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SUMMARY

This thesis provides an implemented method of solving the general-
ized stochastic decision tree problem, where the generalization consists
of allowing the durations of activities to be independent random variables.
Such problems arise naturally, for example, in deciding how much overca-
pacity to provide in a facility designed for uncertain growth in demand.

A FORTRAN-IV computer program for generalized stochastic decision
trees is provided and documented. Compared with existing decision tree
algorithms, its extensions are (1) the durations of activities may be
random variables having any of several probability distributions, (2)
rewards or costs may be incurred uniformly throughout a variable-duration
activity, (3) ﬁariances of the present worth along solution paths are re-
ported, taking into account the joint {independent) wvariabilities of
timing and amount, and (4) mean/variance approximation of variable activ-

ity durations 1is allowed. Extensions 1 and 2 allow consideration of such
things as extended construction costs and delays in operating profits
until completion of a project; extension 3 allows joint consideration of
profitability and risk; extension 4 simplifies data gathering and model-
ing.

Proofs of extensions 1, 2, and 3 are presented. A series of ex-
periments is presented to demonstrate the high accuracy of the mean/
variance activity-duration approximation. It is shown that the expected
cost of a wrong decision using the approximation is less than 0.009% for

a wide variety of decision tree structures of practical interest where



interest rates are below 24% and the average duration of activities is

below five years.



CHAPTER I

INTRODUCTION

1. Purpose of Research

The objective of the work reported in this thesis is tc provide
decision makers with a practical means for solving decision tree problems
to maximize the expected present worth where the activities (ares) are of
uncertain duration.

It is assumed that the objective of the decision maker is to iden-
tify the optimal set of decisions giving paths having maximal expected
present worth at an interest rate equal to the "minimum attractive rate
of return." Tt is further assumed that the decision maker will want to
calculate expected present worths for this set of optimal decisions and
also for decision sets that are sub-optimal, and to calculate the vari-
ance of the present worth for each decision set.

To meet these objectives, conventional decision tree methods [31,
32,50,21] require cash flow amounts to be independent randoem variables
with known means and variances, and activity durations to be fixed.

The work reported in this thesis provides extensions to conven-
tional decision tree metheds. Specifically, we relax the requirement
that activity durations be fixed, requiring instead that activity dura-
tions be independent of each other and of the independent cash flow
amounts. With known probability distributions of activity durations,

exact solutions are provided. With known means and variances of activity



durations where the distribution is unknown, approximate solutions are
provided. It is shown that the errors associated with using the approxi-

maticn for reasonable decision problems are negligibly small.

2. Background

This section is intended to provide the reader with a definition
of terms and fundamental relationships used elsewhere in this thesis., The

section is divided into two parts. The first part defines present worth

in terms of both discrete and continuous times. A definition of the min-

imum attractive rate of return is also provided. In the second part a

decision tree is defined and is related to a probability network. Both

the linear programming and dynamic programming approach to solving deci-

sion trees is presented along with a definition of an optimal solution to

a decision tree problem.

2.1 Present Worth Calculations with Variable Timing

Discounted cash flow methods, in which financial tramsactions oc-
curring at different times are rendered commensurable by comparing them
to lending/borrowing transactions at compound interest, are widely used.
For example, Fremgen [14] found that 135 of 177 surveyed businesses use
formal discounted cash flow methods to evaluéte proposed capital invest-
ments.

Let worth have units of dollars, and let time have units of years.
Let a concrete or abstract entity or state of affairs have a worth denoted
by F at a discrete time denoted by n. Let there be a compound interest
rate i having units of reciprocal years. The worth of the same entity or

state of affairs at time zero (n units earlier than the time associated



with F) is called its present worth, denoted P, and is defined by the

fundamental equation of discounted cash flow:

P = F/O+1D)" = " re " (1)

i

The single period discount factors 1/(1+i), B, and e ', will be used in-
terchangeably. The quantity r = 1n(l+i) is called the nominal continuous
compound interest rate.

If we denote by F the worth of an entity or state of affairs at the
discrete time n, we can define the present worth P of a set of these, each
element of the set having a different time n, by sums of equations of the

form of equation (1). Specifically, with ne{0Q,1,2,...,k}, we have
k
n
P = I F 3 . (2)

Similarly, if we consider a time-ordered set of entities or states of

t_, with epochs nef{0,1,2,...,k],

affairs havi ths F t times t_, >
airs having worths N a imes n tn+l n

the present worth of the set is defined
P = I F B . (3)

Fquation (2) defines present worth for integer times, and equation (3) de-
fines present worth for continuous times.

The motiviation for these definitions can be seen from their formal
identity with the equations governing lending/borrowing transactions at

compound interest. A loan of P dellars is exactly repaid at compound



interest rate i by a series of repayments an} that satisfies equation (2).
or by a series of repayments {Fn} that satisfies equation (3).
If we assume there exists for a decision maker an interest rate i,

' at which funds can be

called the "minimum attractive rate of return,'
freely lent or borrowed in the ordinary course of business, this assump-
tion is tantamount to the assumption that the decision maker 1s indiffer-
ent to recejving a series of future payments versus the alternative of
receiving at time zero the present worth of the series of future payments.
The decision maker is said to consider P "equivalent'" to {Fn} or {Fn}.

Discounted cash flow methods in common use [30] follow directly
from these assumptions. They proceed as follows. First, a set of mutu-
ally exclusive alternative actions is defined. For each action, all
future consequences are classified exhaustively and mutually exclusively;
typical examples of consequences include a required investment, a tax
liability, control of an asset, entitlement to something of value, etc.
If deterministic methods are in use, the next step is to assign a worth
and a time to every consequence, and to combine (add together) coeval
consequences so that there is one Fn for each time n or one Fn for each
epoch N. Equation (1) or (2) is then solved to yield a P for each alter-
native action, and the action having the highest P is chosen.

If probabilistic methods are in use, the procedure is the same ex-
cept that probability distributions and their parameters are assigned for
worths and times, and the expected values of P are calculated by taking
expectations or conditional expectations of equations (1) and (2), with
the action having the highest E{P} being chosen. Often [20,23,24,30,43]

this maximization of the expected present worth 1s supplemented by examin-



ation of the variance or further moments, or characterization of the en-
tire probability distribution of present worth; however, in the absence
of accepted formal methods of using the further information, accepted
practice is simply te report the supplemental information for intuitive
use by the decision maker,

2.2 Decision Trees

A probability network is a graph whose nodes represent states and

whose directed arcs represent possible transitions from state to state,

A finite probability network can be completely specified by a list of its
nodes, a list of its directed arcs, and a conditional probability for each
possible transition. In a finite state space S= {...,i,j,...} let there

be N states or nodes. Let directed arcs or transitions (i,j) exist for
some pairs of nodes ieS and jeS, and let pij be the conditional probability
of transition (i,j) given state i.

A probability decision network is a probability network that is in-

completely specified by allowing some of the pij to be chosen to optimize
some function. We confine attention here to maximizing the expected value
of a sum of rewards rij each realized if the corresponding transition (i,j)
occurs in a sample trajectory.

A decision tree is a probability decision network that is a tree;

it contains one initial state or root node having no entering arc, a set

T of terminating nodes having no leaving arcs, and a set S5-T-s of ordinary

nodes each having exactly one entering arc and two or more leaving arcs.
For example, in Figure 1 node 0 is s, T contains nodes 3,4,5,6, and nodes
1 and 2 are ordinary. Since one arc enters each node except node s, its

number of arcs is N-1.



In a sample trajectory of a decision tree the system starts in
state s and transmits through ordinary states until it enters a termin-
ating state, and a reward rij is collected for each tramsition (i,3j) that
occurs in the sample trajectory.

The decision problem in a decision tree is to choose all pij not
fixed, constrained of course by OS'pijS 1 and Zpij==l, to maximize total
expected reward. Non-terminating node i is a chance node if its pij are
fixed, a choice node otherwise. In Figure 1 node O is a choice node and
nodes 1 and 2 are chance nodes.

One algebraic representation of a decigion tree is a linear program
having a variable for each arc. Call this program the primal. TIts dual
linear program has a variable for each node; call this program the dual.
Efficient solution procedures for decision trees manipulate the variables
of the dual, but the primal is of theoretical interest in developing ex~
tensions to these methods.

In formulating the primal, the conditional probabilities pij are
not convenient as primal decision variables. Let us define the corre-

represents the prob-

sponding unconditional probabilities x, ., where Xy

ij ]

ability that a transitien (i,j) occurs in a sample trajectory. Since rij

is collected with probability X s the total expected reward to be maxi-

mized is zrijxij’ where J is the set of arcs (1,j} that exist in the tree,
J

The prebability that 2 non-terminating node j occurs in a sample trajec-~

tory is equal to x,. and is also equal to Zx. . For each fixed p,,, the
1] L Jk jk

corresponding xjk equals pjkxij by the definition of conditional probabil-

ity. For each pjk not fixed, the primal program's optimal solution

chooses the corresponding xjk' The primal program is:



Maximize ST, X, (1)
$ij 1]
subject to ¥x,, -x.,, = 0 , j#s,(j,k),(i,i)ed (2a)
ol S
Tx = 1 (2b)
T sk
Xjk ij ij = 0 » ij fixed, (J,k),(l,J)EJ (2':)
~ .,
xij 2 0 , (i,j)eJd (2d)

A conventicnal decision tree i1s one in which for each node j, either
the pjk are given for all k (j a "chance node'") or the pjk are unspecified
(j a "choice node")., 1If the unspecified pjk are considered to be the deci-
sion variables, the optimal solution is known [37] to have pjkE[O,l]. 1t
is customary to represent such problems graphically. For example, in the
following solved decision tree, node 1 is a choice node and nodes 2 and 3

are chance nodes:



53=0.,0

Figure 1. Representation of a Decision Tree

The well known dynamic programming or fold-back solution procedure [40]
involves labeling each node with a '"value" equal to the wvalue of the dual
variable of the linear programming formulation. Proceeding from right to
left, the expression Si = Max{pij(rij+sj)} is solved for each non-terminal
node. The Max operator is suppressed for chance nodes, where pij are
given. TFor choice nodes, pij are set equal to 1 for j that maximizes
(rij-+Sj) and to 0 for other j.

This procedure is easily extended to include discounting. In the
objective function, let rij be replaced by airij’ where ai is the present
worth discount factor for node ij; this factor discounts a cash flow occur-

ing at the time of the event denoted by node i. WNode zero is considered



to occur at time zere. Each activity or arc (i,j) 1s considered to have
a duration Tij’ 50 that the discount factor B for a specific node, say

, , Toi _Tin Tjk
node k, is the product of the discount factors B 8 <. .B , where B
is the discount factor defined in equation (1), section I1.2.1, and the

unique path to node k passes through arc (o,1i),(i,h),...,(j,k). The ex~

pression for Si then becomes
8, = Max{pij(rij+6 Sj) (3

and the solution proceeds as before. If arc (i,j) has a cash flow F at
its start, a cash flow G at its end, and a uniform continuous cash flow
- A . Tij - Tij )
A throughout its duration, then rij = F+GR +A(1-B )/r; that is, rij
represents the present worth at the time of event i for all cash flows
associated with activity (i,3).

This thesis concerns exact and approximate solutions for general-
ized decision trees which are defined such that the Tij may be independent
random variables, thus affecting present worths of costs, and in which

costs of activities may depend on the Tij'

3. Content Summary

In Chapter I1I, methods currently available for solving stochastic
decision trees are discussed. These methods range from the classical
methods of transforming the stochastic problem into a deterministic prob-
lem to the complex approach of convoluting Laplace Transforms of the func-
tions of the random variables.

In Chapter III, a solution procedure is defined for solving sto-

chastic decision trees with both termination cash flows and continuous
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uniform cash flows. This solution procedure provides for determination
of the variance of the "optimal path" as well as the present worth. Tt
is based on expressions for the expected value of the time dependent dis-
count factor derived by Young and Contreras and on a variance relation-
ship derived by Rosenthal.

In Chapter IV, an approximation derived by Young and Contreras is
tested for accuracy when applied to both cash flow paths and the solution
of decision trees. The expectation of a wrong decision is investigated
along with the expected cost of selecting a sub-optimal decision set.

In Chapter V, a computer program to solve stochastic decision trees

is described.
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CHAPTER II

CURRENT METHODOLOGY

1. Methods for Solving Discounted Cash Flows
with Random Time Intervals

A review of currently available methods for solving stochastic cash
flow problems is presented in this chapter. Throughout this chapter, the
random variable Fn is the magnitude of the cash flow assoclated with epoch
N, and the random wvariable Tﬂ is the time interval from epoch N to epoch
n+l. An epoch is defined by the occurrence of a payment or the starting
time of a uniform continuous series of payments.

1.1 Classical Methods

One popular method of preparing data for decision trees is to con-
sider the most likely time estimate to be certain and solve the determin-
istic problem [31,32]. Under this approach, we replace E{BT} with BM,
where M is the mode of the time function. A variation is to set T equal
to the mean or expected value of the time distribution, replacing E{BT}
with Bu, where U =E{T}. Two major objections may be raised with regard
to the use of these methods; they are insensitive to the shape of the
timing distribution for the occurrence of the cash flow, and the resultant
answer does not yield any information as to the variablility of the result.

1.2 Beta Distribution Method

Another classical method proposes that the time periods under con-
sideration be broken inte small increments with probabilities of termina-

tion being associated with each sub-interval of the total activity time.
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Under this approach, either a discrete distribution is used to character-
ize the timing of the cash flow or a continuous distribution is used where

the probability of the flow occurring at the nth sub-interval is given by:

£(1)dr = F(t) - F(c ;) (1)
1

T~z

where F(*) is the cummulative distribution function of the timing. This
method requires that the form of the distribution be specified. To al-
leviate the need to specify the distribution type, Greer [15] proposed a
method in 1970 based on the beta distribution.

Greer's method has the advantage that the distribution shape is
flexible, conditional probabilities of occurrence are all monotone in-
creasing, it has a discrete range, and will not take on negative values,

For this method, the beta distribution is defined as follows:
c d
fT(t) = (constant) (t-A) (B-t) (2)

where A and B are the lower and upper bounds of the distribution, respec~-
tively, providing the beta distribution with a range between fT(A) and
fT(B)’ and the constant is used to normalize the area under the curve.

