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SUMMARY

The main objective of this research is to investigate the rich nonlinear dynamics of a

semiconductor laser diode (LD) subjected to time-delayed optoelectronic (OE) feedback,

emphasizing applications in microwave photonics and communications. A semiconductor

LD based OE feedback constitutes an oscillator that produces self-sustained optical output

modulation through the intrinsic nonlinearities of the system without needing any external

modulators. To explore the wide variety of dynamics in the optical intensity, the LD needs

to be perturbed out of the steady-state free-running behavior, so the photodetected optical

signal is appropriately ampli�ed prior to feeding it back into the LD injection terminal. The

complex dynamics of such an oscillator have been studied theoretically and experimentally

in recent decades. In this work, however, we report several novel dynamical e� ects by

reëxamining this rich nonlinear system with state-of-the-art experiments and supported that

by comprehensive modelling.

In particular, we have identi�ed operating conditions that exhibit high-order locking

between LD relaxation oscillations with harmonics of the feedback delay frequency for a

OE feedback with large delay. We also observe that this system exhibits a stepwise change

in LD oscillation frequency as the feedback level is varied. Further, upon varying the injec-

tion current near threshold, we also can generate a periodic pulse train with repetition rate

at the feedback delay frequency arising from gain-switching between the on and o� states

of LD. This pulse train grows into pulse clusters as we increase the current. In addition,

driving a LD at very high currents and strong feedback results in square-wave pulses whose

repetition rate is determined by the feedback delay of the OE loop. The square-waves at

a �xed current have been shown to exhibit a double-peaked optical spectrum that depends

on the feedback level. These interesting discoveries advance the understanding of the non-

linear OE oscillator and could �nd applications in communications, sensing, measurement,

and spectroscopy.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Nonlinear dynamical studies with semiconductor laser diodes (LDs) is a widely explored,

albeit relatively new, area of research. Only in the last few decades has research in this area

grown with tremendous pace. The formal development of laser dynamical studies began

with the pioneering work of Haken in 1975 [1]. Inspired by Lorenz's model [2] of convec-

tive �uids for atmospheric �ows, Haken developed an analogous model to study nonlinear

laser dynamics. At that time, the discussion on dynamical studies revolved around the

concept of deterministic chaos, a phenomenon in which a very small change in initial con-

ditions of a nonlinear system leads to a very large di� erence in the subsequent evolution.

This sensitive dependence on initial conditions had been known to mathematicians since

the early 1900s, but it is to the credit of Henri Poincaré, an eminent French mathemati-

cian, who pointed out that the dynamical instability (or chaos) of a deterministic system

is merely a mathematical behavior and that it takes coupling of at least three dynamical

variables to cause such instability. From this point of view, semiconductor LDs can be

minimally described by only two coupled equations relating the intra-cavity photon and

carrier population, so another degree of freedom is essential to study nonlinear dynamical

behavior of LDs. Therefore, the concept of external and/or self-sustaining perturbations is

introduced.

Ways of perturbing the laser steady state, such as optical injection [3, 4], optical feed-

back [5], optoelectronic (OE) feedback [6], hybrid systems [7], and coupled lasers [8, 9]

have been extensively tested to increase the dimensionality of LDs and analyze their dy-

namical behavior. In optical injection, an optical isolator is placed between two lasers to
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destabilize only one LD of the two in a master-slave laser con�guration. On the other hand,

in optical feedback, a mirror at a distance in front of a LD is used to re�ect light and perturb

the photon population in the gain medium of LD. Meanwhile, in delayed OE feedback, the

injection current of LD is modulated with a signal created from its photodetected output.

Various combinations of these three basic techniques have been used to develop further

methods to destabilize the laser.

To generate periodic trains of optical pulses, many of these perturbation methods have

been employed to operate LDs in modes like gain-switching [10, 11],Q-switching [12, 13],

and mode-locking [14, 15]. Gain-switching is a phenomenon in which the laser emission

itself transiently depletes the gain, thus temporarily shutting down the optical output due to

the fast generation of photons compared to the slow replenishing of carriers by an external

current source in the gain medium. The result can be the periodic generation of optical

pulses at a well de�ned repetition rate. A di� erent mechanism,Q-switching, which utilizes

modulation of the intra-cavity losses by placing a saturable absorber in series with the gain

medium, has been shown to be very useful for producing high power pulsed emission.

Third, mode-locking is routinely used for the generation of ultrashort pulses with low jitter

and is achieved by the locking of the phases of the longitudinal modes of the laser cavity.

The OE feedback in LD, a simple but rich testbed for the study of nonlinear dynamical

e� ects [6, 14, 15, 16, 17, 18, 19, 20, 21, 22], is particularly relevant to our current work.

In Fig. 1.1, a crude OE setup is presented as a concept in which the photodetected LD

output is passed through a series of ampli�ers and attenuators before �nally being used

to modulate the injection current. Sometimes, a pulsed inverter is used in the electronic

loop to control the feedback sign to be either positive [17] or negative [18, 19, 20, 21,

22]. Di� erent measurement branches with optical/electrical splitters are created at di� erent

points of the setup as required. The feedback signal is suitably ampli�ed to increase the

feedback strength to a level that perturb the steady state of the laser. The feedback, the

length of the delay loop, the injection current, and the optical power level are among the
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variable parameters that are studied theoretically and experimentally.

Figure 1.1: Schematic diagram of a basic OE feedback setup with LD. The solid line
represents the electrical path and the dotted line represents the optical path. Both the DC
injection current and the feedback signal are combined before injection into the LD.

The OE feedback system is particularly useful for �elds such as microwave (MW) pho-

tonics and communications because it can take advantage of the ability to self-generate

modulated optical signals with modulation frequency in the microwave regime. Such sys-

tems have bene�ts compared with conventional electrical systems in that they are compact,

cost less, are insensitive to electromagnetic interference, etc. These systems also o� er the

convenience of using photonic technologies to provide functions in the microwave domain

which are often faster and more accurate. Despite these advantages, OE systems, espe-

cially those in which LD is the source of nonlinearity, have been studied with limited rigor

compared to optical feedback or optical injection. This encourages us to re-explore this

otherwise fascinating system in light of modern laboratory facilities and comprehensive

models.

1.2 Background

The OE feedback based on LD has been at the center of a large body of scienti�c literature

in the last few decades [23, 24, 16, 25]. On the one hand, such systems o� er profound

sophistication when it comes to studying the underlying nonlinear phenomena [17, 18,
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19]; on the other hand, they o� er a wide range of applications, from the generation of

photonic microwave oscillators [26, 27] to controlled broadband frequency chirps [28] and

in communications [29]. For a good overview of the optoelectronic system and its diverse

applications, see Ref. [30].

In retrospect, the inception of the OE feedback system can be traced back to the late

1960s, just ten years after the invention of the laser [31]. Early researchers noted that laser

output can be stabilized against external radio-frequency (rf) interference by photodetect-

ing the optical signal and feeding it back into the laser injection. Thus, the initial concept of

OE feedback stemmed merely to combat an undesirable trait in laser. Not long after, it was

found that this new type of feedback could do much more than stabilizing optical output

when researchers such as Paoli and Ripper [32, 33] reported on successfully suppressing

anharmonic relaxation oscillation (RO) of laser with OE feedback and thus producing nar-

row pulses in a GaAs injection laser.

The term optoelectronic oscillators (OEO) was coined to refer to this self-sustained

system built around a laser and composed of an optical and an electronic branch. Initially,

OEOs had a bandwidth below the GHz range, where the feedback loop provides a delay of a

few nanoseconds at most [32, 34]. This is the reason why the earliest systems intentionally

inserted an additional delay to keep it in a comparable range with the internal time scale

of the LD. One of the earliest model to describe the dynamics of a laser �eld in an optical

cavity was proposed by Ikeda [35]. Gibbset al. [34] provided experimental con�rmation

of Ikeda's postulated ideas in an OEO with a low-pass �lter. Just as in the original Ikeda

equation, the dynamic variable that Gibbset al. considered was the phase of a optical �eld.

Surprisingly, the original system proposed by Ikeda was an all-optical system, but the basic

concept could be extrapolated for the OE system also. Ikeda dynamics for OEOs with

integrated Mach-Zehnder modulators (MZM) as the nonlinear element were then examined

for cases where the time delay is comparable to the response time of low-pass �ltering

feedback loop and where it is much larger, respectively by Okadaet al. [36] and Neyer
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et al. [37]. Researchers diverged in their choice of Ikeda variables; the RF voltage at the

MZM input, the wavelength of a tunable laser, length of the optical path are some of the

instances of Ikeda variables [36, 38, 37, 39] used to explore the OEOs.

Figure 1.2: Experimental setup for two di� erent types of OEO. (a) MZM is the nonlinear
element in this most common implementation of Ikeda-like OEO, where the voltageVrf at
the radio-frequency input is the dynamic variable. (b) Semiconductor LDs as the source
of nonlinearity in these OEOs, but they may still belong to the Ikeda class, based on the
feedback loop bandwidth and relaxation oscillation frequency. PC: polarization controller;
MZM: Mach-Zehnder modulator; DL: delay line; PD: photodiode; Amp: rf ampli�cation;
MC: microwave coupler. (Taken from Ref. [30].)

A signi�cant advance toward applications of OEOs was made by Yaoet al. [26]; they

presented a system for ultrastable microwave generation using a narrowband OE system.

The concept of storing energy in �ber delay lines instead of rf-�lters paved the way to better

purity and stability of rf-signals at room temperature. As shown in Fig. 1.2(a), a MZM was

seeded by a continuous-wave laser whose output signal is photodetected after a �ber delay

line [30]. Subsequent reports [40, 41, 42] illustrate the metrological performance of their

rf generator and the introduction of the acronym OEO. The phase modulation induced by

MZM is nonlinear with respect to the applied voltage, and although it has been widely used
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as a source of passive nonlinearity in a large body of previous work, the semiconductor LD

itself can be used for the electrical/optical conversion required for an OEO. The accessibil-

ity of the injection current terminal allows modulation via a self-sustaining feedback path.

