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SUMMARY

Modeling and control of dynamical systems are fundamental problems across several
scienti ¢ and engineering disciplines. Traditionally, dynamical systems or processes are
modeled by a set of differential equations constructed based on physical principles and
extensive experiments. However, in many practical scenarios, analytical modeling is very
challenging and/or can only describe the system behavior partially. Furthermore, real-world
dynamical processes are inherently nonlinear which makes the downstream task of control
notoriously dif cult. In recent years, the success of deep learning in various complex tasks
has motivated many researchers to exploit deep learning for automatic modeling and con-
trol synthesis for dynamical systems from data. However, deep learning methods have their
own drawbacks including high sample complexity, requirements of regular data structure,
dif culty in long-term prediction, lack of generalizability outside of training scenarios, etc.

This thesis introduces a novel framework that leverages deep learning within the tradi-
tional identify-then-desigmaradigm to develop control policies for unknown or partially
known dynamical systems, addressing the aforementioned challenges. The model learning
process incorporates existing scienti ¢ knowledge and numerical techniques to facilitate
learning from limited and partial observations as well as to improve long-term predic-
tion accuracy and generalizability under system parameter changes. Given an identi ed or
learned model, the control learning process leverages a self-supervised formulation guided
by a Lyapunov-constrained deep neural network to ensure stability and improve sample
ef ciency. The proposed framework is evaluated in prediction and control tasks for several

dynamical systems including multi-agent dynamics and spatiotemporal dynamics.

XV



CHAPTER 1
INTRODUCTION

A dynamical system is a system that describes a process in motion whose state varies over
time, based on some rules. A swinging pendulum, population growth, currents in the sea,
the motions of celestial bodies, and countless other processes in our surrounding world are
among the many examples of dynamical systems. Understanding the behavior of dynami-
cal systems is a fundamental problem in science and engineering. This dissertation focuses
on deep data-driven modeling and control of dynamical systems. This chapter delineates
some key concepts and challenges for modeling, prediction, and control pertaining to dy-
namical systems, summarizes the main contributions of the thesis, and concludes with the

organization of the thesis.

1.1 Background

Classical approaches to modeling dynamical systems involve formulating ordinary or par-
tial differential equations (ODEs or PDES) based on various physical principles and elab-
orate experiments. Dynamical systems that are modeled using differential equations are

calledcontinuous-time dynamical systearsd take the following form:

ax _ oo, _
a—f(t,x), x(0) = Xo; (1.2)

wherex(t) 2 X R% is the stateof the system at timé¢ 2 R . The functionf
X R ! R% iscalled a vector eld that describes a velocity vector at every point

in state space. Dynamical systems can be modeled in a discrete-time formulation as well



using difference equationBiscrete-time dynamical systertadke the following form:
X(tiv1) = F(ti;x(t)); 2R i22Z o (1.2)

or,

X(t+ t)=Xw@ = F@x@)=F(t;xy); t2R o t>0 (1.3)

where t is the sampling period of observation and the functton X R o ! X
describes the relation between successive states. All the forms described by Equation 1.2
and Equation 1.3 are used for discrete-time formulation in this thesis and should be apparent
from the context of their usage. As a notation for a continuous-time variable, we often use
X in place ofx(t) for brevity.

Dynamical systems can be in uenced by inputs and such systems are called
controlled/forced dynamical system$he continuous-time and discrete-time models for

controlled dynamical systems are given by

dx _ BV —
4t = FExu) x(0) = xo; (1.4)

and

X(tiva) = F(tix(t);u(t)); (1.5)

respectively, wherei(t) 2 U R% denotes theontrol inputor external forcing ternto
the system attime2 R .

For many dynamical systems, the state and the forcing term are functions of space.
Such systems are callsgatiotemporal dynamical systearsd are generally modeled using

PDEs:
X . @x @x @x, @x @,

@:f t, X, —; —
@t @) @ @F @@, @2

u s x(0; )= xo( ); (1.6)



where = [ 1; 2; ] denotes the coordinates of a point in space ®ftd ) 2 R and

u(t; ) 2 R represent the value of the state variable and the forcing term at that point
at timet. Note, all the aforementioned de nitions are in the form of rst-order (in time)
systems. Higher-order systems can be formulated in the same form by including the time

derivatives in the state.

1.2 Challenges

In many modern elds, such as climate science [1], neuroscience [2], epidemiology[3],
economics [4] etc., analytical modeling is very challenging and/or can only describe the
system behavior partially. These systems are highly nonlinear, multi-scale in space and
time, and high-dimensional, which makes the tasks of prediction and control very dif cult
[5].

Recent successes of machine learning methods, particularly deep learning, in complex
sequence prediction tasks along with development in sensor technologies and computing
systems, motivate us to learn the evolution of dynamical systems directly from observation
data. Though deep learning offers a powerful framework for modeling arbitrarily complex
functions, it poses many challenges when used for modeling and control of dynamical
systems.

Deep learning methods usually have high sample complexity. In many real-world sce-
narios, a large amount of data is very dif cult to obtain if not impossible. The challenge of
high sample complexity becomes signi cantly more critical when addressing the control
problem. For example, collecting a large amount of data through exploration, as in model-
free reinforcement learning (RL), can be potentially hazardous in many practical scenarios.
Even in model-based RL, learning effective policies can be challenging in reward-sparse
settings [6].

Another limitation of most existing deep networks is that they assume densely sampled

data, often in a regular grid, is available for training. However, in many practical scenarios,



Figure 1.1: Predictive modeling and control for an example dynamical system (swinging
double pendulum) with DNNSs.

data can only be collected at a few scattered locations. Furthermore, deep learning models
do not generalize well outside of the training scenarios. When the parameters of the sys-
tem change, deep learning models often fail to provide accurate predictions. Additionally,
standalone DNNs often exhibit inferior performance compared to physical models in long

temporal horizons, as errors accumulate rapidly with recursive multi-step prediction.

1.3 Contributions of the Thesis

This thesis introduces a novel framework that leverages deep learning within the traditional
identify-then-design paradigm to develop control policies for unknown or partially known
dynamical systems, offering a contrast to the prevalent direct and model-free approaches
employed in deep reinforcement learning.

A skeleton of the presented framework is outlined in Figure 1.1 and the key contributions

of this thesis are listed in the following.

» Given an identi ed or learned model, a novel self-supervised learning technique is
proposed to train DNN-based controllers in an of ine manner. Instead of relying

on available expert demonstrations or controllers, this method leverages a stability-
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constrained DNN to generate a target dynamics hypothesis that provides the neces-
sary supervision for control learning. The resulting supervised setting offers sample-

ef cient learning in comparison with reward-based reinforcement learning.

» To learn models for the identify-then-design approach, a data-driven predictive mod-
eling framework for dynamical systems is introduced. In this framework, predictive
models are devised to learn from limited or partial observations and adapt to changes
in system parameters. Both purely data-driven and physics-informed hybrid learning
settings are investigated, focusing on their long-term prediction capabilities. These
objectives are achieved by leveraging existing numerical techniques for solving dif-
ferential equations in the data-driven setting and by incorporating physics knowledge

into the models in the hybrid setting.

The proposed modeling and control framework is evaluated through several tasks sum-
marized in the following section. Most of the work presented in this dissertation is adapted

from previously published material [7, 8, 9, 10, 11, 12], with permission of the co-authors.

1.4 Organization of the Thesis

The rest of the thesis is organized as follows:

Chapter 2 demonstrates how knowledge about the type of dynamics can be incorporated
into the deep learning models using the examples of (1) multi-agent interaction dynamics
and (2) spatiotemporal physical processes.

Chapter 3 presents a deep learning method to learn predictive models for spatiotemporal
physical processes using data collected from sparse and irregularly distributed data sites.

Chapter 4 introduces a novel method to design controllers for nonlinear dynamical sys-
tems coupling deep learning with control theory. Furthermore, the scope of DNN-based
controllers to drive practical robots is demonstrated using the example of path following

for unicycle robots.



Chapter 5 integrates the proposed control learning method into the context of data-
driven reduced-order controller design for high-dimensional dynamical systems, such as
spatiotemporal PDE-driven physical processes.

Chapter 6 concludes the thesis with summaries, key contributions, and ideas for future

research.



CHAPTER 2
LEARNING DYNAMICS USING KNOWLEDGE-GUIDED DNNS

Deep learning offers a powerful framework for modeling complex sequential processes
from data [13, 14, 15, 16, 17, 18, 19]. However, pure data-driven deep learning is not yet
fully capable of modeling complex physical dynamics. Deep learning models do not gen-
eralize well outside of the training scenarios. When the parameters of the system change,
DNNs often fail to provide accurate predictions. Furthermore, standalone DNNs often
show inferior performance, compared to physical models, in a long temporal horizon. This
chapter presents methods to incorporate knowledge about the underlying dynamics into
deep learning models for better generalizations and more accurate predictions over a longer
period compared to pure data-driven methods. We consider two example problems with two
different types of dynamics involved. In the rst section, we consider the problem of mod-
eling multi-agent interaction dynamics and develop a DNN-based multi-agent interaction
model based on interactions observed in our surrounding physical and natural world. The
second section considers the problem of modeling spatiotemporal physical processes and
presents a recurrent network that incorporates a numerical model which partially describes

the underlying dynamics.

2.1 Learning Multi-agent Interaction Dynamics using DNNs

Multi-agent systems are prevalent in both the natural world and the engineered world. Un-
derstanding the behavior of such natural or engineered multi-agent systems from sensory
observations is a key challenge in robotics from the design and adversarial perspective.
Discovering the hidden dynamics of a multi-agent interaction from observations will en-
able machines to simulate and predict the evolution of complex systems. In this section,

we introduce the MagNetMulti-agent interactiorNetwork) that can discover interaction

7



dynamics and predict the evolution of a complex multi-agent system with heterogeneous
relational attributes and physical propertssgelyfrom observational data. The foundation

of MagNet is based on the formulation of a multi-agent system as a coupled non-linear net-
work where agents are assumed to be connected to each other (Figure 2.1(a)) using generic
ODE-based state evolution dynamics. The formulation is inspired by a wide range of multi-
agent systems ranging from objects interacting by virtue of fundamental laws of physics
to swarm systems, and opinion dynamics under social interaction [20, 21, 22, 23]. Mag-
Net discovers the dynamics of a multi-agent system by learning the “customization” of the
generic ODE to minimize the error between prediction and sensory observation. MagNet
does not require relational graphs or non-observable parameters as input, rather it is in-
herently capable of learning relationships among agents from observations. Furthermore,
MagNet supports continuous learning to accurately predict state evolution even if the rela-
tional attributes (e.g. interaction coef cients among agents), physical properties of agents
(e.g. mass), or the number of agents changes, but the fundamental interaction remains the
same. Thisis enabled by structuring MagNet as two back-to-back networks: a core network
to model/learn the fundamental multi-agent dynamics, and a reduced-complexity wrapper
network to learn the agent-speci c parameters. The entire network is rst trained as a sin-
gle entity. During operation, the core network is kept frozen, but the wrapper network is

re-tuned once the prediction error crosses a threshold (Figure 2.1(b)).

2.1.1 Relatedwork

Research in the eld of data-driven dynamics learning can be divided into two main cat-
egories. First, one assumes well-known equations of the physical system and estimates
their parameters based on observation data [24, 25, 26, 27]. However, many complex sys-
tems are dif cult to represent solely by a xed model. The alternative (and arguably more
compelling) approach is to identify an approximate representation of the actual model us-

ing machine learning techniques like regression [28] or neural networks [29, 30, 31, 32].



Figure 2.1: (a): Multi-agent network with four agents. State dynamics of each agent is
dependent on itself and other agents. (b): Training, online re-tuning, and the prediction
mode of MagNet. Black arrows belong to all three modes. Red arrows are activated in
training and re-tuning mode, whereas green arrows operate only in prediction mode.

As an important step in this direction, Battaglia et al. [30] presented interaction networks
(INs) to learn multi-agent interaction by coupling machine learning with structured mod-
els. However, IN requires an object relation graph as an explicit input; but the relation
graphs are often unknown in a real scenario. Moreover, the input state vector to IN can
include physical properties like the agent's mass which may not be directly observable.
Chang et al. [32] proposed a similar model to predict bouncing ball dynamics. Their
model does not require an object relation graph as input and can predict the mass of the
involved agents; however, they did not demonstrate its ability to predict the evolution of
dynamics with strong pairwise interaction force among agents. Hoshen [33] proposed an
attentional architecture VAIN for multi-agent predictive modeling. Although VAIN does
not assume a pre-speci ed object relation graph, it is not suited for non-sparse interaction
with strong pairwise forces where the overall interaction cannot be well-approximated by
topK interactions [33]. Finally, these models [30, 32, 33] are generalized to any number
of agents only when physical properties of agents and pairwise interaction parameters re-
main uniform or explicitly given as input and do not allow online learning or re-tuning with
fewer data in similar scenarios with different physical properties and different interaction

parameters.



2.1.2 Foundatioranddesign

In this section, we describe the design of our multi-agent interaction network from a gener-
alized formulation of multi-agent dynamical systems. The foundation of our model is built

upon the following assumptions:

() The time evolution of states of the underlying multi-agent dynamical system is a

function of pairwise interactions and self-dependence.

(i) The core interaction law for all pairs of agents can be represented by a common
form, a linear combination of several interaction terms of different degrees acting
simultaneously. However, the coef cients of these interaction terms can be different
(including zeros) for each pair of agents depending on their relational attributes (e.g.
spring constant in spring systems) or physical properties (e.g. mass in case of n-body

gravitational system).

On the basis of assumption (i), the generalized model of multi-agent dynamical systems

with N agents can be described by the following system of ODE's

. X
%z feerri Si(t) + fincij Si(t);s;(t) 5 8i2f1,2::Ng (2.1)

j=1

The vectoss;(t) 2 RY denotes the state df agenty; attimet. The functiorf i,.;; describes
the interaction effect from ageptto agent, and functiorf s.; represents the dependence
on self-state.

