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... We are no bigger than a gnat in the universe or a grain of corn in the vast ocean. Our
life is brief and evanescent, while I envy the eternity of time like the unending flow of this
great river. ... The water passes continually by, and yet it is always here. The moon waxes
and wanes but it always remains the same moon. If you look at the changes that take place
in the universe, there is nothing in it that lasts more than a fraction of a second. But if you
look at the unchanging aspect of things, then you realise that both the things and ourselves

are immortal. ...
-Su Shi, Former Ode on the Red Cliffs, 1082 (translated by Lin Yutang in “The Gay
Genius: The Life and Times of Su Tungpo™, 1947)



To my family.
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SUMMARY

This thesis focuses on analyzing the physics and designing multiscale methods for non-
linear dynamics in mechanical systems, such as those in astronomy. The planetary systems
(e.g., the Solar System) are of great interest as rich dynamics of different scales contribute
to many interesting physics. Outside the Solar System, a bursting number of exoplanets
have been discovered in recent years, raising interest in understanding the effects of the
spin dynamics to the habitability. In part | of this thesis, we investigate the spin dynamics
of circumbinary exoplanets, which are planets that orbit around stellar binaries. We found
that habitable zone planets around the stellar binaries in near coplanar orbits may hold
higher potential for stable climate compared to their single star analogues. And in terms of
methodology, secular theory of the slow dominating dynamics is calculated via averaging.
Beyond analyzing the dynamics mathematically, to simulate the spin-orbit dynamics for
long term accurately, symplectic Lie-group (multiscale) integrators are designed to simu-
late systems consisting of gravitationally interacting rigid bodies in part Il of the thesis.
Schematically, slow and fast scales are tailored to compose ef cient algorithms. And the
integrators are tested via our packdgRIT. For the systems that are almost impossible
to simulate (e.g., the Solar System with the asteroid belt), how can we understand the
dynamics from the observations? In part Ill, we consider the learning and prediction of
nonlinear time series purely from observations of symplectic maps. We represent the sym-
plectic map by a generating function, which we approximate by a neural network (hence
the name GFNN). And we will prove, under reasonable assumptions, the global prediction

error grows at most linearly with long prediction time as the prediction map is symplectic.

XVii



CHAPTER 1
INTRODUCTION

Since “the Big Bang” around 13.8 billion years ago [1], the universe has been evolving
never-ending — for days and nights, minutes and seconds. Zooming in the evolution of the
Earth, dynamics of different scales have been constantly changing our world — in the mil-
lions to billions of years' scale, the tectonic plates drift and collide, forming the landscape
of the Earth's surface [2]; in the thousands to millions of years' scale, ice sheets advance
and retreat during cycles of glacial periods, dynamically changing the climate of the Earth
[3, 4]; every year, the Earth revolves around the Sun once, bringing a variety of weathers
for life on the Earth; furthermore, the changing and evolution of our world take place every
moment - in tiny scales of seconds, milliseconds etc. Since the mechanics of our universe
are naturally evolving with fast and slow scales mixed together, properly modeling and
understanding the multiscale dynamics in methodology and in speci ¢ scienti ¢ questions
are important both mathematically and physically.

Over the past several centuries, the Solar System was discovered and understood by
humanity step by step through observations, analyses, simulations and explorations. How-
ever, in the mechanical view, the Solar System is still far from fully understood because of
its rich dynamics of different scales. For example, to understand the orbital dynamics of the
planets in the Solar System, beyond the point mass planetary interactions, in the long run,
how the asteroid belt and the planetary spins affect the orbital dynamics are still unclear.
To understand the spin-orbit dynamics, simulations of systems consisting of rigid bodies
with long term accuracies is the holy grail. However, simulation is not always an appro-
priate approach — the asteroid belt, consisting of millions of asteroids, is almost impossible
to simulate. A possible approach to tackle those problems is to understand the dynamics

(e.g., the asteroid belt) by fusing machine learning with domain knowledge.



Towards understanding not only our Solar System, but also the exoplanetary systems,
three projects are explored in the following chapters in terms of analyzing the spin dynam-
ics, designing accurate symplectic integrators for spin-orbit coupled systems and predicting
the (Hamiltonian) dynamics from observations.

In Chapter 2, the spin dynamics of Earth-like planets in circumbinary systems are mod-
eled and analyzed to study the effects of the spin-axis variations to the stability of the
planet's climate. In this system, periodic / oscillatory dynamics exist in different scales:
from fast spins, orbital evolutions to slow precessions, and ve major dynamics are list
here — 1. The planet self-rotates periodically. 2. The inner binary stars revolve periodi-
cally. 3. The planet orbits around the binary stars every orbital period. 4. The planetary
orbit precesses, re ected in the oscillation of orbital inclinations and the orbit's longitude
of ascending node. 5. The spin-axis of the planet precesses, evolving the phase of the
spin. Due to the rich dynamics described above, resonances need to be carefully studied
to reveal the underlying physics. Here, we are interested in the spin-orbit resonance of the
last two angles above, and this resonance is the main reason of the planets' large obliquity
variations (e.g., the Moonless Earth [5, 6], the Mars [7]). For circumbinary systems, we

nd that the large quadrupole potential of the stellar binary could speed up the planetary
orbital precession, and detune the system out of spin-orbit resonances compared to their
single star analogues. This leads to very small obliquity variations for planets that reside
near the same plane as the stellar binaries. Mathematically, we carefully average the fast
angles [8] and isolate the dominating slow dynamics of the spin axis — our secular theory
agrees well with the numerical simulations (see Chapter 3 for our symplectic integrators).

In Chapter 3, we develop symplectic Lie-group (multiscale) integrators to simulate sys-
tems consisting of gravitationally interacting rigid bodies to study the spin-orbit dynamics
of planetary systems (e.g., the circumbinary systems described in Chapter 2). Three dif-
ferent classes of schemes, namely Thseries, theM -series, and th&-series methods,

are designed via different splitting and composition strategies. Speci cally, tailored split-



tings (M -series methods anid-series methods) are utilized in the stage of splittings to
divide the slow and fast scales, therefore a better trade-off between ef ciency and accuracy
of numerical schemes can be achieved. Numerically, the conservation properties and con-
vergences of our integrators are tested via our packeRE!. As a demonstration, this
package is applied to Trappist-I. It shows that the differences in transit timing variations
due to spin-orbit coupling could reach a few min in ten year measurements, and strong
planetary perturbations can push Trappist-I f, g and h out of the synchronized states.

In Chapter 4, instead of analyzing dynamics using traditional mathematical tools (Chap-
ter 2) / numerical methods (Chapter 3), the fashion of our age, machine learning, is incorpo-
rated to investigate the dynamics purely from data. Speci cally, we consider the problem
of learning the underlying dynamics from a nonlinear time series generated by a latent
symplectic map. A special case is Hamiltonian systems, whose solution ows give such
symplectic maps. For this special case, both generic approaches based on learning the vec-
tor eld of the latent ODE and specialized approaches based on learning the Hamiltonian
that generates the vector eld exist. Our method, however, is different as it does not rely
on the vector eld nor assume its existence; instead, it directly learns the symplectic evo-
lution map in discrete time. Moreover, we do so by representing the symplectic map via a
generating function, which we approximate by a neural network (hence the name GFNN).
This way, our approximation of the evolution map is always exactly symplectic. This addi-
tional geometric structure allows the local prediction error at each step to accumulate in a
controlled fashion — the global prediction error grows at most linearly with long prediction
time for an integrable system. In contrast, the error grows exponentially for non-symplectic
predictions. In addition, as a map-based and thus purely data-driven method, GFNN avoids
two additional sources of inaccuracies common in vector- eld based approaches, namely
the error in approximating the vector eld by nite difference of the data, and the error in

numerical integration of the vector eld for making predictions. The effectiveness of our

Ihttps://github.com/GRIT-RBSIim/GRIT



algorithm and the validity of our theory on reduced error are also demonstrated experimen-

tally on various types of dynamical systems.



CHAPTER 2
SPIN DYNAMICS OF CIRCUMBINARY PLANETS

2.1 Introduction

Orientation of planetary spin axis plays an important role in the climate of a planet. For
Earth, the spin-orbit misalignment, known as obliquity, varies betwdeh and24:4 ,

and this together with the variations in the orbit's eccentricity (oscillating up t0:06)

are the main causes of the Milankovitch cycles of Earth climate variations, and may lead
to glacial cycles [3, 9, 10, 11]. For Mars, the spin axis exhibits wild variation that can
reach 60 [12, 5, 7], which has drastic effects: with a high obliquity of45, Mars'
atmosphere could have partially collapsed du€ @, condensation; this is consistent with

the glacier-like landform discovered in the tropics and mid-latitude of Mars [13, 14].

Beyond the Solar System, the rapidly growing number of detected exoplanets calls for a
better understanding of the uniqueness of life and searches for habitable worlds in the uni-
verse. Inspired by the discovery that, if Moon did not exist, Earth spin-axis would be chaot-
ically varying with obliquity ranging between 0 50 at the billion-year timescale [15,

16], this article joins the contemporary effort of studying Exo-Milankovitch cycles by quan-
tifying obliquity variations in exoplanetary systems. Although it was predicted based on
energy balance models that the habitable region can be increased if a planet has a high
obliquity [17], terrestrial planets with massi@0O, atmospheres (typically expected in the
outer regions of habitable zones) can be subject to snowball transitions and experience par-
tial atmospheric collapse [18, 19]. Therefore, a large obliquity variation could limit the
habitability of an Earth-like planet.

Are the spin-axes dynamics of exoplanets typically stable, or do they also require a

massive moon for the stabilization, like Earth? Detailed analysis has been conducted for



particular exoplanets residing in the habitable zone and with one host star. For instance,
Kepler-186f likely has a stable spin axis and does not need a moon, due to their weak
couplings with its companion planets [20]. In addition, the maximum extent of chaotic

regions of obliquity has then been estimated for a wide range of exoplanetary systems [21].

Although planets orbiting around single stars, analogous to those in Solar System, have
been studied in great details, it was unclear how planetary spin-axes would vary if the planet
orbits around stellar binaries. This is actually a meaningful question because roughly half
of Solar-type stars are in binaries [22, 23]. Moreover, planet orbiting around both of the
binary components are in fact common (c.f. planet orbiting around just one star of the
binary, whose obliquity variation has been studied in [24]): over a dozen such planets
have been discovered [25, 26], and the occurrence rate of these planets are similar to those
around single stars [27, 28]. Thus, it is important to better understand the habitability of
circumbinary planets, and we do so from the perspective of spin-axis dynamics.

In general, large obliquity variations manifest due to resonances between gravitational
torque from the host star and the orbital perturbations from a planet's companions. Specif-
ically, if there were just one star, the planetary spin axis is torqued by the only star. This
would lead to spin-axis precession in the same way as the precession of a top under Earth's
gravity. If the spin axis precession frequency could coincide with the orbital oscillation
frequency, the spin axis can vary with large amplitude due to the spin-orbit resonance.
However, because in the single star case the planetary orbit is almost constant over time
with no planetary companiohsthere is no spin-orbit resonances and obliquity will be a
constant. Having two stars in the center completely changes the physics, because (i) there
are torques from both stars, and (ii) the planetary orbit is no longer stationary. Therefore,
the obliquity variation can be very different from the well understood case, and the tradi-
tional framework for analyzing single star systems cannot be directly applied. Therefore,

this article develops a secular theory for the obliquity variations of circumbinary planets

11t would be exactly constant as the solution to a two-body problem if the planet and star were point
masses



and investigates their detailed evolutions. Results are also con rmed and strengthened by

a newly developed numerical tool [29] and its simulations.

2.2 Notations

M, The mass of the-th Star (=1, 2)
M 2
M +M,
mp The mass of the planet
mp(M ,+M )
p M 1+M 2+ mp
M 1M 2
2 3 M *M
FR VI
o= g 0 |I§,2) 0 The (standard) moment of inertia tensor of the planet
o o I®
R The radius of the equator of the planet
D =fl;g;h;L;G;HGg The Delaunay variables of the inner orbit
D = flg; dq; hg; Lg; Gg; Hag The Delaunay variables of the outer orbit
A = fga;ha;la; Gy Ha Lag The Andoyer variables of the planet

Spin-Axis Angle and Obliquity. The spin-axis angle is the angle between the plan-
etary spin-axis (i.e!.G a) and the normal to the reference plane () as shown in
Figure 2.2. The obliquity is the angle between the spin-axis and the normal to the
planetary orbital plane. Variations in both orbital orientation and the spin-axis affect

the obliquity.

2.3 Main Results

Different from planets around a single star, we nd that spin-axis variations of circumbi-
nary planets are typically low. This is because the stellar binary in the center produces

a much larger quadrupole moment, which leads to faster orbital precession comparing to



the cases of a single star. This detunes the system from spin-orbit resonances and leads
to low variations in planetary spin-axis. section 2.3.1 uses a heuristic calculation to illus-
trate this intuition, and then we will obtain more accurate and detailed results using both
analytical secular theory and full rigid-body simulations. More precisely, the spin-axis
dynamics admits different behaviors over separated timescales: the fast timescale corre-
sponds to rotations along the orbit, and the slower timescales correspond to spin-axis and
orbital variations. We average out the faster timescales to obtain the secular theory. We
start with the single planet case in section 2.3.2 for simplicity, where section 2.3.2 presents
our secular theory, and its results are veri ed using rigid-body simulations in section 2.3.2.
Our results are then generalized to multi-planet systems in section 2.3.3: an analytical ap-
proach based on the Lagrange-Laplace method for multiplanetary systems is described in

section 2.3.3, followed by systematic numerical investigations in section 2.3.3.

2.3.1 HeuristicCalculation

For a planet orbiting around a stellar binary, its orbit precesses around the orbit of the
stellar binary, and the spin-axis precesses around the planetary orbital orientation. When
the orbital precession frequency matches that of the spin-axis, spin-orbit resonance occurs
which can drive large obliquity variations.

The frequency of the orbital precession can be estimated as [30]:

3 aQp 2 MM,

R = Zcosi)" a (M 1+ M2

(2.1)

where i is the mutual inclination between the orbit of the stellar binary and that of the
planet, andn is the orbital frequencya, and a, are the semi-major axes of the stellar
binary and the planet, artdd ; andM , are the masses of the stellar binary.

On the other hand, the planet spin-axis precession can be estimated too. In the case

of single host star, this precession frequency due to the torque from a central star can be



Figure 2.1: Stellar binary periodP{, in days) that leads to planet spin-orbit resonances.
Spin-orbit resonances could only occur for closely separated stellar binBgigs. ( 1
day), unless the mass ratio of the stellar binary is below:05 for fast rotating planets
with rotating period of 5 hours.

expressed ascos [5], where

- 3GM . (2.2)

S 2 a3
is the spin-orbit misalignment (obliquity), is the spin rate of the planei is the
mass of the central star arkt); is the dynamical ellipticity of the planet. For Earth-like
planets (with mass and interior structure similar to Earfhy,= Egq4 (!=! )2, where
Eq = 3350 10 %and! are the dynamical ellipticity and rotation rate of the Earth

separately.

