP = 3., All subscripts and
superscripts of the variables in the figure have been eliminated,
except for vp. When the cutput of this plant is constrained to be less
than or equal to UB(S), no change is required in the cbjective function
of Model B because it already contains the cost cmprsmpr'

If additions in capacity are permitted in plant p, the cost of

its Vp projects during period t is:

VP
t t t
z_ Ny Xv * cmp(j)lsmpr
v_= P P
P
v
+ Zp Dtc; (5 )v ; (i)v
V=2 p(3)v "mp(3)v,

However, since the first two terms are already included in ZB’
the only term to be added is the third term, with summaticns over
plants and over periods.

Then, the objective function of Model D becomes:
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TOTAL COST
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Figure 3.11

Total

UB(Sl) UB(SQ) UB(SS)

Cost vs. Output of Plant p, During Period t
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J Vv

SEPAES N S g G

t=1 m=1 p=k+l j=1 vp=1 mp(j)vp mp(])vp

Constraints

Same as Model B plus

R J v
Z S; r = ZP ZP ; ()
r=1 P je1 v =1 P
Units of product m sent from Total output of product m,
plant p to all markets during manufactured at plant p
time t during time t

form=1,...,M; p = k+1,...,I" t = 1,...,T.

M
t t
S . < B .. X
mp{j)v Giv v
n=1 TPYI] p P b 'p
for v. = 1, .,VP; P=ktl,...,I; t =1,...,T.
X, £X_ 3
p p-1
for v. = 2,...,v_.
%
t T
S . < UB(S . X
m v -1 m v v
p(3) 5 p(j) o Vp
for vp = 2,...,Vp; p = k+tl,...,I.

The last two sets of constraints guarantee that a new project is
selected when the required capacity of the plant exceeds the present

upper bound.



Other models (including inventory, for example) may be written

as a combination of the models presented here.
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CHAPTER IV

METHOD OF SOLUTION

4.1 Introduction

In Chapter III, different models describing several situations
in expansion planning were presented. A general characteristic belong-
ing to all of them is that some variables may be continuous and others
can take only the values zero or one. These models fit in the framework
of mixed-integer programming.

If T is a vector of integer variables and ¥ is a vector of con-

tinuous variables, the mixed-integer problem can be written as follows:

(4.1) Minimize zl=ch+c¥

Subject to AlI + AQX = b

I,X 20; I integer

The difficulty of solving problems when some or all of the vari-
ables must be integers has been recognized since the beginning of
mathematical programming theory [18]. Much research is still under way,
and only in recent years have methods been available for the solution

of such problems.
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There are presently three different approaches to solving mixed-
integer problems. They are: a) cutting planes, b) partitioning and,
¢} branch and bound. None of them is suitable for all mixed-integer
programming problems. The first two will be described briefly, while
the branch and bound approach will be described in some detail.

The fact that the number of continuous variables in all models
is much greater than the number of discrete variables, and that the
latter variables are low-leveled (i.e., only two values are allowed,

0 or 1), suggests the use of a branch and bound algorithm to solve the
expansion planning problem.

Since pure-integer programming seems to be easier than mixed-
integer programming, methods of changing a mixed problem to a pure-
integer problem are important. In particular, if the number of integer
variables in the problem is moderately large while the number of con-
tinuous variables is small, the partitioning approach may be a sultable

method to solve this type of problem.

4,2 Cutting Planes

The idea of cutting planes was used for the first time in 1954
by Dantzig, et al. [18], and later by Markowitz and Manne [19]. How-
ever, their application of cutting planes was unsystematic and, more
important, convergence was not proved. The first finite general methods
to solve all-integer and mixed-integer problem were advanced by
Gomory [20].

The cutting plane method starts with the optimal solution of

problem (4.1) without considering the integer constraints. The convex



85

hull defined by the constraints H, AlI + AQX <£b (I, X =0; I not
restricted to be integer) contains all points of the feasible set.
If one finds an optimal solution which is not feasible, then an addi-
ticonal linear inequality or cutting plane 1s generated and added to H.
This new constraint is not satisfied at the current non-integer solu-
tion, but must be satisfied by all feasible integer points. Thus, the
new cutting plane and the original constraints define a new convex
hull which also contains all feasible integer points. The resulting
linear programming problem is solved, and if integer requirements are
not met, an additional constraint is added. This procedure is continued
until the integer variables are forced to take integer values. The
problem is to generate the new constraints in such a way that the mixed-
integer solution is obtained without excessive computaticnal time.

One advantage of the method is that it uses the pivoting rules
of the simplex methed to move from one extreme point to another on the
convex hull. Gomeory proved that if a mixed-integer solution exists, it
can be obtained in a finite number of iterations. Reports of applica-
tions, however, indicate that convergence can be extremely slow.

Beale reported that it has been shown that unless the objective function

itself is integral, the method may not converge [21].

4.3 Partitioning

Another apprecach for solving mixed-integer problems was suggested
by Benders [22]. The rationale behind the method is to convert the
original mixed-integer problem into an all-integer problem, and then to

solve it by using an all-integer algorithm., This method iz suitable
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when the number of integer variables is larger than the number of
continuous variables, as will be seen below.

A very inefficient method of solving problem (4.1) is to list
all possible wvectors I; then, using each of the possible values for
I, solve the continuous part as a regular linear programming problem.

Thus, problem (4.1) becomes:

(4.1a) Minimize z. = c. I+ ¢ X

Subject to A X

v
o
1
o
[
H

Note that once vector I is defined, the term clI is constant.

For a given vector I, say Ij’ the remaining continuous part of problem

(4.1) may be expressed as
(4.3) Minimize z, = ¢, X

Subject to AX2Db -A I:.|

L
Let Xj be the optimal solution to the above problem corresponding

to the Ij vector. If problem (4.1) has a feasible solution, its optimal
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solution is that in which cle + 02X§ is minimum. That is,

Ex . do
“=m I, + XTh,
z = minfe I, + c X2}
]
The method is inefficient because we need to enumerate all
possible integer vectors Ij before knowing if we have the optimal
solutions.

The dual of problem (4.la) is stated as follows:

{(4.3) Maximize z. = Wb - AlI)

=
=y
A
[$]

=
v
(=)

where W is the row vector corresponding to the dual variables, I is a
given integer vector, and superscript T means transpose.

The original problem (4.1} can now be written:

(4.4) Minimize z. = c.I + max{W(b-A_ 1)}
1 1 W 1
Subject to WA, = cT
2 2
W=20

With this new reformulation, we now have a convex set, w,

w = {W|WA2 < cg; W = 0} independent of the integer vector I. If uw
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is empty, then there is no solution to the original problem. Otherwise,

the max{W(b-A
W
along an extreme ray of w. The convex set w contains a finite number

l)} occurs at an extreme peoint of w or grows unbounded
of extreme points and extreme rays, which can be enumerated. If the
set w does not contain any extreme rays, that is, w is strictly
bounded, one can enumerate all extreme points, Wk in w, and solve a new

integer problem,

(4.5) Minimize z
Subject to z 2 clI + max{wk(b-AlI)}, for all Wkem
Wke = w

I 2 0 and integer

Recall that Wk is an extreme point of the set of constraints (4.4) and
has been previously specified.

Note, also, that each extreme point Wk generates one constraint
in {4.5). To find the optimal solution of problem (4.1), or equiva-
lently to (4.5), we have to include all extreme points Wkew, which
could represent a formidale amount of work, Bender's algorithm uses
only a subset of the extreme points.

Before presenting the algorithm, we write the general case,
i.e., when the set w contains both extreme points Wk and extreme rays

W. Let R be the set of extreme rays, WP, R cuw.
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iIf, for some I, there exists a Wr, r £ R such that Wr(b—AlI) >0,
then the maximum part of (4.4) becomes +o, and the minimization problem
is not feasible, The existence of this unbounded solution to problem
(4.3) implies that for this given integer vector I, problem (4.2) is
infeasible. Therefore, we need to add the following restriction to

the integer vector I,
W'(b-A, 1) < 0, forall W e R
Problem (4.5) may be rewritten as:
(4.6) Minimize z

Subject to z > clI + max{wk(b-AlI)}

Weew

and Wr(b—AlI) < 0, for all W' oe R
I =20 and integer

Again, in order to find the optimal solution (4.1), it is neces-
gary to enumerate all extreme points Wk and extreme rays W' continued
in w, include them in (4.6), and then solve the resulting integer
program.

However, this is not necessary in Bender's algorithm, because it

uses only a subset of extreme points and extreme rays in order to
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decrease the number of constraints to be included in (4.6).

The algorithm consists of the following steps:

a) Select a subset of extreme points and extreme rays cbtained
in (4.4) and put them in (4.6). Call this subset Q.

b) Solve the resulting integer programming problem (4.6).

¢) If no feasible solution exists to the partial problem,
then no feasible solution exists to the original problem. Terminate.

Let z*, I* be the optimal feasible solution obtained in step
b). If the problem is unbounded below, then z* takes a small value.

d) Solve the dual problem (4.3), using I = I%,

If zg - «» {(unbounded solution), then the actual integer solution
I* does not permit a feasible X. Then a new extreme ray Wr, r £ R has
been found, namely W*, and it is added to the current subset of extreme
points and extreme rays Q3 go to step b}.

If 2% = -« then no feasible solution exists. Terminate.

K

If zg is finite, call the solution vector W' and the correspond-

ing primal vector in (4.2) X*, both with an chijective function equal

to z;. Then a feasible solution (I%, X%) in terms of the original
variables has been obtained and its value is zg.

e} In order to test optimality, make the comparisons: If

n %
z% 2 ¢ I% + 2z =
1 2" %

of the criginal problem. Terminate.

I* + CQX*, we have an optimal solution (1%, x*)

& o . £ .
But if z" < ¢.I + 2z, then the extreme point W" does not satisfy

1 2?

the set of comnstraints of (4.6). In particular, the constraint

z = clI + W*(b—AlI) of (4.6) is violated. Therefore, this new con-

straint is added to the subset Q:; go to step (b).
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Obviously, the method converges, because at most we have to
enumerate and work with a finite set of extreme points and extreme
rays. Some advantages of this method are as follows:

a) In each step we may have a feasible, not necessarily
cptimal, solution. This is a characteristic found in primal methods.

b) In each step we have a lower bound and an upper bound of

the objective function z A lower bound is given by z¥% since problem

1
(4.5) in step b) is solved with a subset of constraints. An upper
bound is found in step d}, and is zg (which may be infinite).

d) The above advantages permit stopping the algorithm at any

time after having a feasible solution. The bounds give us the range

in which the optimum lies.

Although Gomory's and Bender's algorithms may be used to solve
some classes of mixed-integer problems, other approaches exist which
may be more efficient in solving the 0-1 mixed problem with a few

integer variables. This approach is called branch and bound.

4.4 Branch and Bound. The Land and Doig Algorithm

The first algorithm which presented the branch and bound idea
appeared in 1960; it was developed to solve mixed-integer problems
[23]. Although the authors, Land and Deig, did not ecall it such, this
paper was a ploneer effort in a new approach teo solve a diversity of
problems. This type of implicit enumeration was called branch and
bound for the first time by Little, et al. [24] in their algorithm to

solve a traveling salesman problem.
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Branch and Bound is an intelligent method of searching the space
of feasible solutions to a given problem. The branching step parti-
tions the space of feasible solutions into mutually exclusive subsets
(branches). Associated with each branch is a value of the objective
function which represents a lower bound (in a minimization problem) on
all problems which originated from that branch. The branch with lowest
cost is selected for further partitioning. Other branches with greater
cost are not considered for branching at this stage, but may be recon-
sidered at a later stage. The branching procedure continues until a
feasible solution is obtained (assuming it exists) in one branch, while
the other branches have a greater lower bound, whether their solution
is feasible or not.

The Land and Doig Algorithm

In a few words, the Land and Doig methed involves the construc-
tion of a tree of linear programming problems, the root of the tree
being the original problem (4.1) without integer constraints.

The modified problem is:

(4.7) Minimize 7 =¢.I +c.X

Subject to AT+ AQX <b

If the optimal solution to the modified problem given integer

values to those variables which are restricted to ke integers, then
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this is also the optimal solution to the original problem (4.1).
Otherwise, the optimal value of the objective function of (4.7} is a
lower bound to the mixed-integer problem.

If the integer wvariable X, appears with a non-integer wvalue in
the optimal solution of the modified problem, then two linear program-

ming problems are constructed by setting x, equal to the next lower

k
integer value and to the next higher integer value, respectively.

Both problems are sclved, and the branching is repeated again
in that problem with lower optimal objective function (in a minimiza-
tion problem). The process continues until the optimal solution of a
problem gives integer values to all variables restricted to be
integers, and its objective function is a lower bound on all candidate
branches. With this method, possible solutions are enumerated in such
a way that only those which could have the optimal solution are con-
sidered. This is an implieit enumeration, rather than a complete
enumeration.

The tree is made up of branches and nodes. Each branch is
associated with an integer constraint of the type: X = a constant.
Each node identifies the number of the linear programming problem
constructed with the original constraints in (4.7) plus all integer
constraints represented by the branches connecting this node with the
node 0. Problem (4.7) corresponds to node 0. The optimal chbjective
function of a problem is associated with its nocde. Thus, if '"n" is a
node, then zﬁ is the optimal value of functionmal of the nth problem.

Figure 4.1 shows a tree diagram for a mixed-integer procblem

solved by the Land and Doig algorithm.



1482

1420

Fipgure 4.1 A Tree Diagram for the Solution of a
Mixed-Integer Problem by Branch
and Bound

9y
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Thus, the node (5) means that the optimal objective function of
the original problem plus two constraints, X, = 3 and Xy = 2, is equal
to 1420. The node (8) has a functional equal to +=, which indicates
that this solution is not feasible.

The algorithm is described in more detail below, but we first
must define J as the set of indexes assigned to those variables
restricted to be integers, i.e., J = {j|xj is integer}, and Yk as the
least lower bound on the functional of problem (4.7), at the kth
stage. Now the steps are as follows:

a) Solve the original prcblem without integer constraints
(4.7). If the solution gives X, = integer, for all k £ J, then this is
the optimal solution to (4.1). If not, assign the funetional to the
node (0), with value Yo. {(In the Figure 3.1, yo = zi = 1250.)

b) Select a basic variable X s k £ J, which has a value furthest
from an integer. Let this varilable be X.» T E J. Then construct two
branches, one with X, = V= [Xr] and the other with X, = vt =v+ 1.
The two additional linear programming problems are solved, and the

*

respective optimal functionals assigned to nodes (1) and (2). (zi =

1325, zj = 1482).
¢} If lower bounds on the objective function 0,1,...,k-1 have
already been assigned, then choose the node with the lowest functional,
and assign this value to YK. {In the example, Yl = min(zi,zg) = 1325.)
d) If the node with least lower bound YK has all X ke J,

with non-negative integer values, then this is an optimal solution to

(4.1). Terminate. Otherwise, find the node g just above the node with
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least lower bound. Let X =W be the branch joining these two mnodes
(Yq = YO, Ry = Rgy W E 3.

e) From the node g, draw two branches with associated con-
straints X <w - 1and X, =W + 1. (Note that one of these branches
has already been in the tree.) Solve the problems and select that
node with minimum functional as a second choice for a branch from node
gq. (The branches are X < 2 and X, = 43 the latter being already in
the tree.)

f) Two new branches are drawn from the node with the least
lower bound YK, by setting the X k € ¢, with the value furthest
from an integer to its neighbor integer values, and the respective
linear problems are solved. The new values of the objective function
for this problem are greater than or equal to YK. If one of these
problems is not feasible, this branch is closed and investigated no
further. If neither of these branches has a feasible solution, then
the original problem (4.1) has no feasible solution. (The branches
are x5 = 1 and x4 = 2, with zi = 1375 and zg = 1420.)

g) At this point three new branches have been generated. Go to

step ¢). (The three branches are, x7 <2, x%x.=1, %, =2.)

