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SUMMARY

Quickest detection has a wide range of real-world applications in industrial quality

control, biosurveillance, network security, etc. Under a general setting, there are p local

streams in a system, and at some unknown time ν, an occurring event impacts s of the

available streams by changing the distribution of their samples. In many applications, one

often faces the sampling control constraint in the sense of allowing only to sample from q

of the p local streams at each time instant. We call this “Active Quickest Detection”. The

objective of active quickest detection is to decide how to adaptively sample partial data

from these p local streams and how to use the observed partial data to raise a global alarm

as quickly as possible once the change occurs subject to both the false alarm and sampling

control constraints.

In this dissertation, we present our results in five different directions on active quickest

detection. The first one is the simplest scenario when there is only one affected local stream

and we are only able to sample from one stream at a time. This is investigated in Chapter

2, where we not only present an efficient algorithm based on myopic or greedy sampling,

but also establish a second-order asymptotically optimum property. To the best of our

knowledge, while such scenario was investigated as early as 1963 by Shiryeav, this is the

first asymptotic optimum result in the literature.

The second direction is to apply random sampling matrices in compressed sensing

and implicit regularization in neural networks for active quickest detection. The under-

lying mathematical model is to detect a sparse change of underlying coefficients in high-

dimensional linear regression models - one of the most fundamental predictive models. By

over-parametrizing linear regression models with p coefficients as two-layers neural net-

works with 2p weights, we develop gradient-descent-based quickest detection algorithms

for linear regression models that can recover the sparse post-change with high accuracy, and

provide theoretical guarantees on the average run length to false alarm and detection delay.

xii



Our approach can be easily extended to the context of monitoring other advanced predictive

machine learning or artificial intelligent algorithms for future research directions.

Three more subtle directions are further presented in Chapter 4 for active quickest de-

tection. In Chapter 4.1, we consider the scenario when the post-change distributions involve

unknown parameters. An efficient greedy-cyclic-sampling-based quickest detection algo-

rithm is proposed, and we show that our proposed algorithm is first-order asymptotically

optimal in the sense of mini- mizing the detection delay under both false alarm and sam-

pling control constraints. In Chapter 4.2, we extend our results of r = s = 1 in Chapter

1 to a more complicated scenario when r = s = 2. We combine three ideas to develop

efficient active quickest detection algorithms: (1) win-stay, lose-switch sampling strategy;

(2) local CUSUM statistics for local monitoring; and (3) the SUM-Shrinkage technique to

fuse local statistics into a global decision. Theoretical guarantees on the ARL to false alarm

and detection delay are provided. In Chapter 4.3, we revisited the TRAS algorithm pro-

posed in [1] which incorporates a novel idea of compensation coefficients for unobserved

data streams. However, it is unclear how to choose the compensation coefficients suitably

from theoretical point of view so as to balance the trade-off between the detection delay

and false alarm. In this context, we investigate the impact of compensation coefficients on

TRAS algorithm. Our main contributions are two-folded. On the one hand, under the gen-

eral setting, we prove that if compensation coefficient is larger than O(q/(p− q)), then the

TRAS algorithm is not efficient in the sense of having a larger detection delay than the op-

timal lower bound. On the other hand, under the special case of q = s = 1, if compensation

coefficient is smaller than O(1/(p− 1)), then the TRAS algorithm is efficient.
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CHAPTER 1

INTRODUCTION

1.1 Background and Motivation

Active learning has received extensive attentions in the modern big data age, partly due to

the resource constraints either at the data acquisition level or at the communication level.

Often it is required that the decision maker actively selects partial samples from the un-

derlying raw data so as to make right decision with as few attempts as possible. Some

Some examples of active learning include searching and tracking targets [2, 3, 4], active

sequential multiple testing [5, 6, 7, 8], etc.

One important active learning problem when monitoring streaming data is active quick-

est detection problem, which has a wide range of real-world applications in industrial qual-

ity control, biosurveillance, network security, etc. Under a general setting, we assume

that a system is operated under resource constraints that prevent the simultaneous use of

all resources all of the time, and there are p streams in the system, e.g., different features

from principle component analysis, wavelets, or deep neural networks [9, 10, 11], different

sensors in sensor management [12], different work stations in an assembly line in manufac-

turing [13], or different locations in biosurveillance, search and tracking target [14]. The

decision maker is responsible to sample observations from these processes in a sequential

manner and there are constraints on the number of processes that can be observed. As-

sume that at some unknown time ν, an unusual event (e.g., target, manufacturing defect, or

disease outbreak) occurs and yields a subset of anomalous processes in the sense of chang-

ing the distributions of the data from these anomalous processes. One is then interested in

raising an alarm as quickly as possible once the change occurs (and ideally accurately iden-

tifying the subset of anomalous processes) subject to the sampling or resource constraints.
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When all streams are passively observed at each time, this is the standard passive quick-

est detection problem for streaming data. It was first investigated theoretically in [15] on

how to combine local monitoring procedures together suitably to control the global false

alarm rate when the pre-change and possible post-change distributions of data from all

processes are completely specified. Later [16] and [17] extended to more complicated

scenarios when the post-change distributions are Gaussian distributions but with unknown

postchange means. For more research on passive quickest detection problem, see [18, 19,

20].

When there are sampling or resource constraints, the decision maker is responsible

to actively choose which streams to observe, enhancing her or his information about the

occurring event or anomalous processes rapidly while accounting for the penalty of wrong

declaration. We refer to this as the active quickest detection problem, as compared to the

standard passive quickest detection problem. This problem was first investigated by [21] in

the context of detecting signals when a radar sensor can only monitor one out of p directions

one at a time. In recent years the topic of active quickest detection receives more attentions,

not only from the theoretical viewpoint, see [22, 23, 24], but also from the applied statistics

viewpoint, see [25, 26, 27].

This dissertation focuses on making comprehensive progress on methodology, theory,

and application of active quickest detection problem io multi-stream data under the sam-

pling or resource constraints. Our specific research aims are to design new algorithms with

theoretical guarantees and develop an asymptotic optimality theory to characterize sharp

information bound.

2



1.2 Overview of the Dissertation

1.2.1 Asymptotic Optimality Theory for Active Quickest Detection with One Affected

Stream

The goal of this chapter is to develop an asymptotic optimality theory for active quickest

detection problem under a simple scenario when there is only one affected stream. Our

main result consists in proving that a simple myopic sampling scheme is second-order

asymptotically optimum when the number p of streams is fixed. The main idea of the

proposed detection strategy consists in exploring each local process periodically and decide

whether or not a change took place. If we decide positively then we stop and raise a global

alarm while if the decision is negative we switch to the next process. To the best of our

knowledge, a second-order asymptotically optimum result is proved for the first time for

the problem of multi-stream data monitoring under sampling control when time is discrete

and the processes are inhomogeneous.

1.2.2 Quickest Detection in High-Dimensional Linear Models via Implicit Regularization

The goal of this chapter is to tackle the problem of detecting changes in high-dimensional

linear regression models - one of the most fundamental predictive models. Our approach is

inspired by recent research on (deep) neural networks, where optimization algorithms such

as (stochastic) gradient descent hold implicit regularization properties, see [28], [29], etc.

By treating linear regression models as two-layers neural networks, we develop efficient

implicit regularization-based quickest detection for linear regression models. To the best

of our knowledge, this is the first to apply implicit regularization in the text of quickest

detection, and our ideas can be easily extended to the context of monitoring other advanced

predictive machine learning or artificial intelligent algorithms.
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1.2.3 Efficient Active Quickest Detection for Multi-Stream Data

The goal of this chapter is to investigate three research topics under the setting of ac-

tive quickest detection problem in multi-stream data. In the first topic, we consider the

scenario when the post-change distributions involve unknown parameters. An efficient

greedy-cyclic-sampling-based quickest detection algorithm is proposed, and we show that

our proposed algorithm is first-order asymptotically optimal in the sense of minimizing the

detection delay under both false alarm and sampling control constraints.

In the second topic, we extend our results in Chapter 2 to a more complicated scenario

when r = s = 2. We combine three ideas to develop efficient active quickest detection al-

gorithms: (1) win-stay, lose-switch sampling strategy; (2) local CUSUM statistics for local

monitoring; and (3) the SUM-Shrinkage technique to fuse local statistics into a global de-

cision. Theoretical guarantees on the ARL to false alarm and detection delay are provided.

In the third topic, we revisited the TRAS algorithm proposed in [1] which incorporates

a novel idea of compensation coefficients for unobserved data streams. However, it is

unclear how to choose the compensation coefficients suitably from theoretical point of

view so as to balance the trade-off between the detection delay and false alarm. In this

context, we investigate the impact of compensation coefficients on TRAS algorithm. Our

main contributions are two-folded. On the one hand, under the general setting, we prove

that if compensation coefficient is larger than O(q/(p− q), then the TRAS algorithm is not

efficient in the sense of having a larger detection delay than the optimal lower bound. On

the other hand, under the special case of q = s = 1, if compensation coefficient is smaller

than O(1/(p− 1), then the TRAS algorithm is efficient.

4



CHAPTER 2

ASYMPTOTIC OPTIMALITY THEORY FOR ACTIVE QUICKEST

DETECTION WITH ONE AFFECTED STREAM

This chapter is a collaborative work with Dr. Yajun Mei and Dr. George V. Moustakides,

and part of the work was published in the journal IEEE Transactions on Information Theory

2021.

2.1 Introduction

Quickest detection for multi-stream data under sampling control has many important real-

world applications such as quality control, surveillance or security, etc. Under a general

setting, there are p processes or data streams available in a system, and at some unknown

point in time, an occurring event impacts one of the available processes by changing the

distribution of its samples. Unlike the conventional problem where one samples simulta-

neously all streams, under a sampling constraint scenario we are allowed to sample only

one of the p local streams at each time. This constraint may be imposed due to sampling

costs or limitations to the on-line processing power. We understand that in addition to the

usual problem of developing a stopping strategy for signaling the detection of the change

we must also provide a sampling strategy for the sampling of the available streams.

Under the classical passive learning set-up when we can sample all streams simulta-

neously without any constraint, much research has been done for the dimensional p = 1,

see books [30, 31, 32, 33, 34, 35] for a review. When p is large, it was first investigated

theoretically in [15] on how to combine local monitoring procedures together suitably to

control the global false alarm rate when the pre-change and possible post-change distribu-

tions of data from all streams are completely specified. Later [16] and [17] extended to

more complicated scenarios when the post-change distributions are Gaussian distributions

5



but with unknown postchange means.

When there is sampling control as to which process must be sampled at each time in-

stant, literature is rather limited. The only existing result is [1] which proposes an algorithm

that performs reasonably well in simulations but has no theoretical justification to support

it. Related work is also [36] which proposes a data-efficient sampling technique but applies

to a single data stream.

We should mention that sampling control has also been extensively used in two other

well-known problems: sequential hypothesis testing and the multi-armed bandit problems.

Pioneering work in sequential hypothesis testing for p = 2 processes, when the data are

Bernoulli distributed, can be found in [37]. Other works on sequential hypothesis test-

ing with sampling control include [38, 39, 40, 41, 42, 43] and more recently [8, 7, 44,

45]. There has also been progress on the “multi-stream” case of sequential hypothesis

testing with sampling control, where there are multiple data streams, some of which are

anomalous, and the goal is to accurately pick out the anomalous ones among them, while

observing only a subset of the streams at each time-step, see [46, 47, 48, 49, 50]. Sampling

control is alsoinvestigated in the multi-armed bandit problem (MAB), which was originally

introduced by [51] that addresses the dilemma between “exploration” and “exploitation’.

Later, [52], and [53] derived ground-breaking fundamental results on the classical MAB. In

recent years, computer scientists, particularly those in reinforcement learning or machine

learning, follow this approach to rejuvenate MAB, and compare the regret of their pro-

posed sampling strategies or algorithms with the information bounds of Lai and Robbins

with some (possibly non-trivial) twists, see [54, 55, 56, 57, 58].

Sequential hypothesis testing for the homogeneous case and for general p was consid-

ered in [59] but with the special requirement of identifying only a single process under the

alternative hypothesis. The same switching and stopping strategy we propose in our cur-

rent work, is optimum for this problem as well and, remarkably, the optimality turns out to

be exact. Later in [50] we find an asymptotic optimality theory for sequential hypothesis

6



testing problems when one is allowed to sample one out of p streams at each time. Finally,

important results for the multi-armed bandit problem are offered in [52] where the first

asymptotic optimality theory is developed.

The problem we are attempting to solve in this work has two major differences com-

pared to sequential hypothesis testing and the multi-armed bandit problem: a) data col-

lected from unaffected process provide no useful information for the affected stream, and

b) data collected from the process to be affected before the change also provide no infor-

mation about detection.

In this work we focus on an asymptotic optimality theory for sequential change-point

detection for multi-stream data under sampling control. Our main result consists in proving

that a simple myopic sampling scheme is second-order asymptotically optimum when the

number M of processes is fixed. The main idea of the proposed detection strategy consists

in exploring each local process periodically and decide whether or not a change took place.

If we decide positively then we stop and raise a global alarm while if the decision is negative

we switch to the next process. To the best of our knowledge, a second-order asymptotically

optimum result is proved for the first time for the problem of multi-stream data monitoring

under sampling control when time is discrete and the processes are inhomogeneous.

As one of our reviewers correctly pointed out, our proposed myopic sampling strategy

is similar to the “cyclic-return system of observations over p directions” scheme proposed

in [21] (see also [60]). We should emphasize that the mathematical formulation, models

and technical details in [21] exhibit significant differences compared to the ones adopted

here. Indeed, in [21] it is assumed that the change occurs with the same probability in any

of the M local streams or directions (namely, there exists a prior). In our study we adopt

a worst-case scenario which is consistent with Lorden’s single stream min-max approach.

In [21] the analysis is focused on continuous-time and continuous path (Wiener) processes

with all local streams or directions being homogeneous. In our work we adopt discrete-time

and inhomogeneous processes across different local streams. These essential dissimilarities

7



require the employment of alternative analytical tools in order to be able to tackle problems

that are not present in Wiener processes as, for example, overshoots. We must mention

that the absence of overshoots in the continuous-time and continuous-path case allows for

the derivation of fairly accurate expressions for the average detection delay and average

time between false alarms, while in discrete time the analysis can only provide bounds of

the appropriate order of magnitude. What is also interesting is that the proposed scheme

in [21] turns out to be a repeated CUSUM test even though CUSUM, at the time, was not

yet known for its optimality properties. Finally, we should add that we believe that under

a more complicated setup where one is allowed to observe more than one local streams

simultaneously, it is unclear how the methodology in [21] can be extended. On the other

hand, our approach, as we discuss in Section IV, does not seem to have this problem.

The remainder of our paper is organized as follows. In section 2.2, we mathematically

formulate the problem of interest and review existing methods. In section 2.3, we present

our candidate sampling/ stopping strategy and prove the second-order asymptotic optimal-

ity property of our scheme when M is fixed. In section 2.4 we provide certain remarks

concerning possible extensions to more complicated scenarios and discuss the correspond-

ing challenges. Numerical simulations are offered in section 2.5 to illustrate the agreement

between theory and practice. Finally, in section 2.6 we draw our conclusions and discuss

future research topics. Technical proofs appear in section 2.7.

2.2 Problem Formulation

2.2.1 Mathematical Formulation

Suppose there are p statistically independent local streams in a system, and denote with X i
t

the observation from the i-th stream at time t, where i = 1, . . . , p and t = 1, 2, . . . . Initially,

the system is in the in-control state and {X i
t} from the ith stream produces i.i.d. samples

following the density fi(X). At some unknown time τ , an event occurs which leads the

system out-of-control with one of its p processes, say, the i-th, changing to i.i.d. samples

8



following a new density gi(X). Specifically, if the ith data stream is affected, then

X i
t ∼

 fi(X), if t ≤ τ

gi(X), if t > τ,
(2.1)

while Xj
t ∼ fj(X) for j ̸= i and all t > 0.

Under the classical setup when the full data information is available at each time t we

observe the complete set of p samples {X1
t , · · · , X

p
t }. However, when we adopt a sampling

control policy then we are allowed to access only one of these p data points. This clearly

requires the definitions of a sequence of sampling indices {Rt} with Rt ∈ {1, . . . , p}. Rt

is random and points to the local stream that must be sampled during the next time instant

t+ 1. The sampling constraint can be expressed as

1{Rt=1} + · · ·+ 1{Rt=p} = 1, (2.2)

for all times t = 1, 2, . . ., where 1A denotes the indicator function of the event A.

As we discuss next, due to the existence of various possibilities, we need to introduce

several sequences of sigma-algebras (filtrations). With {F i
t } we denote the filtration gen-

erated by the ith stream, namely, F i
t = σ{X i

1, . . . , X
i
t}. Then we define the filtration

{Ft} containing the complete information where Ft = F 1
t ∪ · · · ∪ F p

t . Finally, by sam-

pling one out of p local streams at each time instant we generate the filtration {FR
t } with

FR
t = σ{XR0

1 , . . . , X
Rt−1

t }. A sequential change-point detection procedure under sam-

pling control contains two components, the sampling policy {Rt} and the stopping time T .

For the sampling policy each Rt is FR
t -measurable (we use the already available samples

up to time t to decide which stream to sample at the next time instant t+ 1). The stopping

time T is {FR
t }-adapted (uses all samples up to and including time t in order to decide

whether to stop and raise an alarm at t or continue sampling according to Rt).

Denote by Pi
t(·),Ei

t[·] the probability measure and the corresponding expectation in-
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duced by the change occuring at Process i at time τ = t, and denote by P∞(·),E∞[·] the

probability measure and the corresponding expectation under the nominal probability mea-

sure (namely when the change occurs at ∞). Following the min-max approach suggested

by [61], our aim is to minimize

Di(T ) = sup
t≥0

ess sup Ei
t[T − t|F i

t , T > t], (2.3)

for all affected data stream i, subject to E∞[T ] ≥ γ > 1, where T and {Rt} are defined

over the appropriate filtration. As we can see the false alarm constraint requires the average

false alarms period to be no less than some prescribed value γ > 1.

For the constrained problem in (Equation 2.3) it is very unrealistic to expect that we

can find a single sampling/stopping policy capable of exactly optimizing it, simultaneously

for all i = 1, . . . , p. The goal of this work is to show that in fact such a possibility exists

(by proposing a particular solution) but within the class of policies that are second-order

asymptotically optimum.

2.2.2 Review of Change-Point Methods

Focusing on solving (Equation 2.3) with Di(T ) defined in (Equation 2.3) we first consider

the case where there is a genie that provides the index i of the stream where the change

occurs. If we know i then there is no reason to sample any other streams, consequently

Rt = i at all times and we can limit T to be {F i
t }-adapted. In this case it is well known

that the optimum stopping time is the CUSUM defined as

Ti(Ai) = inf{t > 0 : W i
t ≥ Ai}, (2.4)

where W i
t is the CUSUM statistic [62] that satisfies the recursion

W i
t = max{W i

t−1, 0}+ log
gi(X

i
t)

fi(X i
t)
, (2.5)
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for t > 0 and is initialized with W i
0 = 0. Threshold Ai is selected so that the false alarm

constraint is met with equality. Proof for first-order asymptotic optimality was offered in

[61] while exact optimality can be found in [63]. It is clear that there is no detection strategy

that can outperform the CUSUM test that knows where (but not when) the change occurs.

A more practically interesting scenario consists in having access to the complete data

set but not knowing where and when the change occurs. Again, there is no need to specify a

sampling strategy {Rt} since we sample all local streams. Cleary T is now {Ft}-adapted,

namely the stopping time uses all the information up to time t to decide whether to stop

at t or not. In this case we run local CUSUMs in parallel, one for each local stream and

as it is proven in [35] we raise an alarm whenever one of the p stopping times stops. pore

specifically if Ti is defined as in (Equation 2.4) then the combination

TFull = min{T1(A), · · · ,Tp(A)}, (2.6)

with all CUSUM having the same threshold A, is asymptotically optimum in the sense that

is solves the problem defined in (Equation 2.3) asymptotically as γ → ∞. In fact we can

rewrite TFull(A) as

TFull(A) = inf{t > 0 : max
1≤i≤p

W i
t ≥ A}, (2.7)

where, essentially, in the test we apply the generalized likelihood ratio with respect to

index i. In Theorems 9.2.1 and 9.2.2 of [35], it is shown that TFull(A) is second-order

asymptotically optimal when the number p of local streams is fixed. This means that we

minimize each detection delay Di(T ) up to an O(1) quantity which is independent from

the false alarm constraint parameter γ in (Equation 2.3).

2.2.3 Review of Sampling Policies

Under sampling control there is the need to define a sampling policy {Rt} since, as we

explained, at each time instant we are allowed to sample only one out of the p local streams.
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Consequently let us review sampling possibilities that are widely adopted in the literature.

The most straightforward policy consists in sampling each local stream periodically

meaning that Rt = t mod p + 1 where we visit each local stream deterministically every

p samples. It is not difficult to show that this sampling strategy will lead to a detection

delay which is p times larger than the optimum which, as mentioned, is enjoyed by the

CUSUM stopping time Ti that knows where the change occurs. Clearly, this observation

makes unrealistic any expectation for establishing second-order (in fact even first-order)

asymptotic optimality with this form of sampling.

An alternative widely used policy is the myopic (or greedy) sampling policy (MSP)

which samples the local stream exhibiting the maximal immediate reward. A general im-

plementation of the myopic sampling policy is to define local statistics W̃ i
t , i = 1, · · · , p

that summarize the immediate sampling rewards for each process at time t and then sample

the process with the largest local statistic W̃ i
t (with random sampling or pre-assigned order

in case of ties). This type of sampling is frequent in the multi-armed bandit problem and

there is extensive literature as to which is the most suitable selection for the local statistic

W̃ i
t .

Our intention is to use the myopic sampling policy for the problem of interest. It is

clear that a natural candidate for the local statistic W̃ i
t is the CUSUM statistic defined

in (Equation 2.5). However, in order for our sampling/stopping policy to be complete,

we need to explicitly specify three points that are unclear: (i) How should we update the

local statistic of a process not being sampled. (ii) How should we break ties when the

largest local statistic occurs at multiple processes. This is particularly important when all

local CUSUM statistics become simultaneously 0 (which is a very frequent event under

the nominal regime). (iii) When should we raise a global alarm. While it is possible to

give intuitively meaningful answers to these three points, the challenge is to accompany

them with theoretical justification capable of establishing the desired form of asymptotic

optimality.
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2.3 Main Results

In this section we introduce our candidate sampling/stopping strategy and establish its

asymptotic optimality characteristics. Again we break our presentation into parts: in the

first part we define our candidate stopping time TMSP implemented with the help of the

myopic sampling policy. We also provide the answers to the three questions in the previous

section. In the second part, we study the non-asymptotic properties of the false-alarm and

detection delay of TMSP. We conclude the presentation of our main results by establishing

the second-order asymptotic optimality of our candidate test in the third part.

2.3.1 Candidate Sampling/Stopping Strategy

At a high level, our algorithm is based on the myopic sampling policy and mimics the full-

sampling method TFull(A) in (Equation 2.7) under the sampling control constraint. Here

we exploit the prior knowledge that there is only one local stream which changes, and thus

propose to sample each local stream until we are confident to decide whether a change has

occurred or not. If we detect a change, then we stop and raise a global alarm. If we decide

there is no change, then we deterministically switch to the next local stream to sample and

repeat the previous step. Switching follows a periodic pattern starting from the first local

stream and going to the p-th local stream. When we reach the p-th local stream and decide

to switch again we simply restart from the first local stream. We repeat these steps until we

raise an alarm.

Let us now define our scheme rigorously through the recursive definition of the statistics

W̃ i
t , i = 1, . . . , p and the sampling sequence {Rt}. At time t− 1 assume we already have

available W̃ i
t−1, i = 1, . . . , p and Rt−1 with the latter pointing to the local stream to be
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sampled at time t. For the local statistics we have the recursions

W̃ i
t = max{W̃ i

t−1, 0}+ 1{i=Rt−1} log
gi(X

i
t)

fi(X i
t)

=

 max{W̃ i
t−1, 0}, if i ̸= Rt−1

max{W̃ i
t−1, 0}+ log

gi(X
i
t)

fi(Xi
t)
, if i = Rt−1,

(2.8)

and for the sampling sequence

Rt =

 Rt−1 if W̃Rt−1

t > 0

Rt−1 mod p+ 1 if W̃Rt−1

t ≤ 0.
(2.9)

For all i = 1, · · · , p we initialize with W̃ i
0 = 0 and R0 = 1. Similarly to the full-sampling

method TFull(A) in (Equation 2.7), we propose the stopping time TMSP defined as

TMSP(A) = inf

{
t > 0 : max

1≤i≤p
W̃ i

t ≥ A

}
, (2.10)

where threshold A is selected to meet the false alarm constraint.

We observe that we continue sampling the i-th local stream as long as W̃ i
t > 0 and

switch to the next stream when W̃ i
t ≤ 0. It is easy to see that we can equivalently define

TMSP with a single test statistic that satisfies the update

W̃t = max{W̃t−1, 0}+ log
gRt−1(X

Rt−1

t )

fRt−1(X
Rt−1

t )
, (2.11)

with W̃0 = 0 and the sampling policy

Rt =

 Rt−1 if W̃t > 0

Rt−1 mod p+ 1 if W̃t ≤ 0,
(2.12)
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with R0 = 1. The stopping time TMSP can then be equivalently written as

TMSP(A) = inf
{
t > 0 : W̃t ≥ A

}
. (2.13)

The recursion in (Equation 2.11) and the definition of our stopping time in (Equation 2.13)

are clearly very CUSUM-like, the only difference being that instead of always sampling the

same process which is the practice in the regular CUSUM, every time the test statistic W̃t

falls bellow 0, we switch to testing the next process by restarting and forgetting the whole

past. Let us summarize the proposed scheme.

Step 1: Sample the first local stream until W̃t /∈ (0, A). If W̃t ≥ A, we stop sampling

and raise a global alarm; otherwise if W̃t ≤ 0, we switch to sampling the second local

stream.

Step 2: Sample the second local stream until W̃t /∈ (0, A). If W̃t ≥ A, we stop

sampling and raise a global alarm; otherwise if W̃t ≤ 0, we switch to sampling the third

local stream.
...

Step p: Sample the p-th local stream until W̃t /∈ (0, A). If W̃t ≥ A, we stop sampling

and raise a global alarm; otherwise if W̃t ≤ 0, we switch to sampling the first local stream

Step p + 1: Go back to Step 1.

The reason we expect that TMSP defined in (Equation 2.10) will enjoy second-order

optimality properties is because when we start sampling a local stream we practically apply

a sequential probability ratio test (SPRT) with the lower threshold set to 0. We recall that

the classical CUSUM is also a repeated SPRT test with lower threshold equal to 0 only, as

mentioned, it is always applied onto the same local stream. Here, what we propose is that

every time we restart the SPRT we switch to the next stream. Streams that do not change

or the stream which will change but is still under the pre-change state drive the SPRT to

0 very quickly with short random periods. When we hit post-change data then with high
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probability the corresponding SPRT will remain at this local stream and drive its statistic

towards the high threshold to raise an alarm.