To obtain a rough estimation of the spin-precession frequency in the case around a

stellar binary, we substitute the mass of the central star with the total mass of the stellar

binary, while assuming the average distance to each of the stars are roughlyThen,

the spin-axis e.g. the Moonless Earth, Mars precession frequency beBofaéa )Eg.

The separation of the stellar binary components and their masses determines the quadrupole

moment and the possibilities of spin-orbit resonances for Earth-like planets. Thus, as-

suming the planet is Earth-like and located at one Earth ux, we can estimate the pe-

riod of the stellar binary that could drive to slow enough orbital precession to excite spin-
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Figure 2.2: The demonstration of a planet orbiting around the stellar binary.

orbit resonances. Setting the total mass of the stars to be one solar mass for illustration,
Fig.Figure 2.1 plots the stellar binary period as a function of the planets rotatiotiate)(
and the stellar binary mass ratio. We assume the luminosity of the stars follows the mass-
luminosity relation [ / m3%) for simplicity. The qualitative results are the same for
different total masses of the stellar binaries. The maximum rotation rate we included in the
plot is the breakup angular veIocit?/ Gm,=R3).

Fig.Figure 2.1 shows that spin-orbit resonances could only occur when stellar binary
period is less than 1 day, unless the mass ratio of the stellar binary is very sn@a0%)
and when the planet rotates much fas&™{ ). However, so far, no circumbinary planets
have been detected that orbit stellar binary with a period less than seven days. This is likely
due to the formation processes that leads to the orbital decay of the stellar binary to short
periods via Kozai-Lidov oscillations [27, 31, 32]. Thus, it is challenging to excite the

obliquity of circumbinary planets via spin-orbit resonances.

2.3.2 SinglePlanetAroundBinary Stars

Secular Theory

Existing spin-axis secular theories in the literature focused on single star systems, where the
mean anomaly increases linearly with time [33]. This is no longer the case for circumbinary

planets, whose mean anomalies change at time-varying rates. To correctly characterize the

10



long term effective behavior, we adopt rigorous normal-form-based treatment for averaging
multiple nonlinear angles, which physically corresponds to averaging over time instead of
the mean anomaly of a planet in a Hamiltonian s&tup

In order to accurately characterize the spin dynamics, the planet is modeled as a rigid
body instead of a point mass. The problem set up is shown in Fig. 2.2, where the two
yellow dots represent the stellar binary and the blue one represents the Hapgtare
the principal axes of the reference frainande; ».; are those of the planetary body where
ez aligns with the symmetry body axis.

The original, unaveraged Hamiltonian in canonical variables (Delaunay variables for
the orbit and Andoyer variables for the spin-axis) is denoted by

H(A;D;l ;L)

| (2.3)
=T (D) + T™ (A)+ V (A;D;l ;L)

whereT'"ea" s the linear kinetic energy of the rigid body® is the rotational kinetic
energy of the rigid body Eq. (2.25):

HZ , GE HZ

T rot (A) -
a8 2af

(2.4)

andV is the gravitational potential generated by the binary stars on the oblate plaset,
the mean anomaly of the inner orbit, alndis its conjugate momentum.

Appropriately averaging over the stellar binary's orbital phase, planet's orbital phase
and planet spin, we can obtain the secular dynamics of the planetary obliquity, governed

by the following ODE system (see sections 2.4.1 and 2.4.2 for derivation):

2How to do so is well studied [8, 34]. Two distinctions between this work and the rich eld of restricted
3-body dynamics [35, 36, 37, 38] to which these tools also apply are: (i) the latter considers point masses
only, thus no spin; (ii) there is no/negligible orbital resonance in our considered physical parameter range.

3We will follow the convention used for Andoyer variable and call an inertial frame the reference frame.
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8 h
3x =sin(h) CX" 1 XZ+4C,cos)(1l  X?)

2.5)
1 2x2 (
C1cost)( - ) 2C,X cos() + Cs+2CaX:

2 =

whereX = H,=G,; is the cosine value of the angle between spin's angular momentum and
Es, andh = hy h, is the phase difference between the precessions of the planet's orbit
and the planetary spin. Similar to the single star case [A5h, together give a secular
approximation of the planetary spin dynamics. We note that planetary orbital dynamics
is not affected by the spin-axis variations in the secular limit. This can be understood
intuitively since the angular momentum of the planetary spin is much lower than that of the
orbit. However, the spin-axis evolution is sensitive to the orbital oscillations. In particular,
in the secular limit for planets around the stellar binary, planetary orbital shape (semi-major
axisa and eccentricitg) and inclination are constants over time, and the orbital orientation
(argument of pericentey andhy) are changing slowly due to the stellar binary quadrupole
potential.C; 4 in our secular equation of motion (eq.Equation 2.5) depend on the constant
parameters of the planetary orbit and the masses of the planet and the stars, and the spin-
axis variations also depend on the nodal precession of the orbit.

A remark is that the dynamics above (Equation 2.5) corresponds to Hamiltonian

H(X;h):Clpl X2X cosh)+ C, 1 X2 cos(h)

(2.6)
+ CaX + CgX 2
For circumbinary planets in physical parameter range, the val@ & much bigger
than those ofC;.,.4 (see e.g., Fig. 2.3) unless the planet's orbit is nearly orthogonal to the
binary's. These values, according to our secular equations of motion (Equation 2.5), lead
to X being nearly a constant aihdinearly changing with time (notke 2 T, notR), which

corresponds to fast precession of the spin axis along the orbital normal direction and near
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Figure 2.3:C,,C,,C3,C4 change with respect to mutual inclinatignof Kepler-47system.

constant obliquity. This is how the developed secular theory elucidates the low obliquity
variation.

We now illustrate a fuller picture of what the secular theory can say about the effect of
stellar binary on the planetary spin dynamics. To be concrete, w&ejgler-47 system
(a =0:083AU, M |, =1:043M ,M , = 0:362M ) as an example, but the dynamics
and bifurcations are topologically the same for general circumbinary systems. Varying
one parameteri() of the system and keeping others xed, the spin dynamics undergoes
a series of bifurcations and switches between topologically different dynamic2with
xed points (the2;4;6 xed points cases respectively correspondifo= 0 to the 1st
bifurcation point near, = 89 , the 1st to the 2nd bifurcation point nagr= 89:99 , and
the 2nd bifurcation point tg, = 90 in Fig. 2.4).

Comparing to the single star system, the circumbinary system has an additional bifur-
cation. More precisely, the spin dynamics in thel saddle point parameter regime (from
ip = 0 to the 2nd bifurcation point in Fig. 2.4) are similar to the single star system [21]
as both bifurcations are due to the 1 spin-orbit resonance [39, 21]; however, the regime

with two saddle points is unique to the circumbinary system. In particular, a second saddle
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Figure 2.4: Bifurcation diagram with the varying parameter bejgThree plots with
different scalings of,, axes are concatenated together. Each family of xed points is de-
noted by a color. Dots indicate bifurcation locatioB#urcation point 1 is a Hamiltonian
saddle-node bifurcatiomBifurcation point 2 is a Hamiltonian pitch-fork bifurcation.

Figure 2.5: Phase diagrams of {3 h) dynamics in Eqg. (2.5) with the varying parameter

ip (in Fig. 2.4) xed asi, = 80 ; 898 ; 89995 from the 1st column to the 3rd column
respectively. The phase portraits in the second row are the maps of corresponding phase
portraits above in spheres wi¥ the latitude coordinate andthe longitude coordinate.

Dots indicate xed pts, blue being nonlinear centers and red being saddles.
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point is created out of a previously stable xed point when the mutual inclination between
the inner and the outer orbits reaches ne@@y as the consequence of a Hamiltonian pitch-
fork bifurcation. Two additional centers also appear from the bifurcation, corresponding
to con gurations for which torques from the two stars cancel out. For illustration, phase
portraits of xing three different, values in Fig. 2.4 are plotted in Fig. 2.5 withbefore

the 1st bifurcation, between the 1st and the 2nd bifurcation and after the 2nd bifurcation
respectively from the left to the right. To better observe the spin dynamics in 3D space,
the phase diagrams in spheres in Fig. 2.5 are wrapped from the 2D phase portraits, demon-
strating the trajectories of the spin direction (with respect to the planetary orbit) as the level
sets in the sphere. Speci cally, in Fig. 2.4, from the 1st column to the 2nd column, one
center and one saddle emerge from aro(nd; 0) and this bifurcation is due to the: 1
spin-orbit resonance (it is common to single star systems); from the 2nd column to the 3rd
column, the xed point around ; 1) changes from a stable center to an unstable saddle
with two centers symmetric tb = emerge around it due to the 2nd bifurcation and the
two emerged centers take place arogrd2; 0:4), (3 = 2; 0:4) in the phase diagram of the

3rd column.

Mathematically this corresponds to the case wl&yés no longer dominating. Physi-
cally, this corresponds to a previously stable con guration changing into an unstable one,
accompanied by two libration-like stable regions emerging nearby, encircled by larger scale
transports outside. It happens especially when the planetary orbits are largely tilted with
respect to the plane of the stellar binary.

It is unclear yet how physical a nef0 inclination is. However, our main claim,
namely the reduced obliquity variation due to the existence of two host stars, is due to the
guantitative behavior of the secular dynamics (Equation 2.5) for inclinations away from
90 (not the emergence of a 2nd bifurcation). The new behavior after the 2nd bifurcation
(near90 ) is currently just a theoretical prediction and a by-product (our main result is still

the modest obliquity variation in the low inclination cases).
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Full-body Simulations

An accurate and ef cient numerical method for simulating gravitationally interacting rigid
bodies (as opposed to point masses) was recently developed based on symplectic Lie group
integrators [29]. We conduct such simulations, which will be termed as full-body simu-
lations, for two purposes: (i) to validate our secular theory, and (ii) to demonstrate that
stabilization of the long-term obliquity dynamics is a rather general phenomenon.

More speci cally, this section will rst detail a case study and then sample through
the parameter space of circumbinary planetary systems to quantify the ubiquity of stable
obliquity dynamics. For the relevance to habitability, we will focus on Earth-like planets
in near circular orbits. The planet mass, semi-major axis/rotation period, eccentricity, and
oblateness are set to be the same as that of the Earth; however, a wide range of inclinations
is considered.

The case study is based on a concrete example: Fig. 2.6 quanti es the spin axis variation
of anEarth-likeplanet in a circumbinary system analogouapler-47(a = 0:083AU,

M, =1:043M ,M , =0:362M ) [40]. Results based on both rigid body dynamics sim-
ulations (solid line) and our secular approximation (dashed line; see section 2.4.2 for details
of this theory) were both included. Different colors represent different mutual inclinations
between the planet and the stellar binary.

The upper panel of Fig. 2.6 presents the results osthie-angle which measures the
tilt of the spin-axis relative to the invariable plane (the plane normal to the total angular
momentum of the system). It illustrates the dynamical variation of the spin-axis. The solid
lines represent the full body simulation and the dashed lines represent our secular results
in gure Fig. 2.6, and it shows that the secular approximation agrees very well with that of
the rigid body simulations. Fig. 2.6 shows that #pn-anglevariations remain very small
(. 1) for all mutual inclinations. This suggests that the effect of a stellar “perturber’ is
different from that of planetary perturbers; for example, both Moon-less Earth and Mars are

known to have large and chaospin-anglevariations as a result of spin-orbit resonances
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due to the perturbation of the planetary companions [15, 7]. Similar to the results based on
the secular theory, when orbiting around a stellar binary, the spin precession frequencies
are much faster than the orbital precession frequency due to the large quadrupole potential
of to the stellar binary in the center. Thus, the spin-orbit resonances are absent, and the
spin-angleonly has very small oscillations.

The example in Fig. 2.6 shows that for a near coplanar circumbinary system analogous
to Kepler-47 both thespin-angleand the planetary obliquity variations are small, due to
the lack of spin-orbit resonances. Does this feature persist for a single planet orbiting
around generic stellar binaries? Typical ranges of the properties of stellar binaries hosting
circumbinary planets are not yet well understood, due to the limited sample size of the
observed transiting systems (11 so far). However, the understanding so far include that
(i) the stellar binaries hosts typically have orbital periods longer than seven days, which
are larger than those of eclipsing stellar binaries3gdays) [27]; (ii) the mass ratio of the
binaries is consistent with that of the stellar binaries in the eld (roughly uniform) [41]. In
order to make a robust claim, we consider a broad range of binary con gurations.

Speci cally, we enumerate stellar binary con gurations by vary%gi 2 [0:0%; 1]and
a 2 [0:05;0:3]. We set the sum of the stellar binaries to be one solar mass for an intuitive
comparison with Solar system. The lower limit of the mass ratio is set so that the binary
components are both with stellar masses. The minimum semi-major axis corresponds to
orbital periods of 4 days, and the maximum semi-major axis corresponds to orbital
period of 60days. The maximum semi-major axis is set so that a planet at 1AU remains
stable [42]. Then, we calculate the amplitude of the spin-angle variations of an Earth-like
planet with1 inclination (from the orbital plane of the stellar binary) using our secular
theory to illustrate the effects quantitatively.

Results are summarized in Fig. 2.7. The spin angles mostly have variations less than
1 for stellar mass ratio larger th&@n01 and stellar separation larger th&n0:05AU (cor-

responding to a binary peria®l 4 days). This suggests that the latitudinal distribution of
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Figure 2.6:Spin-Anglg(upper panel) and obliquity (lower panel) versus time for an Earth-
like planet orbiting around a binary star. The binary stars' orbital parameters were set
according to the stellar binary propertieskdépler-47system, and the planet was chosen

to beEarth-like Multiple colors represent different mutual inclinations between the planet
and the stellar binary, and the solid / dashed lines represent results from rigid body sim-
ulation / secular theory. It shows that the spin angles have only small variations, and the
obliquity variations are mainly due to planetary orbital variations.
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Figure 2.7:Spin-Anglevariations of circumbinary planets around different types of stellar
binaries. Thec-axis is the semi-major axis of the orbit of the stellar binary, andyth&is

is the mass ratio of two stars. The color represents the lasgastanglevariation for an
Earth-like planet. Red dots represent currently observed circumbinary planetary systems.
It illustrates that the amplitudes of the spin angle variations are very smétlg variation

of the Earth) for a wide range of binary systems, except when the binary separation and
mass ratio are both low and the quadrupole moment of the binary is small, corresponding
to the lower left corner of the gure.

the stellar radiations have small variations for a wide range of Earth-like planets around
stellar binaries in the near co-planar con gurations. This phenomenon can be understood
intuitively, because higher stellar binary mass ratio and separation both lead to a larger
guadrupole momentum at the center of the planetary orbit. This drives fast orbital preces-
sion and avoids spin-orbit resonances and variations in the planetary spin-axis. Because
circumbinary planets are more likely formed in a coplanar con guration around wide orbit
stellar binaries above 7 days [31, 32], it is unlikely to have large spin-axis variations for

near co-planar Earth-like planets around stellar binaries.

