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You ask me if an ordinary person—by studying hard—would get to be able to imagine
these things like I imagine. Of course. I was an ordinary person who studied hard. There’s
no miracle people. It just happens they got interested in this thing, and they learned all this

stuff. They’re just people. There’s no talent or special miracle ability to understand
quantum mechanics or a miracle ability to imagine electromagnetic fields that comes
without practice and reading and learning and study. So if you take an ordinary person
who’s willing to devote a great deal of time and study and work and thinking and
mathematics, then he’s become a scientist.

Richard P. Feynman



To my family and all the past mathematicians and scientists who inspired me.
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SUMMARY

The growth of machine learning and data science has necessitated the development of
provably fast and scalable algorithms that incorporate ethical requirements. In this thesis,
we present algorithms for fundamental optimization algorithms with theoretical guarantees
on approximation quality and running time.

We analyze the bit complexity and stability of ef cient algorithms for problems includ-
ing linear regressiomn?-norm regression, and linear programming by showing that a com-
mon subroutine, inverse maintenance, is backward stable and that iterative approaches for
solving constrained weighted regression problems can be carried out with bounded-error
pre-conditioners. We also present conjectures regarding the running time of computing
symmetric factorizations for Hankel matrices that imply faster-than-matrix-multiplication
time algorithms for solving sparse poly-conditioned linear programs.

We present the rst subquadratic algorithm for solving the Kronecker regression prob-
lem, which improves the running time of all steps of the alternating least squares algorithm
for the Tucker decomposition of tensors. In addition, we introduce the Tucker packing
problem for computing an approximately optimal core shape for the Tucker decomposition
problem. We prove this problem is NP-hard and provide polynomial-time approximation
schemes for it.

Finally, we show that the popularmeans clustering algorithm (Lloyd's heuristic) can
result in outcomes that are unfavorable to subgroups of data. We introduce the socially
fair : -means problem for which we provide a very ef cient and practical heuristic. For
the more general problem éf ,— °-clustering problem, we provide bicriteria constant-
factor approximation algorithms. Many of our algorithms improve the state-of-the-art in

practice.

XX



CHAPTER 1
INTRODUCTION

This thesis focuses on developing ef cient and scalable algorithms for classic and modern
optimization problems. Although polynomial-time algorithms are established and known
for many of the considered problems, more ef cient and scalable algorithms for these prob-
lems have been an active area of research in recent years. This is due to the rapid growth of
very large datasets arising from real-world applications ranging from biology [1] to social
networks [2]. In addition, the growing applications of machine learning and data science
have introduced new optimization challenges arising from societal and ethical considera-
tions such as fairness [3] and differential privacy [4] that are even required by law (to some
extent) in some applications. These requirements and challenges have necessitated modern
approaches and techniques in optimization algorithms.

Although there are general techniques for solving convex optimization problems [5],
one can often exploit structures in a certain problem to develop fast and scalable algorithms
while incorporating the extra constraints imposed by ethical requirements. For example,
in Chapter 4, we exploit a certain structure of matrices involved in tensor decomposition
to develop faster algorithms. Another example is the structure of a convex optimization
problem for computing a fair set of centers for the socially fameans problem that we
discuss in Chapter 6.

Our results in this thesis fall under three categories.

Stability and bit complexity analysis of algorithms related to optimization (Chap-
ters 2 and 3). Many of the recent advances in improving the ef ciency of (approximately)
solving fundamental optimization problems (such as linear programming@-armam re-

gression problems) have been made under the exact arithmetic model (real-RAM) [6, 7,



8]. To show that these algorithms are implementable using a Turing machine, one needs
to show that the numbers produced in the course of the algorithm have a bounded bit com-
plexity, i.e., the number of bits. In turn, the bounds on the bit complexity of the numbers
allow us to bound thactual running time of algorithms, i.e., the running time under the
word-RAM model or a Turing machine. Although for many optimization algorithms in the
literature, it has already been discussed that one can use approximate steps, in the recent
works that use modern techniques, the required bit complexity to guarantee the required
approximations has not been addressed. The latter is essentially a numerical analysis and a
numerical linear algebraic concern.

We address this for the state-of-the-art algorithms for solving linear programming and
?-norm regression problems. To this end, a key result we develop is the backward-stability
analysis ofnverse maintenandechniques which have many applications across optimiza-
tion and dynamic algorithms. We discuss the background and our results and technique in

more depth in Section 1.1.

Tensor decomposition and related problems (Chapters 4 and 5). Tensors and tensor
decompositions have a broad set of applications across sciences ranging from functional
magnetic resonance imaging (fMRI) [9] to learning mixtures of Gaussian distributions
[10]. Similar to low-rank matrix factorizations, the goal of tensor decompositions is to nd

a small representation of a tensor while preserving as much information as possible. We
consider the Tucker decomposition of tensors, one of the two widely used tensor decompo-
sitions. We present more ef cient algorithms for computing the low-rank Tucker decompo-
sition of a tensor. In addition, we introduce the problem of low Tucker-rank decomposition
subject to a memory constraint and we present fast algorithms for approximately solving

this problem. An in-depth discussion is included in Section 1.2.

Fair Clustering (Chapters 6 and 7). Fairness in machine learning is an important soci-

etal consideration when developing algorithms for human-centric applications [11]. The



general notion of group fairness seeks to provide solutions with an equal average cost for
demographic groups [12]. We present such a group fairness criterion for unsupervised
learning. More speci cally, we present an objective function:feclustering problems that
promotes a more equitable average cost for demographic groups. We call this objective
function and the associated problem foeially fair : -clustering In addition, we design a

very ef cient and practical algorithm for the socially fairmeans problem by adapting the
Lloyd heuristic [13]. A detailed discussion is presented in Section 1.3.

In the remaining sections of this chapter, we delve into the history, background, moti-
vation, and related work regarding these three topics. In addition, we give high-level views
of the challenges, our proposed approaches, and our results. The rest of the thesis is or-
ganized as the following. We discuss problems related to stability and bit complexity of
optimization algorithms in Chapters 2 and 3. We present our results on tensor decompo-
sitions in Chapters 4 and 5. We discuss fair clustering problems in Chapters 6 and 7. We
nally discuss open problems and future directions of research regarding all of these topics

in Chapter 8.

1.1 Stability and Bit Complexity Analysis of Algorithms

Although initially, computer scientists have considered polynomial time algorithms for
many optimizations and algorithmic problems (to some extent due to P versus NP ques-
tion), with the increasing applications of computer science and algorithms, the area of fast
algorithms with the goal of designing more ef cient algorithms has received signi cant
attention. Some notable examples with signi cant improvement over trivial polynomial
time algorithms are matrix multiplication [14, 15, 16], solving linear systems and linear
regression problems [17, 18, 19], linear programming [20, 21, 22, @-idfrm regression

[8], and network ow problems [23]. We note that even nding the rst polynomial time
algorithm for some of these problems has been very nontrivial, e.g., ellipsoid algorithms

for solving linear programs.



An important consideration in the area of fast algorithms is the number system used
for presenting the numbers involved in the algorithm. This is to determine the strength
of the machine that runs the algorithm. For example, the so-called real-RAM model (that
resembles the Blum—Shub—-Smale machine [24]) allows for exact arithmetic (i.e., in nite
precision) in constant time for addition, subtraction, multiplication, division, and com-
parison. If we allow rounding to integers and modulus operations, then one can solve
PSPACE-complete problems in polynomial time [25]. Therefore it is crucial to determine
what operations are allowed and the running time of each operation. For example, in the
real-RAM model, it is assumed that each arithmetic operation takes only a constant time.
Note that such a running time is not possible if we implement our algorithm on a Turing ma-
chine. For example, if we use the binary representation of numbers even to represent (and
read/write) an integer on a Turing machine, we needlog =° time. The other important
aspect is the output we receive after performing the arithmetic operations. For example,
in the widely used oating-point model, the output is only withitl, n® multiplicative
factor of the true result. Another example is for the rational representation of numbers:
does the output give a coprime pair of numerator and denominator or not? This is impor-
tant since it can affect how large the numbers in the algorithm can become, which affects
the algorithm's running time. Chapter 2 of [5] gives an in-depth discussion, especially on
rational numbers.

In Chapters 2 and 3, we present our algorithms under xed-point arithmetic in the
word-RAM model. In particular, our numbers use a xed number of bits before and after
the decimal point, for example, (Equation 1.1.1) illustrates a xed-point number with seven

bits.

1010011 (1.1.1)

The number of bits used for the numbers depends on the problem we want to solve, for



example, it depends on the logarithm of the reciprocal of the error parameter (set by the
input). For numbers with a total ofbits before and after the decimal point, we can do the
following operations irfs 1 © time: addition, subtraction, and comparison. Multiplication
of two such numbers can be done$ifn log ° using fast Fourier transform (FFT) — see
Chapter 30 of [26]. Moreover, Under xed-point arithmetic, our errors are additive (as
opposed to multiplicative errors for oating-point arithmetic), i.e., the difference between
the true number and what we store/compute is at mostherefore we can divide two
numbers and nd the square root of a numbe$ih log* °© log!len°° such that the result
is only additively away from the true answer by In Section 2.4.3, we use a result of
Storjohann to solve integer linear systems of the féom= b that output the solution as
a rational vector where the denominator of entries is the determinak{18]. We make
sure to convert from/to xed-point numbers before and after using Storjohann's algorithm.
A very fundamental problem in optimization is linear programming. As Dantzig [27]
puts it, “Linear Programming is viewed as a revolutionary development, giving us the abil-
ity for the rsttime to state general objectives and to nd, by means of the simplex method,
optimal policy decisions to practical decision problems of great complexity.”

In its standard form, a linear programming (LP) problem asks for a vedtuat

maximize ¢~ x— (1.1.2)
subjecttoAx b-

X 0O

whereA 2 R= 3, b 2 R7, andc 2 R3. The rst algorithm, called thesimplex methodfor
solving such problems was developed more than seven decades ago [28priBlraints
Ax bandx 0de ne ageometric shape called a polyhedron (which is the intersection
of a set of half-spaces). A vertex of the polyhedron is the intersectiéghabdfthe hyper-

planes (associated with constraints) with linearly independent vector normals. Two vertices



Figure 1.1: A visual example of the simplex method. The picture is from the Wikipedia
entry for the simplex algorithm [29].

are neighbors if they shaf® 1 hyperplanes. The simplex method starts from a vertex of
the polyhedron and continues by hopping onto the neighboring vertices until it reaches a
vertex that maximizes thebjective functiort™x — see Fig. 1.1 for a visual example. The
pivoting ruledetermines to which neighboring vertex the algorithm should jump. Although
the polynomial Hirsch conjecture states that the diameter of the graph of vertices is a poly-
nomial in=and 3, no known pivoting rule nds the solution in a polynomial number of
steps.

Khachiyan presented the rst polynomial-time algorithm for linear programming in
1979, called thellipsoid method20]. Although the ellipsoid method is theoretically more
ef cient, the simplex method is more ef cient in practice. This caused discussions in the
complexity theory community about the value of polynomial running times for algorithms
and how to measure encoding lengths and running times. A related discussion is the exis-
tence of strongly polynomial time algorithms for solving LPs, which is still an open prob-
lem. A strongly polynomial time algorithm is an algorithm that uses polynomial space and
performs a number of elementary arithmetic operations which is bounded by a polynomial

in the number of input numbers. In other words, the number of arithmetic operations of the



\Fpasible region

Figure 1.2: A visual example of the ellipsoid method.

algorithm does not depend on the size and bit complexity of input numbers.

The version of the ellipsoid method that checks whether a polytope (a bounded polyhe-
dron) is nonempty starts from a trivial ellipsoid that contains the polytope (a ball with the
center at the origin). Then in each iteration, it asks an oracle whether the center of the el-
lipsoid is in the polytope or for a hyperplane that separates the center of the ellipsoid from
the polytope. Then it computes a new ellipsoid that contains the intersection of the old
ellipsoid and the half-space that contains the polytope — see Fig. 1.2 for a visual example.
The convergence of the algorithm is derived from a volume argument that shows that the
volume of the new ellipsoid is smaller than the volume of the old ellipsoid. Compared to
the simplex method, an advantage of the ellipsoid method is that it does not need explicit
access to the formulation of (Equation 1.1.2) and ongeperation oracléhat outputs a
hyperplane that separates a point from the polytope is suf cient [30]. This makes the ellip-
soid method particularly useful for combinatorial optimization problems where the size of
the matrix can be exponential, for example, in terms of the number of vertices of a graph.

Shortly after the introduction of the ellipsoid method, Karmarkar [21] presented an-
other polynomial time algorithm for linear programming called the interior point method
(IPM). The IPM approach starts from a feasible point in the interior of the polytope and, in
each iteration, produces another feasible point in the interior. Each solution is better than

the previous one with respect to a criterion caltkality gap e.g., the duality gap of the



optimal solution is zero. The IPM approach is very ef cient both in theory and practice.
Each iteration of the IPM approach requires the solution to a system of linear equations.
This emphasizes the close connection between linear algebra (more speci cally, solving
linear systems) and linear programming. The idea of improving the running time of solv-
ing linear systems to achieve improved running times for solving linear programs has been
considered a viable approach since the early days of IPMs. Indeed even the original paper
of Karmarkar discusses the idea of updating the inverse of a matrix that goes through a
rank-one update which is calledverse maintenance- see Fact 2.1.2.1. Essentially for
two linear system&™’x = b’ andA'®x = b’ with rankA'®  A'™° =1 we can nd
the solution of the rst one by computing the inverseff! and computingA™’® b in
$ 1=0 arithmetic operations. Then the inversefof’ can be computed frohA' 1™ 1 in
$ 1=%° arithmetic operations, and the second linear system can be solved with &y
arithmetic operations. By employing this idea and fast matrix multiplication algorithms,
Vaidya improved the running time of the Karmarkar algorithm fréri=3° arithmetic
operations (the trivial implementation) $=>"° arithmetic operations [31, 22]. He also
discussed the bit complexity of numbers involved in the algorithm and concluded that it
is suf cient to work with numbers with := log'1l, detnhax, kbk; , kck; © bits, where
detnhax is the largest absolute value of the determinant of square submatriées Nbte
that for random matriceslet,ax is exponential in= with high probability [32]. This means
that the running time of Vaidya's algorithm =3 in the worst case under xed-point
arithmetic. Later works improved the running time of solving linear progranst °
arithmetic operations [33, 7], whele 2¢372is the current matrix multiplication expo-
nent (i.e., two=-by-= matrices can be multiplied i 1=' © arithmetic operations).

Although the ellipsoid method stimulated numerous research to accelerate the algo-
rithm and make it more stable for numerical purposes [34, 35], it appears that the focus on
the IPMs has mostly been on improving the number of arithmetic operations, especially in

the recent works [33, 7] despite the superior performance of the IPMs for solving linear



programs in practice. This has been the case for other fundamental optimization problems
that have been studied in computer science recently, including linear regression [36] (i.e.,

miny kAX  bk,), and?-norm regression problems [8] of the following form

.. ?
maximize kxks—

subject toAx = b—

In Chapter 2 (joint work with Richard Peng and Santosh Vempala [37]), we consider
the bit complexity of ef cient algorithms for basic problems in optimization, including
?-norm regression and linear programming. For these problems, the state-of-the-art algo-
rithms match the current time complexity of multiplying twedoy-=matrices in terms of the
number of arithmetic operations (up to polylogarithmic factors). However, these results as-
sume in nite precision arithmetic, and due to complicated inverse maintenance techniques,
the actual running times of these algorithms are not known. We settle these algorithms'
running time and bit complexity by showing that a core common subroutiverse main-
tenanceis backward-stable and that iterative approaches for solving constrained weighted
regression problems can be carried out with bounded-error pre-conditioners. We settle the
bit complexity of robust interior-point method (IPM) for linear programming [6, 7], itera-
tive re nement for?-norm regression [8, 38], and input-sparsity time algorithms for linear

regression [39, 40] on general matrices. In particular, in Chapter 2, we show

1. linear programs can be solved using IPMs approximately in matrix multiplication
time multiplied by polylog factors that depend on the condition numbgre., the
ratio of the largest to smallest singular value) of the matrix and the inner and outer

radius of the LP;

2. the p-norm regression problem (for xe&?) can be solved approximately in matrix

multiplication time multiplied by polylog factors ify;
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Figure 1.3: The running time (in terms of number of bit operations) of different sparse
problems. For linear system3;norm regression, and linear programs, the mentioned run-
ning times are for nnz(A¥ $ 1=°. Moreover for?-norm regression? ! 1

3. and linear regression can be solved approximately in input-sparsity time multiplied

by polylog factors in.

As we mentioned, the idea of improving the running time of optimization algorithms by
developing more ef cient algorithms for solving linear systems has been around since the
early days of IPMs. Since for sons#ructuredmatrices, the linear systems can be solved
faster than matrix multiplication timg 1=' ©, this can lead to drastic time improvements for
problems involving such structures. This has probably been best exempli ed by near-linear
time Laplacian solvers that have led to improved running times in many graph problems
[41, 42, 43, 44].

A recent breakthrough by Peng and Vempala [45] has shown that for polyconditioned
(i.e., the ratio of largest to smallest singular value is bounded by a polynomial in the size
of the matrix) sparse matrices (wittt='  1° nonzero entries), a linear system can be
solved faster than matrix multiplication time. This has created the expectation that perhaps
?-norm regression and linear programming problems involving such matrices could also
be solved faster than matrix multiplication time. In Sections 2.4.4 and 2.5, we discuss such
approaches. By utilizing sparse linear system solver of Peng and Vempala, we show that
?-norm regression problems on polyconditioned sparse matrices can be solved faster than
= for the current value of 24372 For linear programs, we fall short and only show
such results fofj 2¢5. Fig. 1.3 denotes the current status of sparse problerpsh+og
factors are ommited in this picture.

In Chapter 3, we present conjectures regarding the running time of computing symmet-

10



ric factorizations of the fornBB for a certain class of structured matrices calitghkel
matricesand their inverses under xed-point arithmetic. An =matrixH is called Han-

kel if for any 8— 9282 »=Ywith, 8, 9=8 &P go= g9 — see (Equation 1.1.3) for

an example. Hankel matrices are closely related to polynomials of single variables. With
similar FFT techniques that allow almost linear time multiplication of two polynomials, a

Hankel matrix can be applied to a vector in almost linear time.

H = . (1.1.3)

If solved, these conjectures would result in a faster-than-matrix-multiplication algo-
rithm for solving sparse poly-conditioned linear programming problems, a fundamental
problem in optimization and theoretical computer science. In addition, these conjectures
imply faster algorithms for solving a batch of sparse poly-conditioned linear systems com-
pared to previous work [45, 46]. To justify our proposed conjectures and running times,
we show weaker results of computing decompositions of the 88Bn CC for Han-
kel matrices and their inverses with the same running time. This chapter is based on my

single-author paper [47].

1.2 Tensor Decomposition

Tensors are multidimensional arrays of number¥ectors and matrices are tensors of
order one and two, and the tensors of orders larger than two are called higher-order ten-

sors. Tensors have a rich history in mathematics, physics, and natural sciences, where they

10ne can view them as linear operators as well, in which case each dimension can be considered to have
in nitely many rows. However, in this work, we consider nite-size tensors.

11



(a) fTMRI [49] (b) Regular hypergraphs [50] (c) Knowledge Bases [51]

Figure 1.4: Examples of applications of tensors.

rst arose in the works of Gauss, studying differential geometry [48]. Other examples of
tensors include functional magnetic resonance imaging (fMRI), representation of regular
hypergraph§ and knowledge bases — see Fig. 1.4 for these applications.

The goal of tensor decompositions, similar to low-rank matrix factorizations is to com-
press the information represented in tensors in smaller objects, i.e., smaller matrices and
tensors. This might be with the goal of determining the most important directions (e.g.,
principal component analysis) or to just simply decrease the size of the objects (e.g., to t
on a bounded memory). Perhaps the two most used tensor decompositions are canonical
polyadic (CP) decomposition (also called tensor rank decomposition) [52], and Tucker de-
composition [53]. The (low-rank) Tucker decomposition writes a teffsoR R? #
of order# as the product of a core tens6r2 R'* ' # and# factor matricesA; 2

R1 1—eeeAy; 2R* # wherethe goal isto nd5-A;—ee Ay that
minimize KT G 1A1 2A2  # Agki— (1.2.1)

wherek k% is the sum of the squared value of the entries of the corresponding térigor (

is called the Frobenius norm)- are called mode=products and are essentially the result

2Each hyperedge corresponds to an entry of the tensor and each dimension of the tensor speci es one
node of a hyperedge.
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Figure 1.5: An example of the result &f 1 A™"

Tllo =

Figure 1.6: An example of modeunfolding of tensoiT .

of splitting a tensor in dimension, multiplying it by A= and concatenating the results —
see Fig. 1.5 for a visual example f& ; A;. Note that mode= products commute for
different values of and the size of dimensions &f 1A; 2A> #+ Ay is exactly equal
to that of T .

The CP decomposition is a special case of the Tucker decomposition in which the core
tensorG is restricted to be diagonal. A noteworthy application of the CP decomposition
(among many) is the study of learning a mixture of Gaussian distributions from empirical
moments [54, 10]. Both CP and Tucker decompositions can be considered as general-
izations of the singular value decomposition (SVD) to higher-order tensors. However, the
phrase higher-order SVD (HOSVD) is usually only used for Tucker decomposition because
of its close connections to the SVDs of matricizations of the tensor. Indeed to have uni-
tary factor matrices, one can set them equal to left singular vectors of matricizations of the
tensor [55]. The mode-matricization (also called unfolding) of the tensor is to slice the
tensor and concatenate it into a matrix so that the columns of the resulting matrix are along
the=-dimension of the tensor — see Fig. 1.6 for a visual example.

The alternating least squares (ALS) algorithm is a heuristic approach for solving the

Tucker decomposition (Equation 1.2.1). In each iteration of this algorithm, all but one
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Figure 1.7: A visual example of Kronecker product of two matrices.

of G-A1—e< A4 is xed, and the problem is optimized with respect to the un xed object.
The algorithm alternates the un xed object betw&ss\ 1— * * *Ax until convergence. This
heuristic is very fast in practice and usually only needs a few iterations to converge. The
iterations of the ALS algorithm for Tucker decomposition is closely related to a class of
structured matrices that arise frafmonecker producof matrices. The Kronecker prod-
uct of two matricesA; 2 Rt 't andA, 2 R2 2 denoted byA; A, is a matrix in
R'12°" "1 2° where all the entries of\; is multiplied by all entries ofA, to obtain the
entries ofA; A, — see Fig. 1.7 for a visual example. Indeed the iterations corresponding
to xing A;—e* A4, correspond to solving a linear regression problem where the matrix
isA; Ax. In Section 4.5, we discuss how other iterations of the ALS algorithm also
correspond to linear regression problems involving Kronecker products.

For solving a linear regression problem of the fominy k1A Ay OX bk% to
a multiplicative®1 , n° error, previous studies from the sampling/sketching literature have

proposed algorithms with the following running times (in terms of number of arithmetic

operations) using leverage score sampling®6t 2 R= "=with = ' - forall=2 »#%
where' = f:l' -andl Y 2¢373denotes the matrix multiplication exponent [16]:

i 1o : :
1. $° f:llnnzlA =0 + Lo 1 nlopy samplings?'yY 10 rows ofK by their leverage

scores [56].

i .
2. $1 F innzAAe ' Lplo 'n #opysamplings?®' —n 1° rows from each factor

matrix A= and taking the Kronecker product of the sampled factor matrices [56].
In Chapter 4, we present the rst subquadratic algorithm for the Kronecker regression

14



problem and show that this can be applied to all of the steps of the alternating least squares
(ALS) algorithm for Tucker decomposition of tensors. Our algorithm gives a signi cant
improvement in the running time of solving this problem both in theory and practice. The
theoretical improvement is from a running time®#' ! © (wherel 2¢373is the matrix
multiplication exponent) to 1626, and the practical improvement is fron? to ' 2 (since
fast matrix multiplication is not used in practice). Our experiments show a 100x improve-
ment in the running time of the ALS algorithm, even on relatively small datasets, and this
improvement increases for larger datasets. Chapter 4 is based on a joint work with Matthew
Fahrbach and Gang Fu [57].

Another important question regarding Tucker decomposition that puzzles practitioners
is how to select the dimensiohg—e«+—; of the core tensoG. This is especially impor-
tant when there is a memory constraint for the size of the decomposition. The total size of

a Tucker decomposition with a core ten®@2 R'1 " # is

_ - ' e (1.2.2)
=1 =1

Then a memory budget constraint asks for a core-tensor shape (i.e., dimension sizes) such
that (Equation 1.2.2) is less than a budggt 0. To illustrate that this problem is important
in practice, Fig. 1.8 shows the relative reconstruction error (RRE) de ned as the following

for different shapes = 1' j—see—4°

11T 0
KT k2

where

11T 0= . min KT G 1A1 2A; #A#k|2:'
G2R 17"*"# A;2R1 ' 1-eefy; 2R # ' #

Note that for a certain budget, different shapes achieve different errors, and a practi-
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Figure 1.8: Pareto frontier of core shapes2 204 for hyperspectral tensof 2

R1024 1344 33 [58]  Plots the relative reconstruction error (RRE), ilelT —+°¢KT k2, as

a function of the budget on the total size of the decomposition. RRE-greedy builds core
shapes by computing Tucker decompositions at each step. HOSVD-IP is Algorithm 20
with integer programming, which builds core shapes via a surrogate packing problem on
higher-order singular values.

tioner wants to pick a shape on the Pareto frontier that matches their memory budget. In
Chapter 5, we formulate this as a combinatorial optimization problem that aims to nd an
optimal core tensor shape, also called multilinear rank, for a size-constrained Tucker de-
composition. This problem has many applications, including reducing the size of trained
neural networks for usage on mobile phones [59]. There are two main challenges in solving

such a combinatorial optimization problem.
1. We cannot evaluate the functibAT —° since low-rank tensor decomposition is an

NP-hard problem [60].

a ) . .
2. Theconstraint *., ' =, Z%,'_ is not a convex constraint.

5

To alleviate the rst issue, we instead use a surrogate (loss) function that arises from

singular values of matricization of the tensor. We call the optimization problem over the

16



surrogate loss th&ucker packing problem\e show that even the Tucker packing problem

is NP-hard. However, we present a polynomial-time approximation scheme (PTAS) for
this problem and show that one can bound the RRE by solving the Tucker packing problem
approximately. Our experiments (implemented using an integer linear programming solver)
show that the solution quality of our algorithm is competitive with (and sometimes better
than) the greedy heuristics used by practitioners [61] that use the true Tucker decompaosition
loss at each step, while also running up to 1000x faster. Chapter 5 is based on a joint work

with Matthew Fahrbach, Gang Fu, and Vahab Mirrokni [62].

1.3 Fairness in Machine Learning

In machine learning, group fairness is a popular approach to prevent unfavorable treatment
of individuals based on sensitive attributes such as race, gender, and disability. This is a
legal requirement by the Civil Rights Act of 1968 of the United States [63, 64]. In machine
learning applications, this is usually interpreted as the average result for the demographic
groups (e.g., race and gender groups). For example, for (binary) classi cation, one might
want to have the same false positive rate for all gender groups [65]. The study of group
fairness and fair algorithms became a center of attention due to catastrophic failure and
biases of machine learning tools toward minority groups (such as African Americans) on a
wide range of tasks from facial recognition to recidivism prediction [66, 67, 68, 69].

Although individual notions of fairness have also been introduced [12] and there are
some critiques on using race and gender for making decisions (e.g., using race and gender
in hiring decisions has resulted in lawsuits [70]), group fairness has remained an important
topic of study in machine learning.

In unsupervised learning tasks (such as clustering or dimensionality reduction), group
fairness usually tries to minimize the difference between the average loss (objective func-
tion) for demographic groups. For example, Samadi et al. [66] was the rst to show that

the average reconstruction error of the principal component analysis (PCA) is different for
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(a) Adult census dataset (b) Adult census dataset (c) Credit dataset

Figure 1.9: The standard Lloyd's algorithm results in a signi cant gap in the average clus-
tering costs of different subgroups of the data.

different gender groups if classical algorithms that do not incorporate fairness criteria are
used. They introduced dimensionality reduction algorithms that achieve equitable recon-
struction errors for different demographic groups [66, 71].

For clustering problems that select a set of centers, the loss of each individual can
be de ned based on their distance to the closest center. Then the average loss for each
demographic group can be de ned based on the loss of individuals. For the popular
means clustering, the loss of an individual is the distance (to the closest center) squared.
The goal of: -means clustering is to select a set of centers of siggat minimizes the
average loss over the whole population.

Our experiments (illustrated in Fig. 1.9) show that the classmeans objective and
algorithm, which is one of the main tools used in machine learning for clustering, is not
fair to different demographic groups of the population in terms of average clustering cost
in experiments performed on benchmark datasets. To resolve this issue, we de ne a new
objective function called socially fair-means that minimizes the maximum average cost
over the demographic groups. Fig. 1.10 illustrates that our objective function leads to
more equitable average clustering costs across different demographic groups. This is also
supported by our experiments on real-world datasets presented in Section 6.4.

Lloyd's heuristic is the main approach for solving theneans clustering problem. It
starts from a random set of centers and then it repeats the following two-step process until

convergence.
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. -means Fair: -means

Figure 1.10: Two demographic groups are shown with blue and purple. 2Theans
objective minimizing the average clustering cost prefers the clustering (and centers) shown
in the left gure. This clustering incurs a much higher average clustering cost for purple
than for blue. The clustering in the right gure has more equitable clustering cost for the
two groups.

1. Form the clusters by connecting each client to the nearest center.
2. Update the set of centers to the mean (i.e., average) of clusters.

We design an algorithm callefdir Lloyd, which is similar to Lloyd's heuristic. The
difference is that in the second step of the iterative process, we nd a fair set of centers
given the current clustering, where a fair set of centers is a set of centers that minimizes the
maximum average clustering cost across the demographic groups. We show that this step
can be performed by solving a constrained quadratic program. We present an algorithm
to solve such problems very ef ciently (linear in). To analyze our algorithm, we use
the properties of subgradients of the maximum of convex functions to rapidly nd a set of
centers with an equitable cost for different demographic groups.

Our experiments show that the running time of our algorithm is comparable to that of
the popular Lloyd's algorithm used for the classieneans problem. Hence our algorithm
can be used in any human-centric application where currently 4fmeans algorithm is
used. Chapter 6 is based on a joint work with Samira Samadi and Santosh Vempala [72].

In Chapter 7 (based on a joint work with Mohit Singh and Santosh Vempala [73]), we
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consider the more general problem of socially fak— :°-clustering, which is a general-

ization of fair: -means. In the case & = 2, this problem is equivalent to the socially

fair : -means problem. For a candidate set of cerfieemnd demographic groups of clients
1—***— and a metric8 on the points of the problem, the fdir,— :°-clustering problem

asks for the solution of the following, where

@)
min  max Fgt®318—°7—

Fuij= By,
318-° is the distance of the closest center into § andFgis a weight vector on the
members of the demographic gro@p A weighting of Fg!® = 1¢j g forall82 g
corresponds to average cost for graip

Previous work has shown that a bicriteria algorithm that usé$ n° number of cen-
ters can achieve 2"+ n factor of the optimal solution [74]. In addition, [75] presents a
polynomial time algorithm that achie\zés1’-"’|0'£‘;IL0:J< approximation and only usescen-
ters.

We advance on both these fronts by presenting bicriteria and constant factor approxima-
tion algorithms for the socially fair »,— :°-clustering problem witk groups. In particular,
we present (1) a polynomial-timé 2p6°?-approximation with at most, < centers (2)

péo?

als, ZpE, n°?-approximation witht centers in timeé=:°2"""<*n_and (3) &15, 6
approximation with centers in time <= poly?=°. The former is obtained by a re nement
of the iterative rounding method by solving a sequence of linear programs. The latter two
are obtained by converting a solution with up:tQ < centers to one with centers by
sparsi cation methods for (2) and via an exhaustive search for (3).

To compare our improvements to state-of-the-art algorithms, consider the casef
i.e., socially fair: -means. First note that for constant if we setn small enough so that
the bicriteria result of [74] gives a solution with at most < centers (i.e.z— = : , <)

5 ’

then their result can only guaranteefaht °-approximation which is much weaker than our
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constant factor approximation. In addition, the approximation guarantee of [75] degrades
if the number of groups increases, while our approximation guarantees stay constant.
However, the running time of our algorithms increase by increasing

We also discuss how to speed up our algorithm using a combination of coresets and
: -means++. This allows us to run our algorithms on randomized samples of datasets while
preserving the guarantees on the full-size datasets. We compare the performance of our
algorithms with existing approximation algorithms on benchmark datasets, and nd that

our algorithms outperform existing methods.
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CHAPTER 2
THE BIT COMPLEXITY OF EFFICIENT CONTINUOUS OPTIMIZATION

In this chapter, we analyze the bit complexity of ef cient algorithms for fundamental opti-
mization problems, such as linear regressimorm regression, and linear programming
(LP). State-of-the-art algorithms are iterative, and in terms of the number of arithmetic op-
erations, they match the current time complexity of multiplying twby-= matrices (up

to polylogarithmic factors). However, previous work has typically assumed in nite preci-
sion arithmetic, and due to complicated inverse maintenance techniques, the actual running
times of these algorithms are unknown. To settle the running time and bit complexity of
these algorithms, we demonstrate that a core common subroutine, kninvei@se main-
tenance is backward-stable. Additionally, we show that iterative approaches for solving
constrained weighted regression problems can be accomplished with bounded-error pre-
conditioners. Speci cally, we prove that linear programs can be solved approximately in
matrix multiplication time multiplied by polylog factors that depend on the condition num-
ber” of the matrix and the inner and outer radius of the LP probl@morm regression

can be solved approximately in matrix multiplication time multiplied by polylog factors in

A, Lastly, linear regression can be solved approximately in input-sparsity time multiplied
by polylog factors in*. Furthermore, we present results for achieving lower than matrix
multiplication time for?-norm regression by utilizing faster solvers for sparse linear sys-

tems.

2.1 Introduction

Over the past two decades, many breakthroughs in algorithm design have relied on con-
tinuous algorithmic primitives [76, 77, 8, 6, 7, 78]. The increased attention on continuous

methods has in turn led to renewed interest and improved runtime bounds for fundamen-
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tal numerical routines. Many of these bounds, however, were initially claimed assuming
exact computations with in nite precisidn Relaxing this assumption, of course, is cru-
cial for claiming truly fast(er) algorithms. As an illustration, in the case of linear systems,
Krylov space methods such as the celebrated Conjugate Gradient algorithm are known to
take$ 1= NNzA°° arithmetic operations (whemenz denotes the number of nonzero en-
tries), but each involving intermediate numbers with=° bits in the worst case. So, even
though each iteration is simply a matrix-vector multiplication, the cost of each iteration is
$ 1= NNZz!A°° and the overall cost 8 1=> NNZz!A°, which makes it considerably worse
than “direct methods” — linear systems can be solved with bit complé&Xity °© [18]. It

was shown via a careful bit complexity analysis, that the block-Krylov method can be used
to solve suf ciently sparse linear systems for poly-conditioned matrices faster than matrix
multiplication [45, 46].

For more general convex optimization problems such as regression and linear program-
ming, fast iterative methods have been studied intensively for decades, with much of the
focus on the interior-point method (IPM) for convex optimization. Since Karmarkar [21]
and Vaidya's seminal papers [22], maintaining the inverse of a matrix modi ed by low-rank
updates has been an important tool in fast algorithms for linear programming [6, 7, 78, 79,
80, 81], ?-norm regression [77, 8, 82, 83, 84, 85], semi-de nite programming [86, 87, 88]
and a host of dynamic optimization problems [89, 90, 91, 92]. Recent successes in achiev-
ing asymptotic complexity close to the time required for matrix multiplication all rely on
solving a slowly-changing linear system in each iteration. As a result, they lend themselves
to inverse maintenance, rather than solving the linear system from scratch in each iteration.

In the optimization literature, it is widely acknowledged that the bit complexity analysis
can be dif cult. For example, in the paper that presents his interior-point method [93],
Renegar makes the following remark about the bit complexity of the original interior point

algorithm due to Karmarkar:

1This is unlike the development in the classic book [5], where bit complexity analysis is carried out
carefully when establishing polynomial time bounds.
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“In the original version of this paper | wrote that | did not see how Kar-
markar's algorithm could be carried out wi#ht! ° bits of accuracy (assuming

the number of bits required to represent the original problem)igas Kar-
markar claimed in his paper. Subsequently, Karmarkar convinced me that this
could be done if one does not rely on rank one updates, as the algorithm in the
present paper does not. The argument, embedded in our complexity analysis,
relies on the fact that the linear equations that need to be solved need only be
solved approximately, and this can be done ef ciently using Cholesky factor-
ization and the fact that the condition number of the corresponding matrices

are bounded bg®"' °” [93]

Here! refers to the total bit complexity of the problem (i.e., the sum of the number of
bits of all entries ofA-b—c). Later works argued thdt can be replaced by the log of the
maximum subdeterminant of the constraint mak&ix76, 6, 7]. Since the latter is smaller,
we adopt the latter de nition fot for the rest of the chapter. Let us note right away that
I can be as large as where is the number of bits used to represent any single entry of
A. Moreover! = 1=° with high probability, on random matrices [32]. This implies that
in most instances, the actual running time of these algorithms is a factomaire than
the number of arithmetic operations. In this chapter, we show that these algorithms (with
proper modi cations and roundings) can be carried out with a bit complexity depending on
the logarithm of the condition number (whichfislog =°, with high probability, on random
matrices [94, 95]), and the logarithm of the ratio of the outer and inner radius of the LP. In
another paper, that introduced his condition number [96], Renegar promotes the use of the
conjugate-gradient method for solving the linear systems arising in each step of the IPMs.
Note that this also leads to an extra factorof

Since matrix inverses are only computed approximately, it is important to show the
number of bits of accuracy needed to guarantee the nal target accuracy remains small

despite the error accumulation during inverse maintenance. This property is closely re-
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lated to what numerical analysts cathbility and is carefully studied in many numerical
algorithms, e.g., for the computation of eigenvalues [97]; however, it is not rigorously es-
tablished for state-of-the-art results based on the IPM.

The situation is more troubling for nonlinear optimization problems sucfi-asrm
minimization, i.e.,minkakg : A”>x = bg. Forany? 2, there are iterative algorithms
that need onlys2=1"3¢ jterations (unlike LP, which currently nee8§ iterations). How-
ever, the analysis of these algorithms [8, 82, 83, 77] assumes in nite bit precision, while
using sophisticated variants of inverse maintenance. Another dif culty ®dtlorm mini-
mization is that the bit complexity of the exact solution can be unbounded (since it can be
irrational), while for linear systems (and linear regression, P.&,2), it can be bounded by
$1= °using rational number representations, wheigethe bit complexity of the entries of
the input matrix. It has been shown that a linear system can be solved ifitishe °[18];
however, the bit complexity of algorithms even for solving linear regression problems in
input-sparsity time, a widely studied and important problem [19, 98, 99], is not established.

In this chapter, we address the bit complexity of state-of-the-art algorithms for linear re-
gression,?-norm minimization, and linear programming. Our core technical results bound
the bit complexity of general inverse maintenance and iterative algorithms for solving lin-
ear regression problems. We believe that these tools will be broadly useful for numerical
algorithms in continuous optimization.

The impractical nature of matrix multiplication algorithms with exponents beléw
means the fastest bit complexity bounds we state are only of theoretical interest. However,
our results apply to all matrix multiplication algorithms up to the current fastest one, with
matrix exponent 2¢372[16]. In particular, they apply to algorithms with?=2° and
$ 1=280% (Strassen's algorithm [14]) running times. Moreover, the iterative algorithms we
consider are remarkably effective in practice. For example, our analyses in Section 2.4

is based on the interior point method used in the Gurobi libfarierative re nement

2https://www.gurobi.com/wp-content/plugins/lddcumentations/documentation/9.0/refman.pdf

25



approaches foP-norm regression have shown promising results in practice [82]; and iter-
ative approaches for linear regression have resulted in theoretically and practically faster

algorithms for tensor decomposition [57].

2.1.1 Results

We start with some de nitions related to the stability and bit complexity of algorithms. The
condition number of a functio® : R=! R® is de ned as the smallest nonnegative real
number® s such that

!
Kix, 6° Sk _, oKk o KKK 2
k51x°k T % Tkkk ¢ kxk

wherex— X 2 R™. For the inverse of matrices, this coincides with the condition number of
the matrix de ned a$tA° := kAk, A 1! ,- Ithas been shown that a recursive algorithm
based on fast matrix multiplication is logarithmically stable [17] in the following sense.

61A° Al

$ 1yon1p0Polylogi= g ayZo_
Al :

where6'A° 2 R™ ~ is the output of the algorithm for the inverse. Taking
Y VY nA L apopolylog=_

we can guarantee tha*!A® A !  n. This implies that by usingoly log!=" log"° |
logl1er° bits, we can achieve6A® A 1! n. Therefore we consider the following

de nitions of numerical stability that are equivalent up t6'6A° factor.

De nition 2.1.1.1 (Numerical Stability of Computing the Inversd)et A 2 R~ ~ be an
invertible matrix. Consider an algorithm that computes the maiti2 R~ ~ as the inverse
of A. Then the algorithm is forward stable iM A 1 Y, and it is backward stable if

M1 A vV
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As we will discuss later, forward stability suf ces for solving linear regression. How-
ever, for inverse maintenance guarantees, we require backward stability.

Our rst result bounds the bit complexity of solving a linear regression problem in
input-sparsity time. We later extend this to certain weighted constrained regression prob-
lems that are used as a subprocedure forZrerm regression problem. We will use
running timefor the total time counting bit-level operations apid complexityto refer to
the size of representations. We also use “with high probability” to mean with probability at

leastl = for any constant .

Theorem 2.1.1.2(Linear Regression)Let A 2 R 3 be a full-rank matrix with= 3
and a condition number bounded byandb 2 R~ all with bit complexity olog”°. Let
x =argmin kAx bk, = tA>A° 'A”band0 Y n Y 1. Then there is an algorithm that,

with high probability, computds such that

> 1a>
B x ,., N AIAA° ‘A’h -

or equivalently

Ar b, n AIATA°'A’b ., i AIATAC 'A% -

intime$113' | 32 log?tler® | NNZA® log?t1en°® log”®.

The $~in the above result and the rest of the chapter hplgyg log'=3° factors and
poly log logt”™e n° factors. For simplicity, in all of our results, we assume the marixas
full column rank. However, this is not a limitation. As we show in Section 2.6, low-rank
matrices can be modi ed to matrices with full column rank by concatenating a small factor
of the identity matrix that introduces an small error.

We next consider the bit complexity of approximately solving linear programs. We
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consider LPs of the following form:

[ > imal d b” dual
AJDQ,& ch (primal) an /rg/ag y (dualp

We start by de ning a few parameters.

De nition 2.1.1.3. LetA 2 R™ 3-b 2 R3¢ 2 R"with= 3. For a linear program of the

form mina>x=px 0C X, we de ne the following quantities:
* Inner radiusA There exists ax such thatA”>x =b andxg A Ofor all 82 >=%
 Outer radius' : Forall x 0with A>x = b, kxk,

The next theorem states that the robust IPM [6, 7] only requires numberwmglg—'A“

bits in xed-point arithmetic. We note that directly utilizing algorithms of [6, 7], does not
imply the time complexity of the following result. First, the bit complexity of inverse main-
tenance has to be bounded (with proper rounding at update steps — see the data structure
in Algorithms 4 and 5) and second, the modi cations made to the problem to nd an initial
feasible solution, should be made in a way that ensures the condition number of the con-
straint matrix does not change signi cantly. We adopt the initialization approach of [100]
and show that the condition number of the resulting matrix stays the same up to polynomial

factors in=.

Theorem 2.1.1.4(Robust IPM) GivenA 2 R~ 3 with full column-rank and condition
number?®, b 2 R3, ¢ 2 R~ all with bit complexity ofog*”°, and an error paramete® Y
n Y 1, suppose the inner radius and outer radius of the linear prognaimy>y=px oC” X is

Aand' , respectively. Then there is an algorithm that complt8sR™ such that

ch min C>X’ n ,and AR b , N
A>x=bx 0
intimeg~ = | =25 U2 =216 |ggilo Joglo
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We only assume that the bit complexity Afb—c is bounded byog/\° for ease of no-
tation. If the bit complexity of them is, the rst log factor will be replaced by, Iogl%;’.
Note that our bit complexity depends tog!”° as opposed to the bit complexity stated in
[6], which is the logarithm of the maximum determinant over the square submatrices. Note
that although both quantities are!=° in the worst case, for random matrices, the latter
is 1=° while the former is$ tlog=°. This is because, for random matrices, the condi-
tion number is polynomially bounded [94, 95] while the determinant is exponentially large
[32] with high probability. Moreoverog!' /A has shown to b8 tlog=° in the smoothed
analysis of LPs [101]. Finally, note that we are concerned with approximate solutions to
LPs. An exact solution might require the bit complexity proportional to the logarithm of
the maximum determinant of square submatrices. The exponent of the third term above is
recently improved t@ , 1—18 by using more complicated data structures [80].

The above approach is not always the fastest algorithm for solving LPs approximately.
The next result is based on solving linear systems using shifted number systems [18], which

avoids thdog!”° factor. This approach does not use inverse maintenance techniques.

Theorem 2.1.1.5(Inverse-free IPM) GivenA 2 R~ 2 with full column-rank,b 2 R3,
¢ 2 R™ all with bit complexity of , and an error paramete® Y n Y 1, suppose the inner
radius and outer radius of the linear programina>x=px oC X is Aand' , respectively.
Then there is an algorithm that nds2 R™ such that

cCl min ¢x,n ,and AR b, n-
A>x=bx 0O

intime$™ = -9 logt—° logt—° .

The algorithm of Theorem 2.1.1.5 is faster than Theorem 2.1.1.4 by a fact¥°of
when = $11° log"® = 1= andlog! +& = $tlog=". We discuss such a case in
Section 2.4.1. This highlights the fact that when we consider the actual running time of

algorithms, algorithms with smaller number of arithmetic operations do not necessarily
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have the smallest running time. Our nal result for LPs is presented in Theorem 2.4.0.1
and shows one can go below matrix multiplication time for 25 and sparse poly-
conditioned matrices.

We next turn to?-norm minimization problems fo? 2. All of our results can
be extended to the case 8f2 11-2%4by considering the dual norm using the approach
explained in Section 7 of [8]. Our rst result bounds the bit complexity of solving?he
norm problem in both sparse and dense cases. Since the only difference between the two

cases is the data structure we use, we present both of them in a single theorem.

Theorem 2.1.1.§?-norm minimization) LetA 2 R~ 3 be a matrix with condition number
bounded by*, andb 2 R® be a vector with the bit complexity bounded Ibgt"°. Let

X = argminsy—p kxkg. For ? 2, there is an algorithm that computéssuch that
calm x©°

, nhkeax ky, and

B 11, Pk k3
in time
$» =, ="3 logtler® log'®1renlog?ilen® o

Moreover, for sparse matrices, there is an algorithm that returns an output with the same

guarantees, with high probability, in time
$» =3 1. NNZIAOT T log?5inerelogiilen®

The subscrip® hides a function5 ?°. For any value of j  7¢3, NNZzA° = >1= 1o
andlogt”en° = poly*=°, the above gives a running time=' °. For example, for polycon-
ditioned matrices witthNNz1A° = $1=° and the current value df 2372 the running
time is $1=2%63 |og>®1n 100, Note that the powers dbgtlen® andlogi”erP are dif-

ferent for ?-norm and linear programming. This is because of the number of iterations of
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the algorithms arising from “guessing” the optimal values in subprocedures &oarm
regression algorithm. Moreover note that fsnorm problem, we also modify the matrices
by concatenating a (gradient) vector. We prove that this only affects the condition number
of the matrix by a polynomial factor — see Section 2.5.2. We also emphasize that we use a
different approach than [8] for solving the constrained weighted regression problems, that
are subprocedures of the algorithm, to be sure that the numbers we work with only have
logi”en° bits — see Section 2.5.3. Note that taking the power? of the numbers in the
algorithm only increases the bit complexity by a factor?ofvhich is absorbed in th§™
notation.

Our approach for solving th@-norm minimization problems is to solve a series of
smoothed?-norm minimization problems (see Sections 2.5.1 and 2.5.2) to constant factor
approximation. The smoothe2tnorm problem, which we also refer to as mix&- ?-

norm minimization, is de ned as follows.

De nition 2.1.1.7 (Smoothed?-norm minimization problem)LetA 2 R™ 3 andb 2 R3,

with= 3. For? 2, let

~

G
X = argmin W 1tg-XL—
X2R=:IAZX=b g1

where forC2 R g andG2 R,
é—';é’ 2@ if i@ C-

W1CG=
2iG?,1 7 1°C  otherwise.

Then the smoothe@-norm problem asks fdx such that calk  x ° , N kcax k, and

€ G
Witel? 11, 0P Witgxg®e
&1 &1

We show that the following mixet2—1° -norm minimization problem can be used as a
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proxy for such smoothe@-norm problems, but this leads to larger running times for solv-
ing the?-norm minimization problem. However, since mix&#1° -norm minimization is
an important problem in its own right, we present a multiplicative weights update algorithm

for it as well.

De nition 2.1.1.8 (Mixed 12-1° -norm minimization problem)LetA 2 R= 3, b 2 RS,

rs2 Rzo, with= 3. Let

x = argmin kxk?, ks xk; —
x2R=:A” x=b

where is the entrywise (Hadamard) produda<|xk,2 = x> Rx, andR is the diagonal matrix
corresponding ta. Then the mixeé2-1° -norm minimization problem asks farsuch that
callk x°© , N keax ky; and

) s &

°, Lt kK, ks x kg oo

We provide a constant factor approximation algorithm for this problem.

Theorem 2.1.1.9(Mixed 12-1° -norm minimization) LetA 2 R= 3 andb 2 R3, r-s 2

R~,, = 3, such that the condition number Afis less thar* and the bit complexity of all

:O'
of them is bounded dggt~°. For 0 Y n Y1, there is an algorithm that outputssuch that

callk x°© , N keax ky;and

2
r >

B, s B, =$11° ke K, ks X ky O (2.1.1)
wherex = argmin.as>,p kxk? | ks  xkq , in time

$r11=l | =3 Jog?llen0logtUy™e nP loglUs A0 logt/he nPo—

whereU; = 1 ming,=yJg, %O andW = Imaxp,=yfs, MaXp=S* MinNg,=f g Moreover,
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for sparse matrices, there is an algorithm that returns an output with the same guarantees

with probability at leastt. = 10 logtU,° in time

_73 1p0—23 211e 1@ loall LA 11 1, AO |21 e 1OO
$ = 1, NNZ'A°T T logilen®logilU,Men®logty N log=inencO

We nally note that, while the bit complexity of these problems is known for Lapla-
cians and graph problems such as maximum ow, it was not known for general matrices
prior to our work. The main reasons for this difference are the use of inverse maintenance
techniques for general matrices and the dif culty of establishing bounds on the condition

number of such matrices.

2.1.2 Techniques

Inverse maintenance is an important technique that has been used in optimization algo-
rithms since Karmarkar [21]. It has since been utilized in many other algorithms, such
as iterative re nement fof?-norm minimization and dynamic algorithms. The following
identity, which is used for inverse maintenance, has been extensively used (without stabil-
ity and bit complexity analysis) in optimization literature to speed up a variety of different

iterative algorithms.

Fact 2.1.2.1(Sherman-Morrison-Woodbury identity [102]for an invertible= = matrix
M and matriced) 2 R= AC 2 RA AV 2 RA =, we have

M, ucvel=m?1 M tuict vm e tvm T

Since the exact inverse of a matrix cannot necessarily be represented with a nite num-
ber of bits in xed-point arithmetic, we only can use approximate inverses. Then the ques-
tion is how many bits are required to maintain a small error when we apply the Sherman-
Morrison-Woodbury identity in order to guarantee the convergence of our iterative algo-

rithms? Note that the required error for inverses determines the bit complexity of them.
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Our rst main technique is to show that inverse maintenance via the Sherman-Morrison-
Woodbury identity is backward stable. We need to present our number$wlibiy /e n°°
bits to have this guarantee. The following lemma states that after applying the Woodbury
identity, the backward error only increases additively in each iteration. Therefore, if we
apply this method fopoly*=° iterations, the error only increase pgly'=—* Y. Therefore
by picking Y to be appropriately small, we can guarantee that the inverse has small error
over the course of an algorithm wigioly!=° iterations, such as interior point methods [6,

7] and multiplicative weights update methods [8].

Lemma 2.1.2.2ABackward Stability of Inverse MaintenancéetZ 2 R £ 2 R™ "-C 2
R* < be invertible matrices. Moreover let-V 2 R= < such thatz , UCV~ is invertible.

Let™ j < , =such that

KUKe—kVke—kCke— C * _Zke—Z ' _—Z, UCV> _—1Z Ucv>e?!l_ ~

and0 Y Yi—¥ Y 1. Suppose
€ Z Y (2.1.2)
If D 2 RS < is an invertible matrix such that

D1 1cl,v>zluolF Yo

then

1igl g lyp lvvg ol 17 ycvo _ 5120y,  Yje

In addition to inverse maintenance, for thgnorm minimization problem we need high-
accuracy solutions given a constant factor spectral approximation as the preconditioner. We
note that even in the cases where we only solve one static linear regression problem (as op-

posed to a series of dynamically changing linear regression problems like algorithms for
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?-norm regression), one might need to use an iterative approach based on preconditioning
instead of a direct solve to obtain a high-accuracy solution in certain running times. An ex-
ample of this is high-accuracy input-sparsity time algorithms for solving linear regression
problems [19, 99]. Another example is illustrated by [57] in the context of tensor decom-
positions in which the algorithm requires a preconditioning approach to achieve a speed-up

to subquadratic time.

Lemma 2.1.2.3(High-accuracy solutions for constrained weighted linear regressiat)
A 2 R 3 have full column rankb 2 R3, andW 2 R™ = be a diagonal matrix with

"I W I. Moreover letx = argmin.a>y-p % kxk\ZN. Then
x =W TAIATW fA° tpe

Moreover given a matri¥® ! such that there exists matrid with ®1 1 M 1 .

Y > 1 > 1 ; R
kAW TAK, andA"W A M _A°W -“A with a constant_ 1, there is an al-

gorithm that ndsl such that

B x n kx ky— & 11, "Pkx ky —and ca'l® Xx°, nkcax ky—

2 w

wherecy is the projection matrix of matriR, in$ 1132 NNZ1A° |oglntA® ' © Iogzl'ﬁ°°

time.

Note thatsinceM 1 polyl="s' © we can take bit complexity &f tlog="" «n°° for

the matrix® ! to satisfy the conditon® * M ! « A complication

Yy
E 3_ka>w 1Ak,
in Lemma 2.1.2.3 is that we require a vediothat is close tox in two different norms:
one induced by and the other induced bya. Interestingly, as we show, one does not

need to takdéog'” iterations to achieve this.
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2.1.3 Discussion

Although the running times of optimization algorithms in terms of number of arithmetic
operations have been extensively studied in the past decades, in many recent works, the
bit complexity is left unanalyzed. [6] and [8] present algorithms solving linear programs
and ?-norm minimization problems respectively with running times that match the matrix
multiplication time='up to polylogarithmic factors. However even solving one linear
system under xed-point arithmetic, by computing the inverse and applying it to the vector,
requires bit complexity of tlog*”enf° even if the bit complexity of the original linear
system isb 11°. This is exempli ed by the following matrix that has a condition number of
larger thar2™ 1, by testing the vectors

h i h i
100 0 —and 1 Je0=1 1 fep0=2 12 1

for the largest and smallest singular value, respectively.

2R3 3,

we O N B O
e N B O O
% - O O O
we O O O O

o
o
o
N
|

It is not a priori clear what bit complexity is required to guarantee convergence when
we need to solve a series of dynamically changing linear systems as required by iterative
approaches for solving-norm minimization and LPs. Although the forward stability of
the inverse maintenance processes has been considered [103], such bounds are not enough

for algorithms that neepoly*=° iterations.
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Note that as illustrated by the above example, an algorithm $vitH © arithmetic op-
erations and bit complexity dbgt”°, in the worst case, has a running time$f= - 1o,
Therefore it is crucial to determine the right values for the powdog@f"° factor. Addi-
tionally as illustrated by Theorem 2.1.1.5, an algorithm with smaller number of arithmetic

operations does not necessarily have the best overall running time.

Outline. We start by presenting our result on input-sparsity time linear regression in Sec-
tion 2.2. We then present our numerically stable inverse maintenance in Section 2.3. Our
data structures that use this inverse maintenance procedure for dense and sparse matrices
are presented in Section 2.3.1. Equipped with these, we present our results on solving linear
programs in Section 2.4. We rst discuss our overall algorithm and how to nd the initial
feasible solution in Section 2.4.1. We then present our LP solvers that uses robust IPM in
Section 2.4.2, our LP solver based on shifted numbers in Section 2.4.3, and our results for
sparse LP antlj 2<5in Section 2.4.4.

We introduce the outer loop of our algorithm for solving tAerxorm minimization
problem that uses a series of solutions to residual problems in Section 2.5.1. Then in
Section 2.5.2, we discuss how the residual problem can be solved effectively by solving
instances of smoothe@-norm minimization problems and how the mix&a-1° -norm
minimization can be used as a proxy. We then present our multiplicative weights update
(MWU) algorithm to solve a mixed2-1° -norm minimization problem in Section 2.5.4.
Finally, in Section 2.5.5, we present our MWU algorithm for solving the smoo#edrm

minimization problem.

2.1.4 NotationandPreliminaries

Linear algebra notations. We denote the Hadamard (entrywise product) withFor a
vectorx, let jxj be a vector of same size such thptj% = jxg for all § andx” denotes the

vector with itsgh entry equal to th&h entry ofx to the power of?, i.e., 1x?% = 1xg”.
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Similarly, for a diagonal matrix (or vectoM, pﬁ is a matrix where each entry is equal to
the square root of the corresponding entryvin For a matrixA with =rows and a subset
( »=Ylet A( denote the matrix obtained by taking rowsAfwith indices in(. A
denote the matrix obtained by taking the columnsAoivith indices in(. For a square
matrixA 2 R “and( »=%A( denotes the matrix obtained by taking entries\ah
( (. Note that, we apply these subindices before taking transpose\(ﬁ.a,lA(”. We
denote the Moore-Penrose inverse (i.e., pseudoinverge\ath AY.

k ke denotes the Frobenius norm. We denote the entrywise norm of matrigggjby
e.g., jiAjj; is the maximum magnitude over entries &f For a matrixA, we denote
its condition number by**A° := kAk, AY ,. In other words, the condition number of
a matrix is its largest singular value divided by its smalleshzerosingular value. We
denote the orthogonal projection matrixAfwith ca. In particular, ifA has full column
rank,ca = AtA~A° A~ Throughout the chapter, to make the notation less cumbersome,
we assume the bit complexity of the veclband matrixA are at mostog*”°. This means
that the absolute value of each entrybadindA is either zero or in the interval— 44 This
is without loss of generality since the factors of the running time dependifgaam be
replaced witHog!*” 2 °en°, where is the bit complexity of the input.

When itis clear from the context, we denote the diagonal matrix corresponding to a vec-
tor with the capital letter of the vector, e.§V, denotes the diagonal matrix corresponding

tow. Also foru-w 2 R7, we de ne
o SR
kuk, = kuky = u”Wu-

forw 0. More generally for a symmetric positive semi-de nite matkk we denote
P—— _ _

kuky, = u”Mu. For vectorsu; 2 R—eeeu- 2 R™, we denote bytuj—eeeu-° 2

R™ . =, their concatenation. Note thag could be equal to one, in which casgis

a number. For a numbet 2 R, we denote the vector with all entries equalGwith
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h [
® The dimension of the vector will be clear from the context, e.gA @ R™ 3, A &

denotes a matrix obtained by attaching a column of all zeros to the ndatf®r a function

5:R! Randvectou 2 R7, we de net5tu°%= 5tud, i.e.,weextendbto 5: R™! R".

Matrix multiplication.  We denote the matrix multiplication exponent and its dual with

| andU, respectively. Moreover, we denote the cost of multiplying=aloy-< matrix

with an <-by-3 matrix with MM1=—<-9 e.g., MMt=—=-0== =l and MMi=—=—4% =
=2.>"° We need the following lemma to bound the running time of rectangular matrix

multiplication (for inverse maintenance) in our running time.

Lemma 2.1.4.1([104, 6]). Let= 3. Then multiplication of ar= 3 matrix witha3 =
matrix or an= =matrix with an= 3 matrix can be performed in the following running

time.

—2,>11° gl 211 P2 U 2011 P, 11,

For ease of notation, we drog 1° in the running time of matrix multiplication throughout

the chapter.

General assumptions. We now state a few preliminary results to establish our assump-

tions in this chapter.

Remark 2.1.4.2.Let

. ?
X = arg minkxks, ¢
X:A”X=b

For ? 2, if kx ki Y, thenkx k; 3'? 22y Therefore without loss of generality, we
can assuméx kg i 1epolyl”°, since otherwisa& = ®will have a small error both in terms

of the ?-norm objective and in terms A~ x  bk,.