Since the sequence of Yo,yl,...,YK,..., gives nondecreasing
lower bounds on the value of the objective function of the original
praoblem (4.1) and the method used to add nodes and arcs covers all
possibilities, then the algorithm will find the optimal solution, if

it exists, or will indicate an infeasible solution.
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The Land and Doig algorithm has led to new algorithms for the
solution of mixed-integer problems, nonlinear programming problems,
plant location problems, etc. In particular, the mixed-integer
algorithms by Driebeek and Rebelin, described below, are based on the

ideas advanced by Land and Doig.

4.5 Driebeek's Algorithm [25]

Driebeek's algorithm is designed for the solution of large
mixed-integer problems which have a few low-level integer variables.

The algorithm begins with the optimal solution of the modified
problem (4.7) where all integer variables have been transformed into a
sum of 0-1 variables. A sensitivity analysis is made in the optimal
simplex tableau. The results of this analysis are summarized in a
penalty table, in which each cell indicates the increase (decrease)
of the objective function for a minimization (maximization) problem,
when an integer variakle is set to a specified integer level. The next
step consists of selecting some trial mixed-integer solutions.

In each trial an integer level is specified for each integer
variable. The penalty table is used to list the trials to he computed,
on the basis of being the most promising integer solutions. In order
to know if a given trial will have a feasible solution, the right-hand
side of the optimal continuous solution is modified. If it is neces-
sary, the dual-simplex algorithm is applied to the new tableaus. Since
only the right-hand side is changed, the tableau in any step is always

optimal, but may be infeasible.
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Each trial begins from the optimal continucus sclution of
problem (4.7). The functional or objective function of the continuous
sclution is the lower bound on the mixed-integer seolution in a minimi-
zation (maximization) problem. Once a feasible mixed-integer solution
is found, an upper (lower) bound on the objective function of the
original problem is obtained. In such cases, the peBalty table is
used again to search only those trials whose penalties are less than
the difference between the lower and upper bounds. In this way many
trials will be discarded from the search.

The author points out three features of the algorithm:

1. The optimal mixed-integer solution is found (convergence).

2. The convergence 1s quite rapid.

3. 8Since each trial starts from a common seolution, the method

is insensible to round-off errors and to degeneracy.

As was stated above, 2ll integer variables of (4.7) are expressed

n
as a sum of 0-1 integer variables. Thus, if X < n, then X = Z tkj
J=1

n
and the restriction becomes Z tkj < n where tkj = 0,1. When xk takes
i=1

a value less than the upper bound, say %, = j, 7 < n, it is convenient

k
to have each of the first j terms equal to 1, and the rest (n-3j) terms

equal to 0. This can easily be done by writing the following condi-

£n

tions, instead of Z tkj <

]

(4.8) 1=zt >t vee = t = 0,

which are equivalent to (n+l) additional constraints and (2n+l)



variables {(including slack variables}. A problem with m integer
variables, each having m. (i=1,...,m), integer values generates a
m
total of M = Z (mi+l) additional constraints to the modified
i=1
problem (4.7).
Note that the equation ) tkj £ n is not written because it is

implicitly included in {(%4.8). For example, if X < 3, the following

constraints are added to the initial problem.

Constraint 1 th th 5.0 Skl Sk2 B3 b
Sko: 1 1 1
811 -1 1 1 0
Sy 101 1 0
Sk3: -1 1 0

Where Skj’ j=0,...,3, are the integer slack variables.
During the optimization of problem (4.7) plus the set of con-
straints defined in (4.8), the integer constraints for varilables tkj

do not hold. The only requirement is that 0 £ t 1 s 1 for

K,y < tk,j+
j=0,1,...,0~-1, where k denoctes that the t wvariables are part of the
integer variable X and j denotes the possible integer level which
the variable can take.

Once the optimal continuous solution 1s obtained, the con-
straints (U4.8) are activated by subtracting a unit delta right-hand

side wvector, Ab, to the right-hand side wvector b. For example, if

= 2, then the vector wl ave a unit value 1in the s row
xk 2 h he Ab i1l h i 1 i h k2

99
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(third row) and zero elsewhere, Ab = (O,O,l,O)T. When Ab is subtracted

from b, the resulting vector becomes b - 4Ab = (l,O,—l,O)T, which

1 and t = 3 = ,.. = 8 = 0. Thus

implies that t =t X3

k1l k2 k3 ~ ki
% =] teg=lrl+0=2.

In an article by Zionts [26], a more compact representation is
suggested. He shows that the set of (nt+l) constraints and (2n+l)
variables required for each integer variable X ¥y S in Driebeek's
algorithm can be reduced to a single constraint and (nt+l) variables.
If the (n+l) equations which were set up to satisfy the requirements

of 0 £t . <+t

K,i K, 441 <1 (j=1l,...,n-1}) are added together, the t

variables are eliminated and the resulting equation is

(%4.9) s

Since the t's are not present any more, the problem is to get X in a
function of the slack variables Skj'
If the last (n-j+1) equations from (4.8) are added, the result-

ing eauation becomes:

m
g T hzj Skn
and
n m m m
*x jzl g T jzl hzj *kn| ~ ]El Iy 5

or
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X =8 + 28 + ... t+ ms

k1 k2 kn

For 0-1 wvariables % = sk However, note that the slack

1
variable S0 is still in the tableau by Equation (4.9) and will be

used to calculate penalties.

To set an integer variable into a given level X = i, 1t is

sufficient to bring Skj into the basis, ignoring as candidates for

entry into the base all other slack variables s h#j. For example,

kh’

if x, = 2, then s is forced to be in the basis (at level one) and

k k2

skO’ skl and sk3 have to remain as now basic variables. Note that
Zionts' procedure does not require the Ab vector, to force the X

variable to be at a given level.

Sensitivity Analysis and Penalty Calculations

The penalty calculation will be described according to the
original paper by Driebeek, and it is assumed that the objective
function is to be minimized.

The right-hand side delta vector, Ab, to be introduced at the
first tableau, also can be introduced at the final tableau if it is
"yp-to-date." Thus, * = B-l Ab where:

Ab¥ is the delta unit vector to be subtracted from b* at

the optimal tableau,

B™~ is the inverse matrix corresponding to the vectors on

the optimal basis, and

Ab is the original delta unit vector to force a solution

to a single lattice point.
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There are two cases for calculating the penalties associated with
each level of the integer variables. The cases depend upon the status

of the slack integer variables, s ., in the optimal continuous solution

kj
of problem (4.7) where constraints (4.8) have been added. Case 1 is
concerned with the penalty calculation when the integer slack variable,
Skj’ is non-basic; Case 2, when the integer slack variable is basic.
Case 1

No basic slack variables. True penalties.

First suppose that not all integer slack variables appear in the
optimal continucus solution. The "opportunity costs" for these vari-
ables are non-negative in the final tableau. When Ab is subtracted,
the optimal objective function z* is reduced by cBAb*, where cq is the

price vector associated with the optimal basic variables. Then,

but since the dual vector associated with the inverse matrix is
- -1 -
T = cBB . then Az = mAb.

This Az is the minimum decrease in the objective function which
will be obtained when a given integer point defined by Ab 1s forced
into the solution. An extra reduction may appear because of infeasi-
bilities created by the subtraction of Ab. Elimination of these

infeasibilities by the dual simplex methed will further reduce the

optimal objective functioen.
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In other words, if the integer nonbasic variables are forced to

be in the solution, a decrease in z“ of at least mAb will be obtained;
if infeasibilities are created, then an additional reduction will be
obtained.

The value Az is then the least decrease in z* when a specified
integer solution 1s forced into the solution. This is called the
"minimum penalty" for this given integer solution.

Since Ab contains only zeroes and ones, the Az is easily obtained
by summing those reduced costs corresponding to the slack variable
whose constraint is being activated.

Thus, for those nonbasic slack variables in the optimal table,
the true penalties are simply the reduced costs.

Case 2
Basic slack variable. Pseudo penalties.

If one constraint is loosely satisfied, its slack variable will

s
"

<
15 S 1. Ifa &b

appear at the optimal solution, with a value © £ s

vector, with 1 at the s, . row, 0's elsewhere, is subtracted in the

kJ
optimal table, the updated Ab* will be equal to Ab, since Ab vector is

a unit vector. Therefore, the modified s, ., in the optimal tableau

Kkj
EX Y

'z g', - -1 < < 0.
becomes Skj Skj l or -1 < Skj <0

Except in the case that s, . = 0, an infeasibility is introduced.

t
k]
In order to break it, the dual simplex method is applied. That is, if

the infeasibility occurs at row R, then column K is chosen, such that

] - . & . % % .
dk/aRK = mln(dn/aRh, for all h with aRh < ¢} where aRh is the wvalue of

the apy element in the optimal table and dh is the reduced cost of the
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hth column, and h is a subscript referring to a column. If no K cclumn
can be found, then the problem has no solution when X = j. The
penalty is set to t+», Otherwise, the penalty, i.e., the reduction on

the objective function, will be Sﬁj(d fa_.) =z 0.

K" "RK

The pseudo penalty calculation can be summarized as follows:

oo
o

Find a row where a basic slack variable appears; say s, . appears in

ki
row R. For this row, select the column with min{d _/a_.; a < 0}. 1If
h h’ Rh Rh
no column has dpy < 0, then the pseudo penalty associated with skj is

+«, If a colum is found, say K, then the pseudo penalty is equal to

(s¥, - 1), /a

15 K RK)' At this point, each basic (nombasic) variable has

associated with it a pseudo (true) penalty.

An integer solution is selected by specifying a level for each
integer variable by means of the Ab vector. At the time of obtaining
an integer solution, a decrease in the objective function will be
incurred in an amount of at least:

1)} +the sum of the true penalties associated with the nonbasic

slack variables or

2) the maximum of the pseudo penalties associated with the

basic variables.

With these facts, a lower bound on the decrement of the objective
funetion is easily calculated hefore the integer solution is obtained.

In summary, the algorithm may be described as follows:

a) Select a trial by setting each variable to a desired level.
The first trial is usually selected at those levels with lowest

penalties.
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b) Construct and update the Ab vector, i.e., Ab* = 2 lab.
Modify the b* vector, i.e., bﬁod = b¥ - Ab¥.
c) If biod is feasible, obtain a greatest lower bound GLB on

F3

tpial® GLB}; store the solution

the objective function: GLB = max{z
associated with GLB and go to step 4). Otherwise, apply dual simplex

rules.

If a dual unbound (primal infeasible) solution is found, go to step e).
If the objective function obtained in any iteration is lower than the

greatest lower bound cobtained so far, go to step e).

d) Select a new trial. Usually this trial will have the least
minimum decrement in the objective function of the possible lattice
points not selected yet, i.e., the minimum of: the sum of true penal-
ties or the largest pseudo penalties. If the least minimum decrement
is greater than 7% - GLB, discard this solution and go to e). Other-
wise, go to b).

e) If all possible integer combinations have been investigated,
ge to £). Otherwise, go to d).

f) The optimal mixed integer solution is the last feasible solu-

tion (if any) found with functional equal to GLB.

Since the greatest lower bound does not exist initially, the
author suggests starting out with an artificial GLB = .907%. If no
integer solution is found with functional in this interval, a new
artificial bound is set, GLB = .BOZ*, etc. Computational experience

has shown that this criterion is good because in many cases the
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mixed-integer problem has a value of the optimal solution near to the
value of the objective function in the optimal solution of the modified
problem (4.7).

Some differences between Driebeek's (DR) and Land-Doig's (L-D)
algorithm are worth neting:

1. L-D specifies only one level in one variable in each trial,
while DR specifies a complete solution (a lattice point) in each trial.

2. L-D uses as a criterion for choosing the variable to be set
as integer that which is furthest from an integer value. On the other
hand, DR uses cost information; in each trial we know the minimum price
we have to pay for setting the integer solution.

3. If a feasible solution has been found during DR, we could
stop and have a measure of how far we could be from the optimal solu-
tion. In L-D this is not possible because as soon as we get the
feasible solution, it is optimal.

4. In DR all equations to be used to get integer wvalues are
added in the original problem. In L-D these restrictions are added as

they are needed.

In the Zionts modifications, the penalties are calculated as in
Driebeek's algorithm. Once a lattice point (trial) is selected (say
X = jk’ for all k £ J and where jk is an integer solution selected
for xk), the corresponding slack variables Skjk are forced to be basic
variables, and the other slack variables must be nonbasic regardless

of their opportunity costs.
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4.8 Rebelin's Algorithm

Although using the same basic ideas presented in the above
algorithm, a more simplified approach was rveported by Rebelin [27].

The main features of this algorithm include:

a) It is unnecessary to introduce new 0-1 variables and con-
straints, thus simplifying the handling of the simplex tableau.

b) There is no difference between true and pseudo penalties.

c) Discrete variables can be handled. That is, ¥, may take

one of the values 0, .25, .333, which are not integers.

Assume again a maximization problem. An upper bound on the
functional of the original problem (4.1) is the value of the optimal
objective function (z*) of the continuous problem (4.7). This solution
could be called the "superoptimal" solution of the original problem.
As the integer, or in general the discrete, variables are activated,
the value of the corresponding objective function will be no greater
than z*. As soon as a feasible mixed-integer solution is found, a
lower bound on the value of the objective function of problem (4.1) is
obtained. If some feasible solutions are on hand, the greatest value
of the objective function is selected as the lower bound. The optimal
value of the functional of the mixed-integer problem will be between
the upper and lower bounds.

The terms to be used in this algorithm are defined as follows:

J = {j|xj is an integer (or discrete) variablel.
c = {j[xj is a continuous variablel.
M =

{j|xj is in the basis}.
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E
M = {j|xj is in the optimal (continuous) basis}.

n = total number of variables in the original problem

JUC={1,2,...,n}.

A = the original matrix of coefficients (aij)' A = (A1|A2)
in problem (4.7).

Xj = the variables, j = 1,...,n.

xi = the hth value that the variable k, keJ, can take;

aj = the jth column of the A matrix.

B_l= the inverse matrix associated with the optimal basis,

b = the right-hand side vector in the original problem.

Z = the value of the objective function in the original
problem.

g = the modified right-hand side vector in the optimal continu-
ous table.

B = the value of the objective function of the problem with
modified right-hand side wvector.

* = a superscript indicating that the vector or matrix corre-

sponds to the optimal continuous solution.

d, = reduced cost of variable Xj’ i.e., zj - Cj' In the optimal

table, d? > 0.

pi penalty associated with the hth level of variable X s ked.

Penalty Calculations

Although Rebelin explains this calculation in a different manner,

in this work the following appreoach will be used.
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Consider the situation when the variable X ked, is to be fixed
at a given level xE after having the optimal continuous solution. Now,
X is either basic, keM®, or nonbasic, x4M*, Both cases are presented
below:
Case 1

X Basic (ked, ksM*). In order to set XE, one can subtract
ank from b in the original problem (4.7), thus giving the modified

b-vector as:

h %

B =371 (b - xe ) = b - xa

where a’ is a unit vector whose non-zero element is at row R,

o

This procedure gives a nonbasic solution because the unit vector

of the R-row is not present. A new vector to enter into the basis must

ufs
"

be found (if it exists) which gives the minimum decrease in Z .

This is done with the dual simplex algorithm, If BR < O(BR z 0),

Rj<0}

%, % PR .
one locks for that column K such that dK/aRK = ?zg{dj/aRj, a
F I
(=min{d./a_. > 0}).
1 Rj
The wvariable Zs KeC, is entered into the basis, reducing the

. . . . % . . h .
cbjective function iIn BR(dK/aRK)' This term 1s the penalty P, assocl-

ated with XE.

