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SUMMARY

An analytical investigation of the effects of finite rate dis-
sociation and recombination reactions on the base pressure for super-
sonic, two-dimensional, laminar flow is presented. The Chapman-Korst
flow model and the ideal dissociating gas model are used. The problem
considered has negligible initial boundary layer thickness. The re-
attachment region of the flow is assumed to be chemically frozen and
isentropic., The recompression of the inviscid flow is assumed to be
governed by the frozen oblique shock relations. The resulting model
requires detailed investigation of two regions =- the inviscid, non-
equilibrium expansion into a constant=-pressure region and the laminar
free shear layer with finite rate reactions.

The exterior inviscid expansion into a constant-pressure region
is treated by the method of characteristics, All flow properties
along the constant-pressure boundary are found to vary monotonically,
in contrast to the overexpansion observed in the nonequilibrium expan-
sion around a convex corner. The compression waves generated by the
chemical reactions in the expansion fan reflect from the constant—-pres-
sure boundary as expansion waves, thus eliminating the possibility of
a recombination shock wave. As a matter of general interest, a line-
arized theory for the inviscid expansion is also presented.

The laminar, constant-pressure mixing region is investigated by
means of an implicit finite difference method. The nonequilibrium

boundary layer equations are first transformed to the incompressible
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form by means of a Howarth type of transformation and then to a finite
coordinate range, in the normal direction, by means of a hyperbolic
tangent transformation.

The results indicate that finite reaction rates do not signifi-
cantly influence the velocity. The temperature and degree of dissoci-
ation profiles for finite rate flow are found to be bounded by the
solutions for frozen and equilibrium flow.

Chapman's analysis of the laminar free shear layer is extended
to the case of frozen flow with unity Lewis number, fhe finite differ=-
ence solutions for frozen flow with constant Prandtl number, Schmidt
number, and density viscosity product agree well with the results of
the extended Chapman theory. However, these results do not compare
well with the finite difference solutions with variable properties.

The two regions are coupled and several base pressure problems
are investigated. The cleosed base solutions are obtained by interpo-
lation of the base bleed. The results are summarized in the following
statements.

1. Finite rate reactions in the inviscid exterior flow tend to
cause an increase in the base pressure. This agrees with the predic-
tion of Resler that the base pressure on a body in equilibrium flow is
greater than the base pressure on a body in frozen flow.

2. If the recirculation region is hot (on the order of the
freestream stagnation temperature), chemical recombination increases
the dividing streamline temperature, thus decreasing the dividing
streamline kinetic energy. This tends to increase the resulting base

pressure.



3. If the recirculation region is cool, the dividing streamline
temperature is decreased due to dissociation and the kinetic energy is
increased. The base pressure for this condition tends to decrease as

the flow varies from frozen to equilibrium flow.



CHAPTER I

INTRODUCT TON

Background and Review of Recent Literature

The development of rockets and re-entry vehicles has produced a
number of new aerothermodynamic problems and revived interest in many
unsolved problems. A criterion of re-entry vehicle design, that the
vehicle be able to survive the intense heating while decelerating
through the atmosphere, leads to the use of a blunt body whose form
drag is much greater than its friction drag. In problems where the
heat transfer is not of primary concern, such as artillery shells and
supersonic wings with finite trailing edges; the reduction of drag is
often important. All of these problems share two important similari-
ties: they involve supersonic velocities, and they have a region of
separated flow over the base.

Much interest has centered lately on the real gas effects
associated with the base flow. The trail of ionized gas created by a
re-entry body gives a characteristic radar return which can be used
to identify the body. The analysis of the high heat transfer rates
encountered in clustered rocket engines requires a knowledge of the
high temperature flow in the base region.

Nash[1] and Lykoudis{2] have presented reviews of the investi-
gations into base flow and other associated separated flow phenomena,
Lykoudis presents more than 180 references which were available in

January of 1965. Of the 19 base flow references cited in this thesis,



8 have been completed since 1965, giving some idea of the effort di-
rected toward this problem.

Chapman[3] pointed out the indeterminate character of an entirely
inviscid solution to the supersonic base flow problem and concluded that
the effect of viscosity must be considered to obtain a unique solution.
He introduced a physical model of the near wake, and gave a qualitative
description of the effect of viscosity on the base flow.

Shortly thereafter, twe methods of analysis for the base flow,
the Crocco-Lees method and the Chapman-Korst method, were introduced.
The former method is based on the Crocco-Lees[4] theory for the inter-
action between dissipative and nearly isentropic streams. By consider=-
ing an overall picture of the base flow, the Crocco-Lees theory attempts
to describe the balance which must exist between the external inviscid
flow and the internal dissipative flow governed by the transport of mo-
mentum between the two flows. The dissipative mixing is described by
semi-empirical integral quantities which are adjusted to account for
laminar or turbulent dissipation.