The two di� erent architectures of OEOs are presented in Fig. 1.2 for comparison.

For OEOs where a semiconductor LD is the source of nonlinearity, two typical frequen-

cies play an outsized role in determining the dynamical properties. First, the relaxation

oscillation frequencyfRO is the frequency of weakly damped oscillations measured at the

output of the solitary laser, in the absence of any feedback. Second,f� = � � 1 is the inverse

of the round-trip time� for the light to go from the laser through the external loop, and

back to the laser.fRO and f� typically range in the GHz and MHz time scales. WhenfRO

and f� are in a comparable range, the feedback can cause nonlinear nanosecond scale dy-

namics within the laser microcavity and still belongs to the Ikeda-like system [6, 10, 43].

As early as 1969, Broom [44, 45] reported on a resonant interaction between these two

frequencies. He stated that “the interaction would be strongest whenfRO = n f� wheren is

a small integer” [44]. The hypothesis of such resonant instabilities if the delay is large was

revived in 2001 and 2003 by Liu and coworkers [17, 19] who explored the response of a

LD subject to an OE feedback on the injection current. They obtained bifurcation diagrams

where “frequency-locked regimes” appear as a result of a secondary bifurcation from a

branch of sustained RO oscillations. Resonant e� ects between fundamental frequencies

in a delayed feedback laser system may su� ciently stabilize the laser output as has been

recently demonstrated in Ref. [27].

Subsequent works by Liuet al. consider the distinction between negative [18, 20, 46]

and positive [17, 47] OE feedback. In the case of negative feedback, the fed-back current

is subtracted fromJ and is reported to be useful for optical short-pulse generation [14] by

stabilizing the dynamical states. In most of these reports, a quasiperiodic (QP) route to

chaos is observed. An exception is presented in Ref. [46] where a period-doubling route to

chaos is observed, albeit for a ring laser. For positive feedback, the fed-back current from
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Figure 1.3: Experimentally measured power spectra, phase portraits (with P and N be-
ing the normalized photon and carrier densities, respectively), and time series of di� erent
pulsing states for a semiconductor laser with optoelectronic feedback. (a) Regular pulsing
(RP); (b) quasiperiodic pulsing (Q2); (c) quasiperiodic frequency-locked pulsing(Q-FL);
(d) frequency-locked pulsing (FL); (e) chaos. (Taken from Ref. [19].)

the OE loop is added back toJ which results in early pulsing states explained by a gain-

switching mechanism [6]. The most common route to chaos with positive feedback is also

QP [17]. An illustration of dynamical states like regular-pulsing (RP), QP, quasi-frequency

locked (Q-FL), frequency locked (FL) and chaotic pulsing of a negative feedback system

from Ref. [19] is presented in Fig. 1.3. Although for positive feedback the dynamics

are not radically di� erent, positive feedback setups have been found to lack a few of the

frequency-locked states that are common in negative feedback.

However, the chaotic dynamics of the OE system is explored with greater rigor in [48,

49, 50, 51]. In [48] it is reported that the time scale of the chaotic dynamics comes from
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the high-pass �lters in the electronic loop. The idea is further explored [49] in terms of

the excitability of chaotic attractors. It is shown that the small chaotic background trig-

gers spontaneous excitable spikes in a chaotic but deterministic manner. In [50], controlled

generation of chaotic spikes is reported for OE feedback coupled by a periodic sinusoidal

signal. The work in [51] discusses the transition between regular and chaotic mixed-mode

states in response to the unavoidable system noise in a light-emitting diode with OE feed-

back. The reported theoretical and experimental evidence for slow-fast periodic oscillations

details the transition of these mixed-mode states to chaos. The conditions for the formation

of con�ned states with a large aspect ratio (known as localized structures (LS)) from pas-

sive mode-locked states are discussed in [52]. The key requirement for LS is described as

the coexistence of a stable o� solution with the mode-locked solution.

Nonetheless, with appropriate modulation, LD is known to generate optical square-

waves (SWs) and has been well investigated in a variety of lasers such as vertical cavity

surface-emitting lasers (VCSEL) [53, 54, 55, 56, 57], edge-emiiting lasers (EELs) [58,

59, 60, 61, 62, 63], semiconductor ring lasers (SRLs) [64, 65], and quantum dot lasers

[66]. For VCSELs, polarization self-modulation can occur when polarization-rotated opti-

cal feedback is used to favor the switching between its orthogonal linearly polarized modes

[53, 54]. Rotation of only one of the two polarization modes, named cross-polarization

reinjection, leads to the generation of SWs [55, 56] resulting from the regular alternation in

time between the polarization modes. More robust SW generation (SWG) can be obtained

by further subjecting the VCSELs to polarization selective optical feedback [57]. Simi-

larly, when subjected to polarization-rotated optical feedback, EELs can exhibit TE-TM

mode switching leading to SWG [58, 59], with a repetition rate close to 2� , where� is the

delay of the optical feedback. Friartet al. have observed SWs at harmonics of this fun-

damental frequency� � 1 and demonstrated a selection of speci�c harmonics by employing

an additional, weak, conventional, optical feedback [60]. SW resulting from the regular

alternation between TE and TM modes have also been observed in two EELs subject to
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mutual polarization-rotated coupling [61, 62, 63]. In SRLs, SWG has been observed be-

tween its clockwise and counter-clockwise modes when delayed cross-feedback is applied

[64, 65]. Finally, SWs have also been observed in a quantum-dot laser subject to optical

injection [66]. In this case, the SWs are attributed to a thermally-induced breaking of a

bistable regime. OE feedback, however, has been sparsely explored [67, 68] to generate

optical SW pulses only with MZM con�guration.

The current work is inspired by numerous of these contemporary studies with similar

experimental architecture. However, we focus on �nding new experimental conditions to

identify previously unknown dynamical regimes and analyze them with comprehensive

numerical modelling. As we will see, our works contributes to a deeper understanding of

the OE system and o� ers several potential applications.

1.3 Scope and Organization

The remainder of the dissertation is organized as follows:

In Chapter 2, we discuss in detail the theoretical background necessary for modelling

resonance locking dynamics of a OE system. The experimental architecture of the OE

feedback is also discussed at length. This chapter is more theoretically oriented than the

rest of this dissertation, as it is intended to serve as a reference frame for modelling the

OE systems in the remaining chapters. Here we develop a model to explain the frequency

locking phenomenon between the RO and loop delay frequency for a negative OE system

with large delay, which is then veri�ed experimentally.

In Chapter 3, we present a dynamic phenomenon involving discontinuous jumps in the

spectral domain of a LD with negative OE feedback. Such stepwise changes in radio and

optical frequency occur either abruptly between two limit cycles or progressively mediated

by a quasiperiodic state. The presence of hysteresis is detected as the feedback level is

ramped up and down. The numerical model is developed from the rate equation model

presented in the previous chapter and reproduces the experimental results with good agree-
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ment.

In Chapter 4, we focus the dynamic events that occur near the injection threshold for

positive OE feedback. A gain-switched pulsing begins to appear below the threshold and

has a repetition rate that depends solely on the feedback delay. Such pulsing enables the

generation of microwave combs with unprecedented resolution and is externally tunable.

Slowly increasing the injection current reveals a cluster of pulses above threshold that re-

solves into a regular pulsation that is determined by the RO frequency.

Chapter 5 presents the generation of optical square waves and their spectral character-

istics for a high injection current in the same OE con�guration. A harmonic relationship is

observed between the repetition rate of the square waves and the feedback delay frequency.

In addition, for a given choice of injection current and feedback level, we have observed

optical spectral doublets associated with the square waves. Both experimental observations

are veri�ed with numerical models, one for temporal and one for spectral features.

In Chapter 6, we draw a general conclusion, compare the experimental and numerical

results, and identify opportunities for prospective applications.
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CHAPTER 2

EXPERIMENTAL SETUP AND RESONANCE LOCKING DYNAMICS

In this chapter, we introduce the readers to the theory of the optoelectronic (OE) feedback,

which is necessary for understanding the remaining chapters of this dissertation. For in-

terested readers, the experimental setups of the OE system used to support the numerical

predictions is also illustrated at length, along with the necessary steps for measurement and

characterization. This is by no means a complete discourse of the nonlinear dynamics of

OE feedback (more detailed discussion can be found in [69, 30]), but rather is intended

to serve as a starting point for the ensuing discussion. Speci�cally, we discuss here the

onset of a pulse train with two frequencies, one the relaxation oscillation (RO) frequency

and the other a harmonic of the feedback loop delay frequency, through two successive

bifurcations by analyzing the rate equations for the dynamic degrees of freedom in a laser

subject to delayed OE feedback. While the �rst bifurcation is a primary Hopf bifurca-

tion to the ROs, a secondary Hopf bifurcation leads to a two-frequency regime in which a

low frequency proportional to the reciprocal of the delay resonates with the RO frequency.

We derive an amplitude equation that is valid near the �rst Hopf bifurcation point, and

numerically observe frequency locking. We explain this phenomenon mathematically by

formulating a closed system of ordinary di� erential equations from our amplitude equation.

Our results motivate new experiments with special attention to the �rst two bifurcations.

We experimentally observe (1) the frequency locking phenomenon as we pass the sec-

ondary bifurcation point, and (2) the nearly constant slow period as the amplitude of the

two-frequency oscillations grows. Our results analytically con�rm previous observations

of frequency locking phenomena in lasers subject to delayed optical feedback.
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2.1 Introduction

Semiconductor laser diodes (LDs) are ubiquitous in science and engineering, but they dif-

fer in their fundamental design and types of applications. A �rst-hand introduction from

a purely experimental point of view is necessary to understand the dynamical studies and

the feasibility of the proposed applications. With this in mind, we begin this chapter with

a thorough discussion of the experimental setup that we have used throughout our works.