2.3.2 Finite-Sample Properties

To establish the desired asymptotic optimality characteristic for TMSP we first need to in-

troduce certain finite-sample properties. We start by making some standard assumptions

encountered in the classical sequential detection literature. For i = 1, . . . , p we have

(A1): Ii∞ =

∫
log

fi(X)

gi(X)
fi(X)dX > 0,

Ii0 =

∫
log

gi(X)

fi(X)
gi(X)dX > 0,

(A2): Ji∞ =

∫ (
log

fi(X)

gi(X)

)2

fi(X)dX <∞,

Ji0 =

∫ (
log

gi(X)

fi(X)

)2

gi(X)dX <∞,

In other words we define the information numbers and make the Assumption (A1) that they

are bounded away from 0 meaning that pre- and post-change densities must be essentially

different. Assumption (A2) is technical and states that the second moments of the log-

likelihood ratios are bounded away from ∞. Clealy (A2) implies that the information

numbers are also bounded away from ∞.

To establish the second-order asymptotic optimality, we need to compare the perfor-

mance of our proposed stopping time TMSP against the optimum performance delivered by

the CUSUM stopping time Ti(Ai). Since there are no exact formulas for both schemes we

present useful estimates that will allow us to achieve our goal. We start with the CUSUM

test for which the next lemma provides the required estimates most of which are already

established in the literature.

LEMMA 1 Under Assumptions (A1), (A2), the CUSUM tests Ti(A), i = 1, . . . , p, satisfy
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the following bounds for the average period of false alarms

eA ≤ E∞[Ti(A)] ≤ CieA, (2.14)

while for the worst-case average detection delays

A

Ii0
− Li ≤ Di

(
Ti(A)

)
≤ A

Ii0
+ Ui. (2.15)

The quantities Ci,Ui,Li are positive constants that depend only on fi, gi and not on A.

The next theorem provides corresponding estimates for the proposed stopping time

TMSP.

THEOREM 1 Under Assumptions (A1), (A2) the proposed stopping time TMSP(A) defined

in (Equation 2.10) satisfies the following lower bound for the average false alarm period

eA ≤ E∞[TMSP], (2.16)

while for the worst-case average detection delays for i = 1, . . . , p, satisfy the upper bounds

Di(TMSP) ≤
A

Ii0
+ Ui +D(p− 1), (2.17)

where Ui are the constants from (Equation 2.15) in Lemma Lemma 1 and D is a constant

that depends on all {fi, gi}, i = 1, . . . , p but not on A.

2.3.3 Second-Order Asymptotic Optimality

Using Lemma 1 and Theorem 1 we are now able to establish the second-order asymptotic

optimality property for TMSP. The optimum detection delay grows to infinity as the false

alarm parameter γ → ∞. Our intention is to show that TMSP has a detection delay which,

for each i, grows to infinity at the same rate as the optimum CUSUM test that knows where
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the change occurs. pore specifically we will show that the two performances can differ at

most by a bounded constant which does not depend on γ.

If we know that the change is going to occur at the i-th local stream then the best

detection delay performance, as we mentioned, is delivered by the CUSUM stopping time

Ti(Ai) with Ai selected so that the false alarm constraint is safisfied with equality. In fact

there is absolutely no other stopping time that can enjoy better performance since Ti(Ai)

uses information which is absolutely relevant to the corresponding detection task while any

other stopping time defined on a different filtration will use information that is not related

to the change at the i-th local stream. We have the following corollary that establishes the

second-order optimality of TMSP simultaneously for all i = 1, . . . , p.

COROLLARY 1 Let A = log γ, then our proposed stopping time TMSP(A) defined in

(Equation 2.10) satisfies both the false alarm and the sampling control constraint. If for

each i = 1, . . . , p, we have the optimum CUSUM tests Ti(Ai) with Ai selected to satisfy

the false alarm constraint with equality, then

0 ≤ Di

(
TMSP(A)

)
−Di

(
Ti(Ai)

)
≤ Cp, (2.18)

for proper constant C.

2.4 Remarks

Let us now discuss possible extensions and corresponding challenges we may encounter.

1. Our theoretical results still hold if one uses the slightly different form of the CUSUM

statistic Ŵt = max{W̃t, 0}. We have the following update of the test statistic for this

version

Ŵt = max

{
Ŵt−1 + log

gRt−1(X
Rt−1

t )

fRt−1(X
Rt−1

t )
, 0

}
(2.19)
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while the sampling policy becomes

Rt =

 Rt−1 if Ŵt > 0

Rt−1 modM + 1 if Ŵt = 0,
(2.20)

As we can see by comparing (Equation 2.11) to (Equation 2.19) in this version the

attractive linearity property no longer holds for Ŵt.

2. The second-order asymptotic optimality property is assured under the assumption

that the number M of processes is fixed. Since our finite-sampling estimates hold

for any given M we can easily deduce that our proposed scheme can still enjoy first-

order asymptotically optimality when M → ∞ provided that the constants entering

in the estimates of the CUSUMs and the proposed TMSP are uniformly bounded in

M (for example when all processes follow the same pre- and post-change density)

while the number of processes grows to ∞ as M = o(log γ).

3. A possible extension is to allow sampling of more than one processes at each time

instant. This can be particularly advantageous when the number M of processes is

large or when more than one processes may be affected (change) simultaneously.

The sampling control in (Equation 2.2) can therefore be relaxed to

1{Rt=1} + · · ·+ 1{Rt=M} = Q, (2.21)

for all times t = 1, 2, . . . and some integer Q ∈ {1, . . . ,M}. In particular, when Q =

M , this corresponds to the full-sampling scenario. We can now extend the myopic

sampling policy to this more general case by sampling theQ processes corresponding

to the Q largest W̃ i
t values. Unfortunately, analyzing this more general sampling

scheme is not as simple as the case Q = 1 we already examined. For the analysis

we note that we have now Q SPRTs running in parallel which, unfortunately, are not
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synchronized. It is in fact this last observation that makes the analysis challenging.

4. The previous general case enjoys a considerable simplification when we can have

a change in only one process. A possible solution strategy consists in adopting a

block sampling policy that satisfies the sampling control requirement (Equation 2.2)

as follows: We divide the M processes into Q blocks, where each block contains

roughly [M
Q
] local processes. In each block, we sample cyclically following the pro-

cedure proposed for the case Q = 1 and we update the statistic of each process

as in (Equation 2.11). We raise a global alarm when any statistic crosses the upper

threshold.

Regarding the analysis, denote by T̃MSP the corresponding block-sampling-based

scheme subject to the sampling control in (Equation 2.21). Then it can be shown that

eA

Q
≤ E∞[T̃MSP]

Di(T̃MSP) ≤
A

Ii0
+ Ui +DM

Q
.

(2.22)

Quantity D is the constant already introduced in (Equation 2.17) of Theorem Theorem 1

and it is related to all {fi, gi}, i = 1, . . . ,M . To satisfy the false-alarm constraint in

(Equation 2.3) we select A = log γ + logQ and this yields

Di(T̃MSP) ≤
log γ

Ii0
+

logQ

Ii0
+ Ui +DM

Q
, (2.23)

which can ensure second-order asymptotic optimality when M is fixed. In the case

where we allow M,Q → ∞ it is possible to enjoy first-order asymptotic optimality

if the following two rates are satisfied: logQ = o(log γ) and M
Q

= o(log γ). The

latter is a clear improvement over the rate M = o(log γ) required when Q = 1.

5. Under a high-dimensional setting where M ≫ log γ if multiple processes undergo

a change, myopic sampling policy might turn out to be overly greedy and it might
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be necessary to encourage the exploration of processes that have not been sampled.

A possible means to achieve this (see [1]) is to introduce a compensation coefficient

∆ ≥ 0 to the local processes that are not being sampled. In other words modify the

update in (Equation 2.8) as follows

W̃ i
t =

 max{W̃ i
t−1, 0}+∆, if i ̸= Rt−1

max{W̃ i
t−1, 0}+ log

gi(X
i
t)

fi(Xi
t)
, if i = Rt−1,

(2.24)

which increases the chance of the myopic sampling policy to select unobserved pro-

cesses. It is shown in [1] numerically that a suitable choice of ∆ > 0 can significantly

improve performance, but it is still an open problem the rigorous theoretical analysis

of this sampling scheme.

2.5 Numerical Results

In this section, we conduct Monte Carlo simulation studies to corroborate our theoretical

results. Assume fi = f ∼ N(0, 1), and gi = g ∼ N(µ, 1). We consider µ = 0.5, 1 and

p = 2, 3, 5 and simulate all six combinations of µ and p values. In each of these cases, we

report the detection delay of our proposed stopping time TMSP under the sampling control

Q = 1 (blue) and we compare it against the optimum CUSUM procedure Ti which knows

where the change occurs (black) and TFull which has access to the full data set but does not

know where the change occurs (red).

All competing schemes have either a CUSUM or a CUSUM-like update consequently

we can safely claim that the worst case scenario for the detection delay is when the change

occurs at τ = 0. Furthermore, regarding our scheme, we consider the least favorable

scenario of the change occuring in the pth stream which is the last to be sampled by our

method. This clearly adds an extra initial delay until our test rejects the first p − 1 local

streams and starts sampling the correct stream. We compare the detection delay of the

three tests as a function of the average false alarm period. This is achieved by performing
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100, 000 Monte Carlo independent runs for different values of the threshold A.

From Fig. Figure 2.1, it is clear that the gap between the three curves remains bounded

for all values of γ (actually the curves become parallel suggesting that the gap tends to a

constant). This is consistent with our theoretical result that the proposed scheme is second-

order asymptotically optimum when p is fixed. We also observe that the gap between the

blue and the black curve increases with p which is again consistent with the upper bound

recorded in (Equation 2.18) in Corollary 1. A similar phenomenon occurs for TFull but,

as we can see, it is far less pronounced which is of course expected since for this test we

sample all processes simultaneously and therefore there is no initial delay to start sampling

the affected process.

Average False Alarm Period ( =2 andM ¹=0.5)

A
v
er

ag
e

D
et

ec
ti
on

D
el

ay

Average False Alarm Period ( =2 andM ¹=1)

A
v
er

ag
e

D
et

ec
ti
on

D
el

ay

Average False Alarm Period ( =3 andM ¹=0.5)

A
v
er

ag
e

D
et

ec
ti
on

D
el

ay

Average False Alarm Period ( =3 andM ¹=1)

A
v
er

ag
e

D
et

ec
ti
on

D
el

ay

Average False Alarm Period ( =5 andM ¹=0.5)

A
v
er

ag
e

D
et

ec
ti
on

D
el

a
y

Average False Alarm Period ( =5 andM ¹=1)

A
v
er

ag
e

D
et

ec
ti
on

D
el

ay

Figure 2.1: Average detection delay as a function of average false alarm period for proposed
TMSP (blue), full-sampling TFull (red) and optimum CUSUM Tp (black) for p = 2, 3, 5 for
detecting a change in the mean of a Gaussian from 0 to µ > 0. Top figures correspond to
µ = 0.5 and bottom to µ = 1.
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2.6 Conclusion

Sequential change-point detection with sampling control is an important and challenging

topic with many applications. In this work we developed a detection strategy based on the

simple idea of myopic sampling. Interestingly with this simple sampling scheme we are

able to establish second-order asymptotic optimality when the number M of processes is

fixed and first-order when M increases to infinity but at a proper rate as compared to the

false alarm parameter . Future work may include extension to the case where we have

multiple processes that simultaneously undergo a change and we are allowed to sample

more than one processes simultaneously at each time instant.

2.7 Proof of the Main Theorem

Even though the estimates of Lemma 1 are already established elsewhere, for completeness

we highlight the corresponding proofs referencing the original work where these proofs

appear. The reason in doing so is to present explicit formulas for the various constants that

appear in these estimates.

Important elements for demonstrating the necessary bounds constitute the ladder vari-

ables, see [30], Chapter VIII.4, defined as

τ i− = inf

{
t > 0 : Si

t =
t∑

ℓ=1

log
gi(X

i
ℓ)

fi(X i
ℓ)

≤ 0

}
,

τ i+ = inf

{
t > 0 : Si

t =
t∑

ℓ=1

log
gi(X

i
ℓ)

fi(X i
ℓ)
> 0

}
.

(2.25)

We also need to define a third stopping time for A ≥ 0

τ iA = inf

{
t > 0 : Si

t =
t∑

ℓ=1

log
gi(X

i
ℓ)

fi(X i
ℓ)

≥ A

}
. (2.26)

From classical renewal theory and under Assumptions (A1), (A2), we have that Ei
0[τ

i
+],E∞[τ i−]
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are both finite constants that depend only on {fi, gi}, see [41], Theorem C, p. 748 or [64].

This is true because the statistic Si
t is a random walk with positive drift Ii0 > 0 under the

post-change regime and negative drift −Ii∞ < 0 under the nominal regime. We also have

the following interesting equalities from [30], Corollary 8.39

Ei
0[τ

i
+] =

1

Pi
0(τ

i
− = ∞)

, E∞[τ i−] =
1

P∞(τ i+ = ∞)
, (2.27)

while for τ iA a useful estimate [64], Theorem 1 regarding the overshoot of the threshold A

Ei
0[S

i
τ iA

− A] ≤ Ji0
Ii0
, (2.28)

with the upper bound being constant and valid for all A ≥ 0.

We would like to relate the three stopping times τ i−, τ
i
+, τ

i
A to the SPRT T i defined in

(Equation 2.37). The first observation is that the SPRT can be written as T i = min{τ i−, τ iA}.

Regarding the sequential hypothesis testing procedure implemented by the SPRT we have

the two error probabilities αi = P∞(Si
T i ≥ A) which is the Type-I error and βi = Pi

0(ST i ≤

0) which is the Type-II. For τ i− we can immediately conclude that for i = 1, . . . , p we have

T i = min{τ i−, τ iA} ≤ τ i−. We also note that the event {Si
T i ≤ 0} implies {τ i− < ∞},

namely that τ i− will also stop. However, it is clear that we can have the latter event occurring

without the former. This suggests for the Type-II error that βi = Pi
0(S

i
T i ≤ 0) ≤ Pi

0(τ
i
− <

∞) and in combination with (Equation 2.27) we have

1

1− βi
≤ 1

1− Pi
0(τ

i
− <∞)

=
1

Pi
0(τ

i
− = ∞)

= Ei
0[τ

i
+]. (2.29)

Since CUSUM is a repeated SPRT applied to the same process we have [30]

E∞[Ti(A)] =
E∞[T i]

αi

Di

(
Ti(A)

)
= Ei

0[Ti(A)] =
Ei
0[T i]

1− βi
.

(2.30)
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In (Equation 2.30) we also indicated the well known fact that the worst-case average de-

tection delay for the classical CUSUM occurs for τ = 0 when its test statistic is initialized

with W i
0 = 0. Focusing on the average time to false alarm E∞[Ti(A)], to establish the

lower bound in (Equation 2.14) we observe that T i ≥ 1 since we take at least one sample,

consequently E∞[T i] ≥ 1. Furthermore, from the estimates provided by Wald [65] we

know that αi ≤ e−A. Substituting in (Equation 2.30) proves the lower bound. The upper

bound requires more work. From T i ≤ τ i− we have E∞[T i] ≤ E∞[τ i−] which, as we argued,

is bounded. We now need a lower bound for αi. We can write

αi = P∞(Si
T i ≥ A)

= Ei
0[e

−Si
T i1{Si

T i≥A}]

= e−AEi
0[e

−(Si
T i−A)|Si

T i ≥ A](1− βi)

≥ e−Ae−Ei
0[S

i
T i−A|Si

T i≥A](1− βi)

= e−A exp

{
−
Ei
0[(S

i
T i − A)1{Si

T i≥A}]

1− βi

}
(1− βi), (2.31)

where we used Jensen’s inequality. As mentioned the SPRT satisfies T i = min{τ i−, τ iA}.

From this equality we conclude that (Si
T i −A)1{Si

T i≥A} = (Si
τ iA
−A)1{τ iA<τ−} ≤ (Si

τ iA
−A)

and therefore, using (Equation 2.28), we obtain Ei
0[(S

i
T i − A)1{Si

T i≥A}] ≤ Ei
0[S

i
τ iA

− A] ≤
Ji0
Ii0

. Additionally, as we argued above, we have 1 − βi ≥ Pi
0(τ

i
− = ∞) = 1

Ei
0[τ

i
+]

. If we

substitute in (Equation 2.31) we strengthen the inequality and we obtain a lower bound for

αi. Substituting this lower bound in (Equation 2.30) provides the desired upper bound

E∞[Ti(A)] ≤

(
E∞[τ i−]E

i
0[τ

i
+]e

−Ei
0[τ

i
+]

Ji0
Ii0

)
eA, (2.32)

and therefore we can define Ci = E∞[τ i−]E
i
0[τ

i
+]e

−Ei
0[τ

i
+]

Ji0
Ii0 .

Consider now the worst-case average detection delay Di

(
Ti(A)

)
. To find the upper
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bound in (Equation 2.15), we combine Corollary 1 from [64] with (Equation 2.29) and ob-

tain

Di

(
Ti(A)

)
= Ei

0[Ti(A)] =
Ei
0[T i]

1− βi
≤ A

Ii0
+ Ei

0[τ
i
+]
Ji0
Ii0
, (2.33)

suggesting that Ui = Ei
0[τ

i
+]

Ji0
Ii0

, see also [61] and [66]. To find an equivalent lower bound

we use Wald’s lower bound for the expectation of the SPRT [65]

Ei
0[T i] ≥ 1

Ii0

{
(1− βi) log

1− βi
αi

+ βi log
βi

1− αi

}
, (2.34)

from which we conclude

Di

(
Ti(A)

)
=

Ei
0[T i]

1− βi

≥ 1

Ii0

{
log

1− βi
αi

+
βi

1− βi
log

βi
1− αi

}
=

1

Ii0

{
log

1

αi

+ log(1− βi) +
βi

1− βi
log βi

}
, (2.35)

where the last inequality resulted by removing the nonnegative term βi

1−βi
log 1

1−αi
. Recall

that αi ≤ e−A and βi ≤ 1 − 1
Ei
0[τ

i
+]

, furthermore by taking the derivative we can prove that

the function log(1− β) + β
1−β

log β is decreasing in β ∈ [0, 1], consequently

Di

(
Ti(A)

)
≥ A

Ii0
− Li (2.36)

with Li =
1
Ii0
{log(Ei

0[τ
i
+]) + (Ei

0[τ
i
+]− 1) log(

Ei
0[τ

i
+]

1−Ei
0[τ

i
+]
)} which is clearly nonnegative since

τ i+ ≥ 1. This concludes the proof of the lemma. ■

PROOF OF THEOREM 1: Let us start by considering the lower bound for the average false

alarm period in (Equation 2.16). The key idea is to relate TMSP to the following p prototype
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SPRTs: For i = 1, · · · , p, a prototype SPRT applied to the i-th local stream is defined as

T i = inf

{
t > 0 : Si

t =
t∑

ℓ=1

log
gi(X

i
ℓ)

fi(X i
ℓ)

̸∈ (0, A)

}
. (2.37)

Consider now the sequence {Tℓ}, ℓ = 1, 2, . . . , of SPRTs applied to the data streams when

we employ the periodic sampling policy. Then it is clear that each Tℓ has the same distri-

bution as a particular prototype SPRT T i. In fact ℓ and i are related through the equation

i = (ℓ− 1) mod p+1 suggesting that the distributions of {T1, T2, . . .} change periodically

with period p. In addition, if we define (a stopping time) k to be the first time the SPRT

of the process being tested crosses the upper boundary A, then our proposed stopping time

TMSP can be written as the sum

TMSP = T1 + T2 + · · ·+ Tk =
k∑

ℓ=1

Tℓ. (2.38)

Our intention is to analyze the proposed scheme TMSP by using (Equation 2.38) while the

main challenge comes from the fact that these SPRTs require different time steps. How-

ever, due to the periodic nature of their corresponding distributions it is possible to come

up with interesting formulas. In particular recalling that with P∞(·),E∞[·] we denote the

probability measure and the corresponding expectation under the pre-change regime then,

using (Equation 2.38) we can write

E∞[TMSP] = E∞

[
k∑

ℓ=1

Tℓ

]
=

∞∑
ℓ=1

E∞[Tℓ]P∞(k ≥ ℓ)

= Ω∞ + ω∞Ω∞ + ω2
∞Ω∞ + · · · = Ω∞

1− ω∞
(2.39)

where, as in Lemma 1, αi = P∞(ST i ≥ A) denotes the Type-I error probability of the
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SPRT T i when applied onto the i-th stream as in (Equation 2.37) and where

ω∞ = P∞(k > p) =

p∏
m=1

(1− αm),

Ω∞ =

p∑
j=1

E∞[T i]

j−1∏
m=1

(1− αm),

(2.40)

with
∏b

a = 1 when a > b. The formulas in (Equation 2.39) and (Equation 2.40) are a

consequence of the fact that the delays Tℓ, ℓ = 1, 2, . . . of the SPRTs comprising TMSP in

(Equation 2.38), have the same distribution as the T i, i = 1, . . . , p defined in (Equation 2.37)

with the correspondence between the two sets of SPRTs being periodic with period p and

of the form ℓ → i = (ℓ− 1) mod p + 1. Finally, we must mention that in (Equation 2.39)

the most crucial point is the fourth equality which is true because Tℓ and 1{k≥ℓ} = 1{k>ℓ−1}

are functions of non-overlapping data (the event {k > ℓ − 1} depends on data used by

T1, . . . , Tℓ−1) therefore, due to independence accros space and time, and the fact that each

Tℓ has no memory of past data we conclude that Tℓ and 1{k≥ℓ} are independent. As in

Lemma 1 we note that Tℓ ≥ 1 and αi ≤ e−A, therefore (Equation 2.40) implies

ω∞ ≥ (1− e−A)p,

Ω∞ ≥
p∑

j=1

(1− e−A)j−1 =
(
1− (1− e−A)p

)
eA.

(2.41)

Using these lower bounds in (Equation 2.39) yields (Equation 2.16) and proves the desired

false alarm estimate.

Consider now the second estimate depicted in (Equation 2.17) for the detection delay.

Let us start with the scenario when change occurs at change time τ = 0.

When change occurs at time τ = 0 :

Without loss of generality, we assume the change occurs to the p-th stream, so that our

proposed algorithm will achieve the worst detection delay under the scenario when change

occurs at time τ = 0. We recall that Pp
0(·) denotes the probability measure induced by
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the change occurring at the p-th local stream at time τ = 0 and Ep
0[·] the corresponding

expectation. It is then clear that all local streams for i = 1, . . . , p− 1 are under the nominal

regime while only the last process is under the alternative. Similarly to the previous case

we can write

Dp(TMSP) = Ep
0[TMSP] = Ωp + ωpΩp + ω2

pΩp + · · · =
Ωp

1− ωp

(2.42)

where

ωp = Pp
0(k > p) = βp

p−1∏
m=1

(1− αm)

Ωp = Ep
0[T p]

p−1∏
m=1

(1− αm) +

p−1∑
j=1

E∞[T j]

j−1∏
m=1

(1− αm),

(2.43)

where, as in Lemma 1, βi = Pi
0(ST i ≤ 0) denotes the Type-II error probability. Since

0 ≤ αi, βi ≤ 1, using (Equation 2.42) and (Equation 2.43) we have the following upper

bound

Dp(TMSP) ≤
Ep
0[T p]

1− βp
+

1

1− βp

p−1∑
j=1

E∞[T j]. (2.44)

In (Equation 2.44), in the first term of the right hand side, we recognize the detection delay

of a CUSUM with threshold A applied solely to the p-th local stream. For this quantity we

have thee upper bound from (Equation 2.15) of Lemma Lemma 1 yielding

Dp(TMSP) ≤
A

Ip0
+ Up +

1

1− βp

p−1∑
j=1

E∞[T j]. (2.45)

As pointed out in Lemma 1, Up is a constant that depends only on fp and gp and not on A.

Since the change may occur at any stream we can write similar estimates for any i-th
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stream, specifically

Di(TMSP) ≤
A

Ii0
+ Ui +

1

1− βi

p∑
j=1,j ̸=i

E∞[T j]. (2.46)

To bound the p−1 terms in the sum in (Equation 2.46) we need to bound βi and E∞[T i]

which can be accomplished by employing the ladder variables defined in (Equation 2.25).

Combining (Equation 2.46) and (Equation 2.29) we can write

Di(TMSP) ≤
A

Ii0
+ Ui + Ei

0[τ
i
+]

p∑
j=1,j ̸=i

E∞[τ j−]. (2.47)

Since, as we argued in the proof of Lemma 1, both averages Ei
0[τ

i
+],E∞[τ i−] are finite under

(A1), (A2), if we define

D =

(
max
1≤i≤p

Ei
0[τ

i
+]

)(
max
1≤i≤p

E∞[τ i−]

)
(2.48)

and use it to strengthen the inequality in (Equation 2.47) we obtain (Equation 2.17). This

completes the proof.

When change occurs at general time τ ≥ 1 :

We now consider the more complicated scenario when change occurs at general time

τ ≥ 1, and we need a series of lemmas.

LEMMA 2 For any non-negative random variable X and two disjoint non-null events H1

and H2, we have

E(X|H1 ∪H2) ≤ E(X|H1) + E(X|H2) (2.49)
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PROOF OF LEMMA 2:

E(X|H1 ∪H2) =
E(X1{H1∪H2})

P(H1 ∪H2)

=
E(X1{H1}) + E(X1{H2})

P(H1) + P(H2)

≤
E(X1{H1})

P(H1)
+

E(X1{H2})

P(H2)

≤ E(X|H1) + E(X|H2).

LEMMA 3 Consider the following SPRT:

TW = inf{t > 0 : S ′
t = W +

t∑
ℓ=1

log
g(Xℓ)

f(Xℓ)
/∈ (0, A)}, (2.50)

for some W,A, g, f. Assume that Xℓ are i.i.d., and we have:

Ef [TW ] ≤ C1W + C2,

Eg[TW ] ≤
Pg(S

′
TW

≥ A)A

I(g, f)
+ C3,

for some constants C1, C2, C3 > 0 that are not related to W,A.

PROOF OF LEMMA 3: Standard analysis of SPRT in sequential analysis.

Without loss of generality, we assume the change occurs to the j-th stream for some

j ∈ {1, · · · , p}, and we have:

Ej
τ [T − τ |F j

τ , T > τ ] = Ej
τ [T − τ |F j

τ , T > τ,Rτ = j]Pj
τ (Rτ = j)

+ Ej
τ [T − τ |F j

τ , T > τ,Rτ = j]Pj
τ (Rτ ̸= j).

We then define the following SPRT which corresponds to the detection process when the
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change occurs at time τ and the sensor points to the stream Rτ at time τ + 1:

Tτ = inf{t > 0 : Sτ
t = Wτ +

t∑
ℓ=1

log
gRτ (X

Rτ
ℓ )

fRτ (X
Rτ
ℓ )

/∈ (0, A)}.

For the term Ej
t [T − τ |F j

τ , T > τ,Rτ = j], we have:

Ej
τ [T − τ |F j

τ , T > τ,Rτ = j] ≤ Ej
τ [Tτ |F j

τ , T > τ,Rτ = j] + Pj
τ (S

τ
Tτ

≥ A)Ej
0[T ].