The next lemma (proven in the Section 2.6) states that we only need to focus on full column

rank matrices.
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Lemma 2.1.4.3.Let? 2, A 2R3 b 2R3 = 3, such that the smallest nonzero

singular value oA is equal tof j 0. MoreoverleDY Y; Y 1andY> =Y, W Let

A

MoreoverletO Y Y3 Y 1,x 2 R andlx 2 R™ 3 such that

x = argminkxks | IxZ 11, Y min kxki ,and Al b Yae
X:A>x=b ' XA x=b 2

Lete 2 R3 be a vector with entries equal to the rstentries ofx. Then
A& b, Ys, Y kbk, ,and keki 11, Y2kx kje

Remark 2.1.4.4.A in Lemma 2.1.4.3 has full column rank. Moreover, to achieve an error

of n, we can pickys = ne2 andY; = ne12kbk,°. Therefore®A° 4 3'7 272?A170 kpk,,

Thus solving the problem with only needs a polylogarithmic factor increase in bit com-
plexity. Also since, 3 2=, the polynomial factors ir of running time only increase by
constant factors. Therefore for the rest of the chapter, without loss of generality, we assume

the matrixA has full column rank.

Remark 2.1.4.5. SinceA has full column rank if= = 3, thenA”x = b has a unique
solutionx , and we can compute a vectar(by solvingA”x = b) that is close tax and
with appropriate accuracy and bit complexity, we can guarantee batl 1 nand

& Z 11, nPkx k:j Therefore for the rest of the chapter, we assame3 .

Inverse maintenance. The following directly follows from Fact 2.1.2.1 and is one of the

main tools for the robust IPM [6, 7] to obtain a solution with abdutirithmetic operations.

Corollary 2.1.4.6. LetP = ATA”1V  Q°A° A> whereV is a diagonal matrix, an® be
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a sparse diagonal matrix with = suppgQ°. Then,
1a> — 1 1
AIATIV | QPA° ‘AT =P Py Q. Py° P3 .

Proof. We haveA” QA = A)> Q- A) because the only nonzero entriesdfire the ones

with indices in) . By Fact 2.1.2.1, we have

AIA”1V | QPA° 1A~ = ATA”VA | A”QA° 1A~
= AIATVA | ATQ)HA)° 1A
=A TATVA° 1 1 ATVAC TAT1Q 5, A)TATVAC AT 1A IATVAC T A%.

The result follows by observing tha&y A”VA® *Ar = Py andAIA”VA® *AF = P,

2.2 Linear Regression

For a linear regression probleminy, kAx bk, with x = argmin kAx bk,, we might
want to makekx x k, or KA'x X °k, = kx X kp>5 small. These are different for
several reasons. For exampie, might not be unique (iA is not full-rank), butAx is
unique. Even in the case whexeis uniquekx x k might be large whilekx X kps IS
small, e.g., wherx x is in the direction of the right singular vector Afcorresponding
to the smallest singular value 8f However note that 2. | A>A  f 2.1, wheref iy
andf nax are the smallest and largest singular valuea of herefore assumingmin 1
f max (Which can be achieved by scalinggx,  x ks is within a*1A% factor ofkx X Ka>a.
In many applications, the goal is to bouk®d x ka>, directly. For example, see
Corollary 2.2.0.5 which is a vector that is computed in each iteration of interior-point meth-
ods for solving linear programs. This then can be achieved by makingksurex k,

~ips Or directly boundingkx  x ka>a. Even irrespective of bit complexity, the former
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might needlog'”en° iterations. In this section, we show that an iterative approach can
achieve the latter i tlog!1en°° iterations with an error-bounded precondition, avoiding
thelog”® factor in the number of iterations. We then use our approach to bound the bit
complexity of solving a linear regression problem in input-sparsity time to high accuracy
by using oblivious sketching approaches (see [19, 98]) that nd a spectral approximation

of the matrix.

Remark 2.2.0.1.Note that a bound orx™°  x > does notimply a multiplicative error

bound onkAx  bk,. It only gives an additive error bound of the following form.
KAx bk, KAX x°k;, kKAx bky=kx X kp-a, 1 AIATACATCh e
The second term of the right-hand side might be zero, in which case we have
mXin kAX bky = Qe

However, it is not necessarily possible to achieve a zero error even if the optimal solution

has zero error (at least not with numbers represented in xed-point arithmetic).

Lemma 2.2.0.2(Bit complexity of Richardson's iteration)Let A 2 R~ 2 be a full-rank
matrix,= 3. Let_ 1, andM-® 2 R® 3 be symmetric matrices such t/&tA M

Y 1. 10 _ 1:0 1.0
_A”Aand @1t m ! . AR Letx 1" =x R 11A>Ax A”be. Then
we have

wherex = argmin kAx bk,.

Proof. We havex = 1A>A° 1A>b, and

1- 10 1-0

x5 x =x"0 R liaT AxE

° A”h° X
1-0

=x"" B LATAX"° A”Ax ° X
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=1 B 1A”A0"° xo

Therefore
x5 x =11 @ IATA0® xo

M M

=1 MIATALMTATA L ROATAOET xo
11 M IA>A0° xo 1M IA”A B AT A0
M 5
Now we have
2

11 M IAZA0"° x o  =1x"° xor11 A>AM lomi M IA> A0

M

Dening H=M »?A>AM %2 we have

ME21 HoPMB2 =11 ATAM oMt M A% A

Moreover,
1 1 102 102 1.2 1.2
-1 =-M MM H M MM = e
Therefore0 | H 1 2o whichimplies
1
0 11 A AM lomM1 M A>A0 11 Z02Me.
Hence
11 M 1A>A01X13° X O 2 11 102 1X13° X © 2 .
M M

Now we have
2
M IA>A B 1A> A0 xo©
M
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=1x"° x9AAIM 1 ® loMmim 1 @ loaT AT x O
De ning G = M*2® M2 we have
Mt @ lomim @ le=m T2y gozm 12
Now note that
| G=I M*21@l M1 M loml2
:| M1°21|e| 1 M 1OM1‘2 Ml'ZM lMl'Z
= Ml‘zlm 1 M 10M1°2
Therefore we have
102 2 1 1
ki Gk, kI Gk M+ [\ M
3 kA~ Ak, Y
=ttMe Rt M ! = 2 =Y
3 _ kA*Ak,
Therefore we have
2
1M IAA B AT A0 x o
M

=" X CATAM T GOPM MPATALCT x©

. 2
=1 GM MPATANX x°
2 127> 1010 o0 2
Y M ““AAlx X X

=Y2 1x"° x PAAM IATA° xo
Y2 ix"? x CATAXY x o
Y2 1x"° x oM x ©

2

Y2 x"° x
M
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Therefore combining the above, we have

Remark 2.2.0.3.To guarantee that®l 1 M 1 _ 3TY>AI(2’WG require to use

33 _ kKATAk, M1
Y

|Ogl 20

bits. SinceA>A M, we havetA>A° 1 M 1 which implies the about bound only
requirespoly log'3_° Ioglﬁ0 bit complexity. If we ust = A A, i.e., = 1, then picking
Y= i andx'% = ® we have

110
A”A

1 Kbks 00
n

sincekx ka>p = ATA”A° 1A%h ,  kbk,. This gives a bit complexity &f*log
for the numbers we require for our computation. So assuming access to ffatwe can
nd B such that

AR b

9 n,rr!(inkAx bk, —

intime$® NNZIA | 3? I091$°°.

Remark 2.2.0.4.1f we use a spectral approximation, then in each iteration, we can only
guarantee a decrease 1 _ 1 factor in the error, and we have to perforlogtle n°
iterations of the Richardson's iteration, to achieve the desired error. Therefore because in
each iteration, the bit complexity of the solution vector is additively increasé&dlmg ~°,

the bit complexity of the'th iteration is$ 1:  log”°. This implies a running time of

1
$1INNZIAC | 3% Jog” log? —o.
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The following bounds the occurring error in computations we perform in each iteration

of iterative algorithms for solving linear programs.

Corollary 2.2.0.5. LetA 2 R™ 3-W 2 R~ = be full-rank matrices and
P— > 1 >p_
u= WAIA“WA° “A” Wge

Moreover let_ 1, andM-® 2 R® 3 be symmetric matrices such ttat WA M

1 1 Y 100 —
_AWAand BT M g Letx O =8

X =x" AT WAX A>pr°—
P— 1o
ande =, Ax . Then we have
1 P— p_
ke uk, _ 1 =.,Y  WAIAWA° IA” wg

Proof. Consider applying Richardson’s iteration to the following linear regression problem

mine , AX @ 2and supposg =argmin, , AX g K Then by Lemma 2.2.0.2, we

have
Therefore

Now note that

P P

kx Kaswa =07 WAIA”WAC 11A”WACIATWAC TA> Wg
p_ p_ 2
= WAIAWA° 1A~ Wg ,

kgks —
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where the inequality follows sinc%WA 1A WAP° 1A>pW is a projection matrix. More-
over
1-0 p_ 1-0

X X = , AX x° =ka ukse
A>WA 2

Combining the above with the inequalities implies the result.

Lemma 2.2.0.2 and Remark 2.2.0.3 give a bound on the bit complexity and running
time of nding a solution assuming access to a matrix close enough to the invesetof
However in many applications, we do not even have access . For example, in the
case of input-sparsity time linear regression algorithm [19, 99] since compAitiAgakes

13 NNZzA%° arithmetic operations. Another recent example isdobquadratictime
Kronecker regression algorithms since the siz&dA is  132° and computing it prevents
obtaining a subquadratic time algorithm.

Since Lemma 2.2.0.2 only needs a matrix that is close to the invefsefAfwe instead
nd a spectral approximatioM of A>A, and then using classic approaches [17, 105], we
nd a matrix K1 that is close to the inverse o, i.e., &1 1 M 1 i 3_TY>A|<2- To nd

the spectral approximation we use the following result.

Lemma 2.2.0.6([98, 106]) LetA 2R 3,0Y Y-X ¥, and= 3. There is an algorithm
to sample a matrixS with $ 13 10g®13¢ X+ Y2 rows, = columns, andB = \ Hlog>13« X0s YO

nonzero entries per columns, so that
11 YAA A°SSA 11, YA A-

with probability at leasttl X°. Moreover all entries of are in fO—p%— pngg. Finally S

can be sampled and multiplied wigin time
$ INNZLIAC polylogl3.)@.Y20.

We are now equipped to prove our result for input-sparsity time linear regression.
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Proof of Theorem 2.1.1.20ur approach is to rst compute a matri such thatA” A

M _ A”A for some constant | 1. We do this using Lemma 2.2.0.6. We pick
X = poly*=°. We also pickBto be a power of four, so the bit complexity 8fis controlled.
Moreover we can pick a constayit, in a way so thaﬁ is one plus a power of two. Then,
we have

1. Y.
A”>S SA=M . 11
1 1

AA

A*A = A>Ae

Note that by our choice of parameters, the bit complexitylag equal to the bit complexity
of A up to constant angoly log'=3° factors. Moreover, the condition number f is
the same a# (up to constant factors) sindé is spectrally close t&\>A. Note that by
Lemma 2.2.0.6, we can computkin time $1NNz2A° | 3! © since the number of rows of
SAis$13°.

We now can comput® ®suchthat® @ M 1! i 3_+>Ak2, for some constant
0Y Y» Y 1so thatl % . Y2 Y 1,in$t3"  logiro0 time using standard approaches [17,
105]. We then use Richardson's iteration (Lemma 2.2.0.2) to compute a solution to the

regression problem. The running time of this stef#8nNZIA° | 32 log” log?tle ne°

according to Remark 2.2.0.4. This gives a total running time of

$113" | 32 log?tlen®, NNZIA® log®llenc® log~ e

2.3 Inverse Maintenance Stability

In this section, we prove the backward stability of the inverse maintenance technique
through the Sherman-Morrison-Woodbury identity (see Fact 2.1.2.1). Our formulation is
based on the Frobenius norm error of the inverse matrix which in turn determines the bit
complexity of the computed inverse. Note that due to the equivalence of norms, this pro-

vides bit complexity results in other norms up to polylogarithmic factors in dimension. We

48



show inverse maintenance is backward stable with a bit complexy: oyt e n°°.

Lemma 2.3.0.1(Forward-backward error connectio)etM-N 2 R~ ~ be invertible ma-
trices and” j 1 such thatkNke— N ! r " Suppos&kM Nkz Y Y 2—1A Then
M 1

E 27, and

Mt Nt 20y

Proof. LetE =M N. Then by using the Woodbury identity we have
MI=N? NPEY, NEoINT

Now note that

1 N®EOT=1 NIM 1°o1=M INe

Therefore
1 1 1 1
Mt NP NEM?!_
1 1 1
N'_, N' _kEkg M 1 _
1
/\hAY M £
Therefore
1 N
Mt Ty DNe
Hence,
M1 NI =NIEM!? N1 kEk M1 272y .

We are now equipped to analyze the stability of the Sherman-Morrison-Woodbury for-

mula for inverse maintenance. Note that there are two sources of error in this formulation.
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One is from the inverse of the original matrix, and the other is from the inverse of the

smaller matrix we need to compute to make the low-rank update to the inverse.

Lemma 2.1.2.ABackward Stability of Inverse MaintenancéetZ 2 R -2 2 R™ *-C 2
R* < be invertible matrices. Moreover let-V 2 R= < such thaZz , UCV” is invertible.

Let™ j < , =such that

KUkeKVkg+Cke—C ' - KZke—Z ' _—Z, UCV> _—1Z Ucv>®e?!_ ~

and0 Y Yi—¥ Y 1. Suppose
g€ Z Yy (2.1.2)
If D2 RS < is an invertible matrix such that

D! 1c:l,v>21U°1F Yo—

then

gl g lyp lv>g ol 17 ycvo i 512°0Y, | e
Proof. By triangle inequality and (Equation 2.1.2), we have

gl g lyp lvvg ol 17 ycvo _

gl g lyp v g 1ol 12,UCV>OF, g Z

gl glyp ly>g ol 1g ycve _ e (2.3.1)
Note thatS:= C 1, V>& Uis a Schur complement of the following matrix.

1 v> | 0 1 0 Ccv”>
U] g C 1780 g ucv’ |



Note that sinc€€ 1and & UCV” (the Schur complement) are invertiblejs invertible

and
1

SinceSis the Schur complement af,

sty Th. p=,<,kUCkF p:,<, CV> . kCkg, 2, ucu>°!?
i<, =, MonZ g (2.3.2)
Moreover
kske Cclt., v gt _ kUK on3,

ThereforesinceD * t C 1, v>g o ! . Y, by Lemma 2.3.0.1

D1ct ve lu ol 41002y, = 16112, (2.3.3)
Now let
_ v e u v
U g

Then by (Equation 2.3.3),
kM Tk 16M2Ype (2.3.4)

Moreover by triangle inequalityTk:  C 1 s KUKe, KVke, & . 4™, Combining this
with (Equation 2.3.2) and (Equation 2.3.4), noting thit! is invertible since & andD

V>€ U, Vv>g U = D (the Schur complement) are invertible, and using Lemma 2.3.0.1,
we have

M1 T 1 140602 16012y, = 25524y,
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Now note that 8 UCV> and 8 UD V~g lU° V> are the Schur complements

(of the corresponding block) df andM, respectively. Therefore

1 1
g uwb Vve lue v g ucv’ Mt T 2562,

By Woodbury identity,

1
g uD vegluyelyy =gl glup velu veg lu tvg !l

=gl g lyp lvvg L

Therefore

1
el glupivve ! g ucv’ 256M\24Y, e
F

Thus since&kZ , UCV”kg—1Z , UCV>° 1 .~ by Lemma 2.3.0.1,

1
el glubplvve ! g ucv” 1 gn20 25EN24Y, = 51 n28y,.
F

The result follows from combining this with (Equation 2.3.1).

We proved the stability of the inverse maintenance process in this section. Equipped
with this, we next develop inverse maintenance data structures for both sparse and dense
matrices. We later use these data structures for iterative algorithms for sGmogm

minimization and LP.

2.3.1 Bit Complexityof DenselnverseMaintenancédataStructure

In this section, we present our data structures for dense matrices. For dense matrices, our

data structure only relies on the stability of inverse maintenance proven in Lemma 2.1.2.2.

Theorem 2.3.1.1(Dense data structure -DsS). Let= 3. There exists a data structure

with the following operations that maintain an explicit matzix*.
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Algorithm 1: Dense inverse maintenance data structomes®

1 Variables: =— 32 Nwith=i3,A2R"3,Z12R33 yv2R51iY; O.

2
3
4
5

© 00 N O

10
11

Procedure INITIALIZE*A 2 R™ 3w 2 R°-¥

SetA, Y, =, and3 according to the input

Setv. w

Compute the matriZ !suchthakz A>VAk: Y // for example
using the approach of [17, 105]

Procedure UPDATEY(  » =tu 2 Rilio

Setq( =u v( whereq 2 R~

Setv( =u

UpdateZ * using Woodbury identity as the following
z*t z*' z'A7D'AZ * whereD ' 2 RU IUis amatrix such that

D11 Q(_l( , AZ 1A(>0 1 i Y, andQ is the diagonal matrix

corresponding ta|.

Round entries of 1 to numbers withlog?1032 "eY bits.

Procedure QUERY!8 2 R30

12 | Compute and returd 8.

 INITIALIZE *A 2 R 3-w 2 R™—¥: Setsv = w, and computes a linear operatiah *
such that

Z AVA . Y-
whereV is the diagonal matrix corresponding to

« UPDATEY( »=%u 2 Rilo: Setsv( = u and update€ ! such that after. calls to

UPDATE, we have
Z AVA _ 1512 : A% 2 A2 10 Y-
where” j = | 3is a number such that

KAKe = Qu( p= Q(( = ATVA p—ATVA? T -
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during all the updates and

. 1
YYZ" 1512 1; 10 A6 2 . A2 10.

« QUERY!® 2 R3°: Computes and returng 8.

The running time of initialize, update, and query @/ 1=— 3—3 $ 1jog!”e Y°°,
IMM23(j(j°, MM*3=3§j°, j(j' ° $logire Yoo

and 32 $ tlogi”e Yoo, respectively. Moreover the bit complexity of the ma#ix is

$tlogthe Yoo,

Proof. We show that the data structure in Algorithm 1 achieves the desired result. Comput-
ing the matrixA” VA takes MM=—3-=3 $ tlog!”°° time, and computing the matrix !
suchthakZ A>VAk: Ytakes3' $ tlogi”°sY° takes. This gives the bound on the bit
complexity of initialization follows from3 =

Now note that at the end of each update procedure, we round the matrix to numbers
with $log!” e n°° bits. For update we need to compute the mdixiguch that

1 1 1 1
D™ *Q . AZ A(>° . Y

which can be done in imeMM 1j(j— 3-8, MM 1j(j—3Kj°. j(j' © $ LlogireYeo. Given

the matrixD 1, updating the matri ! can be done in time
IMM 135(j5(j°, MM 13— 3% $ LlogthsYooe

The cost of the query is a matrix-vector multiplication whicl3%s $ tlogt/e Yoo,
We now need to bound the error of our matrix aftarpdates. We prove this by induc-

tion. The base case trivially follows from the condition in the initialization. Now suppose
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after: updates

Z APVA _ 1512 : A% 2 A2 10 Yo

andQ is the diagonal matrix corresponding to the 1'st update. Let
gl=z1' ZAID'AZ*with D *QL, AZ'A°! Y-

C F

and®2 !is obtained by rounding the entries®f! to numbers with1ogt1032 ~eY° bits.

Lemma 2.1.2.2 directly gives
g A1V, Q°A 1512 1 N B T

Moreover since by assumptid” 1V | Q°Ak-— tA>1V  QPA° ! r 7~ and

g A1V Q°A o tE12 11 A6 9 . A2 oYY

by Lemma 2.3.0.1, we havé& 1 . 2". Therefore the number of bits before decimal for
the entrie€ ! is bounded byog,12"° ;| 1. Therefore the rounding only introduces error

in the bits after the decimal point. Therefore
Pl gl v
Invoking Lemma 2.3.0.1 and becauséf(% (by assumption),& ! . 2", and
1
>1 o >1 o] = A A_
EF EAV,QAF,AV,QAF on > 2

wehave 2 € . 22 Y, Therefore by triangle inequality,

b A>1V,Q°AF b 2 .2 A>1v,Q°AF
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1512 1; 10 A% 5 1. qon2 o Y,

Therefore the desired error bound holds.

Remark 2.3.1.2.Note that if we do not perform the rounding step intheDATE procedure

of DDs, after : updates, the bit complexity increases by a factor cfince the update
involves multiplying matrices. However, because of the upper bound assumptign on
after the rounding, the bit complexity of the resulting matrigidog®: /e Y°°. As we see
later the number of iterations in our algorithms is of the fopmly!=°log* 5'=°°, where
51=0 is at most an exponential function #m(e.g., for LPs, the number of iterations is

$1=0%10g -°°). Thereforeslogt: =Y in our algorithms is$*log/e Yoo,

Remark 2.3.1.3. Theorem 2.3.1.1 requireQ(—( — Q(_l( . ~, whereQ is the diagonal
matrix corresponding to the difference of weights from one iteration to the next. Although
we usually update the inverse only for weights that have changed signi cantly in our algo-
rithms, even if the difference is small, this condition does not impose a limitation on our
data structure since we can implement each update as two updates. For examgpjeOif

is small, we rst make an update witeﬁi10 = (gg, 1and then we make a second update with
q;ZO = 1. Note that when doing this a number should be added and subtracted so that the

Frobenius norm oA~ VA and *:A”VA° ! also stay small when we perform the auxiliary

update step.

2.3.2 Bit Complexityof SparsdnverseMaintenancédataStructure

We now turn to the sparse case. We rst give an algorithm and bit complexity bounds for
computing a linear operator for the inverse of a sparse matrix based on the block-Krylov
approach [107, 108]. Our algorithm builds on [45] but has some differences from the

algorithm presented in that work since we use the improved analysis presented in [46].

Theorem 2.3.2.1([45, 46]). Given a sparse 3 matrix A with max entry-wise magnitude

at mostl, a diagonal= = matrix W with entry-wise magnitude at mostand <
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3" 21 T along with” that upper bounds the condition numbersfofand W, with

probability at leastl = 29, we can obtain in time
|
3 2
$ 3 NNZIA° < | - < log 170
a linear operatorZ a>wa such that

Zpowa  ATWA Y . 10- 10,

Moreover, fora3 Amatrix B, whereA 3¢<, Za>waB can be computed in tinfg11A

NNZIA® <2 32A 20|oginence,

Proof. The statements below are closely based on the top-level claims ih [4Ghce
A”WA is already symmetrized, we can ignore the outer step involving a multiplication by
the transpose of an asymmetric matrix. So we will show how to give access to an operator

ZA> WA such that

1

Zaowa  ATWA .

Y (2.3.5)

The algorithm that computes access to #thiwas given in Section 7 of [45].

1. Perturb with random Gaussi&ito form the perturbed matrix

R=A>WA R

2. Generate Krylov space wit<° extra columns,

h i
= GB hGB hZGB coe h< igB -

3Version 2, https://arxiv.org/pdf/2007.10254v2.pdf
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whereB= 3¢<, andGBis a sparse Gaussian matrix wBtolumns andiNz:G® =

$1=0°.
3. Compute the inverse of the block-Hankel mattix K> RK .
Speci cally, for step (3), th&Zy generated by the block-Hankel solver is the product of
two explicit matrices, each witfit< logi/\°° bits,

ZH = XHYE

such that the cost of computingB, Y4B, X;B, Y, B for some3-by-Amatrix B with up
to $1< log”° bits per entry iss2<? MM12-2_A Jog”° by Lemma 6.6 of [45]. The

cost of multiplyingZ a>wa against &3-by-Amatrix B is then broken down into three parts:

1. The cost of performing the multiplicatidd™B which takes$innz: © <2 A

log?17e YOO time.

2. The cost of multiplyingr7, andXy against é3-by-Amatrix: by Lemma 6.6 of [45]
this takes timetMM12-23_A <2]og”° by performing fast Fourier transform on

the blocks ofXy andYy.

3. The cost of multiplying< with a 3-by-Amatrix from right which take§$*nnzt ©

<2 A log?ire Y0 time.,

We are now equipped to present our sparse data structure and bound the bit complexity of

its operations.

Theorem 2.3.2.2(Sparse data structure sbs). Let= 3 and< ="4. There exists a
data structure with the following operations that maintain an inverse operator as the sum of

an explicit matrixT and a block-Krylov-based inverse (as represented in Theorem 2.3.2.1).
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Algorithm 2: Sparse inverse maintenance data structapes®

1 Variables: =—3-<?2 Nwith=j3,< =25 A 2 R™ 3, linear operator
Z 2 R® 3, explicit matrixT 2R3 3,v2R%, 1Y O.
2 ProcedureINITIALIZEXA 2 R™ 3w 2 R°—¥
3 SetA, Y, =, and3 according to the input
4 Setv. w
5 Compute the linear operat@rsuch thatZ * A>VA £ Y [/l using
Theorem 2.3.2.1 and setting the error bounds small
enough according to Lemma 2.3.0.1
6 SetT to the matrix of all zeros
7 Procedure UPDATEL(  » =%u 2 Ritio
8 if j(j = then
9 Setw 2 R™ to a vector withwg= ug, if 82 (, andwg=vg, if 82 >=%1 1.

10 INITIALIZE (A-W—Y
11 else
12 Setq( =u v whereq 2 R~
13 Setv( =u
14 Update the matriX as the following
T T 1Z,TPAD'AZ, To- (2.3.6)

whereD ! 2 RIU iU is a matrix such that
D11 Q(_l(, A(*Z, TOAL° L . Y, andQ is the diagonal matrix
corresponding taq;.
15 Round entries of to numbers withlogt103% ~eY° bits.
16 Procedure QUERY!® 2 R3°

17 Compute and returd® , T®. // Z® is computed according to
Theorem 2.3.2.1

« INITIALIZE *A 2 R™ %-w 2 R™—¥: Setsv = w, and initializes the explicit matrix

T 2 R® 2 and a linear operatoZ (see Theorem 2.3.2.1) such that
1Z, T APVA . Y-

whereV is the diagonal matrix corresponding to

« UPDATEY( » =%u 2 RIU°: Setsv( = u and updateZ andT such that after calls
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to UPDATE, we have

1z, 7ot APVA _ 1512 A% 2 0 A2 q0 Y-
where” j = | 3is a number such that

KAk — Q(( F—Q(_l( F_A>VA £ 1A> VA0 1 -
during all the updates and

. 1
YYZ" 1512 1; 10 A6 2 . A2 1°.

* QUERY!8°: Computes and returnsZ ;| T°8.

|
The running time of initialize, and query ag& 3 NNz!A° <, 2 <2 Jog?ireye |
and$INNZIA® <2 32 |og?ineYeo respectively. The running time of updates is equal

to initialize if j(j =<, andis equal to
NNZIAC <2 (), 3% (] 2, MMIBH(jH(°, (] $Hog?neeo-

otherwise.

Proof. We show that the data structure in Algorithm 2 achieves the desired result. The
running time for the initialization and update whgn  =s< follow directly from The-
orem 2.3.2.1. The running time of query follows by invoking the second part of Theo-
rem 2.3.2.1 for a matrix with one column.

For updates withi(j Y =»<, we rst need to computZ>A(> which by Theorem 2.3.2.1
can be done in tim&*iNNZIA® <2 j(j, 3 j(j| 20|gg? 1he YOO After this multi-

plication, the number of bits of the resulting matrix can be reduce®tfog?”e Y°° be-

cause the condition numbers AF VA is bounded by*®*'’. Note that this rounding er-
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ror can be counted as the error of the linear operator of the inverse. Then with an ex-
tra cost of$132logl e, we can computéZ | T°>A(>. ThereforeA(1Z , T"A(> can
be computed in tim&*MM 1j(j—3Hj° logi*eY°. Now D ! can be computed in time

$1j(j' logtne Yoo, Finally since we already have computet, T°>A>

( T can be updated

intime$1IMM 135(j—(j°, MM13—3H j°° logi/e Yoo,
We now need to bound the error of our matrix afteupdates. We prove this by
induction. The base case trivially follows from the condition in the initialization and

Lemma 2.3.0.1. Now suppose afteupdates
1Z,Tot A’VA [ 1512 A% 20 A2 10 Yo
andQ is the diagonal matrix corresponding to the 1'st update. Let

§=T 1Z, T®AD 'A(*Z, T° -with D* 1(3(_1(,A(1Z,T0A(>°1F Y-

andl? is the matrix obtained by rounding the entrie§ab numbers withlogt1032 ~eYe
bits. Also let€ :=Z , ¥ andP := 7, ¥. Lemma 2.1.2.2 directly gives

g1 ATV, QA 1512 1 10 A% 2 . AZ 10 Y.
5 F 5 5 5

Moreover since by assumptidd” 1V | Q°Ak-— tA>1V  QPA° ! £ " and

g1 AV, QA 15121 10 A% 2 . AZ o YV

5 F 5 5 5 2/\
by Lemma 2.3.0.1, we haveé . 2". Therefore the number of bits before decimal for
the entrie€ is bounded byog,'2"° . 1. Therefore the rounding only introduces error in

the bits after the decimal point. Therefore



Invoking Lemma 2.3.0.1 and becau‘éé(zl% (by assumption),& - 2", and

le gl A>1v,Q°AF, AV | QA ons N2

wehavell 1 g1 _ 22 Y, Therefore by triangle inequality,

b1 A>1V,Q°AF b1 ,e_lF, gl A>1V,Q°AF

1512 1; 10 A%6 5 1. qon2 1o vy,
Therefore the desired error bound holds.

2.4 Linear Programmming Using Interior Point Methods (IPM)

In this section, we consider linear programming problems of the following form.

min ¢ Xx—
X:A>x=bx 0

whereA 2 R 3, b 2 R® andc 2 R™. We consider a variety of interior point methods
for this problem. Our main result is the following that bounds the bit complexity of the
algorithm of [7], which is the derandomized version of [6] — see Section 2.4.2. A main
difference between our algorithm and that of [6, 7] is the choice of initial feasible solution.
Inspired by [100] and in contrast with [6, 7], we select the initial feasible solution so that
the condition number ande Astay the same up to polynomial factors. Reéadind' are

the inner and outer radius of the LP (see De nition 2.1.1.3).

Theorem 2.1.1.4(Robust IPM) GivenA 2 R~ 2 with full column-rank and condition
number?, b 2 R3, ¢ 2 R~ all with bit complexity ofog*”°, and an error paramete® Y

n Y1, suppose the inner radius and outer radius of the linear prognaimy>y-px oC X iS
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Aand' , respectively. Then there is an algorithm that complt@sR™ such that

cCl min ¢x,n ,and A’B b, n-
A>x=bx 0
In tlme$~' :| , :2‘5 U‘2> :2> 1.6 Iogl%o Ioglr;_Ao )

As discussed in Section 2.118g*\° can be 1=° even for matrices with bit complexity
$ 11°. Moreover, as we discuss in Section 2.4ah!' <A can be 1=° as well. This gives
a total running time ofs := - 2° for algorithms of [6, 7]. Note that there are instances in
which log' <A = $11° while » = 1=°. Motivated by this, we present the following
algorithm based on solving linear systems using shifted numbers [18] that replaces the
logi~e factor with =2, In instances witHog!' </ = $11°, A = 1=0, this approach is

faster than Theorem 2.1.1.4 by a factor=5P.

Theorem 2.1.1.5(Inverse-free IPM) GivenA 2 R~ 2 with full column-rank,b 2 R3,
¢ 2 R~ all with bit complexity of , and an error paramete® Y n Y 1, suppose the inner
radius and outer radius of the linear programina>x=px 0C X is Aand' , respectively.

Then there is an algorithm that nds2 R™ such that

ch min ¢cx,n ,and AR b, n-
A>x=bx 0

intime$™ = -9 logt—° logt—° .

We use the classic IPM that uses t@orm as its potential function for the above
result. A similar approach combined with the sparse solver can be used to improve the
running time of solving linear programs beyond matrix multiplication for sparse instances
whenl j 25 (for example, algorithms based on the Strassen algorithmlwith 2808

[14]). Note that such matrix multiplication algorithms are the ones that are used in practice.

Theorem 2.4.0.1.[ »-IPM for sparse matrices] Let the matrix multiplication exponent

| | 2¢5. GivenA 2 R™ 3 with full column-rankb 2 R®,c2 R°,1 < =I4anerror

63



parametel0 Y n Y1, and a linear progranmina>y=px oC X with inner radiusAand outer

radius' , there exists an algorithm that nds2 R~ such that

cl min cx,n kek; ' ,and A'E b, n kbky-
A>x=bx 0
intime$™ NNZIA® <2 = _Z =25 og?1 Ko |ggi="0 yith high probabil-

ity.

For the case ofiNz1A° = $ 1=° if we use the Strassen algorithm atvdh and' «Aare
polynomials in=, then the above result implies a running timeso=>"">%_ Moreover, for
anyl j 2% andA with NNzIA® = >1=l 10 there exits ak such that the above running
time is smaller thas' .

In Section 2.4.1, we discuss some de nitions, parameters, the general IPM approach for
solving LPs and our choice of initial feasible solutions. We then prove Theorems 2.1.1.4,

2.1.1.5and 2.4.0.1 in Sections 2.4.2 to 2.4.4, respectively.

2.4.1 LP PreliminariesandlInitial FeasiblePoint

We start by de ning the central path. The interior point method rst nds a feasible solution

on the central path and then following the central path to get close to the optimal solution.

De nition 2.4.1.1. A pointx 2 R™ is on the central path if there exist2 R -~@ R ¢

such that

X s=@®—
A’ X = b-

Ay, s=c

Note thatx is an optimal solution if there exists2 R™ such thax s = ® and the other

two constraints are also satis ed.
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The rst step of solving linear programs using IPMs is to nd an initial feasible solution
on the central path. This is achieved by modifying the linear program so that a feasible

solution of the modi ed program is known.

De nition 2.4.1.2 (Modi ed linear program) Consider a linear program

min ¢ x—
X:A>x=bx 0

with inner radiusAand outer radius . Forany' 10 ,C 8kck; ', we de ne the

modi ed primal linear program by

min X € X —
X x X\ °2P—¢

where ~
P—c=flxXx X'"°2R%G1: A1 x°=b- x5, X' =8Bg-
&1
: I -
With X, = —e=, X. = Xz AIA*A°'b,e = Gx,8 = g X '. Wedene the

corresponding dual polytope by

_ =flg \o 2= 1.
Dre=flss s°2R%;":

Ay, ® s=c Ay, s =e-__ s =0forsomey 2R3~ 2 Rge

Note that de ning

A
A=8 A ®-b=q 7- and c= §i-
® 1
the modi ed primal problem isnin_ > -~ OE>X

The next lemma states that an initial feasible solution of the modi ed linear program is

known. Moreover starting from that feasible solution, if we decrease the centrality (entries
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of the vectorx s) by an appropriate amount, we can reach a point close to the central path

of the original linear program.

Lemma 2.4.1.3(Theorem 11 on [100])Given a linear programming.ax=pbx oC X, with
inner radiusA andouter radius . For any0 Y 05, the modi ed linear program

(De nition 2.4.1.2), with" = 2' andC= 218y 3=2 kck; ' has the following properties:

1. The pointix.—x.— © (as de ned in De nition 2.4.1.2) is on the central path of the
modi ed linear program with!s -s —s'° and G wheres = @8x:, s = ®s , and

s =Gx'.

2. For any feasible primal poirf = x- x —x'° 2 P.and duals = !s - -'° 2 D=,
suchthatt kek, ' xgs gkek, ' ,wehavethatx: x -s @°2P D .lIn

addition,xg  Yxz and® Ys, forall 82 »=Y4

As we will show for all of our interior point methods, we can take steps of the form
11 —-°Cfor some constant. Therefore starting from the initial feasible solution of the
modi ed linear program, we can reach a point close to a feasible solution of the original
linear program ir$ 1pEIoglj(—'AOO iterations. We then can run our interior point algorithms
on that point to reach a point that isclose to the optimal. This can be performed in
$ 1p5|091%°° additional iterations. This is illustrated in Algorithm 3. In this algo-
rithm, we denote the IPM algorithms byEGRERICIPM since we use different IPMs in
Sections 2.4.2 to 2.4.4. Essentially the differences between IPMs is the way they measure
the closeness to the central path, the linear systems they solve in each iteration (which is
characterized by approximations of the gradient vector and vectansls that are used),
and the way these linear systems are solved. The former is formalized in the following

de nition.

De nition 2.4.1.4. We consider an algorithBENERICIPMIAX'®s'C_&_&Ed_y, 3
generic interior point method, if for a potential functids) a function6 depending or,

and givenx'®—<s'® 2 R7, C2 R, such that5'x'®-s - &  61=0, it returnsx'en?—s'en®
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such that5ix'end_gend_gendo 10 gnd A>1x'en® x'0° Yy For IPMs based on
the 2-norm, 5'xs-€= 1x s ®-C2, and61=° = 0«01. For robust IPMs,5ix-s-€C=

| _ .
11x s @C,where 'u®= g, cosi_ud, _j Oisaparameter, an6'=" = 16=.

An IPM algorithm updates primal and slack vectw@nds, in each iteration, by solving

the following linear system and setting= x , & ands=s, ¥,

X8 S8 =& -
A& =0
A%, % =0-

wherex-s%& are vectors close (in some normes— X, andX is a vector function of the
gradient of the potential functioB. Note that we solve these linear systems approximately,
but because the error is additive (see Corollary 2.2.0.5), the total feasibility error of the
algorithm can be bounded.

We use a robust IPM in Section 2.4.2, and IPMs based o@-tin@m in Section 2.4.3
and Section 2.4.4. In Section 2.4.2, the linear systems are solved by multiplication with
an inverse initially obtained by divide-and-conquer algorithms and fast matrix multiplica-
tion [17, 105], and maintained by the Woodbury identity under low-rank updates — see
Corollary 2.1.4.6. In Section 2.4.3, the linear systems are solved using shifted-number rep-
resentation [18] — see Theorem 2.4.3.1. In Section 2.4.4, the linear systems are solved by
multiplication by representation of inverses obtained by block Krylov method [107, 108,
45, 46], and maintained by the Woodbury identity under low-rank updates. The running
time of linear system solvers in Section 2.4.2 and Section 2.4.4 depend on the condition
number of the corresponding matrix. Since the modi ed linear program changes the ma-
trix, we need to argue that its condition number does not blow up compared to the original

matrix.
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Algorithm 3: Path following interior point method (IPM)

1 Assumption: The linear program has inner radidand outer radius
2 Input: Full column rank matrixA 2 R® 3 and vectord 2 R®*— 2 R™; Error
parameter® Y m—n Y 1.
Output: &2 Q7 suchthatA”l b , M kbk;and
cl mineasy=bx 0C X, M.
LetY=11100 =, =23',C= 210y 3=2 kek, ' .
s Let A-b-Gxx—X. be as de ned in De nition 2.4.1.2 for the modi ed linear
programming problem.
6 Letx. =", X7 = 1x,x,x\°, ands® = Gx
7 Let1x e"?_5"®"%0 = GENERICIPMIAX ®5 %~ Ckek; '—ny°
s Setx'®=x x ands®=s s wherex®"® = 1x. -x ~x'°and
ge? - 15 g _go
9 Letix'en?_gen®o = GENERICIPMIAX""—s"®kck; '—ne2=—p° .

w

N

Lemma 2.4.1.5.Condition number oA (as de ned in De nition 2.4.1.2) is less tha®

1Al © Ioglz°°7.

h S
Proof. First note that the condition number AfandB := A> A> @ are the same.
h i>
Therefore setting= ® @& 1 , sincekgk, p:, 1, and

1 B!B°B° 'B°°g, 1-

by Lemma 2.5.2.7, the condition numberAfs less thar8 1/t ©  |ogl=007,

For the IPMs that use inverse maintenance (Section 2.4.2 and Section 2.4.4), the bit
complexities are analyzed in interaction with the inverse, and any rounding required to
prevent the bit complexity of the resulting vectors from growing is done when we apply the
inverse to a vector. For the IPM that works with shifted numbers to solve the linear systems
(Section 2.4.3), given an integer matrix and vector, the exact solution to the linear system is
returned as a rational vector. To be sure that the bit complexities (of rational or real vectors)
do not blow up, we need to switch between rational and real ( xed-point) vectors. For this
purpose, we de ne the following functions that can be computegtin °, where is the

bit complexity of the input vector an@or 1 n.
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De nition 2.4.1.6. For a vectorx 2 R~, and a numbe@2 Q, we de neQROUNDx— @to
be a vectomu 2 Q~, whereugis the closest power @ or the negative of a power @ to
Xg For a vectorx 2 R™ or x 2 Q7, and a numbely 2 R, o, we de neRoOUND*x— ¥ to be a

xed-point vectoru 2 R7, wherejug Xg .

We are now equipped to present our IPMs and analyze their running times in the next
sections. Before doing so, we present an example in which the running time of the IPM with
shifted numbers (Theorem 2.1.1.5) is better than the IPM based on inverse maintenance

(Theorem 2.1.1.4). Let

000 00
100 00 .3
210 00 1
021 00 1
A=8 § 8 % % % 3 OR'TYp=@8172R Lc=QI2R"
000 10 : :
000 2 1
000 021 1
000 00

Then for the following linear program

min C X—

x2R= L:A>x=bx 0

2pE because fox 0 with kxk; i ZpE, there exist82 »=Y¥such thaixgj 4. Then

one can see B< =, 1A°x% i 4 bg andif8= = thent!A>x° i 4 bi. Moreover note
P=
that forx = % c,we havex 0andA”x = b. ThereforeA | % Henﬁe' *A  —. However
i

’r‘]lA0 as discussed in Section 2.1.3 is at le2tst (check the vectors1 0 0 0 and
i

1 162051 1 ]e00= 2 1+2 1 inR™ lforthe largest and smallest singular value,
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respectively). In this case the running time of Theorem 2.1.1$5'¢ - % log?*1+ n°° and

the running time of Theorem 2.1.1.4%3= - Llogt1e e,

2.4.2 Robustinterior PointMethodFor SolvingLinearPrograms

The main result of this section is the following theorem that is achieved by Algorithm 6.

Theorem 2.1.1.4(Robust IPM) GivenA 2 R~ 3 with full column-rank and condition
number?®, b 2 R3, ¢ 2 R~ all with bit complexity ofog!”°, and an error paramete® Y
n Y 1, suppose the inner radius and outer radius of the linear prognaimy>y=px oC” X is

Aand' , respectively. Then there is an algorithm that complt&sR™ such that

>

ch cx,n,and AR b, n-

min
A>x=bx 0

In tlme$~ :| :2‘5 U.2_., :2> 16 Iogl%o Ioglr;_Ao )

5

For this result we work with the potential function of the form*38  1°, where

¢; G 0 0
expt_ugd , ex ug
Ctue= cosht_ug = P > P _ .
81 &1

: o o o= 1
We use the following data structure to maintain the projection matti&> XS °A” and

compute the changdg and ;.

Theorem 2.4.2.1(Projection maintenance data structurerbs). Let= 3. There exists

a data structure with the following operations that maintain an explicit marik.

¢ INITIALIZEIA 2 R 3 X 2R°s2R 4 2R-5 R! Rb-¥ Setsx =x,5= 5,

T =r, and computes a linear operatidhsuch that

B A1A”XS 'A0 1A” R

_ —1__
Moreover, sete =& == ®2 R=,) = e and setw = 2S " 5170,
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° UPDATEl( » :1/[4_X1D’ 2 R](]_SID’ 2 RJ(]_rlD) 2 RJ(JO Setsg( = )(lDJ i(’e( =
sP 5,e(=r'T Tiand) =) [ (. Ifj)ji=P,setX=X, &5=5,87=T, e,

e-a&=6=®2R",) = ce and update® such that after calls to UPDATE, we

have

b A1A>XS ‘Aca> _ 50M2 1512 15A%26 5 - 1gA502 oy

where” | = | 3is a number such that

KAke—XS ' —-X 'S —%el _glg _
F F F F
A>XS A —ATXS tho 1

N
F

during all the updates and

.. 1
Y Y10/\5 1512 1: 10 151n5026 2 - 1@N502 10.
After updating?, it setse = BS * 5170,
« QUERY!®: ComputeD 12 R)I ) such that
1 1 !
D %394 . By . Ye

Then it computes and returns

w, B1S "o 50 By D 11h) oS 57 e

The running time of initialize, update, and query a'e $tlog/eY°°, MM 1=—=}} j°

$llogihe YOO, andi=Lt Plo g1jggineyeo respectively.
Proof. We show that the data structure in Algorithms 4 and 5 achieves the desired result.
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First note thaiM is invertible sincesX 1, andA” XS "A are invertible and

1A>XS ‘A0 1 A>XS 'A0 1A>XS !
M 1_ .
XS 'ATA*XS 'Ae 1 XS 1. XS 'A1A>XS ‘A0 1A>XS ¢
Note that by triangle inequalityMk: 3~ and M * _ 20 273 A5 SinceZ is

amatrix with Z 1 M Y, taking € to be the=-by-= bottom right block ofZ, then

F
b=35X g XS X 'Sisalinear operator foh1A>XS "A° 1A>.

We now bound the running times. The initialization requires computing the inverse of
ani= 3° t = 3°matrixwith= 3. The required error bound and the condition number
bounds give a running time &f  $logleYe°. Then computind? ande according to
line 7 and line 8 of Algorithm 4 is done i&=2log'”« Y°° time sinceX andS are diagonal.

We now bound the running time of the updatej)lf =Y, then the cost is bounded by
$1=log'”e Y°° since we only set new values for entries of vectors according to the input.
Otherwise, we update the inverse. Compufing takesj) j  $2log”e Y° because of the
error bound and condition number bounds and the factizat only selects a submatrix of
Z. Then computin@U” D 1UZ takes MMt=—=§} j° $log!”« Y°° and having this matrix,
we can updat in time $1=2log!"« Y°°, Finally, for the update, we need to recompate
which can be done ifi2=? log”e Yo° time, similar to the initialization step.

Since the update procedure ensures hpt =, computingD ! in the query proce-

dure takes at most®!  $logi”e Yoo, Then computing
@, B1S "o 50 ByD 1B, oS T5i7 | o

according to the query step of Algorithm 5 takes orly® $log”e Yoo time. Note that
we do not form the matri for this procedure because forming this matrix would impose
a cost of 1=20,

We now need to bound the error of our matrix aftaspdates. We prove this by induc-
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tion. For the base case, note that! M _ Y. Therefore sinckMkz—M 1 . 5",
we have
vel vwelpiaswe Lpo Ia>ywe b 5
21XS,XSA1AXSA°AXS°F 58 Ye
Therefore

B A1A”XS ‘A0 1A” = X 'Sl Xs X 's A1A®XS 'ao 1a” i

YléF g 1Y§l,Y§1A1A>Y§1A°1A>Y§10FY1§F

5A7 Y
Now suppose after updates

Zt M 1512 : 15/ 2 1pn%0Z o Y-

and%$ 1is the diagonal matrix corresponding to the 1'st update. Let

1
Y=z zU’D 'UZ with D' &3, UzU’ Y-
F

and¥ is obtained by rounding the entries 6fto numbers with logt100t= . 302 NSeyo

bits. Lemma 2.1.2.2 directly gives

Y1 B 1512 1 10 1505026 2 . 1gn%02 oy
. , , ,

wherel is the matrixM after the update, i.e.,



Moreover the norm bound assumptions imply e L . 57, and

Y1 B 15121 10 158502 2 ; 1ga%02 oy y_L__
F 5 5 5 10/\5

by Lemma 2.3.0.1, we hawr'ke  10"°. Therefore the number of bits before decimal for
the entriesy is bounded byog,110">° | 1. Therefore the rounding only introduces error

in the bits after the decimal point. Therefore
Y ¥ v.

Invoking Lemma 2.3.0.1 and becau‘sé(r.ﬁs (by assumption)kYk= 10", and

Yy 1 o o] L A
F F° Foo10M5°

wehave® 1 vy ! i 2 167592 Y. Therefore by triangle inequality,

b1l m b1 y!? Yyl ®

5

F F F
1512 1; 10 1585026 9 1: 1o 1GA%02 10 Y.

Therefore
1 1=n502 1 1. o 115026 1. o 1g/nb02 o o
. 2 15 512 t:  1° 15 ,2 1, 1° % L1007

Therefore after the update, we have,

b A1A>XS ‘Aca> i 272 157502 1512 1: 10 15A5026 5 1. jo 167502 1o e
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Algorithm 4: Prjoection maintenance data structér® <’ - Part 1
1 Variables: =—32 Nwith=i3,A2R"3,Z 12R3 3 X sTeee2 R,
1Y O
ProcedureINITIALIZEIA 2 R° 3Xx2R°"s2R°42R—-5R! Rb-Y
SetA, Y, =, and3 according to the input

2
3
4 | Setx=x,5=sF=r,ecg=a=02R" and) =ce
5

Set
..O 4
33 A
M = —
A> X'
6 Compute the matri¥ suchthatz 1 M e Y I/l for example

using the approach of [17, 105]

7 | setk=3X '1g XS 'oX 'S whereZ isthe= = hottom right block oz
s | Setw=BS ‘50

o ProcedureUPDATEL( »=%x'D 2 Rlig'D 2 Rili'D 2 Rilio

0 | Setg =x" X, g =s° §.e=r" T

1n | Set) =) [ (

12 | ifj)ji="then

13 LetU= 03 3 I 2R3'=%
14 UpdateZ using Woodbury identity
Z Z zu’°D 'uz- (2.4.1)

whereD 12 R)I )ijs a matrix such that

1
1 1 >
D! %318, uzu i Y,

15 Setx=X, & 5=5 &T7T=r e ande-g=-6=02R") =ce

16 Round entries oF to numbers withlogt100t=_ 3°2 7S Ye pijts

17 Seth =35X 18 XS 'oX 'S, whereg isthe= = bottom right block
of Z .

18 Setw = BS " 570

The robust interior point method convergeskiks t%etk; , %X X and %es , are
small throughout the algorithm. Here we argue that if we set the error parameters for
solving the linear systems corresponding to iterations of robust IPM, then these quantities

stay small. We rst provide bounds for these for exact solves.

Lemma 2.4.2.2([100]). LetX-s be vectors wittklogX logxk; 4—18, klogs logsk;
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Algorithm 5: Prjoection maintenance data structér® <’ - Part 2
1 Variables: =—32 Nwith=j3,A2R 3,Z 1 2R3 3 Xx57Tee€e 2 R,
1iYi O
Procedure QUERY1®
3 Let 2 be the= =bottom right block oZ
4 | ComputeD 12 R)J Disuch that

N

D1 % 1§, 13X ‘9,1, XS 9,08 9, Y
5 Compute

h=8x ' 121X, fo>0gg 0 1 S ‘o> 5ig 0 _and

hW?=p! 15K 9, 2X 57, e 1S 957 e -and

W =5X ' 1g)0 S_Xl))h12° 11)0”h'?

6 | Compute and reture, h'** h'®

7, W =XS 1, andP = IoW1A>WA° 1pW. Moreover let

X(:=pXEH Pop—R and X := p—Pp—R—
XS XS XS

o
2 TR C|£r Irok risavectorwitht % gc 7, and_ = 16log 4G=. Then

where®X = 1

under the invariant 1X-£%  16=,

x s C 1 1 1

C L 16 and kX( sz E— and k)%’Skz 20—

The bound &5, {x on the above lemma directly follows from 1*-2-%  16=

and does not depend on the computatioadnd X.

Remark 2.4.2.3. The upper bounds stated in [100] féXexk, and kXs* sk, is 1116 °,
but it can easily be strengthened to the bounds we stated above with the same argument.

Now note that instead of and X we compute®, and & by Corollary 2.2.0.5. Note

76



Algorithm 6: Robust interior point method (IPM)

1 Input: Full column rank matriA 2 R~ 3, initial feasible poinx'®, slacks'?,
centrality paramete€”, nal centrality paramete€®"® all with bit
complexity , and condition number &k less than*. Error parameter
OYnYl

2 Output: & 2 Q7 such thatA”lx = b and
B Mineasx=bx 0C X, 1P = @ene,

3 Setx ¥ =x'0, sV =50 7 =10 = RowW%—io
_=16log40-, =1.1128 pEO, and: =1

_110 _1

_110 10 . n2
4 PDSINITIALIZE'AX "85~ "+ _-minfU-2:3g— l/\:°30|oglco°-ce”d’°0
s while G ¥ Cen? do
- C 10
6 | Set&' = i PDSQUERY
I AIA>X 15 o 1p0 1p>15 o 1gH

—1-0

Lo _ — _1:0 o
7 Computeg( = 32_|(|'—C1F°k2 i1 © 1r ifo Xis © 1%

[o]

g | Updatex'°=x" ¥ & s°=gs" 2 & andC°=¢ Y1 o
o | Updater:®=x"x_"@&"’ é e

10 | Let( =f82»¥i logky ~ logx; i Zor logs  logs, i
Bor toors” loory” 1 o

11 | PDSUPDATEN(—x =5 ="
12 | Set: =:,1

_1-0 1- o _1-0 1- o _1-0 1- o
13 SetX :x(' 1,5(' =s(' 1,andr(' :r(‘ !

S -0 1 70 _1:0 ~ _1: ]0 d—1:° _ =1 1°
14 etx»cl/4(’1 - P S>>=1/4(‘| - S>>=1/4(1’ an r.»:1/4(1 - r.»=1/4(‘1

15 return 1x' Y- 1%

that we use the matrix itself as the preconditioner and therefore, we only take one step

by Corollary 2.2.0.5. This gives such thatke uk,  Ykuk,, whereu = Pp=& .
XS

Therefore
9 1 & X 1 | 1 Y
- . T T59 . P='a , = kuk,
X , 20 X pzo_ <5 , 20 ming w51 X
1 Y Mgy, X | y = 1 Y M=y Xde X
N — =

> . N — - s - P— =
2007 mingsy, X@s XS , 29— ming.y, Xge S 2

1 Y MaXpsy Xds

20_° 20 min&ml/:l@
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A similar argument gives the same bound 8¢S , Note that since entries of sare
close toCandX ands are close tax ands, respectively, we can také= 1C%«Ce"?0 5o

that ®es , 1—é_and & o X , 1—615_.

Remark 2.4.2.4. Note that although we compute a vecéousing Corollary 2.2.0.5 and
use that to comput®, and & instead of usingi = Pp—=& to compute them, we still have
XS

SR, . X% =& because
SR XX%=% XSa, XSa=§

The following is a combination of Lemma 16 and 18 of [100] that essentially follows

from Remarks 2.4.2.3 and 2.4.2.4 by the same proof.

Lemma 2.4.2.5([100]). Let_ = 16log4C, t'® 2 R, o, andx'®<s® 2 R~ such that

100 100 0° 3 . 1-0 .0 . 1.-0
_1%0 16=. Moreover for: 2 N, letx*°=x" ' & ands*’=s" " &

. . . ;0._1: 10 1
be computed by an iteration of robust IPM (Algorithm 6) such tlﬁét S 6 and
& ox T L wherex’, 5"° are vectors that satisfylogx =~ logx**° L
2 16_ 1 g g 1 481
—1-0 1:0 1 10 Xioo s1oo COO 1. 10 1.0 1
logs logs ) 78~ Thenforr™" := ——— > -, 1 More-

over logx™ ¥ logx™° .,—logs* ¥ logs:’ L Inadditon ir*.-To 12=if
2 ) _

2

1'% 8= gnd 1t.l% 1r':% otherwise.

The next lemma is useful for bounding the running time of inverse maintenance in

Algorithm 6.

Lemma 2.4.2.6([100]). Let V j O be a constant. Let'®~v'"Y’~'?—««de vectors in

1-0

R~ arriving in a stream with the guarantee that™ - v" Vfor all :. Then for

2
0Y Y 05, we can picki *'''%— « « 50 that (see Algorithm 4 on [100])

e V' v forall :.
1
e vt v T , 8 122@1\% 02]o?1=00 where@ is the largest integer with = 0
mod 2.
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We are now equipped to prove our main result regarding the bit complexity of solving

LPs.

Proof of Theorem 2.1.1.4Ne prove that Algorithm 6 converges and outputs a near-feasible
solution, and we analyze the running time and bit complexity of this algorithm. Then this
is combined with Algorithm 3 and Lemma 2.4.1.3 (to nd the initial feasible solution) to
give the desired result.

Note that by Lemmas 2.4.2.2 and 2.4.2.5, we have

Bk C 1
c , 16

wheres are the output of Algorithm 6 af@l j 0is a number smaller tha@f"®. Therefore

=c
> = >
c’l min ¢ X .
X:A>x=bx 0 > 16

Taking Ce"® to be small enough, we can guarantee an upper bound on the error. We now
discuss the feasibility of the returned solution. First, notelthatO by induction through

the guarantee of Remark 2.4.2.3. Moreover in each iteration of Algorithm 6, we compute
& as

X =i8  pr_a-
S XS

wheree is a vector withka uk,  Ykuk, andu = Pp.=& . Therefore by Corol-
XS

lary 2.2.0.5, and the bounds on the condition numbek«8 andA,

A& YN gkuk YA

Al
I

A

where the last inequality follows becauBeis a projection matrix. Now sinc& =

G e X sC 1 X sC 1 | &
2K TR and by Lemma 2.4.2.7 1 @ and =, 5 pXESR ,
is bounded byoly*=°. Therefore settiny = ——"——, where) is the number of iter-

) " & p—'X:S% ,



ations of the algorithm, by triangle inequality we have the guarantee A7t b , N

We now bound the running time of the algorithm. Based on the errors we discussed
above and Corollary 2.2.0.5 and Remark 2.2.0.4, we need to take the bit complexity of
Wlogl%;m for our inverses. By picking the right constants according to Lemma 2.1.2.2,
we can guarantee the stability of inverse maintenance and the data structure used in Algo-
rithm 6. By Theorem 2.4.2.1, the data structure is initialized in #me' I091%°°.

By construction of Algorithms 3 and 6, the number of iterations of our IPM is

_05 '
=9 |ogl ——00.
$1 0g —

By Lemmas 2.4.2.5 and 2.4.2.6, for ea@h there are?’l%?; Ioglr;—A°° iterations where

$122@o0 entries of our vectors-5+ change. Then by Theorem 2.4.2.1, the running time of

inverse maintenance is bounded by

0 _0% - . A

— logt—° MM1=—=2%0|ogl——

¥ 2@ °9 A h A
@:22@;=b

(]

whereb = minfU-2¢3g and U is the dual of the matrix multiplication exponent. By

Lemma 2.1.4.1, thisis

O =0 ' 2 1 o@o2 2011 WP_2 Ul 20011 P N
—_Jogt—0 =2 12@o2 21 P2 U 20 logt——°
¥ @lei R T Sn A

@:22@ j="b
-2

Since2?@ j =P, = max=>® ¥2-2 169 Moreover the term

25 Ul 20011 P 12@021I 20011 WP 1

is either increasing or decreasing @ depending on whethe2!l  2°11 ° 1is

positive or negative. IR1l 20011 ° 1 0, the maximum happens f@® = =" in
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which case

25 Ul 22011 1P 15@024 211 W 1 _

If 211 20011 P 1 O, the maximum happens f@&@ = =22 in which case

25 Ul 20011 1P 15@021 20011 W0 1_ 26 SipE B E 8,

If b = U, then this is bounded by?® Y2, Otherwise,d Y Uand this is bounded by
=2.1'6_ We nally need to bound the running time of queries to the data structure which by

Theorem2.4.2.1is

1 /\ 1
$1=0%|ogt o1=Lb blo |gqt oo_
g n A : g n A

which sinced £ is bounded by

1 /\ 1
$11=2 16 05, 230 |ogt ° Jogt
* 9 n A g n A

00¢

Now sincel 2,05 | <4 and therefor@*s | 21 «3 11 «12 Y | . Combining the

above running times gives the desired result.

2.4.3 InverseFreePathFollowing IPM

The main result of this section is the following theorem that is achieved by substituting
Algorithm 7 in line 7 and line 9 of Algorithm 3. For this, we use a version of IPM that
works with a2-norm potential function, uses ands that have a relative error @01

compared tx ands, and uses & that has a relative error @001 compared tox .

Theorem 2.1.1.5(Inverse-free IPM) GivenA 2 R~ 3 with full column-rank,b 2 R3,
¢ 2 R™ all with bit complexity of , and an error paramete® Y n Y 1, suppose the inner

radius and outer radius of the linear programina>x=px o0C X is Aand"' , respectively.
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Then there is an algorithm that nds2 R~ such that

cCl min ¢x,n ,and A’B b, n-
A”x=bx 0

intime$™ = -9 logt—° logt—° .

To solve the linear system corresponding to each iteration of the IPM, we use the fol-
lowing result that solves an integer linear system in the true matrix multiplication time

times the bit complexity of the input (without payihgg!”° in the running time).

Theorem 2.4.3.1([18]). LetM 2 Z~ ~ be an invertible matrix and 2 Z=. There exists
a Las Vegas algorithm that returid b 2 Q° with a expected cost & =  1log=°

logkbk,

logjjMiji, , ¥ jog=> 20, where = logttlogijMjj; , 2%k

log =°°.

5

The above theorem uses Cramer's rule to compute the solution of a linear system.

Fact 2.4.3.2(Cramer's rule) LetM be a nonsingular-by=matrix, b be an=-vector, and
X be a solution to the linear systelix = b. Thenxg = % whereMg is the matrix

obtained by replacing colum@of M with b.