The random variable T is normalized such that 0ST'21 by setting
T' = (t-A)/(B-A) (3)
and the mode, M, is normalized similarly for the same range by

M' = (M-A)/(B-A) . (4)
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Once these values are established, ¢ and d can be determined by equating
the known values for the normalized mode, M', and the variance, V, to the

appropriate parameter combinations for the beta distribution, namely:

M' c/(c+d) (5)

(c+1) (d+1) /[ (c+d+2) 2 (c+d+3)] . (6)

<l
If

The assumption is made that the variance, V, is equal to ¢/36 based on
the normalized range of T' with the assumption that the range covers six
standard deviations. Solving the set of simultaneous equations (5) and
(6) yields values for ¢ and d. Due to the normalization of M' to values
between O and 1, ¢ is guaranteed to have at least one positive wvalue.
Multiple values signify alternate solutions. Each positive ¢ yields a
value for d. Finally the constant is computed in order to make the area
under the distribution equal to unity. For non~integer ¢ and d, this is
not an easy process and is therefore circumvented by establishing an in-
crement §, based on the accuracy desired, to solve:

n+5

(constant) (t—A)C(B—t)d dt, (7
n

n = A,A+S,...,B-8,B

To eliminate analytical determination of the constant term, the integral

expression is normalized over the range of possible values:



14

ntd c d [ B c d
- - (t-A) "(B-t) " d (8>
f (t-A) (B-t) dt]/.!; t-A) (B-t t]

n

P{n< tSnts] = [
n = AA+S,...,B-8,B

This provides a set of weights for discount factors to find the probability
distribution of the discounted cash flow (present worth).
For determination of the integral expression (8), Greer developed a
table relating discount factor values and areas under the curve of the
beta distribution. This table enables the user to easily determine the
probabilities associated with the (B-A)/§ intervals within sight accuracy.
The major disadvantage of Greer's method, as well as with any in-
cremental probability method, is the large number of calculations neces-
sary to evaluate each branch of a decision tree.

1.3 Monte Carlo Simulation

Perhaps one of the most popular methods for solving stechastic de-
cision problems is through Monte Carlo Simulation. This technique (as
applied to ordinary decision trees) is presented in [21] and also in [ 8]
and [22]. Although these articles present the technique relative to de-
terministic event times, the application of the technique to stochastic
event times is possible by considering time to be one of the random vari-
ables.

Once again, as with Greer's method, a major disadvantage is the
large number of computations required to derive reasonably accurate solu-

tions.
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1.4 Transform Analysis Method

The transform analysis method, proposed by Perrakis and Henin [ 38]
and Perrakis and Sahin [39], extends the work of F. Hillier [23] to pro-
ducing a distribution of the net present value of a cash flow path where
the intervals between successive cash inflows are independently distrib-
uted and independent of the magnitude of the cash inflows. The case of
perfectly correlated cash inflows is also presented but will not be dis-
cussed here.

The Perrakis-Henin formulation is based on three assumptions and
the fact that there exists a one-to-one correspondence between a function

and its Laplace transform. The Laplace transform is defined by:
oo
fe_sxf(x) dx . (9)
0

The three assumptions are:

1. All cash outflows cccur at time zero. If it ig desired to
have a cash outflow occur at a time different from zero, the
coutflow must be discounted to its time zero value before be-
ginning the analysis;

2. All cash inflows occur after time zero;

3. The number of cash receipts, k, is known, where k is an in-
teger greater than or equal to one.

The formulation begineg with the definition of net present worth:

n
P = S F » exp(—rtn) {10)
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where Fn is the magnitude of the n-th cash flow and tn is the time of
occurrence of the n-th cash flow., The random wvariable Trl is defined as
the difference between the time of occurrence of the n-th and (n-1)~-th

cash flow:
n

t = X T (11)
=1

This yields the following re-definition of the net present worth:

n n
Pn = 2 FT} *exp(-r* % Tm) (12)
n=1 m=1

The time axis is then reversed in order to proceed from the last cash flow
to the first cash flow. Under this arrangement:

n

F, exp{(-r- X T,) {13)
1t j=1 J

H
[}
| o~

i

Si is defined as the magnitude of the process (or the net present worth
after the i-th cash flow on the reverse time access). This yields the

following set of recursive equations as we proceed through the cash flow

path.
Sl = F1 (14)
S1+1 % sy E (15)
s = 8. Tk (16)
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We define Bi+1(F) as the cummulative distribution function for the mag-
nitude of the (i+l)-th cash flow; bi+l(F) as the corresponding density
function; and gi(T) as the density function of the time duration before

the cash flow, or Ti' Given these definitions it is c¢lear that:

-T2

B, .(F) = P{s £F} = P{sie iz 7} (17)

i+l i+l

= P{se TS E T =1 g (D) (18)

summed over all time where T is a particular time. This is an application
of conditional probabilities where Fi and Fj are independent for all i#j,

and T,,T, are independent for all i# j, and F.,T, are independent for all

]

i. Hence:
-tT§ « - T « =
P{Sie < F} {P{Sie SF| T, T} g; (1) dt (19)

Since Bi(F)==P{SiSZF} it follows that Bi(FerTi) is equal to P{SiSiFerTj}.

Hence:

p{s, $Fefli | T, =1} = B.(FerT) (20)
1 1 1

which is the cummulative distribution of Ti evaluated at T. Since the
future effective discounted cash value is proportional to the difference
between the new and the old value, let (F-Y)} represent the difference,
summed over all possible previous values which are a function of ¥, namely

B(x). This yields:
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d o
B ® = [ [ 51000 g0 et asoo (21)
¢ 0

which when extended to all cash flows k yields:
oc
rT
p(F) = [ B (F') g (1) dr (22)
0

The resulting set of recursive relationships for the net present
worth in terms of the density functions associated with the magnitude of

the cash flows and the times of occurrence of the cash flows as shown

below:
b® = [B(Par (23)
F
e r7, ¥T
by ® = [ [f o lE20eT e g (0 ] b0O & (26)
0
P =b = [ b (Fe") " g (1) dr (25)

This set of recursive relationships is then defined in terms of Laplace
transforms in order to simplify the use of the superposition integral to
convolute the many independent functions describing the arcs of the cash

flow path. The superposition integral is defined by:

o

£,(2) = f £,(x) £,(z-%) dx (26)

—0

Signifying the Laplace transform with a bar placed over the function

operator, we apply the following theorem of convolution:
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(f*g) = f-g , (27)

i.e., the Laplace transform of the conveolution of two functions is equal
to the product of the Laplace transforms of the two functions. Applica-
tion of this theorem and taking Laplace transforms of the functions in

equations {(23), (24) and (25) yields:

EI(F) = direct Laplace transform of bl(F) (28)

b (®) =D (s) {E;(se_rT) g, (1) dr (29)

Po=b () = [ (se ) g (D) dr (30)
0

Equations (28), (29) and (30) comprise the redefined recursive relation-
ships for the net present worth in terms of the Laplace transforms cof the
density functions. In order to further simplify the calculations,
Perrakis and Henin apply the Taylor's series expansion to yield the fol-
lowing analytical expressions for the moments of the present worth of any

cash flow path:

=]
]

j-th moment about the origin

03 as sl | = ndigtey, (31)
s=0 d
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where
¥ = Y,y gD (32)
h|
Yie1,3 = 2 bp¥y g p g lE-mr] (33)
m=0
Yoo, = b, . 34

Recall that the moments generated by equations (31) through (34) are about
the origin and must be medified to yield moments about the mean.

The practical difficulties with using this approach to solve appli-
cation problems is illustrated in a paper by Barnes and Zinn [ 1]. The
procedure analytically yields the Laplace transform of the probability
distribution of present worth. 1In a decision tree, a different analytical
problem would be solved for each path considered. The Laplace transform
contains total information on the distribution; inverting the transform is
often beyond reasonable effort, but the transform may be repeatedly dif-
ferentiated to give all moments. Machine implementation of transform
methods, without human analytical mathematics work, seems out of the

question.
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CHAPTER III

SERIES OF VARIABLE DURATION ACTIVITIES

1. Solution Procedure for a Series of Cash Flows

Expressions for the expected present worth of a series of cash
flows occurring at random times are developed in this section. The as-
sumption is made that all cash flow amounts and all activity durations
are independent random variables. Single cash flows occur at the start
or end of an activity; uniform continuous cash flows occur throughout an
activity. Thus, the timings of single cash flows and the start and end
times of uniform continuous cash flows are dependent on previous timings,
but are described by random variables whose probability distributions
are independent of previous timings,

1.1 Series of Single Cash Flows with Random Timing Intervals

The expected present worth of a single cash flow F occurring at

time T in the future is given by

E{r8T) = E{F} « E{BT} = E(F} + E{eTH) (1

where B is the present-worth discount factor as previously defined, r=
-1nR, and F and T are independent. Young and Contreras [55] have pro-
vided expressions for E(BT) for most commonly encountered distributions
of T, and they have given an approximation applicable when only the mean
and variance of T are known. Table 1 summarizes their results for single

cash flows with random timing.



Table 1. Expected Present Worth Discount Factors
for Single Randomly-Timed Cash Flows
(Adapted from Young and Contreras [55] )

22

Probability Distribution of T

E{BT}=E{e_rT} where r=-1#R

1. Constant

N
B
T=N
. Rectangular with bounds a and b
a b
B~ -8B
— ST < R —
‘ 1/(b-a) , a=T<hb £ (b-a)
£(T) =
1 0 , otherwise
. Negative - Exponential 1
1+ mr
£(T) = (Ume /M

. Gamma with mean m=k/A and
variance V =Lk/A%2

k-1 -AT
e
' (k)

A(AT)

£(T) =

e 2
A+ (wefm )™

. Normal with mean m and

variance V

exp (-3 (T-m) 2/V)
2TV

£(T)

exp (-mr + Lyr2)

. Arbitrary T with mean m and
variance V

= & T + Lyr?)
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Figure 2. Cash Flow F Occurring
at the Random Time t;

Let the epochs of a cash flow series be denoted by n=0,1,2,...,k,
and let an epoch occur upon payment of a single cash flow or upon cessa-
tion of a uniform series. Let the times of these epochs be denoted by

tn, and let the epochs be sequential in time so that t tn. Let Fn

n+1>
dencte the single cash flow that occurs at time t_. To avoid writing

the expectation operator repeatedly, let un denote the expected value of

T
Fn and let an denote the expected value of B n,

=
]

E(Fn) (2)
and

T
o = EB™ . (3)

Let Ti denote the time interval between epoch i-1 and epoch i:

i 17 ti-1 ()

Throughout this work we use the upper-case symbol T to denote a time

interval (such as the time between two successive payments or the dura-



tion of a payment series) and the lower-case symbol t to denote time rel-
ative to a fixed zero. We define tyg=0 and Tg=0, so that the initial
epoch N =0 serves to give a zero to the time scale. The initial payment

occurs at

Fp occurs at time tp=0 or epoch 0, and the final payment Fk

time t, or epoch k.
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Figure 3. Series of Cash Flows Occurring at Random Times

Let Pi denote the present worth of the series of single payments

F «»F That is, the present worth of those payments that occur

K

at times ti and later:

ioFqpr0e

k TT]
P, = néiFnB (5)

Of course, Py is the present worth of the entire series., Let Si denote

the current worth of the same series of payments, defined as follows:

-t k (tn-ti)
s. = PR * = I FR , i=0,1,...,k (6)
i i n=1i n
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Si is called a 'current worth' because it is numerically equal to the
present worth of the same series of payments as of the time of the first
of the payments; that is, a decision maker at time £ would calculate a
present worth of the series of payments occurring at times Biotigrr ooty
as Si'

For any realization of the timings st ...,tk , the present

2’

worth Py may be calculated recursively., From (5) at i=0
Py = 5y (7)

Now, each current worth Si can be calculated from the next current worth

Si+l’ for by (3)
k (t_-t.)
s, = I EB not (8)
n=1i
k (t_ -t.)
=F, + 3 FB "7 (9)
n=i+1 "

k )
- r+ 3 Eg " g (10)
n=di+1 N
T
i+l
= Fi+8 Sit1 (11)

Since the cash flow series ends at tk’ Sk==Fk' Thus, the following

series of recursive equations gives Pgp!
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Ty
S, = P +8 F (12)
T
_ k-1
o (13
T
Pp = 8y = Fg+B §; (14)

Furthermore, the expected present worth of the entire series, E(Pg), can
be calculated recursively. From (2}, (3), and (11), we take the expected
value of equations (12) through (14), noting that Tn and Sn are indepen-

dent.

E(Spa1? = Mg TOHEGY = W g bt (15)
E(S . _p) = W _, *+ o (EGS ) (16)
E(Po) = E(So) = UD + 0‘.1E(Sl) (17)

which proves the following lemma:

The expected present worth, at discount factor B, of a series of

cash flows Foizl""’Fb , occurring at times 0,t .,t, , respectively,

12=

where the time intervals Ti:=ti:£i 1 between successive cash flows are

random variables independent of each other and of the cash flow amounts,

is given by:
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k n
E(Pp) = Eo [""n n "1] (18)

T
= = 1
where un E(Fﬂ) and ai EQR ).
The proof can be made explicit by expanding (18) and the group of
equations (15), (16), and (17); the two expansions are identical term-by~
term (recall that ag=1).

1.2 Series of Continuous Uniform Cash Flows with Random Time Intervals

The present worth of a uniform continuous cash flow, A, with dur-
. A T . .
ation T is A(1-B")/r. Where T is a random variable conforming to the
independence assumptions presented earlier, the expected present worth

is given by:

EfA(1-8Ty/r} = E{A} - 1 - B{8TH/r (19)

=1

-
=g
1
1
1
1
|
|
i
1
|
1
1

CASH FLOW
MAGNITUDE

Figure 4. A Continuous Cash Flow A with Duration T

The insertion of expressions for E{BT} provided by Young and Contreras
T .
[55] yields closed-form expressions for (1 - E{8°})/r which are summar-

ized in the following table for five commonly encountered distributions
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Table 2. Expected Present Worth Discount Factors
for Continuous Uniform Randomly-Timed Cash Flows
(Adapted from Young and Contreras [55])

Probability Distribution of T E{BT}-—-K(l-E{ST})/r,where r=-1n8
1. Constant _ N
A(1-8)/r
T=N
P
2. Rectangular with bounds a and b
1/(b-a) , AST<b a b
£(T) = { i [; _ uz]
0 , otherwise r rz(b—a)
3. Negative - Exponential B
.-.T/m __Am—
£(T) = (1/m)e (1 + mr)
4., Gamma with mean2m=k/A and
variance V=%k/A - 2
% [l - (1 + Vr/m) m /V]
k-1 AT
f>(T) = A(AT) e /T (k)
5. Normal with mean m and
variance V E: [ - e(_mr + ;ﬁvl.z):l
fry = exp(E(T-m?/v F
AIRY
6. Arb%trary T with mean m and ( ~ A [1 - e ™1 + %Vrz):l
variance V r




of T and also for the approximation requiring knowledge of only the mean
and variance of the distribution for T.

Let

e
It

E{An} (20)

and

T
(1 -8 "M/ = (1= )/ (21)

<
1

where N is the indicator used to associate @ and v terms with correspond-
ing epochs. An epoch occurs upon the cessation of a uniform continuous
cash flow.