This is because once the sensor switches to other streams after change time τ, the remaining

detection process will be irrelevant to F j
τ and returns to the simplese scenario when change

occurs at time τ = 0. Based on Lemma 3 we obtain that

Ej
τ [T − τ |F j

τ , T > τ,Rτ = j] ≤ A

Ip0
+ C4(p− 1) + C5,

for some constants C4, C5. For the term Ej
t [T − τ |F j

τ , T > τ,Rτ ̸= j], similarly we have

Ej
τ [T − τ |F j

τ , T > τ,Rτ ̸= j] ≤ A

Ip0
+ C4(p− 1) + C1E

j
τ [Wτ |F j

τ , T > τ,Rτ ̸= j] + C5,

and

Ej
τ [Wτ |F j

τ , T > τ,Rτ ̸= j] = Ej
τ [Wτ |T > τ,Rτ ̸= j]

≤
∑
i ̸=j

Ej
τ [Wτ |T > τ,Rτ = i]

≤ C6(p− 1),

for some constant C6, where the first step results from the fact that the value of Wτ is not

observed from F j
τ , and the second step is proved in Lemma E.4 in [67]. ■.
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CHAPTER 3

QUICKEST DETECTION IN HIGH-DIMENSIONAL LINEAR MODELS VIA

IMPLICIT REGULARIZATION

This paper is a collaborative work with Dr. Yi Yu and Dr. Yajun Mei.

3.1 Introduction

While predictive machine learning and artificial intelligent algorithms have been widely

used in many real world applications, it is often unclear what the lifetime of such algorithms

are or when one needs to update those algorithms. For instance, while the COVID-19

pandemic yielded a booming housing market, Zillow, a major real estate web company,

actually lost billion of dollars in its house-flipping business, Zillow Offers, partly because

its algorithm did not update quickly to reflect the market and thus yields to over-estimated

values of the homes it bought. As a result, Zillow was forced to cut 25% of its workforce

and closed down the business of Zillow Offers, see [68].

In this paper, we tackle the problem of detecting changes in high-dimensional linear

regression models - one of the most fundamental predictive models. Our approach is in-

spired by recent research on (deep) neural networks, where optimization algorithms such

as (stochastic) gradient descent hold implicit regularization properties, see [28], [29], etc.

By treating linear regression models as two-layers neural networks, we develop efficient

implicit regularization-based quickest detection for linear regression models. To the best

of our knowledge, this is the first to apply implicit regularization in the text of quickest

detection, and our ideas can be easily extended to the context of monitoring other advanced

predictive machine learning or artificial intelligent algorithms.

To be specific, we assume that we observe a sequence {(yt, Xt)}t∈Z+ ⊂ Rm × Rp over
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time t ∈ Z+ which can be modeled as

yt = Xtβt + ϵt, (3.1)

where βt ∈ Rp is a p-dimensional vector. The system is initially in control and the pa-

rameter vector takes a constant value βt = β0. At some unknown time ν ∈ Z+, an event

occurs and changes the regression coefficient vector to β1 ∈ Rp, β1 ̸= β0. In the literature,

such time ν is often called the “change point”. The primary goal is to develop an efficient

algorithm to raise an alarm as quickly as possible once it occurs at change point ν based on

the observed data sequence {(yt, Xt)}t∈Z+ .

It is useful to point out that statistical research on online/sequential monitoring of

change points in high-dimensional linear model has been studied in the statistical litera-

ture, but most through explicit regularization methods such as LASSO proposed in [69].

For instance, [70] developed a LASSO-based multivariate statistical process control (SPC)

methodology. [71] developed residual-based detection statistics via LASSO estimator.

Here we take a different approach by adopting the implicit regularization method, which

might allow us to handle more complicated models or algorithms.

The rest of the paper is organized as follows: in section 3.2 we formulate the problem

and review the implicit regularization methods in linear regression model. In section 3.3

we propose the general algorithm and the efficient implementation via implicit regulariza-

tion. In section 3.4 we develop the theoretical properties of the proposed algorithm and in

section 3.5 we conduct several numerical studies to validate our results. We conclude our

paper in section 3.6 and present the technical details in section 3.7.
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3.2 Problem Formulation and Background

3.2.1 Mathematical Formulation

Assume that we observe a sequence of data streams {(yt, Xt)}t∈Z+ ⊂ Rm×Rp from model

(Equation 3.1), where the noise vector ϵt ∈ Rm ∼ N(0, σ2I), and the regression coefficient

βt change from a pre-specified vector β0 to an unknown vector β∗ ̸= β0 at some unknown

change point ν, i.e.

βt =


β0, t ≤ ν,

β∗, t > ν.

(3.2)

The known value of β0 is reasonable in many applications such as the quality control in

manufacturing engineering. Without loss of generality, we assume β0 = 0 since we can

monitor yt −Xtβ0 instead of yt.

We consider the random design case, where each component (Xt)i,j of the matrix Xt is

assumed to be independent and identically distributed random variables with the standard

Gaussian distribution (i.e., (Xt)i,j ∼ N(0, 1)), for all i = 1, · · · ,m, j = 1, · · · , p and

t = 1, · · · , . In addition, we assume that the change is entrywise sparse, and define the

sparsity s∗ = ∥β∗ − β0∥∞ , where ∥ · ∥∞ denotes the L-infinity norm.

Our goal is to develop an efficient algorithm to detect the change based on the observed

data {(yt, Xt)}t∈Z+ as quickly as possible. An algorithm for quickest detection problem

can be characterized by a stopping time T with respect to the observed data sequence,

where T = n means that we raise a global alarm at time n. Denote by Pν and Eν the

probability measure and expectation when change occurs at time t. Denote by P∞ and E∞

the probability measure and expectation when there are no changes, or equivalently, when

the change occurs at time ∞. Motivated by [72], the detection delay of a stopping time T

can be evaluated by the following worst case detection delay conditioned on T > ν:

D(T ) = sup
ν≥1

Eν [T − ν | T > ν], (3.3)
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subject to the average run length (ARL) to false alarm control:

E∞[T ] ≥ γ, (3.4)

for some pre-specified γ > 1.

Had we known the true value of the post-change vector β∗, the problem can be solved

via classical CUSUM procedure in Page [62]. Mathematically, denote by fXβ∗ as the prob-

ability density function (pdf) of N(Xβ∗, σ2I), we define the following detection statistics:

Wt = max

{
Wt−1 + log(

fXtβ∗(yt)

f0(yt)
), 0

}
, (3.5)

for t ≥ 1 with W0 = 0. The corresponding CUSUM stopping time is then defined as

TCUSUM = inf{t > 0 : Wt ≥ A}, (3.6)

for some pre-specified constant A > 0.

When the post-change regression coefficient β∗ is unknown, an intuitive idea would

be to construct an estimator β̂t based on the historical data and plug it into the standard

CUSUM statistics in (Equation 3.5) for detection. However, there are two main challenges:

(1) the subset of data to be used for the estimation is unclear. Due to the unknown change

point ν, the data used might be a mixture model from pre-change and post-change scenar-

ios. This results in a potentially large bias of estimators and detection delay. (2) Efficient

and accurate estimators remain unclear. We therefore review two signal recovery methods

in high-dimensional linear regression model in the next subsection.

3.2.2 Review of Signal Recovery Methods in Linear Models

Consider data (y,X) = (yt, Xt) ⊂ Rm × Rp generated from model (Equation 3.1). A

standard approach when p does not diverge with m is to estimate β∗ via least squares
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estimators (LSE), which aims to find β that minimizes the residual sum squares (RSS). The

optimization problem can be efficiently solved via the gradient descent algorithm.

In the high-dimensional scenario when p is diverging withm, many efficient algorithms

have been developed, such as Lasso proposed in [69]. Researchers recently find out that

combining the over-parametrization with gradient descent can lead to a sparse solution that

achieves the minimax rate, which is also known as the implicit regularization algorithm in

linear models, see [73], and [74].

To be more specific, for any vector β ∈ Rp, we over-parameterize β by two vectors

u, v ∈ Rp :

β = u ◦ u− v ◦ v,

where ◦ is the Hadamard product that denotes the pointwise multiplication. Denote by ∥·∥2

the L2 norm, the RSS becomes

L(u, v) =
1

m
∥X(u ◦ u− v ◦ v)− y∥22 , (3.7)

under the over-parameterization. We then apply the gradient descent algorithm to (Equa-

tion 3.7) to recursively update u and v by

βℓ = uℓ ◦ uℓ − vℓ ◦ vℓ,

uℓ+1 = uℓ − 4η uℓ ◦
[
1

n
X⊤ {Xβℓ − y}

]
,

vℓ+1 = vℓ + 4η vℓ ◦
[
1

n
X⊤{Xβℓ − y}

]
.

(3.8)

for ℓ = 1, · · · , Lmax, where Lmax is the pre-specified maximum iteration number. The

estimator can then be written as β̂ = uLmax ◦ uLmax − vLmax ◦ vLmax . Here the gradient

descent is initialized by u0, v0 ∼ Unif[−α, α] for some α > 0. Parameters including step

size η, iteration number Lmax, and magnitude α need to be properly selected to ensure the

optimal rate of implicit regularization algorithm in high-dimensional linear models.
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3.3 Implicit Regularization-Based Quickest Detection

Our proposed stopping time TIR contains three key components: the estimators β̂t, the

monitoring statistics Wt, and the candidate change point M(t). At a high level, for each

time instant t, we construct the estimators β̂t based on the data between the candidate

change point M(t) and the current time t. Then we update the statistics Wt based on β̂t and

choose to re-set or keep the candidate change point M(t) based on the value of Wt. For the

better presentation, we define the three components separately in three subsections.

3.3.1 Estimators β̂t

Let us begin with the construction of the estimator β̂t of the true coefficient β∗. At each

time t, if the candidate change point M(t) = t − 1, we directly set β̂t = 0 ∈ Rp, which

is exactly the value of pre-change coefficient. Otherwise if M(t) < t − 1, we consider

the time window between the candidate change point M(t) and current time t: [M(t) +

1, t − 1]. Denote by yM(t)+1,t−1, XM(t)+1,t−1 the aggregation of the observed data in this

time window:
yM(t)+1,t−1 = [y⊤M(t)+1, · · · , y⊤t−1]

⊤,

XM(t)+1,t−1 = [X⊤
M(t)+1, · · · , X⊤

t−1]
⊤.

(3.9)

We define the proposed estimator β̂t in three steps:

1. We introduce six tuning parameters: α0, η0, cL > 0 for the implementation of implicit

regularization algorithm, and s, c, C > 0 for the truncation of the estimator.

2. we implement the implicit regularization algorithm in (Equation 3.8) to the aggre-

gated data (yM(t)+1,t−1, XM(t)+1,t−1) to obtain an initial estimator β̃t with the initial
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value αt, step size ηt and the maximum iteration number Lt defined in:

αt =
α0√

t−M(t)− 1
,

ηt = η0,

Lt =
cL(t−M(t)− 1)1/4

ηtσ
√

log p/m
log

1

αt

.

3. We adjust the estimator β̃t to obtain the final estimator β̂t by truncating the s largest

components of β̃t with lower threshold c and upper threshold C, and setting the re-

maining p − s components to 0. Mathematically, if we denote by Ŝt ⊂ {1, · · · , p}

the index of s largest components at time t, then

(β̂t)i = 0, if i /∈ Ŝt,

(β̂t)i = min
{
Cσ,max{cσ, (β̃t)i}

}
, if (β̃t)i > 0, i ∈ Ŝt,

(β̂t)i = min{−cσ,max{−Cσ, (β̃t)i}}, if β̃t,i < 0, i ∈ Ŝt.

The details on the selection of parameters α0, η0, c, C, cL will be postponed to Section sec-

tion 3.4.

3.3.2 Monitoring Statistics Wt

With the estimator β̂t, we are able to plug it into the CUSUM statistics in (Equation 3.5)

for detection. For better illustration, we define the monitoring statistics Wt in two steps.

Firstly, we define an initial statistics W̃t based on the classical CUSUM update for the

detection of change point:

W̃t = max

{
Wt−1 + log

fXtβ̂t
(yt)

f0(yt)
, 0

}
.

If W̃t ≥ A for some threshold A > 0 that will be defined later, we directly set Wt = W̃t.

If W̃t < A, we need to check the amount of data that are used for detection. For this
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purpose, we introduce a new tuning parameter q = q(A). If the length of the time window

[M(t) + 1, t − 1] is too long (i.e., t −M(t) − 1 ≥ q), we discard these data, re-set Wt

back to 0 and restart the estimation. If t −M(t) − 1 < q, we still set Wt = W̃t. To be

mathematically rigorous, we define

Wt =


W̃t, if t−M(t)− 1 < qA or W̃t ≥ A,

0, if t−M(t)− 1 ≥ qA and W̃t < A.

(3.10)

3.3.3 Candidate change point M(t)

With the defined monitoring statistics Wt in (Equation 3.10), let us define the candidate

change point M(t + 1) for the next time instant t + 1. If Wt > 0, which indicates the

possible existence of a change point, we keep the candidate change point as it is. IfWt = 0,

we reset M(t+ 1) back to the current time t. This is to say,

M(t+ 1) =


t+ 1, if Wt > 0,

M(t), if Wt = 0.

(3.11)

We raise a global alarm at the stopping time TIR

TIR = inf{t > 0 : Wt ≥ A}, (3.12)

Note that the threshold A > 0 is the same as A used for the definition of monitoring

statistics, and is selected to satisfy the ARL to false alarm constraint in (Equation 3.4). Our

proposed algorithm can be described as follows.

3.4 Theoretical Properties

In this section, we establish the theoretical guarantees for our proposed stopping time TIR

in (Equation 3.12). We begin by establishing a choice of the threshold A that guarantees
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Algorithm 1 Implicit-Regularization-Based Quickest Detection.
1: Initialize magnitude α, step size η, tuning parameters s, S, cL, q and threshold A.
2: Initialize W0 = 0,M(1) = 0
3: while t > 0 do
4: Observe data (yt, Xt).
5: Obtain historical data yM(t)+1,t−1, XM(t)+1,t−1.

6: Obtain the estimator β̂t.
7: Update the monitoring statistics Wt.
8: if Wt ≥ A then
9: Raise an alarm.

10: else if Wt < A then
11: Update the candidate change point M(t+ 1).
12: end if
13: t = t+ 1
14: end while

that the ARL to false alarm constraint in (Equation 3.4) is met.

LEMMA 4 For any constraint γ > 1, if the threshold A ≥ log γ, then we have that

E∞[TIR] ≥ γ. (3.13)

We are now ready to analyze the detection delay relationship of TIR. The main challenge

here as compared to the analysis in standard linear regression model without change points

is how to characterize the value of candidate change point M(ν + 1). If M(ν + 1) < ν,

the estimator β̂t for t > ν is biased before the reset of candidate change point due to the

fact that the data in the time-window [M(t) + 1, t − 1] is a mixture of both pre-change

and post-change data. Under such scenario, a low percentage of pre-change data in the

time-window is crucial to the accuracy of the estimation. Furthermore, the dependence

between the value of M(ν + 1) and the condition TIR > ν brings additional challenge to

the theoretical analysis. To tackle this issue, we have the following lemma on M(ν + 1).

LEMMA 5 For any n = 1, 2, · · · ,

Pν [ν −M(ν + 1) ≥ n | TIR > ν] ≤ c1 exp(−c2n). (3.14)
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for some constants c1, c2 > 0.

Lemma Lemma 5 shows that ν−M(ν+1) has an exponential tail bound, which means

that with large probability, the candidate change point M(ν+1) will be close to the change

point ν and ensures the low percentage of pre-change data during the estimation for t > ν.

Define the following Kullback-Leibler divergence of the post-change versus the pre-

change distribution:

I(β∗) = EXt [Eyt [log
fXtβ∗(yt)

f0(yt)
]],

where yt, Xt are generated from model (Equation 3.1) with βt = β∗.We have the following

theorem on the detection delay of our proposed stopping time TIR.

THEOREM 2 If the tuning parameters for the implicit regularization algorithm α0, η0, cL, c, C, s, q

satisfy:

α0 ≤ min{ 1

5p2
, 1,

1

2

√
β∗
min,

2
cL
σ
√

log p
m

3(β∗
maxσ)

2
}, (3.15)

η0 ≤ 1

20β∗
max

, cL ≤ c3, (3.16)

|β∗
min| ≥ cσ, |β∗

max| ≤ Cσ, s ≥ s∗, (3.17)

q = O(ec4A), (3.18)

for some constant c3 > 0, 0 < c4 < 1/2. the detection delay of our proposed algorithm is

bounded by:

D[TIR] ≤
A

I(β∗)
+
C1m

I(β∗)

√
D[TIR] +

C2

√
A/I(β∗)

I(β∗)
+ C3. (3.19)

for any m ≥ C4 log p and some constant C1, C2, C3, C4 not related to m, γ, p.

To help better understand Theorem Theorem 2, here we add a few remarks.

1. By letting A = log γ in relationship (Equation 3.19), we conclude that the de-

tection delay of our proposed algorithm TIR mainly consists of two parts: (1) the
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standard delay term log γ/I(β∗) in change point analysis, (2) the additional term

O(m
√

D[TIR]/I(β
∗)) which results from the information loss during the estimation

of the unknown coefficient.

2. When the number of observations per time step m ≪ log γ, our proposed stopping

time TIR is first-order asymptotically optimal in the sense of minimizing detection

delay for each and every β∗ in the region defined in Theorem Theorem 2. This

is because it asymptotically attains the lower bound of the CUSUM procedure in

(Equation 3.6) that knows the true value of β∗. Unfortunately if m ≥ O(log γ), this

conclusion no longer holds as the additional term plays a non-negligible role in the

delay.

3. Our proposed algorithm included seven tuning parameters. The two most important

parameters are α0, η0 which determines the performance of implicit regularization

algorithm when estimating the post-change regression coefficient β∗. The other five

parameters c, C, s, q, cL are introduced for theoretical analysis and has insignificant

impact in the numerical studies. In our paper, we select α0 = 0.001, η0 = 0.1, c =

0, C = ∞, s = p, q = +∞, cL = 1.

4. We would like to comment on the computational complexity of our algorithm. At

each time t, the computational complexity of TIR is O (mpLt) , and this is compa-

rable to that of the explicit regularization methods such as LASSO. In addition, the

memory requirement of our proposed method is mp(t −M(t) − 1). We conjecture

that t −M(t) − 1 can be reduced to O(1) by recursively estimating β∗, which will

be investigated elsewhere.

3.5 Numerical Results

In this section, we conduct Monte Carlo simulation studies to validate our theoretical re-

sults. The dimension is set to p = 1000. Assume the pre-change coefficient β0 = 0 and the
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post-change coefficient β∗ = [1, 1, 1, 1, 0, · · · , 0]⊤.

Two baseline methods are considered:

• TCUSUM : β̂t = β∗ for all t, which is unrealistic in real-world application since it

assumes the true post-change coefficients are given.

• T̃ : β̂t = [b, · · · , b] with b = ∥β∗∥22/p = 4/p. Here b is selected so as to maximize the

Kullback information number E0[log(fXtβ̂t
(yt)/f0(yt))] under P0. For the fairness of

comparison, only the estimators β̂t at each time t are different for TIR, T̃ , while the

construction of statistics and the detection policy remains the same.

The detailed settings are presented as follows:

• m = 20, p = 200, 400, σ = 1.

• γ = 1000, 2000, 5000, 10000, 20000.

• α0 = 0.001, η0 = 0.1.

• c = 0, C = +∞, cL = 1, s = p, qA = ∞.

Table 3.2: Detection Delay of T, TCUSUM, T̃ for p = 400

γ TIR TCUSUM T̃
1000 3.165±0.038 1.002±0.001 15.484±0.185
2000 3.201±0.039 1.003±0.001 16.503±0.189
5000 3.250±0.039 1.004±0.001 17.789±0.195

10,000 3.287±0.039 1.005±0.001 18.746±0.198
20,000 3.323±0.039 1.007±0.001 19.710±0.202
γ TIR TCUSUM T̃

1000 4.089±0.049 1.002±0.001 26.765±0.273
2000 4.147±0.049 1.003±0.001 28.460±0.277
5000 4.204±0.049 1.005±0.001 30.675±0.282

10,000 4.248±0.049 1.006±0.001 32.321±0.285
20,000 4.289±0.049 1.008±0.001 34.028±0.289

For each γ and TIR, TCUSUM, T̃ ,we first use the bisection method to find suitable thresh-

old A to attain the false alarm constraint, and then simulate the detection delay under the

special scenario when ν = 0. All results are based on 10,000 Monte Carlo simulations.
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From Table I, TCUSUM performs the best, which is consistent with the optimality of

CUSUM when the true post-change parameters are completely specified. However, this is

infeasible in practice. In addition, our proposed stopping time TIR has a better detection

delay performance than T̃ for all scenarios, which shows the effectiveness of the estimation

of the unknown parameters.

3.6 Conclusions

In this paper, we consider the detection of a potential change-point in high-dimensional

linear regression models. We develop efficient algorithms by estimating the unknown coef-

ficient via the implicit regularization algorithm and plug-in to the CUSUM statistics for the

detection. We show that our proposed algorithm asymptotically attain the optimal lower

bound of detection delay while maintains the average run length to false alarm control.

There are a couple of future research directions. The first one is that we conjecture

that the computational complexity of our proposed algorithm can be improved in the sense

that the complexity is irrelevant to time t. One possible way is to utilize the mean of

estimator obtained at each time, while the main challenge is how to analyze the detection

delay relationship when the estimation might not be accurate. The second is to consider

the extension from linear regression model to more complicated machine learning models

such as neural network, which will be investigated in future work.

3.7 Technical Details

3.7.1 Theoretical Properties of Implicit Regularization in Linear Model

In this subsection, we provide some theoretical results related to the implicit regularization

algorithm. Consider the linear regression model with sparse vector β∗:

y = Xβ∗ + ϵ,
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where X ∈ Rm×p, y ∈ Rm, and the Gaussian noise vector ϵ ∈ Rm.

In addition, we define the following iterative update from gradient descent in implicit

regularization algorithm:

βℓ = uℓ ⊙ uℓ − vℓ ⊙ vℓ,

uℓ+1 = uℓ ⊙
(
1− 4η

(
1

m
X⊤ (Xβℓ − y)

))
,

vℓ+1 = vℓ ⊙
(
1 + 4η

(
1

m
X⊤ (Xβℓ − y)

))
,

for ℓ = 1, · · · , Lmax, with suitable selected maximal iteration number Lmax, initial value

u0, v0 = α1p×1, and step size η.

Following the notations from [74], denote S as the support set of the sparse vector β∗,

S+ as the coordinates of β∗ such that β∗
i > 0, and S− as the coordinates of β∗ such that

β∗
i < 0. Define

β+
ℓ = uℓ ⊙ uℓ,

β−
ℓ = vℓ ⊙ vℓ,

and define

sℓ = 1S+ ⊙ β+
ℓ − 1S− ⊙ β−

ℓ ,

eℓ = 1SC ⊙ βℓ + 1S− ⊙ β+
ℓ − 1S+ ⊙ β−

ℓ ,

bℓ =
1

m
X⊤Xeℓ −

1

m
X⊤ϵ,

pℓ = (
1

m
X⊤X − I)(sℓ − β∗).
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Then the gradient descent update in implicit regularization algorithm can be rewritten as:

β+
ℓ = β−

ℓ = α21p×1,

βℓ = β+
ℓ − β−

ℓ ,

β+
ℓ+1 = β+

ℓ ⊙ (1− 4η(sℓ − β∗ + pℓ + bℓ))
2,

β−
ℓ+1 = β−

ℓ ⊙ (1 + 4η(sℓ − β∗ + pℓ + bℓ))
2,

(3.20)

for ℓ = 1, · · · , Lmax.

We now provide the following key lemma:

LEMMA 6 Consider the iterative update in (Equation 3.20). Denote by β⋆
max, β

⋆
min the

maximal and minimum coefficient of β∗ respectively. Fix any 0 < ζ ≤ β⋆
max and let γ =

Cγ⌈
log2

β⋆max
ζ

⌉ where Cγ is some small enough absolute constant. Suppose that the sequences

{bℓ}ℓ≥1 and {pℓ}ℓ≥1 satisfies

∥bℓ∥∞ ≤ Cbζ − α,

∥pℓ∥∞ ≤ γ∥sℓ − β∗∥∞,
(3.21)

for some small enough absolute constant Cb. If the step size satisfies η ≤ 5
96β⋆

max
and the

initialization satisfies α ≤ ζ

3(β⋆
max)

2 ∧ 1
2

√
β⋆
min ∧ 1, then for Lmax = 2

ηζ
log 1

α
we have

∥sLmax − β⋆∥∞ ≤ 4ζ,

α2

ℓ−1∏
i=0

(1 + 4η(∥bi∥∞ + ∥pi∥∞))2 ≤ α,

for all 0 ≤ ℓ ≤ Lmax.

Proof: Lemma Lemma 6 is a direct application of Proposition 1 and Lemma B.17 in [74]

and here we omit the proof. We only need to note that the selected maximum iteration num-

ber Lmax = 2
ηζ

log 1
α

drops in the second-to-last time interval in the induction of Lemma

B.17 of [74], and that is why the upper bound here is 4ζ instead of ζ.

47



3.7.2 RIP conditions, Random matrix, and Concentration Inequalities

Let us start with the definition of Restricted isometry property (RIP) condition:

Definition 1 (Restricted isometry property). A matrix X ∈ Rm×p is said to satisfy the

(s, δ)-restricted isometry property if, for any s-sparse vector u in Rp, we have

(1− δ)∥u∥2 ≤ 1

n
∥Xu∥2 ≤ (1 + δ)∥u∥2.

The following lemma shows that random matrix satisfies RIP conditions with high

probability:

LEMMA 7 LetX be am×pmatrix with each component followsN(0, 1). ThenX satisfies

(s, δ)-RIP condition with at least the probability:

1− 2(
12

δ
)se−c0(

δ
2
)m.

Here c0(x) = x2

4
− x3

6
.

Proof: See Lemma 5.1 in [75]. ■.

For matrix with RIP condition, we have following lemma:

LEMMA 8 Suppose that X is a m × p matrix satisfying the (s + 1, δ)-RIP. If z ∈ Rp is a

s-sparse vector, then ∥∥∥∥( 1

m
X⊤X − I

)
z

∥∥∥∥
∞

≤ sδ∥z∥∞.

Proof: See Lemma A.3 in [74].

We now provide some results related to the concentration inequalities under our context.

LEMMA 9 Let X be a m × p-dimensional random matrix with each component (X)i,j

i.i.d. follows N(0, 1), and let ϵ be a m-dimensional noise vector of independent Gaussian

48



random variables with variance σ2. We then have

P(∥ 1

m
X⊤ϵ∥∞ ≥ wσ) ≤ 2p exp

{
−ce1min(ce2w, (ce2w)

2)m
}
, (3.22)

for some constants ce1, ce2 that are not related to m, p, σ.

Proof of Lemma Lemma 9 We write the j-th component of 1
m
X⊤ϵ as

(
1

m
X⊤ϵ)j =

1

m

m∑
i=1

(X)i,j(ϵ)i.

Note that the random variable (X)i,j(ϵ)i is sub-exponential, and applying Bernstein’s in-

equality (see Corollary 2.8.3 in [76]) obtains that

P

{
|( 1
m
X⊤ϵ)j| ≥ wσ

}
≤ 2 exp

{
−ce1min(ce2w, (ce2w)

2)m
}
,

for some constants ce1, ce2 that are not related to m, p, σ. Relationship (Equation 3.22) is

immediately proved by using the probability union bounds.

