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SUMMARY

This dissertation utilizes a comprehensive interdisciplinargpproach to
demonstrate a paradigm for avel design strategy for new generation engineering.
Computational fluid dynamics (CFD), reduekdsis modeling, statistics, uncertainty

guantification, and machine learning amaployedto developthis strategy.

In thereal world, designing a new product or device meguiremonths or years.
It is therefore cruciato developmore timeefficient strategiedor redudng investigation
and developmentoss. Using a rocket engine injector as an example, this dissertation
addresses fundamental issues critical to the development of an efficient and robust
capability for understanding, analyzing, and predicting fluid dynamics and enhancing the
interpretation of physical characteristics for future propulsion systems. Thetpoeg@mk
demonstrate recent breakthroughs in modeling and data analytics techniques to

substantially improve modeling capabilities@nylevels.

Due to the higipressure requirements of cryogenic propellants, such as those of liquid
rocket engines, pisical experiments are expensive. Furthermore, it is difficult to observe
the physical mechanisms of the combustion process via optical diagnosticgiddity

CFD, such as large eddy simulations (LES), has been employed for decades to better
capture tle flowfield and combustion characteristics that occur in rocket engines, but these
computationally expensive calculations are impractical for design purposes. A 2D
axisymmetric LES case, for instance, can takk46days with 206850 CPU cores in

parallelization, which is extremely costly and tiareefficient. Further,a full-size 3D LES

XiX



case withthe same grid resolutioandCPU cores as a 2D case may take over a ntonth

complete

To develop an efficient design strategy for new generation engines otiegrah
interdisciplinary revolution,spanning fieldsfrom statistics to engineering, is needed.
Taking a swirl injector as a demonstration example, Design of Experiment (BoE)
formulated based on few pivotal geomettasignparameters and the corresgomg ranges
for each of these parameteBrawing uponprior knowledge of the major contributing
geometric parameters, the sample size is determined based eensggincal approaches,
with a recommended six to ten simulations per design variable. Thigambpfacilitates
the design process and reduces the number of total sample points required to efficiently

scrutinize the design space.

To effectively and efficiently examine the physical mechanisms and dynamic
details of instantaneous flow features éonew swirl injector design, serial novel data
reduction methods are developed and emplégyecduce the dataize while keeping
dominating physics informationThese methodiclude low-fidelity models such as
common proper orthogonal decomposition (CROf2rnetsmoothed proper orthogonal
decomposition (KSPOD), and common keragloothed proper orthogonal decomposition
(CKSPOD). The reduced data are used to train thefidghity simulation models, and
finally a krigingbased emulator is applied to piedhe dynamics of the flowfield with
various spatiotemporal characteristics, based on the m@emetric designof an
injector. These representative metamodeling technicares found to besubstantially
improved the modeling capabilities at all levéRecent breakthroughs in modeling and

data analytics successfully capture turbulent dynamics in a swirl injector and vyield
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predictionamore quicklythan highfidelity simulationsMost notablyCKSPOD, the latest
proposed emulator, can achiegeturnaround tne 34,000 times faster than LES
evaluating a new design point acros®0D snapshots with only 10 CPU cores.
Furthermore, the presented work conducts uncertainty quantification (UQ) theorems to
examine the uncertainties (i.e., the accuracy and pregisfasll models.Resultsof the

UQ analysis reveal not only that the proposed models are qualitativelycgogahring

with simulation but also that they perform quantitatively well for spatiotemporal

predictions.

The work described in this dissertatiam@uces a suite of multifidelity modeling
techniques for effective and efficient assessment of the dynamic behaviors of a practical
system, with geometric details over a broad range of operating conditioaspphoach
canalsobe applied to other engering systems involving complex turbulence dynamics,
nano/micro fluid dynamics, combustion instabilities, manufactory industry, geological

exploration, biomedical device invention, medicine, and other fields.

It is noted that this dissertation interpels materials from three published or
submitted papergl-3] by Simon Mak Chih-Li Sung C. F. Jeff Wuy Xingjian Wang,
ShiangTing Yeah Vigor Yang Liwei Zhang and the author of thidissertation (note: all
names are listed mlphabetical orddry the surnamespartial results fothe CPODbased
emulationof the presented work have been publishethiS§AandAIAA J.in 2017[1] and
2018 [2] respectivelywith the author of this dissertati@s a ceauthorwho contributes
most of the preliminary data physical mechanism exploration, data work organization, and
partial coding worksPartial research results ftire KSPOD in the presented work have

been submiedto J. Comp. Physn early 2018and arecurrently under revieywith the

XXi



author of this dissertation as first autigf. Meanwhile, partial result®r the CKSPOD
in the presented wor&re currently beingrepaed forsubmssionto J. Comp. Physas a

first-author paper.

Keywords: design study, higfidelity simulation, kriging, data reduction, surrogate

model, swirl injector
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CHAPTER 1. INTRODUCTION

1.1 Overview

A timely design process with appropriate cost is always a prigaay when
developinga new product itheengineering and industry fieldo develop a new produce
or to solve gproblem in the real worldhe research and development (R&Rpcess
sometimes becorsg¢he most expensive process for companies or government agencies.
Based on a report by the 2016 EU Industrial R&D Investment Scorelelaated byhe
European Commissiofd], R&D spending as a percentage of net sales is 2.8% for
aerospacanddefense, 5.9% for automoksland parts, 8.4% for technology hardware and
equipment, and 10.6% for computer software and services. Hence, it is important to

develop a design strategy to reduce the cogtedesign process.

The objectiveof this wak is to develop an accurate acaimputationallyefficient
surrogate moddl.e., emulator}o predictdatasetscontainingrich spatiotemporal physical
mechanismdor effective design surveym any design spaceThe studyencompasses
computational fluid dynamics (CFD), redueledsis modeling, statistics, and machine
learning. As a demonstration case, the flow evolution in a swirl injector with

spatiotemporally evolving flow dynamias a broad design spatepresented.

For design assessment, physical experiments can be extremely expensive-and time
consuming, especially for complex systems operating over a wide range of conditions.
Moreover, it is hard to gain insight into underlying physicochemical mechanisms through

meaurements using currently available experimental techniques. To better capture flow



characteristics and identify design attributes, one solution isfluglity modeling and
simulations such as largaldy simulation (LES). The LES framework employed i@ th
present work is capable of dealing with fluid flow and combustion dynamics over the entire
range of thermodynamic statfs9]. These simulations, however, are computationally
expensive and impractical for use as a primary tool to survey the design space; an
axisymmetric simulation of flow evolution in a simplex swirl injection with L§&de
resolution, for instance, ay take about 100,000 CPU hours on the kmxa AMD
Opteron Processor 8431. The traditional taiatierror based design practice is no longer
practical. To enable the use of hifitlelity simulations for design evaluation, an effective

model must be inaporated into the design process

The first step toward the development of an emulation (surrogate) model is Design
of Experiments (DoE), which achieves more realistic computation timelines for building a
database. Here we consider a swirl injector agraahstration examplglQ], as shown
schematically irFigurel. The detailed flow characteristics have been previously explored
using LES techniqueg$11, 12]. DoE can be formulated based on several key geometric
parameters and their respective ranges of consideratismworkfocuses on the effects
of these geometric parameters (that is, location aiathvof the tangential entry and
injection angle) on the injector performance, as measured by the thickness and spreading
angle of the liquid film at the exit of the injectft0-12]. The total sample size is
determined using a #0rule-of-thumb described by Loegp et al. [13], which
recommends ten simulations per design parameter where d means the total number of
design parameters. This approach substantially reduces the number of total sample points

required to survey the design space.



Figure 10 Schematic diagram for a simple swirl injector

The second step is the creation of a database with sufficient information to allow
for a survey of the design space. This can be achieved by performiuiitSebased high
fidelity simulation at the selected slgn points. For spatiotemporally evolving flows,
however, the resulting database is too large to be handled effectively. Identification of
domi nant flow structures and reduction of

emulation model

The final step requires the combination of POD and kriging methodologies. Kriging
is a powerful machingarning tool for interpolation and predictipi4]. The concept of
kriging is to model unobserved responses using a Gaussian Proces®v&ied by a
preset covariance function. The response surface of the training model can be evaluated
via datatuned weights to radial basis functions centered at observed points. In the present
study, each simulation contains over 40,000 numerical grictpo the spatial domain.
Kriging is required for each point if information for each point is to be modeled. To reduce
the data size, proper orthogonal decomposition (P@b)has been incorporated into the

prediction model (emulator).



Unfortunately, POD is only suitable for extracting instability structures at a single
geometry, whereas for emulation, a method is needed that can extract common structures
over varying geometries. To this erilreenew decompositiomlgorithmsd common
proper orthogonal decomposition (CPOM), 2], kernelsmoothed proper orthogonal
decomposition (KSPOD)[3], and common kerneimoothed proper orthogonal

decomposition (CKSPOD) areproposed in thisvork.

The key assumption of CPOD is that, under gspisguided partition of the
computational domain, the spatial distribution of coherent structures scales linearly over
varying injector geometriehe CPODbased emulatiosuccessfully predicts mean flow
structures for swirl injectors with a broad ramfgeometric dimension3o further predict
spatiotemporal flow structureKSPODis developedo improve the prediction accuracy

of flow evolution in the entire spatial domain and associated flow dynamics

For KSPODbased emulationyo main assumptions must be addressed. First, the
physics extracted by POD modes in different cases are similar under the same rank, as
determined by its energy. Second, the dominant modes capturing similar pénsics
transferred wittsame orsimilar phasg, such that those physics would be retained through
the krigingweighted averaging based on the new design. KSPOD achieves three goals: (i)
capturing turbulent flow dynamics; (ii) accurately predicting results as verified through
guantitative comparisonith simulation results; (iii) yielding predictions with short
turnaround timesThe KSPODbased emulator requires only about 0.02 CPU hour on an
Intel Xeon Processor EB650 V4 to predict the flowfield at a new design point for the
problem presented in ¢hpresent study. The overall computation time, including data

loading and training, is about 25 CPU hours (on an Intel Xeon Procesd@5B5/4) to



predict the flow evolution at a new design point for a time duration of 10 ms with 1000
snapshots. For compson, the corresponding LES calculation takes about 100,000 CPU
hours (on the hexeore AMD Opteron Processor 8431) for a spatial domain of over 40,000

numerical grid points.

It seems KSPOD conquer the problem to develop a-diffrcent low fidelity
model to capture spatiotemporal evolving flow characteristics for design surveys in a wide
design space. However, KSPOD doesnoét per f
surrogate model fails on these two amsumpt
the simulation and KSPODased emulation. The discrepancy is caused by time delay
while phase differences are observed in POD modes between any two training cases under

the same rank.

To fix the timedelay issues and improve the prediction accurackpef €volution
in the entire spatial domain and associated flow dynarGiK§PODis developed here.
This method takes the merits from both CPOD and KSPOD. The main reason thatKSPOD
based emulation performs tirgelay of evolving vortex structures along thgctor is all
training data deal with eigendecomposition at a different fBheln KSPOD algorithm,
all training cases take eigendecomposition for POD individually before the kriging process.
Although the indivdual POD process extract and preserves the most primary time and
space information of evolving flows, this could create phase differences between any two
POD modes under the same rank. The weighting number calculated by kriging can only
partially fixed ths problem. To solve this issue, CKSPOD applies the concept of CPOD to
do eigendecomposition for all training cases once at the same time. Since all simulations

(i.e., the training cases) share the same eigenvalues, no phase differences of POD modes



wouldappear between any two designs. Then, all cases apply the same eigendecomposition
results to estimate their POD modes and coefficients individually for the following kriging

process applied in KSPOD.

The CKSPODbased emulator requires only about 0.033JG®ur on an Intel
Xeon Processor EB650 V4 to predict the flowfield at a new design point for the problem
presented in the present study. The overall computation time, including data loading and
training, is about 25 CPU hours (on an Intel Xeon Procdssdi650 V4) to predict the
flow evolution at a new design point for a time duration of 10 ms with 1000 snapshots. For
comparison, the corresponding LES calculation takes about 100,000 CPU hours (on the
AMD Opteron HexaCore Processor 8431) for a spatiahdhin of over 40,000 numerical

grid points.

The work described in thdissetationadoptshreeses of simulation runghattwo
sets br nonreacting flows and oreet forreacting flovs. These simulations are produced
by a highfidelity surrogate modeling technique for efficient prediction of complex
flowfields over a broad range of operating conditions and geometric parameters. The
dissertationis structured as followsChapter 1 introduces the history and related
background for DoE and emulatioBhapter2 states the theoretical framewaricluding
a modern design strategy f&patiotemporal evolving flowChapter3 addresses the details
of research desigimncluding schematiconfiguration of the demonstrated injectors, DoE
methods, three krigingased surrogate modeés)d datedriven framework for enlation
analysis.Chapter4 showsresearchresults anddiscussion for emulatian Chapter5

concludesall workspresented in this dissertatiand future work



1.2 The History of Design of Experiment (DoE)

The origin of design of experiment (DoE) can be traced badkdearly 20th
century whenthe development of modern statistics was boonmirige United Kingdom.
During this time, statistics had been transformed into not only a useful tool for experimental
and social sciences but also a rigorous mathematical discipline usedlj@ism industry
and politics Quantitative evidence provides an excellent overall picture of a population or
a geographical region, and qualitative evidence is often collected in small studies and based
the experiences of a very few individuals. Howetlee later one can supply richer, deeper
and broader information based on a few individuals or case examples. Hence, when the
tools of statistical inference have helped to cultivate a new ideal of objectivity in scientific
knowledge, qualitative evidendeas gradually been replaced by quantitative results.
The keystone of DoE wdaid in the UK in the first half of the 20th centuf¥6]
[17] by Sir Ronald Fisher, a British mathematician, statistician, and geneticist. Froin 1911
1933,Sir Fisher worked at Rothamsted Experimental Statioo calledthe Rothamsted
Research), wher e agricultural resehar ch w
improvanent ofcrop production, analysis of varian@d experimental design required
new practies and instruments in field and laboratory research and imposed a redistribution

of expertise among statisticians, experimental scientists, and the farmers.

Eventually, the application of statistical methods in agricultasenplementecht
Rothamsted Kperimental Stationmade computing amtegral activity to experimental
research and permanently integrated the statistics tools and expertise into thé station
research progr am. F i <re sor dofineds within agscultural a | me

studies. By the mi@0th century, his methods hadcome permanently ingraingdfields



including psychology, sociology, medicine, engineering, economics, quality control,

education, chemistryp name a few

Immediatelyafter World War 1l,the agriculturerigins of DoEended andthe first
industrial eranarked another renaissance in the use of DoE. In 1951, Geordgsok.&nd
K. B. Wilson coauthored gaper[18] on response surface methodologiich proposed
the output as a response ¢tion to find the optimum conditions fa processvia a
sequence daflesigned experiments. Although Box and Wilson acknowledged that this
model carproduceonly an approximation, theyonethelessised it because the model is
simpleto estimate and applyyven whenlittle is known about the process. This paper

represents turring pointthat determinethe shape of modeoE.

In the 1950s, the importance of statistical quality control was taken to Japan by W
Edward Deming19]. After World War Il,many viewedlapanese produategatively To
alterthisimpressiorthat Japanese produgtsrecheaply made anaf poor quality, a segis

of statistical quality control methodologies was adoptethbyapanese industrial market.

In the 1960s, the qualityf Japanese produdiegan tamprowve significantly. The
Japanese car industimplemened statistical quality control procedures and conducted
experimentswhich ushered ira new era. Total quality managemg2@] and continuous
quality improvement are management techniques that hawverged fronthis statistical
quality revolution which combined statistical quality control andE2dhus the Second

Industrial Era (late 19704990)of DoE began, also known aise quality revolution.

Genichi Taguchi (January 1, 1924ine 2, 2012), a Japanese engineer and

statistician, discovered and publishmdnyof the techniques that were latepught to the



West. One of his famous statistical invenigihe Taguchi Orthogonal Arrays Desigis
similar to the fractionafactorial designs in th&Vest[21, 22]. Thisis a highly fractional
orthogonal design based on a design matrix proposed by Tathatlallows for the
consideation ofa selected subset of combinations of multiple factors at multiple levels.
Taguchi introducedxa concept of rbust parameter design and process robustness. Th
concept is, nowadays, the wk&hown Taguchi methods applied to improve the quality of
manufactuing processes andnore recently has also beenadoptedby biotechnology,
engineering, marketing, and advsiriig. His work includes three principal contributions to
statistics: 1) a specific loss function; 2) the philosophy ofiné quality control; and 3)
innovations inDoE. Althoughthe Taguchi method has been controversial among some
Western statisticiangnost have acceptdus proposedtonceptsand his methods have

been broadly implanted into Western industrial fields.

From aoundthelate 1980s and early 1990s, Tagudcknd other statistad methods
were no longesufficientfor manufacturing. Six Siga, a set of techniques and tools for
process improvement (i.e., a nevethodof representingontinuous quality improvement
quickly rose to prominenceéix Sigma was firsemployedby engineer Bill Smith while
working for Motorola in 1986[23]. Later, this method was highly recognized and
centralizedwithin the business strategy at General Electric by tHe£BO, John Welch

in 1995[23.

The termfiSix Sigma originates from terminology associated withe statistical
modeling of manufacturingrocesses. The maturity of a manufacturing process can be
described by aigmarating indicating its yield or the percentage of defeet products it

creates. A Six Sigma process is one in which 99.99966% of alftopytees to produce



some feature of a part are statistically expected to be free of defects (i.e., 3.4 defective
features per million opportunities). It incorporates many previous statistical and
management techniques. Todayny businessassethis tecmiqueto apply statistics to

make decisions based on quality and feedback loops.

A schematic diagram dhe four eras in the history of DoE is plottedHigure 2.
Overall, DoE is a design mission to undertake experisnefith the most efficient
resources to obtain the most analytical and effective reiudisisto predict outcomgby
introducing a change of the preconditions (i.e., contot#laonditions) operated by one or
more independent variables (i.e., input variables, or predictor variables). The change of one
or more independent variables is generally hypothesized to result in a change in one or
more dependent variables, alsorefetred as fiout put variabl eso
This branch of applied statistics carries ¢l planning, conducting, analyzing, and
interpretingof controlled tests to evaluate the factors that control the saluene or

multiple parameterthrougha quick estimation.

In this work, the sample device is a simple injector with spatiotemporal evolving
flow. By applyingDoE, a welldesigned data vault with simulation cases based on a range
of design space across the physics phenomena of parameteesastss built. Here, the
parameters of interests within the design
variablesd t he physitlasc apmh ebneonmewaant i fi ed are the
Arespons® \Ad 1t iea dtatdaredtwhich is the collectionof datafrom all
designed experiments utilized to build an emulator to predict the physics phenomena

relevantto any new parameters within the design space.
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« Sir R. A. Fisher & his co-workers

 Profound impact on agricultural
science

¢ Factorial designs, ANOVA

The Agricultural Origins
1918 — 1940s

The First Industrial Era * Box l(_S'c Vi_fllsog, rglspo}il s¢ _swflfaces
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mdustries

* Quality improvement initiatives
I many companies
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The Second Industrial
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« When economic competitiveness and
globalization is driving all sectors of the
economy to be more competitive.

