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SUMMARY

Metamaterials and metastructures (i.e. metamaterial-based �nite structures with speci-

�ed boundary conditions) enable various properties that are not found in ordinary materials

and structures. For example, locally resonant (LR) elastic/acoustic metastructures exhibit

bandgaps at wavelengths much longer than the lattice size, enabling low-frequency vibra-

tion/noise attenuation. Most investigations in this domain have considered nominally iden-

tical linear resonators that are periodically attached to the structure. In these cases, the LR

bandgap depends on the natural frequency of the resonators, and the bandwidth is limited

by the added inertia and the electromechanical coupling in mechanical and electromechan-

ical metastructures, respectively. In this work, the LR metastructure concept is expanded

in two directions: one is including nonlinearity, speci�cally considering bistable attach-

ments; the other one is including aperiodicity, namely by considering the resonators in

quasiperiodic arrangements. First, numerical and experimental results show the amplitude-

dependent enhancement of the attenuation bandwidth in LR metastructures via bistable

attachments, and demonstrate that the vibration attenuation band offered by nonlinear in-

terwell oscillations is substantially wider than the linear LR bandgap. Next, the dynamic

behavior and topological properties of LR mechanical metastructures hosting quasiperi-

odic distributions of resonators are investigated. It is shown both numerically and exper-

imentally that quasiperiodic placement of resonators introduces additional bandgaps that

are topologically non-trivial and host protected edge-localized modes. The �ndings sug-

gest the application of quasiperiodic resonators as an effective way to achieve attenuation

over multiple frequency bands and to control vibration localization at desired frequencies.

In analogy with mechanical LR metastructures with quasiperiodic arrangements of res-

onators, electromechanical LR metastructures with quasiperiodic resonant shunt circuits

are explored. Topologically non-trivial bandgaps and associated edge-localized modes are

observed experimentally in an electromechanical metastructure by leveraging digitally pro-

xx



grammable synthetic impedance circuits. Additional studies investigate the transitions of

localized mode through slow phase modulation, with experimental observation of tempo-

ral topological pumping in an electromechanical structure under stiffness modulation via

variable negative capacitance circuits.
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CHAPTER 1

INTRODUCTION

1.1 Overview

Vibration is undesirable in many �elds, primarily engineered systems. Key components or

sensitive equipment often must be isolated from excessive vibration. Traditional vibration

control techniques, such as using dynamic vibration absorbers and tuned mass dampers,

yield a trade-off between attenuation and bandwidth. The concept of phononic crystals [1],

synthetic materials made of periodic variation of material properties �rst proposed nearly

three decades ago, has the potential to address this shortcoming. One of the most desirable

characteristics is the possibility of having phononic bandgaps due to Bragg scattering [2].

However, bandgap pertaining to Bragg scattering occurs at the wavelengths of the order of

the lattice size, which would require extremely large systems for low-frequency vibration

attenuation.

1.2 Locally Resonant Metamaterials and Metastructures

To overcome the limitations of phononic crystals and to design feasible structures for real-

world applications, locally resonant (LR) metamaterials and resulting �nite LR metastruc-

tures with speci�ed boundary conditions have been extensively studied over the past decade

since the seminal work by Liu et al. [3]. Metamaterials made from LR unit cells exhibit fre-

quency bandgaps of wave attenuation that are similar to Bragg scattering-based bandgaps

in phononic crystals, but are fundamentally different in terms of their physical principles.

The out-of-phase motion of the local resonators with respect to the main structure leads to

the attenuation, typically occurring at the resonant frequency of the attachments. Therefore,

LR bandgaps can happen at wavelengths much larger than the lattice size. This provides
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Figure 1.1: Examples of mechanical locally resonant linear metamaterials and metas-
tructures. (a) Sonic crystals with unit consisting of a solid core material and a coating of
elastically soft material [3]. (b) Plate-type acoustic metamaterials consisting of a periodic
arrangement of composite stubs (tungsten/silicone rubber) deposited on a thin aluminium
plate [4]. (c) Locally resonant cantilever beam under base excitation [5].

an opportunity to use LR elastic/acoustic metastructures for low-frequency vibration/noise

attenuation and wave �ltering, among other applications [3, 6, 7, 8, 4, 9, 10].