Recall that Si is the current worth at epoch 1 and, as such, is
the time ti worth of all cash flows occurring within epochs ¥, such that

i®2Yy£k . For the continuous uniform cash flow series, Si is defined as:

(t,,,~tn)
ko _a N¥Lom (t . -t.)
- 2A+1[1 2 ]8”1 , (23)

As in section 1.1,
Py = 8§y (24)

and the determination of S, may be made recursively, where each Si is a

function of Si+ By (23)

1



(t_,.~t_)
n+1 n] B(tn’ti)

~ 1-8
An+1 [ -InB

(¥a]
I
M=

n=i

[1 B(ti+1'ti)]
= K - 80
i4+1 -inR

k (tﬂ+1—tn)] B(tﬂ—ti)

n 1-8
.
n=it1 11 -InB

) [l_B(ti+1_ti):l
= A ~inf

~InB

T,
- k. |1=E 1+1] b5, g
i+1 -InpR i+l

Since an epoch marks the end of a uniform cash flow, the last epoch,

n =%k, occurring at time tk’ has a current worth of zero:

The follewing recursion yields Pp:

T
- a2
k-1 Ak -inB

T
k-1

- i 1-8 = k-1

k-2~ Pge [—ZnB ] + 848

(t_,.-t.)
[1-8 n+l B(tn_ti+l
+1

(25)

(26)

(27)

(28)

(29)

(30)

(31)
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T T,

PO = SU = Kl "'lfi'?%‘é“' +S]B (32)

The expected present worth of the continuous uniform cash flow

series follows from (20), (21), (28), and (29):

E{Sk} = 0 (33)

E{Sk_l} A (34)

E{Sk-z} = O Ve, Tt ak—lE{Sk-l} (35)

E{Pg} = E{Sp} = wyvy + 0 E{5;} (36)

1.3 Combined Single and Continuous Uniform Cash Flows

In this section we will investigate a cash flow path composed of
both single and uniform continuous series cash flows. In the prior two
sections, a recursive relationship for solving the path was derived for

each type of cash flow separately. The results were:

1. S5ingle Cash Flows

(37)

E{Sk}

E{ sn} (38)

L]
—
s |
+
=3
—~
1
3
I
—
[
Q



2. Continuous Uniform Cash Flows

]
(o]

E{Sk} (39)

]

E{Sn} mn+1vn+1 + E{Sn+1} g (40)

for n = k-1,k-2,,..,0,1

where k is the last node in the path. Notice that the right-most term in

each current worth formula is E{Sn+1} 'an+ . This signifies that the only

1
carry-over effect is that of discounting the current worth at epoch n+l

to its new value as part of the current worth at epoch n. The desired

equation is therefore;

0

E{Sk} My (41)

E{Sn} u + E{Sn+1} . Qo (42)

+ w \Y)
n n+1 n+1 n+1

for n = k-1,k-2,...,1,0

2, Variance Analysis

The determination of the expected present worth of a series of
cash flows is useful for choosing among various alternatives by indicat-
ing which decision paths offer the greatest expected present worth. The
variance of the present worth is also of interest [21,23,24,43) indicating
variability of present worth. This section 1s concerned with the de-
termination of this variance,.

For a single cash flow occurring at the random time T in the
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future, the variance of the expected present worth, denoted by Var{FBT},

was shown to be equal to the following expression by Rosenthal [43].

var{FB'} = (u2+02) E{B2T} - u2(e{g}h)? (43)
where u = expected value of the random variable F
62 = variance for the distribution of F
B = discount factor
T = random variable for the elapsed time

before the occurrence of the cash flow.

For a series of single cash flows, let Qn equal the variance of the
current worth at time tn for all cash flows that occur at time Yéztn.

At epoch n=k, time tk:
Q = 92 (44)

Recall from equation (3) above that an==E{BT} and, furthermore, let us

define:

2Ty,
wn = E{g '} . (45)

Then, at epoch n=k-1, time LT application of equation (43) yields:

- <2 2 _ a2 g2 46
Q-1 O-1 + Gt Q¥ - 8o (46)
where Gi_l = contribution to variance of the cash flow
at time t
k-1
Sk = expected present worth at time t

Qk = variance of expected present worth at time tk
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Repetitive application of equation (43) in this manner, where we consider
each back-step along the branch separately, will yield the solution for
the variance of the branch when we reach QG' The recursive relationship

may therefore be defined as follows:
= 2
Qk 9% (47)

0'2 + (s2

n+i +Qn+1 - 84 @ (48)

+1 N+l - N+l

E

for n = k~1,k-2,...,0,1

It can further be shown that for a uniform continuous cash flow occurring

between times tn and tn+1 for a duration defined by the random variable

Tﬂ’ the variance at time tn is given by:

= (@2+w?) ¢« (W-a?)/r? +g2v? (49)
%
where Ez = Var{Al}
w = E{A}

Since all of the random variables associated with cash flows and timing
throughout the model are mutually independent, the variance contribu-
tions are additive. Figure 5 represents this situation. The following
recursive relationship is hence defined for arcs with both single ter-

mination cash flows and continuous uniform cash flows.

- 2
Q. = of (50)



35

_ A2 2 - 2
Qﬂ d + (ST1+1 Q'r]+1 n+1 n+l OLT']-H (51)
2 2 N ~n 2
Ot Oy o )T
* T Vi
for n = k-1,k-2,...,1,0
E{A}=0 Var{A}=:g§c
BF) e, 7777777777777 77717777777 7777 B{Eb, =5,
{r} i T =| Var{F}=c2=
var{F}=of_, i E(8" =0, , B{B% 1=y, (1-E{B"})/r=v P G =03
k-1 &
n=k-1 n=k
Figure 5. Graphical Representation of Variance of Cash Flows

Associated with a Single Activity

3. Summary

In this chapter, expressions for the expected present worth of a

series of cash flows are derived, Equation (42) allows a ''value" to be

assigned to every node of the decision tree during the foldback (dynamic
"value" is

programming) solution of a generalized decision tree. This
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the expected present worth, at the time of the epoch represented by the
node, of all cash flows from that epoch onward. Equation (51) allows the
variance of the present worth to be calculated for every node. Thus, a
generalized decision tree may be solved in the same manner as a conven-
tional decision tree. Equations (42) and (51) require the probability
distribution of every activity duration; whereas conventional decision
trees require fixed durations.

In Chapter IV, the Young and Contreras approximation teo solve
generalized trees, where only the first two moments of the activity dur-

ations are given, is tested.
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CHAPTER IV
VALIDATION OF THE SERIES APPROXIMATION METHOD

This chapter is concerned with identifying the error inm using an
approximation formula for the expectation of present worth.

If only the mean, m, and the variance, V, of an activity duration,
T, are known, rather than the entire probability distribution of T, ex-
pected present worths have been shown to be accurately estimated by use

. , T

of an approximation for E{R"} [55]:
T
}

E(g"} = g™@ + Lvr?) 1)

This approximation is based on a Taylor series. The employment of equa-
tion (1) to obtain approximations of expected present worths shall hence-
forth be called the '"series approximation method' (SAM).

Although the approximation for E{BT} is known to be relatively
accurate, it has not previously been determined whether the expected
present worth of a geries of independent activities is well approximated
by using SAM for each of the activities in the series. A path in a de-
cision tree consists of a series of activities, and systematic error
could build up due to the fact that the discounting of a cash flow de-
pends on the durations of all preceding activities. Thus it is of in-
terest to study the accuracy of the SAM approximation of products of
approximated discount factors such as BTOi BTil . BTjk where T . + T,

+ ... Tjk is the time to node k from node o.
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The analysis is divided into two sections; one concerned with the
error propogation along discounted cash flow paths, and the second with
identifying the "cost" of this error as it relates to the evaluation of
generalized decision trees. The '"cost" is a function of both the prob-
ability that an incorrect decision path will be selected and the differ-
ence between the expected present worth of the selected sub-optimal path
and that of the correct optimal path,

For the determination of the expected present worth of the cash
flows associated with an arc, where the arc duration is a random variable,
two characteristics are significantj the discount factor and the shape of
the probability density function for the time duration. The discount
factor is given by B, and the shape of the density function is partially
characterized by the mean, m, and the variance, V. The coefficient of
variation, c=vV/m , is used as an indicator of the shape of the distri-
bution. This analysis will therefore be concerned with the error as it

relates to various values for ¢ and B,

1. Single Branch Series Cash Flow Analysis

This section deals with the error propogated along cash flow paths.
Two cases are analyzed. First, the case where the activity duration
densities are equal for each arc in the path is considered in order to
establish general limitations for the characterizing parameters c and B.
This conditien is included in the analysis because a closed form equation
for the solution is available. Second, paths with randomly generated
activity duration densities are studied. These types of paths are se-

lected in order to demonstrate the error propogation for cash flow paths
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that would typically be encountered in practice.

For this study, the cash flow amounts are set equal to 1.

A recent study conducted by Fremgen [14] shows that 887 of busi-
nesses and 867 of military installations use a planning horizon of five
years or less for planning capital expenditures, The table below shows
the results of the survey which was conducted with 177 business firms
and 70 military installations. In accordance with these findings, a

mean path duration of five years is used.

Table 3. Maximum Number of Years for which
Capital Expenditures are Planned

Percentage of Percentage of
Years Business Respondents Military Respondents
2 12 23
3 21
4 0
5 55 52
11 14
>3 99 100

1.1 Serjes with Equal Activity Duration Densities and Equivalent Payments

For a series of n equal cash flows where the timing between each

cash flow is independent and identically distributed it can be shown that:

E{Pp} = Fol[(1-a™)/(1-0)] (2)

for the case where there is no cash flow at time 0, and:

E{Py} = F[(l-a™)/(1-0)] (3)
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for the case that includes a cash flow at time (. For equations (2) and

(3):

o4 = E{e"rT} and F = Constant.

Equation (2) was used to generate error statistics for cash flow
paths with from 1 to 10 activities each with an average duration of omne
year., The interest rate was varied between 1% to 607 in increments of
0.1%. This was intended to demonstrate an upper limit for the Interest

rate for a given percentage error in the net present worth,.

OL— O ®

Figure 6. Path with Equal Activity Duration Densities

The error was determined as the difference between the resultant net
present worth using the series approximation formula and the exact for-
mtla for o, given that T is gamma distributed. The gamma distribution
was used because it is able to take on a wide variety of shapes.

Error statistics were generated for a range of gamma functions
depicted by the coefficient of variation. Since the mean duration was
fixed at the value 1, this measure of dispersion was altered by wvarying
the variance of the gamma function. Distributions included in the ex-
periment ranged from bell-shaped functions with ¢< 1,0, to the skewed
exponential distribution with ¢=1.0, to the highly skewed functions

where ¢>1.0. Table 4 summarizes the results of the test.



Table 4. Error Statistics for Identically Distributed Cash Flow Paths

Highest Interest Rate
Yielding Specified

Coefficent of Variance of No. of Activities % Error or Less Maximum Percentage
Variation Gamma Dist. in the Branch <0.1% <1.0% <5.0% Error Encountered

0.500 0.25 1 48.2 60.0+ 60.0+ <1,0%

5 32.9 60,0+ 60.0+4 <1.0%

10 28.1 60.0+ 60.0+ <1.0%

0.707 0.50 1 27.6 60.0+ 60,0+ <1.0%

5 18.8 51.9 60.0+ <5.0%

10 15.6 45,0 60.0+ <5.0%

1.000 1.00 1 16.5 42,7 60.0+ <5.0%

5 11.2 28.2 60.0+ <5.0%

10 9.2 23.5 53.2 6.1%

1.500 2.25 1 9.3 22.9 48.1 7.5%

5 6.3 15.1 30.1 19.5%

10 5.1 12.3 24.6 28.2%

14
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For ¢=1.5, a gamma function with a coefficient of skewness equal
to 3.0, the Series Approximation Method yields an error of less than 1%
for interest rates up to 15.1%Z for a duration of five years. When c is
lowered to a value of 1,0 the maximum acceptable interest rate of 28,2%
is allowed for an error of less than 1%. This implies that an upper
limit for the interest rate may be in the neighborhood of 25% if a 30%
limitation on acceptable values for the coefficient of wvariation is also
applied., This will be investigated more fully later.

1.2 Series with Randomly Generated Activity Durations and Equal Cash
Flows

Typical cash flow streams involve receipts and disbursements that
occur at various epochs in the future. The times between epochs are
usually not identically distributed as was assumed in the previous sec-
tion, This section is devoted to the determination of the error associ-
ated with using the series approximation formula to describe the time

duration between epochs where the duration densities are not equal.
0.1<T<1.3

O Ao o O i O ®

Figure 7. Path with Random Activity Duration Densities

The procedure selects an interest rate and randomly generates
timing distributions, based on the mean and variance characterizing the
distribution, for branches composed of 10 nodes. In this way, it is in-

tended to simulate the occurrence of cash flow streams which would
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typically be encountered in practice. It is assumed that the actual
distribution of the timings is gamma and that the coefficient of varia-
tion is never greater than c=1. 1000 paths were generated with a mean
duration between epochs of 0,7 year and a range of from 0.1 year to 1.3
years. The standard deviation of the 10,000 epoch average time durations
generated is 0.4 year. Tables 5, 6 and 7 summarize the results of the
test for interest rates ranging from 12% to 60%.

The test was broken into three parts. The first part was concerned
with the error propagation along paths with only termination cash flows,
the second part investigated paths with only continuous uniform cash flows,
and the third part investigated the joint case of both continuous cash
flows and termination cash flows.

The first test concerning only termination returns resulted in an
error of less than 0.7% between the net present worth computed by the
series approximation formula and the desired result based on the gamma
distribution for an interest rate of 36%. As the interest rate was in-
creased to 60% an error of 1.3% was encountered for a branch with nine
activities. 944 of the 1000 branches generated with nine activities at
an interest rate of 60% yielded an error of less than 1%.

The second test invelving only continuous uniform cash flows re-
sulted in all generated branches having an error of less than 1Z. The
maximum encountered error was largest for the smallest interest rate of
127 and amounted to an error of 0.5%.

The third test, intended to demonstrate the most general case with
both termination cash flows and continuous uniform cash flows resulted in

errors less than 0.3% for interest rates below 36%. The highest percentage



Table 5. Simulated Series of Single Cash Flows

No. of Cases with

Interest No. of Activities Specified Error Maximum Percentage
Rate in the Branch <1.0% <5,0%,>1.0% >5.0% Error Encountered
12.0% 1 1000 0 0 <0.1%

5 1000 0 0 <0.1%
9 1000 0 0 0.1%
24.0% 1 1000 0 0 0.1%
5 1000 0 0 0.2%
9 1000 0 0 0.3%
36.0% 1 1000 0 0 0.1%
5 1000 0 0 0.5%
9 1000 0 0 0.7%
48.0% 1 1000 0 0 0,2%
5 1000 0 0 0.8%
9 999 1 0 1.0%
60.0% 1 1000 0 0 0.47%
5 975 25 0 1.1%
9 944 56 0 1.3%

Vs



Table 6. Simulated Series of Continuous Uniform Cash Flows

No. of Cases with

Interest No. of Activities Specified Ervor Maximum Percentage
Rate in the Branch <1.0%2 <5.0%,>1.0% >3.0% Error Encountered
12.0% 1 1000 0 0 0.2%

5 1000 0 0 0.4%
9 1000 0 0 0.5%
24.0% 1 1000 0 0 0.2%
5 1000 0 0 0.2%
9 1000 0 0 0.2%
36.0% 1 1000 0 0 0.3%
5 1000 0 0 0.2%
9 1000 0 0 0.1%
48.0% 1 1000 0 0 0.4%
5 1000 0 0 0.2%
9 1000 0 0 0.1%
60.0% 1 1000 0 0 0.4%
5 1000 0 0 0.2%
9 1000 0 0 0.1%

Y



Table 7. Simulated Series of Combined Single and Continuous
Uniform Series Cash Flows

No. of Cases with

Interest No. of Activities Specified Error Maximum Percentage
Rate in the Branch <1,0% <5.0%,>1.0% >5.0% Error Encountered
12.0% 1 1000 0 0 0.1%

5 1000 0 0 0.1%
9 1000 0 0 <0.1%
24.0% 1 1000 0 0 0.1%
5 1000 0 0 0.1%
9 1000 0 0 0.1%
36.0% 1 1000 0 0 0.2%
5 1000 0 0 0.1%
9 1000 0 0 0.3%
48.0% 1 1000 0 0 0.2%
5 1000 0 0 0.3%
9 1000 0 0 0.5%
60.0% 1 1000 0 0 0.3%
5 1000 0 0 0.4%
9 1000 0 0 0.7%

9%
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error encountered was 0.77 at an interest rate of 60% with nine activities.

