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SUMMARY 

 
Growing attention is being paid to the problem of efficiently designing and operating 

reverse supply chain systems to handle the return flows of production wastes, packaging, 

and end-of-life products. Because uncertainty plays a significant role in all fields of 

decision-making, solution methodologies for determining the strategic infrastructure of 

reverse production systems under uncertainty are required. This dissertation presents 

innovative optimization algorithms for designing a robust network infrastructure when 

uncertainty affects the outcomes of the decisions.  In our context, robustness is defined as 

minimizing the maximum regret under all realizations of the uncertain parameters. 

These new algorithms can be effectively used in designing supply chain network 

infrastructure when the joint probability distributions of key parameters are unknown. 

These algorithms only require information on potential ranges and possible discrete 

values of uncertain parameters, which often are available in practice.  These algorithms 

extend the state of the art in robust optimization, both in the structure of the problems 

they address and the size of the formulations.  An algorithm for dealing with the problem 

with correlated uncertain parameters is also presented. 

Case studies in reverse production system infrastructure design are presented.  The 

approach is generalizable to the robust design of network supply chain systems with 

reverse production systems as one of their subsystems. The resultant system will tend to 

be more financially and operationally viable if properly planned, since even with the least 

favorable realization of the parameters, the system may still perform close to optimal 

levels.   
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CHAPTER    I 

 

INTRODUCTION 

 

1.1 Introduction 

Growing attention is being given to the problem of efficiently designing and 

operating reverse supply chain systems to handle the return flows of production wastes, 

packaging, and end-of-life products.  Figure 1.1 is an abstraction of forward and reverse 

production systems (RPS).  The overall cycle shows that in the forward direction the 

manufactured value increases, but in the reverse direction the manufactured value is 

reduced, as the value-added operations are undone.  The driving forces of recycling are 

the recovery of manufactured value, in a form in which reuse is possible, and the 

avoidance of waste disposal costs.  These benefits must be balanced against several costs 

associated with transporting, sorting, inspecting, de-manufacturing, refurbishing, and 

material recycling.   

The motivation for recycling is growing; however the information that exists for these 

new reverse supply chains is limited.  How many units of obsolete computers are in 

Atlanta and other cities?  What will be the quality (broken, reusable, etc) of the resources 

collected?  What is the current selling price of the specific material in the market?  Where 

is the demand point for the specific material? How many units are in demand?  Thus 

uncertainty should definitely be taken into account, but there is no known underlying 

probability distribution for each uncertain parameter, much less joint probability 
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distributions for the entire set of uncertain parameters.  For these reasons, development of 

an approach to design the strategic infrastructure of reverse production systems under 

uncertainty, when the information on the uncertainty is limited, is critical to support 

effective business and government decision making.  

 

Raw Material
Refining

Material
Manufacturing

Component
Manufacturing Final

Assembly
Point

of Sale

Increase in Manufactured Value

Collection
&

Sorting
Demanufacturing

Decrease in Manufactured Value

Chemical
Recycling Material

Compounding

 

Figure 1.1  Material Flows in Forward and Reverse Production Systems 
                              (from Ammons and Realff, 1999) 

 

 

The research develops several analytical approaches and algorithms for determining 

the robust strategic infrastructure of the supply chain network including the RPS network.  

Initially, the approach was developed for finding an optimal robust solution that 

minimizes the maximum regret from optimal objective function value over all considered 

scenarios (scenario based deviation robustness) by Ammons, Realff, and Newton (2000).  

Extensions are developed in this dissertation with the purpose of solving the scenario 

based robust optimization problem when the numbers of scenarios considered are large 

but finite.  These extensions are 1) the development of the scenario-relaxation algorithm 
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and 2) the use of the accelerated Benders’ decomposition algorithm introduced by Ahmed 

(2003).   

The approach is further extended to the development of a semi-continuous robust 

algorithm which solves the robust optimization problem when each parameter takes its 

value from real compact intervals or some specific discrete values.  The assumption of 

independence among uncertain parameters is required for the initial version of the semi-

continuous robust algorithm.  The next contribution of this dissertation is the 

development of parameter-space transformation algorithm.  By applying this algorithm 

together with the semi-continuous robust algorithm, the semi-continuous robust 

optimization problem can be solved without the parameter independency assumption.  

The semi-continuous robust algorithm can be effectively used in designing network 

infrastructure when the joint probability distributions of key parameters are unknown. 

The algorithm only requires the information on potential ranges and possible discrete 

values of uncertain parameters, which often are available in practice.  The solution from 

this algorithm may not be optimal for any given set of potential future conditions, but 

instead will provide a solution with a predicted objective function value close to the 

optimal predicted objective function value no matter what values the uncertain 

parameters take from among their potential values. 

 

1.2 Problem Statement 

The infrastructure planning is one of the critical strategic decisions for designing 

effective supply chain systems.  Many questions need to be answered when designing the 
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strategic infrastructure of the reverse supply chain systems.  Some of these questions 

include: 

• Where are the locations to open the collection centers and processing centers? 

• What types of processes to be installed at each specific location? 

• How much money should be invested in equipment at each specific location? 

• How much money should be invested in labor at each specific location? 

• What type of materials should be collected at each specific location? 

• What type of transportation modes should be used between each pair of locations? 

 

Given the answers to these strategic questions, many tactical questions need to be 

answered. Some of these questions include: 

• How many units of the specific material should be collected at each collection center 

in the specific time period? 

• What should be done with the collected materials? 

• How many units of the specific material should be transported between each pair of 

locations using which transportation mode? 

• How many units of the specific material should be sold to each specific customer? 

 

In designing the reverse production systems infrastructure, the decision makers must 

deal with additional complications arising from uncertainty such as: 

• Uncertainty in the supply of each material type at each source. 

• Uncertainty in the demand of each material type for each customer. 

• Uncertainty in prices of each material type. 
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• Uncertainty in the process reliability of each process. 

• Uncertainty in the maximum process capacity of each machine type. 

• Uncertainty in the buying cost for each specific machine type. 

• Uncertainty in the transportation cost rate. 

 

If long-term perfect forecasts of all model parameters are provided, both strategic and 

tactical decisions can be made together by solving a mixed integer liner programming 

problem.  The mixed integer linear programming model assuming perfect information 

will be referred as the RPS model in this dissertation.   

Unfortunately, most of the uncertain parameters are not known precisely and cannot 

be accurately predicted.  As a result, the decision makers are unable to make a perfect 

decision that would be best in all circumstances.  They would, therefore, want to assess 

the benefits and losses associated with each potential decision in each situation.  The 

strategic decisions are then made without perfect information for model parameters’ 

uncertain values.  The tactical decisions are made later once the strategic decisions have 

been made and the values of uncertain parameters are realized.  There are many ways to 

make these decisions, and one such approach is to find a robust approach for planning the 

strategic infrastructure.   

Robustness in solution can be measured in several ways (Kouvelis and Yu, 1997). 

One approach is to determine a solution that corresponds to the objective function value 

which is close by percentage or absolute measure to the best objective function value 

over a wide range of possible uncertain parameter values.  This dissertation proposes 

several ways to make strategic decisions for the reverse production systems under 
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uncertainty in parameters’ values.  As explained in more detail in Chapter III, the 

planning is done in the robust manner so as to minimize the maximum regret between the 

optimal objective function value and the robust objective function value over all 

possibilities of parameters’ values.  This definition of robustness will be referred as 

deviation robustness in this dissertation.  The next section overviews solution 

methodologies for finding the robust optimal solution for strategic decisions of reverse 

production systems that are developed in this dissertation. 

      

1.3 Dissertation Overview 

This dissertation develops robust approaches for determining an optimal deviation 

robust solution of a mixed integer linear programming model for supply chain problems 

where uncertainty exists in parameters’ values.  The approaches are validated using 

several case studies and examples.  With these methods, decision makers are able to 

make robust strategic infrastructure decisions for supply chain systems under uncertainty 

in model parameters’ values when the joint probability distributions of key parameters 

are unknown.  The approach is developed throughout this dissertation and presented in 

the following chapters. 

Chapter II is a review of the relevant literature to this dissertation. This literature can 

be classified into three main areas:  recycling literature, robust optimization literature, 

and the bi-level linear programming literature. 

Chapter III covers a basic mixed integer linear programming model for reverse 

production systems (RPS model) and an optimization approach for finding an optimal 

deviation robust solution using the scenario based robust optimization method. 
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Chapter IV covers the development of a scenario relaxation algorithm and the use of 

an accelerated Benders’ decomposition algorithm (Ahmed, 2003) for solving the scenario 

based robust optimization problem when the number of considered scenarios are large but 

finite. 

Chapter V presents a case study on planning the e-scrap reverse production system 

under uncertainty in the state of Georgia using the methodologies developed in Chapter 

IV.  This chapter shows the significant reduction of computational solution time using the 

proposed methods compared to the runtime required by the direct method. 

Chapter VI covers the development of the semi-continuous robust algorithm for 

solving the robust optimization problem when each model parameter can take its value 

from real compact intervals or some specific discrete values.  This algorithm requires an 

assumption of independence among all model parameters.  This chapter also outlines 

theoretical results and methodologies required to solve the problem effectively.  It proves 

that the optimal solution may not depend only on the endpoints of the range of 

parameters.  Several example problems are presented. 

Chapter VII provides several problems demonstrating the design of a robust strategic 

reverse production system infrastructure using the semi-continuous robust algorithm 

developed in Chapter VI. 

Chapter VIII covers the development of a parameter space transformation algorithm, 

which can be used together with the semi-continuous robust algorithm for solving the 

semi-continuous robust RPS problem when correlations exist among model parameters.  

This approach does significantly rely on available information on parametric variations.  
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In Chapter IX, a summary and the contributions of the results in this dissertation are 

documented.  Additionally, potential future extensions of the methodologies of this 

dissertation are discussed.  
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CHAPTER    II 

 

REVIEW OF RELEVANT LITERATURE 

 

2.1 Introduction 

This chapter reviews the literature relevant to the development of the work in this 

dissertation.  While the work in this dissertation is built upon many sources of 

knowledge, the fundamentals of this work are constructed by the following three main 

areas:  Reverse Production System, Robust Optimization and Bi-level Programming.  The 

literature in all these three areas is reviewed in the following section in this chapter.  

Section 2.2 reviews the literature in the area of reverse logistics network design.  Section 

2.3 reviews the literature in the area of robust optimization in supply chain planning and 

Section 2.4 reviews the literature on bi-level optimization. 