2.3.3 CircumbinarySystemsawith Multiple Planets

Similar to single star systems, it is common to have multiple planets in a circumbinary
system. An example is the observed Kepler-47 system (at least 3 planets). Interactions
between planets can give extra perturbations to their orbital dynamics and increase the

likelihood of spin-orbit resonances and large amplitude obliquity variations. For instance,
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Figure 2.8: Obliquity variations of the Moon-less Earth, orbiting Sun (solid) and orbiting
a stellar binary (dash), with companion planets. Similar to the results in [5, 6], the Moon-
less Earth has large obliquity variations when obliquity is beb®v On the other hand, if

orbiting a binary, the Earth's obliquity would be stable even without the help of the Moon.

for Earth, perturbations of the terrestrial planets would introduce orbital oscillations that
resonate with the precession of Earth's spin-axis and lead to large amplitude obliquity vari-
ations, if Moon weren't there to stabilize the spin dynamics [15, 43].

How variable would the spin-axis be, if Earth orbited around a stellar binary with its
Solar System planetary companions? To focus on the stabilizing effect of the binary, we
consider the moon-less Earth with its seven companion planets in the solar system. The
stellar binary are assumed to be in the elliptic plane. We arbitrarily set the stellar binary to
be composed of 8&7M star and @:3M star, so the sum of the masses is the same as
our own Sun. We set the semi-major axis of the binary t0:08AU, so that the effects of
the stellar binary is strong comparing with that of the planets but the separation is not wide
enough to create instability in millions of years (this was numerically veri ed).

Fig. 2.8 shows the obliquity variations of the Earth-like planet orbiting around a stellar
binary (dashed lines) and around a single star, obtained from our full-body simulations.

Different colors correspond to different initial obliquities. The case of the moonless Earth
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agrees with the secular results and the rigid body simulations in the literature [15, 6], which
show large amplitude obliquity oscillations when the obliquity is belowO . Unlike the
case of a single-star Moon-less Earth, the obliquity is nearly stable for all initial obliquities
around the stellar binary. It shows the Earth's obliquity can be stabilized by the stellar
binary even without the Moon.

How general is this stabilization effect? We now investigate it both analytically (sec-

tion 2.3.3) and numerically (section 2.3.3).

Analytical Results

In single star systems (e.g., the Solar System), the oscillation frequency of a planet's incli-
nation can be estimated using Laplace-Lagrange method [44]. Here, we combine Laplace-
Lagrange with our circumbinary secular theory to approximate the orbits of multiple cir-
cumbinary planets, so that whether obliquity variations are large can be predicted [5]. Un-
der the common physical approximation that planetary perturbation on the stellar binary is
negligible, we assume the stellar binary to have xed Keplerian orbits. The Hamiltonian of

the system is the following:

X' pTpi  GM . m GM ,m,

planets.
2m; ka q.,k kg q2k+R' ’ (2.7)

H(q;p) =

i=1

whereqg; p; are respectively planats position and momentumg, andq, are time-
dependent locations of the stalk,, andM , are stellar masses, the planets [44].

In order to obtain a nearly-integrable form amenable to analysis, we split the gravita-
tional potential between the planets and the stars into two parts and rewrite the Hamiltonian
as:

[

X0 h
H(a;p)=  HI®T+ R+ R?+ RPT (2.:8)

i=1
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HereH "' is the Hamiltonian of a two-body system, composed of two stars merged at
their center of mass and th€ planet, which alone would produce a Keplerian orkt.
andR;? are disturbing functions modeling (exact) corrections of the gravitation potential
generated by the binary due to separations from their center of rﬁd’éaé‘?ts are again
inter-planet potentials.

We then decompose the perturbative non-integrablepp&rlt R,*+ R,2+ RPe®
into two groups: the group due to having two stzril (R;* + R;?), and the group due
to having companion planetg: N Rpanet

Under the in uence of the stellar binary (the rst group), the planetary orbit would
precess with a near constant angular frequebxy, (n the low eccentricity and low incli-
nation limit (see [45], and SI) , where the orbital inclinatigns xed and the longitude of

ascending node; decreases at constant réte Then, the dynamical evolution under the

disturbing potential of . (R;* + R;?) follows the expression below:

%
s

(2.9)

oalala
Q‘z\- &|5 %‘ :Q-‘

whereh; = ljcos( i); ki = Iysin( ;).
On the other hand, the approximated dynamics due to planetary companions (the latter

group) can be expressed via Laplace-Lagrange theory as described in [44]:

8

2 % = A k

Ja (2.10)

- —= A h
dt
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2 3

an Ain
whereA = g P % 2 R" "is a constant matrix that depends on planetary semi-

an1 ann
major axes and masses of planets, satlsfylr]ga.J =0.

For a rst-order perturbative approximation, it can be computed that the effective con-
tributions of these two nonresonant fast processes (quadrupole contribution of the binary

and planet-planet interaction) are additive, and we have the following approximated dy-

namics 8 dh

2 a =B k

> ok - (2.11)

dt
2 3
D, 0
whereB = A + D andD = E % and this system is a linear system with
B

coef cient matrixﬁ % :

B O
For planets in the habitable region close to the stellar binary, the effects of the stellar

binary dominates over that of the planetary companions (as illustrated numerically in the
next section subsubsection 2.3.3). Therefore, in most of the éasesD and this will

thus be assumed (the validity of this assumption will be illustrated in the next section).

i Di+ Aj, whereA,; is thei'" diagonal element oA (proof in section A.1). Denoting
the corresponding eigenvectors\y v,; :::;V,, solutions to Eq. (2.11) are in the form

8
X o @
Eh: G/ sin( jt)v; + Ci7 cos(jt)vj;

¥ (2.12)
k = Cj(z) sin( jt)v; + Cj(l) cos(jt)v;:

Thus, similar to the single planet case, the inclination oscillation frequencies are dom-
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Figure 2.9: Region of the companion planet to allow obliquity variations.xFagis is the
semi -major axis of the orbit of the stellar binaxy. They-axis is the mass ratio of two stars
M . For each choice of these two values as welpgsmass log-uniformly sampled from

[10 ;10 6]M , we compute the interval gd,'s semi-major values that can potentially
placepl in spin- orblt resonance, and use color to represent the largest width of this interval
(brighter means higher likelihood of larger variation), maximized over all enumepated
mass values. Red dots correspond to observed circumbinary systems.

inated by the stellar potential, and are typically much larger than that of the spin-axis pre-
cession frequencies. Therefore, spin-orbit resonances are thus avoided and obliquity varia-
tions are typically still low for Earth-like circumbinary planets in the habitable zone like in

section 2.3.2, even when planetary companions are present.

Parameter Space Survey Based on the Analytical Theory

To make a robust claim about the obliquity variations of circumbinary multi-planetary sys-
tems, we again conduct a systematic study, this time of a binary star system with two
planets. We set one of the planets to beEamth-like planet, and vary the mass and loca-
tion of the other planet. Denote Ipy the Earth-like planet andp, the other planet. For
dynamically cold systems, we assume that the eccentricity and inclination of the planetary
companion are low.

In order to see if the addition of an additional planet can create large obliquity varia-
tion, we not only sample the parameter space of the stellar blnar)aomrd , but also

scan through a wide range of semi-major axespfo(a,,). For eachay,,, we run over all
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possible masses pf: m,, 2 [10 3,10 °]M . For each setup, we calculate the inclination
oscillation modal frequencies based on the secular approach described in section 2.3.3, and
record the intervalrax (a,,) min(ay,)) in which the modal frequencies are close to the
spin-axis precession frequencies (for an overestimation, we de ne ‘close'@8 1.2

times the spin-axis precession frequency). The interval is considered to be an overestima-
tion of a,, values that may lead to spin-orbit resonances — for this, we note that the exact
proximity of the spin-axis precession frequency that could lead to the spin-orbit resonances
depends on the width of the resonances, which is affected by the con guration of the cir-
cumbinary system (e.g., obliquity pf, the amplitude of the inclination oscillation, as well

as the separation of the stellar binary) [12, 20]. In general, the larger the interval length,
the higher chance thearth-like planet would experience largpin-anglevariations.

The results are shown in Fig. 2.9. The likelihood of larger obliquity variation depends
on the mass of, and the separation of the stellar binary: when the planets are more
massive, they can better compete with the perturbation from the star and allow a higher
chance fospin-anglevariations. However, including maximum planetary mass up1éo
that of the star, the planets still need to be very close to each othgd( 0:3AU) to allow
largespin-anglevariations.

In short, largespin-anglevariations may only occur with high probability in the cir-
cumstance of a heavy planeng, > 10 M ) being very close to the Earth-like planet.

We note that separations between planets are typically larger tH&R;; 0:15 1AU
for Earth-like planet with Earth-like to Jupiter-like companions around Sun-like stars, and
these separations are larger if the planetary masses are higher. Thus, the yellow region in

Fig. 2.9 is unlikely to be physical due to orbital stability of the system.
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2.4 Derivation of the Secular Theory

2.4.1 CanonicaMNariablesfor Spin-OrbitDynamics

Building on the canonical Delaunay variables and the Andoyer variables [46, 47, 48, 49],
our secular theory of one planet rotating around binary stars not only reduces the dimen-
sions of a system by averaging out the separated fast variables, but also provides insights of
the physical behaviors of the system as both sets of variables have clear physical meanings.
Speci cally, the orbital dynamics are characterized by the Delaunay variables, whereas the
spin dynamics are characterized by Andoyer variables. In the following, we will introduce
the procedure for properly constructing these variables in a circumbinary system, where
two stars are unaffected by the planet and thus modeled as point masses, and the planet is
modeled as a moving and rotating rigid body. Firstly, three framesréieeence frame

the body frameand theangular momentum framénvolved in our discussion will be in-
troduced. Secondly, the Delaunay variables will be introduced as a canonical change of
coordinates from the spatial positions and momenta of all three bodies' centers of mass. In
the end, the orientation and the spin of the rigid planet will be characterized using Andoyer

variables.

Three Frames

Thereference framés a xed frame inR® with orthogonal basi¢E 1; E »; E 3). Under the
reference frame, the spatial position and the translational speed of a body can be expressed
by vectors inR3. In our setup, as the inner orbit's oscillation is relative small compared
with the planet's orbit, we make the assumption that the inner orbit is near Keplerian. Thus,
we may choose the reference frame (Fig. 2.2) suchEhatxis matches the semi-major

axis of the initial inner orbitE ,-axis matches the semi-minor axis of the initial inner orbit;

E 3-axis matches the normal vector of the initial inner orbit.

On the other hand, thbody frame(Fig. 2.10) is the moving frame attached to the
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Figure 2.10: The body frame

rotating body (i.e., the planet), giving each particle of the body xed coordinates. As can
be seen from Fig. 2.10, orthogonal basgesg, e,; e3) formed a body frame of this rigid
body. As the body moving along the dashed trajectory following arrows as well as self
rotating from timetg to timet,, coordinates of point®; Q under the body frame stay the
same, despite of the motion of the rigid body. Since we have assumed that each planet is a
spheroid, for the body frame (see Fig. 3.1), we x the body plane (spanned agde,)
the plane of equator and x the origin the center of the rigid body.

In addition to thebody frameand the xedreference framg(inertial frame), Theangu-
lar momentum frames any frame that the rotational angular momentum of the rigid body
matches the-direction.

In Fig. 2.11, three frames of a spinning rigid body are shown together with symbols
explained in Table. 2.1. For these three framesréference framés xed; the body frame
is moving with respect to the orientation of the body; while &mgular momentum frame
is moving with respect to the spinning direction of the body.

Explanations:!Ga is the angular momentum vector of the rigid bodyjs the angle

between the-axis of theangular momentum framend thez-axis of thereference framge
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Table 2.1:x;y; z-axis of three frames

X-axis y-axis z-axis
Reference Frame E, = Es
Body Frame e; ) €3
Angular Momentum Frame !Ga

Figure 2.11: Three Frames with Andoyer Variables
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is the angle between tleaxis of theangular momentum framand thez-axis of body

frame

Converting Cartesian Spatial Positions and Momenta to the Delaunay Variables

In the system of one planet rotating around binary stars, there are two orbits: the inner orbit
of two stars and the outer orbit of the planet rotating around the center of mass of the binary
stars. As the inner orbit's oscillation is relative small compared with the planet's orbit, we
make the assumption that the inner orbit is near Keplerian, while the outer orbit has its
osculating orbital elements being oscillatory (except for the anomaly variable). We denote
the orbital elements [50] of the inner orbit and the outer orbi{ase ;i ;! ; ; ),

(ap; &0 ip; ! o py p) respectively. Here, for the inner orbit (relative orbit of tbred star
around thelst star),a is the length of semi-major axi€ is the eccentricityj is the
inclination;! is the argument of periapsis; is the longitude of ascending node; and we

set to be the true anomaly. For the outer orbit of the planet around the center of mass of
two starsa, is the length of semi-major axis; is the eccentricityi,, is the inclination} ,

is the argument of periapsisy, is the longitude of ascending node; apdhe true anomaly

of the planet. Expressing the positions of the three bodies using orbital elements, we have

8 2 3
Ccos
_ a(l € : : :
q, = TCOS() Rx( ) Rz(') Rx(! ) §SIH g,
0
—_ M 1 .
0= 5 ] (213)
. cos ,
1
Op = m Rx ( p) Rz(ip) Rx(!p) gsm ‘é
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with g ,, 1 = 1,2 the positions of two starsy, the position of the planet arfé( ), Ry( ),
R;() are de ned in Egs. (2.14) to (2.16).