Therefore given an integer linear system, the algorithm of Theorem 2.4.3.1 returns the
solution ofMx = b as a rational number where the bit complexity of the denominators is
$ 1=log jjjM jjj; °, and the bit complexity of the numeratorsiig=log jjjM jjj; , logkbk; °.
Note that since the entries ¥have a common denominatoradt:M?, the vectodetM °x
is an integer vector and its bit complexity (up to constant factors) is the same as the bit
complexity ofx, i.e.,$ *=logjjMjjj; , logkbk; °. Therefore the solution of thielx = b
can be used for the right-hand side of another linear system without increasing the running
time solving the linear system — note that the bit complexitypah Theorem 2.4.3.1
appears with a factor df=in the running time.

If the right-hand side of the linear system does not have common denominators, then

turning the right hand side to an integer vector can increase the bit complexityitmes
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the bit complexity of the denominators. Thus if the bit complexity of the denominators is
=, this leads to a bit complexity e which leads to increasing the running time of solving
the linear system te' - 1. To avoid this, we make sure that the right-hand side of the linear
systems we solve have common denominators. This is achieved by rounding the vectors
x-s- X to rational vector&s-& close to them.

To guarantee that the right-hand side of linear systems we solve have common denom-
inators, in each iteration, instead of usixg, andX in the steps of IPM, we uses¥& ,
where entries oX-S are the closest powers %8—(1) to entries ofx-s, and entries ok are the
closest powers 888 to entries ofX . In this section we show the IPM still converges with

these vectors. Therefore, we make updates by solving the following linear system

X&, SR =& - (2.4.2)
A& =0-
AR, %=0-

Lemma 2.4.3.3.The solution of(Equation 2.4.2)s
3 so=1,1,5=1 =1 =1
B=AIAXS A° A°S R ,and =S & XS &

Proof. First note that sinc&® , S& = &, S% = & X&. Therefore multiplyingS !

from left and using the fact that diagonal matrices commute with each other,
8 =S5 & XS &

Therefore sincd” &, = 0,
A>XS '8 = A>S ‘& .
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Algorithm 7: INVERSEFREEL2IPM - Inverse Free path following interior
point method (IPM)

1 Input: Full column rank matrixA 2 R™ 3, initial feasible poinx'®, slack
s®, centrality paramete€”, nal centrality paramete€e"® all with bit
complexity .

2 Output: & 2 Q7 such that\”k = b and

. mMingeasyebx 0C X, 1P = cene,

Set” '’ = X'®s® v=10% and: =

while G ¥ ce"® do

5 | SetX''= oot @ o

6 | Setx ' = QRouNDX' ‘o5’ = QRouNDIS" Lo &° =

_1001o
QROUND1)<1 —1000

7 | Compute®® = AtA*X 15 "0 1a0 14”15 "0 1&° using
Theorem 2.4.3. 1

8 Computeﬁ(; = 1S o1g X 15 o 1

o | Updatex'’=x" * ROUNDK, —-exp! 4=0°,

1-0

§it=g" I ROUNDli:O—eXpl 4=00, and
C°=RounD!l  $=°C F-expt 4=0°

10 | Forall82 »=Ysuch that, ° expt 3=, setx; =0, remove its
corresponding entry inand corresponding row iA
11 Set: =:, 1

12 return 1x'* Y- 1%

A W

Now sinceAY, , & =0,
AXS 'A% = A”S 'K

Now multiplying A1A>XS “A° 1 from left, we have
— >ya ! 1p>a 1
AR, = ATA"XS "A° "A°S "R
Finally the result follows by noting th&& = AX,.

Remark 2.4.3.4.For 82 »=%,we de nexgandSas the closest power gB to xgandss
respectively. Then** L 58 . 0-0L

For the rest of the section, we prove the convergence of IPM when we use the approx-
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imate values for taking a step. This is achieved by showing that: aljds stay positive
through the whole course of the algorithm (see Lemma 2.4.3.5); anéx2) s @®-C
stays less than or equal @01 (see Lemma 2.4.3.7). The latter implies that wkiensmall

enough, we are close to the optimal objective value.

Lemma 2.4.35.LetC 0,  =x s§X = 1° (@ XX 001- 53 001,

x 1 s 1
¥ 001 and
1

& = AIA°XS 'A° 'A°S '& and & =S '& XS ‘&
Moreover suppose‘—c®2 001 Then X 1& - S 1, , 015 .

Proof. First note that
x s ®-C1 x s ®-C2 0<01e

Therefore0«99 C kx sk; 101 C Moreover since XX = $s 0+01, for all

S 1

82 »=Y%099%g Xg 1%01xg and099s S 1+01g Thus

993 1013
=2 C KX 3Ky ——Cs
100° S 106

DenotingP := X 25 "?A1A>XS ‘A0 1A>S XM we have

§ 1%: X 1’2§ 1’2W 1’2§ 1’2% .

Now sinceP is an orthogonal projection matrix, we have




1001° 1 — 1e2— 1.2
X STK

99l ﬁ_C 2

100 1

& .

993 C 2

Now we have
100 — 1 1000 1 100" 101 1
st — S — =K — — =X
g’Sz 9 91’sz 9%¢ C 2 99 100 C 2

Nowsince® = 1° @and ° @-C, 0-1,wehaveS & , 005 . ForX 1Xx,
we similarly have

X lg( — X 1’2§ 1’21I 50¥ 1’2§ 1‘2%

Sincell P°is also a projection matrix, by a similar argument as above, we have

X & , 005 «

Remark 2.4.3.6.Let 1. Then since X 1& . X 18 , 015, we have for any
entry82 »=% X 18+x1®] 005 Therefore x1& , X1&®  095x® ; 0. A similar
argument gives!® . &1& | 0. Therefore the entries of and s stay positive after an

update.

Lemma 2.4.3.7.Let A be an integer matrix, X% = = . 001, X = 17, @°,
and ;1 =x s, suchthat = 0¢1. Moreover letX 2 R~ such that and¥ . 0001
Let
_ e [ S —
8 =AIA"XS A° “A°S 'R and =S & XS R

Moreover suppose%> ) 0«0l Let ,=1x, ®° s, RlandG=11 1-1\/pE°°q,

whereV = 10*. Then \ZQ@ , 001
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Proof. By triangle inequality,

2 ® _ X, R 1s, X @

G G ,
X s @ X %, 5 & X X %
G . G )
's ¥ K R %
G . ¢
Now by Lemma 2.4.4.1,
B % _ (X% S'%
G 2 G 2
N . X %(1 S ﬁ’sz
101 10.05 02
1 1.t
0-00003

Now denotingP := X"%5 2A1A>XS *A0 1A>S X2 we have

X &5 K=X"8"1 Pox "5 X"%EPx s Mk

=R = 1, @

Therefore

Q 2
1 x s ®X %,5 & 1 1
1 1et\f =0 G )1 11\ =0 7552
1 X s ® X 1 & X
o : o 00002
1 1er\f=0 G )1 11\ G ,
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1 X s @ X 0001 X
5 : 5 00002
1 1er\f=0 G *1 1V G Lo
1 o1
1, X 1 @ . 0:0004
1 1ot/ =0 ® )
00001 L% . 0:0004
@
Moreover we have
Ix X0 8 001 X %
G , 1 11\ =0 G ,
_ 001 XSS'&
1 1er\f=o G
001 101

TP si 00002~
1 ]_.1 =0 QS 2

where the last inequality follows from Lemma 2.4.3.5. Similarly we can shlé\%irx )

040002 Combining all of the above and sincél@—@ , 0«01, we have

2 @
e ,

0«01

We are now equipped to prove the main result of this section.
Proof of Theorem 2.1.1.5-or ease of notation, we drop the superscripts denoting iteration
number forX-SX in this proof. First note that in each iteration of the IPM (Algorithm 7),
we rst compute

& = AIA>XS 'A° 1A”S 'R —

and then use this to compu®° =S ‘& X S ‘& Note that by constructiok-S-&

are rational matrices and vectors.

Now without loss of generality, we assumeis an integer matrix. Otherwise if the
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bit complexity of A is , we multiply A by 2 . This converts the matrix to an integer
matrix. Note that this does not change the bit complexity of the matrix, and we later
divide the solution of the linear systet\>XS ‘Aoz = A>T & by 22 . To nd the
value of 1A>XS "A° 1A>S '& | in each iteration, we ndz 2 Q3 such thatl01®
10021A>XS ‘A%z = 1018 1000%A>S © &, where101® is the denominator of the
smallest entry ofleS, 100 is the denominator of the smallest entryxofind1000 is the
denominator of the smallest entry &f. We then use this to nd®z%g round these to a
relative error ofexp® $ 1=°° and add it tox ands. This rounding introduces an error of
sizeexp! $1=C°71A° in A”x = b. Picking a large enough constant, we can make sure
the total aggregate error over the whole course of the algorithm caused by this rounding is
exponentially small.

Note thatB— B- B determine the bit complexity of the matrix and the vector of the
corresponding integer linear systems we solve, and these numbers depend on the magnitude
of smallest and largest entries)efs— X.

First note that by de nition = 0¢5!° @®. Therefore since by Lemma 2.4.3.7, it is

maintained that over the course of the algoritiim ®-C2 001, for all 82 »=%

0:99 1:01
X% —_—"Cs
>C 8 5 C

Therefore over the whole course of the algorithm

099 iene 101
- Xo N .
7 ¢ 8 2
Now note that since for ak such thatA>x = b andx 0, kxk, ', for all x such
thatkA”x bk expt =°andx O, kxk, ' , expt? 20=° 2' . Moreover
since’ =x sand 1 @-02 001, s5 0099C§—.”°P. Now note that by constructiosis
always either greater than or equaktq* 3=° oris zero. Therefor& expt3=° 101 C%.

Now we need to bound these values for line 7 and line 9 of Algorithm 3. For line 7, we
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haveC® = 218y 3=2_ kck; ' andCe"® = kck; ' . Therefore noting that = 101100 =,
the number of iterations i$ 1=° Iogl%"o. Moreover the outer radius of the modi ed

P- .

LP is less tharR00t=, 1° = ' . Therefore by above arguments the bit complexity of

right-hand side of linear systems we solve for line 7 of Algorithm 3 is bounded by
$1=, logi=kck; ' «AOe

Combining this with number of iterations and Theorem 2.4.3.1, bounds the running time
of line 7 of Algorithm 3.

For line 9 of Algorithm 3,C% % kek, ', andC®"? is ne 2=, Therefore the number of
iterations ish 1IC)Eloglz kck, ' enP°. This gives a bit complexity & 1= logt=kck; ' *n°°
for the right-hand side of the linear systems solved for line 9 of Algorithm 3, and combining

this with iteration number and Theorem 2.4.3.1 bounds the running time for this step.

2.4.4 Solving Sparsd_P fasterthanMatrix Multiplication for | j 25

The main result of this section is the following theorem achieved by Algorithm 8.

Theorem 2.4.0.1.[ »-IPM for sparse matrices] Let the matrix multiplication exponent
| i 2. GivenA 2 R= 3 with full column-rankb 2 R3,c2 R7,1 < =I"4anerror
parametel0 Y n Y1, and a linear programmina>y=p« oC X With inner radiusAand outer

radius' , there exists an algorithm that nds2 R~ such that

cl min c’x, n kek; * ,and A’E b, n kbky-
A>x=bx 0
in time$~ NNZIA® <2 = _F =25 |og?1 Koo ogi="o ith high probabil-
ity.
We de ne the vector *° := x"*°  s"°. We want to maintain~ *° &° ,=$1C'™.

The update is by taking the gradient of ** @&° _, ie, "1 = 5% X** where

90



Algorithm

8: Path following interior point method (IPM)

1 Inp

ut: Full columnrank matrbA 2R~ 3 (=i 3),b2R3,c2 R,

0Y n—n Y 1such thatlkA” Ake— tA”A° 1 _kbk,—kck, *, for”j 1.
2 Output: B 2 R" suchthatAR b , mand

Cl mineasx=bx 0C X, M.

3 Compute the initial feasible primal solutioi® and slacks'® and change the
matrices.

4 SetC” =1, '® = X' andiy'®” = w'® = 15% 1,0

5 Set) = = log"en,°and: =1

6 SetDsS to be the inverse maintenance data structure // either the
dense data structure DDS or the sparse data
structure SDS

~

[ee]

10

11
12

13

14

15

DSeINITIALIZE LAV
while : Y ) do

M o]
1061/\ - Iogll° r}ZooSO

SetX''= 051t I @ %0

Computeu’:® = X125 1"2A1A> XS 1A° 1A~ S 1X usingDsS*QUERY
and Richardson's iteration

ComputeX, = X 1252y andX " =S Ix xI:25 12y

Updatex® =x" ¥ X,s"°=g" 1" X, w"" =15 1x"° and

10 _ 1 o 10
c°=11 mB—EOC

W;: 1° W;:D
Let& =f8: —————— | 0e5g
Wg'
Settv, =wy v
Set: =:, 1

_ 1: 10 1 1: 00
e = W e and callDss*UPDATE!&-w,

16 return x°

suchthat ¥ - 52 BL .

~1-0

@°°. We later show thatwe can st- " = 1 £ C°. LetX82 R°

2 S 2 =

We need to prove the following.

1. x, X%

2. Given **°

Lemma 2.4

ands, X stay nonnegative.

€@° ,=%$1C° wehave . @& =g1C. T
4.1.Let

kXke— X * _—kSke—S 1 KAk 7 (2.4.3)
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Let
X = X125 121 pox 1e2g 12y and X=X 2gl?px 1+2g 12y _

where® = X125 1:2pop 1ao>g 1*2x12 . = 1 @® and’ = x s such that

IA>XS 'A° 1 D! _ Ysuchthat*Y 0-1. Moreover suppose%®2 0<1. Then

X % ,—S 1%, 015.

Proof. First note that
x s @C, X s @C, O
Therefore0®9 C kx sk; 11 CWe have

Iy = y le2g L2y 1o2g 12y,
S X% ,= X 78 TPX T8 X ,

X 1'25 12 . PX 1‘28 1’2X

10 1
-~ — ﬁx 1.28 1.2)(‘ °
9 18_c: 2

2

Now denotingP := X1*2S 1*2A1A> XS A0 1A>S 12X 12 since
IA>XSs taet Dt v-

by (Equation 2.4.3),# P . ~4Y. Now by triangle inequality and sindis an orthog-
onal projection matrix,

PX TES T PX IS I 1P POX IS X

11, My X 1+2g B2 ’
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Therefore

'_\
=

1
S 1)(3 ) 3 19_—C: X 1-28 102x ,
11 1
3 p__c: X 1'28 1e2 ) X )
110 1
81 C 2

Nowsincex = 1° @and ° @C, 0<,wehaveS X% , 0415 .ForX X,

we similarly have

X % ,= X 25 2y poy 2g 12y
2
X 1'28 12 1 @ox 1'28 1'2X
1

2

2
Then a similar triangle inequality, and bound dn ®-C2 01, gives

10 1
1 4 1e2g 12
X X, 9 p—_Cll,"YOX S lXZ 015

Note 2.4.4.2.Let 1 ThensinceX X , X X , 0-15 we have for any entry
82 WX 1&8ex1®] 0e15. Therefore x1& , X1& 0.85x1® j 0. A similar argument

givesst® | X® ; 0. Therefore the entries afands stay nonnegative after an update.

Lemma 2.4.4.3.Let

kKXke— X 1 —kSke— St _KAkp 7 (2.4.4)
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Let
X = X125 121 pox 1e2g 12y and X=X 2gl?px 1+2g 12y _

where® := X125 1'2AD 1pA>g 1212 x = 1, @°, and ; = x ssuch that

05, tA>XS'Acl D! _ Y and*Y 0-1. Moreover suppose% , Oe1.

Let',=1x %O 's, X°andG =11 111000’ =°G, and= 10. Then 2@ , Ol

Proof. By triangle inequality,

2 @ _ X, X 's, X @
Q 2 Q 2
X s ® x X,s X XX

G G  , G

Now by Lemma 2.4.4.1,

2 o)
[Eny

———p—10+15 ©2
1 10 =

00125

Now denotingP := X1"2S 1*2A1A> XS A0 1A>S 12x1-2)

X X,s X% =x,6 Xbteghzaip pox 2g 2y xl2ghzaip  pox 1'2g 12y

=X = 1‘1 @O.
Therefore
X s ® x X,s X _ 1 11 o1, @° 1 1
G G , 1 1= ® ,> 1 1:"= 1000 = ,
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Combining the above and usin‘éf@—@ ) 01, we have ‘2@@ ) Oel.

Lemma 2.4.4.4.Let

kXke— X * _—kSke— St KAk 7 (2.4.5)
Let
X = X125 121 pox 12 12y and X =X 2gl?px 1+2g 12y _
where® = X125 2AD 1A>S 1*2x1*2 x = 1 @® and’ = x s such that

IAXS 'Act D1 Y;. Moreover suppose the initial feasible solution satis es

A*x'® b, Y, Then after. updates, we haveA”x" " b, A7Yy, Ya.
Proof. By triangle inequality, we have

A>X"° b _ A> X' b _ AKX Y,

. ) A TYe
o1

5

Lemma 2.4.4.5.0ver the span of iterations, Algorithm 8 makes at ma$tt: 2log ="

changes t.
Proof.

Lemma 2.4.4.6.Suppose an algorithm uses the sparse data structure of Theorem 2.3.2.2.
Moreover assume that the algorithm runs fdt? iterations and after every iterations,

at most: 2 many entries are updated. Then flof 25, the total running time of the
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algorithm is

$ NNZIA® <? = TR log?117 | Kbky% YOO e

Proof. First note that the total contribution of terms of the formzA° <2 j(jin the
updates is3INZLA° <? =since there are at mosupdates over the course of the algorithm.
So in the following, we omit the contribution of these terms. Moreover the total running

time of query over the course of the algorithm is
$INNZIA® <2 =0% =25 |gg2ineyeo

Now note that the total cost of initialization and updates of rank morethans

|
$ 3 NNzA° <1 S <25 |og?1he Y0

because the number of such updates is at m88t Now note that the cost of an update
of rank less thar, is $ 1=2°. Therefore the total cost of such updates over the course of
the algorithm is$ 1=2°°, For: = 29 the total cost of updates of rank at most(modulo

log?17e ) is

—0%
2 1.2 2 MMiz=—2_2 -2 =

—0%5
=25 .20 5 \MMi=_2_20 = 05 .2 1
Moreover sincé | 25and:2 =e<,we have
— 1 0o -
:2-5.2|5:2-5;2'52 - .
) < <! 25
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Now since3l 1 0,and:2 =<,

05 .21 1 _05

We also have

Moreover since8 || 25,

<! 05 <15 <! 25

We can nally bound the cost of all updates by considering all powers of two betdeen

andi=e<o*2for :

2.5 ?-Norm Regression

In this section, we consider the problems of the following form.

_min_ kxks — (2.5.1)
whereA 2 R 3p 2 R®, and? | 1. We follow the approach of [8]. We rst discuss a
residual problem for (Equation 2.5.1) in Section 2.5.1. We show that (Equation 2.5.1) can
be solved by solving »tUlog!=+nf°instances of the residual problemUeapproximation.
We discuss how this residual problem can be turned into a ni&e®-norm minimization
problem with an extra linear constraint in Section 2.5.2. We can either directly optimize
over this mixed'2— ?-norm problem (Section 2.5.5) or use a miX¥&d-1° -norm problem
as a proxy (Section 2.5.4). The latter approach introduces an extra factdr’dh the
running time. However, since this approach is simpler, we rst focus on this. Moreover,

computing a constant factor approximation to miX@el1° -norm is of independent inter-
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est. Both approaches require solutions to a series of weighted linear regression problems.
Therefore before diving into either, we discuss the bit complexity of this weighted linear
regression problem in Section 2.5.3. We extensively use the following inequality in this

section.

Fact 2.5.0.1(Holder's inequality) Letx-y 2 R™ and ?— @ »l-1vasuch thatj , ¢ = 1.
Then
o yky kko kykge

2.5.1 ResidualProblem

We start this section by de ning the smooth@ehorm function which was rst introduced
in [77] and has been used extensively in th@orm minimization literature [8, 82, 83]
since. We also refer to this function as a mixéd ?-norm function because, under a

certain threshold, it is a quadratic function and above the threshold, it is a fdwection.

De nition 2.5.1.1. For ? 1 and a thresholdC2 R (o, we de ne the (quadratically)

smoothed?-norm function:C-2: R! Ras

égc’-’ 2@ if g C-
W1C-G= (2.5.2)
2j@?,12 1°C otherwise.

Overloading the notation, for a threshold vecto2 R=O, we de neW!t-°: R°! Ras

G
W1it—xO° = W itgXxd e (2.5.3)
&1

The smoothed®-norm function gives a decent approximation for the Bregman diver-
gence of the?-norm function. An important observation is that the smootRedorm
function is symmetric (i.e.W\¥1C-G= W!1C-C), while the Bregman divergence is not

necessarily symmetric.
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Lemma 2.5.1.2([8]). Let? | 1. Then foranyk— 2 R~,

? 1 2

G g7 S W- 0 K bk g7 27 WK O-

whereg is the gradient of?-norm atx, i.e.,g=? jxj’ > x.

Equipped with the above lemma, a natural approach is to take second-order Newton
steps according to the smoothdahorm function. In other words, we take steps according

to the following residual problem.

De nition 2.5.1.3 (Residual problem)Givenx 2 R™ and ? j 1, we de ne the mixed

12— P-norm residual problem at as

?
arg maxg” X

A~ =0

Wi o-

whereg = ? jxj? 2 xis the gradient okxks.

To perform this second-order Newton approach, we require an initial point that is fairly
close to the optimal. The next lemma states that the optimal solution to the quadratic
problem is close to the optimal solution of tRenorm problem. This is similar to Lemma
4.8 of [8], but they only consider the casedf 2 and the exact solution to the quadratic

problem.

Lemma25.1.4.Let? i 1,n i 0,x® 2R suchthatx’® , 1, n° minea>y=p kxky,

andx = argmin.a>y-p kxk,. Then

? L
x® 11?7 A2k k3.
) .

Proof. We have two cases. FarY ? Y 2, we have% = % Moreoverkxk,  kxk,.

By takingA= 2+? andB= 212 ?° for Holder's inequality over vectorg = »xé’%@u =
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»1%4 2 R™, respectively, we havd—B 1, and

|
~ o~ s De2
> _ ? _ 2 _12 002 _ _12 79942 ?
kxks = X kvKks, » KUKoe1s 20 = X = == kxk, o
. 8 2e 7 2012 7 8
&1 &1

Therefore since by construction™® kx ks,

2

s ?
. ) - . ? . 2
XT ST 22T k] =2 L ek kG e

-~

For? 2, j?zzj = % andkxk,  kxk,. TakingA= ?¢2, B= ?«? 2 for Holder's

inequality over vectorg = »xgllé, u = »1%2 R~, respectively, we havd—B 1, and

= & 27
? . .
G = X5 kvKopKUKpuo = X5 = 27 =="7 27 i e
&1 &1
Thus,
? ?
. . 5 .
XlO° X10° 1 15 nookx k2 —1? 2002 :|_15 no')kx kg.
? 2 '

We now show that by nding an approximate solution to the residual problem, we can
move closer to the optimal. The following lemma, which is derived by Lemma 2.5.1.2 is

useful for this purpose.

o 1 leminfl-?1g _
Lemma2.5.1.5(8]). Let? j land_ =z . Then forany— 2 R7,

?

kxks 5t © kx _ ki kxks 5t oo—

where5t °=¢g” 221 W1jxj— ©°.
Using this, we can prove the following lemma.

Lemma 2.5.1.6([8]). LetU—? i1, x-P 2 R= such that is anU-approximate solution to
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the mixed-2— P-norm residual problem at , i.e.,

? 1 1 ? 1
>b 1; ._bo - > livi_ Oe
g 5 o7 W)X U Arpi)f) g 5 o7 Wtjx]
. 21 leminfl-? 1g o o
Thenwith_= =4 andopt = ming.a>x=p KxK>,
x b’ opt 1 = kxki opt
-, U .

Proof. We dene 5! ° =g’ ::_; Wijxj— °and = argmax- -o 5 ° Then by
Lemma 2.5.1.2

5ibo %51 0 651)( X O %kxk; kxkg :% kxkg opt -

Moreover by Lemma 2.5.1.5,

?

x b opt kxkb _5tbo opt ﬁlkxkg opt © . kxks> opt

- 2

11 ﬁo 1kxks  opt Os

Then Lemmas 2.5.1.4 and 2.5.1.6 imply that Algorithm 9 nds an approximate solution.
Note that our algorithm considers the possible errors in solving the subproblems, e.g., the
fact that the solution oA”x = b might not have a nite representation in xed-point

arithmetic and we have to have some error in our output.
Theorem 2.5.1.7(Iterative re nement for?-norm minimization) Algorithm 9 computes

& 2 R such that

bl:: 11, nPkx kg— and calr X n kx k,—

2
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Algorithm 9: ?-Norm Minimization by Approximately Solving a Series of
Residual Problems
1 Input: Full column rank matrbA 2 R= 3 (= 3),b2R5, 2?2 L nj 0,
U i 1, where the residual problem can be solvetitapproximation.
2 Output: &2 R"suchthatAB b , nand

? . ?
[ > 11, nPminga>x=p kx k5.
leminf1-? 1g 2 _ji? 2
_ 2?1 _u 1617 =I? 2j°2
3 Set_ = %57 and) - : |0917°

4 Computex'®” 2 R=such thatx'® , 1s1 kx k, and

cax® x , g kx kg, wherex = argminasy=p kxkz
s fort=1,...,Tdo
6 | Compute ‘® 2R suchthatca ©, 2)L kx k, and
g 10 ;?_2]_,}\/\‘51 x'CL° _ ' U maxy> :_Og> %Wl x'C1 _ o
7 | Setx’©=xCT '€

1)0 -

g return | ;= x

in$ 72U logt=n°°iterations, wherex = argmin.a>y-p kxk3 andU is the approximation

factor for solving the residual problem.

Proof. The number of iterations easily follows by line 3 of the algorithm and noting that

. | : . . .
is a function of only?. Now sincels = x'® _" )., 'C, by triangle inequality,
1 @ 1
cali x , cax¥ x ,_  ca ©
2 2
c1

n n
Kk ) 5 ke k-

where the second inequality follows by constructionxdf and ¢ (see Algorithm 9).

Finally, sincel g expt g° bylLemma2.5.1.6,

2 kx K ) —o oo 7,
R VA

?

Therefore since by Lemma 2.5.1.4® Z 1417 57 22kx k3, & 5 kx ko n kx k3,

and the result follows.

The only remaining part of solving the-norm minimization problem is to devise an
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algorithm for solving the residual problem. We focus on this for the rest of the section.

2.5.2 SolvingTheResidualProblem

The objective of the residual problem (De nition 2.5.1.3) is a linear combination of a linear
function and the smoothe®norm function. We rst discuss how the linear function can
be removed from the objective and added as one of the constraints. This is essentially done

by “guessing” the value of this linear term for the optimal solution.

Lemma 2.5.2.1([8]). Let? | 1, x 2 R, b 2 R}, and5: R° ! Rwith 5t ° =

g Z»Wljxj— °, whereg = ?jxj’ 2 x s the gradient okxkj. Moreover suppose

= argmay.,.,.@5 °and5 ©2 29129 forsome92 Z. Let

b =argmin Wjxj— © (2.5.4)

ste g =291

A =0

For Vi 1, let® 2 R™ such thaéijxj-€° V % 2%?andg @ 2°2 Then

1. Wijxj-be 7 297

1.2? 1°

N 1 ?1 ~ 1 ; V/
2. 5l €o g iy Plimini?2g 1° 7 5t °for I \Vicd ! if1y ? 2’ and

=1

= gv otherwise.

The counterpart of Lemma 2.5.2.1 in [8] assumes we &ageich thatg™€ = 2°1
but since we cannot guarantee the existence of such a vector in xed-point arithmetic,
we replace this with the assumption thigtt  2° 2. However, the proof is similar to
that of [8] and only requires adjusting the constants. Lemma 2.5.2.1 implies that instead
of approximately solving the residual problem, we can guess the inte2¥al-2% that
contains the optimal objective value of the residual problem and approximately solve a

problem of the form (Equation 2.5.4). Therefore to solve the residual problem, we need to
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iterate over such intervals, compute an approximate solution of (Equation 2.5.4) for each,
and take the one that achieves the maximum value for the fun&tidlow, the question is
how many intervals we need to iterate over. The next lemma asserts that we only need to

try a logarithmic number of intervals.

Lemma 2.5.2.2([8]). Let? | 1andx'® = argmin-,-, kxk,. Moreover letk 2 R™ such

that
.2 . ?
Kxks i 1, n°® min kxk;e
| A>x=b
1leminf1-? 1g
? — ?
Let5t °=¢g ,_;—2};V‘aﬁleJ— cand_ = ﬁ% . Then
n 2 7#
nx® . x©®/
1 O : :
WSt 2 g )

Lemma 2.5.2.2 asserts that if our current solution is nét a n°-approximation, we
only need to iterate ovetogt =7 4*2er® 1 intervals for (Equation 2.5.4) in order to
approximately solve the residual problem. Moreover by substitutirg 16V ,,ll from
Lemma 2.5.2.1, in Algorithm 9, we have

16V ? 117 7 22
) = —5 o logt———°
?2 10

Then one can perform line 6 of Algorithm 9 by computiReapproximate solutions for
logt_ =7 4*2enp° 1 instances of problem (Equation 2.5.4) and taking the maximum.
However, note that searching over such instances only improves the solution if the current
solution is not &1, n°-approximation (see Lemma 2.5.2.2). Therefore in this approach,
we need to add a conditional statement to the loop of Algorithm 9 to break and x&étdfn
if x'¢ :. x'cr :
Now, we need to approximately solve mix&d- ?-norm minimization problems of the

form (Equation 2.5.4). For the rest of the section, we focus on the ca8e of2. Our

rst approach is to solve such problems by approximately solving instances of a mixed
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12-1° -norm minimization problem.
The next lemma connects the smootifedorm function to a mixed2-1° -norm func-
tion, which in turn allows us to approximately minimize the smootRetrm function, by

approximately minimizing the mixet-1° -norm function.

Lemma25.23.LetA2R 3 b2R3t2R°,? 2027,

b = arg minwg1t— °o-

—>

A" =b
? 2
and V\a_SltJ?JO 2 921 0% |etrg2 R™, and @2 Z with @ 2, rg = m, and
1.7
_ 1
8= omaxB-@g,?, 1 . Then

min k kK, ks k= 1-
A =b

— _2 _
and if such that ., S ) \, then
r

Wit—=27 "o 2 4 2717 maxwit-Po2Ge

Proof. First, note that sinc®@ 2, for G- RandC 0, W1C-G maxC 2G—G°g

Therefore,
?2 21?2
tg bs,

81

? -
bg  2wit-boy 2Rt

?
Then by the construction ofsand sincetg Zbg and bg are nonnegative,

2 1 1
b = d b b Ze
ro 2 and s 1 S 2 2
Therefore

min k K, ks kb s b 1e
A =b r 1
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Now since forlG-ZRandjd i C 0, 2jx° i jxj°,t 2 1°C,WiC-G 2:C 2@, jG™.

Therefore,
Wlt__l.? o ZG t? 2, 1?2 T g2 ZG _ 1le? — ?.
p1—= > = - = 8
&1 &1
_2 _
We now bound the terms on the right-hand side. Since , s ) \,
r
A 2 A 2
© c; 1= 17 _802 © Cs?— _éz -2 \e
1 omaxf B-@2 a1 omaxt B-@2 r
Moreover
— 177 :Zlmaxrb—,@g,?, I
? ?
Zlmaﬁb—@g,?, 02 107 _ 1?7 o T

otmavt b-@g, ?, 1047 \e

Thus sincemaxfWi1Cho 2@y omaxe-@g 1

Wit_=? o ? pmaxb-@2  omaib-@g, 2,1, ?

?2 4, 2207 maxwit-Po2Gy

Lemma 2.5.2.3 bounds the values of entries ahdsif Bis small. This combined with

[
Lemma 2.5.2.1 implies that &rgmax- -5 9° 2—2}; Wijxj— © Y 2°% with A = Ajg

andb = ,weonlyneedtotryd, ? @ 1, Iogl,,ll0 values forr andsto nd a
91 '

vector with smallW value.

Although Lemma 2.5.2.3 implies that optimizing over the mix2dL°® -norm function
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gives a vector with a small value for tha¥ function, note that after multiplying by
= 1'? the value ofg” decreases. Therefore we cannot use Lemma 2.5.2.1 to bound the
value of the residual function for *? . To obtain such a bound, we use the following

lemma.

Lemma 2.5.2.4(8]). Let? j 1, 0,andt— 2R witht 0. Then
minf_2- 7gWit— © Wit—_° max_2- "gWlt— %

Now by further scaling of , we obtain a vector that gives a constant factor approxima-

tion for the residual problem. Note that by Lemma 2.5.2.1 and piciagninf 9, ?— 2g

in Lemma 2.5.2.3, we hawit—==7 "© 2 4\ 221? _Z 297 assuming that

the optimal value of the residual function is#° 12%. Moreover, the optimal value of

the residual function is bounded by Lemma 2.5.2.2.

Lemma 2.5.25.Let? 2, x2 R, b 2R3 and5: R°! Rwith 5 ° =g
Z5Wijxj— ©, whereg = ?jxj? 2 x is the gradient ofkxk3. Moreover suppose =

argmax.,., @5 °and 5t °© 2 2°12% for some9 2 Z. Moreover let 2 R* and

?

\ 1suchthay™  2°ZandWit-=27 "o 2 A 2%°W7 L 297 Then for

— 1
— 7 8214 22.1,?0"
— 27
5i= 2°? "o — 1 O,

- 647 4\, 2%.1\?

Proof. By Lemma 2.5.2.4sinc@ 2and_Y 1,

g>1= 22?7 o ? 1W1ij—:2.’> ) _ 27 29 2 _ 27 2 ? 1

— 1_=1'?_0
- 27 Wt

- - - 2?2

2 1 ?
2?2 592 _ 222 " 21?2 1 592
2 2 om? AL 2PN 2

==2? 292 2?2 5 4 2217 9
— 207

92 9 3
87 4\,2?,1\?12 2"
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=27 s 2 1,
647 4 221,72 9 VX © e

? 27

Now that we established we can nd a constant factor approximation for the residual
problem by guessing the value of the linear term in the residual function and approximately
solving the mixed'2— P-norm problem directly or by approximately solving the mixed
12-1° -norm problem, we discuss how adding the linear constraint affects the condition
number of our matrix. This is important since the bit complexity of inversion and inverse
maintenance depends on the condition number of the matrix.

We show that the gradient term (arising from Taylor's expansion of?the@rm — see
Lemma 2.5.1.2) can be incorporated to the inverse because if the current solution is not
close to the optimum of-norm, the projection of the gradient vector into the kernel of
matrix A is large, and therefore the matrx := »Ajg¥«does not have a large condition

number. We rst show that the projection is large.

Lemma 2.5.2.6.Letb 2 R3, andA 2 R~ 3 be a matrix with full column rank. Le? 1,

2

g=? & ? B, be the gradient okxkg athl, and

. ?
X = arg minkxks e
x:A”x=b

LetO Y Y Y1, andl 2 R®suchthat A’ b, 5%zand l Z i 11, Yokx k3. Let

Aio1kx ki 1e7 and

APA - AAC L kgko—x B, e

Then 1l AA”A° 1A>°g , %

2N2
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Proof. Sincekxkg is a convex function, we have
11, Yk ks, g°1x BOY & Z gIx B kx kde

Therefore

Ykx ki gl x O

We have
Yy xOo=1 AIAAC Iao1y x o Ai1pA>A0 1oy x O

SinceA®x =b, A”l8 x°, 5%z Therefore by Cauchy-Schwarz and triangle in-
equalities,
Y% gl AATAC AT B X g, AIAAC L APl x©,

Y
2/\3-5

25

> > 1p> 25
gl| ALA” AO A02A>A

Therefore

> > 1p>
gl AATA° FATC o2

The next lemma states that if we add a new colgtmthe matrixA forming the matrix
A = »Ajg¥given that the projection df into the kernel ofA is not small, the condition

number ofA is small.

Lemma 2.5.2.7.LetA 2 R= 3, = ; 3, be a matrix with full column rank. Moreover let

g2 R". Supposé 1, and

AA L= IATAC T kgko—le 11 ATATAC AT N
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h i
Then A'A —iA AL 8V, whereA = Ajg *

Proof. First note thag is not in the range oA\, since ifg = Ay, then
U ATATAC IATog = Ay AATAC TATAY L =0-

which is in contrast with the assumption. Thereférdias full column rank and A is
invertible. Now note that
T A A°g
A A=
"A 9o
Therefore by triangle inequality and consistency of the Frobenius norm.

A”A

_ £, 2 A7g , kgks 407 gnTe

Let B:= kgks g”AlA>A° A>gbe the Schur complement & A. By matrix inversion

lemma, sinceA” A andK>K are invertible Bis also invertible and

>pa0 1 IATA° IATggAIATAC 1 IA”AC 1A>g
s A”A° ~ B 5
IATA° 1= .
g AAYA° ! 1
B B

Now note that

11 AIA”A° 1A% og §=g>1| AIA”A° 1A”01  AIAT A0 1p”0g
=kgks 2 g°AIA”A° 1A”g
g ATATA° 1A AIATAC 1A% g
= kgks g AA”A° 1A7g

= Be

Therefore by assumptiolr B 2. Now by the triangle inequality and the consistency of
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the Frobenius norm, we have

KRl ipcpe1l ATAY IATGGATATAC T A AT L
AACT ATAR S 2 _ e
F F

1iA>p0 1 e A21 1A~ A0 1A~ g i 2 1A”A° A”g e 10

A A21 17> A0 1A>g e, 102 A /\21/\2‘55 102 gnle

5

2.5.3 WeightedLinearRegressiomnith Equality Constraints

In this section, we examine computing a high-accuracy solution to a weighted constrained
linear regression problem using an erroneous inverse of a preconditioner. The inverse has
error because we are working under the xed-point arithmetic. To approximately solve the
mixed 12— P-norm minimization problem, or the mixe@-1° -norm minimization prob-
lem, we need to solvé1=1"3° such weighted constrained linear regression problem. We
later discuss that for these problems, using inverse maintenance techniques, we can main-
tain an erroneous constant-factor spectral approximation of the inverse as the percondi-
tioner.

Note that when solving the problearg min>-p 3 kxk3,, we require the error of
the solution to be small in two different norms: the norms de ned on matki¢emdca.
Interestingly, as we see in the next lemrka, ks, is within a factor of kcax k,. Therefore,

we do not neetbg!1A%° jterations of Richardson to achieve this.

Lemma 2.5.3.1.Let A 2 R™ 3 with full column rankb 2 R3, W 2 R™ = be a diagonal

matrixwith' I W |, and

.1
x = argminz kxk3, *
x:A>x=b 2
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Then
kx ko ' kcaX ko

Proof. By Lemma 2.1.2.3x =W !AA>W 1A° 1p. Therefore sincaVv ' |,
kx k, b71A”W 1A° 1AW 2A1A”W 1A0 1p

b>1A>W 1Ac 1a>w 1a1a>W a0 1p

= b7 1AW A0 1pe
Moreover

keax ky = x ZAIA”A° 1A7X
=b> 1AW A0 1a>wW 1a1a>A0 1aA>W 1a1A>W 10 1p
=b 1A~ A° lpe

Now note that sincetl W 1, we havelA>A  A>W A. Therefore' 1A>A° 1
1AW 1A 1 Thus

keax ko =' b7IATA° b b71ATW A b kx kye

We are now equipped to prove the main result of this subsection, which is the main sub-

procedure for both mixet2—1° -norm minimization and mixe#2— P-norm minimization.

Lemma 2.1.2.3(High-accuracy solutions for constrained weighted linear regressiat)
A 2 R 3 have full column rankp 2 R3, andW 2 R~ = be a diagonal matrix with

"I W |. Moreover letx = argmin.asy-p % kxk3,. Then

x =W 1A:aA>w 1a0 1p.
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Moreover given a matri¥ 1 such that there exists matrid with ®1 1 M 1 i

Y > 1 > 1 . .
kAW TAK, andA”W ‘A M _A"W “A with a constant_ 1, there is an al-

gorithm that ndsl such that

B x n kx kh— B 11, "Pkx ky —and cal®m x°, nkcax ky—

2 w

wherec, is the projection matrix of matriR, in $ 1132 NNZ1A logl”tA° ' © Jog?l—0o

time.

Proof. Note that the gradient cé‘ kxk\z,v is Wx and for anyx in the kernel ofA”, A”1x |
x° = b. Thereforewx should be orthogonal to the kernel &f . Therefore there exists
such thatdy = Wx . Thereforex = W Ay andb = A>x = A>W !Ay. Solving fory,
we havey = tA>W !A° b, Thus byAy = Wx , we havex =W 1AA>W A0 1p,

Since A>W A is full-rank, *A>W 1A° 1p corresponds to a linear system of the
form tA>W 1A°z = b. Therefore by using Richardson's iteration (Lemma 2.2.0.2) as
=72 B h1aA>wW 1Az"° pewithz®and @1 M1 i 3_kA>—\\;V1Ak2’W€

can guarantee that

z° z Lot 1Y kz ky -

wherez =1A>W 1A° 1p. Sincex =W 1Az , we have

: 1 :
V4 Z 11 YO Kz Kp>yy 14 ®
A*W 1A T -’ ATW A

Settingx™° = W Az"°, we have

z° - =17"° zooA>W la1z"? zo
AW 1A
=17"° zoxaA>WwW ww 1a1z:° zo
1-0 2
= X' X °

w
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Similarly,

kz k2

Cow A = 1ZATW 1Az =1z ATW Tww 1Az = kx K e

Thus

XX N -1 1Yk ky e (2.5.5)

Therefore, taking j }

Slogt' 2 _enP,since’ I W I, we have

1-0 1-0 n

) W — kX ky

kaz'

Thus by triangle inequality,

X 11, nokx ky ®
W 5 W
Moreover, since projection only decreases the length of a vector and by Lemma 2.5.3.1, we
have
1-0 n

calx " xo© X" x

) ) kx k, n kcax ke

The multiplicative weights update algorithms that we employ in the next two sections
are susceptible to error (as opposed to interior point methods). More speci cally, they
require high-accuracy solutions to the weighted linear regression problems in the sense

that if we outputx 2 R™ for the problenx = arg min.a>y-p % kxk3,, we needln  x 5

1

e This is required to guarantee certain potential functions are increasing rapidly and

is implied by our iterative method with preconditioning for solving the weighted linear
regression problems by taking an appropriate error parameter (Richardson's iteration of

Lemma 2.1.2.3).
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2.5.4 Mixed 12-1° -Norm Minimization

In this section, we discuss a multiplicative weights update approach to nd a constant-
factor approximation to the weighted mixé@-1° -norm problem. This problem is of
independent interest, but as shown in Section 2.5.2, it can also be used to nd a high-

accuracy solution to th@-norm minimization problem.

Theorem 2.1.1.9(continuing from p.32)LetA 2 R= 3andb 2 R®, rs2 R",, = 3,
such that the condition number éf is less tham and the bit complexity of-s, andb
are bounded byog'™®. For0 Y n Y1, and< =" 2l T there is an algorithm that
outputsa such that cat x © , nkcax k; and

B2, s B, =$11° tha k2, ks X KO- (2.5.6)

r s

wherex = argmin.a>y-p kxk? | ks  xkq , in time
g1 | =3 JogPLleneologtlyMe P loglUy A logthe noo—

whereU; = 11 ming,=yfg, %O andU, = Imaxp,=yf3, MaXp,=S° MiNg,=fs Moreover,
for sparse matrices, there is an algorithm that returns an output with the same guarantees

with probability at leastt. = 10 loglU,° in time

$ =<3 NNzTAY <#3 = og?tlere, =3 log?iler?
!

logtUp" e n° logt Uy A° log?1he no e

In this section we present our multiplicative weight update algorithm to solve a mixed
12-1° -norm problem — see Algorithms 10 and 11.
We rst show that a certain weighted linear regression problem is related to the mixed

12-1° -norm minimization, and bounds on the optimum value of the mixed norm give sev-
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eral bounds on the optimum solution of the weighted linear regression problem. Such a
weighted linear regression problem is solved in every iteration of our multiplicative weights

update algorithm (Algorithms 10 and 11)

Lemma 2.5.4.1.Letr-s 2 R, A 2 R 3, andb 2 R3. Letw 2 R®;, and for all82 »Y;
denewg= kwk; rg, ws, kwk; % (similar to line 2 of Algorithm 11). Let

“=argmink k2, ks kg —,and P =argmink K-
‘A% =b ‘A% =b

and suppose

I - P_
3. g1 Ws S(pg 6 kwk;.

4. For all 82 =Y, sPg pe_:.

Proof. By de nition of &, we have

2 G

b = min kwk; rg, T wa, lkwkloé 2 (2.5.8)
e :A” =b =
; &1
G 1 -2
kwk, rg, 1wg, —kwk°$ g (2.5.9)
&1 -

By assumption (Equation 2.5.7) and de nition of

(~} —2

&1
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Moreover

G 2 G 1

1 — —2 —2
wg, —kwk°§ = wgg g, —kwk; 5 g
&1 B &1 B &1
Since s . Leachg 2 1land
G —2
Wess 5 kwkg e (2.5.11)
&1
_2 _2
Moreovers s , S, 1 Therefore
1 G -2
“kwk; S g kwkge (2.5.12)
- &1

Then the rst part of the lemma follows by combining (Equation 2.5.9), (Equation 2.5.10),
(Equation 2.5.11), and (Equation 2.5.12). Now sinegare nonnegativevg kwk; rg
Therefore b ; kwk b r2 and the second part of the lemma follows from the rst part.
By Cauchy-Schwarz on the vectoust)F'glzgand »pWS sP g% de nition of & and rst part

of the lemma, the third part follows as the following,
~ ¥ 5 — oo

¢; ¢; - 5
wg sPs W Wesib2 kwk, P 6 kwk *
&1 &1 81 @

Now by de nition of & and rst part of the lemma as the following,

C 2
%kwkl £ bz b L6 kwkge
&1

Therefore the fourth part follows by
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Algorithm 10: Multiplicative weights update to solve mixé@-1° -norm mini-
mization - Part 1 (initialization)
1 Input: Full column rank matriA 2 R7' 3 (=i3),b2R3 rs2 R,
0Y Y Y1suchthakA”Akz— 1A A° 1 _—kbk, ~ for™j 1

2 Output: 2 R"suchthatAy b , Yand
2 :
o, s B, Umingasy=p kyk?, ks vk .
Setd=g =I'3 | 18p6, 18 =
3Setd=8 = g kcabks ming =1frs, 29

4 Set) = dd log=e,C=0,: =0, andw'®® 2 R to be a vector of all ones
5 For82 »=Y%4[ 2 fO—e++el6d log'=Ceg, set2g_= 0

6 Let” = w¢  andpg= W;C_o'

7 Setwgc_o' = w;c—"- =" rg, tpg, =° sforall82 =Y

8 SetDsSto be the inverse maintenance data structufeeither the dense
data structure DDS or the sparse data structure SDS

with parameter <
9 DSUINITIALIZE A —t°

For the rest of the proof, we use two potential functions. The rst onei§ 1» Which
we show only increases slowly over the course of the algorithm. The second potential
function ismin .a> -p kK Kg:c that we show increases signi cantly when a width reduc-
tion steps happen. Moreover, since Lemma 2.5.4.1 guaranteesithat> —p K Kgic< =

$11° wS* , we getabound on the maximum number of width reduction steps.

Lemma 2.5.4.2.LetC-: 0, andw be as de ned in Algorithms 10 and 11 (initialized on

line 4 of Algorithm 10 and updated on line 13 and line 18 of Algorithm 11). Then we have

p_ ! p_ !
6. 1 we* L and w&? 1 6.1 wC e
1 ’ d 1 1 ’ d 1

iy . :
Moreover forly := )1 )c;ly €©and equal to the number of width reduction steps, we have

B2, s ¥, 7)3—,13-
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Algorithm 11: Multiplicative weights update to solve mixé@-1° -norm mini-
mization - Part 2 (main loop)

1 while C Y )do
2 | Setey = W rg, wy o, 1w <
3 | if w©* i 2 or(psissparseand!=<°"3 dividesC, :)then
4 Set( =»¥%" = W' |, pg=wy ,andy =" rg lps, 2° S
5 For82 »=Y4[ 2 fO—ee-dl6d log*=Ceg, set2g_[= 0
6 else
%] 2l
7 Set( f82 »=Vi 2g | - — —9
[C: 1 modd 0O log,*16d log=" log'2°
/I this guarantees that if 88 ( then W;C_o' 2ps
8 Setpg= W;C_o' andb/;C_o' =" rg, tps, =° S5, forall82 (
For82 (,[ 2 fO-ee+el6d log'=Ceg, set2g_=0

1C_©0
10 DS’UPDATEl(—hI(C °
1 | Let 2R suchthatca® '©* ¢ A ¢y 7 and
2 9= 2
ice e n 18-
5 206 fyic—
®F =argmin., pk k.., // see Lemma 2.1.2.3

12 | if s ¢, dthen// regular step

where

ic-2
1C 1—-0 1C_0 S
13 Setwg " =wg T 1, —5— forall 82 »=Va
14 Sety'Gl" = ¢
15 IncreaseC=C, 1
16 else// width-reduction step
10 _ d ic-e
17 Set vectou - = e oK, s!
1C_-10 100 Ul:o
18 Setw8C #1 :W8C 1, BT forall 82 »=%
19 Set: =:,1
20 For all82 »“4increases_[by one wherg¢ 2 fO—+«+dl6d log=egsuch that
1c-2 lold®
Wg Wsg

1 . 1 _0 1C—--10 .
e — 21212 [1wherew,”® is wy " orwy" """ depending on

type?of the step.
21 return & ), y'©
y &1

Proof. First note that an update w'G1" happens in a regular step and an update to
w'C=1" only happens in a width reduction step. However both updates are the same. There-

fore we denote either of "1 or w'¢=1" with w'"" in this proof, and prove the bound
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for w'eW Let

1c2 _ : 2
=argmink K .c.—

‘A~ =b
and 'C~be as de ned on line 11 of Algorithm 11. By triangle inequality

~

Inew? _O: 1C-2 EO:

1c-o 1Cc-0
w - Wg” T, . W™ S8 g (2.5.13)
&l gl ~
G 1CG 1 G
1c- 1c-o 1c- 1c-o 1c-o 1c-o
8 »g W B g .4 Ws g g
81 81 &1
(2.5.14)
Therefore by item 3 of Lemma 2.5.4.1,
pg g 1 'C= 1C-29
WlneV\P 1 1 > 1 lo) WIC—O. °
1 : d 1
By Lemma 2.1.2.3, we haves * 'C*  'C . s 1 C% P , 2N\6Y,
Therefore
p_
Wlnev\P 1 1 6 5 10 ch_o o
1 d 1

Taking this over all iterations, denoting the number of width reduction steps witmd

noting that w'®® ==

1, ——— = expl), © —— =e (2.5.15)

Moreover denoting the set of all pait€—2, for which **~*is computed, by, we have

.. 1c-2 " 10
1)_ o O © 8 8 a 0 © S8 yg a
wy™ = 1, — 1, ——& (2.5.16)
e « - ¢l « -
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Now note that by constructiosg y;e d. Therefore

yoo O ©%VYg
B - 2.5.17
W . exp. — ( )

« =

Combining (Equation 2.5.15) and (Equation 2.5.17), taking the logarithm, and using trian-

gle inequality, we have

o e 1|') 1@ I

g o 81 . OemVh esi bive s

). d -9 T2 ®) Tz ®) g
« | « b |

Therefore by de nition of) (line 4 of Algorithm 10), we have

s 72— Dog= 7L 1
) ) )
Finally by Cauchy-Schwarz inequality
& .06 2 .5 0 o
1 1 1 1 1 e 2
b r2 = rs )_ yge )_ rs 1y8(902 = )_ y ¢
&1 el &1 el el '

This just comes from the convexity 8norm and item 2 of Lemma 2.5.4.1. L&E—¢& be

the pair corresponding €. Then by Lemma 2.1.2.3 and Lemma 2.5.4.1, we have

p
y'e y'e e 1C¢ on8y 1C¢®

r r r @'CC *

Therefore rz 12.

Now we use Lemma 2.5.4.1, to prove that the width reduction steps increase the second

potential function signi cantly if the weights have a large increase.

Lemma 2.5.4.3.LetA 2 R= 3, b 2 R3, andw'’-w'? 2 R™, such thaw'®® w'’” 0.
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Moreover for9= 1-2, let

1

19 _ . 2

—argmin=k k., *
:Ag:J> =b2 L

Then

120 2

leo

1 110 2 1 110 2
2 w'le * 4 _leo 12Vg1_1° w't°
w

NI -

Proof. Throughout the proof le® 2 f1-2g. We look at the dual of

1
i _k 21 -
A2 Ko

which is

1
> 2
mzax b~z > KAZK 150 1 ®

Let 2% be the optimal solution of the dual problem fot. The gradient ok k., at

"% is orthogonal to the kernel &~ . Therefore there exists ¥ 2 R® such that
W' T = AutTe
Therefore "% = 1W'%0 1Au'? and sinced> '? = b, we have

u'? =1tAZw o a0 Ih and ¥ = 1w Ta1aT 1w o 1a0 1p

For the dual solution, we have that the gradient bfz  $ kAzKZ .4, ; atz'? is zero.
Therefore

b A>1W' %o 1ao7'® = Qe

Thereforez'? = 1 A>1W'%0 1a0 1h and

2 1 1 2
1AZ'%02 = A1ATW' e 1pe By andt [Fo2 =1 To 2 AraTiwiPe tac lp .
8 8
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Thus,

1 1 1 2 2
w0 MAZ' T = w7t (702 Land 9= AZ'T = bTIATIWTe TAC Tp
w* w*
(2.5.18)
where the last equality follows by substituting the value'st. We have
120 110
1 _ 1 wg Wg
120 110 5 120 110
Wg Wg g Wsg
Therefore,
1— 190 2 — b>2120 1. A2120 2
2 W2° 2 1\W\12°0 1
1 2
> _110 110
b~z 2 ~AZ 1\W2%0 1
O
= p2r } 1W;2°o 11A211°0§
2&>ﬁ1/4
C"’) C“) 1 120 1100
= b0 1 1W;10° lipz1%2 1 Wg Wg ) ;1"021 ;9’02
5 120 110
2 = @y, Wg Wg
("j 1 190 1100
— 1— 110 2 1 W8 W8 1W11001 11002.
2 190 8 8

We are now equipped to show that in a width reduction step, the value of the second
potential function increases signi cantly. This combined with Lemma 2.5.4.2 implies that

the number of width reduction steps is at m$3de.
Lemma 2.5.4.4.Let

o 1

19 _ . 2

=argmin= k P
A> =p 2 kw o
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wherefV/'¢~is de ned as line 2 of Algorithm 11. Then after a width-reduction step

1 g0 2 d?
2 W' T * 72 =

NI =
|

@'C—

whered is de ned as line 3 of Algorithm 10.

Proof. First note that for positive numbets- 1-andA 1with1 O,

0,2
1. A2

0
T (2.5.19)

>l

This holds by dividing both sides of the following By

A0, A2 AO O
1.A2 1 1

5

By Lemma 2.5.4.3, in the width reduction step,

O @iC=1  1Ce

1 gy ? 1 ice? 1>~ 9 g @C 0%
1C—;1° 1c-° * 1C—-:1°

2 o 2 o o

. 1C=-1° . -
and sincevg =" 1land w'C=T | 6=over the course of the algorithm,
1-0

1C_-10 u 1C_0 1C_0 1C_0
WSC"136=11’—8 0 W8C',6W8C' 8 W8C —
d

1ICxre
Wg

Inile
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where the last inequality follows from the constructioru6f’. Then by (Equation 2.5.19),

1C-0 c-e ICL 1 ,rCe
WB _ W 1 r8> W8 > = w 1 %
1C—1° 1C_:10
WS R 1C—:10 . re 8C 1 ) % WIC_ 10 %
1co 1c-o 1 ,,iC-°
W rg, wgT g, 2w g
1Cc-0 1C 1C-°
2 WC=2 . rg, 2 Wy S, 6wy S
1 ,1Co
1 =W 1 %
—_— [ ]
12 iC2
Wg S
Moreover sincew ™ | w'CsT |

Therefore
1 icpe? 1 ice?
2 @'C—1° 2 @C-°
o 1C:10 | 1C
. 22 ico W $ 8
=1 Wg %
Now by construction ofi”*° (since s ¢~ , i d), and construction ofv'C=Y we
have
1C_0 A 1-0

1 e 2 1 ice? w0y 1 %02

2 e 9 1ce ® = 8

2 Y 2 w 24 Dot d

1C0 2
1 o2 w , d .
2 w24 =
. 1C_O 2 1C_0
Finally by Lemma 2.5.4.1, e 6 w>" . Thus,
w -
5 [ ]
2 w'C=1° 72 = 2 @w'C-?
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We nally bound the number of changestn This is the main factor in the running

time of the inverse maintenance procedure.

Lemma 2.5.4.5.Letp ::)I . be the number of iterations of Algorithm 11, an@ P4
m
For C2 P and[ 2 f0-«+sdog,P° g, let 2c_jpe the number of entries uf that change by

a factor in the interval of2 [ 12 [, Then

6) 1 [o]
2c j)23 [.1°,

G1

1c-°,
8

Proof. Note that in a regular step, the relative change (F.W;Q = w °-W;C"°') to

each entry is at mosts 5 +d Y 1. Moreover by the upper bound 0§ *** _ in

the regular steps and the constructiomof in the width-reduction steps, we have that

WlneV\P W1C—°.

o 1~ (2.5.20)

wherew ¥ is eitherw'¢ = or w'C=** depending on the type of the step. Therefore the
number of changes of factor #2 [ 12 [¥in one step is at mog: 2 and the number of

such changes over the coruse of the algorithjh €3l 3.

Proof of Theorem 2.1.1.9Ne show that Algorithms 10 and 11 achieve the desired result if
05 min k k', ks kg V1 (2.5.21)

We require this assumption to be able to use the results we developed in this section, e.g.,
Lemma 2.5.4.1. Note that if we scale allAandBby a numbetJ, the minimum value is

also scaled byJ. Therefore we only need to “guess” the correct scaling factor as a power
of two. This means that we try to minimize the objective function with different scaling

factors and then we take the minimum over the vectors return for these different scaling
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factors. Note that this only affects the running time of the algorithm. Later in the proof,
when we discuss the running time, we take the number of scaling factors we need to try
into consideration.

We rst need to bound the number of iterations. The number of regular iterations is
bounded by2d log=e by construction. Let be the number of width-reduction steps of
the algorithm. Then sinog'®® = ® by Lemma 2.5.4.2 for all step€—° of the algorithm,

p_ p_
W ep Sty o= ep 2t e 32 s

. M l _O
Now letP*C= := argmin - pk K.c.. Sincewc™ = Pande " = w'C? . s,

1cCe 1 1c-o . = _ : -
wg ., 2w £ deningu2R asu=® mingf= rg, 2 g we have

u %
Therefore by Lemma 2.5.4.3,
proe ? minfrg, g min k K
it @y A> = 2

Since for a linear system, product of the pseudoinverse and the vector gives the solution

with minimum 2-norm andA has full column rank,

argmink k3 = AtA”A° 1A% be
A% =D

Since by Lemma 2.5.4.4 for each width reduction step,

hic—1o 2 1 d hic-e

@C-i1° > 72 = @C-°
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we have
2 d?
bl)_ o]
- P17 =

° kcabks minfrg, 9

Moreover by (Equation 2.5.22) and Lemma 2.5.4.1,

p—

1 o 2 1 o 1 p_
b"- 6 WS  exp 6, 18 6, 18 =2
Wl)_ o l d
Therefore
p_
2 6,1 P
2 , 2,
T4 =+ 100 keabk; minfrg, sig 5 ,log 186, 18 =
Therefore
© 18p6_3 18 =2 a
144 = s -
o log (2.5.23)

B 144 16, 10= ~ kcabkZ mingfrs, L0
« -
Sincel44 1p?3’ 1° Y 500andd 8 =13 d3 144 1p6’ 1°= s positive, and

144 =d 144 =d
d® 144 176, o= 12 =

= 96=1"3 (2.5.24)

Therefore and the number of iterations of the algorithm are

I
1

kcabk, Mingirs, g

=$ =3log (2.5.25)

which by Remark 2.1.4.2 (sincekt bk, is too small, we can return the vector of all zeros

as the solution) is

N
=$ ='3|p . 2.5.26
Y Mingmirs, <9 (2:520)

Therefore by (Equation 2.5.23), (Equation 2.5.24), and Lemma 2.5.4.2, for the output of
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Iy
the algorithmy := & )., y'® we have

2

pZ, s b, 7, 6,6 13 62

Since by (Equation 2.5.21), the optimal objective value is at least a half, this implies that

we achieve a constant factor approximation. Note that for aff, andx ,
cax = AIATAC IA”x = AIATAC Ip= ATATAC 1AY T =g, 7
Therefore since for alC—-°, ca! ‘¢ Ty cp 7 forallC2 » Y
caly® x©°  Ykcax ke
Thus by triangle inequality,

caly x° Ykcax ke

Finally, we need to bound the running time. The number of different scaling factors we

need to try to guarantee (Equation 2.5.21). Note that for agyR~,

rmin K K5 Kk K, ks ki 2 maXfrmaxcsSnad maxk ki—k k,g-
Wherer min = MiNg =X g Mmax = MaXp =) g, aNdSmaxMaXp,=v.Ss Therefore
I'min KCaX k% Ami:rlljk k,2 ks ki 2 maxXfrmaxsSnaxd maxkcax k%—kch Koge

Therefore the number of scaling factors we need to try to have the guarantee that for one

129



of them (Equation 2.5.21) holds is at most
1092 max, Smax® Maxf 1-1ekcaX Koger min® = $ 1091 max, Smaxl* min N°°°%—

where the equality follows from Remark 2.1.4.2. We now bound the running time of Algo-
rithms 10 and 11 in the dense case. We rst bound the running time of inverse maintenance.
Note that the inverse is either updated through line 4 or line 8 of the algorithm. The former
is triggered when thd-norm of the weights is changed by a factor of two, which only
occurs$ 1log=° times by (Equation 2.5.22), (Equation 2.5.25), and becauis& = ®
Therefore the cost of such updates is bounde&by log!”en°°. Now consider updates
through line 8 of the algorithm. For an ind8® »=%suppose the ent§of tv has changed
in iterationsBand4 and has been xed between these two iterations. Moreover, suppose
1, @be the relative change of entgof w at stepC Since an entry oy changes only
when the corresponding entry wfhas changed by more than a factor of two, we have

&1 61

expt @ n, @ 2
G4 G4

I m
Now if for all [ 2 fO—----logzlpO g Wherep :=) . s the number of iterations of

the :fllgorithm, the number a@s for C2 f4—e«<e—Blgis less tham, then

exp1I B @ Y 2. Therefore for at least one of thié, the number of suck@s is at least
m. Therefore by Lemma 2.5.4.5, the sum of the rank of the updates caused by
changes betweet? [ 12l ¥through line 8 of the algorithm is at most

I m
pZZ[, 3 Iogzlpo Ioglzo = $"’ pzz[ . (2527)

By concavity oft © 2 and since we only add entries that have changed due to accumula-
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tions of changes ia2 [ 12l ¥pnce eveng! iterations, the cost of such updates is
!
2
Bzzlpz [ o 2 g P =2 A 2L gginep .