The Chapman=-Korst method is based on the independent works of
Chapman, et al.[5] and Korst, et al.[6] which advanced a simplified
model of the supersonic base flow for laminar and turbulent flows, re-
spectively. The base or recirculation region and the exterior inviscid
flow are assumed to be separated by a thin viscous shear layer. The
Chapman-Korst approach allows the flow to be subdivided into its con-
stituent parts. These parts are then analyzed to discover their role
in determining the base pressure. A unique solution to the problem is

obtained by a suitable matching of these regions.



The supersonic, laminar flow over the upper half of a two-di-
mensional base is illustrated in Figure 1. The flow is symmetric about
the centerline and thus only half of the flow need be considered.

The flow over the forebody is regarded as steady, uniform, and
supersonic, except near the body where a thin boundary layer is formed.
At the corner, the flow expands and separates into a region of constant
pressure. Since there is a subsonic region in the attached boundary
layer, it is possible for the base region to exert an influence on the
flow upstream of the corner. Theoretical investigations by Weiss and
Nelson[7] and experimental results of Hama[8] indicate that the expan-
sion process is influenced for several boundary layer thicknesses up-
stream. This influence causes a larger initial turning angle of the
inner boundary of the separated flow compared to the values computed
neglecting the upstream influence. At hypersonic Mach numbers, this
overexpansion results in the formation of a separation shock wave. In-
vestigations by Weiss and Weinbaum[9] have shown, however, that for
initially small supersonic Mach numbers, the departure from Prandtl-
Meyer theory is not severe.

Except for cases involving large amounts of bleed into or from
the base, the recirculation region is a region of relatively low ve-
locity flow. Therefore, most investigators have assumed it to be a
gsemi-infinite region of stagnant fluid and thus also a region of con-
stant pressure. Attempts have been made by Viviand and Berger[10],
‘Weiss[llj, and others to account for the conservation of angular mo-
mentum in this region with an approximate solution to the Navier-

Stokes equations. This consideration results in the correct dependence
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on the Reynolds number at lower Reynolds numbers. Weiss[1l] has con-
cluded that for Reynolds numbers (based on the forebody length) larger
than 10*, the flow takes on a shear layer character and for Reynolds
numbers greater than 10®, an essentially inviscid core is formed and
there is no longer a Reynolds number dependence.

For high Reynolds numbers, the expanded exterior inviscid flow
is separated from the recirculating region by a thin viscous shear
layer. A dividing streamline, which defines the inner boundary of the
fluid originating upstream, emerges from the corner. The shear layer
mixing occurs at a constant pressure, the value of which is determined
by the adjacent inviscid stream. This fact has been substantiated by
the experiments of Chapman, et al.[5] and Charwat and Yakura[12] for
moderate supersonic Mach numbers and Reynolds numbers of 10® and
larger.

The free shear layer has received much attention, since it oc-
curs in other separated flow phenomena such as flow over cavities.
Chapman[13] has obtained a similar solution for the asymptotic limit
as the ratio of the initial boundary layer thickness to the shear layer
length approaches zero. By assuming the product of density and vis-
cosity coefficient to be constant, the momentum and energy equations
are uncoupled, resulting in a constant velocity along the dividing
streamline. Chapman also reports a solution for variable gy resulting
in a dependency of the dividing streamline velocity on the Mach number.

Denison and Baum[147], Sills[15], and Lew[16] have employed finite
difference methods to investigate the development of a free shear layer

with an initial Blasius flat plate profile. Denison and Baum use the



Crocco coordinate system and the assumptions of unity Prandtl number
and constant py, while Sills has employed a finite range transfor-
mation, and the assumptions of constant pp and constant but arbitrary
Prandtl number. Although the solutions in references [14] and [15]
approach Chapman's solution as the ratic of the flat plate length to
the shear layer length approaches zero, the authors conclude that, for
most practical applications, the length of the near wake is much too
short for the Chapman profile to be appropriate.

As the exterior inviscid flow approaches the wake centerline,
it is turned back parallel to the centerline. Chapman[5] assumes that
the recompression is accomplished by a gradual turning so that the
shock wave does not form near the neck, and the exterior recompression
can be treated as isentropic. Korst[6], however, considers the turning
to be abrupt and thus governed by the oblique shock wave relations.

Both Chapman and Korst assume that the recompression of the
shear layer occurs isentropically. The stagnating streamline (See
Figure lb.) is defined as the streamline which separates the recircu-
lating flow from the flow which passes downstream. The fluid above
the stagnating streamline has sufficient kinetic energy to negotiate
the pressure rise, while that below the stagnating streamline is re-
versed and contained in the recirculating region. Since for steady
flow the mass in the recirculating region is conserved, the mass flow
between the dividing streamline and the stagnating streamline must be
the rate of mass bleed into the base. A unique base pressure solution
corresponds to the solution which satisfies both of the above require-

ments, i.e., the conservation of mass in the recirculating region and



the conservation of mechanical energy on the stagnating streamline.

Both experimental evidence and physical reasoning indicate that
the reattachment actually occurs in a region of continuous positive
pressure gradient. Because of the viscous interaction, the pressure at
reattachment is less than the maximum. Nash[17], in his investigation
of turbulent reattachment, has concluded that the neglect of the initial
boundary layer combined with the reattachment pressure assumption lead
to cancelling errors.