Considering the assumption (ii), interaction functiépg; can be written as
fingi Si(t);sj(t) = Wing fine Si(t);55(t)  8(i5)) (2.2)

wheref, delineates the core interaction law awWd,.; 's are agent-speci c kernels to

actuate the effect of interactiolV ;i is not necessarily same witlV;.; . For example,
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in classical mechanics even though the interaction forces between a pair of objects are equal
and opposite, the effect of the interaction on an object i.e. acceleration depends on its own
mass. Analogous to equal and opposite forces, we assume the core interaction fugction

is skew-symmetric in nature:
fine Si(t);sj() = fine 5p(0);si(t)  8(i3]) (2.3)

The skew-symmetric interaction function is modeled as an odd function of inter-agent state
difference in a broad set of multi-agent systems ranging from objects interacting by virtue
of fundamental laws of physics to swarm systems, opinion dynamics under social interac-
tion [20, 21, 22, 23]. Accordingly, our core interaction functigf is represented by the

following equation.
fine Si(t);S5(t) = fine hin(Si(t))  hine(s; (1)) (2.4)

Functionh;,; models an embedded state of agents. De nitiof@fin Equation 2.4 follows
the skew-symmetric propertyff,; is an odd function. Considering all the aforementioned
assumptions, our multi-agent interaction model can be delineated by the following system

of ODEs

ds; (t) X .
dt = fself,i Si(t) + Wint;ij fin'( hint(si(t)) hint(sj (t)) : 8i 2f 1; 2; o N 9

j=1

(2.5)

In this work, our goal is to learn to approximdtgy, fin, hint, andW ; from observable
states of agents. Observation data can be contaminated with noise and differentiation of
such data, as required by Equation 2.5, will amplify the noise and therefore, not suitable

as a target variable during training. To avoid differentiation, we convert the model as an
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Figure 2.2: Architecture of MagNet. Layers outside the red dotted box constitute the core
network which captures the fundamental laws present in the system. Wrapper network
(layers inside the red-dotted box) learns agent-speci ¢ parameters

iterative update scheme using Euler discretization:

A
Si(t+ t)=si(t)+ t feeri Si(t) + Wingii fine him(Si (1)) him(sj (1))
=

8i2f1;2::;Ng (2.6)

t is the sampling period of observation. The discretized model enables state-to-state

training without computing derivatives of state vectors.

2.1.2.1 Implementation with neural networks

In order to learn the evolution of the dynamical system de ned in Equation 2.6, we imple-
ment the component functions using standard neural networks and use stochastic gradient
descent optimization to train those. Figure 2.2 shows the neural network implementation
of the discretized multi-agent dynamical system de ned in Equation 2.6.

Each of the functionsf(,; f sei; andhiy) is implemented with a two-layer fully con-

nected network. All layers df;; andhi,,, and the rst layer off . form the core of the

12



network. The weights of these core layers are shared across all agents and are independent
of the number of agents present in the system. Core layers are responsible for modeling the
fundamental interaction laws and self-dependence. The number of layers and number of
neurons in each layer should be customized based on the expected degree of non-linearity
in the system.

The weight matriXW..; and the second layer of the functibg, are agent-speci c
and work as a wrapper network on top of the core network. The wrapper network is re-
sponsible for the physical properties of the agents (i.e. interaction coef cients, mass, etc.).
Wrapper network scales with the number of agents so as the available data for updating
corresponding weights online. To reduce the number of weights per agent, we use dot-
product layers instead of fully-connected layers. Suppose, the length of the feature vector
out of the functiorf i, is J andd is the length of the agent's state code. We chabsech
thatJ = Id, wherel is an integer. Now, each component of lengfftom the feature vector
contributes to only one component of the state code. A hidden feature vector of Jeisgth
reshaped as a matrix of site d before feeding it to the dot-product layer. Operation of

the dot-product layer is de ned as follows

ered i td=leits et @7)

wheree, 2 R'and! 2 R'.

Any nonlinear activation function can be used for the funchgpand the rst layer of
the functionf s¢r. We use recti ed linear units (ReLUs) for these layers. In order to hold
the skew-symmetric property, an odd activation function is required for the laydsg.of
We usetanh for this purpose. For the same reason, the layefs,0fre implemented as

linear transformations without adding any bias.
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2.1.3 Experimentabetails

2.1.3.1 Datasets

We consider three different multi-agent dynamics to demonstrate the performance of Mag-

Net.

Point-mass system. Agents in this dataset are objects with different masses moving in

a two-dimensional space according to Newton's laws of motion. We consider two types
of forces acting simultaneously between each pair of agents. The rst interaction force
is due to an invisible spring between each pair of agents. We consider different spring
constants for different pairs. The second kind of force is a repulsive inverse square law
force between each pair. Pairwise-interaction for the considered dynamics is given by the

following equation

mmi(; )

N O

(2.8)

where ; 2 R? s the position of the™" agent andn; is its mass.p; 2 R? is the force
exerted by agerjton agent, k; > 0is the spring constant for agent-pdiirj ), K > Ois
the coef cient for repulsive force and> 0is some constant to clip the repulsive force to

a nite value when two agents are very close. We use10.

The Kuramoto model. This is a well-known non-linear dynamical model used to de-
scribe the synchronization of a set of coupled oscillators. Each oscillator tries to run inde-
pendently at its own natural frequency, while the coupling tends to synchronize its phase to

others. Dynamics af" oscillator is given by

. X
L =1+ Kij Sin( j I)! (29)
dt .
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where ; and! ; are the phases and natural frequency, respectively, of'tbscillator.N is

the number of oscillators in the systei;; is the coupling coef cient between oscillator-

pair (i ).

Predator-swarm interaction dynamics. This dynamics is similar to the one used to de-
scribe the behavior of prey swarm in the presence of predators [34]. The dynamics of the

system withN prey and one predator is given by the following set of equations:

di_ iX\I 1 ) b

d N i1 ki Kk b ki k2

d CX\I i .

N K@ (2.10)

where ; denotes the position of' prey and denotes the position of the predator.
Data for all systems is generated using the nite difference method with a small timestep.
Sequences for training, validation, and testing are created by choosing initial states ran-

domly.

2.1.3.2 Implementation details

For our point-mass dataset, the state code of agents is the concatenated position and velocity
components along both dimensioss 2 R*). We predict the acceleration vector of length

2 for each agent. The velocity vector for the next state is not predicted by the network
directly, rather we compute it from acceleration and current velocity. Finally, the next
position is computed from the current position and predicted velocity. The number of
neurons in both layers of the functidr, is 64. The rst layer of functiorf, consists of

64 neurons while the second layer has 8 neurons. Therefore, the output of fupgt®a

length 8 vector which is reshaped into a matrix of glze 2 for the following dot product

layer. Wi 's are matrices of sizé 2. The rst layer of functiond si's are of size 4

and are shared among all agents. Outputs from the rst layefs.@fs are reshaped into
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matrices of siz& 2 for the following dot product layers (one layer for each agent). We
also add agent-wise bias in these dot product layers. Table 2.1 shows the total number of
parameters and FLOP count of the used networlfagents.

The same implementation is used for predator-swarm interaction dynamics and the Ku-
ramoto model except for the changes required for the state code dimension. For the Ku-

ramoto model, the phase of the oscillating agents is used as the states;cBde)(

Table 2.1: Parameter count and FLOP count of MagNet used in our experimems for
agents

Parameter count FLOP count

Core network 9108 173880
Wrapper network  8N? 2N 14N 2 - 6N

2.1.3.3 Baseline models

We consider the following baseline models to compare the accuracy of MagNet.

Linear motion. Linear motion model assumes the velocity of the state is constant. We
compute the velocity of the state from the previous two timesteps and predict the next state

using rst-order approximation.

MLP. We use a baselinmultilayer perceptron(MLP) that takes the concatenated state
codes from all agents as input and predicts the same for the next time step. This con g-
uration does not share any weights among agents and therefore, is not scalable with the
number of agents. For a four-agent system, we use three hidden layers, each of size 64, fol-
lowed by two layers of siz&l  dim(s;), wheredim(s;) denotes the dimension of vector

si. The size of the network is chosen to have a similar parameter count to MagNet.

LSTM. We use a baselineng short-term memory netwo(kSTM) that uses state codes

from the previous four timesteps to predict the next state. Similar to baseline MLP, the
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LSTM model does not share any weights among agents and therefore, is not scalable with
the number of agents. For a four-agent system, we use a two-layer LSTM (the size of each
layer is 64). The LSTM core is preceded by a linear layer of size 64 and is followed by an

output linear layer of siz8l  dim(s;).

2.1.3.4 Training and online re-tuning

MagNet is trained or re-tuned as a single-step predictor from the current state to the next
state withM T number of observationsvl denotes the number of random initial con-
ditions andT denotes the length of each sequence generated from those initial conditions.
Huber loss is used as the objective function. State variables are standardized to have zero
mean and unit variance. We use Adam optimizer [35] to optimize the parameters.

We consider two training scenarios for point-mass dynamics. In the rst case, we
assume perfect observation data (no noise). The second case considers observation data
contaminated with Gaussian noise. The core network and wrapper network are trained
together withM = 50 andT = 500. We train the model fod00 epochs starting with
an initial learning rate ofl0 * and scaled it by a factor of 0.95 after each epoch until it
reacheslO 4. Differentiating noisy position vectors of agents to compute their velocities
ampli es the noise in velocity vectors. We use total variation regularization [36] to denoise
the derivatives [37] as suggested in [28].

In online re-tuning, we cannot have multiple random initial conditions. Therefore,
the value ofM must be equal to 1 while the value ®f should be much larger (we use
T = 10000) to avoid over tting. We start with an initial learning rate 6f 10 # and
scaled it by a factor of 0.95 after each epoch.

For the Kuramoto model, we ugeoscillators with different intrinsic frequencies and
different pairwise coupling coef cients. We use the same training setting and the same
amount of data as used in point-mass dynamicsNle= 50; T = 500. In predator-swarm

interaction, we us@0 prey in the presence of one predator and the model is trained with
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Figure 2.3: Visualization of evolution up to 200 timesteps. (a) Trajectory plot of the point-
mass system with 4 agents. Widths of the trajectories are proportional to the masses of
corresponding agents. Predictions are from the network trained from scratch. (b): Trajec-
tory plot of the point-mass system with 8 agents. Predictions are from a re-tuned wrapper
network preceded by a frozen core network trained with 4 agents. (c): Trajectory plot of the
predator-swarm system with 20 prey and one predator. Red wider trajectory corresponds
to the predator. Predictions are from the network trained from scratch.

M =100 andT = 300 for 100epochs with a constant learning ratel6f 4.

We considered tuning a few hyperparameters like changing the number of neurons in
hidden layers in powers of 2, learning rates in the range ffom10 ®to5 10 3. The
number of neurons in hidden layers is selected such that the parameter count is not too high

and accuracy is reasonable as well. We found the chosen learning rate schedule works well

toward reaching convergence.

2.1.4 Results

All results are generated as a recursive solution to an initial value problem i.e., the evolution
of the system is predicted only from an initial observation, and no intermediate observation
is used. We use mean-squared error (MSE) between ground truth and prediction through
timesteps as metric for evaluatioB0 test sequences are used to generate the MSE plots
with errorbars showin@5% con dence intervals. Visual evolution of ground truth and

prediction are shown in Figure 2.3 and Figure 2.4.
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Figure 2.4: Visualization of evolution up to 200 timesteps. Pha@&s4 ) over timesteps
for 8 oscillating agents in a Kuramoto model. Predictions are from the network trained
from scratch.

Figure 2.5: (a): MSE between ground truth positions and predicted positions of agents of
considered point-mass system. "MLP' denotes MLP trained with the same amount of data
as MagNet, whereas "MLP 10X data' denotes MLP trained with 10X more data and 10X
more steps. (b): MSE between ground truth phases and predicted phases of oscillating
agents in the Kuramoto model, (c): MSE with ground truth positions for MagNet trained
with the noisy observation of the point-mass system.

2.1.4.1 Learning and prediction from direct and clean observations

We conside# interacting objects with different masses and different pairwise spring con-
stants for the point-mass system. Figure 2.5(a-b) shows the MSE between ground truth and
prediction over timesteps for MagNet along with all baselines for the point-mass system
and the Kuramoto model. As shown in Figure 2.5(a), even if the baseline MLP is trained
with more data (we use 10X more data and 10X more number of steps than MagNet),
the MSE is higher than MagNet. Note, the baseline MLP is not scalable with a number
of agents; hence, data requirement would increase exponentially with a number of agents.

Accordingly, training MLP or LSTM baseline for predator-swarm dynamics ®itagents
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Figure 2.6: Comparison with IN, which takes physical and relational attributes as input. (a):
MSE between ground truth positions and predicted positions of agents of considered point-
mass system. (b): MSE between ground truth phases and predicted phases of oscillating
agents in the Kuramoto model. (c): MSE between ground truth positions and predicted
positions of agents of considered predator-swarm system.

is very expensive and hence, is not considered for comparison.

2.1.4.2 Comparison with interaction network [30]

IN [30] requires physical and relational attributes of the agents as input along with their ob-
servable states. Therefore, IN is trained and evaluated assuming the physical and relational
attributes of agents are known. In contrast, our model is trained and evaluated using only
the observable states. The size of the implemented IN is chosen to have a similar parameter
count to our model. Figure 2.6 shows the performance comparison between our model and
IN. Our model shows comparable performance with IN, which has access to the physical

and relational attributes of agents.