Figure 20 Schematic diagram ofthe four eras in the history of DoE
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1.3 A Quick Overview of DoE Methods

Determining DoE revolves around the understanding of the effects of different
variables on other variable(s). In mathematieais, the objective is to establisitause
andeffectrelationship betwaeseveralndependenvariablesand adependent variablef
interest. In the context of DoE, the dependent variable is calledservation oresponse,
and the independent variables are callesign parameters or factors. Experiments are
operated at diérent factor values, callddvels. Each run of an experiment involves a
combination of the levels of the factors under investigation. Each of the combinations is
referred to as reatment. In a singléactor experiment, each level of the factor is mefer
to as a treatment. In experiments with many factors, each combination of the levels of the
factors is considered a treatment. When the same number of response observations are
notedfor each of the treatments of an experiment, the design of the erpeiligrsaid to
bebalanced. Repeated observations at a given treatment aredéeasreplicates. The
number of treatments of an experiment is determined based on the number of factor levels
being investigated in the experiment. For example, if anrewrpat involving two factors
is to be performed, with the first factor havixtevels and the second factor
havingy levels, therxytreatment combinations can possibly be operated, and the
experiment is amy factorial design. If alky combinations arandertaken, it a fulfactorial
experiment. However, if only some of tketreatment combinations are run, the
experiment is called a fractional factorial. In a fialttorial experiment, all factors and
their interactions are under investigation, wheieasfractionalfactorial experiment, not
all interactions are under consideration because not all treatment combinations are

operated.
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The size of an experimenamescalate rapidly wanthe number of factors or the
number of the levels of the factorscreases. For instance, if three factors at four levels
each are to be used, 64 different treatments are required forfactollial experiment
(t 1™ T @21 Ifafourth factor with five levels is added, 320 treatments are required
(t 1T 1T UV 0 ¢)mand640teatments are required if a fifth factor with two levels is
applied¢ tv T UV ¢ o 1)mdfonlytwo levels are used for each factor, then in the
tenfactor case, ,024 treatments are required¢( ¢ 1t p.T1For this reason, many
experiments are restricted to tvewels. Fractionafactorial experiments further reduce the
number of treatments to be executed in an experimeqt.design with factors A, B, and
C is plotted inFigure 3 as an example. This design tests three main eff&@tsdq, Q

represents the number of total factors), A, B, and C; threddetor interaction effects

(i.e., CQ o 0), AB, BC, and AC; andne three factor interaction effect (i.epg,2
g p ), ABC. Therefore, the design requires eight runs per replicate. The eight

treatment combinations corresponding to these runs are (1), a, b, ab, c, ac, bc, and abc.
Note that the treatment combinations arritten in such an order that factors are introduced

one by one with each new factor being combined with the preceding terms. This order of
writing the treatments is called Yates' ordais¢ known as th&Standard Ordé). The
significance of Yategrder is that it facilitates the determination of the algebraic signs of

the coefficients needed for calculating the main and interaction effects of each factor in a
factorial experimentThe¢ design is shown ifigure3(a) below and the design matrix is
shown inFigure3(b). The design mai« can be constructed by following the standard order

for the treatment combinations to obtain the columns for the main effects and then

multiplying the main effects columns to obtain the interaction columns.
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(a) (b)

Factors 1) a b ab [ ac be abe
Treatment
Name A B C 1 -1 -1 1 -1 1 1 -1
1 1 1 1 -1 1 1 1
@) -1 -1 -1
1 1 1 1 -1 1 1 1
a 1 -1 -1
1 1 1 1 1 1 1 1
b -1 1 -1
1 1 1 1 1 1 1 1
& I 1 1 1 1 1 1 1 1
¢ -1 1 -1 1 -1 1 1 1 -1
ac 1 -1 1 1 1 1 1 1 -1 -1 1
be -1 1 1
abc 1 1 1

Figure 30 A two-levelfactorial experiment design with three factors (a) represents
the design and (b)representsthe design matrix

The following quickky summaize some of the most common DoE categories:

1.3.1 OneFactor Designs

As the name impliesyith this designpnly one factor is under investigation, and
the objective is to determine whether the response is significantly different at different
factor levels. The factor can be eitlyerlitativeor quantitative. For qualitative factors
(e.g.,different suppliers, difrent materials, different labors, etc.), no extrapolations
(i.e., predictions) can be operated outside the testing levels, and only the effect of the factor
on the response can be determined. For quantitative factors, data from tesi®ighg,.,
tempeature, voltage, pressure, etc.) can be employed for both effect investigation and

prediction, provided that sufficient data are available.
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1.3.2 Factorial Designs

In factorial designs, multiple factors are under investigation simultaneously during
the experirent. Moreover, qualitativdfactors, quantitative factors or both can be
considered. The objective of factorial designs is not a@alydentify the factorsthat
significanty influence the response but also investigate the effect of interactions
betweerfactors. Predictions can also be performed when quantitative factors are present,
butthis mustedonecarefuly because certain designs limit the choice of predictive model.
For instance, in twevel designsonly the linear relationshigpetween the sponse and

the factorsan be used, which may not be pragmatic.

1.3.2.1 General FulFactorial Designs

Generally,in full-factorial designs, each factor can have a different number of

levels, and the factors can be either quantitative, qualitative, or both.

1.3.2.2 Two-Level FullFactorial Designs

Two-level full-factorial designsestrictthe number of levels for each factor to two.
Compaedto a general fulfactorial experiment, the restrictida two levels reduces the
number of treatmentaecessaryto run a fulifactorial experiment and allows for the
investigation of all factors and all their interactions. If all factors are quantitative, the data
from such experiments can be used for predictive purposes, provided a linear model is
appropriate for modeling the gigonse. It is noted that since only two levels are used,

curvature cannot be modeled.
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1.3.2.3 Two-Level FractionalFactorial Designs

Thistype of design comsesa special category of twlevel designs where not all
factor level combinations are considerédal.two-level fractionalfactorial designs, the
investigator can choose which combinations are to be excluded for certain interactions of

interest.

1.3.2.4 PlacketiBurman Design$1946)

A special category of twievel fractionalfactorial designsvasproposediy R. L.
Plackett and J. P. Burm§®4] while they wereworking in the BritishMinistry of Supply.
PlackettBurman designs are used for screening experiments becathie design, main
effects are, in general, heavily confounded with-fextor interactions. Hence, only a few
specifically chosen experiment runs are performed to investaydyethe main effects

(i.e., no interactions).

1.3.2.5 Taguchi Orthogonal Arrays Design (198

TaguchiOrthogonalArrays designs[25] are highly fractionabnd are applied to
estimate main effects using only a few experimental runs. These designs are not only
applicable to twdevel factorial experiments but also can investigate main effects when
factors have more than two levels. Designs are also applicainieetigate main effects
for certain mixed level experiments when all the factors do not have the same number of

levels.
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1.3.3 Response Surface Method Designs (1951)

As mentioned in Sectioh.2, the response surface methodology design, which is a
collection of mathematical and statistical techniques for empirical model byilaasy
introduced byGeorge E. P. Boand K. B. Wilson in 195]18]. This specibdesign method

is used to determine the settings of the factors to achieve an optimum value of the response.

1.3.4 Reliability DoE

Reliability DoE (RDoOE) is a special category ofoB specifically intended to
consideraresponsedhatis a life metric (e.g.age, miles, cycles, etojyhenthe data may
contain censored observations (suspensions, interval data). Only one response (typically
failure time) is measured, but the designs can accommodate data sets that include
suspensions (different censoring resuyligcertainty as to when the units failed bothin
addition to complete data sets in which all the units under test failed and the failure time
for each unit is known. Traditionaldg techniques usually assume that response values at
any treatment levedre normally distributed; on the contrary;CRE generallyapplies

Weibull, lognormal or exponential distributisto analyze data.

1.3.5 DoE for Computer Experimesnt

In the 215 century, the improvement of hardwaabows increasing numbers of
scientific fhenomenao bestudied by complex computer models (i.e., codes). In many
cases, the basis of a computer model is a mathematical theory that implicitly relates the
response to the factors. With the intégna of appropriate computer hardware and

software,it becomes possible to solve a mathematical system accurately with suitable
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numerical methods. A computer experiment represents several runs of a code with various
inputs and different outputs. One problem of computer experiméantrisggny caseghat

the codes are computationally expensive to run w@giedictor of the output to the data.

The objective of DoE application facomputer experiment is to provide a statistical basis

for designing experiments (choosing the inputs) for efficient piedictith minimum

runs. With this approach, estimates of uncertainty of predictions are also available.

In this work,thedesign and analysis of computer experiments are applied. A swirl
injector is adopted aanexample and the experimentg aollectedby simulation. Hence,
a DoE method for computer experiments is needed. Further detaédtaborated in the

following section.

1.4 Kriging (Gaussian ProcessBased Model)

Kriging, aGP-based model, is a commonlged method of interpolation for spatial
dataproblemsandhas been applied with great success in a variety of fi2élsThe data
are a set of observations of some variable(s) of interest, with some spatial correlation
present. Usually, the ressilbf kriging aret he expected value (Akr
variance (Akriging varianceo) Inpracieptogeed f or
better interpolation results (i.e., prediction), tinast bedone on asufficiently fine grid.
This method is named aft@®aniel G. Krige (August 26, 1918arch 3, 2013) who
pioneered the field of geostatistics and was a professor at the University of the
Witwatersrand, Republic of South Africa. Early in his career, Daniel Krige developed

empirical statistical methods to pliet ore grades from spatially correlated sample data in
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the gold mines of South Africd27, 28]. His approach was formalized by
GeorgedMatheron inthe 1960s (December 2, 1968Qugust 7, 2000)29, 30]. Since then,
pedologists, hydrologist geologists, atmospheric scientists, and scierasrgl€ngineers

in other fieldshave recognizedhe value of this technology in their own fields and
contributed to makinghis techniqgue more matuf@1-37]. Today kriging is applied
widely and with increasing sophistication in public health, fishery, petroleum engineering,
mining, geology,meteorology hydrology, soil science, precision agriculture, pollution
control,ecology, computer science, and many other fields. Kriging has become a generic
term for several closely related leasfuares methods that provide not only best linear
unbiased predictions but also some lim@ar types of predictions. In the first half tie

20" century, krigingroseto prominence anspurredmajor advanamentsof mathematical

methods of interpolatioacrossmany fields.

Unlike other traditional interpolation methousstatistics such asnversedistance
weighted and Spline, to ulee kriging effectively involves an interactive investigation of
the spatial behavior of the phenomenon (prediction) represented by training data sets
(observation) before selég the best estimation method for generating the output surface.
Theinverse distance weightedandSplineinterpolation methods are considered
deterministic interpolation methods that they are directly based on the surrounding
measured values or on specified mathematical formulas that determsmdbthnessf
the resulting surfaceConversely kriging can build a statistical model that inclusle
autocorrelation A kriging model considers the statistical relationships among all the

measured pointshence, a kriging model not only has the capability of protya
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prediction surface but also decreases the errors and provides better certainty or accuracy of

the predictions.

The major assumption afkriging method ighatthe distance or direction between
sample points reflects a spatial correlation that candeel to explain variation in the
surface A kriging model fits a mathematical function to a specified number of points, or
all points within a specified region, to determine the output value for the assigned location.
Kriging is a multistep process; itdludesthe exploratory statistical analysis of the data,
variogram modeling, creating the surface, and (optionally) exploring a variance surface.
Kriging is the most applicable method when a spatially correlated distance or directional
biasexistsin the cata. The nature of krigingllows itto bewidely applied in fields like soil

science, petroleum engineering, mining, and geology.

When kriging was first created for geostatistic® itiodel naturally considered
only two- or threedimensional inputs. Hower, with more application, a realorld
problem @an be muchmore complexhana case withtwo- or threedimensionalinputs
Today, the concept o6Gaussian process regression (GPR) contains kriging and deher G
based mathematical tools derived frokniging. These tools can be applied for

investigations involvingnot only multidimensional inputs but also tinseries.

Thesemodels are nonparametric kerelsed probabilistic models. FormallyG&
generates data located throughout some domain such that any finite subset of the range
follows a multivariate Gaussian distribution. The most mathematically basic and the least
general form of GPR can be considered as simple kriging, which assumes tttatexpe

valueis zero everywhere.
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In the least general case, it considers a training 68ty MQ plthB & , where
@WN A andw N A, drawn from an unknown distribution. A GPR model addresses this
guestion of predicting the value of a response vaiabl given the new input
vectore and the training data. A linear regression mddkésthe forme o1 T,
whergx O Th, . Here,0 Qo mtfor simple kriging aspreviouslyaddressedThe
error variancg and the coefficients are estimated from the training data (observation).
A GPR model explains the response by introducing latent varid@i@sfiQ phtrs Fe,
from a GP and explicit basis functiori@, The covariance function of the latent variables
captures the smoothnesistioe response and basis functions project the input® ap-

dimensionafeature space.

For a more complex scenario, such as ordinary krigiing, modelassumesa
constant unknown mean only over the search neighborhoad @fnknown) with
Oo"Qw 0 "Qw a , whered is the unknown mean. More details about kriging

GP arefoundin Appendixl.

1.5 Uncertainty Quantification (UQ)

Statisti@l tools with datedriven analysis intended for computational simulation of
complex reaworld processes (e.g., supercritical combustion inside an engine, liquid fluid
mixing of a small injector, etc.) are fundamentalvirtually every field of science,
engneering, medicineandbusiness. However, a statistical model of a processacaly
be established and implemented with assurance from its construction that the model
accurately represents, emulates, or predicts the complete process. Thasdtaigo

understand the uncertainties inherent in applyngiodel for predictaig reatworld
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proceses Moreover, constructing a model usually requires extensive use of data
concerning the real process being modeled ,(&.§S for supercritical combustion
invedigation). This interface of mathematical modeling, data, and uncerisikiypwn as

UQ and habecome a significant part of applied mathematics, engineering, and statistics.

As a modern interdisciplinary sciendg¢Q) hasbecome very popular in the past
decade. Itpasses through traditional research grospsh as system uncertainty of
measurementand incorporates statistics, numerical analysis, and computer science,
applied mathematics, aradl other application fields includingbiology, medicinegtc
Uncertaintyregardingthe model andts predictionsaccompaniegvery attempto model
complex realworld problems with mathematical and computer todlsis uncertainty
sometimesarisesfrom the numerical methods employed to approximate solutions to
complex processe#n some cases, the processes are truly random and the uncertainty is
inherentto the problems and cannot be reduced ,(eugoulent flow).In other casegshe
uncertainty stems from lacking knowledge about the underlying physics kdakweorld
problem. Moreover, the uncertainties can be derived by unknown, unmeasurable, or only

indirectly observed inputs of a model.

Overall, the science of UQ is the ettdend study of the influens®f all forms of
error and uncertainty in the mels arisingin many applicationsincludingstatistical
uncertaintyfor experiments of different runs asgistematic uncertaintipr the accuracy
of some measuremeni&he development and analysis of UQisefulnot only for solving
forward problems with uncertain inputs (i.e., propagating uncertainty in model inputs to
model outputs) but also for solving inverse problems (i.e., where unknown model inputs

are to be estimated from possibly noisy observations oehmadputs). Theonsiderations
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of UQ research range from fundamental, mathematical, and statistical questions to practical
guestions of computational accuracy and ¢88}. In this dissertation, three different
POD-based emulators are proposerlUQ analysiss applied to discuss the accuracy and

precision of the prediction by each model.

23



CHAPTER 2. THEORETICAL FRAMEWORK

This chapter demonstratdee theoretical framework includirsgdesign strategy for
modern engineeringnd the higkidelity simulation theoryby using a simple injector as
example Section 0 dissects all steps dhe modern design stratefiyr procedures with
spatiotemporal evolving flowsand section2.2 depicts the higtiidelity simulation

methodology applied for experimahtiata set collection.

2.1 A Modern Design Strategy for Spatiotemporal Evolving Flow

For design assessment, physical expents can be extremely expensive and time
consuming, especially for complex systems operating over a wide range of conditions.
Thereforefor helpin solvingengineering design probler@ssurrogate modeas nee@dto
evaluate design objectigand congtint functions as function of design variable®©ne
of the most popular surrogate magl€lFD, has been applied for dedzs. One solutiorfor
better captung flow characteristics and identifyg design attributes is higfdelity
modeling and simulatits such as largeddy simulation (LES). The LES framework
employed in the present work is capable of dealing with fluid flow and combustion
dynamics over the entire range of thermodynamic st&t8k These simulations, however,
are computationally expensive and impractical for use as a primary tool to survey the
design space; an axisymmetric simulation of flow evolution in a simplex swirl injection
with LES-grade resolution,or instance, may take about 100,000 CPU hours on the hexa
core AMD Opteron Processor 843s such, he traditional trialand-error based design

practice is no longer practical. To enable the use of-fidghity simulations for design
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evaluation, a new #dctive surrogate model, which is able to predict spatiotemporal

evolving flow dynamics, must be incorporated into the design pr¢tezls

However, the current design strategy for most devices only provides emulators to
estimate certain response anatyand assish making decisioaof optimal design. Tése
emulators, such as Gaussjanocess (GPhased regression models, cannot play airole
prediction for spatiotemporal results, such as turbulent flowfields, to speed up the design
adequate decision process. Moreover, the final maseébe generated by CEWhich still

requires weeks or months.

To alterthis situation and make the whole design process moredficéent, the
emulator with datalriven analysisnustplay a role in the desigadequate decision process
and final case geeration Furthermore it cansavemuchtime if highly accurae predictiors
from emulation can be used for further deipgcase studies such as flow dynamic or
instability analysis. Figre 4 shows a schematic diagramahovel design strategy for a
swirl injector usingthe aforementioned DoE and emulator. It can be dissected into four

moduleswith thefollowing seven steps:

Module 1: Design of Experime(DoE)

The first step is tadentify the problemincluding the design parameters and
related respond@atare the essentiatd designng a model. Then, the design space
(i.e. the range of each design parameter) and the auofldesign parameter§,
mustbe determined. If the model contains complex physical information that may
vary significantly regardingdesign space, a smaller range of design sjpmce

recommended. Based on theQlile of thumb[13], the optimaiminimum total
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samplefor training data igentimes the number of design paramsige.,p .
However, if the design space is broadotal sample (i.e., design pointsf) more

thanp fis suggested.

A design matrix for a specified design space is generated by an optimized
DoE algorithm. All training data are produced by sample points traaesign
matrix. If the total number of training samples is fixed (g@g®), an optimized
DoE methodology wit the best uniform design performance (MaxPro[39]) is
prescribed. All design points arranged from DoE should be appliedhéor

experiment.

If the total number of traing tess may change (i.e. p ), the Sliced
Latin Hyper Cube Design (SLHDnethodology is recommended to generate
& design points, whera p . To efficiently build the sample data sets,
applyingthe first p ®design points from DoE for experimeist suggested. The
remainingp ® & design points can be added to the sample data vaults until

more training data setse needetb improve model validation.

Module 2: Data Vault

All training cases are produced via experiment based on the uniform design
matrix. Inthe casedemonstrated in thidissertationthe experiment is numerical
simulation During this process, one or more cases can be siaddéaneouslyor
a later model Madation step. It is alsarucialto build several cases @ideof the

design matrixbut within the design spacir latervalidation.

Step 3: Emulation
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1) DataAnalysis

To successfully establish a surrogate model for emulation, it is important to
analyz the training cases faost fully understand the physical characteristics of
data vaultsUnderstanding the physics behind the training datasdetlpful in

selectinghe datareduction nethoddogy.

2) DataReduction

To efficiently build an emulator \th an accurat@rediction function, data
reduction is necessary to later increaseetfieiency of emulationprocess Here,
proper orthogonal decomposition (POD) is applied to extract dominant physics
information and flow dynamic information, which can beplied to train a
surrogate prediction model. However, POD is based on a secdad linear
statistics algorithm, which is capable of extracting information from snapshots of
the flow field and is thus applicable to experimental fld@a41]. It is also useful

to extract turbulent coherent structufég].

However,drawbackgo PODalso exist For example, energy mayftrize the
correct measure to rank the flow structures in all circumstances. In addition, due to
the choice of secordrder statistics as a basis for the decomposition, valuable phase
information could be lost. To further improve the design strategy, aimpreved

decomposition methodology is required.

3) SurrogateModel Training

After decomposing raw training samples and extracting essential

information, a krigingbased approach can be applied to train a surrogate model for
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efficient emulation. In this workthe new concept of kernsemoothed proper
orthogonal decompositio(KSPOD) is used to compile all important unstable
features from all training samples. A new design case can be predicted in a very

short time by this weltrained model.

Module 4: Final Becision

Beforebeginnng any design with the new emulator, it is necessary to justify
the validity oftheemulation model. A comparison betweaberesults predicted by

theemulator and its simulation with quantitative analysis is required.

1) DesigrAdequate Decision

While training data sets are used for response analysis, théraiedd
surrogate modetanbe applied to prediaghanynew designs for deep case studies
(e.g., further studies fatetailedphysial mechanismsetc) and desigradequate
decision after model validation. Sometimesultiple choicesexistfor design with
thesame osimilarresponses. Witthesurrogate model, this process cambekly
accomplished with predictionand the resultsanbe used to determine optimal

design.

2) QuickPhysicsurvey forComplexCases

Once the validation is confirmed, the emulator can be considered as a
surrogate model to providdficientprediction andJncertainty Quantification (UQ)
of turbulent flows in swirl injectors with any new geomedrigithin the design
space. This result can also help researcbanspletea quick physics survey for

complex casegesultingin a short turnaround time.
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Preparation
1) Decision of design space
2) Number of design parameters
of interest: d

The minimum total sample can be
defined by the 10d rule.

Design Methodology
Preparetrainingdata by design matrix
Prepare validation data within design space

Validation Cases Collection Experiment data collection
Checking the validity of (Training)

surrogate model

Data Analysis
The fully understand the physics
variation inside of the data vault.

Emulator Building Process
1) Trainingdataanalysis
2) Trainingdata decomposition
3) Surrogate modelestablishment

Response Analysis
Checking the accuracy and robustness
of the surrogate model (i.e. emulator)

Optimal Design with Emulation
1) Design adequate decision
2) Quick physics survey for complex cases

Figure 40 Schematic diagram fora new design strategy based on DoE arkiSPOD
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Above, the basic four modules for a new design are outlinedcdrenon kernel
smoothed proper orthogonal decomposiiGKSPOD) based emulator used in this work
requires only about 0.03 CPU howrs an Intel Xeon Processor-#550 V4to predict the
flowfield at a newdesignpoint for the problem which exploring spatiotemporal evolving
flow emulation models presented in this study. The overall computation time, including
dataloading and training, is about 25 CPU houms én Intel XeorProcessor EA.650 V4
to predict the flow evolution at a new design point for a time duration of 10 ms with 1,000
snapshots. For comparison, the corresponding LES calculation takes about 100,000 CPU
hours (on the hexaeore AMD Opteron Processor 8431) &spatialdomain of over 40,000
numerical grid points. This strategy can be applied for any engineering design studies. If
there are specific criteria for a target design, an optimization process can be further used

with this surrogate model and specifiszhditions to determine the best design.