Most investigations have considered nominally identical linear local resonators that are

periodically attached to the structure. In these cases, the LR bandgap size, i.e., the attenu-

ation bandwidth, is limited by the added mass [10], which is typically to be minimized in

most applications spanning from aerospace structures to those requiring compact designs

due to space and other limitations. The attenuation frequency range is given by:

! t < ! < ! t

p
1 + �; (1.1)

where ! t is the natural frequency of the resonator and� is the ratio of the total mass

of the resonators to the total mass of the plain main structure. It is worth mentioning

that, in a discrete con�guration, such as a spring-mass system hosting internal spring-mass

resonators investigated in [11], the lower bound of the LR bandgap also depends on the

stiffness ratio between the spring connecting the resonator mass to the main mass and the

spring connecting main masses with each other. The aforementioned efforts on locally
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resonant metamaterials and metastructures are purely mechanical con�gurations.

In analogy with mechanical locally resonant metamaterials, electromechanical meta-

materials using many piezoelectric elements with resonant shunt circuits have been stud-

ied [12, 13, 14, 15, 16, 17, 18]. The electromechanical locally resonant bandgap is shown

to be limited by the system level electromechanical coupling [18], with the attenuation

frequency range given by:
! tp

1 + �
< ! < ! t ; (1.2)

where� is the dimensionless system-level electromechanical coupling parameter that mea-

sures how strongly coupled the electrical and the mechanical domains are. Although elec-

tromechanical metamaterials are more complex than their mechanical counterparts, the

�exibility in piezoelectric shunt circuits gives signi�cant advantages for the system to be

tunable or programmable. For instance, Sugino et al. [19] recently employed synthetic

impedance circuit based locally resonant metastructures with unprecedented bandgap tun-

ing capabilities.

1.3 Nonlinear Dynamics for Bandwidth Enhancement

As mentioned in the previous section, mechanical LR metamaterials and metastructures us-

ing linear oscillators have been widely studied and the bandgap size is limited by the added

inertia. Compared to linear con�gurations, nonlinearities provide rich dynamics such as

sub- and super-harmonic resonances and in some cases chaotic behavior. As leveraged in

the vibration energy harvesting �eld, properly designed nonlinear oscillators offer various

advantages, among which substantially enhanced frequency bandwidth is of primary inter-

est. For instance, as summarized in [20], both monostable and bistable nonlinear oscillators

have been investigated to enable wideband energy harvesters over the past decade. Espe-

cially, bistable con�gurations provide a plethora of wideband dynamic behavior through

periodic intrawell and interwell oscillations, and chaotic interwell vibrations depending on
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Figure 1.2: Examples of utilizing bistability for bandwidth enhancement. (a) A piezomag-
netoelastic structure with bistability due to magnetic attraction of external magnets to the
ferromagnetic cantilever [21]. (b) A piezoelectric buckled asymmetric plate [25].

the input amplitudes [21, 22, 23, 24]. These studies shed light on the design of individ-

ual bistable oscillators to target a speci�c frequency bandwidth, not only for harvesting

energy but also for other applications. In terms of nonlinear vibration attenuation, many

efforts have focused on the concept of nonlinear energy sink (NES) [26, 27, 28, 29, 30, 31],

evolving from relatively simple systems of one linear oscillator with one NES attached

to a continuous structure with one NES attached. In addition, some researchers utilized

bistable oscillators; however, they mainly explored low degree-of-freedom (DOF) systems,

typically in the form of a linear oscillator coupled to a bistable attachment [32, 33, 34,

35]. These studies, on both the transient dissipative dynamics under impulse excitation

and the steady-state responses under harmonic excitation, unveil the potential of bistable

attachments for wideband attenuation behavior.