Lykoudis[2] has pointed out that the effects of finite rate
chemistry are relevant since at higher attitudes where the flow is
laminar, the flow will not, in general, be in equilibrium. Considera-
tion of high temperature gasdynamic effects has been confined primarily
to ionized far wake studies. Lew[16] has proposed research into dis-

sociating base flows, but as yet none has been reported.

Purpose of the Research

This thesis is concerned with the effects of finite rate dis-
sociation~-recombination reactions on the base pressure. The flow is
analyzed by using relatively simple models -~ the ideal dissociating
gas model and the Chapman-Korst flow model.

The exterior inviscid flow is investigated by the method of
characteristics for reacting flows. A linearized theory is developed
and compared with the method of characteristics.

Non-similar solutions for the laminar shear layer are obtained
by a finite difference method. The effects of variable properties and
finite reaction rates on the velocity, species concentration, and

temperature profiles are investigated. A comparison is made between



frozen, finite rate, and equilibrium profiles.
Finally, the base pressure is computed and compared with the

results of Chapman's solution.



CHAPTER II
FLOW MODEL AND ANALYTICAL APPROACH

As previously noted, one advantage of the Chapman-Korst model
is that it divides the flow field into regions which are analyzed
independently. It is now possible to analyze these regions to de-
termine which regions are influenced by finite rate chemistry, in
particular, dissociation-recombination reactions.

Flow conditions will be chosen to illustrate the effects of
finite reaction rates. Experiments of Chapman, et al.[5] indicate that
the stability of shear layers increases with an increase in Mach num-
ber, and at a Mach number of 4, they can remain laminar for Reynolds
numbers of the order 10°. For this investigation, the flow will be
restricted to relatively high Reynolds numbers (10* < Rey < 10°), moder-
ate supersonic Mach numbers (2 < M_ < 4), and shear layers, which are
assumed to be laminar.

The initial boundary layer thickness is assumed to be vanish-
ingly thin and upstream influence is neglected.

The expansion of the uniform, two-dimensionagl, supersonic flow
of a perfect gas into a constant-pressure region is a simple problem.
There is no characteristic length in the problem and the flow consists
of two uniform parallel flows joined by a Prandtl-Meyer fan. The pro-
blem is, in fact, identical to the problem of the flow over a convex
corner. For flows with finite rate reactions, however, a relaxation

length enters through the fluid properties and the problem is extremely
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complex. The flow downstream of the corner is not uniform, and thé
boundary of the flow is curved.

The boundary conditions for the shear layer must now include the
temperature and degree of dissociation gradients of the inviscid flow.
Although the mixing is at a constant pressure, flow similarity is not
preserved since a relaxation length is involved.

The recirculating region is assumed to be stagnant. The gas in
this region is in equilibrium.

A frozen shock recompression of the exterior inviscid flow is
assumed. Correspondingly, the length of the reattachment region is
small and the recompression of the stagnating streamline is also as-
sumed to be frozen.

The solution to the base pressure problem can no longer be ex-
pressed in closed form. With a given base pressure, the exterior in-
viscid flow is computed. This soluticon gives the boundary conditions
for the shear layer as well as the recompression shock strength im-
mediately adjacent to the shear layer. The shear layer 1s then computed
until the reattachment point is reached. The stagnation pressure pro-
file for the shear layer is calculated, and the stagnating streamline is
identified as the streamline with a stagnation pressure equal to the
static pressure in the inviscid flow behind the shock. A base bleed
rate is obtained by calculating the mass flow rate between the dividing
streamline and the stagnating streamline. By performing a number of com-
putations using different base pressure values, a solution for the case
of zero bleed is obtained by interpolatidn.

Based on the postulated flow model, the sclutions for the inviscid
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expansion and the shear layer development must be obtained and then
coupled to obtain the base pressure. The solutions of these two pro-
blems are discussed in the following two chapters. It is noted that in
addition to being intermediate steps in the solution to the base pres-
sure problem, these two problems have additional applications so that

the methods presented are of further interest.
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CHAPTER III

INVISCID EXPANSION OF A DISSOCIATING GAS
INTO A CONSTANT-PRESSURE REGION
In this chapter the problem of the supersonic expansion of an
inviscid dissociating gas into a region of constant pressure is con-
sidered. A numerical solution of this problem is obtained by the
method of characteristics. A linesrized solution is obtained which is
valid for weak expansions. The features of the flow field are dis-

cussed and a comparison is made between the two theories.