If no K column is found, then no feasible solution exists when

h .
= to,
Xk xk 15 set to +w

% h %

Note that BR = bR - xR and Bl = bi""’M’ i#R.
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Note also that pE is the minimum reduction in the BO because the

dual simplex iteration to bring x,. into the basis may create new

K
infeasibilities, (Bi < 0, i=1,...,m, izR).
Case 2
Ry Nonbasic (keJ, keM*). Similarly to the above argument, when
_ h . s . . _ % 1o
X T Ko the modified right-hand side becomes B = b - Xkak' The

activation of % at its hth level has decreased Zfc by x;d;. Thig isg
the penalty associated with x, = x;. Again, this is the minimum
reduction because some of the Bi may be negative and breaking these
infeasibilities by the dual simplex will reduce BO even more.

The algorithm for a maximization problem may be described in
the following steps. A flow diagram is shown in Figure 4.2.

a) Obtain the optimal continuous solution of problem (4.7).

If all %, , keJ, are integers, this is the optimal mixed-integer solu-

k?
tion. If not, then Z* gives an upper bound on the functiconal of the
original problem. Set an artificial lower bound y = .902*.

b) Calculate the penalties pﬁ for each level of the variable
X keJ. Set each integer variable equal to its level with minimum
penalty.

¢) Obtain the modified right-hand side corresponding to this
-1

. h % h_*
lattice point. B =B (b - } )=b - ] .
ksJXkak kEJXkak

d) If some % are in the optimal basis in rows Rl’RZ""’
intreduce new vectors Xj’ jeC in the basis, so that M = {j|j€C}.
e) If some Bi < 0, apply dual-simplex algorithm. If an unbound

dual solution {(primal unfeasible) is found, go to step f). If the value



START

OBTAIN
CONTINUOUS .
SOLUTION Zy 1Y
Yes
CALCULATE
PENALTY
TABLE
| IS
3 FEASTRLE
SOLUTION?
FOR EACH VARTABLE Yesf No
SELECT THE LEVEL
WITH MINTMUM .
PENALTY Yoz 1
MODIFY b-VECTOR
AND CLEAR SELECT NEXT
INTEGER VARTIABLES BEST TRIAL [ %
h
Yes
18
ANY
SOLUTION
CHANGE No STORED?
¥ Yes
OPTIMAL
SOLUTION

Figure 4.2 TFlow Diagram of Rebelen's Algorithm
for a Maximization Problem

111

No



112

of the objective function of the modified problem in a dual-simplex
iteration falls below the greatest lower bound vy go to step f). If a
feasible solution is found with Bz > v, then the new lower bound is

Y = B:; go to step f).

f)} Select another trial, i.e., a level for each % , keJ. If

1
the maximum penalty is greater than z* - Y, then go to step g).
Otherwise go to step c).

g) If all possible points have been selected, go to step h).
Otherwise, go to step f).

h) If a feasible mixed-integer solution has been found, its
optimal value is equal to y. Otherwise, reset the value of the lower
bound to y - .lOz*. Set each integer variable to its level with
minimum penalty and go to step c).

4.7 Calculation of Penalties from a
Linear Programming Computer System

In this section it is shown how to obtain the penalties p£
associated with XE from a regular linear programming computer system.
In particular, the author has been working with two systems, the
Burroughs ALPS and the Univac-1108's L.P.S. (Linear Programming System}.
Such systems have a dual output and a cost-range of the basic variables.

Penalties for Nonbasic Integer Variables

If L is not in the optimal basis, then the "dual output" gives

its opportunity cost (reduced cost or shadow price) d;; the penalties

for each level are easily calculated by: pE = d;(xi).
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Penalties for Basic Integer Variables

The penalties for basic variables in the optimal solution of
problem (4.7) are calculated through the use of the subroutine which
finds the range of the basic cost Cy. Recalling the sensitivity
analysis on the basic costs (ci, igM#), we want to know how much these
costs may be increased or decreased without changing the basis. Thus,
if the new cost is ci =c; t Ai, (ci = e, t Ai), for Ai > 0, (Ai < Q),
the problem is to find the greatest value of Ai (smallest value of Ai)
such that the optimal basis does not change.

Since the criterion for optimality is d? > 0, jiM*, then as long
as all d? remain non-negative, no change in the basis will be made. A

change of Ai in the basic cost s will change dg by an amount equal to

ate
“w

& b fe t
(a,.)A.. If a.. > 0, then d. (new) > 0; but if ai. < 0, then di (new)
11 1 1] ] 1] ]

als ats
"~ r

< 0 when - (a .)&i > dj. The greatest cost increase of Cyo Ai’ without

1j
# %
{ i is: . = min{-d./a..; a.. < .
changing basis, is Al m;n{ d /al], alj 0}
Similarly, a change of Ai in the basic cost will change d, by an

T

]
L] * E
amount (A.)a,.. Thus, if a,. £ 0, then d. (new) > 0 because A, <
17717 ij i i

0;

-

1]
max{-d./a. .; af. > 0}.
3 i] ij
1

The computer output gives both values either as Ai and Ai (in

& 43 & 1 %
but if aij > 0, then d; (new) £ 0 when -(a..) : > dj. The greatest

1 1

cost decrease of c., A, is A,
i i i

the Univac-108) or as (ci + Ai) and (ci + Ai) in the Burroughs 5500.
From this output, one obtains the greatest (d?/aij) < 0, that is —Ai,
and the smallest (d?/aij) z 0, that is —Ai. To calculate the penalties
of a given level, say x?, iEM*, one obtains the difference (xi - x?),

where xz is the table.
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If the difference is positive, then p? = (x? - x?)(—Ai), since
A; contains in its denominator a positive ajj. If the difference is
negative, then p? = (xi - x?)(—Ai), since Ai contains a negative
denominator. Of course, if the difference is zero, the penalty is
also zero.

For example, in the problem reported by Land and Doig [23],
the values of the integer variables in the optimal (continuous) table

are x. = 1l.46, x, = .0099, x

1 5 = 5.0,while the allowed wvalues for each

3

0,1,2; and xh

of the variables are xh = 0,1,2; xh = 3

1 ) = 0,1,2,3,4,5.

From the "primal range'" output of the Univac-1108 Linear

Programming System, the following information is obtained:

Limits of Range

Basic

Variables Cost
(xi) (ci) Label Increment Label Increment
X1 77.9 Y2 =44 158 Y4 16.41
X2 76.8 Yy -16.09 R5 341.39
X3 89.6 RS -160.71 g99g99%
Y1 387.1 Y4 -389.,69 999g%

b
9899 is equivalent to infinity.

The first and second columns give the names and the costs of
the basic variables, respectively. In this example, all integer

variables are basic in the optimal tableau. The third column shows the
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variable to enter the basis if the original cost (ci) is reduced more

than the value of the fourth column ("increment").

The last two

columns give the variable to enter into the basis if the cost (ci) is

increased by a larger amount than the last column.

The penalties associated with xh

Similarly for other variables, which results in the following

penalty table:

1

dre:

p; = (1.46 - 0)(4%4.15) = 65.8
1

Py = (L.46 - 1)(44.15) = 21.67
2 _ _

P, = (1.46 - 2)(-16.41) = 8.36

0 l 1 2 3 4 5
65.8 21.67 8.36
.16|338 679.4
803.6 |642.8 |482.1 |321.4 |[160.7 0
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4.8 How to Obtain the Optimal Mixed-Integer Solution

The table of penalties obtained in the last section is used to
select the most promising lattice points. For each variable, the
associated penalties are ranked in decreasing order. TFor the Land
and Doig example, the arranged penalties are presented below, where
the number between parentheses indicates the level of the wvariable

associated with the penalty. The new array is:

Penalties
Variable (Level)

X, 8.36 (2) 21.67 (1) 65.8 (0)
X, .16 (0) 338 (1) 679.4 (2)
Xq 0 (5) 160.7 (4) 321.u4 (3) uB2.1 (2)

6u2.8 (1) 803.6 (0)

The first trial is made by setting each integer variable equal
to that level which has the lowest penalty. In the example above, to
obtain the solution of the first trial the following equations are added

to the original set of constraints: x, = 2, x

1 = 0, and x, = 5. The

3
= 5, etc.

2

second trial is made by setting x, = 1, X, = 0, and x

1 2 3

Note that the addition of these constraints does not follow
Rebelin's algorithm, which, instead of adding new equations, provides
only for changes in the b-vector. However, when using a linear
programming computer code, it may be easier to add the corresponding
integer constraints rather than modify the code itself as Rebelin

suggested, the reason being that in using a branch and bound approach,
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we generally are limited to a few integer variables.

The author has written a FORTRAN program which follows closely
Rebelin's algerithm. However, this program is recommended conly for
small problems, because it does not use special optimization sub-
routines as the Univac-1108 or Burroughs linear programming codes do.

The program is shown in Appendix B.
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CHAPTER V

AN EXAMPLE OF THE APPLICATICN OF MODEL B

5.1 Intreoduction

This chapter presents an application of Medel B which was
described in Chapter IV. The problem was suggested by the American
Can Company, but it may appear in other manufacturing systems. The
problem situation is as follows:

(a) The manufacturing firm has available customer demand
forecasts for each product over a specified planning period.

(b) Present production facilities consist of a complex of
complete plants and satellite plants with known production capabilities
and production costs.

(c) Capital expansion projects to increase (or decrease) total
production capacity of the system have been screened and a set of

economically possible altermatives with associated costs is available.

Questiens which must be answered are:

1) Which alternatives should be undertaken in order to maximize
total costs (production, distribution and investment costs) over the
specified planning period.

2) Which are the bottlenecks of the system.

3} What is the change of profit by velaxing that bottleneck.

4) What is the effect on the system of building a new plant

or closing an existing plant.
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The study of individual plants would undoubtedly lead to sub-
optimization and excessive investment. On the other hand, if all
plants and alternatives for expansion are considered together, then
an "optimal" plan for expansion may be obtained. It cannot, of
course, be claimed that the plan is a true optimum, since only a
finite set of altermatives is included in the model.

The relationships between plants and customers, and between
plants themselves, may be expressed as linear inequalities, such as
those in Model B. If a situation does not include item (c) above,
then a regular production allocation model may be applied. This
situation implies that there is sufficient capacity in the system and
more important, that the system's structure does not change. However,
sooner or later the system has to change its structure in order to
follow the changes in the enviromment, namely, changes in demand, new
products, increase in cost in some plants, changes in technology, etec.

The set of available alternatives, as stated in point (¢)
above, will permit selection of the best alternatives in order to meet
the new situation. These alternatives are included in the model by
means of integer variables. The complete set of variables and con-
straints, then, fits a mixed integer model, such as Model B presented
in Chapter III.

In other words, with a regular linear programming model, manage-
ment may obtain the best configuration of the system, assuming that its
structure does not change. This does not mean that the variables

included in the model do not change from period to period, but it does
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mean that the number of plants and their capacity cannot be changed.
A mixed-integer programming model allows the inclusion of alternatives,
such as increasing or reducing the number of plants, centralizing or
decentralizing the system, and buying or renting equipment. In this
manner, management can see the effect of some alternatives before
making the final decision.

In this chapter it will be shown how the model was constructed

and how the alternatives may be selected.

5.2 The System

An initial decision was made to select a typical product and a
representative system of the firm. Can manufacturing was selected as
the system to be studied.

The production process for can making consists of the operations
shown in Figure 5.1. These operations are: 1) coil cutting, 2) coating
and lithographing, 3) end presses, 4) assembly lines, and 5) packaging.

Following the decision that can manufacturing was the most
appropriate one for application of the expansion planning model, the
next step was to select the system.

The criteria used were 1) that the system should be sufficiently
large to represent a situation typical of other systems in the firm,

2) that the system's boundaries be easily defined, and 3) that the
data to be fed into the model be available.

The can-making complex is made up of seven plants. Some of
them are able to take the raw material received from the mills and

perform every step necessary to process it into the final products.
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Figure 5.1 The Can-Making Process
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These are called complete plants. Other plants have only assembly-
line facilities; they are called satellite plants.

This complex of plants may be considered as a closed system.
That is, with only few exceptions, no input from other subsystems or
output to other subsystems of the firm was allowed. However, for
those systems which could receive from or ship to other manufacturing
subsystems, additional variables and constraints were added to the
model, as in the case reported by Kendrick [15].

From records of past sales, a table was made in which each row
represents one product and each column a market. In one column
(market) there may be more than one customer, but for the purposes of
this study the identification of each customer is lost.

The number of products was more than 30. It was found advisable
to group together some of the products which had few differences among
them into a representative group. Two criteria were used in grouping
the preducts:

1. The cans should have approximately the same size.

2. The group should be manufacturing-homogeneous; that is,
all cans in cne group must be able to be produced by the same type

of machinery.

The above procedure resulted in six beer and beverage can groups
and six sanitary can groups. These groups, which from now on will be
called a "representative groups" or simply a '"product," are labeled

B1, B2, B3, B4, B5, B6, and S1, S2, S3, Si, S5, S6, respectively.



123

IV

Figure 5.2 Location of Plants and Zoning at Markets
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The aggregate demand for one representative group in one loca-
tion is then the sum of demands for all can-size members of this group
in that locatioen.

It was observed that most of the market locaticns are clustered
around the plants and around certain towns. Therefore, to reduce even
more the dimensionality of the problem, nine regions or market zones
were defined. The criteria for drawing the boundaries for each region
were as follows:

1. The nearness of a plant. One region was assigned to each
plant, or a group of them if they were nearby, on the basis that the
furthest point in the region be no more than 50 miles (approximately)
from the plant.

2. The concentration of customers. The location of each market
in a region is approximately at the same distance from all the supplier

plants.

After this classification, the number of regions was reduced
from more than 60 to only 9.

The locations of the plants and the zones are shown in Figure
"

5.2. The plants are indicated by an

Processes in a Plant

In this study, only the assembly-line departments were included
in the model. Within each department, several sections or types of
lines have been considered. Thus, plant A has three processes, namely,

line Bl, line B2, and line R3.
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The reasons that only the assembly lines were used in the model
were as follows:

a) Data on costs, standard times, etc., were readily available.

b) This department is common to all plants, both complete and
satellite.

¢} Most of the investment decisions concern this department.

d) The inclusion of other departments would complicate the
description of the application without giving new

information.

The relationships between other departments and the assembly
lines may be easily added into the model.

The unit variable costs in the assembly lines were used to
estimate the total unit variable cost for each product in each plant.

Each assembly-line department has either beer and beverage (BR)
lines or sanitary (SN) lines or both.

There are three types of BB lines and four types of SN lines,
each one with a definite capability of processing a range of sizes of
cans. For example, heer and heverage line type 1, is able to produce
only small sizes of cans, while line type 2 may produce small or medium
sizes of cans. Since some of the products may be processed in a number
of different lines, it was necessary to identify the line in which the

product is manufactured.
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5.3 Definition of Variables

The linear programming computer code used in this study permits
the use of at most six alphanumeric symbols to define a variable. The
code designation which is used to describe variables in the models is
in the form XX YY ZZ. The first two terms (XX) define the representa-
tive group of products. The second two terms (YY)} define the particular
plant and the production line where the product is manufactured, and
the last two terms (Z2) define the time period of manufacture and the
market region for which the product is produced.

In order to identify a variable easily, the following mnemonic

names were assigned to each group of the symbolic code:

xX:
Bl - beer and beverage representative product 1
B& - beer and beverage representative product 6
81 - sanitary representative product 1
S6 - sanitary representative product 6

As stated previously, each of these representative groups is

well defined in terms of the can sizes.

YY:
The first Y indicates the plant and the second Y the type of

line where the product XX is manufactured. Since the beer and
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beverage cans cannot be produced in sanitary lines, and vice versa,
the symbol XX indicates implicitly whether the line is BB or SN.

The symbols used to identify each plant are as follows:
A, F, G, H, K, L, and V. Thus, for example,

Bl ¥l identifies the beer and beverage representative product
1, produced in plant F, BB line type 1.

Sk G3 identifies the sanitary can representative product 4,
produced in plant G, SN line type 3.

B6 A2 identifies the beer and beverage representative produced

6, produced in plant A, BB line type 2.