2.2 High-Fidelity Simulation Theory

2.2.1 NonreactingFlow

The theoretical formulation for higtidelity simulations is described iiong and
Yan[16] and Huo and Yan{g, 7], which treats supercritical fluid flows and combustion
over the entire range of fluid thermodynamic states of condambulence closure is
achieved by means of LES techniques. The effects of subcpld motion are represented
by the Smagansky eddy viscosity model. Thermodynamic properties are evaluated
according to fundamental thermodynamic theories and a modified -Reslleh Kwong

equation of state. The Takahashi methodlibrated for higkpressure conditionss
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employed to obtain thmass diffusivity. Transport properties are evaluated using extended

correspondingstate principles.

The numerical frameworlutilized to complete this researds based on a
preconditioning scheme with a unified treatment of gerf&ral thermodynamic$43, 44].
It applies a densitpased, finitevolume methodology, along with a duahe-step
integration techniqué45]. A secondorder backward difference is used to accomplish
temporal discretizatigrand a fourstep RungeKutta scheme is applied to integrate the
innerloop pseuddime term. A fourthorder central difference scheme in generalized
coordinates is used to obtain spatial discretization. Faudér matrix dissipation is taken
to assure numerat stability and minimum contamination of the solution. Lastly, a multi
block domain decomposition techniquessociated with the message passing interface

technique of parallel computinig applied to optimize computation speed.

2.2.2 Supercritical CombustioRlow

The theoretical basis of the present study is deschip&defelein and Yanf46],
who deal with supercritical fluid flows and combustion over the entire range of fluid
thermodynamic states of concern. Turbulence closuréiead using the LES technique.
The Smagorinsky eddy viscosity model proposed by Erlebacher 47jals employed to
represent the effects of subgsdale motion.Thermodynamic properties, including
density, enthalpy, and specific heat at constant pressure, are evaluated according to
fundamental thermodynamic theories and the modified SBadiich-Kwong equation of
state. Transport properties, including thermal dwantivity and dynamic viscosity, are

estimated using an extended correspongtiade principle. Mass diffusivity is obtained by
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the Takahashi method calibrated for hglessure conditionf48]. The evaluation of
thermodynamic and transport properties has been validated and implemented in previous

studieq5, 49-51].

Modeling ofinteractionsbetweenurbulenceandchemistry remains a critical issue.
A precise classification of tudtent diffusion flame regimebas not been definitively
createbecause diffusion flames do not have wveidfined length, time, and velocity scales
[52]. Local flame scales depend on local flow conditions. The chemical kinetics of
kerosene combustion involve hundreds of species and thousands of elementary reaction
steps, rendering the ditesimulation of detailed chemistry computationally prohibitive. A
steady laminar flamelet model is applied in the present study. The underlying assumption
is that the local Damkohler numb& (> 1 71 ) is sufficiently large and the chemistry
is suficiently fast to follow the flow changebere T andt denote the flow characteristic
time and chemical time, respectively. Unsteady effects and flame extioctomwhen
O w is low. A prior studydemonstratd that the local strain ratetime current flowfield is
much smaller than the extinction strain rate (~1d7a 250 atm) for oxygen/kerosene
counterflow diffusion flamefs1]. This impliesthatO & is large and justifies the validity

of the flamelet concept.

A threecomponent surrogate of kerosef@3], n-decane/fpropylbenzenem
propylcyclohexane (74%/15%d% by volume), has shown good agreement with the jet
stirred reactor data and is employedhis work A skeletal mechanism with 106 species
and 382 reactionsdeveloped by Wang et a[54], is implemented because of its

computatiorl efficiency and high accuracy in predicting global combustion characteristics
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with a pressure range of2D atm and mequivalence ratio range of 0155. It is noted that

the operating pressure for current simulations is 25.3 MPa. Further validaipbem
required to determine whether this skeletal mechanism is suitable at this dxtessiire

value. The solutions of counterflow diffusion flames are used to build the flamelet library,
and it contains a set of equilibrium solutions in a range of strain rates at a pressure identical

to that of LES simulations.

The numerical frameworitilized in this workwas established by implementing a
preconditioning scheme and a unified treatment of gefflerdithermodynamic$43]. It
employs a densithased, finitevolume methodology, along with a dttahe-step
integration techniqud45]. Temporal discretization is achieved using a seandér
backward difference, and the inAdepp pseuddime term is intgrated with a foustep
RungeKutta scheme. Spatial discretization is obtained using a foudér central
difference scheme in generalized coordinates. Faardbr matrix dissipation, developed
by Swanson and Turkel55], is taken to ensure numerical stability and minimum
contamination of the solution. Finally, a metifiock domain decomposition technique
associated with the msage passing interface technique of parallel compusrapplied

to optimize computation speed.
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CHAPTER 3. RESEARCH DESIGN

This chaptestatesghe design process of this researkb.the research framework
mentioned inChapter2, there ardour major stepsof a design strategy while developing a
new product including DoE,creating a data vault, emulation, and final decision. This
chapter dissectietails of these four steda.Section3.], it illustrates the geometric details
of the swirl injector configuratioandexplairs decisiors regardingdesign parameters and
design space. Both nonreacting flow and reacfiioqy cases are include&ection3.2
states the DoE methods chosen for this rese8ettion 3.3elaborates and manifests three
emulation models fothe prediction of spatiotemporal evolving flow dynameammmon
proper orthogonal decomposition (CPOD), redtsmoothed proper orthogonal
decomposition (KSPODand common kernedmoothed proper orthogonal decomposition

(CKSPOD. Section3.4addresses the dathiven ramework for emulation result analysis.

3.1 Data Sets with Multiple Geometric Design Parameters

This dissertation conveys three major methodologies of emulation for
spatiotemporal evolving flow. The order of the evolution process of these three methods is
CPOD [1, 2], KSPOD[3], and CKSPODEachmethodrequires a set of data to train the
low-fidelity prediction model (kriginghased emulator). This section introduces the process

of design parameter selection and the design matrix made by DoE.

3.1.1 Swirl Injector Configuration for Nonreactinglow Cases

Figure5 shows a schematic of the swirl injecbming discussed in this dissertation

Liquid oxygen (LOX) is tangentially introduced into the injector and develops a swirling
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film that is attached to the wall due to centrifugal fdrb@ 56]. Conservation of angular
momentum results in a hollow gaseous core in the center region. The liquid film exits the
injector as a thin conical sheet and subsequently undergoes atomization into droplets. The
flow dynamics in this type of device under supiical conditions have been extensively

studied using LES techniquEkl, 12].

Figure 56 Schematic of swirl injector with five design parameters

In this research,he selection of design variables is dependent upon system
requirementsThe first emulation method developed for flow dynampesdictionis
CPOD. In the first stage of research, five parameters that define the geonagtiryj@ttor
are selected. The five parameters are injector ledgthjector radius}Y , inlet slot width,

1, tangential inlet angles; and the distancbetween the inlet and headen®, These
design parameter@re important in determining the injector performance, including the
thickness;Q and spreading angle, of the liquid film at the injector exit. The selection of
these design parameters is dependent upon engine requirement4. sheles the desig

space and the ranges of each parameter considered in CPOD work.

To generalize the emulator framework, a broad range of these parameters was

chosen. The range of injector lengths was chosen to include those of smalstageer
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rockets such as the R@L10 [28], about 22.7 mm, and large fisthge engines like the

RD-170 [29], about 93 mm.

Liquid oxygen (LOX) is delivered tangentially into the injector through ird¢ts
temperature of 120 K. The operating pressure is 100 atm, typical of contemljppraty
rocket engines. The ambient gas is oxygen at 300 K. The flow dynamics of this class of
injectors have been systematically investigated in detail by Zong[dtlhhnd Wang et
al. [12]. First, a set of higHidelity simulationsis conduced basedn wnditions in the
design space describedlinblel, then thecommon flow structures for surrogate modeling

areextraced

Table 16 Design space for injector geometric parameters (30 sets for CPQR))

O(mm) | Y (mm) | —3) | | (mm) | 30 (mm)
20-100 2.05.0 | 4575 | 0.52.0 1.04.0

In CPOD researcfL, 2], sensitivity analysis is used to identify the most significant
parameters dictating injector performantkesensitivity analysis shows that the injection
width, 0, is the most important parameter in the determination of the spreading angle of the
liquid film. The tangential inlet anglel, and the injection width, significantly affect the
liquid-film thickness, while the injector length, and radius'Y hplay minor roles. Thus,
both KSPOD and CKSPOD work focuses on the injection widtangle —and distance

between the inlet and headerd.

Table?2 tabulates baseline geometry and operating conditions, including the LOX

inlet tenperature4 , ambient temperaturd , ambient pressur@ , and mass flow rate
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4. Another parameter is the geometric constidna nondimensional parameter that can
be used to evaluate the flow characteristics of swirl injectors, namely the-fiiquid
thickness and spreading angle. The former controls film atomization and the latter mixing

efficiency[9]. The geometric constant takes the following definition

+ ®'Y T 'Yh (1)

where0d denotes the crossectional area of the injection exit amd the total inlet area.
The geometric constant is an indicator of the swirl strength. When the value is high, a large

angular momentum is present in the liquid film, leading to a wide spreading angle.

Table 20 Baseline geometry and perating conditions.

Y(mm) [Y (mm)| O(mm) | & (ka/s) | "Y (K) Y(K) [/ (MPa)
4.50 0.85 25 0.17 120 300 10

Table3 shows the design space and the range for each design variable. The distance
between the inlet and headend)) is decided by a rulef thumb to be 1.2 times the
injector width [9]. This is an optimal locatigrdetermined from a tradeff study, for
avading (1) excessive viscous losses when the injection slit is too close to the headend and
(2) low-frequency oscillations due to the presence of a large recirculation zone if the inlet
is too far from the headend. The design spaces of injection widé#md angled, are
decided by the desired range of spreading anglé6(80e ) and f i | 450t hi ckn
mm) . With these numbers and the geometric

estimated.
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Table 30 Design space for secon®B0 sets for KSPOD & CKSPOD[3]).

Design Variable —(deg 1 (mm) 30 (mm)
Design Range 35.062.2 0.271.53 0.853.40

3.1.2 Swirl Injector Configuration for Supercritical Reactikjow Cases

Figure 6 plots the gadiquid jet-swirl injector being investigatedmimicking the
RD-170 engine, which was designed and produced by NPO Energomdsh Sotiet
Union and used to power the Energia launch vehicle. The injector consists of four parts:
inner jet, outer swirler, recess region, and taper re@aseous OxygefGOX) is injected
axially in the inner jet, while liquid kerosene is tangentiatiyaduced into the coaxial
swirler. The process omixing GOX and kerosene initiates in the recess region and
intensifies in the taper region and downstream of the injector. The geometric parameters of
these dimensions are listed in TadleThe recess length has been identified to have
significant effects on the mixing characteristics for rocket injectors in many previous
studies. Irthis dissertion, six cases with different recess lengths) @re considered in a
range of 816 mm to explore the change flow and flame dynamics. The total axial length
of the annulus upper surface is fixed at 16;ntme length of the annulus lower surface
changegshielding,b ) accordingly when the recess length varies. Tallsplaysrecess
length and shielding length for the six cas@scess length decreases with increasing case
number. Case,3wvith a recess length of 5.5 mns the baseline, while Case 1 idlyu

recessed and Case 6 has no recess region.
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To isolate the effect of recess length, the operating conditions for all cases are
identical and listed in Tabl & andd represent the injection mass flow rate of oxidizer
and fuel, respectivelyY ,"Y , andr) denote the oxidizer injection temperature, fuel
injection temperature, and ambient pressure, respectively. Givenftmmation o the
operating conditions and geometric parameters, the nominal momentum flux ratio between
oxidizer and fuel streams is estimated a¥ 7' "Y . The reference density of oxidizer
and fuel is 131 and 640 kg/m3, respectively. The esfe velocity of oxidizer stream is
calculated as 102 m/s, while the velocity of kerosene stream needs to be evaluated carefully
based on the shield lengtfor Case Jwithout shielding, kerosene radially penetrates the
axial GOX stream, and th(¥ refers tothe radial velocity component at the inlet, 24.5
m/s. For other cases with shigldY is most appropriately represented by the axial velocity
component in the outer swirler, 26.6 m/s. The momentum flux ratio is thus obtained as 3.5

for Case 1 an8.0 for Cases-b.

coaxial swirler

A
R

= =R

. . ‘ |
mner jet A
tangential inlet

recess region

Figure 60 Geometry of RD170 GOX/kerosene jeswirl injector (baseline design)
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Table 40 Geometric parameters of the jetswirl injector

g(mm) | | (mm) | 44 (mm) | 4. g(mm) | {g(mm) > ()
0.665 5.75 5.62 6.365 7.03 42
4 (mm) | O (mm) | O (mm) | O (mm) | 3& (mm)
93 113.1 5.5 10.5 2
(baseline)

Table 50 Lengths of recess and shielding for training and validation (test) cases

Cases 1 2 3 4 5 6 7 8 9 10
(none) (baseline) (full) ' (test)
d
M 0 3.0 55 9.0 125| 16.0 7.25 4.25 10.75 8.125
(mm)
> 16.0 13.0 10.5 7.0 35 0 875 11.75 525 7.875
(mm)

Table 66 Operating conditions of all jet-swirl injector cases

Oxidizer Fuel
Mass flow rate, kg/s 1.33 0.477
Static pressure, bar| 252.96 252.96
Temperature, K 687.7 492.2
: Ur=24.53
Inlet velocity, m/s 186.69
veloely Uq= 49.06

The computational domain consists of the injector interioly(i8 axial direction)
and a downstream region (Z5and 7Y in the axial and radial directions, respectively). A

high-fidelity simulation of the entire domain described above is computationally
prohibitive; a cylindrical sector is thus considered in the present work with the periodic

boundary condition specifiedhithe azimuthal direction. Acoustically nogflecting
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boundary conditio{57] is implemented at the inlet of the inner jet. The downstream
boundary in both axial and azimuthal directions is treated by a sf@ygemethodNo-
slip and adiabatic boundary conditions are applied at the injector solid surfaces. A reference

pressure is applied to preserve the average pressure in the computational domain.

3.2 Design of Experiment(DoE)

3.2.1 Maximum ProjectionNlaxPro)

The DoE methodologis a statistical approach for careful selection of input
variables for a given design spaittdacilitates the design process and reduces the number
of total sample points required to efficiently explore the design space. Given the design
space in Tabl@&, if tenvariations are assigned for each design parameter, the total number
of design points is 105 for a traditional ffgictorial designlt is impractical to perform so
many simulations, due to the extensive computing resources required to acquire usable
data. A DoE methodology is therefore required to reduce the number of design points and
still capture the prominent features in the desspace. To this end, the maximum
projection (MaxPro) design proposed by Josephl.[39 is implemented foexcellent
spacefilling properties and GP modeling predictiofisirty points in the expected range
of 5-10Q(e.qg., Rrule with'Q v, the number of design parameters) points as suggested
by Loeppky et al[13], which iscommonly used in computer experiment literature, are
simulated over the entire design spathe accuracy of prediction should always be
checked to determine whether additional simulations are needed (see Lee@hk¥3)).

Figure7 shows a twedimensional projection of the 30 simulation runs by MaxPro design,
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which distributes representative design points to fill the tdimmensional projection of the

design spae. Good spacélling properties are observed for all parameters.
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Figure 70 Two-di mensi onal projections of damdi gn p
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3.2.2 Sliced Latin Hyper CubBesign (SLHD)

With prior knowledge of the major contributing geometric parameters, sample size
in KSPOD and CKSPORnalysisis determined based on the®rule of thumb[13],
whereQdenotes the total number of design parameters. Because of the sensitivity analysis
resuling from CPODanalysis the second stage of emulation study considers three design

variables (d, 0, and olL) . -fllingphopetigstondth x Pr o
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the design space and its projectipdd, it does not provide a sequential design capability,
giving optimal spacdilling performance inbatchesof DoE To that end, Sliced Latin
Hypercube Design (SLHOPRS, 59 is selected. In SLHD, the spafiting performance of
the design points in each slice is optimal. The divdesign matrix contains five slices,

and each slice includes six design points.

Figure8 shows the twalimensional projections of the dgsipoints categorized by
different slices. Each casequires about 100,000 CPU hours for hifitielity simulation
to obtain statistically significant data. A total of0Q0 snapshots spanning 10 ms are
acquired after the flowfield reaches its stationatgte (~12 ms). The snhapshots are
subsampled every 20 temporal iterations, each with a time step ‘ofi OAbtemporal

resolution of 50 kHz is achieved, according to the Nyquist criterion.
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Figure 80 2D projection of design points obtained by SLHD methodology: (Ajhe
first 30 cases for emulation training data infive slices; (B)the first 30 cases (red) and
the last 30 cases (@y) in the design space
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3.3 Kiriging Surrogate Models (Emulators)

This sectn introduces three emulator mod&&0OD, KSPOD, and CKSPOBnd
subsequentlypresend the proposed emulator model and a parallelized algorithm for
parameter estimation. A key theme in this section (and indeed, this dissertation) is the
elicitation and iorporation offlow physics within the emulator model. This not only
allows for efficient and accurate flow predictions through singdifnodel assumptions (a
low-fidelity model) but also provides a dadaven method for extracting useful flow
physics, vhich can guide future experiments. As demonstrategectionCHAPTER 3
both objectives can be achieved despite limited runs and complexities inherent in flow data.
Table7 summarizes the elicited flow physics and torresponding emulator assumptions;

each poinis discusseth greater detail below.

Table 70 Elicited flow physics and corresponding assumptions for the emulator
model

MODEL

FLOW PHYSICS ASSUMPTIONS

COHERENT STRUCTURES IN TURBULENT FLOW

(LUMLEY, 1967 [60]) POD-based kriging

SIMILAR REYNOLDS NUM BERS FOR COLD-FLOW Linearscaling modes in
(STOKES, 1851[61]) CPOD
DENSE SIMULATION T IMESTEPS Time-independent emulatc
COUPLINGS BETWEEN FL OW VARIABLES Co-kriging framework with
(POPE, 2001/62)) covariance matrix

FEW-BUT-SIGNIFICANT COUPLINGS

(POPE, 2001[62]) Sparsity o
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3.3.1 Common Proper Orthogonal Decomposition (CPOD)

The full emulator model and algorithm are provided in the companion statistical
paper[1], which considers the statistical properties of a broader class of modes. Th
dissertationfocuses on applying new nfanelearning techniques and investigates the
practical performance of the emulator with respect to flow pey$tart of theemulator

characteristics and related Wyorithirs will be addressed in Secti@.3

A brief overview of POD is fifrsprovided by Lumley in 196760]. For a fixed
injector geometry)Qefd denots a flow variable (e.gpressure) at spatial coordinate
a and flow timeod. The following decomposition dfeld into separable spatial and

temporal componentis provided by POD

Qefd I 0% eh 2
with the spatiakigenfunctions %. e hand temporal coefficients 6 ,
given by
%o ® AOCI AdQed] o '» QO
£ £ h ©)
oh O h
I o "Qeld %o e Qo8 (4
Following Berkooz et al. (199315], %o e is referred tas the spatial POD
modes fory ehd , ard its corresponding coefficients © are referred t@s time

varying coefficients. There are two key reasons for choosing POD over other rodisced
models. First, one can shd®3] that any truncated representation irugtpon (2) gives

the best flow reconstruction &@efd in O -norm, compared to any other linear expansion
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of space/time products with the same number of terms. This property is crucial for our
application, since it allows the massive simulation data to be optimally reduced to a smaller
training dataset for the proposed emulator. Second, the POD has a spexqgeatiation in

terms of turbulenflow. In the seminal paper by Lumley (1967), it is shown that, under
certain conditions, the expansion in Uatjon (2) can extract physically meaningful
coherent structurgbatgovern turbulence instabilities. For this reason, physicists use POD
as an experimental tool to pinpoint kiégw instabilities, simply through an inspection of

% e and the dominant frequeies inf 0 . For example, using POD analysis, Zong and
Yang (2008)[11] have shown that the twoflow phenomena, hydrodynamic wave
propagatn on LOX film and vortex core excitation near the injector exit, are the key
mechanisms drivindl ow instability. This is akin to the use of principal components in
regression, which can yield meaningful results in applications where such components

haveinnate interpretability.

Unfortunately, POD is only suitable for extracting instability structures at a single
geometry, whereas for emulation, a method is needed that can extract common structures
over varying geometrie§.herefore a new decompositiolgPOD, is proposebere The
key assumption of CPOD is that, under a physgigisied partition of the computational
domain, the spatial distribution of coherent structures scales linearly over varying injector
geometries.For cold flows, this can be justifieby similar Reynolds numbers (a
nondimensional number characterizing flow dynamics) over different geomfadies
This isan examplef model simplification through elicitatigisuch a property likely does
not hold for general flows. This linearity assumption is highly valuable for computational

efficiency, because flows from different geometries sabbsequentlype rescaled onto a
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common spatial grid for instability extractidfrigure9 visualizes this procedure. The grids

for each simulation are first split into four parts: from injector leeddo inlet, from inlet

to nozzle exit, and the top and bottom portions of the downstream region. Each part is then
proportionally rescaled to a common reference grid according to changes in the geometric
variablesi, 'Y , and3 (see Figre 5). From a physics perspective, such a partition is

necessary for the linearity assumption to hold.

design poin

design point 1

0 ‘

. —

design poinB0 common grid ’

Figure 99 Schematic ofthe common-grid generation process

The primary objective o€POD studyis to develop an emulator model that uses
data from 30 simulation runs to predict the flowfield of a new design point within a
practical turnaround timélJtilizing the tools described aba¥ehe sensitivity aalysis for
parameter screening and the decision tree for partitioning the design spaceswitol jet
cased a surrogate model for flowfield emulation is proposétk kriging surrogate model
combines machirkarning techniques, statistical modeling, anghysicsdriven data

reduction method. A brief explanation for each part of this model is providkmy,
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followed by adiscussion of the specific mathematical details. A complete description of

the model development from the statistical perspectigeven in Mak et. al[1].