2 3
1 0 0
Rx(") = go cos sin' é; (2.14)
0 sin' cos
2 3
cos 0 sin’'
Ry(") = E 0 1 04%; (2.15)
sin® 0 cos
2 3
cos sin® 0O
R.(" )= 8sin' cos 0% (2.16)
0 0 1
Denote the corresponding Delaunay variables of the inner orbit as
D =fl;g;h;L;G;HGg (2.17)
p Y .
= Ml GM,+M)a;L 1 e;G cos ; (2.18)
with = MM 1+MM2 andM the mean anomaly of the inner orbit. Similarly, the Delaunay

1 2

variables of the outer orbit is denoted as

D = fl4; du; ha; La; Ga; Hag (2.19)

q q_——
= Mply pp GIM,+M,+mp)a,ly 1 €&;Gqcosi, ; (2.20)
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with , = % and M, the mean anomaly of the outer orbit. In Eqgs. (2.17)
and (2.19)] ;9 ;h ;ly; 0y; hp are angle variables with ;G ;H ;L; Gp; L, their conju-

gate momemta. Mapping the orbital elements in Eq. (2.13) to Delaunay variables de ned
above, the positions can be expressed as functions of Delaunay variables. Noting that dif-
ferent anomalies are used in Eg. (2.13) and Eq. (2.17), Eq. (2.19), one need to solve the
Kepler equation to perform the mapping from the orbital elements to the Delaunay vari-

ables.

The Orientation and the Rotational Momenta of the Rigid Planet in the Andoyer Variables

As we are interested in the dynamics of the planet's spin, the planet is modeled as a rigid
body to account for its nite size, thus the orientation and the rotation of the rigid body
are necessary to represent the rigid body. As is well known, each rotation rRatBix
SQ(3) rotates 3-dimensional vectors in Euclidean space in a unique way (we will use the
convention of column vectors and left multiplication). Thus we may use a time dependent
rotation matrix to represent the transformation frombbloely frameto thereference frame
in our dynamics (i.e. the orientation of the rigid body). Angles extracted from the Andoyer
variables are used to re ect the orientation by a sequenstotiard rotationgEqgs. (2.14)
to (2.16)). Also the rotational angular momentum of the rigid body can be expressed with
the momentum variables of the Andoyer variables, conjugating to the three angle variables.
Moreover, other than just representing the state of the rigid body, the Andoyer variables
also separate the slow and fast scales of the dynamics.

In detail, similar to the Delaunay variables, the Andoyer variables are canonical coor-
dinates. They consist of three angle varialdlgg h,; 1.9, and their conjugate momenta

fGa;Ha; Lag. The angle variables are de ned by the orientation of three frames (see
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Fig. 2.11), whileG,; H,; L 5 are de ned as the following [51, 49],

%Gﬁ:Ga;
2

H,= G,cos = G, Ej; (2.21)

La= GaCOS = Ga e3 ,

with , are described in Fig. 2.11. In other word, is the magnitude of the angular
momentumH , is the magnitude c!xBa's orthogonal projection t& 3; L 5 is the magnitude
of!G a'S orthogonal projection tes;.

Setting theangular momentum framas an intermediate frame, we may represent
the rotation matrixR as a product of a sequence sibndard rotationsusing angles in

Fig. 2.11 [49],

R = Rz(ha) Rx( ) Rz(da) Rx( ) Rz(la): (2.22)

Sincecos = "= andcos = &2, replacing; in Eq. (2.22), the rotation matrix
can be represented purely using the Andoyer varididgsh,; 1.; Ga; Ha; Lag (name it as

R”A),

H L
RA = R, (ha) Ry arccos G_a R, (g.) Ry arccos G—a R, (l.): (2.23)

a a

2.4.2 Dynamicsof the Spinfor anEarth-likePlanetin CircumbinarySystemsiwo point

massstars+ onerigid bodyplanet

Hamiltonian Formulation

In this section, we will express the Hamiltonian using the canonical Delaunay and Andoyer
variablesD; D ;A introduced in section 2.4.1. Inshokt,= T .+ T ,+ T,+V + Vi +V,

with T ; kinetic energies of théth star, T, the kinetic energy of the plane¥, potential

32



energy between two stars aiMd potential energies betweeth star and the planet. We
assume that the inner orbit is near circular and near Keplerian (as the perturbation of the
planet is negligible) such that during the dynan@g ) = O(e)= O (a :%)3 . Then

GEM [+M ,)? 3
2L2

T,+T,+V = +0 (a :a\[,)3 . We will calculateTy, V; andV, terms
and conclude the Hamiltonian in action angle variables in the following under the assump-
tion of O(g,) = O( ) = O (a =a,)° . Note that all0 (a =a,)* terms are dropped to
the remainder ternR (see Eg. (2.50)) and neglected when analyzing the dynamics, the
effective Hamiltonian we consider in fact only relies on varial#e® ;L ;| and the inner
orbit we consider is in fact a Keplerian orbit due to the dropped perturbation. In the end,
after droppingO (a :%)3 terms, an approximated Hamiltonian will be obtained véth
pairs of conjugate variables corresponding to separated slow and fast scales.

The total kinetic energy of the planet is the sum of its linear kinetic en&lef* (D)
and its rotational kinetic energy™ (A;L ;1 ). The former is

G(M ,+ M ,+my* 3
2L3 '

-I-Iinear -

(2.24)

For the latter, by the de nition of the Andoyer variables, we may express the rotational

kinetic energy as

2 cirn2 2 2 2 2
THOUA) = Gas'(?) Gaczf - Ha) + Ga ;a: (2.25)
21§ 21§ 21§ 21§
with
2 3
R
lp = g o 1P o % (2.26)
o o0 1Y

the (standard) moment of inertia tensor of the planet.
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The potential energy of the planet is in uenced by both stars,

V(A;D;l ;L )= Vi + Vo (2.27)

Without loss of generality, we will only derive; here. Integrating the potential for
each mass point of the rigid planet,

Z

GM , (x)
Vi = : dx
' B k(qp + RpX) q 1k
=GM ,m, ! trilp] + 3@ d.)"RplpRy (@ d)
' kap g,k mpkg, g K 2mpkg, g ,K°
R 3
+ 0 - :
kqp q 1k
(2.28)
with qgp; g, in the Delaunay variable®;D andR, the rotation matrix in the Andoyer

variablesA (Eg. (2.23)). Term by term, we will show how we express Eq. (2.28) in the
Delaunay variables and the Andoyer variables with higher order terms separated.

In detail, to analyze the term in Eq. (2.28) wiy,, we assume the angle(the angle
between the spin axis and tleg-axis of the planet) small as physically, the oblate shape

of the planet is attened by the spinning of the planet. Thus we may re\Rr,i,ﬂe;JRg in
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Eqg. (2.28) by separating the higher order term®df ),

RplpRg:Rz(ha) Rx( ) Rz(ga) Rx( ) Rz(la) Ip

R7(Il) Ry() R7(%) RY() Rz(ha)

=Rz(ha) Rx() Ra(G) Rx() Ip Ri() RI(%) Ri() Ri(ha)

=Rz(ha) R«( ) Ip Ry() R;(ha)+ O()

= 2 3
00
(17 1Y) Re(ha) Re() go 0 % Ry(1) R;(ha)
001
+0O():

Forkg, g .k, using Eq. (2.13), we have

kg, Gok®=Kkapk® 142 P( ; piipi!ps p)

kqgpk kgpk
with
P( 5 piip!lp p)
=sin( p)cos( ) cosfp)cos( p)sin( p)+sin(!p)cos( p)
sin( ) cosfp)cos( p) sin(p+!p)+sin( p)cos(p+!p)
+c0s( p)cos( ) cosfp)sin(!p)sin( p) cos(p)cos( p) ;
and

kq,k  a(@+0O(e)) _a ]
Kok~ a1+ O(e) ~ a OB O)
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kq1k+ kg .k ;

(2.29)

(2.30)

(2.31)
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Applying Legendre polynomial for the expansionﬁfl—q with kg ,  gyk calcu-
1 P

lated in Eq. (2.30) , we have

2 3
1 _ 1 kqlkP+ kg .k §P2 1 + 0 kg ,k
kg, ook Kkopk kapk kapk 2 2 kqu
|
2 3"
:1 1 a P+ 2 a §p2 } +0 a
% % 3 2 2 %
+ O(e) + O(ep):
(2.33)
Denote
D,=+ p+22 3pz 1. (2.34)
3 % 2 2

We can rewrite Eg. (2.33) as

1 1,
kql qpk ap

% D,+ O ‘% +0(e)+ O(g):  (2.35)

Similarly, we have

1 1 a a
- =4+ Z D:+0 - + O(e)+ O : 2.36
G ae- =t 5 D - (e)+ O(e) (2.36)

and
3!

1 1 a a
- = — 4%+ Z D:+0 i + O(e)+ O : 2.37
o oo =t 5 D - (e)+ O(ey) (237)
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Let

2 3
cos
Q,= a gsin %: (2.38)
0
and
2
COS |
Qp=2a Rx( p) Rzip) Rx(!p) §SII’I pé' (2.39)
According to Eqg. (2.13), we have
=Q,+O(e); dp = Qp + O(&p): (2.40)

Plugging Egs. (2.29), (2.35) to (2.37) and (2.40), into Eq. (2.28) and absabbi(fr,)°

into theO (a :ap)3 termasR a,we have

3, (1) (3) (1)
vi=am m, ~ 2p, Tl ol 1.8p, + b7 1,8
8 Je 3% % Mp a &
0 0
Qv Q.)" Ru(ha) Re() go 0 % Re( ) RI(ha)(Qp Q)
00 1
£ O()+0@)+ O@E)+ 0 A
3 I
GM ,m,  a a
= ———+ —R;+0( )+ 0(e)+O(g)+ O —
2% o () (I) (&) »
. Mmp a2t
8p 2 2
(2.41)
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where

R, =GM Mp D,

12 a1 T
+ m 4a + D5 (Qp Q 1)
PN 3

00 (2.42)

R.(ha) R«( ) B0 0 0f R;(ha) (Qp Q)
001

3
Similarly,V, = 527+ 2R+ 0 L

Changing coordinates frorfa,; €,;ip;! p; p; p) to D, we haveV = V; + V; as a
function ofA;D, | andL . Note that , is the true anomaly anbl, (in D) is the mean
anomaly, and we expresskt}, as ,+ O(g,) instead of solving the Kepler equation exactly.

Summing the kinetic energy and the potential energy, the full Hamiltonian is:

H(A;D;l ;L )= T (D)+ T™ (A)+ V(A;D;l ;L)
2
L @FM LM GM LML+ my g+Tf°t(A)
22 2L3
+V(A;D;l;L):
(2.43)

Plugging in the potential; andV, to Eq. (2.43), one sees that the Hamiltonian only
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depends o5 = flg; hg; 9a; La; Has Ga; la; Ga; ha; Ga; Has Las 1 5L 0,

GM,+M )23 GM,+M,+m)°

3
H(S)= P+ TONS) + Vo + Vs

22 212
_ GM,+M ) GML M, +my)? Y HE G HZ
- 2L2 2L3 21 M 21
G(M .+ M+ m,)? 3 L
M, 22 0 p+a( )(R1+R2)+R;
L5 ap(Lq)
_ @M, +M )3 GM M, rm)t R H2 G HE
- 2L2 2L3 A0 T @
a(L)
+ R:+ R,)+ R:
a.p(l—d)( 1 2)
(2.44)
. 3
withR = O &
p

Using Averaging Theory to Construct an Approximated Dynamics

The dynamics of the above Hamiltonian system (Eq. (2.44)) consists of the slow compo-
nentsSgow = fhy; gu; La; Ha; Gg; ha; Ga; Ha; L g, as well as the fast compone8gg; =

fl ;l4; 0.0, which correspond to binary's orbital phase, planet's orbital phase, and planet
spin. The fast and slow components are separated by scaland ,, where | = g—p isa

small parameter corresponding to the stellar binary are closer to each other than the planet,

1) 3
and ,= © I(S)'p is another small parameter modeling the oblateness of the planet. In the
P

observed circumbinary systen®084 ; 0:23[30]; and , 0:00334for Earth-like
planets. Let us now compare the relative timescales of the variables, in order to determine
and justify the order of a sequence of averaging approximations. Speci cally, the slow
variables change with rate eithé{( ;) or O( ;). On the other hand,- = O 132 ,

l¢ = O(1) andg, equals the spin rate of the planet around the direction of the angular
momentum. Here, we assume that the frequenciés bf andg, are not commensurable.

Thus, we may average overandly in sequence, assuming no resonance occurs between
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|, 14, 0a, then we saw that, is decoupled from the system.

Average over binary's orbital phade

A closer look atH (S) reveals that all terms dependent lorare of orderO( 2). Thus,

H (S) can be written as

H(S:l;L)
=Ho(L )+ 1H1(Snfl ;L g)+ 2H,(S)+ 3H3(S) (2.45)
+0 1

As H(S) is nearly-integrable, canonical averaging theory (e.g., [50]) guarantees that
averagingH (S;1 ;L ) over| is equivalent to rst-order averaging of the Hamiltonian
dynamics. Afted is averagedl. becomes a conserved quantity. Therefore, excluding

Ho(L ), we obtain the averaged Hamiltonian

z, 2
Hi(Snfl ;L g)+ Zi Ha(S)+ FHa(S)

H (S)
0

Hi(Snfl ;L @)+ 1 O+ $H3(Snfl;L g) : (2.46)

Hi(Snfl ;L g)+ Z2H3(Snfl ;L g)
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which generates an approximated dynamics (see Eq. (2.47)).

_GM M+ my)? ]

(D) GM,+M,+my? 3 GiBcos(26s+ le) 1)+6HZsin (g + lo) |

8
(" 3
1 4G3L3 ’
_3( DHZEM ,+ M, +my)? 3 Zsin®(gg+ lg)
%= 2G3L2 !

3( DHGM ,+ M, +mp)° 3 sin’ (go+ lo),
2G3L3 '
_3( )M+ M, +mp)? 2 2(GE HY)sin(2(g+ 1)
4G3L3 '
C3( DM, +M,+mp)? 3 2(GE HY)sin(2(ga+ 1)
4G§L§ ’

B= gt 2 1S+ (S ;

he= » fP(S)+ 2 12(S) ;

“Ha= 2 &)+ 2 12(9)
(2.47)

From the above averaged Hamiltonian Eq. (2.46), we may derived the corresponding
dynamics Eq. (2.47). Then, we average the vector eld over the fast dnglenportant
to note is,lg actually depends ohy, and therefore one cannot just average(for exam-
ple) uniformly overly from 0 to2 . A proper ergodic averaging can be done either via
integration against time, or, essentially equivalently, a weighted average that re ects the
non-uniform ergodic measure &f on the torus (which can be rigorously derived using

normal form).
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For example, fot_4, the averaged dynamics is

1 R2 Lg
Eg= Rt (2.48)
L0 Lt

Performing the same operation fGy; Hq; 0q; hg; Ga; Ha; Ga; ha, We obtain the averaged
dynamics Eq. (2.49).
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Resulting Approximated Dynamics

After averaging ovet andly, another fast anglg, is decoupled from the system (see

Eq. (2.49)).