3.7.3 Proof of Detection Delay Relationship When Change Occurs at ν = 0

In this section, we establish the proof for the detection delay relationship (16) in Theorem

4.3 under a special scenario when change occurs at time ν = 0 and postpone the more

complicated scenario when change occurs at general time ν = k > 1 to the next section.

When change occurs at time ν = 0, all observed data (yt, Xt)t≥1 are generated from the

post-change model, and we define the following sequential test:

T = inf{t > 0 or t = qA : St /∈ (0, A)}, (3.23)
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where the detection statistics St is defined as

St =
t∑

n=1

log
fXnβ̂n

(yn)

f0(yn)
. (3.24)

Here β̂n = 0 for n = 1, and for general n ≥ 2, β̂n is obtained via two steps: (1) applying

the implicit regularization algorithm to the following data (y1:n−1, X1:n−1) to get an initial

estimator β̂n

y1:n−1 = [y⊤1 , · · · , y⊤n−1]
⊤, X1:n−1 = [X⊤

1 , · · · , X⊤
n−1]

⊤,

with parameters including the initial value αn, iteration number Ln, and step size ηn defined

in

αn =
α0√
n− 1

,

ηn = η0,

Ln =
cL(n− 1)1/4

ηnσ
√

log p/m
log

1

αn

,

(2) adjusting β̂n by only keeping the largest s components of β̂n and then truncating the non-

zero components such that the absolute value of each non-zero component is in [cσ, Cσ]

to get the final estimator β̂n. In addition, the data (Xn, yn)n≥1 in sequential test (Equa-

tion 3.23) are independent and identically distributed (i.i.d.) from the linear model:

yn = Xnβ
∗ + ϵn.
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Based on the deduction at the end of the manuscript, we have:

E0[TIR | TIR > 0] = E0[TIR]

= E0[T1 + · · ·+ Tw]

=
∞∑
i=1

E0[Ti]P0(w ≥ i)

=
E0[T ]

P0(ST ≥ A)
.

We conclude that to bound the detection delay of our proposed stopping time TIR when

change occurs at time ν = 0, it suffices to bound E0[T ] and P0(ST ≥ A) under P0.

LEMMA 10 Denote I(β∗) as the Kullback information number of the observed data (yt, Xt)

under P0 :

I(β∗) = E0[log
fXtβ∗(yt)

f0(yt)
] =

m∥β∗∥22
2σ2

,

the average run length of T is then bounded by

E0[T ] ≤ V1 + V2 + V3, (3.25)

where

V1 = E0[
ST

I(β∗)
],

V2 = E0[

∑T
n=1

1
2σ2∥Xn(β

∗ − β̂n)∥22
I(β∗)

],

V3 = E0[

∑T
n=1

1
σ2 (yn −Xnβ

∗)⊤(Xn(β
∗ − β̂n))

I(β∗)
].

(3.26)
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Proof of Lemma Lemma 10: Applying Wald’s equation obtains that

E0[T ] = E0[

∑T
n=1 log

fXnβ∗ (yn)

f0(yn)

I(β∗)
]

= E0[

∑T
n=1 log

fXnβ̂n
(yn)

f0(yn)

I(β∗)
+

∑T
n=1 log

fXnβ∗ (yn)

fXnβ̂n
(yn)

I(β∗)
]

= E0[
ST

I(β∗)
+

∑T
n=1

1
2σ2 (∥yn −Xnβ̂n∥22 − ∥yn −Xnβ

∗∥22)
I(β∗)

]

= E0[
ST

I(β∗)
+

∑T
n=1

1
2σ2∥Xn(β

∗ − β̂n)∥22
I(β∗)

+

∑T
n=1

1
σ2 (yn −Xnβ

∗)⊤(Xn(β
∗ − β̂n))

I(β∗)
]

= V1 + V2 + V3,

where V1, V2, V3 are defined in (Equation 3.26).

The lemmas below focus on bounding terms V1, V2, V3.

LEMMA 11

V1 ≤
AP0(ST ≥ A)

I(β∗)
+

E0[T ]1/2E0[∥yn∥42]1/2

2σ2I(β∗)
+
AP0(T = qA)

I(β∗)
. (3.27)

Proof of Lemma Lemma 11

V1 = E0[
ST

I(β∗)
]

= E0[
ST

I(β∗)
, ST ≥ A] + E0[

ST

I(β∗)
, ST ≤ 0] + E0[

ST

I(β∗)
, T = qA]

≤ E0[
ST

I(β∗)
, ST ≥ A] + E0[

ST

I(β∗)
, T = qA]

=
AP0(ST ≥ A)

I(β∗)
+ E0[

ST − A

I(β∗)
, ST ≥ A] + E0[

ST

I(β∗)
, T = qA]

=
AP0(ST ≥ A)

I(β∗)
+ E0[

log
fXT β̂T

(yT )

f0(yT )

I(β)
, ST ≥ A] + E0[

ST

I(β∗)
, T = qA].
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Regarding the term E0[
log

f
XT β̂T

(yT )

f0(yT )

I(β)
, ST ≥ A], we have

E0[
log

fXT β̂T
(yT )

f0(yT )

I(β)
, ST ≥ A]]

= E0[
1

2σ2 (∥yT ∥22 − ∥yT −XT β̂T ∥22)
I(β∗)

, ST ≥ A]

≤ E0[
1

2σ2∥yT ∥22
I(β∗)

, ST ≥ A]

≤ E0[
1

2σ2∥yT ∥22
I(β∗)

]

≤ 1

2σ2I(β∗)
E0[

T∑
n=1

∥yn∥42]1/2

≤ 1

2σ2I(β∗)
E0[T ]1/2E0[∥yn∥42]1/2.

Regarding the term E0[
ST

I(β∗)
, T = qA],

E0[
ST

I(β∗)
, T = qA] ≤

AP0(T = qA)

I(β∗)
.

LEMMA 12

V2 ≤
1

2σ2I(β∗)

∞∑
n=1

E0[∥β∗ − β̂n∥42]1/2P0(T ≥ n)1/2. (3.28)

Proof of Lemma Lemma 12 To bound V2, define the statistics V2,t:

V2,t =

∑t
n=1

1
2σ2∥Xn(β

∗ − β̂n)∥22
I(β∗)

.

Note that β̂t is Ft−1- adapted, and (Xt)i,j ∼ N(0, 1) for all i, j. We have

E0[V2,t|Ft−1] = V2,t−1 +
1

2σ2I(β∗)
∥β∗ − β̂t∥22.
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In other words, V2,t −
∑t

n=1
1

2σ2I(β∗)
∥β∗ − β̂n∥22 is a martingale under P0. Applying the

optional sampling theorem obtains that:

E0[V2,T −
T∑

n=1

1

2σ2I(β∗)
∥β∗ − β̂n∥22] = 0,

which is essentially

V2 =
1

2σ2I(β∗)

T∑
n=1

E0[∥β∗ − β̂n∥22].

We then have

V2 =
1

2σ2I(β∗)

∞∑
n=1

E0[∥β∗ − β̂n∥221T ≥n]

≤ 1

2σ2I(β∗)

∞∑
n=1

E0[∥β∗ − β̂n∥42]1/2P0(T ≥ n)1/2.

LEMMA 13

V3 = E0[

∑T
n=1

1
σ2 (yn −Xnβ

∗)⊤(Xn(β
∗ − β̂n))

I(β∗)
].

Proof of Lemma Lemma 13 To characterize V3, define the statistics:

V3,t =
1

σ2I(β∗)

t∑
n=1

(yn −Xnβ
∗)⊤(Xn(β

∗ − β̂n)).

Note that β̂t is Ft−1-adapted, and it is easily seen that V3,t is a martingale under P0, and

thus

V3 = E0[V3,T ] = 0.
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Based on Lemma Lemma 10-Lemma 13, it suffices to bound the following terms to

bound E0[T ]:

• E0[∥yn∥42]1/2,

• AP0(T = qA),

• E0[∥β∗ − β̂n∥42]1/2

• P0(T ≥ n)1/2.

The lemmas below characterize these four terms.

LEMMA 14

E0[∥yn∥42]1/2 ≤ (2m(∥β∗∥22 + σ2)2 + (m(∥β∗∥22 + σ2))2)1/2

≤ 2m(∥β∗∥22 + σ2).

(3.29)

Proof of Lemma Lemma 14: Note that under P0, yn = Xnβ
∗ + ϵn where (Xn)i,j ∼ N(0, 1)

and ϵn ∼ N(0). We then have

E0[∥yn∥42] = (E0[∥yn∥22])2 + var(∥yn∥22),

and

E0[∥yn∥22] = mE0[y
2
n,1]

= m(E0[yn,1])
2 +m var(yn,1)

= m(∥β∗∥22 + σ2),

and

var(∥yn∥22) = m var(y2n,1)

= 2m(∥β∗∥22 + σ2)2.
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Note that the last step is due to the fact that yn,1 ∼ N(0, ∥β∗∥22 + σ2).

LEMMA 15 Define

ζ =
2

cL
σ

√
log p

m

1

(n− 1)1/4
.

Note that the maximum iteration number Ln used in our procedure can be written as Ln =

2
ηζ

log 1
α

under our constructions and definitions of ζ . Assume the following conditions

hold:

X1:n−1 ∼ RIP(s∗,
Cγ√

s∗(1 + log β∗
max

ζ
)
),

∥ 1

m(n− 1)
X⊤

1:n−1ϵ1:n−1∥∞ ≤ 2Cb

cL
σ

√
log p

m

1

(n− 1)1/4
.

(3.30)

Also assume the conditions listed in Theorem 1 hold, we have

|β̂n,i − β∗
i | ≤ 4ζ + α, for i ∈ S,

|β̂n,i − β∗
i | ≤ α, for i /∈ S,

for m ≥ cm1 log p, where cm1 is a constant that is not related to σ,m, p.

Proof of Lemma Lemma 15: The proof is mainly based on Lemma Lemma 6. Let us first

focus on the estimator β̃n before shrinkage. Note that based on our constructions, αn =

α0/
√
n− 1 can always be bounded by our tuning parameters c and thus if ∥β̃n,i − β∗∥∞ ≤

α, for i /∈ S, then β̂n,i will be 0 after shrinkage and conclusions hold. And similarly for

i ∈ S, we always have |β̃n,i| ≥ |β∗
i | − |β̃n,i − β∗

i | > c and |β̃n,i| ≤ |β∗
i |+ |β̃n,i − β∗

i | < C.

In such cases β̃n,i = β̂n,i for i ∈ S after shrinkage, which means that it suffices to prove the

relationship for the initial estimator β̂n.

The condition on step size ηn also holds based on the conditions in Theorem 1. For the

sequence {pℓ}1≤ℓ≤Ln , it follows directly from Lemma Lemma 8 and the RIP condition on

X1:n−1. For the sequence {bℓ}1≤ℓ≤Ln , it can be done by using induction methods as in the

proof of Theorem 1 in [74].
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LEMMA 16

E0[∥β∗ − β̂n∥42]1/2 ≤ c1{sσ2 1√
n− 1

+ exp(−c2
√
n− 1)},

for m ≥ cl1 log p, where cl1, c1, c2 are some constants that is not related m, p.

Proof of Lemma Lemma 16: If the conditions in Lemma Lemma 15 holds,

∥β∗ − β̂n∥42 ≤ (c1sσ
2 1√

n− 1
)2.

Otherwise,

∥β∗ − β̂n∥42 ≤ (sC2σ2 + ∥β∗∥22)2,

for some constant c3, C. This is because based on our constructions, there are only s non-

zero coefficients and the absolute value of each non-zero coefficient is upper bounded by

the tuning parameter Cσ. Also, we observe from Lemma Lemma 7 and Lemma Lemma 9

that we can select m ≥ cl1 log p for some cl1 > 0 such that the probability of the condition

not holding is bounded by exp(−2c2
√
n− 1) for some constant c2 > 0. We then have

E0[∥β∗ − β̂n∥42]1/2

≤ ((c1sσ
2 1√

n− 1
)2 + exp(−2c2

√
n− 1)(sC2σ2 + ∥β∗∥22)2)1/2

≤ c1σ
2{s 1√

n− 1
+ exp(−c2

√
n− 1))},

for some constant c1, c2 > 0. Here for notational convenience we use the same notation

c1, c2 to denote the constants.

LEMMA 17 For n ≥ 10A
I(β∗)

,

P0(T ≥ n) ≤ c4 exp(−c5(n− 10A

I(β∗)
)) +

c6
n2
.
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for some suitable constants c4, c5, c6.

Proof of Lemma Lemma 17 Note that exp(−c2
√
n− 1) ≤ c7/(n − 1)3 for some constant

c6. It is not hard to verify that the probability of conditions in (Equation 3.30) holding for

all i ≥ n
2

and n ≥ 10A
I(β∗)

is bounded by c6/n2 for some constant c7. Under such scenario,

we observe that

log
fXnβ̂n

(yn)

f0(yn)

≥ log
fXnβ∗(yn)

f0(yn)
− | log

fXnβ̂n
(yn)

fXnβ∗(yn)
|

= log
fXnβ∗(yn)

f0(yn)
− c7∥Xn(β̂n − β∗)∥22 − c8|ϵ⊤nXn(β̂n − β∗)|

≥ log
fXnβ∗(yn)

f0(yn)
− c7s

m∑
i=1

∑
j∈S

(Xn)
2
i,jσ

2 log p

m

1√
n− 1

− c8

s∑
i=1

(ϵ⊤nXn)iσ

√
log p

m

1

(n− 1)1/4
:= zn

We then have if A ≥ cl3m and m ≥ cl3 log p for some cl3 > 0, zn is a sub-exponential

variable with positive step size. The results follows immediately from the concentration of

sub exponential variable.

LEMMA 18 For any thresholdA, and sufficiently large constant c10 such thatm ≥ c10 log p,

we have

P0(ST ≥ A) > c9 > 0.

for some constant c9 that is not related to m, p, σ2.

Proof of Lemma Lemma 18: We consider the ladder variable

τ− = inf{t > 0 :
t∑

n=1

zn ≤ 0}.

If A ≥ cl3m and m ≥ cl3 log p for some cl3 > 0, zn is a sub-exponential variable with

positive step size. In such scenario, we have

P0(τ− = ∞) > 0,
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see Chapter 8.3 in [30]. In addition, we can select large enough m ≥ cl3 log p such that

the probability of conditions in Lemma Lemma 15 NOT holding for all n ≥ 2 is upper

bounded by (1− P0(τ− <∞))/2. We then have

P0(ST < A) ≤ P0(τ− <∞) +
1− P0(τ− <∞)

2

=
1 + P0(τ− <∞)

2
< 1.

Based on the above lemmas, we conclude that for V1,

V1 ≤ AP0(ST ≥ A)

I(β∗)
+

E0[T ]1/2E0[∥yn∥42]1/2

2σ2I(β∗)
+
AP0(T = qA)

I(β∗)

≤ AP0(ST ≥ A)

I(β∗)
+

E0[T ]1/2(2m(∥β∗∥22 + σ2))

2σ2I(β∗)
+ c8,

where the last step is obtained by bounding P0(T = qA) based on Lemma Lemma 17. For

V2,

V2 ≤ 1

2σ2I(β∗)

∞∑
n=1

E0[∥β∗ − β̂n∥42]1/2P0(T ≥ n)1/2

≤ (

10A/I(β∗)∑
n=1

E0[∥β∗ − β̂n∥42]1/2P0(T ≥ n)1/2

2σ2I(β∗)
+

∞∑
n=10A/I(β∗)+1

E0[∥β∗ − β̂n∥42]1/2P0(T ≥ n)1/2

2σ2I(β∗)
)

≤ (

10A/I(β∗)∑
n=1

E0[∥β∗ − β̂n∥42]1/2

2σ2I(β∗)
+

∞∑
n=10A/I(β∗)+1

E0[∥β∗ − β̂n∥42]1/2P0(T ≥ n)1/2

2σ2I(β∗)
)

≤ (

10A/I(β∗)∑
n=1

c1σ
2{s 1√

n−1
+ exp(−c2

√
n− 1))}

2σ2I(β∗)
+

∞∑
n=10A/I(β∗)+1

E0[∥β∗ − β̂n∥42]1/2P0(T ≥ n)1/2

2σ2I(β∗)
)

≤
C2

√
A/I(β∗)

I(β∗)
,

for some constant C2 > 0. Concluding the results above, and note that P0(ST ≥ A) >
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c9 > 0 for all A, we have

E0[TIR | TIR > 0]

=
E0[T ]

P0(ST ≥ A)

≤ A

I(β∗)
+
C1m

I(β∗)

√
D[TIR] +

C2

√
A/I(β∗)

I(β∗)
+ C3,

for some suitable constants C1, C2, C3 > 0.

3.7.4 Proof of Detection Delay Relationship When Change Occurs at ν = k

In this subsection, we consider the more complicated scenario when change occurs at gen-

eral time ν = k for k > 0. Note that when change-time ν = k, observed data (Xt, yt)t≤k

are under the pre-change scenario, and observed data (Xt, yt)t>k are under the post-change

scenario. Our aim is to characterize the detection delay

Ek[TIR − k | TIR > k],

for general change-time ν = k.

The main challenge as compared to the setting when ν = 0 is that we need to charac-

terize TIR under condition TIR > k, which is highly non-trivial. To see this, consider the

candidate change-time M(k + 1) at time t = k + 1. If M(k + 1) < k, then the estima-

tor β̂t for t > k might contain data from the pre-change scenario, which brings additional

challenge to the theoretical analysis.

To analyze the detection delay under Pk, we need the following definitions:

X(k) = [X⊤
M(k+1)+1, · · · , X⊤

k ]
⊤,

y(k) = [y⊤M(k+1)+1, · · · , y⊤k ]⊤,
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and X(k), y(k) = 0 if M(k+1) = k. Denote by Wk the detection statistics at change-time

ν = k. We define the following sequential test:

T(k) = inf{t−k, t ≥ k+1 : S̃t =
t∑

n=k+1

log
fXnβ̂n,σ2I(yn)

f0,σ2I(yn)
/∈ (−Wk, A−Wk) or t−M(k+1) = qA},

(3.31)

where the estimator β̂n is obtained by applying the implicit regularization algorithm to the

following data (yM(k+1)+1:n−1, XM(k+1)+1:n−1) :

yM(k+1)+1:n−1 = [y(k)⊤, y⊤k+1, · · · , y⊤n−1]
⊤, XM(k+1)+1:n−1 = [X(k)⊤, X⊤

k+1, · · · , X⊤
n−1]

⊤,

with parameters including the initial value αn, iteration number Ln, and step size ηn defined

αn =
α0√

n−M(k + 1)− 1
,

ηn = η0,

Ln =
cL(n−M(k + 1)− 1)1/4

ηnσ
√

log p/m
log

1

αn

,

In addition, the observed data (Xn, yn)n≥k+1 in sequential test (Equation 3.31) are inde-

pendent and identically distributed (i.i.d.) from the linear model:

yn = Xnβ
∗ + ϵn.

The detection delay when ν = k can then be written as

Ek[TIR − k | TIR > k] = Ek[T(k) + T1 + · · ·+ Tw | TIR > k]

= Ek[T(k) | TIR > k] + Pk(S̃T(k)+k < A−Wk | TIR > k)E0[TIR].

We have already bounded E0[TIR] in the previous subsection, and it suffices to bound

Ek[T(k) | TIR > k] and Pk(S̃T(k)+k < A−Wk) in order to characterize Ek[TIR−k | TIR > k].
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LEMMA 19 The average run length of T(k) can be bounded by:

Ek[T(k) | TIR > k] ≤ V4 + V5 + V6, (3.32)

where

V4 = Ek[
S̃T(k)+k

I(β∗)
| TIR > k],

V5 = Ek[

∑k+T(k)
n=k+1

1
2σ2∥Xn(β

∗ − β̂n)∥22
I(β∗)

| TIR > k],

V6 = Ek[

∑k+T(k)
n=k+1

1
σ2 (yn −Xnβ

∗)⊤(Xn(β
∗ − β̂n))

I(β∗)
| TIR > k].

(3.33)

Proof of Lemma 4.1: Applying Wald’s equation obtains that

Ek[T(k) | TIR > k] = Ek[

∑k+T(k)
n=k+1 log

fXnβ∗,σ2I(yn)

f0,σ2I(yn)

I(β∗)
| TIR > k]

= Ek[

∑k+T(k)
n=k+1 log

fXnβ̂n,σ2I(yn)

f0,σ2I(yn)

I(β∗)
+

∑k+T(k)
n=k+1 log

fXnβ∗,σ2I(yn)

fXnβ̂n,σ2I(yn)

I(β∗)
| TIR > k]

= Ek[
S̃T(k)+k

I(β∗)
+

∑k+T(k)
n=k+1

1
2σ2 (∥yn −Xnβ̂n∥22 − ∥yn −Xnβ

∗∥22)
I(β∗)

| TIR > k]

= V4 + V5 + V6,

where V4, V5, V6 are defined in (Equation 3.26).

Following the similar proof as in Lemma Lemma 11-Lemma 13, it is easy to obtain that

V4 ≤
APk(S̃T(k)+k ≥ A−Wk | TIR > k)

I(β∗)
+

1

2σ2I(β∗)
Ek[T(k) | TIR > k]1/2E0[∥yn∥42]1/2

+APk(T(k) +M(K + 1) = qA | TIR > k),

V5 ≤ 1

2σ2I(β∗)

∞∑
n=k+1

Ek[∥β∗ − β̂n∥42 | TIR > k]1/2Pk(T(k) ≥ n− k | TIR > k)1/2,

V6 = 0.

Based on above derivations, it suffices to bound the following terms:

• E0[∥yn∥42]1/2
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• APk(T(k) +M(K + 1) = qA | TIR > k).

• Ek[∥β∗ − β̂n∥42 | TIR > k]1/2.

• Pk(T(k) ≥ n− k | TIR > k)1/2.

The lemmas below characterize terms 2-4, and term 1 has already been bounded in the

previous subsection. Let us start with a lemma on the candidate change time M(k + 1) :

LEMMA 20 Consider the candidate change-time M(k + 1), we have

Pk(TIR > k | TIR > M(k + 1)) ≥ cM > 0, (3.34)

for some constant cM .

Proof of Lemma Lemma 20:

Pk(TIR ≤ k | TIR > M(k + 1)) = Pk(TIR ≤ k −M(k + 1))

≤ Pk(TM ≤ k −M(k + 1))

≤
k−M(k+1)∑

n=1

n

eA

≤
qA∑
n=1

n

eA
= 1− cM < 1,

due to the fact that qA = O(ec4A) for some 0 < c4 < 1/2. Here TM is a stopping time

defined in Section A.

LEMMA 21 There exists suitable constants cM,1, cM,2 such that

Pk(k + 1−M(k + 1) ≥ n | TIR > k) ≤ cM,1e
−cM,2n. (3.35)
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Proof of Lemma Lemma 21: We have

Pk(k + 1−M(k + 1) ≥ n | TIR > k)

= Pk(k + 1−M(k + 1) ≥ n | TIR > k, TIR > M(k + 1))

≤ Pk(k + 1−M(k + 1) ≥ n | TIR > M(k + 1))

Pk(TIR > k | TIR > M(k + 1))

≤ 1

cM
Pk(k + 1−M(k + 1) ≥ n)

=
1

cM

k+1−n∑
i=1

P∞(M(k + 1) = i,Wj > 0 for all i < j < k + 1)

≤ cM,1e
−cM,2n,

for some suitable constants cM,1, cM,2.

To analyze β̂n when change occurs at general time ν = k > 1, We need to rewrite the

gradient descent update on (y = yM(k+1)+1:n−1, X = XM(k+1)+1:n−1). Note that

1

m(n−M(k + 1)− 1)
X⊤ (Xβℓ − y)

=
n− k − 1

n−M(k + 1)− 1

1

m(n− k − 1)
(X⊤

k+1:n−1Xk+1:n−1βℓ +X(k)⊤X(k)βℓ

−X⊤
k+1:n−1Xk+1:n−1β

∗ −X⊤
k+1:n−1ϵk+1:n−1 −X(k)⊤ϵ(k))

As compared to the standard gradient descent update on clean data (yk+1:n−1, Xk+1,n−1)

without the contamination of (y(k), X(k)), there is an additional term,

1

m(n− k − 1)
(X(k)⊤X(k)βℓ −X(k)⊤ϵ(k)).

The key in bounding β̂n in sequential test (Equation 3.31) is to show that as n increases, the
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additional term converges to 0 and thus will not affect the estimation of β∗. Now we define

β+
ℓ = uℓ ⊙ uℓ,

β−
ℓ = vℓ ⊙ vℓ,

sℓ = 1S+ ⊙ β+
ℓ − 1S− ⊙ β−

ℓ ,

eℓ = 1SC ⊙ βℓ + 1S− ⊙ β+
ℓ − 1S+ ⊙ β−

ℓ ,

b̃ℓ =
1

m(n− k − 1)
(X⊤

k+1:n−1Xk+1:n−1eℓ −X⊤
k+1:n−1ϵk+1:n−1 +X(k)⊤X(k)βℓ −X(k)⊤ϵ(k)),

p̃ℓ = (
1

m(n− k − 1)
X⊤

k+1:n−1Xk+1:n−1 − I)(sℓ − β∗).

Then the gradient descent update in implicit regularization algorithm can be rewritten as:

β+
ℓ = β−

ℓ = α21p×1,

βℓ = β+
ℓ − β−

ℓ ,

β+
ℓ+1 = β+

ℓ ⊙ (1− 4η̃(sℓ − β∗ + p̃ℓ + b̃ℓ))
2,

β−
ℓ+1 = β−

ℓ ⊙ (1 + 4η̃(sℓ − β∗ + p̃ℓ + b̃ℓ))
2,

with

η̃ =
n− k − 1

n−M(k + 1)− 1
η0 ≤ η0,

for ℓ = 1, · · · , Ln.

We then have the following lemma on the characterization of β̃n.

LEMMA 22 Consider the sequential test defined in (Equation 3.31). Define

ζ =
2

cL
σ

√
log p

m

1

(n−M(k + 1)− 1)1/4
.
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Assume the following conditions hold:

Xk+1:n−1 ∼ RIP(s∗,
Cγ√

s∗(1 + log β∗
max

ζ
)
),

∥ 1

m(n− 1− k)
X⊤

k+1:n−1ϵk+1:n−1∥∞ ≤ 1

3
Cbζ,

∥ 1

m(n− 1− k)
X(k)⊤X(k)βℓ∥∞ ≤ 1

3
Cbζ,

∥ 1

m(n− 1− k)
X(k)⊤ϵ(k)∥∞ ≤ 1

3
Cbζ,

(3.36)

for some constants ce2, ce3, ce4. Assume the conditions listed in Theorem 1 hold, we have

|β̂n,i − β∗
i | ≤ 4ζ + α, for i ∈ S,

|β̂n,i − β∗
i | ≤ α, for i /∈ S,

for m ≥ cm2 log p, where cm2 is a constant that is not related to σ,m, p.

Proof of Lemma Lemma 22: Define ζ ′ :

ζ ′ = ζ
n−M(k + 1)− 1

n− k − 1
≥ ζ,

and the iteration number can be written as Ln = 2
ζ′η̃

log 1
α
. The remaining proof is the same

as the proof of Lemma Lemma 15 by using the induction.

