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Abstract 

In this report, we present the application of a nonoscillatory second order relaxation scheme to 
simulation of flow in open channel networks. The analysis is based on the Saint Venant equations 
written in conservative form. Junction flow conditions in the channel network are solved explicitly 
using the continuity principle at each junction and the characteristic equations. When compared with 
other models and algorithms, which are based on the Saint Venant equation in non-conservative or 
conservative form, the proposed algorithm is of higher accuracy and is applicable to cases where 
propagation of a shock wave or discontinuity is involved. In this paper we discuss the application 
of the proposed algorithm to both single channel and channel network problems, with or without 
shock waves. Numerical results obtained are presented comparatively with analytical solutions or 
results obtained from other numerical solutions wherever applicable. 

1. Introduction 

Open-channel networks may be encountered in natural river basins, estuaries and in man-made 
drainage systems. Many problems in water resources, river mechanics and environmental hydraulics 
require accurate description of the characteristic parameters of the flow regime in these open-channel 
networks. For example, our research on contaminant and sediment transport simulations in open-
channel networks led us to the investigation of flow simulation in complex channel networks. In this 
paper we will not be going into the detailed description of contaminant or sediment transport 
analysis, but instead we will focus our attention on flow simulation in open-channel networks. 

An open-channel network system may consist of a number of interconnected river channels joined 
at a number of junctions. The presence of internal junctions in this system poses difficulties in 
numerical solution and routing of unsteady flow through the system because these junctions act as 
internal boundary condition for each channel joined to the junctions [Yen, 1979]. The values of the 
flow parameters (stage and velocity) at these internal nodes are a function of the solution and they 
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vary with time. Therefore, flow simulation in open-channel networks is much more complicated 
than single channel solutions, especially for large-scale network systems [Akan and Yen, 1981; Yen 
and Osman, 1976]. Also, as considered in the formulation presented here, channel sections joining 
the junctions may be of irregular geometry and may exhibit variable hydraulic properties at various 
cross-sections. 

Some methods have been proposed in the literature for flow simulation in open-channel networks. 
When classified according to the numerical scheme used in the solution, one may group these 
methods as implicit schemes or explicit schemes. From the perspective of general algorithm 
selection, one may classify these methods as simultaneous solution algorithms [Choi and Molinas, 
1993] and decomposed solution algorithms [Schaffranek, Battzer and Goldberg, 1981]. It has been 
shown in the literature that a conventional simultaneous solution algorithm, which utilizes a finite 
difference approximation, requires substantial computer memory and solution t ime even for simple 
open-channel network systems [Choi and Molinas, 1993]. In a recent study, Choi and Molinas 
[1993] developed a modified simultaneous solution algorithm to overcome this difficulty. They 
introduced a solution algorithm transforming the off-diagonal terms of the solution matrix to 
diagonal terms through recursion equations. Through this procedure, for an open-channel network 
composed of M cross sections, the storage requirement for the coefficient matrix would be reduced 
from (2Mx2M) to (2Mx4). This is a significant advantage, however, their analysis was based on the 
nonconservative form of the governing equations, thus these procedures would not be applicable to 
shock wave propagation problems. 

Because of the large computer storage and solution time requirements, other investigators have 
proposed solutions using the decomposed solution algorithm to solve open-channel network 
problems. In this approach the network system is considered to be a combination of several 
independent channels [Chen, 1973; Barkau, 1985, 1989]. The solution in each channel segment is 
separate and independent from any other segment and iterative solutions based on continuity 
principle at the junctions are required to join the segments properly. The overlapping Y-segment 
method proposed by Sevuk and Yen [1973] was one of the typical methods among these algorithms 
[Yen, 1979; Yen and Osman, 1976]. Schaffranek, Baltzer and Goldbery [1981] proposed another 
decomposed solution approach. In this algorithm, first, junction conditions are solved, then segment 
solutions were achieved based on the junction solutions. This algorithm may save substantial 
computer storage and computational time when compared with the conventional simultaneous 
solution algorithm. However, their solution was also based on the nonconservation form of St. 
Venant equation and computational accuracy was of first order. 