Since3!l 2° 1 Oforthe currentvalue df , this is increasing ifi, and therefore the

total cost for updates through line 8 of the algorithm is
$ P32 2 Jogipo logthen® —

which by (Equation 2.5.26) and de nition §f is

I |

| . ! .

$ = log — logthen® o
Ming=frs, S59

By Lemma 2.1.2.3, the overall cost of solving the constrained weighted linear regression

problems is

! !
N
$ P Zlogirlog?tlen® = ="3log — logir®log?tlen® o
Ming,=£rs, $59

We now consider the sparse case. First, note that the only randomization comes from the
construction and reconstruction of the sparse inverse. Taking the union bound and upper
bounding the number of reconstructions by the total number of iterations of the algorithm
gives the probability bound. We now bound the running time. First note that the number
of reconstructions of the sparse inverse triggered by line 4 of the algorithm because the
1-norm ofw has changed by a factor of two is oifly}log=° as discussed above. Moreover

line 4 is triggered once evefys < °1"3 iterations. Therefore the total cost of line 4 is

I
N

Ming=frs, $29

$ NNZIAC < =, <2 |0921/\.no <1.3|Og
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which is

$ NNZIAS <¥3 = <731 joghirem Jogtuyne e

Now note that the only that can cause an index to be added to thg gbtough line 8

e 2[
are the ones witk Yoo i16d log=6log 7

accumulate enough itre < °1*3 jterations before a total reconstruction of the sparse inverse

1 =e<0l'3_ Otherwise, the changes are too small to

through line 4 is triggered. Now consider reconstructions of the inverse triggered by line 8.
For one[, by our above bounds on the number of changes (Equation 2.5.P2fis3.

Therefore the cost of such reconstruction is

2
$ NNZIAC < = =l <2 |0921/\.n0 }% .

Since this is increasing i, taking the large possibleand replacind by its value, this is

:1'3|o 1Y NO1—g < 02°3
$ NNZIAC < =, :l <2 l |0921/\.n0 g 1< _
=e

which is

$ NNZIA® <#3 = <31 og?irem0 Joglupne e

We now bound the cost of updates to the inverse through the Woodbury identity. In this

case, by Theorem 2.3.2.2, and sinc® 2 is a concave function, for ary, the cost is

2
$ NNZIAC <2 poAd =2 B P2 2 log?ihen? o
5 2[ p.z[
Since we only need to considgrsuch that 2! 1 =e<0l"3 and this is

dog,16d log="e log?2°
increasing if , the total cost of these updates is

$ NNZIAC <¥3 = <731 jogPrem ogtupne e
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Finally, by Theorem 2.3.2.2 and Lemma 2.1.2.3, the cost of solving constrained weighted

regression problems is

$ NNZIAC <? =2 JogPiher? P —

which since< Y = is

$ NNZIA® <*3 = <731 og?1hen0 JoglUiM®logPilen? e

Combining these with the number of scaling factors we need to try to guarantee that for

one of them (Equation 2.5.21) holds gives the total running time.

2.5.5 Mixed 12— P-Norm Minimization

In this section, we consider the bit complexity of solving the mix@d P-norm mini-
mization (Equation 2.5.4) directly. Similar to the mix&a3-1° -norm minimization, we
utilize the multiplicative weights update algorithm, width reduction, and inverse mainte-
nance techniques. The main theorem of this section is the following, which can also be
improved beyond the (current) matrix multiplication time for sparse matrices by the data

structure of Theorem 2.3.2.2.

Theorem 2.5.5.1.Let?{ 1,1iYi 0,1 2R, A2R 3, g2 R, andt 2 R™, such that

=17 tg 1, forall 82 =% Moreover, supposkA” Akg— 1A”A° 1 _ 7 and

1]  A1A~A° 1A>092 X.

N

Moreover, suppose the optimal value of the following problem is at most one.

rrzliRQ WiC-° (2.5.28)
st. g =1-



Then there exists an algorithm that computes a constant factor approximation to this prob-

lemin time$‘?11:' , =730 logi/e Yoo,

Algorithm 12: Algorithm for the adjusted mixet2?— P-norm problem - Part 1
(initialization)
1Ilnput: A2RT3t2R°,g2R5, 1 2R, 22 11-1°

2 SetA = Ajg andb = %

192 49 20 2 2
3 Setd = ~,1="787 ¥ 0 \/= ~,1=37 20, |
’? .
122 57 20 _ 2 _2 37 2
U= " = 732 Jog'= A b © , and
2 2

219 10
19 1019 20 _ 2 _2 T3 ®a

g= & jogi= A +b° @ dis width

paramé(ter, V is threshold for F U is step size, g is
threshold for ?-norm. The constants are picked so

the relations in Lemmas 2.5.5.5 and 2.5.5.7 are

satisfied.

4 Set) =U 1=1*? 8=: =0, w'8* = @andx = @
sby 1 =1?te? 2892 =Y
6 SetDsto be the inverse maintenance data structlireither the dense

data structure DDS or the sparse data structure SDS
with parameter <

7 DSINITIALIZE TA-p 8~ — o0

We start by adjusting the vectbrand the numbetl, so that all of the entries dfare
within a polynomial (inF) bound, the corresponding problem has an optimal value less than
or equal to one, and an approximate solution toatieistedproblem gives an approximate

solution to the original mixed2— ?-norm problem.

Lemma 2.55.2.Let? 2,tg2R°,t 0,and92 Z such that the following is feasible
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Algorithm 13: Algorithm for the adjusted mixet?— ?-norm problem - Part 2
(main loop)

1 while 8 Y) do

2

3
4

© o N o O

11
12

13
14

15

16

17

18

19
20
21
22

23
24

(1) Find the signi cant buckets and update the preconditioner.
p8-=° 1 Zl1+2t0? 2 1,)'8-%? 2

For all 92 »=Ynd the least non-negative integgp such that

18-0 iold°
1 e fo
2rs bo

r 1old° r 18-°

Forall 92 %29, 29, 1
if Dsis sparse and="? 2*"3? Ze<1*3 djvides8then
‘ ( »

else @

( f9O: 29 2lg

[:81 modd O

be  ro-892(
291 Oforall 19—-¢ suchthat92 (.
DS'*UPDATEL (—1028_90
(2) Solve the weighted linear regression by Richardson's iteration
precolnciitioning (Lemma 2.1.12.’3(:).

- 8— _ — 8 O N ~
Let 2 R” such that cz* '8—%0 D cx 18- ond
18_0 2 2

T 18-° n 180
2 N6 (180 where
18

C=argmin Kk K
(3) Update the weights.
?

if _'7 gthen// regular step
WA W U892 e
x x,U
Set8=8, 1
Ise// width-reduction step
Forall 92 »=Ywithj ¢ dandrg V,set
W198_5 o 1?7 2 max =l ?tg—W;S_qg.

1Q_-10 1Q_0
For rest 0f92 »:1/,45etw98 - wg8 "

Set: =:,1

D

25 return = 1*?x

and

forsome 2 R".

Wit— © LzQ [
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A> = Qe
2 12 2117 g1 1 2
Moreover for all82 »=Yiletb = 5 —5= 2 *
B mi 2 1% 1 N
= = R— [ ]
s = min max 5 197 g

Also let

= argmin W#-° 1.
A> =0g> =b

Thenw®— © 1, and fol® 2 R= such thatvg®-bo v/,

Veit_eo ? 22 2 279
'[ —
' 2 ? 1

v, 10—

e_ 212 2 7 14, o
where€ = 5 57 2577 1V 10

Note that the construction &fin the above lemma guarantees that'? B 1

Equipped with the above, we focus on the following problem for the rest of the section.

De nition 2.5.5.3 (Adjusted mixed'2— P-norm problem) Let? 2, A2 R 3 b 2R3
andt 2 R"with= 17 t 1 such that the optimal value of the following problem is at

most one.

Then we call this problem an adjusted mix&d P-norm problem.

Note that in our casé) is the matrixA concatenated with the gradient vectprand

b is the vector zero concatenated by an adjusted version of the galuéor the optimal
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solution. Then our goal is to nd a solution witht— © Y Vfor the above problem for
some constari¥ | 1.

Similar to the mixedt2-1° -norm minimization, we solve a series of weighted linear
regression problems of the form explained in Section 2.5.3. Our main contributions are
two folds. We show that the algorithm of [8] outputs an approximate and almost feasi-
ble solution under xed-point arithmetic with appropriate bit complexity. Moreover, we
show that by using our inverse maintenance technique for the sparse solver, the running
time improves beyond the current matrix multiplication time for poly-conditioned sparse

matrices.

Lemma 2.5.5.4([8]). Let? 2 t-w—r 2 R° withtg =17 rg=1=1"t? 2, W; 2

forall 92 >=Y4LetA 2 R 3, b 2R3, and

b = argmink k?e
‘A~ =b

Moreover, supposmin .a> , Wit— © 1. Then

1. bi R R
r

>
2. b7 Pl Wl Piowet? 107 9 =P 2e22\yle P yyolo2,

Note that if we replacb with ~ that is close t® according to Lemma 2.1.2.3, then the
bounds hold by multiplying an appropriate constant with the right-hand side.

A proof similar to [8] implies the following about the growth of the potential function
Wi=1"?t-w'80 Note that the main difference between this and the result of [8] is that our

solution to the weighted linear regression problem has some error.

Lemma 2.5.5.5([8]). Let ? 2 and 8- :be nonnegative integers. L&tbe the error

_1? 107

of solving the weighted linear regression problems. GitZn'g and :
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—2¢ ?V 2017 2°d2

?
Wi=l"7tw 8o 11 yo? 9227yg =17 exp

227\ 21?2 2292
2 o ? . .
whereZ := 2477 2119227  10? 2gxy? 20 10js just a function of?.

A direct application of Lemma 2.5.5.4 and noting that®* | W1=1*?ty'8-t0l+?

implies the following.

Lemma 2.5.5.6([8]). Let

19_60 .
8= = arg mink kr218__o .
A =b
_ 2
1000 2 b
Then —, and
rlo_oo K
2
180 2 19 2067 1e? 189917 2067
. = [ Wl: t—\N — 0" ¢ [
r18—° > )

Since Lemmas 2.5.5.5 and 2.5.5.6 imply a bound on the growth o~ ig_g, if we
show that in width reduction steps, it grows larger, then we have a bound on the maximum
number of width reduction steps. The following shows that this function grows large in the
width reduction step.

_0

Lemma 2.5.5.7([8]). Consider a width reduction step in Algorithm 13, i.e_.,18 ' ,ig.
Let@ 1w=""tw'd  @zg*? 2@ =7 *?v!andg 10@ d? ?=7 #7,

Moreover let

18_0 .
" = argmink K.
A =b
Then
2 2 20 ?
18- 1° 18-9 1 a g o
r'e=1° r8- L. T2 2007
1. 2 189 2
Moreover, for regular steps, &1 . =~
re-+—— r8-



Note that in the above lemn@is a function of only? and comes from Lemma 2.5.5.5.
Now directly combining Lemmas 2.5.5.5 to 2.5.5.7 gives the following bound for the num-

ber of iterations of Algorithm 13.

§, =7 2N P g™ 2 - R 2, b 2
2 2
The last piece is to bound the number and distribution of changes in the lbedtioen
we can use our data structure results to give the desired running time bounds for both the
sparse and dense cases. Note that even though the following result of [8] is with respect
to exact solutions for the weighted linear regression problems, since we have the guarantee
of Db , N b : forb = argmine _-k k., from Lemma 2.1.2.3, we can guarantee
that the error is small enough so that no constant factor change happens due to the error of

the regression solution over the course of the algorithm.

Theorem 2.5.5.§(8]). Let 4_be the number of indice8that are added tq at iteration
4:=8 : (whereBand: are the numbers of regular and width-reduction steps, respectively)

due to changes betweénl and2 [.1in Algorithm 13. Let

? 2 2 _2
). = T=T2log™ T E = A eb©

be the number of iterations (consisting)ofregular steps and width reduction steps).

Then

0 éo if2l ) |
= T , | (2.5.30)
4=1 _§$‘? =372 |og™'3? ¥ = K b , 22 otherwise.

pd

Now note that for@terations, only] with 2[:1 ¥ @can cause an index to be added to

the sef(.

Theorem 2.1.1.§continuing from p. 30)LetA 2 R™ 2 be a matrix with condition number
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bounded by*, andb 2 R3 be a vector with the bit complexity bounded Ibgt/°. Let
X = argmins,-, kxk3. Let< = 2+l 1° pe the number of blocks in the block Krylov
matrix used by the sparse linear system solver. Zor ?, there is an algorithm that nds

B suchthat cals x© ) nkcaXx ko, and
? ?
B, *1, n°kx k;

in time

$» = ="3logllen® log?ilerPlogl®iren? o

Moreover, for sparse matrices, there is an algorithm that returns an output with the same

guarantees with probability at leagt = 19in time
$5 =<3l NNzIA® <#3 = Jogilene | ="*2 logllen® log?®1nenClogilenC o

Proof. First, by Lemma 2.5.1.4, the solution to the linear regression problem is polynomi-
ally close to the solution of th@-norm problem. Therefore by Lemma 2.5.1.6, we only
need to solves ,1log'=+n°° instances of the residual problem to constant approximation.
To do so by Lemmas 2.5.2.1 and 2.5.2.2, we only need to $opogl=+n° log'=+n°° in-
stances of the smoothédnorm minimization problems to constant factor approximation.
Then Lemma 2.5.5.2 implies that to approximately solve each such instance, we only need
to solve an adjusted smooth@dnorm minimization problem to constant factor approxi-
mation.

Now note that by Lemmas 2.5.5.5 to 2.5.5.7, in Algorithm 13, the number of width-
reduction steps is bounded By,1=2"?V 2'? 2d2°_ Therefore by Lemma 2.5.5.5 and

construction, Algorithms 12 and 13 output a vect@uch that

W=l txo W=l ?tw)- o= § 110 =
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where) and are the numbers of regular steps and width-reduction steps, respectively.
Therefore

\Mlt_:]" ?XO =-=1 ?lel' ?t_)(o = $ ?1100

Thus the output of the algorithm is a constant-factor approximation to the smdgthean
problem.

We now bound the time complexity of Algorithms 12 and 13 for both the dense and
the sparse case. We rst consider the dense case. By Lemmas 2.5.5.5t0 2.5.5.7, the num-
ber of iterations of the algorithm i§» ='? 2*'3? 2|gg?'3? 2 = A z- b z which
since 213? 20 05 for 2 2is$p =7 37 ZjpgPS120 | |n each iteration,
we iteratively solve a constrained weighted regression problem by accessing a precon-
dition. since kwk; kwks  W1=1"’t-we, by Lemma 2.5.5.5krk; polyt="0,
Therefore by Lemma 2.1.2.3, each constrained weighted regression problem is solver in

$1=?logt1er° logi”e n°° time. Since:,:')?—z2 Y 1.3, this gives a total running time of
$51=""3log311e n® log*>1/e noO—

for solving the constrained weighted regression problems given the preconditioner.

We now bound the running time of inverse maintenance. Consider the cost of inverse
maintenance for updates that come from changes that are beveemd?2 [-1. By
Theorem 2.3.1.1, the cost of an update of rAk$ :MM 1=—=-Aogt”en°°. Therefore by
Theorem 2.5.5.8, and because we only need to conpislevith 1) | ©°2 [ ; 2 (larger
[ 's do not cause a constant-factor change over the course of the algorithm), the total cost

of inverse maintenance over the course of the algorithm is

3??_dz~ 09'=" )
$IMM 1=—=—_Plogi/e n°%
[=0  4=0
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Since

MM 1=— :71_[0 = $"-|-:2 L_[ZO_
10 2 fynction is concave, the number of iterations is

2 2
17 e137 20 2137 720
R L e L Ly N>

2 2
and because we only perform inverse maintenance updates that come from the changes
betweer? [ and2 [- 1 once evenp! iterations, by Theorem 2.5.5.8, the total cost of inverse

maintenance is

_gjs?? Fog=° | 2
=2|og*21/0  |oginenp §, =7 282 Pp [ A2 203
[=0
? 2
~l0 1—0
2 1024 A A 87 9 ? 2,41 20 [131| 2 10
= =“log~“1"° |ogihen® $, = 2 2

[=0

Since3! 20 1 Ofor current value of , 203" 2 ¥ s increasing iff . Since there

are only$ tlogt=° many differenf , the total cost of inverse maintenance (above) is

2 241 20 22
:2|Ogl'21/\o logther® logi=® $ = 2z == i3 2 1

= $1= logiher® logl2ine nooe

Combining this with the cost of solving the constrained weighted regression problems and
considering the number of residual problems and smoofhadrm problems we solve
gives the nal running time for the dense case.

We now analyze the sparse case. First, note that for the sparse case, the randomness
only comes from the probability of failure of the inverse operator in Theorem 2.3.2.1. Note

that even if this reconstruction happens in every iteration, by the above discussion regarding
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the number of iterations, the probability of failure is less than

$op1= 2027 24137 2502174 10 |0 g0"51Ae 1000

Sincelen and” are at most exponential i this implies that the total failure probability
is bounded by= 10 for large enougt.

We trigger the reconstruction of the inverse operator once every2™*'3? Ze<1:3
iterations in Algorithm 13. Therefore by Theorem 2.3.2.2, the total cost for such recon-

structions is

—2 _2
$~—? NNZIAC < =, . <2 | |0921,\.n0 <1-3log?013? 2 _ A 2. b ) _

which is

$5  NNZzLA° <43 =, = <731 |092°51A.n0 o

The other way Algorithm 13 might trigger reconstruction of the inverse operator is that the
sparse data structure (Theorem 2.3.2.2) receives an update of rank greaterthiiote
that since we force a reconstruction once every 2*'3? Z«<1*3 jterations, the only's
that can trigger this second kind of construction should safisfy ='? 2'3? Pe<1:3

The cost for such reconstructions is then

—1?, 200132 2007 2 2

$» NNZIA < =, =l <? ! jogPiren — g™ # = A +b -

Since this is increasing i, and

—1?,200137 20217 200137 2°4 23

' X'
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the total cost of this kind of reconstruction is also
$",) NNZ1A° <4'3 — :l <7°3 | |092'51/\.n0 °

The nal part of the inverse maintenance running time for the sparse case is when a
Woodbury-type update happens, which only occurs when the rank of the update is less than
=< . Note that in this case, by Theorem 2.3.2.2, and shfte? is a concave function and

20137 20Y 05, for any[ , the cost is

| 2
179 20137 12 137 20 137 2023[
$  NNZIAO <2 72087 292 217 2037 2 [ A3 22

log'*21re P log?ihe P

Since we only need to considesuch thapl Y ='? 2737 Ze< 13 gnd thisis increasing

in [, the total cost of these updates is
$> NNZA° <43 = <731 |ng'51A.no N

Finally, by Theorem 2.3.2.2 and Lemma 2.1.2.3, the cost of solving constrained weighted

regression problems is

0 1 0 - 2 T 2
$-—? NNZLAC <2’ 2 |0921/\.n0 |Ogll°n° _1? 200137 2 |Og?o 3?7 22 _ A 2. b , .
Now note that sincé? 20¢13? 20Y 13 and< Y =, thisis
$5 NNZIA® <3 = =3 |og?inerP |ogller® logl'?ifene e

Combining these running times with the number of residual problems and smodthed

norm problems we have to solve gives the desired result.
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Theorem 2.1.1.6 implies that foenzt © = $ =°, polynomially bounded‘sn, and

current value of , the running time i$—1=2"36%,

2.6 Low-Rank Matrices

In this section, we rst address the problem ®iorm minimization with low-rank ma-
trices. We show that the matrix can be concatenated with a small multiple of the identity

matrix, and this only slightly changes the solution.

Lemma 2.1.4.3.Let? 2, A 2R 3 b 2R3 = 3, suchthatthe smallest nonzero

singular value oA is equal tof j 0. MoreoverleDY Y; Y 1andY> =Y, W Let

_ A
A= .

ol

Moreoverlet0 Y Y3 Y 1,x 2 R andlx 2 R™ 3 such that

x =argminkxki , B . 11, Y min keko ,and AE b Y
X:A>x=b ' XA x=b 2

Lete 2 R3 be a vector with entries equal to the rstentries ota. Then

A& b, Y3, Y, kbk, ,and kaki 1, Ys%kx kje

Proof. First note that for ank 2 R~ such thatA®>x = b, a padded with zero version

X 2 R~ 3 of x satis esA X = b. In additionkxk? = Kxk3. Therefore

min kxks  kx K3
XA x=h
Therefore
5

ek, B2 t1,YP min keka L1, Vskx K3e
' XA x=b
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Now let

y = argminkykse
y:A”y=b

Let z 2 R3 be a vector with entries equal to the I&seéntries otx. We have
—_ N
AB=A"&, Yoze
Therefore sinceA & b X Y3, by triangle inequality
A’g b 2= A>ﬁ, Yoz b Yz > Y3, kY22k2

Moreover note thatt 2: k&k;, kzkg Thereforekzka 11, Y3°kx kZ By Holder's

inequality and de nition ofx -y , we have

kzk, 37 Z2kzks 37 22 11 Y kx ki 37 P2 11 v ky k3

3772 11 ¥ ky ke

Now note thaty = A>%b, since thelA>%b is the solution toA”y = b that has the
minimum 2-norm [109]. Moreover sinc® Y Y3 Y 1, and? 2, 11, Y:o'? ¥ 2.
Therefore

27 Kbko |

kzky 2 37 FFhky k, 2 37 T ATV kb, 2 37 T

Thus
Y3 s kY22k2 Y3 . Y1 kbk2°
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CHAPTER 3
SYMMETRIC FACTORIZATIONS OF HANKEL MATRICES

In this chapter, we present two conjectures regarding the running time of computing sym-
metric factorizations for a Hankel matrbt and its inversgd * asBB under xed-point
arithmetic. If solved, these would result in a faster-than-matrix-multiplication algorithm for
solving sparse poly-conditioned linear programming problems, a fundamental problem in
optimization and theoretical computer science. To justify our proposed conjectures and run-
ning times, we show weaker results of computing decompositions of theB&m CC

for Hankel matrices and their inverses with the same running time. In addition, to promote
our conjectures further, we discuss the connections of Hankel matrices and their symmetric

factorizations to sum-of-squares (SoS) decompositions of single-variable polynomials.

3.1 Introduction

Linear system solvers are a workhorse of the modern approach to optimization in which a
linear system is solved in each iteration. This approach has been adapted for many prob-
lems ranging from graph problems [38], 2enorm regression [8], and linear programming

[21, 22, 6]. If the linear systems in the problem have a spetiatture then the structure

can usually be exploited to obtain faster algorithms. This has probably been best exempli-
ed by near-linear time Laplacian solvers that have led to improved running times in many
graph problems [41, 42, 43, 44].

Solving a general linear system and various factorization of matrices can be done in
$ 1= arithmetic (or eld) operations. This can be improved usfagt matrix multipli-
cationtechniques t& 1=' ©, wherel Y 24373is the matrix multiplication exponent [16,

15, 14]. For solving linear systems with structured matrices such as Hankel and Toeplitz,

fastalgorithms with$ 1=2° arithmetic operations have been presented [110, 111]. This can
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be improved to algorithms witl*=° arithmetic operations. These are calger fast
solvers[112, 113, 114, 115, 116]. These are based on ndingmesentatiorof the in-

verse that ha$*=° size (for example the inverse is constructed by shifting and adding a
rank two matrix that can be presentedsdyectors). The representation is then applied to
the response vector of the linear system, for example, using fast Fourier transform (FFT)
techniques [117]. Note that in such super fast algorithms, the inverse is never written ex-
plicitly since it costs 1=2° to write an=-by-= matrix explicitly.

Hankel matrices are a special classstuctured matricesvith many connections to
other structured matrices such as Toeplitz, generalized Cauchy, and Vandermonde matrices
[111, 114]. They also have many applications in theoretical computer science, including
solving sparse linear systems [118, 107, 108, 45, 46, 119] (which itself has applications
in improving runtime bounds for convex optimization algorithms [6, 7, 77, 8, 120]) and
sum-of-squares (SoS) decomposition of single variable polynomials [121, 122, 123].

A recent breakthrough of Peng and Vempala [45] has shown that a poly-conditioned
sparse linear system can be solved faster than matrix multiplication time by using block-
Krylov methods. The high-level idea is to form a random block-Hankel matrix from the
input matrix and then solve a linear system for this Hankel matrix instead. Although the
bit complexity of this Hankel matrix is considerably more than the bit complexity of the
input matrix (by a factor ok Y =%2%), Peng and Vempala showed, with a careful analysis,
that the number of bit operations of their algorithm>is=' © for anyl j 2. Note that
the algorithm of [45] does not generate an explicit inverse but instead generates a linear
operator (an implicit inverse) that can be applied to a vector to solve the linear system.

Since the seminal works of Karmarkar [21] and Vaidya [22] on solving linear pro-
grams (LPs) using interior point methods (IPMs) maintaining the inverse of a matrix that
goes under low-rank updates has been an important tool in improving the running time of
algorithms for optimization problems. This inverse maintenance is done using Sherman-

Morrison-Woodbury identity (Fact 2.1.2.1) which is equivalent to solving a batch of linear
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systems, i.e., computirng B for a matrixB instead ofA b, which is solving one linear
system.

Although the sparse solver of Peng and Vempala is faster than matrix multiplication
for solving one linear system, for a batch of linear systems of sigee., B is an= =
matrix), it is slower than direct methods that compute an explicit inverse that can directly
be multiplied byB [105, 17]. Despite this caveat, the sparse solver has been utilized to
improve the running time o?-norm regression problems for sparse poly-conditioned ma-
trices beyond matrix multiplication time [120]. This improvement crucially depends on
the fact that?-norm regression, for xed?, can be solved by an algorithm wig=1"3°
iterations [8]. A main idea of [120] is to recompute the linear operator associated with the
inverse whenever the rank of the update in Sherman-Morrison-Woodbury identity is large
and causes the running time to go abeVe Since the number of iterations$g:="3°, this
recomputation only happens a few times and a total running timé=sf is achieved for
?-norm regression.

This approach, however, does not work for linear programming problems since the
IPMs used for these problems requiré="2° jterations. We provide more details for this
issue in Section 3.3. Inspired by this, we propose two conjectures regarding the running
time of computing symmetric factorizations of the foBB for Hankel matrices and their
inverses, wher® denotes the conjugate transpose of the md&rixXDue to general dis-
placement structures that we will discuss later, these conjectures have implications for the
block-Hankel matrix arising in the block-Krylov approach of [45]. In particular, the fol-

lowing are implied by our conjectures.

1. The rst implication of our conjectures is an algorithm for solving a batch of poly-
conditioned linear systems faster than [45]. We have computed the running times of
solving a batch of linear systems for a matrix with polynomial condition number and
$ 1=° nonzero entries using the online tool of Brand [124] that uses the running times

developed in [104]. This is illustrated in Table 3.1. For example, for a batch of size
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Table 3.1: Comparison of running times of [45] with an algorithm implied by our conjec-
ture for solving a batch of linear systems for a poly-conditioned matrix @it nonzero
entries.

Size of batch 095 [ 096 | 097 | 098 | —0%99
Running time by [45] 2354 | —2357 | —2:361 | —2:365 | 2369
Running time implied by our conjectures=?"341 | =241 | =2:349 [ 2:857 [ 2:865

=09 (j.e., computingA B whereA 2 R ~andB 2 R~ =O'%), our approach would

give an improvement of%%18 in the running time.

2. Perhaps the most important implication of our conjectures is an algorithm that solves
a linear program with a suf ciently sparse matdxwith polynomial condition num-
ber faster than matrix multiplication time. The suf cient sparsityls’ 1° nonzero

entries. We discuss this in detail in Section 3.3.

3. In addition, the algorithm developed based on our conjectures improves the running

time of the spars@-norm regression algorithm developed in [120].

Outline. Motivated by these applications, we present necessary de nitions and prelim-
inaries for understanding our conjectures and results in Section 3.1.1. We then present
our conjectures and corresponding results that justify them in Section 3.2. We discuss
the applications of Hankel matrices and the implications of our conjectures, including the
implications for solving sparse linear programs, in Section 3.3. We then provide a result
regarding symmetric factorizations of Toeplitz matrices (which is used as a subprocedure
for symmetric factorization of Hankel matrices) in Section 3.4. We present a key iden-
tity for Hankel matrices in Section 3.5 that allows us to design a recursive algorithm for
symmetric factorization of them. We then present our results regarding the symmetric fac-
torization of Hankel matrices and their inverses in Sections 3.6 and 3.7, respectively. We

nally conclude in Section 3.8.
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3.1.1 NotationandPreliminaries

We consider the entries of our matrices to be in a EldThis can be considered the eld
of realsR or complex number€. For both of these, our factor matricAsandB are inC.
Our results also extend to nite eld§. In this case, the entries éf andB are from an
extension of eldF that contains the square root of all of the elements dforR andC, we
consider xed-point arithmetic for computation and representing our numbers. In this case,
we cannot necessarily represent the square root of our numbers with nitely many bits, but
for anumbelO with  bits, we can nd a numbet with $ * ° bits such thatl pﬁ Y2
Therefore for matrices ovd® andC, our symmetric factorizations have some small error.
For matrices oveR andC, we denote the Frobenius norm and the operator norik gy
andk k,, respectively. Then we de ne the condition number of an invertible métrover
RorCaskAk, A !, andwe denote it by?A°.

We denote the entry9—° of a matrixM either byM g_.or M19—°. For natural num-
bers® i 91and: > j : 1, we show the block dl with rows §— 9, 1—+++— &ind columns
11— 1, 1-*ee—owithMg.g_.::,. The matrix consisting of row§—« - @nd all columns
is denoted b g.9-. We denote the-by-=identity matrix withl - and if the dimension is
clear from the context, we drop the subscript. We denote-#ry-= matrix of all zeros with
O< - and if the dimensions are clear from the context, we drop the subscript. We denote
the positive de nite (Loewner) ordering by. We denote the running time of multiplying
an= < matrix with an< : matrix with MM1=—<-2, Then=' = MM1=—=-°

We denote the transposition of a matkixby M~ and its conjugate transposition by .
Note that for real matrices, transposition and conjugate transposition are the same. We also
denote the complex conjugate of a numbe&x C by 0 . Moreover we de ne3= p_1. Fora
matrixM, we denote its real part and imaginary part by ¥ and imagM?°, respectively.
Note that both reAM° and imagM?° are real matrices and = realM®° , 8 imagtM®°.

We use$~ notation to omit polylogarithmic factors mand from the complexity, i.e.,

for function 5, $15° := $ 1 5 log?'= °° where2is a constant. We denote the §&t «+ » =

151



by »=Ya
We extensively use the shift matrixx 2 F~ ~ that is zero everywhere except on the

entries under the diagonal for which it is one. For example,

o +» O O
- O O O

When the dimension of - is clear from the context, we omit the subscript and show the
shift matrix by . Multiplying a matrix from left by ( ) shifts the rows of the matrix
down (up) by one row and multiplying a matrix from right by( ~) shifts the columns

of the matrix left (right) by one column. A matrik is symmetric ifM = M~ and is
Hermitian if M = M . Also M is skew-symmetric iiM”> = M. LetF be a eld and
h=1,-eee_ 192 F* 1pe avector. Then the corresponding Hankel maitixs

de ned asHgo= g 9 1. For example for = 4,

Y= . (3.1.1)

For a vectoIT = 1G—e++=T2 C-, whereG 2 R, the corresponding Hermitian Toeplitz

matrix T is de ned asTg_¢= G g1 if 9 8 andTsg_¢ G 4 ;, Otherwise. For example, the
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Hermitian Toeplitz matrix corresponding tG— & & £ is

GGG
G ¢ G
GGG
GGG

Note that this can be considered for a general eld by extending it using the polynomial
root@& . 1= 0. Itis easy to check that for a Toeplitz matiix T T > is of rank two,
and for a Hankel matrid, H H ~ has rank two. These are called the displacement

rank of Toeplitz and Hankel matrices. The general de nitions are as the following.

De nition 3.1.1.1 (Displacement rank)LetM-U-V 2 F~ ~. TheSylvester-type displace-
ment rankof M with respect tatU-V° is equal to the rank 0tUM MV . TheStein-type

displacement rankf M with respect tdU-V° is equal to the rank ol UMV

For example a Hankel matrid has a Sylvester-type displacement rankvad with re-
specttot — ~°. This allows us to de ne the displacement rank for block-Hankel matrices

of the following form as well.

where eacligis anB Bmatrix. ThenH has a Sylvester-type displacement ranRBivith
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respect tdU-U>°, where

BB Ose Ogr OB

le Ogg Ogp OB
U= °

e Ie Ogp OB

BB O I OB

Moreover, the inverse of a Hankel matrix is not Hankel but it has a Sylvester-type displace-
ment rank oftwo with respect to¢ — ~°. Similarly the inverse of a Toeplitz matrix is not
Toeplitz but it has a Stein-type displacement ranknaf with respect td¢ — ~°.

Note that multiplying a vector by a Hankel or Toeplitz matrix can be dong7is°
time using FFT techniques [26, Chapter 30] due to their connections to single-variable
polynomials. Finally, the following illustrates the connection between inverse maintenance

and solving a batch of linear systems.

3.2 Results and Conjectures

Our rst conjecture is about computing a symmetric factorization of positive de nite Han-
kel matrixH asBB in linear time. Sincé is at least= = (for a full-rank Hankel matrix),

we do not require outputting explicitly. Instead, the output should be an implicit repre-
sentation of siz&*= ©° that describe8. Note that this is similar to the way that Hankel
matrices are described as well. For example, if we give-+++—° in (Equation 3.1.1),

then the corresponding Hankel matrix is completely described and this representation has

alinear size ire.

Conjecture 3.2.0.1.LetH 2 R™ ~ be a positive de nite Hankel matrix with bit complexity
. There exists an algorithm that nds a representation of a magiwith = rows, $1=°

columns, and bit complexityin time$?= ©°suchthatkH BB ke Y zi

Our conjecture over nite elds would requirB such thatH = BB . In this case, we
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assume the eld operations are performe&itl° time, and therefore we require a running

time of $1=°. For matrices oveC, we also requirckd BB k- Y zi To justify our
conjecture, we provide an algorithm that runs in the speci ed running time and computes a

representation of a factorization of the foBB CC .

Theorem 3.2.0.2.LetH 2 R~ ~ be a Hankel matrix with bit complexity There exists an
algorithm that nds a representation of matric&and C, each with= rows, $ 1=log=°

columns, and bit complexityin time$*= °suchthatkH * BB CC °k: Y 7.

Since Hankel matrices are symmetric, Theorem 3.2.0.2 does not require the positive
de nite condition. Our algorithm gives similar bounds and running times for matrices over
C and over nite elds it nds representations @ andC suchthaH =BB CC .

The factorization of the forrBB  CC has been considered before for Toeplitz matri-
ces and their inverses with the goal of solving linear systems with a Toeplitz matrix in linear
time [125, 117, 112]. The positive semi-de nitenessBB andCC provides some sta-
bility properties for solving linear systems with a Toeplitz matrix [126]. These algorithms
are related to the study of orthogonal polynomials and generally either use the Schur algo-
rithm or Levinson algorithm to comput andC. We provide similar results for Toeplitz

matrices with a simpler and more straightforward algorithm.

Theorem 3.2.0.3.Let T 2 R™ = be a Hermitian Toeplitz matrix with bit complexity
There exists an algorithm that nds a representation of matrBesdC, each with=rows,

$ 1=log =° columns, and bit complexityin time$?= ©°suchthakkT * BB CC °kc Y

1
5

Theorem 3.2.0.3 is used as a subprocedure for Theorem 3.2.0.2. The simplicity of our
algorithm for Toeplitz matrices allows us to use it in combination with a recursive algorithm
that recursively decomposes a Hankel matrix to the sulogdf° Toeplitz-like matrices to

achieve our main result for decomposition of Hankel matrices.
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Our second conjecture is about computing a symmetric factorization for the inverse of
a positive de nite Hankel matrix. Note that we do not require the inverse as input since the

approach of [45] can obtain a representation of it that has a linear size in linear time.

Conjecture 3.2.0.4.LetH 2 R™ ~ be a positive de nite Hankel matrix with bit complexity
and condition number bounded By. There exists an algorithm that nds a representation
of a matrixB with = rows,$*=° columns, and bit complexityin time$*='*2 °such that

.
FY L

H! BB
Again for nite elds, we requireH 1 = BB and a running time o= *2°, Note the
difference between the running time of Conjecture 3.2.0.1 and Conjecture 3.2.0.4. This is
because of the running time that we can achieve for the factorization of théB®rmCC

in the following result.

Theorem 3.2.0.5.LetH 2 R~ ~ be a Hankel matrix with bit complexityand condition
number bounded b¥ . There exists an algorithm that nds a representation of matrBes
andC, each with=rows,$ t=log=° columns, and bit complexityin time$*=' "2 °such

that H! 1BB CC©°_V .

The result of Theorem 3.2.0.5 is actually more general than the inverse of Hankel ma-
trices. The algorithm we present can nd such a factorization in the speci ed time for any
matrix that has a Sylvester-type displacement rank of two with respécttg’ © and it can
be generalized to block matrices as described in Section 3.1.1.

The main reason for the running time difference between Theorem 3.2.0.2 and The-
orem 3.2.0.5 is the recursion in our algorithm. For Theorem 3.2.0.2, our recursion starts
with the= = Hankel matrix and modi es it to a matrix with four blocks of size 3
where each block itself is Hankel, i.e., the displacement rank of the blocks is the same as
the larger matrix. It then continues this process¥afog =° iterations. However, for gen-
eral matrices with small Sylvester-type displacement rank, when we apply the recursion,

the Sylvester-type displacement rank of the blocks is doubled. This forces us to stop the
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recursion when the size of the blockspi§ and results in the running time proportional to

I 2

3.3 Motivation and Related Work

Hankel matrices have many connections to Toeplitz matrices. One can see that reversing
the order of rows or columns of a Hankel matrix results in a Toeplitz matrix and vice versa.
Therefore solving a linear system for Toeplitz matrices implies a solver for Hankel matrices
as well. Therefore many works have focused on Toeplitz matrices. However, there are some
applications that are speci cally directed to Hankel matrices. Examples are linear system
solvers based on block Krylov matrices (that are used to solve linear systems with general
poly-conditioned sparse matrices [45, 46]) and sum-of-squares (SoS) decomposition of
single-variable polynomials.

Here we rst discuss sparse linear system solvers based on block-Krylov methods in
Section 3.3.1 and explain how our conjecture leads to faster algorithms for solving a batch
of linear systems. Then in Section 3.3.2, we explain how this leads to a faster algorithm
for solving sparse poly-conditioned linear programs faster than matrix multiplication time.
We nally discuss the connection of Hankel matrices to the sum-of-squares (SoS) decom-

position of single variable polynomials in Section 3.3.3.

3.3.1 FasterSparsd.inear SystemSolversfor BatchProblems

We start by describing the block-Krylov approach that has resulted in faster sparse linear
system solvers for matrices over rational numbers [107, 108], xed-point arithmetic [45,

46], and nite elds [119].
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Linear system solvers based on block-Krylov matrices. To solve a linear systeix =
b, this approach forms a block Krylov matrix
h [ o

K= G AG A%G A< 1G 2R -
whereG is a sparse=-by-Brandom matrix, an& B= =. If the matrix A is sparse, for
example, its number of nonzero entrie$is=°, thenK can be formed quickly. Note that
AB1G can be obtained fromA8G by multiplying it with A. More speci cally, forA with
constant bit complexityK can be formed in tim&*iNNzZA B <20 = $INNZA = <O,
where theNNzA Bfactor comes from the time that takes to multiglyoy an=-by-Bmatrix.
One of the factors of comes from the number of such matrix multiplications we need to
perform and the other one comes from the bit-complexity of the resulting matrices, e.g.,

the entries ofA< 1G need$<° bits. For a small enougk (for example<  =201),

$INNZA = <°is smaller than the matrix multiplication timenfinzA = 1,
Then the inverse oA is presented b K> AK® 1K>. Note that for symmetrid\,

K~ AK is a block-Hankel matrix of the following form

G>AG G>A2G G>ASG G>A<G
>A%G G A3G GAYG G>A<-1G

K”AK = BG>A3G G A%G G ASG G A<.2G42R ™
>A<G G A<-1G G>A<-%G G> A= 1G

Note that the symmetry assumption #ris not a limitation since we can instead consider
the linear systenA”Ax = A”b, which has a symmetric matrix. One can think of this
matrix as arx -by-< Hankel matrix where each entry i€dby-Bmatrix with bit-complexity

of $<°. Therefore multiplying any two entries of this matrix together cést8 <°.

MoreoverK>AK can be multiplied with as=  Bmatrix in time$*B < 2° by using fast
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Fourier transform (see [45] for details). Finally, note tKatAK can be formed in time

$INNZA = <Osimilar to the approach we described above for compuing

Fast and super fast solvers for block-Hankel matrices. To discuss the running time of
inverting the block-Hankel matri” AK or applying the inverse to a block-matrix (or a
vector), we need to consider the number of block operations. One can think of each block
operation as multiplying two blocks &€~ AK together. These blocks aB2 Band have
bit complexity<. So multiplying them by fast matrix multiplication [16] and using FFT to
multiply the corresponding numbers in linear time results in a running tingt@f <°.
Therefore an algorithm that takesblock operations runs in tim@tB < :° with the
assumption that the bit complexity stays the same during the algorithm.

Therefore fast solvers that need® operations are slow for inverting~AK , since
they result in a total cost d8 <2 j =! . Thus one needs to use super fast solvers for
the matrixK” AK . Most of the classical super fast solvers are either based on orthogonal
polynomials [117, 112] or based on the conversion of Hankel matrix to generalized Cauchy
and hierarchically semi-separable (HSS) matrices [115, 116] that admit low-rank properties
for off-diagonal blocks. The caveat of these methods is that they blow up the bit complexity
of ! to atleast 2. This means an extra factor ofin addition toB <2 operations which
again results in a total running time of more th@n

There has been another class of super fast solvers based on hierarchical Cholesky de-
composition and Schur complements that classically were analyzed in the exact compu-
tation setting (for example, for matrices on nite elds) [118, 127]. Very recently, [45]
analyzed such algorithms for real matrices in the xed-point arithmetic and showed that
such super-fast solvers only need to increase the bit complexity by polylogarithmic factors
in =. This resulted in an algorithm with a total running time$ofB < 2° for nding a rep-
resentation of the inverse & AK. This algorithm was one of the main building blocks

that allowed [45] to go below matrix multiplication time. The representation of the inverse
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of K” AK obtained from this approach is the product of two matri¢esdY~, i.e.,

IKZAK® 1 XY~ (3.3.1)

X andY are block matrices with a small displacement ranRBf Therefore they can be
applied to another matrix of size  Bwith $1<° block operations by utilizing FFT.

The caveat of this approach is that the bit complexity of matrKesdY is 1<°.
Therefore although they can solve one linear system faster than matrix multiplication time,
for any selection of parameteBand<, there is & Y 2 VY 1 such that solving? linear
system with a common matrik takes more than the matrix multiplication time. This is
strange since inverting the matrixusing fast matrix multiplication take*=' © time and
then the inverse can be appliedtoectors in$2=' ° time [105] and this does not need any
sparsity properties. We now bound the running time of solving a batch of linear systems
of sizeAwith [45] solver. To do so, we need the following lemma for the running time of

applying the matriXK to a matrix of size= A

Lemma 3.3.1.1.LetA 2 R “andB 2 R= A LetG 2 R= Bbe a matrix with$1=° nonzero

entries, wherd B =is adivisor of=. Let< = =eBand

h i
K= G AG AZG A< 1 2R 7

Let bit complexity oA andG be and the bit complexity & be< . ThenKB andK”B

can be computed ifNNZA A <?  ©°time.

Proof. We rst discuss he running time of computitd . We partition the rows oB to <
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blocksBi1— -B< 2 RB = as the following

B1
B>
B = . L
<
Then we have .
G
KB= A%!GBg
&1
For 92 ><Yde ne .
G
Mg= A% %GBg
89
ThereforeKB = M, and for9 2,
Mg 1= A8 2 1GBg (3.3.2)

891

~

G
:GBg 1. A89’1GBg
&9

~

=GBg1, A A% °GBg
&9

=GBg1, AM¢

Therefore givertM g, we can comput® g 1 intime$1<=A | NNZA A ' | ¢° where
gis the bit complexity oM ¢. The rst term in the running time is for computin@Bg
and essentially follows from the fact that each columimBgf; can be multiplied byG in
$1<= ©°time because the bit complexity &f is at most< andG has$*=° nonzero
entries. The second term in the running time is for compufiiyg and follows from a

similar argument. Moreoverg 1 = $tmaxf< - | o0°

SinceM< = GB«, it can be computed ifit<=A °time and it has a bit complexity of
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$1< ©, Therefore by the recurrence relation (Equation 3.XB),= M1 can be computed
in time

$INNZA A <2 o

because the recursion only goes forsteps and the bit complexity of the intermediate
matrices stay$?1< ©°.

ComputingK” B is less complicated. Note that

G’B
G>A°B
K”B =8 G>1A>02B 4

>1A>0< 1B

GiventA~°9B, G”1A”>°%B andtA~°% 1B can be computed in tim&’= A ! °and
$INNZA A 1 | PO where gis the bit complexity offA”°%B. Therefore this gives a
total running time of

$INNZA A <2 0.

Assuming the bit complexity of the input matrix is constant and its condition number is
poly=, for a xed < andA the total running time of applying the inverse operator of [45]

to an= Amatrix is the following.

$INNZA = <, =l <2 . <? MM1<E—<2—A> NNZA A <20 (3.3.3)

The rst term of (Equation 3.3.3) is for forming andK”AK. The second term is nding

the representation of the inverse. The third term is the running time of applying the inverse
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of K>AK to an= Amatrix. The last term is for applying” or K to an= Amatrix (see

Lemma 3.3.1.1). Note that for solving one linear system, (Equation 3.3.3) boils down to

$INNZA = <, = <?lo.

Then one can see that by taking= = NNzA° 'l T° 3 running time of

$1=21iynzAeT 2 T

is achieved, which is faster than matrix multiplication for all values jof 2 andNNzA Y

- 1

The running time of (Equation 3.3.3) is obtained by applyiigtK”AK® 1 andK~
separately. Another approach is to takendY from (Equation 3.3.1) and compufe =
KX and¥ = KY using Lemma 3.3.1.1. Then the inversefois given byX¥~, where the
bit complexity of X and¥ is $1<°. Then solving a batch of linear systems of sixhy

multiplying X and¥ takes the following running time.

$INNZA = <? 2 <2l < MMi=—=2 (3.3.4)

The rst term of (Equation 3.3.4) is from computiR-¥, which also dominates the run-
ning time of formingK andK”AK. The second term is for nding the representation of
the inverse oK~ AK, and the last term comes from the running time of multiply¥gnd

¥ withan= Amatrix. Given a xedA one can optimize over the best value<ofor each

of (Equation 3.3.3) and (Equation 3.3.4) and report the smaller running time. This is what

we used for Table 3.1.

Symmetric factorization of inverse operator for faster batch solves. The main caveat

of the approach of [45] is that the representation of the inverse has a bit complexity &f
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whether we us&®¥® ! representation oKXY >K>. This is the main reason that when
applied to large batches, the running time of [45] becomes slower than direct methods.
Here we present an approach based on our conjectures to obtain a representation of the
inverse with small bit complexity.

Our approach is to write the inverse Kf AK as a symmetric factorizatiodX . In

this case, the inverse éf is represented d&KX°1KX° . Therefore we have

's

p Y
KKX kg = tracé KX °1KX©° ° = tracéA 10 = & (3.3.5)
&1

where_gs are the eigenvalues @ . Therefore in the case whergs are poly=° (which

is the assumption in [45, 46]), the absolute value of entries in the n&Xiis bounded by
poly*=°. Moreover, one can compueX using Lemma 3.3.1.1. Therefore, in this case, we
can represent the inversedfasXX , whereX = KX, and the bit complexity of entries of

X is $11°. Then the running time of solving a batch of linear systems of Alzecomes

$INNZA = <? <2 pMMi=—=op (3.3.6)

sinceX can be applied to am  Amatrix in time MM!=—=-°A Note that we require the
error bound of less thaf*2 (which here be less thatr2<) in Conjecture 3.2.0.1 and
Conjecture 3.2.0.4 because the bit complexitiKas $1<° and this way we can guarantee
that tKX°1KX° is close toA 1. Note that Conjecture 3.2.0.4 gives an algorithm that
runs with$2<' *20 plock operations and uses numbers with the bit complexity of the input
problem. Therefore Conjecture 3.2.0.4, if true, computes a representation of the Xnatrix
intime$1B <L.!°20 = g1 <1 1+20 gych that

1

XX KZAK ¢ oo

Since the bit complexity of this representation$i$<®, we can write downX in time
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$1=2 <©°andthen use Lemma 3.3.1.1 to compfite KX intime$*NNzZA = <20, This

gives us the running time stated in (Equation 3.3.6), which is also the formula we used for
our running time in Table 3.1. We next discuss how our approach results in a faster-than-
matrix-multiplication time for solving linear programs with sparse and poly-conditioned

matrices.

3.3.2 SolvingLinearProgramd-astetthanMatrix Multiplication

Here we rst give a simple explanation of the linear systems that are solved in each iteration
of interior point methods (IPMs) for solving LPs. IPMs are the state-of-the-art approach
for solving LPs. The seminal works of Karmarkar [21] and Vaidya [22] started the study
of IPMs, and recently, IPM-based approaches have resulted in algorithms that solve linear
programs approximately i2=' © arithmetic operations [6, 7]. We consider the linear

programs of the form

H > H >
A>)[r:1t|)r; 0c X (primal) and rAr;/a? b”y (dual}

whereA 2 R" 3, b 2 R3, ¢ 2 R°, and= 3. Starting from a feasible solution, each

iteration: of IPM corresponds to computing a vector of the following form

p 1-0 p— 1-0
W PATATW A0 IA™ Whegho (3.3.7)

whereW"* 2 R® ~is a diagonal matrix ang 2 R”. Note that this is equivalent to solving
a linear system with the matri™ W' °A. Recent advances in IPMs [6, 7, 100] have shown

that instead of (Equation 3.3.7), we can use the following vector

[ JE— [ J—
fvieaia>tvi’ae tA> fvieght- (3.3.8)
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wherefv:° 2 R® = is another diagonal matrix such that™° w&"° Y  for some
constant , andw"° andw" ° are the vectors corresponding to diagonal matr\des’
andfv*:°, respectively. Another insight from IPMs is that': 1° andW":° are very close

to each other in the sense that™ ** w"" , ¥ Vfor some constanV. Then the fol-
lowing lemma allows us to bound the number of low-rank changes we need to apply to
fv*:° to maintain w*° @"° Y  over the course of the algorithm. Therefore we
can use the Sherman-Morrison-Woodbury identity (Fact 2.1.2.1) to maintain the inverse
1A>fv*°A° 1 and this results in an algorithm for solving LPs withi=' © arithmetic op-
erations.

In the original papers of Cohen-Lee-Song [6] and Brand [7], instead of the matrix
1AV °A° 1 the matrixATA> V' °A° 1A is maintained. The reason is that for a dense
matrix (e.g.,NNZA = 1=29) the cost of multiplyingA by a vector in each iteration is

1=20 Therefore since the number of iterations of IPMD%, this alone gives a running
time of 1=2%°, which is much higher thad . However in our case, sindeis sparse with
>1=! 1o nonzero entries, the cost of this multiplication over the course of the algorithm is
at most$ 1=! 950, Therefore we focus on maintaining™w*: °Ac 1.

To maintaintA>fv*: °Ac 1 we either have to use Fact 2.1.2.1 or compéefv':°Ac 1
from scratch. Consider a x for the sparse solver of [45] and the number of updates of
rank = in the IPM, i.e., the number of indicessuch that= entries are different between
fv: andfv:. 1. By Lemma 2.4.2.6, the number of such chang&ig?". If we recompute
the inverse from scratch when we encounter these updates, then by (Equation 3.3.3), our

cost is at lease

INNZA = <, = <Z5 1o

which is larger thar? becaus@s5 j | . If we use Sherman-Morrison Woodbury identity
(Fact 2.1.2.1), since it is equivalent to applying the inverse te arg matrix, the cost is

at least

1<0°5 B <20= 18 <2'50_
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because applying the inversekf AK to an= = matrix costs at least 1B <20 This

is again more thar' becauseB = =. Using theX ¥ representation also leads to a cost of

00,

1<15 M1z =_
<
which is again more thad . However, if based on our conjectures, we had a representation

of the formXX , then by (Equation 3.3.6), the cost of this would be

$1<05 MM 1=—="o0_
<

which is smaller than matrix multiplication time. Now suppose our conjectures are true
and we can nd a representation of the invers&#&s . To go below matrix multiplication
time for this inverse maintenance problem, one can adapt the following approach: If the
rank of the update is larger thap—, recompute the inverse aikK from scratch. If
the rank of the update is smaller thaH, use the Sherman-Morrison-Woodbury identity
in an online way, i.e., compute the product of each term with the given vector separately
(whereU j 0¢31is the dual of matrix multiplication exponent and is the largest number
such that are = matrix can be multiplied with as =Y matrix in $ =% >"1°0 time).
Finally if the rank of the update was betwegh and —7==, compute the update term
of Sherman-Morrison-Woodbury identity (i.e., the second term) and store it as an explicit
matrix Q.

With the above approach, the inverse operator is then giv&®as Q, M, whereM

is an implicit matrix given by Sherman-Morrison-Woodbury identity, i.e.,
M=1R% QA D ! A(RR | QUA°° TAIRR | Q°-

where( is the set of indices corresponding to update$\tahat are not incorporated to

X& orQ, andD is the diagonal matrix corresponding to these updates. Note that the cost
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of applyingQ to any matrix is the same as the cost of apply#g
Then one can see that by Lemma 2.4.2.6 and (Equation 3.3.6), the cost of inverse main-

tenance is bounded by

$INNZA = <15! .45 - <05 | -45 <l 24MmMm 1:_=<lI _20.200_ (3.3.9)

where the rsttwo terms come from the cost of recomputations of the inverse, and the other
term comes from the updates performed using Sherman-Morrison-Woodbury identity. Now
note that the exponent ef in the second term of (Equation 3.3.9) is negative forlany 2.
For any value olNzA = 1, we can take< small enough to make the rst term less
than='. Similarly, the third term is smaller thad . This can be checked by the online
tool of [124].

In addition to inverse maintenance, one needs to consider the cost of queries for com-
puting (Equation 3.3.8). For these, since we only need to #&Vé that is close tanv*:°,
one does not need to compute all the entries of the formula. We only need to compute the
entries that cause an entry 8f'° to change in the next iteration. This can be done by
using heavy-hitters data structures in a way similar to their use in the recent works for solv-
ing tall dense linear programs, see [78, 79]. We omit the details of this here, but one can
verify that with this approach, the total cost of queries can also be made less than matrix
multiplication time. Therefore the overall approach gives an algorithm for solving linear
programs with a sparse (i.eyNzA = >1=' 10) and poly-conditioned matrix faster than

matrix multiplication time.

3.3.3 SoSdecompositiorof polynomials

If the coef cients of a degree polynomial ? is represented by a vector

h i>
a= 0- 0 0, 0p 2F1-
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h i>
thenwithx= ¢ G 1 G 1 ,C x=7?. Anotherway of representing a polynomial

?1@ = 09, 0:G, 0,&, . 0, G of evendegree using a Hankel matrix is to de ne
H2F "1 asHge= % if8 9 :.1 andHgg= %, otherwise. For example,

for a degreet polynomial, we have

0 O
2 3
- 0; 037,
H=g3 3 7
% o,
h >
Then one can see thatwithr 1 G G ! G ,wehave? =x>Hx. Now suppose
. : i
there exists polynomials;—e++~= (of degree at most) such that? = = 5, %. Then

showing the coef cient of gwith 1,7~ +«—1, for 92 »<%and de ning the matrig 2

F''. 1 < asBa_g¢ 1;9)1, we have? = x> BB~ x. Now note that a symmetric factorization of

H like H = BB~ gives us such coef cients for the polynomials. Moreover & »<Y,we

have
, h i>h i
1P =v"R™ R &=y 1P 119 1@ @ i@ e
g @=x"B_-x=x 1,7 1, 1 1, 1, 17 X
_14'® 119 1@ < 02
=11,",1,°G, , 1.°G°

Therefore symmetric factorization of Hankel matrices give a sum-of-squares (SoS) decom-

position of single-variable polynomials.

3.4 Symmetric Factorization of Hermitian Toeplitz Matrices

We start this section by showing how one can nd a symmetric factorization of a certain
rank-two Hermitian matrix. We will then use this to nd a symmetric factorization for a

Hermitian Toeplitz matrix.
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Lemma 3.4.0.1.LetM be a rank two Hermitian matrix of the following form.

0 G O 0
0 G O 0
0 0 0

M = %1 . (3.4.1)
G1 0 G G
0 G, O 0
0 C O 0

In other words, only theth row and column of this matrix is nonzero and its ent§—%
is also zero. TheM has exactly two nonzero eigenvalugsand_» that are real and 1 =
_2. Moreover le®; ande; be the eigenvectors corresponding tpand », respectively.

Also let_; be the positive eigenvalue ang = pjel—vz = pjez. ThenM =viv, Vav,.

Proof. We calculate the eigenvalue decompositiotvof SinceM is Hermitian, its eigen-
vectors can be picked to be orthonormal, and siMcis a rank two matrix, it has at most
two nonzero eigenvalues that can be computed by the forMula= _v. This gives the

following set of linear systems

0
CE = _Eo
125 %<9
CE=_E-8: 2 =% :< Q¢ (3.4.2)
Therefore for nonzero, we haveE = s Substituting this into the rst equation, we
have ~
Eo C
= 1CC°=_FEg
— 2% <9

Note thatE; is nonzero because otherwise allBfs are zero by (Equation 3.4.2) (and
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this is in contrast with the assumption that the norm of the eigenvectors is equal to one).

Therefore

~ ~

€3 G
2 _ 1C50_0 — kC k2 o
125 %<9 125 %<9

A —=
Hence the right hand side is positive akidhas tworeal eigenvalues 1 = T *GCe

— ,
and , = --1'CGC° where we de neG = 0. Lete; ande; be the eigenvectors
corresponding to; and_», respectively. Let; = pjel andv, = pjez. Note that since

s positivepj is real and therefore, = pjel andv, = pjez. Then we have

M=_1818,, 88,=_1€18; _188,=V1V; VaV,*

By Lemma 3.4.0.1, to nd a symmetric factorizationdf in (Equation 3.4.1), we only
need to nd its eigenvalues and eigenvector. SiiMes a rank two matrix with$ 1=°
nonzero entries, this can be donebid=° time. To prove Theorem 3.2.0.3, we essentially
nd a symmetric factorization of such a matrix and show that a symmetric factorization
of a Hermitian Toeplitz matrix can be constructed by shifting and adding this symmetric

factorization for a rank two matrix.