 
 
2.2  Literature Review of Reverse Logistics Network Design Models 

The design and analysis of reuse and recycling systems has been a topic of interest for 

some period of time.  Their brief history reflects the growth of interest in environmentally 

conscious manufacturing and the advent of interest in industrial ecology (Graedel and 

Allenby, 1995).  Logistics network design is one of the areas within the field of reverse 

logistics for which evidence is available from a relatively wide collection of case studies.  

In several of these studies dedicated optimization models have been developed that rely 

on extensions and modifications of traditional facility location models.  Flapper (1995 
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and 1996) and Fleishmann (1997, 2000, 2001) provide overviews of reverse production 

system models and their application to recycling system analysis.  Gungor and Gupta 

(1999) give a state-of-the-art survey of the academic literature on environmentally 

conscious manufacturing and product recovery. 

Specific product and material recycling systems that have been analyzed include 

carpet (Newton, 2000; Ammons and Realff, 1999), copying machines (Thierry, 

Salomom, Nunen and Wassenhove, 1995; Thierry, 1997; and Krikke, 1998), monitors 

(Krikke, Harten and Schuur, 1999), cameras (Nagel, 1997), paper (Huttunen, 1996), iron 

(Russell and William, 1974), steel (Spengler et al., 1997), electronics (Fleischmann et al., 

2001), cell phone (Jayaraman et al., 1999), reusable packaging (Kroon and Vrijens, 1995) 

and sand (Barros and Scholten, 1998). 

Kroon and Vrijens (1995) address the design of a closed-loop deposit based system 

for collapsible plastic containers that can be rented as secondary packaging material.  The 

system involves multiple actors, including a central agency who owns a pool of reusable 

containers and a logistics service provider who is responsible for storing, delivering, and 

collecting the empty containers.  For the latter operations a set of depots needs to be 

located.  The authors document how this issue may be addressed by means of a standard 

warehouse location model.  In addition, they emphasize that the overall network design 

problem is characterized by the interaction between the various parties involved and their 

respective roles.  Depot location, pool size, and payment structures all have an important 

impact on the system’s performance as a whole and its competitiveness with respect to 

traditional “one-way” packaging. 
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Spengler et al. (1997) have examined recycling networks for industrial by-products in 

the German steel industry.  Steel production gives rise to a substantial volume of 

residuals that have to be recycled in order to comply with environmental regulation and 

to reduce disposal costs.  For this purpose, different processing technologies are 

available.  The authors analyze which recycling processes or process chains to install at 

which locations at which capacity level in order to minimize overall costs.  They propose 

a modified mixed integer linear program warehouse location model.  The model 

formulation allows for an arbitrary number of network levels, corresponding to individual 

processing steps, and an arbitrary number of end products, linked to alternative 

processing options.  Analyzing multiple scenarios the authors emphasize the need for 

industry-wide co-operation to achieve sufficient capacity utilizations.  Moreover, they 

conclude that recycling targets and disposal bans may entail severe investment burdens 

for the industry and should therefore be handled with care. 

Barros et al. (1998) provide an example of a material recycling network, namely sand 

recycling from construction waste.  In view of a substantial annual volume of sand 

landfilled on the one hand and the need for sand in large infrastructure projects, such as 

road construction on the other hand a consortium of waste processing companies in The 

Netherlands is investigating opportunities for a nation-wide sand-recycling network.  

Pollution is a major issue in this context.  This means that sand needs to be analyzed and 

possibly cleaned before being reused.  Cleaning of polluted sand requires the installation 

of fairly expensive treatment facilities.  In addition, regional depots need to be set up for 

inspection and storage.  The authors develop a tailored multi-level capacitated facility 

location model for this network design problem.  In their analysis, they emphasize the 
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need for a robust network structure since both supply and demand involve significant 

uncertainties.  Therefore, multiple scenarios are evaluated, of which the solution with the 

best worst-case behavior is selected. 

Jayaraman et al. (1999) have analyzed the logistics network of an electronic 

equipment remanufacturing company in the USA.  The activities considered include core 

collection, remanufacturing, and distribution of remanufactured products, where delivery 

and demand customers do not necessarily coincide.  In this setting, the optimal number 

and locations of remanufacturing facilities and the number of cores collected are sought, 

considering investment, transportation, processing, and storage costs.  The authors show 

that this network design problem can be modeled as a standard multi-product capacitated 

warehouse location mixed integer linear program.  In this formulation, limited core 

supply acts as a capacity restriction to the overall level of operation.  The authors 

highlight that managing this “capacity” which is crucial for the system’s performance, 

requires different approaches than in a traditional production distribution network.  

Rather than considering technical capacity extension options, appropriate marketing 

instruments are needed to assure a sufficient core supply. 

Fleischmann et al. (2000 and 2001) focus on the consequences for OEMs of adding 

product recovery operations to an existing production-distribution network.  A fairly 

general mixed integer linear program facility location model is presented that 

encompasses both “forward” and “reverse” product flows. 

One aspect that is worth considering concerns the issue of uncertainty in the reverse 

chain.  Ammons and Realff (1999) illustrate the discrete robust strategic multi-period 

network design model for the reverse production system for carpet recycling.  They are 
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the first group to provide the step in this direction.  They handle uncertainty in the reverse 

chain by using scenario-based robust optimization to find the solution that minimizes the 

maximum regret from optimality for each scenario. 

Newton (2000) extends the methodology of Ammons and Realff (1999) in strategic 

infrastructure planning for carpet recycling to generate the solution that minimizes the 

maximum regret from optimality for each scenario when each random parameter takes 

value from a real compact interval.  There are some limitations for this approach, which 

are described in the next section.  

Listes and Dekker (2001) explicitly take the uncertainty issue into account in their 

model approach.  They propose a multi-stage stochastic programming model where 

location decisions need to be taken on the basis of imperfect information on supply and 

demand while subsequent processing and transportation decisions are based on the actual 

volumes.  The model maximizes the expected performance for a set of scenarios with 

given probabilities.  The authors emphasize that the solution needs not to be optimal for 

any individual scenario and hence that this approach is more powerful than simple 

scenario analyes.  

Similar to the approach presented in Newton (2000), Ammons and Realff (1999), and 

Spengler (1997), this dissertation defines a location/allocation model to determine the 

number, size, and location of facilities and demanufacturing plants.  Materials to be 

recycled are generated and can be transformed to different states by processes.  These 

materials may then be further processed or sold.  The objective of the model is to 

maximize profit of recycled and reused materials.  The RPS model in Chapter III presents 

a general framework similar to that of Newton (2000), Ammons and Realff (1999), and 
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Spengler (1997) and extends the model to suit electronic recycling system and to include 

planning over multiple periods.  Table 2.1 contains a summary of reverse production 

system literature. 
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2.3 Literature Review of Robust Optimization in Supply Chain Planning 

Uncertainty in parameter values is a basic structural feature that decision makers in 

all fields of study must confront. The way to handle uncertainty, and to make decisions 

under uncertainty, is to accept uncertainty, make a strong effort to understand it, and 

finally, make it part of the decision making process.  

Deterministic optimization approaches feed one instance of the input data to a 

decision model and with the use of one or multiple objectives generate the 

mathematically optimal decisions. This approach either completely ignores uncertainty or 

uses historical data to forecast the future. The selected instance of the input data 

represents the most likely estimator of the realization of the data in the future. A major 

weakness of deterministic optimization can be its inability to account for plausible data 

instances other than the most likely one used to generate the optimal decision. Even 

though that decision is optimal for the most likely future scenario, it may lead to poor 

performance of the design when a future realization is different than the forecasted most 

likely one. 

One of the ways to handle uncertainty is stochastic optimization. The stochastic 

optimization approach recognizes the presence of multiple data instances that may be 

potentially realized in the future. However, before feeding the data instances to the 

decision model, it requires explicit information for the probability values, which may not 

be available or may be difficult to obtain. Even if all probability data are available, the 

typical decision model will attempt to generate a decision that maximizes (or minimizes) 

an expected performance measure, where the expectation is taken over the assumed 

probability distribution, which may not reflect the decision maker’s true utility function 
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that may be risk averse. The requirement for a specified probability distribution makes 

the use of stochastic optimization a challenge to implement when the knowledge of 

parameters is not available.  

Another way to handle uncertainty is robust optimization. The aim of this approach is 

to produce decisions that will have a reasonable objective function value under any likely 

input data scenario to the decision model over a pre-specified planning horizon.  

Different criteria can be used to select among robust decisions. One possible criterion is 

the mini-max regret criterion. The first step is to compute the “regret” associated with 

each combination of decision and input data scenario. “Regret” can be defined as the 

difference between the optimal objective value and robust objective value for each input 

data scenario. The mini-max criterion is then applied to the regret values, so as to choose 

the decision with the least maximum regret. A solution to a mathematical program is 

robust with respect to optimality if it remains close to optimality for any input data 

scenario to the model. 

We divide the robust optimization for the application of the supply chain models into 

two basic categories:  regret models and variability models.  The “regret” of a scenario is 

measured as the closeness between the optimal objective function value for that scenario 

and the objective function value of the chosen solution for that scenario.  Kouvelis and 

Yu (1997) define “close” to the optimal solution in several different ways.  They define 

two regret criteria for robustness. The robust deviation decision is the decision that 

exhibits the best worst-case deviation from optimality.  In other words, the robust 

deviation solution is one that minimizes the maximum regret over all possible realizations 

of the parameters in the model.  This is the robustness definition used in this dissertation.  
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The robust relative decision is the decision that exhibits the best worst-case percentage 

deviation from optimality.   

There is also a definition of absolute robustness presented by Kouvelis and Yu 

(1997).  Absolute robustness evaluates the objective function value in each scenario 

without reference to the best possible decision that could have been made in that 

scenario.  Absolute robustness defines a solution that minimizes the maximum total costs.  

This would be appropriate for risk adverse or highly competitive environments where 

even the worst case must guarantee a certain level of performance.   

The robust deviation measure was chosen in this dissertation for two reasons.  First, it 

incorporates more information in the solution than absolute robustness and so is believed 

to provide a better answer.  Second, robust deviation places more of an emphasis on 

scenarios that tend to produce large objective values than the other two measures.  The 

use of the relative robustness measure will result in more opportunity lost than the robust 

deviation measure. This is because scenarios that would tend to have very small positive 

or negative objective functions tend to totally dominate solutions using a relative 

robustness measure. 

The work of Kouvelis and Yu made use of scenarios for determining robustness.  The 

approach of using scenarios to capture uncertainty can also be found in the stochastic 

optimization literature. Scenarios are decided upon and weights are placed on the 

realization of the scenarios.  The final solution must satisfy each scenario and minimize 

some objective based on the difference between the proposed solution and optimal 

solution.  In this respect the concept is close to robustness approach used in this 

dissertation. 
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Ammons and Realff (1999) applied the definition of deviation robustness to the 

application of carpet recycling.  They introduced a mixed integer linear programming 

model and solved for the robust infrastructure design for carpet recycling problems.  