The remaining problem of bounding β̂n is how to characterize the probability of condi-

tions (Equation 3.36) and we have the following lemma:

LEMMA 23 Denote the event that conditions (Equation 3.36) do not hold as Ak,n, and we

have

Pk(Ak,n | TIR > k) ≤ c14
(n− k − 1)3

,

for some constant c14 and sufficiently large n ≥ nℓ2.
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Proof of Lemma Lemma 23: By using the concentration inequality and the fact that the time

different between the candidate change time and the change time is exponentially decaying.

LEMMA 24

Ek[∥β∗ − β̂n∥42 | TIR > k]1/2 ≤ c15{sσ2 1√
n− k − 1

+
1

(n− k − 1)3
},

for m ≥ cl1 log p and n ≥ nℓ2, where cl1, c1, c2 are some constants that is not related m, p.

Proof of Lemma 24: similar proof as the proof of Lemma Lemma 16.

LEMMA 25 For n ≥ k + 1 + 10A
I(β∗)

,

Pk(T(k) ≥ n− k | TIR > k) ≤ c16 exp(−c17(n− k − 10A

I(β∗)
)) +

c18
(n− k − 1)2

,

for some suitable constants c16, c17, c18.

Proof of Lemma Lemma 25: the proof is similar to those of Lemma 17.

Concluding the above results, we conclude that

Ek[TIR − k | TIR > k] ≤ A

I(β∗)
+
C1m

I(β∗)

√
D[TIR] +

C2

√
A/I(β∗)

I(β∗)
+ C3,

and note that the above relationship holds for all change time k, and the relationship (18)

in Theorem 4.3 is then proved. ■.
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CHAPTER 4

EFFICIENT ACTIVE QUICKEST DETECTION FOR MULTI-STREAM DATA

The goal of this chapter is to investigate three research topics under the setting of active

quickest detection problem in multi-stream data. In section 4.1, we consider the scenario

when the post-change distributions in volve unknown parameters. An efficient greedy-

cyclic-sampling-based quickest detection algorithm is proposed, and we show that our pro-

posed algorithm is first-order asymptoti- cally optimal in the sense of mini- mizing the

detection delay under both false alarm and sampling control constraints.

In section 4.2, we extend our results in Chapter 2 to a more complicated scenario when

r = s = 2. We combine three ideas to develop efficient active quickest detection algo-

rithms: (1) win-stay, lose-switch sampling strategy; (2) local CUSUM statistics for local

monitoring; and (3) the SUM-Shrinkage technique to fuse local statistics into a global de-

cision. Theoretical guarantees on the ARL to false alarm and detection delay are provided.

In section 4.3, we revisited the TRAS algorithm proposed in [1] which incorporates

a novel idea of compensation coefficients for unobserved data streams. We investigate

the impact of compensation coefficients on TRAS algorithm. Our main contributions are

two-folded. On the one hand, under the gen- eral setting, we prove that if compensation

coefficient is larger than O(q/(p− q), then the TRAS algorithm is not efficient in the sense

of having a larger detection delay than the optimal lower bound. On the other hand, under

the special case of q = s = 1, if compensation coefficient is smaller than O(1/(p−1), then

the TRAS algorithm is efficient.
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4.1 Asymptotic Optimality Theory for Active Quickest Detection with Unknown

Post-Change Parameters

This paper is a collaborative work with Dr. Yajun Mei, and was published in the journal

Sequential Analysis 2023.

4.1.1 Problem Formulation and Methods Review

Suppose there are p statistically independent lcoal streams in a system, and denote with X i
t

the observation from the i-th local stream at time t, where i = 1, . . . , p and t = 1, 2, . . . .

Let fθ(x) = exp(θx − ψ(θ)) be the densities of an exponential family of distributions.

Initially, the system is in the in-control state and the data stream {X i
t} from the ith stream

produces i.i.d. samples following the density fθ0(X) (without loss of generality we assume

the pre-change distributions fθ0(X) are the same for all p streams). At some unknown time

τ , a triggering event occurs to the system and one of its p streams, say, the i-th, changes to

i.i.d. samples following a new unknown density fθi(X). Specifically, if the i-th data stream

is affected, then

X i
t ∼

 exp(θ0x− ψ(θ0)), if t ≤ τ

exp(θix− ψ(θi)), if t > τ,
(4.1)

while Xj
t ∼ fθ0(X) for j ̸= i and all t > 0. Here we consider in detail the one-sided

change-point problem and assume that there are two positive constants δ and η that char-

acterize the minimum and maximum magnitudes of the change (ie: δ ≤ θi ≤ ζ for all

i = 1, · · · , p).

Let us now discuss the sampling control constraints. To be mathematically rigorous,

define a sequence of sampling indices {Rt} with Rt ∈ {1, . . . , p}, where Rt is a random

variable and {Rt = m} means that we will sample them-th local streams at the time instant

t + 1. Under our sampling constraint, we are allowed to access only one of these p local
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streams at each time t, and this can be expressed as

1{Rt=1} + · · ·+ 1{Rt=p} = 1 for all times t = 1, 2, . . . , (4.2)

where 1A denotes the indicator function of the event A.

Thus in the multi-stream quickest detection problem under sampling control, an algo-

rithm consists two elements: one is the sampling policies, e.g., choose {Rt} for all time

instants t subject to (Equation 4.49), and the other is the decision policy that is defined as

the stopping time T with respect to the observed data sequence {X i=Rt−1

t }t≥1. Note that

the sampling decision Rt depends only on those observed data up to time t − 1, and the

stopping time {T = t} means that we raise an alarm at time t.

Following the classical minimax formulation for quickest detection proposed by Lorden

[61], we are interested in finding a procedure ({Rt}t=1,··· ,∞,T) that minimizes the worst-

case detection delay

Di(T) = sup
t≥0

ess sup Ei
t[T− t|F i

t ,T > t]. (4.3)

for any i = 1, 2, · · · , p when the i-th local stream is affected by the change, subject to the

average run length to false-alarm constraint

E∞[T] ≥ γ > 1. (4.4)

Here Pi
t(·),Ei

t[·] denote the probability measure and the corresponding expectation induced

by the change occuring at the i-th process at time τ = t and P∞(·),E∞[·] denote the

probability measure and the corresponding expectation induced by the change occuring at

∞. In addition, F i
t is the σ-algebra generated by observed data/information on the i-th

local stream up to time t.

Let us now review some existing research that is related to our problem and proposed
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algorithm. Under the simplest scenario where we had the prior knowledge on the index

of i where change occurs to and the full information of post-change distribution fθi , it is

natural to always sample the i-th stream, i.e.,Rt ≡ i for all t, and the corresponding optimal

procedure will be the well-known CUSUM procedure:

Toracle(A) = inf{t > 0 : W i
t ≥ A} (4.5)

where W i
t is the CUSUM statistics recursively defined as

W i
t = max{W i−1

t , 0}+ log
fθi(X

i
t)

fθ0(X
i
t)

for t ≥ 1 (4.6)

and W i
0 = 0, see Moustakides [63]. Here we use Toracle to emphasize that this CUSUM

procedure makes an oracle assumption of known affected local stream and known post-

change distribution.

Note that it is highly non-trivial to develop an efficient algorithm under our setup due to

two challenges: the first is that the post-change distributions are unknown. This challenge

has been addressed in [77] when monitoring p = 1 local stream. Their idea is to estimate

the post-change parameter by the average of recent observations after the candidate change-

point, and update the local statistics as in the classical CUSUM statistic in (Equation 4.6).

To be more specific, when monitoring the i-th local stream, the estimator θ̂t,i for the i-th

stream at time instant t can be defined as

θ̂t,i = min{η,max{δ, ψ1(

∑t−1
n=g(t)X

i
n

t− g(t)
)}}, (4.7)

where ψ1(·) is the inverse function of ψ′(·) and g(t) ≥ 0 is the candidate change-point

that depends only on X i
1, · · · , X i

t−1. The local statistics W̃ i
t can then be defined as in the

71



recursion (Equation 4.6) with θi = θ̂t,i, which yields to Lorden and Pollak’s procedure

TLP(A) = inf{t > 0 : W̃ i
t ≥ A}. (4.8)

The second challenge is that the index of i of affected local stream is unknown, and

thus it is unclear how to choose sampling indices {Rt} suitably so as to detect the change

quickly. A naive sampling idea is to sample each local process periodically, i.e., Rt =

t mod p + 1 for all time instants t = 1, 2, · · · , and each local stream is visited only once

during each p time instants. Combing this naive sampling policy with Lorden and Pollak’s

procedure in (Equation 4.8) yields the following quickest detection algorithm:

Tnaive(A) = inf{t > 0 : max{W̃ 1
t , · · · , W̃

p
t } > A} (4.9)

where W̃ i
t (i = 1, · · · , p) is only updated when Rt−1 = i. In the sequel we will refer

(Equation 4.9) as the naive algorithm with the naive periodic sampling policy.

Clearly, the naive algorithm in (Equation 4.9) seems to be inefficient, as it might spend

too much time on those p − 1 unaffected local streams. To the best of our knowledge,

no efficient algorithms have been developed in the quickest detection literature to simulta-

neously address these two challenges of unknown post-change distribution and unknown

index of affected local streams.

4.1.2 Our Proposed Algorithm

In this section we present an efficient quickest detection algorithm under the sampling con-

trol constraint (Equation 4.2). For simplicity, we still name our proposed algorithm as

TMSP. Our key idea is based on a myopic sampling policy where we continue to sample

a local stream until we are confident to make one of the following two decisions: either

a change has occurred or no changes have occurred. For better presentation, we split this

section into two parts. In the first part, we propose our algorithm including both the my-
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opic sampling policy and the stopping time TMSP. In the second part we investigate the

theoretical properties of our proposed algorithm TMSP.

Algorithm Development

There are three essential components in our proposed algorithm: (i) how to construct and

update local statistics for all local streams including the streams not being sampled; (ii)

how to decide which local stream to be sampled based on these local statistics, and (iii)

when to raise a global alarm.

At the high level, our proposed algorithm exploits the prior knowledge that there is only

one local stream which changes, and adopts the myopic sampling policy that samples the

local process with the maximum local statistics. By choosing local statistics as those in

Lorden and Pollak’s procedure (Equation 4.8), the myopic sampling policy implies that we

sample each local stream until we are confident to decide whether a change has occurred

or not. If there is a local change, then we stop and raise a global alarm. If there is not a

local change, then we switch to sample the next local stream. We repeat these steps until

we raise a global alarm.

Let us now define our proposed algorithm under the sampling control constraint (Equa-

tion 4.2). We start with the construction and update of local statistics W̃ i
t . There are two

cases, depending on whether a local stream is sampled or not. If a local stream is not sam-

pled, then we update W̃ i
t as max{W̃ i

t−1, 0}. If a local stream is sampled, then we update

W̃ i
t as in Lorden and Pollak procedure (Equation 4.8). To be more specific, let θ̂t,i be the

estimate of the post-change parameter for the i-th stream at time t, which will be defined

in a little bit later, and the local statistics W̃ i
t can be defined recursively as

W̃ i
t = max{W̃ i

t−1, 0}+ 1{i=Rt−1} log
fθ̂t,i(X

i
t)

fθ0(X
i
t)

=

 max{W̃ i
t−1, 0}, if i ̸= Rt−1

max{W̃ i
t−1, 0}+ log

fθ̂t,i
(Xi

t)

fθ0 (X
i
t)
, if i = Rt−1,

(4.10)
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with the initial values W̃ i
0 = 0 for all i = 1, · · · , p.

Our proposed stopping time TMSP is then defined as

TMSP(A) = inf

{
t > 0 : max

1≤i≤p
W̃ i

t ≥ A

}
, (4.11)

for some pre-specified constant A.

As for the post-change parameter estimators θ̂t,i, by (Equation 4.10), we only need to

pay attention to the sampled local stream and thus adopt the same idea as in Lorden and

Pollak’s procedure (Equation 4.8). To be more concrete, at time instant t, assume that

we sample at the i-th stream, and denote by p(t) the total time instants in which we have

consecutively sampled at the i-th stream. In other words, we observed data from the i-th

stream during the time period of t − p(t) + 1 to t. Here we propose to estimate the post-

change parameter based on the observed data from the i-th stream during the time period

of t − p(t) + 1 to t − 1, as we save the data at the time instant t for quickest detection,

not for parameter estimation. pathematically, we can define the estimator θ̂t,i based on the

method of moments (pOp) estimator of the distribution in (Equation 4.48):

θ̂t,i = min
{
ζ,max

{
δ, ψ−1

(∑t−1
j=t−p(t)+1X

i
j

p(t)− 1

)}}
(4.12)

with 0/0=−∞.

It remains to define the sampling policies {Rt}. At the high level, the sampling policy

{Rt} at time instant t can be defined by the local statistics W̃ i
t at time instant t, which

in turn depends on the sampling policy {Rt−1} at time instant t − 1. Here our proposed

algorithm keeps sampling on the i-th stream as long as the local statistics W̃ i
t > 0 and

switches to the next stream when W̃ i
t ≤ 0. pathematically, in our proposed algorithm, the

sampling policy {Rt} at time instant t can be defined by the local statistics W̃ i
t at time
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instant t:

Rt =

 Rt−1 if W̃Rt−1

t > 0

Rt−1 mod p+ 1 if W̃Rt−1

t ≤ 0.
(4.13)

with initial values R0 = 1.

In summary, our proposed algorithm can be summarized as follows:

Step 1: Sample the first stream until W̃ 1
t /∈ (0, A). If W̃ 1

t ≥ A, we stop sampling and

raise a global alarm; otherwise if W̃ 1
t ≤ 0, we switch to sampling the second stream.

Step 2: Sample the second stream until W̃ 2
t /∈ (0, A). If W̃ 2

t ≥ A, we stop sampling

and raise a global alarm; otherwise if W̃ 2
t ≤ 0, we switch to sampling the third stream.

...

Step p: Sample the p-th stream until W̃ p
t /∈ (0, A). If W̃ p

t ≥ A, we stop sampling and

raise a global alarm; otherwise if W̃ p
t ≤ 0, we switch to sampling the first stream.

Step p + 1: Go back to Step 1.

Theoretical Properties

In this subsection, we will investigate the theoretical properties of our proposed algorithm

TMSP in (Equation 4.11). First, we need to make necessary standard assumptions:

(A1): Ii∞ =

∫
log

fθ0(X)

fθi(X)
fθ0(X)dX > 0,

Ii0 =

∫
log

fθi(X)

fθ0(X)
fθi(X)dX > 0,

(A2): Ji∞ =

∫
(log

fθ0(X)

fθi(X)
)2fθ0(X)dX > 0,

Ji0 =

∫
(log

fθi(X)

fθ0(X)
)2fθi(X)dX > 0,

Now we are ready to present the theoretical properties of our proposed algorithm TMSP

in (Equation 4.11). The main results are summarized in the following theorem and its

corollary, whose high-level proofs are presented in the appendix.
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THEOREM 3 For our proposed algorithm TMSP in (Equation 4.11), we have

E∞[TMSP] ≥ eA. (4.14)

poreover, its detection delay satisfies

Di(TMSP) ≤
A

Ii0
+ C0 logA+ C1

√
A+ C2(p− 1) (4.15)

as A → ∞ for any i ∈ 1, · · · , p. Here C0, C1, C2 are constants depending only on the

distributions, not on A and p..

COROLLARY 2 Let A = log γ, then our proposed algorithm TMSP(A) in (Equation 4.11)

satisfies both the false alarm constraint in (Equation 4.4) and the sampling control con-

straint in (Equation 4.2). poreover, for each i = 1, . . . , p, its detection delay satisfies

0 ≤ Di

(
TMSP

)
−Dorc

i ≤ C0 log log γ + C1

√
log γ + C2(p− 1), (4.16)

where Dorc
i is the oracle detection delay achieved by the classical CUSUM procedure in

(Equation 4.5) for monitoring a change in distribution of the i-th local stream under the

oracle assumption that the index of affected stream and the post-change parameters are

completely specified:

Dorc
i =

log γ

Ii0
+ C3 (4.17)

and C3 is a constant that only depends on the distributions, not on γ and p.

It is useful to add some remarks. Note that relationship (Equation 4.16) holds for every

p and γ. On one hand, our proposed algorithm TMSP has the same detection delay of

the oracle or CUSUM procedure up to O(
√
log γ) when p is fixed as γ → ∞, or when

p = O(
√
log γ). On the other hand when p is large but γ is moderately large, the additional

term C0 log log γ + C1

√
log γ + C2p can be comparable to or even larger than Dorc

i , and
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thus the performance of our proposed algorithm will be much worse than the oracle or

CUSUM procedure. This is not surprising for high-dimensional setting, as the sampling

control in (Equation 4.2) is too restrictive for large p and we should not be able to detect the

change quickly if we only sample one out of p local streams at each time instant. In other

contexts, we can evaluate the constants C0, C1 and C2 to see the effects of the dimension p

on the performance of our proposed algorithm, also see [18] for similar contexts. It remains

an open problem to develop a general asymptotic optimality theory for high-dimensional

streams under the sampling control.

4.1.3 Numerical Results

In this section, we conduct Monte Carlo simulations to demonstrate the performance prop-

erties of our proposed algorithm TMSP in (Equation 4.11). In our simulation, we consider

two choices on the number p of local streams: p = 2 or p = 10. For each choice of p

streams, we consider two different kinds of distributions, one is normal distribution and

the other is exponential distribution. Due to the page constraints, here we only present the

homogeneous setting (i.e., fθi = f and fϕi
= g for any i = 1, · · · , p).

• Mean shift in Normal Distribution from 0 to µ ≥ 0.5.

• Mean shift in Exponential Distribution from 1 to λ ≥ 2.

In each case, we set the false alarm constraint γ = 50, 000. For our proposed algo-

rithm TMSP(A) and the naive method Tnaive(A) in (Equation 4.9), we first use the bisection

method to find suitable threshold A to attain the false alarm constraint, and then simu-

late the worst-case detection delay under different post-change scenarios where the change

occurs to the p-th stream (as our algorithm start to sample at the first stream).

Tables Table 4.1 and Table 4.2 report the detection delay of our proposed algorithm

TMSP and the naive method Tnaive in (Equation 4.9). In addition, we also report the ora-

cle detection delay of the CUSUM procedure. All numerical results are based on 50, 000
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Table 4.2: Comparison of Detection Delay in Ex-
ponential Distribution

γ = 50000 M = 2 p = 10
µ Oracle Naive TMSP Naive TMSP

0.5 61.87 144.01 90.56 701.23 234.10
0.75 29.62 64.13 39.07 308.52 100.06
1.0 17.20 36.45 22.65 174.67 60.85
1.25 11.35 23.40 15.46 112.12 43.33
1.5 7.93 16.60 11.21 80.28 35.03
γ = 50000 M = 2 p = 10
λ Oracle Naive TMSP Naive TMSP

2.0 26.78 57.50 39.62 286.09 101.60
2.25 19.39 41.58 28.78 206.86 76.52
2.5 15.18 32.17 22.49 159.72 62.83

2.75 12.06 25.59 17.40 126.66 54.21
3.0 9.84 21.49 14.76 105.10 48.05

Monte Carlo runs. From the tables, it is clear that our proposed algorithm TMSP is much

better than the naive method Tbase and can reduce the detection delay by at least 25% when

p = 2 and 50% when p = 10. In other words, as compared to the naive periodic sam-

pling, our proposed myopic sampling policy can lead to a significantly improvement on the

detection delay performance.

Moreover, our results also shows that as the dimension M increases from p = 2 to

p = 10, the detection delays of both our proposed algorithm TMSP and the naive method

Tnaive in (Equation 4.9) increase significantly. We conjecture that the oracle bound of the

CUSUM procedure is unattainable for high-dimensional monitoring under the sampling

control, but we are unable to provide a rigorous proof.

4.1.4 Proof of the Main Theorem

In this section, we provide the rigorous proof for Theorem 3. There are two elements in

the proof: in the first part we study the false-alarm relationship (Equation 4.14) and in the

second part we study the detection delay relationship (Equation 4.15).
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False-Alarm Relationship

Let us begin with the proof of false-alarm relationship in (Equation 4.14), which is the

easier one. The key idea in proving (Equation 4.14) is to construct a new stopping time

T∗(A) such that E∞[T∗(A)] ≤ E∞[TMSP(A)] for all threshold A and prove that T∗(A)

satisfies the false-alarm constraint in (Equation 4.4). To be more specific, we define T∗(A) :

T∗(A) = inf
{
t ≥ 1 : S∗

t =
t∑

ℓ=1

t∏
m=l

fθ̂m,Rm
(XRm

m )

f0(XRm
m )

≥ eA
}
. (4.18)

It is easy to verify that logS∗
t ≥ max{W̃ 1

t , · · · , W̃
p
t } and thus E∞[T∗(A)] ≤ E∞[TMSP(A)]

holds for any threshold A. Note that {S∗
t − t} is a P∞- martingale with zero expectation,

applying the optional sampling theorem obtains that

E∞[TMSP] ≥ E∞[T∗] = E∞[S∗
T∗ ] ≥ eA. (4.19)

Detection Delay Relationship

Consider now the detection delay relationship in (Equation 4.15). Below we write the log

likelihood ratio as log(fθj(X)/fθ0(X)) = (θj − θ0)X − ψ(θj) + ψ(θ0). The main idea in

proving (Equation 4.15) is to present an equivalent definition of our proposed algorithm

TMSP(A) by the sequential tests. For each j(j = 1, · · · , p), a prototype sequential test

applied to the j-th local stream is defined as

Tj = inf

{
t ≥ 1 : Si

t =
t∑

ℓ=1

((θ̂ℓ − θ0)X
j
ℓ − ψ(θ̂ℓ) + ψ(θ0)) ̸∈ (0, A)

}
. (4.20)
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with the estimator θ̂ℓ:

θ̂ℓ = min{ζ,max{δ, ψ1(
Xj

1 + · · ·+Xj
ℓ−1

ℓ− 1
)}}. (4.21)

where ψ1 is the inverse function of ψ′. Here we use the same notation θ̂ℓ for different Tj

and omit the subscript.

Define the sequence {Tm},m = 1, 2, . . . , of sequential tests applied to each local

stream. Then it is clear that each Tm has the same distribution as a particular prototype

SPRT Tj with ℓ and j related through the equation j = (m− 1) mod p+ 1. In addition, if

we define (a stopping time) K to be the first time the sequential test Tm of the local stream

being tested crosses the upper boundary A, then our proposed stopping time TMSP can be

written as the sum

TMSP = T1 + T2 + · · ·+ TK =
K∑

m=1

Tℓ. (4.22)

Now assume that the change occurs to the i-th local stream at change time τ = k. We

can then divide our discussions into the following two scenarios.

• Scenario I: we are not monitoring the i-th stream at time k.

• Scenario II: we switched to monitor the i-th stream before time k, and are still mon-

itoring it at time k.

We note that analysis of detection delay under these two scenarios are completely dif-

ferent. Under Scenario II, the sequential test Ti on the affected stream i consists of two

parts: the first part is under the pre-change distribution f0(X) and the second part is under

the post-change distribution fθi(X). The estimator in the second part includes the obser-

vations in the first part, which brings additional challenges to our analysis. Below for the

better presentation, we consider Scenario I and Scenario II separately.

Detection Delay under Scenario I:

Let us first consider Scenario I, which is the easier one. Without loss of generality, we
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assume the change occurs to the p-th local stream at change time τ = 0, since our test

needs to go through all other p− 1 local streams before sampling the one that has changed

and this will clearly generate the worst case detection delay. Hence, it suffices to show that

Dp(TMSP) = Ep
0[TMSP] satisfies relationship. Based on the cyclic nature of our proposed

algorithm, by (Equation 4.22), we have

Dp[TMSP(A)] = Ep
0

[
K∑

m=1

Tℓ

]
=

∞∑
m=1

Ep
0[Tm]P

p
0(K ≥ m)

= Ωp + ωpΩp + ω2
pΩp + · · ·

=
Ωp

1− ωp

,

where

ωp = βp

p−1∏
j=1

(1− αi)

Ωp = Ep
0[T

1] + Ep
0[T

2](1− α1) + · · ·+ · · ·+ Ep
0[T

p]

p−1∏
j=1

(1− αi)

= E∞[T1] + E∞[T2](1− α1) + · · ·+ · · ·+ Ep
0[T

p]

p−1∏
j=1

(1− αi)

where βp denotes the type-II error probability of the SPRT Tp and αi denotes the type-I

error probability of the SPRT Ti(i = 1, · · · , p − 1). Since 0 ≤ αi, βi ≤ 1, we have the

following upper bound

Dp(TMSP(A)) ≤
Ep
0[T

p]

1− βp
+

1

1− βp

p−1∑
j=1

E∞[Ti]. (4.23)

The detection delay relationship can then be analyzed through investigating the SPRTs

T1, · · · ,Tp. Below we break up the proofs under Scenario I into a series of lemmas.

LEMMA 26 For any j = 1, · · · , p, there exists constants C11, C12, C13, C14 such that for
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some η > 0 and all time t,

Pj
0(|
∑t

ℓ=1X
j
ℓ

t
− ψ′(θj)| > η) < C11e

−C12η2t, (4.24)

Ej
0[(

∑t
ℓ=1X

j
ℓ

t
− ψ′(θj))

4] <
C13

t2
. (4.25)

The same relationship holds whenψ′(θj) replaced byψ′(θ0) and Pj
0,E

j
0 replaced by P∞,E∞.

Proof: Standard large deviations arguments.

LEMMA 27 For the sequential test Tp in (Equation 4.20), we have:

Ep
0[T

p] ≤ (1− βp)A

Ip0
+ x1 + x2, (4.26)

where

x1 ≤ C21(E
p
0[

Tp∑
ℓ=1

(θ̂ℓ − θp)
2])1/2 + C22(E

p
0[T

p])1/2 (4.27)

x2 ≤ C23E
p
0[

Tp∑
ℓ=1

(θ̂ℓ − θp)
2] + C24E

p
0[

Tp∑
ℓ=1

(ψ′(θ̂ℓ)− ψ′(θp))
2] (4.28)

for some constants C21, C22, C23, C24 that only depends on the parameter θp but not on the

threshold A.

Proof: Let ρm = min(m,Tp), then ρm is bounded and ρm → Tp as m→ ∞. Applying
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Wald’s equation and optional stopping theorem obtains that

Ep
0[ρm] =

Ep
0[
∑ρm

ℓ=1(θp − θ0)Xℓ,p − ψ(θp) + ψ(θ0))]

Ip0

=
Ep
0[
∑ρm

ℓ=1((θ̂ℓ − θ0)X
p
ℓ − ψ(θ̂ℓ) + ψ(θ0))]

Ip0

+
Ep
0[
∑ρm

ℓ=1((θp − θ̂ℓ)X
p
ℓ − ψ(θp) + ψ(θ̂ℓ))]

Ip0

=
Ep
0[S

p
ρm ]

Ip0
+

Ep
0[
∑ρm

ℓ=1((θp − θ̂ℓ)ψ
′(θp)− ψ(θp) + ψ(θ̂ℓ))]

Ip0

≤
Pp
0(S

p
ρm > 0)A

Ip0
+

Pp
0(S

p
ρm > 0)Ep

0[S
p
ρm − A|Sp

ρm > 0]

Ip0

+
Ep
0[
∑ρm

ℓ=1((θp − θ̂ℓ)ψ
′(θp)− ψ(θp) + ψ(θ̂ℓ))]

Ip0

=
Pp
0(S

p
ρm > 0)A

Ip0
+ x1m + x2m.

where Sp
ρm is the local summary statistics defined in (Equation 4.20). For x1m, using op-

tional stopping theorem implies that

x1m ≤
Ep
0[(θ̂ρm − θ0)X

p
ρm − ψ(θ̂ρm) + ψ(θ0)]

Ip0

≤
Ep
0[|θ̂ρm − θp|Xp

ρm ]

Ip0
+

Ep
0[|θ0 − θp|Xp

ρm ]

Ip0
+

Ep
0[|ψ(θp)− ψ(θ̂ℓ)|]

Ip0

≤ (Ep
0[
∑ρm

ℓ=1(θ̂ℓ − θp)
2(Xp

ℓ )
2])1/2

Ip0
+

(Ep
0[
∑ρm

ℓ=1(θ0 − θp)
2(Xp

ℓ )
2])1/2

Ip0

+
Ep
0[|ψ(θp)− ψ(θ̂ρm)|]

Ip0

≤ C21(E
p
0[

ρm∑
ℓ=1

(θ̂ℓ − θp)
2])1/2 + C22(E

p
0[ρm])

1/2.