When we review numerical methods used in solution of open-channel network problems, one may 
see that implicit finite difference schemes have been utilized extensively. It is well known that, 
although the implicit scheme will yield inherently stable algorithms for the solution of an open-
channel network problem, a large number of algebraic equations may have to be solved 
simultaneously at each t ime step and large number of iterations may be required in order to solve 
the system at a desired accuracy level when this approach is utilized. On the other hand, in explicit 
schemes no iterations are required and the equations that are solved are not as large when compared 



with implicit schemes. The disadvantage in the explicit solution approach would be the time step 
size required to keep the stability and convergence of the solution under control. Therefore, in 
explicit formulation longer computational time may be needed. Typical applications of this approach 
can be seen in the works of several investigators where the Lax-Wendroff scheme [Murota, 1973; 
Liggett and Cunge,1975], the MacCormack scheme [Fennema and Chaudhry, 1986, 1987; 
Dammuller, et al., 1989] and the lambda scheme [Fennema and Chaudhry, 1986] were used to solve 
the open-channel problem. Although these methods were demonstrated to be successful in general, 
it is known that oscillatory solutions may be obtained at the shock point when Lax-Wendroff and 
MacCormack type schemes are employed to solve shock propagation problems. Larson, Wei and 
Bowers [1971] also applied an explicit scheme to characteristic equations, but in this case 
computational accuracy is again first order. For this approach, the conclusions reached for the shock 
propagation problem were similar. 

Most implicit algorithms developed in the literature are based on the Saint Venant equation in the 
nonconservation form. Therefore, if the shock or discontinuity, such as hydraulic j u m p or surge 
occurs in the solution, these solutions are no longer applicable. Moreover, from the point of view 
of conservation laws, a conservative form of the governing equations should be preferred in 
formulation since in such algorithms various flow quantities are conserved more rigorously and these 
algorithms simulate the wave celerity more accurately than the nonconservation form [Cunge et al., 
1980, Chaudhry, 1993]. In this paper, we base our formulation on the solution of the Saint Venant 
equations in conservative form and on a nonoscillatory second order relaxation scheme [Jin and 
Xin, 1995]. In this approach the junction flow conditions are solved explicitly by using the junction 
flow equations and characteristic equations. The proposed algorithm is applicable to open-channel 
networks with or without the shock waves or discontinuity. Example problems discussed in this 
paper demonstrate the versatility of the proposed method. 

2. Governing Equations for Unsteady Flow 

The governing equations of unsteady flow in open-channel networks are the continuity equation and 
the momentum equation which are based on the conservation of mass and momentum principles. 
The closure of the governing equations is achieved by describing two more equations for the 
conservation of mass and momentum at the channel junctions together with proper initial and 
boundary conditions. 

The governing equations for unsteady one-dimensional flow in the channel segments can be written 
in conservative form as [Liggett and Cunge, 1975]: 



where A is the cross-sectional area of the channel; Q is the discharge; S 0 is the channel bed slope-
f ^ ! S l ° P e ' S f = Q I Q I ' K 2 ; K i s t h e c o n v e y a ^ e , (K = 1.49AR 2* / n) in the British units' 

or (K - AR / n) in the metric system; n is Manning's roughness coefficient; R is the hydraulic 
radius; P is the pressure; p is the density of the fluid and 

P " 
gf(h-z)b(z)dz = gi (3) 

o 

where, z is the vertical coordinate; h is the water depth; b(z) is the channel width at elevation z above 
the channel bottom, Figure 1. 

At channel junctions, assuming there is no change in storage volume (ds/dt = 0 , where s is storage), 
the continuity equation may be written as [Sevuk and Yen, 1973; Yen, 1979]. 