Newton (2000) introduces a continuous robust approach using the deviation 

robustness definition.  Instead of using discrete scenarios to capture uncertainty, he 

introduces the innovative idea of using the information from parameter possible ranges 

for making robust infrastructure decision of the reverse logistic problems.  This approach 

has some limitations when it is applied on some types of uncertain parameters.  This 

approach cannot handle the uncertainty when any coefficient of a continuous variable in 

the model is random and cannot handle the uncertainty corresponding to the combination 

of discrete scenarios and continuous range scenarios.  This approach also requires the 

assumption of independent model parameters. This approach also requires the assumption 

that there always exists a feasible robust infrastructure solution for the problem, which is 

not always true in general.   

Gutierrez, Kouvelis, and Kurawarwala (1996) apply a different robustness approach.  

Instead of addressing the worst case, they require a robust network design to be within 

p% of the optimal solution for any realizable scenarios.  Therefore, they in effect add a 

constraint to their model to ensure robustness.  They solve the model by modifying 

Benders’ decomposition algorithm to use cuts from one master problem on all scenarios. 

An alternative definition of robustness is to find a near-optimal solution that is not 

overly sensitive to any specific realization of the uncertainty (Bai, Carpenter and Mulvey, 

1997).  The goal is to minimize expected cost (maximize expected profit) and to reduce 

the variability over all possible scenarios.  Thus, these robust optimization models 
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include a measure of variability rather than regret.  Variability can be measured by 

variance (Hodder and Dincer, 1986; Mulvey, Vanderbei and Zenios, 1995; Bok, Lee, and 

Park, 1998) or by standard deviation (Goetschalckx, et al., 2001), both of which make the 

objective function a nonlinear function.  Both methods also assume symmetric risk, so 

that it is equally bad for costs to be below or above average.  Several other measures of 

variability have been used, including the von Neumann-Morganstern expected utility 

function (Bai, Carpenter and Mulvey, 1997) and the upper partial mean (Ahmed and 

Sahinidis, 1998), to allow asymmetry, but these functions are often hard to compute.  

Additionally, when coefficients in a model are uncertain, the functional constraints may 

not necessarily be satisfied for all scenarios.  In such a situation, it is convenient to 

introduce additional variables that represent the slack or surplus in the functional 

constraints.  These variables, called recourse variables, are included in the objective 

function as an infeasibility penalty (Mulvey, Vanderbei and Zenios, 1995; Yu and Li, 

2000).  We also discuss the variability models in more detail below. 

Hodder and Dincer (1986) present a model for international plant location and 

financing decisions under uncertainty.  They model risk aversion via a mean-variance 

objective function of firm profit and consider fixed cost and net revenue uncertainty.  The 

resulting model is a quadratic mixed integer program.  They show that a multifactor 

approach can transform the problem into one that can be easier to solve. 

Mulvey, Vanderbei, and Zenios (1995) were the first to present robust optimization as 

the integration of goal programming formulations with a scenario-based description of 

the problem data.  They define solution robustness as the case when the optimal overall 

solution is near optimal for every possible demand scenarios.  They define model 
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robustness as the case when the optimal overall solution is almost feasible for all 

scenarios.  They add norms, such as variance or utility functions, to the objective function 

to encourage solution robustness.  They also add a feasibility penalty function to the 

objective function to encourage model robustness.  The feasibility penalty term is a 

function of the demand slack.  A penalty is assessed when the slack holds the positive or 

negative value, so the penalty applies when the model is infeasible, and when there is 

excess capacity.  Malcolm and Zenios (1994) apply the robust model of Mulvey, 

Vanderbei, and Zenios (1995) to a power system capacity expansion problem with 

demand uncertainty. 

Bok, Lee, and Park (1998) define a quadratic objective function to maximize the 

expected net profit with penalties for the expected deviation of profit and excess capacity.  

The net present value of profit is calculated from sales revenues, material costs, 

processing costs, and capacity expansion costs.  The scenarios consist of different 

demand levels, each with an associated probability.  They use Benders’ decomposition to 

solve their two-stage stochastic programs. 

Yu and Li (2000) reformulate the robust optimization model of Mulvey, Vanderbei, 

and Zenios (1995) into a linear program that requires only half as many variables.  They 

demonstrate their model with four economic scenarios with different demand and 

production cost.  The main limitation to this formulation is that it can only applied to 

linear models. 

Bai, Carpenter, and Mulvey (1997) advocate using the von Neumann-Morganstern 

expected utility model (Keeney and Raffia, 1976) over mean-variance robust models as it 

presents a more general approach for handling risk aversion.  Additionally, the model 
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captures asymmetries in the random variable distributions and is easier to expand to 

multi-period planning.  The disadvantage of the expected utility model is that the decision 

makers must decide upon an appropriate level of risk tolerance. 

Ahmed and Sahinidis (1998) use the definition of robustness of Mulvey, Vanderbei, 

and Zenios (1995), but propose alternative formulations to the mean plus variance 

objective function.  They argue against using variance because it penalizes cost below the 

mean and it also introduces nonlinearities to the formulation.  They propose the upper 

partial mean (UPM) of the recourse costs as the measure of variability.  The upper partial 

mean is the positive deviation of a scenario’s cost from the expected cost.  The key 

advantage of UPM is that it does not require the a priori specification of a target level for 

variance and is therefore more flexible.  The formulation limits the number of expansions 

allowed and the total capital investment. 

Goetschalckx, et al. (2001) defines a flexible configuration as a “configuration whose 

profit or total cost does not change much when parameters such as capacities and demand 

change.”  Their definition of a robust configuration is “a configuration whose objective 

function value deviates little from the optimal objective function value when the cost 

parameters change.”  They use a stochastic decomposition algorithm based on the 

simulation-based sample average approximation method described in Shapiro and 

Homm-de-Mello (1998).  The algorithm is specialized for designing stochastic supply 

chain systems.  First, a limited number of feasible facility configurations are selected.  

Then, for each configuration, the parameters are sampled from their respective 

distributions.  The resulting linear network flow problem (with fixed facility variables) is 

solved for the production and transportation quantities.  The expected value and variance 
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is computed over many replications and the “best” configuration is selected based on 

weighted objective of the mean and standard deviation.  The research found that this 

solution dominates the solution generated using the average values for the parameters. 

In addition to regret and variability models, there are several other approached to 

robust and/or flexible supply chain design.  Kouvelis and Yu (1997) minimize the 

maximum costs of the supply chain, Voudouris (1996) and Sabri and Beamon (2000) 

address uncertainty by building excess capacity in the supply chain, Applequist, Penky, 

and Rekalaitis (2000) propose a new metric called risk premium for evaluating supply 

chains, and Vidal and Goetschalckx (2000) use extensive sensitivity analysis. 

Voudouris (1996) and Sabri and Beamon (2000) define supply chain flexibility as the 

ability to respond to unexpected demand.  They achieve flexibility by building excess 

capacity into the system.  Both papers use volume flexibility as the capacity slack, similar 

to what is commonly used in the real industry.  Sabri and Beamon also propose that 

delivery flexibility, the ability to change planned delivery dates, measured by the lead 

time slack, is important even though it is not normally used in industry. 

A different approach to handling uncertainty is measure the risk associated with 

different supply chain configurations in an uncertain environment.  Applequist, Penky, 

and Rekalaitis (2000) propose a metric called risk premium for evaluating supply chains.  

The risk premium is the increase in expected return in exchange for a given amount of 

variance.  This metric is borrowed from the securities investment domain and provides 

the basis for a rational balance between expected values and variances of revenue in 

projects where there is a significant element of uncertainty. 
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Vidal and Goetschalckx (2000) develop a mixed integer program for international 

supply chain design.  They address uncertainty in exchange rates, demand, supplier 

reliability, and lead times.  The mixed integer programming model can be solved 

effectively providing fast sensitivity analysis on re-optimization under different 

conditions.     

Ben-Tal and Nemirovski (1998, 1999, 2000) address the over-conservatism of robust 

solutions (min-max/max-min objective) by allowing the uncertainty sets for the data to be 

ellipsoids, and propose efficient algorithms to solve convex optimization problems under 

data uncertainty.  However, as the resulting robust formulations involve conic quadratic 

problems, such methods cannot be directly applied to discrete optimization. 

Averbakh (2001) showed that polynomial solvability is preserved for a specific 

discrete optimization problem (selecting p elements of minimum total weight out of a set 

of m elements with uncertainty in weights of the elements) when each weight can vary 

within an interval under the minimax-regret robustness.  However, the approach does not 

seem to generalize to other discrete optimization problems.  

Bertsimas and Sim (2003) propose an approach to address data uncertainty for 

discrete optimization and network flow problems that allows controlling the degree of 

conservatism of the solution (min-max/max-min objective).  When both the cost 

coefficients and the data in the constraints of an integer programming problem are 

subjected to uncertainty with the assumption that the random parameter in the functional 

constraints take values from bounded symmetric distribution, they propose a robust 

integer programming problem of moderately larger size that allows controlling the degree 

of conservatism of the solution in terms of probabilistic bounds on constraint violation.  
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When only the cost coefficients are subject to uncertainty and the problem is a 0-1 

discrete optimization problem on n variables, they propose the solution methodology to 

solve the robust counterpart by solving at most n+1 instances of the original problem.  

They also show that the robust counterpart of an NP-hard α -approximable 0-1 discrete 

optimization problem remains α -approximable.  They also propose an algorithm for 

robust network flows that solve the robust counterpart by solving a polynomial number of 

nominal minimum cost flow problems in a modified network.   

Butler (2003) proposed a new definition of robust solution by combining the expected 

value and relative robustness definition with the application on new product 

development.  Table 2.2 contains the summary of literature in the area of robust 

optimization in supply chain system. 
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2.4 Literature Review of Bi-level Optimization 

The bi-level programming problem (BLPP) can be viewed as static version of the 

noncooperative two-person game with a leader-follower structure. In the basic model, 

control of decision variables is partitioned among the players who seek to optimize their 

individual objective function. Perfect information is assumed so that both players know 

the objective and feasible choices available to the other.  

The fact that the game is said to be ‘static’ implies that each player has only one 

move. The leader goes first and attempts to optimize his objective function. In so doing, 

he must anticipate all possible responses of his opponent, termed the follower. The 

follower observes the leader’s decision and reacts in a way that is personally optimal 

without regard to extramural effects. Because the set of feasible choices available to 

either player is interdependent, the leader’s decision affects both the follower’s objective 

value and allowable actions, and vice versa.  