2.1.4.3 Learning and prediction from noisy observations

While evaluating the model on test sequences, we use initial 16 observations to denoise the
derivatives (velocities) using total-variation regularization [36, 37]. Figure 2.5(c) shows
the MSE over timesteps for the model trained with noisy observation. As expected, when
dynamics is learned from noisy observations, the accurate prediction window becomes
shorter than that of perfect observation. However, we observe that the MSE of the network

trained with noisy observation remains within 10X the margin of the network trained with
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clean observation up to 100 timesteps.

Figure 2.7: MSE before and after re-tuning in a scenario with a different number of agents
from training scenarios. Re-tuning loss is shown in the inset.

2.1.4.4 Performance of re-tuning

In this experiment, we increase the number of agents for the point-mass sysgesmdo

change spring constants between agent pairs and masses of the agents. We seek to predict
the evolution of this eight-agent system using the MagNet trained 4déthents. Agent-

wise wrapper weights are initialized with the average values of pre-trained wrapper weights
across all agents. Figure 2.7 shows that the prediction error increases with time and once
crosses a threshold, re-tuning of the wrapper (core is kept frozen) starts. We observe that
after re-tuning with 10000 observations, the prediction error for the eight-agent system
reduces ( Figure 2.7). This experiment demonstrates the generalization capability of the

core network within MagNet.

2.1.4.5 Sparse non-smooth interaction

Until now we have only considered smooth interaction. In many cases, interaction among
agents can be non-smooth and sparse. To investigate if our model is capable of learning

such interaction, we consider a system with multiple identical bouncing balls surrounded by
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invisible walls. The balls collide with each other and with the walls. Figure 2.8 shows the
trajectory plot of the balls. Since the system is chaotic, an arbitrarily small difference leads
to a signi cantly different trajectory. However, the model learns the bouncing behavior.

It is important to note that if the balls are of different sizes (radii), then the interaction
in different ball pairs and walls cannot be represented by a common form and the wrapper
network cannot accommodate the differences alone. Therefore, our model is inadequate

for such scenarios. We would like to address this shortcoming in future work.

Figure 2.8: Visualization of evolution (trajectory plot) up to 50 timesteps for a system with
5 bouncing balls surrounded by invisible walls.

2.2 Learning Spatiotemporal Processes by Integrating Physical Models with DNNs

Real-world dynamical systems are often subjected to perturbation from time-varying ex-
ternal sources. For example, in many elds of applied sciences, such as ocean acoustics,
geophysics, etc., the dynamical systems are often stimulated with external sources to study
the corresponding environment. Perturbation from an external source, generally referred
to as source term, acts as an external force or stimulation that changes the behavior of the
system from its default course. Figure 2.9(a) shows an example where an elastic membrane
under tension is being perturbed with an independent time-varying pressure. The perturba-
tion pressure will cause a vertical displacement on the membrane where it is applied and the
membrane will respond to restore its shape due to its elasticity. Consequently, new distor-
tions/undulations will be created in the neighboring region forming a wave that propagates

across the membrane. Consider the case when the undulation of the membrane can be ob-
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Figure 2.9: (a): An example dynamical system governed by partially-known PDE and
unknown source dynamics. (b): High-level diagram of the recurrent network cell that is
used to model such dynamics. Unobservable perturbation is learned as an internal state of
the PhICNet cell.

served as a regularly sampled spatiotemporal sequence but the spatiotemporal variation in
the source term is not observable. Moreover, though the basic governing dynamics (wave
equation) of the system is known, the physical parameters such as propagation speed in that
particular medium may not be known. In such scenarios, we need to be able to predict the
spatiotemporal evolution of dynamical systems from partial knowledge of the governing
dynamics and limited observability of the factors that in uence the system behavior.

In this section, we consider modeling a generic PDE-based dynamical system that is
perturbed with external sources that follow another independent dynamics. Our goal is
to design a neural network model that can be used for long-term prediction of the entire
system, as well as of the source dynamics. We assume the physical quantity that follows
the combined dynamics can be observed as a regularly sampled spatiotemporal sequence,
but the source or perturbation is not observable (neither during training nor testing) sep-
arately. It is further assumed that we know what type of system we are observing and
therefore scienti ¢ knowledge of such system can be incorporated into the model. In par-
ticular, we assume that the analytical form of the underlying PDE is known a poidiri,

the physical parameters (e.g., propagation speed in the elastic membrane example) of the
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system are unknowifT herefore, it is not possible to separate out the source dynamics from
the PDE. Hence, the main challenge lies in the fact that the unknown source dynamics can-
not be learned using direct supervision because we do not have access to the ground truth.
Rather, we need to formulate a supervised learning task for the (observable) combined
dynamics that will inherently learn the hidden source dynamics.

We proposePhysicsd ncorporatedConvolutional Recurrent Neurdetworks (PhIC-
Net) that combine physical models with data-driven models to learn the behavior of dy-
namical systems with unobservable time-varying external source term. Figure 2.9(b) shows

the high-level diagram of a PhICNet cell.

2.2.1 Relatedwork

2.2.1.1 Recurrent neural networks for dynamical systems

Several studies have interpreted recurrent neural networks (RNNs) as an approximation
of dynamical systems [38, 39, 40, 41]. In recent years, a number of RNN architectures

have been proposed for the data-driven modeling of dynamical systems. Trischler and
D'Eleuterio [42] proposed an algorithm for ef ciently training RNNs to replicate dynami-

cal systems and demonstrated its capability to approximate attractor dynamical systems. A
class of RNNs, namely Tensor-RNNs, has been proposed in [43, 44] for the long-term pre-

diction of nonlinear dynamical systems. Yeo and Melnyk [45] use LSTM for the long-term

prediction of nonlinear dynamics.

2.2.1.2 Learning PDEs from data

Recently, numerous attempts have been made for the data-driven discovery of PDE-based
dynamical systems. Schaeffer [46], Rudy et al.[47] use sparse optimization techniques to
choose the best candidates from a library of possible partial derivatives of the unknown
governing equations. Raissi and Karniadakis [48] proposed a method to learn the scalar

parameters of PDEs using the Gaussian process. A deep neural network is introduced in
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[49] to approximate the solution of a nonlinear PDE. The predicted solution is then fed to
a physics-informed neural network to validate that solution. The physics-informed neural
network is designed based on the explicit form of the underlying PDE which is assumed to
be known except for a few scalar learnable parameters. Raissi [50] extended [49] to replace
the known PDE-based neural network with a generalized neural network that discovers the
dynamics of underlying PDE using the predicted solution and its derivatives. The inputs of
the neural network are the partial derivatives up to a maximum order which is considered
a hyperparameter. Long et al. [51] introduced PDE-Net that uses trainable convolutional
Iters to perform differentiations. Filters are initialized as differentiating kernels of cor-
responding orders, and trained by imposing some constraints to maintain differentiating
properties. They assumed that the maximum order of the derivative is known a priori. In
PDE-Net 2.0 [52], a symbolic neural network is integrated with the original PDE-Net to
uncover a more complex analytical form. de Bezenac et al. [53] proposed a convolutional
neural network (CNN) that incorporates prior scienti ¢ knowledge for the problem of fore-
casting sea surface temperature. They design their model based on the general solution of
the advection-diffusion equation. Long et al. [54] studied a problem similar to ours where
the source or perturbation term of the PDE follows another dynamics. They mapped the
known PDE into a cellular neural network with trainable physical parameters and integrate
that with ConvLSTM [15] that models the source dynamics. However, they assumed that
the source or perturbation is observable and they train the two networks separately.

Few existing models in literature can be used or extended to perform the spatiotem-
poral sequence prediction of dynamical systems with time-varying independent sources.
Pure data-driven models like ConvLSTM [15], and residual networks [55, 56] can be used
directly, but these models lack consideration of underlying physical dynamics resulting in
limited accuracy. Furthermore, these pure data-driven models cannot identify the source
dynamics separately. Deep hidden physics models (DHPM) [50] can model the underlying

homogeneous PDE, but do not consider any nonlinear source term. A polynomial approx-
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imation can be added in DHPM to model nonlinear internal sources. This strategy is used
in PDE-Net [51] to incorporate nonlinear source term; however they consider only internal
source term that is a nonlinear function of the observed physical quantity. DHPM, PDE-
Net only considers PDEs that are rst-order in time, although can be extended to model

higher temporal order systems if we know the temporal order a priori.

2.2.2 Problemdescription

We consider spatiotemporal dynamical systems (similar to the one de ned in Equation 1.6)

governed by the following generic inhomogeneous PDE

¢ @x @x @x. @x  @x. |
@t v 2% G @, @ @.@; @' @

(15 2)2 RZt 2 [0; tend: (2.11)

+u(t; 15 2);

x(t; 1; 2) 2 Ris the observed physical quantity at the spatial locatien ;) 2 attime

t 2 [O;tend. T is a linear or nonlinear function of the observed physical quantity and its
spatial derivatives of different orders. corresponds to the physical parameters of the sys-
tem. For example, in the case of wave propagation in the elastic membrane (Figure 2.9(a)),

corresponds to the propagation speed in that mediumf aaétes the following form

f oo axg e Ghicerer & = @* 8 Ut u2)2Riste

unobservable source term or perturbation at locatign ;) 2 attimet 2 [0; teng Which

is governed by another independent dynamics delineated by:

o 2w (2.12)

Our goal is to learn the spatiotemporal evolution of the source or perturbationuj.e.
as well as of the entire system jointly de ned by Equation 2.11 and Equation 2.12 while

observing onlyx.
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Assumptions. We make following assumptions about the problem:

» We have thea priori knowledge about what type of physical quantities we are ob-
serving and how such systems behave in the absence of any external perturbation
or source. In other words, we know the analytical form of the functicend the

temporal orden.
» Physical parameters of the systermare unknown.

» The perturbatioru is not observable or cannot be computed directly from the ob-
served quantity as is unknown. Therefore, we do not have access to any ground
truth for direct supervision to learn the source dynamics. The temporal order of the
perturbation or source dynamics is either known or can be chosen as a hyperparam-

eter.

This problem can be formulated as a spatiotemporal sequence prediction problem. Suppose
the observation space is discretized inth,a Z, grid andX ; 2 R%* 42 is the observed
map attimet 2 fto;tg+ t;:::;tg+ T tg. We aim to design a physics-incorporated

convolutional-RNNR :

Ko t= RRgiin Ry ek 1) t2fto+(n+k 1) tiito+(T 1) tg
(2.13)

such thatp szk L(Xt+ ;% + ) iS minimized. X is the predicted map at time

(t t) andL is the loss function between the observed map and the predicted map.
For the very rst predictionX y«(n+k) t, We use the initia{n + k) true observed maps

Xy t2fteiii;to+(n+ k 1) tgas the input tdR. Note that we needn + k)
previous maps, instead of justto predict the next map in ani" order (temporal) system

because the source/perturbation is unknown and the source follofw®eder dynamics.
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2.2.3 ThePhICNetmodel:foundationanddesign

2.2.3.1 Background on recurrent neural networks

RNN is an elegant generalization of feedforward neural networks to incorporate temporal
dynamics of data [57, 58, 59]. The RNN and its various evolved topologies have proven
ef cacious in numerous sequence modeling tasks [60, 61, 62, 13, 15]. At each time step,
an input vectot; is fed to the RNN. The RNN modi es its internal stédte based on the
current input and previous internal state. The updated internal state is then used to predict
the outputo;. The following set of equations (Equation 2.14) delineates the computation

inside a standard RNN.

hi = W(Whilt + Wpnhy ¢+ bp)

O¢ o(W ohht + bo) (2-14)

Wi Whh; W are the weight matrices of the RNN abgt b, are bias vectors., and
are nonlinear activation functions. Temporal update in the internal state allows the RNN to
make use of past information while predicting the current output.

The inputiy, internal statén,, and outpub; of standard RNN are all 1D vectors, and
the operations are fully connected. To deal with 2D image data, Xingjian et al. proposed
convolutional LSTM [15] that uses convolutional operations instead of fully-connected
operations of standard LSTM [62], an evolved variant of the RNN. Incorporating convo-
lutional operations in RNN, we can write the computation inside a convolutional RNN as

follows:

M= n(Wn T+ Wnpn 0 ¢+ by)

6t o(Woh FTt + bo) (2.15)

wherejt, Ay, andey are the input, internal state, and output, respectively, of the convolutional-
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RNN at timet and are all 2D images. *' denotes the convolution operator.

2.2.3.2 Proposed RNN model for generic homogeneous PDE

Figure 2.10(a) illustrates the structure of the RNN we propose for modeling a generic ho-
mogeneous PDE (i.e. zero source term); we will refer to the model as PDE-RNN. Inputs
to the RNN cell are 2D observation ma)s 2 Rt 42t 2 ftg;tg+ t:::;to+ T tg.

The RNN cell keeps a memory that stores the past information required for current step
prediction. The concept of cell memory was introduced in LSTM [62]. Cell memory in
LSTM is controlled by several self-parameterized gates to learn what information to store
and what information to forget. In contrast, past information required to be stored in the
cell memory in our physics-incorporated RNN is completely determined beforehand based
on the known temporal order(in Equation 2.11) of the observed system. Fon&norder
(temporal) system, the cell memory stores the current and pastl) observed maps. At
timet, the state of the cell memory (we will call it cell state from now @h)is de ned by

the following equation

Ci=[X 5 Xt 1y (2.16)

where[ ] denotes the concatenation operation along a new dimension. The cell state can be
seen as a 3D tenso€( 2 R" 4t #2), Cell state at the current tintg(Equation 2.16) can

be rewritten as a function of previous cell st@te ; and current inpuk ;:

Ci=We } G  + W Xy (2.17)

g2f1;:::;ng, is de ned as follows.
8
E1 if p=q+1
WPI = 5 (2.18)

- 0 otherwise
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Figure 2.10: (a): PDE-RNN: RNN structure (unfolded) that maps a generic homogeneous
PDE. X is the observed map at timteandX (. . is the prediction of the next mag

and C; are internal states of the RNN representing the homogeneous solution and cell
memory, respectively. For homogeneous PBE, = H,. (b): PDE-RNN + CNN:

a corrective convolutional module is added with the homogeneous solution to incorporate
the source term or perturbation. (c): PhICNet: Proposed RNN structure that models the
dynamical system with a time-varying independent source. A residual encoder-decoder
network, which models the source dynamics, is integrated witia3tores the estimated
perturbation.Cy is the cell memory for storing past estimated perturbation maps. In all
three models, the parameters of the connections are highlighted either in blue or red. The
blue-colored parameters are xed, whereas the red-colored parameters and the parameters
inside the red boxes are trainable.
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'} ' denotes a matrix-tensor product resulting in a terf@@ R" 4t 42 such that

X
CP= wpicy ; p2f1:::;ng (2.19)
g=1
Note,C;' ,denotesthg" elementofthetens@; 2 R" % %2, whereq2f 1;:::;ng.