8
Eg=6Gy= Hqg= G, =0;

gd 3( 1)H§GZ(M1+M2+mp)zg% .
LGS ( 1) 2 4 3( 1)GgHZ2?2'

2 3

p

2

d

M

4

2
1
Ry = 3( LDHGGEM , +M,+mp)* 32
L3G3( 1 2 4 3 1HZZ’
P PO Gy
gmpG3LELE 1 M4 G (1) 3 3 DHEZ
S >
GgHala 1 —2 85( 1) #+ 223( 1) 7 16 cos(2bhg ha) 16

L2
s

H2

+2G3Hg 125( 1) 7 16 1 agcosmd ha) 2H2 L2
d

S

T
T

+2G3HIH L, 1 95( 1) 2+ 8 68( 1) 2 cos(2hg ha))+24

L
S

DN

HZ
+174( 1) GgH$ ? 1 G—gcosdﬂd ha) 2H2 L2
d

S !

87(  1)H{Hala 2(cos@ba ha)+3) 1 15
a

DN

3.6 Tsin(hg ha)(mp+ M, + M ,)*
4m,G2L8L2 G2 ( 1) 2 4 3( 1)H2?2

G§ 223( 1) 2 16 coshg hy) HZ L2

8G3H3 17( 1) 2 2 coshy hy) HZ L2
S

3 2 Hé HZ
S S
H2 H2
87( 1)GgH3HaL, 7 1 (Tg 1 rg
d a

+87(  1)H{d Zcoshy ha) L H3
(2.49)
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andg, decoupled from the system. Changing coordinates to H,=G, andh = hq h,,

from Eq. (2.49), we have

8 h [
3 X_=sin(h) C;X P 1 X2+4C,cosh)(1 X?)
2 (2.50)
.B h= ! cog@) (1X22X ) 2C,X cos(h) + C3+2CyX;
with
8 q—

GiHg 125( 1) 2 16 +87( 1)H2?2
_ 3,GM 1(GF HH(Mp+ M, +M,)*
16mpG3LSLL(G3(( 1) ¢ 4) 3( 1HZ Y’
G2 223( 1) 2 16 +87( 1)H2?
3( 1) Gsz S %(mp+ M 1 +M 2)2 .
LiGE( 1) £ 4 3( DLHFDH
B 3,6 pmp+ M+ M )
16m,GaLSL. (G3(( 1) 2 4) 3( 1HZ2:
Gi 85( 1) 2+16 +2G3HZ2 95( 1) 2 24 +261( 1)HjF?2

(2.51)

3.6 1 1 Gmpt M+ ML)
Ci= !
YTAmGOLELL(G2(( 1) Z 4) 3( 1)HZ?

By de nition, we know thatH, is the angular momentum's orthogonal projectiorEte
axisandhy hj, is the phase difference between the two precessions (the precession of the
planet's orbit and the precession of the angular momentum). Xhhstogether give the
approximated dynamics of the spin.

The Hamiltonian corresponding to the dynamics above is Eq. (2.50)

H(X;h):Clpl X2X cosh)+ C, 1 X2 cos(h)
(2.52)

+ C3X + CyX 2
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The averaged dynamics has@nmax( 1; P ) error atleasttill timeD m ,
and numerically, we observed that the approximation remains accurate over an even longer

time span.

2.5 Conclusion and Discussions

Stellar binaries are common in the Solar neighborhood, and thus to understand the habit-
ability of their planets, if any, is as important as that for single star systems. We adopt a
dynamics approach, in which we show that the planetary spin evolution can be very differ-
ent when a second host star is present. This is because torques from both stars act on the
spin-axis of its planets. This fact, together with more signi cant deviations from Keplerian
orbits, makes it dif cult to directly apply existing theory for obliquity designed for single

star systems. We investigated the circumbinary case both analytically and numerically in
this article, and discovered that the spin angle variations of circumbinary planets residing
near their stellar binary orbital plane are typically much less pronounced than their single
star analogue. Thus, their obliquity (spin-orbit misalignment) variations are mostly low.

The physical intuition behind our resultis, planets orbiting around a stellar binary reside
in a gravitational potential composed of a large quadrupole component due to the stellar
separation. The quadrupole potential result in a shorter oscillation period. This detunes
systems from spin-orbit resonances and avoid large spin-axis variations. The same result
holds for both single planet and multi-planetary systems. However, we note that large
moons & mass of our own Moon) close to the planets (slightly outside its Laplace radius

15Earth-radius) would signi cantly increase the precession rate [52], and this can lead to
enhanced spin-axis variations. Thus, contrary to the Moon of Earth, moons of circumbinary
planets could lead to large obliquity variations.

In our secular theory, we neglected mean motion resonances between the stellar binary
and the planetary orbit. This simpli cation was made because lower order mean motion

resonances (withi : 1) reside inside the region of orbital instability [53], and higher or-
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der mean motion resonances are weak. We also assumed no resonance between planetary
rotation and its orbital mean motion, which could lead to interesting dynamics [54]. This

is also a reasonable assumption — circumbinary planets typically orbit wide stellar binaries
beyond orbital period of days, with planet orbital periof 30 days in the orbital stable
region [27]. Thus, planet orbital periods tend to be much longer than Earth-like rotation
periods, and low order resonances between planet spin and orbital mean motion are thus
absent. In addition, over long Gyr) timescales, tidal interactions could aligned the plan-
etary orbit with that of the stellar binary and could affect the planet spin-axis dynamics
[55]. As we focus on how planet spin affects insolation and hence habitability, which is al-
ready a meaningful subject of investigation in shorter timescales, our study neglected tidal
interactions.

Our assumption on the interested planet being Earth-like (with Earth's mass, inertia
tensor and rotation rate) is not required by either our theory or numerical methods, but
only a choice for starting the investigation. Recently, observational techniques of planetary
obliquity and oblateness have been proposed [56, 57, 58], and the rst constraint on oblig-
uities of planets outside of the Solar System has been made [59]. In addition, the spin-rate
of planets have been measured and revealed to us important clues on planetary formation
[60]. Such progress in observation will help us better understand planetary spin properties
to constrain obliquity variations. However, so far, these observational techniques could
only be applied to massive Jupiter-sized planets, and the spin measurement of terrestrial
planets is still beyond the limit of observational sensitivity. For planets whose obliquity
observation is available, our work also opens up a possibility of probing otherwise-hard-
to-observe planet properties from its obliquity dynamics, as one can apply our tools in an
inverse problem setup. In this sense, the application of our theory and numerical tool is

beyond constraining habitability.
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CHAPTER 3
STRUCTURE-PRESERVING INTEGRATION OF RIGID BODY DYNAMICS

To carefully study effects of spin-orbit coupling (e.g. the spin-axis dynamics of circumbi-
nary planets in Chapter 2), we develop symplectic algorithm (“Gravitationally interacting
Rigid-body InTegrator’GRIT) starting with the rst-principal rigid body dynamics, so that

the mutual interactions between spin and orbital dynamics can be accurately accounted for.

3.1 Introduction

Among thousands of detected exoplanetary systems, a signi cant fraction of them involve
planets with close-in orbits. In particular, the occurrence rate for the compact systems
(e.g., multiple planets with periods of less than 10 days) are estimated to20e 30%

[61, 62]. The close separations between the planets allow strong planetary interactions that
could lead to rich features in the dynamical evolution of the compact planetary systems.

In particular, spin-axis dynamics becomes very interesting in compact planetary sys-
tems. For instance, rotational and tidal distortion of the planets can lead orbital precession
due to planet spin-orbit coupling, and this causes variations in transit timing. Recently, [63]
showed that the transit timing variations due to spin-orbit coupling could be detectable for
Trappist-1, which could in turn help one constrain physical properties of the planets. In
addition, although tidal effects are strong for planets with close-in orbits, strong interac-
tions between the planets could push these planets (with orbital periodd@days) out
of synchronized states [64]. Moreover, secular resonance-driven spin-orbit coupling could
drive to large obliquity variations and lead to obliquity tides. This sculpts the exoplanetary
systems: the obliquity tide could explain the overabundance of planet pairs that reside just
wide of the rst order mean-motion resonances [65].

Integrator involving spin-axis coupling have been developed to study these effects.
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There are mainly two different approaches: 1) evolving the orbital dynamics separately
from the spin-axis evolutions [e.g., 5, 43, 64]; 2) evolving the spin and orbit evolution si-
multaneously [e.g, 66, 67, 68, 6, 69, 70, 65]. In the rst approach, orbital evolution of
the systems are rstintegrated using N-body simulation packages assuming the objects are
point-mass particles, and then spin-axis dynamics are computed using the results of the
orbital evolution. This approach assumes that the effects of the spin on orbital dynamics
are weak. In the second approach, additional force due to spin-orbit coupling is included
in the N-body simulation package, which could affect the orbital evolution as well as the
spin-axis evolution.

Symplectic Lie-Poisson integrator for rigid body has already been constructed in the
seminal work of [71] for systems with near Keplerian orbits, focusing on a system with
1 rigid body (for systems with more than 1 rigid bodies, the spin dynamics of each rigid
body is considered separately under it's own frame). However, for systems that involve
close-encounters, the orbits of object are no longer Keplerian. The original version of the
method in [71] was not high-order (in the time step) either. Building upon the existing
progress, we no longer assume near Keplerian orbits for wider applicability, and our pack-
age includes several high-order implementations. Moreover, we put all the bodies under
the same inertia frame such that the spin orbit interactions are all considered altogether in
one Hamiltonian framework. We also note that symplectic integrator for secular spin-orbit
dynamics have been developed by [72], while our method is based on direct (non-secular)
numerical simulations and therefore suitable for resonant situations.

The development of our integrator is tightly based on the profound eld of geometric
integration. This is because rigid body dynamics can be intrinsically characterized by me-
chanical systems on Lie groups. More precisely, the phase spél'céSSC%)N ", where
n is the number of interacting bodies and the special Euclidean gs&#) is where the
center of mass and rotational orientation of each body lives. How to properly simulate

such systems in a structure preserving way, so that symplecticity can be conserved and the
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dynamics remain on the Lie group, has been extensively studied. See e.qg., [73, 74, 75]
for general Lie group integrators, and more broadly, [76, 77, 78, 79] for monographs on
geometric integration.

Regarding rigid body integrators in particular, the following is an incomplete list in ad-
dition to [71]. Firstly, the work of [80] used a splitting approach (similar to [71] in essence,
however split differently) to construct symplectic and Lie-group-preserving integrators for
rigid molecules. The main idea is to split the Hamiltonian into a free rigid body part, includ-
ing both translational and rotational kinetic energies, plus a potential part. The latter can be
exactly integrated, and the former too when the rigid body is axial symmetric; otherwise,
it is further split into a symmetric top and a correction term, both of which can be exactly
integrated in a cheap way (without using special functions). Methods in the proposed pack-
age (which are explicit, high-order integrators) are largely based on this idea. Secondly, we
note various splitting schemes for integrating free rigid bodies were compared in [81]. Re-
call that the free rigid body is integrable, and its numerical simulation based on multiple
ways of expressing the exact solution were also proposed (e.g., [82, 83]), but the exact
expressions involve special functions (unless the bodies are axial symmetric), which can
be computationally expensive. Moreover, the “exact' solutions are not exact due to round-
off errors, and this complication is studied (and remedied) in [84]. For simple and robust
arithmetic, the free-rigid-body part of our method will be based on a sub-splitting into an
axial-symmetric part and a small correction, as most rotating celestial bodies relevant to
this study are (almost) axial-symmetric. Also worth mentioning is, geometric integrators
for (non-free but) gravitationally interacting rigid bodies have also been proposed; besides
[71], [85] constructed variational integrators using elegant geometric treatments; however,
those integrators are implicit, and computational ef ciency is hence not optimal.

As we are interested in gravitationally interacting rigid bod{@R| T uses tailored split-
ting schemes. This way, the existence of small parameters and separation of timescales in

the system is utilized so that a better trade-off between ef ciency and accuracy can be
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achieved (see section 3.6.1 for details). Our treatment is of course based on extensive exist-
ing studies of splitting methods, and some more general discussions on splitting methods
can be found, e.g., in [86, 87, 88].

This chapter is organized as the following: section 3.2 describes the rigid body for-
mulation adopted in the algorithms, section 3.4 derives the equations of motion of the
N-rigid-body dynamics and section 3.6 presents our symplectic algorithms. We then show
consistency between our simulation us@BIT and secular theories in section 3.7, for the
case of a moonless Earth and the case of a hypothetical Earth-Moon system that include

tidal interactions.

3.2 Rigid Body Representation

As we are interested in the dynamics of the planet's spin-axis, the planet is modeled as a
rigid body to account for its nite size and rotation. Other than the spatial position and
the linear momentum, the rotational orientation and angular momentum of the rigid body
are necessary to represent its state. The aboviE2adlanensional in total, and besides the
spatial position §-dim) and its conjugate linear momentuBdim), we still need a set of

variables 6-dim) to represent the orientation and the rotation of the rigid body.

3.2.1 TheBody FrameandThe RotationMatrix

Under a speci ¢ xed reference frame of Euclidean sp&ewith basis(E 1; E »; E 3), the
spatial position and the translational speed of a body can be expressed by veRfor®m

the other hand, the body frame (Fig. 3.1) attached to the body gives xed coordinates of
each small particle of the body. As can be seen from Fig. 3.1, orthogonal(eases €3)

form a body frame of this rigid body. As the body moving along the dashed trajectory
following arrows as well as self rotating from tinbigto timet,, coordinates of pointB; Q

under the body frame stay the same, without subjecting to the motion of the rigid body.

The con guration of a rigid body is described by both the position of its center of mass
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Figure 3.1: The body frame.

and its rotational orientation. The orientation in the reference frame can be expressed as
an rotation by an orthogonal matrik(t) 2 SQ(3) from the body frame (e.g., z-axis of the
body frame attime willbe R(t) 0 0 1 ' in the reference frame). To switch between

the inertia frame and the body frame, one can simply left multiply the rotation ntrix

orR ! Note thatR 2 SQ(3) and if a numerical method can ke®pexactly in this Lie

group, its inverse will be equal to its transpose,Rel = RT.