The vast majority of research on bi-level programming has centered on the linear 

version of the problem, alternatively known as the linear Stackelberg game (Bard, 1998).  

For , x : , , 1RYXFRYyRXx mn →⊂∈⊂∈ and 1 x : RYXf → , the BLPP can be 

written as follows: 
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The set X and Y place additional restrictions on the variables, such as upper and lower 

bounds or integrality requirements. Note that once the leader selects the x value, the first 

term in the follower’s objective function becomes a constant and can be removed from 

the problem. In this case we replace f(x,y) with f(y). 

The sequential nature of the decisions implies that y can be viewed as function of x; 

i.e., y = y(x). The following definitions are used for solution methodology of BLPP 

model. 

(a) Constraint region of the BLPP: 

      } , , , | ),{( 222111 byBxAbyBxAYyXxyxS ≤+≤+∈∈=
∆

. 

(b) Feasible set for the follower for each fixed :ˆ Xx∈  

      }ˆ| { )ˆ( 222 byBxAYyxS ≤+∈=
∆

 

(c) Projection of S onto the leader’s decision space: 

      } , ,| { )( 222111 byBxAbyBxAYyXxXS ≤+≤+∈∃∈=
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(d) Follower’s rational reaction set for :)(ˆ XSx∈  

      )]}ˆ(ˆ|)ˆ,ˆ(min[arg|{)ˆ( xSyyxfyYyxP ∈∈∈=
∆

 

(e) Inducible region: 

      )}(,),(|),{( xPySyxyxIR ∈∈=
∆

 

To ensure that the BLPP model is well posed, it is common to assume that S is 

nonempty and compact;  i.e., φ≠)(xP . The rational reaction set P(x) defines the 

response while the inducible region (IR) represents the set over which the leader may 
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optimize. Thus in term of this notation, the BLPP model can be written as 

}),(|),(min{ IRyxyxF ∈ . 

In searching for a way to solve the linear BLPP (F(x,y) and f(x,y) are both linear 

functions), it would be helpful to have an explicit representation of IR. This can be 

achieved by replacing the follower’s problem with Karash-Kuhn-Tucker (KKT) 

conditions and appending the resultant system to the leader’s problem. In another word, 

the BLPP model can be rewritten as follows: 

0 ,0 ,0 ,0                   
0  and  0)(                   

                   
  and      subject to

),( min

222

22

222111

11

≥≥≥≥
==−−

−=−
≤+≤+

+=

vuyx
vyyBxAbu

dvuB
byBxAbyBxA

ydxcyxF

 

where mq RvRu ∈∈  and . 

In theory, nonlinear constraints (complementary slackness conditions) in this model 

can be handled trivially by using the big M technique (Bard, 1998) with binary variables. 

However, drawbacks of this method came up in real application and will be presented in 

Chapter VI of this dissertation.  This dissertation applies bi-level programming in the 

second stage and the third stage of the semi-continuous robust algorithm.   

Bi-level linear optimization was first proposed since the mid-1960's.  The initial work 

was by Baumol and Fabian (1964).  The linear bi-level programming problem was first 

shown to be NP-hard by Jeroslow (1985) using satisfiability arguments common in 

computer science.  Bard (1991) provided an alternative proof by constructively reducing 

the problem of maximizing a strictly convex quadratic function over a polyhedron to a 

linear max-min problem.  
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In general, there are three different approaches for solving a linear bi-level 

programming problem that can be considered workable.  The first approach makes use of 

the theorem that the solution of the linear bi-level programming problem occurs at a 

vertex of S and involves some form of vertex enumeration in the context of the simplex 

method.   

Candler and Townsley (1982) were the first to develop an algorithm that was globally 

optimal.  Their scheme repeatedly solves two linear programs, one for the leader in all of 

the x variables and a subset of the y variables associated with an optimal basis to the 

follower’s problem, and the other for the follower with all the x variables fixed.  In a 

systematic way they explore optimal bases of the follower’s problem for x fixed and then 

return to the leader’s problem with the corresponding basic y variables.  By focusing on 

the reduced cost coefficients of the y variables not in an optimal basis of the follower’s 

problem, they are able to provide a monotonic decrease in the number of follower bases 

that have to be examined.   

Bialas and Karwan (1982) offered a different approach that systematically explores 

vertices beginning with the basis associated with the optimal solution to the linear 

program created by removing the follower’s objective function.  This is known as the 

high point problem; their algorithm is referred as “Kth-best” algorithm.   

The second approach for solving the linear bi-level programming problem is known 

as the “Kuhn-Tucker” approach.  The fundamental idea is to use a branch and bound 

strategy to deal with the complementarity constraints.  Omitting or relaxing this 

constraint leaves a standard linear programming which is easy to solve.  The various 

methods proposed employ different techniques for assuring that complementarity is 
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ultimately satisfied (Bard and Moore, 1990; Fortuny-Amat and McCarl, 1981; Hansen, 

Jaumard and Savard, 1992; Judice and Faustino, 1992).   

The third method is based on some form of penalty approach.  Aiyoshi and Shimizu 

(1984) addressed the general bi-level programming problem by first converting the 

follower’s problem to an unconstrained mathematical program using a barrier method.  

The corresponding stationarity conditions are then appended to the leader’s problem, 

which is solved repeatedly for decreasing values of the barrier parameter.  To guarantee 

convergence the follower’s objective function must be strictly convex.  This rules out the 

linear case, at least in theory.   

A different approach using an exterior penalty method was proposed by Shimizu and 

Lu (1995) that simply requires convexity of all the functions to guarantee global 

convergence.   

Anandalingam and White (1990) used the gap between the primal and dual solution 

of the follower’s problem for x fixed as a penalty term in the leader’s problem.  Although 

this results is a nonlinear objective function, it can be decomposed to provide a set of 

linear programs conditioned on either the decision variables (x, y) or the dual variables u 

of the follower’s problem.  They showed that an exact penalty function exists that yields 

the global solution. 

In summary, the commonly used algorithms for solving the linear bi-level 

programming problem are the Kth-Best algorithm (Bialas and Karwan, 1982), the Kuhn-

Tucker approach (Bard and Moore, 1990), the complementarity approach (Bialas and 

Karwan, 1984; Judice and Faustino, 1992), the variable elimination algorithm (Hansen, 
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Jaumard and Savard, 1992), and the penalty function approach (Anandalingam and 

White, 1990). 

This dissertation develops a modified version of the original algorithm by Bard and 

Moore (1990) for solving a bi-level programming problem in the third stage of the semi-

continuous robust algorithm.  We develop our own methodology based on strong duality 

theorem and Kuhn-Tucker approach for solving the bi-level programming problem in the 

second stage of the algorithm.   

 

Table 2.3   Summary of Linear Bi-Level Programming Literature 
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 (1982) 

     ×    

Bialas and Karwan  
(1984) 
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Aiyoshi and Shimizu  
(1984) 
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Jeroslow  
(1985) 

       ×  

Bard and Moore  
(1990) 
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Anandalingam and White 
 (1990) 
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Bard  
(1991) 

       ×  

Judice and Faustino 
 (1992) 
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(1992) 

    ×     

Shimizu and Lu  
(1995) 
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Newton  
(2000) 
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Assavapokee (2004)  ×   ×    ×  ×  
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2.5 Summary 
 

The work in this dissertation presents a new min-max regret robust optimization 

algorithm called semi-continuous robust algorithm for designing a robust supply chain 

network infrastructure when uncertainty greatly affects the outcomes of the decisions.  

Unlike continuous and discrete robust approaches reviewed in Section 2.3, the semi-

continuous robust algorithm is able to find the min-max regret robust optimal solution 

when uncertain parameters take their values from real compact intervals and/or some 

specific discrete real values. The proposed algorithm can also handle uncertainty in 

coefficients of continuous variables, which cannot be handled by the continuous robust 

approach. The algorithm is also developed for handling the case when correlation among 

parameters exists. 

This new algorithm can be effectively used in designing robust network infrastructure 

for the supply chain including reverse production system when the joint probability 

distributions of key parameters are unknown. The algorithm only requires the information 

on potential ranges and possible discrete values of uncertain parameters, which often are 

available in practice.  Case studies on reverse production system application of the 

algorithm are also presented.  The mixed integer linear programming model for reverse 

production system in this dissertation is most closely to the model by Newton (2000) and 

Pantelides (1996) reviewed in Section 2.2. 

The algorithm also involves the uses of the bi-level programming, which represents 

the game between decision makers and the system, in two of the algorithm’s stages.  The 

modified Kuhn-Tucker approach (Bard and Moore, 1990) with priority branching rules 
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and strong duality theory are used for solving the bi-level programming problems in this 

dissertation. 
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CHAPTER    III 

 

BASIC MODEL AND SCENARIO BASED  

ROBUST OPTIMIZATION 

 

3.1 The Reverse Production System (RPS) Model 

This chapter will begin by introducing the basic mixed integer linear programming 

model which represents our reverse production systems problem when the perfect 

information of model parameters is given.  This model will be referred as RPS model in 

this dissertation.  This RPS model was initially developed for the reverse production 

system planning of carpet recycling presented in Ammons and Realff [1999].  This RPS 

model has been modified from the original version to include sources of materials and 

demand points to the system.  The objective of this model is to maximize the net profit of 

the reverse supply chain system: that is the total revenues of the system minus the total 

operational cost of the system.  The RPS model has ability to make the strategic and 

tactical decisions on the location of collecting centers and processing centers, the type of 

materials collected at each collecting center, the type of processes installed at each 

processing center, and amount of materials collected, processed and transported within 

the reverse supply chain system.  A verbal description of the RPS mathematical model is 

as follows: 
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Maximize:  Net Profit   = (Revenues – Operating and Fixed Costs) 

 Number of units shipped to customer * selling price per unit 

+ Number of units collected * collection fee per unit 

- Fixed costs for storage, process, collection and transportation 

- Fixed costs to open collecting center and processing center 

- Fixed costs to close collecting center and processing center 

- Variable costs for storage, collection, process and 

   transportation 

Subject to:  

1.  Flow balance restrictions between sites and between time periods for each material.                         

2.  Supply restriction for each source, material and time period 

3.  Demand restriction for each customer, material and time period 

4.  Amount sold definition constraint for each customer, material and time period                        

5. Amount collected definition constraint for each site, material and time period 

6.  Logical constraints consisting of relationship among binary decision variables 

7. and 8. Upper and lower bound constraints 

9.  Capacity constraints including collection, process, storage and transportation capacity. 

10 and 11.  Non-negativity and Binary constraints 

The model itself is fairly generic and incorporates the features of reverse production 

system without needing to deviate from the above structure. Transformation tasks in the 

model allow materials to change to different material types.   Tasks also include 

collection, selling and storing.  Tasks are only allowed to occur at sites (both collecting 

and processing sites), which are physical locations.  The model permits materials to flow 



 37

only along predetermined routes between sites.  A single site can accommodate any of 

the tasks, and each task will have a fixed and a variable cost. 