The operator ™ between the 2D observation ma, 2 Rt 42 and 1D vectow, =
[1,0;:::;0F 2 R" performs a vector-matrix product to yield a ten€b® R" 4: 42 such
that

CP=wE Xy p2fl:::;ng: (2.20)

Cell stateC, and inputX , are used to computd ; 2 R%* 42 as follows.
Hi= wpe Ci+F(X¢;Dwp Xi;Dor XD Xygpiir; ) (2.21)

H ; represents the solution of the system that is governed by a homogenous PDE. In other
words, H; corresponds to the predicted map at titn@hen there is no source term or
perturbation. Equation 2.21 is the discretized ( nite difference) implementation of the
homogeneous PDE (Equation 2.11 without the source ttn 1; 5)). Wpe 2 R" is
determined by the temporal order of the dynamics. The elementg.are the coef cients

of past observation maps in the nite difference approximatiogpfand are given by the
following equation.

wh.o=( 1)+ 2; p2fl::::ng (2.22)

' denotes a vector-tensor product resulting in a 2D mad#ix2 R%* 42 such that

X0
H = wh.CP: (2.23)
p=1

The functionF in Equation 2.21 correspondsftan Equation 2.11 for discretized ob-
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servation maps. As mentioned in subsection 2.2.2, the analytical fofnooF is known

to us, but the physical parametersare unknown and trainable. Spatial derivatives of ob-
servation maX ; are computed as convolution with differential kerndls; denotes the
differential kernel corresponds % Therefore, the convolution operati@; X

in Equation 2.21 represen% of the Equation 2.11. The size and elements of a dif-
ferential kernel are determined by the nite difference approximation of the corresponding

derivative.

2.2.3.3 Approach to incorporate source dynamics

The basic structure of RNN for homogeneous PDE (PDE-RNN) needs to be modi ed to
incorporate the dynamic source term. Note again, the source term cannot be learned sepa-
rately as it cannot be observed directly. Therefore, the RNN should be structured in such a
way that it inherently identi es the source dynamics. A simple modi cation can be adding a
convolutional neural network (CNN) with the PDE-RNN. We will call this modi ed struc-

ture (Figure 2.10(b)) PDE-RNN + CNN. The convolutional network takes the cell Gtate

as input and adds a corrective term, which accounts for the source or perturbation, to the
homogeneous solution. Although PDE-RNN + CNN incorporates the known PDE in its
structure, it does not get much bene t in forecasting the system or identifying the source
dynamics as we will show in subsection 2.2.4.

In contrast to directly predicting a correcting term from observation maps like PDE-
RNN + CNN, we propose to estimate an intermediate source map and use that to learn the
source dynamics. Separating the source maps from the overall dynamics makes it easier
to learn the source dynamics. Figure 2.10(c) shows the proposed PhICNet structure. An
internal statdJ, is added in the cell that estimates the perturbation using the predicted ho-
mogeneous solution from the previous step and the current iblput. Rt 42 is computed
as follows.

Ut = Xt H t t (224)
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Another cell memonCy; is added to store past perturbation estimates. Assumi§ a

order source dynamic&y, can be seen as a 3D tensGy; 2 RX 4t 22) given by:
Cut=[Up:ii5 U k1) (2.25)
Cell memoryCy. is updated at each time step by the following equation.
Cut=Wew } Cut ¢+ Wey Uy (2.26)

Weew 2 RE K andwe, 2 RX have similar properties oV .. andw.,, respectively, of
equivalent Equation 2.17. Finally, the predicted nfap  is computed by the following
equation.

Rie t=Hy+ wye Cyr+ G(Cuy) (2.27)

The functionG, numerical implementation of the functian(in Equation 2.12) for dis-
cretized source maps, captures the source dynamics. We use a residual convolutional net-

work for this purpose such that
B = wee Cur+ G(Cuy) (2.28)

w,. Cyy is a vector-tensor product similar to Equation 2.23. The vewtgr2 RX is a
trainable parameter and initialized with coef cients of the nite difference approximation
of @@%. B, isthe predicted source map which is added to the homogeneous sdlytion
to get the predicted mag . . using Equation 2.27.

The motivation behind using residual networks for modeling the source dynamics is
that several studies have established the connection between residual networks and differ-
ential equations [63, 64, 65, 41]. We use an architecture similar to residual encoder-decoder

network (RED-Net) [56]. To incorporaté " order source dynamics, we use psesti-

mated source maps stacked across the channel dimension as input to RED-Net. Moreover,
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Figure 2.11: Architecture of the residual encoder-decoder network used for source dynam-
ics modeling.

we add a weighted combination of pastestimated source maps,:. Cy., instead of
adding justUy, to the nal output. The elements @, are initialized with the coef cients
of the nite difference approximation 0@%

Figure 2.11 shows the architecture of the residual encoder-decoder networkiwith
convolutional andM transposed convolutional blocks. Each convolutional block consists
of two convolutional layers. Similarly, each transposed convolutional block comprises two
transposed convolutional layers. Convolutional encoder extracts feature at different scales.
These feature maps are used by the transposed convolutional decoder with symmetric skip
connections from the corresponding convolutional block to capture dynamics at different
scales. Skip connection also allows using a deeper network for complex dynamics without
encountering the problem of vanishing gradient.

The computation at the™ convolutional block is given by the following equation.
Un= Wnho Wmn1 Up 1) ;m2f1:::;Mg; U= Cyy (2.29)

The computation at thex" transposed convolution block from the end is delineated by
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and,
0 0 0 0.
U =Wy, ? (W 20, + wye U (2.31)

The predicted source map is given 9y+ ¢ = U;’. ? denotes the transposed convolution

operation and is the activation function ReLU.

2.2.3.4 Training loss

assuming & ™ order source dynamics, the prediction loss is de ned as follows.

1 X
Loed= 551

=n+k

KX e 1 Rigr K (2.32)

Estimated source mayy, after observing ; at timet, should match with predicted source
map B, from the previous timestep. Accordingly, we add a source prediction loss to the
training objective, given by

1 X

Lsourcepred = T n K+1
=n+k

kUpe ¢ Be (K3 (2.33)

Furthermore, source maps can be densely distributed or sparse (may contain only a single

source). To deal with source map sparsity, we add, grenalty :

1 X
n K+1

KO, ki (2.34)

L sourcesparse™ T
=n+k

The Overa” |OSS for tralnlng IE = Lpred + Lsourcepred + Lsourcgsparse Where IS a hyper'

parameter.

35



2.2.3.5 Online learning of time-varying physical parameters

The aforementioned proposed method learns the parameters of a physical model in con-
junction with a data-driven model for unknown source dynamics. The model is trained
with a dataset comprising a xed set of physical parameters. However, the physical param-
eters of real-world physical systems are often not xed and can change over time. Adapting
the parameters of a (pure) physical model with online observation is well-established in the
literature. Here, we would like to verify if the adaptation of physical parameters with on-
line observation is feasible for hybrid models like ours. We take a model which is trained
with a xed value of the physical parameter and employ it to predict the dynamics of a
system where the value of the physical parameter changes over time. We assume that the
true observatioiX ; is available online to compare against the predicted FiapAt each

time step, we compare the prediction with (true) observed state; if the error is higher than
a threshold, the parameters of the physical model are re-tuned using gradient descent to
reduce the error while parameters of the data-driven model (i.e. RED-Net) are kept frozen.
Note, we consider the case where only the physical parameters are varying but the source

dynamics remains the same. The process is outlined in Figure 2.12.

Figure 2.12: Online learning process of physical parameters. Only the parameters of the
physical model (shown in red box) are re-learned when the error between prediction and
observation crosses a threshelgl; parameters of the data-driven model (i.e. RED-Net)
are kept frozen.
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2.2.4 Experimentakvaluation

We evaluate our model on three spatiotemporal dynamical systems: heat diffusion system,
wave propagation system, and Burgers' uid ow system. The heat diffusion system and
the Burgers' uid ow system have temporal order of h = 1), while the wave propa-
gation system is a second-order system=(2). For the task of forecasting the overall
dynamics, we compare the proposed model with PDE-RNN + CNN, ConvLSTM [15], a
residual encoder-decoder network. However, among the baselines, only PDE-RNN + CNN
can be used for the source identi cation task.

In contrast to the residual encoder-decoder used in our model to predict only the source
dynamics, the baseline residual encoder-decoder network (RED-Net) models the combined
dynamics. Accordingly, the input and output of the baseline residual encoder-decoder net-
work are the observation maps (. For RED-Net baseline, we assume the temporal order
of the system is known a priori, i.e. for ai{' order system, assuming<a" order source
dynamics, input to the model is the sequefe; X ;:::; Xt (n+k 1) tgWhile pre-
dicting X ¢+ .

All the models are implemented in PyTorch. We run all the experiments on a computer
equipped with Intel Core i7-8700K CPU (with 62GB RAM) and NVIDIA GTX 1080Ti
GPU (with 12GB RAM). The average CPU inference timé&:8ms per time-step while the

average GPU inference timelislms per time-step.

2.2.4.1 Heat diffusion system

Heat diffusion at the surface of a material is described by:

@x @x @x
o @2t @ TUbud (W22 RI2[0ted (235

wherex(t; 1; 2) is the heat density at location,; ) at timet andu(t; 1; ,) is the

perturbation due to heat source(s)is the thermal diffusivity of the material, the rate at
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Figure 2.13: (a): Heat-source maps at the initial and nal time step of an example sequence
used in our experiment. (b): Temporal behavior of the coupled oscillators acting as sources
in an example sequence used in our wave propagation experiment.

which heat disperses through that material. Equation 2.35 is one of the fundamental PDEs
and is used to describe the diffusion of heat, chemicals, diffusion models of population
dynamics, and many other phenomena [66].

The computation space is discretized intc64 64 regular mesh, i.eX ; 2 R5* 4
For heat-source, we consider the source tda@® R® %4 is divided into 16 equal-sized
blocks initialized with random values ii®; 1]. All grid points belonging to a bloc;
take the same value at any time step. The evolution of the source map happens at the block

level. Each blockB; follows a dynamics given by:

Bj| X
. (UPs U (2:36)

(rs)2N(jil)

whereU”" denotes the value of blodR; attimet, is a positive constant ard(j; | )
represents the 4-connected neighborhood of bB¢k Figure 2.13(a) shows an example

of the source map at the initial and nal time steps. Training and test datasets are generated
using a numerical solution method starting from initial conditiop. o = 0 and assuming
homogeneous Dirichlet boundary conditions. Each sequence comp@i8dsames and

the training set contain00 such sequences while the test set cont&ilis 20% of the
training set is used for validation. In this system, the trainable parameters are diffusivity

and the parameters of the residual encoder-decoder network used to model the source
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Figure 2.14: Training loss and validation loss of PhICNet over epochs for heat diffusion
system (a), wave propagation system (b), and Burgers' uid ow system (c).

dynamics. Since we need second-order spatial derivatives (Equation 2.35), the minimum
size of the corresponding differential kernels shoulBbe 3. Speci cally, the following

two differential kernels are used to comptie in Equation 2.21.

0 1 0 1
0 O 0 1
Dy = %l 2 ; Do= %}0 2 (2.37)
1

0O 0 O 0 0

Training loss and validation loss of our model for this system are shown in Figure 2.14(a).
We use Signal-to-Noise Ratio (SNR), de ned in Equation 2.38, to quantitatively com-

pare the performance of different models in forecasting the overall dynamics.

kX Ko
SNR(X ;%) =20log;y —— 2.38
RX ;%) O10 K. Rk ( )

However, SNR cannot be used as a metric for source map comparison. To compare two
maps using SNR, both maps need to have values in very similar scales. Since the inputs to
the models are normalized and the source maps are learned as intermediate states without
any direct supervisory signal, the estimated maps do not match the scale of true source
maps. To quantify the similarity between true and estimated source maps, we use Correla-

tion Coef cient as a metric. Correlation coef cient between estimated sourceUnamd
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true source map et IS given by

P il il
il (Utrue;t Utruet)__gut Ut)

- 1=2 F -
it Uttt Uinuet)? p Ul Uy

(Utrue:t; Ut) = P (239)

2 1=2
whereU; andU e denote the mean values 0f andU e respectively.
Figure 2.15 shows the quantitative comparison of the proposed method with respect
to other baselines and choice of hyperparametar the task of forecasting and source
identi cation for the heat diffusion system. Though the source maps of the heat diffusion
system do not appear as sparse visually, some blocks in the source maps have values very
close to zero (for exampldd,; andBjssz att = 0, andB1;; B14; B4, andByg att = 200
in Figure 2.13(a)). This can be a possible explanation for attaining the best accuracy at a
nonzero (Figure 2.15(b,d)). It is also noteworthy that even if the SNR of the predicted
heatmaps for different values ofare signi cantly different (Figure 2.15(b)), the changes in
the correlation coef cient of the estimated source maps are very small for different values
of (Figure 2.15(d)). On the other hand, the correlation coef cient of the source maps,
estimated by the PDE-RNN+CNN method, drops signi cantly over time (Figure 2.15(c)).
A qualitative comparison of predicted heat maps by different models along with ground
truth is depicted in Figure 2.16(a). PhICNet outperforms all the baselines. RED-Net is
the best-performing baseline. Effective modeling of dynamics by RED-Net is a key factor
in the performance of our model as well since we use it for source dynamics modeling.
Source maps predicted by the proposed model and PDE-RNN + CNN are compared with
ground truth in Figure 2.16(b).