Theorem 3.2.0.3.Let T 2 R™ ~ be a Hermitian Toeplitz matrix with bit complexity
There exists an algorithm that nds a representation of matrBesdC, each with=rows,

$ 1=log=° columns, and bit complexityin time$*= °suchthakT 1 BB CC °k:Y

1
5

Proof. Let¥ be a Toeplitz matrix that is equal Toeverywhere except on the diagonal and
the diagonal of is equal to zero. We now show tHfitcan be written a¥1V, V2V, for
ViV 2 F =

LetM =% & > Since¥ is a Toeplitz matrixM is a matrix of rank two of the
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following form

o o O
o o &
o o O

Therefore by Lemma 3.4.0.1, there exig{sandv, such thatM = ViV,  VaVv,. Now note

that .
= 9 1M 1 910>,
o1
Therefore de ning H
[
Vi= vy v« 2V1 = 1V1 -
h [
Vo= v, vo 2w = lvp -

we have¥ = V1V, VyV,. LetG be the diagonal element df that is a real number
becausd is a Hermitian matrix. Then i 0, setting

h p_i
B= v; jGjl —andC =V

and setting H _

B=V;-andC = v, p@ll -
otherwise, we havé = BB CC . Finally note that in the rst cas€ is a Toeplitz matrix,
and therefore has a displacement rank of two Briths a displacement rank of two with
respect tot — I>°. Similarly, in the second case also the displacement rank of both
matrices is two. This implies that a vector can be multipliedBbZ-B —C in $1=° time

by FFT techniques.
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3.5 Key ldentity for Hankel Matrices

In this section, we consider a symmetric factorization of a Hankel metrand without
loss of generality, we assurke2 F¥ 2 for: 2 N. Note that if the dimensions &f is not

a power of two, we can extend it to a Hankel ma#ixn which the dimensions are a power
of two as the following. Leh =1 ;—eee—g 1° for B2 N, be the generating vector of the
Hankel matrixH. In this caseH 2 FB B and we are assumirijs not a power of two. Let

: be the smallest integer such ti2atj B and leth = 1 j—ese—g ;-0—eee@ 2 F2°" 1,
Now let Bl be a Hankel matrix with generating vec®r Then® 2 F2 2. Moreover
Fl..52.8 = H. Therefore ifB-€ are matrices such th& = B8 €€ , then de ning

B = 8;5.andC = €15, we haveH = BB CC . Therefore we only need to nd a
symmetric factorization oR. We now de ne a matrix that converts a Hankel matrix to

Toeplitz and vice versa.

De nition 3.5.0.1. LetJ- 2 F ~ be a matrix withJ-8—9= 1if 8, 9= =, 1, and

J=18-%= 0, otherwise. For example

J4:

o L O O
o O +» O

We call this matrix the exchange matrix (also called backward identity). When the dimen-
sion is clear from the context, we show the exchange matrix witldjusbte thatlJ = I,
andJ” = J. Moreover we say, a matrid is centrosymmetric #M = MJ, is persymmetric

if MJ = JIM~, and is bisymmetric if it is both symmetric and centrosymmetric.

The next lemma describes our similarity transformation to decompose a Hankel matrix

to the sum of a Hermitian Toeplitz matrix and a centrosymmetric Hankel matrix.
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Lemma 3.5.0.2(Key Identity) LetS= 311, &I, 311 &J, wherel is the identity matrix
andJ is the exchange matrix. Lét be a Hankel matrix. The imaginary part 8HS is a
skew-symmetric Toeplitz matrix with zero diagonal and its real part is a centrosymmetric

Hankel matrix.

Proof. We have

1 1 1 1
SHS =1211, 81, 11 @JH1Z11 8, 11 8J°
2 5 5 2 2 5 5 2

1 1 1 1
=1211 @, 211 8JH1Z11l & Z11, 8J°
2 5 5 2 2 5 2 5
1] @11 ®H 11, &1 SJHI 11, 8°HJ 11 82JH°

NIk AP

1H, JHJO, ngJ JHOe
Therefore the real part 8HS is %1H , JHJ°. Now we have
1H, JHJ°J =HJ, JH =JYJHJ  HOe

Therefore redlSHS ° is centrosymmetric. Also note that bdthandJHJ are Hankel and
the sum of Hankel matrices is a Hankel matrix. Thereforel!&dS5 © is also Hankel. In
addition, note that sincH is Hankel, bottHJ andJH are Toeplitz matrices and the sum
(and also the difference) of Toeplitz matrices, is a Toeplitz matrix. Theréfdre JH and

imagtSHS ° are Toeplitz matrices. Finally we have
H) JH” =J°H” H7J =JH HJI=1HJ JHC

Therefore imagSHS ° is a skew-symmetric matrix, and hence its diagonal is equal to zero.

Note that this implie8 imagtSHS ° is a Hermitian matrix.
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We now give a4-by-4 example to understand Lemma 3.5.0.2 better. Let

We then have

2
reaFSHSO:} 2, 6 3, 5 4 3, 57
2 2
3, 5 4 3, 5 2, 6
2 4 3. 5 2, 6 1, 7
0 3 5 2 6 1 7
magsHso=1R° 0 % s 2 o
2 0
6 2 5 3 3 5
7 1 6 2 5 3 0
Now note that matridXS is a unitary matrix and therefol@S = S S = |. Therefore, we
have
H=SSHSS=S realSHS®°, 8 imagtSHS ° S (3.5.1)

Therefore if we have matrice3;-B,-C,-C; such that reaSHS° = B,B, C,C,; and
8 imagtSHS ° = B2B, C2C,, then we have

h i h i h ih [
H= SB; SB, SB; SB» SC;y SC, SC; SGCy

In the next section, we discuss how Lemma 3.5.0.2 can be exploited to devise our recursive
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Algorithm 14: Symmetric Factorization of Hankel Matrices

1 Input: Hankel matrixH 2 FZ 2

2 SetHg =H

3 for C=1-+++—do

4 SetNc= 8 imag'SHc 18°

5 SetHc=realSdHc 182

6 SetN. 1= H.

7 for C=1—eee—: 1do

8 SetXcandY cto be matrices such thlc= XX YYc
9 SetBc= g1g2 gC 1$CXcandCc= glgz gc 1@5CYC
10 return B. 1 B. B> B; and C. 1 C. C C

algorithm.

3.6 Symmetric Factorization of Hankel Matrices

Since8 imagtSHS ° in (Equation 3.5.1) is a Hermitian Toeplitz matrix, we can use Theo-
rem 3.2.0.3 to nd a symmetric factorization for it. To deal with the real pa$dt , we

use Lemma 3.5.0.2 in a recursive fashion using the following matrix.

De nition 3.6.0.1. For == 2', andC= 1—+++—we de neSc:= 311, &l_.c1, 31

: 1 : 1
8)\]:.2c1 2 Flz Glor2 G O, and

0 0
0 &S 0 L
&i=f, . . J42F 7.
0 O

Algorithm 14 is our main procedure to nd a symmetric factorization of a Hankel ma-
trix. However, so far, we only know how to nd a symmetric factorizationNf using
Theorem 3.2.0.3. Therefore we discuss how to nd a symmetric factorization for the rest

of N¢s. We start by characterizing the structure of matridegsndNg
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Lemma 3.6.0.2.For C= 1—++ «— matrix Hcconsists o€ 2Cblocks of Hankel matrices
as the following. The rst block-row consists #fHankel matrices

h [
Q1 Q2 Qx 1 Qo °

The second block-row is

h i
Q2 JQ1J Qs JQ3J Q2c JQxc 1J

For B= 1—+«+—Cl, let Pg be the matrix consisting of block-rovisto 28 and®g be the
matrix consisting of block-ron2®, 1t0 28!, Let

h [
Ps= Pgs Pga Pgacs *

Then
h i

Pe= P2 Ppi Pps Pgs Ppacs Pgace 1 °
Moreover the structure of the block-columndis similar to the structure of the block-

rows we described above.

Proof. Before proving the lemma, note that the description completely desdrbé¢at
least up to the block structure) since it describes the rst two block-rows and then it uses
the rst 2Bblock-rows to describe the ne€block rows. The structure ¢4 follows from
Lemma 3.5.0.2. We then use induction to prove the structure for the relgisof
First note that the number of block-rows and block-columnl g@ifs twice the number
of block-rows and block-columns éfc 1. In other words, each block ¢fc 1 is split into
four blocks inHg Note that in iteratiorG we multiply Hc 1 by $cand$. from left and
right, respectively, which is equivalent to multiplying each blockief; by ScandS- from
left and right, respectively. Therefore by induction hypothesisfigr and Lemma 3.5.0.2,

since the blocks oH¢ 1 are Hankel matrices, the blocks ldi: = real$dc 18L are also

177



Hankel matrices. Moreover the relation between the rst block-row and the second block-
row directly follows from Lemma 3.5.0.2 due to centrosymmetry of the resulting Hankel
matrix. Finally the relation betwedPg andPgfor B= 1— ¢ ¢ « — CL simply follows from the
induction hypothesis for the structureldt 1. A similar argument proves the structure of

block-columns as well.
We now use Lemma 3.6.0.2 to characterize the structure of maNiges

Lemma 3.6.0.3.For C= 1—e e+« —:matrix Ncconsists o2¢1 2C1 plocks of Hermitian

Toeplitz matrices as the following. The rst block-row consist@of Toeplitz matrices

h i
Q1 Q2 Qx1 Qx1 °

The second block-row is

h i
Q2 JQ1J Qs JQ3J Qxc1 JQuc1 1J

For B= 1—«e+—C2, let Pg be the matrix consisting of block-rovisto 28 and®g be the
matrix consisting of block-ron2®, 1to 281, Let

h i
Pg= Pgs Ppg2 Pgacs ®

Then .
h i
Pe= Pg2 Pgs Pps Psa Ppace Pgacs 1 *®

Moreover for everf, Qg = 0. Also the structure of the block-columnga\yfis similar to the

structure of the block-rows we described above.

Proof. Note that if a real matrixM is skew-symmetric8 M is Hermitian. Therefore
the structure olN; follows from Lemma 3.5.0.2. FOE= 2—e+e+—:note thatNc = 8

imag'SHc 18L. Therefore we use the structure lot ; described in Lemma 3.6.0.2 to
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prove the structure foNg Note that the number of blocks dfcis equal to the number
of blocks ofHc 1. Moreover for each block) of Hc 1, the corresponding block iNcis
8 imagtSQSL, which is a Hermitian Toeplitz matrix by Lemma 3.5.0.2. Moreover the
structure of block-rows oN¢(i.e., the relation between the rst block-row and the second
block-row and the relation betwed?s and Pg, for B = 1—e¢++—C2) follows from the
structure oHc 1 due to Lemma 3.6.0.2 and the fact tlandSccommute, i.e.JSc= Sgl.
The structure of block columns also follows similarly.

Finally note that ifQ is a centrosymmetric Hankel matrix, then im&gQSL is zero

since

mags@se= oy 1000

where the second equality follows from the de nition of centrosymmetry (see De ni-
tion 3.5.0.1). For the rst equality see the proof of Lemma 3.5.0.2. Finally note that for
a Hankel matrixQ, by Lemma 3.5.0.2, res6QS2 is a centrosymmetric Hankel matrix.
Therefore the top-right and bottom-left blocks of AERSL are also centrosymmetric
Hankel matrices. Therefore since the blockdHgf, are Hankel matrices, the block¥g

with even index9in Hc 1 are centrosymmetric Hankel and therefore the corresponding

blocks of them irNcare zero.

Before going further, we need to de ne the following matrices that allow us to exploit

the structures described in Lemmas 3.6.0.2 and 3.6.0.3.

De nition 3.6.0.4. For C2 » Ylet

02(:1 2C1 02C11 2: 2C1lo . .
Ec= 2F % -

12: 2Clo 2C1 |2: 2C1
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0 Ix:i O O 0o o0
<1 0 0 0 0o o0
0 0 0 lugs 0 0
Fc=@0 0 Ix: O 0 0Z12F %.
O 0 0 O 0 lye:
O 0 0 O lc: O

For example, the matrik, allows us to permut®; in H. to getP; in Lemma 3.6.0.2.
We then can remove the rst entry & usingE; to prevent it with clashing with the rst
column. Note thaEZ = EcandFg = Fg Therefore we can use these matrices for permut-
ing block-columns as well. For the other block-rows/columns, we can use apprdpfsate
andEcs. We use these matrices in the proofs of the rest of the section.

We are now equipped to describe how a representation of symmetric factorization of

matricesNg for C2 » Ycan be found in linear time.

Theorem 3.6.0.5.For C= 1-ee+¢—:we can ndXcandYcin $1=° time such thatN¢c =

h i
Proof. Let Q, Q.c: bethe blocks of the rst block-row and the rst block-column

of Ng respectively. FOB2 »&zletM gbe a matrix with block structure &&such that all of
its blocks are zero except the block-rows/coluriiag « <28 1 and its block-rows/columns
1—+« 2B 1 are equal to the block-rows/columfis « « +2B 1 of Ng For exampleMc= N¢

and

Q1 Q2 Qs Qa1

Q 0 0 0
Mi=8Qs; 0 O 0 %°
2C1 0 O O
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For B2 »2° 11let Qg_+be an upper triangular matrix that is equadgon the diagonal
and above the diagonal, and @g_1 be a lower triangular matrix with zero diagonal that
is equal toQg below the diagonal. Therefol®g = Qg+, Qp-+ Moreover sinceQg is
Hermitian by Lemma 3.6.0.8s= Qg_«, Qg_,

Let U andL be matrices with the same block structuréNas Moreover suppose all of
blocks ofU andL are zero except the rst block-row and the rst block-column. Let the
rst block-row and the rst block-column otJ be

h [ h [
5Q1 Q2+ Q3+ Qi —a@Nnd 2Q1 Q2+ Qa+ Quix —

respectively. Also let the rst block-row and the rst block-columnlofbe

h [ h [

3Q1 Q21 Q31 Qupiy —a0d 2Q1 Q21 Qay  Queiy
respectively. Thereforel1 = U, L. We now give symmetric factorizations forandL . By
construction and Lemma 3.5.0.2, the diagonaDefis zero. Therefore by Lemma 3.4.0.1,

the matrix consisting of only the rst row and the rst column &f can be written as

V1V, VaV,. Moreover, the matrix consisting of only the rst row and the rst column of

U is equal to
U eye’-—
where
2: Gl 0 0
e — O 2: CG1 O 2 FZ: s .
O 0 2: CG1

Therefored €U€~ =viv, vov, for some vectors; andv, that can be computed in
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$ 1=° time. Now sinceQ is Toeplitz andQg_~s are upper triangular and Toeplitz, we have

2681
U= e%y eye>oie%v>,
9=0
Therefore setting H _
[
Vi= v, vy €2y ez iy -
h [
— : 1
Vo= v, €y, €2y, ez ' 1y, —

we haveU = V1V, V,V,. Now consider the matrix that is equal to zero everywhere
except on ron2" &1 and columr2: ¢! and on that row and column, it is equallto This

matrix is equal to

L €e”L€e.

Because the diagonal €J; is equal to zero, by Lemma 3.4.0.1, we can nd andw-
suchthat. €~L€ = WiW,  Wow, in $1=° time. Now sinceQ; is Toeplitz andQg_is

are lower triangular and Toeplitz, we have

2681
L = 1e%>1  e>Leoe9%
%0
Therefore setting
h [
— : 1
Wl - Wj e>W]_ 1e20> W1 182 &' 1o> W1 —and
h [
W2 = Wo e>W2 1320>W2 182 G1 1°>W2 —

we havel. = W;W, W,W,. Hence

h i h [ h i h i
My = Vi W1 Vi W; Vo Wo Vo Wy °
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We now construct othevl gs recursively. By using matrices in De nition 3.6.0.4 and the

structure ofNcdescribed in Lemma 3.6.0.3, f8= 2— e ¢+ —-@e have

Mg=Mg1, E: ¢giF: cgiMB1F’ cg1E7 cg1

Therefore ifPgandGgare matrices such thttg= PPy  GgGg, then forB=2—e¢e¢+—-C

h [
Pe= Pg1 E. cgiF:. ¢cgiPs1 —

h [
Ge= Gg1 E. ¢cgiF: cg1Ge1°® *

This completes the proof siné¢c= Ng

We now prove the main theorem. In addition to Theorem 3.6.0.5, this only requires de-
scribing how to nd a representation of symmetric factorizatiolNof; = H. in linear

time.

Proof of Theorem 3.2.0.2By Theorem 3.6.0.5, we can n&cand Ycsuch thatN¢ =
XXc Yo for C2 » Y Therefore we only need to n&. ; andY. ; such that
N: 1=X. 1X, ; Y: 1Y, . NotethatN:. 1 =H..

The matrixH. is 2 -by-2° and according to Lemma 3.6.0.2, it consists2ofby-2-
blocks. Therefore each block of it is only one entry. In this case for a l@cke have
Q =JQJ. Therefore all of the entries on the diagonatbf are the same. Moreover, each
row is just a permutation of the rst row and similarly each column is a permutation of
the rst column. Now letR. be the matrix that is equal td. everywhere except on the
diagonal and®. is zero on the diagonal, i.ed. = H. | H.11-1° |,

Now letMg be a matrix with all of the entries equal to zero except the rst row and the
rst column and its rst row and column is equal to the rst row and columnkf. By

Lemma 3.4.0.1, we can nd vectoxg andv, such thaMg = ViV, VoV, in$1=°time.

Now for C2 » %let M cbe the matrix that is zero everywhere except on rows/columns
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1— e« +2%and its rows/columnd— e+« «2¢are equal to the corresponding rows/columns of
F.. Note thatM. = .. Now because of the structureldf described by Lemma 3.6.0.2,

for C2 » Yawe have
Mc=Mc1, EFMc1FCES (3.6.1)

Let PcandGcbe such thaM c= PP: GG Then by (Equation 3.6.1), we have

h ih i
Mc= Pci EciFciPci Pci EciFciPc1

h ih i

Gc1 EciFc1Gc1 Geci1 EciFci1Ge1 °

h i h i
only need to ndvy andv, with Mo = viv, VoV, to completely describ&.. Now if
-11-19° 0, we set

h b i
x:,].: P: JHll—loJ I _andY’]_:G—

and we set .
h D [
X. 1=P.—andY. 1= G. ~ jH.1119 | —
otherwise. Therefore we can also nd a symmetric factorizatioN.of; in $*=° time and

this combined with Theorem 3.6.0.5 completes the proof.

3.7 Symmetric Factorization of Inverses of Hankel Matrices

In this section, we prove our result for symmetric factorizations of the inverses of Hankel
matrices (Theorem 3.2.0.5). We actually prove a more general result: for a given matrix
M 2 R™ = with Sylvester-type displacement rank of two and bit complexjtyve show

how to nd a representation of the matric8and C with = rows, $1=° columns, and
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bit complexity in time $1='*2 °such thatkM * BB CC °kg Y 2i Then since

the inverse of a Hankel matrix has a Sylvester-type displacement rank of two, this gives
an algorithm for the inverse of a Hankel matrix. A key technique in our algorithm is the
following lemma which is similar to Lemma 3.5.0.2 with the important difference that
when we apply the recursion arising from this lemma, the displacement rank of the matrix
doubles (instead of staying the same). This then forces us to stop the recursion when the

size of the blocks igE.

Lemma 3.7.0.1.LetS= 31 &I, 31 &J, wherel is the identity matrix and is the
exchange matrix (see De nition 3.5.0.1). LMt be an= = real symmetric matrix with
Sylvester-type displacement rank of less than or equalwdth respect to* — ~° and
1 >— o Then realSMS ° is bisymmetric and has a Sylvester-type displacement rank of
at most2Awith respect tot — *°and! ~— °. Moreover imagSMS ° is persymmetric
Hermitian and has a Stein-type displacement rank of at @&s2 with respecttd — ~°.

Also the diagonal entries of imagMS © are zero.
Proof. We rst write each part oSMS . We have

1 1 1 1
= 1 Z1 1 Z1
SMS 1, 81, 1 3 M 1 8, 1.8

1 8
==-IM, IJMJ° —IMJ JMOe
2 > 2
Note thatM , JMJ is symmetric because bokh andJMJ are symmetric. Moreover
M, IMJ°J=MJ ;| IM =J1IMJ | MO

Therefore redlSMS °© = % IM | JMJ°is bysymmetric. Now we show it has a Sylvester-

type displacement rank of at mazwith respecttd — ~°. We need to show that

rankt 1M, JMJ° T M JMJ® >° 2A.
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One can easily verify that =J ~. Therefore

IMI IMJ =3t °M M e

Thus sincel is a full rank matrix,

rankk 1M, JMJ° 1M, JMJ° 7° rank M M “° rank JMJ JIMJ ~°

zrank M M ~° rankJ! °M M ©J°

=rank M M “° rank "M M °

2A

We can bound the Sylvester-type displacement rank of 8846 °© with respecttd ~— ©
in a similar way. Now we turn to the imaginary part. Sindeis real and symmetric

M = M. Hence we have

1I8MJ JM°° = 8IM M J°= 8IM MJI°=8MJ JMPO.

Therefore imagSMS °© is Hermitian. Again sincéM is real and symmetrié1”> = M.

Therefore

gMJ IM°J=8M JMJ°=81IM MJI°=8M7J JIM7° =gMJ JM° .

Now we need to show that rabkMJ JIM° IMJ  JM©o ~o 2A We have
MJ MJ ~ =M M © . Therefore

ranktMJ MJ ~°=rankM M O

Let € be a matrix obtained from by changing theé-1-=2 entry from zero to one. For
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example
i

o L O O

0
0
0
1

Therefore® is full-rank. Moreover le® be a matrix obtained bl by changing the 1-1°

entry from one to zero. For example

o O +» O
o +» O O

Then we hav€~ =¢. Since€ is full rank,

rankiM M °=rank€”M &V ©°

Now note tha€ differ from only in the rst row and similariy# differ from | only in the

rst row. Therefore

rank€” M &M ° rank M M ©° 1.

Then since the Sylvester-type displacement ranid ofith respect td¢ ~— © is at mostA
we have

rankMJ  MJ “° A, 1.

In a similar fashion, one can verify that

ranktJM M 7o A 1.
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Algorithm 15: Symmetric Factorization of General Matrices with Small
Sylvester-Type Displacement Rank

Input: Hankel matrixM 2 FZ 2
SetMo =M
for C= 1-e<+i-do
SetNc= 8 imag'SMc 182
SetMc=realSMc 182
SetN; ;=M.
2> 2
for C=1-e++5, 1ldo
SetXcandYcto be matrices such thllc= XX YYc
Setﬁcz glgz gC 1$CXCaquC:hSlS2 gC 1gCYC i
10 return B%, 1 B% B, B: and C%, 1 C;7 C, C;

o o0 A W N P

o =~

©

Therefore

rankl!MJ  JM°  IMJ JM° “° rankMJ @ MJ “° rankJM JM ~°

2A, 2¢

Finally note that sincé/! is symmetricMg_=; g= M= 1 g_gor all 82 »=%4 Therefore since
IMJC_g= Mg_;l gand1JM®g_g= M:’ 1 g.swe havetMJ JMP%_ g 0. Thus the diagonal

entries of imagSMS ° are zero.

We are now equipped to prove our result for general matrices with small displacement
ranks. We state the theorem for the inverse of Hankel matrices, but our algorithm and proof

work for these general matrices due to Lemma 3.7.0.1.

Theorem 3.2.0.5.LetH 2 R~ ~ be a Hankel matrix with bit complexityand condition
number bounded by . There exists an algorithm that nds a representation of matriges
andC, each with=rows,$ 1=log=° columns, and bit complexityin time$2='*? ©such

that H' 1BB CC° _Y .

Proof. We consider a general matri that has Sylvester-type displacement rank of two

with respect tdt — > and! ~— ©°. For example, one can considdr= H 1. Note that
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we can nd a representation ¢f L asXY” in $2= ° time using the approach of [45].
Without loss of generality, we assume thkat 2 and: is even because otherwise, we can
extend the matrix to a size of power of four by appropriately copying the entries to make
sure Sylvester-type displacement rank does not change.

We show that Algorithm 15 outputs the desired factorization in the speci ed running
time and bit complexity. Note that this algorithm is similar to the one we used for the
symmetric factorization of Hankel matrices (Algorithm 14). The main difference is that we
recurse only for; iterations. This is because by Lemma 3.7.0.1, the blockd efiave a
Sylvester-type displacement rank ! and a size oz x. SoforC= 3, the size of
each block igE pEWhile its displacement rank BPE. In other words, the displacement
rank is more than the rank of the matrix and therefore it does not help with speeding up
the computation of symmetric factorization. The rest of the proof basically is similar to the
symmetric factorization of Hankel matrices.

Similar to Lemmas 3.6.0.2 and 3.6.018¢ consists of2¢1  2C1 Hermitian blocks.
However instead of being Toeplitz, by Lemma 3.7.0.1 each block has a Stein-type dis-
placement rank 02%1 2 with respecttd — >°. Moreover each block is persymmetric.
The structure of the blocks is also similar to Lemma 3.6.0.3. More speci cally, the rst
block row of Ncconsists o2€ 1 matrices

h [
Q1 Q2 Qx 1 Q1 °®

The second block-row is

h i
Q2 JQ1J Qs JQ3J Qxc1 JQuc1 1J

ForB= 1-++«—C2, let Pg be the matrix consisting of block-rovisto 28 and®g be the
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matrix consisting of block-row8®, 1to 281, Let
h i

Pg= Pg1s Ppg2 Pgacse ®

Then .
h [

Pe= Pg2 Pgs Pps Psa Ppace Pgacs 1 *®

The structure of block columns dfcis also similar to the above. For example, the matrix

consisting only of the rst row and the rst column ®cis like the following.

Q1 Q2 Qs Qa1

Q 0 O 0
Zc=RQ; 0 O 0 4
<1 0 0 0

All the other block-rows and block-columns are obtained by taking permutations of the
rst block-row and the rst block-column, respectively. Moreover the block-row and the
block-column with the same index are obtained by the same permutation. @jnsea
Hermitian matrixQ; Qi ~ is also Hermitian. Therefore the eigenvalueQef Qi ~

are real and since itisap  x of rank2¢1 2, we can nd its eigenvalue decomposition

in $1%x 2¢ ¥ ° Then we can separate the eigenvectors associated with positive

and negative eigenvalues into matri@sand &, respectively, and writ€; Q1 ~ as

BB EE . Then by writing

Qi=Q1 Q1 7, Q1 Q7°~, Q1 Q °”~7, -
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we can take the appropriate shifts and wée= DD  CC , where

h i h [
D=9 B B —andE= g € 1= y

Then we can Write'icasFlFl G1G,, where

| | 0

Q2 0 Q2

F1=80 Q3; 4—andG;= 0 Qs
Q2C 1 0 Q2C 1

Then since the rest of block-rows and block-column&lghre obtained by permuting its
rst block-row and block-column, we can obtain the factorization by taking appropriate

shift and permutations d¥; andG;. This then produceBcand€csuch thalNc= BB

%C@o Then by de ningch = Slsﬁ 8. SBcandCc = Silgz & ,8Ec andB =
B. 1 B B, B; andC = C;, Cy C, C; ,we have

M=BB CC-

Note that for eaciNg we only need to compute an eigendecomposition for its correspond-
ingQ: Q: 7, and the rest of the decomposition féefollows from deterministic shifts
and permutations. We do not even need to comute —Q.c 1 Ssince the entries of them
can be obtained b tlog =° addition/subtraction of the entries of the original matrix. Since
Q1 is obtained by taking summations over principal submatrices of the original matrix, its
bit complexity and operator norm are the same as the original matrix (ufptp=tactor).
Therefore the cost of computing this eigendecomposition is

$125C oC1 1° o,
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becaus&), Q, ~is angc §=c of rank 261 . 2, and we can add a random matrix with
small entries (of less thag-). Adding this random matrix, does not cause us to go above
the error threshold but it causes a gap between the eigenval@s of Q; ~ and causes

it to havepoly= 2 condition number which results in the running time stated above —

see [128]. Therefore the total cost of computing the representation is

~

102 _ 152
$~1%: 2C1| 1 o- $~1: 2C1| 2° o,
G1 G1

p

SinceC 5, land=:"? = 2" = this is bounded b= *2 ©,

3.8 Discussion and Conclusion

In this chapter, we presented novel super-fast algorithms to nd a representation of sym-
metric factorizations of the forBB  CC for Hankel matrices and their inverses. Our
running times for Hankel matrices and their inversesgte ° and$?= "2 °. We also
conjectured that it is possible to nd factorizations of the foBB for these problems

in the same running times. We explained how our conjectures lead to faster algorithms
for solving a batch of linear systems faster than the approach of [45] and how they lead
to a faster-than-matrix-multiplication algorithm for solving sparse poly-conditioned linear
programs.

Here we present a statement that has the same implications. This is weaker than
our conjectures but stronger than the results we proved. Suppose w amdi C such
thatBB CC = !K>AK° landBB  poly!=°!K>AK®° 1 then sinceBB CC =
IK>AK° 1 0,CC  polyt=0tK>AK®° 1. Then by the argument of (Equation 3.3.5),

KB andKC, both will have low bit-complexity since

KBB K> poly!=°K1K>AK®° K> = polyl=cA 1
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and

KCC K”> polyt=K1K>AK® 1K> = poly?=°A 1.

Then using the linear operat@® €€ for 8 = KB and€ = KC leads to the same

running times presented in (Equation 3.3.6) and (Equation 3.3.9).
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CHAPTER 4
SUBQUADRATIC KRONECKER REGRESSION AND APPLICATIONS TO
TENSOR DECOMPOSITION

Kronecker regression is a highly-structured least squares prabiegkKx bk%, where

the design matrixk = A'Y A'#*° is a Kronecker product of factor matrices.
This regression problem arises in each step of the widely-used alternating least squares
(ALS) algorithm for computing the Tucker decomposition of a tensor. We present the rst
subquadratic-timelgorithm for solving Kronecker regression téh, Y°-approximation

that avoids the exponential terfntY #© in the running time. Our techniques combine
leverage score sampling and iterative methods. By extending our approach to block-design
matrices where one block is a Kronecker product, we also achieve subquadratic-time algo-
rithms for (1) Kronecker ridge regression and (2) updating the factor matrices of a Tucker
decomposition in ALS, which is not a pure Kronecker regression problem, thereby improv-
ing the running time of all steps of Tucker ALS. We demonstrate the speed and accuracy

of this Kronecker regression algorithm on synthetic data and real-world image tensors.

4.1 Introduction

Tensor decomposition has a rich multidisciplinary history with countless applications in
data mining, machine learning, and signal processing [129, 130, 131, 132]. The most
widely-used tensor decompositions are the CP decomposition and the Tucker decomposi-
tion. Similar to the singular value decomposition of a matrix, both decompositions have
natural analogs dbw-rankstructure. Unlike matrix factorization, however, computing the
rank of a tensor and the best rank-one tensor are NP-hard [60]. Therefore, most low-rank
tensor decomposition algorithms decide on the rank structure in advance, and then optimize

the variables of the decomposition to t the data. While conceptually simple, this approach
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is extremely effective in practice for many applications.

Thealternating least square@LS) algorithm is the main workhorse for low-rank ten-
sor decomposition, e.g., it is the rst algorithm mentioned in the MATLAB Tensor Tool-
box [133]. For both CP and Tucker decompositions, ALS cyclically optimizes disjoint
blocks of variables while keeping all others xed. As the name suggests, each step solves a
linear regression problem. There tensompdate step in ALS for Tucker decompositions
is notoriously expensive but highly structured. In fact, the design matrix of this regres-
sion problem is the Kronecker product of the factor matrices of the Tucker decomposition
K=A" A'*°_Our work builds on a line of Kronecker regression algorithms [134,
56, 135] to give the rssubquadratic-timelgorithm for solving Kronecker regression to a
11, Ye-approximation while avoiding an exponential ternofY #© in the running time.

We combine leverage score sampling, iterative methods, and a novel way of multiply-
ing sparsi ed Kronecker product matrices to fully exploit the Kronecker structure of the
design matrix. We also extend our approach to block-design matrices where one block is
a Kronecker product, achieving subquadratic-time algorithms for (1) Kronecker ridge re-
gression and (2) updating the factor matrix of a Tucker decomposition in ALS, which is not
a pure Kronecker regression problem. Putting everything together, this chapter improves
the running time of all steps of ALS for Tucker decompositions and runs in time that is
sublinear in the size of the input tensor, linear in the error paranYeteand subquadratic
in the number of columns of the design matrix in each step. Our algorithms support L2
regularization in the Tucker loss function, so the decompositions can readily be used in
downstream learning tasks, e.g., using the factor matrix rows as embeddings for cluster-
ing [136]. Regularization also plays a critical role in the more general tensor completion
problem to prevent over tting when data is missing and has applications in differential
privacy [137, 138].

The current-fastest Kronecker regression algorithm of [56] uses leverage score sam-

pling and achieves the following running times #r~ 2 R= "= with = ' -, for all
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~

I . . s
= 2 #Y% where' = il' -andl Y 2373 denotes the matrix multiplication expo-

nent [16]:

i 1o . .
1. 1 7 tnnzAA0 ' Lo ' 1 n lopysamplings®'Y 10 rows ofK by their leverage

Scores.

i .
2. $1 % 1nnz2A™ ' Ln o 'n #opysamplings?t' -n ° rows from each factor

matrix A"~ and taking the Kronecker product of the sampled factor matrices.

Note that the second approach is linear irbut the error parameter has an exponential
cost in the number of factor matrices. In this chapter, we show that the running time of the
rst approach can be improved to subquadratic iwithout increasing the running time

dependence onin the dominant term, simultaneously improving on both approaches.

Theorem 4.1.0.1.For = 2 »#YletA™= 2 R= "=, = '_ andb 2 Rt =. Thereis
a 11, Ye-approximation algorithm for solvingrg min, A" A'#%x b ithat
runs in time
@5} 1=0 | 42, 2 - @9 1 O a3
$& nAATe LgPn? | mn MM Y - L@ (4.1.1)
1 (o = =2#YVa

whereMM 10— 1-2s the running time of multiplying a@ 1 matrix withal 2 matrix.

If we do not use fast matrix multiplication ([104, 16]), the last term in (Equation 4.1.1)

is $1' 2n 1o, which isalready an improvemeraver the standar@™?' 3n 1° running time.

, : Lo I I . .
With fast matrix multiplication, MM~ ' =="Y - —wa = IS subquadratic in

for any nontrivial subse{ 8 foe—# Yagwhich is an improyement ovegt' |y 1o
$1+ 2873y lo_ |f there exists a “balanced” subsgtsuch thatI (' = ', our run-
ning time goes as low &' 1026y 1o ysing [104]. For ease of notation, we denote the
subquadratic improvement by the constant 0, where
o o
"2\ = min MMt - ' 0

#Y, -
(> #%a =2( =2 Yafo
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Updating the core tensor in the ALS algorithm for Tucker decomposition is a pure
Kronecker product regression as described in Theorem 4.1.0.1, but updating the factor
matrices is a regression problem of the farg min, KKMx bk2, whereK is a Kronecker
product andM is a matrix without any particular structure. We show that such problems
can be converted to block regression problems where one of the blogks We then
develop sublinear-time leverage score sampling techniques for these block matrices, which

leads to the following theorem that accelerates all of the ALS steps.

Theorem 4.1.0.2.There is an ALS algorithm for L2-regularized Tucker decompositions
that takes a tensoX 2 R®  # and returns# factor matricesA™ 2 R= "= and a
core tensorG 2 R't = such that each factor matrix and core update i$la, Y-

approximation to the optimum with high probability. The running times of each step are:
. 1.0 I' 1—0 I’
« Factor matrixA™": §1 2 1nnAA'=o ' Lg2y 20 20yl 0 F v vl

i
« CoretensoiG: $* 7 tnnzZA™™0 ' L#2y 2 2\ ylo

I . .
where' = le' = '<. =" . and\ | Ois a constant derived from fast rectangular

matrix multiplication.

For tensors of even modest order, the superlinear tetmsrthe bottleneck in many ap-
plications since is exponential in the order of the tensor. It follows that our improvements

are signi cant in both theory and practice as illustrated in our experiments in Section 4.6.

4.1.1 OurContributionsandTechniques

We present several new results about approximate Kronecker regression and the ALS algo-

rithm for Tucker decompositions. Below is a summary of our contributions:

1. Our main technical contribution is the algoritiifastKroneckerRegression
in Section 4.4. This Kronecker regression algorithm builds on the block-sketching

tools introduced in Section 4.3, and combines iterative methods with a fast novel
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Table 4.1: Running times ofuckerALS (Algorithm 16) factor matrix and core ten-
sor updates for_ = 0 using different Kronecker regression methods. The factor matri-
ces are denoted b= 2 R= "=. The input tensor has size = ; 4 and the
core tensor has size = "7 '4. Let .. = e . and'<. = "' .. We use

| Y 24373 for the matrix-multiplication exponent and the constantj 0 for the op-

timally balanced fast rqctangular r’patrlx multiplication as stated in Theorem 4.4.2.4, i.e.,

'2\ = = min »#yMM ' —'— _g ' = . Factors of# are dropped for notational
brevity.

Algorithm Factor matrixA*° Core tensoz

Naive $I,:” <:,:":,i':|,'<: $l'||,,'°

This chapter (Lemma 4.4.2.1) $ .t % o ! . v, 2 g 2 R

This chapter (Theorem4.1.0.2) $*.'2'y ! .r1 # v o 1y g1 2\ ylo

[56] — g1 !y 2

Kronecker-matrix multiplication for sparse vectors and matrices and fast rectangular
matrix multiplication to achieve a running time thasisbquadratian the number of
columns in the Kronecker matrix. A key insight is to use the original (non-sketched)
Kronecker product as the preconditioner in the Richardson iterations when solving
the sketched problem. This, by itself, improves the running time to quadratic. Then
to achieve subqudratic running time, we exploit the singular value decomposition
of Kronecker products and present a novel method for multiplying a sparsi ed Kro-

necker product matrix (Lemma 4.4.2.1 and Theorem 4.4.2.4).

2. We generalize our Kronecker regression techniques to work for Kronecker ridge re-
gression and the factor matrix updates in ALS for Tucker decomposition. We show
that a factor matrix update is equivalent to solvingegnality-constraine&ronecker
regression problem with a low-rank update to the preconditioner in the Richardson
iterations. We can implement these new matrix-vector products nearly as fast by us-
ing the Woodbury matrix identity. Thus, we provably speed up each step of Tucker

ALS, i.e., the core tensor and factor matrices.

3. We give a block-sketching toolkit in Section 4.3 that states we can sketch blocks of a

matrix by their leverage scores, i.e., their leverage scores in isolation, not with respect
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to the entire block matrix. This is one of the ways we exploit the Kronecker product

structure of the design matrix. This approach can be useful for constructing spec-
tral approximations and for approximately solving block regression problems. One
corollary is that we can use the “sketch-and-solve” method for any ridge regression

problem (Corollary 4.3.0.5).

4. We compard-astKroneckerRegression with [56, Algorithm 1] on a syn-
thetic Kronecker regression task studied in [134, 56] and as a subroutine in ALS for
computing the Tucker decomposition of image tensors [139, 58, 140]. Our results
show the importance of reducing the running time dependence on the number of

columns in the Kronecker product.

4.1.2 RelatedwWork

Kronecker Regression. [134] recently gave the rst Kronecker regression algorithm
based onTensorSketch  [141] that is faster than forming the Kronecker product. [56]
improved this by removing the dependence®mnzb°° from the running time, where
b2R?® *# istheresponse vector. [142] recently initiated the studyyoiamicKronecker
regression, where the factor matric®S” undergo updates and the solution vector can
be ef ciently queried. [135] studied the generalized Kronecker regression problem. Very
recently, [37] analyzed the bit complexity of iterative methods with preconditioning for
solving linear regression problems under xed-point arithmetic. They show that the actual
running time of such algorithms (i.e., the number of bit operations) is at most a factor of
logi”® loglen°® more than the number of arithmetic operations, wHeisethe condition
number of the design matrix amds the error parameter. This result applies to our work,
too; however, for the rest of this exposition, we discuss the number of arithmetic operations.

Finally, note that**A  B° = ~A° 7MBo,
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Ridge Leverage Scores. [143] extended the notion of statistical leverage scores to ac-
count for L2 regularization. Sampling from approximate ridge leverage score distributions
has since played a key role in sparse low-rank matrix approximation [144], thedNystr
method [145], bounding statistical risk in ridge regression [146], and ridge regression [147,
146, 148, 149]. Fast recursive algorithms for computing approximate leverage scores [40]

and for solving overconstrained least squares [150] are also closely related.

Tensor Decomposition. [151] and [152] used leverage score sampling to speed up ALS
for CP decompositioh.[153] gave a polynomial-time, relative-error approximation algo-
rithm for several low-rank tensor decompositions, which include CP and Tucker. [154]
showed that if the tensor has an exact Tucker decomposition, then all local minima are
globally optimal. Randomized low-rank Tucker decompositions based on sketching have
become increasingly popular, especially in streaming applications: [155, 156, 157, 158,
132, 159, 139, 160]. The more general problem of low-rank tensor completion is also a
fundamental approach for estimating the values of missing data [161, 162, 163, 164, 165].
Fundamental algorithms for tensor completion are based on ALS [166, 167, 168], Rieman-
nian optimization [169, 170, 171], or projected gradient methods [172]. Optimizing the
core shape of a Tucker decomposition subject to a memory constraint or reconstruction

error guarantees has also been studied recently [62, 61, 173, 174].

4.2 Preliminaries

Notation. The order of a tensor is the number of its dimensions. We denote scalars by
normal lowercase letteS2 R, vectors by boldface lowercase lettar@ R™, matrices by
boldface uppercase letteXs 2 R =, and higher-order tensors by boldface script letters

X 2Rt 2 #_ \We use normal uppercase letters to denote the size of an index set (e.g.,

1The design matrix in each step of ALS for CP decomposition is a Khatri-Rao product, not a Kronecker
product. CP decomposition does not suffer from a bottleneck step like ALS for Tucker decomposition since
it is a sparser decomposition, i.e., CP decomposition does not have a core tensor—just factor matrices.
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Algorithm 16: TuckerALS
1 Input: X 2R! #,core shapé' 1—'o—eee—4°,
2 Initialize coretensoG 2R 1 2 =
3 Initialize factorsA'™™ 2 R= "=for=2 s# Y4
4 while has not convegedo

5 for ==1to# do
6 K Allo A1: 10 A1=3 10 A1#o
7 B X1=0
8 for 8=1to -do
2
9 y argmin, KGLy b; iy _kyks
10 Update factor rowa;=0 y”~
u | K AT A A
12 | g argminkkg vecX °k3, _kgk3
13 Update core tensd®  vec 1ig ©

14 return G-A™ PP -A'?_ee s pA#°

Y= f1-2—eee—¢). The8th entry of a vectox is denoted byG, the 18—%th entry of a
matrix X by Gg and thel8— 92-th entry of a third-order tensot by Gg.

Linear Algebra. Let |- denote the= = identity matrix andO< - denote thex =

zero matrix. The transpose &f 2 R* = is A>, the Moore—Penrose inverse (also called
pseudoinverse) i8:, and the spectral norm isAk,. The singular value decomposition
(SVD) of A is a factorization of the fornd V>, whereU 2 R* < andV 2 R~ ~ are
orthogonal matrices, and 2 R* ~ is a non-negative real diagonal matrix. The entries

f gtA° of are the singular values &, and the number of non-zero singular values is
equal toA = rank!A°. The compact SVDs a related decomposition where2 RA Ais

a diagonal matrix containing the non-zero singular values. The Kronecker product of two

matricesA 2 R andB 2 R? @is denoted byA B2 R'<?°' =@

Tensor Products. Fibersof a tensor are the vectors we get by xing all but one index.
If X is a third-order tensor, we denote the column, row, and tube bersg.py Xxs:,

andxsg, respectively. Thenode= unfoldingof a tensorX 2 R® 2 # js the matrix
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Xio 2 R="1 =1=1 #°thatarrangesthe modebers of X as columns oK:- ordered
lexicographically by index. Theectorizationof X 2R?! 2  # isthe vector vetX © 2
R12 # formed by vertically stacking the entriesXf ordered lexicographically by index.
For example, this transform$ 2 R< = into a tall vector ve&X° by stacking its columns.
We use vec'x® to undo this operation when it is clear from context what the shape of the
output tensor should be.

The=mode producbf tensorX 2 R* 2  # and matrixA 2 R = is denoted by
Y =X -AwhereY 2Rt =1 =1t #_ This operation multiplies each mode-
ber of X by the matrixA. This operation is expressed elementwise as

X =A%uug 198 oeg = ! g-1 @8e-500g°

The Frobenius normkX kg of a tensorX is the square root of the sum of the squares of

its entries.

Tucker Decomposition. TheTucker decompositioecomposes tensr 2 Rt 2 #
into acore tensorG 2 R'1 "2 ' # and# factor matricesA™ 2 R= "=, Given a reg-
ularization parameter 2 R o, we compute a Tucker decomposition by minimizing the

nonconvex loss function

o 140 110 102 (} 2
I G-AT—eespA™%X = X G (AT LA™ kGKE AT .

def

Entries of the reconstructed tengor=G ;A" + A are

Ol O¥ 110 1#0
Q&ooog = 6&&...& O&Al 0& A# ° (4.2.1)
A=l A=

(Equation 4.2.1) demonstrates ttat is the sum of 1 ' 4 rank-1 tensors. The tuple

1t j—"'o—eee—40 |5 the multilinear rank of the decomposition. The multilinear rank is
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typically chosen in advance and much smaller than the dimensioxs. of

Alternating Least Squares. We presenfuckerALS in Algorithm 16 and highlight its
connections to Kronecker regression. The core tensor update (Lines 10-12) is a ridge
regression problem where the design malfixe2 R? # 't "# is a Kronecker product

of the factor matrices. Each factor matrix update (Lines 5-9) also has Kronecker product
structure, but there are additional subspace constraints we must account for. We describe

these constraints in more detail in Section 4.5.

4.3 Row Sampling and Approximate Regression

Here we establish our sketching toolkit. Theidge leverage scoref the 8th row of
A2R 3is
AT ACA L 1 ade 4.3.1
g A" =3 N (4.3.1)

The matrix ofcross_-ridge leverage scoreis ALA”A | 1% A”. We denote its diagonal
by -1A° because it contains theridge leverage scores &f. Ridge leverage scores gen-
eralizestatistical leverage scordn that setting = 0 gives the leverage scores Af We
denote the vector of statistical leverage scoresi?. If A =U V~ is the compact SVD
of A, then for all82 »=%,we have

NS
g 1A% L e - (4.3.2)

whereA = rank'A°. It follows that every g*A° 1 sinceU is an orthogonal matrix. We
direct the reader to [143] or [40] for further details.

The main results in this chapter build on approximate leverage score sampling for block
matrices. The -ridge leverage scores 8f 2 R~ 2 can be computed by appendiﬁﬁl 3to
the bottom ofA to getA 2 R™= 3 3 and considering the leverage score#\ofo we state

the following results in terms of statistical leverage scores without loss of generality.
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De nition 4.3.0.1. For anyA 2 R~ 3, the vector™*A° 2 R™ is a \-overestimatdor the

leverage score distribution & if, for all 82 »=Y%it satis es

%1A° gLA® _v gLA® .
ALpO ) kK 1A%k, rank*A°

Next we describe the approximate leverage score sampling algorithm in [175, Section
2.4]. The core idea here is that if we samte3« \° rows and reweight them appropriately,
this smallersketchednatrix can be used instead Afto give provable guarantees for many

problems.

De nition 4.3.0.2 (Leverage score samplingletA 2 R= 3 andp 2 »0-1¥% be a \-
overestimate for the leverage score distributionfosuch thatkpk; = 1. We denote the
following procedure wittSampleRows*A—Bp° . Initialize sketch matriXS = Og =. For
each row8of S, independently and with replacement, select an ind@x»=%avith proba-

bility ?9and setB o= 1-p‘?§B Return sketcls.

The main result in this section is that we can choose to sketch a single block of a matrix
by the leverage scores of that block in isolation. This sketched submatrix can then be used
with the other (non-sketched) block to give a spectral approximation to the original matrix
or for approximate linear regression. The notattod B is the Loewner order and means

B A is positive semide nite.

h i
Lemma 4.3.0.3.LetA = A;:A, be vertically stacked with; 2 R 3 andA, 2 R 3.

Letp 2 »0-1%2 be a V-overestimate for the leverage score distribution”gf If B j
144310123+ X1 /Y0, the sketclS returned bySampleRows *A1— Bg® guarantees, with

probability at leastl X that

11 YA”A 4 1SA® SA1, AJA24 11, YA Ae
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Lemma 4.3.0.4(Approximate block regressionfonsider the problem

argminkAx  bks
x2R3

h [ h [
whereA = A;:A, andb= p; b, are vertically stacked and; 2 R™ 3, A, 2 R 3,

b1 2 R™, by 2 R™2. Letp 2 »0-1%2' be aV-overestimate for the leverage score distribution

of A1. LetB 168 In1403°1 VY and letS be the output o6ampleRows 1A1— Bp°. If
% =argminggs kSPA1x  bi%k3 | kAx  boks —
then, with probability at leas® 10, we have

kAx bki 11, YYminkAx bkZe
2 x2R3 2

We defer the proofs of these results to Section 4.7 — we essentially follow the out-
line and proofs of [176] (originally written in [152, Appendix B]). The key idea behind
Lemma 4.3.0.4 is that leverage scores do not increase if rows are appended to the matrix.
This then allows us to prove a sketched submatrix version of [177, Lemma 8] for ap-
proximate matrix multiplication and satisfy the structural conditions for approximate least
squares in [178]. One consequence is that we can “sketch and solve” ridge regression,

which was shown in [179, Theorem 1] and [180, Theorem 2].

Corollary 4.3.0.5. ForanyA 2 R= 3,b 2R3, 0, consider

argmin kAx bks, _kxks e
x2R3

LetB 168@Int403°1 VY andp 2 »0-1¥# be aV-overestimate for the leverage scores

of A. If Sis the output oBampleRows *A— Bg®, then, with probability at leas® 10, the
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sketched solution

x =argmin kSAx bok;
x2R3

_ ki

5

gives all, Ye-approximation to the original problem.

Remark 4.3.0.6.The success probability of the sketch can be boosteddrd®to 1 Xby
sampling a factor o$ tlog!1s X°° more rows. See the discussion in [181, Section 2] about

matrix concentration bounds for more details.

4.4 Kronecker Regression

Now we describe the key ingredients that allow us to design an approximate Kronecker
regression algorithm whose running timesisoquadratidn the number of columns in the

design matrix.

1. The leverage score distribution of a Kronecker product métrixA'Y’ A#°
is a product distributionof the leverage score distributions of its factor matrices.
Therefore, we can sample rowskffrom 1K with replacement i$#° time after

a preprocessing step.

2. The normal matrixX”K | _| in the ridge regression probleminy kKx bkg ,
_kxk% is a$ 11°-spectral approximation of the sketched ma#8K°>SK , _| by
Lemma 4.3.0.3. Thus we can use Richardson iteration WithK ;| _1°- as the pre-
conditioner tosolve the sketched instaneeghich guarantees™d., Ye-approximation.
UsinglK>K , _I° as the preconditioner allows usheavily exploit the Kronecker

structurewith fast matrix-vector multiplications.

3. At this point,Kronecker matrix-vector multiplicatiorasre still the bottleneck, so we
partition the factor matrices into two groups by their number of columns and use
our novel way of multiplying sparsi ed Kronecker product matrices as well as fast

rectangular matrix multiplication to get a subquadratic running time.
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This rst result shows how -ridge leverage scores of a Kronecker product matrix de-

compose according to the SVDs of its factor matrices.

Lemma4.4.0.1.LetK = A" A'? A*° where each factor matrik™= 2 R= " =.
Let1§—8-+++»8Dbe the natural row indexing df by its factors. Let the factor SVDs be
A= =U™ V=" Forany 0, the_-ridge leverage scores ¢f are

~ |

o 4 faa=e & 7
_ 1K O = 1 - - _
g8 KO 1 t Zia0 D¢ (4.4.1)
t2) =1 G Fyp— =1
where the sum is ovgr = » ¥4 % ¥4 »' »Ya For statistical leverage scores, this

. . |
SImpli est0 15w, gtKo=" % g A™

Proof. For notational brevity, we prove the claim fkir=A B C. The order# version
follows by the same argument.

First, the mixed property property of Kronecker products implies that
KIK =1al Ao 1Bl Bo 1clcoe

Let A = Up AV|A be the SVD ofA such thatUy 2 R* tandVa 2 Rt "1, The

orthogonality ofUa implies that

AlA =V, 2VI-

where i denotes L a. Similarly, letB = Ug BV'B andC = U¢ cv'c. It follows from

the mixed-product property that

KIK, 1= Va3Vl vg 2vl ve 2vl | |
=Wa Vs Vc° i B 2 VlA VlB Vlc .
=1Va Vg Ve 2002 2 1 vl vl vl
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SinceXY®° =Y: X if X orY is orthogonal, we have

KIK, 19 = 1vp Vg Vc° A B % _ V,lo\ VlB Vlc
— | I [ > 2 2 2
=vlovl ovbo2oz 2y, v veo
=Wa Vg Vc© & & &, VL VlB Vlc *

Next, observe that

K= Ua aVL Us 8V,  Uc cVi

=1Ua Ug Uc®rt A B C° VIA V||3 Vlc .

Putting everything together, theridge cross leverage scores can be expressed as

KiKIK, 1Kl =1y Ug Uc® 1Ua Ug Uco - (4.4.2)

where

A B c®e

(Equation 4.4.2) is the eigendecompositioikafK | K | % K . Inparticular, 2 R123 123

is a diagonal matrix of eigenvalues, where tBe- 8- §°-th eigenvalue is

2 2 2
falAOf&lBOf%lco . (443)
félAOfélBOfélCO,_ U

—'8-5-8 =

_ o iy L
The value of B FI9-9 K©° follows from the de nition of cross -ridge leverage

scores in (Equation 4.3.2).

Finally, the statistical leverage score property holds because settind gives an

expression that is the product of the leverage scores of the factor matrices.

This proof repeatedly uses the mixed-product property for Kronecker products and the
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de nition of _-ridge leverage scores in (Equation 4.3.1).

4.4.1 IterativeMethods

Now we state a result for the convergence rate of preconditioned Richardson iteration [182]

using the notatiokxkg, = x”Mx.

Lemma 4.4.1.1(Preconditioned Richardson iteratioet M be any matrix such that

AA4 M4~ A”Aforsomed 1 Letx Y =x"° M- A>Ax"° A>b . Then,

X x 11 qeno X x
M M

wherex = argmin,gs kAX K3,

Remark 4.4.1.2. The ridge regression algorithm in [147] is also based on sketching and
preconditioned Richardson iteration. They consider short and wide matrices Bhere

and use thesketched normal matrix as the preconditioteesolve the original problem.

One of our main technical contributions is to use trgyinal normal matrix as the precon-
ditionerto solve the sketched problem. Reversing this is advantageous because computing
the pseduoinverse and matrix-vector products with the original Kronecker matrix is sub-
stantially less expensive due to its Kronecker structure. However, this still motivates the

need for faster Kronecker matrix-vector multiplications.

4.4.2 FastKronecker-MatrixMultiplication

The next result is a simple but useful observation about extracting the rightmost factor ma-
trix from the Kronecker product and recursively computing a new less expensive Kronecker-

matrix multiplication.

Lemma 4.4.2.1.LetA™™ 2 R= = for=2 »#%andB 2 Rt # . There is an algo-
rithm KronMatMul 1»A'°—e ¢ eA#°14B0 that computesA'l  A'? A'#° B 2

. | :
Rl 1o#° In $ ﬁ:]_ 1 = = # time.
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Proof. We prove the claim by induction o#. Our approach will be to show that we
can extract the rightmost factor matrix out of the Kronecker product and solve a smaller
instance recursively.

If # = 1, this is a standard instance of matrix-matrix multiplication that t&keg 1 °
time. Now let

X=A" A# 2 R® &

and

Y=A"T2R |

Letb 2 R& be an arbitrary column oB. We compute each of these matrix-vector
products separately. Now we show how to ef ciently compate X  Y°b 2 R®'. The

entry inc at the canonical indek?—Ais

2o0A= X7 Yas be

Writing this out, we have

~ ~

@G a
2op= G_bh-daB
@1 B-1

¢ G
= G.g H-des
@1 B-1

Therefore, for each@-°Ave can precompute
a
lo-& H-des

B=1

Computing all ofZ 2 R% ' takes$ :&'( °time. Now that we hav&, we can compute the
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outputc as:

¢ G
2opn=  G_@ h-kes
@1 B-1

G
= G_boa
@1

Therefore, we can write a natural matricized version aé

C=XZ2R% .

This matrix C can be computed recursively sin¥eis a Kronecker product. Translat-
ing back to the original dimensions as stated in the lemma, we %ave 1 #,8& =

1 #, = # 1,and( = 4 1. ComputingZ takes time

$&'(°=%11  pp1#1°=%T 1 4141

By induction, the recursive solve f®{Z takes time

€
$ #1 1
=1

1

1

H*
°

Adding the two running times together and accounting for attolumns ofB gives us a

total running time of

$ 1 #1#.1, #.1 1 == # =9

=
1
1l
3+
=
I

which completes the proof.

We need the following theorem to prove the next theorem.
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Lemma 4.4.2.2([183]). For a matrixC = »ci—e*seg/s R’ @ let

LetA 2 RS @andB 2 R™ . ThenyvecdBCAl°=1A B°veclCO.

Theorem 4.4.2.3.Let A’ 2 R'1 '1—eeeA™° 2 R'# '# gndc 2 Rt '#. Let' =

| 110 140 . . I
' = ThentA™ A'#°oc can be computed in tinet' £ ' o,

Proof. LetCbean 4 1'1 ' 1°matrix such that = vectC° (see Lemma 4.4.2.2).

For eache 2 »# Ylet| - be the identity matrix of size- ' -. Then by Lemma 4.4.2.2,

Allo L) Al#o c= All0 LA Al#o Veclco
|
=vec 1:A#°C AV AL

= A A* Y 1y vec AFC . (4.4.4)

SinceA#%is'y 'z andCis'y *'1 'y 1° A™°C can be computed in time
$r 0

Now note that although Kronecker product is not commutative, B andB A are
permutation equivalent, i.e., there are permutation matrices that transform one to the other.
Therefore, instead of computirig\'* A T 4ovedtA°CO, we can compute
1, AP A'#* Toc, wherec; is a permutation of vé@ #°C°. We proceed with
this multiplication and use a technique similar to (Equation 4.4.4), which results in a cost
of $1' 4 1' °. Continue until all the matrices in the Kronecker part are the identity. Then
we can return a permutation of the nal vector since the identity multiplied by a vector is

the vector itself.
The following theorem is more sophisticated. We write the statement in terms of rect-

212



angular matrix multiplication time MMO- 1-°2 which is the time to multiply al® 1

matrix by al 2 matrix.

Theorem 4.4.2.4LetA'™™ 2 R= "= for=2 #% = 1 4,' ='1 '4,b2R,

c2R ,andS2 R be adiagonal matrix witls*'Y 1° nonzeros. The vectors

>
A A#° Sp and S AP A ¢

~ ~

| I
can be computed in tir miny , 5 MM ) =Y - g o e

Proof. First observe that while the Kronecker product is not commutativeB andB A
are permutation equivalent, i.e., there are permutation matrices that transform one to the

other. Therefore, without loss of generality we assume the minimizer

o O
argminMM?® ' _—'en— ' _©
) »#HYa =2) =8)
is the set» Yavherel :  #. For any diagonal matri®, let ( be the set corresponding

to the indices of the nonzero entries®and letl be a diagonal matrix where an entry is
equal to one if its index is i and it is zero otherwise.
Note that becausgis an? ; #°1 4 #° matrix, each element df(i.e., nonzero

of S) corresponds to a tupk§—ee*+82 » 1% » g Valet

(1 = fla_—"‘-:—CBZ 98.’1 2 >>;’11/41-°"-#& »#1/zSUCh that181—---¢82 (g—

(2=118 1—22+48:98 2 » % eee—-8 » . Ysuch that§—ee*»82 (g

LetB( be ant ; 01y #° matrix such thabb = vec'B(° (see Lemma 4.4.2.2).

Then by Lemma 4.4.2.2, we have

110 10|
A'l A Sp

110 10|
= A' A™" " 1(Sb
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= A" A" 1, 1, Sb

1-0 | 1. 10

_ 110 : ., 1#0 | 1R,0
= A A Iy A A I, vectB

1-0

1- 10 10I 110 .
=vec A1 A0, B 1, AT AT e

Note that the number of nonzerosBq is equal to the number of nonzerosSnwhich is
1- o 1#0 . T

$1' er°. Therefore1A*- 1 A#%l | ,°B( can be computed it on F. 0

. 1- (o] 140 T

time becauseA™ -1 A%l has £ ' -rowsandB( has$!' «n° nonzero

entries. Moreover,

1 G ' G
$ - ' = = $ MM 1__ ' =
=1 = 1
e} N ;
= $ MM ' = ' = °
=1 n == 1
Now, note thaj(1j j (j=$?1" «n. Thus, multiplyingttA* .1 A#%l | oB
. 110 1-0 . . T . T
with 21,1 A™ A'°° can be done in tim§ MM __,' ——'en— % ' %% pe-
1- o 140 T 110 1-0 T .
causettA’ . 1 A#%l | °Bhas . ,'-rowsandA' A“°has '-
columns.
Now letC be an' . ;  '#° ' ' .°matrix such that = vectC° Then we
have
SIA'Y A#Poc = gl 1A A'#°o¢
=S, 1A A#foc
= SH (AT Atfoo 1y 1At A ooyeciCo
= SVeC11|(21A1: L1 A#00c11pML° A%l I(,%

We havg(2j j (j=$1" n°. Therefore(,*A. 1 Ax°has$ ' en°nonzero entries.