Note that θ̂ℓ is univerally bounded by δ, ζ and thus Ep
0[|ψ(θp)−ψ(θ̂ℓ)|] is bounded. Constants

C21 and C22 are suitably chosen such that the term Ep
0[|ψ(θp)− ψ(θ̂ρm)|]/I

p
0 is omitted.
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For the x2m term, as ψ′′(θ) > 0 for all θ, we have:

x2m =
Ep
0[
∑ρm

ℓ=1((θp − θ̂ℓ)ψ
′(θp)− ψ(θp) + ψ(θ̂ℓ))]

Ip0

≤ Ep
0[
∑ρm

ℓ=1((θp − θ̂ℓ)(ψ
′(θp)− ψ′(θ∗))]

Ip0
]

≤ Ep
0[
∑ρm

ℓ=1((θp − θ̂ℓ)(ψ
′(θp)− ψ′(θℓ))]

Ip0

≤ C23E
p
0[

ρm∑
ℓ=1

(θ̂ℓ − θp)
2] + C24E

p
0[

ρm∑
ℓ=1

(ψ′(θ̂ℓ)− ψ′(θp))
2]

for some constants C23, C24 and some parameter θ∗ between θ̂ℓ and θp. Lemma 27 is estab-

lished through letting m→ ∞ and the following lemmas which ensure that right hand side

of Equation 4.26 is bounded.

LEMMA 28 There exist constants C31 such that

E∞[Tj] < C31, (4.29)

for all j = 1, · · · , p.

Proof: Lorden and Pollak[77] proved that:

P∞(Tj ≥ ℓ) ≤ C32e
−C33ℓ, (4.30)

for all time ℓ and all j = 1, · · · , p and some constants C32, C33. Thus we have:

E∞[Tj] =
∞∑
ℓ=1

P∞(Tj ≥ ℓ) ≤ C31. (4.31)

LEMMA 29 For any threshold A, the type-II error probability βp of the sequential test

Tp(A) satisfies the lower bound

βp ≤ C41, (4.32)
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where 0 < C41 < 1 is a constant that does not depend on the threshold A.

Proof: see Lemma 5.8 in [77].

LEMMA 30 There exists constantsC51, C52 such that for sufficient largeA ≥ A0 and every

r = 1, 2, · · · ,

Pp
0(T

p >
10A

Ip0
+ r) ≤ C51e

−C52r. (4.33)

Proof: Let s = [5A
Ip0
], we define the following event for some constant η,

E = {|θ̂ℓ − θp| < λ for all ℓ ≥ s+
r

2
}

From relationship (Equation 4.24) we have Pp
0(E

C) ≤ C53e
−C54r for some constantC53, C54.

Similarly as in Lemma Lemma 29, we consider a new stopping time

N∗(A) = inf{t > 0 :
t∑

ℓ=1

Yℓ ≥ A}. (4.34)

It is easy to verify that if Tp(A) > 10A/Ip0 + r then N∗(A) > 10A/Ip0 + r. Moreover, it is

straightforward to see that Pp
0(N∗(A) > 10A/Ip0 + r) is bounded exponentially in r and we

can prove that there exists constants C51, C52 such that

Pp
0(T

p >
10A

Ip0
+ r) = Pp

0(T
p >

10A

Ip0
+ r|E)Pp

0(E)

+ Pp
0(T

p >
10A

Ip0
+ r|EC)Pp

0(E
C)

≤ Pp
0(T

p >
10A

Ip0
+ r|E) + Pp

0(E
C)

≤ Pp
0(N∗ >

10A

Ip0
+ r) + Pp

0(E
C)

≤ C51e
−C52r.

(4.35)
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LEMMA 31 There exist constants C61, C62 such that

Ep
0[

Tp∑
ℓ=1

(ψ′(θ̂ℓ)− ψ′(θp))
2] ≤ C61 logA+ C62. (4.36)

Proof: From relationship (Equation 4.25), we obtain there exists constant C63 such that

Ep
0[(ψ

′(θ̂ℓ)− ψ′(θp))
4]1/2 = Ep

0[(
Xp

1 + · · ·+Xp
ℓ−1

ℓ− 1
− ψ′(θp))

4]1/2

=
C63

ℓ− 1
.

Moreover, we have,

Ep
0[

Tp∑
ℓ=1

(ψ′(θ̂ℓ)− ψ′(θp))
2] = Ep

0[
∞∑
ℓ=1

(ψ′(θ̂ℓ)− ψ′(θp))
2
1{Tp≥ℓ}]

≤
∞∑
ℓ=1

(Ep
0[(ψ

′(θ̂ℓ)− ψ′(θp))
4])1/2(Pp

0(T
p ≥ ℓ))1/2

=

10A/Ip0∑
ℓ=1

(Ep
0[((ψ

′(θ̂ℓ)− ψ′(θp))
4])1/2(Pp

0(T
p ≥ ℓ))1/2

+
∞∑

ℓ=10A/Ip0+1

(Ep
0[(ψ

′(θ̂ℓ)− ψ′(θp))
4])1/2(Pp

0(T
p ≥ ℓ))1/2

≤
10A/Ip0∑
ℓ=2

C63

ℓ
+

∞∑
ℓ=10A/Ip0+1

C63

ℓ− 1
(C51e

−C52(ℓ−10A/Ip0))1/2

≤ C61 logA+ C62.

LEMMA 32 There exist constants C71, C72 such that

Ep
0[

Tp∑
ℓ=1

(θ̂ℓ − θp)
2] ≤ C71 logA+ C72. (4.37)
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Proof: As θ̂ℓ is universally bounded, we define ρ = maxδ≤θ≤ζ ψ
′′(θ) and obtain that:

Ep
0[

Tp∑
ℓ=1

(θ̂ℓ − θp)
2] ≤ Ep

0[
∑Tp

ℓ=1(ψ
′(θ̂ℓ)− ψ′(θp))

2]

ρ2

≤ C71 logA+ C72.

Combining the results above, we have:

Dp(TMSP(A)) ≤ Ep
0[T

p]

1− βp
+

1

1− βp

p−1∑
j=1

E∞[Tj]

≤
(1−βp)A

Ip0
+ x1 + x2

1− βp
+

C31

1− C41

(p− 1)

≤ A

Ip0
+
x1 + x2
1− C41

+
C31

1− C41

(p− 1)

≤ A

Ip0
+ C1 logA+ C2

√
Dp(TMSP(A)) + C3,

for some suitable constants C1, C2, C3.

Detection Delay under Scenario II

Consider now the Scenario II when the change coincidentally occurs to the stream that

is under monitoring at change time. Without loss of generality, we assume the change

occurs to the p-th stream at change time τ = k and the sampling index Rk at time step k

points to the p-th stream(ie: Rk = p). As mentioned, analysis under Scenario II is more

challenging and the main issue here is that we need to take the observations before the

change time into consideration.

Let us begin with some notations and definitions to better characterize the SPRT on the

affected stream:

• M(k) : the total time instants in which we have consecutively sampled at the affected

stream(the p-th stream) up to time k.

• S(k) =
∑k

ℓ=k−M(k)+1X
p
ℓ is the sum of observations on the affected stream within

the window [k −M(k) + 1, k].
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• Tp
k(A) is the sequential test on the affected stream starting from the change time

τ = k:

Tp
k(A) = inf

{
t− k : t ≥ k, Sp

t =
t∑

ℓ=k+1

((θ̃ℓ − θ0)X
p
ℓ − ψ(θ̃ℓ) + ψ(θ0)) /∈ (0, A)

}
(4.38)

where θ̃ℓ is the estimator affected by M(k), S(k):

θ̃ℓ = min{ζ,max{δ,
S(k) +Xp

k+1 + · · ·+Xp
ℓ−1

M(k) + ℓ− 1− k
}}. (4.39)

Here we use the notation θ̃ℓ to distinguish it from the estimator θ̂ℓ in Scenario I which

are not affected by the observations before change time.

Note that if our proposed algorithm fails to raise an alarm on the affected stream, it will

switch back to sample the first stream and this return to Scenario I. The detection delay

under Scenario II can then be written as:

Dp(TMSP) = Ep
k[T

p
k|TMSP ≥ k] + βp,kE

p
0[TMSP], (4.40)

where βp,k is the type-II error probability of the sequential test Tp
k(A). We have bounded

Ep
0[TMSP] in Scenario I and it suffices to study Tp

k(A). We begin the analysis of Scenario II

with a series of lemmas on the estimation of M(k) and S(k).

The main challenge here is that we need to bound M(k) and S(k) under the probability

measure Pp
k(|TMSP ≥ k), while M(k), S(k) are not independent of {TMSP ≥ k}. A key

observation is that our detection switched to the p-th stream at time k −M(k) + 1, and

things will be much easier if we could boundM(k) and S(k) under the probability measure

Pp
k(|TMSP ≥ k−M(k)+1) because M(k), S(k) are independent of {TMSP ≥ k−M(k)+

1}. This clearly requires the following estimation on the conditional probability:
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LEMMA 33 There exists constants C81 such that:

Pp
k(TMSP ≥ k|TMSP ≥ k −M(k) + 1) ≥ C81 (4.41)

for some constant C81 that are not related to k,A and some sufficiently large A ≥ A0.

Proof: The event {TMSP < k|TMSP ≥ k −M(k) + 1} means that a type-I error of

sequential test Tp has occurred during the time period [k − M(k) + 1, k − 1]. Through

standard technique of changing probability measure, we can prove the type-I error αp of

the sequential test Tp satisfies αp ≤ 1/eA ≤ 1/eA0 . Thus we have:

Pp
k(TMSP ≥ k|TMSP ≥ k −M(k) + 1) = 1− Pp

k(TMSP < k|TMSP ≥ k −M(k) + 1)

≥ 1− αp

≥ C81,

for some suitable constant C81 ∈ (0, 1).

LEMMA 34 There exists constant C91 such that for r = 1, 2, · · · :

Ep
k[S(k)

4|TMSP ≥ k] ≤ C91, (4.42)

Ep
k[(

S(k)

M(k) + r
)4|TMSP ≥ k] ≤ C91

r4
, (4.43)

Proof: By Holder’s inequality, relationship (Equation 4.30) and Lemma Lemma 33,

Ep
k[S(k)

4|TMSP ≥ k] = Ep
k[

∞∑
u=1

S(k)41{M(k)=u}|TMSP ≥ k,TMSP ≥ k −M(k) + 1]

≤
∑∞

u=1(E
p
k[(
∑k

ℓ=k−uX
p
ℓ )

8])1/2P∞(Tp ≥ u)1/2

Pp
k(TMSP ≥ k|TMSP ≥ k −M(k) + 1)

≤
∑∞

u=1 u
2(C32e

−C33u)1/2

C81

≤ C91.
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Relationship (Equation 4.43) follows directly from Relationship (Equation 4.42).

LEMMA 35 For the estimator θ̂ℓ defined in (25), there exists constant C101 such that:

Pp
k(|θ̃r − θp| > λ) <

C101

(r − k)4
(4.44)

for all r = k + 1, k + 2, · · · .

Proof: See Lemma Lemma 34 and Lorden and Pollak[77]. We need to note that due to

the existence of S(k) and M(k), we no longer has the exponential bound on the deviance

as in Scenario I but only a weaker bound of 1/r4. However, this weaker bound is enough

to bound Tp
k under Pp

k.

Similarly as in Lemma Lemma 27, we can write Ep
k[T

p
k|TMSP ≥ k] as:

Ep
k[T

p
k|TMSP ≥ k] ≤ (1− βp,k)A

Ip0
+ x1 + x2, (4.45)

where

x1 ≤ C21(E
p
k[

k+Tp
k∑

ℓ=k+1

(θ̃ℓ − θp)
2|TMSP ≥ k])1/2 + C22(E

p
k[T

p
k])

1/2

x2 ≤ C23E
p
k[

k+Tp
k∑

ℓ=k+1

(θ̃ℓ − θp)
2|TMSP ≥ k] + C24E

p
k[

k+Tp
k∑

ℓ=k+1

(ψ′(θ̃ℓ)− ψ′(θp))
2|TMSP ≥ k]

for some constants C21, C22, C23, C24.

LEMMA 36 There exists constant C111 such that for sufficient large A ≥ A0 and every

r = 1, 2, · · · ,

Pp
k(T

p
k >

10A

Ip0
+ r) ≤ C111

r3
. (4.46)

Proof: See Lemma 30. Similarly as in Lemma 11, we no longer has the exponential

bound but only a weaker bound of 1/r3. However, this weaker bound is enough to bound

the sum of the deviance
∑k+Tp

k
ℓ=k+1(ψ

′(θ̃ℓ)− ψ′(θp))
2|TMSP ≥ k].
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LEMMA 37 There exist constants C121, C122 such that

Ep
k[

k+Tp
k∑

ℓ=k+1

(ψ′(θ̃ℓ)− ψ′(θp))
2|TMSP ≥ k] ≤ C121 logA+ C122. (4.47)

Proof: Similar proof as in Lemma 31.

Combining the results above, we obtain that

Dp(TMSP) = Ep
k[T

p
k|TMSP ≥ k] + βp,kE

p
0[TMSP]

≤ (1− βp,k)A

Ip0
+ x1 + x2 + βp,k(

A

Ip0
+ C1 logA+ C2

√
Dp(TMSP))

≤ A

Ip0
+ C4 logA+ C5

√
Dp(TMSP) + C6,

for some suitable constants C4, C5, C6.

4.2 Active Quickest Detection When Monitoring Multi-streams with Two Affected

Streams

This project was published as a conference paper in the proceedings IEEE International

Symposium on Information Theory 2022.

4.2.1 Problem Formulation and Method Review

Mathematical Formulation

Suppose there are p statistically independent local streams in a system, and denote with

X i
t the observation from the i-th stream at time t, where i = 1, . . . , p and t = 1, 2, . . . .

Initially, the system is in the in-control state and the data stream {X i
t} from the i-th stream

produces i.i.d. samples following the density fi(X). At some unknown time τ, a triggering

event occurs to the system and affects two out of p data streams in the sense that if the i-th

stream is affected, the density function of its local samples X i
t changes from fi to gi at time
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t ≥ τ . Specifically, denote the index set of the affected streams as R = {i1, i2}. Then if

index i ∈ R,

X i
t ∼

 fi(X), if t ≤ τ

gi(X), if t > τ,
(4.48)

whereas Xj
t ∼ fj(X) for j /∈ R and all t > 0.

Under the sampling control constraint, we are only able to observe two out of p local

streams at each time instant t. To be mathematically rigorous, define the Sample set Ot =

{i1,t, i2,t} , where the i-th stream is observed at time t if i ∈ Ot and the i-th stream is

unobservable if i /∈ Ot. The sampling constraint can then be expressed as

Ot ⊂ {1, 2, · · · , p} and |Ot| = 2, (4.49)

where |A| denotes the cardinality of set A.

Thus in the active quickest detection problem under sampling control, an algorithm

consists two elements: one is the sampling policies, e.g., choose the sample set Ot for all

time t subject to (Equation 4.49), and the other is the decision policy that is defined as the

stopping time T with respect to the observed data sequence.

Denote by P
(i1,i2)
τ and E

(i1,i2)
τ the probability measure and expectation when at time τ ,

the change occurs to the i-th stream for i = i1, i2 and there are no changes at other data

streams. And denote by P∞ and E∞ the probability measure and expectation when there

the change occurs at time ∞. Following the classical minimax formulation for quickest

detection proposed by [61], we are interested in finding a procedure ({Ot}t=1,··· ,∞,T) that

minimizes the worst-case detection delay

D(i1,i2)(T) = sup
t≥0

ess sup E
(i1,i2)
t [T− t|F i

t ,T > t]. (4.50)

for any combinations of affected streams R = {i1, i2} ⊂ {1, 2, · · · , p}, subject to the
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average run length to false-alarm constraint

E∞[T] ≥ γ > 1. (4.51)

where γ is a pre-specified constant to control the global false alarm rate.

Review of Existing Methods

Let us now review three existing methods that is related to our problem and proposed

algorithm under the passive setup that we have access to the complete data set. The first

method is the oracle CUSUM procedure under the oracle scenario when the index set R =

{i1, i2} of affected stream is known. In such case, there is no need to sample other streams

and the corresponding optimal stopping time will be

Toracle(A) = inf{t > 0 : Wt ≥ A} (4.52)

where Wt is the CUSUM statistics recursively defined as

Wt = max{Wt−1, 0}+ log
gi1(X

i1
t )

fi1(X
i1
t )

+ log
gi2(X

i2
t )

fi2(X
i2
t )

(4.53)

for t ≥ 1 and W0 = 0, see [63].

The second method is the so-called MAX-scheme, which proposed to raise an alarm

when the maximum of p local summary statstics triggers an alarm:

TMAX(A) = inf{t > 0 : max{W 1
t ,W

2
t , · · · ,W

p
t } ≥ A}, (4.54)

where W i
t (i = 1, · · · , p) is the local CUSUM statistics for the i-th stream that satisfies the
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standard CUSUM-update:

W i
t = max{W i

t−1, 0}+ log
gi(X

i
t)

fi(X i
t)
, (4.55)

and constant A is chosen to select the false-alarm constraint, see [35]. However, the MAX-

scheme is shown to be only efficient when there is exactly one affected stream but ineffi-

cient when there is two or more affected streams.

The third method is the SUM-scheme proposed in [15], whose main idea is to raise an

alarm based on the sum of the local CUSUM statistics from each individual data stream,

and is shown to achieve the asymptotic optimality. Mathematically, [15] proposed to raise

an alarm at

TSUM(A) = inf{t > 0 : W 1
t +W 2

t + · · ·+W p
t ≥ A}, (4.56)

where W i
t (i = 1, · · · , p) is the local CUSUM statistics for the i-th stream and constant A

is chosen to select the false-alarm constraint.

Under the active learning setup of quickest detection problem, the problem becomes

much more challenging as one needs to handle temporal uncertainty and spatial uncertainty

simultaneously. How to actively select the two observed streams at each time and how to

use the observed data to raise an alarm as quickly as possible are highly non-trivial. Also, a

more challenging problem is how to accompany them with theoretical justification capable

of establishing the desired form of asymptotic optimality.

Related Work

4.2.2 Our Proposed Algorithm

In this section, we propose two families of active quickest detection algorithm T0 and T1

and both of them are proved to be asymptotically optimal. One of the two algorithms T0

has the renewal property and the proof is more understandable. Another algorithm T1 has a

better numerical performance while the proof is much more complicated. Due to the page
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limit, in this paper we mainly focus on the first algorithm T0. For the better presentation, we

divide the current section is divided into two subsections: in Section subsubsection 4.2.2

we present our proposed algorithm under the sampling control in (Equation 2.2) and in

Section subsection 4.2.3 we establish its second-order asymptotic optimality properties.

Algorithm Development

Without loss of generality, here we consider the homogeneous setting(fk ≡ f, gk ≡ g). We

divide our proposed algorithm into four steps.

Step 1: Update of Local Summary Statistics

At the beginning of time t, there are two cases for each local stream, depending on whether

it is sampled or not. If a local stream is not sampled (i /∈ Ot), then we update W i
t as

max{W i
t−1, 0}. If a local stream is sampled (i ∈ Ot), then we update W i

t as in the classical

CUSUM procedure in (Equation 4.55). To be more specific, at each time instant t =

1, 2, · · · , the local summary statistics W i
t can be defined recursively as

W i
t = W i

t−1 + 1{i∈Ot} log
g(X i

t)

f(X i
t)

=

 max{W i
t−1, 0}, if i ∈ Ot

max{W i
t−1, 0}+ log

g(Xi
t)

f(Xi
t)
, if i /∈ Ot,

(4.57)

with the initial values W i
0 = 0 for all i = 1, · · · , p.

Step 2: Decision Policy

we propose to adopt the SUM scheme proposed in Mei[15] and raise an alarm at

T0(A) = inf
{
t > 0 : W 1

t +W 2
t + · · ·+W p

t ≥ A
}
, (4.58)
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for some pre-specified constant A, which is selected so as to satisfy the false-alarm con-

straint in (Equation 4.51).

Step 3: Win-Stay, Lose-Switch Sampling Policy

If we fail to raise an alarm in Step 2, we need to update the sample set Ot based on the

statisticsW 1
t , · · · ,W

p
t updated in Step 1. Here we adopt the win-stay, lose-switch sampling

policy. On high level, for any candidate stream i in the sample set Ot, if W i
t > 0 then we

assume the i-th stream “wins” and keep on observing it. Otherwise if W i
t ≤ 0 then we

assume the i-th stream “loses” and switch to observe another stream. Mathematically, let

the sample set at time instant t be Ot = {i1,t, i2,t}(i1,t < i2,t) and initialize Ot+1 = Ot. For

j = 1, 2, we randomly pick one index jt from the unobservable set {1, · · · , p} \ Ot+1 and

update Ot+1 :

Ot+1 = {Ot+1/ij,t, jt} if W ij,t
t ≤ 0,

Ot+1 = Ot+1, if W ij,t
t > 0.

(4.59)

Step 4: Reset Local Summary Statistics

If we have updated the sample set (Ot+1 ̸= Ot) in Step 3, then we reset all local summary

statistics to 0. Mathematically,

W i
t = 1{Ot+1=Ot}W

i
t

=

 0, if Ot+1 ̸= Ot

W i
t , if Ot+1 = Ot,

(4.60)

for i = 1, 2, · · · , p.

In summary, our proposed algorithm T0 can be summarized as follows:

Remark: It turns out that sometimes skipping Step 4 and not resetting the local sum-

mary statistics will lead to the better performance. Here we denote the local summary

statistics without the resetting steps in (Equation 4.60) as W̃ i
t (i = 1, · · · , p) and propose
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Algorithm 2 Our Proposed Algorithm T0

1: Initialize O1 = {1, 2} and W i
0 = 0 for i = 1, · · · , p.

2: for each time t do
3: Sample the streams in the sample set Ot.
4: Update the local summary statistics W i

t for i = 1, · · · , p as in (Equation 4.57).
5: if W 1

t + · · ·+WM
t ≥ A then

6: Raise an alarm at T0(A) = t.
7: end if
8: Let Ot+1 = Ot.
9: for j = 1, 2 do

10: Randomly pick one index jt from the unobservable set {1, · · · , p} \Ot+1.

11: if W ij,t
t ≤ 0 then

12: Update Ot+1 = {Ot+1/ij,t, jt}.
13: end if
14: end for
15: if Ot+1 ̸= Ot then
16: Reset all local summary statistics to 0.
17: end if
18: end for

another family of stopping time as:

T1(A) = inf
{
t > 0 : W̃ 1

t + W̃ 2
t + · · ·+ W̃ p

t ≥ A
}
, (4.61)

4.2.3 Asymptotic Optimality

In this subsection, we will investigate the theoretical properties of our proposed algorithm

T = T0 in (Equation 4.11) or T = T1 in (Equation 4.61). First, we need to make necessary

assumptions. We assume that Kullback-Leibler information numbers are positive and finite

for all i = 1, 2, · · · , p :

I(f, g) =

∫
log

f(X)

g(X)
f(X)dX ∈ (0,∞),

I(g, f) =

∫
log

g(X)

f(X)
g(X)dX ∈ (0,∞). (4.62)
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Moreover, we assume that the second moments of log likelihood ratios are bounded away

from ∞.

∫
(log

f(X)

g(X)
)2f(X))dX ∈ (0,∞),∫

(log
g(X)

f(X)
)2g(X))dX ∈ (0,∞). (4.63)

Now we are ready to present the theoretical properties of our proposed algorithm. The

main results are summarized in the following theorem and its corollary, whose high-level

proofs are presented in the appendix.

THEOREM 4 For our proposed algorithm T = T0 in (Equation 4.11) or T = T1 in (Equa-

tion 4.61), we have

E∞[T] ≥ eA. (4.64)

Moreover, for any combinations of affected streams {i1, i2} ∈ {1, 2, · · · , p}, its detection

delay satisfies

D(i1,i2)(T) ≤ A

2I(g, f)
+ C0p(p− 1) + C1 (4.65)

as A→ ∞. Here C0, C1 are constants depending only on the distributions, not on A.

COROLLARY 3 Let A = log γ, then our proposed algorithm T = T0 in (Equation 4.11)

or T = T1 in (Equation 4.61) satisfies both the false alarm constraint in (Equation 4.51)

and the sampling control constraint in (Equation 2.2). Moreover, for any combinations of

affected streams {i1, i2} ∈ {1, 2, · · · , p}, its detection delay satisfies

0 ≤ D(i1,i2)
(
T
)
−D(i1,i2)

orc ≤ C0p(p− 1) + C2 (4.66)

whereD(i1,i2)
orc is the oracle detection delay achieved by the classical CUSUM procedure for

monitoring changes in distribution of the i1-th stream and i2-th stream subject to the false
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alarm constraint in (Equation 4.51):

D(i1,i2)
orc =

log γ

2I(g, f)
+ C3 (4.67)

and the parameters C2 and C3 are constants depending only on the distributions, not on γ.

It is useful to add some remarks.

1. The second-order asymptotic optimality property is assured under the assumption

that the number p of local streams is fixed. As the relationship (Corollary 3) hold

for any given M, we can deduce that our proposed algorithm still enjoy first-order

asymptotically optimality when p → ∞ provided that p2 = o(log γ). It remains an

open problem to develop asymptotically optimal procedures when p2 ≫ log γ.

2. Our proposed algorithm including the win-stay, lose-switch sampling policy and the

decision policy can be extended to the general case when there are r ≥ 3 affected

streams. Furthermore, the second-order asymptotic optimality still holds when the

dimension p is fixed but the additional term related to the dimension p in the rela-

tionship (Equation 4.66) needs to be replaced by
(
p
r

)
.

3. The reset of local summary statistics in (Equation 4.60) of Step 4 is an artificial step

to ensure that the system has the renewal property and all statistics begin with 0

when we switch among the streams. However, it turns out that not resetting the local

summary statistics(skipping Step 4) can still have asymptotic optimality and might

lead to a better numerical performance.

4.2.4 Simulation

In this section, we conduct the Monte Carlo simulation to illustrate the usefulness of our

proposed algorithm T = T0 in (Equation 4.11) and T = T1 in (Equation 4.61). Assume

f ∼ N(0, 1) and g ∼ N(1, 1). We consider two choices of number p of available local
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streams, namely p = 3, 5. For each choice of p streams, we consider the mean shift in

normal distribution from f = N(0, 1) to g = N(µ, 1) with µ ≥ 1. Due to the page

constraints, here we only present the homogeneous setting (fi ≡ f, gi ≡ g for all i).