On the other hand, in metamaterial/metastructure settings, limited work has focused

on nonlinear resonating con�gurations [36]. For example, Lazarov et al. [37] considered

Duf�ng type cubic hardening nonlinear resonators; Banerjee et al. [38] numerically investi-

gated the effects of cubic hardening nonlinearity in a series of spring mass-in-mass system;

Casalotti et al. [39] explored the nonlinear frequency response of a metamaterial beam

with nonlinear absorbers and demonstrated enhanced vibration suppression performance.
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Figure 1.3: Examples of investigations on strongly nonlinear (bistable) absorbers and
energy sinks. (a) A bistable dual-stage vibration isolator under harmonic excitation [32].
(b) A linear oscillator coupled to a bistable light attachment under impulse excitation [34].
(c) Vibration control using a bistable snap-through attachment [33].

It is also worth mentioning that, in a parallel body of work, interesting phenomena such as

solitary wave propagation and unidirectional wave propagation have been demonstrated in

bistable lattices [40, 41, 42].

1.4 Quasiperiodic Metamaterials and Metastructures

Attempts at extending the resonant gap through non-uniform resonators, both in terms of

their natural frequency and their spacing, can be found in [7, 43, 44], among others. Parallel

to these efforts, there is considerable interest on the conditions that govern the onset of

localization [45, 46, 47]. Vibration localization can be both bene�cial in terms of isolating

components and limiting exposure, but can also be the source of catastrophic failures [48],

and therefore is of great relevance to the engineering community.

Inspired by the discovery of topologically non-trivial phases in electronic [49] and pho-

tonic [50] systems, various classes of topological phenomena such as quantum Hall and

quantum spin Hall effects have been studied and realized in acoustic and mechanical sys-

tems [51]. These works exploit defect-immune modes localized at edges or interfaces for

robust acoustic/elastic waveguiding. Recently, topological phases have also been explored
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Figure 1.4: Quasiperiodic systems in mechanics and acoustics. (a) Localized modes at
the boundary of �nite arrays of quasiperiodic discrete mechanical resonators [60]. (b)
Topological boundary and interface modes in quasiperiodic acoustic waveguides [61]. (c)
Hofstadter spectrum observed in recon�gurable quasiperiodic acoustic crystals [62]. (d)
Hofstadter spectrum shown in continuous beams supported by a quasiperiodic array of
ground springs [63].

in lower physical dimensional systems by exploiting virtual dimensions in relevant param-

eter spaces [52, 53, 54, 55]. In particular, quasi-crystalline or quasiperiodic structures have

been linked to topological insulators [56, 57, 58]. Quasiperiodicity de�nes a broad class

of geometrical patterns, of which periodic assemblies are particular cases. Thus, the study

of quasiperiodic (QP) arrangements of inclusions can extend the range of capabilities of

periodic metamaterials and metastructures [59].

A recent line of work considers a framework to investigate QP systems based on the

evaluation of their spectral properties, the evaluation of the density of states, and the es-
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timation of topological invariants that may characterize non-trivial gaps and the onset of

associated edge states [60, 61, 62, 63]. For example, recent work in mechanics [60] has

demonstrated that topological boundary modes can emerge solely from the patterning of a

metamaterial, in a manner that is entirely independent upon the structure of the resonators

and their coupling. The experimental observations in [60] also show the onset of local-

ized modes at the boundary of �nite arrays of discrete mechanical resonators, implemented

in the form of a chain of magnetically-coupled spinners. Topological boundary and in-

terface modes in QP acoustic waveguides are also observed in [61], while recon�gurable

QP acoustic crystals [62] are employed to experimentally observe their spectrum in the

form of a Hofstadter butter�y [64]. Furthermore, the numerical results in [63] have shown

how a Hofstadter spectrum also characterizes continuous structural beams supported by a

QP array of ground springs, and how localized modes can be predicted through topolog-

ical considerations on such spectrum. The studies referenced above provide insights into

modes that are localized at edges or interfaces and suggest new methodologies for wave

transport and localization. In addition, this body of work generally contributes to the lit-

erature that regards QP geometries as projections of higher dimensional manifolds onto

lower dimensional lattices, and that explores topological properties of higher dimensional

periodic systems, to assess properties in the lower dimensional physical space [65, 53, 55,

66].