The mathematical representation of the RPS model is presented in Table 3.5 using the 

following notation for indices, super scripts, parameters and decision variables. Table 3.1 

contains the indices and Table 3.2 contains the super scripts used in the RPS model.  

Table 3.3 contains all parameters and Table 3.4 contains all decision variables in the RPS 

model.  

Table 3.1   RPS Model Indices 

s Supplier 
i Sites 
c Customer 
j material type 
m transportation mode 
p process type 
t time period 

 

Table 3.2   RPS Model Superscripts 

Co Collection 

Sa Selling 

St Storage 

Tr transportation 

Pr Process 

Su Supplier 

Si Site 

Cu Customer 
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Table 3.3   RPS Model Parameters 

(Su)
sjtS  =   Amount of material j that is supplied at supplier s at time period t 

(Cu)
cjtD  =   Amount of material j that is demanded at customer c at time period t 

(Cu)
cjtP  =   Selling Price offered per standard unit of material j from customer c at time  

      period t 

(St)
ijtV  =   Storage cost per standard unit of material j per time period at site i at time  

      period t 

(Co)
ijtV  =   Collection cost per standard unit of material j at site i at time period t 

(Co)
ijtV'  =   Collection fee per standard unit of material j at site i at time period t 

(Pr)
iptV  =   Processing cost per standard unit for process p at site i at time period t 

(Tr)
simtV  =   Transportation cost per standard unit per distance from supplier s to site i  

     using transportation mode m at time period t 

(Tr)
mtii'V  =   Transportation cost per standard unit per distance from site i to i’ using  

      transportation mode m at time period t 

(Tr)
icmtV  =   Transportation cost per standard unit per distance from site i to customer c  

      using transportation mode m at time period t 

dsim =   Distance from supplier s to site i by transportation mode m 

dii’m =   Distance from site i to i’ by transportation mode m 

dicm =   Distance from site i to customer c by transportation mode m 

(Si)
itF  =   Fixed site operating cost if site i is opened at time period t 

(Si)
itF'  =   Fixed site opening cost of site i at time period t 
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(Si)
it'F'  =   Fixed site closing cost of site i at time period t 

(St)
ijtF  =   Fixed storage cost of material j at site i at time period t 

(Co)
ijtF  =   Fixed collecting cost of material j at site i at time period t 

(Pr)
iptF  =   Fixed processing cost for process p at site i at time period t 

(Tr)
simtF  =   Fixed cost for transportation from supplier s to site i using  

     transportation mode m at time period t 

(Tr)
mtii'F  =   Fixed cost for transportation from site i to site i’ using 

     transportation mode m at time period t 

(Tr)
icmtF  =   Fixed cost for transportation from site i to customer c using 

     transportation mode m at time period t 

(Co)
ijtC  =   Maximum collection capacity to collect material type j at site i at time  

      period t 

(St)
ijtC  =   Maximum amount of material type j that can be stored at site i in at time  

      period t 

(Tr)
simtC  =   Maximum amount of material that can be shipped for supplier s to site i using

     transportation mode m at time period t 

(Tr)
mtii'C  =   Maximum amount of material that can be shipped for site i to i’ using 

      transportation mode m at time period t 

(Tr)
icmtC  =   Maximum amount of material that can be shipped for site i to customer c  

     using transportation mode m at time period t 

(Pr)
iptC  =   Maximum amount of material that process p can produce at site i at time  

     period t 
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(Si)
it a  =   1   if site i is allowed to be opened at time period t 

(St)
it a  =   1   if storage is allowed at site i at time period t,  0  otherwise 

(Tr)
simt a  =   1   if shipment by transportation mode m is allowed between supplier s  

      and site i at time period t, 0  otherwise 

(Tr)
mtii' a  =   1   if shipment by transportation mode m is allowed between sites i  

      and i’ at time period t, 0  otherwise 

(Tr)
icmt a  =   1   if shipment by transportation mode m is allowed between sites i  

      and customer c at time period t, 0  otherwise 

(Pr)
ipt a  =   1   if process p is allowed at site i at time period t,   0  otherwise 

(Co)
ijt a  =   1   if collection of material j is allowed at site i at time period t,  0  otherwise 

(Si)
itm  =   1   if site i must be opened at time period t 

(St)
itm  =   1   if storage at site i must be used at time period t,  0  otherwise 

(Tr)
simtm  =   1   if shipment by transportation mode m must be used between supplier s  

     and site i at time period t, 0  otherwise 

(Tr)
mtii'm  =   1   if shipment by transportation mode m must be used between sites i  

      and i’ at time period t, 0  otherwise 

(Tr)
icmtm  =   1   if shipment by transportation mode m must be used between sites i  

      and customer c at time period t, 0  otherwise 

(Pr)
iptm  =   1   if process p must be used at site i at time period t,   0  otherwise 

(Co)
ijtm  =   1  if collection of material j must be done at site i at time period t, 0 otherwise

ρjp =   proportion of material type j consumed by process p 
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ρ′jp =   proportion of material type j produced by process p 

 

Table 3.4   RPS Model Decision Variables 

(Co)
ijt x  =   Amount of material collected of type j at site i at time period t 

(St)
ijt x  =   Amount of material stored of type j at site i at time period t 

(Sa)
cjt x  =   Amount of material sold of type j to customer c at time period t 

(Tr)
sjimt x  =   Amount of material shipped from supplier s to site i of type j using  

      transportation mode m at time period t 

(Tr)
mtiji' x  =   Amount of material shipped from site i to site i’ of type j using  

     transportation mode m at time period t 

(Tr)
ijcmt x  =   Amount of material shipped from site i to customer c of type j using  

     transportation mode m at time period t 

(Pr)
ipt x  =   Amount of material processed by process p at site i at time period t 

(Co)
ijty  =   1  if collection of material type j is to be performed at site i at time period t 

     0 otherwise 

(Tr)
simty  =   1  if shipment is to be used between supplier s and site i using 

      transportation mode m at time period t, 0 otherwise 

(Tr)
mtii'y  =   1  if shipment is to be used between sites i and i’ using  

      transportation mode m at time period t, 0 otherwise 

(Tr)
icmty  =   1  if shipment is to be used between sites i and customer c using  

      transportation mode m at time period t, 0 otherwise 

(Pr)
ipty  =   1  if process p is to be used at site i at time period t, 0 otherwise 
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(St)
ijty  =   1  if storage is to be used for material type j at site i at time period t  

     0 otherwise 

(Si)
ity'  =   1  if site i is decided to be opened at period t, 0 otherwise 

(Si)
it'y'  =   1  if site i is decided to be closed down at period t, 0 otherwise 

(Si)
ity  =   1  if site i is operated at time period t, 0 otherwise 

 

Table 3.5   RPS Mathematical Model 

Maximize   (Objective) Maximize Net Revenue 

      
∑∑∑

t c j

Sa
cjt

Cu
cij xP )()(  - Sales Revenue 

  )(      )()()()(

jt
∑∑∑ +−

i

St
ijt

St
ijt

Co
ijt

Co
ijt yFyF    

)''''''( )()()()()()(∑∑ ++−
t i

Si
it

Si
it

Si
it

Si
it

Si
it

Si
it yFyFyF   

   ∑ ∑ ∑−
t p i

(Pr)
ipt

(Pr)
ipt yF    

∑∑∑∑∑∑∑∑
≠

−−
t m i ii

Tr
mtii

Tr
mtii

Tr
simt

t m s i

Tr
simt yFyF

'

)(
'

)(
'

)()(   

    ∑∑∑∑−
t m i c

Tr
icmt

Tr
icmt yF )()(  - Fixed Costs 

    ∑∑∑−
t j i

St
ijt

St
ijt xV )()(  - Storage Costs 

   ∑ ∑ ∑ −−
t j i

Co
ijt

Co
ijt

Co
ijt xVV )()()( )'(  - Collection Costs and Fees 

    ∑∑∑−
t p i

iptipt xV (Pr)(Pr)   - Processing Costs 

    ∑∑∑∑∑−
t m i j s

sim
Tr

sjimt
Tr

simt dxV )()(    



 43

    ∑∑∑∑∑
≠

−
t m i j ii

mii
Tr

mtiji
Tr
mtii dxV

'
'

)(
'

)(
'    

    ∑∑∑∑∑−
t m i j c

icm
Tr

ijcmt
Tr

icmt dxV )()(  - Shipping Costs 

Subject to:   

∑

∑∑ ∑∑ ∑

∑∑ ∑∑

−

+−−

++=

≠

≠
−

p
iptjp

ii m c m p
iptjp

Tr
ijcmt

Tr
mtiji

s m ii m

Tr
jimti

Tr
sjimt

St
tij

St
ijt

x

xxx

xxxx

(Pr)

'

(Pr))()(
'

'

)(
'

)()(
)1(

)(

'

ρ

ρ

 

 

tji ,,∀  

 

 

 

 

∑∑=
i m

Tr
sjimt

Su
sjt xS )()(  tjs ,,∀    

∑∑≥
i m

Tr
ijcmt

Cu
cjt xD )()(  tjc ,,∀    

∑∑=
i m

Tr
ijcmt

Sa
cjt xx )()(  tjc ,,∀    

∑∑=
s m

Tr
sjimt

Co
ijt xx )()(  tji ,,∀    

)()((Si)
1)-i(t

)()(
)1(

(Si)
it

(Si)
it

(Tr)
ijcmt

(Si)
it

(Tr)
jimti'

(Si)
it

(Tr)
mtiji'

(Si)
it

(Tr)
sjimt

(Si)
it

(St)
ijt

(Si)
it

(Pr)
ipt

(Si)
it

(Co)
ijt

''y

'y 

       y

       y

       y

       y

       y

       y

       y

Si
it

Si
it

Si
it

Si
ti

yy

yy

y

y

y

y

y

y

y

≤−

≤−

≤

≤

≤

≤

≤

≤

≤

−

  

ti

ti

tmjci

tmjii

tmjii

tmjis

tji

tpi

tji

,

,

,,,,

,,,',

,,,',

,,,,

,,

,,

,,

∀

∀

∀

∀

∀

∀

∀

∀

∀

 

  



 44

)()(

)(
'

)(
'

)()(

)()(

(Pr)(Pr)

