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SUMMARY 

The double-Kelvin transmission l ine is formed when two layers of 

d i e l ec t r i c and two layers of r e s i s t i ve material of uniform width and 

thickness are placed on top of a conductive layer . Such a transmission 

l ine finds rea l iza t ion in a var ie ty of physical forms, one of which is 

the thin-f i lm e l e c t r i c a l c i r c u i t . Four e l e c t r i c a l terminals are attached 

to the device, one a t each end of the top and bottom layers , to form a 

twoport. 

In t h i s study, the equilibrium equations for the double-Kelvin 

l ine are derived and solved for the s teady-s ta te case to obtain expres­

sions for the voltages and currents associated with the double l i n e . 

These expressions are then used to obtain the open-circuit impedance func­

t ions for the twoport formed by the double Iin.e0 Then, the impedance 

functions are employed to derive the open-circuit voltage t ransfer 

function for the twoport. The resu l t ing t ransfer function is examined 

in terms of the amplitude and phase shif t of i t s real-frequency response* 

The existence of real-frequency transmission zeros for the double-

Kelvin twoport i s studied in de t a i l 0 An important r e su l t of the study is 

the derivat ion of a parameter locus for the family of double l ines having 

real-frequency zeros. The effect of parameter var ia t ions on the t r ans ­

mission zeros of the twoport i s also discussed, and real-frequency res ­

ponse data for typ ica l double-line twoports are calculated and displayed<, 

The v e r s a t i l i t y of the double-line twoport is extended by the 

addition of an impedance element in ser ies with the double-line twoport„ 



This leads to the derivation of the transfer function for the combination 

double-line with series impedance and the examination of three special 

cases. 

The first special case is that of the resistance which has a 

transfer function which can be made to have a real-frequency zero for 

a suitable value of series resistance0 Approximate equations for the 

location of the real-frequency zero and the magnitude of the resistance 

to produce the zero are derived. Families of transfer functions are cal­

culated and displayed showing the type of frequency response produced by 

this combination twoport and resistance. The notch filter and band-elim­

ination filter are the types produced by the double line with series 

resistance„ 

The second case is that of a double-line twoport with a series 

capacitance which is also analyzed to obtain the transfer function of 

the combination twoport° Approximate design formulas and typical fre­

quency response data for this configuration are given. The typical 

frequency response of this circuit arrangement is of the low-pass type 

or low-pass type with a notch. 

For the third case, the twoport with series inductance is analyzed. 

This configuration produces an interesting band-elimination filter. 

Examples of this filter characteristic are calculated and displayed0 

The transfer function for the double-Kelvin line and double-

Kelvin twoport v/ith series element are verified by comparison with exper­

imental data. The verification was performed with three experimental 

circuit types, the double line being realized by a lumped approximate 

circuit, a thin-film circuit, and a parallel plate circuit. Good agree-
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ment between calculated and experimental results is demonstrated for all 

three realizations. Results obtained with the approximate design formu­

las are also compared with the measured results and the limitations of 

the lumped approximate double line are examined and discussed. 

Suitable applications of the double-Kelvin twoport are discussed0 

The double line produces filters of the low-pass, band-elimination, notch,, 

and low-pass with notch characteristic. Suggestions for additional appli­

cations are made. 

The double-Kelvin boundary value problem is solved in detail in 

an AppendiXo A numerical method for calculating the roots of transcen­

dental equations is derived in another Appendix. 



CHAPTER I 

INTRODUCTION 

D e f i n i t i o n and Purpose of t he Problem 

The double-Kelvin t r ansmis s ion l i n e , as i t w i l l be c a l l e d , i s 

formed when two l a y e r s of d i e l e c t r i c and two l a y e r s of r e s i s t i v e mater­

i a l of uniform width and t h i cknes s a r e placed on top of a conduct ive 

l a y e r . Such a t r an smi s s ion l i n e f inds r e a l i z a t i o n in a v a r i e t y of 

p h y s i c a l forms, one of which i s t h e t h i n - f i l m e l e c t r i c a l c i r c u i t . The 

double-Kelvin l i n e i s modeled in Figure 1, 

Input Terminal 

_i 

Figure l f The Double-Kelvin Transmission L ine . 

The resistive and dielectric layers of the double line are con­

sidered to be uniform and isotropic so that the problem is one dimen­

sional. Four electrical terminals are attached to the device,, one at 

each end of the top and bottom layers, to form a twoport. The research 

is centered about the electrical properties of this twoport with emphasis 

////////////////////////////////////////. 
/////////////r///////////J////777T7777777, 

D i e l e c t r i c layer; 

n-Resistive Lavers A : ^ 
Output Terminals 

I d e a l Conductor 



2 

on the open-circuit voltage transfer function, 

The v e r s a t i l i t y of the double-Kelvin twoport is extended by the 

addition of a single impedance element in ser ies with the double l i n e . 

The c i r cu i t diagram for the double l ine and the c i r cu i t diagram for the 

double l ine with ser ies element are shown in Figure 2 . 

o 

o-

- W \ A A -
c r 

-V\AAA-

Double Line 

-o 

O - VW\A-

VWAA-

Double Line with Series Impedance 

Figure 2 . Circuit Symbols and Diagrams for 
the Double-Kelvin Line. 

History Leading to the Problem 

Transmission lines have been of interest as electrical wave fil­

ters since their conception. The distributed filter was at first not 

intentionally inserted, but it was a result of the large physical dimen­

sions of a device. This was the case with Lord Kelvin and the undersea 

cable. In many other cases, however, a transmission line is deliberately 

introduced for its particular characteristics of wave shaping or delay. 

In 1854 Sir William Thompson, later to become the Lord Kelvin, 

began an investigation of the practicality of a proposed transoceanic 

telegraph system. The submarine cables of that period were essentially 

leakage-free, high-resistance coaxial cables. The conductors were copper, 

and the dielectric material was gutta-percha which is a sap from a 
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variety of Malaysian tree. 

Lord Kelvin developed formulas for the electrical parameters of 

the cable and formulated a mathematical model of the telegraph system. 

His solution of the transmission problem was instrumental in the success 

of early long distance transmission lineso The results of his analysis 

are well known and the RC transmission line is often called the Kelvin 

line. 

The Kelvin line has found wide application as a twoport. The 

circuit for the Kelvin filter is shown in Figure 3« 

in 

Q vWV^ Q 

Figure 3. The Kelvin-Line Twoport. 

The open-circuit voltage transfer function for the Kelvin line is given 

by 

T(s) - 1 
cosh(7A) 

(1-1) 

where 

7 - ./src (1-2) 

and 

s = a + ju (1-3) 



and A is the length of the line. The line constants r and c are the per 

unit length resistance and capacitance of the line. 