MoreoverCisan® . 1 '4#° 1'1 ' °matrix. Hencell(,tA™ A#%00C
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can be computed in time

n =, 1 =1 =1 n ==, 1

Observe that we do not need to compute all entries of
1|(21A1::10 Al#OoocllAllo Al:ool I(lo.

Instead, we only need to compute entries corresponding to nonzero entfesCGdm-
puting each such entry tak$s1I ., ' =°time becausél,*A*- T A'#°00C and
LAY A%l o haveI __, ' = columns and rows, respectively. Moreover, the
number of nonzeros Sis$*1' «n°. Therefore, computing all entries df(zlA“ 1

A#fooCc1Ip M A":°l | o that correspond to nonzero entriesSiakes time

The core idea behind Theorem 4.4.2.4 is that the factor matrices can be partitioned into
two groups to achieve a good “column-product” balance, i.e.,
O O

min max '— ' _-g

A
is close top'_. Then we use the fact thainz!S® = $2'Y 10 with a sparsity-aware
KronMatMul to solve each part of this partition separately, and combine them with
fast rectangular matrix multiplication. If we achieve perfect balance, the running time
is $1' 1628y lo ysing results of [104], which are explained in detail in [90, Appendix C].
If one of these two factor matrix groups has at n@Stof the “column-product mass,” the

running time isg2' 19y 1o,
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4.4.3 Main Algorithm

We are now ready to present our main algorithm for solving approximate Kronecker re-
gression. The main ideas behind Algorithm 17 are as the following. First, we do not com-
pute the pseudoinverse but instead use iterative Richardson iteration (Lemma 4.4.1.1),
which allows us avoid &*' ' Y 1° running time. This technique by itself, however, only
allows us to reduce the running time$d' 2n 1° since all of the matrix-vector products
(e.g.,K” b, Kx, and multiplication agains¥l- ) naively take ' 2° time. To achieve sub-
guadratic time, we need three more ideas: (1) compute an approximate SVD of each Gram
matrix A"~ A" in order to construct the decomposed preconditidvier (2) use fast
Kronecker-vector multiplication (e.g., Lemma 4.4.2.1) to exploit the Kronecker structure
of the decomposed preconditioner; (3) noting that Lemma 4.4.2.1 for the Kronecker-vector
productK” brandK” 1Kx? is insuf cient because the intermediate vectors can be large, we
develop a novel multiplication algorithm in Theorem 4.4.2.4 that fully exploits the sparsity,
Kronecker structure, and fast rectangular matrix multiplication of [104].

We need the following lemmas to prove the main result.

Lemma 4.4.3.1(Johnson-Lindenstrauss random projection [184, 188 x 2 R3. As-

sume the entries i 2 R” 3 are sampled independently frakt 0-1°. Then,

, !
L1, ekxkE 1 24 T R4,

Pr 11 n°kxk 131—_GX
A 2

Lemma 4.4.3.2.LletA2R=3and0Y n 1¢4. GivenA2R 3andN=AlA2R33
such that

AlA 4 A K411 Yeson! A-

with high probability, all leverage scores Afcan be computed to*d., Ye 2° approximation

in$tnnzZA° | :3 . 3! °time.
Proof. LetM = 11, Ye4o1Al Ao 1. |t follows that!Al A° 1 4 M 4 11, Ye4oiAl A0 L,
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Hence, for any 2 R®, we have
xl 1Al A0 Tx 4 xI Mx 4 11 Yegox! 1Al A0 1xe

Now note thaM = MM M = S-MAl AM. Hence,

1 2
| Mx = I MAl AMx = AMX e
T Ve XTI vea 2

Using Lemma 4.4.3.1 witime 20 andA = $ tlog=°, we can compute a random mat

such that, with high probability, for adlg we have

1 2 1, Y20

2
AMas, Tveo0 ©Mas T <%0

AMag: 11, Y-6° AMag e

Combining the above, we have

2 1

1Al A° Ty alMag= ——— AMa
3 % dgMas= 7 82 11 Yeso11 Ye20°

2
GAMag ,—
ne4 82

and
1
11, Ye4o11 Ye20°

GAMag> aMag ' 1, Yedoa] 1Al AC 1ag

Therefore,m GAMag 2 isal, Ye4 1, 6 ne2approximation of the leverage

score ofag
Lastly, we discuss the running time. Note that gi®rwe can comput® in $13' ©
time. Moreover, sinc& has$1° rows, GA andGAM can be computed i?:3 | 3%°

time. Finally, givenGAM , we can comput&AMag, for all 82 >=Y4in $1nnZA°°,

Theorem 4.4.3.3.For any Kronecker product matrix = A'’ A#°2R1 # 1w
b2Rt #,  0,Y20-14%andX j 0, FastKroneckerRegression returns
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Algorithm 17: FastKroneckerRegression

1 Input: Factor matriced™ 2 R= "=, response vectdr 2 Rt #, L2
regularization strength, errorY, failure probabilityX
2 Setl ] 1! 2 1 #

for==1to# do
4 | Compute a spectral approximati®i™ with $' -#2n 2° rows by
Lemma 4.3.0.3 such that

w

ATTAT 4 AT 411 logil | nedPe#°AT A (4.4.5)

5 | ComputeA™™ A'= and the SVD of&'=" A'=" = v'=°1 = =oy'=~

6 Computell, logll, ne20«#°-approximate leverage scoreA =" using
Lemma 4.4.3.2 by applying a random Johnson-Lindenstrauss projection
Initialize product distribution data structuReto sample indices from

~

1 1A11°0_ _ 1A1#°oo
8 SetD 1 110> 110 1#0> 140 |' o,
o LetM: =P V#opy il \V #00>

10 SetB  dl680 Int40 °InileXCsYe

11 SetS  SampleRows K- BR°

12 LetK = SK andbr= Sb

13 Initializex O

14 while has not convergedo

15 | X x 11 "YM: R°Rx, x K”b using fast Kronecker-matrix
multiplication

16 return X

X 2R1 "#in
$ ! £LnnZA™e tL#n 2 ming ey MM o0t =Y - et = -
time such that, with probability at leagt X
kkKx bk, _kxkG 1, Yminkkx bk;, _kxiGe

Proof. By [40, Lemma 8], we can computé-4, Ye# °-spectral approximatiofr'= of A=,
with $' =#2n 2° rows, in$nnZ2A=° ' L#2n 20 time. GivenA'™, we can compute

A= A= in $1' L#2n 20 time. Finally, given&= A= 2 R' = ' =, we can compute its
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SVDin$*' Lotime.

Given A= and A= A", by Lemma 4.4.3.2, it take$innZA=° _ ' L #2n 20 time
to compute the (approximate) leverage scores'=°. Compute the cumulative density
function of each leverage score distributiorfhida -° time. This allows us to sample from
the product distributio®® = A"’ LA™°0 in $1#° by sampling each coordinate
independently. Sampling fro is equivalent to sampling fromtK° by Lemma 4.4.0.1.

Note that
11, logtl, nedoe#o¥ 1 4oL mAHOR - gL 0H = 1 nese
Therefore, because for &2 »# Yswe have

10|

ATAT 4 ATAT 411 logiL, nedos oA A

it follows that

1A110| Alloo 1 A1#o| A1#004 1A110| Alloo 1 A1#0| Al#oo

411 Y°401A110| A1100 1 Al#ol Al#oo.

Thus, the approximate leverage scores we get in Algorithm 1Afbr A'*° are

within a factor oft1, Ye4° of the true leverage scores.

Therefore, our preconditioner given by the S\ 'K K, I V'K, is a spectral
approximation ofK! K | _I. ©. More speci cally,
Kk 14—t ikIK, 194 T ve Lo 1oV
T 1Y T 1Y Kp T K
1, n4 11, nedell "YW
4 2 p1kKlK, Jog = P KIK, I .
1 "n - 1 "y -

Therefore, by tlogtle n°° iterations of Richardson (Lemma 4.4.1.1), we converge to the
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desired accuracy. Finally, note that each iteration of Richardson can be done in time

& O e

Sr-@mipl/lvuvl e ' @R
«( T2 =20V

using our novel procedure for sparse Kronecker-matrix multiplication (Theorem 4.4.2.4),
KronMatMul (Lemma 4.4.2.1), and the structure of the preconditioner, which is a diago-

nal matrix multiplied from left and right by matrices with Kronecker structure.

4.5 Applications to Low-Rank Tucker Decomposition

Now we apply our fast Kronecker regression algorithnTtkerALS and prove Theo-
rem 4.1.0.2. We list the running times of different factor matrix and core update algorithms

in Table 4.1. Our result for factor matrix update is analyzed in this section.

Core Tensor Update. The core update running time in Theorem 4.1.0.2 is a direct con-
sequence of our algorithm for fast Kronecker regression in Theorem 4.4.3.3. The only
difference is that we avoid recomputing the SVD and Gram matrix of each factor since

these are computed at the end of each factor matrix update and stored for future use.

Factor Matrix Update. The factor matrix updates require more work because of the
G.Ly term in Line 8 of TuckerALS . To overcome this, we substitute variables and re-
cast each factor update as an equality-constrained Kronecker regression problem with an
appended low-rank block to account for the L2 regularization of the original variables. To
support this new low-rank block, we use toodbury matrix identityo extend the tech-
nigue of using Richardson iterations with fast Kronecker matrix-vector multiplication for
solving sketched regression instances.

The next result formalizes this substitution and reduces the problem to block Kronecker
regression with a subspace constraint. This result relies on the fact that the least squares

solution tokMx ~ zk3 with minimum norm isM- z.
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Lemma 4.5.0.1.LetA 2 R <, M 2 R° 3, b 2 RS, and_ 0. For any ridge re-
gression problem of the formrg min,gs *tkAMx bk2 | _kxk§°, we can solveg,: =
arg miry,-o kAz bk% . _kM: zk%—whereN = l< MM-, and return vectoMM: zypt

instead.

Proof. Let z = Mx 2 R<. For anyx 2 R3, zis in the column space d#l and hence
orthogonal to any vector in the left null space Mdf Therefore, we can optimize over
z 2 R subject toNz = O instead because for amy2 R3, NMx = 1l MM :°Mx = 1M
M©°x = 0 Using this substitution, we can also replace the tgrimk% by kM- zk% because

for anyz, the least squares solutionze= Mx with minimum norm isM- z [109].

To solve this constrained regression problem, we can add a scaled version of the con-
straint matrixN as a block to the approximate regression problem and take the projection

of the resulting solution.

Lemma 4.5.0.2(Approximate equality-constrained regressiondtM 2 R= 3, N 2 R< 3,
b2 R, and0 Y Y Y 1+3. To solveminyx=o kMx bk3 to a1l Y°-approximation, it

suf ces to solve
2

_ M
min X
x2R3 EN
2

toall, Ye3°-approximation withF 1 1, 12¢Y°kMN: k%.

Proof. First note that foranyv 0, we have

2 2
. M . M . 2
min X min X = minkMx  bk5e (4.5.1)
x2R3 EN Nx=0 EN Nx=0
2 2
Suppose 2 R3 such that
2 2
M WM
R 11, Ye3°min X . (4.5.2)
FN 2R BFN
2 2
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Letz=1 N:-N°R. It follows thatNz = 0 becausé\ = NN: N. Therefore,

2 2
= 1 N-NOR = MU N-NR bie

2 2

By the triangle inequality,

M N-N°® b, kMR bky, MN:-NR ¢

Therefore,
M1 N-N°® b2 kMR bk3, MN-NR> 2kMR bk, MN:N#
Now we have two cases:
o Case 12kMN-Ngk, TkMR bk,

« Case 22kMN-Ngky | S kMR bk,.

Note that by the consistency of operator norms, we have
MN-N2 ,  MN: ,kNRk;e

Therefore, in the rst case we have

M1 NN b> 1, kMR bki, MN-NR;

kMR bk5, FkNRK3 —

Wl < Wl <

where the last inequality follows from our choicefef In the second case we have

12
M NNCR bD o kMR bKG, 1,5 MNCNR S
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kMR bk3, F kNRK3 e

Therefore, in both cases

Y
1, -

M N-N°® b 3 5 kMg biZ , F kNRKZos (4.5.3)

Moreover,Y Y1e3, so thentl, Ye3°2 1. Y. Thus by (Equation 4.5.1), (Equation 4.5.2)

and (Equation 4.5.3), we have

KMz bid= M N-Ng b *1, Yomin X
X2R e
FN

P 1, Y min kMx bk«
X=

Finally, note thatNz = 0 and thatz is a feasible solution.

Now, we explain how the reduction to an equality-constrained least squares problem
in Lemma 4.5.0.1 applies to factor matrix update§uckerALS . For the factor matrix

updates, we solve a regression problem of the form:

o] 1= o 1= o 140 2
argmin Al A= A=l A* Glly bl - _kyki— (4.5.4)
y2R' =

wherebg is the8th row of the mode= unfolding of tensoX . Note that for anyy, G'Hy
is a vector in the column space @Lo. Thus,G'lzoy is orthogonal to any vector in the left
null space oG'lzo. LetN be a matrix in which the rows are a basis for the left null space of

G'H. Then, solving the following is equivalent to solving (Equation 4.5.4):

_ _ 2
min A" AT AT A* 7 bl
2

2
16l oz~ (455
Nz=0 - 2

5

wherelGlﬁ,Q is the pseudoinverse G'H,.
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2
To explain the 1G|H°= z , term, consider a vectgrthat under the transformati(ﬁl'lj,

goes toz, i.e., G'lzoy = z. The set of solutions to this linear systemlellzoo’ z, I

1G|1=0°’ G'lzoow, for all w by [186]. Moreover,lGllon zis orthogonal tdl * G|1=0°» G|1=0°W

because

| 0, -0 I o I (o] — | o | I 0, -0 | o | O
1uG)_ 0 7 1] 1 GI_% G oW = 11G,_° G| G} % 7 l1] 1 G!_° Gl _w
- | 0,50 l o, el | 0.l o
= 11G)_% 7 | 1G> Gl 1 G %Gl 'w
- | 0,50 | o | | | 0.l o
= 11G)_% 7 | 1GI% G, GGG, w

= Qe

Therefore, by the Pythagorean theorem, we have

2 | | 2
UG GlLow -

5

2
1G|1=0°’ z 1] 1t G|1=00, G|1=0°W , - 1G|1=o°’ 7

2
(o] 1G|H°> z, 11 G'lj,°= GLOOW X is minimized wherw = 0[109]. Thus, for allHsuch
thatG'ley = z, it follows thatlellzoo’ z minimizeskyk% in (Equation 4.5.4), hence we can
replacey by 1G|1=0°> z

Note thatN = | G|1=01G|1=o°= works because for any, by de nition of pseudoinverse:
1 G6leleecl y=16l, Gl w6l oGl oy=0.

More generally, a vectar is in the image ofG'lZ0 if and only if 1I G'lzolGLOQ °z = 0.

This is an alternate formulation of Lemma 4.5.0.1 and leads to Algorithm 18.

Theorem 4.5.0.3.Let_ 0, Y2 10-1-3° X j 0. ThenFastFactorMatrixUpdate

algorithm update#\:.o 2 R: " in TuckerALS with a1, Ye-approximation, with prob-

224



Algorithm 18: FastFactorMatrixUpdate

1 Input: TensorX 2Rt  # factorsA™ 2R= =coreG2R®1 #
index=, _ errorY probab|I|tyX

2 Set' «= "1 =1 = =1 #
3 K - AllO Al— 10 Al:, 10 Al#o
4 SetB Xi-o
5 Initialize product distribution data structuReto sample indices from
1 1A™%_  _ 1p'#%00
6 LetN=1.__ Gl Gl o
K 2
7 LetF 1, 1—Y2 p_lel o. N- asinlLemma4.5.0.2, and construct the
— 1—0 5
operator
K
M- = ‘16'1;’ 1GLJ° :
PN
«

using the Woodbury identity in (Equation 4.5.6)
SetB  dl680 «=In'40" °Int _«XCeYe
9 for8=1to -do
10 SetS  SampleRows K- BR®°
11 | Setk SKandb S,
12 Initializez O __
13 while has not convergedo
14 Update

[e0]

z 7211 Pvm. KK, FI°z, _GiL'Gl %z FGiLGi—oz Kb

using fast Kronecker-matrix multiplication
15 | Update factor matrix oy 2! G,

ability at leastl X in time

1 |I’# 1 1
$ 'ZYlogtrex, Lot ly2.

Proof. Each factor row matrix update ifuckerALS (Algorithm 16) has the form

1-0 2
= argmin KGl.y bl | _kyk% .
y2R' =
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Use Lemma 4.5.0.1 to reduce the factor matrix updates to solving the equality-constrained

Kronecker regression problem

2
Zopt =argmin kkz bgl k&, _ 1Gl_ oz .
Nz=0 - 2

The correctness of this algorithm is analogous to the argument in the proof of Theo-
rem 4.4.3.3, but now we have more sophisticated blocks in the data matrix and need to
account for them.

We solve each row update independently. The construction of the sketched submatrix

P

K guaranteesthatl. = Y° M is a 3-spectral approximation to the sketched normal matrix

Lkl k, _GiL1Gl> , FNIN-
with probability at leasii. X -, by Lemma 4.3.0.3. Thus, we can use the (non-sketched)
matrixM- as a preconditioner and exploit its Kronecker structure since this iterative method
converges ir$11° steps by Lemma 4.4.1.1.
It remains to show the main difference with Theorem 4.4.3.3: the time complexity of
one Richardson iteration (line 14 of Algorithm 18). We show in Lemma 4.5.0.4Mew
can be computed in time
G
$ '2.Y1llogt e vl
:=1
using the Woodbury matrix identity sindé- is a rank* - update toK! K | Fl°:.
The solution of each sketch is'a , Y°-approximation to the optimal factor row by

Lemma 4.3.0.4, and the success guarantee follows from a union bound ovepals.
Lemma 4.5.0.4.Line 13in FastFactorMatrixUpdate takes

€]
$ "2.¥1llogt e,
=1
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time after preprocessing.

Proof. Recall thatN = | G'lzolGLOQ and consider the following equality. Letting
I
K K
MEE Gl B Gl 4
PEN PEN
we have

M=K'K, GGl FN'N

=KIK, _GioGLL% |, FIl GG GlIGL0°

5 5

=KIK, Gio!Gl > FiU GG Gl Gl o GGGl 16l oo

=iKIK, FI°, _GiL1Gl_°

F1G;LGio, G/ 1G%  G;LGinG! 1G! o o
For any matrix, we have the pseudoinverse idemtitpA!l = Al | so it follows that
GGGl 16! o =Gl 16! o .
Therefore,

M= 1K| K, FI° G’l—olell_oo’ F1GiLGio G|1—OIG|1—00’ G|1—016|1_00’ °
=1KIK, FI°, _GiL'Gl> F1G;LGie®

=1KIK, FI°, Gt 1G> FGi0e
Applying the Woodbury matrix identity, we have

M- =1KIK Flo? (4.5.6)
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1KIK, FIo Gt 116Gl o FGio0KIK | FI° 1G;0 !

116l 0 FGiooK!K | Flo 1.
First note that

1,1 1G> FGiuKIK, FI° G, 2R = "=

5

. . . |
The time complexity of computing the factored SVDKfK is$? ...t .' 2 1o |n

TuckerALS , these are computed at the end of each factor matrix update and therefore do
not need to be computed in this step. After this, multiplying a vectdidyK ;| F1° 1 can

. I :
be doneintime& ' .- __._' <°byLemma 4.4.2.1. Therefore, computing
.1 16l o FGiwoKIK | FI° 1G;,

takes$ ' ! ’:#:1' . time. Computing the inverse of this matrix take$' | ° time. More-

over, this inverse can be used for all Richardson iteration steps and row updates. Finally,
observe that multiply any vector wi@;_, or 1_1G|H)°= FG:-° takes$ 1' © time. There-

fore, to evaluat®: z for anyz, we use (Equation 4.5.6) and repeatedly apply matrix-vector
multiplcations from right to left. The total running time per evaluation after preprocessing

is I
Now we show that the vector
kKlkz, GGl %z FNINz Kb

can be computed fast enough. By the same argument above, this is equivalent to

Kl K| FI°z, GGl %7z FGiLGioz Klbe
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Figure 4.1: Running times of Kronecker regression algorithms with a design matrix of size
=2 32.

We can computé! brin $' 2_Y Llogt X time, G;_'G!_° z andFG;_,G:-z take

$ 1 °time, and'K! K, Floztakes$?' | ' 2_Y llog! -+X°°time. Summing all of these

running times completes the proof.

Corollary 4.5.0.5. FastFactorMatrixUpdate updatesA*° 2 R: "¢ in

5 !
$ . 2VYlogizexe, 0 o tly?
=1

time, wherd | 0Ois the optimally balanceM exponent in Theorem 4.4.2.4.

4.6 Experiments

All experiments were run using NumPy [187] with an Intel Xeon W-2135 processor (8.25MB
cache, 3.70 GHz) and 128GB of RAM. TRastKroneckerRegression -based ALS
experiments for low-rank Tucker decomposition on image tensors are deferred to Sec-

tion 4.6.1. All of our code is available onlife

Kronecker regression. We build on the numerical experiments in [134, 56] for Kro-
necker regression that use two random factor matrices. We generate matficés? 2
R~ 3 where each entry is drawn i.i.d. from the normal distributidfl-0-001° and com-

. . . 2 .
pare several algorithms for solvimgin, A™ AZ°ox 1. 7 _kxkj as we increase

5

2https://github.com/fahrbach/subquadratic-kronecker-regression
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=—3 The running times are plotted in Figure 4.1.

The algorithms we compare are: (1) a baseline that solves the normal equation
IK”K, 1K”b

and fully exploits the Kronecker structure Kf K before callingnp.linalg.pinv() ;

(2) an enhanced baseline that combines the SVDs Ofwith Lemma 4.4.2.1, for exam-

ple, KronMatMul 1»1J'°0>_1J"2°0>14h0 ysing only Kronecker-vector products; (3) the
sketching algorithm of [56, Algorithm 1]; and (4) otrastKroneckerRegression

algorithm in Algorithm 17. For both sketching algorithms, we se 0«1 and X = 0-01.

We reduce the number of row samples in both algorithm&Jby 10 ° so that the algo-
rithms are more practical and comparable to the earlier experiments in [134, 56]. Lastly,
we set_ =10 3.

The running times in Figure 4.1 demonstrate several different behaviors. The naive
baseline quickly becomes impractical for moderately large value®p8. KronMatMul
is competitive for=  10%, especially since it is an exact method. The runtimes of the
sketching algorithms are nearly-independent.db6] works well for small3, but deterio-
rates tremendously &grows because it computésSKe” SK ;| |9 2 R% 3 and cannot
exploit the Kronecker structure &f, which takes$ 135 time.

FastKroneckerRegression , on the other hand, runs ®113% time because it
uses quadratic-time Kronecker-vector products in each Richardson iteration step (Algo-
rithm 17).

These experiments also show that combining sketching with iterative methods can give
bettersketch ef ciency Table 4.2 compares the losskdstKroneckerRegression
and [56, Algorithm 1] to an exact baseline OPT fdr= 64. Both algorithms use the
exact same sketcBK for each value of. Our algorithm uses the originaAK>K | _|°:

as a preconditioner to solve the sketched problem, whereas [56, Algorithm 1] computes
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Table 4.2: Kronecker regression losses for = 64. OPT denotes the loss of
the KronMatMul algorithm, DIJSSW19is [56, Algorithm 1], and Algorithm 17
is FastKroneckerRegression . We also record the relative error of each algorithm
and the number of rows sampled fravi® A%,

= OPT Algorithm 17  Approx DJSSW19  Approx  Rows sampled¥)

1024 0.031 0.032 1.051 0.035 1.138 0.0370
2048 0.123 0.126 1.026 1.577 12.792 0.0093
4096 0.507 0.520 1.026 275.566 543.776 0.0023
8192 2.073 2.136 1.030 333.430 160.809 0.0006
16384 8.238 8.608 1.045 546391.728 66329.791 0.0001

11SK9>SK , 19 1SKe” Shexactly and becomes numerically unstablefor 2048when
3 2 116-32-64g. This raises the question of how to combine sketched information with the
original data to achieve more ef cient algorithms, even when solving sketched instances.

We leave this question of sketch ef ciency as an interesting future work.

4.6.1 Low-rankTuckerDecompositiorof ImageTensors

Here we compare different Kronecker regression algorithms in the core update of the alter-
nating least squares (ALS) algorithm for Tucker decompositions. For the sketching-based
algorithms, we increase the number of row samples to study how this affects the qual-
ity of the tensor decomposition. We record the quality of the tensor decomposition using
the relative reconstruction errok X i-kx k2. The number of row samples used is

< 2 f10244096-16384, as in the experiments of [134, 56].

We compare against higher-order orthogonal iteration (HOOI) and ALS as baseline
algorithms. We use the Tensorly [188] implementation of HOOI, which is an industry stan-
dard. We do not use L2 regularization so that we can compare against HOOI. We compare
our Kronecker regression algorithm with [56, Algorithm 1], denotedDsSW19 The
running times reported are the mean iteration times, where an iteration includes all fac-
tor matrix updates and the core tensor update. Trials that ran out of memory or failed to

converge are denoted by a dash. All algorithms are run for ve iterations.
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Table 4.3: Relative reconstruction errors for cardiac MRI tensor with different multilinear

ranks.
FastKroneckerRegression DJSSW19
rank HOOI ALS 1024 4096 16384 1024 4096 16384
1,1,1,1 0.648 0.648 0.649 0.648 0.648 0.648 0.648 0.648
42,21 0569 0570 0.574 0571 0.570 0.573 0.571 0.570
44,22 0511 0511 0.533 0.514 0.512 0.561 0.515 0.513
8,2,2,1 0569 0.577 0.584 0.579 0.577 0.589 0.581 0.577
84,41 0448 0.452 0.491 0.459 0.453 0.488 0.458 0.454
8,442 0448 0.451 0.492 0.475 0.455 0.585 0.466 0.455
8,8,2,2 0.465 0.467 0.498 0.485 0.471 0.556 0.480 0.470
8,844 0.350 0.351 - 0.371 0.356 0.679 0.476 0.409

Table 4.4: Average iteration time of ALS with sketching-based Kronecker regression for
cardiac MRI tensor with different multilinear ranks (seconds).

FastKroneckerRegression DJSSW19
rank HOOI ALS 1024 4096 16384 1024 4096 16384
1,1,1,1 1.187 1307 1.328 1.334 1.321 1.397 1.313 1.346
4221 1429 1.368 1.345 1.326 1.349 1.395 1.350 1.383
4422 1458 1463 1.539 1.511 1.536 1.413 1.497 1.719
8,2,2,1 2401 1.339 1.421 1.415 1.347 1.368 1.300 1.425
8,441 1664 1435 1575 1.562 1.676 1573 1693  2.737
8,442 1745 1614 1782 1.754 2.137 1.820 2.667 6.496
8,822 1741 1.466 1621 1.810 2.079 1.751 2525 6.133
8,8,4,4 1784 1835 2131 2.745 5.210 9.199 35.977 128.538
Cardiac MRI. This dataset is @56 256 14 20 tensor whose elements are MRI

measurements indexed b$— H—P-where'G— HZik a point in space andcorresponds to

time.

We also investigate how sensitive the convergence rate of sketching-based ALS is to

the choice of the error paramet¥r First, we reduce the number of sampled rows by

U = 0001 to compensate for the large constant coef cient in Line 8 in Algorithm 17;
otherwise, we do not see any quality degradation evelY f00+99. Then in Table 4.5 and
Table 4.6, we compare the RRE at each step of ALS (without sampling) and when using

FastKroneckerRegression as a subroutine for decreasing value¥of

Hyperspectral. This dataset is 4024 1344 33 tensor of time-lapse hyperspectral

radiance images capturing a 1-hour interval of a nature scene undergoing illumination
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Table 4.5: Relative reconstruction errors for cardiac MRI tensor with multilinear rank
14-4-2-2° during ALS with and without usingastKroneckerRegression

routine.

Step

ALS

FastKroneckerRegression

Y=08 Y=04 Y=0-2

Y=01 Y=005

a b wNPE

0.55883
0.51292
0.51096
0.51081
0.

51079

0.56270
0.51609
0.51466
0.51338
0.51361

0.56044
0.51511
0.51206
0.51287
0.51286

0.55957
0.51443
0.51167
0.51171
0.51150

0.55942
0.51377
0.51139
0.51127
0.51126

0.55899
0.51316
0.51120
0.51102
0.51105

as a sub-

Table 4.6: Relative reconstruction errors for cardiac MRI tensor with multilinear rank
18-8-4-4° during ALS with and without usingastKroneckerRegression

routine.

Step

ALS

FastKroneckerRegression

Y=08 Y=04 Y=02

Y=0-1

Y = 005

a b wWwNPE

0.44961
0.36573
0.35488
0.35162
0.35081

0.45165
0.36707
0.35549
0.35293
0.35193

0.45084
0.36650
0.35571
0.35238
0.35149

0.45021
0.36612
0.35508
0.35201
0.35124

0.44987
0.36609
0.35516
0.35184
0.35100

0.44975
0.36579
0.35504
0.35177
0.35092

as a sub-

Table 4.7: Relative reconstruction errors for hyperspectral tensor with different multilinear

ranks.
FastKroneckerRegression DJSSW19
rank HOOI ALS 1024 4096 16384 1024 4096 16384
1,11 0.271 0.271 0.271 0.271 0.271 0.271 0.271 0.271
2,2,2 0.235 0.235 0.236 0.236 0.235 0.236 0.236 0.235
4,44 0.203 0.208 0.213 0.211 0.211 0.213 0.208 0.208
8,84 0.169 0.170 0.189 0.176 0.171 0.201 0.175 0.171
8,8,8 0.169 0.169 0.213 0.177 0.171 0.261 0.180 0.171
16,16,4 0.133 0.134 - 0.155 0.139 0.465 0.156 0.139

changes [58]. These hyperspectral images and the COIL-100 dataset have both been used

recently as benchmark tasks for low-rank tensor decomposition [139, 189, 136].

COIL-100. Thisdatasetis @200 120 120 3tensor that contains 7200 colored images

of 100 objects (72 images per object). These objects have a wide variety of geometric

characteristics and re ective properties. To construct this dataset, these objects were placed

on a rotating table and pictures were taken at pose intervals of 5 degrees [140].
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Table 4.8: Average iteration time of ALS with sketching-based Kronecker regression for
the hyperspcetral image tensor with different multilinear ranks (seconds).

FastKroneckerRegression DJSSW19
rank HOOI ALS 1024 4096 16384 1024 4096 16384
11,1 1873 2377 2222 2241 2.312 2224 2241 2.203
22,2 2019 2491 2449 2413 2.476 2.450 2.470 2.452
44,4 2255 2965 2.798 2.838 2.922 2.747  2.902 3.022
8,84 2.845 3.282 3.150 3.305 3.481 3.324  4.240 7.783
8,8,8 2.888 4.043 3.700 4.168 5.682 5.559 11.774 34.878
16,16,4 3.997 3.880 3.969 4.802 7.781 11.104 38.066 129.878

Table 4.9: Relative reconstruction errors for the COIL-100 tensor with different multilinear

ranks.
FastKroneckerRegression DJSSW19
rank HOOI ALS 1024 4096 16384 1024 4096 16384
1,1,2,1 0528 0.528 0.528 0.528 0.528 0.528 0.528 0.528
422,1 0460 0.460 0.463 0.461 0.460 0.464 0.461 0.461
8,221 0.460 0.460 0.472 0.462 0.461 0.466 0.462 0.461
8,441 0.414 0414 0.447 0421 0.416 0.443 0.420 0.416
8,442 0379 0.386 0.454 0.400 0.388 0.438 0.399 0.388
16,442 0.349 0.349 0499 0.377 0.355 0.517 0.376 0.356

Table 4.10: Average iteration time of ALS with sketching-based Kronecker regression for
the COIL-100 tensor with different multilinear ranks (seconds).

FastKroneckerRegression DJSSW19
rank HOOI ALS 1024 4096 16384 1024 4096 16384
11,11 2455 10.975 10.128 10.147 10.138 10.131 10.264 10.195
4221 6100 11.718 11.122 11.153 11.164 11.104 10.941 11.080
82,21 12.092 11.727 11.137 11.120 11.164 11.111 11.069 11.120
84,41 10.877 13.873 13.096 12.954 13.051 12.924 13.067 13.986
8,4,42 10906 19.614 17.862 17.784 17.984 17.957 18575 22.107
16,4,4,2 19.225 19.921 18.367 18.299 18.525 19.922 25.639 48.483

4.7 Missing Analysis from section 4.3

Here we show how to use leverage scores of the design maiR™ 2 to create a smaller

least squares problem whose solution vector givEl aYe-approximation to the original

regression problem. Our proof relies on several sketching and leverage score sampling re-

sults in randomized numerical linear algebra [177, 178, 175]. These prerequisite results are

well-known, but scattered through the literature. They are the building blocks for proving
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our approximate block-regression results in Lemma 4.3.0.4 and Corollary 4.3.0.5.

4.7.1 ApproximatelLeastSquares

We follow the outline of [176] (originally written in [152, Appendix B]). Consider the
overdetermined least squares problem de ned by a matr R™ 2 and response vector

b 2 R, where= 3 and rankA° = 3. De ne the optimal sum of squared residuals to be

R?=minkAx bk3e (4.7.1)
x2R3

Assume for nowA is full rank. Let the compact SVD of the design matrixde Up AVZ-

By de nition, Ua 2 R™ 3 is an orthonormal basis for the column spacedofLet U'-’A 2
R=" = ¥ be an orthonormal basis for the 3°-dimensional subspace that is orthogonal to
the column space @k. For notational simplicity, leb” = U,-ZU?A>b denote the projection
of b onto the orthogonal subspatl{. The vectorb” is important because its norm is
equal to the norm of the residual vector. To see this, observextban be chosen so that
Ax perfectly matches the part &f in the column space o4, but cannot (by de nition)

match anything in the range bf;:

R?=minkAx bkg= UZUZ"b ;= b7 3. (4.7.2)

We denote the solution to the least squares problergly hence we havie = AXopt , b?.
Now we build on a structural result of [178] that establishes suf cient conditions on
any sketching matri$ 2 RE = such that the solutiorept to the approximate least squares

problem
Xopt = argminkStAx  boks (4.7.3)

x2R3

gives a relative-error approximation to the original least squares problem. The two condi-
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tions we require of matri are:

p—
f2 1SU® 1o 2-and (4.7.4)
US S’ 2 YR%2- (4.7.5)

for someY 2 0-1°. While the algorithms we consider in this work are randomized, the
following lemma is a deterministic statement. Failure probabilities enter our analysis later
when we show our sketch matrices satisfy conditions (Equation 4.7.4) and (Equation 4.7.5)

with suf ciently high probability.

Lemma 4.7.1.1([178, Lemma 1]) Consider the overconstrained least squares approx-
imation problem in(Equation 4.7.1) and let the matrixUa 2 R~ 2 contain the top3

left singular vectors oA. Assume the matri$ satis es conditiongEquation 4.7.4jand
(Equation 4.7.5for someY 2 10-1°. Then, the solutionop: to the approximate least

squares problenfEquation 4.7.3¥atis es:

Aot b2 11, YYR?*-and (4.7.6)
2 1

Xopt  Xopt WYRZ‘ (4.7.7)
min

Proof. Let us rst rewrite the sketched least squares problem inducesidsy

2

minkSAX Sbiks =min SA Xopt , Y S AXept , b7 5 (4.7.8)
x2R3 y2R3
= min SAy Sb’ ;
y2R3
=min SUaz Sb’ e (4.7.9)
Z2R3

(Equation 4.7.8) is true because= AXqpt b?, and (Equation 4.7.9) follows because the

5

columns ofA span the same subspace as the columrisaofNow, letzgy: 2 R3 be such

thatUazopt = AlXopt  Xopt © @and note thakqpe minimizes (Equation 4.7.9). This fact
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follows from

2

L)
SAlx'Opt Xopt o Sb 2

= SA%p Sb b’ SV
Thus, by the normal equations, we have
1SUA®” SUaZopt = 1SUA®” Sb’ »

Taking the norm of both sides and observing that under condition (Equation 4.7.4) we have

f gt1SUAC” SUAC = f 8218UA° 1-p§, for all 82 »3Y;it follows that

Zopt 502 1SUn% SUaZopt 5= SUa® SB’ 5+ (4.7.10)

2

Using condition (Equation 4.7.5), we observe that

Zopt 5 2 1SUA" S 5 YRZ (4.7.12)

To establish the rst claim of the lemma, let us rewrite the squared norm of the residual

vector as

2

Axopt b 5= AXopt  AXopt , AXopt b ;
= Axopt AXopt 5. AXopt b (4.7.12)
= UaZopt 5.R?2 (4.7.13)
11, YR*- (4.7.14)

where (Equation 4.7.12) follows from the Pythagorean theorem $incé\Xopt = b?,
which is orthogonal toA, and consequentbAXon:  Xopt ©; (Equation 4.7.13) follows

from the de nition of zop; and R?; and (Equation 4.7.14) follows from (Equation 4.7.11)
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and the orthogonality diJ.
To establish the second claim of the lemma, recall fBtope  Xopt © = UaZopt -

Taking the norm of both sides of this expression, we have

2
2 UaZopt 5

Xopt  Xopt - t2 1p0 (4.7.15)
min
YR2
7 a0 (4.7.16)
min

where (Equation 4.7.15) follows sindgyjn*A° is the smallest singular value & and
ranktA° = 3; and (Equation 4.7.16) follows from (Equation 4.7.11) and the orthogonality
of Ua.

Next we present two results that are useful for proving our sket8lsesisfy the struc-
tural conditions in (Equation 4.7.4) and (Equation 4.7.5). The rst result s@tésis
a subspace embedding for the column spacEQf This result can be thought of as an
approximate isometry and is noticeably stronger than the desired conﬂﬁiQ*SUAo

1-p§.

Theorem 4.7.1.2([175, Theorem 17]) ConsiderA 2 R~ 2 and its compact SVIA =
Ua aVi. Letp 2 »0-1% be aV-overestimate for the leverage score distributiorfofLet
B j 1443In123+XC+1 /Y0, Let the matrixS 2 RB = be the output oBampleRows LA— Bp?

(De nition 4.3.0.2). Then, with probability at leadt X simultaneously for al§ we have
1 Y f21SUx° 1, Ye

For the second structural condition, we use the following result about squared-distance
sampling for approximate matrix multiplication in [177]. In our analysis of block leverage
score sampling (e.g., ridge regression), it is possible (and bene cialMhatl and that
rows are sometimes not sampled. We modify the original theorem statement and provide a

proof to show that the result is unaffected.
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Theorem 4.7.1.3[177, Lemma 8]) LetA 2 R= <, B 2 R~ ?, andBdenote the number of
samples. Let the vectpr2 »0-1% contain probabilities such that, for ali2 »=%we have

kag k2
Vil

?. -
° Ak

for some constanlf j 0. We require thakpk; 1, butitis possible thgb does not contain
all of the probability mass (i.ekpk, Y 1). SampleBrow indicestb'’— H— ¢ « « 280 from
p, independently and with replacement, and form the approximate product

~

1% 1
B, %ye

&0 bye. = 1SA°” SB-

whereS 2 RB = is the sampling and rescaling matrix who&¢h row is de ned by the

entries

% L if: =be
B.= pﬁ
_EO otherwise

Disregard trials that occur with the remaining probability kpk;. Then, we have

h i
> 2 1
E A°B !SA” SB . VBkAkE kBKZ «

Proof. First we analyze the entry ¢iSA°” SB at index18-%9 Viewing the approximate
product as a sum of outer products, we can write this entry in terms of scalar random
variables- g for C2 »B/as follows:

0104l 1 5
é%@eg with probability ?gfor each82 »=%: G

-c= o) ISA”SB ;= -
_EO otherwise with probabilith  k?k; Gl

239



The expected values efcand-  for all values ofCare

G 041 1
3 8lig S
E>*c1/4—::1?: B? ——BA B gg-and
E 2_(} 0:8192_1(} 0:81:92
A =1 B? _g'—l ? .

i _ . : :
Therefore E »SA®> SBl4e= g, E» &= 1A”B%%, which means the estimator is unbi-
ased. Furthermore, since the estimated matrix entry is the s@ni.of random variables,

its variance is

@
Var 1SA®”SB 4=  Varl-¢

c1

@3
= E -(2; E» &4

¢ !
_03 10 0glo? AR 2
- =B — 89

©1~3 =1 ?. I
_}G O:lig ° A"B 2 .
"B ?. 89

1

Now we apply this result to the expectation we want to bound:

h > > 2i GG > > 2
E A°B !SA”SB. = E ISA”SB,, A’Bg,
&1 o1
& & ) h iy
= E SA”SB,, E 'SA” SB g4
&1 o1
GO
= Var 1SA°” SB g
&1 %=1 |
_}G GG 0sle? AR 2
"B ) 89
&1 o=1:=1
L i - .
_1 5;:10:28 9:11:29 =6 O AR 2
= = 89
B;=1 ?: BS=1 o1
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10‘ ka, - k2 kb . k2
1 ?—.

Y
w! N
mN

=1
19 ka. k2 kb, k2

Bl ?.

The last inequality uses the fact that the Frobenius norm of any matrix is nonnegative.

Finally, by using thev-overestimate assumption on the sampling probabilities, we have

e g eprgp? LT kaigkok
OB, 2.
!
G ka. . K2 kb . k2
} kAk|2:2—22
=Bi\}<Ak§ Kb. . K3

=

\)<Ak2 kBkZ —
which is the desired upper bound.

4.7.2 Generalizingo SubmatrixSketching

Now that our main tools are in place, we extend the analysis of approximate least squares

to work with sketched submatrices of the vertically stacked block design matrix.

h i
Lemma 4.3.0.3.LetA = A;:A, be vertically stacked with; 2 R™ 3 andA; 2 R™ 3.

Letp 2 »0-1%2 be aV-overestimate for the leverage score distributionfaf If B j
1443 In123+ X1 VY0, the sketclS returned bySampleRows *A1— Bg® guarantees, with

probability at leastl. X that
11 YPATA 4 1SA® SA;, AJA24 11, YA Ae

Proof. Write the compact SVD of1 asA1 = Ua, Alv,jl. Theorem 4.7.1.2 guarantees
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that with probability at least X
1 Y f2SUy, 1,V

Therefore, we have

11 Ylg4 SUs, ~SUs, 4 11, Ylge

It follows that

11 YO/\E/\l =11 YOVAl Zl|3 Al\/;1
4 Va, ZlUZlS>SUAl AlVZl

= 1SA;%” SA;°

Similarly, we havetSA;°” SA; 4 11, YAT AzeWriting A”A = ATA1, AJAz as the sum

of outer products, we have

11 YA”A 411 YATA;, AJA;
4 1SA1%” SA1, ASA;
411, YATAL, AJAz

411, YYA”A-

which completes the proof.

Lemma 4.3.0.4(Approximate block regressionfonsider the problem

argminkAx  bkj
X2R3

h i h i
whereA = A;:A, andb = p; b, are vertically stacked and; 2 R™ 3, A, 2 R 3,

b1 2 R™, by 2 R™2. Letp 2 »0-1%2' be aV-overestimate for the leverage score distribution
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of A1. LetB 168 In1403°1 VY and letS be the output o6ampleRows 1A1— Bp°. If
% =argminogs kSPA1x  bi%k3 | kAx  boks —
then, with probability at leas® 10, we have
kAx bk 11, YYminkAx bkie
x2R3

Proof. Let X = 110 be the desired failure probability. Consider the augmented sketch

matrix

S Os-
= 7o (4.7.17)
It follows that
A
SA=g 4 (4.7.18)
Az

Let the compact SVD of beA = U V>. We prove that each of the structural conditions
aboutS”in (Equation 4.7.4) and (Equation 4.7.5) fail with probability at me<2. Then
we use a union bound and apply Lemma 4.7.1.1.

Satisfying structural condition 1. It follows from (Equation 4.7.18) that
1SPA°” SPA = 1SA®” SA, A Ay
Using Lemma 4.3.0.3, we know

11 YA”A 4 15°A°” A 4 11 YPA” A (4.7.19)
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SinceA”A =V 13 V> and!SPA°SPA =V >U>S®SU V7, itfollows from (Equation 4.7.19)
that
11 Vi34 15U sU4 11, Yig

since andV” are positive de nite. Thus, the rst structural condition (Equation 4.7.4) is
true with probability atleast X2aslongad Y 1-p§. This means the number of

samples needs to be at least

. 1443In143)X 16808 In143)C

B -
VIR v

Satisfying structural condition 2. We show (Equation 4.7.5) holds with probability
at leastl X2 using a modi cation of Theorem 4.7.1.3 and Markov's inequality. First
observe that

U”b? =U> U’U’ b = Oraneac—

whereb? is de ned as in Section 4.7.1. Thus, the second structural condition can be seen

as bounding how closely this sampled product approximates the zero vector. It follows that

U ssh? 2= Uh? ussh? 2

2
= U I, S”bp7;
2
_ »8= SS 0,
0
2
2
=0 1, Ssb,
= P S -

2

whered 2 R 3 andb? 2 R™ denote the rst=; rows of U andb?, respectively.

Now we bound the probability that a row indexlthis sampled when constructirgy
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which allows us to apply Theorem 4.7.1.3:

Prirow 82 »=¥is samplefl V gAL (4.7.20)
! k 1A1°K o
A.° AL TAC A°
Blkli 5 —iae 811 . (4.7.21)
rank'A; g A MAC
AL A° A°
1k1 A . 811 - (4.7.22)
ranktA; A TAC
2
o] kttg k2
= L (4.7.23)

ranktA° 3 i
i :
Weuse a,'A° | = g1, g"A°to denote the sum of leverage scoreéaforresponding
to the rows ofA;. (Equation 4.7.22) holds because leverage scores do not increase when
rows are added to the matrix, i.egtA1° gtA°. (Equation 4.7.23) is true because the
leverage scores & corresponding to the rows ify; are given by the submatrig in the

compact SVD ofA. Therefore, Theorem 4.7.1.3 guarantees that

Ussh? 2= o°n’  Su TS’

rankA4°

A oi ]

VOB

rank1A4° b? 2,
VB 2

Sinceb? is the residual vector, applying Markov's inequality gives us

Ykb?KZ2  rank!Aq° > 2 2 rank!A°
Pr U>s®sh? 2 2 b? =
' 2 T3 VB 2 Yo7 I2 VBY

. (4.7.24)

To upper bound (Equation 4.7.24) by a failure probability«®, the number of samples
needs to be at least
4 ranklAlo.

VXY

B
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Conclusion.Since3 rankA;° andX= 110, it follows that

16801n143+)° 43  16808In1403°
v VXY 2%

maxf

samples are suf cient for both structural conditions to hold at the same time with probabil-
ity atleastl * X2 X2°=1 Xbyaunionbound. Finally, we may apply Lemma4.7.1.1

to achieve thél , Y°-approximation guarantee.

Corollary 4.3.0.5. ForanyA 2 R= 3,b 2R3, 0, consider

argmin kAx bks, _kxk3 e
x2R3

LetB 168 Int403°«1 VY andp 2 »0-1%2 be aV-overestimate for the leverage scores
of A. If Sis the output oSampleRows *A— Bg®, then, with probability at leas@ 10, the
sketched solution

x =argmin kS'Ax  boks, _ kxk
x2R3

gives all, Ye-approximation to the original problem.

Proof. This is an immediate consequence of our results for approximate block regression

in Lemma 4.3.0.4. Consider the augmented matrices

A b
A’=g 7 and b°=§ Ze
_l3 d
For anyx 2 R3, we have
2

X b 5 )

kA% bIG= 6 = kAx bk3, _kxk3e
X
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Therefore, it suf ces to approximately solve
argminkA%  b%-—

x2R3

SO we can use Lemma 4.3.0.4 to complete the proof.
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CHAPTER 5
APPROXIMATELY OPTIMAL CORE SHAPES FOR TENSOR
DECOMPOSITIONS

In this chapter, we study the combinatorial optimization problem of nding an optimal
core tensor shapealso called multilinear rank, for a size-constrained Tucker decomposi-
tion. We give an algorithm with provable approximation guarantees for its reconstruction
error via connections to higher-order singular values. Speci cally, we introduce a novel
Tucker packing problepwhich we prove is NP-hard, and give a polynomial-time approxi-
mation scheme based on a reduction to the 2-dimensional knapsack problem with a matroid
constraint. We also generalize our techniquesde tensor network decompositiona/e
implement our algorithm using an integer programming solver, and show that its solution
guality is competitive with (and sometimes better than) the greedy algorithm that uses the

true Tucker decomposition loss at each step, while also running up to 1000x faster.

5.1 Introduction

Low-rank tensor decomposition is a powerful tool in the modern machine learning tool-
box. Like low-rank matrix factorization, it has countless applications in scienti c com-
puting, data mining, and signal processing [129, 131], e.g., anomaly detection in data
streams [132] and compressing convolutional neural networks on mobile devices for faster
inference while reducing power consumption [59].

The most widely used tensor decompositions are the canonical polyadic (CP) decom-
position, Tucker decomposition, and tensor-train decomposition [190]—the last two being
instances ofree tensor networkgl91]. CP decomposition factors a tensor into the sum
of Arank-one tensors. Tucker decomposition, however, speci es the'rank each di-

mensior=and relies onacoretens6r2 R'* ' # for reconstructing the decomposition.

248



Figure 5.1: Pareto frontier of core shapes2 204 for hyperspectral tensoX 2
R10241344 33 plots the RRE, i.e.! X +%KkX k2, as a function of compression

rate. RRE-greedy builds core shapes by computing Tucker decompositions at each step.
HOSVD-IP is Algorithm 20 with integer programming, which builds core shapes via a sur-
rogate packing problem on higher-order singular values.

The notion ofmultilinear rankr = 1' ;—eee—;° puts practitioners in a challenging spot
because the set of feasible core shapes can be exponentially large. Furthermore, search-
ing in this state space can be prohibitively expensive because evaluating the true quality
of a core shape requires computing a Tucker decomposition, which for large tensors can
take hours and consume hundreds of GB of RAM. For example, in the MATLAB Tensor
Toolbox [133], we need to specify the core shape paranratées in advance before
computing a size-constrained Tucker decomposition.

In practice, the most popular Tucker decomposition algorithms are -thencated
higher-order singular value decomposition (HOSVD) in [55], sequentially truncated ST-
HOSVD in [192], and higher-order orthogonal iteration (HOOI), which is a structured al-
ternating least squares algorithm.

We explore the simple but fundamental discrete optimization problem for low-rank

tensor decompositions:
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If a Tucker decomposition of can use at mos® parameters, which core

tensor shape minimizes the reconstruction error?

This is a multilinear generalization of the best ralkatrix approximation problem. While
there are many parallels to low-rank matrix factorization, tensor rank-related problems can
be thoroughly different and more challenging than their matrix counterparts. For example,

computing the CP rank of a real-valued tensor is NP-hard [60].

5.1.1 Ourcontributionsandtechniques

We summarize the main contributions of this work below:

1. We formalize the core tensor shape problem for size-constrained Tucker decompo-
sitions and introduce th@ucker packing problepwhich we prove is NP-hard. The
approximation algorithms we develop build on a relationship between the optimal
reconstruction error of a rankTucker decomposition and a multi-dimensional tail

sum of its higher-order singular values [55, 193].

2. We design a polynomial-time approximation scheme (PTAS) for the surrogate Tucker
packing problem (Theorem 5.4.2.5) by showing that it suf ces to consider a small
number of budget splits between the cost of the core tensor and the cost of the fac-
tor matrices. Each budget split subproblem reduces 2edanensional knapsack
problem with a partition matroid constrairgfter minor transformations. We solve
these knapsack problems using the PTAS of [194], or in practice with integer linear

programming.

3. We extend our approach teee tensor networkswhich generalize the Tucker de-
composition, tensor-train decomposition, and hierarchical Tucker decomposition. In
doing so, we synthesize several works on tree tensors from the mathematics and

physics communities, and give a succinct introduction for computer scientists.

250



4. Finally, we demonstrate the effectiveness of our Tucker packing-based core shape
solvers on four real-world tensors. Our HOSVD-IP algorithm is competitive with
(and sometimes outperforms) the greedy algorithm that uses the true RRE, while

running up to 1000x faster.

5.1.2 Relatedworks

Core shape constraints. [195] introduced the problem of computing the best rar&n-
sor approximation for @respeci edcore shape, and demonstrated the bene t of initial-
izing the decomposition with a truncated HOSVD and then running iterative methods such
as HOOI. [196, 197, 198, 199, 200] consider this problem for rafak-A— A° decompo-
sitions and develop a suite of advanced algorithms: a Newton method on Grassmannian
manifolds, a trust-region method on Riemannian manifolds, Jacobi rotations for symmetric
tensors, and a Krylov-type iterative method. All these works, however, are concerned with
optimizing the tensor decomposition for a xed core shape—not with optimizing the core
tensor shape itself.

[173] and [174] recently exploregnk-adaptivemethods for HOOI that nd minimal
core shapes such that the Tucker decomposition achieves a target reconstruct error. They
also leverage properties of the HOSVD, but tlikynot impose a hard constraint on the
size of the returned Tucker decompositidiel] generalized the RRE-greedy algorithm

in Figure 5.1 to tensor networks for both rank and size constraints.

Low-rank tensor decomposition. [153] gave polynomial-timél ;| Y°-approximation

algorithms for many types of low-rank tensor decompositions with respect to the Frobenius
norm, including CP and Tucker decompositions. [154] showed that if a third-order tensor
has an exact Tucker decomposition, then all local minima of an appropriately regularized
loss landscape are globally optimal. Several works recently studied Tucker decomposition

in streaming models [156, 158] and a sliding window model [132]. Fast randomized low-
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rank tensor decomposition algorithms based on sketching have been proposed in [136, 151,

189, 155, 157, 139, 201, 202].

5.2 Preliminaries

Notation. The order of a tensor is its number of dimensions. We denote scalars by
normal lowercase letterG@ 2 R, vectors by boldface lower lettess 2 R™, matrices by
boldface uppercase lettels 2 R =, and higher-order tensors by boldface script let-
tersX 2 R1? #. We use normal uppercase letters for the size of an index set, e.g.,
»Yie 12— ¢ o —¢f We denote th&th entry of vectox by G, the18—%th entry of matrix

X by Gg and thel8— 92-th entry of a third-order tensot by Gg.

Tensor products. The bers of a tensor are the vectors we get by xing all but one in-
dex. For example, iK 2 R3, we denote the column, row, and tube bers ¥y, Xg: ,
and xge, respectively. Thanode= unfoldingof a tensorX 2 R: #is the matrix
Xi 2 R=" "= 1=1""#° that arranges the mode-bers of X as columns 0. or-
dered lexicographically by index.
We denote the-mode producbf a tensorX 2 R!  # and matrixA 2 R # by
Y =X -A,whereY 2R! =1 =1 # . This operation multiplies each mode-
ber of X by A, and can be expressed element-wise as
(o3
X =A%..g 198 jo0e8 = @ geeeg Oog®
g=1
The inner product of two tensobs -Y 2 R1? # is the sum of the products of their
entries: o .
S 0e O
I‘D( _Y | = %&0008 l_h&..og A
§=18=1 &=1

The Frobenius norm of a tens®r is kX kg = P X =X i.
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Tucker decomposition. The Tucker decompositionf a tensorX 2 Rt # decom-
posesX intoacoretensoiG 2 Rt ' # and# factor matricesA™ 2 R= " =. We refer
tor =1' —eee—;0 as thecore shapewhich is also called theultilinear rankor trunca-

tion of the decomposition. We denote the loss of an optimal rafkeker decomposition
by
def 2

11X 2= min X G AT , s A% e
G2R' 1 " # F

5.3 Reduction to HOSVD Tucker packing

5.3.1 Higher-ordersingularvaluedecomposition

We start with a recap of the seminal work on higher-order singular value decompositions

(HOSVD) by [55].
Theorem 5.3.1.1([55, Theorem 2]) Any tensoiX 2 R1? # can be written as
X — S 1 U110 ) “ U1#o_
where eacHJ'™ 2 R= = is an orthogonal matrix an 2 Rt # is a tensor with

subtensors$ g -y, obtained by xing the=-th index toU, that have the properties:

1. all-orthogonality:for all possible values of, U andV subject toU < V, two subten-

sorsS g-y andS g-yare orthgonal, i.e.JS g--S g=vi = 0whenU< V,
2. ordering:for all values of=, Sg=1 Sg=2 Sg=_¢ O

Furthermore, the valuesS g-g .., denoted by 8@, are the singular values of the mode-

unfoldingX:-, and the columns d§"= are the the left singular vectors.

Next, we present th&uckerHOSVD algorithm. This is a widely used initialization
strategy when computing ranmkTucker decompositions [129], i.e., if the core shape

predetermined.
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Algorithm 19: TuckerHOSVD
1 Input: X 2R! #,core shape = 1' (—eee—4°
2 for==1to# do
s | A™ ' _top left singular vectors oK.
4 G X 1A110 2 # Al#o
5 return G-A™T’-A'Z—eespA'#°

The output ofTuckerHOSVD has the following error guarantees [55, 193]. These
bounds suggest a less expensiuerogate loss functioto minimize instead when optimiz-

ing the core tensor shape subject to a Tucker decomposition size constraint.

Theorem 5.3.1.2[55, Property 10]; [193, Theorem 10.2or any tensoiX 2 R? #
and core shape 2 » 1% » u#Ylet the output ofTuckerHOSVD!X —+° beG 2

R:1 '#andA™ 2R-= "=, foreach=2 »#vIf we let

def 110 140
R vosvoie =G 1A w AP (5.3.1)

denote the reconstructadtruncated tensor, then

Qz

>, @
X R Hosvpiro . fg

2
Furthermore, we haveX —+° X X {osvpye c*

Theorem 5.3.1.2 implies that the following function is a meaningful proxy for the re-

construction error of an optimal rankfucker decomposition.

De nition 5.3.1.3. De ne thesurrogate lossf core shape as

eix o =% (5.3.2)
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To summarize so far, for any core shap2 » 1Y » u#Yawe are guaranteed that
1
r €1X 40 11X 40 €1X 40

5.3.2 Tuckerpackingproblem

Next, observe that the sum of squared singular values across all madfeldings ofX
is
G606 .. O
=18=1 =1

This means we can solve a singular value packing problem instead by considering the
complement of the surrogate loss. The following lemma is a wrapper for the truncated

HOSVD error guarantees in Theorem 5.3.1.2.

i
Lemma 5.3.2.1.For any tensoiX 2 R1! # and budge2 1 le - for the size of

5

the Tucker decomposition, let the set of feasible core shapes be
=fr 2 »1Y% » 4Yi ' o == 20

Then, we have

GO Lo

def
f &

@ = argmin€1X —°=argmax
r2 r2 —=18=1

Further, if r d=efarg min, !X —°is an optimal budget-constrained core shape, then

I 1X ©° # | 1X — O
Proof. For any=, we have
O 2

8=1



Therefore, for any choice of= 1" 1—"'p—e¢*—;° we have

Bt #
06 . & O

= = 2 2
£ £ = # kK KR
=18=1 =18="' = 1

This is a constant value that only dependsXon so minimizing€1X —°is equivalent to
maximizing the packing version since both problems optimize over the same set

Lastly, we have
e1X e©° €1X 4y ©° # 11X 4O

where the rst inequality follows from optimizing the surrogate loss and the second in-

equality follows from Theorem 5.3.1.2 since that result holds for all core shapes.

To nd a core shape whose optimal Tucker decomposition approximates the optimal
loss! 1X — © subject to a size constraint, we solve the maximization problem described
in Lemma 5.3.2.1. Optimizing this proxy objective is substantially less expensive than
methods that rely on rank-Tucker decomposition solvers as a subroutine. We formalize

this idea by introducing the more general problem below.

.. - . #
De nition 5.3.2.2 (Tucker packing problem)Given a shapé ;—ese*+° 2 Z%,, # non-

increasing sequences- 2 R " and abudge 1, theTucker packing problerasks to

nd a core shape 2 » 1% » #Vihat solves:
G o6
maximize Og (5.3.3)
=18=1
€ €]
subject to ‘o, == 2 (5.3.4)
=1 =1

o, T o
We also denote the objective t&r° def le g1 0g *To prove this problem is NP-hard
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we need the following de nition and theorem.