£e,+£<2„=o ( 4) 
The energy equation for a channel junction may be given as [Choi and Molinas, 1993], 

V2 JV V 2 

- i - + gZ. = f—dx + - 2 - + gZ + ghH (5) 
2 J dt 7 6 " 6 A V ; 

Where, V is the velocity; z is the water surface elevation; h f is the head loss due to friction and other 
local losses. In this notation, the subscript I and o represent the inflow and the outflow channel 
sections at the junction. The first term on the right-hand side of Equation (5) represents energy 
losses due to acceleration of flow. 

Equation (1) and (2) may be written in vector form as follows: 

du dF(u) 



Figure 1. Definition Sketch 
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where, 

F(u) 

Q 

A 

F l 

F2 (7) 

0 

8MS0-Sf) R2. 
(8) 

(9) 

For a trapezoidal channel: 

o 8m- (10) 

Where, B 0 is bottom width of a channel, m is the channel side slope. For a rectangular channel: 

25 (11) 

Equations (4), (5) and (6) along with proper initial and boundary conditions, constitute the 
mathematical model which describes the flow in an open channel network problem. Equation (6) 
is a hyperbolic system with two distinct characteristics: 

\ - Q + 
dA (12) 

In the following sections, we will introduce the relaxation scheme to solve this problem numerically. 
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3. The Relaxation Scheme and Its Application 

3.1 T h e Re laxa t ion Scheme 

The relaxation scheme utilized in this study is developed by Jin and Xin [1995]. The algorithm is 
a nonoscillatory second order numerical scheme for systems of conservation laws which uses a local 
relaxation approximation. In this approach, a new semi-linear hyperbolic relaxation system is 
established based on the original system. In the new relaxation system, spatial and time 
discretizations are treated separately. A spatial discretization in conservation form is combined with 
a second order Total Variation Diminishing (TVD) Runge-Kutta splitting scheme for time 
discretization. Due to its linear convection, the new system can be solved without using Riemann 
solvers spatially or a nonlinear system of algebraic equation solvers temporally. 

By introducing artificial variable v to systems of conservation law (6), we can obtain relaxation 
system for equation (6): 

—u + — v = q , ueR\ VER\ (13) 
dt dx 

d d 1 
— v + E—u = —(v-F(u)) , xeR1, e > 0 H 4 ) 
dt dx e 

where, e is a small positive parameter called the relaxation time, n is the number of equations, E is 
a positive diagonal matrix with diagonal coefficients e ; (1 < I < n) and satisfies: 

E-F'(u)2>0 (15) 

where F ' (u ) is the Jacobian matrix of the flux function F(-). Equation (15) is called the 
subcharacteristic condition. When e is sufficiently small, one can obtain good approximations to the 
original conservation laws by solving (13) and (14) properly. This is justified via the Chapman-
Enskog expansion [Jin and Xin, 1995]. 

The relaxation scheme treats the spatial discretization and time discretization separately. Let the 
spatial mesh points be Xj + Vl (j = 0, 1, 2, . . . ) and the mesh width is (Ax i = x j + V l - X j . Vl ). For a 
general quantity w, w j denotes the cell average of w over [ x j . 1 / 2 , x j + V i ] : 
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j "7+1/2 

w. = - — f w(x)dx 
1 Ax. J (16) 

J xj-m 

Integrating (13) and (14) over [ x i . w , x i + ] gives the conservative discretization given below: 

1 

7<u>+ ±k» 
(17) 

where, q i and Fj are defined by: 

qj = q(Uj) + 0(Ax2) 

F'=— [ F(u)dx = F -L f jdx+cW) 
AX. J AJC J AX. 