It is convenient to express Equation (1-1) in the form 

T(u) = 1 
cosh(u) (l-t) 

where u is given by 

u =v rcA t (1-5) 

which, for real frequencies} is 

. j t 

u = v re A oo G (1-6) 

Tables of cosh(u) for "both complex and real frequencies were published 

2 
as early as 1913» 

The Kelvin line with series resistance has been analyzed and 

design formulas are given for i ts application as a twoporto^ The behav­

ior of this network is similar to that of the bridged-T f i l ter . Figure 

k shows the circuit diagram of the Kelvin line with a series resistance, 

A 

t 
E 

i n 

VW\A 
c 

b-

-o 
i 

E 

-O 

Figure k» The Kelvin Line with a Series Resistance, 
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The transfer function of the network in Figure k is 

T(u) = u sfn^(u) + D v ' u sinh(u) + D'cosh(u) 

where 

Much effort has been expended in the past few years toward the 

reduction of the sizes and weights of electrical equipment. The art of 

miniturization has advanced to the point where circuit components with 

dimensions in the order of atomic dimensions are employed. Circuits of 

this dimensional order are called microcircuits and the description of 

such circuits requires distributed parameter electrical models, 

Two of the structures used in passive microcircuits are the thin-

film structure and the monolithic structure0 The thin-film structure 

consists of layers or strata of various materials deposited onto a suit­

able supporting medium or substrate <> The Kelvin line of Figure 3 is 

k 
rea l izable as a t h r ee - s t r a t a th in-f i lm c i r c u i t . 

The monolithic s t ructure for the rea l iza t ion of d is t r ibuted e lec ­

t r i c a l networks consists of layers of semiconductor materials formed in 

a small block. The Kelvin l ine twoport of Figure 5 is an example of a 

monolithic c i r cu i t s t ruc tu re . Distributed res is tance i s obtained from 

a l i g h t l y doped semiconductor. Distributed capacitance is obtained from 

a p-n junction with reverse bias po ten t ia l applied. 

Microcircuits are limited to d is t r ibuted resis tance and capaci­

tance for , up to t h i s da te , no p rac t i ca l method of producing inductance 

values has been developed. 

(1-7) 

(1-4 



o-

P type 

n type 

Bias 

o -o 

Figure 5. Monolithic Distributed Parameter Circuit, 

The Kelvin-line twoport has found wide application both as three-

strata film and monolithic circuits. One group of investigators has 

reported on the morphology of three-layer RC thin-film circuits and cat­

alogued the behavior of the various twoports which can be obtained from 

this four-terminal network. The two forms of the network discussed in 

their investigation are shown in Figure 6, The twoports of Figure 6 are 

only slightly more general than the Kelvin line and add little to its 

versatility. 

© AAAA- 1 
o 

r 
W \ A A 

o AAA/* o 

Figure 6» Three-Layer Thin-Film Circuits, 



Throughout the past forty years the nonuniform transmission line 

has been examined as a twoport with possibilities of useful characteris-

£> 7 
t icso J.. R. Carson in I92I and A. T. S tar r ' in 1932 contributed much 

to the general understanding of the nonuniform or tapered transmission 

line. Recent interest in microcircuits has focused attention on the 

class of tapered RC lines« Tapered two-wire RC lines are used in elec-
o 

tronic oscillators with advantages over lumped circuit elements„ 

A class of RC transmission line whose parameters vary trigono-

9 
metrically has been analyzed by Ko Lo Su* The trigonometric line can 

be used to obtain an improved notch filter as compared with a uniform 

line. 

Unfortunately, most attempts to improve the v e r s a t i l i t y of the 

d is t r ibuted RC twoport by tapering resu l t in a model without solution in 

closed form. 

An a l t e rna t ive to tapering the l ine constants has been selected 

for t h i s research. The logical evolution of the Kelvin l ine or three 

s t r a t a thin-f i lm c i r cu i t i s the double-Kelvin l ine or f ive - s t ra ta th in -

film c i r cu i t * The complexity and the design freedom of the RC l ine is 

consequently extended by the addition of the two s t r a t a and the model 

remains l inear with constant coeff ic ients , A solution in closed form is 

assured and a new configuration is analyzed. 



CHAPTER II 

THE DOUBLE-KELVIN LINE BOUNDARY VALUE PROBLEM 

The P a r t i a l D i f f e r e n t i a l Equations for t h e Double Line 

The double-Kelvin t r ansmis s ion l i n e has been descr ibed in Chapter 

I . A s e c t i o n of such a l i n e i s shown in Figure 7. 

Input Terminals 

W///////////////////////////////////////////L 
•'/////////////////////////J////////////////////, 

ielectric layers 

Resistive Layers 

Output Terminals 

deal Conductor 

Figure 7. Section of a Double-Kelvin Line. 

An elementary length of such a line is shown in Figure 8 and will be used 

i-^Xjt) x 

— ^ -
J 

e1(x,t) 

, i2(x,t.) 

K—* 

c-jAx 

e2(x/t) •c2Ax 

Tj&x i (x+Ax,t) (x f Ax) 

W \ A ^ j -?~7 

© e (x+Ax,t) 

V ^ i2(x+Ax,t) 

T 

c Ax 

2) e2(x+Ax,t) c2Ax 

Figure 8. An Elementary Length of a Double Line. 
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t o ob t a in the e l e c t r i c a l equ i l i b r i um equat ions for t h e l i n e . By a p p l y ­

ing K i r c h o f f ' s lav around meshes 1 and 2 and a t nodes a and b in the 

c i r c u i t of Figure 8, t he fol lowing equ i l i b r ium equat ions a r e w r i t t e n s 

i (x + Ax_,t)r1Ax + e±{x + Ax , t ) - i (x + Ax)r A x - e ^ x ^ t ^ O (2-1) 

i 2 ( x + Ax, t ) r 2 Ax + e 2 (x + Ax , t ) - e 2 ( x , t ) = 0 (2-2) 

de ( x , t ) 
i x ( x , t ) - i x ( x + Ax , t ) - cxAx — ^ = 0 (2-3) 

d e , ( x , t ) de ( x , t ) 
i 2 ( x , t ) + ^ A x -g- i 2 ( x + Ax , t ) - c2Ax ^ = 0 (2-4) 