Formulation of the Problem

The conservation equations for the steady, two-dimensional,
continuum flow of an inviscid, adiabatic, dissociating gas are [18]

the continuity equation,

8 (ou) . 3(ov)

ax dy 05 (L
the momentum equations,
du, du 3p _
pu 37 + pv Sy + s & 0 (2)
v, o 3v. dp_
pu S + pv By + 39 © o, 3)
the energy equation,
3 1,42 3 L .2
ou = (h + 5 U®) + pv 3y (h + E-U y=0, 4)
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the species conservation equation,

u %% + v %% = W , (5)
an equation of state,

h = h(p, p, @ (6)
and an equilibrium relation,

a, =ao (P, p) . o))

For the present problem, an orthogonal x-y coordinate system is
fixed at the corner. The initially uniform freestream is considered to

be in chemical equilibrium, with the velocity in the x-directionm.

Method of Characteristics

For supersonic flow, the set of non-linear equations, (1) through
(7), can be solved numerically, using an extension of the well-known
method of characteristics of perfect fluid dynamics.

Derivation of the Characteristic Equations for a Dissociating Gas

A convenient definition [18] of the characteristic directions 1is
that they are the special directions along which a system of partial
differential equations reduces to a system of ordinary differential

equations. Along a streamline, defined by

d
Hﬁ:cane, (8)
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where 8 is the angle of inclination of the streamline, three ordinary
differential equations can be written. The three equations valid along

a streamline are the streamline momentum equation,

oUdU + dp = 0 , (9
the species conservation equation,

Udy = wds = 0 , (10)
and the energy equation,

UdU + dh = 0 , (11)

where ds is a differential element of length along a streamline.
Along the left running characteristic curve, the compatability

relation,

s (Q‘l\

'\/ME% - 1 dp + pUPde - —g—g—{-p’p afmdﬂ = @0 (12)

(Bp P,

where dT) is a differential element of length along the characteristic,

is valid. The left running characteristic direction is defined by

dy .

T tan(6 + u,f) . (13)
where

be = Arctan\ (14)

et
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and Mf is the frozen Mach number based on the frozen sound speed, acs

defined in Appendix A, equation (A-11). Written in terms of the thermo-
dynamic variables, the frozen sound speed for an ideal dissociating gas
is

(4+&)(1+G)RmT

2 _
a = 5 : (15)

The compatability relation,

o (oh)
il . \da/p.p | _
M‘;-ldp-pUde-,_ail) agwd§ = 0 » (16)
\3p/p,a

is valid along the right running characteristic curve with incremental

distance df, and direction defined by
ay _ ., -
i tan (8 uf) ; (17)

The importance of the frozen Mach number in defining two of the
characteristic directions was discussed by Wood and Kirkwood[19] and
Chu[20]. Since the frozen Mach number is always smaller than the equi-
librium Mach number, Mf > 1 is a sufficient condition for supersonic

flow. This thesis will consider only flows for which M. > 1.

f
The last term in equations (12) and (1l6) is indicative of the

vorticity created by the chemical reactions. As in the case of a per-

fect gas with rotation, it is not possible to integrate equations (12)

and (16) once and for all. 1Instead, a step~by-step numerical method

must be used.
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For an ideal dissociating gas (see Appendix A), the caloric equa-

tion of state is

h = Rm[(4 + )T + o8] (18)
and the thermal equation of state is
p=p( + a)RmT . (19)

N
The derivatives (%h) and (%%)p o required in equations (l2) and (16)
3 3

OO/ P, p

are thus

{ oh aT
Ka—a>p,p = Rm[ed ) (20)

and

1

(5e)

T
Sina = Rl 8 5 (21)

The governing equations will be written in dimensionless form by

introducing non-dimensional wvariables based on freestream conditions:

U p
Y = — o= * = .
Us* = U [9) o 3 and P El%g s |
® w0 o '
|
e 1
T d \
L o= ==
T T and 9d =7 > f (22)
|
* = S e ﬂ v _ 3
and Ex = 7 e = R and ¥ =7 .

Since there is no geometric length associated with the problem, a

reference length has meaning only in relation to a relaxation length.
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It will be shown that £ can be expressed in terms of the coefficient of

the rate equation.

In dimensionless form, the streamline momentum equation is

p*U*dU* + dp* = 0 , (23)

the species conservation equation is

Ukde - @*ds* = 0 , (24)
and the energy equation is
U*xdu* + El_w}a + @)dT* + (gg e T*)da] =0, (25)
coo
where
U? )
E = ——
coo Rme
and (26)
wl
K = ==
w* = U_ 4

Similarly, the compatability relations (12) and (16), are written

in dimensionless form as follows:

!
=

A¥*dp* + B*de - D¥dT* = (27)
A%*dp¥* - B*d@ - D*dE* = 0 (28)

where
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A% = v&%i:ﬂih » )
B¥ = p*Uu‘.E i
and } (29)
D* L0

= ) (Thad,_\a, ){@ + ey - e ). )

Computational Procedure

The set of differential equations (23), (24), (25), (27), and
{28) is solved by a numerical approach in the form of a finite differ-
ence scheme. 1In the finite difference approximation of the differen=-
tial equations, average quantities are used for the terms in the coef=-
ficients. For example, equation (23) is written

ad% % Y - UF) 4+ (p* - p*) =
Prn Umn(U; Um) (pn pé) G ;

where the subscripts m and n denote two neighboring points on a stream-
line, with the properties at the point m known and properties at n to

be determined. The barred quantities are the linearly averaged values

where g is any flow quantity. For example,

Fg gk
_ m P
-2

Pan

The set of finite difference equétions is solved using an
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iterative method. For the first iteration, the values of g, are taken
to be equal to A For subsequent iterations, the values of g obtained
from the preceding iteration are used. The iteration continues until
the coefficients change less than one tenth of one per cent between
iterations,

Referring to Figure 2, the flow properties at points 1, 2, and 3
are known, and the flow quantities at point 4 (intersection point of the
€ and T characteristics through points 3 and 2, respectively) are to be
determined.