To place these results in economic perspective, one can arbitrarily
choose "'practical"™ limits for interest rate and coefficient of variation.
For example, present worths are normally calculated at an interest rate
equal to the rate of return normally earned in the ordinary course of bus-
inegs {(the "minimum attractive rate of return"), which is less than 24%
for most business concerns in capital economies,* and probability distri-
butions with coefficients of variation greater than c¢c=1 are rarely en~
countered.

With 1$20% and ¢ <1, the tests imply that an error of less than
0.5% is to be expected through the use of SAM. Since it is unlikely that
the numbers used in a decision tree study would be significant beyond
three digits, an errer of 0.5% or less would impact only the least sig-
nificant digit. It is therefore appropriate to conclude that the use of
the series approximation formula will yield appropriate results in prac-

tical situations.

2. Generalized Decision Trees

In section IV.1l, the error incurred by the use of the series
approximation method (SAM) as an estimator of E{BT} was shown to be wvalid
for 1< 0.24 and ¢< 1.0 for series of cash flows where the problem formu-

lation was accurate to three significant digits. This section is concerned

*Formal uses of interest rates higher than 20% are in fact in common use,
but as compensation for modeling deficiencies assumed not to exist among
users of generalized decision trees, These deficiencies include system-
atic bias in overestimating revenues and underestimating costs, infinite-
life modeling of finite-life revenues, estimation of future cash flows in
nominal rather than inflation-free dollars, safety-factor conservatism,
and lack of explicit consideration of risk and uncertainty in determinis-
tic methods.
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with the impact that this estimator will have on the solution of a deci~
sion tree. Three types of decision trees are of interest; trees with
only termination cash flows, trees with only continuous uniform cash
flows, and trees that jointly combine the two types of returns. This
will cover all possible user cases.

For this test, a program was prepared that randomly genetrates a
decision tree with 363 arcs and 364 nodes. The tree has five epochs.
Three arcs extend from each node, The mean duration of each epoch is
between 0.1 year and 2.0 years. The typical arc has a mean duration of
1.01 year. The wvariance of the time duration is determined by the se-
lected coefficient of variation. The paths thus generated within the
tree are not intended to represent typical flows to be found in practice
as in Section IV,1.2; here it is intended that the worst case will be
revealed. For each gelection of the parameters ¢ and i, 100 trees are
randomly generated. Each tree is evaluated using both the SAM estimator
and the gamma function for E{BT}. The correct time distributions are
assumed to be gamma to provide a basis for evaluating the SAM solutions.

In accordance with the results of Section IV,1.2, the interest
rate is varied between 0.06 and 0.30. The coefficient of variation is
tested for the three values in Section IV.1.1l, namely 0.5, 1.0 and 1.5.
These parameter selections are intended to demonstrate results for all
trees of practical interest plus a representative sample of trees that
extend beyond reasonable limits. The case where ¢=1.0 and 1=0,24 is
intended to represent the reasonable limit.

The results of the test are summarized In Tables 8 through 10,

Table 8 indicates the average percentage error between the SAM solution



Figure 8,

0<A<100

0<F <100

0.1<T<2.0

Representation of Tree Structure
for Validation Test
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Table 8.

Average of the Percentage Error Between Series Approximation

Method and Gamma Evaluated Expected Present Worths of Decision Trees

0<F<100,A=0

F=0,0<A<100

0<F<100,0<A<100

0.50  1.00
.06 0.00 0.00
.12 0.00 0.03
.18 0.01 0.08
.24 0.01 0.14
.30 0.01 0.20

0.36

0.02 Q.27 1,32 0.02 0.17 0.81
0.05 D.76 3.83 0.03 0.41 1.92
0.08 1.26 6.52 0.04 0.55 2.60
0.10 1.66 9.03 0.04 0.59 2.73
0.12 2.04 11.44 0.04 0.61 2.53

0s



Table 9.

Number of Times an Incorrect Decision Path
was Selected by the Series Approximation Method

0<F<100,A=0

F=0,0<A<100

0<F<100,0<A<100

1.00

.06

.12

.18

.24

.30

10

.00 1.50
0 0
0 6
1 16
3 12
5 29

I3



Table 10,

Maximum Percentage Error Between the Expected
Present Worth of SAM and GAMMA Selected Paths

0<F<100,A=0

F=0,0<A<100

0<F<100,0<A<100

.06 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0,00
.12 0.00 0.00 0.00 0.00 0.00 0.23 0.00 0.00 0.09
.18 0.00 0.00 0.00 0.00 0.26 0,64 0.00 0.00 0.74
24 0.00 0.00 0.30 0.02 0.12 0.71 0,00 0.27 1.73
.30 0.00 0.21 0.93 0.00 0.59 1.52 0.00 0.38 2.98

[A
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and the gamma soluticn for the expected net present worth of the 100
trees. For c¢=1.0, the limiting case, the average error encountered for
the case of termination cash flows only was 0.2%. For the case of con-
tinuous uniform cash flows only, the error was significantly higher
reaching 1,7% for 1i=0.24, For the case of the combined cash flow types,
the expected error was 0.61% at i=0.3. Hence, for the limiting case, we
may expect the worst-case prospect of an expected error of 1.7% where
c=1.0 for all duration densities in the tree and only continuous uniform
cash flows are considered,

Table 9 indicates the number of times the calculated optimal paths
differed. As expected, the number of times the path was incorrectly se-
lected by SAM increased with Increasing i and c¢. Table 10 indicates the
cost of the incorrectly selected path. The cost is computed by recalcu-
lating the expected net present worth of the SAM selected path with the
gamma equation so that the true error may be recorded. For the limiting
case, when a wrong decision was made, the maximum percentage error be-
tween the new present worth of this path and that of the correct path was
0.27%. This percentage error is well within the boundaries of model
accuracy for three significant digits.

In Table 9, numerous incorrect decisions were recorded when in
fact the expected present worth of the incorrectly selected path was not
significantly different from the correct path selected by the gamma func-
tion. In Table 11, only those cases where the cost of the incorrect de-
cision was greater tham 0.5% are recorded. Based on the results presented
in this table, no significantly wrong decisions were made for any of the

models generated up to the limiting values for the parameters ¢ and i,



Table 11. Number of Times an Incorrect Decision Path
Was Selected by the Series Approximation Method Where
the Percentage Error Between the Expected Present Worth
of the SAM and GAMMA Selected Paths is Greater than 0.5%

0<F<100,A=0 F=0,0<A<100 0<F<100,0<A<100
0.50 1.00 1.50 0.50 1.00 1.50 0.50 1.00 1.50
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 4 0 0 3

0 0 0 0 0 2 0 0 8
0 0 1 0 1 4 0 0 17

23



55

This fact adds further credibility to the SAM method for the limitations
of 1£0.24 and c£1.0.

Using the results tabulated in Table 11, Table 12 was constructed
to give an indication of the liklihood of making the correct decision
given maximum acceptable values for ¢ and i. Based on the maximum wvalues
of ¢c=1,0 and 1=10.24, the probability of SAM yielding the correct path
is greater than or equal to 0.97. TFor the cases where SAM fails to yield
the correct path, the proportional cost of this wrong decizion is less
than 0.3%. The maximum expected costs for wrong decisions are depicted

in Table 13 for corresponding maximum ¢ and i values.

3. Summary

In Section IV.1,1, the analysis showed a marked increase in the
error between the SAM calculated present worth and the gamma calculated
present worth for c¢>1.0. For a coefficient of variation equal te 1.0,
the error was found to be less than 1% for interest rates up to 28.2%
for a path of five vears duration, and up to 23.5% for a path of ten
vears duration. This Implies that, for a five-year planning horizon,
the approximation is accurate to less than 1% error for interest rates
below 28% and densities that are no more skewed than the exponential,

In Section IV.1.2, typical discounted cash flow paths were tested
where ¢ was randomly selected between the values of 0 and 1. The net
result showed a maximum expected errer less than 0.3% for interest rates
below 247% where the mean duration of the path was 6.3 years. It is in-
tuitively plausible to represent the duration of a single activity by a

density as skew as the exponential density (c¢=1). For an arc that



Table 12, Minimum Expectation of a Correct Decision Using
the Series Approximation Method by Maximum c and 1

Max ¢
0.50 1.00 1.50
Max i

0.06 1.00 1.00 1.00
0.12 1.00 1.00 0.94
0.18 1.00 0.99 0.84
0.24% 1.00 0.97 0.88
0.30 1.00 0.95 0.71

Table 13. Maximum Expected Error in Incorrect Decision
Path by Maximum ¢ and i

Max ¢
0.50 1.00 1.50
Max 1

0.06 & * P
0.12 * * 0.1%
0.18 * 0.3% 0.8%
0.24 * 0.3% 1.8%
0.30 * 0.6% 3.0%
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represents multiple activities, the density for the érc is composed of a
series of such distributions, or represented by the gamma distribution
with ¢ less than 1. Typically, the minimum attractive rate of return
employed by an organization i1s less than 24%. Hence, we assume practical
limitations of 1-(1/8) £ 0.24 and ¢ £ 1.0, Given these limitations, the
series approximation method yields errors less than 0.3%.

Section IV.2 examined the use of SAM to compute optimal decision
paths within a decision tree. For decision trees where the values are
typically accurate to only three significant digits, the maximum expecta-
tion of a wrong decision was found to be 0,03. This was for the case
where all ¢=1.0 and 1i=0.24. Given that the incorrect path was selected,
the maximum error between the SAM and gamma computed expected present
values was 0.3%. This implies that the expected cost of a wrong decision,
caused by the use of SAM, is less than 0.009%. This is well below the
significance of the input variables which suggests that SAM is a sound
estimator when used in lieu of the time duration densities along paths in

a decision tree,
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CHAPTER V

COMPUTER PROGRAM TO SOLVE DECISION TREES
WITH STOCHASTIC ACTIVITY DURATIONS

1. Introduction

This chapter describes a FORTRAN-IV computer program that may be
used to solve decision trees where the cash flow magnitudes and the time
duration between activities are random variables.

Several decision tree programs are currently in existence [36].
Applied Decision Systems, Inc. of Wellesley Hills, Massachusetts develop-
ed a program called ADTREE., DuPont had a program that is used internally
in batch mode. The IBM Cambridge Scientific Research Center developed a
decision tree program that utilizes computer graphics to display the
model. This program was developed under an internal experimental program
and due to dependency on machines that are no longer produced by IEM is
no longer being tested. Scientific Software Corporation of Englewood,
California developed a program that uses simulation to solve the model.
It is currently in use by the U.S. Department of Defense and the U.S.
Geological Survey. Stanford Research Institute had developed two pack-
ages. One is an interactive decision tree program called TREE that can
handle problems up to 1000 nodes. It is highly system dependent and will
handle only a limited number of probability distributions. SRI developed
another package called CTREE which may be used for large decision tree
problems. CTREE provides macros which must be used in a user-written

FORTRAN program to model the problem. Systemes Informatiques De Gestion
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of Paris, France has a program that is similar to SRI's TREE program and
will handle problems with up to 450 nodes. It is used primarily by edu-
cational instituticens in France.

None of the programs mentioned above provide for variable activity
durations.

The computer program described in this chapter will allow for wvar-
iable activity durations, The distribution of time may be assigned any
of five distribution types: constant, rectangular, negative-exponential,
normal, and gamma. If the desired distribution type is unknown, the
Series Approximation Method, described in Chapter III, may be used to
solve the problem. With the use of SAM there is no need to specify the
distributions of the random variables beyond the specification of the
mean and variance. A discussion of the accuracy of SAM is presented in
Chapter IV. The primary limiting factors are that the interest rate
specified be less than 0.24 (annual) and that the coefficient of varia-
tion for any random variable in the model be less than 1.0. The program
will provide warning messages if either of these limitations are violated.

The moments required by the specified distribution type may be
entered explicitly; e.g., mean and variance; or in the more intuitive
approach of specifying the earliest possible time (LB), the latest pos-
sible time (UB), and the most likely time (MODE). By specifying the
later parameters, the program will compute the required moments by using

the PERT estimation technique as shown below:

E{T} (LB + 4 MODE + UB)/6 (1)

1l

(UB - LB)2/36 . (2)

n

Var{T}
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The following sections describe the data preparation necessary to
run the program, a description of the menu flow through the program, the
logic used to select the optimal decision paths, and three example prob-
lems. The program listing is provided in the Appendix.

1.1 Program Overview

The program is written in standard FORTRAN-IV statements. It con-
sists of a modular design as diagrammed in Figure 9. This is intended to
facilitate maintenance and the incorporation of enhancements.

The user interface is contreolled by a series of option menus. As
depicted by the terminal symbol in Figure 9 there are four primary menus:
Initiation, Data Entry and Update, Processing, and Termination. The
Initiation Option menu provides access to the Instruction and File Read
modules. The Instruction module is itself composed of an option menu
which enables the user to obtain assistance based on his scope of inter-
est. The File Read module serves the purpose of retrieving model data
from a sequential file. The Data Entry and Update menu provides control-
led access to the Data Description modules which provide explicit prompt-
ing for the various model parameters (e.g., terminal cash flows, uniform
cash flows, time variables). Under this menu prompt, the user may select
to either add an arc to the model or change parameters in a currently
existing arc. The Processing menu provides access to the Display module
which provides the user with the capability to display all model data for
arcs from or to a specific node or for all arcs in the model. The Pro-
cessor menu also controls access to the processor modules which compute
the expected present worth and variance of the paths in the tree. The

Termination menu allows access to the File Write module which is used to



BASIC PROGRAM FLOW

File Initiation .
Instruction
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. \ File
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Menu Write
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Figure 9. GTREE Program Flow
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write the data associated with the current model to a sequential file,
and the capability to re-run the model either by branching to the Proces-
sing menu or directly to the Pre-processor after specification of a new
interest rate. A detailed flowchart of the option processing states is
provided in the Appendix,

For user convenience, a worksheet is provided on the following
page which may be prepared prior to running the program. The only data
entry restriction is that hoth source node numbers and sink neode numbers
be numbered sequentially. Samples of prepared worksheets are provided
with the example problems later in the chapter.