77

The first Z gives the period in which the variable is in
operation and the second Z gives the number of the zone where the
product XX is sent. The first Z takes the values of 1, 2, 3. The
second Z may take any integer from 1 to 8. TFor example,

Bl F1 18 means BB representative product 1 produced in plant F,
BB line type 1, during the first period, and sent to zone 8.

S4 G3 23 means SN representative product 4, produced at plant

G, in SN line type 3, during the second period, and sent to zone 3.

5.4 Constraints

Only two groups of constraints were considered in this
example:
The capacity constraints of each line and the market constraints

in each region and for each product (of course, the integer and the



129

55 means sanitary assembly line type 5.

WW indicates the period of time when the constraint is in
operation. Tor example, T2 means second period.

Some examples of the complete labels for the capacity con-
straints follow:

PF Bl Tl identifies the row for capacity of plant PP, beer and
beverage line type 1, during the first periocd of the planning horigzon.

OK 82 T2 identifies the row for capacity of plant 0K, sanitary
line type 2, during the second period of the planning horizon.

In the market constraints, UU represents the name of the
product. The first U indicates whether it is beer and beverage (B)
or sanitary can (S). The second U gives the type of product, i.e.,
1, 2, 3, 4, 5, or 6., TFor example, S3 is sanitary can type 3.

The VV indicates the zone number. The first V is always 2
(zone), the second is a number from 1 to 9 which defies the =zcne.

For example, Z8 indicates the demand in zone 8.

Finally, the WW in the markets constraints represents the time
period when the market constraint is in operation. Thus, T2 means
second period.

Some examples of the complete labels for the markets constraints
follow:

83 25 T1 identifies the row constraint for the demand for
product 83, in zone 5, during the second pericd.

By 21 T3 identifies the row constraint for the demand for the

beer and beverage can type U4, in zone 1, during the third period.
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5.5 Data Collection

Table 5.1 shows the capabilities and capacities of each line in
each plant and the demand for each product in each zone. Each row is
one product. The columns are divided into two sections--production
and demand. In the production section, each type of line in every
plant is indicated by one column. In the demand section, one column
represents one region or market.

A number in the production section is the standard time (in
hours per unit of cans*) needed to process a product (row) in some
line at one plant (column). The absence of a number in a cell means
that this product (row) cannot be produced in that assembly line of a
plant (column). TFor example, product Bl may be produced in plant A
(lines Bl and B2) and in Plant F (lines Bl and B2), and has demand in
zones 1, 2, and 8.

The last row in the preduction section gives the capacity of
each line in each plant (hours per year). If one plant has several
identifical assembly lines, the capacity was added for all of them and
considered as a single line.

For those plants which have seasonal demands, the annual
capacity was reduced accordingly. If this is not done, then the solu-
tion of the model may indicate that one of these plants should produce
out of season. Since no inventory is allowed in this medel, the reduc-

tion of plant capacity is used to limit the production of some plants

%

A unit of cans is arbitrarily defined and i$ confidential
information of the American Can Company. For this paper, the
knowledge of this number is not important.
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to the months or weeks when the demand appears.

A rumber in one cell in the demand section indicates the annual
demand for a product (row) in a market (column).

With this tabulaticn, one has all information needed in the
matrix of coefficients in the mcodel. Thus, if one reads across a
row, the cells with numbers indicate the locations where the product
can be manufactured. If one reads along a column, one can determine
the products which a given line can produce, and the last cell gives
the capacity of the line.

For each time period, there are 18 constraintc relating the
capacity of each line and 52 constraints for the markets, giving a
total of 70 constraints per period. The capacity constraints are
constructed by reading down a column in Table 5-1, For example, take
plant G. The time spent in producing S1 and S3 cans must not exceed
2500 hours per year.

The market constraints are constructed by reading a row. For
each filled cell in the demand section, one market constraint is
obtained. TFor example, row Bl in Table 5.1 generates three market
constraints (Z1, Z2, and Z9), while row B2 generates only one con-
straint for zone 8.

According to Model B of Chapter III, the cost assoclated with
each continuous variable is made up of two components: 1) the unit
variable cost in a plant and 2} the transportation cost from the plant

to a market.
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The total unit variable cost of each can in each plant was
estimated with the unit variable cost in the assembly lines. It was
assumed that the unit wvariable cost from the beginning of the process
to a point before the assembly lines are reached is proportional to
the variable cost per can in the assembly department.

This assumption may be checked with real data later on. How-
ever, for this study it was necessary to assume some costs in order to
bring the total variable cost to approximately its real figure. Other-
wise, the investment cost included in the model would be dispropor-
tionally large, resulting in a biased solution of the model.

The transportation cost is made up of twe costs--the fixed
cost for loading and unloading (dollars per trip) and the variable
cost {(dellars per hour). In order to calculate the delivery cost from
one plant to a market, a speed of 30 miles per hour was assumed. Thus,

the cost for a trip is given by

C, = f + (v)(d)/30

where Ct is the cost of trip {(deollars per trip), f is the fixed cost,

v is the variable cost (dollars per hour), d is the average distance
between a plant and the customers in a zone, and 30 is the average
speed.

In order to obtain the transportation coest per unit of cans (see

note on page 128), the cost per trip C, was divided by the average
units of cans that can be transperted in a trip; thus, the cost of

delivery per unit of cans is obtained by
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Cp = C/U,

where CD is the cost of delivery {dollars per unit of cans); C_t is the
cost of a trip (dollars per trip); and U, is the number of cans that
can be transported in one trip {(units of can per trip).

The total unit cost of a product f.o.b. in the market is
CD + CV, where Cv is the total unit variable cost of production.

Before describing the computer runs, the main points of the
model described above may be summarized as follows:

In each period the mcdel has 70 constraints and 135 variables,
There are 18 constraints relating to the capacity of each assembly
line in each plant and 58 market constraints which define the demand
for each product in each zone and in each pericd of time.

Zach one of the 135 wvariables included in each period of time
specifies the product, where it is manufactured (the line and the
plant), the time period and the zone number where it is shipped.

Before describing the computer runs, some characteristics of
the model used to describe the example explained above should be
pointed out.

The model used in this application corresponds to Model B of
Chapter III with the following differences:

a) The objective In this example is to minimize the total cost
of production during three periocds.

b) Since only the assembly departments were included in the

example, intershipments of semifinished products were not considered.



135

¢) The raw material and capital constraints were not included
in the example.

The plamning is made for three periods. In each period the
model has 70 constraints and 135 variables.

There are 18 constraints relating to the capacity of each
assembly line in each plant and 58 market constraints which define the
demand for each product in each zone and in each period of time. Each
one of the 135 variables included in each period of time specifies the
product, where it is manufactured (the line and plant), the time

pericd, and the zone number to which it is shipped.

5.6 Computer Runs

In order to show the applicability of the model and its method
of solution, the following hypothetical situation was designed.

It is assumed that the planning horizon is made up of three
periods of time. The expected increase in the demand for each product

in each period is shown on the following page.
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Period
Product 1 2 3
Bl 1.0 1.0 1.0
B2 1.0 1.2 1.4
B3 1.1 1.2 1.25
B4 1.1 1.2 1.3
B 1.0 0.9 0.8
BB 0.8 1.0 1.4
sl 1.02 1.04 1.06
52 1.1 l1.01 1.02
S3 1.05 1.1 1.2
sS4 1.1 1.2 1.3
S5 1.0 1.01 1.01
S6 1.0 1.0 0.8

Discount
Factor 1.0 0.8 0.7

For example, the increase in demand for B4 in the third period
is 140 per cent more than the actual demand.

The first approach to generating the investment alternatives
was to run a regular linear programming and find the infeasibilities
and slacks of the system. Thus, the first run indicated that new
capacity was needed in beer lines and that excess capacity existed in
some of the sanitary lines. On this basis, eight investment alterna-
tives were proposed.

A description of each altermative follows. The symbol between

parentheses represents the 0-1 variable.
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Alternative 1: (ISGITI). Close one line S1 and one line 383 in
plant SG beginning with period 1. The saving in fixed costs during
the planning horizon was estimated at 0.17 dellars.

Alternative 2: (ISG2TI). Close one line S3 in plant 5G begin-
ning with the first period. The savings were estimated as 0.05
dollars.

Alternative 3: (IPFITI). Close one beer line Bl at PT plant
during the first period, with savings of 0.18 dollars.

Alternative 4: (IHRITI). Close one line S1 at HR plant begin-
ning with the first period. Expected savings are 0.3 dollars,

Alternative 5: (ILAIT2). Open a beer line Bl at plant LA
beginning with the second period, with an estimated cost of 0.5
dollars.

Alternative 6: (ILA2TI). Similar to altermative 1, but begin-
ning with period 1. The estimated cost is 1.5 dollars.

Alternative 7: (IOKIT2). Close one Sl line during the second
period and another 51 during the third period, at plant OK. The
estimated savings are 0.5 dollars.

Alternative 8: (IHR2TI). Build a new S2 line at HR plant
beginning with the first period; the estimated cost is 0.8 dollars.

A printed output list of all variables, continuous and integer,
is shown in the Appendix.

Once the alternative investment decision variables are defined,
a linear programming run using the Burroughs linear programming code

was made in order to calculate the penalties associated with each level
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of the integer variables. Then, eight new constraints were added to
force the integer variables to take 0 or 1 values.

The wvalues of the b-vector corresponding to these new constraints
were changed In each trial, until an optimal solutiecn, or at least a
feasible solution, was obtained.

The computer runs were made using a remote terminal connected
with the B-5500 computer at the Georgia Institute of Techneclegy Computer
Center. This method of operation was selected because it permitted a
more rapld change of data before starting each trial and alseo the basic
data remained in the computer from one day to another.

Figure 5.3 shows the flow diagram of the procedure used in the
remote computer operation. Two data files were used: Small File and
Big File. The "small data file" contained the following information:

1. The diseccunt factors for each period.

2. The forecast demand factors for each product and for each
period.

3. Additional constraint names to be added to the "Big Data
File"™ which were used to force the wariables to integer values.

4. Additional columns (investment decision variables) and rows
data to be added to the "Big Data File" and which corresponded to the
investment alternatives.

5. The walues of the portion of the b-vector corresponding to
integer variables.

In the first run, namely, when all variables were permitted to

be continuous variables, the constraints in point 3 above were of the
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the type "less than," and the b-vector values of point 5 were set to

1. Thus, in this run each variable-to-be-integer was allowed to take
any positive value no greater than 1. After calculating the penalties,
the type of these constraints was changed to "equal to."

The "Big Data ['ile" consisted of the data matrix corresponding
to all centinuous variables. These data were set as indicated In the
ALPS (Burroughs) manual. The information contained in this Big Data
Tile may be divided into three groups.

1. QGeneral information (size of the matrix, output formats,
name of the program, etc.).

2. Row ldentification. Name and type of each constraint. The
types specifies if a constraint is "less than or equal to," "equal to,”
or "grester than or equal to."

3. Matrix data. TFor each column, the rows with non-zero values
are included with their respective values.

In the Big Data FTile, a cost row was identified for each period;
thus, COST1, COSTZ and COST3 indicated the cost rows for peried 1, 2,
and 3, respective (see Appendix A-2). The elements in these cost row
vectors had to be modified by the corresponding discount factor,
Similarly, the demand for each product and each pericd had to be medi-
fied by the forecast demand factor given in the Small Data File (see
Appendix A-1).

Both the Small Data File and Big Data File were combined in an
ALGOL program, called Mixed/Invest, to preoduce a new matrix which con-

tained all modifications and additions for a given run. The output of
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Mixed/Invest, called "OUTPGMS Data," was the input for ALPS. Appendix
A-3 contains OUTPGMS data and Appendix B-1 contains the Mixed/Invest
ALGOL programs.

Tn the first run, the integer variables were allowed to take
any pesitive value no greater than 1. Penalties were then obtained
from the optimal continucus table, and the first mixed-integer trial
was set by assigning to each variable the level with minimum penalty.
In the table below, the following information pertaining toc the example
is shown.

a) The optimal continuous values for the investment decision
variables corresponding tc the example.

b) The penalties associated with each level.

c)} The value of each integer variable selected in the first

trial.

Value in Value 1in

the Optimal  Penalties  the First
Variable Table 0 1 Trial
ISGITI .8 118 # 0
ISG2TI 0.0 0] 5 0
IPFITI 1.0 .18 0 1
THRITI 1.0 3 0 1
TLAIT? 0.0 0 LY 0
ILA2TI 43 ® 1.1 1
IOKIT3 1.0 .5 0 1
I1+R2T1 014 * 78 1

* = infinity.
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Two examples of the penalty calculation fellows:
Variable: TISG1T1
Actual profit (cost) = -.17
Value in the optimal table = .8
From the sensitivity analysis output the max ((dj/arj) 0)s aTj<0) and

the min ({(d./a .)»0; a .>0) were obtained.
] 1] ]

Lower range = OPEN then, max (dj/arjso) = -» and penalty (1} = o,

Upper range -.0330 then,

0.0330 - (-.17) = .147

min (d./a .2 0
j/ r )

and penalty (0) (.147)(.8-0) = .1176,

Now, for IPF1T1, its actual profit or (-cost) is -.18 and its
value in the optimal table is 1. Then upper range is 0; then penalty
(0) = (1-0)(0-(-.18)) = .18.

It should be noted that the values for some variables must be
fixed for all trails because the penalties for some levels are equal
to iInfinity. Uslng this fact, another run was made in order to oktain
a better (lower) bound on the objective function. The values fixed
were ISGIT1=0, ILA2T1=1, THR2T1=1, while other variables to-be-integer
were allowed to take any positive value no greater than 1.

The results of this run indicated that an optimal solutlon was
obtained because the values for all investment variables were integers;
thus, no more branching was needed.

The results of this problem were used to generate another set

of 12 new alternatives, whose results were given to the American Can
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Company. Appendix A-U4 shows a sample of a mixed-integer solution

printout.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

A. Conclusions

In the development of this work, it was shown that long-range
preposals, such as investment alternatives, can be incorporated in a
linear programming model, in order to plan the expansion of a firm.

The medel and its solution permitted not only the evaluation of
a set of investment alternatives, but also the generation of new pro-
posals,

The scolution to the expansion problem also gives the solution
of the medium-range planning problem, namely, the allocation of facili-
ties to consumer regions.

The development of new algorithms to solve mixed-integer
programming problems has permitted the solving of many problems which
a few years ago were discussed only theoretically.

The solution of each step of the practical problem took about
ten minutes. Due to the computer system difficulties encountered, the
selution in each branch was started from the initial table, instead of
the optimal continucus solution. It is believed that with improved
computer facilities this time could be reduced at least 90 per cent,
because most of the computer time in each run was spent in drawing out
artificial vectors from the solution. Also, in an improved computer

system, the penalty calculation and the selection of the level of each
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integer variable may be incorporated in a single code so that the
computer may obtain the optimal solution automatically.

The method of selution permits the addition of new investment
alternatives at any time. After an initial trial is made, the decision
maker can introduce a new set of alternatives, and by running again a
linear programming code, the penalties for these new integer variables
may be calculated.

Also it is possible to look for other non-optimal alternatives

in order to trade-off for intangible factors.

B. Recommendations for Further Study

Suggestions for extension of this work follow:

1. Since some of the actual production costs are not linear,
an extension may be to divide the cost into fixed-fized, fixed-
variable, and variable cost and include these terms in the model.

2, Consideration of the intangibles either as an extension of
the model or as a methodology once the optimal solution is obtained
might be tried.

3. In most of the firms, the profit increase is not a sufficient
criterion but a minimum rate of return on investment is required. Thus,
in some studies the objective function should bLe changed to maximize
rate of return, rather than maximize profit or minimize cost.