)()(

)()(

Tr
ijmt

Tr
ijcmt

Tr
mtii

Tr
mtiji

Tr
simt

Tr
sjimt

St
ijt

St
ijt

iptipt

Co
ijt

Co
ijt

Si
it

Si
it

ay

ay

ay

ay

ay

ay

ay

≤

≤

≤

≤

≤

≤

≤

        

tmjci

tmjii

tmjis

tji

tpi

tji

ti

,,,,

,,,',

,,,,

,,

,,

,,

,

∀

∀

∀

∀

∀

∀

∀

 

  

)()(

)(
'

)(
'

)()(

)()(

(Pr)(Pr)

)()(

)()(

Tr
ijmt

Tr
ijcmt

Tr
mtii

Tr
mtiji

Tr
simt

Tr
sjimt

St
ijt

St
ijt

iptipt

Co
ijt

Co
ijt

Si
it

Si
it

my

my

my

my

my

my

my

≥

≥

≥

≥

≥

≥

≥

 

tmjci

tmjii

tmjis

tji

tpi

tji

ti

,,,,

,,,',

,,,,

,,

,,

,,

,

∀

∀

∀

∀

∀

∀

∀

 

  

)()()(

)(
'

)(
'

)(
'

)()()(

)()()(

(Pr)(Pr)(Pr)

)()()(

Tr
icmt

Tr
icmt

j

Tr
ijcmt

Tr
mtii

Tr
mtii

j

Tr
mtiji

Tr
simt

Tr
simt

j

Tr
sjimt

St
ijt

St
ijt

St
ijt

iptiptipt

Co
ijt

Co
ijt

Co
ijt

yCx

yCx

yCx

yCx

yCx

yCx

≤

≤

≤

≤

≤

≤

∑

∑

∑  

tmjci

tmjii

tmjis

tji

tpi

tji

,,,,

,,,',

,,,,

,,

,,

,,

∀

∀

∀

∀

∀

∀

 

  

0,,,,,, (Pr))()(
'

)()()()( ≥ipt
Tr

ijcmt
Tr

mtiji
Tr

sjimt
Sa

cjt
St

ijt
Co

ijt xxxxxxx  iitpmjcis ≠∀ ',,,,,,,    

{ }     1 , 0      '',',

,,,,
(Si)
it

)(

)()(

∈yyy

yy,yy, yy
Si

it
(Si)
it

(Pr)
ipt

Tr
icmt

(Tr)
ii'mt

(Tr)
simt

St
ijt

(Co)
ijt  

iitpmjcis ≠∀ ',,,,,,,    

 

 



 45

3.2 The Discrete Robust Reverse Production System (DRRPS) Model 

This section addresses the scenario based robust approach for solving mixed integer 

linear programming problem under input data uncertainty when all possible values of all 

model parameters can be classified into the finite number of scenarios. The general 

representation of the model can be represented as: 

,
max ( , )

. .     
    0  and  

T T

x y
Z x y c x f y

s t A x B y b
x y

= +

+ ≤
≥ ∈Γ

 

where the set Γ includes any constraints imposed on y. 

The basic components of the model’s uncertainty are a finite set of all possible 

scenarios of parameters,Ω , and the given values of parameters [ ωωωωωω Γ,,,,, bBAfc ] 

under each scenario Ω∈ω . For the specific input data [ ωωωωωω Γ,,,,, bBAfc ] for each 

scenario Ω∈ω , the problem contains two types of decision variables, one modeling 

discrete choice design decisions and the other modeling continuous design decisions. Let 

vector y represents choice design decision variables and let vector ωx denotes continuous 

design decision variables under scenario Ω∈ω . If the parameters’ perfect information is 

given to be a scenario Ω∈ω , the problem can be formulated and solved as: 

,
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When the uncertainty exists, the search for the robust solution is to find discrete design 

decisions ( Ω∈∀Γ∈ ωω   y ), such that the function ))((max ** yZO ωωω
−

Ω∈
is minimized 

where yf
x
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The following algorithm is referred as scenario based robust optimization in this 

dissertation. 

 

Scenario Based Minimax Robust Optimization 

Step 0:  Solve the following problems to optimality 

,

*

max ( , )

. .        
    0  and  

T T

x y
Z x y c x f y

O s t A x B y b
x y

ω
ω ω ω ω

ω ω ω ω ω

ω ω

ω

⎧ ⎫= +
⎪ ⎪⎪ ⎪= + ≤ ∀ ∈Ω⎨ ⎬
⎪ ⎪≥ ∈Γ⎪ ⎪⎩ ⎭

 

Step 1:  Solve the following mixed integer linear programming problem to optimality. 
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Let *δ and *y represent the optimal setting of δ and y respectively. 

Step 2:  Solve the following linear programming problems to optimality Ω∈∀ω . 
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Let *
ωx represents the optimal setting of xω for each Ω∈ω . 

Step 3: The resulting robust solution is *y and the resulting continuous solution for 

scenario Ω∈ω is *
ωx . The difference in objective function value between optimal solution 

and robust solution for scenario Ω∈ω is represented by )( *** yZO ωω − . 

 

When all possible values of all RPS model parameters can be classified into a finite 

number of scenarios, a mixed integer linear programming model called DRRPS model is 

developed by applying the idea of scenario based minimax robust optimization to the RPS 

model.  The parameters and continuous variables include a new dimension of scenario,ω .  

The objective is to minimize the maximum difference over all scenarios between the RPS 

optimal objective function value and the objective function value for the robust decisions. 

The mathematical representation of the DRRPS model is presented in Table 3.10 using 

the following notation for indices, super scripts, parameters and decision variables. Table 

3.6 contains the indices and Table 3.7 contains the super scripts used in the DRRPS model.  

Table 3.8 contains all parameters and Table 3.9 contains all decision variables in the 

DRRPS model. 

 

Table 3.6   DRRPS Model Indices 

s supplier 
i sites 
c customer 
j material type 
m transportation mode 
p process type 
t time period 
ω scenario 
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Table 3.7   DRRPS Model Superscripts 

Co collection 

Sa selling 

St storage 

Tr transportation 

Pr process 

Su supplier 

Si site 

Cu customer 

 

Table 3.8   DRRPS Model Parameters 

(Su)
sjtS ω

 = Amount of material j that is supplied at supplier s at time period t for scenario ω

(Cu)
cjtD ω

 =  Amount of material j that is demanded at customer c at time period t for  

     scenario ω 

(Cu)
cjtP ω

 =   Selling Price offered per standard unit of material j from customer c at  

     time period t for scenario ω 

(St)
ijtV ω

 =   Storage cost per standard unit of material j per time period at site i at  

     time period t for scenario ω 

(Co)
ijtV ω

 =   Collection cost per standard unit of material j at site i at time period t for  

     scenario ω 

(Co)
ijtV' ω

 =   Collection fee per standard unit of material j at site i at time period t for  

      scenario ω 
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(Pr)
iptV ω

 =   Processing cost per standard unit for process p at site i at time period t for  

     scenario ω 

(Tr)
simtV ω

 =   Transportation cost per standard unit per distance from supplier s to site i using

      transportation mode m at time period t for scenario ω 

(Tr)
mtii'V ω

 =   Transportation cost per standard unit per distance from site i to i’ using  

      transportation mode m at time period t for scenario ω 

(Tr)
icmtV ω

 =   Transportation cost per standard unit per distance from site i to customer c  

      using transportation mode m at time period t for scenario ω 

dsimω =   Distance from supplier s to site i by transportation mode m for scenario ω 

dii’mω =   Distance from site i to i’ by transportation mode m for scenario ω 

dicmω =   Distance from site i to customer c by transportation mode m for scenario ω 

(Si)
itF ω

 =   Fixed site operating cost if site i is opened at time period t for scenario ω 

(Si)
itF' ω

 =   Fixed site opening cost of site i at time period t for scenario ω 

(Si)
it'F' ω

 =   Fixed site closing cost of site i at time period t for scenario ω 

(St)
ijtF ω

 =   Fixed storage cost of material j at site i at time period t for scenario ω 

(Co)
ijtF ω

 =   Fixed collecting cost of material j at site i at time period t for scenario ω 

(Pr)
iptF ω

 =   Fixed processing cost for process p at site i at time period t for scenario ω 

(Tr)
simtF ω

 =   Fixed cost for transportation from supplier s to site i by transportation mode m

      at time period t for scenario ω 

(Tr)
mtii'F ω

 =   Fixed cost for transportation from site i to site i’ by transportation mode m at  

     time period t for scenario ω 
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(Tr)
icmtF ω

 =   Fixed cost for transportation from site i to customer c by transportation  

      mode m at time period t for scenario ω 

(Co)
ijtC ω

 =   Maximum collection capacity to collect material type j at site i at  

     time period t for scenario ω 

(St)
ijtC ω

 =   Maximum amount of material type j that can be stored at site i in at  

     time period t for scenario ω 

(Tr)
simtC ω

 =   Maximum amount of material that can be shipped for supplier s to site i by  

     transportation mode m at time period t for scenario ω 

(Tr)
mtii'C ω

 =   Maximum amount of material that can be shipped for site i to i’ by  

     transportation mode m at time period t for scenario ω 

(Tr)
icmtC ω

 =   Maximum amount of material that can be shipped for site i to customer c by  

     transportation mode m at time period t for scenario ω 

(Pr)
iptC ω

 =   Maximum amount of material that process p can produce at site i at  

     time period t for scenario ω 

(Si)
it ωa  =   1   if site i is allowed to be opened at time period t for scenario ω, 0 otherwise

(St)
it ωa  =   1   if storage is allowed at site i at time period t for scenario ω, 0 otherwise 

(Tr)
simt ωa  =   1   if shipment by transportation mode m is allowed between supplier s and  

      site i at time period t for scenario ω, 0 otherwise 

(Tr)
mtii' ωa  =   1   if shipment by transportation mode m is allowed between sites i and i’ at  

      time period t for scenario ω, 0 otherwise 

(Tr)
icmt ωa  =   1   if shipment by transportation mode m is allowed between sites i and  

      customer c at time period t for scenario ω, 0 otherwise 
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(Pr)
ipt ωa  =   1   if process p is allowed at site i at time period t for scenario ω, 0 otherwise 

(Co)
ijt ωa  =   1   if collection of material j is allowed at site i at time period t for scenario ω 

     0 otherwise 

(Si)
itm ω

 =   1   if site i must be opened at time period t for scenario ω 

(St)
itm ω

 =   1   if storage at site i must be used at time period t for scenario ω, 0 otherwise 