1,2 Processor Logic

The purpose of the Processor module is to determine the optimal
decision paths in the model. This function is divided into two parts;
the Pre-processor and the Processor. The Pre-processor transforms the
data into a format suitable for the Processor. For the data entry and
file read functions, data is maintained in the File Format shown in
Figure 10. This ensures the integrity of the user supplied data. For
Processor use, all variables described in terms of bounds and the mode
are transformed into the corresponding mean and variance. The user may
explicitly specify the mean and variance by keying "999" as the first
field of each variable class. For the time parameters, the values of
&,v, and | are evaluated., The resulting input data to the Processor
module is shown in Figure 11. The computations follow from Tables 1 and
2 in Chapter TII.

The Processor logic is described by the steps outlined in Figure

12.



WORKSHEET FOR DECISION TREE PROGRAM

ARC PROB-
IDENTIFICATION TERMINAL CASH FLOW CONT. CASH FLOW TIME DURATION ABILITY|
Source Sink 999 Mean Var. 989 Mean | Var. DT 999 Mean | Var.

Node # |Node # LB UB MODE LB UB MODE LB UB MODE
- ¥ (
— L~ ;
|
I
Definitions: LB = Lower bound DT = Distribution type: C = comnstant
UB = Upper bound R = rectangular
MODE = Most likely wvalue E = exponential
999 = Specifies that mean and G = gamma
variance will be used. N = normal
A = arbitrary

£9



DTFILE(I,J= 1 2 3 4 5 6 7 8 9 10 11 12 13
SOURCE | SINK 999 | MEAN | VAR. 999 | MEAN | VAR, DT 999 | MEAN | VAR, PR
NODE # | NODE # or or or or or or or or or
LB UB MODE LB UB MODE LB* UB** | MODE
ADDRESSABILITY TERMINAI. CASH UNIFORM CASH TIME DURATION
FLOW FLOW
DT = Distribution type
PR = Probability
*For the constant time duration,
the position contains the wvalue.
**For the rectangular time dura-
tion, this and the previous
position contain the bounds,
Figure 10. Layout of File Data Format
DTWORK(I,J= 1 2 -3 4 5 6 7 8 9 10
SOURCE | SINK MEAN | VAR. MEAN | VAR. o v P PR
NODE # | NODE # u o2 ® 2
ADDRESSABILITY TERMINAL UNIFORM TIME DURATION PROB-
CASH FLOW CASH FLOW ABILITY
Figure 11. Layout of Processor Data Format

%9



STEP

STEF

STEP

STEP

STEP

STEP

STEP

STEFP

Begin with the last arc defined in the model,

Determine whether the probability associated
with the current arc is less than one. If it
is, this signifies that this is a chance arc,
go to step 7. Otherwise, go to step 3.

Compute the current worth of this arc. If
this value is greater than any current worth
previously computed for the source node cor-
responding to this arc, go to step 4, Other-
wise, go to step 5.

Save the current worth of the source node
and save the source and sink node numbers
representing this desirable path. Go to
step 5.

Determine whether the next arc in the model
has the same source node number as the arc
currently being processed. If it does, go
to step 3, otherwise, increment the path
counter (to preserve the previously selected
path) and go to step 6.

Compute the variance for the selected arc
and go to step 2.

Compute the current worth of this arc and
multiply by the probability. Go to step 8.

Compute the variance of this arc, multiply
by the probability squared and add this
value to the current variance value for
this source node. Go to step 2,

Figure 12, Processor Logic
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2. Example Problems

Three example problems are presented in this section. The first
example is a plant construction preoblem with an option for later expan-
sion based on anticipated market demand. Variable construction times
are accomodated. The second example is a bridge construction problem
where one of two foundation alternatives must be selected. The vari-
ability in the construction time associated with each altermative is
critical to this decision problem. The third example is an analysis of
a lease wversus purchase option for computer equipment where two con-
figurations with different processing capabilities are involved.

2.1 Plant Expansion Example

The first example problem was extracted from a problem presented
by Magee [32]. The problem is defined as follows:

After an extensive market survey, a manufacturer is
confronted with the alternatives to either build a large

plant facility today, or to build a smaller facility today

with an option to expand this plant at a later date.

Figure 13 is a decision tree diagram of the problem and Table 14
provides the detailed data. The numbers have been modified from the
original problem posed by Magee to provide for variability in construc-
tion time,

The first decision point is represented by node 1. If the manu-
facturer chooses to build the large plant initially, he will incur a
$750K start-up cost, a charge of $50K per month while the project is
underway, and a termination cost of $750K. It is expected that construc-—

tion will take 30 months, however, under ideal conditions construction
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Table 14. Data for the Plant Construction Problem

Probability Revenue/Mo. Time/Mo.
Alternative 1.
Build Large
Plant Initially
High Demand 0.6 83.3K 120
High Demand 0.1 83.3K 24
Followed by 8.3K 96
Low Demand
Low Demand 0.3 8.3K 120
Alternative 2,
Build Small
Plant Initially
High Demand 0.7 37.5K 24
Low Demand 0.3 33.3K 120
Alternative 2.1
Expand Plant
High Demand 0.86 58.3K 96
Low Demand 0.14 4.2K 96
Alternative 2.2
No Plant
Expansion
High Demand 0.86 33.3K 96

Low Demand 0.14 25.0K 96
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could be completed in 26 months and under adverse conditions it may take
as long as 38 months, Similarly, if the smaller facility is constructed
initially, an initial outlay of $250K is required, progress payments of
$50K per month will have to be paid, and a termination cost of $150K will
be incurred. Tt is estimated that this project will take between 16
months and 28 months for completion with a most-likely time to completion
of 18 months. 1If the decision is made to construction of the smaller
plant, node 9 represents the decision point where expansion of the plant
is possible. This endeavor is estimated to reguire from 20 months to 30
months with an expected completion time of 24 months. An initial outlay
of $320K and a termination charge of $200K will be required in addition
to monthly progress payments of $22K for the duration of the project.

The worksheet used for input of this problem to the GTREE program
is provided on the next page. An annual interest rate of 10% is assum-
ed. Under the original problem formulation, without consideration of the
construction time delay, the optimal decision was to construct the larger
plant initially for a net present worth of $1,470K. The modified problem,
allowing for variable construction time, yields an optimal decision to
construct the smaller facility and expand the plant later if demand is
high. The expected present worth of this option is $736K with a standard
deviation of $93.5K. The option to construct the larger facility initial-
ly yields an expected present worth of $590K with a standard deviation of
$89.7K.

2.2 Bridge Construction Example

This problem was extracted and modified into a stochastic decision

tree problem from "Probability, Statistics, and Decision for Civil



WORKSHEET FOR DECISION TREE PROGRAM

~ARC B o - PROB-
IDENTIFICATICON | TERMINAL CASH FLOW CONT. CASH FLOW TIME DURATICN ABILITY
Source | Sink 999 Mean Var. 999 Mean { Var. DT 999 Mean | Var.
_Node # |Node # LB UB MODE LB UB MODE LB UB MODE
1 2 999 =750 0 1.0
1 3 999 -250 0 1.0
2 4 999 -750 0 399 ~50 0 A 26 38 30 1.0
3 5 999 =150 a 999 -50 0 A 16 28 18 1.0
4 6 999 83.3 0 A 999 120 0 0.6
4 7 999 83.3 0 A 999 24 0 0.1
4 8 999 B.3 0 A 999 120 0 0.3
5 9 999 37.5 0 A 999 24 0 0.7
5 10 999 33.3 0 A 999 120 0 0.3
7 11 999 8.3 0 A 999 96 0 1.0
) 12 999 =320 0 1.0
9 13 1.0
12 14 999 -200 0 999 -22 0 A 20 30 24 1.0
13 15 999 25 0 A 999 96 0 0.86
13 16 999 33.3 0 A 399 96 0 0.14
14 17 999 [_g58.3 0 A 999 96 0 0.86
14 | 18 | 999 4.21 0 A 999 96 0 0.14
Definitions: LB = Lower bound o DT = Distribution type: C = constant
UB = Upper bound R = rectangular
MODE = Most likely wvalue E = exponential
999 = Specifies that mean and G = gamma
variance will be used. N = normal
A = arbitrary

0s



71

Engineers'" by Benjamin and Cormell [3], pp. 547-553. The modified prob-
lem definition is as follows:
A bridge is required to cross the John Day River in
Oregon. Thé design specifications call for a structure that
will withstand a river flow of 37,000 cfs. The plans called
for the river to be layed in bedrock, but, due to excavation
difficulties, the contractor would like to lay the foundation
in compacted sand and gravel. This will yield cost savings
based on an anticipated reduction in construction time by
3.3%Z. Furthermore, the expected variance in the construction
time for the contractor's desired option is much less than
that for the other option. To complete the project in bed-
rock is expected to take 3 years with a standard deviation
of 1.18 years, while for the sand/gravel foundation optiem
the expected time to completion is 2.9 years with a variance
of 0.34 years squared. In the past, floods have caused flows
in excess of 43,000 cfs. It is unlikely that a sand/gravel
foundation would withstand the force of such a river flow.
In approximately 6 years, however, the John Day River Dam
should be completed placing the bridge over a calm lake. The
decision problem is therefore whether or not to allow the
contractor to found the pier in sand and gravel,
For certain floed levels, Table 16 indicates the likelihood of
damage to the structure for each foundation option, and Table 15 indi-
cates the probability of occurrence for each flood level. The initial

start-up cost on the project is $640K with a variance of 4000K dollars
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squared, and the estimated termination charge is $160K with a variance
of 600K dollars squared. The monthly charge during the construction
period is $600K with a variance of 360K dollars squared. The decision
tree structure for the problem is presented in Figure 14,

The evaluation of this decision tree indicates that both alterna-
tives provide an equivalent expected present worth. For an interest rate
of 12%, the sand/gravel option yields an expected present worth of
-$2,243K while the bedrock option yvields an expected present worth of
-$2,248K. The standard deviation assbciated with each present worth is
significantly different however. TFor the sand/gravel decision, the
standard deviation is $300K while for the bedrock decision it is $532K.
This implies that for a decision maker that is adverse to risk, the

sand/gravel option would be preferable.

Table 15. Probability of Qccurrence by Flood Level
for the Bridge Construction Problem

Flood Level (cfs) 34,000 37,000 40,000 43,000

Probability of 0.965 0.020 0.010 0.005
Occurrence

2.3 Computer Selection Example

The final example problem is a model of an actual decision problem
undergoing consideration as of this writing. The situation is as follows:
A large Southeastern corporation has exhausted the
power of their computer resources and must make the decision

to either upgrade their existing equipment or purchase a new
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Table 16. Probability and Extent of Damage by Maximum Flood Level
for each Option in the Bridge Construction Problem

Bridge State

Satisfactory
Not Satisfactory
Estimated Damage

Estimated time
to Repair

Bridge State

Satisfactory
Not Satisfactory
Estimated Damage

Estimated Time
to Repair

FOUNDATION IN BEDROCK

34,000

0.999

0.001
$165,000

0.6

FOUNDATION IN SAND/GRAVEL

Maximum Flood Level (cfs)

37,000

0.990
0.010

$190,000

0.9

40,000

0.980

0.020
$220,000

1.1

34,000

0.990

0.010
$175,000

0.9

Maximum Flood Level (cfs)

37,000

0.900

0.100
$200,000

1.2

40,000

0.500

0.500
$230,000

1.4

43,000

0.900

0.100
$250,000

1.4

43,000

0.200
0.800

$280,000
1.8
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machine which has been recently announced. The current
system consists of a large 1973 vintage computer with six
megabytes of memory and six block multiplexer channels,
Initial sales quotations indicate that this existing hard-
ware could be sold for $2.0M. The corporation must decide
whether to upgrade this owned equipment by adding two mega-
bytes of memory, two additional channels, and installing an
attached processor (AP) which would add approximately 60%
to the processing capacity of the system, or to sell the
existing equipment and acquire the new machine. The new
machine provides 12 channels, 8 megabytes of memory, and

an 80% capacity improvement over the current hardware as
standard features. For each of these alternatives the
corporation must decide whether to lease or purchase the
additional equipment. In anticipation of this decision,
the corporation has placed the necessary equipment for
both options on order with the vendor. The channels and
memory for the upgrade are scheduled to arrive at the same
time as the new processor. The attached precessor (AP) has
a delivery position six months after that date.

The decision tree diagram for this problem is presented in
15.

If the corporation chooses to upgrade the existing equipment, it

has the option to either lease the two additional channels or purchase

them outright. The memory upgrade must be purchased. If the channels

are leased an initial outlay of $258,941 will be required for supporting
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Figure 15. Decision Tree Diagram for the Computer Selection Problem.
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equipment and a new monthly lease/maintenance cost of $24,837 will be
incurred. If the channels are purchased, an initial outlay of $667,761
will be incurred. Under this latter option, the new monthly maintenance
cost will be $7,958 for three months while the channels are under war-
rantly and increase to $9,193 thereafter.

After this six month period they must decide whether to lease or
purchase the AP. The purchase price is $1,286,964. The monthly charges
will increase by 5566 after the three month warranty is exhausted on some
of the support equipment and will increase again by $5,100 when the 12
month warranty on the AP is exhausted. Should they decide to lease the
AP, an initial outlay of $55,178 will be required to purchase some sup-—
port equipment for the owned computer and the monthly charge will in-
crease by $58,493.

If the decision is made to acquire the new processor, it may
either by leased for $103,072 per month or purchased for $4,232,634.
Under the purchase option there will be no monthly maintenance charge
for the first three months while all of the equipment is under warranty.
After three months, the maintenance charge will increase to $512 and
after 12 months it will increase te $8,902, It is assumed that the
existing equipment will be sold for $2.0M if the new processor is
acquired.

The estimated salvage values at the end of the 35 month planning
herizon are shown in Figure 15. These figures include the estimated
yield due to accruals on leased equipment.

Along with the announcement of the new processor, the vendor also

announced the availability of an additional software/hardware feature



78

called Systems Extension (SE) which, if installed, may enhance the capac-
ity of a machine by 15%Z. The SE hardware is a standard feature of the
new computer, but requires an outlay of $68,250 for installation on the
older computer. The cost for the software is $1,300 monthly. A $50 per
month maintenance charge is also applicable if the SE hardware is instal-
led on the older computer. Therefore, if this feature is desired at a
future date, it will cost $68,250 plus an additiomal $1,350 per month if
the upgrade to the older computer is selected, or only $1,300 monthly if
the new processor is selected.