First, the proposed model is constructed through a POD analysis of the simulation
dataset used for training. For a given flow prop€tthe POD analysis determines a set

of orthogonal basis function%, hsuch that the projection of the property onto these basis

functions has the smallest error, definedas™Q "Q , whereO O and&£Z%denote the

time average and norm in tbe space, respective[y0]:

"QelD I 0% 38 (5)

The basis functionsor mode shapesye spatial distributions of the fluctuating fields of

flow properties, which can be closely linked to physical phenomena and coherent
structures.The basis functions are ordered that the lowest modes have the highest
Aenergy, 0 as def i ne™@Thb flow properties forrPOD analysie d u c t
include pressure, density, temperature, and velocity compone@B. decomposition

yields not only the eigenfunction modé&s, but also their corresponding tirvarying
coefficients] , which are referred to as POD coefficients. It should be noted tlsat thi
process is not completed for the entire dataset; physical variables are processed separately.
To treat the data together, scaling and dimensimnstbe carefully formulated to obtain

interpretable mode shapes.

While the usage of POD simplifies the cdeypnature of a spatiotemporal model,

a common set of basis functions is required for the emulatacdcommodatelifferent
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injector geometries. Physically, théhtails the extraction ci common set of coherent
structures over the design spaaee optim is to select a computational region of interest
that is unaffected by any design chanjgzh. Building uponthe basis functions generated
by the POD analysis, an emulator can be obtameeha set of common basis functions
exist. The wide disparity of geometries in the design space, as illustrated urebig

represents ahallenge for the current study.

As mentioned above, thigork utilizes a common grid for the 30 grid systems to
find a set of common basis functions. To achievs, tthie densest grid systeamong all
cases, which has the highest number of cells, is identified and split into four sections
covering the effects of design parameters on the simulated grid. This partitioned grid is
used for interpolation and rescaling eagimulated case to obtain a common gAg.
inverse distance weighting interpolation method withriearest neighborhood points is
then employedo map the original raw data onto the common §#]. Algorithmically,
the CPOD expansion is obtained by first rescaling the different cases to the common grid,
computing the POD expansion, and finally rescaling the resulting modes back to the

original grid[1].

Because of the limited variation of the Reynolds number among the different
injector geometries, the scaling of the data to the common giabiepriaten the present
study. The smallest injector diameter ofncern is 4 mm, with a corresponding exit
velocity of 27.5 m/s. Witta LOX density of 1,00tkg/m® andviscosity of 0.114 cP, the
Reynolds number based on the injector diameteppsoximately9.6 10°. The largest
injector diameter in the design space has a value of 10mittma correspondingexit

velocityof 11 m/s. At the same operating condition, the Reynolds numbgprisxamately
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9 10 for all designed experimentBor some geometrigwhere thdiquid film does not
produce a noticeable spreading angle, the Reynolds number is redupgdoiiraately

9 10°. Despite this difference, the moaanavoid excessive smoothing, providédtthe
correlation function is bounded correcthhis scaling ofPOD modes to establish common
basis functions is vital to the emulator. It should be noted that the scaling is only appropriate
for flow simulations that do not exhibit distinctively different physical phenomena, such
as those of reactiafjow simulations where the mode shapes change drastically.
Additional similarity parameters may be necessary when different physics and chemical

reactions are incorporated, as reviewed by Dexter E6jl.

Case 1 ° Case 2
[+]
E Case 9 E Case 10
[@]
Q
6 Case 22 Case 24
TA)
o
‘ o Case 25

Figure 100 Schematics othe different injector geometries in the design space

The mathematical details for CPOD are provided bglwlt is suppose thate
simulations are conducted at various design geomdpfgsilt and"Qefrj: is the
simulated flowfield at desiggy for a given timet and spatial coordinate Thek-th CPOD

mode is defined as
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% o AOCI A ' [ e QeI Qe Qb
0 A
(6)

(88 [ ® % 000 THa B
Here,themap da © sa is thetransformatiorthatlinearly scalespatialfeatures from
the common geometrto thei-th geometryd=. The sequence of POD coefficients is

defined as

e ' g% @ "QefiiE Qe @)

with the corresponding POD expansion udthgiodes given by

Qe T g% e 8 (8)

The transformation allows for the extraction of common basis functions. In
addition, the obtained modes can be used to identify key mechanisms of flow dynamics. It
should be notedthat reactinglow simulations are characterized by additional
dimensionless parameters, and linear mapping may not perform well when combustion is

involved.

Two computational challeng@sustbe addressed to implement this methodology.
As previously menbned, to calculate the inner product of the snapshots from different
simulation cases, a common set of spatial grid points is needed. Not only does the
calculation of the inner produttecomea computational bottleeck, asthe covariance

matrix consist®f snapshots from each simulation, the number of modes required to capture
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a certain energy level is significantly increased relative to an individual simulation, which
cancapture more than 95% of the total enewgth approximately six modefl]]. The
computation of CPOD modes and associated-tiarging coefficients requires eigen
decomposition of @ “Y ¢ “¥hatrix, wheree is the number of simulation cases ani$

the number of snapshots. This usually requiress Y computation work. A typical
value for"Yis 1,000 snapshots spanning 10 ms, which achieves a frequency resolution of
100 Hz. An iterative method of eigelecomposition based on periodic restarts of Arnoldi
decompositions is then uskdreto quickly calculate the first few eigarectorswith the
largest eigenvalues. These eigenvalues can also be interpreted as theofiimaumt eor g y
as defined by the inngoroduct used to calculate the covariance matrix. For a particular
datareconstruction using a linear combination of POD modes and associatedhtiyirey
coefficients, there is reconstruction error, which decreases when moreveuaers or

POD modesare included.

After the data decomposition step kriging model is applied to the CPOD time
varying coefficient$ J|IfF'O . With the mean and variance computable in closed fofn,
and confidence interval@Cl) can be calculated easily. The mathaeo@tapproach of
kriging is described here. For notational simplicity,fle$f denotd J¥p , the Qth
CPOD coefficient at settin:{}and timestepd. As the temporal resolution is fine, there is
no practical need to estimate temporal correlatiespecially because predictions will not
be made between tireps This timeindependent emulator uses independent kriging

models at each instant of time, assuming the following GP model:

P4 Q4R o4 6 ™, Yl 8 ©)
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Here," is the mean 1~ is a zeremean GP with variance , and'Y tfi is a prespecified
correlation function governed by unknown parametdesA typical choice forY fft is

the Gaussian correlation function

YA4RE AgD - & @ (10)
wherer is the number of input parameters.
Next, it is supposd thatthe function valuess T4t are observed at input

setings 3t andthatd= isa new setting for which prediction is desired. Conditional

on the observed values , the best linear unbiased estimator of-  can be shown

to be[67]

T oA - » 4 5 8 (12)
Here, is the¢ x 1 vector of onesj Y dkhik is theg x 1 vector of
correlations between the new point and sampled points{ andY J-RlE is the

covariance matrix for the sampled points. Such a predictor minimizes thesonemmed
prediction error, a commorysed criterion for prediction error. In the context of flowfield
prediction, employing thikriging estimator allow$or obtairing accurate flow predictions
from the CPOD coefficients. It can also be shol@d] that this best measquared

prediction error predictor is unbiased, matching the expected and true functiamn value

To close the formulations, the model parameters hand— mustbe trained usig

data. A technique called maximditkelihood estimation (MLE), a ubiquitous estimation
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technique in statistical literatu[68], is employed. The kegoncepin MLE is todiscover
the optimal parameter setting that minimizes the likelihood function of the GP model. In
the present work, optimization is achieved by means of tB&GS algorithm[69], a
method employed for many training algorithms. A more detailed explanation can be found

in Santner et a[67].

In CPOD emulatin process,hie kiging models are trained independently over
each time step, due to the inherent fwale temporal resolution of the simulation. This
time-independence assumption is made for two reasons. First, the fully developed flow is
treated as stistically stationary and has highequency resolution, so no practical value
exists for estimating temporal correlations. Second, as in the-fidghity simulation
procedure, the assumption of tiimelependence allowshe exploitation of parallel
compuation in training the emulator modé€bnce the model is trained, the predictor is

used with the CPOD expansion to predict the flow evolution at a new design point

"Qefrik I 4 ot % e 8 (12

It is worth noting that the computation time of fhh@posedmodel is orders of magnitude
smaller than that of LES. Simulation data that typically takes a week, or around 30,000
CPU hours, to acquire can be predicted by the model with an associatedintycerta

under an houfThe procedure of CPOD is stat@dAlgorithm 1.
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Algorithm 18 Common proper orthogonal decomposition (CPOD)

For each design setting i , the flow evaluation at each spat
DATA: location and timstep’Qe [ o is provided, whered is the spatial
location and o is the timestep.e N A ande | &.
Concatenate alDset oftraining cases along the time directi
and create a huge mateln 5 . Then calculate the CPOL
1 L
covariance by —andi N 5
Proper orthogonal decomposition (POD)ased onsingular
~value decompositiofSVD) with i is performed and can L
Step 1 \ritten as
Qhefiy B 1 LAY % Lhee  for  the  first
dominated) mode,”Y oy R ,andd N A
TRAINING: Note:} éFIY N A and%o éFl-l_— N g
For each timestep 0 hand each modé&) perform an ordinary
kriging model ont <y B LD with inputs
Step2: e [Bhe and the predictive function at an untried setti
® K e M 8
Since alltraining cases ar@acatenated together to create a h
matrix, =N s , for CPOD covariance, all training cas
Step 3: shaethe same set of POD modé& Lh== v s, which is
also applied for the new prediction case.
At an untried settingp , compute
I e MM pBMNAQ pMw M, and
PREDICTION: %o J—_F"T' I’TQ pF‘B FITTQ pFB Fl:),
then™Qe FI-I——FD B 1 ) FD %o éF"T- , Where ko) pFB FU
andfp pf8 o .
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3.3.2 KernelSmoothed Proper OrthogonBlecomposition (KSPOD)

This section introduces the idea of KSPOD, which combines statistical modeling
with a datareduction method to obtain a redudsasis model. The proposed KSPOD
method can be viewed as a generalization of POD used for flow emul&®D
decomposes the flowfield into an expansion consisting of spatial eigenfunctions, called
POD modes, and corresponding tiraying coefficients. Such a decomposition can be

written in the following form

"Qefd I 0% 8 2

The approximation form is

"QelDd I 0% eh (13

where Qe is the simulated flowfield at spatial locatierand timed, and o and

%0 e represent the timearying coefficient and basis function for tffeth mode,
respectively. As indicated in Hgtion(13), the expansion is typicallyuncated at the first

0 terms, wher@ is chosen such that the reconstructed flowfield retains a desired degree
of accuracy. In practice, the tinvarying coefficients and basis functions are obtained
through an eigexdecomposition of the inng@roduct ofa flowfield variablg 15]. Equation

(13) can be viewed as the optimal decompositiofQsffd using a basis expansion wf

terms.
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From a physics perspective, POD provides valuable irsigbgardingthe
important physics present in the flowfield. The basis function, or mode %aapehcan
be interpreted as spatial distributions of the fluctuation field (e.g., pressure, density,
temperature, and velocity componentisjepresents the dominant coéet structure, such
as acoustic waves the systenj70]. A spectral analysis of the POD coefficients can be
performed to identify flow eriodicity and characteristic frequencies for hydrodynamic and
acoustic instabilities. The index for the basis expansion uatmn(13) is determind by
the rank of the energy content in the eigieromposition calculation and provides insight
regardingwhich flow structure is more important. The first few terms in the expansion
represent more energyntaining structures, and the remaining terms esprt

increasingly weaker flow features.

In CPOD, the emulatocannot predict detailed structures of spatiotemporal
evolving flow. The goal ofbuilding an improved emulatas to employ the flow features
extracted using POD within a statistical framewakowing the training of an emulator
for flow prediction.To this endthe popular machinéearning technique BR, kriging, is
employedto predict POD modes and timvarying coefficients at a new design setting.
Below, a brief introduction into the mathematical formulation behind krigsngrovided

followed by adescrption ofhow such a model is incorporated into the KSPOD framework.

Kriging is a powerful learning techniquleatleverages a Bbasednodel to learn
the structure of an unknown function by sampling this function at specific p@ints.
previously defineamathematical framework for kriging is follow¢dl, 72]. It is assumd
thatthe unknown function of interesh 4F, 4% s, is a realzation from the stochastic

process
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G o, (14)

wheree is aQ-dimensional vector, is the mean of the process, ahdF is a zeremean

GPwith @ @4 , and correlation function

6¢idiqr Rdgr Y e R (15

where'Y 4k denotes the correlation between the random varigbhs andco 1= .

Following existing common practis§67], the square@xporential correlation functiors

employed

—o © (16)

where® is the'Qth element of.

A key advantage of kriging is that a closedm expression can be obtained for
predicting the unknown functiot {'f at unobserved locationdf it is supposd the
function of interestdhis observed at the design settings , the observation véar
becomes = &4 B Ryv4- 8Having observed, [67] the conditional mean of the

process at a new poi#t is given by
& 4k ModE s Hied ‘Ha 17

where‘ HJ 4|=| wr 4|=| is the estimated value bf and isant-vect or of 1¢

Hered is ané & matrix whose ‘@Qth entry isY =Rl | and »is ané-vector whose

‘Q entry is'Y gt _ Bt . A more detailed derivation of Eation (17) can be found in

previous workg67, 73] andAppendix 1.
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While the predictor in Beation(17) is simpleto evaluate when the desirkeohction
is a scalar function, it becomes much more difficult to evaluate for the problem at hand,
where the desired function is spagimporal In particular, there are over 400,000 grid
points and 1,000 timesteps for each simulation case, and perfpkniging for each grid
point and timestep would be impractical and timeonsuming From a statistical
perspective, the use of separate kriging models over each grid point astepraéso leads
to a serious problem of owparametrization (as each nedrequiresQ correlation
parameters), which then results poor prediction performance for the trained model.
Accounting forthese challenges and the grid systems remgstatic for all simulated
cases, an improved krigidgased modak introduced tht combines the POD information

~

from each cas eeightmgriulmbed f or m of a 0

The key idea in KSPOD is to apply the kriging equatiorydfign(17), to predict
the weight of each POD mode at a new design setting. To this end, the obsenfations
(i.e.,"QeME ) are nowassumedo be the unit vectqgy, whereg: is ané -vector with
1 in its"@h element and O elsewhere. Intuitively, this quantifies the fact that the POD
information extracted in th€th design setting corresponds to only that setting and not the
other¢  p settings. With this in mind, the resulting gietor in Equation (17) can be
viewed as the predicted weight for that particular POD term at a new design #etting

which is denot&l as0 . This procedure is repeated for each of &éhenit vectors
m . from which the¢ weighting numberst can be obtained. They are

subsequently used to predict the new POD modes and coefficients through a weighted

average of the extracted modes and coefficients at the new design sétticgthe model
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is trained, the predictor is used with the KSPOD exipan® predict the flow evolution at

a new design point, that is,

Qe T % = he (18

and

(19

Algorithm 2 outlines the detailed steps in the KSPOD algorithm. First, POD is
performed for each simulated geomyeto extract the coherent structures. Next, the
coefficients of POD modes are trained by ordinary kriging models using the Gaussian
kernel in Egiation(16) as the correlation function, with the correlation parametened
usingMLE as implemented in the R packa&Pfito[74]. The predictive function can be
constructed based on &ajion (17). The weighting numbers are also trained using the
procedure described above. Lastly, the POD modes and coefficients are predicted, which

areused to Areconstructo the fl owfield at

As with any physical or statistical model, implicit assumpti@xsst First, by
predicting the€th POD term of the new design setting using only the information for the
‘@@h PODterms extracted from observed design settings, the ranking of the extracted flow
physics from POD (corresponding to the rank for its corresponding expansion term in
Equation(13)) is assumetb be invariant over different geometry settings. In other words,
the flow feature for the first POD mode corresponds to the same coherent structure over all

¢ simulated design settings. The same holds true faubgequent modes. Second, for the

6C
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methodology to work, design settings whose dominant POD modes capture similar physics
should be clustered together for training if they share similar dynamics. As information can
be dampened or even canceled during thaitrg process, clustering the data and using

cases with similar phase content can mitigate the problem.

Algorithm 20 Kernelsmoothedproper orthogonal decomposition (KSPOD)

For each design setting ifk  , the flowevaluation at each spati
DATA: location and timstep Qe Fo [+ is provided, wheree is the

spatial location ando IS the timestep.

Step 1: For each design settinge , proper orthogonal
decomposition (POD) is performed and can be writte|
QefoNRE B 1 M %o 3he

Step 2: For each timestepd and each mod& an ordinary

kriging model IS performed on

I 4k MBA 4k with inputs EM8 R . The

predictive function at an untried setting is
TRAINING: I 1

Step 3: ForQ pi8 e, an ordinary kriging modés performedbn
m With inputs 4FF8 AE | and the predictive function ¢
an untried setting  is0 4

Therefore, for each spatial locationand each mod€)

the predictive function of % 4 he s
% I e B 0 4 % dkhe T
5 o 4

At an untried settingd  is computel as
T4 M pBRI pB o and
PREDICTION: | %, 4 fe FQ pf8 R pf8 f.

Then Qe i RE B 1 4 M %
Q ptB andy pMB .

| .

L he , where
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This method is termeSPOD, because the kriging here does not apply the
weighting numbend  ; to the flowfield directly. The vortex structures within the
flowfield are a combination of waves with different frequencies, amplitudes, and phases.
If the weighting number is used on the flowfield directly, the two datasets may cancel each
otheroutduring the regression procesiserdy eliminaing useful information. The phase
difference can be observed in POD modes as well. Application of weighting functions to
POD modes with a kernsimoothed algorithm casreventhe phase canagionand retain
important flow physics. Once the emulator model is trained, it can be used with the KSPOD
model for predicting the flow evolution at a new design point. The computation cost is
reduced by several orders of magnitude. The-fidglity original simulations takaround
107,000 CPU hours for each case. The trained model can evaluate a new fioviei

CPU hours.

3.3.2.1 Interpretation as a NadaraVdatsonKernelSmoother

It is suppose thatsimulations aréo beconducted at various design geomett{fes
18 Kk , and it isassumed that the true functian 3 is a realization from a stochastic

process
(20)

wheredtis ané -dimentional vector (witf2design variables), a constant global model,
andd 7~ is alocal deviation from the global model with zero melaris consideed that
the kriginghasthe indicator vectogg, an¢-vector with unity in théch entry, and zero

elsewhere. There is another vecsgrwhere’Q pFE fy, andr) is the number of control
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settings for design cases. Since a sgf#lagg design is employed, it isimpleto show that

the optimal correlation parameters for the underlying <hould be equal for ahj
dimensionsThis common correlatiors denotedas— When the number of design points

€ O H, one can show that® bas wel | , since t |geonvergesi gi ng
pointwise to a discontinuous surface with value »and O elsewhere. The kriging

estimateyg, for a new design setting- , is

6 5 HWe 4 m R @y

wheré U 4 1 m 1 7B 4 HJkdeidjhg aret
¢ correlation matrices, and  , is a weighted number based on kriging. Wheh H
and¢ © Hp, the best linear unbiased predictor estimak@r T, when—° Hb, the inverse

correlation matrix={ converges elementise to€ . Under these two approximations, a

new kernels created:

7 - [ 22
Qi 0 5 » 4 m AGD—sr T 8, 22

wheresst ss is the Euclidean norm. In other words,  is the isotropic Gaussian kernel

Q fkR . The proposed predictor of the fif@th mode at the new design settig

B 0 % B Qd4hE %
% e %o @ T1rhirLVL 0 @ (23)
B 0 B Q ihi

where%. e RQ pfE & for the'Qth POD mode at design settidig
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With kriging over'Omodes, the new POD coefficient is defined as

(24)

¢

T e 1 R MBH

and the corresponding POD expansion u&hgmodes (that is, the prediction) is given by

S 25

JLEL
B IrAr

"Q e B | Mm% e B

Equation(22) can beviewedas a kernel smoother on the observed moddese and

coefficientst  efD

3.3.3 Common KerneEmoothed Proper Orthogonal Decomposition (CKSPOD)

This section introduces the novel ideaCKSPOD, whichcombinesstatistical
modeling with dataeduction methods to improve the accuracy of a surrogate emulation
model. The key advantage of CKSPOD is that it not only provides an efficient method for
training a reducedasis model using simulated flows at observed design settings but also
that it allows for flow predictions over the desired design space in practical turnaround
times. Moreover, it fixes the phase differences (i.e., sign differences of\agts) and
time-delay issues found in KSPODy addinga transfer matrix ina singularvalue

decompositio{SVD) stepto thedatareduction process.