In the simulation, we compute the detection delay of our proposed algorithm T = T0 in

(Equation 4.11) and T = T1 in (Equation 4.61) and compare it against the MAX-scheme

TMAX in (Equation 4.54) and the SUM-scheme TSUM in (Equation 4.56). As our detection

delay is defined in the worst-case sense and our proposed algorithm always start from the

first two streams, we assume the change always occurs to the last two streams. In each

case, we set the false alarm constraint γ = 10, 000.

Table 4.3: Comparison of Detection Delay
of T = T0 or T1,TSUM and TMAX

γ = 10000 p = 3
µ SUM MAX T0 T1

1 9.36 13.09 15.50 9.85
1.25 6.00 8.52 10.07 6.43
1.5 4.10 5.94 7.16 4.55
1.75 2.92 4.29 5.36 3.34
2.0 2.12 3.83 4.14 2.53

γ = 10000 p = 5
µ SUM MAX T0 T1

1 10.14 14.06 28.00 13.01
1.25 6.53 9.19 18.06 8.95
1.5 4.45 6.37 12.49 6.62
1.75 3.20 4.62 9.39 5.11
2.0 2.33 3.44 7.08 4.11

In Table 4.3 we report the detection delay of our proposed algorithm T, the MAX-

scheme TMAX in (Equation 4.54) and the SUM-scheme TSUM in (Equation 4.56). with

respect to the same average-run-length to false-alarm for p = 3, 5. From Table 4.3, it

is clear that while T0 and T1 are both asymptotically optimal, the performance of T1 is

always better than that of T0. Also, even with the sampling rate control of 2/p of the full-

sampling scenario, the detection delay of our proposed algorithm T1 is comparable to other

procedures under the full-sampling scenario. This shows that our proposed algorithm T is
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quite efficient and useful.

4.2.5 Technical Details

Without lost of generality, we assume the change occurs to the (p − 1)-th and the p-th

streams at time τ = 0 as our proposed algorithm always started from the first and the

second streams.

We first prove the false-alarm relationship (Equation 4.64), which is the easier one.

The key idea in proving (Equation 4.64) is to relate our proposed stopping time T0 in

(Equation 4.11) to the following sequential test T :

T = min{T1, T2}, (4.68)

where

T1 = inf{t : t > 0, S1
t + S2

t ≥ A},

T2 = min(T3, T4)

T3 = inf{t : t > 0, S1
t ≤ 0},

T4 = inf{t : t > 0, S2
t ≤ 0},

where Si
t =

∑t
j=1 log(g(X

i
t)/f(X

i
t)). Our proposed stopping time T0 under P∞(·) and

E∞[·] can then be written as:

E∞[T] = E∞[T ] + (1− α)E∞[T ] + (1− α)2E∞[T ] + · · ·

=
E∞[T ]

α
≥ 1

α

(4.69)

where α = P∞(T1 ≤ T2). We now consider another stopping time T5 :

T5 = inf{t : t > 0, S1
t + S2

t ≤ 0}, (4.70)
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It is clear that P∞(T1 ≤ T5) is the Type-I error probability of some SPRT and we have

P∞(T1 ≤ T5) ≤ 1/eA by the standard tool of changing measure. Moreover, as T2 ≤ T5,

we derive that P∞(T1 ≤ T2) ≤ P∞(T1 ≤ T5) ≤ 1/eA. Thus,

E∞[T0] ≥
1

α
≥ eA. (4.71)

We then focus on the proof of detection delay relationship (Equation 4.65). Due to the

page limit, we consider the simplest scenario when the number of streams p = 3 and give

the high-level idea for the scenario of general p local streams.

Case 1: the number of streams p = 3

When p = 3, we take advantage of the fact that there is always one affected stream

under monitoring after the change occurs. The main idea of the proof for Case 1 is to

divide the system into two states:

• State 1: all two affected streams are under monitoring. The system in State 1 can

be characterized as T in (Equation 4.68) when the first and the second streams get

affected.

• State 2: one affected stream and one unaffected stream are under monitoring. The

system in State 2 can be characterized as T in (Equation 4.68) when the second and

the third streams get affected.

It is clear that the system will always be in one of these two states and below we analyze

the detection delay of our proposed algorithm by characterizing the system’s performance

on these two states.

We now define a new stopping time T′
0 that has only one difference on the decision

policy from our proposed algorithm T0 in (Equation 4.11): T′
0 will only raise an alarm on

State 1 but T0 can raise an alarm on both states. That is, when the system is in State 2, we

replace the sequential test T with the sequential test T2. It is then clear that T′
0 ≥ T0 and it

suffices to prove that T′
0 satisfies the relationship (Equation 4.65).
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For the proposed stopping time T′
0,

• When the system is in State 1, either it will raise an alarm or it enters State 2.

• When the system is in State 2, either it will enter State 1 or it stays in State 2.

The system can be characterized in a sequence of states: State 2, State 2, · · · , State 1, State

2, State 2, · · · , State 1, · · · , Raise an alarm. And the detection delay of T′
0 when the second

and third streams get affected can be written as

D(2,3)(T′
0) = E

(2,3)
0 [T2] + βE

(2,3)
0 [T2] + β2E

(2,3)
0 [T2] + · · ·

+ E
(1,2)
0 [T ] + γE

(2,3)
0 [T2] + γβE

(2,3)
0 [T2] + · · ·

+ γ(E
(1,2)
0 [T ] + γE

(2,3)
0 [T2] + γβE

(2,3)
0 [T2] + · · · )

+ · · ·

=
E
(1,2)
0 [T ]

1− γ
+

E
(2,3)
0 [T2]

(1− β)(1− γ)

(4.72)

where β = P
(2,3)
0 (T3 > T4) and γ = P

(1,2)
0 (T1 > T2). Furthermore we can show that

E
(1,2)
0 [T ]

1− γ
=

A

2I(g, f)
+ C4

E
(1,2)
0 [T2]

(1− β)(1− γ)
= C5,

for some constants C4, C5 that only depend on the distribution but not A. The detection

delay relationship (Equation 4.65) under the scenario when p = 3 is proved.

Case 2: general p ≥ 4

For general number p ≥ 4 of available streams, we need to add one more state to the

system:

• State 3: two unaffected streams are under monitoring.

It is clear that the system will always be in one of these three states and we can do a similar

analysis of T0 by writing T0 as the sum of stopping time on each state. The O(p(p − 1))
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term results from the fact that the system takes O(p) time to switch from State 3 to State 2

and takes another O(p) time to switch from State 2 to State 1.

4.3 Impact of Compensation Coefficients on Active Quickest Detection

This is a collaborative project with Dr. Jianjun Shi, and was submitted to the Journal

Sequential Analysis for possible publication in February 2024.

4.3.1 Background

Problem Formulation

Suppose there are p independent local streams in a system, and denote with Xt,i the ob-

servation from the i-th stream at time t, where i = 1, . . . , p and t = 1, 2, . . . . Initially, the

system is in the in-control state and the data stream {Xt,i} from the i-th stream produces

i.i.d. samples following the density f(X). At some unknown time ν, an undesired event

occurs to the system and affects s out of p data streams in the sense of changing the density

function of affected local streams from f to g at time t ≥ ν. Mathematically, denote the

index set of the affected streams as S = {i∗1, i∗2, · · · , i∗s}. Then if index i ∈ S,

Xt,i ∼

 f(X), if t ≤ ν

g(X), if t > ν,
(4.73)

whereas Xt,j ∼ f(X) for j /∈ S and all t > 0.

Under the sampling control constraint, we are only able to observe q out of p local

streams at each time instant t. Here we assume that the sampling constraint is greater than

the number of affected data streams, i.e., q ≥ s. To be rigorous, define the Sampling set

St = {i1,t, i2,t, · · · , iq,t} which points to the set of streams that will be sampled during time
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instant t, and the sampling constraint can be expressed as

St ⊂ {1, 2, · · · , p} and |St| = q, (4.74)

where |A| denotes the cardinality of setA. In addition, we denote byXSt = {Xt,i1,t , · · · , Xt,iq,t}

the set of observations at time t.

In the active quickest detection problem under sampling control, an algorithm consists

two elements: one is the sampling policies, e.g., choose the sample set St for all time

t subject to (Equation 4.49), and the other is the decision policy that is defined as the

stopping time T with respect to the observed data sequence.

Denote by Pt and Et the probability measure and expectation when change occurs at

time t, and denote by P∞ and E∞ the probability measure and expectation when there are

no changes, or equivalently, when the change occurs at time ∞. Denote by Ft the filtration

generated by the observations and sampling sequences, i.e.,

Ft = σ(XS1 , · · · , XSt , S1, · · · , St).

To evaluate the performance of the detection procedure ({St}t=1,··· ,∞,T), we first as-

sume the procedure is designed to satisfy the false alarm constraint

E∞[T] ≥ γ > 1, (4.75)

for some pre-specified value γ. Following [61], we are interested in finding a procedure

({St}t=1,··· ,∞,T) that minimizes the worst case detection delay:

D(T) = sup
ν≥0

ess supEν [max(T− ν, 0) | Fν ], (4.76)

for any set S of affected streams, subject to the sampling control constraint in (Equa-
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tion 4.49) and the average run length to false-alarm constraint in (Equation 4.51). In prac-

tice, in most cases the detection delay occurs at time ν = 0, and below we will follow the

statistical process control (SPC) literature to focus on the detection delay properties when

change occurs at time ν = 0.

Review of the TRAS algorithm

The TRAS algorithm is an efficient and widely used algorithm proposed in [1], which is

motivated from the SUM-scheme in [15] for effective monitoring of the high-dimensional

process in the context of limited resources. A key idea of TRAS is to introduce a compensa-

tion coefficient to those local data streams that are not taking observations. That allows us

to increase the chance of exploring unobserved local streams when using greedy sampling

to compare with the local CUSUM statistics in [62] from those observed local streams.

This novel idea of compensation coefficient has been extended to other more complicated

scenarios, see [78, 79, 80].

The TRAS algorithm first constructs a local statistic for each observed stream (i.e.,

i ∈ St). For those unobserved streams (i.e., i /∈ St), the local statistics are updated by

adding a compensation parameter ∆. Mathematically, the TRAS algorithm recursively

updates the local statistics by

Wt,i =


max{Wt−1,i + log

g(Xt,i)

f(Xt,i)
, 0}, if i ∈ St,

Wt−1,i +∆, , if i /∈ St,

(4.77)

where ∆ > 0 is the compensation coefficient for unobserved data streams. Next, the TRAS

algorithm combines the top-r local statistics to decide whether to raise an alarm. In other

words, the stopping time of the TRAS algorithm is defined as

TTRAS = inf{t > 0 : Wt,(1) +Wt,(2) + · · ·+Wt,(r) ≥ A}, (4.78)
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for some pre-specified parameter r.Here
{
Wt,(i)

}
i=1,··· ,p are the order statistics of {Wt,i}i=1,··· ,p

in descending order. Regarding the sampling policy at time t, the TRAS algorithm adap-

tively deploys the sensors to the streams with q largest local statistics in (12) at the time

instant t.

As pointed out by [1], the advantage of introducing the compensation coefficient ∆ is

that no data streams will be left unobserved for a long period and thus can help the sensors

localize the affected data streams quickly. It is of great importance to select a suitable ∆.

If ∆ is too large, the sampling policy will be dominated by ∆. As a result, a sensor will

be redistributed onto the stream that currently does not have a sensor deployed after each

time no matter whether this stream is affected by the change or not. On the other hand, if

∆ is too small, then the system may take a longer time to reallocate sensors from the in-

control streams onto the affected streams. However, in these existing research, the choices

of compensation coefficients are currently based on Monte Carlo numerical studies, and it

is unclear how to choose them appropriately from the theoretical point of view.

4.3.2 Our Main Results

When the compensation coefficient ∆ ≥ O(q/(p− q))

Before presenting the main results, we need to make some assumptions. We assume that

Kullback-Leibler information numbers are positive and finite:

(A1): I(f, g) =

∫
log

f(x)

g(x)
f(x)dx > 0,

I(g, f) =

∫
log

g(x)

f(x)
g(x)dx > 0,

(4.79)

for all i = 1, · · · , p. Apart from Assumption (Equation 4.79), we need to make an ad-

ditional assumption that the abosolute value of log likelihood ratio log g(x)
f(x)

is uniformly
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bounded by some constant. Mathematically,

(A2): − η ≤ log
g(x)

f(x)
≤ η for all x, (4.80)

for some constant η > 0. Some examples of distributions include Bernoulli distribution or

truncated Gaussian distribution.

To evaluate the performance of TRAS algorithm under different ∆, we define the opti-

mal lower bound of detection delay:

DCUSUM =
log γ

sI(g, f)
+ C0, (4.81)

for some constant C0, which is achieved by the standard CUSUM procedure when the true

indexes of all affected data streams are pre-specified. The proof of exact optimality of

CUSUM can be found in [63]. Here we define a procedure to be efficient if the correspond-

ing detection delay when change occurs at time ν = 0 asymptotically attains the optimal

lower bound of CUSUM.

The following theorem characterizes the relationship between the performance of TTRAS

and ∆ for large ∆.

THEOREM 2 When the compensation coefficient ∆ satisfies:

∆ >
I(f, g)q

p− q
, (4.82)

then the ARL to false alarm and the detection delay of TTRAS satisfy:

E∞[TTRAS] ≤ C1A, (4.83)

E0[TTRAS] ≥ C2A, (4.84)

for all possible data streams S and any parameter r when the dimension p is fixed. Here
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C1, C2 are two constants that are not related to the threshold A.

The rigorous proof of Theorem Theorem 4 will be presented later. By Theorem Theo-

rem 4, we conclude that TTRAS is NOT asymptotically optimal for large ∆.

COROLLARY 1 Under the condition of Theorem Theorem 4, we have

D(TTRAS) ≥
C2

C1

γ.

In other words, for large ∆ in (Equation 4.82), TTRAS is not efficient in the sense that the

detection delay is of order γ, which is much larger than the optimal lower bound of order

log γ in (Equation 4.81) as γ goes to infinity.

Proof: To see this, let E∞[TTRAS] = γ, then applying relationship (Equation 4.83) obtains

that A ≥ γ/C1. Using relationship (Equation 4.84) we have

D(TTRAS) ≥ E0[TTRAS] ≥
C2

C1

γ,

which is clearly not efficient as compared to the optimal lower bound O(log γ)..

When the compensation coefficient ∆ ≤ O(1/(p− 1))

In this subsection, we focus on a special case when there is only one affected stream,

say, the j-th stream, and we are only allowed to observe one stream at each time t (i.e.,

q = s = r = 1). The stopping time TTRAS can then be rewritten as:

TTRAS = inf{t > 0 : max
i=1,··· ,p

Wt,i ≥ A}. (4.85)

When the compensation coefficient ∆ equals 0, the asymptotic optimality of TTRAS in

(Equation 4.85) has already been established in [22]. Thus, it is natural to conjecture that

when ∆ is upper bounded by some upper threshold, the TRAS algorithm might still achieve

good detection delay performance.
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The following theorem presents the theoretical properties of TTRAS when the compen-

sation coefficient ∆ ≤ O(1/(p− 1)):

THEOREM 3 When the compensation coefficient ∆ satisfies,

∆ < min

(
λ

p− 1
,
I(g, f)

2

)
, (4.86)

for some constant λ > 0, we have:

E∞[TTRAS] ≥
C4e

A

p
. (4.87)

Moreover, the detection delay of the TRAS algorithm when change occurs at time ν = 0

satisfies

E0[TTRAS] ≤
A

I(g, f)
+ C5, (4.88)

for any affected data streams j. Here C4, C5 are some constants that do not depend on the

threshold A.

It is useful to add some remarks.

1. By letting E∞[TTRAS] ≥ γ, we have

E0[TTRAS] ≤
log γ

I(g, f)
+O(log p).

In other words, the TRAS algorithm achieves the same order of detection delay when

change occurs at ν = 0 as compared to the optimal delay achieved by CUSUM

procedure, under the condition that the dimension p is fixed.

2. The constant λ in Theorem Theorem 3 is a loose lower bound to ensure the efficient

detection of the change-point. For the general sampling control s and the number s
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of affected data streams, we can select the compensation coefficient by

∆ ≤ min(
qI(f, g)

2(p− q)
,
I(g, f)

2
). (4.89)

3. The assumption on the uniformly bounded log likelihood ratio is to ensure that the

overshoot term in the sequential test is always uniformly bounded. We conjecture that

this assumption is not necessary, but have not been able to do without it in proofs.

4.3.3 Numerical Studies

In this section, we conduct several numerical studies to demonstrate the performance prop-

erties of TTRAS under different setting. Below we consider two types of numerical exam-

ples: in subsection subsubsection 4.3.3 we do Monte-Carlo simulations to show the ARL

to false alarm performance of TTRAS for different ∆ and in subsection subsubsection 4.3.3

we compare the detection delay performance of TTRAS for different ∆.

The study on the ARL to false alarm

We first consider the ARL to false alarm performance of TTRAS with respect to different

compensation coefficients ∆. Below are the detailed settings:

• p = 11, q = s = r = 1.

• f ∼ N(0, 1), g ∼ N(1, 1).

• The threshold A ranges from 3 to 7.

We note that we select the dimension p = 11 as the upper bound of ∆ in Theorem The-

orem 4 under such case has a nice form. The upper bound of ∆ in Theorem 1 equals

qI(f,g)
p−q

= 0.05, and we consider two values of ∆ : 0.03, 0.07. As a comparision, we also

consider the greedy-cyclic sampling policy proposed in [22], which corresponds to the

TRAS algorithm ∆ = 0. All results are based on 50,000 Monte Carlo simulations.
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Figure 4.1: The ARL to false alarm for different ∆

In Figure Figure 4.1 we plot the ARL to false-alarm using different ∆ with respect to the

same threshold A. We observe that when ∆ is small (∆ = 0, 0.03), the ARL to false-alarm

of TTRAS performs similar to the exponential function. While for large ∆ (∆ = 0.07),

the ARL to false-alarm is much smaller than that of small ∆ and performs like a linear

function. This indicates that to keep the same ARL to false alarm rate, the scenario with

large ∆ such as ∆ = 0.07 needs to adopt a much larger threshold A than that with small

∆ such as ∆ = 0, 0.03, and thus the corresponding detection delay performance would not

be satisfying. This accords with our theoretical results in relationships (Equation 4.82) and

(Equation 4.87).

The study on the detection delay

In this section, we compare the detection delay performance of TTRAS with different ∆.

Below are the detailed settings:

• p = 11, q = s = r = 1.

• f ∼ N(0, 1), g ∼ N(1, 1).

• The change occurs to the first, the ([p/2] + 1)-th stream, and the p-th stream.

• The ARL to false alarm γ ranges from 2000 to 10, 000.
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we first use the bisection method to find suitable threshold A to attain the false alarm

constraint, and then simulate the detection delay with different compensation coefficient

∆. All the results are based on 50,000 Monte Carlo simulations.

Figure 4.2: Detection delay relationship for ∆ = 0 (blue) and ∆ = 0.03 (red)

Table 4.4: Detection delay for ∆ = 0, 0.03, 0.07 when the change occurs to Stream 1

γ Delay (∆ = 0) Delay (∆ = 0.03) Delay (∆ = 0.07)
1000 25.44±0.12 27.18±0.11 58.81±0.12
2000 27.17±0.12 28.85±0.11 94.43±0.13
5000 29.28±0.13 31.70±0.11 206.34±0.16

10,000 30.77±0.13 32.64±0.12 384.15±0.20

The results of the detection delay performance are summarized in Figure Figure 4.2 and

Table Table 4.4. We have the following observations:

• From Figure Figure 4.2 we observe that for different affected data streams, the gap

between the blue line and the red line remains as a constant as the ARL to false

alarm increases from γ = 103 to 104 for different affected data stream. This shows

that the TRAS algorithm TTRAS with small ∆ = 0.03 is second-order asymptotically

optimal, due to the fact that the asymptotic optimality of ∆ = 0 has already been

established in [22].

• We can also observe in Table Table 4.4 that the detection delay of TTRAS with ∆ =

0.07 is much larger than that of ∆ = 0, 0.03. Specifically, the delay when ∆ = 0.07

grows almost linearly with the ARL to false-alarm constraint γ, and this accords with

our results in relationship (Equation 4.83). Table Figure 4.2 shows that the TRAS

algorithm with large ∆ is not asymptotically optimal and is inefficient.
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4.3.4 Conclusions

In this part, we study the impact of compensation coefficients of TRAS algorithm. On the

one hand, if compensation coefficient ∆ is larger than I(f, g)q/(p − q), then the TRAS

algorithm is not efficient in the sense of having a larger detection delay than the optimal

lower bound. On the other hand, under a special scenario of q = s = 1, if compensation

coefficient ∆ is bounded by O(1/(p− 1)), the TRAS algorithm asymptotically attains the

optimal lower bound of detection delay when change occurs at time ν = 0. These results

provide theoretical insights on how to numerically tune the compensation coefficient ∆ for

the TRAS algorithm and its extensions.

There are a couple of future research directions on the impact of compensation coeffi-

cient on the TRAS algorithm. The first one is that we conjecture that the boundO(q/(p−q))

is sharp to ensure the asymptotic optimality. We proved it for the specific scenario of

q = s = 1 but it remains an open problem for the general scenario of q, s > 1. The main

challenge is that the analysis of switches among different data streams is highly non-trivial

under the change-point setting. The second is what happens when dimension p goes to

infinity simultaneously at a suitable rate with the false alarm constraint γ. When p≪ log γ

our results can still go through. However, when p = O(γ) or p≫ γ, our arguments do not

work since we do not know what is the sharp lower bound of detection delay. Thus, it is

unclear how to investigate the impact of compensation coefficient in the high-dimensional

cases.
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4.3.5 Proof of the Main Theorem

Proof of ARL to false-alarm relationship (Equation 4.83)

The key idea in the proof is to consider the sum of all p local statistics. Let us start with the

definition of random variable Yt,i for each time t and the i-th stream:

Yt,i = 1{i/∈St}∆+ 1{i∈St} log
g(Xt,i)

f(Xt,i)
,

The local statistics Wt,i can then be written as:

Wt,i = max
ℓ=1,··· ,t

(Yℓ,i + · · ·+ Yt,i). (4.90)

It is clear that

Wt,i = max
ℓ=1,··· ,t

(Yℓ,i + · · ·+ Yt,i) ≥Mt,i = Y1,i + · · ·+ Yt,i. (4.91)

Define a new stopping time T∗,1:

T∗,1 = inf{t > 0 : Wt,1 + · · ·+Wt,p ≥ pA}. (4.92)

Then we have:

TTRAS ≤ T∗,1. (4.93)

This is because

Wt,(1) + · · ·+Wt,(r) ≥ max
i=1,··· ,p

Wt,i

≥ Wt,1 + · · ·+Wt,p

p
.
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Define another stopping time T∗,2 :

T∗,2 = inf{t > 0 :Mt,1 + · · ·+Mt,p ≥ pA}, (4.94)

and it is clear that

E∞[T∗,1] ≤ E∞[T∗,2], (4.95)

as Mt,i ≤ Wt,i for all i and all time instant t.

We define a random variable Zt for each time instant t, which is the sum of log-

likelihood from each observed streams and compensation coefficients from the unobserv-

able streams:

Zt =
∑
i∈St

log
g(Xt,i)

f(Xt,i)
+ ∆(p− q),

and the stopping time T∗,2 can be rewritten as

T∗,2 = inf{t > 0 : Z̃t = Z1 + · · ·+ Zt ≥ pA}. (4.96)

Note that Zt is i.i.d., and applying Wald’s equation obtains that:

E∞[T∗,2] =
E∞[Z̃T∗,2 ]

E∞[Zℓ]
≤ pA+ qη +∆(p− q)

E∞[Zℓ]
≤ pA

∆(p− q)− qI(f, g)
+O(1),

where the last inequality is based on the assumptions (1) ∆ > qI(f,g)
p−q

, (2) the log-likelihood

is uniformly bounded and thus the overshoot term is bounded by qη+∆(p−q). Relationship

(Equation 4.83) is then immediately proved based on the relationship TTRAS ≤ T∗,1 ≤ T∗,2.
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Proof of detection delay relationship :

We define random variables Bt,i for all t, i and the sum Bt of all Bt,i :

Bt,i = max(∆, Xt,i),

Bt = Bt,1 + · · ·+Bt,p.

Consider a new stopping time T∗,3 :

T∗,3 = inf{t > 0 : B̃t = B1 + · · ·+Bt ≥ A}. (4.97)

Then we have:

E0[T∗,3] ≥
E0[B̃T∗,3 ]

E0[Bt]
≥ A

E0[Bt]
. (4.98)

It is not difficult to see that Wt,i ≤
∑t

ℓ=1Bℓ,i and thus

Wt,(1) + · · ·+Wt,(r) ≤ B1 + · · ·+Bt. (4.99)

We then have TTRAS ≥ T∗,3 and

E0[TTRAS] ≥ E0[T∗,3] ≥
A

E0[Bt]
. (4.100)

Relationship (Equation 4.83) is then immediately proved with C2 = 1/E0[Bt].

Proof of Theorem 3:

Let us start with one concentration inequality on uniformly bounded random variables.

COROLLARY 2 Suppose X1, X2, · · · , Xn are uniformly bounded i.i.d. random variables,

i.e., a ≤ Xi ≤ b for all i = 1, · · · , n and some constant a, b. Let Sn = X1 + · · ·+Xn and
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we have:

P(Sn − E[Sn] ≥ β) ≤ exp(− β2

2n(b− a)2
),

P(Sn − E[Sn] ≤ −β) ≤ exp(− β2

2n(b− a)2
).

(4.101)

Proof: See [76].

Recall that the stopping time TTRAS when q = s = r = 1 is defined as:

TTRAS = inf{t > 0 : max
i=1,··· ,p

Wt,i ≥ A}. (4.102)

To bound E∞[TTRAS], let us start with a series of stopping time

T1, T2, · · · , Tk, · · ·

where

Tk = inf{t > 0 : ST1+···+Tk−1+1 ̸= ST1+···+Tk−1+t+1}.

In other words, each stopping time is a stochastic process on a new stream before the

corresponding statistics is exceeded by some other streams. Note that our sampling set St

is Ft−1-adapted, and thus Tk is a stopping time.

We then define a random variable K, which denotes the first time when the maximum

of p local statistics during T1 + · · ·+ Tk−1 + 1 to T1 + · · ·+ Tk exceeds A :

K = inf{k > 0 : max
t=T1+···+Tk−1+1,··· ,T1+···+Tk

max
i=1,··· ,p

Wt,i ≥ A}. (4.103)

It is easy to see that:

E∞[TTRAS] ≥ E∞[K]. (4.104)
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Similarly, for each individual stream i, we consider a series of stopping time:

T i
1 , · · · T i

k , · · · (4.105)

where
T i
k = inf{t > 0 : i ∈ ST i

1+···+T i
k−1+t+1}, if k is odd,

T i
k = inf{t > 0 : i /∈ ST i

1+···+T i
k−1+t+1} if k is even,

That is, when k is odd, T i
k is the waiting time before the sensor switched to the Stream i,

and when k is even, T i
k is a stochastic process on Stream i before the sensor switches from

Stream i to some other streams, i.e., when the i-th local statistics is exceeded by some other

local statistics.