V 1 xj-in 

(18) 

F(up+0(Ax2) 

To achieve a second order accuracy without oscillations, van Leer's MUSCL interpolation [van Leer, 
1979] is applied, which uses the piecewise linear interpolation to the p-th components of two 
characteristic variables v±E 1 / 2 u of the relaxation system (13) and (14) and solving for fluxes u + 1 / 2 

and v j + 1 / 2 , at boundaries x = x t + m yields: J + 1 

u i = — (u. + u.,) 

o\ J 7 + 1/ 
( A x y o / + Ax . + 1 a . + 1 - ) (19) 

V = ^ + v.+1) - ^ ( u , + 1 - u . ) + l ( A x . a / - A x . + 1 a . + 1 - ) (20) 

where, o^ i s the slope of p-th components of characteristic variables of the relaxation system (13) 
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and (14) given as: 

a ± = T 7 ( V i ± V / ^ m M ~vj'+fp u) * < e / > (21) 
AX 

J 

vJ*l±fouJ+rvJ:ffcuJ 

where, (])(•) is the slope-limiter function which is given as: 

(22) 

(b(6) = -f1^- (23) 

Time discretization is realized by a second order TVD Runge-Kutta splitting scheme introduced by 
[Jin, 1995] which takes two implicit stiff source steps and two explicit convection steps alternatively. 
Letting: 

(24) 
j 

where, D + is the discrete spatial derivative, w j ± w is the approximate point value of w at x = x j ± V 4 . 
Based on these concepts the following relaxation scheme can be defined: 

Step 0: Initially we choose v° = F(u°), which can be identified as local equilibrium. 

Step 1 (implicit stiff source step): 

u* = u n , (25) 

v* = v n + ^ ( v * - F(u *)) ; (26) 
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where, time step At = t n + 1 - t n . Equation (26) is implicit for v*, solving it, one can obtain: 

e v " - AtF(u *) 

In every time step t n , u n is known. Using Equation (25) for u* and applying it to F(u*), we can obtain 
v*from (27). 

Step 2 (an explicit convection step): 

= u* - AtD+v* + At' (j * , (28) 

,0) = „ * - AtE D+u * , (29) 

Where, D +v* and D +u* can be obtained by equation (24). 

Step 3 (implicit stiff source step): This step is similar to step 

Solving implicit equation (31) for v" , one can obtain: 

„ _ evw + AtF(u**) - 2 A ? ( V * - F ( u * ) ) 
v 

e+At 

(30) 

v - = v"> - ^ ( V * - F ( i O ) - 2 ^ ( v * - F(u*)) ; ( 3 1 ) 

(32) 
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Step 4 (an explicit convection step): This step is similar to step 2, 

«(2) - u** ~ AtD+v ** + Atq*\ (33) 

v ( 2 ) = v * . _ At£D+u * * 
(34) 

Step 5: Finally, we can obtain the value of u and v at time step t„. 
i+i • 

u + u ( 2 ) ) , (35) 

n + V (2))^ (36) 

Here, for brevity, the subscript j is omitted. 

The major features of the relaxation scheme are its simplicity and generality. First, the proposed 
scheme is easy to use since one does not need to solve systems of linear algebraic equations because 
of explicit convection terms. Furthermore, due to the linear structure for v in the source term, it is 
not necessary to solve systems of nonlinear algebraic equations. Second, the proposed scheme can 
be easily extended for higher dimensional problems. In fact, a higher dimensional system can be 
treated in the same way as the one-dimensional case described above. 

3.2 Stability and Convergence 

In the relaxation scheme, Equations (25) - (36), since the source terms are treated implicitly, t ime 
discretization is stable independent of e if the Courant-Friedrichs-Lewy (CFL) condition is satisfied. 
Generally, the CFL number is defined as: 

CFL = supF'(u)\ (37) 
u 
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In the relaxation scheme, under the subcharacteristic condition (15), for forward Euler time 
discretization, the CFL condition for stability can be given as: 

Only for some special case, such as method of lines, the following condition is required: 

Although we can choose any e , which satisfies the subcharacteristic condition (15), it is desirable 
to take the smallest e , satisfying subcharacteristic condition because of the CFL constraints on 
numerical stability. 