2.2.4.2 Wave propagation system

Undulation in a stretched elastic membrane due to some perturbation can be described by:

& - % @1 FU 5 (522 REt2[0ted  (240)
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Figure 2.15: Quantitative analysis for theat diffusion system (a, c): Accuracy com-
parison of proposed PhICNet with respect to other baselines in the task of forecasting (a)
and source identi cation (c). (b, d): Effect of sparsity hyperparameten forecasting (b)

and source identi cation (d) performance of the proposed model. In all plots, shaded areas
show95%con dence interval.

wherex(t; 1; »)isthe de ection at locatiolf 1; ) attimet andu(t; 1; ») is the external
perturbationc is the wave propagation speed. We consider two coupled oscillators at ran-
dom locations as wave sources perturbing the membrane. Figure 2.13(b) shows an example
of the temporal behavior of the sources.

Similar to heat diffusion system, the computation spads discretized int®64 64
regular mesh, i.eX; 2 R% 64 Unlike the source map considered for the heat diffusion
system, the source may, 2 R% ©* for this wave system is sparse as the perturbation is
applied only at two small regions of the membrane. The initial amplitude and location of
the oscillators are chosen randomly for each sequence in the dataset. Therefore, the source
identi cation task requires identifying both the location and strength of the sources. Train-

ing and test datasets are generated using a numerical solution method starting from initial
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Figure 2.16: Qualitative analysis for theeat diffusion system Visual comparison of
predicted heat maps (a) and source maps (b) by different models at #td@st, t+50 t,
andt+150 t when the last observation is takert athe colorbar on the right side of each
colormap shows its numerical range.

conditionX o = 0 and assuming homogeneous Dirichlet boundary conditions. Each se-
guence comprise®00frames and the training set contai®80 such sequences while the
test set containS0. 20%o0f the training set is used for validation. Trainable parameters for
this system include propagation spesthd the parameters of the residual encoder-decoder
network that is used to model the source dynamics. The differential kernels used for this
system are the same as Equation 2.37.

Training loss and validation loss of our model for this system are shown in Figure 2.14(b).
Figure 2.17 shows the quantitative comparison of the proposed method with respect to other
baselines and choice of hyperparametarthe task of forecasting and source identi cation
for the wave propagation system. A strong periodicity can be observed in the correlation
coef cient plots (Figure 2.17(c,d)). The frequency of the valleys in correlation is related
to the frequency of the source oscillators. The valleys occur when the oscillator of higher
amplitude change its sign. The model predicts this sign change either sooner or later than
when it actually happens and creates the valleys. However, these events cause only some
insigni cant uctuation in SNR. A qualitative comparison of predicted maps by different
models along with ground truth is depicted in Figure 2.18(a). Figure 2.18(b) compares the

source maps predicted by the proposed model and PDE-RNN + CNN with ground truth.
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Figure 2.17: Quantitative analysis for theave propagation system (a, c): Accuracy
comparison of proposed PhICNet with respect to other baselines in the task of forecasting
(a) and source identi cation (c). (b, d): Effect of sparsity hyperparametar forecasting

(b) and source identi cation (d) performance of the proposed model. In all plots, shaded
areas show 85%con dence interval.

Choice of temporal orderK in source dynamics modeling. Figure 2.19 compares the
forecasting and source identi cation performance for different valuek dfn equation
Equation 2.25). The true order of the source dynamics (coupled oscillators) of the wave
propagation system is 2. Best performance is observed when the source order is exactly
known, i.e. K = 2. Choosing an order higher than the true vale € 3) is better

compared to choosing an order lower than the true vdfue ().
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Figure 2.18: Qualitative analysis for tlvgave propagation system Visual comparison

of predicted wave maps (a) and source maps (b) by different models atttim&8 t,
t+50 t,andt+ 150 twhen the last observation is takertafhe colorbar on the right

side of each colormap shows its numerical range.

Figure 2.19: Choice of temporal ordérin source dynamics modeling: effect on forecast-
ing (a) and source identi cation (b) performance for thave propagation system

2.2.4.3 Burgers' Fluid Flow System
We consider a two-dimensional system consisting of a moving viscous uid that follows

the Burgers' equation:

@x @x @x @x @x
@ “@ et @ @ Tuti
@x @x @x @x @x
@t_ Xl@ Xz@*‘ @—122 + @—222 + Ux(t; 15 2);
(1 2)2 R?; t 2 [0; tend (2.41)
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Figure 2.20: Pressure maps at the initial and nal time step of an example sequence used
in our Burgers' uid ow experiment.

X(t; 1; 2) = [xau(t; 15 2);%2(t; 1; 2)] is the ow velocity vector at locatior{ ;; ,) at
timet and,u(t; 1; 2) = [uu(t; 1; 2);ux(t; 1; 2)] is the external perturbation vector.
is the viscosity of the uid. We consider the ow to be driven by the pressure gradient
caused by an external pressure eld. Therefore, the external perturlatan be written
asu = %’; %’ , WhereP (t; 1; ») denotes the external pressure at locaign »,) at
timet. We consider the external pressure is varying over time, as a high-pressure zone and
a low-pressure zone are moving in circles of random radii in the clockwise and counter-
clockwise directions, respectively. Figure 2.20 shows an example of source maps at the
initial and nal time steps.

Similar to previous two examples, the computation spacediscretized int®4 64
regular mesh, i.eX; 2 R% 4 The two pressure zones are Gaussian distributed whose
center, peak, and spread are chosen randomly for each sequence in the dataset. Training and
test datasets are generated using a numerical solution method starting from initial condition
X« 0 = 0 and assuming the Neumann boundary conditions. Each sequence cor2pdises
frames and the training set contaB&0such sequences while the test set contath20%
of the training set is used for validation. Trainable parameters for this system include vis-
cosity and the parameters of the residual encoder-decoder network that is used to model
the source dynamics. The differential kernels used for this systeil ;e o1; D 20; and
D o>.

Training loss and validation loss of our model for this system are shown in Figure 2.14(c).
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Figure 2.21: Quantitative analysis for tBeirgers' uid ow system . (a, c): Accuracy
comparison of proposed PhICNet with respect to other baselines in the task of forecasting
(a) and source identi cation (c). (b, d): Effect of sparsity hyperparametar forecasting

(b) and source identi cation (d) performance of the proposed model. In all plots, shaded
areas show5%con dence interval.

Figure 2.21 shows the quantitative comparison of the proposed method with respect to other
baselines and choice of hyperparametarthe task of forecasting and source identi cation

for the Burgers' uid ow system. Similar to the heat system and wave system, PhICNet
shows better accuracy than the PDE-RNN + CNN method for both the forecasting (Fig-
ure 2.21(a)) and source identi cation (Figure 2.21(c)) tasks. Likewise, pure data-driven
methods follow the same pattern of the heat system and wave system: RED-Net outper-
forms ConvLSTM (Figure 2.21(a)). However, unlike the heat system and wave system, the
correlation coef cient of the estimated source maps varies signi cantly for different values
of the hyperparameter. Qualitative comparison of predicted elds by different models
along with ground truth is depicted in Figure 2.22(a). Figure 2.22(b) compares the source

pressure gradients predicted by the proposed model and PDE-RNN + CNN with ground
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Figure 2.22: Qualitative analysis for tiBargers’ uid ow system . Visual comparison

of predicted ow elds (a) and external pressure gradients (b) by different models at times
t+10 t,t+50 t,andt+ 150 twhen the lastobservation istakertalhe colormaps
show the magnitude of ow velocity. The colorbar on the right side of each colormap shows
its numerical range.

truth: PhICNet identi es the source pattern and location correctly while PDE-RNN + CNN

fails to capture it after a few initial steps.

Robustness under noise. We add Gaussian noise of different variances with the obser-
vation to check the robustness of our model in forecasting Burgers' uid ow system.
Figure 2.23 shows the performance of the PhICNet with noisy observation. Note, we use
only a few initial observations for prediction. Therefore, SNR is low compared to the no-
noise case for the initial few steps but eventually converges to similar values when the noise
level is within thel0%of the variance of the dataset. When we add noise having the same

variance as the dataset, SNR falls belvas expected.

2.2.4.4 Online learning results

In all aforementioned experiments, we have considered unknown but constant physical

parameters which are learned in conjunction with unknown source dynamics. Here, we in-
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Figure 2.23: Performance of PhICNet in the forecasting tasBtogers' uid ow sys-
tem when the observation are corrupted with Gaussian noise of different variangss.
the standard deviation of the dataset.

vestigate if a trained model can adapt to time-varying physical parameters using the method
described in subsubsection 2.2.3.5. We vary the diffusivity and propagation speed of the
heat system and wave system, respectively, with time and check if the estimated values
can track the true pro les. Figure 2.24 shows the performance of our method in tracking
the changes in physical parameters over time. Since the wave system is a second-order
(temporal) system, it is very chaotic compared to the heat system. A small change in prop-
agation speed causes signi cant error between the true state and the predicted state which
helps the model to quickly understand the mismatch and re-learn the propagation speed
(Figure 2.24(b)). On the other hand, the heat diffusion system is relatively slower; when
the change in diffusivity is small, the error between the true state and the predicted state is
also small. Therefore, the model takes a few steps to re-learn the exact diffusivity when the

jump in the true pro le is smaller (Figure 2.24(a)).

2.3 Discussion

In this chapter, we demonstrated how knowledge about the type of dynamics can be in-
corporated into deep learning models for better prediction capability. We introduced the
MagNet, a DNN designed based on the multi-agent interactions observed in our surround-

ing physical and natural world, to discover unknown multi-agent interaction dynamics from
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Figure 2.24: Tracking time-varying physical parameters online: diffusivity of heat diffusion
system (a), propagation speed of wave propagation system (b).

sensory observations. We showed that the proposed model can identify the inherent dynam-
ics and predict its evolution for a signi cantly longer period of time in comparison to the
regular neural networks. Furthermore, the MagNet can be re-tuned online if the relation
parameters or physical properties of agents get altered or the number of agents is changed,
but the fundamental laws remain the same.

Additionally, we developed a physics-incorporated recurrent neural network PhICNet
for spatiotemporal forecasting of dynamical systems with time-varying independent sources.
Besides forecasting the combined dynamics, our model is also capable of predicting the
evolution of source dynamics separately. Though we speci cally focus on dynamical sys-
tems with unobservable source dynamics, our method can potentially be used to predict the
evolution of any partially known physical system involving multiple unknown additive dy-
namics which is a common scenario in many real-world dynamical systems. Augmenting
physical models in PhICNet improves its generalizability compared to its pure data-driven
counterparts and enables long-term prediction of unseen data. However, the generalizabil-
ity of PhICNet is limited by its data-driven component that models the source dynamics.
The generalizability of such data-driven models to complex physical dynamics is still not

well-understood and requires more in-depth studies.
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CHAPTER 3
LEARNING DYNAMICS FROM IRREGULARLY-DISTRIBUTED DATA

Deep learning methods usually require a large amount of data for generalized solutions and
pose many challenges when only a limited number of observations are available. In many
real-world scenarios, collecting a large amount of data is very challenging if notimpossible.
One such challenge is that sensors for measurement or observations can only be placed at a
few scattered locations, which is a prevalent scenario for real-world systems. For example,
distributions of weather stations for meteorological data collection vary from region to
region. In this chapter, we consider the problem of modeling spatiotemporal dynamics
from sparsely-observed data. The proposed approach integrates the radial basis function
(RBF) collocation method of solving PDEs with deep learning. The rest of the chapter
is organized as follows. First, we provide some background on the problem considered
and the motivation behind our proposed approach. Next, we develop a method for learning
spatiotemporal dynamics driven by unknown PDEs from scattered data. We then extend the
proposed approach to learn spatiotemporal dynamics without assuming any speci ¢ form
of PDEs. Next, we present experimental evaluations for the aforementioned two scenarios.

Finally, the chapter ends with a discussion.

3.1 Motivation and Background

Most of the existing deep learning methods assume either densely sampled observations
are available for learning or physical equations of the underlying system are known apriori.
For example, a class of methods [67, 68, 50] model the solution of a PDE as a function of
spatial and temporal coordinates and incorporate the known PDE in the loss function by
evaluating the gradients of the solution. These methods do not generalize well with limited

data when the underlying PDE is unknown.
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On the other side of the spectrum, Long et al. [51], Ruthotto and Haber [69] proposed
new convolutional neural networks (CNNSs) involving constrained kernels to uncover un-
known PDEs. However, these methods are designed assuming that data is available in a
dense regular grid. Some CNN-based approaches also incorporate the prior knowledge
of the physical equations in model architecture for various purposes. de Bezenac et al.
[53] assimilated the general solution of the advection-diffusion equation into a CNN ar-
chitecture for sea surface temperature prediction. Physical models and deep networks are
integrated together in [54, 10, 70] to learn dynamics where the given physical models are
inadequate to describe the observed dynamics. Regular grid convolutional operations make
these methods unsuitable for modeling with sparse irregular data.

Some recent work address the problem of learning spatiotemporal dynamics from scat-
tered data using graph networks (GNs) [71, 72, 73, 74]. Belbute-Peres et al. [71] aug-
mented a low-resolution CFD solver with GN to learn a high-resolution solution. Their
method is suitable for solving known PDEs. lakovlev et al. [72] proposed a GN method to
learn continuous-time PDEs from sparse data. The continuous-time formulation assumes
the temporal evolution of the systems only depends on the current state and its spatial
derivatives, which may not be valid for real-world systems. Seo and Liu [73] proposed a
differentiable physics-informed graph network (DPGN) incorporating data-speci ¢ physi-
cal equations into GNs. A more generic spatial difference layer on GN is proposed in [74],
which can learn unknown spatiotemporal dynamics.