(Tr)
simtm ω =   1   if shipment by transportation mode m must be used between supplier s and 

      site i at time period t for scenario ω, 0 otherwise 

(Tr)
mtii'm ω =   1   if shipment by transportation mode m must be used between sites i and i’ at 

      time period t for scenario ω, 0 otherwise 

(Tr)
icmtm ω =   1   if shipment by transportation mode m must be used between sites i and  

     customer c at time period t for scenario ω, 0 otherwise 

(Pr)
iptm ω

 =   1   if process p must be used at site i at time period t for scenario ω,  

      0 otherwise 

(Co)
ijtm ω

 =   1   if collection of material j must be done at site i at time period t for  

      scenario ω, 0 otherwise 

*
ωO  =   Optimal objective value from RPS Model for scenario ω 

ρjpω =   proportion of material type j consumed by process p for scenario ω 

ρ′jpω =   proportion of material type j produced by process p for scenario ω 
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Table 3.9   DRRPS Model Decision Variables 

(Co)
ijt x ω

 =   Amount of material collected of type j at site i at time period t for scenario ω 

(St)
ijt x ω

 =   Amount of material stored of type j at site i at time period t for scenario ω 

(Sa)
cjt x ω

 =   Amount of material sold of type j to customer c at time period t for scenario ω

(Tr)
sjimt x ω

 =   Amount of material shipped from supplier s to site i of type j using  

     transportation mode m at time period t for scenario ω 

(Tr)
mtiji' x ω

 =   Amount of material shipped from site i to site i’ of type j using  

     transportation mode m at time period t for scenario ω 

(Tr)
ijcmt x ω

 =   Amount of material shipped from site i to customer c of type j using  

     transportation mode m at time period t for scenario ω 

(Pr)
ipt x ω

 =   Amount of material processed by process p at site i at time period t for  

     scenario ω 

(Co)
ijty  =   1  if collection of material type j is to be performed at site i at time period t 

     0 otherwise 

(Tr)
simty  =   1  if shipment is to be used between supplier s and site i by  

     transportation mode m at time period t, 0 otherwise 

(Tr)
mtii'y  =   1  if shipment is to be used between sites i and i’ by  

     transportation mode m at time period t, 0 otherwise 

(Tr)
icmty  =   1  if shipment is to be used between sites i and customer c by  

      transportation mode m at time period t, 0 otherwise 

(Pr)
ipty  =   1  if process p is to be used at site i at time period t, 0 otherwise 

)(St
ijty  =   1  if storage is to be used for material type j at site i at time period t,  

      0 otherwise 
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(Si)
ity'  =   1  if site i is decided to be opened at period t, 0 otherwise 

(Si)
it'y'  =   1  if site i is decided to be closed down at period t, 0 otherwise 

(Si)
ity  =   1  if site i is operated at time period t, 0 otherwise 

 

Table 3.10   DRRPS Mathematical Model 

Minimize      δ      (Minimize maximum regret)  

Subject to:
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The DRRPS model obviously becomes computationally prohibitive for finding 

robust solutions for large numbers of scenarios. In the Chapter IV of this dissertation, 

we concentrate on presenting effective algorithmic procedures to generate such 

robust design decisions for such problems. 
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CHAPTER    IV 

 

SOLUTION METHODOLOGIES FOR SCENARIO BASED 

ROBUST OPTIMIZATION WITH A FINITELY  

LARGE NUMBER OF SCENARIOS 

 

4.1  Introduction 

All decision-making problems are compounded in difficulty by the degree of 

uncertainty surrounding the key parameters.  One strategy is for decision makers to make 

decisions with performance close to optimal for all future realizations of parameters’ 

values. Thus, instead of finding optimal decisions for one given future scenario, decision 

makers will search for decisions that are “robust” for a variety of likely future scenarios.  

In this chapter, the uncertainty is represented as a finitely large set of scenarios. The 

mixed integer linear programming formulation is used to represent the decision-making 

situation for each scenario.  Robust decisions for the mixed integer linear programming 

problem can be obtained by solving the min-max regret robust optimization problem 

presented in Chapter III.  The size of the problem grows substantially for each scenario 

considered, and consequently the computation time required to find optimal solutions.  
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In this chapter, we first develop a heuristic algorithm called the scenario relaxation 

(SR) algorithm for solving the scenario based mini-max regret robust optimization 

problems when the number of scenarios is large but finite. This heuristic algorithm 

guarantees the termination at an optimal robust solution but does not guarantee the 

shorter computation time than solving the problem directly.  This heuristic method 

initially considers subset of all scenarios and solves the relaxation of the full problem. 

The optimality condition is then checked. The algorithm terminates if the optimal 

condition is satisfied, otherwise the algorithm will select some subset of scenarios not yet 

considered and add them to generate a new relaxation problem. The application of this 

heuristic is demonstrated in the planning of robust e-scrap reverse production systems for 

the state of Georgia in Chapter V.  The results show a significant improvement in 

computation time over the direct solution method. 

Also in this chapter we extend the use of the accelerated Benders’ decomposition 

algorithm as an alternative solution methodology for the scenario based mini-max regret 

robust optimization problems with finitely large number of scenarios.  The idea of 

accelerated Benders’ decomposition algorithm was originally presented in Santoso 

(2003) for solving two-level stochastic optimization problems.  For the accelerated 

Benders’ approach, this dissertation introduces a set of cuts referred as sub-problem cuts 

that carry the information from sub-problems to the master problem.  Finally, the use of 

the SR algorithm within the accelerated Benders’ decomposition framework is also 

introduced in this dissertation as an alternative solution methodology for the problem. 
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4.2 Scenario Relaxation (SR) Algorithm 

The key insight upon which the SR algorithm is built is that it is often true that only a 

small subset of scenarios must be explicitly examined when searching for the optimal 

robust solution.  This subset will be comprised of two types of scenarios.  The first type 

consists of scenarios required to ensure that the resulting solution is feasible for all 

scenarios. The second type consists of scenarios required to establish the optimal robust 

solution.  Thus, the SR algorithm starts by establishing the first type of scenarios, starting 

with a guess informed by knowledge of the problem.  The algorithm continues 

constructing this set by adding infeasible scenarios based on the current robust solution, 

y.   

The second set of scenario is constructed (after no infeasible scenario exists for the 

current robust solution) by a very simple procedure. The procedure starts by solving the 

problem with some scenarios relaxed.  The optimal solution of this relaxed problem is 

then used to calculate the regrets from optimality for all relaxed scenarios. If the optimal 

value of the relaxed problem, δ, is greater than or equal to all of these regrets, the optimal 

condition can be confirmed and the algorithm terminates at the optimal robust solution. 

Otherwise, a subset of these relaxed scenarios with their regrets greater than δ are 

explicitly considered.  

The reason that we can expect the number of scenarios required for solving the 

problem to be small is that the mini-max regret optimal robust solutions typically have a 

small number of scenarios with *δ equal to the max regret )( *** yZO ωω −  and that this 

constraint will be slack for the rest of scenarios in a finite set of all possible scenarios Ω.  

If we could identify these defining scenarios and those required for feasibility, they 
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would form the subset of scenarios essentially required for solving the problem. From 

these insights and observations, the SR algorithm can be summarized as follows. 

 

Scenario Relaxation Algorithm 

Step 0:  Solve the following problems to optimality and let UB = ∞ and LB = −∞ . 
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Step 1:  Identify a set of scenarios Ω⊆C  (scenarios for feasibility). 

Step 2:  Solve the following problem to optimality. 
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If an optimal solution exists, let *
Cδ and *

Cy  represent the optimal setting of δ and y 

respectively and update LB *
Cδ←  and go to Step 3. Otherwise stop the algorithm with no 

robust solution for the problem. 

Step 3:  Solve the following problems to optimality. 
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If an optimal solution exists for scenario ω, let *
ωx represent the optimal setting of xω for 

each Ω∈ω .  Let W1 include all scenarios such that the problem is infeasible and  
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let W = })(|\{ ****
1 CCyZOW δω ωω >−Ω∈ . 

Step 4:  If Φ≠1W , go to Step 5.  Otherwise, update * * *min( , max( ( )))CUB UB O Z yω ωω∈Ω
← − . 

If UB LB ε− ≤  for non-negative pre-specified ε, the algorithm is terminated and the 

resulting ε-optimal robust solution is *y where * * *max( ( ))O Z y UBω ωω∈Ω
− = . Otherwise, go to 

Step 6. 

Step 5:  Select a set 11 ' WW ⊆ and set '1WCC ∪← and go to Step 2. 

Step 6:  Select a set WW ⊆' and set 'WCC ∪← and go to Step 2. 

 

The following proposition shows that by setting 0ε = , the heuristic algorithm will 

either terminate at an optimal robust solution if one exists or determine that no feasible 

robust solution exists. 

 

Proposition 1:  The scenario relaxation algorithm either terminates at an optimal robust 

solution or determines that no feasible robust solution exists by setting 0ε = . 

Proof:    There are two termination rules in the SR algorithm. The first termination rule is 

in Step 2 when the relaxation problem becomes infeasible. If the relaxed problem has no 

solution, it can only mean that there exists no feasible robust solution to the full problem. 

The second termination rule is in Step 4, when 0ε = , the condition is equivalent to  

1WW ∪  = Ф.  If this is the case, it means that Ω∈∀≤− ωδωω   )( ****
CCyZO . Because *

Cy  is 

a feasible discrete solution to the problem, it is true that:  

******** ))((max))((max CCyZOyZO δδ ωωωωωω
=−≤−=

Ω∈Ω∈
. 
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On another hand, because *
Cδ  is the optimal objective function value of the relaxation 

of the original minimization problem, it is true that ** δδ ≤C . These results show that *
Cy  is 

an optimal robust solution to the problem.                                                                            � 

 

For some problem structures and some scenario designs, set C in Step 1 of the SR 

algorithm can be predetermined. Such is the case with the case study on e-scrap reverse 

production system for state of Georgia presented in the next chapter. 

There are no known theoretical results that determine the methodologies for selecting 

set W’ and set W which will guarantee the improvement in computational time required to 

solve the problem.  In the following section, we present some heuristic algorithms for 

selecting these sets. 

 

Selection Methodology for Set W’ 

In this section, we present three heuristic selection methods for set W’ in Step 6 of the 

SR algorithm.  These alternative approaches are the conservative selection method, the 

fixed size selection method, and the value relation selection method.  Each is addressed in 

turn.  

 

Conservative Selection Method 

The conservative selection method sets W’ to be W in Step 6 of the SR algorithm. 

This selection method requires fewer algorithm iterations than other selection methods 

with the tradeoff of longer computation times per iteration. 
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Fixed Size Selection Method 

The fixed size selection method selects set WW ⊆' in Step 6 of the SR algorithm such 

that W’ is the scenario set containing the m highest )( ***
CyZO ωω −  function values in W 

where |}| ,min{ Wnm i=  and ni is a pre-specified constant for iteration i of the algorithm. 