The growth in processor requirements for the next few years is
estimated to be between 20% and 25% per year. The expected growth is 22%
per year. Based on this growth rate, the requirements relative to the

base yvear (1978=100) are as follows for the next several years:

1978 1979 1980 1981
100 120 144 173 20% growth rate
100 122 149 182 22% growth rate
100 125 156 195 257 growth rate

The AP complex will provide for a relative processor capacity of 160 with-
out the SE and 184 with the SE. The new processor option will provide for
the relative capacity of 180 without the SE and 207 with the SE. The an-
ticipated growth pattern therefore implies that for each configuration
option the SE will have to be installed according to the following time

table:
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Time until SE Installed (Months)

Min Exp Max
AP Configuration 25 28 31
New Computer Configuration 31 35 38

Due to the planning horizon of 35 months, this implies that if the up-
grade option is selected, the SE will be installed for an expected dura-
tion of 7 months with a minimum duration of 4 wmonths and a maximum dura-
tion of 10 months. Tf the new computer option is selected the SE would
be used from zero to 4 months with an expected duration of zero month.
The evaluatien of this decision tree yields the results presented
in Table 17. The optimal decision can be seen to be the purchase of the
new computer. This provides for the greatest expected present worth and

also a small variance.

Table 17. Results for the Computer Selection Problem

Expected Standard
Decision Point 1 Decision Point 2 Present Worth Deviation
Lease Channels, Purchase (122,243) 25,002
Purchase Memory AP
Purchase Channels, Purchase 162,803 15,467
Purchase Memory AP
Lease New Computer N/A (515,264) 102,345

Purchase New Computer N/A 446,348 19,183
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2.4 Remarks Concerning Example Problems

The three example problems presented in this section exemplify the
advantages to be gained from using random variables to describe the dura-
tion of activities in a decision tree. In the first example, the inclu-
sion of variable construction times lead to the selection of a different
decision than would have otherwise been made. In the second example, the
inclusion of a variance factor for construction time provided the basis
for a rational decision based on the reported variance of the expected
present worth of each alternative. The third example demonstrated the
flexibility provided by variable activity durations in modeling a problem
where growth is uncertain.

Decision making is an art requiring significant judgement on the
part of the décision maker. This fact may be profoundly demonstrated in
the second example. The optimal choice was construction in compacted sand
and gravel. This choice was selected by the authorities in Washington.
Within a couple of years after the completion of the project, a devastat-
ing flood destroyed the bridge. Nevertheless, the proper decision has
been made given the information available. The inclusion of additional
variables into the model such as random timing with time-variance should
provide additional insight to better enahble decision makers to conclude

the correct decisions.
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CHAPTER VI
CONCLUSTONS

This thesis develops and demonstrates an extension to decision
tree methodology for decision problems where activity durations are in-
dependent random variables, and where rewards or costs may occur uni-
formly throughout an activity's duration. The extended model is called
a generalized decision tree. The derivation of the recursive relation-
ships necessary to evaluate the expected present worth of a series of
such activities, as well as the relationship to determine the variance
of this series, are provided. These recursive relationships are sum-
marized in Figure 9.

The solution procedure is based on a series of exact and approx-
imate expressions for E{BT} presented by Young and Contreras [553] and a
variance relationship provided by Rosenthal [43]. In Chapter IV, the
accuracy of the approximate expressions is demonstrated. For practical
ranges of parameters, it is first demonstrated that the approximations
are accurate for individual activities; then for series of activities;
and finally for use in a decision tree. It is demonstrated that, given
liberal limitations on the skewness of the time distributions and the
maximum allowable interest rate, the likelihood of an invalid path se-
lection is at most 0.03 with a maximum expected error associated with
this invalid selection of 0.3%. Therefore, the expected cost of a wrong

decision is demonstrated to be less than 0.009%. Such an error is less
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than the significance of the model variables; an 'incorrect' path is for
practical purposes an equally optimal path.

In Chapter V a computer program is developed to solve the general-
ized decision tree problem. The program provides extensive user prompt-
ing for ease of use. The program's menu selection format provides for
the user the flexibility to access various modules for model entry and
modification, data storage and retrieval, instruction, and execution.
The program allows variables to be entered either explicitly as mean and
variance or in the more intuitive approach using bounds and the mode.
Three example problems are provided which depict the modeling usefulness
of random timing for decision tree problems.

The conclusions, then, are

1. The generalized decision tree problem has an exact solution.

2, It has an accurate approximate solution requiring only the

means and variances of activity durations rather than full
distributions.

3. Solutions are obtainable at small computational effort using

a computer program that has been tested and documented.

4. The generalized decision tree problem has modeling usefulness

and reasonable data requirements.

The most significant limitation of generalized decision trees is
that activity durations are assumed to be independent random variables.
In practice this is often a poor assumption [42]. Activity durations
tend to be positively correlated, and to be correlated with costs. As
Hillier has shown [25,26], analytical methods for independent contribu-

tions to an expected present worth can be extended to cover the case in
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which contributions are completely correlated; for incomplete correlation
it has usually been necessary to resort to simulation [8,21]. However,
it may be possible to apply analytical extensions to the generalized de-
cision tree problem. Of particular interest would be the statistical
theory of Ringer [42], which specifically treats (in a PERT context) in-
terdependent activity durations. Investigation of the possibility of
extending generalized decision trees to cover correlated activity dura-
tions is a recommended area for further research.

Extension of exact solutions to cover additional distributions of
activity duration not covered in this thesis would present no difficulty,
since E{BT} is known for any distribution of T having a known character-
istic function, Laplace transform or moment generating function.

No difficulty would be encountered in extending the model to in-
clude exponentially increasing or decreasing costs throughout an activity,
linear gradient costs, or arbitrary cost profiles. The model now allows
a uniform cost throughout an activity; using the method of Young and
Contreras [55], any cost profile could be converted to an equivalent
cost at the start of the activity.

The conclusion regarding accuracy of the approximation for arbi-
trary activity duration distributions should carry over to the solution
of semi-Markov decision processeas. (A semi-Markov decision process is
like a Markov decision process except that the time between transitions
is a random variable.) The advantage would be in reducing the data re-
quirements for such problems, since the time between transitions could
be chafacterized by mean and variance rather than by the entire distri-

bution. This should be investigated in further work.
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INITIATION OPTION MENU |4 B
vy ) —m————_—_—_—_———————
A |&—— 1. - INSTRUCTIONS
2. - FILE READ
3. - DATA ENTRY (4)
4. - TERMINATE PROGRAM + |EXIT
l
i {(2) (32 l
DATA ACCESS DATA ENTRY AND UPDATE
IN PROGRESS] | —==mmmmmm s e
l 1. - ADD ARC PARAMETERS
2. — CHANGE ARC PARAMETERS
3. - TERMINATE ENTRY
XZX RECORDS IHNPUT
ENTER: DESIRED OPTION,
(3 SOURCE NODE NO.,
£—~———~——— SINK NODE KNO. —
PROCESSING MENU (3) (1) oxr (2)
1. - DISPLAY DATA
2. - BEGIN PROCESSING
3. - RETURN TO DATA ENTRY
4, - TERMINATE PROGRAM +
('-l)l (1)l (2)l
EXIT c D E G
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INSTRUCTION MENU
- GENERAL DESCRIPTION
- INPUT RERUIREMENTS
- OUTPUT GENERATED
- FILE CONSIDERATIONS
- ERROR MESSAGES
— COMPUTATIONS
- RETURN

(7)
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SELECT DISPLAY OPTIOCN

1. ~ FROM NODE
2. -~ TO NODE
3. - DISPLAY RLL ARCS

ENTER: OPTION,NODE(3,0) FOR ALL)

l

DISPLAY OF ARCS NNNN XXXX

-—-TERM. CASH FLOW-- --CONT. CASH FLOW-- -—-TIME DURATION --—--
969 MEAN VAR. 999 MEAN VAR. DT 999 MEAN VAR.
NHNNN LOWER UPPER MODE LOWER UPPER MODE LCUWER UFPER MOLE PROB

HHRER HHEH.H HHH.H HHH.H HEKH.H HHK.X HHX.X HH HEKX.H XXKH.H KHX.HX X.XX

where NNNN egqguals eijither "from"™ or "to " depending
upon the option selected;

XX%X equals the node number.
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ENTER INTEREST RATE {(ANMUAL)

]

*x* GTREE PROCESSOR STARTED *x*x

*¥*¥ GTREE PROCESSOR ENDED *¥x

I

OPTIMAL PATH: FROM TO
- 1384 HEHKX
KERH KHKX
HKXX KXXH

EXPECTED VALUES: PRESENT WORTH VARRIANCE

STD. DEVIATION

HHEEKHARHAKHEMHE . XM KEHKKRHRHERNER . KK HRHHHRRHRHH . MX

PRESS ENTER TO CONTINUE

I

TERMINATION MENU

1. — RE-RUN HITH NEW INTEREST RATE
2. - RETURN TO DATA ENTRY

3. - WRITE FILE AND TERMINATE

4. = TERMINATE PROGRAM

1) 23 [0 [3)1

XXX RECORDS WRITTEK TO FILE

1

D G EXIT

69
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€5) T

DESCRIBE ARC XXX yyy

CURRENT VALUES

1. - TERMINAL CASH FLOW KHHHHEH . HH HKHHHHK.HH HHXHHKH.XX
2. — UNIFORM CASH FLOW KHHKKK.HHX HKHEXHEXX.HH HRKHKHKK.XKX
3. - TIME DURATION HR. HHHHRKH.KH REHHXH.HH HHHEXHK.XX
4., — PROBABILITY KK.HKKKEX
5. - RETURN —
1)
TERMINAL CASH FLQW FOR ARC XXX yVY¥y
ENTER: 999,MEAN, VARIANCE ——
OR LOWER BOUND,UPPER BOUND,MODE
(2)
_— UNIFORM CASH FLOW FOR ARG XXX yyy
ENTER: 999,MEAN,VARIANCE —————}
OR LOWER BOUND,UPPER BOUND,MODE

(3)

-

TIME DURATION FOR ARC RRXH VYVyy

SELECT DISTRIBUTION TYPE FOR TIMING

1.— CONSTANT 2.— RECTANGULAR —
3.- EXPONENTIAL 4.- GAMMA
5.- NORMAL 6.— ARBITRARY

90

4)

-

PROBABILITY FOR ARC XXX yyy




(2>

(3)

(4)

(5)

(6)

TIME DURATION FOR ARC xxXx yyy DIST = CONST

ENTER CONSTANT TIME DURATION

91

ENTER MEAN TIME DURATION

TIME DURATION FOR ARC =Xxux yyy DIST = GAMMA

ENTER 999,MEAN.VARIANCE
OR LOWER BOUND,UPPER BOUND,MODE

TIME DURATION FOR ARC XXM yyy DIST = NORM

ENTER 999,MEAN, VARIANCE
OR LOWER BOUND,UPPER BOUND,MQDE

ENTER 999,MEAN,VARIANCE
OR LOWER BOUND,UPFER BOUND,MODE

v
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PROGRAM MAIM(TAPES,TAPE4, INPUT,OUTPUT . TAPES=IHNPUT,TAFE6=0UTPUT}
PROGRAM = GTREE (GENERALIZED DECISION TREE PROGRAM)
WRITTEN BY : CARL H. WDHLERS
DATE+ MARCH 17, 1973

IN PARTIAL FULFILLMENT DF THE REQUIREMENTS FOR
THE DEGREE HMASTER OF SCIENCE IN QPERATIONS RESEARCH

THESIS TITLE:

DECISION TREES WITH INDEPENDENT STOCHASTIC ACTIVITY DURATIONS

ADVISORS: DR. DONOVAN B. YOUNG. CHAIRMAN
DR, ROMALD R. RARDIN
DR. GUNTER P. SHARP

DESCRIPTION: THIS PROGRAM IS WRITTEM IN STANDARD FORTRAN-TV
AND WILL SOLVE THE GENERALIZZD DECISICMN THEE
PROBLEY WHERE THE DURATION OF ACTIVITIES AN
MAGHITUDE DF CASH FLOWS ARE INDEPENDENT
RANDOM VARIABLES.

R R R I I S
DEFINE VARIABLES
HHEH AW MR FENH S SN UM IR NI NN NN NN MMM N E N NN NN M NNNN NN
DIMEMNSION S(50),Q(50)
COMMDON DTWQORX(50,10).DTFILE(50,13)
INTEGER PCWT,COUNT,PATH(S50,2),5RCE.SINK,ARC
HEFAEZR AT AN TR TRERRER R AR AN RN A H RN R AN NN
DEFINE FUNCTIDMS
R I RS R R R R R R g e T T L X L]
PMEAN(A,B,C)=(A+4*C+B) /6.0
PVARIA,B)=(B-A)#*%2/535.0
COMNSTIA,RI=EXP(—-R#A)
RECT{A,B/R)I=(EXP(-R=<A)-EXP(-R*B])/R=(B-A)
EXPHT(A,R)=1/7{1+A%R)
GAMMACA,B,R)={1+(B*R/A) %= (~-A*%x2/B)
NORM{A,B,RI=EXP(-A4%R+,5%PB%R~=%2)
ARB(A,B,RI=EXP(~-R*A)I%(1+ . 5«B¥R%*x%x2)
D Ry R R S R R R S R R E L L]
INITIALIZATION
IR R R E R RS E Y E RS R R R R E S T E R E R R R R P E TR ]
I=0
O 5 H=1.,12
DO 4 N=1,50
DTFILE{N,M)=0.0
4 CONTINUE
5 CONTINUE
DO 10 M=1,50
DTFILE(M,13)=1.0
S(H)=D0.0
QIMI=D0.0
10 CONTIMUE
KN AFREF S LR AN R ANE RN LAE RN NE R R RS H NN NN NN N TN N W N NN
INITIAL QPTION MEMU
Y e I T E Y )
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14 WRITE(6,15)
15 FORMAT(/72X,"INITIAL DPTION MENU'.,/2X,
119¢=-"2,rr1X,

2'l., - INSTRUCTIONS',~/1X,
3'2, - FILE READ'.,r/1X,
'3, - DATA ENTRY',/1X,
5'¢, - TERMINATE PRODGRAM')

READ(5,16) J
16 FORMAT(I1)
IF (J.GT.4) GOTO 14
GOTO (25,220,128.620),4
R T S TR T F T R R A L
c INSTRUCTION MODULE
D NNARRNARRANEARRA AR A AR ER R E R AN RARK RN AN AR R R R C AN KR AR
25 WRITE(6,26)
26 FORMAT(//3X, " INSTRUCTICN HMENU',/3X,16("=-"),//1X,

171, - GENERAL DESCRIPTION',s/1X,"2. - INPUT REQUIREMENTS',rs1X,
2'3., - DUTPUT GENERATED',r1X,'%, - FILE CONSIDERATIONST,/1X,
3'5. - ERROR MESSAGES',/1X, "ANALYTICAL METHODOLOGY',~1X,

4'7. - RETURN™)