We consider a different approach for modeling spatiotemporal dynamics from sparsely-
observed data, which is inspired by the RBF collocation method for solving PDEs. RBF
collocation method is widely used as a numerical solver for PDEs because of its inherent
meshfree nature that provides geometric exibility with scattered node layout [75]. An-
other advantage of RBF-based methods is that they can be used to solve high-dimensional
problems since they convert multiple space dimensions into virtually one-dimension [76,

77]. We couple this RBF collocation method with deep learning to make it practicable for

51



the systems where the governing PDEs are unknown.

We rst show how the RBF collocation method for time-dependent linear PDEs can
be integrated with deep neural networks to incorporate unknown linear PDEs. Next, we
extend the architecture to learn dynamics driven by unknown nonlinear PDEs of a speci c
form. Then, we show how the proposed method can be used to learn a prediction model
for a coupled system involving multiple nonlinear PDEs. Finally, we extend the method to

model more generic spatiotemporal dynamics without assuming any speci ¢ PDE form.

3.1.1 ScatteredlatainterpolationusingRBFs

In standard scattered data interpolation problem, we are generally given aNselistfnct
datapointh=f ;; ; nQ RY and corresponding real values (measurements)
yi;i=1; ;N.Thegoalisto nd a (continuous) functi: RY ! R that satis es the
interpolation conditions

s(i)=y; i=1; ;N (3.1)

A common approach to solve this scattered data interpolation problem is to consider the
functions( ) as a linear combination of basis functions of a certain class. Often these
basis functions are formed usinadial functions Value of a radial function : RY | R
at each point depends only on some arbitrary distance between that point and origin such
that' ( ) = ' (k k), wherek k denotes some norm iRY , usually the Euclidean norm.
Effectively, the function becomes a univariate functionR* ! R.

In radial basis functions interpolation, the basis functions are formed using the given
datapointsi;i =1; ;N as centers or origins. In terms of these basis functidiks k),

the interpolant takes the following form:

X
s()= gk k2 (3.2)

j=1

whereg;j =1; ;N are the unknown coef cients to be determined. Plugging the inter-
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polation conditions of Equation 3.1 into Equation 3.2 leads to a system of linear equations

s= ¢ (3.3)
where is theinterpolating matrixwhose entries are givenby; = ' (k ;  ;K); I;] =
1, ;N;cisthe coefcientvectofc;; o] ands=[s( 1); ;s( n)]”.

A solution to the system de ned by Equation 3.3 exists and it is unique provided the
interpolating matrix is non-singular. For a large class of radial functions including (in-
verse) multiquadrics, Gaussian, the matrixs non-singular if the data points are all dis-
tinct [76]. Details regarding the invertibility of the interpolating matrix for various choices

of the radial functions can be found in [78, 76].

3.1.2 Solvingtime-dependePDEsusingRBFs

Radial basis functions are widely used in mesh-free methods for solving PDE problems.
Here we will describe how RBFs are used, particularly Kansa's unsymmetric collocation
method [79], to solve time-dependent linear PDEs. We develop our proposed approach
based on this RBF collocation method.

Consider the following time-dependent linear PDE:

@xt; )
@t

= Sx(t; ); RY: t> 0 (3.4)

with initial and boundary conditions

X0; )=x( ) 2 ; (3.5)

Xt )=xt; ) 2@; t>0 (3.6)

S:R! Rissome linear (spatial) differential operat@, denotes the boundary of.

In order to obtain an approximate solution of the above PDE, conBidef 1; ; ng
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be a set o\ collocation nodes. Furthermore, let us assume that out of ttessloca-
tion nodes, the laginodes are boundary nodes, i.e., the subget f N 1] 7 NO
@ . Using some radial basis functiohgk k) centered at the collocation nodes, an ap-

proximate solution to the PDE can be de ned as follows:

X
(t; )= g() (k ik, 2, t 0 (3.7)
j=1
wherec(t);] =1; ;N are the unknown time-dependent coef cients to be determined
at each time step. Plugging Equation 3.7 into Equation 3.3, Equation 3.5, and Equation 3.6
we get the following ODE

A dg (1),

P20k 0GOSk =0 2 5 >0 (38

j=1
with initial and boundary conditions

X
g (k  jK=x(0 ) 2 ; (3.9)

=1

X
g)' (k  jK=x(t ) 2@; t>0 (3.10)
j=1
In Equation 3.8, the spatial differential operaf®is applied to the radial basis function.
Approximating the time-derivativegsci,tﬂ by rst-order nite difference, we get
X X
Gt+ ' (k KW= g '(k R+ Sk K 2 5t 0

j=1 j=1
(3.11)

where t> Ois the step-size in time. The coef cientt) can be determined by applying
Equation 3.10 and Equation 3.11 on the boundary collocation nodegarid the interior

collocation nodes ob n Dy,. In that case, Equation 3.9, Equation 3.10, and Equation 3.11
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can be written in the following compact form:

Ct+ t=ACt+(Xp)t+ t; t O
Co = Xp (312)
is the RBF matrix whose entries are given by = ' (k ; k), ;) =1; ;N and

ct =[cu(t); con(t)]” isthe coef cient vector at timé. The elements of the matrik are

given by

A ok K oSk K- 10 (N Bi1 N
ij =

-BO; otherwiseg(i.e.(N b <i N;1 j N)

(3.13)
and, Kp): = [0; ;0 xp(t; N we1);  ;Xu(t; n)]” is the boundary condition vector at
timet. xo = [x(0; 1); ;x(0; n)]” is the vector of initial values at the collocation

nodes. The coef cient vectors are obtained by iteratively solving Equation 3.12 which

are used to compute the numerical solutigty ) by Equation 3.7.

3.2 Proposed Approach

3.2.1 Learningdynamicsdrivenby unknownlinearPDE

Consider the linear time-dependent PDE of the general form shown in Equation 3.4, where
the linear (spatial) differential operat&is unknown. Learning the application &f di-

rectly onx requires ne-grid measurement for convolution operations. Rather, we pro-
pose to learn the application 8fon a radial basis functioh that allows scattered sparse
measurements independent of any speci ¢ geometry. Speci cally, we propose to learn a

feed-forward neural networ® that approximateS' (k iK)j = , given any two spatial
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locations ;; ; and the corresponding value of the RBEK ; iK), i.e.,

S'(k Ky =S itk k) (3.14)

We train the neural networ® using scattered time-series measuremeRrtimf minimizing

an objective function derived from Equation 3.12. Det f 1; ; NO be the set of
measurement sites amd = [X(t; 1); ;x(t; n)]” be the measurement vector at time
Since our goal is to learn a model for spatial differential oper&tand boundary values
are not affected b, we only consider internal measurement sites during training. For a
radial basis function , the coef cient vector at timé, c;, can be obtained by solving the
linear system

Ci = Xy (315)

is the RBF matrix whose entries are given by = ' (K ; iK), ;j =1, ;N.
ReplacingS with S, ignoring the boundary nodes, and plugging Equation 3.15 into Equa-

tion 3.12 we get

Xt 1= Xe+ tS Xe=(In+ tS  Hx; (3.16)

wherel y is the identity matrix of ordeN, S denotes the approximated spatial derivative
matrix, i.e., its(i;j )™ entry is given byS i; ;' (k i iK), ) =1; ;N and,

is the trainable shape parameter of the RBF. So, for a time-series of measurgmants
RN:t = toitg+ ;to + K t, the neural networlS is trained by minimizing the
following objective function:

15(1 2

I—Iinear;pde(S; ): K Xto+( +1) t Xto+ t tS 1Xto+ t (3-17)

=0

Note, the termS  x, in Equation 3.16 basically multiplies the approximated spa-

tial derivative matrixS with coef cient vectorc, to obtain the radial approximation of
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Sx¢. Once the mode§ is trained, it can be used to get the approximatiorsa{t; )
(Figure 3.1(a)) at any generic location2  and to nally predictx(t + t; ). Dur-

ing the prediction phase, the boundary condition is applied similarly as in Equation 3.12.
Considering the ladgt nodes inD as boundary nodes and incorporating the corresponding

boundary condition of Equation 3.10 in Equation 3.16, we get

Xtv ¢ = HX ¢+ (Xp)ts ¢ (3.18)

where the rows of matrikl are given by

8
2 In+ tS .. if 1 i (N Db

Hi. = (3.19)
-B 0 otherwise

Once the model is trained, during prediction, the malttixis solely determined from
the con guration of measurement sites. Under a xed Dirichlet boundary condigjin ) =
Xp( ), the iterative scheme of Equation 3.18 is a linear discrete-time dynamical system and
its convergence to an equilibrium point can be analyzed from the spectral propetties of
The linear discrete-time dynamical systgm ; = HXx { + X, converges to a stable equi-
librium point from any arbitrary initialization if and only if yj < 1, where , are the

eigenvalues off .

3.2.2 Learningdynamicsdrivenby unknownnonlinearPDE

In this subsection, we discuss how to extend the method described in the previous subsec-

tion for learning an unknown nonlinear PDE of the form given by

@DX_f @x @x @x  @x @x

- = —_ = : RY - : 2
@ Fe, @ @ @@, @ >0 (320
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(@)

(b)

(c)
Figure 3.1: (a): Proposed model for a system involving a linear PDEs the RBF inter-
polation matrix with trainable shape parametethe unknown linear differential operator
S is modeled using a feed-forward neural netwsrk® denotes the approximation &f
(b): Proposed model for a system driven by a nonlinear PDE of the form given by Equa-
tion 3.20;Sy, is same as$S except it hagd, output neurons instead of just orfe;is the
neural network representation of the unknown funcftior(c): Proposed model for a sys-
tem ofp coupled PDEsx(t; ) represents a vector function containing fheeasurement
variablegxi(t; ); i xp(t; )7
We use the proposed model for linear PDEs as the base module. The input arguments
of the nonlinear functiori in Equation 3.20 are basically various unknown linear spatial
derivatives of the measurement variallle Therefore, we rst use the linear model to
generate a spatial derivative feature vector and then pass that through another feed-forward
neural network= that approximates the functidn The neural networl§ is modi ed to

generate a vector of length, (instead of a scalar as in the case of linear PDES), whose
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entries represent spatial derivative features of the RB®/e denote this spatial derivative
feature extractor neural network &g, . The output ofSy, is multiplied with the coef cient
vectorc; to get the spatial derivative features»gfwhich is used byr to obtain the nal
output. Figure 3.1(b) shows the overall model for nonlinear PDEs. In this case, for a time-
series of measurements (at internal nodgs® RN ;t = tg;tg+ t; o+ K t, the

neural networksy, andF are trained jointly by minimizing the following objective:

1 2
L nontinearpde F ; Says ) = K Xtg#( +1) t  Xto+ t tF Sq, lXto+ t s

(3.21)

whereSy, 2 R% N N s a 3D tensor containing thd, spatial derivative matrices of the
RBF. Note, the objective function of Equation 3.21 considers nonlinear PDE of the form
given by Equation 3.20, where the temporal order /s 1. In general, fon 1, we use

the nite difference approximation og,ﬂ and the objective is modi ed as

" 1 X! )
Lnonlinea[pde(F;Sdh; ): K Xto+( +1) t tF Sdh Xto+ t
=0
P gy ? 3.22
0D X e (3.22)

The training objective of Equation 3.21 or Equation 3.22 uses measurements from all
sites to predict the values bfat those sites but does not incorporate any constraints to gen-
eralizeF at locations where measurement is not available. Accuracy of RBF-based meth-
ods at any generic location2  strongly depends on the shape parametef the RBF.
Generally, the shape parameter is chosen usige-one-out cross-validatianethod [80,

81]. Note, as the spatial differential operators are functions tiie parameters @, are
dependent on. We adopt the leave-one-out strategy in our training algorithm. At each
training step, we randomly leave one measurement site and the model uses the remaining

(N 1) sites for prediction. The left-out measurement site is used only for computing
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Algorithm 3.1: Training Procedure for Unknown Nonlinear PDE

Input: Z number of training samplds
measurement sitd3,
measurement sequencg
t=toto+ t to+ K tg?,

a radial function

1 Arbitrarily initialize DNNs Sy, ; F ; and RBF parameter

2 while not convergedio
3 Randomly select sample sequem@e x;t = tg;to + {; to+ K tg

4 Randomly choosefrom f 1; 'Ng
5 | Compute RBF matrix 2 RN (N 1 sych that

i =" (ki jK;1 i) N;j6l
6 | Forward pas$y, to getSy 2 R% N (N 1 gych that itgi; j )" slice is given
byS.i; =S4, s 5" (ki ;K 1 i5j N;jél

7 Forward pas§ togetF Sy x,' 2RV, t=tote+ t ;to+ K t

8 UpdateS,, ; F; and in the gradient descent direction of the objective function
given by Equation 3.22

9 end
Output: Learned parameterand trained DNNS,, ; F

x, ' 2 RN 1 denotes the vector with" element removed from,

the loss function. The overall training procedure is summarized in Algorithm 3.1. Once
the modelsSy, andF are trained, they can be used to get the approximated valtie of

(Figure 3.1b) at any generic locatior2 and to nally predictx(t; ).