In order to generate alternatives, a simulation program may be
used. When a feasible non-optimal solution has been obtained, one can
calculate the greatest improvement that may be obtained by trying other

sclutions. Therefore, in some cases it is not necessary to investigate
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all lattice points, because the greatest improvement that might be
obtained is small compared with the possible effect of irntangibles

and error in the data collection. The restriction that the demand for
the next period is kncwn may be relaxed by assigning a prcbability
distribution to the demand for each product. Using a Montecargo Simu-
lation, a series of demand vectors may be generated. Then a mixed-
integer solution may be obtained for each vector by using sensitivity
analysis, In this way, the effect of changing demand on the investment

decision can be calculated.
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APPENDIX A

SMALL DATA
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IPFITIPFRLTI ACOQs YUUUUDs 3
1PFITIRIPFIT 1. YURUuQas
[HR1TI1CST = a3 ELLEEIR ]
THRITIHRSIT] 50004 — i — —_— Yyuugues
IHRITIHRS1T2 7500, CEILCELY
IRRITIHRSITI 7500, R Yualypés
1HRI TIRIHR1Y 14 UOUUueaY
ILALTICST 0.9 Uy Y
. LA{T1LAPLT1-4000. uvueuoal
ILAITILARETR=4000, - . yuuiygsz
1LAITILARITI=4000, FIT T EN]
ILALTIRILATL 1. - e T —_— - —- . YUUuuOae
ILA2TICST 1.5 PEITILEE]
[LAZTILABATI=4000. - T Juuliuoss
ILA2TILARIT2=4000. FITTEEY
TCA2TILARITI~4000, e — _ I Quuleone
LLAZTIRELAZY 1s Goowuusy
VYLUURBY




- TORITZTST = T .
TUUVO0el

I0K1T2NKSITR1 0000, I
- TORTT2ZNRSITIT000G:  ~ - uwwdypez
10K1T2RINKLZ . TOUUUTES
THRZTITST i vuuRyus R
IHR2TIHRS2T1~2500, —rirtrioueyy
- THRZTIHRS 2T 2=2500% _ QUUUUDSS
IHR2TIMRS2T3I=2500, truw BgueT -
- TRRZTIRTARZT T~ — = T R — e ugueyyes
10K>riCST - W7o o — T Tuuuvuysy
TOKRZTIDKSITY 5000 YUY rY
10k2T1DKS51T2 7500 YUUUTIT Y
T TORZTINKSY PO — — —_ _ uuuvuarE
10K2TLIRTAK2L 1. Ty
“IPFITIT = eI — - wvyviyors
TPFPTIRFALTY 43004 — Uuuslry
TPFITTFFRITZ 800G vuuduore
- IPF2TIPFALTII2000, UUGIUOrT
T IPFZTIRIPFZ21 ~ 77T, — - — J— _ o _ ugulpore
IPF3T2C8T = NE - OuuvuuTy
Ty — — o EERENTLIT)
IPF3ITZPFA2TI 4000, TUVIUITT
TPFITERIPFIZ T+ . [NV TS
ILA3TiCST - 1e TUTlUTEy
TCE3ITIL AR T 300U T - . — R — o JUULURB R
ILA3TILAG2T2 4000, G -
TARZTI ATU0, - : - . vuviugbe
ILAITIRILAIDL 14 TUYeUTST
- YUUULeBE
NEWBRW TUUTIUEY
RTSGTT T - - uuuvuoYe
RIPF11 1.9 uuuyuuvi
- QITARYT 1+ e —— . vuuieure
RILALY tedl o7 TUUTUOYY
RILAZY T.0 vevlogya
RINKLZ ta COUTUUYY
—RISGZF Tt —— R _ . vovibvure
AIHR21 1.0 T UOwiuYTT
— MR T — . R e vuLruuyye
RIFF21 14 T uuuuupYy T
BIPF 32 T+ yyuuulue
RILAZL 1+ CLLERL
T RIPFFT T T+ fe——— e ——— vuyugLLE
RIPF32 1. TTTUOTUT
RICA3T v vuedulud
ENDBRY JE—
uuuolIVe

“HOTHANGE
TUveuTUT
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APPENDIX B

BIG DATA (A SAMPLE)



vlG /IEUSLRS

LISTLDL At

18131 ON 49259 1

Bl

FHIN1AGY

THIXEUTTTT 300 TTBO0 TUUGUU0U
CONTHDL vuuibypue
OUTFUT [ICITITE
N 1 4 1 wuuLuuue
e — e _ — ——— — - - - T UTOGOU000Y
MEADING Yuuuyyue
"MIXED TRYEGER PROGRAMMING — — T Tt - - T T ouuuoueT
END [TTEENNES
READ TATR TIUITUTY
CARD uuuiugly
ROW 1T - - TUOUUOTT
t ST [T TS
5 EPTATTY EPFAZTT TFFEITT RCAITTT CECNEETT
5 KLaR3TL =d1£1T1 =dH1£2T¢ =817871 “HaLbrl uuugugle
5 “AITITT BILBTI =URIITL =H¥IBT ] RCLTARS! TUUGUOIS
4 "H5Z71T1 424871 =duLYTy ~HOZ1T1 uuvbuole
= LIKSITYI ETTRSZTT SORBITT KORSoTT ESGSTTI DUUEJUULF
5 L5G53T1 KLMSITY &VIa1TY AVT54TY SHRS111 vuybuula
- 9 XARSZT1 EAASST =S1ZIT1 =ST7271 *STZ3T1 UOUUU0TY
5 -5174T1 =5125Tt 514071 =517871 =52s111 wwvbugzy
5 528271 *Z2LITT =SZIET =52177) TSEABTT UUULU021
5 -53717t -5372T1 =53£3T9 =5474T) =53£201 voyilegey
E =5376T¢ =53ITT REETL:ASY “5379T1 ELTENE - T TITE]
5 "S472TL =54£4T1 mSALET 547671 =s4l801 UUULUGER
3 =557171 ~5572T1 =50Z3T1 =557571 =55Z611 VoguvREs
5 *8577T1 *55,8T1 =S6LETY ~30757T: “stibll uuuVYgLe
1 =B87BTT TOUDLORT
5 LPFRALT2 aPraeT2 LPEBIT? LLARIT2 sLAYLlR uuuivues
5 LETR NS BEEANE] “H1Z272 =HTZBTZ =aZe1d UVDUUGEY
5 =H3IZLT? BALHT2 B4L1TZ =H47872 A TAAE] LTI
T =B57YTZ  =89IBTZ TTRESIYIZ T T =HBZITY TUUUUTIT
3 Lags1T2 L0R52T2 EURDIT2 RUKSHT2 auGulra vouuuP I
5 B3G5 372 EERSIT2 RVTSITE AVYSITZ EAREITZ UouVu0e3d
3 EHRSZ2T2 EHKSDTZ =5141T2 517272 Telsdti ULuLbue 34
T3 T =RI7ETZ T wstELT? TS TITIr T MSII8TZE . "SEZITE - TUULUUUIT
5 -527272 =5¢2372 =52inl2 -sd7r12 32412 vuyiunde
¥ 537177 aIlZT S¥ITYE =SFTITE IFLITE o UUUDUUJI
5 ~53726T2 =5347T2 "5 4LBT 2 =5379712 542112 [T
Ed b L WA ] woOTLITS WAELNT Y ®3F 70T ERi-AK4 UUU‘ZIIUJ"
3 557172 =524272 83£4T2 =53 rhT2 =83401e IR
- B T SILHTZ SGLETT "SUZITE SELYTE UUUSUUFT
i =547872 UUULUOA
Bl APFRIT] SPFHZTY SFFHITT ELRATITT - C4x ] ToouvgUs 3
5 LLAR3TY =81£1T3 =B1£273 ~B172873 =B2LUTd vupiyyed
=l "BIFITT B3Z8T3 *H¥ZI1T73 =g%FuT3 HEL¥ T TUTOGORS
& 352173 =32£873 =43£4973 =8874T3 uvubyuse
5 LUNSIRE] EORS2T3 TTRSITT - TUGUUUN T
5 £5653T3 &LN51TS Ev131T3 AvT$TY [GLETRE] yuuGuoat
3 IARSZTI TARSSTY wETZITY =ST72T3 =STZ3T4 TUOUOTRY
3 “S1Z4T2 =512513 =5140T3 ~517873 "sdilld vuuivgay
£l Y2 ¥R SCcLITY SELUTY - T-FAE K] SELUTY ToUUoTI]
s =537173 =542273 =53£4T3 =53747T3 =5345703 vuuUuYS
k] “€37673 =S3ZIT3 I EFLLE] =SIIRTI T T =¥ ZITd CECIIT RN
5 442273 -56Z3T3 “SAL8TY -547673 544813 vuuLugS 4
k] =I57ITS =SIZ2T3 =TIIITY =5375T3 =S5Zb6T3 CILLLEEE]
5 5572773 =522813 m36£2T3 567573 584674 T L
T =SE7ETY UUUUOUST
END voulugsé
CARD o [T
MATRIX (UL




Bla11icasTy 4330 FOETTIYY
BlAa111LARITL 10+8 UUvYUoe
glA1118171T1 14 [T
_ Bla118¢£gsTt 2330 Uuudvuas
B1Aa118LaB1TE 06 (ST
BlAj1EA1JBTL 140 VUULLYBE
Bia211casTi 4330 VouUTosT
B1A211L 49271 80:86 . VUVUUOeY
BLA211ALTZITE 1e - o IR
Blaz18cpsT1 2330 uyuiyory
BIA2{BLAARTL 806 [TTIIETE]

_ Bla218R178TL 1.9 R . S R . _ vuubugra
BiF111cosT1 2320 : BTTTTETE]
_ BiFN11PFAITI 1.1 vuovuuse

BIFL11AIZITL 1ed - T - - T/ = — - - I —— —
BiF112c0571 2770 I
BI1F11ZPFRITI 41,7 [T
BIF1128172T1 1.0 vuyloord

BIF118COSTL 6320 T T - 7 - - - TOVUugrY
BLF118PFalT!l 41.f vuuluysy
BIFTIBAIZBT] T, - T - UUUUUUET
BiF211C0STYL 2320 vusiiuue
B1F211PFRZTT T1.7 DOUUTUBT
BLF2118171T1 1.0 yuuuygBe
BIF212€08T1 2770 [T
B1F24 2PFR2T! 4147 Yuluugss
BifFEiIRIz2TY Yy o UUUCUUBT
BZat18¢cpsT1 2160 vouuuoso
824118 a1l 41,2 o0ulUgay
___B2A118A228T) 1e0 YuuyuuYL
TAZAZ1BLGST1  J340 - TttTTT T B T Tt/ R [(ITILERS
HB2A218LAR2TI 1.2 uyuuuuY
CTBRAZIEEZISTL IO T T T T o - T00U00Yd
B3A31840%5T1 3700 I T
B3ALALAR3T]  64.3 T IR
8343148837871 1.0 . e YuuuugYe
83F311¢08T1 2500 T T - VUUVURYT
BIF3{1PFRITY  52.1 uuuivvoYs
BIFI118371TY 1.0 - - [TISTEL]
__ BaAjisepsTy 3700 T
B4A31BLARIT! 64,3 VUUU01U1
BAaA318RaZATY 1.0 vupuive

Teaay{vegsTy Tstog T T Tt Tt oo - - T T T T uweluTes
Bapa319LARATL 6443 [HHTE R

T BAAN{VARaZOTY T 1. T T TueUTTOS
BAF311004T1 2900 vuuiviue
BAF311PFASTL 52al - T TUUCTOTIOT
B4r311na71 71 140 ubiygus
T TBSAYECOSYY O sf§ T T Tt I Tt T UUUTOIUY
. ._B5a218LAR2T1 55,3 e _ vuuue1lu

HSAZ21BRSFATI 140 T o I - Tt LTI S
___B54219¢cpsT1 4940 o wuodoy12
B5A219L 4R2T1 5340 B ueuuol1is
. B5A721985797T1 140 _ YUUUUL1a
B5F711¢08T1 2860 T E L
e BSFE211PFR2TI 51,4 . O Quuuulle
B5¢F2118571T1 1.0 TR
R6F211CQ8TY1_ 2920 B ___vuubuile
B&F211PFR2TL 5246 FECITIEES
. BEF2118671T1 1.0 _ o o . vuuiuley
51G11icosTl 2620 vudlulel
__ 51G1118G$1TY  47.6 vyylulze




T T Biz6Ta o,
GuuLaes

B278T3  256,5 _
[EF4 LE] 27, - — - UUUY14RE
BazeETI Te2 [TTTYY]
BAZIT 69, YY)
a 7 o VuvULARY
Baz9T3 12, - e R R PO EL]
R BSZ17T3 G vuuu 1Ayl
B5ZAT3 8¢ T : . . N guuoyaiz
B5Z9T3 30, UUUYTAI3
B6Z173 47, YuadL43a
0K517320000, VOUTTE IS
K527 2500, — e e G e —me — o UUUY1IaIs
_ DKS3TA 2500, T T UUwITRIT
HK&STA 3&0G. T oo e ey o - L uuud1a3
SGS173 25004
§G53T3 2500, QYuudlsdy
_ LNS1T3 25004 UUUULGA1
VYsyTY 3500, ) T — : yugdlaag
.. NYS3T3 2500, ULLTELLE]
HrSsiTIZO0OG. T i - — wuuu1a44
HRS2T3 2500, QUUUTHAS
WRS5T3 2500, Upullaad
_ 517173 18.5 GUOUTERT
§172T3 7 . : uuvu1esy
512313 29. OUUUTGEY
$17473 63 —_— e = - uelledy
$17571 2. COUUTEST
s12713 e uuuo1a52
_ §178T3 20, UUUVIADY
% 2.5 8 & R Y e [T L]
527273 13, —  GouvTEss
%373f3 1E, T T T T T s eem—— s e woudlane
527473 2 TUUTITST
277713 2 S — GUUU1AYE
527813 157.6 UoU0145Y
T &3navy 23,2 — e e —_— e ) opudiaey
537213 25.3 T 0 ]
TEIFITE LE.S T T Tt T —am amemm —e— o e oggdlang
537473 11,9 4 3
£375T3 2045 oyyulaed
537673 14.8 TUUUIAES
SIFTT3 LI — —_— P wugilges
$378T3  30.¥% OUUOTAS7
537973 5.2 LY
587113 5.1 GUOUI46Y
47273 4.2 veuuiary
547373 8 VUUULATL
547473 248 — o wwuinarg
__ 547613 1.2 / 3
5478713 28, . - e e - - — — e —— - o uuuULara
557113 24, vuvuiady
$57213 3 ) —_——— ———- N UUUVIATE
557373 _ _ GUG0LaTT
$57573 S - - [ - _uvodiare
5574673 DUudLary
£577713 - — - R T e _ . buvUiasy
§57873 VUTUTEBT
567273 cuouIabR
S425T3 PLLIFLLE)
S&876T3 - - — s e — e - - C e I DUV A8E
5567871 [ EY-E]
upultans




EOF [T
START PHASE ONE pooG1ase
TCET [} - ST T/ o CUUTIAEY
CONPUTE outl1avy
T ] TUUUTAY]
05T RANGTING oULU1 92
Tl ’ TTTTOOuUTAEYS
t1PFI1T1 Gobilava
TRARTTL - - Tt/ T T T . ) - e 73 £ & 2
TLALTL TULULARS
TOKITZ OCUGT&YT
fLA211 UUQULase
IHR2T! vouliaou
tPF211 M T
TPF31T2 TUUUTAUY
1ILA3TY I ET L]
END . . - Ciai e

CONCLUDE V0B L5080
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APPENDIX C