READ(S5,%) J
IF (J.GT.7 GOTO 25
GOTO (30.,40,50,60,70,80,14),4J
30 WRITE(S,31)
31 FORMAT(/1X, 'GENERAL DESCRIPTION',
771X, "'THIS PROGRAM WILL SOLVE THE GENERALIZED DECISION TREE ',r1X,
Z2'"PROBLEM WHERE ACTIVITY DURATICONS ARE REPRESEMNTED BY RANDOM '/1X,
JTVARIABLES., THESE VARIABLES MAY ZE DESCRIBED 2Y EXPLICITLY'/1X,
G'SPECIFYING THE MEAN AND VARIANCE QR BY SPECIFYING THE UPPER'/IX,
5'AND LOWER BOUNDS WITH THE MODE.'//1X,. THWC TYPES OF CASH FLOWS®
6' MAY BE DEFINED '/iX,'11 CASH FLOMWS OCCURRING AT THE END'.
771X, "0F THE ACTIVITY, 2) CONTINUOUS UNIFQRM CASH FLOWG THAT '/1X,
STARE APPLICABLE FOR THE DURATION QGF THE ACTIVITY. THESE VARIABLES',
9' ARE'/1X,"DEFIMED SIMILARLY TO THE TIME VARIABLES BY SPECIFYING',
A' MEANST™/1X,'AND VARIAHCES OR BOUNDS AND THE MODE.'//1X)
WRITE(&,33)
38 FORMATC(1X,'THE INDEPENDENCE OF ALL VARIABLES IS ASSUMED')
G070 25
40 WRITE(6,41)
41 FORMAT(/LX,"INPUT REQUIREMENTS'.
1/71X,"THREE TYPES OF RANDCM VARIABLES ARE ')
GOTO 25
50 WRITE(6.51)
51 FORMAT(/1X,'OUTPUT GENERATED')
GOTO 25
60 WRITE(6.,61)
61 FORMAT(/1X,"FILE CONSIDERATIGNS')
GOTO 25
70 WRITEC(6,71)
71 FORMAT{r/1X,"ERROR MESSAGES')
GOTO 25
BEQ WRITE(6.81)
81 FORMATC(/1X,'ANALYTICAL METHODOLOGY')
GOTO 25
0 S0 3 M % M % M NI N I M NI MR NI N M NN

[ FILE READ MODULE

o2 X2 EITE SRS ETESSELEESSEEEEEEEESEEEEEEE SR EE XS

220 WRITE(6,225)
225 FORMAT(/1X,'FILE ACCESS IN PROGRESS')

227 I=1+1
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READ(3,#) (DTFILECI,L),L=1,13)
IF (EDF(3)) 223.227
228 1=1-1
WRITE(H,229) I
229 FORMAT(1X,I3,*' RECORDS INPUT FROM FILE'")
GOTO 250
R R R R
DATA ENTRY AND UPDATE
AR R ERPLRAR AR AR MR AR A RN A AN N R AR A X RA R AR AR AR SRR RN
128 I4=1+1
WRITE(6,1302 I4
130 FORMAT(//3X, 'DATA ENTRY AND UPDATE'./3x,21('="), 71X,

1'1, - ADD ARC FARAMETERS (ARC= ', I2,'1"'.71X,
2'2. - CHANGE ARE PARAMETERS', /1X,
3'3. - TERMINATE ENTRY AND UPDATE',//3X,

4'ENTER - DESIRED OPTION,SOURCE NCDE MNUMBER,SINK NODE NUMBER")

READ(S,%*) I3,I1,12
IF (I3.GT7.3) GOTO 128
GOTO (140,180,2507,13
FNEKENFCA R MR N U NS S NN SN MMM NN MU HRM NN E NN NN
DATA DESCRIPTION MODULE
R T LT
160 I=J+1
DTFILE(I,1)=1I1
DTFILEC(I,2)=1I2
IF (I.EQ.1) GOTO 142
IF (DTFILE(I-1,1).LE.DTFILECI, 1)) GOTQ 144
WRITE(6,161) DTFILE(I,1},DTFILE(LI-1,1)

141 FORMAT(/3X, GTEOO]1 CURREMT COURSE NODE (',F3.0.%') MUST BE',
("F3.0,").°,

1" GREATER THAN QR EQUAL TO PREVIOUS SOURCE HODE
2' RE-ENTER.')
I=1~-1
GOTO 128
142 IF (DTFILECI,1).EQ.1.0) GOTO 144
WRITE(6,163)
143 FORMAT(//72X,"6GTEOGZ INITIAL SOURCE NODE MUST EQUAL 1')
I=I-1
GOTO 128
144 IF (I.EQ.1) GOTO 150
GOTO 147
TESTV=DTFILE(I,1)-DTFILE(I-1.,1)
IF (TESTV.EG.1.0.0R.TESTV.EQ.0.,0) GOTO 147
WRITE(S,145)

94

145 FORMAT(-/2X,'GTEOD3 SOURCE NODES MUST BE NUMBERED SEQUENTIALLY')

I=1-1
GOTO 128

147 TESTV=DTFILE{I,2)-DTFILECI-1,2)
IF (TESTV.EQ.1.0) GOTO 150
WRITE(6,148)

148 FORMAT(,//72X,'GTEDDSG SINK VALUES MUST BE NUMBERED SEQUENTIALLY')

I=1I-1
GOTD 1238
150 WRITE(6,151) (DTFILE(I,L),L=1,13)

151 FORMAT(//3X,'DEGCRIBE ARC ',F3.0,1X,F3.0,":",,3X%X,20("-"),5%,

1*CURRENT VALUES',/1X%X,"1., - TERMINAL CASH FLOW ',
23(F%?.3,1X),71X, "2, - UNIFORM CASH FLOW TA3F9L31X), X,
3*3. - TIME DURATION 'YF2.0,1X,3CF9.3,1X), /L%,

474, - PROBABILITY "+F10.8,71X,75. ~ RETURN' ,//2X,

5"EMTER DESIRED OPTICN")
READ(S, %) I3
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IF (I3.GT.5) GOTO 150
GOTD (1564,158,164%,168,128).13
154 URITE(6,155) DIFILECTI,11.DTFILECT,2)
155 FORMAT(//3X,'TERMINAL CASH FLOW FQOR ARC ',F3.0,1X,F3.0,73X
I134C"=-"), /71X, "ENTER: 399 . MEAN.VARIANCE", /74X,
2'0R  LOWER BOUMD,UPPER BOUND,MODE'?
READ(E,*) DTFILECI.3),DTFILECI,4),DTFILE(I,5)
GOTO 1580
158 WRITE(6,159) DTFILECI,1),DTFILECI,2
159 FORMAT(//3X,"CONTINUDUS UNIFORM CASH FLOW FOR ARC 7,
IF3.0,1X,F3.,0,73X,660"'="),//1X,
Z'ENTERY 999 ,MEAN,VARIANCE',raX,
3'OR  LOWER BOUMND.,UPPER BOUMD,MODE")
READ(5,#) (DTFILeE(I+L)sL=6,8)
GOTO 15D
164 WRITE(6,165) DTFILE(L,1},DTFILECT,2)
165 FORMAT(//3X,"TINE DURATIGON FOR ARC ',F3.0,1X,F3.0,/3X,
1230'-")+//1X,"SELECT DISTRIBUTICM TYPE FOR TIMING:'./3X,

2'1l, — CDNSTANT',15X.'2. - RECTANGULAR',/3X,
3'3. - HEGATIVE-EXPONENTIAL',3X,'4, - GAMMA',/3X,
6T5. - NORMAL'",17X,"6., - ARBITRARY")

READ(5,%) 15
IF (I5.GT.6) GOTOD 164

DTFILE{I,92=15

CALL TIME(IS5,I)

GOTO 150

168 MRITE(6,169) DTFILE(I,1),DTFILECT,2)

169 FORMAT(//3X,'ENTER PROBABILITY OF OCCURRENCE FOR ARC ',
1F3.0,1X,F3.0,73X,47('~"))

RE&D(5.%) DTFILE(I,13)
60TO 150
HANXL A FF AL ARF AL AFE R LR DR AN AR AL ALK XA XN AL LEAE R FLEARE RN
DATA DESCRIPTICM MODULE - UPDATE AN ARC
HAEEA B A E XL RN AR LA AT F A AL RE AL R R SR B R RN SR F L P AR A= NN NN
180 IC=T2-1
MRITE(§,181) (DTFILE(IC,L).L=1,13)

181 FORMAT(//3%,"UPDATE ARC ',F3.0,1%.F3.0,° :',/3%,180="),5%,
1"CURRENT VALUES',/1X,"1. - TERMIMAL CASH FLOW ',
23(F9.3,1X),,1%,'2. - UNIFORM CASH FLOW *L3CF9.3,1X), /1%,
3'3, - TIME DURATIOH CLF2.0,1%,3(F9,3,1%),71x,

4'4. - PROBABILITY *LF11.9,/1X,'5. - RETURN'.///2X,

5*EMTER DESIRED OPTION')

READ(S,%) J

IF (J.GT.5) GOTO 1la&

GOTS (186,190,194,198,128).,4
186 WRITE(6,185) J
185 FORMAT(//2X,'GTEDOS RESPONSE ¢',I1,') INVALID. RE-ENTER.")

GOTO 180
186 WRITE(6,187) DTFILECIC,1},DTFILECIC,2)
187 FORMAT(///3X, ' TERMINAL CASH FLOW FOR ARC ',F3.0,1X,F3.0,/3X,

1340"-*1)
WRITE(6,188) (DTFILECIC,L),L=3,5)
188 FDRHMAT(//1X, '"CURRENT = ', 3(F9.3,1X),//1X,

1'EMTER NEW: 999,MEAN,VARIANCE OR L.B.,U.B.,MODE")
READCS,*) (DTFILECIC,L).L=3.,5)
GOTa 136
190 WRITE(6,191) (DTFILECIC,L).L=1,2)
191 FORMAT(//3X,'CDNTIMUDUS UNIFORM CASH FLOW FOR ARC *',F3.0,1X,F3.0,
1/73X.6a4('=*))
WRITE(HE,192) (DTFILECIC,L) »L=6,8)
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192 FORMAT(//1X,"CURRENT = *,3(F9.3,1X).,.//1X.
1'ENTER NEW: 999,NEAH,YARIANCE OR L.3..U.B.,MODE")
READ(S,%) (DTFILECIC,L),L=6,8)
GOTO 130
194 WRITE(4,165) (DTFILECIC,L),L=1,2)
READ(S,%) I5
DYFILECIC,9)=15
CALL TIMEC(IS.IC)
GDTOD 128
198 WRITE(6,199) (DTFILECIC,L},L=1,2)
199 FORMAT(//3X,'PROSASILITY FOR ARC ',F3.0,1%X,F3.G,/3X,
1270'-"3)
WRITE(6,200) DTFILE(IC,13)
200 FORMAT(/1X,'CURRENT VALUE s ',F4.2,//1%, 'ENTER NEW VALUE')
RE4D(5.,#) DTFILE(IC,13)
GOTC 180
XS S X EEE S ELEEEAS S EEEEEE SR EE S EEEE R EEEE EEELERLEEREEEREREERES]

PROCESSING MENU
HUF R A AR R R K AUN R R RN R RN R AN ANNA R G AR A AR LA AR SR F LU RSN RS R

250 WRITE(6,255)

255 FORMATL{//3X."ENTER: 1. - TO DISPLAY DATA',/10X,
1'2., - TO PROUCEED WITH PROCESSING',/LlO0X,
2'3. - RETURN TO DATA ENTRY',/10X,'4. - 70 TERWINATE PROGRAM']

258 READ(E,260) J
260 FORMATC(IL)
IF (J.GT.4) GOTO 261
GOTO (270,300,128,620).J
261 WRITE(6,262) J
262 FORMAT(//72X,"'GTEDDS RESPONSE (',I1,') INVALID. RE-ENTER.')
GOTO 258
270 CALL EDTDISCJ,1)
GOTO 250
EEAE A R K AR R ALK R F AR A A RR AR AR R AR R A A SRR T RS R R R SR RN RN
PRE-PROCESSOR
HE R A AP A AR AT AR A AR AR B A R R AR LR R R AN AR AR R A SRR RN SRR H AN
300 WRITE(6,305)
305 FORMAT(/1X,"ENTER INTEREST RATE FOR THIS RUN (ANKNUAL)")
READ(5.%) RATE
RATE=aLOG(1+RATE)
WRITE(6,310) .
310 FORMAT(,/3X, "#%% GTREE PRE-PROCESSOR STARTED =%x'}
DD 39%C KK=1,1

NGDE TRANSLATION

DTWORK(KK,1)=DTFILE(KK,1)
DTWORK(KK,23=DTFILE(KK,Z2)

TERMINAL CASH FLOW TRANSLATION

IF (DTFILE(KK,3)Y.NE.99%.0) GOTO 315
DTWORK(KK, 3)=DTFILECKK,%]
DYWCORK(KK,4)=DTFILE{KK,5)

GOTC 320

315 DTWORK(KK,3)=PMEAN(DTFILE(KK,3),0TFILECKK,4),DTFILECKK,5))
DTWORK(KK,43}=PVAR(DTFILEC(KK,3),DTFILEC(KK,4))
CONTINUOUS CASH FLOW TRANSLATION

320 IF (DTFILECKK,63.NE.$99.0) GATO 325
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DTHORK(KK,5)=DTFILELKK.T)

DTMORK(KK.8)=DTFILE(KK,E)

GOTO 330
DTHORK(KK,5)=PMEAN(DTFILE(KK,6) ,DTFILECKK,7) ,DTFILEC(KK,S))
DTWGRK (KK, 6)=PVAR(DTFILE(KK,8),DTFILECKK, 7))

TIME TRANSLATIOHN

330

R=RATE
R2=2.%RATE
IF (DTFILECKK,10).EQ.999.0) GOTO 333

UPPER, LOWER,MODE TIME TRANSLATION

VALI=PMEAN(DTFILE(KK,10),DTFILECKK,11),DTFILEC(KK,12))
VALZ2=PVAR(DTFILEC(KK,10),DTFILECKK,11))

TIME TRANSLATION BASED ON DISTRIBUTION TYPE

353

345

i
it
=]

352

3155

I3=INT(DTFILECKK,%})

IF (I3.EQ.0) GOTQ 335

GOTO (335,3640,365,53530,355,360),15
DTWCRK(KK,7)=CONST(DTFILEC(KK,10),R)]
DTHORK(KK,8)=(1.-DYCRK(KKX, 7)) /R
DTWORK(KK,9)=CONST(OTFILE(KK,10),R2)

GOTO 370
DTHORK(KK,7)=RECT(DTFILE(KK,10),DTFILE(KK,11),R?
DTUORK(KK,3)=(1.-DTHDPRK(KK,7))sR
DTHORK(KK,9)=RECT(DTFILECKK,10),DTFILEC(XKK,11).R2)
G070 370

DTWORK({KK,7)=EXPHNT(DTFILE(KX,1i0]1,R)
DTWORK(KK,5)=(1.~-DTUORK(XK, 7)) s/R
DTHORK(KK,9)Y=EXPNT(DTFILE(KK,10),R2)