As for the convergence of the scheme, it was proven that the relaxation scheme is the T V D under 
the CFL condition (38) or (39) and the subcharacteristic condition (15) [Jin and Xin, 1995] and also, 
the scheme is consistent. A consistent and TVD scheme converges to the weak solution of the 
original equations as shown in Harten [1983]. 

4 . Boundary Conditions and Junction Equations 

The above relaxation scheme can be used for interior nodes of an open-channel network problem. 
For boundaries and channel junctions, characteristic equations are usually used in defining boundary 
conditions for an explicit scheme. The method of characteristic (MOC) equations has been described 
in [Chaudhry, 1993] or Appendix I. 

4.1 Upstream Boundary Condition 

For the upstream boundary, the backward characteristic Equations (62) and (63) in Appendix I are 
applicable. As shown in Figure 2, utilizing equation (71) (Appendix I): 

(38) 

CFL < 0.5 (39) 

V = V - ghs ghp = CM + K2hp (40) 
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t 

p 
A R C S B x 

F i g u r e 2. Diagram of x-t Plane Showing Points for Characteristic Equations 

where, 

sh 
K2 = CM = Vs - —j- giS^S^t ( 4 1 ) 

C s s 

Here the subscript " S " indicates the location shown in Figure 2, " P " is the point of unknown depth 
and velocity, and C is wave celerity. The value of V and h at S can be obtained by interpolation 
from values at points C and B. At the upstream station of the channel reach, if the stage hydrograph 
is known, we can obtain V P from equation (40) directly. If the discharge hydrograph is known, from 
continuity, we have: 

ApVp = Q (42) 

Where , Q is the known discharge. Substituting Equation (40) into (42), we obtain a nonlinear 
equation which can be solved by using a nonlinear equation solver such as a Newton-Raphson 
algorithm. Thus, the water depth h p can be calculated. If we know the stage-discharge relationship, 
h = f(Q), substituting it to equation (40) and solving it, we can obtain h p and V p . 

4.2 D o w n s t r e a m B o u n d a r y Condi t ion 

For the downstream boundary, forward characteristic Equations (60) and (61) (Appendix I) are 
applicable. From Equation (70), we have: 
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ghP 
= CD (43) 

where, 

CD K = JL (44) 

Here the subscript R indicates the location shown in Figure 2. The value of V and h at R can be 
obtained by interpolation from values at points C and B. Similarly, at the downstream boundary, 
applying the related downstream boundary condition together with characteristic equation (43), we 
can find V P and h p at the downstream station. 

4.3 Junction Solution 

For a channel network, junctions behave as internal boundaries. When applying an explicit scheme 
to the flow problem in a channel network, junction solutions need to be solved explicitly. This can 
be done by using characteristic equations together with junction equations [Liggett and Cunge, 1975; 
Larson, Wei and Bowers, 1971]. For the junction shown in the Figure 3, the continuity of flow is 
given as: 

Other equations follow from energy equation (4). If the change of velocity and head loss is ignored 
at the junction and assuming that the bed elevation does not change at a junction, by equation (4), 
we can obtain the following equations: 

In this notation the superscript denotes the branch number and the subscript denotes the junction 
number. For the upstream channels, forward characteristic equation is applicable to the junction. By 
equation (43), for channel 1 and 2 and junction 3, we have: 

e3' + G3

2 = e3

3 (45) 

V3 1 = CD1 - K^hJ (47) 
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F i g u r e 3. One Junction Open Channel Network 
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V 3

2 = CD2 - (48) 

For a downstream channel, backward characteristic equation is applicable at the junction. From 
equation (40), for channel 3, we have: 

Solving equations (45) to (49), one may obtain junction solution V 3 ' , h 3 ' , V 3

2 , h 3

2 , V 3

3 , h 3

3 at the 
junction 3. 