De nition 5.3.2.3. Let# 2 be an even integer and;—+++*—F 1 be integers. The
EQUIPARTITION problem asks to determine whether there exists a ubset ¥of size

=+ 2 such that .
O O

&( B EA

Lemma 5.3.2.4(]203, SP12]) EQUIPARTITION is NP-complete
We now give a reduction from the equipartition problem to the Tucker packing problem.
Theorem 5.3.2.5.The Tucker packing problem iéP-hard

Proof. Let)—F;—+++—Fbe an instance of EQUIPARTITION whefe- 2 for all = 2
» ¥ Notice that the assumptioR-= 2 is without loss of generality because we can
multiply all of the valued=1— e « « —Fby two.

Let" = | -0 v = be the sum of all weights, and |ét ) be the smallest integer
such tha®” )2 41# )°_3" «2. Now we construct an instance of the Tucker packing

problem. For eack 2 » %let:

L]

OH
[ lé)
1

N

0 =0, forall& 2 »-¥ni-2g

Next, for each= 2 »# V4 n)Wlet:
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Finally, set the budget to 2= 2% )*2 41 )o 3" 2,
First, notice that this is a valid instance of the Tucker packing problem Ql{ﬁ’:e
0, 0 for all = 2 »# ¥4 Further, sincet =$1) log,13" +2°° and0, = O for
& 2 » -Yan1-2g, the size of the description of this problem is polynomial in the size of the
description of the corresponding EQUIPARTITION problem.
Now we consider a decision version of this Tucker packing problem in which we are

asked to determine whether there exists a feasible soltitipae » « —; ° such that

G O

Op " 14# 3)e20 " o2 (5.3.5)

=18=1

We show that a positive answer to the decision version of the Tucker packing problem
in (Equation 5.3.5) implies a positive answer to the EQUIPARTITION problem and vice
versa.

Suppose the answer to the decision version of the Tucker packing problem is YES, and

r is an optimal solution such that

& 6 €} €}
Op " 4# 3)e2°," +2 and R = 2
=18=1 =1 =1
Since
2=20)°2 g )0 3" e2Y2 2F)2=0F )2l
there are at most ) <2 values of' _ such that - 2. Further, since);:) = O for all

& 3,weneverhavé_ 2inaminimal optimal solution. It follows that_ 2 f1-2gfor

all =2 »#Y,and )
o
] - 2# )'2.

=1

Next, we establish the structure of an optimal solution to this Tucker packing instance.
Observe thap = 10—eee,owith b, = =1 =1andby ;= =9, =2is

a feasible solutiom that achieves an objective value 'bft4# 2) °. Now consider any
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feasible solution in which there exisd2 » Yand 9 2 »# Y n)»¥.such that g = 2 and
' 9= 1. If we switch the values of gand' g, then the cost decreaseslby 2 0(i.e.,
the solution is still feasible), and the objective value increases byFgi 0. Therefore,
sinceb is feasible, in an optimal solution we have = 2 for all = 2 »# %4 n)»/and at most
) «2 of the' ~'s for = 2 » Yare equal to two.

Let( =825 ¥ ' g =2g. Then by construction we have
6 .. O 0

0, = ™ F2=" (],

=2( =2( =2(

PV 1j(, 10

Moreover, since the answer to the decision problem is YES and in an optimal solution

we have' _ = 2for all =2 »# ¥4 n)»it follows that

CN) 1-0 @ 1-0 @ 1-0
0;°=5r° 0 0;° (5.3.6)
:2( =1 ::) ) 1

S5r o 2#" 21 )"

"LAH 3)e20 " .2 2#" 21y )o

= ") .2’ " .2.

Therefore,
T, 100 .2, " 02—

which impliesj(j j ) *2 12, s0j(j ) e2sincej(jand) «2 are integers. Using the
characterization above about an optimal solution together with the fact that the budget is
strictly less thar2* ) *2 1 gives usi(j ) +2 Thus, aYES tothe decision problem implies
thatj(j =) <2, which further impliesI le' _=2%)°2

It then follows from our choice of budg@tthat

.2 2P )2z Yo 30 e
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which then by the de nition of - implies that

0] € ' O
Fo 2. =" F. 4 )o
=1 ::)’1 =2( ~
@)
4% )0 3" .23  Fo " e2e
:2(

Furthermore, using (Equation 5.3.6), the de nition ofﬂi,téo's, and the factthat(j =) «2,

we have
6 ., O 0 o)
0, = ¥ FL=j(j", F= ") 2,729  F= "2
=2( =2( =2( =2(
. . i . .
Putting everything together, we get, F= = " «2. Therefore,( is a solution for the

EQUIPARTITION problem.

Now supposelthe answer to the EQUIPARTITION problem is YES.(Let ) ¥such
thatj(j=) 2 andI - F==" +2 Construct as follows: For eack 2 ( [*» #¥a n)»W/.?
set' _=2;foreach=2 » Yarf, set' _=1.

Then, by the de nitions of - andof’ above, we have

G O G G

Op " 4# 320 "2 and oL 2l 22—
=18=1 =1 =1

which completes the proof.

NP-hardness motivates the need for ef cient approximation algorithms. In Section 5.4,
we develop gpolynomial-time approximation scher(feTAS) for the Tucker packing prob-
lem. We leave the existence of a fully-polynomial time approximation scheme (FPTAS) as
a challenging open question for future works.

To conclude, since Tucker packing is the complement of surrogate loss minimization,
we must quantify how &1 YP-approximation for the packing problem can affect the error

incurred in the surrogate loss.
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Lemma 5.3.2.6.Letr 2 » Vi » u#Ype any core shape that achievesla Ye#°-

approximation to the Tucker packing problem. Then, we have

RREXX «4° # RREX + °, Y-
whereRREIX —0:= | 1X 0% kX k2.

Proof. Let Y= 7 ande be the optimal shape for the surrogate [Bs$f r = ' j—eee—4°

isall Y®-approximation to the Tucker packing problem, it follows that

[ 10 2
2 - =
kX k2 kX K2
i ie 1—02
2 — =
#KX k11 Yo R o fg
kX k2 !
eiX e° eiX e°
kX k& ° kX k2
eix o
kX k& °

Theorem 5.3.1.2 gives UstX —+©° €1X —©° # 11X —° By de nition

€i1X e° €1X 4 °o_
so we have

RRELX _ro_!lx 40 €1xX 40 €1X 0O
- 2 2 2

kaF kaF kaF

€i1X yo© 11X 4 ©

—.Y # ———— Y=# RREX o ° Y-
kX K2 kX K2

as desired.

Remark 5.3.2.7.We can obtain global approximation guarantees for Tucker decompo-
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sition reconstruction error by (1) nding an approximately optimal core shape, (2) run-
ning TuckerHOSVD to initialize the Tucker decomposition, and (3) using alternating least
squares (ALS) to improve the tensor decomposition. This is analogous to-hwans++

enhances Lloyd's algorithm [204].

5.4 Algorithm

5.4.1 Warm-up:Connectiongo multiple-choiceknapsack

To start, consider a simpli ed version of the Tucker packing problem that only accounts
for the size of the core tensor, i.e., the factor matrices do not use any of the budget. We
show that after two simple transformations this new problem reduces touhiple-choice
knapsack problepiwhich is NP-hard [206] but has an FPTAS [207].
Concretely, the optimization problem is
. . @ 6: 1=0
maximize Og (5.4.1)
=18=1
&
subject to . 2 (5.4.2)
=1
Pre x sums transformation. To get closer to a 0-1 knapsack problem, de ne new coef-

cients by taking the pre x sums of thé:;'s, for each=2 »# Yand8 2 » -V

G

1=0 def 10
? =
% 0g °
a=1

1The multiple-choice knapsack problem is a 0-1 knapsack problem where the items are partitio#ed into
classes and exactly one item must be taken from each class [205].
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This “core size-only” Tucker packing problem can be reformulated as the following integer

program:
maximize ?
subject to & 2 (5.4.3)

=1 8=2 #Y,

2 f0-1g &2 #%82 »-Ya

We optimize oveB instead of - for notational brevity.

Log transformation. Next, replace constraint (Equation 5.4.3) with the linear inequality

@ (5: 1=0
log'8°G,  logt2°.
=18=1
This substitution is valid because in any feasible solution, for ea2h»# % exactly one

of G —G —«++-Gis equal to one and the rest are zero. Putting everything together, this

core size-only Tucker packing problem is the following multiple-choice knapsack problem:

.. G C): 10 _1-0

maximize ?a (5.4.4)
==18=1
@ C): 1-0

subject to log'8°G  log*2°
==18=1
62 1—0

- =1 8=2 ¥

g=1

Theorem 5.4.1.1([207]). There exists an algorithm that computekla n°-approximation
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to problem(Equation 5.4.4)n time and spac8 1# 2Y 1! il =0.

The FPTAS in Theorem 5.4.1.1 for multiple-choice knapsack uniformly downscales all

coef cients ?:;) in the objective, rounds them, and then uses dynamic programming.

5.4.2 PTASfor the Tuckerpackingproblem

Now we consider the true cost of a Tucker decomposition, i.e., the size of the core tensor
and the factor matrices. We rst introduce a simple grid-search algorithm that solves ap-
proximate Tucker packing for a general class of feasible solutionsdoemwards closed

sety. This captures the Tucker packing problem and will be useful for extending our results

to tree tensor networks in Section 5.5.

De nition 5.4.2.1. Forany# landl j—ee*5°2Z" let » 1% » #YThe

set is downward closedf for any pairt' j—eee—40-1' 8—---—20 2 »1Ya » 4 Ya
suchthat & ' _forall =2 s# %' 1—ee+—4°2 impliesthatt' {—eee-202
Lemmab5.4.2.2.LetOYY 1land » 1% » #Ybe downwards closed. For each

=2 »#Yxde ne
(X =f11  ::2Z =11, n®  _gr

Letr be an optimal solution to the generalized problem

@ 6: 1-0
maximize Og (5.4.5)
==18=1

subjecttol’ 1—eee—4° 2

and letr™ = 1' [~ «++ Y0 e an optimal solution to
@ éz 1-0
maximize Og (5.4.6)
=18=1
subject to1' 1—eee—0 2 1( " (. o\
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Then,5tr"° 11 Yo 151y o Further, there is an algorithm that nds an optimal solution

. . . . | |
of (Equation 5.4.6ith running time$ ~ %, -, Y# % 1 log,t -0

Proof. Let: = 0Obe the largest integer such that Y°-= ' _for each= 2 »# Y Further,
let

b= 11, o= .
Since' _is an integer, we know th&- ' _. Therefore, becauseis downwards closed,

b =1b,—eseh, 05 3 feasible solution to (Equation 5.4.6). It follows that

5o 5ir Y0 (5.4.7)
Now we will show that5r © 11, Y°54p°, Sinceof0 Oljo 0 for all
=2 »# Yawe have j "
T
11, 0 Op * (5.4.8)
g=1 &=1

By the de nition of : -, it follows that

11, ebo=11 e 11 o=

11, et
i o=*
] k
Since' _is an integer, we havell , n°b. ' _. Therefore, using (Equation 5.4.8), we
have
@: 1-0 O: 1—0
1, n° O Og (5.4.9
g=1 g=1

Finally, summing over 2 »# ¥and using (Equation 5.4.7) gives us

11, i°54%° 5ir° =) Gye 11 vy loiyo.
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Algorithm.  Now we design and analyze a simple algorithm to solve the grid-search prob-

lem in (Equation 5.4.6). First observe that

1y, log,?! -°
2

i=z1 o 10 =1 2 =

J(— J 5 gl)Y 5 |og211’ Y)

It follows that the number of feasible solutions for Problem (Equation 5.4.6) is

| |
o | o |
s 1, 2= g 1T g g -
_, T ogT, ¥ og 1. ¥ _,

sincelog,1, Y 1forY 1. Further, observing thdbg,?1, Y YforOYY 1

implies a bound of !

on the number of feasible solutions.

After computing the pre x sums for elements (o}YD's, we can iterate over the elements
of (iw (;YO in the lexicographical order, check for feasibility, and compute the
objective value5tr® for any candidate solution in amortized tirfié 1°. Finally, note that

the pre x sums for elements c(f;w can be computed ifi t -° time.

The time complexity in Lemma 5.4.2.2 is exponential in the order of the tensor, so we
now focus on designing our main algorithhuckerPackingSolver , whose running

time is$ Lpolyt#—log 2—-°° for constant values of j O.

Algorithm description. There are two phases in this algorithm: (1) exhaustively search
over all “small” core shapes by trying all budget allocation splits when the factor matrix
cost is low; and (2) try coarser splits between the core tensor size and factor matrix costs.
In the large phase, we show that it is suf cient to consifiétog, y2° such splits. Each
budget split induces a problem of the form (Equation 5.4.12), which after applying pre x

sum and log transformations becomes a fam@ialimensional knapsack problem with a
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partition matroid constrairnt

maximize ’?;:0 u (5.4.10)
=18=1
¢ O oo
subject to logl8°G  log 2or
=18=1
G O -
:&% 2 2core
=18=1
C): 1-0
- =1 8=2 HYa
=1

2 f0-1g 8=2 H Y82 »_Yi

More generally, (Equation 5.4.10) is3budgeted matroid independent set problem
(see, e.g., [194]), in which a linear objective function is maximized subje8tkimapsack
constraints and a matroid constraint. Recall that the multi-dimensional knapsack problem
(even without any matroid constraints) does not admit an FPTAS unledd$fP[208, 209].

It does, however, have a PTAS as shown by the next theorem.

Theorem 5.4.2.3([194, Corollary 4.4]) There is a PTAS (i.e., &1 YC-approximation

algorithm) for the3-budgeted matroid independent set problem with running time

$ 1< $ l32'Y°o_

where< is the number of items.

. : : o
The number of items in (Equation 5.4.10)<s = le -, one for each core shape

. : . . o o i $11-Y
dimension choice. Thus, sin@& = 2, this gives a running time d§ le =

This in turn allows us to bound the overall running time of Algorithm 20.

Remark 5.4.2.4.We can use integer linear programming solvers (Bquation 5.4.10)

instead of [194], but this is possible only because we decouple the core shape cost and the
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factor matrix cost, i.e., because of tBgcior and 2:ore budget splits.

Algorithm 20: TuckerPackingSolver
1 Input: shape! 4—e<++° 2 Z* , # non-increasing sequencas” 2 R %,
budge2 1, %, - erorni0
2 Initialize ( ce
3 for 2eactor 2 »dleYe  *., _Ydo
4 Letr%be all Ye-approximate solution to:

maximize |51r° (5.4.11)
subjectto . %"= 2 Znctor
| 4 . )
=1 = = factor

' = 2 »mintdle Ye— %% 82 Y

5 | Update( ([fr%

6 for: =0to log; ,2 do

7 Set2ore ! i, ne:

8 | Letr"°beall Ye-approximate solution to:

maximize |51r° (5.4.12)
subject tol, 1= 2o0re
ﬁ:l == 2 Zcore
I:2»:]/4 82 »#]/4

o | Update( ([fr"°g
10 return arg maxy 5t

Theorem 5.4.2.5.1f 0 Y Y Y 1¢3, then Algorithm 20 returns 41  3nP-approximate

solution to Problen{Equation 5.4.5)n time

Proof. TuckerPackingSolver solves for two types of shapes: (1) “small” solutions
where each = dl*Ye, and (2) “large” solutions where= j dleYefor some=2 »# %
In the small phase, observe that since mintdle Ye— -°, the factor matrix cost is

[ | _ .
le == dlYe le -. Therefore, we can exhaustively check all small budget splits
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of the form2sctor 2 »dle YeI #:1 =YaEach splitinduces a 2-dimensional knapsack problem
with a partition matroid (but for a smaller set of items), so use Theorem 5.4.2.3 to obtain a
11 Ye-approximation for each subproblem. If an optimal solutioto the Tucker packing
problem is small, then Algorithm 20 recovers an approximately optimal objective.

For the large phase, assume that the optimal core shapes a dimensior 2 ># Y4
such that . j dl*Ye. The algorithm searches over large shapes indirectly by splitting the
budget2 between the size of the core tensor and the total cost of factor matrices. A crucial
observation is that we only need to chekklog, y2° different splits becausthere is a
suf cient amount of sIackAin the large dimension.

To proceed, leR.y = ! # ' ——and let: be the largest integer such thdt, Y°:
2.0 D€ NE Beore= 11, Yo', and let = 10—« ¢ oDy 0 where

% if =< <—

'b::
.E':oll’YO if == <e

Since we assumeéd,  dleYeis a large dimension,
bo= ' _e11 Y bpdeYeell, Yoce

Next, observe that

@ .b_ 1 @ ._: Zcore
=1 1“ Y::]_ 1’ Y
11, ye: .1 |
Y ’].,Y =11, Y =Beore
i i
and %, -b_ Pl 2 2ge 2 Beore Thereforep is a feasible solution
of (Equation 5.4.12) for = : . Furthermore5tr™ © 11 Yo54p°,
Next, we show tha5p® 11 2Y°5lr °. For any= < <, we haveb- = ' _ so it
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follows that

Op = Oy (5.4.13)

The assumptioh . dle Yethen gives

.11\ 1. Y >
— 1 2 1 Y Yo
' dle Ye

It follows for anyY O that

1Y Y
Ib< ﬁ'< 11 2Y0'<°
Sinceogl<0 0= is non-increasing, we have
1<o0 O< 1<0
05" 11 2@ 0" (5.4.14)
8 =1 & =1

Combining (Equation 5.4.13) and (Equation 5.4.14) gigds® 1 1 2Y°5r ©, so then
Bir'' °0 11 Y11 2ye5ir © 11 3Ye5ir °—which proves the approximation guar-
antee.

Finally, the running time follows from our reductions to the 2-dimensional knapsack
problem with a partition matroid constraint, and using Theorem 5.4.2.3 for each budget

split.

i
To obtain a PTAS, it is enough to consider the budget s@liigor 2 » le 2Ysie.,
line 2 of TuckerPackingSolver , but this gives a worse running time as explained in

the following.
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Rationale for two different types of budget splits in Algorithm 20. Instead of con-

sidering two different budget splitting methods (i.e., W&kctor and 2c0re), ONE could just

) . [
consider the budget spliBcior 2 » ﬁzl 2ypver problems of the form:

maximize 5tr°

_ I
subjectto %' 2 2pctor

i
# '
=1 = = 2tactor

"2 » Y 82 WY,

This approach also gives a PTAS. The running time, however, is

| |
& e .$11.yoa
$9 2 - @
« =1 =1 -

In contrast, the running time of Algorithm 20 is

& I & I's 11.Yoa
$-log; ,12°, dleYe - = ®»
« =1 =1 -
i ]
Note that2 ~ %, 2 ~ % _ Therefore,
G €]

€

1
log; ,'2°=%1— log,* =°° dl-Ye —
n =1 =1

where the rst equality follows from the concavity of the logarithm function. Thus, our
running time is | |
© @ . @ . $ llcwa
$ - deYe = = ®-

=1 =1 -
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which is always smaller than

5.5 Tree tensor network decompositions

Here we consider a general decomposition called tree tensor network [210, 191], which
includes Tucker decomposition, tensor-train decomposition, and hierarchical Tucker de-

composition as special cases.

De nition 5.5.0.1 (Tree tensor network)lLetX 2R?!  # beanytensor. Let = 14+— ©
be a rooted tree with# leaves where each nodecorresponds to a subs¢g »#%
The leaves are thé singletons ob# % and internal node< are recursively de ned by
(e=[ 2 e(p, Where gis the set of children dt

Eachedgel 2 isendowed anintegers, 1. Then, a (truncatedyee tensor network
decomposition oK for tree is the following collection of tensors, each corresponding
to aE2 +. For each leaf, the tensor 8'F 2 R = "4, whered s the edge connectirfgto its
parent. For each internal nodg its tensor isT PoR 4 "4 where g=fd1—cee—4g
is the set of edges incident Eo

The output tensok is constructed by taking the mode-wise products of all the “node
tensors”in over their corresponding edges. These products commute and are associative

(see, e.g., Proposition 2.17 in [191]).

Remark 5.5.0.2. The tree tensor network for Tucker decomposition corresponds to a tree
of depth one, and for hierarchical Tucker decomposition it is an (almost) balanced binary

tree [210, 211].

Remark 5.5.0.3.Although the tree tensor network is considered for general Hilbert spaces

and has been de ned in full generality using the tensor network notations (see, e.g., [193,
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1 2 3 4

Figure 5.3: Tree tensor network example corresponding to a hierarchical Tucker decompo-
sition.
Chapter 11] and [191, Chapter 3]), we consider nite-dimensional Euclidean spaces to

keep our notation simple.

We now provide a few examples for tree tensor network decompositions.

Example (Tucker decomposition). Tucker decomposition corresponds to a tree tensor of
depth one. For example, the tree tensor in Fig. 5.2 consists of matfic2R *  “-A, 2

R2 %2-A32R3 %-A;2R* “,andtensof g2 R “ “ % “. The corresponding
reconstruction is

R =Te 4,A2 4,A3 2,A2 4 Are

Example (Hierarchical Tucker decomposition). we give an example of a tensor of or-
der4 to better understand De nition 5.5.0.1. Consider the tree illustrated in Fig. 5.3. This
tree tensor network corresponds to matriée2 R  4-A; 2 R2 %2-A32R3 %A, 2

R4 4 andtensory p2 R4 % 4T g2R% % %Tg2R % 4%, The corre-

sponding reconstruction is

X =Tr 4TE TD 4,A2 2,A3 4,A2 4 Are
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Now we generalize the de nition of tensor unfolding.

De nition 5.5.0.4. ForanyX 2 R! # and( »#YthematricizationX:o 2 R* &,
) I _ o :
where% = -=and& = 4y, = IS the matrix with the entries of arranged

lexicographically by their original index tuples.

The next theorem gives a polynomial-time algorithm for nding a tree tensor network

decomposition that achieves bounded reconstruction error for speci @dlues.

Theorem 5.5.0.5([211, 191]) LetX 2R* # and =1+- 9 "'"4for42 bethe
tree tensor network parameters as in De nition 5.5.0.1. There exists a polynomial-time
algorithm that ndsT 'F for E 2 + (for leaves these tensors are the matriée§’) such
that
. O &
X X fo
E+nfAg&="g, 1
! J+J 1° kX X bestk|2:—

whereX pestiS tpe best tree tensor network decomposition f@and the values 4, Ais the
root node % = ! =2(¢ = andf ;E) is the8th singular value oK .

Further, the size of the tree tensor network decompositi!)@ﬁ EE ! B | 2 e 4
where! is the set of leaves, is the set of internal nodes, and: is value on the edge that

connect€to its parent.
Remark 5.5.0.6. Theorem 5.5.0.8 is implied by Lemma 5.4.2.2.

It follows that we can de ne the NP-hard tree tensor network packing problem, which

generalizes Tucker packing.

De nition 5.5.0.7 (Tree tensor network packinglsiven a shapé 1—eee° 2 Z#l, tree
= 1+— O with leaves! = »#¥and internal nodes, j+j 1 non-increasing sequences

. Y - I
(corresponding to non-root nodea)® 2 R/‘g with % = (. = and the budge? 1,
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Figure 5.4: Comparison of ve core shape solvers on four real-world tensors (columns) for
increasing values of the Tucker decomposition size budgetl00-000. The plots in the

top row are the HOSVD Tucker packing objective valbie® for the core shape solutions

r, the middle row is the RRE, and the bottom row is the running time of each algorithm in
seconds.

thetree tensor network packingoblem asksto nd ¢ 2 Z ; for E2 + n fAg, whereAis

the root and# g is the set of neighbors of nodgthat solves:

O O |
maximize OSE) (5.5.1)
E2+nfAg 81 .
O O O
subject to "D, EE 2 (5.5.2)
B2 DR#e =]

Theorem 5.5.0.8.There is a'1 Y)-approximation algorithm for the tree tensor network
packing problem the runs in time

o) 0 .
© o, YIH 1L 1, 10g,1% @
B2+ nfQ@ BE2+nf@ -

$
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5.6 Experiments

We compare several algorithms for computing the core shapes of size-constrained Tucker
decompositions on four real-world tensors (see Table 5.1). These experiments demonstrate
the effectiveness of using the surrogate 18X —° in place of the true relative recon-
struction error (RRE), both in terms of solution quality and running time. All experiments
use NumPy [187] with an Intel Xeon W-1235 processor (3.7 GHz, 8.25MB cache) and
128GB of RAM. The source code is available onfine

Table 5.1: Statistics for tensor datasets used in experiments.

TENSOR SHAPE SIZE
CARDIAC MRI 256 256 14 20 18-350-080
HYPERSPECTRAL 1024 1344 33 45416488
VICROADS 1084 2033 96 211562112
colL-100 7200 128 128 3 353894400

5.6.1 Algorithms

The rst four algorithms we consider are based on HOSVD Tucker packing: they compute
the mode= singular valued 81:0 and takea™ = fif 81;=0029&=:1 as input to their Tucker
packing instance. The fth is a commonly used greedy algorithm that computes true losses
' 1X —° at each step.

HOSVD-IP is the TuckerPackingSolver algorithm withY = 025, but we use
the integer programming solver gtipy.optimize.mlip to solve each budget split
subproblem instead of the PTAS in [194].

HOSVD-greedy maximizes the same packing objective by repeating

r  arg max5tr®—
r024# 1ro

2https://github.com/fahrbach/approximately-optimal-core-shapes
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where# r° is the set of neighboring feasible core shapgesr | e- ande- 2 fO-1¢* is a
standard unit vector. This is Algorithm 3.1 in [173] with additional budget constraints.
HOSVD-bang-for-buck is analogous to HOSVD-greedy, but it increments the dimen-
sion in each step that maximizéstr® 5trooeicostr® costro°, where costr® is the
size of the rank- Tucker decomposition.
HOSVD-brute-force exhaustively checks all feasible core shapes and outputs the max-
imum Tucker packing objective.
RRE-greedyconstructs the core shape by computiigt © rank+° Tucker decomposi-
tions in each step and incrementing the dimension that most improves the RRE, Concretely,

the update is  arg minoy 10 ! X %, similar to the Greedy-TL algorithm of [61].

5.6.2 Results

We consider the budge®  100-000 for all tensor datasets. For ea2hwe run each
algorithm to get core shape Then in Figure 5.4, we plot the packing objectis&°, the
RRE, i.e.,! 1X —%kX k2, and the algorithm running time (including the modsingular
value computations) as a function af Each! 1X —r° computation uses 20 iterations of

HOOI. We experiment on the following datasets.

Cardiac MRI.256 256 14 20tensor whose elements are MRI measurements

indexed by:G— H-?-Where!G— H%ik a point in space andcorresponds to time.

» Hyperspectrall024 1344 33tensor of time-lapse hyperspectral radiance images

of a nature scene that is undergoing illumination changes [58].

* VicRoads.1084 2033 96tensor containing 2033 days of traf ¢ volume data from
Melbourne and its surrounding suburbs. This data comes from a network of 1084

road sensors measured in 15 minute intervals [212].

* COIL-100. 7200 128 128 3 tensor containing 7200 colored photos of 100

different objects (72 images per object) taken at 5-degree rotations [140]. Thisis a
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widely-used dataset in the computer vision research community.

Cardiac MRI shows that maximizing the HOSVD Tucker packing objectb?e® can
give noticeably better RRE than RRE-greedy, while also running 1000x faster. If we take
a closer look at the core shapes these algorithms output, HO®vilde-force, g always
return core shapes of the forie— H-1P whereas the greedy algorithms allocate budget
to the time dimension a2 increases, e.g1G— H-3 Increases in the fourth dimension
correspond to points of degradation®r°® and RRE in Figure 5.4.
This tensor is also small enough to see differences in the running times of the HOSVD
packing algorithms. In particular, we see (1) that there is a xed cost for computing the
f ;'s, and (2) that HOSVID-greedy, bang-for-buakare faster than HOSVD-IP, which is
faster than HOSVD-brute-force. All algorithms are signi cantly faster than RRE-greedy.
Hyperspectral shows that the surrogate I1088X —+° and RRE can guide greedy algo-
rithms to the same core shapes, and that HOSVD-greedy can achieve maximum the Tucker
packing objective. We see that computing the higher-order singular values becomes the
bottleneck for the HOSVD solvers, not solving the packing instances themselves.
VicRoads shows a clear gap between RRE and the surrogate loss. While HOSVD-
f greedy, bang-for-buakare suboptimal in the packing objective, they achieve the same
RRE as the 100x slower RRE-greedy algorithm. This data demonstrates a shortcoming of
the surrogate loss, but also shows that higher-order singular values can still be effective.
COIL-100 is perhaps the most interesting tensor because it showstirenonotonic
behavior of greedy HOSVD Tucker packing algorithms. Similar to cardiac MRI, every
time a greedy core shape solver increases the dimension of the rst index (corresponding
to the number of objects), the packing objectb#°. This effect also appears in the RRE

plots, but it happens in the opposite direction.
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CHAPTER 6
SOCIALLY FAIR :-MEANS CLUSTERING

In this chapter, we show that the populameans clustering algorithm (Lloyd's heuristic),

used for a variety of scienti ¢ data, can result in outcomes that are unfavorable to subgroups
of data (e.g., demographic groups). Such biased clusterings can have deleterious implica-
tions for human-centric applications such as resource allocation. We present-afaans
objective and algorithm to choose cluster centers that provide equitable costs for different
groups. The algorithnFair-Lloyd, is a modi cation of Lloyd's heuristic for. -means, in-
heriting its simplicity, ef ciency, and stability. In comparison with standard Lloyd's, we

nd that on benchmark datasets, Fair-Lloyd exhibits unbiased performance by ensuring that
all groups have equal costs in the outputlustering, while incurring a negligible increase

in running time, thus making it a viable fair option wherevemeans is currently used.

6.1 Introduction

Clustering, or partitioning data into dissimilar groups of similar items, is a core technique
for data analysis. Perhaps the most widely used clustering algorithm is Lloydsans
heuristic [213, 13, 214].

Lloyd's algorithm starts with a random set ofpoints (“centers”) and repeats the fol-
lowing two-step procedure: (a) assign each data point to its nearest center; this partitions
the data into: disjoint groups (“clusters”); (b) for each cluster, set the new center to be
the average of all its points. Due to its simplicity and generality,: ttreeans heuristic is
widely used across the sciences, with applications spanning genetics [215], image segmen-
tation [216], grouping search results and news aggregation [217], crime-hot-spot detection
[218], crime pattern analysis [219], pro ling road accident hot spots [220], and market

segmentation [221].
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Lloyd's algorithm is a heuristic to minimize the-means objective: choosecenters
such that the average squared distance of a point to its closest center is minimized. Note
that, these centers automatically de ne a clustering of the data simply by assigning each
point to its closest center. To better describe:thmeans objective and Lloyd's algorithm in
the context of human-centric applications, let us consider two applications. In crime map-
ping and crime pattern analysis, law enforcement would run Lloyd's algorithm to partition
areas of crime. This partitioning is then used as a guideline for allocating patrol services to
each area (cluster). Such an assignment reduces the average response time of patrol units to
crime incidents. A second application is market segmentation, where a pool of customers
is partitioned using Lloyd's algorithm, and for each cluster, based on the customer pro le
of the center of that cluster, a certain set of services or advertisements is assigned to the
customers in that cluster.

In such human-centric applications, using theneans algorithm in its original form,
can result in unfavorable and even harmful outcomes for some demographic groups in the
data. To illustrate bias, consider the Adult dataset from the UCI repository [222]. This
dataset consists of census information of individuals, including some sensitive attributes
such as whether the individuals self-identi ed as male or female. Lloyd's algorithm can
be executed on this dataset to detect communities and eventually summarize communities
with their centers.

Fig. 6.1a shows the averagemeans clustering cost for the Adult dataset [222] for
males vs females. The standard Lloyd's algorithm results in a clustering that incurs up to
15% higher cost for females compared to males. Fig. 6.1b shows that this bias is even
more noticeable among the ve different racial groups in this dataset. The average cost
for an Asian-Pac-Islander individual is up #otimes worse than the average cost for a
white individual. A similar bias can be observed in the Credit dataset [223] between lower-
educated and higher-educated individuals (Fig. 6.1c).

In this chapter, we address the critical goaffaif clustering, i.e., a clustering whose
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(a) Adult census dataset (b) Adult census dataset (c) Credit dataset

Figure 6.1: The standard Lloyd's algorithm results in a signi cant gap in the average clus-
tering costs of different subgroups of the data.

cost is more equitable for different groups. This is, of course, an important and natural goal,
and there has been substantial work on fair clustering, including far-theans objective.
Prior work has focused almost exclusively proportionality, i.e., ensuring that sensitive
attributes are distributed proportionally in each cluster [224, 225, 226, 227, 228]. In many
application scenarios, including the ones illustrated above, one can view each setting of a
sensitive attribute as de ning a subgroup (e.g., gender or race), and the critical objective is
thecostof the clustering for each subgroup: are one or more groups incurring a signi cantly
higher average cost?

In light of this consideration, we consider a different objective. Rather than minimizing
the average clustering cost over the entire dataset, the objects@cialy fair : -means
isto nd a : -clustering that minimizes the maximum of the average clustering cost across
different (demographic) groups, i.e., minimizes the maximum of the averageans ob-

jective applied to each group.

Can social fairness be achieved ef ciently, while preserving the simplicity and generality

of standard: -means algorithm?

Applying existing algorithms for fair clustering with proportionality constraints leads to
poor solutions for social fairness (see Fig. 6.11 for comparison on standard datasets), so
we need a different solution. Our objective is similar to the recent line of work on minmax

fairness through multi-criteria optimization [66, 71, 229].
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6.1.1 Ourresults

We answer the above question af rmatively, with an algorithm we [eaii-LIoyd. Similar
to Lloyd's algorithm, it is a two-step iteration with the only difference being how the centers
are updated: (a) assign each data point to its nearest center to form clusters (b} an@ese
fair centers such that the maximum average clustering cost across different demographic
groups is minimized. This step is particularly easy femeans — average the points in
each cluster. We prove that, the fair centers can also be computed ef ciently: using a
simple one-dimensional line search when the data consists of two (demographic) groups,
and using standard convex optimization algorithms when the data consists of more than
two groups. Furthermore, when the data consists of two groups, the convergence of our
algorithm is independent of the original dimension of the data and the number of clusters.

We prove convergence, stability and approximability guarantees and apply our method
to multiple real-world clustering tasks. The results show clearly that Fair-Lloyd generates
a clustering of the data withqualaverage clustering cost for individuals in different demo-
graphic groups. Moreover, its computational cost remains comparable to Lloyd's method.
Each iteration, to nd the next set of centers, is a convex optimization problem and can
be implemented ef ciently using Gradient Descent. For two groups, we give a line-search
method which is signi cantly faster. This extends to a fast heuristiefpr 2 groups whose
distance to optimality can be tracked. This approach might be of independent interest as a
very ef cient heuristic for similar optimization problems.

Due to the simplicity and ef ciency of the Fair-Lloyd algorithm, we suggest it as an
alternative to the standard Lloyd's algorithm in human-centric and other subgroup-sensitive

applications where social fairness is a priority.

6.1.2 Fairk-means:ObjectiveandAlgorithm

To introduce the fair. -means objective, we de ne a more general notion: th@eans

cost of a set of points with respect to a set of centers= f2;—+++—gand a partition
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U =f*1—eee_*gof* is
o O
t-Ue = i 2
81 ?22* g
For a set of centers, let U be a partition of such that if? 2 * gthenk? 2gk =
miny ¢ - k? 2¢k. Then the standard-means objective is

min 1_U °o-
=f21—eee—3

i.e.,to nd asetof. centers =f2;—ee¢e—-gthat minimizes 1 —U °.

For an illustrative example of the potential bias for different subgroups of data, see
Fig. 6.2 left. The two centers selected by minimizing thmeans objective are both close
to one subgroup, and therefore the other subgroup has higher average cost. Note that the
notion of fairness based on proportionality also prefers this clustering which imposes a
higher average cost on the purple subgroup. To introduce our faieans objective and
algorithm, in this section we focus on the case of two (demographic) groups. In Section 6.3,

we discuss how to generalize our framework to more than two groups.

The fair: -means objective for two groups suchthat = [ isthelargeraverage
cost:
t—-y\v ° 1-uy\ o
1-U° := max — — o
)] J ]
whereU\  =f* 41\ —eee_*\ g The goal of fair. -means is to minimize * — U ©°,

S0 as to minimize théigher average cost. As illustrated in Fig. 6.2 right, minimizing

this objective results in a set of centers with equal average cost to individuals of different
groups. In fact, as we will soon see, the solution to this problem equalizes the average cost
of both groups in most cases. Next we present the: faireans algorithm (or Fair-Lloyd)

in Algorithm 21.

The second step of each iteration uses a minimization procedure to assign centers fairly
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. -means Fair: -means

Figure 6.2: Two demographic groups are shown with blue and purple.2heans ob-
jective minimizing the average clustering cost prefers the clustering (and centers) shown in
the left gure. This clustering incurs a much higher average clustering cost for purple than
for blue. The clustering in the right gure has more equitable clustering cost for the two
groups.

Algorithm 21: Fair-Lloyd

Input: Asetofpointss = [ ,and: 2N
Initialize the set of centers = f2)—e¢¢¢—-3
repeat

1. Assign each point to its nearest center ito form a partitiond = f* ;—eee—*gof* .
2. Pick a set of centers that minimizes t — U°.

a » W N P

Line Searck*— U®°

(2]

until convergence
7 return =f2;—eee—-9

to a given partition of the data. While this can be done via a gradient descent algorithm, we
show in Section 6.2 that it can be solved very ef ciently using a simple line search proce-
dure (see Algorithm 22) due to the structure of fair centers (Section 6.2.1). In Section 6.2.3,
we discuss some other properties of the fameans and Fair-Lloyd (Algorithm 21). More
speci cally, we discuss the stability of the solution found by Fair-Lloyd, the convergence
of Fair-Lloyd, and approximation algorithms that can be used for:fameans (e.g., to
initialize the centers). In summary, our fair version of theneans inherits its attractive

properties while making the objective and outcome more equitable to subgroups of data.
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6.1.3 Relatedwork

: -means objective and Lloyd's algorithm. The: -means objective is NP-hard to optimize
[230] and even NP-hard to approximate within a factotbf n° [231]. The best known
approximation algorithm for the-means problem nds a solution within a factdr, n of
optimal, whered  6357[232]. The running time of Lloyd's algorithm can be exponential
even on the plane [233].

As for the quality of the solution found, Lloyd's heuristic converges to a local opti-
mum [234], with no worst-case guarantees possible [235]. It has been shown that under
certain assumptions on the existence of a suf ciently good clustering, this heuristic recov-
ers a ground truth clustering and achieves a near-optimal solution tertfeans objective
function [236, 237, 238]. For all the dif culties with the analysis, and although many other
techniques has been proposed over the years, Lloyd's algorithm is still the most widely
used clustering algorithm in practice [239].

Fairness. During the past years, machine learning has seen a huge body of work on
fairness. Many formulations of fairness have been proposed for supervised learning and
speci cally for classi cation tasks [12, 240, 241, 242]. The study of the implications of
bias in unsupervised learning started more recently [224, 243, 244, 66, 245, 246]. We refer
the reader to [247] for a summary of proposed de nitions and algorithmic advances.

Majority of the literature on fair clustering have focused on the proportionality/balance
of the demographical representation inside the clusters [224] — a notion much in the nature
of the widely knowndisparate impactoctrine. Proportionality of demographical repre-
sentation has initially been studied for thecenter and -median problems when the data
comprises of two demographic groups [224], and later on for theeans problem and for
multiple demographic groups [225, 248, 228, 227]. Among other notions of fairness in
clustering, one could mention proportionality of demographical representation in the set of
cluster centers [246] or in large subsets of a cluster [249].

Our proposed notion of a fair clustering is different and comes from a broader viewpoint
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on fairness, aiming to enforce any objective-based optimization task to output a solution
with equitable objective valumr different demographic groups. Such an objective-based
fairness notion across subgroups could be de ned subjectively e.g., by equalizing misclas-
si cation rate in classi cation tasks [250] or by minimizing the maximum error in dimen-
sionality reduction or classi cation [66, 71, 229]. We de nesacially fair clusteringas

the one that minimizes the maximum average clustering cost over different demographic
groups. To the best of our knowledge, our work is the rst to study fairness in clustering

from this viewpoint.

6.2 An Ef cient Implementation of Fair : -Means

The Fair-Lloyd algorithm (Algorithm 21) is a two-step iteration, where the second step is
to nd a fair set of centers with respect to a partition. A set of centeris fair with respect
to a partitionU if = argmin 1 —U°. In this section, we show that a simple line

search algorithm can be used to nd ef ciently.

6.2.1 Structureof Fair Centers

We start by illustrating some properties of fair centers. A partition of the data induces a
partition of each of the two groups, and hence a set of means for each group . Formally,
fora setof point¥ = [ and a partitiorld = f* ;—eee—*gof* ,let 5 and 4 be

the mean of \ *gand \ * grespectively fol82 » ¥ Our rst observation is that the

fair center of each cluster must be on the line segment between the means of the groups

induced in the cluster.

Lemma 6.2.1.1.Let* = [ andU = * ;—eee_% phe g partition of* . Let =
121—+++—2 be a fair set of centers with respect tb. ThenZgis on the line segment

connecting g and " 4.

Proof. For the sake of contradiction, assume that there exis&2an ¥such thatgis not

on the line segment connecting and" 4. Note that (see [235])
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k? 2g = k? gk, \ *dkig 2K (6.2.1)
2 \*g ?2 \*g
o) o)

k? 262 = k? “gke,j \ *gkig 2K
722 \*g ?2 \*g

Let 23 be the projection ofg to the line segment connecting, and " 5. Then by

Pythagorean theorem for convex sets, we have

kg 20K kg 2K, k2B 242

Therefore sincé2d 22 | 0,wehavek'y 2k Y kg 2kandk’ g 2k Y k' 5 2k

Thus, replacin@gwith ngecreases the fair k-means objective.

The above lemma implies that, in order to nd a fair set of centers, we only need to
search the intervals — 3% Therefore we can nd a fair set of centers by solving a

convex program. The following de nition will be convenient.

De nition 6.2.1.2. Given* = [ and a partitionU = f* ;—eee—*gof*  for 8=

1-eeelet

|\ 7d \g{:J j\je’land;g,:k‘8 Tgke

Alsolet” =f" —eee—gand” =f" —eee—Tg

Since» ¢— ¢ ¥is a line segment, for théth cluster, we only need to nd the distance
Gofits centerZgfrom 5. Then the distance of the center frompis ;s Gwhere;gis the
length of the line segment ;— 3% By (Equation 6.2.1), the average cost of groupith

respect to a partitiot in terms ofGs is

P . .. .
g1 72 \*gK? g K2 g1l \*dKg 20

i ’ ]
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_ " _U\ (0] C) %2

j] a1

Similarly, the average cost of groupis

i _U\ (0] O

Vetis G

] a1
Hence, our goal is to solve the following optimization problem.

" ) Lo o O
- mUA IR U\

I a1 I a1

Vetis  GP?g

subjecttd0 G ;8882 » ¥aNote that this is a convex program because the maximum
of two convex functions is a convex function. One can see that the point on the line segment
» ¢— gY¥ihat has distanc€from " g is % where;gis the length of»> g — g%
Using a standard trick to write the objective function as a linear function, we can state the

problem as the following.

Corollary 6.2.1.3. LetU = f* j—eee—*g be a partition of* = [ . Then =

f21—ee+—-Bis a fair set of centers with respecttp if

28:

s 3% 5. Gy

18

where!G—-++-6\ °is an optimal solution to the following convex program.

min \ (6.2.2)

~

i o O
s.t. U\ ) UGS \

1] &x» Ya

1n o O
YV 0T e @
J J P» Yy

0 G ;8 882»¥%
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We can solve this convex program with standard convex optimization methods such as

gradient descent. However, as we show in the next section, we can solve it with a much

faster algorithm.

6.2.2 ComputingFair Centersvia Line Search

We rst need to review a couple of facts about subgradients. For a convex continuous
function 5, we say that a vectddis a subgradient o6 at pointGif 5:H* 5@, D H @

for anyH We denote the set of subgradientstodt Gby m 3G.

Fact 6.2.2.1.Let 5 be a convex function. Then poi@tis a minimum for5 if and only if

®2 msGe.

Fact 6.2.2.2.Let 5— ¢ ¢+ —< HHe smooth functions and

1@ = max 5@
PR Y,

Let(g=192 ¥ 5@ = 1&g Then the set of subgradients ofat Gis the convex

hull of union of the subgradients &'s at Gfor 92 (&

Let
1 o O
51@ = i~ \ ) UG-
J J &» Vs
1 o O
510:= 0T e @

1] &x» Ya

Then we can view the convex program (Equation 6.2.2) as minimizing
5!@ :=max 5 G- 5'Fgs.t.0 G ;3882 » % (6.2.3)

Note that5'@ is convex since the maximum of two convex functions is convex. Therefore

by Fact 6.2.2.1, our goal is to nd a poi@ such thaf®2 m 3G°. Note that5 and 5
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are differentiable. Hence by Fact 6.2.2.2, we only need to look at pGiimiswhich there
exists a convex combination of5 1@ andr 5 1@ that is equal td® As we will see, this
set of points is only a one-dimensional curvetk ;¥ »0—;%When51@ i 5 1@,
5'@ has a unique gradient and it is equart® 1@®. Similarly, when5 1@ Y 513, we
haver 51@ =r 51@. By Fact 6.2.2.2, in the case that'® = 5 1@, for anyW2 »0-1%

DW-G=W 53,11 Wr 5@

is a subgradient 051 — and these are the only subgradientbait G Now consider the
set

| =fG2 0—1% »0—; Vi OW2 »0-1% DW—G- By

In words, set is the set of all points for which there exist a convex combination of gra-
dients of 5 and 5 that is equal td® If we nd G 2 / such that5 !G° = 5 1G° then

any convex combination of 5 1G° andr 5 *G?is a subgradient o6 atG and therefore
®2 m 5G°. HenceG is an optimal solution. We rst describle and show that there exists

an optimal solution ir .

Lemma 6.2.2.3.Let W2 »0-1¥and D'W-G= @ ThenG = w1 ez

Proof. We havemﬁ@5 1@ = 2U8C§gandmﬂ@5 1@ =2Vg'G ;. Using the fact thab'W—G
® we have

W2UG , 11 W2\ ¢ = 0

11 WVgs
Hence, = i
G WY, 11 W\

The previous lemma gives a complete description off seOne example of set is
shown in Fig. 6.3 left for the case of = 2. The following is an immediate result of

Lemma 6.2.2.3.
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Lemma 6.2.2.4./ ={G: G= ygrivaz— V2 »0-1%g

Figure 6.3: Left: an example of the one-dimensional curve fer2. Right: the functions
5 and 5 with respect to/N and two steps of the line search algorithm. We can use a line
search to nd the optimal value dand an optimal solution to (Equation 6.2.3).

Note that wherW= 1, this recovers the all-zero vector and whr 0, G= 1;1—eee -0,
Therefore these extreme points are alsb .i\s we mentioned before if there exiss2 /
such that5 1G° = 51G°, thenG is an optimal solution. Therefore suppose suchGan

does not exist. One can see that

3, 1 W\ ,_ UsVeis

1

3WWY.T1 WV WY 11 W2

Therefore, forl 8 :, Gzis decreasing iW Also one can see thd is increasing in

Gand 5 is decreasing irfg Therefore5 is decreasing iWand 5 is increasing inW

Fig. 6.3 right shows an example that illustrates the chande ahd 5 with respect toNV

This implies that if there does not exist aBy2 / such that5 1G° = 5 1G°, then either

51 ;5 ®or51°; 5 1° where =1;;—se++-0 Inthe former case, the optimal
solution to (Equation 6.2.2) Bwhich means that the fair centers are located on the means
of points for group . In the latter case the optimal solution isvhich means that the

fair centers are located on the means of points for groufn these extreme cases, there
does not exist a set of centers with equal average cost with respect to the particular chosen

partition of points.
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The above argument asserts that we only need to search thetsehd an optimal
solution. Each element df is uniquely determined by the correspondimg »0-1%4 Our
goal isto nd an elemenG 2 / such that5 :G° = 51G°. Since5 is decreasing iW
and 5 is increasing i} we can use line search to nd such a pointinIf such a point
does not exist il , then the line search convergesvi- 0 or W= 1. Two steps of such a
line search are shown in Fig. 6.3. See Algorithm 22 for a precise description. Using this
line search algorithm, we can solve the convex program described in (Equation 6.2.3) to

I :
i 1 - 280 ti
errorin$® 5, log2° time.

Algorithm 22: Line Search*— U°
1 Input: Asetofpointst = [ anda partitiorld = f* j—eee—*gof* .
2 ComputeUg-¥- g— g—3-" —" /I See Definition 6.2.1.2.

3 W 05

4 for C=1-eee—jlo

1 WVgs — cee-
Q m, f0r8— 1_ .

Compute5 1@ and5 1@
if 51@i 5 1@then

‘ W W 11e20 1G1°
elseif5 1@ Y 5 1@ then
10 | W W11e20GP
11 else
12 | break

. o R
13 2 L:’(‘%B,fora_"s: 1—eece_-
14 return = 12;—eee -2

© oo N o O

6.2.3 Fair: -meands well-behaved

In this section, we discuss the stability, convergence, and approximability of Fair-Lloyd for

2 groups. As we will show in Section 6.3, these results can be extended t@ groups.

Stability. The line search algorithm nds the optimal solution to (Equation 6.2.2). This
means that for a xed partition of the points (e.g., the last clustering that the algorithm
outputs), the returned centers are optimal in terms of the maximum average cost of the
groups. However, one important question is whether we can improve the cost for the group

with the smaller average cost. The following proposition shows that this is not possible;
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assuring that the solution is pareto optimal.

Proposition 6.2.3.1.LetG be the optimal solution for a xed partitiod = f* (—eee—*g
of * . Then there does not exist any other optimal solution with an average cost better than

51G%or 51G°forgroups and ,respectively.

Proof. Let Hbe another optimal solution. Without loss of generality, suppos&°
51G°. If 51G° ; 5 1G°, then by our discussion on the line search algoritn: ®
and it is the only optimal solution. Therefor¢= G. Now suppose5 1G° = 51G°.
For the sake of contradiction and without loss of generality, asstirf®° = 5 1P, but
51G°; 5 1H. Therefore5 1H | 5 1HP. First note thaH< @because ifs 1® ;| 5 18,
then for any otheGin the feasible region5 1@ j 5 1@ which is a contradiction because
51G° = 51G°. Hence we can decrease one of the coordinatéshgf a small amount
to get a pointtf in the feasible region. If the change is small enough, we HaveP j
51H> ; 5 tHd ;5 1} but this is a contradiction because it impli&sG° = 5LHP |

5tHP which meansG was not an optimal solution.

Convergence. Lloyd's algorithm for the standard-means problem converges to a so-
lution in nite time, essentially because the number of possible partitions is nite [13].
This also holds for the Fair-Lloyd algorithm for the fairmeans problem. Note that for

any xed partition of the points, our algorithm nds the optimal fair centers. Also, note
that there are only a nite number of partitions of the points. Therefore, if our algorithm
continues until a step where the clustering does not change afterward, then we say that the
algorithm has converged and indeed the solution is a local optimum. However, note that,
in the case where there is more than one way to assign points to the centers (i.e., there
exists a point that have more than one closest center), then we should exhaust all the cases,
otherwise the output is not necessarily a local optimal. This is not a surprise because the
same condition also holds for the Lloyd's algorithm for theneans problem. For example,

see Fig. 6.4. Adjacent points have unit distance from each other. The centers are optimum
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for the illustrated clustering. However, they do not form a local optimum because mov-
ing 2, and 23 to the left by a small amount decreases the-means objective fron2 to

211 % n?=2 4n, 3P Y2

20 % 5

Figure 6.4: An example of-means problem where the current clustering is not a local
optimal and we need to check all the possible partitions with the current ce2ieid- 2
are the centers and the points are marked with the letter A on top of them.

Initialization.  An important consideration is how to initialize the centers. While a ran-
dom choice is often used in practice for theneans algorithm, another choice that has
better provable guarantees [237] is to use a set of centers with objective value that is within
a constant factor of the minimum. We will show thaB-approximation for the -means
problem implies a22-approximation for the fair. -means problem, and so this method
could be used to initialize centers for Fair-Lloyd as well. The best known approximation
algorithm for the: -means problem nds a solution within a factdr, nof optimal, where

d 6:357[232].

Theorem 6.2.3.2.1f the : -means problem admits Zapproximation in polynomial time

then the fair: -means problem admits22-approximation in polynomial time.

Proof. Let

6L 0= —— — .

This is basically the -means objective when we consider a weighf—j?ffor the points in
and a weight ofjij for the pointsin .

Let$ be an optimal solution t6 and( be a2-approximation solution té (i.e.,6*(°
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26'$ °). Moreover

(=Uc\ o (=Uc\v oo
b ji
(=Uc\v o° (=U¢\ o

j ] : j ]

= 61(

1(=U° = max

Hence 1(-U° 26:$°. Now let$ °be an optimal solution for . Then

1$9Ugo\ © 1$0Ugo\ ©
JJ1$O_U$,0\ o J1!$0_U$0\ o
2max — —
] ) ] )
=2 1$3%Wg° 2 1(-U O

61$Q):

Also by optimality of$ for 6, we havesi$°  61$ ®. Therefore
61$° 2 1$%Ug® 2 (-U(° 226'$0
This implies that—gmyts 22

6.3 Generalizationto< j 2groups

Let* = 1] [ <. Thenthe objective of fair-means fox demographic groups is to

nd a set of centers that minimizes the following
1y \ 1o 1y \ <0

1_-U 9:=max — eoe —
J 1) ] <]

LetU =f* j—eee—*gbe a partition of , and” E_.f?be the mean of g\ go(i.e., the mean of
members of subgroupin cluster§. Then by a similar argument to Lemma 6.2.1.1, one can

conclude that for a fair set of centers= f2;—« « « — Bwith respect tdJ , 2gis in the convex
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hull of f~ é—- *+— 0. Then we can generalize the convex program in (Equation 6.2<2) to

demographic groups as the following:

min \ (6.3.1)

moyy @ O
s.t. . Uk @\ -892 <Y

] d Vs

262 >=E1 1 -eee 50 882 %Y,

A e .
whereUé’: J j8 I and" 9=

5 =" —:gg. In (Equation 6.3.1), the same standard trick (as

lfor the case of two groups) is used to make the objective function Iinea{—léuﬁié;}—90 .
! D 1/4U§k23 ) 89k2 is the average cost of group The set oRgs found by solving the above
convex program will be a fair set of centers with respectJto We can solve this using
standard convex optimization algorithms including gradient descent. However, similar to

the case of two groups, we can nd a fair set of centers by searching a stardard®-

simplex. Namely, we only need to search the following set to nd a fair set of centers.

~

G V\éué’ o ©
S_
o WU, . WU o1

/] =f :121_..._?2:28: V\é:lg

The following notations will be convenient. For=12;e¢¢—2 and92 »<¥%let

wayy o O
5Lo=——— % Uk K-
1 d % Ya

and ' ° = maxgxy,S ° Then the convex program represented in (Equation 6.3.1)
is equivalent tanin * ©: 232 >=Ev é—- . -—§° 882 » Y4 Similar to the case of two
groups, set is the set of points for which there exist a convex combination of the gradients

of 55 that is equal td®
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Let Dé’ =23 g. For a vectolE let EE B denote itBth component. Then we have

~

~ 92 G 91 2
kg "= OB
B-1

Theorem 6.3.0.1.Any optimum solution ofEquation 6.3.1)sin/ .

Proof. We can view a set of centers as a point in a 3 dimensional space. Létlg_g 82
» Y B »3Yadpe the set of standard basis of this space. Then we have

2 51 0 20D B

34g_g 8
By Fact 6.2.2.1 and Fact 6.2.2.2, we only need to show thdt gethe set of all points for
which there exists a convex combinationsrof! °—eee-51 ©thatis equal td® Let

| I
0 W-eee=W 1lsuchthat g, W=1 Wewantto nda suchthat g, Wr 5! °=

® Therefore for eacB— Bve have

~ ~ ~

G 3 G 99 G 9 9
0= W5 °= WouDiBo= 2wWpgB B
o1 OB o1 o1
G ud
Thus, 6B = T Vs > ‘315"—
o1 WU, . WL
G w2
_ S .9
and 23 8

B 1
o1 WU, . WG
This shows that the set of centers that satl|s§g1 Wr 5t ©=0, for someW—ee+-\\are

exactly the members df.

Note that any element ih is identi ed by a point in the standartk  1°-simplex,
. [ .
i.e., IW—-eee—-\Wsuch that ;:1V\é = 1. However, the function de ned on thle<  1°-
simplex is not necessarily convex. Indeed, as shown in Fig. 6.5, it is not even quasiconvex.

Thus, one can either use standard convex optimization algorithms to solve the original
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Us 9=1| 9=2| 9=3
8=1 09 | 0:01 | 095

8=2 01 099 | 005

. 9=1| 9=2| 9=3
8=1 | 104 | 1220 | 1310
8=2 |04 | 1220 | 1310

Figure 6.5: An example that showsis not quasiconvex. The yellow area represents the
points for which the value of is less thards2. As one can see, the yellow area is not
convex and therefore is not quasiconvex in terms ¥¥s. The table shows the parameters
that were used for this example.

convex program in (Equation 6.3.1), or other heuristics to only search the d&br our
experiments, we use a variant of the multiplicative weights update algorithm dn-set
see Algorithm 23.

To certify the optimality of the solution, one can use Fact 6.2.2.1 and shoPthat
subgradient. However, the iterative algorithms usually do not nd the exact optimum, but
rather converge to the optimum solution. To evaluate the distance of a solution from the
optimum, we propose a min/max theorem for/sé Section 6.3.2. This theorem allows us
to certify that the solutions found by our heuristic in the experiments are within a distance

of 0.01 from the optimal.

6.3.1 Multiplicative WeightsUpdateHeuristic

Note that the original optimization problem given in (Equation 6.3.1) is convex. However
we can use a heuristic to solve the problem in Wispace. One such heuristic is the

multiplicative weights update algorithm [251], precisely de ned as Algorithm 23.
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Algorithm 23: Multiplicative Weights Update

1 Input: Integers< and:, numbersUg, and centerégfor 82 » ¥Yand 92 »<Y%and
)\

2 S tor 92
]9

2 W 1 for92x<Y
3 for C= 1-+e—jo
9
4 2 ! alﬁxg,fOYSZ » Vi
5 1 21—eee-2
6 Computebyt °forall 92 »<¥4
7 10 maxgxyt °
8 39 1 0 &l ofor92 <Y
39 o
° V6 Vil C Imaxg < 143 9
10 NormalizeWs such that 5., W =1
11 return

6.3.2 Certi cate of Optimality

Next, we give a min/max theorem that can be used to nd a lower bound for the optimum
value. Using this theorem, we can certify that, in practice, the multiplicative weights update

algorithm nds a solution very close to the optimum.

Theorem 6.3.2.1.Let( »<¥and

G U2
[(=f =12j—eee_2:25= - Vély <‘§_
o1 WUz, . WL
G
W= 1l-andW= 0898 (g
o1
Then, maxmin 5! ©  min max 5t Oe
21 2( > 21 2( >
Moreover, maxmin 5! © min max St Oe
2 2( 2/ o, @< Ys

Proof. Let — 92/ and letW-3e the corresponding parameters for © respectively.
i
Note that/ (/. Therefore g, Wr St © = ® Hence because = 0 for any 98 (,

I I
we have ¢ Wr 5 ° = ® Hence! oW &t % ! 0 ° = 0. Therefore there
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existsa9 2 ( suchthar 55t © ¢t © ©° Q. Thus becaus& is convex, we have

591(1) 591°I‘591°10°@1°

Thereforemaxg( 5% ®  ming 5! °. Note that this holds for any- °2 / and this
implies the rst part of the theorem.

Let ©be the optimum solution tein 2/ Maxg( &' °. By Theorem 6.3.0.1, this
is an optimum solution to the problem of nding a fair set of centers for the grougs in
Moreover for any set of centersPoutside the convex hull of the centers of groupé jime
havemaxg 5 © maxg %t % — proof of this is similar to Lemma 6.2.1.1. Hence

maxg( 5%t ®  min o _,maxg 5%t °. Thus we have

=< Yy

maxmin 5% © minmax5 °=max5: ®
21 2( 59 21 2( % R( %

min max5! ©  min max 5! ©°
2/ < 1, %( 2/ 1, @< Vs

Note that we can use Theorem 6.3.2.1, to get a lower bound on the optimum solution
of the convex program in (Equation 6.3.1). For example, supp8sea solution returned

by a heuristic. Then

min 5 ®  max min 5 © min max 5 ©e
Rx< Yy 2/ o1, R Y 2/ <y, P V4

Thereforeming 1,5t @ is a lower bound for the optimum solution. Hence the difference

of the solution returned by the heuristic with the optimum solution is at most

1max @1 Mo 1 mln @1 Q)O.
PR3 Y4 PR3y

This will be very useful for the case whergt © = 1 ©°forall 9 2 »<¥% where
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is the optimum solution. The reason is that in this case, Theorem 6.3.2.1 implies
max o/ ., MiNg<1,5% ° = min 2 <yMaxex<y,5t °. However this might not be the
case and we might hav®t °Y ' ©for someQ In this case we can ufe » <Y
For example arf that gives a larger lower bound and for whietax 2/ ming %' © =

min 2/ ( MaxXg( S o,

6.3.3 Stability and Approximability

We conclude this section by a discussion on the stability and the approximability of fair
: -means fox groups.