OUTPGMS DATA (A SAMPLE}



MIXEL 300 ang

CONTROL
—GuTPUT
v} 1 4 4
—RD
HEADING
TMIXEV INTEGER PRUGRAMMING -
1.00 0,80 0,70
1,00 T.00 1,00 1.00
2400 1,00 1,20 1,40
3,00 110 1.20 1:25
4,00 1.10 1,20 1,30
5,00 1.00 0.90 0.80
6,00 0,R0 1.00 1.40
7T+00 1.072 U3 1406
8,00 1.10 1.01 1,02
Y00 1.05% 1,10 1+£20
10.00 1.10 1.20 1430
T, 00 7.00 T.01 1401
12,00 1.00 1,00 0.80
“END
READ DATA
CARD
ROW 10
1 ST
S SPFRITY LPFB2T1 4PFB3TY _RLABITH L ABZ2T]
5 RCARITI =8BIZITT =8 1 -
5 =B371TY =HIZBT1 “H4Z1Ty ~B478T1 =R47YTY
q *R571T1 =B3IBTY T ®BSLYTI -BE7TTY
S LROKS1ITH &0KS2T1 LORS3TY ROKSS5T) £SG51T1
5 E3GS3TLT  ELNSTTT  EVYSITT  RVYS3T1I &HARSITY
5 BHRS2T1 EHHSS5TY 532171 =5172714 »5123T1
E] =S174T1 =51Z5T1 =51Z7T1 =5178T71 w52Z1T1
5 =5272T1 =52737T1 =5246T4 =35277T1 »$52Z8T1
] =s371T1 =537271 =53Z3T1 =5374T1 *53Z071
5 =5$376T1 -53Z27T11 =5328T1 =53797T] =S4Z1T1
S =5a7271 =S473TT wSAZATY =S5H76T1 =S&ZBT1
] 5571 T1 =5522T1 =55Z3T1 =5575T11 =3576T1
5 ®TS577T1 =55ZBT =56Z42T9 =5675T1 5626711
1 =56768T1
5 EPFBITZ EPFB2T? EPFB3T? ELABIT2 SLABZTZ
5 RLAR3T? =3171T2 ~H142T2 ~B17872 =B2287T2
] ="837172 =g3zaT?2 "B4zI1T2 =B47872 “B4Z9TZ
4 =R5217T? =35787T2 "BHI9T2 =R6Z71T2
5 AOKS1T2 E0KS2T2 L0KS3IT?2 rUKSST?Z 8565112
5 85G53T12 ELNSIT?2 &VYS1TD AVYS3IT? 4HRS51T2
S EHRS2T? &HR55T?2 =51Z172 =517272 51272372
§ =5174772 'Sl§5T2 'SIETTZ =5178712 =522172
5 ll 8-0 478 074 =SEL3T? ~5ZL6T? *S5277TTYE *52L8TZ
5 =537172 =-532272 =5323T2 -537247T2 =53Z572
5 ~5I7672 TSILITZ T WEIZEYS T =5379TF <S8 ZITE
5 =s4722T2 =5473T2 =S4Z4T2 “S476T2 =-542872
5 =53 7ITY s3FZ2Z2T2 wSSZITY &ST7STY wSNTOT2
5 =8577T12 =55787T? =56£2T72 5675712 =567672
T "SE7BT?
5 4PFRIT3 &PFB2T3 &PF B3T3 RLABLT3 §LABRT3I
5 LLAR3T =-81z173a “=H1Z273 =B17873 =§27873
5 =R37173 =B3ZBT) ~B4Z1T3 =H47BT3 547973
[] =A5217T3 307873 =B579T73 =B871T7T3
5 ROKS1T3 R0OKS2T3 LOK53T ROKSST3 L5G5173
5 &SGS3TA RLNSIT3 EVYSITS YAEERE EHRSIT3
5 &HRS2T3 LHRS5T3 =512173 517273 ®51Z3T3




5 =5174T3 *3125T3 -S1Z7T3 =512873 *S2Z1T3
5 -527273 =522373 521673 -$527773 =52Z8T3
5 =537173 ~53727T3 *$3Z3T73 ~337473 =53Z25T73
5 =5376T3 =3532773 =5328T3 =537973 =5471713
5 «85472T3 =3547373 =54747T3y =S876T3 =54Z8T3
3 "S57173 =557273 =55Z373 =532573 =5$52673
5 =557773 -§57873 =5622T2 =567573 *56Z673
1 =5678713
1 *RISG1]
1 +RIPF11
1 +RIHRI
1 +RILAL2
1 +RILAZ2L
1 +RINKY3
1 *R1SG21
i +RIHR21
END
CARD o
MATRIX
Bi1A111CST 0,008330
B1A111LARITY 40,600000
B14111B171T} 1,000000
B1A118CST 0.002330
B1A118LABIT! 40,600000
Bi1a1188178T1 1.000000
B1A211CST 0.004330
B1A211LAR2TZ  40,600000
B1A211B1217T1 1,000000
B1AZ18CST 0,002330
B1A218LAR2TI 40,500000
B1A2188178T71 1,000000
BIF111€ST 0.002320
BIF111PFBIT] 41.700000
BiF111B171T1 1,000000
BIF112CST 0.002770
B1F112PFR1ITY 41,700000
BifF112R172T1 1,000000
BiF318CST 0,004320
B1F{{8PFRITY 41,7V0000
BiF118R178T1 $,000000
BIF211€ST 0.002320
__ BIF>11PFRPTY 41,700000
B1F211B121 T 1.000000
BiF2q2¢ST 0.002770
BLIF212PFR2TI 41,700000
BiF212R172T1 1,000000
B2A118CST 0.002360
B2A138LARIT] 4t,200000
B2A118R8278T71 1.000000
B2A218CST 0,0023580
B2A218LAR2T! 41,200000
B2A218R278T1 1,000000
B3A318CST 0.003700
B3A318LARITI 64,500000
B3A3{BR378T} 1,000000
B3F311€57  0,002%00
BIF311PFA3TY 52,100000
B3F3118371T! 1,000000
BOA3I1BCST 0.003700
B4A3(BLAR3TI 644500000
B4A3I1BB4ZBTY 1,000000

BAAIIQCSTY 0,005100




BaA319LAB3T! 64,500000

B4aA319BAZ9TY 1,000000
BAF311CST 0,002900
BA4F311PFB3T1 52+100000
T BAFIITBEZITT  T1.000000
B54218CST 0,003180
B5A218LAB2T! 55.,500000
B54218857687T1 1.000000
B5A219CST 0000940

B5A7219LAB2T! 54,000000
B5A2198529T1 1,000000

BS5F211CST 04002860
{ .
BS5F211B521T1 1,000000
[ ]
B6FP11PFR2T1 52,600000
~ B&FZIIRGZITT  1.000000
S16111€ST 0,002620
S1G61115GSITY 47,600000
S16111817171 1.000000
T SIGI126ST  0.,002880
S161125G6S1T1 47 ,600000
S1G1125172T11 1,000000
S16113¢CST 0.003070
T SIG113SGSITI 47.5600000
$1611358173T1 1.000000
SIGt15€sT 0. 002920
S161158GS81T1 47 .600000
*
$516117¢CST 0,003410
STGU17SGSITI 57,600000
516117512771 1,000000
T SIHTYTCST  0.OU2ZvIO
S1H117HRSIT! 44,400000
STH1178177T1 1.,000000
S1H118CST 0002310
STHTTE .
S1H1188128T1 1,000000

TTSTKITICSTY U, 002130
S1K1110K81T1 49,600000

Ki1 .
S1K172CST 0.002470
SI1K1725N122 1,000000
SIK112CST 0002870
S1K1120K51T1 49,.600000
STK112517271 1+000000
S1K113CST 0,002620
STKT130KSITY 5% ,800000
Sik113s517371 1.000000
SIKI1AacCsY 0. 002810
SIK1140KSITH 49,600000

1 )
S1K115CST 0.002620

SIK{150KS1T1  49,600000
S1K115517571 1,000000

11 .
SIL115LNSITY 45,400000

STL115812571 1,000000
S1L117CST 0.,002310

SIL14TLNSITI 45,400000
$1L117512771 1.,000000




B47IT3  B9.700000
R478T3  94,900000
B479TI  15,600000
B57173 4,800000
*
B579T3  24,000000
— - BEITTY  65.800000
AKS17320000,000000
NK$2T3 2500,000000
NKS3T3 2500,000000
*
SGS1T3 3500,000000
SGS3T3 3500,000000
LNS1T3 2500,000000
S1T3 2500,
VY$3T3 2500,000000
~ HRSIT3IZ0000,000000
HRS2T3 2500,000000
T HRSBT3I 2500,
S171T3  19.610000
S17273 3.540000
S173T3  30,740000
S17473 6.890000
517573 2.120000
517773 8. 480000
$17873  21,200000
SZ71T3  23,460000
$S272T3  13,260000

§276T3 2,040000
S277713 2.040000
$278T3 1604752000
L]
$372713 30,360000
S373T3 16,800000
$3747T3 13,800000
§37573 24,600000
537673 17,760000
$37713  48,000000
$S37873 37,080000
S3797T3 6,240000
S47173 6.630000
$4727T3 5,460000
547373 10,400000
S5747T3 3,380000
547673 1.560000
S47873 33, 800000
5571713 24,240000

§57273 B,282000
857373 4.+545000
S575T3 0.,505000
557673 0+707000
]
557873 4,242000
567273 0.,800000
567573 1,600000
S676T73 0,800000
S678T3 0640000
RISGY} 1.,000000
RIPF11 1.000000
RIHR1 14000000

RILALZ 1.000000




RILA2Y
RIOK13

1,000000
1,000000

RISG21
RIHR21

1.000000
1,000000

EOF
START PHASE ONE

csT B
COMPUTE

esT R
C0ST RANGING

1sG1T1
1PF1T1

IHR1T1
ILALT2

10K1T3
156271

ILA2TY
T1HR2T1

END
CONCLUDE
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APPENDIX D

QUTPUT ALPS (A SAMPLE)



DATE: SEPT 17s 1969 RUN STARTED ATs 1860 HOUYRS B 550C ALGOL JuTPUT FROM PROGRAM ALPS
MIXED 300 800 wilw A L P S-1 FOR B550¢
LA ANFS A FLEE LB TAREASATNEALTL S
auhpwes] THPUY Iand ki IIMES] PROG ' 1.1 ELAPSED = 1,3
CONTROL CORTRNL CARU
auTRuT
0 i 4 & o QU 1 Y | R - _—
END
HEAQ TN LONTAM ¢arn _
NTEGER PROGRAMMING .. J— RN [ — —_— -
1.00 0,80 0,70
9 1a00  1.Q0 1400 R R e ———
2.00 1,00 1.20 1400
.00 ta14 1.20 1425
400 1.19 1.20 1.30
— 200 0,90 . _ . _La.&%
a.00 048y .00 1449
I 1,02 .04 1.06
B.00 1,10 1,01 1.04
2.00 1.05 1.1 1.00
10.00 1,10 1.20 1e39
£1.00 10U 104 Lol . .
12,00 1,00 1.60 0489
_AEAD DATA  CONTRO4L CAROD - I - e
CARD
CARD
THE PRUHLEW HAS 224 ROwS AND &34 COLyMNS, L4l MATRIX ENTRIES ANO 0 R,H,5.
THE PAUBLEM HAS 224 ROwS AND 634 COLyMn5, 1716 MATRIX ENTRIES AND 1 ReHoSe
L CAKD
.. 08T B
*xkuk[ INVERT Jopwddwx TINESH PROC, = 7741 ELAPSED = 248,3
- REINVERTING AFTER  O=TH LTERATION, O TRANSFORMATIONS WITH 0 ENTRIES,
MEGALIyf RIGHT.HANG CINE.pROM INyERTIN =
MUmgER 0F ENTRIES IN BpASTS PRESENTED TO INVERSIDN: 381
wvdww<] ESINY Jrweews  TINES) PROC: »  90.4  ELAPSED = 280,1
_COMpUTE  CONYRODL CAHD N - - R ;
.Y 1 S — .
wakurel E/INP Jxewman  TIMESE PROCs = 90.7 ELAPSED = 28242
satxw<{ JNVERT ivhwass _TIMESEH -
BEINVERTING AFTER 75-7H ITERAIInNs 297 TRANSFGRMATEpNS WITH .. 702 ENTRIES. _
NUMGER OF ENTRIES IN pAsls PRESENTED TO INVERSION3: 461
) wheare[ EJINV  Joxewwas  TIMESI PROC, = 1B2Z,0 ELAPSED = 491,0
@=0r

—SUM_2,.85043]
SUM 1,27229@=11
INVERL j3>w

| BOW 34 -4, 284088=08,
MAXIMUM ERROR ON COL 25 =1,81a998=12,
(TS LEY

*+  TIMESt  PAQC..x 248,0 FiAPSED =  AlMe1l



plvGT RATI1O B H,5 ARTIFICTIALS 20 $TRAN

11Eg NsJECTIvE  FUNCT, ENTER MIN REO, c0ST _ExIT

187 1,764419728=10 INFFaS ROZRTI =1,612500008-02

ARTFL]

35.53R76017 R 28

A51

2

adkwwe[ PHASER Fawwhds  TIMES) PRGC. = 303.6 TLAPSED = 725,3
MAXIMiM ERHOA ON ROW 32 1,266608"07F, SUM 5.217408=07___ .. . -
MAXIMUM ERROR OM COL 92 0,000008+00, SUM 0,000008+00
MAXIMUM EAROR DN RQA _ 92 5.88046@=0H,  5SuUM 3.065]108=07 — -
MAXTIMUM ERHOR ON COL 12 =E&,867578-12, SUM 2,42295@=11

wnund<[ HASTS Jowddww TIMES) PROC, = 322.,5 ELAPSID = TI4,43

*a*sw<[ [NYERT Jaewavv  TIMESS PROCy = 358.6 ELAPSED = 45544

REINVERTING AFTER 275-TH [TERATION, 297 TRANSFORMATIONS WITH 1392 ENTRIES.
NUMEER OF. ENIRIES [N #ASTS PRESENTED. 10 INVERSINNA

AR ALT

L IRy

wwk kR

RETNVERTING AFTER 2a1-TH JTERATION.
. _ __HIMAER OF FNTRIES IN 5ASIS PRESENTEO To_INVFRSIONE

_ExFedTIonN TIME = 476 stgs . I/0 TIME w834 SPC,

Aw

278 TRANSFORMATIN
621

LTINS

~ELInNy L
axAawdl E/PHEZ Jrankwx  TINESE PROC, = 473,86

613 . -

IBTELEL Y]
INVERT Jo>aemes

TIMES1 PROC, = 447,2

ELAPSED = 101%,5

NS WITH 1651 ENTRIES.