From the geometry of Figure 2, the coordinates of point 4 are

approximated by

* = x¥ * B -
X x% + AE 005(824

5 = xg + AT* cos(8

Meog) 3¢ T Besg)

. ¢ (30)
v = v5 A8 sin(®y, = wpp,) = vR 4 AT sin(Oy, + ppyy,)

This set of equations is solved for the incremental distances

along the characteristics, AE* and AT*, yielding:

B (y§-95) cos(Oy,tueq,) - (x§-x3) sin(ByHeq,)
cos(934+pf34) sin(924~pf24) - cos(ezﬁ-pf24) sin(634+uf34)
(31)
4175 = (v§-y$) cos(Byypay) = 435 sin(Byymupyy)
©0s (8 tuggy) sin(®y,=peoy) = 08 By, higy,) SIn(05,Hueq,))

Using these values of AE* and AT*, the coordinates of point 4 are

determined by equations (30).
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Written in finite difference form,

(27) and (28) become

A% p% - B = D% AE®* + A pk - B =
A%,Py - BY,0, = DI,ARF + AyP5 = Byu8)
A%k pi R — D% % A % B =
ATAPL T B30, = DR ATT + 44,P% + By, 0,
where Fga and Fgé are known to the first approximation.

The pressure and flow deflection are obtained by

tions (32), yielding:

21

the compatability relations

(32)

solving equa-

Fx, Bx +Fx B
24734 34724
py = 2t (33)
% B% Ak B
T AL TR TA
and
e A% -F% A%
64 _ _34-24 _24_34 . (34)
% Bk 4A% B
A5uB34 73,53,
With 84 known, the coordinates of point 5 are determined from the

intersection of the streamline 4-5 with the line 2-1 (or 1-3).

ties at 5 are obtained by linear interpolation based on
at points 1 and 2 (or 1 and 3).

found from

As¥* =

[(x§ = gffF & (g ~ yz)aj% :

With pz

Proper-

the known values

The incremental streamline length is

known, the velocity at point 4 is obtained by writing the
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streamline momentum equation (23) in finite difference form and solving

for UZ explicitly:

1
Up = UE - T ‘(p‘z‘:—p‘*’g). (35)
’ PZsY4s

The temperature is obtained from the energy equation (25),

1 E

% — T Cx *--.'c-(w '*)( - )
Ll - (P4 o) - (08 + gs)e, - o5)| GO
45 45

where o, is the result of the previous iteration.

Equation (24) is solved for Q, as follows:

Q, = o + 2 As* (37)

where the averaged temperature used in the calculation of &25 is based
on the present iterate of Tz. In this thesis, Freeman's form of the
rate equation (discussed in Appendix A) is used. In non-dimensional

form, this is

o4

o 17 TR o
ok = ————-——f°°°°T*np* (1-u)eT --E;Qz 2 (38)

Y P

o d

Thus a convenient reference length can be written:
u_

L =— . (39)
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Initial and Boundary Conditions

The initial conditicns are specified on the frozen wave head
(Figure 3), which is inclined to the freestream at the Mach angle based
on the freestream frozen Mach number. The properties along this line
are specified as the freestream properties.

The boundary conditions at the corner are used to construct the
expansion fan. The flow at the corner is frozen since As* = 0, and
flow properties are obtained from the Prandtl-Meyer and isentropic re-
lations with the degree of dissociation frozen at the freestream value.

For a frozen Mach number, M_, the flow deflection is given by

f!
the Prandtl-Meyer relation:

_ Tyl -1/ el ) “Af =L —_—1
0 - 8, = YT |ean Y+1JM2,E 1) - tan (_Wlmdfm 1>| (40)

- tan-l<J§i —-1> - tan-IQJﬁi -:_i)

The isentropic relations give the temperature,

1+—‘/——;1 Maf
fg = "—_—l—'g , (41)
L i
the pressure,
p%
_t.-. o *'\{-1
% = Tf y (42)

and the density,
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Frozen Wave Head
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~
\

Figure 3. Flow Regions for the Supersonic Expansion
into a Constant-Pressure Region
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(43)

The frozen Mach number immediately downstream of the corner is

related to pg by

L 1/2
2 ((pb\ ¥ ( y=l s ) _ 7]
= Ry A 1 + = e 1 -
Mey, Ly-1lpx 2 M?fm;' Jj (44)

At the corner, the flow properties are multi-valued and are di-
vided into segments based on a linear division of the Mach number be-
tween Mfm and be. The flow quantities for each segment are obtained
from equations (40) through (43) based on the frozen Mach number at each
division.