A classicPOD,as introduced in Sectiod, can be written in the following form
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"Qeld I 0% eh (13

whereQefnd is the simulated flowfield at spatial locatierand timed, and o and

%0 e represent the timearying coefficient and basis function for tfh mode,
respectively. As indicated in Hgtion(13), the expansion is truncated with the first K
terms, where K is chosen such that tbeonstructedlowfield retains a desired degree of
accuracy. In practice, the timvarying coefficients and basis functions are obtained
through an eigexdecomposition of the inng@roduct of a flowfield variablgl5]. Equation
(13) can be viewed as the optimal decompositiofQsffd husing a basis expansion f

terms.

As mentioned inChang et al[3], from a physics perspective, POD provides
valuable insight into thikey physics present in the flovefid. The basis function, or mode
shape&o e hcan be interpreted #sespatial distribution of the fluctuation field of a given
flow variable (such as pressure, density, temperatuve)ocity components). It represents
the dominant coherent structusjch as acoustic waves in the system [24]. A spectral
analysis of the POD coefficients, 0, carrying time informationcan be performed to
identify flow periodicity and characteristic frequencies for hydrodynamic and acoustic
instabilities. The indefor the basigunction expansion in Egation(13) is determined by
the rank of the energy content in the eigiromposition calculation and suggests which
flow structure is more prevalent. The first few terms in the expansion represent more
energycontaining structures, and the remaining terms represent increasingly weaker flow

features.
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In KSPOD work, flow feaires are extracted using POD within a statistical
framework, allowing the training of an emulator for flow prediction. The surrogate model
utilizesthemachinelearning technique BR, also known as kriging, to predict POD modes

and timevarying coefficien at a new design setting.

A key advantage of kriging is that a closiedm expression can be obtained for
predicting the unknown functioi J|If at unobserved location. if it suppose thatthe
function of interestdis observed at the desigettig 3¢, the observation vector then
becomes = G4k B o4k 8Having observed , the mathematical framework for

kriging of the prediction valuéat a new poindk  is given by
& 3 ModE s Hi»d < ‘Ha 17

where' HJ 4|=| Wr 4|=| is the estimated value bf and isant-vect or of 1¢
Here,=| is ané & matrix of squaregxponential correlation function whos&lQ-th
entry is'Y kRl , and»is ané-vector whoséQ entry is'Y 4k Rt . A more detailed
derivation of Egation(17) can be found irma number of previous work$7, 71-73] and

Appendix 1.

It is extremely time consuming to predict a new design with spatial-fmpuint
kriging along the timesteps. They idea in KSPOD is to apply the kriging equation,
Equation(17), to predict the weight of each POD mode at a new design setting. For KSPOD,
POD & first applied for each simulated case to extract coherent structures. Next, the
coefficients of POD modes are trained by ordinary kriging moassitsg Equation (17).

The weighting numbers are also trained based on the relationship between the new design
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point and each given number. The POD modes of new points are calculatettiplying
the POD modes othe training casedy the weighting number. Fillg, the prediction
spatiotemporal evolving flow dynamics at the new design se#ting arereconstructed

by the new modes and coefficients.

To calculate the weidimg number ofthe POD mods for each training case, the
observations are now takero be the unit vectqg; whereg is ané-vector with 1 in its
‘@@h element and 0 elsewhere. Intuitively, thisgantifiesthe fact that the POD information
extracted in th&zh design setting corresponds to only that setting and not the efher n
settings. With this in mind, the resulting predictor iruitjon(17) can be viewed as the
predicted weight for that particular POD term at a neV\'vgdlesetting{'f , denoted as

U . This procedure is repeated for each oféthenit vectors g, from which the
weighting numbers0o can be obtained. They are subsequently used to predict the

new POD modes and coeffirits through a weighted average of the extracted modes and

coefficients at the new design settings.

Although KSPODcansuccessfully predict spatiotemporal flowfields in a simplex
swirl injector, the detailsf flow dynamics betweeasimulation and itprediction are not
always similar.Time delays of evolving flow structureme sometimes demonstrated,
becauseKSPOD performs PODnN training cases individually. Therefore, the sgi
eigenvectorsof these training cases may not be the same. This sign difference can cause

180-degree phase differencesPOD modes between any two cases.

Similar problens do not occurin CPOD in which all training informationis

concatenadd into a gigantic traimg matrix to create the CPOD covariance matrix.
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Therefore, CPOD only performs POD once and applies kriging to predict POD coefficients.
Subsequentlyall dominant coherent structures from training casescombinedin other
words, the set of POD mode®rived by CPOD can only preserve spatial physics
information forthe mean flowfield. Moreover, the prediction is derived from the same set

of POD modes.

To improve this surrogate modeldvantagesrom the two methodsdescribed
above must be incorporatetid disadvantages must be excludétie new methodhust
first performs POD for all training cases individually to preserve the dominate coherent
structures okachdesign. Also, the new modeiustoperate eigewlecomposition for all
casesimultaneouslyo makeensurethatopposite sigabetween their eigemectorsdo not
exist As such a transfer matrixnust be employediuring SVD for all cases before

performing POD.

The flowfield information can be written in the form of S\@Bthe following:

Qe 6 536, (26)

whered M 'Y ,5isat "Qorthonormal matrix spannir® s c¢ o | ubi® ,3ip ac e
a'Q "Qdiagonal matrix of singular values, aéds @ "Qorthonormalmatrix spanning
00s r oW & plecedrepresents the first truncat&modesvherethe underlying
flow is approximated to a desired degree of accuracy. The covariance, POD modes, and

POD coefficients 0b can be written as

: (27)

€
™
o
3«
o
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% o 0 W (28)

E p W. (29

Tomaintain% e andf 0 for all training cases with same phase (or sigm,
SVD processes of these training casesst occur simultaneouslyithout affecting the
definition of POD. To satisfy these conditions, the SVD can be modifi¢hdryadamard
product such as
wi @ wi w

284

E 020 2820 -
p € p

(30)
—  wOw 28z w0 w IN h

where# represents theovariance matrix for cas@Q pkf8 HQ andOrepresents the
total number of design cases. Because all covariaratdcesare positive semidefinite,

they can be representedtas 0 0 . Therefore, Egation(30) can be rewritten as

E O30 2820 ¥ N OO0 28z20 0 . (3D

Based on the characteristics of the Hadamard product, the CKSPOD covarcarcée

organized as

E 00 2820 0

D0 2 0O 20 28 20 0 20 28 20 32)
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4 0 20 28 30 0 20 28 20

OO 200 200 28z20 0

4 0 20 28 20 0 20 28 20

z B O 28 20 O 28 20

I N,

where the new POD modes and coefficients can be represented as

% = 0

0 z B 0 28 20 D 28 20 2l
oOow—2z B 0 28 20 D 28 20 !
e 0wd
0,
/00 .D. (33)
Therefore
> —z B 0 2820 0 28320 AN (34)

can beviewedas a CKSPOD transfer matrthe new POD modes can be written as
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e (39
ro Yeeia & (36)
and the CKSPOD expansion to predict the flow evolution at a new design point is,

. . BE P . AL
Q.I'd’i”f T 0 1L h) Qp QIR QUB 'II"JSI'OQ (37)

r : v
BiapV olE Q6

Algorithm 3 outlines the detailed steps in the CKSPOD algorithm. First, POD is
performed for each simulated flow to extract the coherent struc®tess X ofthetraining
process in Algorithn8). Next, inStep 2 of training process, the coefficientsttod POD
modes are trained by ordinary kriging models using the Gaussian kernelatideq17)
as a correlation function, with correlation parametetrained withMLE, using the R
packagdiGPfitd [74]. The predictive function can be constructed based omtiton (17).

In Step 3 of training process, the weighting numbers are trained using the procedure
described above. Note that the estimated correlation pararsetdiSteps 2 and 3 are
different. Lastly, in the prediction process, the POD modes and coefficients are predicted
at the new design settigg , which yields the flow field at setting= by

reconstruction.

As with any physical or statistical model, there are several implisitraptions for
the proposedethod First, by predicting th&h POD term of the new design setting using
only the information for th&h POD terms extracted from observed design settings, the

ranking of the extracted flow physics from POD (correspogdio the rank for its

71



corresponding expansion term inu&dion(13)) is assumedo be invariant over different
geometry settings. In other words, flev instability for the first POD mode corresponds

to the same coherent structure ovegaimulated design settings, and the same holds for
the remaining modes. Second, for the methodology to work, design settings whose
dominant POD modes capture damiphysics should be clustered together for training if
they share similar wave informationhis ispartially because ithe weighting prediction

from a kriging predictor, the waweformation from the flow can be dampened or caeatel

in the prediction process, and a clustering of the data beforehand can mitigate this problem

by training cases with similavaveinformation.

Because all cases sharing tttanmoneigerdecomposition during data reduction
via Hadamard product, the methisdermed as common kerrghoothed POD technique
than kriging, especiallif the latter leveragedifferent correlation parameters over each
dimension to approximate an unknown surface. H&rging would not applythe
weighting numberd  j, to theflow field directly, sincethe unstable flowfield combas
waves with different frequencies, amplitudes, and phases. Simulation cannot control the
starting phase for each wave. If the weighting number is usdle@iowfield directly, it
is possiblghatthetwo training dataetscancel each other during krigirg/iminatingsome
flow information. The phase difference calsobe observed in POD modes. Applyiting
weighting function to POD modes with kerrsghoothed algorithsican avoid the phase

neutralization and retain important physics information.

Once the emulator model is trained, it can be used with the KSPOD model for
predicting the flow evolution at a new design point. The computation cost is reduced by a

few orders of magnitudes. Simulati data typically take 204 days, or around 107,136
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CPU hourson average. After trainintpe model with sufficient samples, each snapshot of

flowfields with new design can be evaluateihin a few seconds.

Algorithm 38 Comnon kernetsmoothedgroper orthogonal decompositi¢g6KSPOD)

For each design setting i , the flow evaluation at each spat
DATA: location and timetep’ Qe o [IF is provided, wheree is the spatial
location and 0 is the timestep.

The Hadamard produds calculatedwith covariance matrice
from each design settingk , e Al ©fF AQE =

AT ©F R 282AT Qi Rod # 2# 282

# . Properorthogonaldecomposition (POD) based simgular

value decomposition $vD) with E is performed and can k
written asQe HH= B 1 J”|=|’VD %o J"|=F10

Step 1:
Note that:
1) B ghe ~—and% e 07
2)1 D Y Eéi 6o Fkhe
TRAINING: For each timestepd and each mod®& an ordinary kriging

modelis performedon f 4k M A 4k  with inputs
Step2: 4L AL , and the predictive function at an untried sett

o ist + M 8

For 'Q pFB KO, an ordinary kriging modeis performedon

m With inputs 48 Rk hand the predictive function at &

untried settingk  is0 4

Step 3: Therefore, for each spatial locatién and each mod& the

predictive function of % 3 o is % F o
o
B t b
B &

At an untried settingo , it is compute that

P M pBRAQ pMB W, and

PREDICTION: %o Jllf iy O pFB FITTQ pFB R,
thenQaom [ B t 4+ M % 3 o, whereQ pi8 ho
andfp pfB o .
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3.4 Data-Driven Framework for Emulation Analysis
3.4.1 Sensitivity Analysis

The first component othe datadriven framework for emulation analysiss a
sensitivity analysis using Sobiodices[ 75] to identify which design parameters contribute
more to changes in responses of interest, such as-fiuithickness or spreading angle.

This analysis is also valuable for parameter reductiors fethod aim$ decompose the
variations of certain desid output variables into the partial variations attributable to each
input parameter and the effects of interactions between parameters. Such a method of
analyzing sensitivity connextcloselyto the classical analysisf variance employed in

linear regresion model$76)].

To statethis conceptn mathematical term§QJ|'f is the desired response output at
design settings whered= ~ GROB A corresponds to the input parameters over a unit
hypercuberdp . Specifically, for the current study;, v, O 'Y Fo  —ho
1,and®  w { with the degjn range for alparametersmormalized to the intervartp .

The random variablé is definedasa uniform distribution overrip ,"Q  M['Q=* ] is

the response meaandO 6 A'Q<L s the response variance over the design range.
The goal is to decompose the response varjiato the contributions for each design
parameterwE R0, as well as the effects of interactions between parameters. Consider

the following decompositig

ﬁ (38)

e
mh
0
i
¢
€

nQ%ll: !‘Q nQ (_b “Q
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where each summand satisfies

(39

Qi i Q) b Qo

for any’Q OB hiQand has orthogonal components.Hauation (38), the main effect

index of inputQs

<
]
<
?

Q® Qw Qo h ® ® ® (40)
and the tweway interaction index of input€nd’Qs
QO VO Q QO Qo Qb ih
(41)

®r GERK  ohbs

Squaring both sides of Egtion(38) and taking the integral overip |, the result is

0 0 0 0O E Opgiph (42)

whereO is the partial variance corresponding to a subset of parandeferphE i) :

(@ RONAINOAY:] (43

The Sobol sensitivity indices for parameter suldsedn be defined d35]

Y = 1iph (44)
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with larger values ofY indicating greater importance of the interaction effectfor

In practice, Sobol indices can be estimated as follows. First, a ps@udiom
parameter sequence is generated using a low discrepancy Sobol airit S=cond, tis
sequence is used to approximate the above integrals, which can then provide estimates for
the corresponding Sobol indices. The quantification of the response sensitivity for each
parameter serves two purposes: (1) it provides a preliminary analysipaftant effects
in the system, which can guide further physical investigations, and (2) it allows for a
reductionin the number of parameters that must be considered in the emulator, thereby
providing a computationally efficiemhethodto survey flow proprties within the design
space. A detailed discussion of the sensitivity analysis is presented in Se2tidar the

current physical model.

3.4.2 Decision Tree

As mentioned in Sectiof.1.], a jetlike/swirling flow dichotomyexistswithin the
design space. For simulated design points siinmgpleto classify whether such a parameter
combination results in a pike or a swirling flow, sincethe flowfield data are readily
available. For design settings that have not been simulated, -drde&ta technique is
needed to make such a classifi@at With this technique, a boundary betweerlijet and
swirling cases cafirst be established over the design space of interest, which can then be
used to gain physical insight into the design space and to guide additional experiments.
Second, the cladication information can be used to train separate surrogate models within
the jetlike and swirling domains. This partitioning of the emulator training dataset allows

the model to extract different flow characteristics associated wilikgetand swiring
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behavior separately and can thereby improve its predictive accuracy. The powerful

machinelearning too) idecision trege & employed for the classification process.

A decision tree is a decision support tool that models decisions and their possible
consequenceslecision trees are one of the most popular predictive models in data mining
and machine learninfZ8]. Such methds belong toa larger class of learning methods
called supervised learnif@9], which aims to predict an objective function from labeled
training data. A classification tree, a special type of decision tree, is used here. It specializes
in predicting classification outcomes, such as whethparameter set has a-lge or
swirling flow. The trained model can be summarized by a binary tree, separating the design
space into two subgroups. Each node of this tree represents a parameter decision, and each
leaf of the tree indicates the clasafcomes, following the chain of decisions made from

the tree root.

A classification tree can be trained using the following algorithm [g€efor
details). First, the simulated flowfields of each sampled design point are examined and
classified as either jdike or swirling flows, depewing on the radial penetration of the
propellant in the downstream region. Next, a search is condactexssall design
parameters and possible syiints,identifying the parameter constrairttsat minimize
misclassification. A branch is themeatedn the classification tree corresponding to the
parameter constraint. The same branching procedure is repeated for each of the resulting
child nodes. For the analysis in Section 4, the Gini impurity if86kis selected as the

misclassification measure

AHp  NH AHp  AHA (49

77



wherenHandHare the proportions of jdike and swirl cases in a split. iBhindex

measures how often a randomly chosample is incorrectly labeled when such a label is
randomly assigned from the dataséatice that a Gini index of 0 indicates that (U p
andnHu 1, or (b)nHU TtandnHu p, both of which suggest perfect classification. When
the Gini impurity indexnears0.5, jetlike and swirl cases are equally distributed. If more
than two groups are considered in the injector dynamics, the Gini impurity index can be

generalized for other number of groups, which can be sdgreiman(1984)[80].

This decisiortree karning technique not only provides a means for partitioning the
training dataset for the model into-jd&¢e and swirling flowsbut also reveals physical
insights into the important design parameter constraints causing -shweiietlichotomy.

The quantiication of this split is achieved through the calculation of the Gini impurity.
When building the decision treégt Gini index is a criterion to minimize for classification
where0.5 is the worst classification possit@wever the optimization proceda aims to

find the best classification possible (i.e., one with smallest Gini index). If this optimal
classification with two categories is raifficient the approach should be generalized for
classification trees with more than two categories. Thepre&bility of these constraints

is elaborated irbection3.4.3.1

3.4.3 Uncertainty Quantification (UQ) for Spatiotemporal Emulation

This section outlines a proposed model fodQ analysis for spatiotemporal
emulation modeilsit first addresses model specifications and parameter estimations for
CPOD[1] beforeextendng the application to KSPODand CKSPOEbase emulation

models.
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3.4.3.1 Common Proper Orthogonal Decompositi@POD Model Specifications

In the CPOD model, after the CPOD extraction, the extracted -vianging
coefficients | d:!-{lf i are used as data for fitting the proposed emul8tomepreviaus
work has examinedynamic emulator mode[81-83], but the sheer number ofruilation
timesteps in the current workcan impose high computation times and numerical
instabilities for these existing metro@B4]. As mentionedpreviously computational
efficiency is paramount fothe problem being studied since simulation runs can be
performed within a week. Moreover, existing emulators cannot account for- cross
correlations between different dynamic systems, whilefline physics reprented by
different CPOD modes are known to be highly coupled from governing equalioas.
dense temporal resolution of tHew is exploitedby using a timendependent emulator
that employs independent kriging models at each slice of time. The ratientiat,
because timscales are sfine, no practical neeekiststo estimate temporal correlations
(even when they exist), since prediction is not required betweestépgeThis time
independent simplification is key for emulator efficiency, sincelldaws for the full

exploitation ofthe power of parallel computing for model fitting dhalw prediction.

The model is as followst is suppose thatT flow variables are considered (with

T @in the present case), and the CPOD expansion uatkem (8) is truncated
terms for flowi pfB AT. The equatiof o3 1 odEMhH; o s the
vector offi time-varying coefficientsfor flow variablei at design settingjL, with

Pk 1 ok R, oY asthe coefficient vector for all flows &k The

following time-independent GP modeh! ¢ If is assumed
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I oy 'O0Hoh JUp A off U1 oRfforo 08 (46)

Here(fi BT fi is the number of extracted modes over¥dllow variablesHN s

is the process mean vector, an@D Dsi™ a=0 5 s its corresponding covariance
matrix function as defined below. Since the GPs are now tim#gependent, the

specification forfixed time 0is presentedand (‘)I’}I”-, Ho and JOP are referred to

ash 4k, Hand JD for brevity.

For computational efficiency, the following separablerfds assumed for JD:

WEUER AR R B T b
(47)
Fie At i,
wherefj ¥ 1~ is a symmetric, positive definite matrix called tB®OD covariance

matrix,andt JD is the correlation function over the design space, parameteri2&fl by

T A~ rip . This can be viewed as a largeleing model[85] over the design
space, with the multivariate observations being the extracted CPOD coefficients for all
flow variables. Note that is a reparameterization of the squaesghonential (or
Gaussian) correlation functich@bB —@ @ ,with— ti TtCSuch a
reparameterization allows for a more numerically stable optimization of MLEs, because
the optimization domaint ¥ T1dp is now bounded.The choice of the Gaussian

correlation is also weljustified for the application at hand, s fully developed

turbulence dynamics are known to be relatively smooth.
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It is suppose thatsimulations are run at settingsi8 hk and assun; for the
time being,that model parameters are knowninkoking the conditional distribution of
the mutivariate normal distribution, the timearying coefficients at a new settirﬂg_i_\,

follow the distribution

T m T
<OH ARSI RS A T S HM AS TR RS A RS p
(48)
- . < o J
where "l ; i o9F P BA 4R K 1 and 7 Using
algebraic manipulations, the minimuSE (MMSE) predictor fof & _.s @
and its corresponding variance is given by
T4 H lh n $E& 1T § Hh
(49)
3T J|If st J||I= (O O (T A,

where€ and . denote a0 U identity matrix and a -Vectore of n elements,
respectively. Substituting this into the CPOD expansionalign (8), the predicted-th
flow variable becomes

(50)

& ofork B 1 d + % o,

with the associated spatiotemporal variance
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(51)

where%o 0 is thek-th CPOD mode for flow variable This holds because the CPOD

modes for a fixed flow variable are orthogorsslg Sectior.3.1).

It is worth nothing that, when model parameters are known, the MMSE predictor
in Equation(49) from the proposed ekriging model (eferred to adl,) is the same as the
MMSE predictor from the simpleindependent GP model withdiagonal (eferred to as
Mo). One advantage of the -&oiging mode] Ma, however, is that it provides impred
UQ compared to the independent mode] &demonstratedelow. Moreover, the MMSE
predictor for a derived functio®of the flow can be quite different between lsind M.

This is demonstrated in the study of turbulent kinetic en€Fg¥e) in Sectiord.5.