In the l i m i t as Ax approaches zero t he s e equat ions become P a r t i a l Differ­

e n t i a l Equations ( 2 - 5 ) , ( 2 - 6 ) , ( 2 - 7 ) , and ( 2 - 8 ) 0 

de ( x , t ) 
s = r 2 i 2 ( x , t ) - r ^ x ^ t ) (2-5) 

d e p ( x , t ) 
^ = - r 2 i 2 ( x , t ) (2-6) 

d i , ( x , t ) de ( x , t ) 

^ 5 ^ - " " c i - ^ S T " (2-T) 

5 i 2 ( x , t ) 5 e 1 ( x , t ) 9 e 2 ( x , t ) 

S — = c i 35 c 2 5 t — ( 2 " 8 ) 

Ordinary Differential Equations for the Steady State Case 

The system of partial differential equations can be reduced to 

ordinary differential equations with respect to the distance variable x 



by assuming sinusoidal forcing functions. 

dE_(x) 
_ = r I (x) - r I (x) 

dx ^ ^ x x 
(2-9) 

dE 2 (x) 

- r
2
X2^ dx - r

2
X2^ 

d l ^ x ) 
j w c - ^ x ) dx j w c - ^ x ) 

d l ^ x ) 

dx = J^c,En(x) - jwc_E_(x) 
1 1 2 2 

(2-10) 

(2-11) 

(2-12) 

The characteristic determinant for the system of Equations, (2-9) through 

(2-12), is evaluated as follows. 

D r l 0 - r 

0 0 D r ; 

Jwc-L D 0 0 

jwc 0 jwc 0 D 

(2-13) 

h 2 2 
D - Jw( r

1c 1+r 2c 2+r 2c 1)D - u> r
1

c
1

r
2

C 2 

Since th i s determinant is not zero, the system is independent and the 

general solution has four a rb i t r a ry constants . 

Solution of the Ordinary Different ia l Equations for the Line 

Equations (2-9) , (2-10), (2-11), and (2-12) can be solved by f i r s t 

manipulating them into diagonal form. The resu l t s of t h i s process are 

shown below. 



k 2 
a h d h 2 

- M r ^ + r 2 c 2 + r 2 c L ) — ^ - - w ^1
c
1
r
2
C21l = ° dx 

T 
( 2 - 1 4 ) 

dx 

d l . 

d x " + ^ C 1 E 1 = = 0 ( 2 - 1 5 ) 

dE 
r i J i + S T - r 2 J 2 = ° 

d I 2 
• J w c l E l + d x ~ + ^ C 2 E 2 = ° 

( 2 - 1 6 ) 

( 2 - 1 7 ) 

The s o l u t i o n s f o r t h e c u r r e n t s and v o l t a g e s f o l l o w d i r e c t l y from 

t h e p r e c e d i n g d i a g o n a l s y s t e m . The d e t a i l s of t h e s o l u t i o n a r e c o n t a i n e d 

i n Appendix L 

I ^ x ) = A^™ + A 2 e - P x + A/« + Ake^ ( 2 - 1 8 ) 

En(x) = -°- A. 6-°* + J - A "PX - ^ L A J " . ^£-A,^X (2-19) 
l v j u c . 1 j u c . 2 j u c . J 0 » c , ^ v 

I 2 ( x ) = 
a2 

72 J U r 2 C l 

A -ctx 
A±e + 1 r 

J ^ r 2 c 1 v 
-Px (2-20) 

a 2 

r 2 j a t tV ,^ 

« a x , A ? e + 
r 2 J * ^ V 

px 

E
2w = 4 

c? 
r 2 j c o r 2 c 1 

ft -C^x , 2 

V +T 
i P' 

r 2 J W r 2 C l 
A 2 e " P x ( 2 - 2 1 ) 

a 
!i J-
r 2 " j u r , , ^ V 

r 2 

~F -1 _£__ 
r 2 j u r 2 c 1 

V 
Px 



where 

and 

a <= 
( r 1 c 1 + r 0 c 0 + r 0 c j 

1 1 2 2 '2 1' 1 + / l -
^ r l C l r 2 C 2 

( r 1 c 1 + r 2 c 2 + r 2 c i y 
(2-22) 

0 = 
( r l C l + r 2 c 2 + r cL) 

1 - / l - ^ r i C i r 2 C 2 

( r l C l + r 2 C 2 + r 2 C i r 

(2-23) 

In order to simplify the evaluation of the arbitrary constants, 

the preceding equations are written in matrix form. 

T ~ 

Ix(x) 

E1(x) 
= 

I2(x) 

E2(x) 

fx(x) 

f 5 ( x ) 

yx) 
f15W 

f2(x) 

f6U) 

f 1 0 ( x ) 

f3W 

f?(x) 

flx(x) 

f15(x) 

Vx) 
" A x " 

f8(x) A2 

^ ( x ) A3 
f l 6 ( x ) \ \ 

(2-24) 

In Equation (2-24), each function in the square matrix represents the 

corresponding function in Equations (2-18) through (2-21). For the 

exact definitions of these functions, see Table 1 of Appendix I. For 

convenience, the following notation will be used to indicate the value 

of a function at the sending or input end of the double linei 

fkW - f 
x=o 

k 
(2-25) 

Boundary Conditions 

The boundary conditions for the evaluation of the four arbitrary 

constants in the solution to the homogeneous system are listed below. 



IX(A) <= 0 

I2(0) = 0 

I2(A) = 0 

E]_(0) + E2(0) = E ± n 

(2-26) 

(2-27) 

(2-28) 

(2-29) 

The locations of these boundary points are indicated in the diagram of 

the double line shown in Figure 9. 

E1(0) 

i2(o) 

E i n 

Ep(0) 

'x 
^— A > 

r l 
V\AAA 

E (x ) 

I X (A) 
^ -

w v w 
• t 

E2(x) 

^ 2 

1 

Io(A) 

E 

Figure 9» Locations of Boundary Points on the Double Line. 

Applying the specified boundary conditions to Equations (2-18) through 

(2-21) produces the matrix equation shown below. 