We also systematically present the measurement instruments and the equipment used. We

provide the basic characterization of the LD and the feedback system, which is necessary

for the coming discussion. In later chapters, we refer to this section for describing exper-

iments and mention only the distinctive aspects speci�c to the work at hand. Familiarity

with the tools should also help future interested readers to reproduce and invest on any

speci�c results.

However, our main goal in this chapter is to analyze the resonance locking e� ect be-

tween the relaxation oscillation frequency (fRO) and the loop delay frequency (f� ) when the

delay is large. To this end, we determine an amplitude equation that captures the primary

Hopf bifurcation and a secondary Hopf bifurcation to a two-frequency oscillatory regime.

While the �rst frequency is clearly the RO frequency, we show that the second frequency

is locked to the �rst one and remains nearly constant as we pass the secondary bifurcation

point. The fact that the period remains nearly constant when the bifurcation parameter is

changed, is unusual for a Hopf bifurcation problem. It reminds us of the generation of

square wave oscillations in nonlinear scalar DDEs, such as the Ikeda equation [70]. In

these problems, the period of the oscillations remains close to twice the delay, even though

the extrema of the oscillations are functions of the control parameter. However, here we

are not dealing with square waves, but with nearly harmonic oscillations, and a di� erent

analysis is required.

The plan of this chapter is as follows. In section 2.2 we will provide a elaborate dis-
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cussion of the experimental arrangement. We then move to model the resonance locking

e� ects in section 2.3. In section 2.3.1, we formulate the laser equations and observe the

appearance of two-frequency oscillations. These observations then motivate a weakly non-

linear analysis where both the weak damping of the RO oscillations and the large delay are

taken into account. All mathematical details are relegated to the Appendix chapter B for

clarity. We derived a slow time amplitude equation which we investigate for two speci�c

cases. In section 2.3.2, we consider the simplest mathematically possible case where the

contribution of the RO damping rate is neglected. Its simplicity allows us to determine

analytically the primary and secondary Hopf bifurcations points. We then consider in sec-

tion 2.3.2 the more realistic case where the natural damping rate of the RO oscillations is

non-zero. Hopf bifurcations lead to stable branches of solutions of growing amplitude but

with a period that remains nearly constant. In section 2.3.3, we explain this phenomenon by

assuming that the slow-time delay is large and that the period of the oscillations is close to

twice this delay. Experimental results using a single mode laser subject to a delayed opto-

electronic feedback substantiate our �ndings by showing that the slow time period remains

constant as the feedback rate is increased as discussed in section 2.3.4.

2.2 Comprehensive Overview of the Experiment

2.2.1 TheLaser

Two di� erent types of semiconductor laser diodes (LDs) were used for the experiments

presented in this dissertation, a quantum-dash (Q-dash ) laser and a multiple quantum well

(MQW) laser. Although the Q-dash lasers are more similar to the MQW lasers than to

Q-dot lasers, we will describe them both here only for the purpose of application,i.e., we

will avoid a detailed discussion of their architecture and devote the scope on necessary

characterization.

The Q-dash laser used for our experiments is a single mode edge-emitting distributed

feedback (DFB) p-doped InAs/InP structure with a cavity length of 500� m, operating at
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1550 nm. The DFB laser used has an active region consisting of a stack of six layers of

InAs quantum dashes, each layer embedded in an InGaAsP quantum well and separated by

InGaAsP barriers, and has a threshold current ofJth � 33 mA at room temperature. The

side mode rejection ratio exceeded 40 dB over the entire pumping range of the experiments.

The MQW lasers are also edge-emitting, unpackaged single-mode DFB structures based on

a strained-layer InGaAsP/InP multi-quantum wells. The external slope e� ciency is 0:22

mW/mA andJth � 20 mA measured at room temperature. Both lasers operate at 1550 nm,

and have low beam divergence. A regulated current source (Thorlabs LDC201CU) drives

the thermally stabilized LD. In addition, both being unpackaged, make them convenient for

measuring and modulating injection terminal voltage at radio frequency (RF) by external

or self-sustained means.

Relaxation Oscillation Frequency

Figure 2.1: Schematic diagram for the measurement offRO with an electrical spectrum
analyzer (ESA).

The relaxation oscillation frequencyfRO is the frequency of weakly damped oscillations

occurring in the output of the solitary laser and is a key parameter in LD dynamics. These

oscillation occur between the carrier and photon populations in the gain medium in a small-

signals analysis. We have determined it experimentally for both types of lasers used in our

experiments. The measurement is relatively simple and is shown in the Fig. 2.1. The

photodetected solitary LD output is fed into the electrical spectrum analyzer and the RO

frequency appears as an obvious bump in the electrical spectrum of LD intensity. AsJ

increases,fRO moves to a higher frequency, as shown in Fig. 2.2.
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Figure 2.2: fRO of solitary laser, experimental measurements (stars) and theoretical �t
(solide line); (a) Q-dash laser and (b) MQW laser.

2.2.2 ExperimentalScheme

A regulated current source is used to drive the thermally stabilized LD. The injection cur-

rent, not to say, terminal voltage, is a physically relevant parameter for modulating the LD.

A linear polarizer (LP) mounted on a rotation stage is included in the optical path before

the PD to tune feedback level� . The optical isolators (OIs) are introduced to improve the

operating stability by preventing back re�ections into the LD. The PD (12 GHz bandwidth)

includes a low-noise ampli�er that pre-ampli�es the photodiode output before sending it to

the cascade of ampli�ers. The ampli�ers (Amps) and attenuators boost the signal to a level

that can perturb the steady state of the laser in a safe operating region. The output of the

latter ampli�er is directly fed toJ using a bias tee (BT).

The parameter� is experimentally controlled through the linear polarizer (LP); it is af-

fected by the responsivity of the photodetector and the net gain of the components in the

electronic loop. Conventionally,� = 1 corresponds to full transmission by the linear polar-

izer. Rotating the LP allows a nonlinear control of the feedback level, since the attenuation
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Figure 2.3: Schematic diagram of experiment. CL: Collimation lens, BS: Beam splitter,
OI: Optical Isolator, FC: Fiber Coupler, PD: Photodiode, Amps: Ampli�ers, BOSA: Bal-
anced Optical Spectrum Analyzer. A 50/50 beam splitter is used to monitor the optical
spectrum whereas a 50/50 RF splitter is used to monitor simultaneously the signal with
the oscilloscope (12 GHz bandwidth) and RF spectrum analyzer (26.5 GHz bandwidth).
The multimeter provides a means to monitor the e� ective feedback level by measuring the
PD bias voltage. Other splitters shown in the diagrams are used when required. All the
measurements are regulated remotely with a computer using Labview.

introduced varies as the cosine square of the angle (� ) between the LP and the direction of

polarization of the laser. Indeed, the e� ective feedback level is proportional to the quantity

presented as� (= cos2 � ). For instance, full transmission (i.e.� = 1) corresponds to 26%

whereas� = 0.5 represents only 8.4% of the root-mean-squared current fed-back to the

injection terminal as determined from the PD bias monitor.

Loop Delay Frequency

As mentioned earlier, two frequencies play a prominent role in determining the dynamics

of a semiconductor LD with OE feedback, we have already illustrated the RO frequency,

now we will describe the experiment to measure the loop delay frequencyf� .

The experimental setup is shown in Fig. 2.4. The loop is opened at the RF arm of the
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BT and a square wave with fast rise time and high period is sent through the BT. The input

signal is monitored before the BT with a RF-splitter and the output signal at the end of

feedback loop. Two SMA cables are used to connect the input and output to a fast digital

storage oscilloscope; the cables needs to beexactly(that is, with optical delay di� erence

less than any relevant dynamical timescale) the same length and origin for this method to

work. The relative di� erence between the rising edges of the two signals represents the

delay� in the feedback path. Of note, if the square wave period is smaller than the loop

delay, this procedure will fail to yield any reasonable result, so an estimation of the delay

prior to the experiment is required.

Figure 2.4: Schematic diagram for loop delay measurement. The loop is opened at the
rf-arm of the bias tee (combiner) for an external square wave pulse train injection, which is
detected after passing through the feedback loop, at the open end.

2.2.3 Devices

Familiarity with laboratory equipment and measurement instruments is essential for under-

standing any experiment. With this in mind, we will brie�y describe the main equipment

used in the laboratory for our experiments.

(i) PhotodetectorThe photodetector consists of an InGaAs PIN photodiode followed by

a GaAs HBT ampli�er. This device, Newport 1544-B, is DC-coupled and has a rise

time of 32 ps, which is very fast for time domain characterization. The conversion
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gain isnegative, the peak sensitivity is 0.85 A/W, and the 3-dB bandwidth ranges

from DC to 12 GHz. The high gain and well behaved response over a wide frequency

band make it a good choice for spectral measurements also.

(ii) Ampli�ers A total of three ampli�ers were used, one is Newport 1422-LF and the

other two are Microsemi UA0L30VM. The Newport 1422-LF is a non-inverting

traveling wave ampli�er; it has a gain of 18 dB, a noise �gure of 8 dB, and a pass-

band from 50 MHz to 20 GHz. This is a generic RF ampli�er from Newport, but

it works well to amplify the PD output of the same manufacturer's Model 1544-B.

Microsemi's ampli�er on the other hand, has a bandwidth from 100 kHz to 30 GHz,

a saturated output power of 23 dBm, and a gain of 30 dB.