3.2.2 TheAngularVelocity andthe AngularMomentum

T
Denoting = . - 3 2 R3®the angular velocity of the rigid body under the

body frame, then the direction of matches the rotational axis akd k, represents the
T

rotational speed. Consider a mass pairt  x; x, x3 Inone rigid body under the

body frame, its speed under the body frame can be expressed as

2 32 3

0 3 27gX1
X = § s O é Eng = "x; (3.1)

2 1 0 X3
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where the hat-mahs an isomorphism from the Lie algels&(3) to 3-by-3 skew-symmetric

2 3
0 3 2
ho= § s 0 é ; (3.2)

In addition, the inverse map 6fs denoted by.

matrices, de ned by

With the angular velocity, the rotational kinetic energy of this rigid body can be ex-

pressed as
z 1
TN )= (x)5k x k5 dx

= (x)%kk‘ k3 dx
B Z (3.3)

T (X)RT® dx
B

TJ

with J the (standard) moment of inertia tensor. Speci cally, for an ellipsoid with semiaxes
a; b; cand massvl, choosing the principal axes as the body frame suchxhatz-axes
matches semi-axes and taking the integral, we have the following moment of inertia tensor

for a uniform density object.

z
J = (x)RTR d®x
28
IM (P + ) 0 0 (3.4)
= 0 IM (% + &) 0 :
0 0 IM (a2 + 1P)

Note that one may substitute this with the principal moment of inertia directly.
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Alternatively, the rotational kinetic energy can also be expressed as

Z
1 2
Tot N = (x)= “x dx

B, 2 2 |

=% )Tr “xx 7T dx
B .

1 h,\ Al
= ETI’ Jg (3.5)

with J (@ = RB (x)xx T dx (nonstandard) moment of inertia. We also hav® =
ITrPllss J@=Tr JW 535 J@)

By de nition, the angular momentum in the body frame is= J . Left multiplying
the rotation matrixR , the angular velocity and the angular momentum in the inertia frame

are! = R and = R respectively.

3.2.3 TheRelationbetweerthe RotationMatrix andthe AngularVelocity

ExpressR(t) = cy(t)jca(t)jcs(t) Wherecy(t); ca(t); ca(t) are columns oR (t). We
havec,(t); cx(t); cs(t) representing directions of three axes of the body in the reference
frame respectively. By the de nition of angular velocity, we hayé&) = "¢(t) fori =

1;2; 3, thus
R(t) = YR (b): (3.6)

Multiplying both sides of Eq. (3.6) witR (t)T, we haveR(t)R ()" = " which is a skew-
symmetric matrix. Considering the speed of an arbitrary mass poin, = R “x =
N [Rx]. ThusR ™ = 'R , which implies” = RT\R = RTR.

To summarize, for arigid body, it's angular velocity and angular momentum in different
frames are denoted as the following,

with  =J and = J! . Specically, we have" = RTR.and" = RR .

The rotation matrbR and the angular momentum will be utilized to describe a rigid

body when we design an N-rigid-body integrator later (details can be found in section 3.6).
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The inertia frame The body frame
(xed) (moving)
Angular ' =R )
velocity
Angular =R )
momentum

3.3 The Constrained Hamiltonian of an N-rigid-body System

Denotem; the mass of thé-th body; g 2 R3 the position of theé-th body; p; 2 R3
the linear momentum of thieth body; R; 2 SQ(3) the rotation matrix of theé-th body;
i 2 R3 the angular momentum of theth body;J; 2 R® 2 the (standard) moment of
inertia tensor for the-th body.
The Hamiltonian of this system consists of the linear kinetic en&Hf§?" = P i %piTpi:mi :

the rotational kinetic energy™ = % TJ. 1 | and the potential energy

X
V(R = Vj (g9;0;Ri;Rj): (3.7)

i<j

X 1 T
H(g,p; ;R) = SPi Pi=m

X 1 i (3.8)
35 Y+ V(@R withR; 2 SO@3):

The true potential energy betweeth body and -th body is

G (xi) (x;)
B g K&+ Rixi) (g +Rjx;)k

dx; dx;: (3.9)

We may approximate it a¥; (in Eq. (3.7)) by Taylor expanding the denominator.

Expanding to the 2nd order with respect to the radius of the planet over the distance between
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two bodies (see appendix section B.1), the approximated potential is,

£z G (x)) (x))
B g K@+ Rixi) (g +Rjxj)k

Gm;m; G(MiTr[di]+ mTr[J;])

de dXi

ka gk 2kg Ko (3.10)
N 3G(ai ) mRIRT + mR;JRT (4 )
2kq| qJ' k5

with lf;’i“”;‘jjk being the potential of purely point mass interactions and the rest part being
the corrections of the potential due to the bo@yndj being not point masses. If we further
expand the potential to the 4th order (see appendix section B.1), rigid body — rigid body

interactions will also be included as higher order corrections.

3.4 Review: Equations of Motion of an N-rigid-body System

We will rst review the derivation of equations of motion of one rigid body in a potential

using two approaches then apply it to the N-rigid-body systems.

3.4.1 Equationsof Motion of OneRigid Body in a Potential

The Lagrangian for a system consisting of one rigid body is a functid® (0§ andR(t)
by plugging in” = RTR.in Eq. (3.5),

h [

1
L R;R = ETr RI,RT  V(R): (3.11)

Utilizing the constrainR™R | = 0 (approach 1 below) or using the variational

principle of Hamilton's for Lie group (approach 2 below), one can derive the equations of
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motion

8
SR=RY 1 ;

|

f (3.12)
3 - 51 @) OWR) s

@® @®

Approach 1

We can viewR to be in the embedded Euclidean spR3e® - SQ(3) and useR 2 SO(3)
as a holonomic constraint. The LagranglaEqg. (3.11)) ha®-DOF before applying the
constraintR 2 SQ(3). The conjugate variable &t (t) will be denoted byP (t).

The constraint of a system forces the evolution of the system in a speci ¢ manifold,
and the manifold can be directly calculated from the constraint (one may refer Chapter VI
of [89] for details). For a rigid body dynamics represented by a rotation m@ift}, the
constraint isR (t)'R(t) 13 5 = 03 3. [90], [89] have shown the procedure of nding
equations of motion by utilizing the constraint for a rigid body system wih @pendent
potential. Using Lagrange multipliers [89] for the constrdtR |3 3 = 0, we have

the following Lagrangian,

h i
1 1
L R;R = éTlr RI4RT  V(R) éTr TRTR I35 ; (3.13)

2 3

1 4 6
with 6-dim Lagrange multipliers = § PR é 2 R® 3 a symmetric matrix.

6 5 3
Doing Legendre transform for Eq. (3.13), we have

P= ———=RJg (3.14)
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and the corresponding Hamiltonian,
. 1 IpT 1 T T .
H(R,P)=§Tr PJ," P +V(R)+ éTr R'R 133 : (3.15)

As the constraint foR isRTR = |3 3, according to [89], the constraint fé* can be
obtained by taking time derivative fRTR 13 3= 03 3,i.e.J4'PTR+RTPJ ' =
03 3.

So,

8
@H

QR = —=PJy &
@ ‘

3.16
>, _ @H_ @WR) | . (810
@R @R ’
on the manifold
M= (R;P)JRTIR=133J,'PTR+RTPJ,'=0; 3 : (3.17)

Note that” = RTPJ q Lwith  being the body's angular velocity. Taking time deriva-
tive for ", we have

AN

R
—=JPTPJ, P+ RT @MR)

x R J,*% (3.18)

Physically, we want to nd dynamics d® and the body's angular momentum. Since
"=l o=TrEagt o = "MJg 3477 (see appendix section B.2), we may nd

dynamics of

b_ 3,5pTP PP, +

(3.19)

with the symmetric vanished.

1Since is symmetric, applying/\_ 2 s0(3), can actually be solved from Eq. (3.18).
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AsP = R " Jq, properties of hat-map (see appendix section B.2) lead to

;
liz /\-|-/\Jd JdATA + @%I(RR) R R-:-@é(RR)
o @UR) T, LT@MR) (3.20)
Jg + @® R R @R :

Thus

LT@VMR)  @UR) T, °

-= o x® ® |
T -

= (Trgd J) RT@éf) @éf) R

o (3.21)
_ L@MR) OMR)
= J R @® @® R |
_ . J@UR)  @MR) '
= J R & & R

So, equations of motion with respectRoand for one rigid body system are

8
SR=RY 1 ;

|

g (3.22)
2 . 50 @R OWR) T

@R @

Approach 2

How to obtain Euler-Lagrange equation for the Hamilton's variational principle on a Lie
group has been well studied (e.g., [91, 92]). Here we summarize the results for the special
case of rigid bodies from the expository part of [93].

Denote the in nitesimally varied rotation big = R exp( ) with 2 Rand 2 R®,
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whereexp() is a mapping fronso(3) to SQ(3). The varied angular velocity is

N

"=zZRTR ze '"RT Re"+R " "

n o (3.23)
:e A/\e/\+ /l=/\+ IL+AA A/\ +O(2)
Consider the action
Ztl Ztll h |
S( ;R)= L( ;R)dt= ST "34"T V(R)dt (3.24)

to to

Taking the variation of the actio®, we have

S(;R)=S( ;R)

Ztll h
=S( ;R)+ ST N PRAAN B
fo i (3.25)
+ /\A Jd/\+ AJd A Jd/\+ /\Jd/\
@R
+Tr R T=— dt+ O(?):
® ()
UsingHamilton's Principle we havedi S =0,ie.
=0
Z
17 @V
SooTr A S+ V342 rTEY =0 3.26
2 . @& (3.26)
n 0
forany 2 R3. Therefore, J_+ Vg 42 RT%’ must be skew-symmetric, which
gives us
Vv @V
§_= Vg + @Vp grOV. 3.27
@® @® (3.27)
Thus
b _ \ @VT T@V i
—= J1 + — R R'—/ : 3.28
@® @® (3.28)
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3.4.2 Equationsof Motion of anN-rigid-body System

Deriving the translational equations of motion directly from the Hamiltonian Eq. (3.8) and
applying Eq. (3.12) to each object for the rotational dynamics, the equations of motion of

the N-rigid-body system for the Hamiltonian (Eq. (3.8)) are,

(3.29)

~
I

A

<

3.5 Review: Symplectic Integrators of Hamiltonian Systems via Splitting and Com-

position Methods

Symplectic integrators are suitable for the Hamiltonian system as it preserves the symplec-
tic structure, which bene ts the integrators with conservation properties, nice long time
global accuracy under some general assumptions [89] etc. And a widely used method to
construct symplectic integrators of a Hamiltonian system is the splitting and composition
method, which rstly divide the Hamiltonian into several integrable parts, then compose
the ows together. For our system Eq. (3.8), different ways of splittings will be shown in
section 3.6. Given the ows of the split sub-Hamiltonians, then the composition method is
employed to construct different orders of schemes via different composition coef cients.
We list the composition methods used in the paper below for the gaderalA + B and
perturbative Hamiltoniatd = A + "B (e.g. near-integrable Hamiltonians) in Table. 3.1

and Table. 3.2 respectively.
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Table 3.1: Composition method ; ) of generaH = A+ B.' { and' B are ows of A
andB respectively.

composition method order
Geuter ﬁ;l E = ﬁ‘ ' E (1)
Ceerlet ' ﬁ;' E = ﬁzz l E ' ﬁ:z (2)
CTriJump I f{;' E =" " Ln ' oun (4)

with'  := Gerter(' ﬁ;l E) and ;= =2 21=%), ,=1 2 4[94].

QG ' ﬁ1l E = arh ' axh I azh ' aszh I azh ' axh I aih (6)
with " 1 = Geened’ ﬁ;' E’) anda; = 0:784513610477560, =
0:23557321335935@; = 1:17767998417888,=1 2@+ a,+
a3)[95]

Table 3.2: Composition metho@ ; ) of perturbativeH = A+ "B."' { and' B are ows
of A and"B respectively.

composition method order

Geag 22(' ﬁ;' ﬁ) =" Ezz ' ﬁ ' Ezz (:2,2)

C:ABAzz('ﬁ;'E): 'ﬁzg 'E " =2 (:2,2)

Geaz(' 7" B) = "4 ran 'E ";\% 'g " ran: (SABAZIN | (;4;2)
6 6

[96] or equivalently the ordg@; 2) ABA method withs = 2 in [97])
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3.6 Rigid Body Simulation: Structure-Preserving Algorithms via Specially Designed

Splittings and Compositions

In this section, we will design symplectic integrators of the N-rigid-body system using
splitting methods. The splitting method is basically to view the Hamiltonian (Eqg. (3.8)) as
the sum of several integrable parts, and then to compose the ow of each part over some
pre-designed time duration to achieve a certain order of local error. In the following, we
will introduce the Hamiltonian, build the symplectic integrators and analyze the accuracy of
integrators step by step. In addition, we will provide a way to incorporate non-conservative

forces into the integrators, such as the tidal force and post Newtonian effects.

3.6.1 TheT -seriesM -seriesandK -seriesMethodsfor the Systemwith Axis-symmetric

Bodiesvia Different Splitting andCompositionStrategies

In this section, we utilize the splitting method to construct symplectic integrators. A diverse
range of symplectic integrators with different accuracy and time complexities can be de-
signed as the splitting method is quite exible in terms of splitting and composition. Based
on our Hamiltonian of the N-rigid-body system, we will explore three different types of
integrators, namely thE -series methods, thd -series methods and tike series methods
—theT -series methods split the Hamiltonian into two parts with comparable size while the
M -series and th& -series methods split the Hamiltonian into, respectively, four and three
parts corresponding to various magnitudes and hence different timescales.

In terms of the shape of rigid bodies, we make the axis-gymmetric assumption in this
JP o0 o
section for simplicity. That is, without loss of generalify, = g 0 Ji(l) 0 4. For

o o0 J%®
general rigid bodies that are not axis-symmetric, different splitting mechanisms can be

applied (see section 3.6.3).
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Classical Splitting for Rigid-Bodyl(-series Methods)H = H; + H, with :—; = 0(Q)

One way of splitting id = H; + H, following [80], with

S X 1 T X 1 Ty 1
FHi(gp sR= SpipEm+ 5 3T

' X ' (3.30)
?Hz(q;p; 'R =V(@R = Vj(@;9:;Ri;Rj):

i6]

ForH,, the equations of motion are

8 )
% Qi = H;

pJ:O’J\ (3.31)
§&=RH1“

In Eq. (3.31), thedth equation is the Euler equation for a free rigid body. It is exactly

solvable, and the solution expression is particularly simple for axial-symmetric bodies:

0 % 31
0
i(t)=exp tgé i(0):=RI(t) i(0) (3.32)
1
2 3
0
with = J%@ J(% I(O)goz andR, being the rotation matrix. Take(t) back to
1

the 3rd equation of Eq. (3.31), we can obtdj(t) too.
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Therefore, the ow ole is,

8
qi(t) = qi(0) + —t

pi(t) = pi(0); |

RO=ROR @ gt Re(D);

(3.33)

(=R (1) (0)

with R, andR (o) being rotation matrices representing the rotations aroung-thes and
(O) respectively.
ForH,, the equations of motion are

8
q=0;
@V
@1
0;

%Rﬂ |

@v @V '_ -
= Rr'=2 =ZY R
) I@Rl @Ri

pi =
(3.34)

As g; andR; stay constants, we hape and ; changing at constant rates. Therefore, the

ow {2] for H, is given by

@ 3.35
Ri(t) = Ri(0); (3:35)
|

rr @V @v i, ”

ai(t) = gi(0)
pi(t) = pi(0) Q\{
§ R; t:

i(t): I(O) i @I @i

We may compose{” and {2] via C to construct different symplectic integrators [see

e.g., 86] (see Fig. 3.2). To name a few, 8&tsGeyjer, n = Lll [2] is a 1st order scheme
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Ac

(1] 2l
h h
Figure 3.2: Composition of ! and . The root node represent the nal scheme. The

leaves represent the basic ingredients of the composition which are exact ows. The red
arrow represent the composition method specialized in composing two child ows with
comparable scales.

with h being the step size (see appendix section 3.84g¢ and the following composition
methodSGeret aNdGse).