Above boundary and junction conditions are defined for the variable u in the relaxation scheme. For 
the artificial variable v, we can impose the boundary conditions that are consistent to the local 
equilibrium v = F(u). At a boundary, if u is known (Dirichlet boundary condition), we can set 
v = F(u). If at a boundary we know the Neuman boundary condition du/dx = 0, since 
dv/dx = F'(u)du/dx, we obtain dv/dx = 0. Other boundary conditions can be similarly imposed. Also 
since the relaxation scheme is a five-point scheme, when we compute an interior point which is close 
to a boundary, we should use an interpolation to extend the boundary. 

5. Applications 

5.1 Comparison of the Numerical and the Exact Solution for the Riemann Problem in a 
Single Channel 

In order to evaluate the accuracy of this algorithm, we first solved a classic open-channel shock wave 
propagation problem. 

Example 1: Consider a rectangular channel. If we define non-dimensional variables as [Liggett, 
1975]: 

where V 0 is a reference velocity, H 0 is a reference depth, L,, is a reference length in x-direction. 
Substituting (50) into equations (1) and (2), applying the Manning equation and defining the 
hydraulic radius equal to the depth, one can obtain the following equation in dimensionless form: 

CM3 + K3h3 

(49) 
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(51) 

dt (VA) dx\ 
V2h + kh< 

IF 

2 \ 

4/3 (52) 

Where, F r is the Froude number, F r = V 0 / (gH 0 ) 1 / 2 . k = gS QL 0 / V 0

2 which may be identified as the 
kinematic flow number. For convenience, subscript "*" will be omitted in following. 

The conservation law together with piecewise constant data having a single discontinuity is known 
as the Riemann problem [Stoker, 1957]. Now, we consider the following Riemann problem: As 
initial data we use: 

when x < x 
' 0 . 2 N 

, 0 / 
when x > x (53) 

For this Riemann problem, if we let the right-hand side of equations (51) and (52) to be equal to 
zero, we can obtain the exact solutions of the partial differential equations (51) and (52). From 
shock wave theory and mathematical analysis, given initial state u L and u R , the flow will become 1-
rerefaction and a 2-shock wave. There is the state u m ( h m = 0.508, V m = 0.575) which connects u L b y 
1-rerefaction wave (wave speed ^ = - 1 , £ 2 = -0.1377) and connects u R b y 2-shock wave (wave speed 
s = 0.948). For this case, letting Froude number F r = 1, we have solved shallow water equations and 
obtained the exact solutions as [Aral, Zhang and Jin, 1996]: 

x<E.t+x 
M O 

h(x,t) 

I \ 2 
2 

3t 3 , 

0.508 

0.2 

ixt+x(<x<l2t+xo 

E,2t+xo<x<st+xo 

x>st+x 

(54) 

17 



V(x,t) 

0 

Z.t+x <X<EJ+X 

IJ+X <X<St+X 

7̂ /•) n 

X > S t + X „ 

(55) 

We know that the flow equations (51) and (52) have two eigenvalues; Xl = V- h 1 / 2 /F r ; A 2 =V+h 1 / 2 /F r . 
When we use the relaxation scheme to solve this Riemann problem, if we define 
CFL = max e ; (A\JAX) for convenience, where e s is equivalent to in equation (38), we can choose 
e , = suplA ! I, e 2 = suplA, 2 I , or simply e , = e 2 = max (suplA , I, suplA 2 I ) for all x and t. In this case, 
we take e , = e 2 = 1, 6 = IO"8, CFL = 0.75. 

For this problem, a comparison of the numerical and the analytical results are shown in Figure 4 and 
Figure 5 for t = 0.3 and x 0 . = 0.5. These comparisons are considered to be satisfactory. Numerical 
solutions capture the "shock" very well. The solution time for this problem was 20 seconds on an 
D3M486 compatible computer. 

5.2 Flow Simulation in Open Channel Networks 

In order to demonstrate the effectiveness and generalization of this algorithm, we solved two open-
channel network examples, the second with three cases, which include a shock wave propagation 
problem. 