(iii) Bias TeeIt is a device that combines (separates) a DC signal with (from) a RF signal

and used to produce biasing voltages. The bias tee (BT) model used in our experi-

ment is Marki BT-0026. It has a low insertion loss of 0.8 dB and a wide operating

range of 0.01 GHz to 26.5 GHz. A special type of electrode (Cascade Microtech -

400u) is used to drive the modulated bias from BT to the LD.

(iv) Current Driver Thorlabs LDC200CU is a ultra low noise current driver for LD and

is used extensively for all our experiments. The current range is 0 to 100 mA and

can be operated from the front panel or from a computer via Labview. The back-

end connection and front panel must be adjusted depending on whether the LD is a

common-anode or a common-cathode architecture.

(v) Thermal ControlTo stabilize the temperature of the LD, the Thorlabs TED200C

thermoelectric temperature controller was used. This device uses a PID controller

for thermal stabilization and the P, I, and D portions of the control loop can be ad-

justed independently. It supports various thermal sensors, with NTC thermistors the

temperature is displayed in kW, with IC temperature sensors - in� C.

(vi) Digital Storage OscilloscopeThe instrument responsible for most of our measure-

ments is the Agilent DS80804B, a 4-channel high-speed oscilloscope with 12 GHz
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bandwidth. It can reach up to a sampling rate of 40 GSa/s with 2 Mpts of megazoom

memory. It o� ers very low noise �oor, low jitter measurement limit, and extremely

�at frequency response across the bandwidth.

(vii) Electrical Spectrum AnalyzerThe Anritsu MS2830A model is a broadband spectrum

analyzer with a operation bandwidth of 9 KHz� 26.5 GHz and a resolution bandwidth

that varies from 1 Hz to 3 MHz.

(viii) Optical Spectrum AnalyzerThe Aragon Photonics Balanced Optical Spectrum An-

alyzer (BOSA 200C) is used for optical spectral measurements and provides an all-

optical resolution of 10 MHz with a wavelength accuracy of� 0.5 pm. This instru-

ment can operate in the T, S, C, L and O bands and has options for optical phase

measurements and spectral polarimetry.

2.3 Resonance Frequency Locking

The simplest laser system operating with a delayed feedback is the laser subject to an op-

toelectronic feedback on the injection current. By contrast to a laser subject to an optical

feedback from a distant mirror, the phase of the laser �eld plays a passive role, and only

the laser intensity needs to be taken into account [71]. This ideal setting was already con-

sidered in 1989 by Giacomelliet al. [23] who studied the Hopf bifurcation instabilities

both experimentally and theoretically in terms of feedback gain, delay, and pump param-

eter. Their model equations are equivalent to Eqs. (2.1) and (2.2) below1, and particular

attention was devoted to the Hopf bifurcation frequencies. We note from their largest delay

case that the product of the Hopf bifurcation frequency and the delay is close to a large

multiple of 2� 2. This is the discussion we are presenting in rest of this chapter.

For a laser subject to an optoelectronic feedback, a Hopf bifurcation from a steady state

1The change of variables and parameters from ([23]) to Eqs. (2.1) and (2.2) are:X = 2
� I ; Y = 1+ 2N;

t ! kt; 
 ! k

 ; P = � a

2 ; � = B; � ! k� .
2From the last line in Table 1 of [23], we compute! H �=(2� ) ' 
 �=(2� ) = 1:789� 5:87= 10:45 which is

close ton = 10.
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is not the only mechanism generating time-periodic oscillations of the intensity. Isolated

branches of periodic solutions of higher amplitude may coexist with the Hopf bifurcation

branch [72]. As the delay is progressively increased, these isolated branches reduce in

amplitude. The large delay limit is clearly a singular limit of which we may take advantage

by modifying the classical weakly nonlinear analysis for a Hopf bifurcation. Indeed, we

realize that a relatively large delay not only perturbs the fast evolution of a basic oscillator

(here, the ROs) but also the slow evolution of the amplitude of the oscillations (here, the

slow damping of the ROs). A new two-time scale analysis was developed and led to a

slow time amplitude equation where a slow time delay appears [73]. All periodic solutions

of the original laser problem are now steady state solutions of this amplitude equation.

Asymptotic theories based on the large delay limit has become a topic of high interest

among physicists and mathematicians. It is worth mentioning that two distinct approaches

are possible (see Appendix A), from which we have chosen the one allowing us to analyze

high-order locking phenomena.

2.3.1 Laserequations

In dimensionless form, the laser rate equations for the intensity of the laser �eldI and the

carrier densityN are given by [71]:

�I = 2NI; (2.1)


 �N = P+ � I (t � � ) � N � (1+ 2N)I ; (2.2)

whereP = O(1) is the value of the pump parameter above threshold in the absence of

feedback (� = 0): 
 = O(103) is the ratio of the carrier and photon lifetimes.� < 1 and

� = O(103) represent the gain and the delay of the optoelectronic feedback, respectively.

Because of the large
 and large�; these equations are delicate to solve numerically, as

we expect solutions exhibiting di� erent time scales. A change of variable allows us to
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eliminate the large
 parameter multiplying�N and reduces the size of the e� ective delay.

The new equations are derived in the Appendix B and are given by

�y = x(1+ y); (2.3)

�x = � y+ � [1+ y(s� � )] � " x
�
1+ 2P(1+ y)

�
; (2.4)

wherex andy represents deviations ofN andI from their steady state values. Dots now

mean di� erentiation with respect tos� ! t where! �
p

2P=
 � 1 is the relaxation oscilla-

tion frequency of the laser. The new parameters� and" are de�ned by

� � !� and" �
!
2P

� 1: (2.5)

Physically, Eqs. (2.3) and (2.4) with� = " = 0 describe the laser's natural ROs. The term

multiplying " contributes to the slow damping of the relaxation oscillations in the absence

of feedback. The term multiplying� accounts for the delayed feedback.

Figure 2.5 shows the long-time numerical solution of Eqs. (2.3) and (2.4). The oscil-

lations are quasiperiodic with two distinct periodsS1 andS2 (see Fig. 2.5) exhibiting a

ratioS1=S2 = 0:052� 1=20: They appear after a secondary bifurcation point of a branch of

S1-periodic solutions. Simulations with progressively higher� � � n = 2n� suggest that this

secondary bifurcation point� S Bver�es the scaling law

� S B �
1
n

(n ! 1 ): (2.6)

2.3.2 Weaklynonlinearanalysis

The fact that� S B ! 0 as� ! 1 motivates a weakly nonlinear analysis where

� � 1=(2n) (2.7)
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Figure 2.5: Numerically obtained quasiperiodic oscillations. Both (a) and (b), show devi-
ation x of the intensityI from its steady state value in di� erent time scales for� = 0:025;
� = 9:9� 2� and" = 0. The two periods areS1 = 1:03 andS2 = 19:81.

will be considered as a small parameter, and

� = � b; (2.8)

whereb = O(1): Furthermore, we scale the small parameter" in a similar way as

" = � c; (2.9)
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wherec = O(1). The perturbation analysis is detailed in the Appendix B. We �nd that

x = � 1=2[iA(r)exp(is)+ c:c:] + O(� ); (2.10)

wherer � � s is a slow time variable. The complex amplitudeA(r) satis�es the following

equation

2i
dA
dr

=
1
3

A2A� � Ab+ bA(r � �� )exp(� i� ) � ic(1+ 2P)A; (2.11)

which we now propose to explore. Equation (2.11) was previously derived (Eq. (19) in

[73]). Here, we concentrate on the quasiperiodic oscillations of the laser equations which

now correspond to periodic solutions of Eq. (2.11). Of particular interest is the period of

the oscillations.

No damping rate of the RO oscillations and perfect resonance

We �rst examine the simple casec = 0 and� = � n = 2n� . Introducing the decomposition

A = Rexp(i� ) into Eq. (2.11), we obtain from the real and imaginary parts

2 �R= bR(r � � )sin[� (r � � ) � � ]; (2.12)

2�� = �
R2

3
+ b� b

R(r � � )
R

cos[� (r � � ) � � ]; (2.13)

where dot now means di� erentiation with respect tor.

These equations admit constantR solutions with phase� = � r. In terms of times, the

frequency of the basic RO oscillations in units of the the original times now is 1+ ��:

Figure 2.6(a) shows two stable and one unstable branch emerging fromb = 0. The two

stable branches depend onb and are given by (see Appendix B)

R=
p

6(b� � ), and� = � 1;� 3; (2.14)
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Figure 2.6: Bifurcation diagram of the steady state (black) and periodic (blue) solutions
of the slow time amplitude equations (Eqs. (2.12) and (2.13)). We use the decomposition
A = Rexp(i� ), where� = � r is introduced in the text. Figure (a) represents the extrema of
R as a function of the scaled feedback strengthb for � = 2n�: They have been obtained by
using the numerical continuation method [74]. Full and broken lines are stable and unsta-
ble solutions, respectively. The �gure shows two stable branches of constantR solutions
emerging fromb = 0: Circles are Hopf bifurcation pointsbH leading to stable oscillations
up to new bifurcation pointsbPD denoted by squares. Figure (b) represents the slow time
frequency correction� for the �rst three branches of steady states namely,� = � 1;� 2; and
� 3. Figure (c) shows the period of the periodic solution bifurcating fromR =

p
6(1+ b),

� = � 1 atbH = 1=3. The period remains constant asb further increases frombH:
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while the unstable branch is independent ofb and admit the value

R=
p

12: (2.15)

The Hopf bifurcation pointbH of Solution (Eq. (2.14)) with� = � 1 is determined analyti-

cally for arbitrary� in the Appendix B. If� = � n, it is located at

bH =
1
3

; (2.16)

and agrees with the numerical estimate in Fig. 2.6. The Hopf bifurcation frequency in units

of time r is equal to 1 meaning that the period of the oscillations at the bifurcation point

equalsT = 2�: Figure 2.6(c) shows the period of the oscillations as their amplitude increases

(b > bH): Surprisingly, it remains close to 2� . This branch of periodic solutions changes

stability at a new bifurcation pointbPD (squares in Fig. 2.6(a)). Simulations indicate that it

corresponds to a period doubling bifurcation.