Applying symmetric compositiofret, @2nd order integrator, is in the form of

— 1. [2 — 1 2 1
Verlet = G Wi @ = [%1 2] [%] (3.36)

Applying [™'™[94], we have the following 4th-order scherfig

V%Iet Vgﬂet Vg']let; (337)
with 1= 3= “+3 > =1 2 ;. Similarly, a 6th-order schenik can be constructed
by composing Ll], LZ] with Gse

In the packageT,, T, andTg are implemented.

Tailored Splitting | M -series Methods)H = H; + H, + Hz + H4 with :—; = 0O(1) and
5= 00)

Hi' Ha

I
I

Different from point mass systems which can already exhibit dynamics over multiple timescales,
the N-rigid-body system can have additional timescales created by the rotational dynamics.
Thus, we further split the Hamiltonian into more terms of different magnitudes, which

produce ows at different timescales, and then carefully composezheimre speci cally,

2Similar techniques have already been employed; see e.g., [88] and references therein. The structure of
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considerH = H; + H, + Hz + H,4 with

X Gm;m;
H2(q; p) = —
(3.38)

Ha( )=

8 X 1.
%Hl(q;ph SPipi=m

Ha(;R) = V(0;R)  Ha:

Here,H,, H, have comparable size arjt; E—‘Z‘ = O(") with " being a small scaling
parameter determined by the properties of the system. Based on scales of the dynamics, we
denoteH ™' = H, + H, andH S = H; + H,. For example, consider the solar system,
setting all the bodies to be point masses except the Earthl0 °.

n 0]
The ows ' {1];' {2];' {3];' {4] of fH1; H,; Hs; Hsg can be derived similarly to sec-

tion 3.6.1 and the schemes are build by hierarchically comchSirﬂbo i4-1 together. Specif-
ically, as shown in Fig. 3.3, we rstly group the ows of the fast dynamic§]ﬂ and'’ EZ])
as a sub-scheme{;’"St via G,st and the ows of the slow dynamics {3] and' {4]) as a sub-
scheme $° via G0, respectively. Then composind® and' $°¥ together as the nal
schemé ™" via Gyyii. Gast andCyow are composition methods of composing two Hamil-
tonian ows with comparable scales [861C,.i iS @ composition method specialized in
perturbative Hamiltonian systems of the folin= A + "B [97, 96, 88]. Note that the
ows ' fast ' slow gre not exact, so the order of“" is not the same as the order @f;
applied for exact ows. In fact, the global error bf!"' is the summation of the global
errors of all three methodS,s, Giow aNdGyuii (See appendix section B.3 for proof).

For example, if we seGasy, Giow and Ghui @S Gsg, Greret aNd Gaga 42 (S€€ appendix

section 3.5) respectively. The global error of the above meth@l(i¥) + O("?h?) +

O("h*+"?h?),i.e.0 (h® + "h* + "2h?). We name iM g1, SCheme witl; 4; 2 representing

our system, however, is new (due to the rigid-body part) and thus so is our speci c splitting.
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v multi
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4 Ghutti
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v fast 1 slow
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é Cfast écslow

v [1] v [2] v [3] ' [4]
h h h h

Figure 3.3: Hierarchical composition tree. The root node represents the nal scheme. The
leaves represent the basic ingredients of the composition which are exact ows. Nodes in
the middle represent the intermediate composition ows. Red arrows represent the com-
position methods specialized in composing two child ows with similar scales. The blue
arrow represent the composition methods specialized in composing two child ows with
different scales.

Table 3.3: Comparisons of different schemes with respect to the number of dominating
expensive stages and the global error order. The number of expensive stages are counted in
an isolated step without considering the concatenation of the last stage with the rst stage
of the next step. The notation in the “order' column is explained in the main text.

scheme| expensive stages order
T 3 (2)
Ts 7 (4)
Ts 15 (6)
M 42 3 (4;2)
M 642 6 (6;4;2)

the power ot of each term in the order arM representing multiscale splitting.

Similarly, we design thé/ 4, scheme by choosinGas: Gsiow aNAGhyii 8SGCrrigump Crerlet
andGCaga 2 respectively with the global error beir@(h* + "h?).

Compared with schemes in section 3.6.1, tailored splitting is able to mixing the fast
and slow ows exibly, thus being able control the time complexity. In fac, Ll]) =
TCH+ 70 B, T By= 7¢ B+ 7¢ ) with T() being the number of operations of

(31 + [4]

the one-step forward ow and evolving;”, ' " are much more expensive than evolving

' L”, ' LZ]. Since' L3] and' L“] are (expensive) slow dynamics that can be evolved with less
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effort (e.g. larger step size, less stages) than fast dynamics when evolving together and tai-
lored splitting makes it possible to control the number of expensive stages. To compare, the
number of expensive stages and the global errors of all schemes mentioned (in section 3.6.1
and section 3.6.1) are listed in Table. 3.3. In Table. 3.3, the order fodem;:::) repre-

sents the power df in front of "%;"1;::: (e.g. a scheme of ordéoy; 0:; 0,) has a global

error ofO(h% + "h + "2h%)),

Moreover, since the hierarchical composition is a general framework, one can easily

extend the family of numerical schemes, such as to construct higher order schemes, by

applying a variety of existing splitting and composition methods.

Tailored Splitting Il K-series Methods)H = K, + K, + Kz with £2; 22 = O(", )

We also provide an option to use the popular Wisdom-Holman [98] scheme for the or-
bital part, which works well for the speci ¢ but common setup of near Keplerian orbits;
such systems usually correspond\to 1 well-separated bodies orbiting around a massive
central body (indexed b¥ in our following description). This method is similar to the ap-
proach by [71], except that their coordinates are set using the body-frame and we provided
a higher-order implementation.

Isolating the Keplerian dynamics &s,, combining the rotational kinetic energy with
the rest translational kinetic energy Ks, and putting the rest potential energy Ka,

H=K;+ Ksy+ K3W|th

8
Xq Gmim
Ki(a;p) = HKepIer (Q;P) = . EPiTPi:mi leikl;
Py 2
X P1 o iz Pi
Sy 1 tot (3.39)
§K2(p’ ) - 2 |‘J| i+ 2m1
X Gmym;
Ks(;R) = V(R + —;
@R = V@R T

andK ;K3  Kj. Here,V(q;R) isde ned in Eq. (3.7). Note thdf ; represents Keplerian
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orbits inQ; P variables, which are canonical democratic heliocentric variables [99] with

8
3 o i 61;

= 3.40

Q 3 szlijJ . ( )

and

(3.41)

So when evolvindC ; dynamics, additional steps of switching back and force betvggr)
and(Q; P) coordinates are necessary. In terms of compositions, similarly, we rst compose
the ows of K, andK 3 together a$ " via G, then compose the ow oK, (* [
with * [ °°" via a multiscale compositing methdf ;. The error of such composition is
the summation of the global errors of two methd@s,,, G, (@nd the numerical error of
evolving Keplerian orbits).

For instanceK », method in our package is based on choosifig,, C~ i @SCerier and

Caga 22, and its global error i©(", h?).

Which One to Use, th€ -series, théVl -series, or th&K -series Methods?

In general, the orders of the-series methods are onlydependent, while th#¥ -series
andK-series methods argh; ") dependent angh; ", ) dependent respectively. Here,
and", are system speci c, and they affect the choice of method. For exarhplel10 ©

and" 10 3 in Solar system simulations with Earth being the only rigid body — note

K
that", represents the scale of the orbital planetary interactions whiléitheection 3.6.1
represents the scale of the spin and the potential correction due to rigidity, so in practice,

" - With the small parameters incorporated, the tailored splitting methods are usually
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more ef cient. In general, th& -series methods specialize in near-Keplerian problems,
while theM -series methods are more generic and at the same time almost always faster
than theT -series methods with nearly no trade-offs of the accuracy; in fact, oftentimes the
M -series methods are both more accurate and more ef cient due to delicate splittings and
compositiond. However,T -series methods are recommended for extreme cases with large

and", (e.g., a super fast spinning body might contribute to a lajge

3.6.2 Adding Non-Conservativéorces

Non-conservative forces such as tidal forces and post Newtonian corrections are incorpo-
rated in the package. As the implemented schemes are based on symmetric splitting and
composition the corresponding non-conservative momentum update is inserted in the mid-
dle of the composition. This is similar to how dissipative forces were addB&EBOUNDX

[100].

Tidal Forces

We model the tidal dissipation between each pair of bodies using the constant time lag
equilibrium tide model, following [66, 67]. Note that we only adopted the dissipative

component in the tidal force here. The expression of the acceleration of the tidal force is

2 2
tidal - am guesA

ahostguest - Z—hostguesdlo 3d d d

(3.42)
+ d o ' d:

Here, mpos; Mguest denote the masses of the host and the guest body respectively;
Jguest Onostdenotes the relative position of the guest batlys kdk denotes the distance

between two bodies; postguest = ¢ denotes the reduced mags;denotes the

Mhostt Mguest

30ne should not be misled to think an error likgkh* + "h?) is larger thanO(h?); for example, if
" = h?, the former may actually be smaller due to different constant factors; see section 3.7.1 for practical
illustrations.
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angular velocity of the host body under the reference frame (the inertia frame); the constant
denotes the dissipation ra#®;is de ned as
d°Q

A= o (3.43)

with Q the constant that measures quadrupolar deformability of the objects.
The dissipation rate is related to the time lag by the following formula,

3d5 Q

G m: (3.44)

We may integrate the tidal acceleratiaﬂfa' to our integrator after each time step by
considering all pairs of bodies under tidal interactions. Note that a}‘féh only calculates
the force of each (host, guest) pair, where each(@gi) treati as the extended object and
| as the point mass object. Thus, the equations of motion due to tidal dissipation are listed
below:

pi + h i ait;ijdal o aji

M (3.45)
= 0 h G R (g @) ai®
i6i

TV AR 00
©
I

General Relativistic Effects

We added the rst-order post-Newtonian correction for general relativistic effects following
e.g., [101]. For planetary systems, we assumed the central object (the host star) is much
more massive comparing to the surrounding objects (the planets). Thus, we only included
the correction due to the star. The acceleration can be expressed as the following [e.g., 102,

103]:

h [
GM star 4GM star 2
= Ve r+4(v rv 3.46
e r (v 1) (3.46)

71



3.6.3 AsymmetricCase

For planets with close-in orbits, both rotational attening and tidal force distort the shape
of the planets, and lead to non-axial symmetric distortions. Thus, we include the option to
study non-axial symmetric planets here, where one could specify the principal moment of
inertia or the semi-axes of the planets directly. In this caé]é,e Ji(z) 6 Ji(3) inJ;, and

our splitting of the Hamiltonian is modi ed as the previous Hamiltonian ptis,mmetic

where
!
X 1 1 @
Hasymmetic (R ) = ‘ 7@ 3@ |2 ; (3.47)
I | |
andHasymmetric H3 in EQ- (3-38)-
The dynamics of Eq. (3.47) is
8
2Ri()=R, Pt Ri(0);
(3.48)
®=Ry( 7t (0);
with = J(% J% Based on the symmetric schemes in section 3.6.1, we simply evolve

Hasymmeric half step at the beginning and the end of each step.

3.7 Code Validation

3.7.1 NumericalTests

Conservation Properties

The conservation properties of the integrators are tested;feandM 4, schemes in the
Sun-Earth-Moorsystem with all three bodies being rigid. As shown in Fig. 3.4, both
schemes conserve linear momentum and angular momentum (except there are arithmetic
inaccuracies due to machine precision), and the energies exhibit no drift but only uctuate

at magnitude® (h*) andO(h*+ "h?) for T, andM 4, respectively. In the simulations, tides
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Figure 3.4: Conservation of momentum maps and near conservation of energy by our meth-
ods. Relative error of enerdy, error of the total linear momentumand relative error of

the total angular momentum are measured(0) = [0; 0; 0]. The potential order is set to

be2.

are not included (otherwise the system is no longer conservative) and initial conditions are
set to be the data of epoch J2000 from JPL HORIZONS System.

Here oating-point format is set to be double-precision, although our package can also
use long-double or single.

Our integrators also (exactly) preserve symplecticity when tidal dissipation is excluded,
because they are Hamiltonian splitting schemes. The de nition of symplecticity in a non-
Euclidean setup is not completely trivial, but the symplecticity of splitting approaches con-
sidered here has been established in, e.g., [104] (Widh= O ; otherwise one gets a more

general result, namely conformal symplecticity).

Convergence Tests and Accuracy Comparisons

We now numerically illustrate how the integration error dependb tor different numer-
ical schemes, which include both methods we implementé&aRHT and SMERCURY-T

SMERCURY-Ts a concurrent simulation package that can evolve an object's spin-axis
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under obliquity tide [105]. It is based on tiMercury simulation package [106]. Specif-
ically, it includes a subroutine to evolve the spin-axis dynamics following the procedure
outlined in [6], which is based on the Lie-Poisson integrator of rigid-body dynamics de-
veloped by [71]. In addition, it includes a subroutine for obliquity tide following the algo-
rithms outlined in [69]. The model for tidal interaction SMERCURY-Ts different from

what we included irGRIT, which natually contains both obliquity tide and tidal effects
due to non-tidally synchronized orbits. Thus, we focus on the rigid-body dynamics here,
where we do not include tidal interactions in our convergence test. We also turned off, in
comparisons presented here, our rigid-body rigid-body interaction option, which is mainly
for accurate simulations of rigid bodies' close encounters, because such interactions are
supported only irGRIT.

We rst test on theSun-Earth-Moorsystem (Fig. 3.5). One observation in this case
is, if the step size is too large so that splitting i@ + H, + Hz + Hy (GRIT'S M 42,

M e42) doesn't work, SMERCURY-Toesn't work either (unlike expected by some). More
precisely, withh =2 10 2 yr, M 4, andSMERCURY-TEannot resolve the the motion of

the Moon orbiting around the Earth, whose period is a month, and even the performance of
the 6th order methot ¢4, is not ideal, and signi cant errors are observed in all methods.
Accuracy is improved for stepsizes below this stability limit, and the rate of improvement
is, as expected, dependent on the order of the numerical scheme. Consequently, higher
order methods such &8 4, andM g4, Show substantially smaller errors when smaller step
sizes are applied (readers interested in understanding this together with computational costs
are referred to section 3.7.1).