3.4.3.2 Common Proper Orthogonal Decompositi@iPOD Covariance Matrix

This section briefly describebe appeal othe CPOD covariance matnikfrom
both a physical and a statistical perspective. From the underlying governing equations, it
is welFknown that certain dynamic behaviors are strongiypledfor different flow
variables[62]. For example, pressure oscillation in the form of acoustic waves within an
injector can induce velocity and density fluctuations. In this sefs@corporates
knowledge of these physical couplings witlihe emulator itself, witR | mindicating
the presence of a significant coupling between madasd j, and vice versa. The

covariance selection and estimationjaherefore provide a datdriven way tcextractand
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rank significant flow couplings, wich is interesnhg in itself and can be used to guide
further experiments. Note that the block submatrices @frresponding to the same flow
variable (marked in red in Fige 11) should be diagonal, by the orthogonality of CPOD

modes.

Joint covariance between flow 1
modes other flows” modes

flow 1 modes

K modes
-

flow R modes

Figure 110 lllustration of the CPOD correlation matrix 1 (red indicates a diagonal
matrix, while blue indicates nondiagonal entrieg

The CPOD covariance matnixalso plays an important statistical role in emulation.
Specifically, when significant crosrrelations exd@ between modes (whidk known to
be true from the flow couplings imposed by gaweg equations), the incorporation of this
correlation structure within our modshouldprovide a more accurate quantification of

uncertainty. This is indeed true and is made precise by the following threorem

. L, o~%
Theorem 1. Consider the two models Mo: 1 4k v 8% "O0HA and
o Of HF JLEL 3 dLRL 7 LpL LRL g
Ma:T 3¢ "O0HO , Where SlL I 3rpr Aand I e I 3l N

withfi 6 mand’ A AE AC Let G be thep mpm | P highestdensity confidence
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region (see Hyndman, 1996) of £ _.sT under M. Suppose

1 ATA AT p. Then
(52

Proof: For brevity, lett k1 4 sl 4 ,and letft kMt 4 st 4

Letting M~ 1€ , itis show that

T rdx” mhp Mg A ly AK p Iy A Ty ATH, and

P 1@ e Cla R s AK B Ty A Ty ATH

Under the independent model, thep m@ | P highestdensity confidence region

becomes

where... p | isthe p ] -quantile of a..-distribution with0 degrees of freedom.

Now, let] denote the minimum eigenvaluefpf® A fj 7 . It follows that

~H'H P, (53)
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sinceit is aimost sure thad 41 ¥ A A7 'H _ 'H'H The asserted result follew

becausee H'H _ ... p | isstrictlylessthap | when_ p.

—_—

In otherwords, this theorem quantifies the effect on coverage probability when the
true cokriging modeld , which accounts for crosorrelations between modes, is mis
specified ag®) , the independent model ignoring such crosgelations. Note that an
increase in the number of significant Apero crossorrelations irfj causes) ¥ A 7 7
to deviate further from unity, which in turn may increase . Given enough such
corrdations, Theorem 1 shows that the coverage probability from the-spscified model
0 s less than the desirgdt @ | P rate. Inthe CPOD case, thisuggests that when
sufficient significant flow couplingsexist the cekriging modeld provides more
accurate UQ for thmint prediction of flow variablesvhen compared to the m&pecified
independent moda&l . This improvement also holds for fuimsts of flow variables (ais

demonstrateéin Sectiond.5), although a formal argument is not presented here.

It is important toidentify an important tradeff for co-kriging models in general
andoutlinewhy the proposed model is appropriate tfog currentapplication in view of
this tradeoff. The patial statistics literaturf86, 87] demonstratethat when the matriR
exhibits stong correlations and can heell-estimated,it enjoys improved predictive
performance through a daiging model (this is formally shown for the current model in
Theorem 1). However, when such correlations are absent or cannetl&stimated, a
co-kriging model can yield poorer performandei an independent moderhis study

positsthat the former is true for the current application. First, the differential equations
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governing the simulation procedure explicitly impose strong dependencies between flow
variables, providing a priori the existence of strong correlationsijn Second,it is
demonstratedn Section 4.4 that the dominant correlations selecteql ame physically
interpretable in terms of fluid mechanic principles and conservation laws, which provides

strong evidence for the correct estimatior of

An issue with fittig O is that many more parametensust be estimatel.
Specifically, since the CPOD covariance matijxis 0 0 dimensional, there is
insufficient data for estimating all entriesfjrusing the extracted coefficients from the

CPOD expansionA solutionis to impose the sparsity constrairn [, where

AMAE B B D sisthe elementvised norm. For a small choice pf this forces
nearly all entries i) to be zero, thus permitting consistent estimation of the few
significant correlatias. Sparsity can also be justified from an engineering perspective,
because the number of significant couplings is known to be small from flow phiysics.
addition[ can be adjusted to extract a {sqeecified number of flow couplings, which is
appealingrom an engineering poimtf view. This justification for sparsifying instead

of ij is largely computational, because algorithmically, the former problem can be handled
much more efficiently than the latter using the graphésao (i.e.leastabsolute shrinkage

and selection operatoalsoLassoor LASSO) [88, 89]. Such efficiency is crucial here,

since GP parametensustbe jointly estimated asell.

Although the proposed model is similar to the one develdpe®ian et al.
(2008]9Q] for emulating qualitative factors, there are two key distinctions. First, our model

allows for different process variances for each coefficient, whereas thewragp restricts
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all coefficients to have equal variances. Second, our model incorporates sparsity on the
CPOD covariance matrix, an assumption necessary from a statisticabpeiatv and
appealing from a physics extraction perspective. Lastly, theitlgoproposed below can

estimate] more efficiently than the semdefinite programming approadi®Q].

3.4.3.3 Parameter Estimation

To estimate the model parametéf, i}, andWMLE is used in favor of a Bayesian
implementation.This choice ismade forcomputational efficiengyfor the proposed
emulator to be used agjaick investigative tool for surveying the design space, it should
generate flow predictions much quicker than a direct simulation, which requires several
days tocompleteparallelized corputation. From Egation (46) and Egation (47), the
maximuntlikelihood formulation can be written #0 C [k HAW, wherea HT AW

is the penalized negative kigelihood:
o HmAW
el TAGRRO vl TAGAKO A §Hip 8/ A § H 1A £

(54)

Note that, because the formulation is conveg in, the sparsity constrai]y £ |

has been incorporated into the likelihood through the pehafly &, using strong
duality. As with[ , a largéel results in a smadr number of selected correlations, and vice
versa. The tuning method fbrdepend on the desirg@endgoal. For example, if predictive
accuracy is the primary godl,should be tuned using cregalidation technique§79].

However, if correlation extraction is desired or prior information is available on flow
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couplings, then should be set so that a fixed (preset) number of correlations is extracted.

This isdiscused furtherin Sectiord.5.

A fixed penaltyl  1tis assumedTo compute the MLEs in E@tion (54), the
following blockwise coordinate descealgorithmis proposedFirst, initial valuesare
assignedor H, j, andW Next, the following two updatesre iterateduntil parameters
converge: (a) for fixed GP parametétandW optimized for in Equation(54) and (b)
for fixed covariance matrig, optimized forH andWn Equation(54). With the use of the
graphical LASSO algorithrdiscussed b¥riedman et al. (200888], thefirst update can
be computed efficiently. The second update can be computed usiimgeaooptimization
techniques ol\by means of a closefdrm expression foH. Inthe currenimplementation,
this is performed using the-BFGS algorithm[69], which offers a supdmear
convergence rate without the cumbersome evaluation and manipulation of the Hessian
matrix [91]. The following theorem guarantees that the proposed algorithm converges to a

stationary point of Egation(54) (se€[1] for proof).

Theorem 2. The Blockwise Coordinate Descent schemglgorithm 1converges to some

solution HA| AW, which is stationary for the penalized tokelihoods Hil| VY. [1]

The proof of Theorer can be found iMak et al.[1]. It is worth noting that the
proposed algorithm does not provide global optimization. This is not surpissicgthe
log-likelihood & is norrconvex inW'To this end, multig threads ofAlgorithm 1 arerun
in parallel, each with a different initial poilY from a large spaeglling design on

pmhp pm ,thenthe converged paramesettingis choserthatyields the largest
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likelihood value fromEquation(54). In our experience, this heuristic performs quite well

in practice.

Algorithm 49 Blockwise coordinate descent algorithm for maximlikelihood
estimation (MLE)[ 1]

e

10:
11:
12:
13:

14:
15:
16:
17:

for each time stepe 8 R do parallel

f Setinitial values{N AN & andWN & ,andsefAN { "HIHK "H

repeat

Optimizingi:
T Setj N - A SH n A  §H 3

repeat
for'Q pB h do

1 Solve# AOCELET| " #  _ma using LASSO

1 Updateli (N i § #andff s N A 7 #

until ; converges

' Updateq N 1

Optimizing HandW

1 UpdateW® A OC [lsd HTMW with L-BFGS, with
Hw n n A

T UpdateHN Hy

until H, fj, andWeonverges

end parallel for

)l

return H o, o, andWo,
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3.4.3.4 KernelSmoothed Proper Orthogonal DecompositiiBPOD Model

Specifications

The KSPOD model, after the POD data reductifamctions identically taCPOD
in that the extracted timearying coefficientsf dvFllf p are used as data for fitting the
proposed emulator. The model is as follows. The KSPOD expansioruati@u(18) is

truncated alQterms for flowi  pf8 HT (with T o 7in the present casd).is assumed

thatt o3 1 OFEBHA o s the vector ofi timevarying coefficients for

flow variablei at design settings withf ot 1 o8 A ' o3 beingthe

coefficient vector for all flows af The followingtime-independent GP modeht ik

is assumed

[ o OOHOR Jup f o Ul onkforo o8 9

Here,fi "Q T is the number of extracted modes over¥dllow variablesHN s is

the process mean vector, dandD Ds8® alo g ~ s its corresponding covariance
matrix function as defined below. Since the GPs are now tim#gependent, the
specification forfixed time 0is presentedandt (ﬂ{'—, Ho and JTP is referred tas

I 4, Hand JD for brevity. For computational efficiency, the following separable form

is assumed for JD:

W R ARERE B 1o 6 s
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wherefj> ¥ 5~ is a symmetric, positive definite matrikat diagonalizes covariance
matrices from all training cases, afid JD is the correlation function over the design
space, parameterized Yy t M At N 7dp . Itis noted thaf)® in Figure12 differs
from theCPOD covariance shown in kige 11. This can be viewed as a largeka@ying
model[85] over the design space, with the multivariate obsematbeing the extracted
CPOD coefficients for all flow variables. Note thatis a reparameterization of the
squareeexponential (or Gaussian) correlation functh®@ BB — o  © , with
— t1 T1ClIn our experience, such a reparamiegtion allows for a more numerically
stable optimization of MLEs, because the optimization dorhain Tip is now bounded.

Thechoice of the Gaussian correlation is also waltedfor the application at hand, since

fully developed turbulence dynamiagse known to be relatively smooth.

Flow1 No joint covariance between flow
covariance 1 modes and flow R modes

flow 1 modes
"
W
=
S
= T
g
w4

FlowR
flow R modes covariance

Figure 128 lllustration of the KSPOD correlation matrix i* (red indicates a diagonal
matrix, while blue indicates nondiagonal entrieg

It is suppose thatsimulations are run at settingsi8 Rl , and assuntkfor the

time beingthat model parameters are known. Invoking the conditional distribution of the
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multivariate normal distribution, the timerying coefficients at a new settidb_“

follows the distribution

T % e8! T

(57)
where "l ; i o9F P BA 4R K and 1 Using
algebraic manipulations, the MMSE predictor fpr{z _.sf @ and its
corresponding variance is given by

(T H lh 1 S & T § Hh
(58
YT st % S R B O |

whereg€ and . denote ab U identity matrix and a -Yectore of n elements,
respectivelyThe ame method can be applied to the weighting number uratian (19).

Substituting this into the KSPOD expansiorugtion(18), the predicted-th flow variable

becomes
o >~ » -
& ofof T % g e
(59
oL 0 AL
T B 0 T
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> L 1L o IR
B T "y a3 % ghe

with the associated spatiotemporal variance

1o R 5o eRnf

Vod et Yo s d %

¢

(60)

where%o. is thek-th KSPOD mode for flow variable andy is the weighing number
for KSPOD modesThis holds because the KSPOD modes for a fixed flow variable are
orthogonal. Once the variance of predictioascalculated, theco-kriging model M,

proposed for UQ analysisan be applied as well.

3.4.3.5 CommonKerneltSmoothedProperOrthogonalDecompositioflCKSPOD

Model Specifications

The CKSPOD model combas CPOD anl KSPOD. Hence, the definition of
variance for lhiis emulation modelesembleghe other two emulators. It is noted that in
CKSPOD, a transfer matrix in Equation(34) is created from thEKSPOD covariance
in Equation(32) and Figuire 13. Hence, even thek(SPOD expansion in Etion (46) is

truncated aiQterms for flowi  pH8 AT (with T o 7in the present casd).is assumed

thatt oy 1 o3EMH ok is the vector ofQtimevarying coefficients for
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flow variablei at design settingkandt o3 1 oEBH T oYk s the

coefficient vector for all flows ath'= Using algebraic manipulations, the MMSE predictor

forf gk gosT @ and its correspondingariance is given by
T4+ H s on 8& 1 .3 HA

(61)
AREE T (R R I T 5

where £ and . denote a’Q "Qidentity matrix and a -Vectore of n elements,
respectively. Substituting this into the CKSPOD expansiomakgn (46) and the

weighting number for modes, the predicteth flow variable becomes

£ oo AL 0 JLi
B'ap Uit Qoo 1

3 ™\ L JL )
AL o B 0ok o (62)
Qp Y QIE QU
with the associated spatiotemporal variance

1 ® QFDH{'f S oFd?ﬁI:
N I
AR S R N S LU % o

(63)
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where%o  FRta, is thek-th CKSPOD mode in for flow variableandt is the weighing

number for CKSPOD modes

In closing, this dissertation employs a great amount of simulation data sets as the
data vault as the foundation to build a tieféicient surrogate model to predict
spatiotemporal evolving flow. The emulationodel is not easy to build. This chapter
shows the evolution of development of the three methodologies (CPOD, KSPOD, and
CKSPOD). The simulation results will be addressed and the emulation results will be

demonstrated and analyzed carefully in the followdhgpter.

(flow 1 covariance) o (flow 2 covariance) o -+ o (flow R covariance)

flow R covariance

flow 2 covariance

flow 1 covariance

Figure 138 lllustration of the CKSPOD covariance matrix E (all flow information is
compiled bythe Hadamard product)
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CHAPTER 4. RESEARCH RESULTS AND DISCUSSION

This chapter demonstratand discusses the results of nonreacting flow in a simplex
swirl injector from three emulator modefection4.1 shows the higtiidelity simulation
results whichare used as data vault to train the emulators in this dissertagotion4.2
elaborate®nthe research discoves regardingCPOD, including details of statisal and
physics analysis. Sectidh2 states the results of KSPOD and the accuracy of analysis.
Section4.4 elaboratesiponthe spatiotemporal evolving flow prediction results based on
the latest emulator model, CKSPOD. This section also interprets the prediction differences
amongthe three emulators. Sectioch5 proposs a UQ analysis model to estimate the

precision of all proposed emulation models.

4.1 High-Fidelity Simulation Results

4.1.1 NonreactingFlows for MaxPro Cases

Thirty high-fidelity simulations for CPOD at design points defined axHro were
conducted. To isolate the effect of injector parameters, the mass flow rate for all runs is
fixed at 0.15 kg/s. The first two design points designated by MaxPro are chosen as the
baseline geometries, A and B Trable 8. The benchmark points used for assessing the
accuracy of the emulator model are obtained by offsetting the design parameters of these

two points.

Figuresl4 and15 show the instantaneous distributions of temperature and density
for two neighboring design points, C and D in TaBleelected to indicate ddrent flow

features in the design space. The key flow structures include the swirling liquid film along
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the wall due to centrifugal force, liquid accumulation near the injector headend and
associated flow recirculation, and a conical liquid sheet sprgaditward at the injector

exit propelled by azimuthal momentum and a hollow gas core in the center [g]ion

Table 80 Injector geometrics at design points colored blue in Figre 7

Design L(mm) Rn(mm) P() #(mm) 4 (mm)
A (swirl) 20.0 322 529 052 3.42
B (jet-like) 41.9 3.05 65.5 1.57 1.00
C (swirl) 43.1 500 700  0.50 2.79
D (jet-like) 37.7 2.82 45.8 1.17 3.80

Various flow physics are observed. The film thickness for Design C is much thinner
than for Design D, with a larger spreading angle at the injector exit” (@shfpared to
29.2 for Design D). Among the 30 design points, sdmebavdike swirling flows, as in
Design C, while others behave like jet flows, as in Design D. For convenience, the critical
value of the spreading angle that separates swirling frelikgelows is chosen to be 30
this angle is considered an empiticadicator of whether the liquid stream has significant
radial penetration in the downstream region. When this angle is not achieved, the liquid
does not have enough radial momentum to spread outwards. The 30 simulation runs are
thus divided into two sulsgups swirling flows (spreading angle above 3@nd jetlike
flows (spreading angle below 30In thefollowing section, a machinkearning technique,
decision tree, is introduced to identify the-getirl dichotomy. This directly influences the
featureextraction andriging processes described in the following sections, as it changes

how the design space is partitioned between the identified flow behaviors. Implicitly, the
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extracted coherent structures will change slightly, depending on the estaloligbad

separating swirling and pdike flows.

. .
120 160 200 240 280

R |
500 1000

0o 10 20 30 40 50 60
X (mm)

Figure 148 Instantaneous distributions of temperature and density for Design C

= .
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- N
500 1000
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Figure 150 Instantaneous distributions of temperature anddensity for Design D
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4.1.2 NonreactingFlows for SLHD Cases

The LESbased higHidelity numerical framework describegdreviously was
implemented for the 30 cases selected by SLHD for the three design parameters, which are
decided by the sensitivity analysis ngia firstorder Monte Carlo estimation of Sobol
indices [2]. The sensitivity analysis was performed based on the desired-figuid
thickness and spreading angle. The three chosen parameters are significantly influenced by
the inlet velocityd , which ranges from 5.7tb 40.43 m/sas listed in Tabl®. The 30
training cases are roughly classified into four groups in terngs qim/s), as follows:
ClusterA, with 6 p TCluster Bwithp 1 0 p YCluster Gwithp ¢ 06 [

and Cluster Dwith 6 Cu

Overall, there are 15 cases in Cluster A, 8 in Cluster B, 5 in Cluster C, and 2 in
Cluster D. Figure46-19 show two sample snapshots of the density field for each cluster.
Variations of film thickness and spreading angle are observed. Cluster A has the slowest
inlet velocity and generates thicker film and smaller spreading angle. The film thickness
decreases and the spreading angle increases between Clusters B and C; thdiemallest
thickness and largest spreading angle appear in Cluster D, where the highest inlet velocity
exists As previously mentioned, the geometric constaut, is an indicator of swirl
strength, with a higher value implying stronger azimuthal momentum. \0'li®Tomes
small, the swirling flow does not contain enough azimuthal momentum to produce a large
spreading angle of the liquid film. This suggests +iptays a pivotal role, with a slight
change causing significant differencedlow dynamics. Therefa, the training process

must preserve important flow physics during data reduction.
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Table 96 Design matrix and associated inlet velocity information

Case UG(mm) —deg) wOmm) & (m/s) & (m/s) & (m/s) 0 Cluster
1 0.28 57.92 1.59 40.43 21.47 34.26 7.44 D
2 0.63 40.81 1.93 12.35 9.35 8.07 1.64 B
3 0.82 52.39 0.96 11.79 7.20 9.34 1.98 B
4 1.10 32.76 2.57 6.42 5.40 3.47 0.69 A
5 1.12 51.88 3.21 8.58 5.30 6.75 1.43 A
6 1.52 46.85 2.23 5.71 3.90 4.16 0.86 A
7 0.38 37.29 1.64 19.53 15.54 11.83 2.37 C
8 0.51 52.89 2.15 19.35 11.67 15.43 3.27 C
9 0.78 43.33 3.12 10.43 7.58 7.15 1.46 B
10 1.03 33.76 0.87 6.89 5.73 3.83 0.76 A
11 1.26 49.37 1.72 7.19 4.68 5.46 1.14 A
12 1.39 60.44 2.61 8.63 4.26 7.51 1.65 A
13 0.47 54.40 2.74 21.87 12.73 17.78 3.80 C
14 0.68 38.80 2.53 11.25 8.77 7.05 1.42 B
15 0.74 48.36 1.89 12.06 8.02 9.02 1.88 B
16 0.93 33.26 1.47 7.63 6.38 4.18 0.83 A
17 1.22 42.82 0.91 6.60 4.84 4.49 0.92 A
18 1.35 57.42 3.17 8.15 4.39 6.87 1.49 A
19 0.32 58.43 2.27 35.58 18.63 30.31 6.60 D
20 0.59 34.77 1.13 12.19 10.01 6.95 1.38 B
21 0.84 49.87 2.83 10.89 7.02 8.32 1.74 B
22 0.99 44.33 1.76 8.35 5.97 5.84 1.20 A
23 1.20 37.79 3.08 6.24 4.93 3.82 0.77 A
24 1.45 55.41 1.55 7.17 4.07 5.90 1.27 A
25 0.40 36.28 2.32 18.27 14.73 10.81 2.16 C
26 0.49 51.38 1.42 19.51 12.18 15.24 3.21 C
27 0.72 53.39 3.29 13.84 8.25 11.11 2.36 B
28 0.95 40.31 1.17 8.18 6.24 5.29 1.07 A
29 1.24 59.43 1.98 9.36 4.76 8.06 1.76 A
30 1.37 43.83 2.78 5.99 4.32 4.15 0.85 A