Example 2: A hypothetical one junction network system which is composed of three rectangular 
channels is shown in Figure 3. The length of each branch is chosen as 5000 m, the channel width 
is 50 m for two upstream channels and 100 m for the downstream channel. The bed slope is 0.0002. 
The Roughness coefficient is 0.025. Boundary conditions are continuous linear functions and are 
shown in Figure 3. Initial condition is uniform flow with depth y = 1.43 m and discharge Q = 50 
m 3 /s in two upstream channels and 100 m fcin downstream channel. We used two methods to solve 
this problem, one is the relaxation scheme described in this paper and the other is the implicit 
scheme which is based on the nonconservation form of governing equations and a finite element 
approximation. The results are shown in Figure 6. From Figure 6, we note that the two solutions 
are very close with almost the same peak discharge but differ slightly in increasing leg of the 
hydrograph. In this problem we selected e, = e 2 = 25, 8 = 10"8, Ax = 200m and At = 30 sees which 
yields CFL = 0.75 for the relaxation scheme. The solution time was 25 sees again on an IBM486 
compatible computer. For the implicit scheme, we selected At = 300 sees and the simulation time 
was 40 sees. As stated earlier, although we can use larger time steps in the implicit solution, the 
solution time for the relaxation scheme is smaller because large number of iterations are required for 
the implicit solution. Also, in this case study, we noted that the implicit scheme used here did not 
generate proper solutions when the bed slope increased to a certain value (in this case S 0 = 0.001). 
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Figure 4. Velocity Profile for Riemann Problem 
( t = 0 .3 ,x = 0 . 5 ) 
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Figure 6. Hydrograph at Outlet of Channel Network for Example 2 
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But, this problem did not occur for the relaxation scheme. This may indicated that the implicit 
scheme can only be suitable for relatively a smooth or slowly varying flow regime with a mild slope, 
while the relaxation scheme can simulate a wide range of flow regimes. 

E x a m p l e 3: The third example is a wave propagation problem. In this case we will study the 
propagation of two upstream waves propagating downstream and interacting at junction 3, Figure 
3. For this case shallow water wave equations are used. Other variables of the problem are similar 
to the Riemann problem described above, but in this case the flow is in an open-channel network 
shown in Figure 3. The channel data are the same as Example 2. The physical problem may be 
described as follows: suppose there are two gates at the location 3500 m in the two upstream 
channels respectively. To the upstream of the gate, the initial depth is 2 m and velocity is zero. To 
the downstream of the gate, the initial depth is 0.6 m and velocity is zero. Now, we study the 
following three cases: 

Case 1 : Two gates open suddenly at the same time. The width of two upstream channels is 
50 m and downstream channel width is 100 m. The numerical results obtained at the different times 
are shown in Figures 7 and 8. Before the waves in branch 1 and 2 arrive junction 3 thus branch 3, 
the solutions are similar to that in a single channel. With time increasing, the two waves pass 
junction 3 smoothly because the width of branch 3 is double the upstream branches, and the waves 
propagate toward the downstream. For all three cases discussed in this example, Ax was selected 
as 25m and At was 2 sec, e, = ^ = 7.5, CFL = 0.6, e = 10~8. The solution time was 75 sees for a 
simulation time of 600 sees. If Ax is selected as 50 m, the solution time is 20 sees for the same 
problem. But computational accuracy will decrease. 

Case 2: In this case, the width of branch 3 is the same as the upstream channels, i.e., 50 m. 
Numerical results obtained for this case are shown in Figures. 9, 10. When two waves in branches 
1 and 2 arrive in branch 3 at junction 3, the velocity in branch 3 doubles and the depth is higher. 
Then, the waves propagate downstream with as the time increases. 