3.2.3 Learningunknownsystemof couplednonlinearPDEs

Consider a coupled system phonlinear PDEs associated wiphmeasurement variables

X1;  ;Xp. In order to learn such a system, we require radial approximation for each

of thesep measurement variables. Therefore, girmeasurement sites, we consider

an RBF coef cient matrixC, 2 RN P (at timet) where each column corresponds to the

coef cient vector of one measurement variable. Since the neural ne@yprdperates only

on spatial locations, its parameters are shared across all measurement variables. The output

of Sy, , i.e., the spatial derivative features of the RBFAs multiplied with the coef cient
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Figure 3.2: Outline of the proposed approach for modeling spatiotemporal dynamics with-
out assuming a speci ¢ PDE fornt.denotes the current time step. Latent spatial transfor-
mations are learned on the RBF-space, using a neural network. The learned spatial features
are then integrated with the RBF coef cients through a cascade of neural networks to com-
pose multilevel features. These multilevel features are nally looped through a recurrent
network across time steps to learn the temporal relationships and predict future observa-
tions.

matrix C, to obtain the spatial derivative features of lendiHor each of the measurement
variables. These spatial derivative features are concatenated and nally passed through the
neural network, to get the nal vector-valued2 RP) output. Figure 3.1(c) shows the

overall model for a coupled system of nonlinear PDEs.

3.2.4 Learningspatiotemporatlynamicswithoutassuminga PDE form

The method presented in previous subsections is designed assuming a speci c form of
time-dependent nonlinear PDE. It applies spatial transformation only to the raw observa-
tions. However, many dynamical systems, for example, certain nonlinear diffusion, involve
spatial differential operations not only on the direct observation variable but also on its
higher-level nonlinear transformations. Furthermore, we used a xed temporal relation be-
tween successive observations so far, assuming a good estimate of the temporal order of the
underlying PDE. Many real-world dynamical systems can involve arbitrarily complex spa-

tiotemporal relations and the aforementioned assumptions may not be appropriate. In this
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subsection, we address these limitations. We propose to address the rst problem by apply-
ing the spatial transformations to the latent feature coef cients at multiple levels, obtained
from the RBF coef cients of the raw observations through a cascade of neural networks.
The second problem is handled using a recurrent network that fuses the multilevel features
across time steps to predict future observations. A graphic outline of the improved approach
is shown in Figure 3.2 and the components of the overall neural network architecture are

discussed as follows.

3.2.4.1 Linear spatial transformation block (LSTB)

Following the method proposed in subsection 3.2.1, we use a neural n&wokpproxi-
mateS" (k iK) _ given any two data sites; ;, and the corresponding RBF value

' (k  jk) asde nedin Equation 3.14. Using Equation 3.15, we can rewrite Equation 3.16
as

Ce 1=(In+ tS Y g (3.23)

or equivalently,

Ci+ t = ( I Nt ot 1S)Ct: (324)

Notice, Equation 3.24 represents a transformation in RBF coef cients due to a linear spatial
differential operation. Now, instead of directly producing the coef cients for the next time

step, we use a similar transformation given by
e=(In+ 1S (3.25)

to obtain a latent feature coef cient vector denotedgpy?2 RN. Multiple such latent fea-
ture coef cient vectors can be obtained by replacBwith Sy, . We denote this collection
of latent feature coef cient vectors b§; 2 RN % and call the associated transformation
asLinear Spatial TransformatiariWe use this transformation as the building block for de-

signing a deep learning model that does not assume a speci ¢ form of PDEs. The operations
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Figure 3.3: A linear spatial transformation block. Latent spatial features are learned using
a neural networlS. The spatial features are multiplied with the RBF matrix inverse and
RBF coef cient vector to generate latent feature coef cients with a residual connection.

inside a linear spatial transformation block (LSTB) are pictorially shown in Figure 3.3. An
LSTB provides some candidate linear (spatial) differential transformations present in the
system. These linear (spatial) differential features are then used by two other types of neu-
ral network blocks which are responsible for uncovering any nonlinear relationship present

in the system.

3.2.4.2 Recurrent Fusion Network (RFN)

Previously, we employed the spatial transformations only on the current measurement vec-
tor, whereas the past measurement vectors are only considered for approximating the tem-
poral order of the underlying PDE. This assumption is valid only for spatiotemporal dy-

namical systems that can be purely modeled with a PDE of the considered form. However,
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many real-world dynamical systems entail complex spatiotemporal interaction over multi-
ple time steps. Therefore, we consider applying the spatial transformations across multiple
past measurement vectors and useairrent neural networko unfold the relationships
among them. We apply the LSTB on all available past measurement vectasgenerate
corresponding latent feature coef cient vectﬁrélt). The superscript notatian)® will be
apparent in the later part of this subsection. The latent feature coef cient ve&ﬁ?rare

multiplied with the RBF matrix  to get the latent feature vectdls(l) 2 RN % je.,
x®=ci (3.26)

We nally feed these latent feature vect@(st(l) to a recurrent network sequentially to

get the next step prediction
B =R XT;x® ;o ox (3.27)

Figure 3.4 shows the combined network involving an LSTB and a recurrent network. The

namerecurrent “fusion' networKRFN) will become clear in the following paragraph.
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Figure 3.4: End-to-end model involving a single LSTHBBdenotes the recurrent cell. Latent
feature vectors from the past and current time steps are looped through the RFN to predict
future observations.

3.2.4.3 Nonlinear Aggregation Block (NAB) and Multilevel Transformation

A single LSTB-based model applies spatial transformation only on the coef cient vector
c; of the raw measurement vectoy. However, many dynamical systems involve spatial
differential operations not only on the direct observation variable but also on its higher-
level nonlinear transformations. A single LSTB may not capture such complex operations
accurately. Therefore, we propose to apply multilevel spatial transformation using a series
of LSTBs. Consider the latent feature coef cient vectors after the rst LS‘J}%’, de ned

in the preceding discussion on LSTB and RFN|egl-1 latent feature coef cient vec-

tors. Note thatCt(l) comprises coef cients corresponding to multiple spatial features, as

mentioned during the discussion on LSTB. We use a feed-forward neural nefwdik
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Figure 3.5: End-to-end model involving multilevel transformations. Spatial transformation
is applied to the nonlinear combination of latent feature coef cients at each level. NABs

are feed-forward neural networks,;m =1;2; M.

generate a single nonlinear combination feature coef cient vexﬁbri.e.,

c®=na, c¥ (3.28)
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Outputcfl) from thenonlinear aggregation blockNAB) A, is then fed to another LSTB

to generate level-2 latent feature coef cient vectdl’g). We repeat the process for a
cascade of LSTB-NAB pairs to generate a set of multilevel latent feature coef cient vec-
tors Ct(m); m =1;2;, ;M. Latent feature coef cient vectors from different levels are
concatenated and then multiplied with RBF matrix to get the latent feature vectors

X 2 RN Mdn+D) g
xi=  ¢?jcPj  jc™ (3.29)

Herej denotes the concatenation operation. Note, we have included the O-level feature
coef cient vectorc® as well in Equation 3.29 which is basically the coef cient vector
corresponding to the raw measurement vector, d:@., = ¢;. Similar to the one-level
method described in the preceding subsection, we generate latent feature Xectdng
applying the cascade of LSTB-NAB pairs on all available past measurement vectors
These multilevel feature vectok§ , are nally fused' sequentially in a recurrent fusion

network to get the next step prediction
b, = R(Xy; Xt ; Xt0) (3.30)

The overall process involving multiple LSTBs, NABs, and an RFN is depicted in Figure 3.5
and we call the combined (end-to-end) deep learning modghaaveled Multilevel Trans-

formation NetworK UMTN).
Learning Objective. We train the proposed UMTN for multi-step predictions by mini-
mizing the following objective function:

1 X!
L(Sdh,R,Al,Az, 1AM) = ﬁ kxto+ t bto+ tkz; (331)
=1
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whereT is the length of the sequence.

3.3 Experimental Results on Learning Unknown PDE-driven Systems

We evaluate the proposed method for learning unknown PDE-driven systems using the
examples of the two-dimensional wave equation and the Burgers-Fisher equation. The rst
one is a linear PDE, whereas the latter is a coupled system of two nonlinear PDEs. Finally,
we demonstrate the applicability of our method for high-dimensional systems using the

example of a ten-dimensional heat equation.

3.3.1 Trainingandtestsettings

For the two-dimensional examples, we train the models with data from discrete measure-
ment sites on a square geometryl; 1] [ 1;1]. The datasets are generated usinitg
element methodith ne mesh consisting of roughlg500nodes (depending on the geom-

etry). For testing, we consider four different settings:

(i) same square geometry (used for training) with the same number of measurement sites

(though their locations are different)
(i) same square geometry with different number of measurement sites

(iii) a circular geometry with different boundary condition

Figure 3.6: (a): Training geometry, (b, c): two additional geometries used for testing.
Red markers show example measurement sites chosen randomly, maintaining a minimum
pairwise distance.
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Figure 3.7: (a,b): Two examples of measurement site con guration on the square geometry
obtained using random selection, maintaining a minimum distance among the measure-
ment sites. (c,d): two examples of measurement site con guration on the square geometry
obtained using K-means clustering.

(iv) an annular geometry with different boundary condition

Different geometries with example measurement site con gurations are shown in Fig-
ure 3.6. We investigate two different methods for choosing measurement sites. In one case,
measurement sites are chosen usfageansclustering. In the other case, measurement
sites are chosen randomly such that any pair of measurement sites are at least a minimum
distance apart. Examples of measurement site distribution obtained using the two methods
on the square geometry are shown in Figure 3.7. The number of measurement sites for our
predictions is chosen to be withi#% 5% (depending on the geometry) of the number of

nodes used for the FEM solution.

3.3.2 Modelandoptimizationhyperparameters

We use the Gaussian functibn(k k) = ek ¥*=2 * as the radial function, whereis the
shape parameter.

For Sy, andF,, we use fully connected networks. The fully-connected networkSfor
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consists of two hidden layers wi# and32 neurons, respectively, followed by RelLU acti-
vations. The numbers of input and output neurong2de+ 1) andd,, respectively, where

d is the dimension of the domaind (= 2 for the wave and Burgers-Fisher examples, and
d = 10 for the heat example), denotes the length of the spatial derivative feature vec-
tor; we used, = 16 for all examples. The fully-connected network 6§ comprises three
hidden layers witil28 64, and32 neurons, respectively, followed by RelLU activations.
The numbers of input and output neurons jpde andp, respectively.p is the number of
PDEs present in the systems= 1 for the wave equation and heat equation, whepea

for the Burgers-Fisher equation.

We use300sequences of lengt00for training and validation; anoth&0 sequences
are used for testing. We train the models200epochs in mini-batches 82 using Adam
optimizer [82] with an initial learning rate @001 During prediction, at each timestep, the
linear system c¢; = X is solved using ,-regularized least square (with a regularization
parameter 10 %) instead of direct inversion to avoid blowing up coef cients due to noisy

estimates. Models are implemented, trained, and tested in PyTorch [83].

3.3.3 Evaluationprocessandmetrics

We evaluate our method on the long-term prediction task. Only a few initial sparse obser-
vations are used for the very rst prediction. Thereafter, the sparse prediction at each step
is recursively used by the model for long-term prediction, no intermediate observation is
used.

We use SNR as a metric to evaluate the prediction quality. Depending on the scenario,

we may seek prediction only on the measurement Biteson the entire domain. There-
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fore, we de ne two SNR metrics as follows.

2(+-
SNRs(t; x; K) = 10log,, P Z_DX (t )_ (3.32)
2p((t ) HB(E ))?
2(+-
SNR (t; x; k) = 10log,, P 2 ¥t ) (3.33)

, (X(t ) R(t ))?

k(t; ) denotes the predicted valuexft timet, at location . For the wave equation and
the Burgers-Fisher equation examples, an analytical solution is not feasible. Therefore, we

treat the ne-mesh FEM solution as the referencet6 evaluate the prediction accuracy.

3.3.4 Waveequation

We consider the two-dimensional wave equation given by

X
@ _

a X; 2 [ 1,1] [ L1} t2]0;2] (3.34)

wherev is the (constant) wave propagation speed mddlenotes the differential operator

Laplacian. We usg = 0:1, and the following initial condition,
x(0; )= ae * 2 (3.35)

wherea U (1;2)," U (10;100)andz U () arechosenrandomly for each sequence.
U denotes the uniform distribution. For training dataset and test settings (i) and (ii), we use
the Dirichlet boundary conditior(t; )=0; 2 @ ;t> 0. For test settings (iii) and (iv),

the following boundary condition is used:

X(t; )=0:2sin tan = ; =[ JJ 2@; t>0 (3.36)

N

Before going into the detailed results for this wave equation example, we show the

effect of the measurement site selection process, K-means clustering versus random selec-
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Figure 3.8: SNR comparison for the wave equation example on settings (i) when the mea-
surement sites are chosen using K-means clustering versus when the measurement sites are
chosen randomly, maintaining a minimum pairwise distance.

tion, on prediction accuracy. Figure 3.8 shows that the two methods lead to comparable
SNR in settings (i). We observe a similar trend in other settings as well and for the rest
of the quantitative results, we only show the gures that are obtained using the random
selection method.

Figure 3.9 shows the quantitative comparison of the proposed method in different set-
tings in the task of forecasting. Increasing the number of measurement sites improves SNR
( Figure 3.9(a, b)). Comparing Figure 3.9a and Figure 3.9b, it can be seen that the dif-
ference between prediction accuracy at the measurement sites only Y &hdRprediction
accuracy on the entire domain (SNRdecreases with time. Initially, the neural networks
compensate for the spatial approximation error of RBFs to some extent and provide better
accuracy at the measurement sites since they are trained only at those sites. However, as
the prediction quality of the neural networks degrades over time, both SNRs become very
similar. Figure 3.9(d, e) show that the prediction quality is maintained even if we use a dif-
ferent number of measurement sites compared to the training scenario. However, a larger
change in the number of measurement sites would require retuning the RBF shape parame-
ter. Figure 3.9(c, f) show that the learned model can be used in different settings (different
geometries with different boundary conditions). The model is trained in just one geometry
with one boundary condition leading to a drop in accuracy when tested in other settings.