In the context of utilizing synthetic dimensions to explore higher dimensional topolog-

ical effects in lower dimensional systems, topological pumping emerges as a phenomenon

of particular interest, whereby transitions of edge states from one boundary to another of

a 1D system are induced by parametric variations along one additional (synthetic) dimen-

sion, either spatial [52, 67, 68, 69, 70, 71] or temporal [72, 73, 74, 75, 76, 77, 78]. A

temporal pump embodies a 2D topological effect that governs the robust energy transport

in systems of a single spatial dimension. While the concept is very promising and sup-

ported mostly by theoretical investigations, [79, 75, 76, 78] its experimental realization for
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elastic waves has so far been elusive. Notable recent studies include the temporal pumping

illustrated in a dimerized magneto-mechanical system emulating the Su-Schreefer-Heeger

(SSH) model [74], and the mapping of egde state transitions in recon�gurable quasiperiodic

acoustic lattices [62].

1.5 Motivation and Dissertation Outline

Linear locally resonant metamaterials and metastructures have been well studied and cur-

rently it is well known that locally resonant bandgap bandwidth is limited by the added

inertia and the electromechanical coupling for mechanical and electromechanical metas-

tructures, respectively. In addition, even though locally resonant bandgaps do not require a

periodic arrangement of unit cells (unlike Bragg scattering-based bandgaps), most investi-

gations have been limited to structures with identical resonators that are placed uniformly.

To enhance the vibration attenuation capabilities such as broadening the attenuation fre-

quency bandwidth or controlling the vibration localization, this dissertation aims to expand

the concept of linear LR metamaterials and metastructures. Two directions as summa-

rized in the previous sections shed light onto performance enhancement: one is introducing

designed nonlinearity, speci�cally considering bistable attachments; the other one is intro-

ducing aperiodicity, namely by considering resonators in quasiperiodic arrangements.

To this end, the subsequent chapters are outlined as follows. Chapter2 investigates the

performance of nonlinear mechanical locally resonant metastructures via bistable attach-

ments, with experimental validation for a cantilever beam hosting an array of bistable mag-

netoelastic attachments. Chapter3 studies the dynamic behavior and topology of mechan-

ical locally resonant metastructures hosting quasiperiodic distributions of resonators, with

experimental validation on the existence of additional topologically non-trivial bandgaps

and edge-localized modes. Chapter4 investigates the electromechanical locally resonant

metastructures using quasiperiodically resonated shunt circuits, with experimental valida-

tion for a piezoelectric bimorph beam shunted to digitally programmable synthetic impedance
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circuits. Chapter5 investigates the temporal topological pumping in an electromechanical

metastructure, with experimental validation using a piezoelectric bimorph beam connected

to controllable negative capacitance circuits. Finally, Chapter6 summarizes the contribu-

tion of this dissertation and discusses the potential directions for future research.
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CHAPTER 2

MECHANICAL LOCALLY RESONANT METASTRUCTURES WITH BISTABLE

ATTACHMENTS

2.1 Introduction

In this chapter, the aim is to explore amplitude-dependent bandwidth enhancement in lo-

cally resonant metamaterials/metastructures via bistable attachments. A lumped parameter

model comprising a linear mass-spring chain with bistable attachments is considered for

the purpose of a basic qualitative concept demonstration. Numerical studies simulate the

system under low, moderate and high intensity excitations, so that the bistable attachments

exhibit linear intrawell, nonlinear intrawell and nonlinear interwell oscillations, respec-

tively. Additionally, escapes of the attachments from the potential wells under various

forcing frequencies and amplitudes are predicted numerically. In addition, for experimen-

tal validation, a distributed parameter model consisting of a cantilever beam with bistable

attachments is developed. Experimental results are then presented for a base-excited can-

tilever beam hosting seven bistable magnetoelastic attachments. Transition from a linear

locally resonant bandgap to nonlinear attenuation is observed, and the amplitude-dependent

bandwidth enhancement is shown.