Case 3: In this case, the two gates in branches 1 and 2 are located at different distances from 
the upstream boundary. The gate in branch 1 is at 4000 m and the gate in branch 2 is at 3000 m. 
Two gates open at the same time. The numerical results at different time and different branches are 
shown in Figures. 11,12, 13, 14, 15, 16,17 and 18. Obviously, the wave in branch 1 arrives branch 
3 first and propagates to branch 2 and 3 at the same velocity. This results in a backwater wave in 
branch 2 which propagates upstream with negative velocity. This wave meets the upstream wave 
in branch 2 which is propagating downstream and the water level increases at that point. Then, the 
upstream wave in branch 2 sweeps the backwater wave toward downstream, arriving junction 3, 
branch 3. When the wave in branch 2 arrives to the entrance of branch 3, it, together with the wave 
in branch 1 effects the velocity and depth in branch 3 and propagates toward downstream. The 
results given in Figures. 1 1 , 1 2 , 1 3 , 1 4 , 1 5 , 1 6 , 1 7 and 18 show the complicated process of formation 
of several shock waves and their propagation in the open-channel network for a simulation time of 
600 sees. 
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Figure 7. Velocity and Depth Profile in Branch l (or 2) and 3 for 
Example 3, Case l ( t = 200 sec) 
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Figure 8. Velocity and Depth Profile in Branch l (or 2) and 3 for 
Example 3, Case 1 ( t = 600 sec ) 
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Figure 9. Velocity and Depth Profile in Branch l (or 2) and 3 for 
Example 3, Case 2 ( t = 500 sec ) 
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Figure 10. Velocity and Depth Profile in Branch l (or 2) and 3 for 
Example 3, Case 2 ( t = 700 sec ) 
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Figure 11. Velocity and Depth Profile in Branch 1 and 3 for 
Example 3, Case 3 ( t = 300 s e c ) 
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Figure 13. Velocity and Depth Profile in Branch 1 and 3 for 
Example 3, Case 3 ( t = 400 s e c ) 
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F i g u r e 14. Velocity and Depth Profile in Branch 2 and 3 for 
Example 3, Case 3 ( t = 400 s e c ) 
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Figure 15. Velocity and Depth Profile in Branch 1 and 3 for 
Example 3, Case 3 ( t = 500 s e c ) 
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Figure 16. Velocity and Depth Profile in Branch 2 and 3 for 
Example 3, Case 3 ( t = 500 sec ) 
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Figure 17. Velocity and Depth Profile in Branch 1 and 3 for 
Example 3, Case 3 ( t = 600 s e c ) 
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Here, it should be noted that characteristic equations are inherently nonconservative. When they are 
used at boundary and junction locations in our algorithm, if a shock is generated at or near a 
boundary, Rankine-Hugoniot jump conditions have to be used to preserve the conservative property 
of the difference scheme until the shock passes and moves towards the interior domain of a channel 
network. Then the characteristic equations can be used again. Otherwise, the characteristic equations 
with interpolations will distort a shock or discontinuity. 

6. Conclusions 

In this report we present a second order relaxation scheme for the solution of Saint Venant equations 
in conservation form. Although example problems are selected among simple three-branch open-
channel networks, the proposed algorithm may be used to solve various flow conditions in more 
complex open-channel networks. In this paper, applications involving propagation of shock waves 
in single or open-channel networks are demonstrated successfully. The three open-channel flow 
examples used in this paper are included here for demonstration purposes. The formulation 
presented in the paper is general and applicable to flow simulation in open-channel networks. When 
compared with other models and algorithms, the proposed algorithm can be considered to be an 
effective general algorithm and computer codes written for the analysis presented in this paper can 
be used in flow simulations in complex open-channel networks. 

It should be pointed out that, in our algorithm, although the relaxation scheme has second order 
accuracy, the characteristic equations which are employed at the boundaries and junctions are only 
first order. This will affect the overall accuracy of the proposed scheme. This limitation should be 
noted as indicated in Examples 2 and 3 above. 
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Figure 18. Velocity and Depth Profile in Branch 2 and 3 for 
Example 3, Case 3 ( t = 600 s e c ) 
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