Based on T i
k , we then define a random variable Ki for each i = 1, · · · , p :

Ki = inf{k > 0 : max
t=T i

1+···+T i
k−1+1,··· ,T i

1+···+T i
k

Wt,i ≥ A}.

We observe that:

{K ≤ k} ⊂ ∪p
i=1{Ki ≤ k},

and thus

P∞(K < k) ≤ P∞(∪p
i=1{Ki < k})

≤
p∑

i=1

P∞(Ki < k).

If we are able to show that

P∞(Ki < k) ≤ (k − 1)C7e
−A, (4.106)
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for all i and some constant C7 that does not depend on the threshold A, we then have

P∞(K ≥ k) = 1− P∞(K < k)

≥ 1− p(k − 1)C7e
−A,

and thus

E∞[K] =
∞∑
k=1

P∞(K ≥ k)

≥
⌈eA/2pC7⌉∑

k=1

(1− p(k − 1)C7e
−A)

≥
⌈eA/2pC7⌉∑

k=1

1

2

≥ C8e
A

p
,

for some suitable constant C8 > 0. Relationship (Equation 4.87) is then immediately

proved.

We now focus on the probability P∞(Ki < k). Note that

P∞(Ki < k) = P∞(∪k−1
w=1 max

t=T i
1+···+T i

w−1+1,··· ,T i
1+···+T i

w

Wt,i ≥ A)

≤
k−1∑
w=1

P∞( max
t=T i

1+···+T i
w−1+1,··· ,T i

1+···+T i
w

Wt,i ≥ A).

It now suffices to show that

P∞( max
t=T i

1+···+T i
w−1+1,··· ,T i

1+···+T i
w

Wt,i ≥ A) ≤ C7e
−A, (4.107)

for some constant C7 > 0 and any w = 1, 2, · · · .

When w is odd, Wt,i is strictly increasing (by the compensation coefficient ∆ at each
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time) for t = T i
1 + · · ·+ T i

w−1 + 1, · · · , T i
1 + · · ·+ T i

w, and thus

P∞( max
t=T i

1+···+T i
w−1+1,··· ,T i

1+···+T i
w

Wt,i ≥ A) = P∞(WT i
1+···+T i

w,i ≥ A)

= P∞(e
WT i

1+···+T i
w,i ≥ eA)

≤ e−AE∞[e
WT i

1+···+T i
w,i ].

When w is even, we need to consider the stochastic process occurred on the i-th stream:

we keep observing from the i-th stream untilWt,i is exceeded by some other local statistics.

For this purpose, we define the following stopping time without the impact of the remaining

p− 1 streams:

Ti,∗
w = inf{t > 0 : St,i =

T i
1+···+T i

w−1+t∑
ℓ=T i

1+···+T i
w−1+1

log
g(Xℓ,i)

f(Xℓ,i)
≥ A−WT i

1+···+T i
w−1

}, (4.108)

and it is clear that

P∞( max
t=T i

1+···+T i
w−1+1,··· ,T i

1+···+T i
w

Wt,i ≥ A) ≤ P∞(Ti,∗
j <∞)

≤ e−AE∞[e
WT i

1+···+T i
w−1,i ],

where the last step applies the standard technique of changing measure in sequential anal-

ysis, see Page 10 in [30].

Based on the above analysis, We observe that the key is to bound E∞[e
WT i

1+···+T i
w,i ] for

all w is odd and all i. In other words, the key is to ensure that every time the sensor switches

to Stream i, the expectation of the corresponding local statistics can be upper bounded by

some constants. The proof below is divided into several lemmas.

LEMMA 38 Recall that for any even w, T i
w is a stochastic process on Stream i before the

local statistics Wt,i is exceeded by the accumulating compensation coefficients from other

statistics. Denote by WT i
1+···+T i

w−1,(1)
,WT i

1+···+T i
w−1,(2)

the largest and the second-largest
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local statistics at time T i
1 + · · ·+ T i

w−1, and denote by Dw the corresponding difference of

these two values:

Dw = WT i
1+···+T i

w−1,(1)
−WT i

1+···+T i
w−1,(2)

.

We then have

0 ≤ Dw ≤ ∆+ η. (4.109)

Furthermore, the stopping time T i
w can be rewritten as:

T i
w = inf{t > 0 : St,i =

T i
1+···+T i

w−1+t∑
ℓ=T i

1+···+T i
w−1+1

log
g(Xℓ,i)

f(Xℓ,i)
≤ ∆t−Dw}. (4.110)

Under the condition ∆ < I(g,f)
2
, we have:

E∞[e
ST i

w,i ] ≤ C8 < 1, (4.111)

E∞[e
ST i

w
,i
1{ST i

w,i
>0}] ≤ C8 < 1, (4.112)

ST i
w,i ≥ −C9, (4.113)

for some constants 0 < C8 < 1, C9 > 0.

Proof: Applying the standard technique of changing measure obtains that

E∞[e
ST i

w,i ] =
∞∑
t=1

∫
T i
w=t

T i
1+···+T i

w−1+t∏
ℓ=T i

1+···+T i
w−1+1

g(Xℓ,i)

f(Xℓ,i)

T i
1+···+T i

w−1+t∏
ℓ=T i

1+···+T i
w−1+1

f(Xℓ,i)dX

=
∞∑
t=1

∫
T i
w=t

T i
1+···+T i

w−1+t∏
ℓ=T i

1+···+T i
w−1+1

g(Xℓ,i)dX

= P0(T i
w <∞) ≤ C8 < 1.
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for some constants 0 < C8 < 1.Note that E0[log
g(Xℓ,i)

f(Xℓ,i)
−∆] > 0, and the last step is a clas-

sical conclusion in the theory of random walk with positive step size, see Lemma 2.5.1 in

[35]. Relationship (Equation 4.112) is a direct application of relationship (Equation 4.111):

E∞[e
ST i

w
,i
1{ST i

w,i
>0}] ≤ E∞[e

ST i
w
,i
] ≤ C8.

For relationship (Equation 4.113), we note that the overshoot term of the sequential test is

bounded by ∆ + η due to the fact that the log-likelihood is uniformly bounded by η, and

we have

ST i
w,i ≥ ∆T i

w −Dw − overshoot ≥ −Dw − overshoot ≥ −C9

for some constant C9 > 0.

After characterizing ST i
w,i, we are now able to characterize WT i

1+···+T i
w,i. Note that

WT i
1+···+T i

w,i = max{WT i
1+···+T i

w−1,i
+ ST i

w,i, 0}, (4.114)

and we have the following lemma:

LEMMA 39 For any even w,

E∞[e
WT i

1+···+T i
w,i ] ≤ C8E∞[e

WT i
1+···+T i

w−1,i ] + (1 + C8)e
C9 . (4.115)

Proof: We divide the proof into two parts based on the value of WT i
1+···+T i

w−1,i

1. IfWT i
1+···+T i

w−1,i
≥ C9, then due to relationships (Equation 4.113) and (Equation 4.114),

we obtain that WT i
1+···+T i

w,i = WT i
1+···+T i

w−1,i
+ ST i

w,i.

2. IfWT i
1+···+T i

w−1,i
< C9,we then haveWT i

1+···+T i
w,i ≤ WT i

1+···+T i
w−1,i

+ST i
w,i1{ST i

w,i
≥0}.
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Combining the results obtains that

E∞[e
WT i

1+···+T i
w,i
1{WT i

1+···+T i
w−1,i

<C9} | FT i
1+···+T i

w−1
]

≤ 1{WT i
1+···+T i

w−1,i
<C9}e

WT i
1+···+T i

w−1,iE∞[e
ST i

w,i
1{ST i

w,i
≥0} | FT i

1+···+T i
w−1

]

= 1{WT i
1+···+T i

w−1,i
<C9}e

WT i
1+···+T i

w−1,iE∞[1{ST i
w,i

<0} + e
ST i

w,i1{ST i
w,i

≥0} | FT i
1+···+T i

w−1
]

≤ (1 + C8)1{WT i
1+···+T i

w−1,i
<C9}e

WT i
1+···+T i

w−1,i

≤ (1 + C8)e
C9 ,

and

E∞[e
WT i

1+···+T i
w,i
1{WT i

1+···+T i
w−1,i

≥C9} | FT i
1+···+T i

w−1
]

= 1{WT i
1+···+T i

w−1,i
≥C9}e

WT i
1+···+T i

w−1,iE∞[e
ST i

w,i | FT i
1+···+T i

w−1
]

≤ C81{WT i
1+···+T i

w−1,i
≥C9}e

WT i
1+···+T i

w−1,i .

We then have

E∞[e
WT i

1+···+T i
w,i ] = E∞[E∞[e

WT i
1+···+T i

w,i | FT i
1+···+T i

w−1
]]

= E∞[C81{WT i
1+···+T i

w−1,i
≥C9}e

WT i
1+···+T i

w−1,i − (1 + C8)e
C9 ]

≤ C8E∞[e
WT i

1+···+T i
w−1,i ] + (1 + C8)e

C9 .

LEMMA 40 For any odd w, we have for t ≥ 6(η+∆)(p−1)
I(f,g)

P∞(T i
w > t) ≤ exp(−tI(f, g)

2

32η2
), (4.116)
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And by selecting ∆ < I(f,g)2

64η2
, we have

E∞[e
WT i

1+···+T i
w,i ] ≤ (eC10∆(p−1) + e−C11p)E∞[e

WT i
1+···+T i

w−1,i ], (4.117)

for some constants C10, C11 > 0.

Proof: Consider the observed i.i.d. data sequence starting from T i
1 + · · · + T i

j : {t >

T i
1 + · · ·+ T i

w−1 : XSt} and define the sum of log likelihood of observations:

S∗
i,w,t =

T i
1+···+T i

w−1+t∑
ℓ=T i

1+···+T i
w−1+1

log
g(XSℓ

)

f(XSℓ
)
. (4.118)

We consider a new stopping time:

T i,∗
w = inf{t > 0 : S∗

i,w,t < −3(η +∆)(p− 1)}. (4.119)

We state that

T i,∗
w ≥ T i

w.

Let’s say on the contrary T i,∗
w < T i

w. In other words, when t = T i
1 + · · · + T i

w−1 + T i,∗
w ,

there still exists a stream j, such that Wt,j > Wt,i. We have the following observations:

1.

WT i
1+···+T i

w−1,i
−WT i

1+···+T i
w−1,(1)

≥ −(∆ + η). (4.120)

In other words, the maximum difference between the i-th local statistics and the other

statistics after switching from stream i to other stream is upper bounded by η + ∆.

Again, this is due to the fact that the log-likelihood ratio is uniformly bounded and

thus the overshoot term in the sequential test is upper bounded.
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2. If T i,∗
w < T i

w, then for any Stream n ̸= i,

T i
1+···+T i

w−1+T i,∗
w∑

ℓ=T i
1+···+T i

w−1+1

log
g(XSℓ

)

f(XSℓ
)
1{n∈Sℓ} ≥ −2.5(η +∆).

Let’s say for contradictory the above relationship does not hold for some n. Then we

can find an earlier time point t < T i,∗
w such that

T i
1+···+T i

w−1+t∑
ℓ=T i

1+···+T i
w−1+1

log
g(XSℓ

)

f(XSℓ
)
1{n∈Sℓ} ≤ −1.5(η +∆).

This is because the log-likelihood ratio is strictly bounded. Then this contradicts due

to the fact that after this time point T i
1 + · · · + T i

w−1 + t, the i-th local statistics will

be greater than the n-th local statistics (recall relationship (Equation 4.120) and the

sensor will not switch to stream n anymore before visiting stream i.

We immediately obtains that the above observation 2 contradicts the construction of T i,∗
w

and thus we obtain that T i,∗
w ≥ T i

w. For t ≥ 6(η+∆)(p−1)
I(f,g)

, applying the concentration in-

equalities in Corollary 2:

P∞(T i
w > t) ≤ P∞(T i,∗

w > t)

≤ P∞(

T i
1+···+T i

w−1+t∑
ℓ=T i

1+···+T i
w−1+1

log
g(XSℓ

)

f(XSℓ
)
≥ −3(η +∆)(p− 1))

≤ P∞(

T i
1+···+T i

w−1+t∑
ℓ=T i

1+···+T i
w−1+1

log
g(XSℓ

)

f(XSℓ
)
+ tI(f, g) ≥ −3(η +∆)(p− 1)) + tI(f, g))

≤ P∞(

T i
1+···+T i

w−1+t∑
ℓ=T i

1+···+T i
w−1+1

log
g(XSℓ

)

f(XSℓ
)
+ tI(f, g) ≥ tI(f, g)

2
)

≤ exp(−tI(f, g)
2

32η2
).
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By selecting ∆ < I(f,g)2

64η2
, we have

E∞[e
WT i

1+···+T i
w,i ] = E∞[E∞[e

WT i
1+···+T i

w,i | FT i
1+···+T i

w−1
]]

= E∞[e
WT i

1+···+T i
w−1,iE∞[e∆T i

w | FT i
1+···+T i

w−1
]].

For the term E∞[e∆T i
w | FT i

1+···+T i
w−1

],

E∞[e∆T i
w | FT i

1+···+T i
w−1

] ≤ e∆
6(η+∆)(p−1)

I(f,g) +
∞∑

t=
6(η+∆)(p−1)

I(f,g)
+1

e∆t exp(−tI(f, g)
2

32η2
)

≤ e∆
6(η+∆)(p−1)

I(f,g) +
∞∑

t=
6(η+∆)(p−1)

I(f,g)
+1

exp(−tI(f, g)
2

64η2
)

≤ eC10∆(p−1) + e−C11p,

for some constants C10, C11 > 0. We then have

E∞[e
WT i

1+···+T i
w,i ] ≤ E∞[e

WT i
1+···+T i

w−1,iE∞[e∆T i
w | FT i

1+···+T i
w−1

]]

≤ (eC10∆(p−1) + e−C11p)E∞[e
WT i

1+···+T i
w−1,i ].

Combining Lemma Lemma 39 and Lemma Lemma 40, we conclude that for any odd

w,

E∞[e
WT i

1+···+T i
w,i ] ≤ C8(e

C10∆(p−1)+e−C11p)E∞[e
WT i

1+···+T i
w−2,i ]+(1+C8)e

C9(eC10∆(p−1)+e−C11p).

By selecting ∆ < λ
p−1

for some constant λ > 0 such that C8(e
C10∆(p−1) + e−C11p) < 1, we

obtain that there exists a constant 0 < C12 < 1, C13 such that:

E∞[e
WT i

1+···+T i
w,i ] ≤ C12E∞[e

WT i
1+···+T i

w−2,i ] + C13, (4.121)
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Based on relationship (Equation 4.121), we have that

E∞[e
WT i

1+···+T i
w,i ] ≤ C14,

for some constantC14 > 0 and any oddw due to the fact thatC12 < 1 and thus the sequence

of expectations converge. We then complete the proof of relationship (Equation 4.107) and

the proof of ARL to false alarm relationship (Equation 4.87).

Proof of detection delay relationship (Equation 4.88):

Without loss of generality, we assume that the change occurs to the j-th stream. Recall that

under the scenario q = s = r = 1, the stopping time TTRAS is defined as:

TTRAS = inf{t > 0 : max
i=1,··· ,p

Wt,i ≥ A}, (4.122)

Following the idea in the proof of ARL to false alarm relationship (Equation 4.87), we

consider the individual stopping time Tj
0 for stream j that will only raise an alarm when the

sensor points to stream j :

Tj
0 = inf{t > 0 : j ∈ St and Wt,j ≥ A}. (4.123)

Then it is clear that:

E0[TTRAS] ≤ E0[T
j
0]. (4.124)

When change occurs at time ν = 0, we still consider a series of stopping time:

zj1, T
j
1 , z

j
2, T

j
2 , · · · , z

j
k, T

j
k , · · · , (4.125)

128



where zjk, T
j
k are mathematically defined as:

zjk = inf{t > 0 : j ∈ Szj1+T j
1 +···+zjk−1+T j

k−1+t+1},

T j
k = min(T j

k,1, T
j
k,2),

St =

zj1+T j
1 +···+zjk+t∑

ℓ=zj1+T j
1 +···+zjk+1

log
g(Xℓ,j)

f(Xℓ,j)

T j
k,1 = inf{t > 0 : St ≥ A−Wzj1+T j

1 +···+zjk,j
}

T j
k,2 = inf{t > 0 : St −∆t ≤ Wzj1+T j

1 +···+zjk,(2)
−Wzj1+T j

1 +···+zjk,j
},

That is, zjk is the waiting time before the sensor switches to the affected Stream j, and T j
k

is a stochastic process on the affected stream j (either the local statistics Wt,j exceeds A

and raising a global alarm (T j
k,1), or the j-th local statistics is exceeded by another local

statistics (T j
k,2)). Here Wzj1+T j

1 +···+zjk,(2)
is second largest local statistics after switching to

stream j.

Define K∗ as the first time when T j
k = T j

k,1, and the ARL of Tj
0 can written as:

E0[T
j
0] = E0[z

j
1 + T j

1 + zj2 + T j
2 + · · ·+ zjK∗

+ T j
K∗

]

=
∞∑
k=1

E0[(z
j
k + T j

k )1{K∗≥k}]

≤
∞∑
k=1

(E0[(z
j
k)

2]P0(K∗ ≥ k))1/2 +
∞∑
k=1

E0[T j
k 1{K∗≥k}].

We have the following lemma on T j
k :

LEMMA 41 The stopping time T j
k satisifies:

E0[T j
k | Fzj1+T j

1 +···+zjk
] = (A+ η +∆)

E0[1{T j
k =T j

k,1}
| Fzj1+T j

1 +···+zjk
]

I(g, f)
+ C15, (4.126)

where C15 is a constant that does not depend on A and Fzj1+T j
1 +···+zjk−1

.

129



Proof:

E0[T j
k | Fzj1+T j

1 +···+zjk
] =

E0[ST j
k
| Fzj1+T j

1 +···+zjk
]

I(g, f)

=
E0[ST j

k
1{T j

k =T j
k,1}

+ ST j
k
1{T j

k =T j
k,2}

| Fzj1+T j
1 +···+zjk

]

I(g, f)

= B + C

where

B =
E0[ST j

k
1{T j

k =T j
k,1}

| Fzj1+T j
1 +···+zjk

]

I(g, f)
,

C =
E0[ST j

k
1{T j

k =T j
k,2}

| Fzj1+T j
1 +···+zjk

]

I(g, f)
.

(4.127)

Note that the log-likelihood ratio is uniformly bounded, and so is the overshoot term in

sequential tests. We then have

B =
E0[ST j

k
1{T j

k =T j
k,1}

| Fzj1+T j
1 +···+zjk

]

I(g, f)

≤ (A+ η +∆)
E0[1{T j

k =T j
k,1}

| Fzj1+T j
1 +···+zjk

]

I(g, f)
.

Note that 0 ≥ Wzj1+T j
1 +···+zjk,(2)

− Wzj1+T j
1 +···+zjk,j

≥ −(η + ∆) due to the fact that the

log-likelihood ratio is uniformly bounded. Regarding the term C, we have

C =
E0[ST j

k
1{T j

k =T j
k,2}

| Fzj1+T j
1 +···+zjk

]

I(g, f)

≤
E0[∆T j

k 1{T j
k =T j

k,2}
| Fzj1+T j

1 +···+zjk
]

I(g, f)

≤ ∆
E0[T j

k,21{T j
k,2<∞} | Fzj1+T j

1 +···+zjk
]

I(g, f)

= ∆

∑∞
t=1 tP0[T j

k,2 = t | Fzj1+T j
1 +···+zjk

]

I(g, f)
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Note that for any t ≥ 1,

P0(T j
k,2 = t | Fzj1+T j

1 +···+zjk
) ≤ P0(St −∆t ≤ Wzj1+T j

1 +···+zjk,(2)
−Wzj1+T j

1 +···+zjk,j
|Fzj1+T j

1 +···+zjk
)

≤ P0(St −∆t ≤ 0)

= exp(−C16t),

where the last step results from the concentration inequality and C16 is some constant that

does not depend on Fzj1+T j
1 +···+zjk

. Thus we have:

C ≤ ∆

∑∞
t=1 tP0[T j

k,2 = t | Fzj1+T j
1 +···+zjk

]

I(g, f)
≤ C17.

for some constant C17 that does not depend on Fzj1+T j
1 +···+zjk

. Combining the results above

we conclude that:

E0[T j
k | Fzj1+T j

1 +···+zjk
] = (A+ η +∆)

E0[1{T j
k =T j

k,1}
| Fzj1+T j

1 +···+zjk
]

I(g, f)
+ C15,

where C15 is a constant that does not depend on A and Fzj1+T j
1 +···+zjk−1

.

Based on Lemma Lemma 41, we obtain that

∞∑
k=1

E0[T j
k 1{K∗≥k}] =

∞∑
k=1

E0[E0[T j
k 1{K∗≥k} | Fzj1+T j

1 +···+zjk
]]

≤ A+ η +∆

I(g, f)

∞∑
k=1

E0[E0[1{T j
k =T j

k,1}
1{K∗≥k} | Fzj1+T j

1 +···+zjk
]]

+ C15

∞∑
k=1

E0[E0[1{K∗≥k} | Fzj1+T j
1 +···+zjk

]]

=
A+ η +∆

I(g, f)

∞∑
k=1

E0[E0[1{K∗=k} | Fzj1+T j
1 +···+zjk

]] + C15E0[K∗]

=
A+ η +∆

I(g, f)
+ C15E0[K∗]
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LEMMA 42

E0[K∗] ≤ C18, (4.128)

for some constants C18 that does not depend on the threshold A.

Proof:

P0(T j
k,1 = T j

k | Fzj1+T j
1 +···+zjk

) ≥ P0(St > ∆t for all t)

≥ C19

for some constant C19 > 0 that only depends on the distributions if ∆ < I(g, f), which is

a classical conclusion in random walk theory with positive step size. Thus we have:

P0(K∗ ≥ k) ≤ (1− C19)
k−1, (4.129)

and

E0[K∗] ≤
1

C19

. (4.130)

Relationship (Equation 4.128) then holds with C18 = 1/C19.

LEMMA 43

E0[(z
j
k)

2] ≤ C20, (4.131)

for some constant C20 that only depends on the threshold A.

Proof: Similar proof as in Lemma Lemma 40.

Combining the results above,

E0[T
j
0] ≤

∞∑
k=1

(E0[(z
j
k)

2]P0(K∗ ≥ k))1/2 +
∞∑
k=1

E0[T j
k 1{K∗≥k}]

≤ A

I(g, f)
+ C5,
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for some constant C5 that does not depend on the threshold A. This completes the proof of

detection delay relationship in (Equation 4.88).
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CHAPTER 5

CONCLUSIONS AND FUTURE RESEARCH

5.1 Conclusions

This dissertation focuses on making comprehensive progress on methodology, theory, and

application of active quickest detection problem io multi-stream data under the sam- pling

or resource constraints. Our specific research aims are to design new algorithms with theo-

retical guarantees and develop an asymptotic optimality theory to characterize sharp infor-

mation bound.

Chapter 2 investigated the active quickest detection problem under a specific scenario

when there is only one affected local stream and we are only able to sample from one

stream at a time. Under the assumption that the post-change distributions are pre-specified,

Chapter 2 shows that a simple myopic sampling scheme which always samples the streams

that are most likely to contain a local change is second-order asymptotically optimum when

the number p of local streams is fixed. To the best of our knowledge, a second-order

asymptotically optimum result is proved for the first time for the active quickest detection

problem in multi-stream data.

Chapter 3 tackles the problem of detecting changes in high-dimensional linear regres-

sion models - one of the most fundamental predictive models. By treating linear regression

models as two-layers neural networks, we develop efficient implicit regularization-based

quickest detection for linear regression models, and provide theoretical guarantees on the

average run length to false alarm and detection delay. Our approach can be easily extended

to the context of monitoring other advanced predictive machine learning or artificial intel-

ligent algorithms for future research directions.

Chapter 4 discusses three research topics under the setting of active quickest detection
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problem. In Chapter 4.1, we consider the scenario when the post-change distributions in-

volve unknown parameters. An efficient greedy-cyclic-sampling-based quickest detection

algorithm is proposed, and we show that our proposed algorithm is first-order asymptoti-

cally optimal in the sense of mini- mizing the detection delay under both false alarm and

sampling control constraints. In Chapter 4.2, we extend our results of r = s = 1 in Chapter

1 to a more complicated scenario when r = s = 2. We combine three ideas to develop

efficient active quickest detection algorithms: (1) win-stay, lose-switch sampling strategy;

(2) local CUSUM statistics for local monitoring; and (3) the SUM-Shrinkage technique to

fuse local statistics into a global decision. Theoretical guarantees on the ARL to false alarm

and detection delay are provided. In Chapter 4.3, we revisited the TRAS algorithm pro-

posed in [1] which incorporates a novel idea of compensation coefficients for unobserved

data streams. However, it is unclear how to choose the compensation coefficients suitably

from theoretical point of view so as to balance the trade-off between the detection delay

and false alarm. In this context, we investigate the impact of compensation coefficients on

TRAS algorithm. Our main contributions are two-folded. On the one hand, under the gen-

eral setting, we prove that if compensation coefficient is larger than O(q/(p− q)), then the

TRAS algorithm is not efficient in the sense of having a larger detection delay than the op-

timal lower bound. On the other hand, under the special case of q = s = 1, if compensation

coefficient is smaller than O(1/(p− 1)), then the TRAS algorithm is efficient.

5.2 Future Research

The active sequential change-point analysis of multi-stream data is an important yet chal-

lenging research problem. In this dissertation, we have made efforts to tackle some of

the challenges. However, there are still many interesting research opportunities. Some of

which are summarized in what follows.

1. The first direction is to extend the myopic sampling policy proposed in Chapter 2

to the scenario of general q, s > 1. One conjecture is that by always sampling q
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streams with q largest local statistics, we are able to establish second-order asymp-

totic optimality results under the special case when q = s. The main challenge dur-

ing the proof is how to characterize and monitor the switch among different streams.

For example, from the view point of information theory, one necessary condition of

achieving optimality is to capture information from all affected streams, and thus the

time point when all affected streams are monitored by one sensor is crucial for the

analysis of detection delay. However, the characterization of such stopping time is

highly non-trivial and currently we are unable to provide the rigorous proof.

2. The second direction is to extend the methodology proposed in Chapter 3 and Chapter

4.1 to the more complicated models with unknown parameters. One may consider

the scenario when the unknown parameter θ is multi-dimensional. For example, for

multinomial distribution with p features, by incorporating a simultaneous estimation

of all p features with the standard CUSUM statistics, the asymptotic optimality can

be obtained. In addition, one can also consider the detection of potential change in

some machine learning models like neural network. While classical methods such

as LASSO highly relies on the structure of linear regression, we believe that implicit

regularization methods have more potential to play an important role in the future

research of active quickest detection problems.

3. The third direction is to consider a new scenario when the number of sensors is

greater than the number of affected streams, i.e., q ≥ s. Under such setting, one

might be interested in how to monitor streams so as to capture the local stream that

involves those most severe changes. One possible method is to randomly switch to

some those unobserved streams after some pre-determined time-interval and switch

to them if the observed data reveals a more severe change.
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