Non-zero RO damping rate and near resonant conditions

We now consider the casec , 0 and� close, but di� erent from� n = 2n� . Introducing the

decompositionA = Rexp(i� ) into Eq. (2.11), we obtain

2 �R= bR(r � �� )sin[� � + � (r � �� ) � � ] � c(1+ 2P)R; (2.17)

2�� = �
1
3

R2 + b� b
R(r � �� )

R
cos[� � + � (r � �� ) � � ]; (2.18)

where dot means di� erentiation with respect tor.

The solutions withR = const and� = � r; in parametric form, are given by (� is the
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Figure 2.7: Bifurcation diagram of the steady state and periodic solutions of Eqs. (2.17)
and (2.18). Scaled decompositionA = Rexp(i� ), where� = � r is introduced in the text.
Figure (a) represents the extrema ofR as a function of the scaled feedback strengthb: The
parameter values are� = 9:9� 2� andP = 0:5: � is close to� n = 2n� with n = 10: This then
implies that� = 1=(2n) = 1=20; c= 0:2 if " = 0:01, and�� = 0:99�: They have been obtained
by using the numerical continuation method [74]. The �gure shows two stable branches of
constantRsolutions emerging from limit points (triangles). The other notations and colors
are the same as in Fig. 2.6. Figure (b) represents the slow time frequency correction� for
the �rst branch: Figure (c) shows the period of the periodic solutions bifurcating from the
two branches of constantR solutions. Note that only the �rst Hopf bifurcation leads to a
constant period as we increaseb.
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parameter)

b = �
c(1+ 2P)

sin(� + ��� )
; (2.19)

R2 = 3[� 2� + b� bcos(� + ��� )] � 0: (2.20)

Figure 2.7 shows the bifurcation diagram for the extrema ofR as a function ofb: The

�gure exhibits two Hopf bifurcations from two distinct branches of constantR solutions

(two left circles in Fig. 2.7). Both bifurcations are leading to stable oscillations which

become unstable at new bifurcation points (squares in Fig. 2.7).

Simulations of the amplitude Eq. (2.11), reformulated in terms ofA= u+ iv, for long in-

tervals of time indicate that the secondary bifurcation is a period doubling bifurcation and is

followed by higher order instabilities (Fig. 2.8; only the bifurcation diagram corresponding

to the �rst Hopf bifurcation branch is shown for clarity).

We observe that the period of the �rst Hopf bifurcation branch remains constant as the

amplitude of the oscillations increases. The period is no more nearly equal to 2� but is

given by

T=� = 1:525 (bH < b < bPD): (2.21)

Accurate two parameter studies for� close to� = 10� 2� have been determined by

using a continuation method, and are shown in Fig. 2.9. In Fig. 2.9(a) the stable oscillations

of Eqs. (2.17) and (2.18) are bounded in theb versus� plane by Hopf bifurcation lines

(solid), period-doubling bifurcation lines (dashed), and torus bifurcation lines (dotted). The

torus bifurcation leads to quasiperiodic oscillations. In this �gure, the red delimits the

domain of stable periodic solutions connected to the �rst steady state branch that bifurcates

from zero if� c1 < � < � c2 (� c1 = 8:94� 2� and� c2 = 9:93� 2� , see Fig. B.1 of the Appendix B

for the primary Hopf bifurcation lines). At the double Hopf bifurcation point� = � c2 two

distinct steady state branches emerge from zero at the same value ofb. If � > � c2, a new

steady state branch becomes the �rst to appear from zero. The domain of stable oscillations
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Figure 2.8: Numerical bifurcation diagram of the extrema ofR as a function of the scaled
feedback strengthb for � = 2n�: Scaled decomposionA = Rexp(i� ), where� = � r is in-
troduced in the text. Long-time simulations were obtained from Eq. (2.11) reformulated
in terms of the real and imaginary parts ofA. The original values of the parameters are:
" = 10� 2; � = 9:9� 2�; andP = 0:5: � is close to� n = 2n� with n = 10 simplifying� = 1=20;
c = 0:2, and�� = 0:99�: The red lines are the constantR solutions given by Eqs. (2.19)
and (2.20).

for this new branch is indicated in blue in Fig. 2.9. A similar bifurcation scenario where a

new steady-state branch becomes �rst occurs if� < � c1. Its domain of stable oscillations is

shown in orange in Fig. 2.9.

Figure 2.9(b) shows the period as a function of� . At the intersections of the full and

dashed lines, the period is constant for the whole range ofb where the corresponding pe-

riodic solutions are stable. The bifurcation diagram shown in Fig. 2.7 is for� = 9:9� 2�

which corresponds to the intersection point of the red lines in Fig. 2.9. The periodic so-

lution which stability domain is bounded by the red area in Fig. 2.9 exhibits the constant

period as shown by the upper line in Fig. 2.7(c).
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Figure 2.9: (a): Domains of stable periodic solutions of Eqs. (2.17) and (2.18) in the (�; b)
plane; (b): corresponding oscillation periods. Solid lines are the Hopf bifurcation lines
leading to the periodic solutions. Dashed (dotted) lines stand for period-doubling (torus)
bifurcation lines. The colored areas delimit the domains of stable oscillations. The red
domain is for the periodic solutions that bifurcate from the �rst steady state branch if
� c1 < � < � c2. The other colors correspond to periodic solutions bifurcating from other
neighbouring branches of steady states. The black dots denote codimension-2 bifurcations
located at the cusps:DH are the double Hopf bifurcation points of the zero solution at� c1
and� c2; FT are the �ip-torus bifurcation points of the periodic solutions. The parameters
are the same as in Fig. 2.7.
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2.3.3 Constantperiod

In this section, we reconsider Eqs. (2.12) and (2.13), which are written for the scaled devia-

tion of intensityI from their steady state values and plan to explain why the period remains

constant as we pass the Hopf bifurcation point. Our approach is similar to the analysis

of time periodic square wave solutions of scalar delay di� erential equations (DDEs). In

Eqs. (2.12) and (2.13), the delay equals� and will be treated as a large parameter.

We �rst introduce the variablesRj and� j ( j = 0;1;2) de�ned by

R0 � R
�
r �

�
2

�
; R1 � R(r); R2 � R

�
r +

�
2

�
; (2.22)

� 0 � �
�
r �

�
2

�
; � 1 � � (r); and� 2 � �

�
r +

�
2

�
: (2.23)

We next consider two successive iterations of Eqs. (2.12) and (2.13), namely

2 �R1 = bR0sin(� 0 � � 1); (2.24)

2 �R2 = bR1sin(� 1 � � 2); (2.25)

2�� 1 = �
R2

1

3
+ b� b

R0

R1
cos(� 0 � � 1); (2.26)

2�� 2 = �
R2

2

3
+ b� b

R1

R2
cos(� 1 � � 2): (2.27)

The numerical simulations indicate that the periodp of the oscillations is close to 2�: We

therefore write

p = 2� + � (2.28)

where the correction� is assumed small compared to 2�: With Eq. (2.28), the variablesR0
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andR1 are expanded as

R0 � R(r � � ) = R
�
r �

p
2

+
�
2

�
= R

�
r �

p
2

�
+ O(� ); (2.29)

R2 � R(r + � ) = R
�
r +

p
2

�
�
2

�
= R

�
r +

p
2

�
+ O(� ): (2.30)

The periodicity condition now implies that

R2 = R0 (2.31)

in �rst approximation. Similarly

� 2 = � 0: (2.32)

With Eqs. (2.31) and (2.32), Eqs. (2.24) and (2.27) reduce to four ordinary di� erential

equations

2 �R1 = bR0sin(� 0 � � 1); (2.33)

2 �R0 = bR1sin(� 1 � � 0); (2.34)

2�� 1 = �
R2

1

3
+ b� b

R0

R1
cos(� 0 � � 1); (2.35)

2�� 0 = �
R2

0

3
+ b� b

R1

R0
cos(� 1 � � 0): (2.36)

Introducing� � � 1 � � 0; we may eliminate one equation

2 �R1 = � bR0sin(� ); (2.37)

2 �R0 = bR1sin(� ); (2.38)

2 �� = �
R2

1 � R2
0

3
� b

 
R0

R1
�

R1

R0

!
cos(� ): (2.39)
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From Eqs. (2.37) and (2.38), we note a conservation relation given by

R2
0 + R2

1 = E; (2.40)

whereE is a positive constant. Solving numerically Eqs. (2.12) and (2.13) forb = 0:5, we

�nd that E(r) � R2(r) + R2(r � � ) oscillates close to a constant:

E(r) = 16:32� 0:02: (2.41)

UsingR1 =
q

E � R2
0; we may further eliminate one equation and obtain

2 �R0 = b
q

E � R2
0sin(� ); (2.42)

2 �� = (2R2
0 � E)

2
66666666664

1
3

�
b

R0

q
E � R2

0

cos(� )

3
77777777775
: (2.43)

One steady state is given by

� = � andR2
0 = E=2: (2.44)

From the linearized equation, we determine the characteristic equation for the growth rate

�

4

2
666664�

2 + b

0
BBBBB@
R2

0

3
+ b

1
CCCCCA

3
777775= 0: (2.45)

The 2� periodicity condition requires that� = i and Eq. (2.45) simpli�es as

� 1+ b

0
BBBBB@
R2

0

3
+ b

1
CCCCCA= 0: (2.46)

We have veri�ed that the expression of the steady state Eq. (2.14) and its bifurcation

point Eq. (2.16) identically satisfy Eq. (2.46). We conclude that Eqs. (2.42) and (2.43)

correctly predict the previously determined Hopf bifurcation point. By dividing Eqs. (2.42)

and (2.43), we obtain a �rst order equation for cos(� ) as a function ofR0: This equation
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Figure 2.10: (a): Numerical solution of the DDEs Eqs. (2.12) and (2.13). Scaled decompo-
sition A = Rexp(i� ), where� = � r is introduced in the text. (b): Numerical solution of the
ODEs Eqs. (2.42) and (2.43) withE = 16:32, and initial conditionsR0(0) = 3:61, � (0) = �:
Parameterb = 0:5:

can be integrated and its solution exhibits a new constant of integrationC.