TINESY PROL m AZA LT

ELARSED = 1052,.5

SFPT 17+ 1969

ELAPSED = 10%4,0

TIMEL . 15839 HQURS .




iteg DBJECTIVE FungT, ENTER,  WIN RED, £DST  EXIT, PlyQl RATIO R,M.S. . _ ARTIFICIALS  #DJ JTRAN

281 1,004045998401 ST slk112  15,000000008+00  S1G112 9,17999995 § Q 0 883
ACTIVITY CURNENT vALUE LINE COUNT  CONSTRAINT NAHE  TRANSFORMATION VECTOR  PRICING YECTOR
ARTFCL =10, 03n4n947 1 csT 6,00000060 1,00000000
ARTFCL 0,00000000 2 INFEAS 0400000000 0,00000000
PFOLTL 1673,50573498 e D _EBPFBITL 0,00000000 . . 0,00000000

T oeFRZVLD 514 40039y L APFR2TL 0.00000000 0.000000C0
_ FEB3TY  2488,24003367 .5 _BPFB3TL . .00920060 _ 0,00000000
T T Te2atié 256.,50000000 & ELABITL 0.00000000 =0,00004951
Las271 1¥36.,00000000 7 L AB271 . ._0.00000000 0.00000009
Haa3LY 13, 19999993 a SLABITY €.00000000 =0.00005738
B1F111 4 1969068 8 _ . “81Z1T1 . ..0,00000000 =0,00232000
uiF112 10 =817271 0.00000000 =0,00277000
B1p1138 $0.00000000 1) ~B1zBT1 0400009008 =0,00032000
614111 4379803032 12 ~42zB71 £.00000000 “0.,00032030
yaF3ll 26, 69996993 13 =B3z171 0,00900000 =0,00230000
H3A31E 79199999y 14 B3z8T11 0400000000 0.00000000
BuF3Ly T9.,39999562 15 527171 0a 00090000 *0.00290000
BqZB11 83.51475054 18 =BazHT1 0.00000000 0,00000000
Hapa3ld 133, 018759¢8 iy __=BazeTl_ . 0,00000000 ... =0,00140000
B5Fell 600000000 13 8572171 €+00000000 =0.00286000
B5A218 3.00000000 19 =A57871 £100000020 =0,00318000
B5AZ1Y 30, 00000000 D) ~d4579T1 ©,00000000 =-0,00494000
86F21! 3759999990 23 =H671T1 6,00000000 =0,00292000
awsiTi T, 76483960 27 LaxsiTl 0.00000000 0.00000000
0xs2rl 1603.8703¢g0R2 23 AQKS2TL 0.00000000 04000000600
sSK311 Zu.49180328 24 L0K53TH 0.00000000 0.00000658
S6K516 1:0000G000 25 L0K55T1 040000000 =0,0000047)
536112 14,28252852 26 565171 00000000 =~0.00000627
$5G317 Pe3vI999YY 27 8565371 €+00000000 0,00000288
LHs1T] 17 3. 916AN546 FE] ELNSITY 0.00000000C 0,00000000
$3v1ls Yangganiaf 29 BYYSIT! 0,00000000 0.00000724
VYs3T] 1106, 9600367 30 AVYSaTL 0400000000 0.00000000
HES§1T11 B03b,537539567 3 AHRSITL 0400000020 0,00000000
HRs211 ?855.00000715 iz SHR52T1 De0GO00000 0400000000
PLEERE! 1684,00000808 33 RHRSSTIL 0400000000 0,00000000
S1k11l 18, 86996909 34 =s1z24T1 G.000000G0 =0.00213000
. S1kilZ G 1TIRREYY __ 35 E =512271 0,30000000 = 00247000
S1ki13 29,57999597 36 ~5171T1 0,00000000 =0,00242000
Sinlld 6.63000000 37 =517471 000000000 =0,00261000
516115 2.03999999 48 ~81Z5T1 €+00000000 =0.00262137
S11.117 . bBa159yuger 39 ~512771 0400000000 _ =0,900231000
SIHLLE 2. 39999954 49 517871 0400000000 =0,00231000
S2K111 25.29999595 4y =527171 0400090000 =0,00210000
SZrIl? T4,29599995 a2 =s272T71 €,000000C0 =0,00244000
s2vi1d 19.79999995 43 1522371 0,00000000 =0,00222364
52Kk116 2. 19799999 [T} 527471 6400000000 ~0,00221000
s2L1L7 2,19999999 45 =5272771 0,00000009  =0,p0230000
52HL18 173, 35999966 46 =52z4T1 0400000000 =0.00246000
53K111 24.35999%9¢0 ar ~53Z1T1 0. 00000000 ~0,00226000
SIVILZ 26,56499593 a8 ~532271 0,00000000 =-0,00274000
§3vitd L7,38495993 49 =5373T1 0400000000 =0,00236000
53K11% 1056551255 50 =5374T1 0.00000000 =0,00316000
$3K1i5 7,28247104 S1 =537571 0,00000000 =0,00307000
53K116 15,53995998 52 =5326T1 0,0000C000 =0,00245000

53L117 42.00000000 53 =53Z771 0.00000000 =0,00225000




32, 40499993

$3H118 54 532871 0500000000 *0,00231000
i ] 5,45999999 55 =5a7911.. . _ ___ 0.00060000 =0, 00404000
sur2i1 5:610600000 5% =5421T1 0,00000000 =0,00351000
54K212  0.94385004 37 547211 4,00000000 «0, A0a07a00
55¥313 B.79999995 S8 =~suz371 0. 00000000 =0.00408000
SAKZ1a 2,86000000C 59 =582471 I {.00000000 = «0,0R4A1000_
S4k216 1,31999999 40 =547611 0,00000000 =0,00370000
_S4HP18  28,59999990 61 =58 7AHT1 M.00000000 =0,00383000
SHK511 3.50819672 62 =5571T1 0,00000000 =0,0060517a
_§5KS12 0 s.4BdpR2718 00 A3 __=sB7PV1 I =0,0105512a
55v312 4,50000000 [T ~5573T1 0400000000 =-0,008a8200¢
_85G31% Q0,50u000000 6%  =5575%4 0:60009000 =0,D3105174
55KS514 U.70000000 66 =S5Z4T1 0.00000000 =0.0075517a
. 312 e da71630279 6 =557711 0.00000000  =p,.01755174.
§5H518 4419999999 68 ~S$578T1 0400000000 =0,00794000
_58%512 1.0090p0000 89 0 =gg -

SEK519 250000960 7o =5675T1 0400000000 =-0,00681479
_Sa6312  _ 3.67614995 U S 367671 0,00000000 = =(,00841479
Ser518 V.80000000 72 ~5628T1 0,00000000 =(,01302000
PEHAT  1661,52986048 73 sPFA1T2 0.00000000 L (,0000000¢
PFB272 1250,780005186 ta sFFB212 0,00000000 0.00000000

_PFRAT2  199y,0B80051%6 5 0 EPpRaTe 0 0.06¢0000

B24128 256.763008824 76 ELABIT2 D.00H00000 =0,00003961
854229 27.00000000 . ELAB2T2 0.00000000 0, 000039641
Baad2e 14439959998 78 sLaaite 0.00000000 0.00006589
AiFlRl . Av,uB91A0¥1 P i =Bizyra = 000000 - s 06000000 = (s

BiF122 16,00000000 L1+ =B1227¢2 ¢,G0000000 =0,002214600
_B1a1gd 90, 0000004G I - -

B24228 31,01699040 8z -B228712 0.00000000 ~0.00025624
_B3F32L . 32.39999veA 43 = - 0.00000000... . =0,00232008
B34328 d,63999999 ba Bazeva 0400000000 £.00000000
_BaF3l 5275999724 8% ~E4az112 Q.00000000 =(0,002320p00
442872 44,39576030 L1 =B4Z8T2 G. 00000000 0.,00000000
Baadln 131,998759723 — . H#y *RATITD Q,00000000 =5, 00112004
HgsFedl 5. 39999999 83 =RA52172 0.00000000 =0,00228800
_dSA2gR 0 7.19%99%99 89 =Haz8T12 - 0:00000000 e0.00034987
14121 43.5104350¢9 90 =B57972 0,00000000 «0,00175387
fer2zl _47.00000000 $1 =RAF1T2 .- 0,000000008 0 =(3,0G233600
S3K126 16.,279999%7 ¥2 L0x5172 0,20000000 ©¢.,00000198
saK226 1,44000880 23 _doKsdt? — - 0e0ROQ00QE  ©,000001$8
554326 v, FuTon00e [T] £0x5372 0,00000000 5,00000198
S6£526 ——_. l.p0000000 . L T, . .R0ks5T2 _ 000000030 =3, 000004853
536125 5.73606515 96 2565172 0400000000 =3.00000304
_S5GEPT  _ Fea2400000 97 BSGSAT2 . 0.00000000 __ =0,0000013¢
LN51TZ 1677.52355793 98 ELNSiT2 000000000 0, 00000600
LSav124 0 e.94819274 99 AW¥YS1TR _G.00008000 .. 3.00000HAZ
VY5372 1038,14500541 Leo evYs3T2 0.00000000 0,00000000
_s3Im1#9 0 5.72a00qQ@ed . tel. 24 — 0.00000000 . =0,00003724
HRS2T2 2660.00000536 1e2 LHR2712 €, 00000000 0.00000000

A&78.24800042 e L03 AHRSST2. .. 0.00008006 000006000

S1K121 19.23990989 104 =517172 0400000000 -0.00180207
816122 0 9,3599999] 105 517212 . 00000 -

sik123 30,159925997 10s =512372 0,00000000 =0,00215407
_S1K124 B.75999999 107 R TR - _ 04 G0000000- . TN

516125 2,08060G00 Lo8 =517572 0.00000000 =0.00219121
_S1H12¥ 0 B.31999%93 0 109 =512712 _ . .D.00000000 = Ae6570
$1nH128 20.79999995 110 =s1z268712 0+00000000 -0,00018570
R2KI2} 23.22933%50 i1 =8s22112 0, 000000450 =03, 00177703
$2K122 13,12000000 112 =5272T2 0,00000000 =0,00200508
_82y123 1817999995 ———____#12 527312 C.00000080 =0, Q0182705
52K126 2.02000000 114 =5276712 0.00000000 =0.,00186508
52H127 2,02600000 115 =522712 0,.00000000 0, 00088717
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52H128 15%, 17599964 116 =s274872 0,00000000 =0,00016717
53x221 25.51999994 LT _=837112 . _Dy00000000 -0,00191200
"SIVT127 M YEITETH 1ig =537272 0,00600000 =0,00229600
53v123 18.14999998 119 =537372 000000000 =0, 00199290
53x224 1.56463070 120 53172472 0+ 06000000 *0.00279200
s3ti@s  11.13s2aéne  tel 0 -s3gs¥2 | 0,00000000 =0, 00256000
53K125 5. 6766562) 122 537672 0400000000 =0.00206400
53127 7.47281573 123 =s3zry2 0,00000000 __  _ _ =€,0Q0130000
534128 33,58999989 124 ~5378T2 0,00000000 =0,00015200
534127 36,52718627 125 =5379712 0.00000000 =0,0015%200
S4x321 2.B8738p023 126 =542172 0400000000 =¢,00297270
54K222 5,03999999 127 ~54Z2212 0,00p000Q0 =0,00342070
54v323 5.59999990 128 “5423T2 0,C0000000 =0,00326400
_SaK224 3,11999%99 129 LmShzat2 _0+00000000 __ ___ =0.00385270_
S4Kr221 3.2861997¢ 130 542672 0,00000000 =0.,00312470
S4H228 31,1499999%93 131 =547872 9,0¢000000 =0,00306400
55K521 4.41738970 132 552172 0.06000000 "0.,00840122
55522 3.76943420 133 =552272 0,086000000 =0,00800122
55v323 4,54499999 134 ~5573T2 0.00000000 =0.00673600
_$Em323_ . 0850200000 135 <"8§7512.. _.___ . ____.0a0D ~0.00B00192
$5k321 17.42261019 136 552672 0400000000 -0.00560122
556322 4.51256574 137 =557772 0,06000000 =0,01360122
554528 k28200000 138 =557872 0.00000000 =0,00636800
_56K522 1,00000000 139 HS672T2 _ _ 0400000000 =0,00297835
56%525 2,00000000 140 =S625T2 0,00000000 =0, 00457835
S3INI2E 10401726650 141 562672 o __ .. by06p0o00DO =0,00057835_
S6H5Z8 U.80000000 142 567872 0,00000000 =0,01041600
B1F148 3.35270793 1643 RPFOLTA 0,C0000000 0,00003125
BEFZ3] 65, 79UT9T24 14a EPFRZT3 0,00000000 ¢.00003125
PFR3TI 1968,25502169 145 RPFEITI 0,00000000 _  _ 0,00000000
CELYEL] 302.96407699 146 BELABIT3 0. 06000000 6,00006641
B5a239 24,90000000 1487 £1L4B2T3 0,00000000 0.0Q006841
Baa33¥ 15.5999999¢ 148 4L AB3T3 0, 00000000 =0.000060616
BlF231 7,01870617 L4y “B1Zi13 0, 00000000 =0.0Q0292712
HIF132 16.00000000 150 ~B17273 0.00000000 =0.00324212
81F131 B5.908129383 A5y mB1Z8T3 ___ _  0,00000000  =0,00432713
HP A2 3B 26,1359 2244 152 ~B2z373 0,00000000 =0, 00438797
_B3F331 33,75000U00 153 =E37{713 0,00000300 =0.00203000
535338 900000000 15a B1ZBT3 8.00000000 €,00000000
BaF 33l 89,69599981 155 =Bagz173 0,000000¢60 ~0,00203000
B4Z813 35,53874017 154 -B47873 0,00000000 6.00000000
_BAAIZE 130,43875879 157 =~B47973 2.00000900 =0.00028000
B5F231 4.60000000 158 =6521713 0.00000000 ~0,00360512
854238 6.399995%99 159 =B578T3 0,80000000 __ | =C.D059115%
IPF3T2 1.06G0000C 160 =B5Z973 0400000000 =0.00591159
B1al38 B6. 64725297 161 ~8&671T3 L]

FETREL 13,79999995 162 Z0K51T3 0400000000 0400007352
_53x236 17,75699999 163 §0KS2T3 e 0400000000 _ 0,00007352
55K331 17.,52332087 164 L0K53T3 0400000000 €,00000861
SEKS 36 080000000 165 i -k 053
516133 8,23859294 166 8565173 0400000000 000006999
556337 2,42400000 167 §5G53r3 0:60000000 0,09000057%
LNSiT3 1316.43200649 168 SLNSLT3 0:00000000 0, 00000000
$3v133 19.79969995 169 AVYSETY 0,00000000 0200010579
55v333 4.5449999% 170 AYYSIT3 0,00000000 =0.,00000041
534139 623999999 171 LHRSLT3 0,00000009 =0, 00003580
S4nH238 3T 6TAR66T0 1rz LHRSZTI 0.00000000 =0.00003575
HRSST3 1710,24300046 173 LHRSST3 0,00000000 0.00008000
s1x13l 19,60999990 179 =517173 0.00000000 ~0.00513745
516132 #.53999996 175 =557273 0400000000 =0,00534745.
S1K143 22.50140896 176 512373 0,00000000 ~0.00548045
S1K134 6, 88999999 177 =55Z4T3 0400000000 =0,00561345




11135 2,11959939 178 =51Z573 0.,00000000 =0,00200900

___S1H13T7 8,07999990 179 .51 ¥773 Q. 00o0000n -0 00OLBTAL
51A138 21.19999993 180 “51287T3 0.,00000000 =0.,00002708
TR 23,45999992 181 =577473 0, 00000000 o0, 00507960
57r132 13.2599999¢9 182 =52727T3 0.00000000 =0,00531749
$2y133 18,19999990 143 =527373 —_— J,0006000Q0 0 =0,00535835
$2r136 2.03999999 ldg =S2Z6T3 0.00000000 =0,00515669
_§24137 2.03999999 105 =5227T3 0, 00000000 =0, 00042000
527873 28.88803199 186 =5278713 0,0000Q000 0.00000000
SIK231 27.R3993999] 187 -517173 0,006000000 =0,00544900
53v132 256.97d425658 158 =537273 0406000000 =0.00584100
S3g232 1.92851729 _189 . *S373TI_. 0, 02000000 =0, 00557500
531232 1,45322603 190 537473 0.00000000 =0.00621900
£301.35 AL, 59899990 ... (X2 - 517573 0400000000, =0, 00224000
In0K1T2 1,60000000 192 =83Z6T3 9.,00000000 =¢,005%8200
SAH2 37 43, 00000000 123 =5377T3 000800000 =0, 000A97 68
53H148 3r, 07999992 194 =531zZ8713 0400000000 0.00000478

e -52H138 . _lav.sa0083B80 . . 195 _=53Z9T13. . 0.00000000 =0,00122024
s4y3it 2.282a0267 196 547113 0,00000000 "0.00317458
541342 L~ 3.45999999 _____ . _ 127 . "S547273 000000000 =L RO3IOPNSE
54v333 10,39599394 198 =5473T73 0400000000 =0,00282458
Sayiid 3,38300000 199 =5a74T13 0, 00000000 =3, 00352458
28v336 1.5593999% 200 =S476T2) 0,00000000 =0,00317458