GOTI 370

IF {DTFILECK¥K,10).5E.999.0) G070 35
DTWORK (KX, 7)sGAMMACDTFILELKX 11,07
DTWORKIKE,53)=01,-DTHCREK(KK,7))sR
DTWORK(KK,3)=GAMMA(DTFILE(XK,11),DTFILEC(KK,12),R2)
GATC 370

DTHORK(KK,7)=BAMMA(VALL ,VAL2,R)
DTHORK{KK,8)=(1.~DTLUDRK(KK, 7)) /R

DTHORK(KY, ?)=GAMMALIVALL ,VAL2,R2)

G070 370

IF (DTFILEC(KK,10).ME.999.0) GOTO 357
DTWORK(KK,7)=NORM(DTFILECKX,1L1),DTFILECKK,12),R)
DTHORKIKK ,3)=(1.-DTUORKIKK,7)) /R
DTHORK(KK,9)=NORM(DTFILE(KK,11),DTFILEC(KK,12),R2)
GOTO 370

DTWORK(KK, 7)=NORM(VALLl,VAL2,R)
DTWARK(KK,8)=(1,-DTWORK(KK,7)]/R

DTHORK (KK, 91=NORMIVALL,VAL2.,R2)

GOTO 370

IF ¢DTFILECKK,103.MNE.999.0) GATG 3462

DTHORK(KK, 7)=ARB(DTFILECKK,11),DTFILE(KK,12),R)
DTHORK(KE,E8)=(1.-DTWORKIKX,7))/R
DTWORK(KK,%)=ARB(DTFILE(KK,11),DTFILECKK,12)1,R2)
GOTO 370

DTHORK(KK, 7)=ARB(VALL,VAL2,R)
DTHORK(KK,8)=(1.-DTHORK(KK,T7))/R
DTWORK(KX,?)=ARB(VALL,VAL2,R2)

=l
FILE(XK,12),R)
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370
390

DTWORK(KK,ID)=DTFILE(KK,13)
CONTINUE

R EE A EEEREEEESESEEEEE LR EREEEEEEEEEEEEEEESESELERSEEELERSE S K]

PROCESSOR MODULE

LA EAEEREREEEEEELEEEESEEELAEEAEESEEEEEERE L ELEEREESSEELEEEEEE]

395

WRITE(6,3952
FORMAT(//3X, " "#%% GTREE PRE-PRUCESSOR ENDED #%=',//3X,

1'«%% GTREE PROCESSOR STARTED =+x')

STORE ARC COUNTER

500

COUNT=1I
PCHNT=1
DETERMINE: SOURCE NODE NUMBER ==> SRCE
SINK NODE NUMBER ==> SINK
ARC NUMBER ==> ARC

502

SRCE=INT(DTHWORK(I,1)?
SINK=INT(DTWORK(I.2)?
ARC = SINK -1

BRANCH TO 550 OM CHANCE ARC

IF (DTWDORK(ARC,1D0).LT.1.3) 60OTO 550

DETERMINE SINK NOBE VALUE

505

S(SINK)=DTHWORK(ARC,>) + S{SINK)

COMPUTE SOURCE NODE VALUE GIVEN THIS ARC SELECTED

VALUE=DTWORK(ARC,5)=DTWORK(ARC,E)+S(SINKI*DTWORK{ARC.7)

IF SOURCE NQDE VALUE =0. SELECT NEW VALUE

IF VALUE GREATER THAN PREVICUS SOURCE WNODE VALUE.

IF (SUSRCEY.EQ.D.0) GOTO 525

IF (VALUE.LT.S{SRCE)) GAYQ 53C

SELECT THIS ARC

525

S(SRCE)=VALUE
PATH(PCHNT,1)=SRCE
PATH(PCNT, 2)=5IKNK

BRANCH IF LAST ARC

530

IF (I.EQ.1) GOTOD 535

I=I-1

K=T+1

IF (DTWORK(I,1).EQ.DTWORK(K,1J) GOTO 502
SRCE=PATH(PCHT, 1)

SINK=PATH{PCHNT, 2)

ARC=5INK-1

Q{SINK)I=DTHWORK(ARC ., 4) + Q(SINK)

VALL = {S(SINK)**2+Q(SINKII«DTHORK(ARC,3)
VALZ = (S{SINKI*CTHORK(ARC,T))=%2

SELECT IT
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GO0

VAL3 = DTWORKCARC,6)+DTHORK(ARG,5)=%2
VALY = DTWORK(ARC,?)-DTWORKC(CARC,7) =42
Val5 = DTWORK(ARC,6)I%DTWAORK(ARC, 31 =2

GUSRCE) = VALL-VALZ2+[VAL3I®VALG/RATE~*2)+VALS
IF (I.EQ.1) GOTOD 600
PCNT = PCNT + 1
GOTO 502

550 S(SIMK)=DTWORK(ARC,3)+S(SINK)
VALUE = DTWORK(ARC,5)*DTWORK(ARC,8)+S(SINKI=DTHWORK{ARC,7)
S(SRCE)=S(SRCE)+VALUE#DTHORK (ARC, 10)
G(STHK)=Q(SINK)+DTWORK(ARC.4)
VAL1=(S(SINK)%#2+Q(SINK))*DTHORK(ARC,9)
VAL2=(S(SINKI“DTHORK(ARC, 7)) %2
VAL3=DTWORKC(ARC,6)+DTHORK(ARC,5) %2
VAL4=DTWORX (ARC,97)-DTWORKCARC, 7)1%%2
VALS5=DTHORX (ARC, 63 %DTHORK(ARC,5)%x2
QADD=VALL-VAL2+(VALI4VALG/RATE**2)4VALS
QADD=QADD*DTWORK(ARC,10)%%2
Q(SRCEI=Q(SRCEI+QADD
IF (T.EQ.1} GOTD 600
I=1-1
GOTD 502

WO NN WM MM N MM MMM MM MM M M MW N MMM I MW M MM MM NN NN NN MW MK

DISPLAY MODULE

RS E R LR RS EEEESEEESEE AR EEEEREEELEEEE EEEEEEESELEEEERE ER ER EE LR

600 I1=0
MRITE(S,601)

601 FORMAT(//2X,'OPTIMAL DECISIGNS: FROM  TO')

605 T=1+1
IF (PATH(I,1>.EQ.0) GOTO 625
RRITE(5,615) PATH(I,13,PATH(I, 2)

615 FORMAT(2aGX,13,3%,13)
GOTo 605

625 WRITE(G,630)

630 FORMAT(,rs2X,"EXPECTED VALUES: MEAN VARTIANCE 5TD.

1/224,40'="),5X,70"="),5X,7("'='))

VALUE=SQRT(R(1))

WRITE(5,635) S(1),Q(1),VALUE
635 FORAIMATI(/17X,3(F1lB.2,2¥%))

PAUSE 'PRESS ENTER TO CORTINUE®
e e s 2 s L s T

TERMIHATION MENU

P e i LI L R R s L r L
659 WRITE(A,700)

700 FORMATC(//2X,"SELECT DPTION 1 ", /2X,140"="1,//1%,
1'1. - RERUN WITH NEW INTEREST RATE',/1X,
2'2. — RETURN TO DATA ENTRY/UPDATE',/1X,

3'3. - SAVE FILE AND TERMINATE PROGRAM',/1lX,
4'4, - TERMINATE PROGRAM')
READ(5,%) 15
IF (I5.67.42 GOTO 6%9
GOTD (710.,710.,720,6202,15
P R e N L L L
INITIALIZATION FOR RE-RUNM
MR AN AR AR AR AR AR R A IR AR A AR AR R R AR RRRFRR AR RS A AR E RN NNN R AN NN R
710 I=COUNT
DO 7!'5 11=1,50
PATH({II,1)=0
PATHC(II,2)=0
5(I1r=0.0
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QUII)=0.0
715 CONTINUE
070 [(300.250)0,16
720 WRITE(6,725)
725 FORMAT(//72X,"%#%x FILE WRITE IN PROGRESS ###"')
REWIND 4
DD 730 J=1,COUNT
WRITE(4,=) (DTFILECJ,L)»L=1,13)
730 CONTINUL
733 J=J
WRITEL(6,735) J
735 FORMATC(/2X,I3," RECORDBS MWRITTEN TO FILET)
0 STOF
END
A X AT UMK R EEE AN AN LUK AR EARRR AR KRR RS RN E XN RN KRR
SUBROUTINE FOR ENTRY DF TIME DATA
(A2 S RS SRR R R RS E RS EX SRR EEEEEELEL S
SUBROUTINE TIMEC(I4&4,I)
COMMON DTWORK(50,10),DTFILECS50,13)
IF (I4.BT.6) GOTD 9
GOTO (100,200,300,400,500,600),14
9 WRITE(6,10) I4

10 FORMAT(/73X,"#%x RESPONSE (",I1,") INVALID, RE~-ENTER.

RETUEN
100 WRITE(S,105) DTFILECI,1),DIFILECL,2)
105 FORMATI(//3X,'TIME DURATIOM FOR ARC ',F3.0,1X,F3.0,
1* ¢+ DIST = CONST',/3X,46("'-"),//1%,
STEMTER CONSTANT TIME DURATION®)
READ(S5,#} DTFILECI,10)
RETURN
200 WRITE(6,205) DTFILECI,1},DTFILECI,2)
205 FORMAT(,/ 73X, "TIME DURATION FOR ARC ',F3.0.1X.F3.0,
17 ¢+ DIST = RECT " /3X,a3(0'=-"),//71%,
- TENTER LOWER ZOUHD.UPPER BOUND')
READ(S5,=) DTFILEC(I.10),DTFILECI,11)
RETUREN
500 WRITE(6,305) DTFILECI.1I),DTFILECI,2)
305 FORMAT(//3X,'TIME DURATICN FOR ARC ',F3.0,1X.F3.0,
1' @ DIST = EXP',/3X.42(0'-'),//1%,
ZYENTER MEAN TIME DURATION')
READ(5,%) DTFILE(I,1D)
RETURN
400 WRITEC(H,405) DTFILECI,1).DTFILECI,2)
405 FORMAT(//3X,"TIME DURATION FOR ARC ',F3.0,1X.F3.0.
1Y ¢ DIST = GAMMA',/3X,43('=")1, /71X,
2'ENTER: 999 ,MEAN,VARIANCE',s4X,
3'0OR LOWER BOUND,UPPER BOUWD,MODE')
READ(5,#) (DTFILE(I,LY:,L=1CG.,12)
RETURN
500 WRITE(6,505) DTFILE(I,1),DTFILE(I,2)
505 FORMAT(//3X,'TIME DURATION FOR ARC ",F3.0.1X%X,F3.0,
1* ¢+ DIST = NORM',/3X,43{"'-"),//1X,
2'ENTER: 999,MEAN,VARIANCE'/4X,
3'OR  LOWER BOUND,UPFER BOUND,MODE')
READ(S5.=*) (DTFILECI,L),L=10,12)
RETURN
600 WRITE(G,605) DTFILECI.1),DTFILEC(I.2)
605 FORMAT(-//3X,"TIME DURATION FOR ARC ',F3.0,1X.F3.0,
1' @ DIST = ARB',7/3X.,42('-'),rr/1X,
2YENTERY 99%,MEAN.VARIANCE' 74X,

")
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3'0%R LOWER BOUND,UPPER BOUND,MODEZ')
READ(S5.#) (DTFILECI,L),L=10,12)
RETURN
END
IZ SRR AR EEEESE SR EAEEEEEEEEREEEES SRR EEEE R R EREE EEARREE R SRR R R ER LS SRR
SUBROUTINE TO DISPLAY DATA
R E R E SR EE R EEEEFEEE E R R R Al E R R R R R R LR E R EEEE L E L R NS
SUBROUTIME EDTDIS{J,ICLASS)
COMMON DTWORK(50.10),DTFILE(50,13)
MRITE(6,100)
100 FORMAT(//3X,"SELECT DISPLAY COPTION',/3X.21('="'), /71X,
1"1. - FROM NODE',/1X,'2. - TQ MODE'./1X.'3. - ALL ARCS',//1X,
2'ENTER: OPTION,NODE NUMBER (ENTER 3,0 TO DISPLAY ALL ARCS)’)
READ(S,*) J,I4
IF (J.GT.3) GOTO 119
GOTO (200,300,400),J
119 WRITE(H,120) I
120 FGRMAT(//3X,'#%® RESPGNSE (',11,') INVALID. RE-EMNTER.")
RETURN
200 WRITE(6,205) 16
205 FORMAT(//2X,'DISPLAY OF ARCS FROM ',13)
WRITE(6,210)
210 FORMAT(/2%,25(7=7),//6X,
1"--TERM. CASH FLOW--- —-COMT. CASH FLOM--- ---TIME DURATION',
2t —----- TL/TX,7999.0 MEAN  VAR. $99.0 MEAN  VAR. T,
3' 0 999.0 MEAN  VAR.")
MRITE(6,211)

211 FORMAT(2X,'TO LONER UPPER MODE '
1'"LOWER UPPEIR MODE LOWER UPPER MODE FROBT)
WRITEC(6,212)

212 FORMAT(2X,'——-—— TAB0T=T ), LK 60T =", 2X,607 "), 1K,
16C'=-"),1X,6("="),2%,
Qa0 =T 11X, 60T -"), 1X,607 "0, 1X,60"="2,2X.40"'=-"),/)

DO 230 K=1,530
KK=IHNT(DTFILE(K, 1))
IF (KK.NE.T4) GOTO 250
WRITZ(6,240) DTFILE(K,2) . (DTFILECK, L), L=3,13)
240 FOAMAT(F4.0,2X,3(F&8.1,1X),3(01X,F6.11,2X,F2.0.3(1X,F6.11),
13X,F4a .23
250 COMTIHUE
PAUSE "PRESS ENTER TO CONTINUE®
RETURMN
300 WMRITZ(6,310) I4
310 FORMATC(/2X,'DISPLAY OF ARC TO *,I3)
WRITEC(E,210)
WRITE(6,311)
311 FORMAT(2X,'FROM LOWER UPRPeR HMODE '
1"L0OWER UPPER MODE LOWER UPPER MODE PROB")
WRITE(6,212)
DO 350 K=1,50
KK = INT(DTFILE(KK.,2))
IF (KK.NE.I%4) GOTO 350
WRITE(6,26D) DTFILE(X,1),(DTFILECK.L),L=3,13)
350 CONTINUE
PLUSE 'PRESS ENTER TO CONTINUE®
400 I5=0
WMRITE(6,210)
WRITE(6,211)
MRITE(6,212)
DO «50 XK=1,50
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(I5,LE. 102 GOTO 405

=0

AUSE TPRESS ENTER T0O CONTINUE'
WRITE(S,210)
WRITE(S,2112
WRITE(6,212}

405 KK = INT{(DTFILE{X.1))
IF (KK.EQ.DJ GOTO 455
WRITE(6,240) (DTFILE(K.,L),L=2,133
I5 = I5+1

450 CONTINUE

455 RETURN
EMND

Do
w1 M
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