In summary, the analysis of the leading order equations indicates that the amplitude

and period of the oscillations depend on the values of two unknown constantsE andC.

Therefore, we need to explore higher order problems and formulate two solvability con-

ditions with respect toE andC. The higher order problems will exhibit the correction of

the frequency� and we need the third condition. It is provided by the periodicity condi-

tion of R0 and� 0: The higher order analysis is beyond the scope of this paper. Our main

objective was the derivation of the ODEs Eqs. (2.42) and (2.43) from the original DDE

problem Eqs. (2.12) and (2.13). In order to substantiate our analysis, we have arbitrary

�xed the parametersE andC and solved Eqs. (2.42) and (2.43) forb = 0:5 with the goal

of �nding the best �t to the numerical solution of the full Eqs. (2.12) and (2.13). The value

of E = 16:32 is motivated by Eq. (2.41)), and the value ofC is determined by choosing the

initial conditions. Since the maximum ofR appears when� = �; we consider� (0) = � and

only modify R(0) so that the period of the oscillations equals 2�: Fig. 2.10 compares the

time traces of the original DDEs and reduced ODEs. The agreement is excellent.
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2.3.4 ExperimentandResults

Our mathematical analysis considered the rate equations for a semiconductor laser subject

to a delayed optoelectronic feedback and predicted a resonance locking e� ect between the

laser RO frequency and a much lower frequency appearing through a secondary bifurcation

mechanism. The latter is inversely proportional to the delay and exhibits a value that re-

mains nearly constant as we increase the control parameter. This unexpected property from

a bifurcation theory point of view motivates our experiments.

The experimental setup has already been presented in Fig. 2.3, so we will only highlight

the speci�cs of the resonance-locking experiments here. The Q-dash laser withJth � 33

mA, operating at 1550 nm is used for the experiment. The OE feedback consists of three

stages. The �rst stage corresponds to an optical path of 35 cm in free space, providing

� 1.17 ns delay. The second stage corresponds to a 35 cm of optical �ber cable that provides

� 1.73 ns delay and leads to a highly sensitive PD. The third stage is the electronic path that

starts with the PD and whose output is ampli�ed before being routed back to the laser.

Ampli�cation is accomplished by cascading the 18 dB Newport ampli�er followed by a

30 dB Microsemi ampli�er. The delay of the electronic path, which also includes 70 cm

of microwave coaxial cable and a high-frequency splitter (Mini-circuits ZX-10-2-183-S+),

was measured to be� 5.67 ns. The total delay� of the OE feedback loop is then estimated

using the technique discussed in section 2.2 to be 1:17+ 1:73+ 5:67= 8:57 ns (� 0:20 ns).

The experimental e� ective feedback level� here is a relative measure of the feedback

strength and cannot be directly compared to the theoretical� used in our analysis. The�

parameter is controlled by the linear polarizer (LP) mounted on a rotation stage. Rotation

of the LP provides nonlinear control of the feedback level, as the introduced attenuation

varies with the cosine squared of the angle between LP and the direction of polarization

of the laser. Finally, a 50/50 RF splitter (18 GHz) was used after the ampli�er cascade

to simultaneously feed the laser back through the BT and to monitor the signal with the

oscilloscope.
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Figure 2.11: Optical intensity (left column) and RF spectra (right column) at 68 mA of
pump current for various feedback levels: (a)� = 0:56, (b)� = 0:58, (c)� = 0:59.

The free running laser operates at 68 mA pump current, providing 4 mW output power.

For low feedback strength� , the laser output remains stable (apart from noise). Using LP as

a variable optical attenuator in the optical path, the feedback level� was increased until cw

operation was lost , and a Hopf bifurcation appears. The latter leads to sustained relaxation

oscillations. A regular, nearly-sinusoidal 5.9 GHz oscillation is obtained at� = 0:56 (see

Fig. 2.11(a)). The experimental feedback strength� is in arbitrary units, but is proportional

to the current fed back into the injection terminals. When� = 0:56, the fed back current is

approximately 15% the injection current.

As the level of feedback� is further increased, the generation of sidebands in the RF

spectra, spaced at approximately� 0.34 GHz (slow period� 2.94 ns), was observed indicat-

ing a new bifurcation transition. This bifurcation arises at� = 0:58 as the output displays

quasiperiodic intensity traces slightly a� ected by the noise in the system (Fig. 2.11(b)).

Further increase of the feedback su� ciently a� ects the amplitude of the slow envelope and

its shape. The slow period, however, remains constant for the whole feedback range. It is
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worth noting here that the slow period of the quasiperiodic oscillations� 2.94 ns is nearly

three times smaller than that of the� 8.57 ns as estimated delay time.

Figure 2.12: Optical intensities (left) and RF spectra (right) for a range of pump currents
J and feedback levels: (a)J = 64 mA, � = 0:56, (b)J = 65 mA, � = 0:57, (c)J = 66 mA,
� = 0:58, (d)J = 67 mA, � = 0:59.

The e� ective time scales measured in the experiment result from 1 : 17 resonance be-

tween the low� 0.34 GHz andlarge� 5.9 GHz frequencies of the quasiperiodic oscillations.

In order to verify the model assumptions about the high-order resonant e� ect, we have also

varied the pump current which led to noticeable changes in the shape and amplitude of

the quasiperiodic oscillations. However, as shown in Fig. 2.12, the fast and slow funda-

mental frequencies were not a� ected as they remained �xed (to� 5.9 GHz and� 0.34 GHz,

respectively) for the whole range of the control parameters.

2.4 Conclusion

In this chapter, we introduce readers to delayed optoelectronic feedback experiments, fol-

lowed by a theoretical model that analytically proves and numerically and empirically

demonstrates that resonant locking between two fundamental laser frequencies, namely
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fRO and f� , allows their ratio to remain constant despite increasing amplitude oscillations.

Understanding of SLs with optoelectronic feedback is a relatively undeveloped �eld com-

pared with purely optical feedback; however, understanding these e� ects is important from

the viewpoints of stabilizing desired dynamics, gaining insight into undesirable e� ects of

feedback, as well as to explore novel nonlinear dynamical e� ects.
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CHAPTER 3

STAIRCASE SPECTRAL DYNAMICS

A laser diode subjected to optoelectronic (OE) feedback in which some light is converted

to photocurrent that is fed back into the laser injection terminals can display periodic oscil-

lations in its optical intensity. In this chapter, we demonstrate experimental and numerical

evidence that, as the feedback level is varied, a step-wise change in the oscillation frequency

manifests itself in the output optical intensity. These transitions in the dynamics can either

correspond to an abrupt jump between two limit cycles (LCs), associated with a subcritical

torus bifurcation of a limit cycle, or to a progressive switching mediated by an intermediate

quasiperiodic state. Finally, when ramping the feedback level down, hysteresis is observed

in the sequence of switching events between the LCs. Such devices are of interest for

photonic microwave sources for wavelength-division multiplexed radio-over-�ber systems.

3.1 Introduction

This study presents experimental results for negative OE feedback showing discrete switch-

ing events between two dynamic states corresponding to stable LCs as the feedback strength

� is gradually varied. These switching events are manifested in the frequency dynam-

ics observed in the power spectrum of the photodetected optical intensityI (t), i.e., the rf

spectrum. Although discrete switching events in the rf frequency are well investigated for

optical feedback and can correspond to jumps between two LCs located around the same

external-cavity mode (ECM) [75, 76, 77, 78] or di� erent ECMs [79], the dynamics of OE

feedback, and frequency switching in particular has been relatively sparsely explored. In

Refs. [75, 76, 77], rf frequency switching with optical feedback is attributed to noise-

induced hopping to a neighboring attractor separated by the feedback frequencyf� around

the same ECM. In Ref. [79], also with optical feedback, switching between LCs (also sep-
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arated byf� ) is experimentally observed around the same ECM as well as two di� erent

ECMs as� is varied, which is closer to the scenario reported here. To our knowledge none

of the reports on OE feedback [17, 18, 19, 27] have presented the analysis of switching

between periodic states with distinct microwave frequencies.

Such tunable switching have multiple applications in microwave photonics and radio-

over-�ber (RoF) is one such application in which microwave-modulated optical signals

are transmitted over �ber links [80]. RoF thus avoids expensive antennas, is not subject

to losses of microwave waveguides or free-space propagation, and can provide access to

areas where radio links might otherwise be infeasible. Speci�cally, wavelength-division

multiplexed (WDM) systems are [81] to maximally exploit the optical bandwidth of �ber.

Such WDM-RoF systems will clearly bene�t from microwave-modulated optical sources

that can be tuned to the center microwave frequency of the relevant bands. Such frequency

bands may be a few hundreds of MHz to a few GHz apart depending on the modulation of

the center microwave frequency of the various bands. This contribution can be used as a

photonic microwave source based on a LD with OE feedback whose microwave frequency

can be discretely tuned in steps on the hundred MHz to few GHz range. For appropri-

ate conditions of the feedback strength� , relaxation oscillations (RO) become undamped

resulting in a modulation of the output optical intensityI (t) in the GHz range. The RO

frequencyfRO is modi�ed by the nonlinear response of the gain medium as well as by the

feedback, and the modulation frequency can be tuned in� 100 MHz steps. The tuning is

achieved based on the switching of the device dynamics between LCs that occur in certain

regimes when the feedback strength is varied.