-O0\ .-PA aA 
£ e r e e 

f 
9 

f10 
f 
9 

f i 

f G-aA 
9 

f e-pA 

10 
f eaA 

9 
fioe 

rl r l rl r l 
a "F a "T 

PA 

PA 

I- — — 

A l 
0 

A0 0 
2 _ 

A3 
0 

\ 
E. 
in 

(2-30) 



The evaluation of the constants & , A~, A , and A. and the simplif ication 

of the resul t ing terms yield the expressions for the s teady-s ta te cur­

rents and voltages of in te res t on the double-Kelvin transmission lineQ 

f sinh(aA) sinh(A-x)P - f sinh(pA) sinh(A-x)a 
I . (x) = E. - iL ^ i " (2-31) 

1 i n r i f Q r i f 1 0 
- 4 ^ sinh(aA) cosh(PA) =—— sinh(PA) cosh(aA) 

f_f, „sinh(aA)sinh(A-x)P-fr,f-1 _sinh($A)sinh(A-x)a 
I 2 (x) = E . n ^ ^ 2 ^ (2.32) 

C ±11 L ± 1 1 0 

—y-2 sinh(aA)cosh(PA) — sinh(PA)cosh(aA) 

f . f sinh(aA)sinh(A-x)-fcf, „sinh(PA)cosh(A-x)a 
\W = Em " ^ L £ , (2-33) 

1 a 1 in 
sin.h(aA)cosh(pA)- •• sinh(pA)cosh(aA) p « ^ n - , W v , ™ n K „ y a 

f f,, sinh(aA)cosh(A-x)-fn-fn sinh(£A)cosh(A-x)a 
E0(x) = E. ~2_i= ±2J2 (2-34) 

2 i n r i f q r i f 1 0 
' sinh(aA)cosh((3A)- - . sinhOA)cosh(aA) 

Addition of Equations (2-33) a n ^ (2-34) produces as expression for the 

voltage "between the top and bottom v i res of the l ine 0 

Of sinh(aA)cosh(A-x)P-^f1 sinh(PA)cosh(A-x)a 
E ( x ) = E in at sinh(cA)cosh($X)-$f10sinh($XJcosh((AJ ( 2 " 3 5 ) 

The detailed solution of the problem which is outlined in this 

Chapter is given in Appendix I. 
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CHAPTER III 

THE DOUBLE-KELVIN LINE AS A TWOPORT 

Open-Circuit C h a r a c t e r i s t i c s 

The s o l u t i o n of t h e "boundary value problem desc r ibed in Chapter 

I I produced the express ions for t he vo l t ages and c u r r e n t s in t he model 

of t he double l i n e . The express ions requ i red t o d e r i v e t h e o p e n - c i r c u i t 

impedance func t ions for t h e double l i n e a r e : 

f n s inh (aA)s inh(A-x) - f n n s inh (PA)s inh(A-x)a 
I,(x) = E. 9 i ° 

l v i n rn f, i - 2 - sinh(aA)cosh(PA) 
r f 

1 10 
a sinh(PA)cosh(aA) 

(3-D 

E(x) = E 
f s inh(aA)cosh(A-x)P-Pf 1 s inhOA)cosh(A-x)a 

in a f sinh(aA)cosh(PA)-Pf sinh(PA)cosh(aAj 
(3-2) 

The o p e n - c i r c u i t impedance funct ions a r e defined by t h e fol lowing 

express ions which use the n o t a t i o n shown in F igure 10o 

Figure 10. Two-Port Nota t ion for the Double Line, 
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E, 

'11 
m 

m 

m 

I =0 o 
i^TW (5-3) 

For the double l i n e , Equation (3-3) becomes 

'11 

k sinh(aA)cosh(PA) + k sinh(pA) cosh(aA) 
-* i i i 

sinh(aA) sinhOA) 
(3-M 

where k and k are defined as 

(3-5) 

and 

r f 
k - X 1Q 
K2 ~ (f - f" T 

v 9 10 ; 

(3-6) 

The open-circuit t ransfer impedance is 

'12 I . 
m I =0 o 

_ E(A) 
~ TJToy 

(3-7) 

which becomes 

'12 

k smh(aA) + k sinh(PA) 

sinh(aA) sinh(pA) (3-8) 

for the double-Kelvin l i n e . The double-line is a symmetrical twoport and, 

therefore , requires only two open-circuit impedance functions for i t s 

descr ip t ion. 



The open-circuit voltage t ransfer function can be calculated using 

the re la t ionship 

E 
T ( s ) = ^ 

in 
z l l 

I =0 o 

(3-9) 

Substitution of Equations (3-4) and (3-8) into (3-9) yields 

k sinh(aA) + k sinh(PA) 
T(s) = kn sinh(aA) cosh(PA) + k0 sinh(PA) cosh(aA) (3-10) 

The u-Plane 

If a new independent variable u is defined which is related to 

the complex frequency variable s by Equation ( 3 - l l ) , Equation (3-9) can 

be put into the form shown in Equation (3-12). 

u = y s r l C l A 2 (3-11) 

K sinh(Au) + K sinh(Bu) 
T ( U ' = K± sinh(Au) cosh(Bu) + K sinh(Bu) cosh(Au) (3-12) 

The following new parameters and variables have been defined in the pro­

cess of reducing Equation (3-10) to the form of Equation (3-12). 

1 rp r?C2 
2 r± r 1 c 1 

A = y T , + A , 2 - $ 7 (5-1̂ ) 



18 

A , B = A , A * . r 2 ° 2 
r l C l 

K -
A2 - 1 

* ! B(A2 - B 2 ) 

K -
1 -• B 2 

^2 A(A2 - B 2 ) 

(3-15) 

(3-16) 

(3-17) 

The behavior of t h e o p e n - c i r c u i t vo l t age t r a n s f e r funct ion can now be 

more convenien t ly examined in t h e u-plane which i s normal ized , square 

r o o t , and complex frequency domain. 

The u-Plane Behavior of t he Double-Kelvin Line 

The newly in t roduced pa rame te r s , K,, Kp, A and B, of Equation 

(3-12) a r e r e l a t e d t o t h e r e s i s t a n c e and capac i t ance cons tan t s of the 

double l i n e by n o n l i n e a r a l g e b r a i c formulas which a r e developed in Appen­

d ix I . The r e l a t i o n s h i p s between t he s e parameters and t h e l i n e cons t an t s 

a r e shown g r a p h i c a l l y in Figure 1 1 . Famil ies of curves for cons tan t K,, 

K , A and B a r e drawn on loga r i thmic axes wi th r / r , for t he a b s c i s s a and 

c / c , for t h e o r d i n a t e . 

Information r e l a t i v e t o t h e behavior of the d o u b l e - l i n e t r a n s f e r 

funct ion can be deduced from Figure 11» A s tudy of t h e comparative mag­

n i t u d e s of the parameters K. , K», A and B over wide ranges of r„ /r\ and 

c /c a l lows approximations t o be made in t h e t r a n s f e r funct ion exp re s ­

s ion for c e r t a i n ranges of l i n e c o n s t a n t s . The s a l i e n t f e a t u r e s of t h i s 

s tudy a r e d i scussed in t he fol lowing paragraphs and a l s o shown in t h e map 

of Figure 12. 



Key 

—A 

- -B 

—K 

—K. 