Our stability results generalizes to demographic groups. Let = f2,—ee+-3
be an optimal solution, anfl » <% Also let 5 ° = maxp<y,3 ©°for 92 (, and
5 °Y maxpxy3 °for 98 (. Thenone can see that, for R »: Va2 2 >=E" 89 :

92 ( g° This uniquely determines the location of the optimal solution, and thus we cannot
improve the value of functiong& where 9 8 (. Moreover, with an argument similar to
Proposition 6.2.3.1, one can deduce that we cannot improve the value of fungfwhsre

92 (.

Moreover, the Fair-Lloyd algorithm for demographic groups converges to a solution
in nite time, essentially because the number of possible partitions of points is nite. Fi-
nally, if the : -means problem admitsZaapproximation then the fair-means problem for
< demographic groups admits & -approximation — the proof is similar to the proof of

Theorem 6.2.3.2.

6.4 Experimental Evaluation

We consider a clustering to be fair if it has equal clustering costs across different groups. We
compare the average clustering cost for different demographic groups on multiple bench-

mark datasets, using Lloyd's algorithm and Fair-Lloyd algorithm (Code is accessible on-
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LFW dataset Adult dataset Credit dataset

w/o PCA

w/ PCA

w/ Fair-PCA

Figure 6.6: Average clustering cost of different groups when using Fair-Lloyd algorithm
versus the standard Lloyd's. Rows correspond to different pre-processing methods and
columns to the datasets. Note that the fair clustering costs for the two groups are identical
or nearly identical in all datasets.

line).

We used three datasets: 1) Adult dataset [222], consists of records of 48842 individuals
collected from census data, with 103 features. The demographic groups considered are
female/male for the 2-group setting and ve racial groups of “Amer-Indian-Eskim”, “Asian-
Pac-Islander”, “Black”, “White”, and “Other” for the multiple-groups setting; 2) Labeled
faces in the wild (LFW) dataset [226], consists of 13232 images of celebrities. The size
of each image igl19 36 or a vector of dimensiod764 The demographic groups are

female/male; and 3) Credit dataset [223], consists of records of 30000 individuals with

https://github.com/samirasamadi/SociallyFairKMeans
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21 features. We divided the multi-categorical education attribute to “higher educated” and
“lower educated”, and used these as the demographic groups.

As different features in any dataset have different units of measurements (e.g., age
versus income), it is standard practice to normalize each attribute to have Qreeah
variancel. We also converted any categorical attribute to numerical ones. For both Lloyd's
and Fair-Lloyd we tried 200 different center initialization, each with 200 iterations. We
used random initial centers (starting both algorithms with the same centers in each run).

For clustering high-dimensional datasets witmeans, Principal Component Analysis
(PCA) is often used as a pre-processing step [252, 237], reducing the dimensiowe
evaluate Fair-Lloyd both with and without PCA. Since PCA itself could induce represen-
tational bias towards one of the (demographic) groups, Fair-PCA [66] has been shown to
be an unbiased alternative, and we use it as a third pre-processing option. We refer to these

three pre-processing choicesva® PCA, w/ PCA, andw/ Fair-PCA respectively.

Results. Fig. 6.6 shows the average clustering cost for different demographic groups. In
the rst row, all datasets are evaluated in their original dimension with no pre-processing
applied (w/o PCA). In the second and third rows (w/ PCA and w/ Fair-PCA), the PCA/Fair-
PCA dimension is equal to the target number of clusters

Our rst observation is that the standard Lloyd's algorithm results in a signi cant gap
between the clustering cost of individuals in different groups, with higher clustering cost
for females in the Adult and LFW datasets, and for lower-educated individuals in the Credit
dataset. The average clustering cost of a female is up to 15% (11%) higher than a male in
the Adult (LFW) dataset when using standard Lloyd's. A similar bias is observed in the
Credit dataset, where Lloyd's leads up to 12% higher average cost for a lower-educated
individual compared to a higher-educated individual.

Our second observation is that the Fair-Lloyd algorithm effectively eliminates this bias

by outputting a clustering with equal clustering costs for individuals in different demo-
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graphic groups. More precisely, for the Credit and Adult datasets the average costs of two
demographic groups are identical, represented by the yellow line in Fig. 6.6. For the LFW
dataset, we observe a very small difference in the average clustering cost over the two
groups in the fair clustering¢4%, 1% and06% difference for without PCA, with PCA,

and with Fair-PCA respectively). Notably, Fair-Lloyd mitigates the bias of the output clus-
tering independent of whether it is applied on the original data space, on the PCA space, or
on the Fair-PCA space. In Fig. 6.8, we show a snapshot of the performance of Fair-Lloyd
versus Lloyd's on the Adult dataset for all three different pre-processing choices.

Fig. 6.7 shows the maximum ratio of average cost between any two racial groups in the
Adult dataset, which comprised of ve racial groups “Amer-Indian-Eskim”, “Asian-Pac-
Islander”, “Black”, “White”, and “Other”. Note that, the max cost ratio of one indicates
that all groups have the same average cost in the output clustering. As we observe, the
standard Lloyd algorithm results in a signi cant gap between the cost of different groups
resulting in a high max cost ratio overall. As for the Fair-Lloyd algorithm, as the number
of clusters increases, it outputs a clustering of the data with same average cost for all the

demographic groups.

The price of fairness. Does requiring fairness come at a price, in terms of either running
time or overall: -means cost? Fig. 6.9 shows the running time of LIoyd's versus Fair-Lloyd
for 200 iterations. Running time for all three datasets is measured in tienensional

PCA space, where is the number of clusters. As we observe, Fair-Lloyd incurs a very
small overhead in the running time, with only 4%, 4%, and 8% increase (on average over
for the Adult, Credit, and LFW dataset respectively. Moreover, as illustrated in Fig. 6.10,
the convergence rate of Lloyd and Fair-lloyd are essentially the same in practice. Finally,
the increase in the standaremeans cost of Fair-Lloyd solutions (averaged over the entire
population ) was at most 4.1%, 2.2% and 0.3% for the LFW, Adult, and Credit datasets,

respectively. Arguably, this is outweighed by the bene t of equal cost to the two groups.
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Socially fair versus proportionally fair. The rst introduced notion of fairness far-

means clustering considered the proportionality of the sensitive attributes in each cluster
[224]. We emphasize that improving the proportionality is at odds with improving the
maximum average cost of the groups. This can be seen in Fig. 6.2. To illustrate this more,
we compared our method to one of the proposed methods that guarantees the proportion-
ality of the clusters on the credit and adult datasets. We used the code provided in [228].
As illustrated in Fig. 6.11, the proportionally fair method fails to achieve an equal average

cost for different populations and our methods do not achieve proportionally fair clusters.

6.5 Discussion

Fairness is an increasingly important consideration for Machine Learning, including clas-

si cation and clustering. Our work shows that the most popular clustering method, Lloyd's
algorthm, can be made fair, in terms of average cost to each subgroup, with minimal in-
crease in the running time or the overall averagmeans cost, while maintaining its sim-
plicity, generality and stability. Previous work on fair clustering focused on proportional
representation of sensitive attributes within clusters, while we optimize the maximum cost
to subgroups. As Fig. 6.2 suggests, and Fig. 6.11 shows on benchmark data sets, these
criteria lead to different solutions. We believe that both perspectives are important, and
the choice of which clustering to use will depend on the context and application, e.g.,
proportional representation might be paramount for partitioning electoral precincts, while

minimizing cost for every subgroup is crucial for resource allocation.
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Figure 6.7: Adult dataset: The maximum ratio of average clustering cost between any
two racial groups: “Amer-Indian-Eskim”, “Asian-Pac-Islander”, “Black”, “White”, and
“Other”.

Figure 6.8: Adult dataset: comparison of the standard Lloyd's and Fair-Lloyd algorithm
for the three different pre-processing choices of w/o PCA, w/ PCA, and w/ Fair-PCA.

LFW dataset Adult dataset Credit dataset

Figure 6.9: Running time (seconds) of Fair-Lloyd algorithm versus the standard Lloyd's
algorithm on the -dimensional PCA space f@00Oiterations.

306



LFW dataset Adult dataset Credit dataset

Figure 6.10: Convergence rate of Fair-Lloyd algorithm versus the standard Lloyd's algo-
rithm for : = 10. The plotted objective value for the standard Lloyd is the average cost of
clustering over the whole population, and the objective value for Fair-Lloyd is the maxi-
mum average cost of the demographic groups. The reported objective values are averaged
over20runs and the shaded areas are the standard deviations.

Credit
redi Adult

Figure 6.11: Comparison of socially fairmeans (Fair-Lloyd) to proportionally fair-
means (Fairlet) on the Credit and Adult dataset in terms of proportionality and clustering

cost.
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CHAPTER 7
SCALABLE CONSTANT-FACTOR APPROXIMATION ALGORITHMS FOR
SOCIALLY FAIR :-CLUSTERING

In this chapter, we study approximation algorithms for the socially*fai+ :°-clustering
problem with< groups which include the socially fai-median ¢ = 1) and: -means

(? = 2). We present (1) a polynomial-tinié® | 2p6°?-approximation with at most , <
centers (2) d5, 2p6 . n°?-approximation with: centers in time1::°2$1?°<2'”, and (3)
alls, 6p6°7 approximation with: centers in time < poly'=°. The former is obtained

by a re nement of the iterative rounding method via a sequence of linear programs. The
latter two are obtained by converting a solution with up tp < centers to one with
centers by sparsi cation methods for (2) and via an exhaustive search for (3). In addition,
we discuss how to speed up our algorithm using a combination of coresetsmaedns++.

We compare the performance of our algorithms with existing approximation algorithms on

benchmark datasets, and nd that our algorithms outperform existing methods.

7.1 Introduction

Automated decision-making using machine learning algorithms is widely adopted in mod-
ern society. Examples of real-world decisions made by ML algorithms are numerous and
encompass applications with signi cant societal effects, such as automated content moder-
ation [253] and recidivism prediction [254]. Consequently, there is a need to design new
machine learning algorithms that incorporate societal consideratt@msessis a crucial

aspect of these considerations, as discrimination based on seven protected attributes, in-
cluding race, is prohibited under the Civil Rights Act of 1968. Due to these concerns and
the increasing use of algorithms and machine learning in areas such as policing, criminal

sentencing, and lending, sub elds suchadgorithmic fairnessandfair optimizationhave
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emerged as important components of modern machine learning [12, 3, 255].

The facility location problem is a well-studied problem in combinatorial optimization.
Well-known instances of this problem include theneans, -median, and -center prob-
lems. In these cases, the input consists of a nite metric, and the goal is to pmints
(centersor facilities) such that a function based on the distances of each given point to its
nearest center is minimized. Foimeans, the objective is to minimize the average squared
distance to the nearest center; femedian, it is the average distance; and:farenter, it is
the maximum distance. All of these instances can be encompassedtby-theclustering
problem, which is de ned as follows: given a set of clieAtsof size=, a set of candidate
facility Ioc;fltionsF, and a metric3, the task is to nd a subset F of size: that
minimizesI oa 318—°7 where318—° = ming 3!8-9 This problem is NP-hard for
all values of? and also hard to approximate [256, 257]. An algorithm providirgj &°-
approximation was given by [258]Currently, the best approximation factors achieved for
the : -median and -means problems on general metrics ar@-645, n)-approximation
[259] and a9, nP-approximation [260, 261], respectively.

Here we consider the socially fair extensions of the- :°-clustering problem, where
< different (not necessarily disjoint) subgroups,= 1[ [ <, are provided among
the data. The objective is to minimize the maximum cost over the groups, ensuring that a
common solution does not impose excessive expense on any one of them. Each group can
be a subset of the data or any nonnegative weighting.

The goal is to minimize the maximum weighted cost among the groups, expressed as:

~

O

min  max Fgl®318— 0% (7.1.1)
Fjj=: EQ»<1/@ 5

A weighting of Fg!® = 1¢j g for82 pgcorresponds to averaging the groups. These

groups often arise from sensitive attributes, such as race and gender, which are protected

LIn some works, thé'th root of the objective is considered, resulting in different approximation factors
in such cases.

309



against discrimination under the Civil Rights Act of 1968 [63, 64].

The socially fair: -median and -means cases correspond?2e= 1 and? = 2 respec-
tively, as introduced by [72, 74]. As discussed and experimentally veri ed in [72], the
objective of the socially fair -means promotes a more equitable average clustering cost
among different groups.

The objective function of socially fair-median was initially studied by [262], who
provided an$ tlog< , log=C-approximation algorithm. Furthermore, the existing ap-
proximation algorithms for vanilla-means and -median can be utilized to né 1<°-
approximate solutions for the socially fair versions [72, 74]. The proof technique directly
yields a< 2%'?-approximation for socially fait »— -clustering. The natural linear pro-
gramming (LP) relaxation of the socially fairmedian problem has an integrality gap of

1<0[74].

More recently, [75] strengthened the LP relaxation of the sociallyfa# :°-clustering
by a sparsi cation technique. The stronger LP has an integrality gapl%g’lg’o—;(O and
their rounding algorithm (similar to [258]) nds &2°*'? log< *log log< °-approximation
algorithm for the socially fait ,— °-clustering. For the socially fair-median, this is
a}symptotically the best possible in polynomial time under the assumption thaé NP

Xi0 DTIME 125 [263]. Due to this hardness result, it is natural to considéicai-
teria approximation, which allows for more centers whose total cost is close to the optimal
cost for: centers. For the socially fairmedian and Y n Y 1, [74] presents an algorithm
that gives at mostet1 P centers with objective value at magt'”«n times the opti-
mum for: centers. Our rst result is an improved bicriteria approximation algorithm for
the socially fair » clustering problem with onlyx additional centers< is usually a small

constant).

Theorem 7.1.0.1.There is a polynomial-time bicriteria approximation algorithm for the
socially fair * ,—:°-clustering problem with< groups that nds a solution with at most

P : . . .
. < centers of costat mo$6, 2 6°° 9497 times the optimal cost for a solution with
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. centers.

Goyal and Jaiswal [264] show that a solution to the socially*fai :°-clustering prob-
lem with: % : centers and cost can be converted to a solution withcenters and cost
at most3” 11 2opt ° by simply taking the -subset of the ° centers of lowest cost. A
proof is included in Section 7.2 for completeness — see Lemma 7.2.0.5. We improve this

factor using a sparsi cation technique.

Theorem 7.1.0.2.For anyn j O, there is a5, 2p5 . n°?-approximation algorithm
for the socially fairt »,— :°-clustering problem that runs in timie=: ©2°7'<*n: there is a

115, 6p6°?-approximation algorithm that runs in time® poly*=°.

This raises the question of whether a faster-constant-factor approximation is possible.
[264] show under the Gap-Exponential Time Hypothgsiss hard to approximate socially
fair : -median and -means within factors df, 224 nandl, 84 n, respectively, intime
6l:0 =5<°>"° for 5-8R- | R-;sociallyfair! ,— °-clustering is hard to approximate

>"° They also give a3, n°”-approximation in time

within a factor of3” nintime6t:° =
1 ep$h° poly*=en°. This leaves open the possibility of a constant-factor approximation in
time 5'<°polyt=—"2,

For the case o ! 1 , the problem reduces to faircenter problem if we taket"
root of the objective. The problem is much better understood and widely studied along
with many generalization [265, 266, 75]. [75] result implies®&Hl°-approximation in
this case.

We compare the performance of our bicriteria algorithm against [74] and our algorithm
with exactly: centers against [75] on three different benchmark datasets. Our experiments

show that our algorithms consistently outperform these in practice (Section 7.6) and often

select fewer centers than the algorithm of [74] (Section 7.6.5).

2Informally Gap-ETH states that there is 83"~ -time algorithm to distinguish between a satis able
formula and a formula that is not evéh n° satis able.
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In terms of running time in practice, our experiments indicate that the bulk of the time
is spent on solving the LP relaxation of the problem. Therefore our algorithm is almost as
fast as LP-based approximation algorithms for the vanHtaeans problem while it gives
a more equitable outcome for the subgroups of the population. To speed up our algorithm,
in Section 7.5, we show how coresets [267] and thmeans++ algorithm [204] can be
combined with a result regarding the bestlustering of a bicriteria approximation, to
reduce the size of the problem$d: < log=° datapoints while preserving the optimal
solution up to constant factors. This then allows us to apply our algorithms to the reduced-
sized problem. Just as an example, to solve a problem=wt#8-842 (the Adult dataset
[268]), 5 groups, and = 50, it took one minute on a commodity laptop. More detailed

experiments, including runtimes and objective values, can be found in Section 7.6.4.

7.1.1 ApproachandTechniques

Our starting point is a LP relaxation of the problem. The integrality gap of the natural
LP relaxation is< [74]. For our bicriteria result, we use an iterative rounding procedure,
inspired by [269]. In each iteration, we solve an LP whose constraints change from one
iteration to the next. We show that the feasible region of the nal LP is the intersection
of a matroid polytope and af ne spaces. This implies that the size of the support of an
optimal extreme solution is at most, < — see Lemma 7.1.2.1. Rounding up all of these
fractional variables results in a solution with < centers.

There are two approaches to convert a solution with up fo< centers to a solution
with : centers. The rstis to take the bestsubset of the | < centers which results in a
115, 6p(_5°?-approximation for an additional cost §ft: <=1: | <©°°in the running time.
This follows from the work of [264]. For completeness, we include it as Lemma 7.2.0.5in
Section 7.2.

The second approach is to “sparsify” the given instance of the problem. We show if

the instance is “sparse,” then the integrality gap of the LP is small. A similar idea was
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used by [270] for the classic-median problem. We extend this sparsi cation technique
to socially fair clustering. We de ne ab)-sparse instance for the socially fairmedian
problem as an instance in which for an optimum set of faciliiesany groupB 2 »<¥
and any facility8not in the optimum solution, the number of clients of grdgim a ball
of radius318—8+3 centered a8is less thanfBL{ij‘é. For such an instance, given a set of
facilities, replacing facility8with the closest facility t@in $ can only increase the total
cost of the clients served by this facility by a constant factor glusWe show that if an
instance ish l%O-sparse, then the integrality gap of the LP is constant.

For an$ lopt *<°-sparse instance of the socially fairmedian problem, a solution
with : | < centers can be converted to a solution withenters in time=®"< * while in-
creasing the objective value only by a constant factor. Our conversion algorithm is based
on the fact that there are at mést< 2° facilities that are far from the facilities in the opti-
mal solution. We enumerate candidates for these facilities and then solve an optimization
problem for the facilities that are close to the facilities in the optimal solution. This opti-

mization step is again over the intersection of the polytope of a matroidwiithlf-spaces.

In summary, our algorithm consists of three main steps.

1. We produce=®'< * instances of the problem such that at least or&li%gl°-sparse
and its optimal objective value is equal to that of the original instance (Section 7.3,

Lemma 7.3.0.2).

2. For each of the instances produced in the previous step, we commpm#eudo-
solutionwith at most , < centers using an iterative rounding procedure (Section 7.2,

Lemma 7.2.0.1).

3. We convert each pseudo-solution with < centers to a solution with centers

(Section 7.4, Lemma 7.4.0.2) and return the solution with the minimum cost.

In addition to constant factor approximation results, we show how the size of the prob-

lem can be reduced ®*:< log=° points while preserving the optimality up to a constant
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factor. This allows our approach to be scaled to large-size datasets. To achieve this, we
combine ideas from the coresets literature, the bicriteria approximation results for the
means++ algorithm, and a result regarding the best solution (with exacdnters) out

of a bicriteria solution. The main difference between our approach and the usual coreset
approach is that in addition to the number of clients, we also reduce the number of facilities

in the problem tdh 1:< log=°.

7.1.2 Preliminaries

We use termgentersand facilities interchangeably. For a sétand ite_r_n8 we denote
([f&by(, 8 For setq 1—** *— ( we denote their Cartesian productlkz)y%x (o€,
IB—eee—-B2 = pxyloifandonly if B 2 (;—ee+—B (.. For an instancé of the
problem, we denote an optimal solutionlofand its objective value b@PT andopt |,
respectively. A paiM = 1 —[° , wherel is a non-empty family of subsets of, is a
matroid if: 1) forany( ) ,if) 21 then( 21 (hereditary property); and 2) for any
(<) 21,ifj(j Y] j, thenthere exist82) n( suchtha( , 82| (exchange property) see
[271]. We calll the set of independent sets of the matrigid The basis oM are all the
independent sets &l of maximal size. The size of all of the basis of a matroid is equal
and is called theank of the matroid. We use the following lemma in the analysis of both

our bicriteria algorithm and the algorithm with exactlcenters.

Lemma 7.1.2.1.[194] LetM =1 —|° be a matroid with rank and %¢M° denote the
convex hull of all basis df1 . Let& be the intersection d¥d" °© with < additional af ne

constraints. Then any extreme pointSohas a support of size at most <.

7.1.3 Relatedwork

Unsupervised learning under fairness constraints has received signi cant attention over
the past decade. Social fairness (i.e., equitable cost for demographic groups) has been

considered for problems such as PCA [66, 71]. Other notions of fairness are also considered
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Figure 7.1: (a) Distance & from the facilities of its representati@(b) Solid and dashed
circles are the balls corresponding to representativ&) (and non-representative clients

(U ), respectively.

for clustering. The most notables are balance in clusters (i.e., equitable representation
of groups) [224, 272, 228, 261], balance in representation (i.e., equitable representation
of groups in selected centers) [273, 274, 275], and individual fairness [276, 277, 278].
However as shown by [279], different notions of fairness are incompatible in the sense that
they cannot be satis ed simultaneously. For example, see the discussion and experimental
result regarding incompatibility of social fairness and equitable representation in [72]. In
addition, several other notions of fairness for clustering has been considered [249, 280,
281, 282, 283].

Coresets were rst studied for the-median and. -means problems to improve the
running time oftl , n°-approximation algorithms [267, 284, 285]. This has resulted in
algorithms that are only exponential inand 1+n instead of=. They have been used to
speed up a variety of fair clustering algorithms as well, including the ones for proportional
fairness and individual fairness [245, 248, 227, 286].

. -means++ algorithm is an ef cient sampling approach for picking the centers forthe
means problem [204] and it can also be used for initialization of LIoyd's heuristic. Such an
initialization guarantees abtlog : °-approximation. Selecting more thancenters using
the : -means++ algorithms results in bicriteria constant factor approximation [287]. This
has been used as a seeding method for the random selection of coresets. fonghas
problem [288]. Recent progress has shown that augmentingtheans++ algorithm with
a local search procedure guarantees constant factor approximations [289, 290]. Although

the bicriteria approximation is generalized to the -clustering algorithm and general
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metrics, the latter is only analyzed for Euclideameans.

7.2 Bicriteria Approximation

In this section, we prove Theorem 7.1.0.1. Our method relies on solving a series of linear
programs and utilizing the iterative rounding framework for thmedian problem as de-
veloped in [269, 291]. We aim for a cleaner exposition over smaller constants below. We

use the following standard linear programming (LP) relaxatld®il).

min | (LP1) |min | (LP2)
O 6 O
s.t. | Fe®318—-YGe S.t. | Fel®318—GH (7.2.1)
® 9F R 5® o
81 B <- 81 B <-

Go H 882A-RF-

O o)

H=:— Hy=:— (7.2.2)
RF =
6 &F

Go=1 -882A- H=1 -882A- (7.2.3)
PF R g
G—H O H Qe

Theorem 7.1.0.1 follows as a corollary to Lemma 7.2.0.1 as we can pick all the frac-
tional centers integrally. Observe that, once the centers are xed, the optimal allocation of

clients to facilities is straightforward: every client connects to the nearest opened facility.

Lemma7.2.0.1.LetOY _ 1. Thereis a polynomial time algorithm that given a feasible
solution 16-H+° to the linear programLP1 returns a feasible solutioAG- & where
|0 117 211 0 017 00? band the size of the support bfis at most: | <. The
running time is polynomial i and the logarithm of the distance of the farthest points

divided by .
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Proof. We describe the iterative rounding argument to round the sold@H+°. As a
rst step, we work with an equivalent linear prograo®2, where we have removed the
assignment variablegs This can be achieved by splitting each facil@yo the number of
unique nonzerég s and setting the corresponding variable for these facilities accordingly,
e.g., if the unique weights al8o Y &g Y &g, then the corresponding weights for the
facilities areG g, @9 G and&Gg &gand the weights of the connections between these
new facilities and clients are determined accordingly as either zero or the weight of the
facility.

Let F be the set of all (splitted) copies of facilities. Then we can ass@2 fO0—Hg
for each8— @where92 F). We set = f92 F : Goj 0g. Note that gcould contain
multiple copies of original facilities. Observe thaP2 has a feasible solutiohH+° for
this choice of gfor each82 A . Moreover, any feasible solution td®2 can be converted
to a solution ofLP1 of same cost while ensuring that each cliBgets connected to the
original copy of the facilities in g

The iterative argument is based on the following. We group nearby clients and pick only
onerepresentativéor each group such that if each client is served by the facility that serves
its representative, the cost is at mést | 211, © ©°11 7 Noreover, we ensure
that candidate facilitiesgfor representative clients are disjoint. In this case, one observes
that the constraints (Equation 7.2.2) and (Equation 7.2.BfP&de ne the convex hull of a
partition matroid and must be integral. Indeed, this already gives an integral solution to the
basic: -median problem. But, in the socially fair clustering problem, there<aaelditional
constraints, one for each of tke groups. Nevertheless, by Lemma 7.1.2.1, any extreme
point solution to the matroid polytope intersected with at mogdinear constraints has a
support of size at most, < (see also [292] Chap. 11).

We now formalize the argument and specify how one iteratively groups the clients. We
iteratively remove/change constraintsliR2 as we do the grouping while ensuring that

linear program's cost does not increase. We initializg= max318-9: Ggj 0g =
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maxf 318—9: 92 g for each clien8 We maintain a set of representative cliebt§.
We say a clienB 2 U°® represents a clierd if they share a facility, i.e., g\ @ < 08
and g g. The representative clients do not share any facility with each other. The
non-representative clients are put in theldet
We initialize U ¢ as follows. Sort all clients in increasing order o Greedily add
clients toU ® while maintaining g\ o = ceforall8< & 2 U®. Observe that) ¢ is
maximal with above property, i.e., for eve{8 U ¢, there is82 U ¢ such that g\ @< ce
and g #. We will maintain this invariant in the algorithm. For clier@8 U °, we set
gto be the facilities in gthat are within a distance qf—i In each iteration we solve the

following linear program and updaté®, U ®, gs, gs, and gs.

min | (LPU®-U >-))
o) 0
s.t.l FgB®  318-TH,
® pU ¢ R g |
0 0 N
. FgB® 318-GHy, 11 H f° 4 81 B <— (7.2.4)
(2% B\U 5 R g
= - (7.2.5)
oF
o)
Ho=1 -882U°%- (7.2.6)
R 8
o)
Ho 1 -882U°- (7.2.7)
2 g
H O (7.2.8)

For clients in8 2 U °, we only insist that we pickat mostone facility from g (see
(Equation 7.2.7)). The objective is modi ed to pays for any fractional shortfall of fa-
cilities in this smaller ball (see (Equation 7.2.4)). Observe that if this additional constraint
(Equation 7.2.7) becomes tight for sorB@ U °, we can decreasegby a factor oftl, °©

for this client and then updatd ¢ accordingly to see i8can be included in it. Also, we
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Algorithm 24: Iterative Rounding

Input: A= [ [ <F-:1—-3—_

Output: A set of centers of size at most, <.

SolveLP1 to get optimal solution@— & f° and reate sef by splitting
facilities.

Set g=f92F : G4i 0g- s=max3go: Gqi Ogforeach82 U.

Sort clients in increasing order ofgand greedily include clients id ¢
while maintaining thaf g: 82 U ®*gremain disjoint.

SetU®=AnuU°.

while there is some tight constraint fro(@quation 7.2.750

N

w

N

[é)]

~N O

8 if there exist82 U ®such thatH ¢ = 1 (i.e., (Equation 7.2.7)s tight
for § then
9
8 g 8 —8—8 f 92 g. 318—-9 —Bg
1, _ 1, _
10 UpdateU *1®.
11 Find an extreme point solutiddto the linear program LR[®*-U >- ).

12 return the support oHin the solution of LP( *-U °- ).
13

Procedure Updatey 18
if forevery®2 U%that g\ @< gi sthen
Remove alfthat represerifrom U ¢ and add them ttJ °.
Uu¢ u °[f &

A w N

round eachH318—9to the nearest power éfL, _°. This only changes the objective by a
factor oft1, ©°? and we abuse notation to assume thahtis es this constraint (it might

no longer be a metric but in the nal assignment, we will work with its metric completion).
The iterative algorithm runs as described in Algorithm 24. It is possible that a client moves
betweenU ° andU ¢ but any time that a point is processedur® (Step 3(a) above), g

is divided by'1, _°. Thus the algorithm take® '=log danfo jterations, where diam is

the distance between the two farthest points. Finally the result is implied by the following

claims.

Claim 7.2.0.2. The cost of the LP is non-increasing over iterations. Moreover, when the

algorithm ends, there are at most < facilities in the support.

Proof. In each iteration, we put at most one clientdrf. For this client, (Equation 7.2.7)
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i
is tight, i.e., ¢ ,Ho = 1. Note that we updategto g Therefore the new point ity ¢

satis es (Equation 7.2.6). Moreover, for a poffithat is removed fron ¢, we have

(@]}

O

Therefore such a point satis es (Equation 7.2.7). Hence a feasible solution to the LP of
iterationCis also feasible for iteratio@, 1. Therefore the cost of the LP is non-increasing
over iterations.

The second statement follows since if no constraint from (Equation 7.2.7) is tight, then
the linear program is the intersection of a matroid polytope witlinear constraints and
the result follows from Lemma 7.1.2.1.

Claim 7.2.0.3. For any client® 2 U 5, there is always one total facility at a distance of at

oo
most1l s 211 s 0._0 @ .., g3z 91 1,211 % ° o Hg 1.

Proof. Let Cbe the iteration where g is updated for the last time. If g is only set once at
Line 4 of Algorithm 24 and it is never updated, théa 0. We rst show that immediately
after iterationG there is one total facility at a distance of at m8stg from &. If C= 0,
then there existe8 2 U® such that g\ ¢ < ceand g #. Therefore by triangle
inequality, all the facilities in gare within a distance of at mo8t g from &, see Fig. 7.1
(a). Hence because (Equation 7.2.6) enforces one total facility, itnere exists one total
facility at a distance of at mo& o from &. If C j O, then®is moved fromU ¢ to U °
because at iteratio a facility 8is added tdJ * suchthat gV gand g\ g< ce— see
the condition of Procedure Updat&?1® in Algorithm 24. Again because of enforcement
of (Equation 7.2.6) and triangle inequality, there exists one total facility at a distance of at
most3 g from &immediately after iteratioC

Now note that after iteratio6 the facility82 U ® with g\ g < ceand g g might
get removed front ®. In which case, we do not have the guarantee of (Equation 7.2.6) any

longer. Lety := 8 We de ne§; ; to be the client that has caused the removal of cigent
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(through Procedure Updaté®1®) fromU ¢ after iterationC Note that by the condition of
UpdateU ¢18) fromU®, g, , Y g, Therefore because we have rounded the distances
to multiples of*1, _°, we have g, , 1—8: Let & be the last point in this chain, i.6

has caused the removal &f1 and& has stayed itJ ¢ until termination of the algorithm.
Then by guarantee of (Equation 7.2.6) and triangle inequality, there is one total facility for

@ within a distance of

Claim 7.2.0.4. Let Mbe an integral solution to linear program LB(¢-U °- ) after the
last iteration. Then, there is a solutio®+#? to the linear prograniP1 such that objective
is at most

1117 211 0, 011 00?
times the objective of the linear program IWPt-U °- ).

Proof. By Claim 7.2.0.2, at every iteration, the cost of the linear program only decreases
since a feasible solution to previous iteration remains feasible for the next iteration. Thus
the objective value aflin LP(U *-U °- )isatmost1, °?the optimal cost ofP1 (where

we lost the factor of1, _°? by rounding all distances to powersidf, _°).

We now construcGsuch thattG#? is feasible taLP1. First note that the above pro-
cedure always terminates. We constrGdiy processing clients one by one. We process
the clients inU ° andU ¢ as follows. For ang2 U ¢, we de neGo= Pyfor each92 ¢
Observe that we havle @ ;&@9= 1forsuch82 U ¢ and we obtain feasibility for this
glient. For any82 U °, we de neGo= Py for each92 8 Observe,that we only insisted
I

. I I -
@ P 1landtherefore we still need to nd @ ;Bo=1 o ,Pbfacilities to

assign to clien8 For this remaining amourit K ¢, we notice by Claim 7.2.0.3, there
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211’ _0

is at least one facility within distancd., === gof this client. Thus we can assign the
remainingl K ¢ facility to client8at a distance of no more that , 2L 4 Note
) _
211’ _0

that the cost is only increased by a factor f,

Now we prove Theorem 7.1.0.1 by substituting the bestLemma 7.2.0.1.

Proof of Theorem 7.1.0.1By Lemma 7.2.0.1, the output vector of Algorithm 24 corre-
sponding to the centers has a support of size at mpst . Rounding up all the fractional
centers, we get a solution with at mos} < centers and a cost of at most

?
111:' 2113 _0._0 115 00 ¢

of the optimal. We optimize over by taking the gradient of1, 21, ° °11 ©°and
setting it to zero. This gives the optimum value of 2+ 3. Substituting this, gives a total

approximation factor of5 | 2p 6°7.

Lemma 7.2.0.5([264]). Let: % : and( be a set of centers of siz8and cost for the
socially fair* »,—:°-clustering problem witkx groups. Le})  ( be a set of size with
minimum cost among all subsets of sizef (. Then the cost of is less than or equal to

37 11 20pt ©whereopt is the cost of the optimal solution.

Proof. Let OPTbe an optimal set of centers. For each cert2rOPT, let B. be the closest
centerin( to >, i.e., B = arg ming  3'B—% Let) 0:= fB : > 2 OPTy. Because the size
of OPTis:,j) § :.We show that the cost 9fis less than or equal 8 * | 2opt °.
The result follows from this becau3@ ( andj) Y

Let 8be a client andbg be the closest facility t©PTto 8 Let (g be the closest facility
to >gin ) 9 which meanﬁ is also the closest facility togin (. Moreover letB be the
closest facility ta8in (. By triangle inequality318—g€: 318-¢ | 31>8—§. By de nition
of § 31> 31> B. Therefore318- 318—§ , 31>5-B. Moreover by triangle
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Algorithm 25: Sparsify
tIlnput: A= 1 [ <«F-:=3-ZN
2 Output: A set of fair: -median instances.
3 for €= 1—eee—2Cand Cfacility pairs 1 9— %—--- g do
+ | Outputl 0= 1F A :— 3, whereF 0= F n >, FBALL! G 3 9 o

inequality3*>- 8B  318-g , 318-8 Therefore318—g€: 2318—-¢ , 38— Taking
both sides to the power df and using the power mean inequality, i.6G, H, 1°7
37 1@, H, 170, we conclude3:8-& 37 112318-%7?  318—§7°. The result follows

from summing such inequality for each group and taking the maximum over groups.

7.3 Approximation Algorithms for Fair : -Clustering

We rst show how to generate a set of instances such that at least one of them is sparse
and has the same optimal objective value as the original instance. Then we present our
algorithm to nd a solution with: facilities from a pseudo-solution with , < facilities
for a sparse instance, inspired by [270]. We need to address new dif culties: the sparsity
with respect to all group8 2 »<% and as our pseudo-solution hasadditional cen-
ters (instead of 11° additional centers), we need a sparser instance compared to [270].
One new technique is solving the optimization problem given in Step 11 of Algorithm 26
(Lemma 7.4.0.1). This is trivial for the vaniltamedian but in the fair setting, we use cer-
tain properties of the extreme points of intersection of a matroid polytope with half-spaces,
and combine this with a careful enumeration.

For an instancé , we denote the cost of a set of facilitiesby cost | * ©°. For a point
@andA j 0, we denote the facilities in the ball of radidsat @by FBall | *@-°A This
does not contain facilities at distance exadlfrom @ For a groupB 2 »<¥;the set of
clients ofBin the ball of radiusAat @s CBall | _g @-°ANote that because we consider the

clients as weights on point§Ball | _g @-°As actually a set of (point, weight) pairs. We

: I
letjCBall | _8@-°A=  gcgal |_g@A B8
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De nition 7.3.0.1. [Sparse Instance] FolJ j O, an instance of the fair, clustering

probleml =1:—F -A — 3 is U-sparse if for each facility92 F and groupB2 »< %

?

2 : 1 .
5319-OP'II ° jCBall |_g 973319-OP'II 0] Ue

We say that a facility@is U-dense if it violates the above for some grdd »< ¥

To motivate the de nition, let be anU-sparse instanc&®PT, be an optimal solution
of I , 9be a facility not inOPT and 9 be the closest facility iOPT, to 9 Let bea
solution that contain® and[ ¢9_de the total cost of the clients of grol2 »<Yihat are

connected t®in solution . Then,

Lcost of groupBfor solution [ 9n9°

1 cost of groupBfor solution ©, 2%'% 11U [ o

This property implies thati) opt | <, then replacing different facilities can increase
the cost by a factor d®**” plus2®*” opt | , and the integrality gap of the LP relaxation
is 2%"?. The next algorithm generates a set of instances such that at least one of them has

objective value equal topt | and istopt | «<C-sparse for a xed intege€

Lemma 7.3.0.2.Algorithm 25 runs in=® < “C time and produces instances of the socially
fair - clustering problem such that at least one of them satis es the following: (1) The
optimal value of the original instanck is equal to the optimal value of the produced

; o 0 OPt
instancel *, (2) | Vis =Zz--sparse.

Proof. First note that a facilitgin OPT, cannot beéJ-dense becaus#8-OPT, °° = 0. Let

19— &—..e19- & be a sequence of pairs of facilities such that for evieryl—« e+

b ) -
« 92Fn LIFBall |19-39- Pois an®2L-dense facility; and
« dis the closest facility tc in OPT .
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We show that <2C Forl 2 »YandB2 »<¥letB;_g:= CBall |_3 9_L—§3191— 900.
First we show that for any group 2 »<%the client ballsB,_g- ¢« *B _gare disjoint. Let
1 IYF . By triangle inequality31¢— &  313— @, 319— &. Moreover by
de niton & 8 FBall | 19-39—f°. Thus3:9-& 313-@. Hence314-
231 @. Since? is the closest facility t@ in OPT , 31¢—8° 31— &, Therefore
313—8° 2319- @. Combining this with319— &  319-— @ implies $13:9- |
319- 900 319- p°. If Bj_gandBg_goverlap then there exisi32 B|_g\ B r_gand by
triangle inequality3:9—p° 319-D, 31¢-DY 1319- P 1319 f°, whichis a
contradiction.

Therefore forB 2 »<% Bi1_g-***B _gare disjoint. Also since 1—e¢e+e+—pg are dis-
joint, all of By_gg are disjoint forl 2 » ¥andB 2 »<% By de nition, forany1 2 » %
there existsB 2 »<¥such that £319-OPT © ?jBl_Bj i O'Ztc' . Therefore, if j < 2C

I ?

11 23'9-OPT° jBigji< opt,.Thus

< max Z319-OPT° |Bi_g =319-OPT° jBi_gj<opt,e
BV 3 _ 3
1=1 B< Vl=1

Note that the connection cost of a client By_gin the optimal solution is at least
? ?
2319-OPT° = 23:9-% . Therefore, as thB;_s are disjoint,
@) ?

131 o] 1 H
opt | Eg)@f/ﬁﬂ 33 9-OPT ° B¢

N

This is a contradiction. Therefore <?2C Thus Algorithm 25 returns an instance with the

desired properties.

7.4 Converting a Solution with: | < centers to one with: centers

5

We rst analyze the special case when the set of facilities is partitioneddisjoint sets

and we are constrained to pick exactly one from each set. This will be a subroutine in our
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algorithm.

Lemma7.4.0.1.Let(1—**+—(be disjointsetssuchth@t[ [ (. =»>=Y%For62 »<¥%
92 % Y%E2 (o letU"? 0. Then there is at=:°'<*™_time algorithm that nds a

. . . I 16-
11, n°-approximate solution toiNgy( e v, MaX2:x s @ 1/4UE§ ®
Proof. The LP relaxation of the above problem is

O O 1 1

min \  such that UE6_9Ct_9) \—86 2 »< %
R YVE2( 9
O

G =1-892 » %
B( 9

G? 0-892 »

Note that this is equivalent to optimizing over a partition matroid witlextra linear
constraints. Therefore by Lemma 7.1.2.1, an extreme point solution has a support of size at
most: , <. Now supposé is the optimal integral objective value, aB2 (1—<**-E

(. are the points that achieve this optimal objective. For &a2hx< %2at most< «n many

16-9
Ue,
6 2 »<Ywe guess the set of indices

I 16—
, 92 » Yican be more thad'\ because g, 1/4UE3 ¥ Suppose, for each

Jo =925 v U <ﬂ\ g

This takes: $'<*™ time by enumerating over setva Let) =)1[ [ )<. For92),
we also guesky in the optimum solution by enumerating ovess, 92 ) . This increases
the running time by a multiplicative factor of <= sinceEy 2 (g9andj(q = Based
on these guesses, we can set the corresponding variables in the LP, i.e., f0psach
that 92 ), we add the following constraints f@& 2 ( o. &19) =1if E= E, and(;i_g) =0,
otherwise. The number of LPs generated by this enumeration 8 *< Bere,

We solve all such LPs to get optimum extreme points. lefG'—««+G'°° be an
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optimum extreme point for the LP corresponding to the right guess (i.e., the guess in which
we have identi ed all indices9 2 » Yalong with their corresponding, such that there

existsé 2 »< thereUlEj"g I\ ). Thereford. \ . Let

' =192 » 1 GY 8foAgldge

Since the feasible region of the LP corresponds to the intersection of a matroid polytope
and< half-spaces, by Lemma 7.1.2.1, the size of the support of an extreme solution is
., <. Moreover any cluster wit® 2 » ¥that have fractional centers in the extreme point
solution, contributes at lea&tto the size of the support because of the equality constraint
inthe LP. Therefor@j' j,1: j'j° :, < whichimpliesj'] <.

Now we guess thggforall 92 ' . By construction; \ ) = ce Therefore forall92 '

and6 2 »< 1/,4U|156"9 Y 2\ . Therefore for al6 2 »< ¥,
9

Thus for the right guess d&, 92 ' , we get an integral solution with a cost less than or

equaltol , n\ 11 o\ .

Algorithm 26 is our main procedure to convert a solution with< centers to a solution
with : centers. We neell to be in the interval mentioned in Lemma 7.4.0.2. To achieve
this we gues®pt | as different powers of two and try the correspondifgy The main
idea behind the algorithm is that in a pseudo-solution of a sparse instance, there are only a
few (Y <2Q facilities that are far from facilities in the optimal solution. So the algorithm
tries to guess those facilities and replace them by facilities in the optimal solution. For
the rest of the facilities in the pseudo-solution (which are close to facilities in the optimal
solution), the algorithm solves an optimization problem (Lemma 7.4.0.1) to nd a set of

facilities with a cost comparable to the optimal solution.
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Algorithm 26: Obtaining a solution from a pseudo-solution
1 Input: Instancd , V, a pseudo-solutio , % 0,
X2 10-minf 'oglllénoog", and integeC 4 11, 307,
2 Output: A solution with at most centers.
3TO T
4 while jTY j: andthereis92 TOs.t.cost | 1Tnf9Q° cost | T® VvV
doT® T Onfoy
if jTG : thenreturn TS
foral D T %andV F suchthaiDj, jVj =: andjVj Y <2Cdo
For 92 D, set! g= 3193 %nfqy°
ForB2 ><%92.D, 52 FBall | 19— X{, set
Ug = minf 318— $?— 38y° ?g,
2cBall | -k
9 Let?&:92D°2 4 FBall | 19-X# be'l, n°-approximate
solution to (see Lemma 7.4.0.1)

o N O O

o
min max U B3

.
15 PDO2 gp FBall | 19-XE Vi, Y

Spy V [f gg: 92 Dg
10 return S ;= arg mirgw cost | 1Spy°

Finally combining the following lemma with Lemma 7.3.0.2 (sparsi cation) and The-

orem 7.1.0.1 (bicriteria algorithm) implies Theorem 7.1.0.2.

Lemma7.4.0.2.Letl =1.—-F-A-3be anoﬂtc' -sparse instance of the ,— :°-clustering

problem,T be a pseudo-solution with at mast < centersp®j O,

.1 logt1, n®
X2 10-minf =—2 > go_
e 12 Y
C 411, 207 pe an integer, and
2 3., 2 3,
—_ opt 11, -O%“cost | 1T®° V — 2opt 11 -O“cost | 1TO
<Cp" - X [ <C pt, , - X [

Then Algorithm 26 ndsase® 2 F in time=<"2"""" such thagS; : and

cost | 1S° 1g11°0 11 n®?o1cost | 1T opt,°
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Proof. If Algorithm 26 ends in Step 7, theoost | 1T°, <V is at mostcost | 1T®° ,
%120pt R §’(°?cost | 1T = $ 1opt | , cost | 1T°%« Otherwise, we run the loop.
Now we show that there existsddy T %andVo F suchthajVoj Y <2GjDoj.jV oj =
., andSp v, satis es the desired properties. For a facilgy T let! g=319F n f9y°
and g = 3190OPT °. We say9 2 | isdeterminedf g X!go Otherwise, we say
is undetermined Let Do = f92 T%: g Xlgg For 92 Dy, let § be the closest
facility to 9in OPT . LetVo = OPT nf5 : 92 Dog. First note that for any two distinct
facilities in 9-92 Dg, 319-®  maxf! o-!9g Moreover by de nition,319— 3
Xlg Xmax! o-!9g. Therefore by triangle inequalit@: $- 3° 1 Xmax! o-!g0.
Moreover by de nition and becausée2 1O—§°, 11 Xmax! o-lggi X! ¢ 39 2°.
Therefore3t 9~ 5° j 3 19 5°. Thus for any two distinc®—%2 Do, § < 5.
Thereforejf 5, : 92 Dogj = jDoj. ThusjVoj = jOPTj D oj = : |]D oj. Let
Uo = T%n Dg be the set of undetermined facilities. Sindej i : , jVoj =: jD oj =
iT9.jUqj Y jUoj. We showjUpj Y <2C For every9 2 T%andB 2 »<¥let
s—doe the set of clients of groupthat are connected t6in squtionToanq let g_de
the total connection cpst of these clients. Therefmst | 1T® = mangKl/J ®TO B-9
Let 9 = arg mir*gguoI px<v, B9 Let Obe the closest facility t(? inT%nf9g, ie.,
319-® =1 4. Thencost | T°nf9g° cost | 1T® maxEQKl/J 2 . 3827 For

B2 s Ylet I g:= g_o\ CBall |_g9-3$X!g%and %,:= g on I o By triangle

inequality, forany82 ¢ 318 11, %X’! 9. Moreover since9 is undetermined,

3182 Y 11, IX% g =15, 209 Y £ o, andforanyB2 »<%CBall | _§9-3X!g°

5

1
3
CBall |89 ¢°. Thus

0 2 7 1
3187 Y 39 jCBall 89— 9%je
2 s
h i i opt | i l' 1 ? opt | out
Therefore sincd is a =Zz--sparse instance, g 3_93 8-& < - For82 Ag’,

318-9 IX!g. Thus$318-9 !4 and by triangle inequality3'8-®  318-9
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319-9=318-9, | g 11, 30318-9. Therefore

opt | 3
cost [ 1T%Nnf9g° cost | !T® max 1 o
I g [ max —<c - v
opt
<C °

[y

3
11, ;<°? B-¢ (7.4.1)
B>< Vs

. i . I 1T G . .
By de nition, ' mpwy, B-9= MiNQu, mwy B-9 —2g - SoifjUej <2Cthen

jUoj
I 1 . .
R, B-9 M Moreover, sincgT nTY Y <,
® < 2 3.
cost | *T®Ycost | 1T°, <V cost  1T°, o 20pt, .11, s(o'cost | 1T
la
1 3
—F opt —COSt | 1T 0.
1’ %( p I 5 2 |

Combining with (Equation 7.4.1%ost | 1T®nf9g® cost (1T® 2%t = 317

%0?% VeThis is a contradiction because should be removed in Step 4 of

Algorithm 26. ThereforgUoj Y <2C

Now, we need to bound the cost®f ,v,. For 92 Do andB2 »< ¥let
1
82 CBall |_g9§! e

By triangle inequality the distance 8to any facility inFBall | 19— X is at most{%) ,

X! o For a facility ¥ 2 Do, 9 < 9 by triangle inequality and becaugé 9-®

maxf! o !og, the distance o8to any facility inFBall | 19~ X!g° is at least

! 2
319-% gg Xlg 319-% 1 ,>@319—C9:1§ x319-9 12 X0l g

Wl
WIN

ForX Y %, we have% . X Y% X Therefore 8is either connected té&y or to a facility
inVo. Let U15'93_[93 be as de ned in Algorithm 26 foDg andVg. Let1§: 92 Dg° be a

11, n®-approximate solution for the following, obtained by Lemma 7.4.0.1.B-2n< %
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b
let)s = op,CBall | _39-4%3° Since for9 2 Do, § 2 OPT 's are also in balls
FBall | 19— X¢°,

O o)
max 3'8Sp,v,°° 1, max 318OPT °%

B >< V@)B B»< 1/4@)8
Now consider a clienB 2 gn)g If in the optimal solution,8is connected to a
facility in Vo, then by de nition, 3:8OPT °  3'8S5p,v,°. Otherwise, in the optimal
solution,8is connected tdy, 2 FBall | 19— X4 for some92 Do. We compare3*8-5° to
318-J. Since%- 3 2 FBall | 19— X{, by triangle inequality and becau8é8—9 %9

?
318507 1318-9 X! 7 U g3 XIe®? _ 13x ° 1 13X
IE57  TEOXFT a3 g7 - 1Tax ° IhusbecausX g g 1, 12X
o logil, no

Moreover sinceX Y

75—, Cost | 1Sp,v,® 11, n®? opt,. Finally note that the
loop runs for=3'<*C jterations becausp/j Y <2CandjT nDj <2C, <. Moreover by

Lemma 7.4.0.1, each iteration runstm: 0$ 1< time.

7.5 Speeding Up the Algorithm

Our experiments show that solving the LP relaxation of the problem is the main bottleneck
in our algorithm. This process can be slow when working with datasets that have tens of
thousands of samples. Coresets, which are weighted subsets of the data that approximate
the cost of clustering, have been widely used to speed up clustering algorithms [288]. They
have also been used for fair clusterings, such as proportional fairness [224] and individual
fairness [293], as well as socially fdir,— °-clustering [294]. Although coresets can im-
prove the running time, it is important to note that they only reduce the number of clients,
not facilities. In this section, we demonstrate that combining coresets with-theans++
algorithm and exhaustive search can also reduce the number of facilities. Our main result

is as follows.

Theorem 7.5.0.1.LetA == [ [ < withweightsF ,for B2 »<¥be a set of clients

in a metric space an& := A be the set of centers. Lg&] = = There exists an algorithm
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running in time$ 1< : =log=° that with high probably outpthB s With weights
Fp, forall B2 <%and F suchthafbg=$1:log=*andj j 2<: andifPisa

subset of size of that

max2,1b _bo U min max2,tb — o_
B=Ys B_FbB JojE BRxY B_FbB

then

max2,1 g-F -bo 37 22%.2 Uy opt .
<V

To prove this theorem, we need some de nitions and results from other papers. We
denote the cost of the ,— :°-clustering on a set of clients A with weightsF : !
R oand a setof centers F with
0
2,1 —F— ©°:=  F1Q° 310 °%
02

If the vector of weights is all one, we denote the cost simplgfy— °.
De nition 7.5.0.2 (Coreset) For a weighted set of clients withF : ! R ganda

set of centers with size greater than, the setb with weightsF, : P! R gis an

In—9-coreset for thé ,— °-clustering objective if for any of size: ,
11 mP21—F —° 2,1 pF 0 17 mp2,0_F _ o0

The above de nition is also referred to as a strong coreset. A weak coreset is a coreset
that gives the above guarantee only for optimal and near-optim@he coreset de nition
is naturally extended to the socially fair clustering problem by replacing the cost function
with maxg,<v2.* g-F — °. Note thatin this case, we require a @@t g and weights

Fo, for each grouB2 »<¥%

Remark 7.5.0.3. An 1n— °-coreset with respect to a set of centerds also antn—°-
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coreset with respect t8 with b

Theorem 7.5.0.4[295]). There exists an algorithm that computestan- °-coreset of size

$1: log=+n??° for the! ,— °-clustering problem over a general metric.

The above result is achieved by the following sensitivity sampling approach that can be

carried out in time$ 1=: log=+n°?°. Let be a set of centers corresponding to a bicriteria

approximation for thé »— :°-clustering problem, i.ej, j :. Then each poin@is sam-
pled with probability proportional t@% . ](@, where( gis the set of points in the

same cluster a@in the clustering corresponding ta The set of sampled points weighted
by the inverse probability of selection gives the coreset. The following result shows how a
coreset for the socially fair clustering problem can be found from an algorithm that nds a

coreset for thé »— :°-clustering problem.

Theorem 7.5.0.5([294]). Let bg with weightsF by be ann-°-coreset for thet ,— -
clustering problem on a set of clientss with weightsF .. Then® := by[ [ b,
is an *n— °-coreset for the socially fait »— °-clustering problem on the set of clients

A= 1 [ <.

The : -means++ starts by picking a facility uniformly at random and adding it to set
= e Then in the next steps it adds a poi@to the set of facilities with probability
proportional to3*@-°. The following result states that themeans++ algorithm nds a

bicriteria approximation algorithm for the ,— :°-clustering problem.

Theorem 7.5.0.6([287]). LetV | 1, Dbe a set of centers of siz¥/: e selected by the
. -means++ algorithm, anapt be the optimal objective value for the,— :°-clustering

problem. Then with high probability

271

221A — opt
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Corollary 7.5.0.7. LetA = 1[ [ <,V i 1, gbe a setof centers of sizt/:e
selected by the-means++ algorithm on the setg. Moreover, letopt be the optimal
objective value for the socially fair ,—:°-clustering problem, and = [ [ <.
Then

27,1

max2,1 g- ©
BRo<Y, 1V

opt «

Proof. Denoting the optimal objective value of the,— °-clustering problem on gwith

opt g by Theorem 7.5.0.6, we have

27,1 22?2, 1
271 P opt opt «
? BB Ty Pt g 1 Vv p
Moreover since g , 271 = © 271 g @, and this implies the desired result.

We are now equipped to prove the main result of this section.

Proof of Theorem 7.5.0.1For B2 »< %:let Pgwith weightsF b, D€ an*0<5-°-coreset of
size$ 1: log=°for the! »— °-clustering problem on the segwith weightsF .. Then by
Theorem 7.5.0.58 := b, [ [ Db is ant05- ©-coreset for the socially fait »— ©-

clustering problem oi . Therefore by de nition, forall F withj j=1:,

05 max2;t g-F — © max2,tbg-FR) — © 165 max2,t g-F ~ °
B2>< Y, B o< Y4 B B <Yy

Now let be a set of centers obtained by running thmeans++ algorithm witlv = 2 on

each pgand taking the union. Then by Corollary 7.5.0.7j = 2:< and

max2,t g-F — © 22%1

opt -
B>< Vs p

Let

= argmin max2,* g-F — ©

j jer Bo<YA
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Then by Lemma 7.2.0.5,

max2,t g-F — © 37112271 20 gpte
B>< Y,

Therefore by the coreset property

max2,1Pg-F, — © 165 37 112271 20 gpt .
B >< Vs B

Finally by de nition of P and the coreset property,

05 max2,! g-F B_bO max 2,1 bB_ =9 _bo
B <Y, B < Y, B

Umax2,tb — o
<Yy B_FbB

15 37 112271 20 Yy opt e

7.6 Empirical Study

We compare our algorithm with previously best algorithms in the literature on benchmark
datasets for socially fair-median problem. Namely, we compare our bicriteria algorithm
with [74] (ABV), and our exact algorithm (that outpuggactly: centers) with [75] (MV).

Since our bicriteria algorithm produces only a small number of extra centers (e.qg., for two
groups, our algorithm only produces one extra center — see Section 7.6.5), we search over
the best: -subset in the set of , < selected centers. However, instead of performing

an exhaustive search combinatorially, we use a mixed-integer linear programming (MILP)
solver to nd the best -subset. Although this is a very effective way to go from bicriteria
approximation to a solution with exactlycenters, our experiments show that running the

MILP directly on the original problem is very slow. For example, on the Adult dataset with
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10 groups and = 20, the MILP solver did not converge after two hours.

Our code is written in MATLAB. We use IBM ILOG CPLEX 12.10 to solve the linear
programs (and mixed-integer linear programs). For our experiments, we used a MacBook
Pro (2019) with a 2.3 GHz 8-Core Intel Core i9 processor, a 16 GB 2667 MHz DDR4
memory card, a Intel UHD Graphics 630 1536 MB graphic card, 1 TB of SSD storage, and
macOS version 12.3.1.

Datasets. We use three benchmark datasets that have been extensively used in the
fairness literature. Similar to other works in fair clustering [224], we subsample the points
in the datasets. Namely, we consider the rst 500 examples in each dataset. A quick

overview of the used datasets is in the following.

1. Credit dataset[223] consists of records of 30000 individuals with 21 features. We
divided the multi-categorical education attribute to two demographic groups: “higher

educated” and “lower educated.”

2. Adult dataset [268, 296] contains records of 48842 individuals collected from cen-
sus data, with 103 features. We consider ve racial groups of “Amer-Indian-Eskim”,
“AsianPac-Islander”, “Black”, “White”, and “Other” for one of our experiments. For
another experiment we consider timersectionalgroups of race and gender (male

and female) that results in 10 groups.

3. COMPAS dataset[254] is gathered by ProPublica and contains the recidivism rates
for 9898 defendants. The data is divided to two racial groups of African-Americans

(AA) and Caucasians (C).

Bicriteria approximation. The ABV algorithm, rst solves the natural LP relaxation
and then uses the “ltering” technique [297, 258] to round the fractional solution to an
integral one. Given a paramet@rY n Y 1, the algorithm outputs at mostl1 n°
centers and guarantee2en approximation. In our comparison, we consitéhat gives

almost the same number of centers as our algorithm. Tables in Section 7.6.5, summarise
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(a) Credit dataset (2 groups). (b) Adult dataset (5 groups). (c) Adult dataset (10 groups).

Figure 7.2: Comparison of our bicriteria algorithm with ABV [74]. The number of centers
our algorithm selects is close toand is often smaller than ABV (see Section 7.6.5).

the number of selected centers for differerandn. The_ parameter in our algorithm (see
Algorithm 24 and Lemma 7.2.0.1) determines the factor of decrease in the radii of client
balls in the iterative rounding algorithm.

As illustrated in Section 7.6.2, the performance of our algorithm do not change signif-
icantly by changing . So in our comparisons, we X = 0+6. Fig. 7.2 illustrates that our
algorithm outperforms ABV on different benchmark datasets. The gap between the perfor-
mance of our algorithm and ABV becomes larger as the number of groups bedome
larger. For example, for the Adult dataset with 10 groups amd50, the objective value
of ABV is almost twice of the objective that our algorithm achieves.

Exactly : centers.The MV algorithm, st sparsi es the linear programming relaxation
by setting the connection variables of points that are far from each other to zero. It then
adopts a randomized rounding algorithm similar to [258] based on consolidating centers
and points. In the process of rounding, it producéd a W-restricted solution which is
a solution where each center is either open by a fraction of at {éast¥ or it is zero.

The algorithm need®/ YOs5. The results of MV for different values affare presented in
Section 7.6.2.

It appears that MV performs better for larger valuesso below we uséV= 01
and W= 0+ for our comparisons. Fig. 7.3 illustrates that our algorithms outperforms
MV on different benchmark datasets. Similar to the bicriteria case, the gap between the

performance of our algorithm and MV becomes larger as the number of groups and
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(a) Credit dataset (2 groups). (b) Adult dataset (5 groups). (c) Adult dataset (10 groups).

Figure 7.3: Comparison of our algorithm withcenters with MV [75].

become larger. For example, for the Adult dataset with 5 or 10 groups and0, the

objective value of MV is almost thrice of the objective that our algorithm achieves.

7.6.1 Comparisorof Algorithms ShowingBoth MaximumandMinimum

We compared different algorithms in terms of the objective value of the socially fair°-

clustering in the previous section. However, as we discussed previously, our underlying
goal is to provide more equitable costs for different demographic groups. Therefore in this
section, we illustrate the average cost for both the demographic group with maximum aver-
age cost and the demographic group with minimum average cost on solutions of different

algorithms. The comparisons are illustrated in Figs. 7.4 and 7.5.

(a) Credit Dataset (2 groups). (b) COMPAS dataset (2 groups). (c) Adult dataset (5 groups).

Figure 7.4: Comparison of our bicriteria algorithm with ABV [74]. The max and min on
Sub gure (c) are across the demographic groups and are used to prevent cluttering plots
with 5 groups. The number of centers our algorithm selects is closeaod is often
smaller than ABV (see Section 7.6.5).
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