More speci�cally, we focus on discrete transitions between LCs, manifested as stable

periodic state with multi-GHz oscillations in both the rf spectrum and in the optical modes.

The rf spectra exhibit sharp peaks at distinct frequencies close tofRO whereas the optical

spectra present a number of equidistant lines separated byfRO in optical frequency. We

observe transitions between LCs separated in frequency by small multiples off� that can
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either be abrupt or progressive as� is ramped up. In the latter case of a progressive transi-

tion, a mediating quasiperiodic regime is involved. The optical spectrum however, shows

shifting of the optical modes towards the solitary laser frequency at the switching events.

These two types of transitions are still observed when� is ramped down; however, the

values of� where a given switching event occur are lower, revealing hysteretic behavior.

Of note, although the rf switching can correspond to a frequency jump of aboutf� , as in

the case of optical feedback, the underlying physics is found to di� er signi�cantly as no

external-cavity modes exist in the case of optoelectronic feedback.

The chapter is organized as follows. Section 3.2 presents the experimental setup; sec-

tion 3.3 describes the experimentally observed transitions between LCs; section 3.4 is de-

voted to the investigation of the results on the basis of a rate-equation model; �nally, results

are discussed and conclusions are drawn in section 3.5.

3.2 Experimental Setup

We refer to the setup presented in Fig. 2.3 in Chapter 2 for this experiment, but highlight

here the details speci�c to the staircase spectral dynamics. The Q-dash laser withJth � 33

mA operating at 1550 nm is used for this experiment. The feedback loop is composed of

optical free-space, optical �ber, and electronic parts with total delay (� ) of 9.85 ns. The

electronic path which is composed of the SMA cable, photodetector (PD), ampli�ers, and

microwave splitter contributes� 6:9 ns to the delay. The PD includes a low-noise ampli�er

that pre-ampli�es the photodiode output before sending it to the cascade of ampli�ers.

The 18 dB non-inverting ampli�er from Newport followed by the PD and cascaded

with a 30 dB inverting ampli�er from Microsemi are used to boost the signal to a level

that can perturb the steady state of the laser. The output of the latter ampli�er is directly

added toJ using a bias tee. The experimental e� ective feedback level� here isnegative

and is a relative measure of the feedback strength that cannot be directly compared to the

theoretical� used in our analysis. Rotation of the LP provides nonlinear control of the

40



feedback level, as the introduced attenuation varies with the cosine squared of the angle

between LP and the direction of polarization of the laser. Finally, two 50/50 rf splitters (18

GHz) were used after the ampli�er cascade to simultaneously feed the laser back through

the BT and to monitor the signal with the oscilloscope and the elctrical spectrum analyzer.

The optical spectrum is monitored just after the LD with a beam splitter.

The loop delay frequency is determined asf� = � � 1 = 101 MHz. The lower cut-o�

frequency of the feedback loop is set by the 18 dB ampli�er which is� 50 MHz, whereas

the upper cut-o� is limited by the bandwidth of 12 GHz PD.

3.3 Sequence of Dynamical regimes

Figure 3.1 shows (a) the experimental bifurcation diagram (BD), (b) the rf spectra ofI (t),

and (c) the optical spectra of the laser obtained by and presented as a function of� ramping

up for J � 2Jth. The BD, representing the colormap for the histogram of the local extrema

of I (t) at each� , reveals a sequence of dynamical regimes. Discrete changes in rf frequency

trending downward, occur at� = 0.52, 0.82, and 0.87 corresponding to switching between

LCs. In the next paragraphs, we describe the sequence of events associated with these

discrete changes in rf frequency.

To begin with Fig. 3.1(a), the OE system shows a CW lasing for� < 0:47; afterwards a

LC (LC1) appears as a periodic modulation ofI (t) with frequency 6.165 GHz ( Fig. 3.1(b)

shows the rf frequencies). As a result of increasing� further (� � 0:52), the laser switches

abruptly to another LC (LC2) with a di� erent dominant rf frequency (6.067 GHz) separated

by f� .

The LC2 persists until� � 0:80, where another dynamical regime is reached, with the

same main rf frequency as in LC2, but numerous, strong, sidebands appear in the rf spec-

trum, corresponding to QP behavior (QP1) as reported in [17]. Thereafter, at� � 0:82, we

observe a jump to a di� erent LC (LC3) with dominant rf frequency (5.649 GHz). We refer

to this jump as aprogressiveswitching event, as the transition does not occur directly be-
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Figure 3.1: (a) Experimental BD, (b) rf spectrum, and (c) optical spectrum with increasing
� , on a logarithmic color scale. CW: Continuous Waves, LC: Limit Cycle, QP: Quasiperi-
odic.

tween LC regimes. After the jump, for even larger� , LC3 gives way to another mediating

QP state (QP2) and �nally, for � � 0:87, LC4 with rf frequency 5.442 GHz is observed.

Meanwhile, the corresponding progression of optical lines, as shown in Fig. 3.1(c), is

going to be addressed now. The optical frequency in the� ! 0 limit is the solitary laser

frequencyf0(� = 0); for convenience,f0(0) will be used to de�ne the zero of the optical-

frequency scale. As� increases, additional optical lines appear, as is evident in Fig. 3.1(c).

These lines occur at frequenciesfm(� ) � m fRO, with m an integer de�ning harmonics of

fRO.
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Indeed, the jumps in the rf spectra towards some lower frequency can be related to

the jumps in optical lines towardsf0(0). Since the spectral separation between any two

optical lines arefRO, with a downward jump in rf spectra, the optical lines re-coordinate

themselves with a similar jump multiplied by their respective harmonic positions (e.g., if

f1(� ) jumps byf� , f2(� ) evidently would have a jump of 2f� ). Another point to be noted in

Fig. 3.1(c), at� = 0:58 the dominant optical frequency changes fromf� 1(� ) to f� 2(� ) when

the BD hints the start of a period doubling regime.

In summary, we have seen one abrupt switching at� = 0:52 and two progressive switch-

ing at � = 0:82 and 0.87 between two LCs in the LD dynamics. In the ensuing sections,

we focus on these two di� erent types of switching for detailed explanation and analysis,

exploiting the simultaneous measurement ofI (t), the rf, and optical spectra.

3.3.1 Abrupt switchingbetweentwo limit cycles

We focus here on the jump from LC1 to LC2 at � = 0:52. In order to elucidate the nature of

this jump, Fig. 3.2 shows the rf and optical spectra just before (LC1) and after (LC2) with

the corresponding time series forI (t) as the inset, which are approximately sinusoidal for

both LC1 and LC2. The rf frequency of oscillation switches abruptly from 6.165 GHz for

LC1 to 6.067 GHz for LC2. The frequency di� erence of 98 MHz is slightly less thanf�

which is similar to the case of optical feedback where the jumps in rf spectra are slightly

smaller thanf� [75]. In the optical spectra, we see a similar jump of the optical lines closer

to the mode nearf0(0); evidently, distant modes jump in bigger steps (depending on their

location) to make the frequency separation between optical lines same as the newfRO. We

refer to this jump evidenced in the rf spectrum as anabrupt jumpbetween two LCs.

3.3.2 Progressiveswitchingbetweentwo limit cycles

In this section, we are going to describe the two progressive jumps observed in Fig. 3.1.

The �rst progressive jump occurs at� � 0:82. Figure Fig. 3.2 shows the rf and optical
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Figure 3.2: Abrupt jump between LCs. (a), (b)� = 0:518 (LC1), (c), (d) � = 0:525 (LC2).
(a), (c) rf spectra (inset: corresponding intensity time traces), (b), (d) Optical spectra. From
(a) and (c), a downward jump of 98 MHz (� f� ) in rf oscillating frequency is observed
between the two LCs.

spectra before and after the jump. We notice a di� erent type of transition from LC2 to LC3,

as it involves mediating dynamics QP1. QP1 gives way to limit cycle LC3, whose frequency

is smaller than that of LC2 by � 4f� . Heuristically, the sidebands in the QP1 regime seem

to favor the appearance of jumps in frequency to distant bifurcation branches, leading to

frequency hops of more thanf� . Speci�cally, the fundamental frequency of LC3 (5.649

GHz) corresponds to the frequency of one of the sidebands of QP1. There appears to be a

1:15 resonance between the fast and slow frequencies of the QP1 dynamics, similar to the

frequency-locked regimes reported in Ref. [82] by some of the co-authors. The locking is

manifested in the time domain by the appearance of pulse-like oscillation with a 100 MHz

repetition rate.

The optical spectra of the regimes involved (LC2, QP1, LC3), reveal a series of optical
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Figure 3.3: First progressive jump. (a), (b)� � 0:81 (QP1), (c), (d) � � 0:824 (LC3). (a),
(c) rf spectra (inset: corresponding intensity time traces), (b), (d) optical spectra. From
(a) and (c), a downward jump of 418 MHz (� 4f� ) in rf oscillating frequency is observed
between a QP and a LC. The inset in (a) is presented for a longer range of time to show the
presence of secondary oscillation in the time series. The inset in (b) shows enlarged peak
at f� 2 evidencing the emergence of additional optical frequencies.

lines separated by 6 GHz, before the jump, corresponding to the rf frequency of LC2 and

after the jump, optical lines are separated by 5.6 GHz. In addition, the optical linesfm(� )

jump closer tof0(� ) by mtimes 4f� . For the dominant optical linef� 2(� ), it jumps towards

f0(� ) by � 2 � 4f� since it is the second harmonic off0(� ). Besides that, some of the

optical lines of QP1 have a multi-peaked appearance (inset of Fig. 3.3 (b)) that evidence

the emergence of additional optical frequencies.