Downstream of the corner, the pressure is constant along the

streamline which forms the boundary of the flow. The coordinates of a

point on the boundary, xz and yZ, are given by

= x¥ * 5 = ) - .. 3
xf o= xk + As* cosB, = ¥k + AEF cos(8,, - bgy,) i
s (45)
e vy {8 i o B & wF
i = y? + As* 51n845 = y§ + AE sin(Bz4 “fza) J

where the subscript 5 indicates the preceding point on the boundary

streamline, and 2 is the adjacent point on the right running
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characteristic passing through 4. Solving for the incremental dis-

tances yields

b

pest = (yE-y%) cos(By =ugy,) = (xE-x¥) sin(®,,-ucy,)
sin845 cos(824-pf24) - 005945 Sin(624~“f24)
. p (46)
W -k ind - K- 8
s (x5 xz) 51n845 (y5 yE) cose45
sind; 5 €08y mpegy) = c0s8yg sin(Oy mupyy)

Using the known value of pﬁ, the flow deflection, 94, is com=

puted from the first of equations (32),

A% pk-F%
24"b 24 . 47)

Since the pressure is constant along the boundary streamline,

by equation (35), the velocity is constant. The temperature is given

by
(8%+T%.)
th = T’é‘ + d _‘é—- (oe4 - QS) ; (48)
(44, o)

and the degree of dissociation is given by

s
@, = 05 + Eg* As* (49)

The set of equations (45) through (49) is iterated until the non-
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linear coefficients change less than one tenth of one per cent between
iterations.

This investigation is concerned primarily with the resuiting
flow properties along the constant-pressure boundary. As shown in
Figure 3, the general difference scheme is used to advance the calcula-
tions of the right running waves from the initial frozen wave head
through the expansion and relaxation region until it intersects the
constant-pressure boundary.

Results and Discussion

A test case for frozen flow was run on the Burroughs B 5500 com-~
puter to check the computer program. The resulting flow field agreed
with simple wave theory.

Since the expansion of a dissociating gas into a constant-pres-
sure region has not been previously reported, there is no existing so-
lution for comparison with the present results. Flow around a convex
corner has been reported (see, for example [21] and [22]), however, and a
comparison of the flow features between the two problems will be made.

The flow patterns for the two problems are shown in Figure 4.

In the problem of flow around a convex corner, the pressure at the

corner drops from p* to px Downstream of the corner, the pressure
[e=]

£
along the wall rises and overshoots the final value, which it then
approaches from above. The temperature and degree of dissociation
along the wall show a monotonic increass and decrease respectively.
Feldman[23] has suggested that the compression waves reflected from

the solid wall may coalesce to form a recombination shock wave.

Appleton's[21] investigations, using an ideal dissociating gas, showed
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Compression
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a. Nonequilibrium Expansion into a Constant-Pressure Region
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Recombination
Shock

Recompression
Region
Locus of
Pressure Maxima

b. Nonequilibrium Expansion Around a Convex Corner

Figure 4. Illustration of the Nonequilibrium Expansion Problems
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neo trace of a recombination shock, but later works by Glass and Takano
[22] revealed the presence of a weak shock. The gas model used by
Glass and Takano assumes the vibrational modes to be in equilibrium at
the local temperature, and they suggest that this assumption is proba-
bly responsible for the shock.

A solution was obtained for the expansion of oxygen from 4.746
to 1.414 atmospheres. The initial uniform freestream has a Mach number
of 2.58, a temperature of 37200 K, and a corresponding degree of disso-
ciation of 0.1816. The initial frozen flow deflection was 15.81 degrees.
These initial conditions were used by Glass and Takano[22] for the ex-
pansion around a 15° corner.

The temperature and degree of dissociation along the constant-
pressure boundary are shown in Figures 5 and 6, respectively. Follow-
ing the frozen expansion, the temperature increases monotonically. The
degree of dissociation decreases monotonically.

The flow deflection, shown in Figure 7, decreases monotonically.
No overshoot of the flow deflection corresponding to the pressure over-
shoot of the fixed wall problem of references [21] and [22] was ob-
served. For the constant-pressure boundary problem, the right running
. compression waves resulting from the chemical relaxation reflect from
the constant-pressure boundary as left running expansion waves. No
recombination shock appears.

The frozen Mach number along the constant-pressure boundary is
shown in Figure 8. The velocity is constant along the boundary so that
the Mach number is influenced by the degree of dissociation and the

temperature. These effects are opposing (Figures 5 and 6, and equation
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(15)), but the temperature effect dominates and the frozen Mach number

decreases from the initially frozen value.

Linearized Theory

Clarke[24] has derived the linearized equations for a dissoci-
ating gas. By employing a Laplace tramsform method, he has obtained
an exact solution to the linearized equations for the expansion around
a convex corner,

In this section, the linearized equations and boundary condi-
tions for the two-dimensional, supersonic expansion of a dissociating
gas into a constant-pressure region are derived. The problem is solved
by a Laplace transform method.