1 

0.01 100 

Figure 1 1 . Parameter Famil ies for t he Double-Kelvin Line, vo 



cosh(Bu) 

0.01H 

0.001" 

0.001 0.01 0.1 1.0 10 100 

Figure 12. Map of Transfer Function Behavior for the 
Double-Kelvin LineQ 



When the r e s i s t a n c e r a t i o ^ / r i s l a r g e , t h a t i s g r e a t e r than 

u n i t y , t h e double l i n e behaves as a s i n g l e l i n e wi th a modified frequency 

s c a l e . This inc ludes the reg ions (a) and (b) in F igure 12. Since the 

cu r r en t in t he r p s t r a tum i s always cons t ra ined t o zero a t t h e sending 

and r ece iv ing ends of t h e l i n e , i t i s not s u r p r i s i n g t h a t t h e r / r 

r a t i o must be small before t he e f f e c t s of t he a d d i t i o n a l s t r a t a a r e 

n o t i c e a b l e . 

The double l i n e i s i d e n t i c a l in behavior t o a s i n g l e l i n e when 

both r /r and c p / c , a r e l a r g e . The region where t h e s e cond i t ions a r e 

s a t i s f i e d occupies the upper r i g h t p o r t i o n of Figure 12 and i s marked 

as region ( a ) . 

The region def ined by a very small r / r , r a t i o , (not shown on t he 

map) t h a t i s 0.001 or l e s s , con ta ins parameters for l i n e s which behave 

similar to s i n g l e l i n e s having a s e r i e s capac i t ance of magnitude c A 

f a r a d s . The behavior of a s i n g l e - l i n e twoport wi th s e r i e s capac i tance 

i s d i scussed e l sewhere . 

The range of ^n/ri an (^ co/ci parameters producing novel behavior 

i s i nd i ca t ed in Figure 12 as reg ion ( c ) . I t i s t o t h i s reg ion of unique 

behavior t h a t t h e most a t t e n t i o n i s focused. 

Real-Frequency Zero 

The o p e n - c i r c u i t t r a n s f e r funct ion of t he s i ng l e -Ke lv in or RC two-

wire t r ansmis s ion l i n e i s desc r ibed in t h e u-domain by 

T(u) = i - _ (3-18) 
v ' c o s h (u ) w 

The function in Equation (3-18) has an infinite number of simple poles on 
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the imaginary axis in the u-planen These singularities are located on 

the negative real axis in the s-plane. 

The lumped-circuit element counterpart of the single-Kelvin l i ne , 

the RC ladder network of Figure 13, has no t ransfer function poles a t 

the origin or i n f in i ty and a f i n i t e number of simple poles on the nega­

t ive rea l axis in the s-plane. The t ransfer function zeros of the RC 

ladder are r e s t r i c t ed to the negative rea l axis a l s o , but may be of any 

order, 

o 

^WV-T^W^-rj 

-o 

Figure 13. RC Ladder Network. 

In the case of the double-Kelvin transmission l ine the poles and 

zeros of the voltage t ransfer function are the roots of transcendental 

equations formed by the numerator and denominator of Equation (3-12). 

The numerator of t h i s equation can be wri t ten as 

N(u) = sinh(Au) + K sinh(Bu) (3-19) 

where 

K l 
K = «r- > 0 

K2 

(3-20) 

The roots of Equation (3-I9) are infinite in number but can never be 



rea l because of the physical l imi ta t ions on the l ine parameters. No 

expl ic i t method exis ts for obtaining the roots of Equation (3-19)* bu* 

i t i s possible to find some of i t s roots by numerical techniques. Of 

par t icu la r in te res t is the pos s ib i l i t y of roots in the u-plane which 

transform to real-frequency roots in the s-plane. The locus of rea l 

frequency roots in the s-plane is the k-5 degree l ine in the f i r s t quad­

rant in the u-plane. This can be seen from a consideration of the t r ans ­

formation between u and s given by Equation (3-11) <> 

Setting Equation (3-I9) equal to zero and using the re la t ionship 

u = x + jy (3-21) 

produce the following pair of real equations 

cos (Ay) sinh(Ax) + K cos(By) sinh(Bx) = 0 (3-22) 

sin(Ay) cosh(Ax) + K sin(By) cosh(Bx) = 0 (3-23) 

2 
Since the complex frequency s is proportional to u , the existence of 

real frequency roots for Equation (3-I9) is evidenced by the existence 

of real roots in the simultaneous solution of Equations (3-22) and (3-23) 

when x is set equal to y„ Setting x equal to y in these equations yields 

cos(Ay) sinh(Ay) + K cos(By) sinh(By) = 0 (3-2*0 

sin(Ay) cosh(Ay) + K sin (By) cosh(By) = 0 (3-25) 

At this point in the analysis it is useful to introduce the approxima­

tions 

cosh(Ay) = sinh(Ay) = i eAy (3-26) 



cosh(By) = sinh(By) = | e B y (3-27) 

which are reasonable for large arguments. The resulting approximate 

equations are 

cos(Ay)e(A"B)y = -K cos(By) (3-28) 

sin(Ay)e(A-B)y = -K sin(By) (3-29) 

Equations (3-28) and (3-29) have a solution under the following conditions: 

(A-B)y = mt n = ±l,t3,±5 (5-30) 

K = en« n = ti,t3,t5 (3-31) 

The value of u given by this solution u , and the corresponding real fre­

quency root, CD , are 

_.Tt 

v/2 nrt C 

u on A-B ^ ^ J 

CO 

|2 
|U 
on1 on .2 

ri Cl A 

rad/sec (3-33) 

The case which proves to be of practical interest is that for n=l. This 

value of n requires 

K = en = 23-12 (3-3^) 

and produces a real-frequency zero at 
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w = „- rad/sec (3-35) 
0 1 (A-B)d r ^ A ^ 

Real-Frequency Zero Parameter Locus 

The condition necessary for a real-frequency root to exis t in the 

numerator of the t ransfer function of the double-Kelvin transmission l i n e , 

specified by Equation (3-3^ ).> is sa t i s f ied only for cer ta in values of 

the l ine constants . The locus of a l l values of c / c and rp / /r , which 

produce a K = 23.12 has been calculated and is shown in Figure Ik. 

Since th i s value of K applies only to the approximate equation, 

the roots corresponding to the l ines with parameters on t h i s locus were 

calculated to check the approximation. The check shows the approximation 

to be accurate when cp/c.. is greater than 5« When the Co/ci r a t i o is 

less than 5 the exact locus for real-frequency roots has been calculated. 