The last jump at� � 0:87, is shown in Fig. 3.4. The rf spectrum and its intensity time

series (Fig. 3.4(a), inset) highlight the quasiperiodic (QP2) nature of the dynamics before

the jump, with a main frequency at 5.649 GHz and sidebands separated by 100 MHz. After

the jump, limit cycle dynamics LC4 is reached, with a dominant frequency of 5.442 GHz.
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Figure 3.4: Second progressive jump. (a), (b)� � 0:874 (QP2), (c), (d) � � 0:876 (LC4).
(a), (c) rf spectra (inset: corresponding intensity time traces), (b), (d) optical spectra. From
(a) and (c), a downward jump of 207 MHz (� 2f� ) in rf oscillating frequency is observed
between a QP and a LC. Similar to the previous �gure the inset in (a) is presented for a
longer range of time to show the presence of secondary oscillation in the time series.

We thus observe again a jump of 207 MHz in rf frequency, corresponding to� 2f� . To

be noted, QP1 in the previous progressive jump appears instantly after LC2, whereas QP2

evolves gradually from LC3 as we keep increasing� . Limit cycle LC3 develops increasingly

more sidebands, turning into a quasiperiodic state QP2, before �nally shifting by� 2f� (to

the less prominent second major sidebands, indicated by a red arrow in Fig. 3.4(a)) and

ended up yielding an ideal LC (LC4) all of a sudden.

Similar to the other bifurcations, the optical spectra before and after the jump ( Fig. 3.4(d))

show a series of optical lines andf� 1(� ) and f1(� ) that are both separated by� 5:67 GHz

from f0(� ) before the jump scale down to 5.44 GHz after the jump. All the optical lines

jump closer tof0(� ) by a multiple of 207 MHz depending on their harmonic positions as

before.
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Figure 3.5: (a) Reverse BD where� is ramped down from the maximum. (b) Corresponding
rf spectrum. Red arrows indicate the jumps in the ramping up direction of� .

3.3.3 HysteresisandRobustness

We now discuss the presence of hysteresis in reference to the switches and the robustness

of our observation in this section. First, Fig. 3.5(a) and (b) shows the BD ofI (t) and the rf

spectrum ramping� down adiabatically, in contrast to what is seen in Fig. 3.1(a) and (b) in

which � is ramped up. The frequencies of LCs seen in the rf spectra are the same as those

in Fig. 3.1 but the jumps tend to occur at di� erent values of� .

Moreover, when� is ramped down, the �rst jump appearing at� = 0:73 is an abrupt

jump between two LCs; the second jump appearing at� = 0:62 is a progressive jump in-

volving a strong mediating QP state; and the last jump appearing at� = 0:55 is an abrupt

jump between two LCs as well. Therefore, we observe two abrupt jumps and one pro-

gressive jump ramping� down whereas there are one abrupt and two progressive jumps in
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ramping� up.

In addition, the BD also shows a qualitatively di� erent trend when� is ramped down.

Indeed, when ramping� up the peak magnitude ofI (t) increases steadily, then a sharp

increase in magnitude occurs parallel to the rf spectral jumps; when ramping� in the oppo-

site direction, however, the magnitude gradually decreases to a minima before jumping up

abruptly to a higher magnitude for all of the switches (compare Fig. 3.1(a) and Fig. 3.5(a)).

We have also veri�ed experimentally the robustness of the results for di� erent pump

currentsJ in the range 50 to 70 mA and have found similar sequences of bifurcations,

including the jumps discussed above. Of note, while abrupt transitions can either be a jump

in frequency by small multiples off� , progressive transitions are always found to imply

frequency jumps of non-unit multiples off� .

3.4 Laser model

Dynamical studies of delayed feedback systems have been investigated within the Eckhaus

instability framework [83, 84, 85, 86] as well as a rate equation model [75, 76, 77, 78].

We employ a rate-equation model for the laser with optoelectronic �ltered feedback which

allows only high-frequency signals to pass through the feedback loop. The model is based

on that in [71], and consists of the following equations for the normalized optical intensity

I (t), the carrier densityN(t); and the high-pass �ltered intensity signalIF(t). They are given

by

�I (t) = 2N(t)I (t); (3.1)

�IF(t) = � � F
� 1IF(t) + �I (t); (3.2)

" � 1 �N(t) = P� � IF(t � � ) � N(t) � (1+ 2N(t))I (t): (3.3)
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The dot means di� erentiation with respect tot = t̂=� ph wheret̂ is time, and� ph is the photon

lifetime. P= J=Jth � 1 is the pump above the threshold parameter;� is the feedback strength

(for consistency with experimental description,� > 0 is for negative feedback, and� < 0

is for positive feedback);� is the feedback delay;" is the ratio of the carrier and photon

lifetimes;� F
� 1 is the low-cut (high-pass) �lter bandwidth.

We determine the characteristic equation from the linearized Eqs. (3.1) to (3.3) for the

non-zero intensity steady state (I = P, IF = 0, N = 0) and �nd

(1+ � F � )
n
� 2 + " [� + 2P(1+ � )]

o
� 2"�� FP� e� �� = 0: (3.4)

The stability boundaries correspond to the Hopf bifurcation condition� = � i! H, and the

Hopf frequency! H can be determined from the transcendental equation which is given by

arctan
[1+ 2P(1+ � F)]"! H � � F ! 3

H

[1+ "� F(1+ 2P)]! 2
H � 2" P

= ! H � +
�
2

� � M; (3.5)

whereM is a non-negative integer number and indicates the existence of multiple Hopf

bifurcation branches in the dynamics.M is odd for the negative feedback (� > 0), and is

even for the positive feedback (� < 0).

The Hopf bifurcation point� H can be determined analytically,

� H =
" + 2" P(1+ � F) � � F ! 2

H

2"� FPcos! H �
: (3.6)

The discretization of the frequencies in Eq. (3.5) is parity-asymmetric with relation to the

feedback sign since di� erent resonant conditions are formed by the parity ofM in Eq. (3.5),

and cos! H � term in Eq. (3.6).

In the long delay limit� � 1 and when the �lter cut-o� frequency is smaller than the RO

frequency, i.e.! RO� F � 1, where! RO= 1
2

q
8" P� " 2(1+ 2P)2 is the RO angular frequency

of the free-running laser (� = 0) [71], Eqs. (3.5) and (3.6) can be approximated, leading to

the following expressions
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! H =
q

! 2
RO� 
 2

RO; (3.7)

� H = �

 RO! RO

" P
; (3.8)

where
 RO = 1
2" (1+ 2P) is RO damping rate. Using section 3.4 and knowing the frequency

of the �rst limit cycle it is possible to easily determine the value of the ratio of the carrier

and photon lifetimes" , and we estimated the following parameter values for the system:

" = 0:095,� = 1000,� F = 2000. It worth mentioning that the bifurcation border in this limit

is symmetric with respect to the sign of� which is not the case when the �ltering is initially

absent from the system (i.e., IF(t) = I (t)) because then the steady state intensity depends on

� , and readsI = P=(1+ � ).

Figure 3.6: Hopf bifurcation boundaries (black lines) in the (�; P) parameter plane calcu-
lated from Eqs. (3.5) and (3.6). (b) shows the enlarged region delimited by the dashed
rectangle in (a). The bold lines de�ne the �rst bifurcation of the steady state. The thick
(thin) red line is the stable (unstable) CW solution atP = 0:945. The red circles (trian-
gles) are the Hopf bifurcation points leading to eventually stable (ever unstable) LCs. The
labels (1–4, B1–B4) correspond to the Hopf points leading to the LCs observed in numer-
ical integration, and shown in Fig. 3.8. The other parameters are:" = 0:095, � = 1000,
� F = 2000.

Figure 3.6 shows the Hopf bifurcation curves in (�; P) plane obtained by solving Eqs. (3.5)

and (3.6) within the range relevant to the experimental parameters, and the bifurcations of

the steady state at the value of pump about twice exceeding the threshold (P = 0:945). This
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Figure 3.7: Bifurcation diagrams showing the maxima and minima of intensity (a) and fre-
quency (b) of LCs arising from the Hopf bifurcations of steady state atP = 0:945 shown in
Fig. 3.6. Thick (thin) blue lines are stable (unstable) LCs, and blue circles are torus bifurca-
tions. The insets demonstrate enlarged areas delimited by dashed lines in the corresponding
�gure. The upward (downward) arrows in (b) show the transitions for� increase (decrease)
during numerical integration as demonstrated in Fig. 3.8. For simplicity, the Hopf bifurca-
tions lying beyond the� range in Fig. 3.6, and corresponding LCs are not shown. The other
notations and parameters are the same as in Fig. 3.6.

steady state undergoes a sequence of the bifurcations each leading to appearance of a limit

cycle which we discuss further.

We analyze stability of the LCs arising from the Hopf bifurcations in Fig. 3.6 using

the numerical continuation package DDE-Biftool [74] (see Fig. 3.7). The LCs originating

from the Hopf bifurcations having the frequencies higher than the frequency of the �rst

Hopf bifurcation are ever unstable for the full range of� variation while the LCs arising

from the Hopf bifurcations with lower frequencies become eventually stable. The LCs

stabilize (destabilize) through torus bifurcations indicated in Fig. 3.7 by blue circles. This

forms the wide range of multistability, and hysteretic e� ects under cyclic� as has been

shown experimentally. The mechanism responsible for stabilization (destabilization) of the

LCs as the feedback parameter� increases (decreases) is similar to the Eckhaus instability

(see Appendix C for more detail).

To reproduce the experimental situation we directly integrated Eqs. (3.1) and (3.3) using

the fourth-order Runge-Kutta method. Parameter� was varied in a step-wise manner, with
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