- SAZBTI P Y. § 2V 1-Y. 7 X S 201 =S428T3 _ 0,00000000 =  __.._0,00000000
591531 6.71667902 202 v55I173 0400000000 =0.00859094
55K532 - 3.21694342¢0 e 203 B m852273 . . 0,00000000 . =0,00784008
156171 Je6614953559 204 =552173 0.00000000 *0.,00582912
55K545 050300000 205 =552573 . 0.00000000  =p,007R40%8
$5K5 34 Ue?0700N00 206 =5526T73 0,00000000 =0,0U3740%¢
353332 4,512548574 207 =557773 0..00000000 =3,0t270096
35H5 48 4.28200000 208 ~557473 0,00000000 =0,00557200
$4K%532 _.9,80000000 204 =547dT3 0,00000000 =¢,00366215
56K535 1,59999999 210 "S$67573 0,C0000000 =0.00506215
SaKidt B, 347597 32 211 =SAZATA 0. 000A8006 =0, 00156215
S6H534 U4,84000000 212 =3628T3 0,00000000 -0,00911400
RESG1d 1.3385 44t 213 +RY1§G11 0. 40000000 0,00000000
RIPF11 J.04903348 214 *RIPF11 0,00000000 ¢.00000000
IHRITL if.00000008 _oo2ds +RIKRLY e e ..0,00000000 1.04929787
RiLAl1l 1.00000000 218 *R1Latlt 0,00000000 0,00000000
1L a211 1,00000000 217 R1ia2i  0,D00H0000 — =Z.073fd4381
lok2T1 V. a864090Y 218 *RIQK12 0400000000 G, 24505703
RIS;E2 1,60000000 219 +R1S522 0. 00000000 0, 00000000
IHR2T1 1.00v00000 22¢ RIHR2Z1 0,00000000 =0,88936668
Hioxz1 0,51359059 221 4RINK21 0,00000000 w ol DOOODOY .
RIPF21 1,00000008 222 +RIPF21 0,00000000 0,00000000
431l 1. 00000000 223 YRIPFIZ 0,08000300 4., 02500000
IPF1T1 0. ¥5694h52 224 +RTLA3L 0400000000 0,89279557

_yvaRlagUF NAWE . _yi UE LINE £QUNT QERUCED . £0ST ROSITION IN.BASIS.. — . . ..
B14111 4379401042 1 £,00000000 12
B1ALld 90,00600000 2 0,00000000 1
A1agll 0,00000000 3 _ n,0a201000 9
Blazis 0.000000040 q 0,002010¢C0 ]

.. BiFils - 49420196964 A . 0,00000080 . ... .8 .. .
BlFll2 16.00000000 6 0,00000000 10
AiF1ls 0,00000000 b 0,048000G0 0
alraty 0.00000000 i} 0,00000000 Q
- .pifFzley Q.00000000 9 (.00000000 ] - —- -
az2atle 256450000000 1o ¢.0000000¢ L}
— geaPls  0,00000w00 11 500303970 . _ .0 ..
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RIPF21 1,00000000 632 0,00000000 222

RIPF32 0,6000000¢ 633 0,02500000 Q

RILA3L 0.00000000 634 0.89279557 0
MAXIMUM ERROR GN ROW 9B =4.274778~Q7, SUM 1,489008=08
MAXIMUM ERROR ON CDL 215 1.4%519é~11, S5UM 8,55466@~11

R whbahd| PASIS Predswrx TIMES: PROC, = _ 501,44 ELAPSED = §090,1

akkwsg[ THPUT Fresvex  TIMESH PROC, = 503,0 ELAPSED = 1091,.9

_COST_RANGING CONTROL CARD

o SefaNaGwi=ymjwyafuTmy _ japymjpm) aysgeJwe

__..¥ARLABLE NAME BAgls STATpS RCTUAL £QST P DWER BANGE __ ENTERING FXITING UppER RANGE _ ENYERING FYITINGs
156171 IN ~0+17000 «0.26636 545331 54K331 =0,17141  DKSST3 54K212
_IPFITI e I, e N .
IPFITY IN =0=25000 =0,30000 RIPF32 RIPF11 "0,16667  JPF2T1 TPFITL
IHR1T)
AT IKRIT! IN =0¢50000 OPEN 0,54930  RIHRIS s3iL§27
i
TLALTL 0450000 =0,09083  JLaITH 81F138 OPEN
I0K1T2 . R - .
10K1T2 ™ =1:00000 OPEN =0, 754%4 RIOK1Z §3L125
ILA2TY
TLA2TL [ 150000 OPEN OPEN
1§G2T2 _
156272 050000 0.16737 156272 53K125 DPEN
IHR2TL _
THR2T1 IN 730000 DPEN OPEN
jQK2TY
1oK2T1 T =0475900 =0.75362  yY53T3 s4K212 =0,43216  $4K231 §3K224
IPF2T11
1PF2TL =0+¢25000 =0,37300 IPF2TI 1PF1T1 OPEN
[PF3T2 .
1PF3T2 1w ~0.15000 UPEN ~0,12500 REPF32 RIPFI1
ILAITY
TLA3TL i =100000 OPEN =¢.10720 RILA3L BIFL38

END . . —
#+ = SULYUTION T5 UNBOUMDED FOR FARAMETER VALUES 2 PRESENT PARAMETER

CONCLUDE CONTRDL CARD

END GF RUN WIXED
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APPENDIX E

MIXED ALGOL PROGRAM



BURROUGHS B=5500 ALGDL COMPILER LEVEL & SATURDAY, 8/30/749, 9140 AN,
- BEGTIN e ToTrm o T T E— pigheltigRip] [
START U} SEGHMENT seswsednnn 2
FITF TR HPUT UISK SERIAL (2,10s303) TEDO0Z00 oo0U
FILE QUT DUTPUT DESK SERIAL F20112n] (2+30»30s5AVE ll)l Q0000330 00023
T FILE IN INPUTZ D[SK SERIAL TZsT103n¥J —— 0000400 QuaT - ———
FORMAY FUL1C(LOAG)» FM2CABsDCA62A8)),FUI(AE)s 00000500 0019

STARY UF SEGHENT ®amaedfdaw E)

FMALRAS I AFHSLIABSFL2. 81+ FHGLTF10.2y0 00000600 oolv
FMTL{AG X6 AL AT+ AIs ATaF 124007 oocp070d 0010
4 I8 319 LONGs NEXT skW 2
TTTUTARRAY FULGIYZYURIRILINVIOTTOYY . O T T — TETY0B00 001U
ALPHA NAM, NOMJ H6000900 0914
T ALPHE ERRAY AiSIGIUNIUIF - - - LI U0TW
REAL D1+02,03) 00601100 0018
REALC X3 UOUOE200 TOTE
INTEGER LsJaLsLLaNTP) 0060l 300 0018
TTLISY UACFOR LI®L SYER 1 UNTIL LU UATATLTIIF e — il L R 2 e
LAX{LASXY, 00001500 0026
sFOR L¥=T STEP T UNTIL 5 DOUSIGLLTAA] > - T UaTDIE0T pUIT
LCCJsFOR Lbwl STEP | UNTIL Nfp OOCFCLJaL1))) 00001700 0051
Joonisor Ri1e-1
LABEL L1sL2sL3sb%at5sL6sLYsFINY 00001900 a064
’ LABEL L8?LF-,L1CsLLT-L12) 00002000 LT "
LLy=a) o ©000g2100 0064
NTPIx3j 00092200 0055
AREADCINPJT»#5D1sD22D3)} @0002300 Q066
FCR Jiwl STEP 1| UNTIL §2 PD READCINPUT,/sLC)) ¢0002400 Q078
o Liv o . 00002500 00bS
READ(TNFUTZ>FRTFLAT) T 00002600 0066
HRITECDUTPUT,FMisLA2) co0g270¢ Q089
IF AL1] EQL "HEADIN® THEN GoD0ZED0 003
BEGIN LL/al0} 00042900 a094
READCINPUTZ2»FRISLATT Co003000 Q095
WRITECOUTPUTAFMIsLAD) 0o0p3iog 0099
WRITECQUTPUT»FMEsDT2DZ,D37F Cp0g3200 e10e
FOR Jéwl STEP 1 UNTIL 12 DO WRITECnUTPUTSFHMOALEIF 90003300 o116
T READCINPUTZsFHIiNAMY) T Godg3eod 0122 -
WRITECOUTFUTsFMI2NAND) ¢go03500 0140
LLy=a? T OeO0 3600 o138
END ELSE 00003700 013y
TF AL1] EQL "ROW §0" THEN 018 TZ, 6603800 0139
G0 TQ L1) 0ee0IY00 0141
B -1 - T B 00008000 0143
READCINPUTZ2,FU2s1B)} 0004100 0143
77 IF NAE WE§ "END ™ THEN ~ 7 - “CebodZo0  pIEE T T
BEGIN WRITECOUIPUTsFMZrLUYYS 00004300 0147 )
60 1o T2F Totosufe T TOTSL T
END ELSE 00004500 0153
BEGIN 06008600 0153
NOMI®NAMKS 00004700 9133
AEADCINFUTFHIsNANTS TC004800 0154
00008Y00 Q162
B - 00005000 0162
IF NAM NEW "NEWKWS™ THEN GO 7O L1Z; ¢c0g5100 0162
[SEN] 00005200 0164
READCINPUT2FM2+LB)} 00605300 0184
1F NAM EQL TENORWS™ THEN GO TO L124 ¢000%400 o167
WRITFL{OUIPUTSFMZ LB 00005500 0189
60 vo L1T) 00005600 017E
Lizi 00005700 0174




WRITE(OUTFUT»FHMIsNOM) # ¢odo54600 [FYE]
___READCINPUT2,FHI»NAMyNOM}) Q0005900 0182
NRTTE{OUTPUT,FM3I» NAMsNOM )} 00006000 0193
G0 Te L3) 0p0p6100 0204
END) 00006200 0204
131 00006300 0294
READCINPUTZ,FMSsAT1 J2AL2)2A03)0 203 00006400 0204
AF_AL1) FoL _TFIMST 7 VHEN 000046500 9219
BEGIN LLin5} 000006600 az2z¢
RE&GDCINPUT+FMILNAMYS 00006700 Qpez
IF NAM EWL "NEWCOL™ THEN 00006800 Q23u
- RBFGIN ——boo
L9t 09007000 0232
READCINPUTsFMS»NAM2SIGELYs8IGL21,Xy) vpog7i00 gz32
IF NAM NEQ ™ENDGDL™ THEN BEGIN 00007200 FIT)
WRITECOUTPUT» FHI» NAMSIGEYJSIGL2], X3 ) 0ote7 3ol gz4s
GD TO LV} 0oGo7400 0ze2
B 75 62
WRITECOUIPUT,FMB,ALLIAL2]2} 00007600 o262
- e
READCINPUTZ22FHT2LAX Y} 000GT800 g2/
IF Af2] EQL ™B"_ THEN BEGIN 0007900 o278
Timg} &0 TO L&J (7] Tl 1L 0249
END ELSE . . Do0gEing ¢za)
1F AC2) EQL ™5™ THEN BEGIN 00008200 0283
_ Timé} GO TO LY) 00008300 0243
END ELSE 00G0Ba0D o28a
1F A[Ll] Egl *EDF ™ THEN 000gB500 0284
BEGIN 00008600 o286
o BEADRLINPUTSFNIsNAMI} . V0eGB700 Q286
1F NAM EQL "NEWBRW™ THEN BEGIN DpeoBédod 029%
- COMMENTS_ ; 0p0g8900 o297
L10s READCINPUTFMT2LAXY) 00007000 o29/r
1F A1} HFQ "ENUBRW® THEN UgoOvINo Qavy
BEGIN WR/TE{OUTPUTaFRTsLAX)} 0poov200 o301
_._&0_TO L10F 0000%300 G30%
END ELSE AL{1)1="EDF " END) GD TO La3 Q0009409 030a
ELSE . _ 20009500 Qa2
AEGIN WRITECQUTPUFFMT-LAR)Y} 0pBOIE00 0312
3 00003709 'k b¥-]
LBt JI=D} 000094800 0als
IF al3) EgL "1" THEN JI=1F 1§ a{3] EqQL %2" THEN Ji=2) 00009900 G0N
IF AL3) tgl ™3™ THEN JIl=3) JF A{3] EQL "4% THEN Jixd) 040010000 Q322
IF AL3] EQL ™S™ THEN Jt=S3 IF A{3) EgQL "™&m™ THEN JiI®é; 00010199 03286
COMMENT)IF ALS) EQGL "1™ THEN L=l 0p010200 Qa3
ELSE §F ALS] EQL “2% THEN Lim2 00410309 0332
ELSE IFf A{5]) EQL ™2™ THEN LI=s3 00010400 0335
ELSE Limos o Tg0E0900 0138
Tinl+d} 0g010600 0340
_ XimXuFELIeL])} I o e 0Q010700 0341
HRITECOUTRUTAFMI-LAX)) 0¢0§ 0800 [ELE]
60 TO LYY 00010900 034/
END} QoGLidoo Qlays
,,,,, _1F AL3) EQL "C05T! ™ THEN BESIN _ Q a
TF X GTR-1 THEN X Fs)xl, 8%} oo011200 Qag
. XjaxxDi)ia[3]1m"CST jud - _ 0351
END ELSE 0013800 CEEL
- 1F AC3] MQL "COST2 ™ THEW REGIN 00011500 0354
IF % GTR.1 THEN X1sXx],P=6) 00011600 FFEX
XimXxD231al3)3m"C3T__ "J . _ - - oo DoOGy L7000 . 0362
END ELSE 0p011800 0364
IF AC3) EQL *CO0S73 ™ THEN BEGIN Upg1i%00 0384




) TF X GIR 1 THEN KI=XXI,F~6F Co012000 0387

X3zXxDY} A{311a"CST 7j 00012100 03re
- ENDJ 00012200 0373
WRITECOUTPUTSFNS» AL1T2AL2)4AL30,K3) 00012300 0174
G0 0 L37 00512300 03V
La 00012900 0392
WRTITELQUIPUT>FHIPALTITIY Va0 12800 QIv3
READCINPUTSFM32NANY) Q012700 oane
IF NAWM EUL "CHANGE™ THEN BEGIA - T 000{2800 0410
WRITELOUIPUTSFH3sNAM)I 00012900 pa1e
Té 0001 3000 [LY-31
READCINPUTAFMSsNAM2ALL]»AL2],%)) ) 000131090 0421
IF NAM EQL “END "% THEN V0013200 0434
HEGIN NRITE{OUTPUTAFMI»NANDS 00013300 043>
GO TD L57 - 00013300 CIEE]
END ELSE WRITECOUTPUTSFMSsNANs L1492 A[2),K)) 00013500 0444
G0 vo L8] U001 3500 [1134
END} e - G0013700 0439
151 ) 000 3800 0457
READCINPUT2,FM12LAJIFIND) 00013900 0440
R STHTS TO0 4000 [FLI.2)
6D TO L3} 00014109 0468
FINt Gobya200 0488
LOEK{OUTPUT )] 00014300 046y
ND, 00034440 0ato

2 15 4T4 LONG» NEXT SEG 1

OuUTPUTCW)Y 15 SEGMENT NUMRER UUO0&,FRT ADDRESS 15 QOT1
BLOCK CONTROL T5 SEGMENT NUMBER O00%,PRY ADDRESS I5 0005

TRPUTTH) IS SEGMENT NUMBEW UUU&>PAT XUDRESS 15 G070
G0 yO SOLVER 15 SEGMENT NUMBER 0007,PRT ABDRESS 15 0147
KLGOL WRITE 18 SEGHENT NUWBER UOOBsPRYT ADDRESS 15 0014
ALGOL READ 18 SEGHENT NUMHBER 00Q9,PRT A0DDpESs I8 0015
T g ) v
118 2 LONG» NEXT SEG 0

IT 1% &% LONG» NEXT SEG W
NUMBER OF 3YNTAX ERARORS UETECTED = Gy NUMBER OF SEQUENCE ERRURS QLTECTEU = v
[£] T ST olEss - TJ SEUCDRDEY I = +¥ sECONDEY ELAPSED =  I5 SETONDS,
PRT SIZE w 1205 TNTAL SEGMENT SIZE m S04 WORDSS DISK SIZt » 2% SEGS5) NDs PGMs SEGS = 11
TESTINATER CORE STNRAGE RESUIRENENT ® ~380% woRDS.
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