The generalizability of the learned model can be improved by training it in multiple set-
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Figure 3.9: Quantitative analysis for the wave equation example. (a, b): SNR comparison in
settings (i) with different numbers of measurement sites; the same number of measurement
sites is used in both training and testing. (d, e): SNR comparison in settings (ii). (c):
SNR comparison in settings (iii). (f): SNR comparison in settings (iv). SMRd SNR
respectively denote SNR only at the measurement Bitasd on the entire domain.

Figure 3.10: Visualization of the true and predicted states (on the entire dorpairthe
wave equation over time in different settings.

tings. A qualitative comparison of the predicted maps in different settings along with the

ground truth is depicted in Figure 3.10.
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3.3.5 Burgers-Fisheequation

We consider the two-dimensional coupled Burgers-Fisher equations given by

@X > 2

— +[ XX rxe= r “X¢+ X 1(1 Xq);
@t [ 1 2] 1 1 l( 1)
—%ﬁJf[Xl;er rXa= 1 2%+ Xl Xp);

2 [ 1] [ L1} t2[02] (3.37)

where and are constant non-negative parameters,rardenotes the gradient operator.

We use[]” to denote a column vector, whereasrepresents a closed interval. We use

=0:1; =1, and the following initial condition,
X
X (0; )= pocos o)+ o osin@ o) =152
M oj<4
where . ; . N (0;0:2) are chosen randomly for each sequendé.denotes the

normal distribution, and denotes dot product. For training dataset and test settings (i)
and (ii), we use the Dirichlet boundary conditigp(t; ) =0;r =1;2, 2 @;t>

0. For test settings (iii) and (iv), we use the same boundary condition as Equation 3.36.
Measurements in real environments are often noisy; we add Gaussiar\n@seé01

SD(x)) to the generated data, where @&DDis the standard deviation of the clean training
data.

Figure 3.11 shows the quantitative comparison of the proposed method in different set-
tings in the task of forecasting. In this case, improvement in prediction accuracy due to
changes in the number of measurement sites is relatively less (Figure 3.11(a,b)). Conver-
gence of the system to a smooth state (as opposed to the wave system) can be attributed to
the saturation in RBF approximation with a relatively less number of measurement sites.
A qualitative comparison of the predicted maps in different settings along with the ground

truth is depicted in Figure 3.12.
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Figure 3.11: Quantitative analysis for the Burgers-Fisher equation example. (a, b): SNR

comparison in settings (i) with different numbers of measurement sites; the same number of
measurement sites is used in both training and testing. (d, €): SNR comparison in settings
(i)). (c): SNR comparison in settings (iii). (f): SNR comparison in settings (iv).

Figure 3.12: Visualization of the true and predicted states (on the entire dorpairone
measurement variable of 2D Burgers-Fisher equation over time in different settings.

3.3.6 Heatequation

Learning PDE-driven dynamics using deep learning in high-dimensional space has its own
challenge. Obtaining data for training requires solving high-dimensional PDEs, which

itself is an open eld of research [84] and beyond the scope of this work. Therefore, we
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Figure 3.13: SNR of the predicted maps with respect to the analytical solution of the con-
sidered ten-dimensional heat equation.

choose an example where an analytical solution to the governing PDE is feasible. We

consided = 10 dimensional heat equation

X; 2 [ 0:2021; t2]0;2] (3.38)

with the Gaussian initial condition of Equation 3.35.denotes the thermal diffusivity of

the medium. Analytical solution of the considered PDE is given by

"k zk?
ae ™t

x(t; )= A+at)y=

(3.39)

We obtain sequential data at randomly sampled sites using the analytical solution of Equa-
tion 3.39 to train our model. Prediction from our model is quantitatively compared with

respect to the analytical solution in Figure 3.13.

3.4 Experimental Evaluation of UMTN

3.4.1 Modelcon guration

RBF. We usemultiquadric’ (k k) = P k k?+ 2asthe RBF, where the shape param-

eter adjusts the atness/steepness of the function. Unlike section 3.3, here we do not

consider as atrainable parameter and tune it as a hyperparameter. The RBF and its shape
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parameter are chosen using leave-one-out cross-validation on the training dataset, which
is common in RBF-based interpolation methods. Value at one randomly selected left-out
node for each training sample is estimated using the values at other nodes by means of
RBF interpolation. We compute the average leave-one-out cross-validation (estimation)
error on the training dataset for different RBFs, e.g., multiquadric, inverse multiquadric,
Gaussian, thin-plate splines, etc., and different sets of shape parameter values. We choose
multiquadric RBF because it showed the lowest error for all datasets. However, the shape

parameter is different for different datasets.

Spatial transformation. For the spatial transformation netwd8, inside an LSTB, we
use an MLP with two hidden layers of siz&é4and32, respectively, with ReLU activation.
This network takes a vector of sif2d + 1) as input,d is the dimension of the spatial
domain, and outputs a spatial feature vector of size= 8. The parameters are shared

across all LSTBs as well as across all pairs of data sites.

NAB. Nonlinear aggregation blocks are implemented using fully-connected networks
with one hidden layer of siz82 with ReLU activation. The input layer and output layer
dimensions ar@l, = 8 and1, respectively. Unlike LSTBs, the parameters of the NABs
An;m=1;2; ;M are not tied together. However, parameters of each Mj\Bare

shared across all data sites.

REN. A Gated Recurrent Uni{GRU) network with a single hidden layer of sigd is
used for the RFNR . Hidden cell output is passed through a linear layer to provide the nal
output of sizel. The input size of the RFN igMd, +1) = (8 M + 1), whereM denotes

the number of levels. The parameters of RFN are shared across all data sites.
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3.4.2 Baselinemodels

We compare the performance of our model against the following two baselines that are

designed to learn from scattered data.

DRC. We refer to the method proposed in subsection 3.2.Desp RBF Collocation
(DRC). The model con gurations are chosen to be the same as mentioned in subsec-

tion 3.3.2.

PADGN [74]. Physics-aware Difference Graph NetworfADGN) is a graph-based
neural network with a physics-aware spatial difference layer. The spatial derivative layer is
a message-passing neural network with two graph network (GN) blocks involving 2-layer
MLPs. The forward network is a recurrent graph neural network with two recurrent GN
blocks involving 2-layer GRU cells. We use the original model con guration mentioned in
[74].

Table 3.1 compares the total number of learnable parameters of UMTN and the baselines.

Table 3.1: Number of parameters for different models

Model PADGN[74] DRC[subsection 3.2.2] UMTN (3-level)
parameter-count 340 001 15474 20586

3.4.3 Trainingsettings

We train our model using Adam optimizer with a learning rat®.601for a maximum of
1000epochs with early stopping. The batch size is chosen according to the total available
examples in each dataset. We use inverse sigmoid scheduled sampling [85] during train-
ing with the coef cientk = 50. The shape parameterof the RBF is chosen using the
leave-one-out cross-validation method [80, 81] on the training set. The coef cient vector

c; corresponding to the raw measurement vegtois obtained by solving Equation 3.15
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using’,-regularized least square, with a regularization paranef€r 2, instead of direct
inversion since ! can have large condition number depending on the data sites distri-
bution. For the same reason, ! inside the LSTB is scaled to have values in the range

[ 1;1]

The same training settings are used for the DRC baseline, whereas for PADGN, we use the

training settings of [74].

3.4.4 Evaluationmetric

We evaluate the accuracy of the models for the task of predicting a I&hgdguence of

future observations given a sequential observation of lengthirregularly-spacetll data

sites. For all experiments, data values are normalized using the mean and variance of the
corresponding training set to have zero mean and unit variance. To evaluate prediction
accuracy, we use the Mean Absolute Error (MAE, lower is better) between the normalized
ground truth and model prediction over all the data sites, de ned as follows:

™ 11X
iXn (to + t; ;) Bn(tot t; )i (3.40)

wherexy andky denote the normalized ground truth and prediction, respectively. The
computed error does not depend on the absolute values of the measured/observed data
which vary across different datasets. We repeat each experiment (both training and evalua-

tion) 3 times and report the average and standard deviation of MAE.

3.4.5 Convection-diffusiorequation

3.4.5.1 Dataset description

The convection—diffusion equation describes the ow of energy, particles, or other physical

guantities inside a physical system involving both diffusion and convection. We consider
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the following linear variable—coef cient convection—diffusion equation as used in [74],
%)t(:[a( b)) rx+ ()r?u 2 R% 0 t 02 (3.41)

with initial condition

X
x(0; )= ki CoS(K; 1T )+ sin(k; 11" ) (3.42)
ikisili 9
Here, =11 27, =[0:;2] [0;2] a( )= a( 1; 2) = 0:5(cos,+ (2
1)sin 1) +0:6, b( ) = b(1; 2) =2(cos 2+sin ;1)+0:8 and ()= (141 2) =

051 plé—p (1 2+( > )2 .r andr ?denote the gradient operator and Laplace

operator, respectively. «,; k| are sampled from the normal distributidh(0; 0:02) and
k; | are chosen randomly.

The dataset contairt000time series ok at 250 data sites uniformly sampled from
snapshots that are generated @0a 50regular mesh with time step-sizet = 0:01and
random initial condition de ned in Equation 3.42. We u&g0time series for trainingl 50

for validation, andL50for testing.

3.4.5.2 Prediction performance

We evaluate the methods on the tasks of predicting data (measurement) values at all the
data sites foil future time steps given observed values of the rdime steps. For this
experiment, we choose=5 andT =15 asin [74].

Table 3.2 compares the prediction performance of different models in terms of mean
absolute error. Our proposed model wHevel transformation (a cascade of 3 LSTB-
NAB pairs) outperforms the baselines. Increasing the number of levels up to 3 improves
the accuracy. Incorporating more levels contributes to negligible improvement in accuracy.
The effect of the RFN can be observed by comparing DRC (subsection 3.2.2) and UMTN

1-level. An example of 15-step (interpolated) ground truth and prediction is shown in
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Figure 3.14: Top row: Interpolated MAE distribution over time for UMTN in the
convection-diffusion experiment. All three MAE gures share the same colorbar shown
on the right. Bottom row: Interpolated %5step ground truth and prediction. The circles
denote the data sites.

Figure 3.14 (bottom row). MAE distribution across data sites, at different time steps, for

the same example is shown as well (Figure 3.14, top row).

Table 3.2: 15-step mean absolute error for the convection-diffusion experiment

. UMTN
Model PADGN[74] DRC(subsection 3.2.2) 1-level >-level 3-level
MAE 0:1087 01726 01343 01093 0:1070
0:0098 0:0046 0:0138 0:0043 0:0021

3.4.6 NOAA atmosphericemperaturelataset

3.4.6.1 Dataset description

This dataset contains meteorological observations (temperature) at the land-based weather
stations located in the United States, collected from the Online Climate Data Directory of
the National Oceanic and Atmospheric Administration (NOAA). The weather stations are
sampled from th&Vesternand Southeasteristates that have actively measured meteoro-

logical observations during 2015 [74]. The 1l-year sequential data of hourly temperature
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records are divided into small sequences of 24 hours. For training, validation, and testing a

sequential 8-2-2 (months) split is used.

3.4.6.2 Prediction performance

We evaluate the methods on the tasks of predicting data (measurement) values at all the
data sites fofl future time steps given observed values of the rsime steps. We choose

= 12 as in [74] and investigate both single-stép € 1) and multi-step T = 6 and
T = 12) predictions.

The prediction performance of different models in terms of mean absolute error is
shown in Table 3.3. Our 3-level model outperforms the baselines in multi-step predic-
tion (6-step and 12-step) for both regions. Adding the RFN contributes to a large drop
in MAE from DRC (subsection 3.2.2) to UMTN 1-level. It implies that the temporal re-
lation across past observations is more complex for real datasets. An example of MAE

distribution across data sites, at different time steps, is shown in Figure 3.15.

Table 3.3: Mean absolute error for the NOAA experiment

Region Model 1-step 6-step 12-step
PADGN 0:0840 0:0004 01614 0:0042 02439 0:0163
DRC 0:1655 0:0087 03333 0:0409 04378 0:0641
West 1-level 0:0894 0:0025 01702 0:0147 02311 0:0198

UMTN 2-level 0:0927 0:0022 01711 0:0042 02361 0:0061
3-level 0:0861 0:0020 0:1539 0:0062 0:2090 0:0116

PADGN 0:0721 0:.0002 01664 0:0011 02408 0:0056
DRC 0:1450 0:0048 03052 0:0197 03824 0:0262
SouthEast 1-level 0:0652 0:0018 01553 0:0179 02110 0:0165

UMTN 2-level 0:0674 0:0016 01677 0:0055 02070 0:0099
3-level 0:0661 0:0007 0:1535 0:0081 0:2049 0:0064
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Figure 3.15: MAE distribution over time across data sites for our method in the NOAA
experiment. All gures in each row share the same colorbar, shown on the right of the
corresponding row.

3.4.7 NEMO seasurfacetemperaturelataset

3.4.7.1 Dataset description

This dataset contains spatiotemporal sequences of SST generated by the NEMO ocean
engine [86]: The observations correspond 260 randomly selected data sites within a
[0;550] [10Q 650]square cropped from the area betw86N° 65N° and75W° 10W°

starting from 01-01-2016 to 12-31-2017 [74]. The data is divided into 24 sequences, each
lasting 30 days (extra days in each month are truncated). Data corresponding to 2016 are

used for training and the rest is used for validation and testing, in the equal sequential split.

3.4.7.2 Prediction performance

We evaluate the methods on the tasks of predicting data (measurement) values at all the

data sites foll future time steps given observed values of the rsime steps. We choose

LAvailable at
http://marine.copernicus.eu/services-portfolio/access-to-products/?optiorcsvefiview=details&product
_id=GLOBAL _ANALYSIS_FORECASTPHY_001024
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