Derivation of the Linearized Equations for a Dissociating Gas

The basic equations, sometimes called the acoustic equations,
are derived here for reference in the solution. The method of deriva~
tion is similar to that of Vincenti and Kruger[18].

The equations of motion for the steady, two-dimensional flow of
an inviscid, dissociating gas were presented in the previous section
as equations (1) through (7). For the derivation of the acoustic equa-
tions, it is advantageous to write the energy equation (4) in the
following form:

3h 3 . 2

pu&-&-pvg u 3y ay:O. (50)

The linearization procedure begins with the introduction of

small disturbance quantities:
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p=p_(1+p") u=U (1 +u')
T = Tm(l + T") v=Uv
s ) (51)
p=p (1 +o") o=0o +ao
= 1 = 1
h=h (1 +h') @, =@ +q, )

where the subscript « indicates freestream conditions. The local equi-
librium degree of dissociation, a s is the value that o would have if the
flow were in equilibrium at the local values of p and p.

The primed quantities represent small disturbances from the un-
disturbed freestream. The quantities ¢' and aé are both much smaller
than o . All other primed quantities and their derivatives are assumed
to be much less than unity, so that to a first approximation, the pro-
ducts of prime quantities can be neglected.

If the disturbances are small, it is possible to introduce the

small disturbance form of the rate equation,

W ’ (52)

T (53)

Substituting equations (51) and.(52) into equations (1), (2),
(3), (50), (5), (6) and (7), and neglecting higher order terms, gives

the linearized forms of the continuity equation,



Ox X dy
the momentum equations,
= ® ¥X ® 3x

v’

[e= D= +]

1
pUzgg--Fp §-E---=0,

the energy equation,
h oh'
Pl B
the species conservation equation,
!
ox
the caloric equation of state,
ah®
h' = <—~! '
h P, ap}p,ap
and the equilibrium relation,
o
‘_ ——
Be = pw(ﬁp )p
where

=S Eﬁ}'

" Po 3%

+ pw(%%)p,ap' + (%E)P,pa

|

Fo==

=
=1

2
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(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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X and ¥ represent the ratios of the flow length to the relaxation length.
The limit of frozen flow is represented by X or y approaching zero, and
equilibrium flow is represented by X or y approaching infinity.

The species conservation equation (58) is differentiated twice
with respect to X, giving

= 0
! J % Pa

IREIE = - (62)

[e74

Solving equation (59) for o', differentiating the result with respect
to X, and eliminating *gr and gh by means of equations (54) and (57),

gives

ah oh 5
3! _(a;}m ) (_'clela_g OB 44 [ax +§,§.- . (63)

= @_:')P;p (glpl)p,af

oo

v
8

¥

Differentiating equation (60) with respect to X, substituting for

a/

X

from equation (54) and combining with equation (63) gives

da

e {[(%E)p,u@%)p,o(aﬁ)p]

* (ga)p,p

ax

oo

(6' ) (aa P20 ("g—l;)o,af_'_igg'_
o ox

B el Vi

w

du' av'
- S+
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The frozen sound speed, ac given by

_D.lEa | (65)

and the equilibrium sound speed, as given by

fole]
o ) (%EDPLQ i (g; p,o(ane (66)

B ® J
T, @), 00, - 2

are substituted into equations (63) and (64), and the velocity deriva-

tives in equations (63) and (64) are eliminated by means of equations
(55) and (56). The resulting equations, now in terms of the deriva-
tives of p' only, are differentiated again with respect to X and sub-
stituted into equation (62). The result is the acoustic equation in

terms of p' only:

30 VB - B (- BB o @

where

2 o
(@ B2,

Similarly, another equation is derived by differentiating equa-

tion (58) once with respect to X and once with respect to ?. The re-

sulting equation is now in terms of v' only:
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SYCI 3 IR A

Solution of the Linearized Equations

The problem under consideration is the expansion of a supersonic
stream into a region of constant pressure. As before, the term super-
sonic refers to the frozen Mach number, thus assuring a supersonic equi-
librium Mach number also.

The initial conditions are established by the freestream, where
all primed quantities are zero. The boundary condition on equation

(67) is specified by the pressure in the base region

P, = P (L +pp) > (70)

where in the linearizd&d analysis, this condition is imposed along

o~

y = 0, The boundary condition for equation (69) is obtained from the

linearized streamline definition. A streamline is defined by
v =u tan 0 ,
which in linearized form, becomes
v = ? ‘ (71)

As a result, equation (69) is written directly in terms of 8.

S ICRD - S IMCED B e

The Laplace transform is defined by

L{8} = [ 8(RP) exp(-q®dX (73)
Q
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Applying the transformation to equation (72) gives

%(L[G]) - ( ) [—2359-]1, (e} =0, (74)
where
Bgf—-bﬁfco_l’ BL;:pim-l’
and : > (75)
BB
B® = _é_ze_ >1 .,

Of the two exponential solutions to equation (74), the negative

exponential is appropriate.