2.2 Lumped Parameter Nonlinear Model

Consider the system of a linear mass-spring chain with bistable attachments as illustrated

in Fig. 2.1. The system has2N degrees of freedom (DOF) withN identical main masses,

m, andN identical bistable attachment masses,ma. The main masses are connected to

each other by identical linear springs of stiffnessk, while the springs between the main

masses and the attachments are nonlinear with a negative linear stiffnesska1 and a positive
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Figure 2.1: Schematic of a linear mass-spring chain with bistable attachments showing
an inset of a unit cell. Bottom right plot shows the double-well potential ofi -th bistable
attachment,Uai , as a function of relative displacementxai , with illustrations of intrawell
(green line) and interwell (orange dotted line) oscillations.

cubic stiffnesska3. The potential energy of thei -th bistable attachment with respect to the

corresponding main mass is:

Uai =
1
2

ka1x2
ai +

1
4

ka3x4
ai : (2.1)

Therefore the attachments exhibit a double-well potential with two stable equilibrium po-

sitions as shown in Fig. 2.1. A harmonic external forcef (t) = f 1 cos 
 t is applied to the

�rst main mass. The governing equations of motion for thei -th main mass and thei -th

attachment are:

(m + ma)•x i + ma •xai � c_x i � 1 + 2c_x i � c_x i +1 � kx i � 1 + 2kx i � kx i +1 = f (t)� i 1; (2.2)

ma(•x i + •xai ) + ca _xai + ka1xai + ka3x3
ai = 0; (2.3)

wherex i is the absolute displacement of thei -th main mass,xai is the displacement of the

i -th attachment relative to thei -th main mass, and� ij is the Kronecker delta. Eq. 2.2 and
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Eq. 2.3 can be non-dimensionalized into:

(1 + � )u00
i + �u 00

ai � �u 0
i � 1 + 2�u 0

i � �u 0
i +1 � ui � 1 + 2ui � ui +1 = pi � i 1 cos(!� ); (2.4)

u00
i + u00

ai + � au0
ai + � 2uai + u3

ai = 0; (2.5)

where the non-dimensional displacements areui = x i =Lc and uai = xai =Lc (for the

characteristic frequency
 c =
p

k=m and the characteristic lengthL c =
p

ma
 2
c=ka3).

Furthermore, the non-dimensional time� = 
 ct, excitation frequency! = 
 =
 c, ex-

citation amplitudepi = f i =m
 2
cL c, mass ratio� = m=ma, damping� = c=m
 c and

� a = ca=ma
 c, and� 2 = ka1=ma
 2
c are de�ned, while (�)0 denotes derivative with respect

to non-dimensional time� . With the choice of negative linear stiffnesska1, � 2 is negative

and there exist two stable equilibrium points for the attachment:

�uai = �
p

� � 2; (2.6)

where�uai are the stable equilibrium positions for thei -th attachment. Equation 2.5 can be

linearized around either of the two stable equilibrium positions. The resulting linear natural

frequency,� , of the attachment around either of the two stable equilibrium positions is

given by:

� =
p

� 2� 2: (2.7)

2.2.1 NumericalStudy

In this section, both the up-sweep and down-sweep frequency response of the lumped pa-

rameter system are presented. By varying the forcing amplitude, the amplitude-dependent

behavior is investigated.
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Analysis Approach

For the nonlinear system in Fig. 2.1, response to harmonic excitation may exhibit periodic

and aperiodic oscillations of intrawell and interwell types as known from the vast literature

of bistable structures [21, 22, 23, 20]. For the periodic steady-state solutions ofui anduai ,

the method of harmonic balance is used (details of the harmonic balance method and its

application examples for nonlinear structures can be found elsewhere [80, 81]). Since the

system has cubic nonlinearity, the truncated Fourier series representation should contain a

suf�cient number of terms [81]; three harmonics are used here. Eqs. 2.8 and 2.9 represent

the assumed three-term Fourier series expansion of the displacement ofi -th main mass and

the relative displacement ofi -th bistable attachment, respectively.

ûi = ai +
3X

m=1

�
A i;m cos

�
2�mt

T

�
+ B i;m sin

�
2�mt

T

��
; i = 1; 2; :::; N (2.8)

ûai = aai +
3X

m=1

�
Aai;m cos

�
2�mt

T

�
+ Bai;m sin

�
2�mt

T

��
; i = 1; 2; :::; N (2.9)

The resulting nonlinear algebraic equations for the Fourier coef�cients are then solved

using the multivariate Newton-Raphson method. For aperiodic solutions (including chaos),

the Runge-Kutta method (time-domain numerical simulation) is used.