Both loc i are shown in Figure lit-. The numerical method used to compute 

the roots of the transcendental equations in th i s study is described in 

Appendix I I . The actual and approximate loci are seen to merge as the 

magnitude of the real-frequency root Increases. 

The effect of parameter var iat ions on the location of the t r ans ­

mission zero was investigated and the resu l t s are shown in Figures 15, 

16, and 17. Figure 15 shows the root locus in the u-plane for a p a r t i ­

cular double-Kelvin l ine as the c /c r a t io of the l ine is varied around 

the value required for a real-frequency zero0 The ^p/^-, r a t i o for the 

l ine is held constant. The locus crosses the k^> degree l ine twice. These 

two crossings occur for values of l ine parameters which sa t i s fy the K 

equal to 23.12 condition. 
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Figure 14. RC Loci for t he Double-Kelvin Liae, 
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Figure 15 . u-Plane Root Locus for Var iable c / c . , 
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Figure 16. u-Plane Root Locus for Var iable T^/T^ 
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Figure 17 . u-Plane Root Locus for Family of Double-Kelvin 
Lines Having K = 2 3 . 1 2 . 
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Figure 17 shows the roo t locus in t h e u-plane for a s i m i l a r l i n e as 

the r Q/T-, r a t i o i s var ied about t h e value requi red for a r ea l - f r equency 

t r ansmis s ion z e r o . In t h i s case t h e c p /c-. r a t i o i s held cons tan t and 

the locus c rosses t h e k-5 degree l i n e only once0 

Figure 17 i s a p l o t of t h e roo t locus for a family of double 

l i n e s each of which s a t i s f i e s t h e K = 23-12 c r i t e r i o n . I t can be seen 

t h a t t h i s roo t locus approaches the t r u e r ea l - f r equency root l o c u s / t he 

J+5 degree l i n e , as t h e magnitude of the roo t i n c r e a s e s . 

Poles of the Open-Circuit Transfer Function 

Poles in the open-circuit voltage transfer function will be pro­

duced by the poles of the numerator and zeros of the denominator func­

tions of Equation (3-12). Since the numerator function can be seen to 

have no internal poles it remains to examine the denominator function 

for zeros. When the denominator function of the transfer function is set 

to zero, there is obtained 

sinh(A + B)u + K' sinh(A - B)u = 0 (3-36) 

where 

K, - K 
K ' = K ^ ( > 3 7 ) 

Since bo th K-. and K„ a r e g r e a t e r than z e r o , 

-1 > K1 > 1 (3-38) 

Because of the above restriction on the value of K' and the previous 

restrictions on A and B, the roots of Equation (3~36) lie only on the 
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imaginary a x i s in t h e u - p l a n e . This can be demonstrated as fo l lows . 

Let u be replaced by x + j y . Equation (3-36) c a n ^ e w r i t t e n as two r e a l 

v a r i a b l e e q u a t i o n s . 

cos(A+B)y sinh(A+B)x + K' cos(A-B)y sinh(A-B)x = 0 3 - 3 9 ) 

sin(A+B)y cosh(A+B)x + K' sin(A-B)y cosh(A-B)x = 0 (3-1*0) 

Rearrange Equations (3-39) an(3- (3-40) t o y i e ld 

cos(A+B)y _ , sinh(A-B)x 
cos(A-B)y ~ " sinh(A+B)x (3-^D 

sin(A+B)y _ , cosh(A-B)x 
sin(A-B)y ~ " cosh(A+B)x (3-^2) 

The magnitudes of t h e r i g h t hand members of Equations ( 3 - 4 l ) and (3-42) 

a r e always l e s s than u n i t y . Therefore , in o rde r t o s a t i s f y Equations 

( 3 - 4 l ) and (3-42) t he fol lowing i n e q u a t i t i e s must be s a t i s f i e d . 

cos(A+B)y 
cos(A-B)y < 1 (3-^3) 

sin(A+B)y 
sin(A-B)y < 1 (3-44) 

The complementary nature of the sine and cosine functions precludes the 

simultaneous satisfaction of the Equations (3-^3) anc^ (3-^0° If, however 

x=0, Equations (3-36) becomes 

sin(A+B)y + K' sin(A-B)y = 0 (3-^5) 

Equation (3-^5) c a n have a real solution in y. Such a real solution lies 
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on the negative real or imaginary-frequency axis in the s-plane. Thus 

it has been demonstrated that the transfer function of the double-Kelvin 

line has no real-frequency poles0 

The Frequency Response of the Double-Kelvin Transmission Line 

The open-circuit voltage transfer function for the double line, 

expressed by Equation (3-12), can be written as 

T(u) - sinh(Au) + K sinh(Bu) , , .v 
K J sinh(Au) cosh(Bu) + K sinh(Bu) cosh(Au) ^ - * ° ; 

It has been convenient to examine the behavior of the double line in the 

u-domain rather than the s-domain. The relationships between the inde­

pendent variables u, s, and w, are 

u y sr l C lA
2 (3-^7) 

u = /u)r1c1A
2 e ^ (3-^8) 

i2 u 
w = -J—1—— rad/sec (3-^9) 

r i c i A ' 

The real-frequency behavior of the double line has been shown to be related 

to the behavior of T(u) along the 4 5 degree axis in the u-plane. There­

fore, the frequency response data has been calculated for values of u 

lying on the k^> degree axis and are plotted with the magnitude as the 

abscissa„ Equation (3-^-9) c a n t>e used to change the abscissa scale to 

the real-frequency scale if desired0 



The g e n e r a l shape of the ampli tude c h a r a c t e r i s t i c of t he double 

l i n e t r a n s f e r funct ion d i f f e r s s i g n i f i c a n t l y from t h e lowpass cha rac ­

t e r i s t i c of a s i n g l e l i n e only when t h e r e i s a t r a n s f e r - f u n c t i o n zero 

near the r ea l - f r equency a x i s in t he s - p l a n e . The ex i s t ence of such a 

zero has been shown t o occur for l i n e s wi th va lues of K near 23.12c 

Figure 18 shows t h e a t t e n u a t i o n c h a r a c t e r i s t i c of a s i ng l e -Ke lv in l i n e 

and two double-Kelvin l i n e s for comparison. The parameters for the l i n e s 

a r e t a b u l a t e d on t he F i g u r e . 