We then test on a non-Keplerian system (n8MERCURY-Pperforms well for near
Keplerian problems as designed): an Earth-like planet orbiting around two stars alterna-
tively in a stellar binary system (Fig. 3.6). As there is no single body that has the dominant
mass of the system and the the planet is alternatively captured by the two stars, the plane-

tary orbit is not nearly Keplerian, and splitting intb, + H, + Hz + H,4 is more accurate

74



Figure 3.5: Error of Earth's obliquity § over the range of's uctuation and the relative

error of the semi-major axis of the Moon for tisn-Earth-Moorsystem. Earth, Sun,
Moon are rigid body, point mass and point mass respectively. The benchmark is simulated
using theTg scheme withh = 10 ®yr.

than SMERCURY-Tor all choices of step sizes here. Speci cally, as shown in Fig. 3.6,
the orbital position oEMERCURY-Baturates t® (1) relative error after a relatively short
period of time, no matter ih = 10 3;10 4;0r 10 ° yr. The orbital inaccuracy naturally
affects the spin angle as well. Meanwhil¢,,, andM g4, do not have this issue.

For reproducibility, the initial condition used is

T T
Ostar; = 05 0 O Vstar; = 0 0:0086012119 O ;
T T
Qstar, = 05 0 O Vstar, = 0 (0086012119 O ;
T T
Oplanet = 1:16 0 O Vplanet = 0 00164271047 O

in units of AU andAU=day, andMstar, = Mstar, = 0:5M |, Mpjaner = M .

Investigation of Ef ciency

We now demonstrate the improved computational ef ciency of the tailored splitting schemes.

A comparison of the time ef ciency among the traditional splitting methgdls and the
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Figure 3.6: Error of spin angle (the angle between the angular momentum anéxie

of the inertia frame) and position for an Earth-like planet orbiting around two stars alterna-
tively. The Earth-like planet, star 1 and star 2 are set to be rigid body, point mass and point
mass respectively. The benchmark is simulated usind@4tseheme with h=1e-5.

tailored splitting schem® 45; M g42; K 5 in the 10rigid body (Sun with 8 planets and the
Moon) is shown in Table. 3.M 4, (M g42) is about twice the speed @f (Tg) with compa-
rable integrating accuracy. NOBMERCURY-Tannot be compared against here, because
its currently available versidrcan only set one of the objects as rigid-body.

To gain additional understanding of the performanceG&IT, complementary re-
sults that include comparisons 8MERCURY-Tare also provided. For a fair compari-
son, we continue using the Solar system example, which is a near Keplerian problem that
SMERCURY-Bpecializes in, but we had to alter it by setting only the Earth to be a rigid
body and all others as point masses. Results are in Table. 3.5, Mhgrshows improved
accuracy oveEMERCURY-Twhile M 44, is even more accurate however with traded-off
time complexity.

Also for the sake of fairness, note that wall-clock counts are platform dependent and
therefore should only be used as a qualitative (not quantitative) indicator. Experiments

reported here are conducted on a machine with AMD Ryzen 7 3700X 8-Core Processor, 16

“https://github.com/SMKreyche/SMERCURY-T/tree/cbc25299825559f255cee096¢7650f379af41aa5
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Table 3.4: Ef ciency comparison among scheifg Tg, M 42, M 442 andK ,. The Solar
system with 8 planets and the Moon (10 rigid bodies in total) is simulatetiiDyears
with h =10 2yrandh =10 #yr for all schemes using a single thread. The benchmark is
simulated using th& scheme withh = 10 ° yr and long-double precision. Mean absolute
errors (MAE) of the Earth's obliquity (rad) are measured. Data is output ézé&rnyr.

h=10 3yr | Walltime (s)| MAE of Earth's Obliquity
T, 30.573 1.996646e-05
M 42 15.488 1.997454e-05
Te 72.55 1.728156e-08
M 642 40.626 4.365093e-10
K, 14.673 2.186379e-05
SMERCURY-T N/A N/A
h=10 *yr
T, 273.71 2.680897e-09
M 4 140.58 3.817091e-09
Te 708.26 8.689218e-11
M 642 395.52 2.039980e-10
K, 131.56 1.292609e-05
SMERCURY-T N/A N/A
h=10 °yr
K, 1299.9 1.378428e-07

GB memory and the Linux distribution of openSUSE Leap 1&RIT was compiled using

GNU C++ compiler andSMERCURY-Tsing GNU Fortran compiler, both with the default
compilation options. Single-thread is used for experiments in both Tables 3.4 and 3.5
for fairness (note a parallelization option is availablgGRIT; we recommend turning it

on when the simulated system has large numbers of rigid objects). We also noted that
SMERCURY-Elows down more signi cantly tha@RIT when its integration is outputted
more frequently, and thus chose a large output step size to r&@MERCURY-$ 1/0

overhead so that the focus can be on the integration time itself.

Summary of Section 3.7.1 Numerical Tests

In general GRIT suits not only near-Keplerian orbits but also non-Keplerian ones. Multiple
splitting and composition options are provided@RIT too so that, if preferred, a user

can choose the classical Wisdom-Holman scheme for the orbital part which specializes in
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Table 3.5: Efciency comparison among schefde,;, M ¢4, and SMERCURY-T. The
Solar system with 8 planets and the Moon (9 point masses and 1 rigid body (the Earth)
in total) is simulated tillL000years withh = 10 3 yr andh = 10 * yr for all schemes
using a single thread. The benchmark is simulated usindg¢lseheme witth = 10 ° yr

and long-double precision. Mean absolute errors (MAE) of the Earth's obliquity (rad) are
measured. Data is output evedl yr.

h=10 3yr | Walltime (s)| MAE of Earth's Obliquity
M 42 6.408 1.997119e-05
M 642 23.122 3.841649e-10
SMERCURY-T  8.638 2.157662e-05
h=10 #yr
M 42 53.782 3.833661e-09
M 642 216.09 1.990336e-10
SMERCURY-T  39.079 1.903458e-05

near-Keplerian orbits (e.gK »). Furthermore, equipped with higher order meth@sR]T
integrations have errors that decrease very rapidly as step size decreases in a reasonable

range.

3.7.2 Comparisorwith SeculaResults

To further verify the accuracy of our integration package, we compare our simulation re-
sults to secular theory here. We include two examples: the rst one integrate the obliquity
variation of a moon-less Earth without the in uence of tidal interactions, and the second
example considers tidal interactions between a hypothetical Earth-Moon system. We nd

good agreement between our simulation package with the results of the secular theory.

Obliquity Variations of a Moon-less Earth

Spin-orbit resonances lead to large obliquity variations for a moonless Earth [15], and this
classical example can serve as a test case for our simulation package. Speci cally, planetary
companions of the Earth (from Mercury to Neptune) all perturb Earth's orbit and lead to
forced oscillations in the orbital plane of Earth. At the same time, torquing from the Sun

leads to precession of Earth's spin axis. The natural precession frequency coincides with
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Figure 3.7: Obliquity variations of a moon-less Earth. The solid lines represent the rigid-
body simulations, and the dashed lines represent the secular results following [5]. The
results of our simulation package agree well with the secular theory.

the forcing frequencies and drives resonant obliquity variations of Earth. Tidal interactions
are weak in this case, so we neglected tidal effects in our code and considers the dynamical
coupling between the planetary spin axes and its orbit.

We include the eight Solar System planets in this system, and we adopt the position
and velocity of the Solar System planets from JPL database [107]. We only treat the Earth
as a rigid object with oblateness @D0335 and set the other planets and the Sun as point
particles.

Figure Figure 3.7 shows the comparison of the obliquity variations of the moon-less
Earth with that from the secular theory shown in [15, 43]. We included three examples
starting with different initial obliquities, and all of them show good agreement with the
secular results. In particular, below40 , large obliquity variations can be seen due to the
spin-orbit resonances. We chose a time stepOofyrs, in order to resolve the spin of the
Earth. The fractional change in energy is at the ordet®f# and the fractional change
in angular momentum is at the order 1@ 2 for all the three runs with different initial

obliquities.
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Figure 3.8: Tidal interaction in a hypothetical Earth-Moon system. The spin rata{
creases rapidly to the pseudo-synchronized state, which is then followed by a much slower
decay as the orbit circularizes under tide. The solid lines represent the simulation results
and the dashed lines represent the secular results. The results of our simulation package
agree well with the secular theory.

Tidal Interactions of a Hypothetical Earth-Moon System

To illustrate the accuracy of our simulation package including tidal interactions, we use a
simple hypothetical Earth-Moon two-body system here. We set the initial semi-major axis
and eccentricity to b8:0018AU and0:4. For the Earth, we set the spin period tolbaay,
oblateness to b@00335 love number to b@:305and tidal time lag to bé98ec. For the
Moon, we set the spin period to el days, oblateness to 820012 love number to be
0:02416and tidal time lag to b&; 63%ec.

Figure Figure 3.8 shows the agreement between our simulation package (solid lines)
with the secular results (dashed lines). The secular results are obtained following [67].
The upper panel plots orbital eccentricity versus time and the lower panel plots the spin
rate of the Moon versus time. It shows that the spin rate of the Moon increases to the
pseudo-synchronized state within a few hundred years, and then slowly decreases as orbital
eccentricity decays due to tide. We chose a time stefDofyr to resolve the spin of the

Earth, and the total fractional change in angular momentum id0 *2.
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3.8 Applications to Trappist-I

Spin-orbit coupling leads to profound dynamics in planetary systems, in particular for plan-
ets with close-in orbits. For Trappist-I, it is shown that tidal and rotational deformation of
the planets leads to orbital precession that can be detected in the TTV measurements [63].
In addition, strong interactions between planets in resonant chains can push habitable zone
Trappist-1 planets into non-synchronous states [64].

To illustrate the effects of the spin-orbit coupling, we use our numerical package to sim-
ulate the long-term dynamics of spin-axis variations, as well as the short-term effects on
TTV for Trappist-I. We note that both our numerical package B&EIDONIUS70, 63]
consider tidal effects and spin-orbit coupling, beyond point mass dynamics based on New-
tonian interactions and GR corrections. In particular, [63] obtained both dissipative and
non-dissipative forces from tidal dissipation and tidal torquing separately, and considered
forcing due to planetary rotational deformation.

Using our numerical package, we nd that the habitable zone planets can indeed allow
large spin-state variations, consistent with the ndings by [64]. In addition, we nd that
allowing the non-synchronized states could lead to signi cantly larger TTVs, which could

reach a magnitude of min in ten-year timescale.

3.8.1 Systemsetup

We use the same orbital initial condition and physical properties for the planets in Trappist-
| following [63] (Table A.2 in [63]), in order to compare the magnitude of TTVs, and we
use the same reference tidal parameters for the star and the planekfe.g= 0:307,
Koy = 0:9532 p = 712:37sec). TheQ coefcient in the tidal model can then be
calculatedk, = Q=1 Q))[67, 108, 109].

To calculate the moment of inertia along the three principal a&e8( C), we follow

the derivation by [110], assuming a homogeneous model for simplicity and assuming the
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rotation velocity of the planet is close to the orbital velocity. Speci cally, the moment of

inertia can be expressed as the following:

1 1
A=lo1 3 3 )
1 1
B=lol 5 *+5)
2
C= |0(1+§ )
where
5
= ZQ(]-"'kf)
3
= Eq(l‘l'kf)

andk; is the love number, and is the ratio of the centrifugal acceleration to the gravi-
tational acceleration. We assume all the planets have the same radius of gyration squared
rgg = 0:3308following [63], and we include in Table. 3.6 the moment of inertia of the
planets.

Moreover, because the planets are very close to their host star, general relativistic pre-
cession plays a non-negligible role in the transit time. Thus, we also included the rst order

post-Newtonian correction in our simulation code (see §subsubsection 3.6.2).

Table 3.6: Principal moment of inertia of the Trappist-1 planets.

Planetf A(M km?) B(M km?) C (M km?)
b 50.5245 50.8474 50.955

54.3319 54.4432 54.4803
7.6321 7.6396 7.6421
26.384 26.391 26.3933

39.9836 39.9898 39.9918
58.8644 58.8698 58.8716
7.8901 7.8904 7.8905

SKQ +~0® Q0
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Figure 3.9: Transit-timing variations (TTVs) of planets (b, c, d) in Trappist-I. The upper
panels show TTVs of the planets assuming they are point mass particles and neglect effects
due to GR. The lower panels show the differences in TTVs due to GR, rotational attening
of the planets and all the effects (GR, rotational attening, tidal precession and tidal dissi-
pation combined). The differences due to GR and rotational attening are consistent with
the results in [63], while assuming the planets to be rigid bodies, the TTV differences are
larger.

3.8.2 Transit-timingVariations

The measurement of transit-timing variations (TTVSs) is a powerful method to derive phys-

ical properties of planets, in particular masses and eccentricity of planets [111]. Most
studies consider only point-mass dynamics. However, full-body dynamics including tidal

effects and distortion of the planets could also play an important role [112, 113, 114, 115].
It is recently shown that new measurements of the TTV of the Trappist-I system lead to
signi cant increase in the mass estimate for planet b and ¢, which may be due to unac-
counted physical processes including tidal effects and rotational distortion of the planets
[116, 117, 63]. Thus, we use our simulation package to estimate the TTV of the inner
planets in Trappist-l here as an example, in comparison with the study by [63].

We include the result of the transit-timing variations for Trappist-l b,c and T6B0
days in Figure Figure 3.9, to compare our results with those in [63]. Similar to Figure
1 in [63], the upper panels show the transit timing variations assuming the planets are all

point-mass particles, and the lower panels show the differences in the TTVs due to different
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Figure 3.10: Differences in transit-timing variations (TTVs) of planets (b, c, d) in Trappist-I
over ten year measurements. With larger spin-misalignment, transit-timing variations could
reach mins.

effects. The differences due to GR and rotational attening of the planets computed using
our simulation package are agreeable with that in [63]. Different from [63], we assume
the objects are rigid-bodies when considering tidal interactions with the central star using
our rigid-body simulator. This leads to slightly larger TTV differences. We note that the
magnitude of the differences in the TTVs depend on the misalignment between the elon-
gated principal axis and the location direction of the planet from the central star. For the
illustrative example, we assume the planets all start with their long-axes perfectly aligned
to the direction of the central star.

As the system evolve further, the misalignment could be excited to larger values (as

discussed further in section subsection 3.8.3). The differences in TTVs could rezsgt
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