L{g} = K, exp( [T—E%gjg ) (76)

To evaluate Kl’ it i8 necessary to transform equation (56) and

replace v' by 6 to obtain

L{e} = ;—ffz- s Sluted)] - a7

Since the two acoustic equations (66) and (72) are identical except for
the dependent variables, the solution for the Laplace transform of the

pressure disturbance is also given by the negative exponential.

B® + L
L{p'} = K2 exp(-fo[T—;%g y) . | (78)
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From equation (70), the transformed boundary condition is

)

Lp') = 2 (79)

i
o -

for ¥ = 0. Thus,

1]
P
B = =2
2 q

Equation (78) is differentiated with respect to y and substituted into

equation (77) to give

Lo} = U2\ 3 [1 Tq ) expl-a [1 +1"q]4£r @
The inverse transformation can be found along the boundary where y = 0.
Erdlyi, et al.[25] have found the inverse to be
P p' B Dn ~, o~
_ PP pP¢ _(BP+1) E) (1-3 5)
Bb = —E;ﬁz—— xp( > T I0 i = (81)

where Io is the zeroth order modified Bessel function of the first kind

" is simply a weighting functiom which does not affect the limit-

ing values for frozen and equilibrium flow. Thus for frozen flow

(§’= 0), the flow deflection is
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which is recognized as the result of perfect gas linearized theory,
where now the Mach number is designated as the frozen Mach number.
Clarke[24] has shown that as X approaches infinity, the integral in
equation (8l) approaches B-l. The equilibrium limit for the flow de-

flection is therefore given by

PP '
eb - —;IE e = 1. Y (83)

which is the classical expression based on the equilibrium Mach number.
In order to obtain the density perturbation, the continuity

equation (54) is transformed, giving

wb'] = 2 1le') - H{utel) . (54

p UZ,

Equation (79) and the derivative of equation (80) are substi-

tuted into equation (84) and evaluated at y = 0, yielding

PP/l | Berpe
Y e R D B EATE )
Lisy} = mem(q T3 [1 +qd/ (532

The inverse transformation is

p p' | e ~
_-=b 2 p2 - (e . (_E)]
Py = ﬂwuil_.+ Bf[B (B 1) exp T . (86)

The limit for frozen flow (X = 0) is given by
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1
R

Py =T

U feo (87)
Peo”cs

Similarly, as x = ®, equation (85) approaches the equilibrium limit
given by

L]
PPb

Pb = o T2 ew (88)

The degree of dissociation is found by integrating the energy
equation (57) and substituting the result into the caloric equation of

state (59). Dividing the result by pw(éh)

d3p/ps0 gives

(&) Y

ah

i (8&)2,9 . v [\Op/p.o o _ ;
e | 1D =
3p/psar | dp/pse _|

The term in brackets on the right-hand side of equation (89) is defined

(89)

in equation (65) in terms of the frozen sound speed, so that the right-
hand side of equation (89) becomes

L
P_Pp

a - pr):}p| ’
foo

Using the expression for the frozen sound speed of an ideal dissoci-

ating gas, (15), the right-hand side of equation (89) becomes

3.'
Pm[<4i§m) oy -

~ g Qﬁ) (ng ; x ;
The derivatives (Ba - and 30/p, 0" given in equations (20) and


P_.Pt

44

(21), are evaluated at freestream conditions and substituted into equa-

tion (89) to give

3 (B%-1)

i - |:3Pb
&, = 8,

Il . exp(-—)] . (90)

The perturbation of the degree of dissociation varies from the initially

frozen value, aé = 0, to the limit as X - =

(91)

o! =

(1+a_) 3p; B2 (B®-1)
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The temperature is obtained by logarithmically differentiating

the equation of state (19).

1

1 1 1 .__..._..._d
Tt et Taey o

The frozen flow limit is obtained by substituting equation (87)

for p', pé for p', and aé = 0, to give

Y™k
l - 1 e e ——

where

Substitution of equations (88) and (91) for the density and degree of



di ssociation perturbations as x ** », gives the equilibrium limt

3B%(B%1.)
o= P (94)
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Transformati on to Physical Coordinates

The relaxation time, T, was defined in equation (53) as follows:

oy, p
The rate equation in Freeman's form

'k
w= CiT",[(I a)e - -2- & (95)
Pd

can be differentiated and substituted into equation (53), giving
o<
Te T (T Ny 4 wale ] T8 2 Wyl . (90)
. /1

The accuracy of the linearized rate equation (52) depends on the
ability to select a suitable nean value for T. Due to the exponential
dependence of T on tenperature, the selection of the reference tenpera-
ture is critical

Good results were obtained when T was eval uated based on the
asynptotic downstream value of T', i.e., the linit as x ->o00. This
limt is expressed in equation (94).

The derivatives [rr~) and fr—) are obtained from equations
\dp/P,a \cWp,p