The da ta shown on Figure 19 a r e from a family of double l i n e s 

having parameters l y ing on t h e K = 23°12 locus of Figure lk0 I t i s 

n o t i c e a b l e t h a t t he depth of t h e n u l l s in t h e t r a n s f e r funct ions 

decreases w i th t h e frequency a t which t he n u l l o c c u r s . As t he magni­

tude of the roo t of t h e t r a n s f e r func t ion d e c r e a s e s , i t moves away from 

the a x i s of r e a l r o o t s , and the shallow n u l l s a r e t hose caused by roo t s 

w e l l off t he r ea l - f r equency axis D 

Double l i n e s having r ea l - f r equency zeros but whose va lues of K 

d i f f e r from 23<> 12 behave very much l i k e s i n g l e l i n e s wi th e x t e r n a l c a p a c i ­

tance in s e r i e s . Such l i n e s have parameters given by t h e s e c t i o n of the 

locus shown in Figure lk which i s not p a r t of t he K = 23-12 l o c u s . Kauf­

man's method of a n a l y s i s and r e s u l t s can be modified t o g ive a good 

approximate t r ea tmen t of a l i n e of t h i s t y p e . ^ The frequency response 

fo r a family of such l i n e s i s shown in Figure 20 . 

The phase s h i f t c h a r a c t e r i s t i c s of the o p e n - c i r c u i t vo l t age t r a n s ­

fer funct ion of t y p i c a l double-Kelvin t r ansmis s ion l i n e s a r e shown in 

F igure 2 1 . The phase s h i f t c h a r a c t e r i s t i c for a s i ng l e -Ke lv in l i n e 

(curve ( a ) ) i s a l s o shown for comparison. The phase s h i f t of a double -
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Figure 21. Typical Phase Shift Characteristics for 
Double Lines. 



Kelvin l ine which has no zero near the real-frequency axis i s similar 

to that of the single line* Curve (b) shows the phase shi f t of t h i s 

type l i n e , 

A t rue real-frequency zero in the t ransfer function causes a 

discont inui ty in the phase shi f t curve. A near real-frequency zero 

causes a rapid but continuous change in the phase of the t ransfer func­

t ion . The phase shi f t curve (c) in Figure 21 is for a l ine with a near 

real-frequency zero. The amplitude and phase shi f t for t h i s l ine are 

shown in a polar diagram in Figure 220 Notice tha t the or igin of the 

polar diagram is not encircled by the locus in t h i s case. 

Curve (d) in Figure 21 shows phase sh i f t data for a l ine having 

a near rea l zero. In th i s case the polar plot would encircle the origin 

and there is a corresponding rapid increase in phase sh i f t . 
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Figure 2 2 . Po la r Diagram of the Transfer Funct ion for a Double 
Line Having a Near Real-Frequency Zero. 
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CBAPTER IV 

THE DOUBLE-KELVIN LINE TWOPORT WITH A SERIES ELEMENT 

The General Case of Series Impedance 

The behavior of the double-Kelvin l ine twoport when connected in 

ser ies with a l inear and passive c i r cu i t element w i l l be invest igated. 

Figure 23 shows the configuration of the c i r cu i t to be analyzed. 

t 

E. 
i n 

6 

1 
W V \ A 

VWXA-

Z(s) 

* 

Figure 23 . The Double-Line Twoport with Series Element 

If the double l ine is designated as twoport "a" and the impedance 

Z(s) i s considered as twoport " b / ' then the open-circuit impedance param­

eters in the s-domain of the ser ies twoports are given by the following 

1 4 - - V , - ^ 

relationships. 

a b a 
Zll = Zll f Zll = '11 

(4-1) 

a b a 
Z12 " Z12 + Z12 " Z12 + Z (̂ -2) 



4 1 

which become, a f te r subst i tu t ion and simplif icat ion 

f r r f 
Q 1 1 1 0 

Z(s)(f -f )sinh(aA)sinh(PA)+(-4—)sinhO\ coshBA- ( )sinh^^)cosh(aA) 
z x l ( s)= 9 1 0 ( f 9 - f 1 0 ) sinh(aA) sinh((3A) 

(^-3) 

and 

r r 
Z(s)(f -f )sinh(aA)sinh(PA)+(f ^ ) s i n h ( a A ) - ( f -^)sinh(pA) 

z (s)= 2 2_£ ^ • (4 -4 ) 
^ (f - f 1 0 ) s inh aA sinh PA 

The open-circuit voltage t ransfer function of the network of Figure 27) 

is given by 

f r f r 
Q 1 10 1 

Z(s ) ( f 9 - f 1 0 ) s inh (aA)s inh (PA)+( -^±) s inh (aA) - (~ - i ) sinh((3A) 
T(s)= _ _ . 

Q 1 1 0 1 
Z(s) (f -f^)sinh(aA)sinh(pA}f(^-)snnh(aA)cosh(PA)-(----^)sinh(pA)cosh(c^) 

(^-5) 

I t has been found convenient to invest igate the behavior of Equation 

(4-5) in the u-plane rather than the s-plane0 The transformations be­

tween u and s introduced in Chapter I I I allow Equation (4-5) to be 

wri t ten in the u-domain as 

Z u sinh(Au) sinh(Bu) + K-Lsinh(Au) + K sinh(Bu) 
T ^ = Z u sinh(Au)sinh(Bu)+K sinh(AuJcosh(Bu)+K sinh(Bu)cosh(Au) ^ ' 

where 

= Z^u) 
O T-K = ^ <^> 

1 



Notice that Equation (4-6) reduces to Equation (3-12) when Z is zero. 

Examination of the open-circuit transfer impedance for the double 

line, given by 

a . v 
2l2(u) = 

r^TK sinh(Au) + K sinh(Bu)] r AK 

usinh(Au) sinh(Bu) usinh(Bu) 
1 

(4-8) 

indicates the possible choices for Z to produce a transmission zero. A 

a polar plot for a typ ica l z (u) for values of u on the real-frequency axis 

is sketched in Figure 2k. 

Re z 12 

Figure 2k. Sketch of Typical zf_(u) for the 

Double-Kelvin Twoport. 

The first opportunity to create a transmission zero with a single-

element impedance occurs at the point on the sketch of z (u) marked u . 

At this frequency a suitable resistance value for Z will produce a trans­

mission zero. 