Note: Cases-b are on Slice 1, Casesl? on Slice 2, Cases I8 on Slice 3, Cases-19
24 on Slice 4, and Cases-28 on Slice 5, corresponding to the symbols owifEg.
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Figure 160 Selected snapshots of density field in Cluster A dt= 1.21 ms, obtained
from LES-based highfidelity simulations
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Figure 170 Selected snapshots of density field in Cluster B at= 1.21 ms, obtained
from LES-based highfidelity simulations
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Figure 180 Selected snapshots of density field in Cluster C at= 1.21 ms, obtained
from LES-based highfidelity simulations
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Figure 190 Selected snapshots of density field in Cluster D at= 1.21 ms, obtained
from LES-based highfidelity simulations
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4.1.3 Supercritical Combustion Cases

Figure20 showsa global view othe instantaneous distributions of temperature for
Cases 17. Cases b are training cases designed for modeling an emulator. Case 7 is
created for validation. All detailed parameters can be fonnthbles4-6. The overall
flowfield can be divided into four regimes: propellant injectitfame initialization, flame
development, and intensive combustion. Fig@® preserd a schematicof the
corresponding locations of these flogimesFuel recess lengths differ among all training
and testing cases. Hence, the emulation area (the green shaded areaei@lrignly
utilizesthe overlapped downstream area with comygod rule applied in nonreacting
flow. The njection regime primarily consists of center jet and outer swirler, in which GOX
and kerosene are injected separately. The flame initiates in the recess regiooxydene
and kerosene start the mixing process and is extended to a broader area in the taper region.
Intensive combustion is wetlistributed in the downstream region for cases with recess
region. ForCase 6 without recess, however, the interaction of gy and kerosene is
delayedin the taper region. The combustion zone resides primarily in the downstream
upper region close to the injector faceplatee to dack of kerosene entrainment to the
central jetwhich isdiscussedbelow. Therefore, the lengthf the recess affects the profiles
of GOX and kerosene injections, and this subsequently determines the characteristics of
flame evolution in various regimes. The flow structures in these regimes are analyzed in

detail in the following sections.
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Figure 208 Global view of snapshots of the temperature field foCases 1, 3, and 6
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Figure 216 Schematic of flow regimes and emulation area (green shiadj)

4.2 Common Proper Orthogonal Decompositiof(CPOD)
4.2.1 Sensitivity ofnjector Geomety Parameters

Liquid-film thickness and spreading angle are two important injector
characteristics. An inviscid, incompresskfliew theory predicts the spreading angle as a
function solely of the geometric const4@g], and it increases with increasing geometric
constant. For real fluids at supercriticahditions as treated in the present study, the fluid
density varies continuous]92]. The spreading angle can be determined based on the slope
of the maximum density gradient near the injector exit in a-twe¥aged sense. As the
maximum density gradient is utilized as the boundaryidoid film, the spreading angle
and film thickness hae variances relateid how prominent the maximum density peak

appears in the radial direction.
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To gagethe importance of each injector parameter on the li§umdthickness and
spreading angle, a sensitivity analysis using a Monte Carlo estimate dfigtibes was
performed 75]. Figure22 shows the primary effects from this analysis. The points indicate
the Sobol index estimate for each degignameterwith lines indicating the Monte Carlo
integration error for each index estimal&e lines were calculated based on a I5P6f
the estimate. The significant paramet@escircled with red solid lines, and attributes that
had a minor effedre circled with dash lines. The slot wiglth is found to be the parameter
with the largest Sobol index and thus the strongest influence on the spreading angle.
Physically, this can bexplainedby how geometric parameters govern the inlet flow
properties. Assuming a constant mass flow rate, thenmimap velocity is inversely
proportional to the slot width, and a decrease in slot width increasesfilguidomentum,

increasing momentum of the liquid film.

Similarly, the tangential inlet angleX and the slot width significantly affect the
liquid-film thickness, while the length0f and radius 'Y ) of the injector have minor
effects. The tangential inlet angle controls the direction of momentum. As the injector angle
increases, more azimuthal momentum is imparted to the liquidtfierebyincreasing the
spreading angle at the injector exit. The length and radius can dictate how much viscous
loss is experienced by the propellant, as it travels in both the axial and azimuthal directions.
The present study, howevéndsviscous losses to be amor effect. Referring to Egation
(44), larger values ofY indicate greater importance of the interaction effectfdiVhen
DS p, the sensitivityis called theimean effect index Another measure of sensitivity
often considered is th@otal effect indexj which measures the contribution to the output

of a given input: | including all interactions of= with other inputs. That is,
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" (64)

where6 is the complementary set 6f Similarly, larger values ofY indicate greater

importance of the effect far.
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N /
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Figure 220 Sensitivity analysis of liquidfilm thickness and spreading angle

Figure23 shows the twdactor interaction effects. It further demonstrates that the
main design parameters ahetslot width and the tangential inlet anghetly interaction
effects circled in blue), which couple to affect the ligfiich response. This isot
surprising, as slot width and inlet angle govern flow area and direction of momentum,
respectively. The nss and momentum conservation equations are inherently coupled to

govern the flowfield.

As previously mentioned, thempirical geometric constant for a swirl injector can
be employed to estimate the film thickness and spreading angle, using the hydredynami

theories described by Bazarov and Yafff]. These theories, however, assum



incompressible, inviscid flowsnd can only be useds a preliminary guideln real
injectors, viscous and compressibility effects must be considered. The liquid viscosity
results in boundary layer formation along the walls, which causes spatialiyniform
velocity profiles. A primary effect of compreissity lies in the existence of acoustic waves
[92]. The supercritical conditions withimigh-pressure systems make these effects even
more pronounced. Highdelity simulations accouirtg for reatfluid effects are required

to address these issyds).

Interaction Effects for Spreading Angle Response Interaction Effects for Film Thickness Response
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Figure 230 Two-factor interaction of liquid -film thickness and spreading angle

Sobob

4.2.2 DecisionTreeExploration ofInjector DesignSpace

Further examination of simulated design points shows a clear distinction between
two underlying physical phenomeriée firstis the expected swirling film that noticeably
spreads radially upon exiting the injector. The other is-Bkgtbehavior of thdiquid film
where the radial spreading is weak. The DoE methodology utilizes-Blhaggoroperties,
such that design points in both regimes are simulated. This section explores how to
efficiently incorporate this information into the CPOD methodologyefme prediction

results.
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Designs A and Bwhosegeometric parameters alisted in Table 8) are each
arbitrarily chosen from among the sitated desigrpointsasthe baseline geometry for
determining offdesign points. By offsetting injector parameters, two benchmark design
pointsare obtaineqdenoted as red points kig.7). Design A is classified with swirling
behavior. Although Design B is classified with-jgéee behavior in its developing stage,
the flowfield transitions to a swirling flow in its stationary state. This tneray be an
indicator that Design B is near the-g@tirl regime boundary. Its stationary state was used

to classify this hybrid physics case.

A full design tradeoff study requires quantifying how every parameter affects key
performance metrics. Hence, ailjector variables are retained for the first benchmark, E.
The second benchmark, F, only varies design parametttirsignificant effects on the
liquid-film response. The correspondiggometriesre shown in Tabl&0. For Benchmark
E, each design parameter deviates +10% from that of Design A. With normalized
parameters, the distance traversed in the design space is estimated to be abouis18.1%,

calculated in th® linear sense.

Table 100 Injector geometries for benchmark cases

BenchnO(mn Y(mm[—J)]|] ( mnaDb( mn
E 2 2. 3.2458)0.5] 3. 4
F 37. 3.0459,]1.4] 1.0

The sensitivity study shosthat the injector radius and the injection location have
less effect than the slot width and tangential inlet angle on the film thickness and spreading

angle. They are thus fixed, and the other three parameters are offset from Design B by



10% to explorehe design space at Benchmark F. The closest two simulation points are
Designs C and D. The neighboring points are provided because Design B seems to be near

the jetswirl dichotomy.

The second component of the ddtaven framework for the design survey a
decision treg¢79]. Figure24 shows the decisiotree splitting process, indicating how the
algorithm decideshow an injector parameter dictates whether the flow idilet or
swirling. The initial decision between the two behaviors is achieved by assessing the extent
to which the liquid film spreads radially from the injector exit. The numeric outputs are
essentially binary flags between the two subgroup classificattamsexample, the first
numeric output,— @ Bt ¢, Bplits the dataset into 11 jéte and 19 swirl cases. The
decision tree then further classifies the data according to the injector inlet and radius.
Intuitively, when the tangential inlet angte;is snaller, there is less azimuthal momentum
in the liquid film to cause radial spreading. When the injector inJdtecomes large, the
decreased momentum results inljkeé behavior. The decision tree quantifies these effects
and predicts a jdtke injector with— ¢ Bt ¢ ahd] p& mmm. Following the previous
two criteria, if the tangential inlet angle is large enough, thatist & T, $he injector

retains swirling behavior.

These two benchmark cases are used to verify the decision tree. With such an
algorithm, simulation results can be predicted using the model with proper training data.
As the next section further detilthe emulator relies upon the set of common basis
functions extracted from the dataset. With two different types of underlyihgreat
structures, the two datasets should be trained separately to predict design parameter sets

that lead to their corresponding flow behavior.
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Figure 240 Decisiontree splitting process with numeric classifiers

4.2.3 EmulationResults

To train an emulator and make predictions, a set of common basis functions must
be utilized, as previously mentioned. Fig@rghows he process of generating the common
grid. The red lines partition the axisymmetdomainfor each case into five regions:
injector headend region, injector interior, and threersgjions downstream of the injector.

The densest grid system among the @hing cases is selected as the common grid, upon
which the partitioned regions for all other cases are then scaled to the corresponding
regions in the common grid. This scaling is designed such that the ensuingcaodel
leverage common basis functionstivaut significantly changing the flow features of
interests. It should be noted the scaling has marginal impact uponfiiqudevelopment
visualization within the injector, which has the broadest range among the design
parameters. The original data istdrpolated with an inverse distance weighting

interpolation method using the ten nearest neighborhood points, to retain the fine points in
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regions of interest, specifically near the liquid film. The results on the common grid are

used for POD analysis.

Figure 25 shows the energy spectrum of the azimuthebcity captured by the
CPOD analysis. This spectrum is chosen as a demonstrative exawlee overall
behavior is shared by all other physical variabfesty-five CPOD modes are required to
retain 99% of the energy and limit the corresponding truncation error for the reconstruction.
The leading two modes are presenteBigure 26, both indicating swirling flow structures
with dominant fluctuations near the injector wall. The flow evolution within the injector

and subsequent liquiiilm development downstream of the exit are clearly observed.
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Figure 255 Energy spectrum of CPOD modes for azimuthal velocity component for
Benchmark E
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Figure 260 The first two CPOD modes of azimuthalvelocity for Benchmark E

The kriging of timevarying coefficients combined with the CPOD modes allows
for emulation of the spatiotemporal evolving flow at a new design point. The CPOD modes
represent the common physics extracted from the training tadasew injector geometry
is assumed to produce similar flow physics, including a hollow gas core, a swirling liquid
film attached to the wall, and a conical liquid sheet spreading outward at the injector exit.
Figure 27 shows snapshots of the temperature field for the simulation and emulations of
Benchmark E{) ¢@&daa,Y o8 @d,— v@J 1™ X@a, and3zl
o8 q &). For thetemperature CPOD analysis0Q0 of the 30,000 modes that can be
extracted are required to capture 90% of the energy and are used for the prediction. Good
agreement is obtained, illustrating the same qualitative trends for the flow structures, with
a liquid film along the injector wall and a center recirculating flow downstream of injector.
ThePOD analysis can be interpreted as a spatial averaging technique using the covariance

matrix of the flow variable of interest. Some flow details, such as the susface
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propagation of the liquid film, may be smoothed out due to averaging. This concern can be
addressed effectively using the aforementioned statistical and optimization algorithms to
tune GP model parameters. The resultant emulator model thus mitigatesioothing

effects and captures the flow structures well.

T
& 120 160 200 240 280

Emulation (CPOD)

Simulation (LES)

Figure 270 Comparison between simulation and emulation of instantaneous
temperature distributions for Benchmark E

4.2.3.1 Response Performance Metrics

As a preliminary comp#&son, a kriging surrogate model was applied to the
extracted liquiefilm thickness and spreading angle at the injector exit. The training process
was implemented for the 3fase dataset. The following discussion is basdgiemchmark
E: a swirl case. The liguifilm thickness is estimatetbiasedn hydrodynamic theories, to
be 0.618 mm, and the spreading angle ®II'8e singlepoint emulator predicts a liquid
film thickness of 0.520 mm and a spreading angle of9.0e dateare compared with
the simulation results of 0.430 mm and JQ@spectively. Figur@8 shows the variation

of the film thickness along the injex wall.
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Figure 280 Comparison of mean liquidfilm thickness along axial distance

At the injector exit, the timaveraged film thickness and spreading angle predicted
by the kriging surrogate model are 0.420 mm and,ldfrespnding to percentage errors
of 2.38% and 3.88%respectively. The model matchdse simulation in terms of key
features such as the liguiitin distribution and spreading angle, performance measures

that areneeded for assessing injector design.

For Benchmark F, the baseline case (Design B) develops frelikgeio swirling
behavior, as shown iRigure 29. The design parameters are near a critical hyperplane

separating different flow features.

| |
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Figure 298 Time evolution of the temperature for baseline case faBenchmak F

11¢



(a) Swirl-like case
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Figure 300 Mean temperature distributions for benchmark cases (a) swirlike and
(b) jet-like

Figure 30 shows the timanean temperature distributions for the two benchmark
cases. The accumulation of liquid propellant at the injector headend is observed in both
results. The liquigfilm thickness and spreading angle match well.B@mchmark F, which
producesa jetlike flow, a standing wave appears in the upstream portion of the injector.
The emulation result captures the wavy structure only to some extent. In the downstream
region, the liquiefilm thickness and spreading angle are better predicted. In tienreg

where the film breaks apart, less propellant appears in the simulation result.

4.2.3.2 Root Mean Square Relative Er{@MSRE)

The rootmeansquareelative error (RMSRE) is defined by
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where"Yis the desired regio)§is the number of gridpoints undef " Qefj: s the
simulated flowfield at geometrgt , "Qefii= s the emulated flowfield, and

| A ety andi E TQemijk are the maximum and minimum values of

Qeftiy-  overe, respectively.

Table 11 lists the RMSRE for the two benchmark case€Bhis quantitatively
compares the simulation and emulation shown Figure 30, illustrating minor
discrepancies near the injector wall. For thelijet case, the error is reduced if only the

upstream results (that is, upstream of the injector exit) are considered.

Table 1160 RMSRE of temperature distribution

Benchmar} Overall| Upstrean| Downstream
E (swirl) | 5.18%(| 6.62% 3.10%
F (jetlike) | 8.65%| 8.30% 9.03%

Figure 31 shows the timenean temperature distribution in the radial direction at
various axial locations for Benchmark E. The high gradient region represents the transition
between the liquid film anthe gas core. There is a slight deviation in this transition region,
where the simulated temperature gradient is sharper than that of the emulation. Similar

results, not shown, are also obtained for Benchmark F.
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Figure 310 Mean temperature distribution in radial direction for Benchmark E

To illustrate the importance of incorporating the decision tree within the
framework, a comparison is made with a prediction from an emulator without dataset
classification[1]. Table 12 lists the RMSRE for the two benchmark cases using the
emulator trained with the entire dataset. Theddemark E results are slightly worse, and

Benchmark F&6s prediction is significantly

Table 120 RMSRE of temperature distribution results (without dataset
classification)

Benchmar Overal Upstr (Downst
E (swi 5. 939 6. 7009 5. 099
F (] et 13. 29 7. 439 17. 79
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Next, axial velocity is used as training data, demonstrating the capability of
modeling other flowfield variables. Figur82 shows the timenean distribution
comparison between the simulation and emulation for Benchmark E. The key flow
features, such as the gaseous core and swirling film, are predicted well. BRRERdted
in Table 13 numerically outperforms temperature results. This improvement can be

explained by the broader range, which leads to higirers.

[ & T
u(m/s) o5 .15 s 5 15

Emulation

Simulation

Figure 320 Mean axial velocity distribution for Benchmark E

Table 130 RMSRE velocity distribution results

Benchmar|Overal|UpstrearDownstreat]
E (swirl) [4.12%] 4.58% 3.64%
F (jet) |3.97% 4.71% 2.85%

Figure33 shows the timenean axial velocity distribution in the radial direction for
various axial locations in the injector for Benchmark E. The transition region is matched,
although there is a dation near the injector centerline, where the gradient is smoother in

the emulator prediction. Similar results, not shown, were seen for Benchmark F.
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Figure 330 Mean axial variation of velocity distribution in the radial direction for
Benchmark E

4.2.3.3 Injector Dynamics

Injector dynamics involve downstream pressure fluctuatimmssing pressure drop
oscillations across the liquid filnThesechanges in turn trigger mass flow rate variations
across the tangential inlg2], over a wide range of time scales. A power spectral density
(PSD)analysiscan quarify these oscillations and capture the periodicity of flow features.
Mathematically, the PSD can be interpreted as the Fourier traragfomof the

autocorrelation function for a signal.

Figure34 shows the position of pressure probes in the fluid transition region. The

probes are located near the film surface to measure pressure fluctu@ienzessure
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PSDs are calculated for both the sintiola and emulation results. Figug® shows the

PSD ofProbes 1, 3, 5, and 7; the frequency content is observed to be well quantified.

The highfrequencyoscillationsthat are typically present in swirl injectors with a
vortex chamber are not prominent. Most of the signal is comprised ofréoprency
content, representing surface wave propagation along the film. In addition, acousisc wav
propagate, coupland interact with hydrodynamic waves, appearing as several different
frequencies. The simulated and emulated probes show similar dynamics, such that the peak
frequencies of the simulation and emulation results match. However, thatemul
amplifies the dominant frequencies, as the kriging model may be overfitting slightly due
to insufficient data. Despite this signal strengthening phenomenon, the analysis displays an
ability to model flow dynamics, properly capturing the simulatedogliési oscillations.
Downstream of the injector exit, the dynamics become more broadband and no dominant
oscillations appear, because there exist strong interactions between the shear layer and

recirculation zone generated from vortex breakdown.

T X&) 120 160 200 240 280

10 20
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Figure 340 Probe positions alonghe liquid -film surface
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4.2.3.4 Uncertainty QuantificatiofiUQ)

In addition to the aforementioned validation nogth, the emulator model allows
for quantification of predictive uncertainty, which can be used to d€fisdéor model fit.
Moreover, these uncertainties can be linked to dynamic flow physics. As an example, the
spatial UQ is shown iRigure36, displaying the onsided width of the 80% CI for pressure
and temperature (a derivation of this interval is founfiljih The uncertain areas, in the
time-mean temperature distribution, correspond to the most dynamic sections of the liquid
transition region. The downstream uncertainty is caused by the recirculation induced

through vortex breakdown. Further details of UQ analyssdiscusseith Sectiord.5,
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Figure 360 One-sided width of the 80% CI for Benchmark E: temperature and
pressure predictions

4.2.3.5 Computation Time

Figure 37 presents the simulation and emulation timel@emputation times are
calculated based on performance for a parallelized system of 200 Intel X&&0&3.80
GHz processors. A total of 9000 CPU hours is required for the 30 GB dataske

CPOD extraction and parameter estimation for the model takes about 45 minutes.

The parallelized predictions from the developed model mgyire approximately
30 CPU hours, significantly reducing tharraround time, as compared with LES
simulations requiring 30,000 CPU hours. This improved computational efficiency is
crucial, as it enables quick design iterations. The existing $papmral emulators
mentioned in the introduction require much more potation time to fit the underlying
statistical model, because the training dataset of each simulation is too large to directly
manipulate [84]. By carefully using physical knowledge to make informed model
assumptions, stataf-the-art machindearning techniques have been leveraged to develop

a methodology offering ahefficient strategy to survey the design space.
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Figure 370 Simulation and emulation timeline

4.3 Kernel-SmoothedProper Orthogonal Decomposition(KSPOD)

Figure38 compares the first three pressure POD esdaetween Cases 9 and 21 in
Cluster B. Mode 1 is an ensemble of the longitudinal modethehydrodynamic
instability. In both cases, the injecttangthis fixed at 25 mm, and the longitudinal
hydrodynamic wave speed in the liquid film is estimatedetd® m/s[10-12, 73]. This
leads to a characteristic frequency of 60825 kHz for the hydrodynamic instability. Mode
2 contains about 12% of the to&lergyand has similar structures similar Cases 9 and 21,
except in the downstream region closéhe centerline. Mode 3 has around 5% of the total
energy, and the distributions for the two cases are alike. The dominant frequencies for
Mode 2 in the two cases are 0.61 and 0.63 kHz, respectivelyM&de 3, dominant

frequencies of 1.14 and 1.39 kHwe observed. The frequencies associated with the
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recirculating flow downstream of the injector exit are 0.65 and 1.29 kHz, respectively.
Hence,Modes 2 and 3 can katributed to excitatioly the processing vortex core. In
short,Modes 13 capture similaphysical characteristics in the dominant POD modes with
the same order resulting from the eigitomposition. The similarity of POD modes
among cases in the same cluster justifies the two fundamental assumptions of KSPOD

stated orpage 3.

p, normalized

Case 9 Case 21
10 10
mode 1. 58.5% mode 1. 59.7%
g 5 é 5
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Figure 380 Pressurein POD Modes 1, 2, and 3 for Cases 9 and 21 from Cluster B.