This selection method requires fewer algorithm iterations when a large ni value is used 

with the trade off of longer computation time per iteration, and vice versa when a small ni 

value is used. 

 

Value Relation Selection Method 

The value relation selection method selects set WW ⊆' in Step 6 of the SR algorithm 

such that  

W’ =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≤
−

+−−
∈

Ω∈

Ω∈ εω
ωω

))((max

)())((max
| ***

******

Cuuu

CCuuu

yZO

yZOyZO
W where ]1 ,0[∈ε . 

This selection method requires fewer algorithm iterations when a large ε value is used 

with the trade off of longer computation time per iteration, and vice versa when a small ε 

value is used. 

 

Each of these heuristic methods for selecting the set W’ presented above has 

advantages and disadvantages relative to computational requirements of the SR 

algorithm.  Decision makers have to select the proper selection method based on the trade 

off between number of iterations required for the SR algorithm and the time required for 

each iteration.  
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Selection Methodology for Set W1’ 

In this section, we present two heuristic selection methods for set W1’ in Step 5 of the 

SR algorithm.  These alternative approaches are the conservative selection method and 

the fixed size selection method.  Each is addressed in turn. 

 

Conservative Selection Method 

The conservative selection method sets W1’ to be W1 in Step 5 of the SR algorithm. 

This selection method requires fewer algorithm iterations than other selection methods 

with the trade off of longer computation times per iteration. 

 

Fixed Size Selection Method 

This fixed size selection method selects set 11 ' WW ⊆ in Step 5 of the SR algorithm 

such that W1’ is the scenario set containing m scenarios in W1 with the highest objective 

function value for the phase I problem where |}| ,min{ 1Wnm i=  and ni is a pre-specified 

constant for iteration i of the algorithm.  

An alternative method is to select W1’ such that W1’ is the scenario set containing m 

scenarios in W1 with the lowest objective function value from the following linear 

programming problem. 

*

max         
. .        1

      
               0 

C

s t s
A x s b B y

x
ω ω ω

δ

δ ≤

+ = −

≥

h h
h  
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This selection method requires fewer algorithm iterations when a large ni value is 

used with the trade off of longer computation time per iteration, and vice versa when a 

small ni value is used. 

 

Each of these heuristic methods for selecting the set W1’ presented above has 

advantages and disadvantages relative to computational requirements of the SR 

algorithm.  Decision makers have to select the proper selection method based on the trade 

off between number of iterations required for the SR algorithm and the time required for 

each iteration. 

 

4.3 Accelerated Benders’ Decomposition Algorithm 

It is not unusual for realistically sized mathematical models to produce mixed integer 

linear programs with many thousands or even millions of rows and columns. To solve 

such problems, some method must be applied to convert the large problems into one or 

more appropriately coordinated smaller problems of manageable size. Popular 

decomposition methodologies include Dantzig-Wolfe decomposition (Dantzig and 

Wolfe, 1960), Benders’ decomposition (Benders, 1962) and Lagrangian relaxation 

techniques (Falk, 1967).  

In general, a decomposition principle is a systematic procedure for solving large-scale 

general mathematical programs or specific mathematical programs with special structure. 

The strategy of a decomposition procedure is to iterate between two separate 

mathematical programs. Information is passed back and forth until a point is reached 

where the solution to the original problem is achieved.  
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The decomposition methodology we use for the DRRPS model in this dissertation is 

an accelerated Benders’ decomposition algorithm (Santoso, 2003).  The DRRPS model 

contains only one set of binary decision variables for all scenarios. If their values can be 

fixed, the problem can be partitioned into several linear programming problems (one for 

each scenario) that can be solved independently.   For this reason, the DRRPS model is 

an ideal problem structure for applying the Benders’ decomposition algorithm. 

This section begins by restating a form of the DRRPS model and developing every 

property required for the application of Benders’ decomposition: convexity of the 

objective function and the subgradient required for support function.  This results in a 

statement of resulting master problem and sub-problems.  These structures are used for 

the accelerated Benders’ approach, where several of the cuts developed by Santoso 

(2003) are extended to the DRRPS model and a new type of cut, the sub-problem cut, is 

introduced. 

As previously introduced in Chapter III, the DRRPS model is a mixed integer linear 

programming model with the following structure and Ω is a finite set of scenarios: 

( ) ( )*

,
                   min(max( ))

    subject to:
                                  0             (inventory balancing constraints)   
                                 

T T

x y
O V x F y

A x
B

ω
ω ω ω ωω

ω ω

ω

ω

∈Ω
− −

= ∀ ∈Ω

h hh h

hd
h             (supply constraints)                        

                                            (demand constraints)                      

                                 

x s

C x d

D

ω ω

ω ω ω

ω

ω

ω
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≤ ∀ ∈Ω

h
hh

0               (logic constraints)                           

                                 0   (capacity constraints)                      

                                 

y

E x G yω ω ω

ω

ω

≤ ∀ ∈Ω

− ≤ ∀ ∈Ω

hh
hh h

|y|

0                                                                          

                                   {0, 1}
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y
ω ω≥ ∀ ∈Ω

∈
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h

 

This structure can also be rewritten in the following form: 
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)}1,0{, 0|)((min || y
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and ,   1, 2,3, 4i
y iωπ ∀ =  represent the dual variables associated with the model constraints. 

In order to apply Benders’ decomposition, it is required that )( yf h is a convex function 

on yh . The following proposition gives this result. 

 

Proposition 2:  )( yf h is a convex function on yh . 

Proof:  ( ) ))((max)( * yQyFOyf T hhhh
ωωωω

−−=
Ω∈

is obviously a convex function on yh  because 

of the following reasons. 

1.  )(yQ h
ω and ( ) yF T hh

ω  are concave function on yh . 

2.  (-1)*concave function is a convex function. 

3.  Summation of convex functions is also a convex function. 

4.  Maximum function of convex functions is also a convex function.                        � 

 

The key ideas of Benders’ decomposition algorithm, using the convexity of 

)( yf h on yh , are the use of support functions of function )( yf h to approximate )( yf h  and 

use the minimum value from this approximation as the lower bound on the actual 
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minimum value of the function.  Note that the support function of function )( yf h  at iyh  is 

)()( iTi yysyf hhh −+  where )( iyfs h∂∈ is a subgradient of f at iyh and )( iyf h∂ is the 

subdifferential of f at iyh . 

 

Definition 1 (Nemhauser and Wolsey, 1988):  (Subdifferential and Subgradient) the 

subdifferential )( iyf h∂ of a convex (concave) function f at iyh  is the set of 

vectors ns ℜ∈ satisfying ( ) ( ) ( ) ( )   .i T if y f y s y y y≥ ≤ + − ∀h h h h h  A vector )( iyfs h∂∈ is called 

a subgradient of f at iyh .  

 

The result from the following proposition provides the proper subgradient of f at iyh . 

 

Proposition 3:  )()( *
,,

iT
y

T
y

yfGF iiiii

h
hh ∂∈−−

ωωω
π where )((maxarg * iiTi yQyFO hh

ωωω
ω

ω −−∈
Ω∈

. 

Proof:  From the result of strong duality theory,  
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from )( iTiTT yyFyFyF iii

hhhh −−−=−
ωωω
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From proposition 3, the master problem and sub-problems for Benders’ 

decomposition of the DRRPS model can be defined as follows: 

 

Master-problem: 

,
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ωωω

−−= and YK contains 

all extra cuts together with original constraints and integrality constraints. 

 

Sub-problems: 
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with )()( * iiTi yQyFOyf iii

hhh
ωωω

−−= as the upper bound on )(yf h  if )( iyQ h
ω exists Ω∈∀ω . 

The accelerated Benders’ approach is built on the original Benders’ decomposition 

algorithm with accelerator cuts.  The algorithm will terminate when the difference 

between upper and lower bounds is less than some nonnegative predetermined ε.  The 

following section contains the detailed methodology for the accelerated Bender’s 

decomposition algorithm. 

 

Accelerated Benders’ Decomposition Algorithm 

Step 0:  (Initialization) Select }}1,0{,0|{ ||0 yzzDzy ∈Ω∈∀≤∈ hhhhh ωω   and )( 0yQ h
ω exists 

Ω∈∀ω .  Set LB = -∞, UB = +∞, K = 0 and Y0 = }}1,0{,0|{ || yzzDz ∈Ω∈∀≤ hhhh ωω   ∪ 

sub-problem cuts and trust region constraints.  Note that 0yh can be constructed from SR 

algorithm. 

Step 1:  (Iteration K) Solve sub-problem Ω∈∀ω  for )( KyQ h
ω . 

If the solution is infeasible Ω∈∃ω , K←K-1 and go to Step 5. 

Otherwise, YK←YK-1 ∪ Knapsack cuts and go to Step 2. 

Step 2:  Let *4
, Kyhω

π be the optimal dual solution for sub-problem of scenario Ω∈ω . 

Let )((maxarg * KKTK yQyFO hh
ωωω

ω
ω −−∈

Ω∈
.  If UB > )()(* KKKT yfyQyFO KKK

hhh =−−
ωωω

,  

UB ← )(* KKT yQyFO KKK

hh
ωωω

−−  and KOpt yy hh = . 

Step 3:  If UB – LB ≤ ε  (nonnegative predetermined value), stop and Optyh  is the ε-

optimal robust solution.  Resolve sub-problems for optimal ωx
h Ω∈∀ω . 

Otherwise go to Step 4. 
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Step 4:  Solve master-problem 

K
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yfonboundlower
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θ

 

Set K←K+1, *yyK hh ← , LB ← θ* and go to Step 1. 

 Step 5:  YK←YK ∪ Extreme ray cuts and go to Step 4. 

 

To accelerate the Benders’ decomposition algorithm, trust regions and additional cuts 

were proposed by Santoso (2003).  These cuts can be extended to the DRRPS model as 

shown below.  Also a new type of cut called the sub-problem cut is introduced.  The 

following subsection provides the detail of trust region cut, knapsack cut, extreme ray 

cut, and sub-problem cut. 

 

Trust Region Constraints 

An undesirable feature of Benders’ decomposition algorithm is the wild oscillation of 

solutions from one region of feasible set to another, which causes slow convergence of 

the algorithm.  Santoso (2003) first introduced the use of trust region constraints with 

Benders’ decomposition for two-stage stochastic programming.  The trust region 

constraint in the master problem at iteration i+1 can be represented as: 

||)1(
}1|{ }0|{

yyy i

ylj ylj
jj

i
l

i
l

h   <∆≤+−∑ ∑
=∈ =∈

.  In order to ensure the convergence of the 

algorithm, the trust region constraints will be imposed in the initial iterations of the 

algorithm, and will be dropped once the solution has been stabilized. 
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