The second opportunity for a transmission zero with a single ele­

ment impedance occurs at the frequency marked u . At this frequency a 



^ 

suitable capacitance will produce a transmission zero0 

There is also a third and much higher frequency at which an induc­

tance will produce a zero. However, the amplitude of the transfer func­

tion is out of the dynamic range of practical interest before this point 

is reached 0 

The Case for a Series Resistance 

The first element to be considered for Z is a resistance. Let 

Z (s) = R = -Sj. (l*-9) 
ov ' o r,A v 

For th i s case, Equation (h-6) becomes 

R u sinh(Au) sinh(Bu) + K, sinh(Au) + Kp sinh(Bu) 

^U ' ~ R u sinh(Au) sinh(Bu)+K sinh(Au)cosh(Bu) + K sinh(Bu)cosh(Au) 

(^-10) 

The ser ies res is tance introduces two new terms in the open-circuit vo l t ­

age t ransfer function. The new term in the numerator makes i t possible 

to tune the twoport for a real-frequency zero by adjusting the magnitude 

of R. This is in contrast to the case of the double l ine of Chapter I I I 

which has a real-frequency zero only for selected l ine parameters. 

The approximate conditions for producing a real-frequency zero in 

the transfer function of Equation (^-10) have been derivedo They are 

valid approximations for lines having K. larger than Kp. An examina­

tion of the data shown in Figure 11 of the preceding chapter will show 

this condition to be satisfied over a large range of line parameters. 

Starting with this assumption, K > K , the numerator of Equation 
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(4-10) when set to zero becomes, after the Kp term is cast out, 

R QU sinh(Bu) + K± = 0 (4-11) 

The r e a l and imaginary p a r t s of Equation (4-11) a r e given by Equations 

(4-13) a n d- ( 4 - l 4 ) for va lues of u on the r ea l - f r equency a x i s ; t h a t i s , 

for 

u = u ( L f j l ) _ ( J + _ 1 2 ) 

72 

B|U| . , B|U| . B|U| , B|U| V/2 KI Ml . _ X 
cos —'—- s inh —J—L - s m —'—- cosh —!—L = -^—f—+- ( 4 - 1 3 ) 

72" JT fT FT V u | 

BJUI . , B|U| , . B|U| , B|U| ^ /i -M \ 

cos —!—L s inh —'—i- + s m —!—L cosh —!—L = 0 (4-14J 

V2* JT JT JT 

Equation (4-14) r e q u i r e s , for an approximate r e a l r o o t , 

JCx JT 
U | * (n« - £ ) * f - n = 1 , 2 , 3 A ooo.o. ( 4 - l 5 ) 

Under the conditions expressed in Equation (4-15), Equation (4-13) can be 

satisfied for n = 1 if 

Ro 2? o.0569(K1)(B) (4-16) 

The approximate frequency of t he n u l l in the frequency response due to 

t h i s r ea l - f r equency roo t can be c a l c u l a t e d from 

"null S 9" 2 2 r a d / S 6 C {k'll] 

8rcXr 
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When Kp is not neglected, the numerator of the transfer function 

can not be solved for a real-frequency zero by any satisfactory approxi­

mation. The only method found for locating a zero under this condition 

is to calculate values of the transfer function in the vacinity of a zero 

over a range of series resistance values to locate the exact position of 

the zero and the value of resistance producing the zero. This technique 

is useful only when a high speed computer is available. 

The general pattern of behavior for the double line with series 

resistance element is shown by the family of characteristics of Figure 

25. The curves are for selected values of R starting with zero and 
o & 

inc lud ing t h e value causing a r ea l - f r equency z e r o . 

F igure 26 i s a s i m i l a r family of t r a n s f e r func t ions but for a 

double l i n e having parameters such t h a t a zero e x i s t s in t h e t r a n s f e r 

funct ion nea r t he r ea l - f r equency ax i s when R = 0o In t h i s example, as 

R i s increased the n u l l i s improved0 Fu r the r i nc r ea se s in R broaden o o 

the n u l l and produce a band-e l imina t ion c h a r a c t e r i s t i c in t he t r a n s f e r 

functiono 

The high frequency behavior of the d o u b l e - l i n e t r a n s f e r funct ion 

for t h e case wi th an e x t e r n a l r e s i s t a n c e can be approximated by 

O 

However, this expression is not of much practical use because it is valid 

only when u is so large as to be of no interest in many examples„ The 

transfer function rises towards unity very slowly because the terms pro­

portional to u in the numerator and denominator of the transfer function 
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Figure 25. Frequency Response of Double Line with Series 
Resistance. Case for r /r = 1.0 and c p /c =1.0, 



70 
10 100 

u 

Figure 26. Frequency Response of Double Line with Series 
Resistance. Case for r /r =0.01 and cp/c =8.0o 
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of Equation (if-10) do not dominate until very large values of u are 

reached. 

The Case for a Ser ies Capacitance 

The next case t o be analyzed i s t h a t for an i d e a l capac i tance 

connected in s e r i e s wi th the d o u b l e - l i n e twoport„ In t h i s c a s e , Z(s) of 

Figure 23 i s 

z(s) - -i- (if-19) 

The open-circuit transfer function in the u-plane becomes 

sinh(Au)sinh(Bu)+K C u sinh(Au)+KC u sinh(Bu) 

rpCu\ _
 1..Q f; ° 7-—>* 7—r 

v ; sinh(Au)sinh(Bu)+K-,C u sinh.(Au)cosh(Bu)+KpC u siah(Bu)cosh(Au) 
(if-20) 

where C is the normalized capacitance given by 

C = -iL (if-21) 
O C A v ' 

The series capacitor modifies the real-frequency response of the twoport 

in two major ways. First, as was the case with the series resistance ele­

ment, there is a value of series element for every double line that will 

produce a real-frequency zero. Second, the external series capacitance 

causes the high frequency amplitude response to be asymptotic to a -20 db 

per decade asymptote in the u-plane« The high frequency phase shift is 

asymptotic to -if5 degrees. 

The high frequency behavior of the double line with series capaci­

tor was obtained from Equation (if-20) and is given by 



1*9 

^ * 1 + Co(K" + K£)u ^ 2 2 > 

The numerator function of Equation (4-20) can be approximated for 

a wide range of line parameters while neglecting the Kp term with respect 

to the other terms in the numerator. Under the conditions of such an 

approximation the value of C causing a real-frequency zero and the loca­

tion of the zero were calculated and are given by 

CQ £ 4.57 f- (4-23) 

u 01 

o' B 
^ # - (4-24) 

Equation (4-24) may be transformed to the real-frequency domain yielding 

a formula for the null frequency 

2 
§52 rad/sec (4-25) '"null = QT)2 „ .2 8B r., c A 

Typical families of transfer functions have been calculated and 

are shown in Figures 27, 28, and 29. The values of C have been selected 

to display the effect of this variable on the transfer function of three 

double lines. The approximate formulas of Equations (4-23) and (4-24) 

give satisfactory results for the lines of Figures 27 and 29, but they 

do not apply to the case shown in Figure 28. 

The Case for a Series Inductance 

The third case to be analyzed is that of an ideal inductance 