Figure39 shows the accumulated energy percentage of the density POD modes for
the cases presentedhigure38. Thefirst 150 modes contain over 90% of the total energy,
and the first 300 modes have over 99.9% of the en@itlgy process 0KSPOD builds a
posterior model based on the basis functions ranked ®ygbedecomposition. As such,
the reduced data sets (that is, the dominant modes) capture the significant flow structures

and their dynamic characteristics for the same rank.
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The 30 cases selected BYOE have different inlet velocities, which generate
different instability wave speed®haseinformation, however, cannot be reproduced
perfectly, due to the presence of turbulence. If two designs with similar dynamic
mechanisms, such as Cases 4 and 6, haagsepdifferences of 9@r 180, the prediction
results may be excessively smoothed by traditional kriging. If the weighting numbers
evaluated by kriging for these two cases are close and their instability waves are exactly
out of phase, the wave informai cancels out. As such, KSPOD applies a weighting
function for the POD modes to ensure that similar POD modes in different cases can retain

appropriate phase information.

Figure40shows excellent comparison between the simulation result and prediction
from the trained emulator for Test Case Al. The design parameters are ghedateih4.
The KSPODBbased emulator works well; itan capture essential flow structures

successfully. The evolution of the liquid film and its spreading downstream of the injector
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exit also agree well between the siation and emulation. The overall turnaround time for
emulation prediction, excluding data loading and training, is about 42 seconds of CPU time

for one snapshot.

Table 15 lists the contribution of POD modes from each case. The weighting
number is calculated based on the Test Case Al. It is noted that Cases 17 and 30
respectivelyprovide 91.77% and 13.37% wetgiyg, while Cases 5, 10, 22, and 28 provide

over 10% negative weights on Al.

p, kg/m’ EEEET T T o
150 350 550 750 950

High-fidelity Simulation (LES)
A g0

N ’

x
= K "S-

Figure 400 Comparison of density field between LEShased simulation and
prediction by KSPOD-based emulation Test Case Al



Table 146 Design parameters for eight test cases in four different clusters

Case a(mm) | —(deg) | wmm) |6 (m/s)| 6 (m/s) | 6 (m/s) | Cluster
Al 1.26 4411 0.94 6.55 4.70 4.56 A
A2 1.20 41.97 0.90 6.65 4.94 4.44 A
B1 0.70 40.73 2.71 11.12 8.43 7.26 B
B2 0.71 52.59 3.24 13.79 8.38 10.95 B
C1 0.42 37.73 241 17.91 14.16 10.96 C
Cc2 0.49 57.12 2.88 22.33 12.12 18.75 C
D1 0.27 50.39 1.40 34.37 21.91 26.48 D
D2 0.33 60.76 2.32 36.32 17.74 31.70 D

Table 150 Weighting numbers from POD modes for Case Al

Case 1 2 3 4 5 6 7 8 9 10
Cluster D B B A A A C C B A
V\,(ffj'gmhég‘rg 0.01%| 0.50% | 2.13% | 0.82% | -4.24%| 0.02% | 0.00% | 0.12% | 0.04% | -2.18%
Case 11 12 13 14 15 16 17 18 19 20
Cluster A A C B B A A A D B
V\Kﬁ'%hgg‘rg 2.17% | -0.03%| 0.16% | 0.18% | -0.13% | 0.00% | 91.77%| -0.17% | -0.04% | -0.08%
Case 21 22 23 24 25 26 27 28 29 30
Cluster B A A A C C B A A A
Vm‘%hgg‘rg 0.16% | -2.50% | 0.20% | -0.13%| 0.05% | 0.01% | 0.00% | -2.28% | 0.08% | 13.37%

Figure41 shows prediction results for the four different design clusters, in each of
which two test cases are considered. The flow structures and dynamics are well captured
by the emulator. In @e C1, theornerrecirculation near the headend of the injector is
clearly observed. The discrepancy caused by time delay is present in Cases Al and B2. In
Al, the traveling surface wave in the injector propagates downstream slightly faster in the

simuldion than in the emulation.
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4.3.1 Accuracy ofPrediction: Film Thickness an&peadingAngle

To further evaluate the accegaof the KSPOEbased emulation, two performance
measures, film thickness and spreading angle, are assessed.6fabkents a comparison
of the timemean simulation anemulation(prediction) results, obtained by averaging the
instantaneous data over a statistically meaningful time duration. The eredcutated as
follows:

S w S .
- ——— pnmpP (66)
wherew represents data from simulation and from emulation. As most training

cases are located in Clusters A and B, the predictions are more accurate within these two

clusters.

Table 160 Film thickness and spreading angle for simulation and emulation results

Spreading Angle Film Thickness

Simulation [ Emulation ELyy Simulation [ Emulation Eyy
Case Al 52.85 52.92 0.14% 0.629 0.625 0.51%
Case A2 52.57 51.96 1.15% 0.637 0.657 3.14%
Case Bl 54.22 53.66 1.02% 0.582 0.600 3.03%
Case B2 53.81 53.87 0.12% 0.594 0.592 0.40%
Case C1 57.68 57.71 0.05% 0.469 0.473 0.85%
Case C2 57.78 57.74 0.06% 0.475 0.472 0.63%
Case D1]  59.00 58.03 1.64% 0.379 0.378 0.26%
Case D2 61.59 61.33 0.41% 0.370 0.377 1.97%
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The probability densities of instantaneous spreading anglejaidtHilm thickness
for four selected training cases in Cluster A are obtained from the estimated kernel
smoothing function, as shown in big 42. A kernel distribution is a nonparametric

representation of the probabilithensityfunction,”Q w, of a random variable, written as

o p 0w

where¢ is the sample sizdji O is the densitysmoothing function, anfa is the
smoothing parametebandwidth. The distributions of probability density for cases in the

same cluster bear close similarities, but do not collapse.

3.5

Case 11 Case 29 Case 11 Case 4
| , e 307 = o550 {i = 0597
) o =3.87 o=0123 Y / o =0.137

25

Case 28
= 0.561
o =10.128
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p=53.74 p=0533 7
o =437 151 g=0118

Probability density
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Figure 420 Probability densities of instantareous spreading angle and liquidilm
thickness for Cases 4, 11, 2&nd 29 from Cluster A (vertical lines represent mean
valueg

Figure 43 conpares the probability densitistributions ofspreading angle and
liquid-film thicknessbetweensimulations and emulations for all test cases. The vertical
lines represent mean values. Detailed information about mean values, standard deviations,
and averaged absolute error is givenin Table 16. The maximum absolute errors for

liquid-film thickness and spreading angle are 1.64% in Case D1 and 3.14% in Case A2,
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respectively. The liquidilm thicknesses are relatively small in Clusters @ &nso their

mean valuesisually overlap each other.
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Figure 430 Probability densities of instantaneous spreading angle and liquidilm
thickness for test caseévertical lines represent mean values
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Anothermethod formeasuing the performanceof the emulation is based on the
distribution of liquidfilm thickness along the axial direction. Figurd4 shows a
comparisorbetween the simulation and emulation results, averaged @@ &énapshots.
Figure 45 shows the absolute errbetweensimulations and emulatig. The horizontal
lines represent averaged absolute error for each test cas®verall, theliquid-film
thicknesspredicted by the KSPODased emulation has an averaged error less than 5%,
except for Case B2n which - @8 P Cases with higher inlet velocities have less
variation for theliquid-film thicknessnear the injector exit. The first local maximum of
error occurs in the LOX inlet area, the region that contains the highest momentum and
kinetic energy. The second peafkerroroccurswhen the flowfield is still developing. The
large error along the axidlrectionin Case B2 can be attributed to the fact that this case is
close to the boundary between Clusters B and C and includes more flow mechanisms that
are prominenin the cases in Cluster C. The 30 cases used for model training are mostly
distributed in Clusters A and B. If the 30 training cases had dpkwg properties with
respect to inlet velocities, the prediction error could be decreased and the quantitativ

analysis for Test Cases B2, C1, and C2 could be improved.
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4.3.2 Accuracy oPrediction: Proper Orthogonal DecompositioRPQD) andFrequency

Comparison

The injector dynamics involved in this example problem cover a wide range of time
and length scales. This rich set of physicguantified using a PSD analysis afPOD

coefficient. Injector dynamics involve downstream pressure oscillations causing pressure
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drop oscillations across the liquid film, which in turns trigger mass flow rate fluctuations.,
A spectral analysj®SD can qiantify these oscillations and capture the periodicity of these
flow processesMathematically the PSD can be interpreted as the Fourier transtoom

of the autocorrelation function of the signal. The BSD pressure fluctuations were
calculated and copared between the LES and emulation reséitgure 46 shows the
comparison between LES and emulation for POD results basddaes 1 through4 from

Case C2. Here, the first four modes contain over 80%etotal energy.

In Figure46, the color shapes between simulation and emulafidhodes 1 and 2
are alike, except the downstream pastisere simulation reflects the pressure instabilities
more significantly. The coloshapes between simulation and emulatbriMode 3are
almost the same, except simulation demonstrates larger magnithedl/aw intake area.
The differences between simulation and emulabecomemore obvious inMode 4.
Compaedwith simulation, thencreasing distributiorwith a minimum at the head and an

enlarged value at the exi$ stronger in emulation.

In addition to the similarities in POD modes, emulation performsiweapturing
dominant frequencies in PSD analysis. Friglodes 1 to 4, thetrends of all PSD curves
are similar between simulation and emulation. Moreover, emulation captures the dominant
frequenciesdentically tosimulation inMode 1 (0.49 kHz) anMode 2 (0.65 kHz)which
occupy over 73%of the total energy. Although emulation dislocates the dominant
frequency (0.23 kHz) ilMode 3, its secondary dominant frequency gtdlallelsthe
dominant one in simulation (0.65 kHz). Consequently, the emulation results based on

KSPOD can not only predict flo dynamics with visually pleasant results but also

13¢



accuratelycapture flow physigsncluding liquidfilm thickness, spreading angle, and POD

analysis results.
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4.4 CommonKernel-SmoothedProper Orthogonal Decomposition(CKSPOD)

4.4.1 Modes fronCKSPOD

The30cases applied in this work afeesame as those used in our previous KSPOD
work [3]. All training cases are obtained by the LB&ed higHidelity numerical
framework described earlier and selected by SLHDs for the three design parameters, which
are decided by the sensitivity analysis using a-tirderMonte Carlo estimation of Sobol
indices [2]. The sensitivity analysis was performed based on the desired-figuid
thickness and spreading angle. The three chosen parameters are significantly determined
by the inlet velocityp , which ranges from 5.71 to 40.43 pdslisted in Tablel4[3]. In
the KSPOD work, the 30 training cases are roughly categorized into four groups in terms
of 6 (m/s), as follows:6 p mfor Cluster A;p 1 0 p (for Cluster B;p
o} ¢ Uor Cluster C; and ¢ uor Cluster D. Overall, there are 15 cases in Cluster
A, 8 in Cluster B, 5 in Cluster C, and 2 in Cluster D. To validate the accuracyes
surrogate model, each cluster is assigned with two test cases. The design parameters for

these test cases aregn inTablel14.

The geometric constari, is an indicator of swirl strength that plays a pivotal role,
with a slight change causing sigednt differences in flow dynamics. The azimuthal
momentum, which affects the sizetbé spreading angle of the liquid film, increases and
decreases witlk. Hence, the training process must preserve fundamental flow physics

during data reduction.

In Changet. al. (2018) [3], the 30 cases selected by DoE have different inlet

velocities, which generate different instability wave speeds. Phase information, however,
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cannot be reproduced perfectly, due to the presence of tucbulenKSPOD research, it

is proven that a phase difference of 90° or 180° cowlctur between two designs with
similar dynamic mechanisms. This phase difference could excessively smooth the
prediction results by traditional kriging. If the weighting numsbevaluated by kriging for

these two cases are close and their instability waves are exactly out of phase, the wave
information cancels out. As such, KSPOD applies a weighting function for the POD modes
to ensure that similar POD modes in different casas retain appropriate phase
information. Nonetheless, the POD modes and coefficients are paired. The weighting
number may fix the phase differences between spatial informatibit,cannot adjust the

phase differencebetween time information. Hence,nse prediction results in KSPOD

still exhibit time delays of evolving vortex structures.

Two cases per clusterandomly selected to present the accumulated energy
percentage of their pressuire the POD modesare presenteth Figure 47, with the
accumulated energy percentage of pressurthe CKSPOD modes. As explad in
Algorithm 3, all 30 training cases now shathe same eigenvalues to affithratno phase
difference of coherent structuregistsbetween any two designs. AD cases are now
operated by the same eigdacomposition process via the CKSPOD transfer matrix in
Equation (34). Hence, the CKSPOD modes and energy accumulatibmet perform

similarly to thecorrespondingnodesfrom the ordinary POD.
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With ordinary POD, the first 299 modes contain over 90% of the total energy; the
first 45165 modes have over 95% of theergy; and the first 12812 modes have over
99.9% of the energy. However, the CKSPOD transéion matrix with Hadamard
superposes all flowfield information into one covariance matrix, which is latterly
decomposed by eigedtecomposition and decreases fipeed of energy accumulation. For
CKSPOD, it reaches over 90% of the total energy after first 173 modes; the first 266 modes
contain over 95% of the total energy; and the energy accumulation of pressassls
99% after the first 522 modes. Moreoveg fiist CKSPOD mode only carries 12.99% of
total energy; but the energy of all modes from ordinary POD ranges between 15.77% (Case

19 from Cluster D) and 52.76% (Case 24 from Cluster A) of total energy.

The slow speed of energy accumulation of CKSPOD implies that this algorithm
requires more information thadoes KSPOD to collectsufficient energy to build a

posterior model for the spatiotemporal flowfield prediction. As such, it is no longer an
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assumptia that the reduced data sets (that is, the dominant modes) capture the significant
flow structures and their dynamic characteristics for the same rank with the same phase.

The CKSPOD transform matrix in Hgtion(34) equips this criterion.

Cluster A contains more energy for the first and the most dominant POD mode, and
CKSPOD decreases the speed of energy accumulation. Bigemmpares the first four
pressure modes between POD and CKSPOD from Case 16 in Cluster A. Here, all pressure
modes are normalized and presented betwgesnd 1. Mode is an ensemble of the
longitudinal modes of the hydrodynamic instability. In this case, the injector length is fixed
at 25 mm, and the longitudinal hydrodynamic wave speed in the liquid film is estimated to
be 79 m/s[10-12, 92]. This leads to a characteristic frequency of @315 kHz for the
hydrodynamic instability. Mode 1 has similar structures between CKSPOD and POD,
exceptthatthe energy carried by POIB gproximately2.5 timeshigher thanCKSPOD.

Mode 2 contains about 8.01% and 6.95% of the total energy from POD and CKSPOD
respectively. Although the two contour maps arevasy similar no significant energy
differenceexistsbetween CKSPOD and POD Mode 2. The energies obtained by POD

in Modes 3 and 4 are around 1% greater than CKSPOD, and the distributions of these two
modes from the two methods are alike. In shibfgdes 13 capture similar physical
characteristics in the dominant POD modes whihsame order resulting from the eigen
decomposition3]. The similarity of POD modes among cases in the same cluster justifies
the two fundamental assumptions of KSPOD stated in Chang et. al. (3D1&8)ransfer

matrix is proposed IrCKSPOD asstated in Egation(34), to guarantee all POD modes

with similarity will be decomposed with thersa phase.
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Figures47 and 48 provide the evidence of energy lossthg CKSPOD transfer
matrix and he similarity between POD and CKSPOD modes. To further check the
similarity of base function information between CKSPOD and PR§ure 49 compaes
the first four dominant modes of pressure for Case 16 in forms of probability density
distribution. Ths distribution is obtained from the estimated kernel smoothing function. A
kernel distribution is a nonparametric representation of the probalalitgitg function,

"Q w, of a random variable, written as

"Mw —B fi — h (69)

wheret is the sample sizéi, D is the density smoothing function, acdbis a smoothing

parameterbandwidth.
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Figure 497 Probability densities of POD and CKSPOD modes for Case 16 from
Cluster A (vertical lines represent mean values aneﬂ— o represents bandwidth of
kernel smoothing function)

The resultslemonstratehat the probability density distribution curveshdbde 1
between CKSPOD and CPOD is similar, and no distinct differerstsbetween their
bandwidths. From the normalized pressurEigure49 (i.e., the xaxial),approximately a
25% bias of mean valuexistsbetween PD and CKSPOD. igilar characteristics can
be found inModes 3 and 4, excephat the normalized mean values bfode 4 from

CKSPOD and POD are very close. Mode 2 displays the most visible differences between
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CKSPOD and POD. The bandwidth of probability signdistributionfor POD is over

three times of the bandwidth from CKSPOD.

In summary, the mode contour shapes and probability density curves provide clear
evidence that all physics information frarainingcase are transferred and relocated with
a nev set of eigenvalues by a CKSPOD transfation matrix. Nevertheless, all

information is still wellpreserved for the construction of emulation model.

4.4.2 Prediction by Common KerneEmoothedProper Orthogonal Decomposition

(CKSPOD BasedEmulation

Figure 50 shows an excellent comparison between the simulation result and
prediction from the trained emulator for Test Case D2. The design paraofatstscases
are given in Tablé@4. The CKSPOBbased emulator works well; it emulates essential flow
structures successfully. The evolutiontleé liquid film and its spreading downstream of
the injector exit also agree extremely well between the simulation and emulation. Although
CKSPOD executes eigatecomposition differently than KSPOD, the weighting number
estimation process the same forthese two algorithms. The overall turnaround time for
CKSPOD emulator is about 53 seconds of CPU time per snapshot, roughly 1.2 times longer
than emulation by KSPODIhe CKSPODrequires mordime for emulation because it
requires more space and time infatiron than KSPOD to obtain sufficient energy after

data reduction to build the surrogate model.
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Figure 500 Comparison of density fields between LESbased simulation and
predictions by CKSPOD-based emulation Test Case D2 at = 7.89ms

Figuress1and52ill ustrate the prediction results of CPOD, KSPOD, and CKSPOD
for Test Cases A2 and C2. The intake velqdity, for C2 is 22.33 m/s, which is over three
timesthe value of Case A%.65 m/s.These two figureshow that evenvhenthere are
over 400,000 mésgrids in the spatial domain for simulation, CPOD fails to capture
detailed instantaneous flow dynami€onversely, KSPOD can emulate evolving flow
dynamics well; however, the emulated vortex structure spreading downstream of the
injector exit is not ver similar to the corresponding simulation. Moreover, the detailed
flow structures inthei  1® mm downstream area become niik¢ structures by
KSPODbased emulatignshownin Figure 51. However, by CKSPOD, the mibke
structures disappear and the emulated vortex structure spreading downstream of the

injector exit much moraesemblesthe corresponding simulation thahe other two
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methods. Figures3and54 show more evidence of improvement of CKSP@8&ingblack
and red dotted circle® demonstratéhe most significant differences between CKSRPOD

based and KSPObased emulation.

Figures55 and56 demonstrate the time evolution of flow dynamics of KSPOD
based and CKSPODased emulatianfor Test Case A2. Figubb shows the discrepancy
of time delay caused by phase difference in KSPOD algorithmFidure 5 *
MEREFORMAT 5, the traveling surface wave in the injeciershown topropagate
downstream slightly faster in the emulation than in the simulation. The vortex structure
predicted by KSPOD spreads downstream of the injector exit fastethissimulation as
well. However, in the CKSPODased emulation shown kigure56, the traveling surface
wave in the injector propagatetmostsynchronically with the wave in the simulation
toward downstreamto the injector exitFigure 57 shows prediction results for all four
clustrs, in each of which two test cases are considered. The flow structures and dynamics
are wellcapturedoy this new surrogate model, especially the kst turbulent structures

thatare barely seen in emulation results.
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Figure 510 Comparison of density field among LESbased simulation and
predictions by three different emulations Case A2 att = 1.01 ms
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Figure 520 Comparison of density field among LESbased simulation and
predictions by three different emulations Case C2 at = 0.11 ms
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Figure 530 Comparison of density fields between LESbased simulation and
prediction by KSPOD-based and CKSPODBbased emulationsCaseBl att = 4.62ms
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Figure 540 Comparison of density fields between LES-based simulation and
prediction by KSPOD-based and CKSPODBbasedemulations Case B2 at = 2.13 ms
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Figure 550 Comparison of density fields between LE$hased simulation and
KSPOD-based emulation Case A2 at three different times
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Figure 560 Comparison of density fields between LE$ased simulation and
CKSPOD-based emulation Case A2 at three different times
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Figure 570 Comparison of density fields between LE&ased simulation and
CKSPOD-based emulation

15¢





























































































































































