Case Study

The numerical case study considers a10-DOF system, which includes5 main masses and

5 bistable attachments. Non-dimensional parameters used in the numerical study are sum-

marized in Table 2.1. To target the second mode of the plain mass-spring chain (for con-

cept demonstration), the bistable attachments are tuned to have� = ! n2 = 0:8308(using

� 2 = � 0:3451), where! n2 is the second natural frequency of the 5-DOF plain mass-spring

13



Table 2.1: Non-dimensional parameters for the lumped parameter model

Symbol Description Value
N Number of unit cells 5

 c Characteristic frequency 1
L c Characteristic length

p
5

� Mass ratio 0:1
� Damping for main masses 0:1
� a Damping for attachments 0:02
� Linear natural frequency 0:8308

chain. Harmonic force is applied to the �rst main mass, and six levels of non-dimensional

forcing amplitude are simulated. For the frequency response analysis of the nonlinear sys-

tem, simulations are performed for both up and down frequency sweeps at each forcing

amplitude over the non-dimensional frequency range of0:6 < ! < 1:1.

Simulated non-dimensional results of up-sweep frequency responses for the5-th attach-

ment and5-th mass are presented in Fig. 2.2 using the root-mean-square (RMS) value at

each frequency. Whereas Fig. 2.3 shows the simulated down-sweep frequency responses

for the5-th attachment and5-th mass. Here the RMS value instead of the amplitude value

of the displacements is used in the plots to capture the aperiodic dynamics of the system.

In Fig. 2.2b and Fig. 2.3b, the shaded region shows the linear bandgap based on the theory

developed for a �nite and discrete metamaterial chain [11]. The range of the bandgap is:

�
p

2

q
(1 + � + 4�) �

p
(1 + � + 4�) 2 � 16� < ! < �

p
1 + �; (2.10)

where� = 1 =� 2. For very low forcing levels (e.g.p = 5:0 � 10� 4), the system exhibits

linear/quasilinear behavior, yielding a locally resonant bandgap. The second mode (the tar-

get mode) of the plain mass-spring chain is attenuated while additional resonances appear,

which is similar to the behavior of just using linear locally resonant attachments. As the

forcing level increases, nonlinear intrawell softening and interwell oscillations are enabled

gradually. Especially interwell chaotic oscillations of the attachments yield a very broad-
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Figure 2.2: Numerical simulation results for non-dimensional displacement up-sweep
frequency response of5-th attachment (a) and5-th mass (b) under different force levels
normalized by the non-dimensional forcing amplitude.

band attenuation. In addition, time histories of the5-th mass and5-th attachment under two

different excitation levels at the same frequency (! = 0:7091) for the down-sweep case il-

lustrate the amplitude-dependent dynamic behavior of the system in a more direct way as

shown in Fig. 2.4. The comparison shows that the attachment oscillates periodically around

one of the equilibrium location under low forcing level (p = 5:0� 10� 3), while it oscillates

chaotically between two equilibrium locations under high forcing level (p = 2:5 � 10� 2).

For design and analysis purposes, it is of interest to quantify the level of forcing in-

tensity required for escape from the potential wells of the bistable attachments. Here, a

numerical analysis is performed to this end, as summarized next (analytical approaches

exist for lower DOF systems [82]). Figure 2.5 presents maps for the prediction of all �ve
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Figure 2.3: Numerical simulation results for non-dimensional displacement down-sweep
frequency response of5-th attachment (a) and5-th mass (b) under different force levels
normalized by the non-dimensional forcing amplitude.

attachments' escape from the potential well by varying the forcing frequency and ampli-

tude. The maps are produced by varying the normalized frequency from0:6 to 1:1 with

increments of5� 10� 4, while varying the normalized forcing amplitude from0 to 0:1 with

steps of5 � 10� 4. Both the black region and the yellow region represent intrawell oscil-

lations, with black denoting periodic oscillations using the harmonic balance method, and

yellow indicating aperiodic oscillations from time-domain simulations. Red regions repre-

sent interwell chaotic oscillations of the attachments based on time-domain simulations. As

can be seen from the maps in Fig. 2.5, a threshold forcing amplitude exists for the bistable

attachments to undergo intrawell oscillations for all excitation frequencies. Remarkably,

interwell oscillations are easier to form with a lower forcing amplitude especially around
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Figure 2.4: Numerical simulation results for the time history of non-dimensional dis-
placements for the5-th mass and5-th attachment under different excitation amplitudes at
! = 0:7091: (a)p = 5 � 10� 3 and (b)p = 2:5 � 10� 2.

the two resonances of the linear/quasilinear frequency response curves (cf. the frequency

axes in Fig. 2.2b and Fig. 2.5).

2.2.2 ExperimentalValidation

Experimental investigations are presented next to demonstrate the overall concept of bistable

locally resonant metastructures and validate amplitude-dependent bandwidth enhancement.

Experimental Setup

The metastructure is physically implemented in the form of a cantilever beam with 7 mag-

netoelastic beams as bistable local attachments (Fig. 2.6). The experimental setup shown
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Figure 2.5: Numerical map to quantify the forcing required for potential well escape
of the attachments as a function of normalized frequency and normalized forcing ampli-
tude: (a)-(e) correspond to attachment 1 to 5 respectively. Black region: intrawell periodic
oscillations; Yellow region: intrawell aperiodic oscillations; Red region: interwell aperi-
odic/chaotic oscillations.
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in Fig. 2.6 consists of a3:175mm thick,3:175cm wide, and88:9 cm long aluminum beam,

divided into 7 unit cells. The bistable attachments are made from spring steel cantilevers

with tip masses. Each spring steel cantilever is9:525mm wide,0:254mm thick and extend-

ing the edge of the extruded slot by3:94cm long. Two9:525mm cube-shaped permanent

magnets are placed at the free end of each spring steel cantilever. Each magnet has a hole

through the center which is perpendicular to the magnetization direction. To realize the

bistability, the other pair of two magnets are attached to the aluminum beam (Fig. 2.6a)

and two stable equilibrium positions are obtained (Fig. 2.6b).

Since the cantilever is clamped on one side of the aluminum beam, the thickness of

the beam affects the symmetry of the double-well potential of the attachments. Spacers

are placed between the beam and magnets to compensate for the beam thickness so that

the double-well potential can be as symmetric as possible. The beam is clamped vertically

to an APS-113 long stroke shaker, which excites the beam by base motion horizontally.

The shaker is driven by an APS-125 ampli�er and controlled by a SPEKTRA VCS-201

controller for the purpose of having a harmonic base acceleration at speci�ed amplitudes

and frequencies. Base acceleration measured by an accelerometer is fed back to the VCS-

201 controller. The tip velocity of the beam is measured with a Polytec OFV-505 laser

Doppler vibrometer (LDV) near the free end of the beam. The transmissibility frequency

response of the beam is obtained by sweeping the excitation frequency up from8 Hz to 20

Hz and down from20 Hz to 8 Hz at a rate of2:5 Hz/min for different base acceleration

levels.

Experimental Results

As shown in Fig. 2.7, the unit cells are designed to allow �exibility in the potential wells of

the bistable attachments by varying the distance between magnets, which is quanti�ed by

the vertical distance,d, between the lower edge of the rectangular slot and the upper face

of the cubic magnet. The transmissibility frequency response in Fig. 2.7a is de�ned as the
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(a)

(b)

Figure 2.6: (a) LR metastructure (cantilevered beam with 7 magnetoelastic bistable beam
attachments) with a close up view of a unit cell (magnet polarity: red is north and blue
is south). (b) Left: A bistable attachment in its two stable equilibrium positions. Middle:
Experimental setup with an LDV oriented vertically at a 45-degree mirror to measure the
transverse tip velocity of the beam. Right: Front view of the beam.

ratio of the steady-state velocity at Point B to that at Point A on the spring steel cantilever

(shown in Fig. 2.7b). Since the clamping of the spring steel cantilever is asymmetric, the

resulting double-well potential is not perfectly symmetric in the experiments (i.e., a small

amount of quadratic nonlinearity is inevitable). Slightly different post-buckled linear natu-

ral frequencies (previously de�ned as the non-dimensional� ) are observed for the bistable

attachment in stable equilibrium positions 1 and 2 (while it is negligible here, the effect of
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